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CHAPTER 1

Introduction

Invariant measures and their associated stationary flows play a very important
and distinguished role in the study of incompressible fluid dynamics. Although
such relevance is due by a large extent to a particular goal of the theory, that is to
obtain a statistical mechanics description of phenomena associated to turbulence,
many mathematical aspects of the topic have also proved to be of independent
interest.

What follows is a collection of original contributions by the author and his
collaborators to the study of stationary flows in 2-dimensional, incompressible fluid
dynamics models. Regularity regimes prescribed by physically motivated invariant
measures turn out to be quite singular for the models under consideration because of
their nonlinear structure. The unifying scope of our treatment is the application of
ideas and techniques belonging to Probability Theory, or rather Stochastic Analysis,
and Statistical Mechanics, to mathematical problems arising in such context.

1.1. PDE Models in Incompressible Fluid Dynamics

The three chief open research directions in deterministic incompressible fluid
mechanics deal with: (a) well-posedness results, (b) inviscid limits, (¢) turbulence.
We refer to [9, 69, 115, 117] for general surveys. Probability has obvious relations
with turbulence, while it is less clear how much it can be related to the former
two. Inviscid limits have been essentially left untouched by stochastic methods. As
for problem (a), a huge effort has been devoted to the attempt at extending and
improving the deterministic theory by means of probability and stochastic models,
and most of what follows fits into this framework.

The most important open problems in class (a) concern basic deterministic
equations, the outstanding example being the 3-dimensional Navier-Stokes equa-
tions (3dNS), [66]. Striking well-posedness results for SDEs with very irregular
drift and additive noise such as [162, 114] lead to the general belief that suitably
non-degenerate additive noise may regularize several classes of differential equa-
tions, providing for instance uniqueness results in cases where the deterministic
equation may not have a unique solution. Relevant infinite-dimensional examples
of such phenomena are described for instance in [52, 53, 55|, in which, however,
the drift terms is still far from the irregularity and unboundedness of the inertial
term of 3dNS, and requirements on the noise restrict applications to parabolic 1-
dimensional equations. The strategy of those works consisted in directly solve the
infinite dimensional Kolmogorov equation associated to the SPDE. In the case of
3dNS the corresponding Kolmogorov equation has been solved in [57], but regular-
ity of solutions is not sufficient to deduce uniqueness results of weak solutions to
the stochastic 3dNS. However, [78] established existence of global in time Markov
selections satisfying strong Feller property — a striking continuous dependence on
initial conditions — which has no deterministic counterpart in the theory of 3dNS.

In the inviscid case, the main open problems concern the 3-dimensional Euler
equations: only local results are known, except for special notions of solutions,
see [127, 128, 60]. Such equations represent a too difficult task for a first stage

1



2 1. INTRODUCTION

understanding of regularization by noise. We will instead focus on the 2-dimensional
Euler equations (2dE), expressed in vorticity formulation, on the torus T? = R?/Z?
by

diw+u-Vw=0,
(1.1.1) div u =0,

w = Vtu,

where V+ = (—0a,01). When the initial condition w|¢—g is bounded measurable,
a celebrated result of Judovi¢ [105] establishes the existence of a unique solution.
The result has been extended to stochastic versions forced by regular additive noise
in [21], and by multiplicative transport noise in [35].

When the regularity of the initial condition w|;—o is decreased, say to LP(T?),
p € (1,00), global existence can still be proved with arguments based on the formal
conservation of the LP-norm of w. Uniqueness, however, is an open problem: see
[127] for a discussion. It is therefore natural to explore stochastic approaches to
restore uniqueness below the class L>: unfortunately we still do not know whether
there exists a noise, either additive or multiplicative, producing such an effect.

This and other closely related open problems originated a considerable amount
of research: several attempts have been made to prove that suitable multipica-
tive transport type noises — a natural choice in inviscid problems due to its
conservation properties — regularize first order, transport type PDEs. The case
of linear transport equations has been understood quite well, see for instance
(16, 67, 69, 77, 137].

The nonlinear case is much harder to treat, and only fragmentary results are
available: point vortex solutions to 2dE, which we will extensively discuss, are reg-
ularized [68]. For dyadic models and their generalizations on trees [15] uniqueness
holds thanks to multiplicative noise [13, 23], and a variant of the same technique
applied also to a 3D Leray a-model [14]. Hamilton-Jacobi equations [84] and scalar
conservation laws [85] are also regularized by suitable multiplicative noise, although
not of transport type.

Well-posedness problem (a) has another relevant aspect, that is to extend exis-
tence theory to distributional classes of vorticity fields w in 2dE. The motivation is
twofold: to understand the limits of PDE theory in terms of roughness of solutions,
and to establish a rigorous setup for investigation of explicit Gibbsian invariant
measures. Indeed, the latter is one of the main topics we will discuss in the follow-
ing, and it is of potential interest also for turbulence theory. Early results in this
direction are reviewed in [9], including the basic existence result of [8] for station-
ary solutions of (1.1.1) in negative order Sobolev spaces, with fixed time marginal
being the 2-dimensional space white noise, also known as Enstrophy measure in
this context, or the Energy-Enstrophy Gibbs measure. This theory was recently
revised by means of an alternative approach based on point vortex approximation,
introduced in [71]. These works, devoted to the deterministic equation (1.1.1) with
random initial conditions, have been also generalized to stochastic cases. Multipica-
tive transport noise was covered by [73, 74, 75|, whereas the additive space-time
white noise forcing was considered in [94, 72]. In the additive case, friction is
needed to allow stationary solutions, while multiplicative noise is conservative.

The 2dE with additive noise, possibly including friction, their corresponding
stationary solutions and invariant measures had already been considered before.
However, in earlier studies the space regularity of noise was such that solutions were
function-valued, and invariant measures were supported on spaces of functions: we
refer for instance to [21, 36, 18, 22, 49, 90, 19, 88, 20], and also to other related
results in [116, 117, 69]. Many of those models and results are inspired by the
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open problem of turbulence (¢): in connection with this question and the previous
references we also mention [24, 76, 98|.

1.2. The 2-dimensional Euler Equations

We now proceed to introduce in detail the content of the forthcoming Chap-
ters, the obvious starting point being Euler equations (1.1.1), which are commonly
written in terms of the velocity vector field u as

Ou+ (u-V)u+ Vp =0,

divu = 0.
Here p is the scalar pressure field, which vanishes when passing to vorticity form.
We conveniently refer to the monographies [126, 128, 135] for the deterministic
theory of these equations.

The stationary solutions we are interested in are not deterministic, constant
in time solutions of Euler equations, but random velocity (equivalently, vorticity)
fields whose distribution is preserved by Euler dynamics, that is invariant measures.
All candidate invariant measures obtained by formal arguments are too singular to
give meaning to the PDE, unless it is considered in a suitable, non trivial, weak
formulation. This situation is quite commmon in the theory of dispersive PDEs
and more generally of Hamiltonian PDEs: we refer to the recent survey [161] and
references therein regarding the dispersive setting. The next two paragraphs will
detail the two main examples of invariant measures we will deal with in our fluid-
dynamics setting.

Before that, let us introduce an essential tool that allows to solve the problem
of defining the nonlinear term for irregular vorticity fields, in fact highlighting the
peculiarities of fluid-dynamics PDEs we consider.

To fix ideas, let us consider here the torus T? = (R/Z)? as space domain:
generalisations of topics below to bounded domains or other compact surfaces will
often be possible, and they will be detailed separately in their respective Chapters.

We denote d(z,y) the distance between two points z,y € T2. Since vorticity
is the curl of velocity, w = V=1u, it has zero space average: in what follows we
will thus consider only functions (or distributions) having zero average on T2, and
denote by LP(T?), H*(T?) Lebesgue and Sobolev spaces of zero averaged functions.

It will often be convenient to work with Fourier series: let ey, (z) = e?™ 1% for
k e 72 = 7?\ {0}, z € T2, be the orthonormal basis of L?(T?) diagonalising the
Laplace operator, and recall that Sobolev spaces (of zero average distributions) are
characterised as follows:

Vo e R, H*(T?) =< ueC®T?) : ulfe = > [k ir* < ooy,
keZ?

where 1, = (u,ey), the brackets denoting (complex) L2-based duality couplings
from now on. We will also denote by M(T?) the linear space of finite signed
measures on T2, which is continuously embedded in H®(T?) for any o < —1, since
Fourier coefficients of measures are uniformly bounded by 1.

The Green function of the Laplace operator with zero average, G = (—A)~!,
is the unique solution of

T2
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we recall that G is a symmetric function, and moreover it is translation invariant.
It has the explicit representation in Fourier series

Glay) = Gla—y) = Y 2LV

Am2[k]2
keZ?

and moreover it can be expressed as the sum of Green’s function on the whole plane
and a bounded function,

(1.2.1) G(z,y) = —%logd(x,y) +9(,y),
with g(z,y) € CF,,,(T**?). The latter representation holds more generally on any
compact Riemannian surface without boundary (see [11]), and it can be recovered
comparing the G(z,y) to the solution of —A,u(z) = d,(x) on a small ball centred
in y with Dirichlet boundary conditions.

As already mentioned, we will focus on solutions to (1.1.1) of low space reg-
ularity: in order to give meaning to the PDE the starting point is thus the weak
formulation against a smooth test ¢ € C>°(T?),

) = (o) = [ [ Klo =yl (@) Vo(w)dzdyds

:/O (K * ws)ws, Vo) ds,

where we introduced the notation K = V+G. The convolution kernel K is in fact
the Biot-Savart kernel in dimension 2, since it allows to express the velocity field
in terms of vorticity:

w=Vtu =u=Kxw.

Of course, K is a singular kernel, and this makes the weak formulation above unsuit-
able to treat even measure-valued solutions. Here comes into play the fundamental
symmetrisation introduced in the works of Delort and Schochet [62, 154, 155].

For smooth solutions of Euler equations, by symmetrising the variables x,y in
the integral expressing the right-hand side of weak formulation, and using the fact
that K (z —y) is skew-symmetric (since G(x — y) is symmetric), one obtains

(1.2.2) (P, wi) — (@, wp) = /0 Hy(z,y)ws(x)ws(y)drdyds

T2X2
t
:/ (Hyp,ws @ ws) ds,
0

(1.23) Hy(w,y) = 5(Volw) ~ Vo)) - K(z —y), 2yeT?,

where Hy(z,y) is a bounded symmetric function with zero average in both variables
and smooth outside the diagonal set A? = {(aj7 x):x € '11‘2}7 where it has a jump
discontinuity. Because of this, by interpreting brackets (-,-) as suitable duality
couplings, one can give meaning to Euler equations when vorticity w has low space
regularity.

1.3. Euler Point Vortices

We now introduce a dynamics of point measures on T? satisfying (1.1.1) in
weak sense, providing in a natural way a class of invariant random point measures.
We consider a set of N point vortices described by their positions z1,...xy € T?
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and intensities &1, ...En € R, whose dynamics is given by

N
(1.3.1) Bi(t) = &K (i(t), z4(t)),

J#i
with K as defined above. The system is Hamiltonian with respect to conjugate
coordinates (z;1,&;%;2), and Hamiltonian function

N
H(z) =) &&;G (i, ;)

i<j
(the interaction energy of vortices). The product area on phase space T?*¥ is
preserved, at least formally, thanks to Liouville’s theorem. The point vortices
system is a classical model. We refer to [10, 135] for a general introduction and
most of the notions we are going to rely on, and to [127] for an overview of the
statistical mechanics point of view.

The first natural observation is that the vector field of this (system of) ODE is
singular when two positions coincide, that is when two vortices collide. More gen-
erally speaking, in classical, finite-dimensional Hamiltonian systems whose Hamil-
tonian function involves singular interaction, there may exist singular trajectories
in which, at finite time, the driving vector field diverges. When this happens only
for a negligible set of initial conditions with respect to an invariant measure, thus
a physically relevant measure on phase space, the motion is said to be almost com-
plete. A relevant example is the so called improbability of collisions in N-body
systems, a problem that has received attention both in classical [2, 151, 150] and
more recent [79] works.

The point vortices system perfectly fits the setting we just outlined, and its
almost completeness is a classical result.

THEOREM 1.3.1 (Diurr-Pulvirenti). Let &1,...&n € R be fized. There exists a
full-measure set M C T>*N and a one-parameter group of maps Ty : M — M such
that x(t) = Ty(z) € T>*N is the unique, smooth solution of (1.3.1) with initial
positions (1(0),...,zx(0) = z € M. For all t € R, T; defines a measurable,
measure preserving, dz™N -almost everywhere invertible transformation of (T?)N.

Define moreover, for t >0 and x € (T?)V,

di(z) = sér[{)ft] H;gl |(Tsz)i — (Tsz),|.

Then there exists a constant C > 0 independent of ¢ € (0,1) such that
Ct+1)

(1.2 [dele) < e}l < =2

Another natural question is whether the Liouville operator, that is the time
evolution generator for the dynamics of observables, is essentially self-adjoint on
a class of observables smooth in a dense set obtained by removing singular points
from the phase space, [149, Section X.14]. To be specific, let us consider the one-
parameter group of Koopman unitaries U, associated to such flow,

Uf=foT, feL*T>MN).
By Stone’s theorem, U; = €'t is generated by a self-adjoint operator A, the latter
being defined on a dense subset of L?(T?*Y). An explicit expression of L can
be given only on certain sets of observables, and in [95] the following result was

established.

THEOREM 1.3.2. Consider the linear space X of functions f € L>(T**N) such
that:
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o there exists a wversion of f and a full-measure open set M C T?*N on
which flar € C°(M), and moreover ¥V f|yr € L= (M);

e there is a neighbourhood of AN = {x; = x; for some i # j}, the the colli-
sion set, on which f vanishes.

It is dense in L*(T**N), and for any 1S RN, f € X the following expression is
well defined as a function in L>(T?*N):

N

(1.3.3) Lf(z)=—1) Y Vif(z) &K (2 — xj).

i=1 j#i

Moreover, (L, X) is a symmetric operator and if A is the generator of Uy, then X
is a subset of the domain of A, and L = A|x.

The latter Theorem (to be discussed in Chapter 3), was inspired by [3], in
which the Liouville operator was defined on a set of cylinder functions of Fourier
modes, and the question of essential self-adjointness was raised on such domain.
We shall discuss the setting of [3] in comparison to ours in subsection 3.2.4.

Let us now go back to the link with Euler equations. As detailed in [155], the
empirical measure w = Zf\il &0, with z; evolving as in (1.3.1) satisfies (1.2.2)
if we assume that Hy(x,z) = 0, thas is if we neglect self-interactions of vortices.
More precisely, brackets (Hg, ) are to be interpreted as duality couplings between
continuous functions and measures on T?*2\ A2,

This should not be surprising: the vector field acting on vortex x; is in fact
given by the convolution of K = V1@ with the empirical measure of the other
vortices ; # x;. Indeed, it is possible to obtain the point vortices system as a limit
of solutions to Euler equations made of vorticity patches, thus providing a rigorous
motivation for the model: such approximation arguments are the object of a rich
literature, among which we mention [132, 133, 134, 42, 38]. We also mention the
recent [39] on similar arguments in dimension 3.

Thanks to the Hamiltonian structure, point vortices also preserve the canonical
Gibbs ensemble at inverse temperature 5 > 0,

1
vg N(dxy,....dz,) = Zon exp (—fH(z1,...,2,))dr1,. .., dx,.

This measure was first introduced by Onsager in this context, [143]. Equilibrium
ensembles at high kinetic energy, which exhibit the tendency to cluster vortices of
same sign intensities expected in a turbulent regime, were proposed by Onsager
allowing negative values of 5. Unfortunately, we will not be able to treat the case
£ < 0 in our arguments.

For a fixed choice of intensities, considering point vortices whose positions are
distributed as the Gibbs ensemble, we obtain a stationary solution of Euler equa-
tions in the sense above. A classical scaling limit of these solutions is the Mean
Field limit, in which intensities are rescaled as & +— %, inverse temperature as
B — N and the number of vortices is sent to infinity, N — oo: in this limit,
one obtains deterministic stationary solutions of Euler’s equation, the correlations
of vortices vanishing in the limit. Indeed the precise rate of such decay has been
obtained in [99], see Chapter 5 and in particular Theorem 5.1.2 below.

Looking at Mean Field Limit as a Law of Large Numbers, we will then consider
a different scaling corresponding to Central Limit Theorem, the latter producing
relevant Gaussian invariant measures. We will provide a comparison between the
two settings, together with adequate references to classical Mean Field theory, in
Chapter 4 and Chapter 5.
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1.4. Gaussian Invariant Measures

Smooth solutions of Euler equations on a 2-dimensional domain D preserve the
quadratic first integrals energy and enstrophy,

(1.4.1) E:/ |u|?dz, Sz/ widz.
D D

Let us stick to D = T? for the sake of exposition, and leave other choices to
subsequent Chapters. The Gaussian field associated to the quadratic form SFE 4S5
on T?, known as energy-enstrophy measure, formally defined as

1
(142) d/,[/,@ 7(“) = 76—[3E(w)—’y3(w)dw’
7 28

is thus a natural candidate as an invariant measure of the flow. However, the field
is only supported on spaces of quite rough distributions —not even measures— so
that making sense of Euler equations in this setting is not trivial: this problem has
been effectively tackled by means of Fourier analysis in [7, 8|.

Energy-Enstrophy measure is rigorously defined as follows: for v > 0 and 8 > 0,
let wg ~ be the centred, zero averaged, Gaussian random field on T? with covariance

Vf,g € L*(T?), E[(wpnq. ) (wpre9)] = (£.Qsr9), Qpn=(y—BA)""

Equivalently, wg + is a centred Gaussian stochastic process indexed by LQ(TQ) with

the specified covariance. Since the embedding of Qé/ 3L2 (T?) into H*(T?) is Hilbert-
Schmidt for all s < —1, wg,, can be identified with a random distribution taking
values in the latter spaces (see [59]). We will denote by pg. the law of wg
on H*(T?), any s < —1: a rigorous interpretation of (1.4.2) will be provided in
Section 4.1 below.

Let us notice that the special case of the enstrophy measure o1 = p is the
white noise on T2, the unique invariant measure of (infinite dimensional) Ornstein-
Uhlenbeck equation

(1.4.3) dZ = —aZ dt +V2adW, o >0,
with W a cylindrical Wiener process on L?(T?). The triple
(1.4.4) (E=H'7%(T?), L*(T?), ), & >0,

is an abstract Wiener space with identity covariance operator.

The definition of the nonlinear term in (1.1.1) when the law of w; is u, (or more
generally when it is absolutely continuous with respect to ) is not immediate, and
it has been thoroughly discussed in [71] and related works, [58, 94]. We will rely
upon the arguments of Subsection 2.5 of [71], which we now review.

We consider the weak vorticity formulation of Euler equations, so that the
problem is to make sense of the coupling (Hy,w ® w) with ¢ some smooth function
of T? and w ~ p a realization of white noise. A lengthy but elementary computation
in Fourier series reveals that the Sobolev regularity of H, is at best H?~ (T? x T?),
thus the above symmetrized formulation, allows us to give a proper meaning to
(1.2.2) in the case when w; € H~'*(T?), which is not the case if w; ~ u. Here
comes into play the essential role of Probability: the following statement is proved
in [71, Section 2.5], and it will be discussed again in the forthcoming Chapters.

PROPOSITION 1.4.1. Let ¢ € C*°(T?) and w be a random distribution on T2
with law pdpu, p € LP(E, 1) for some p > 1. For any sequence (H})nen C C>(T? x
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T?) of symmetric functions such that

(1.4.5) L*(T? x T?) — lim H = Hy,
1.4.6 li H? dz =0,
(1.4.6) | Ho (@, w)da

the limit

(1.4.7) (wow,Hy) 1= nh_)rréo (w@w, HY)

exists in L'(n) and it does not depend on the approzimating sequence Hg among
the ones satisfying the above properties. Moreover,

b

(148) B [[(wow H} — Hy)|) < C, |[HE — Bl s + ‘/T HY (0, 2)de

with 1% + ﬁ =1, and for any q € [1,00) it holds
(1.4.9) E[[{wow, Hy) ] < Cqllpllpo(m,pu 811G 2y »

with Cyq a constant depending only on q.
If pp € L= ([0,T], LP(E, 1)) and wy is a process with trajectories in C ([0,T], E)
and marginals wy ~ pydp (in particular we are assuming fE prdp =1 for all t),

the sequence of real processes <wt ® wy, H$> converges in L' (E, 7% Ll([O,T])) to a

process {(wy @ wy, Hy) which does not depend on the approzimations HJ as above.

It is worth noticing that the approximations Hg as in (1.4.5) can always be
obtained by regularizing the kernel K in the definition of Hy. We also remark that
if w ~ p, the limit (1.4.7) coincides with the double Wiener-Ité integral of the kernel
H, on the Gaussian Hilbert space (E, 1) (see [94] and Chapter 6 for a discussion).

We are now able to give meaning to Euler equations with marginals (absolutely
continuous with respect to) u; let us do so for the following stochastic generalisation
of (1.1.1),

(1.4.10) Vlu = w.
with @ > 0 and W the cylindrical Wiener process on L?(T?). Equation (1.4.10) will
be the the object of Chapter 2 and Chapter 6, the latter providing in a sense a phys-
ical motivation, see Section 1.5 below. It has been widely investigated especially as
inviscid limit of driven and damped Navier-Stokes equation, see for instance [19],
[48] and references therein. Aside from the fact that we are dealing directly with
the inviscid case, the substantial difference with respect to those works is of course
the space regularity of solutions. Let us conclude this Section with an overview of
the results of [72] and Chapter 2, providing definitions of solutions to (1.4.10) and
its associated (infinite dimensional) Fokker-Planck equation.

Consider the orthonormal Fourier basis e, () = €#® of L2(T?, dx), and denote
as usual wr = (w, e). In fact, we will only deal with real-valued objects: Fourier
coeflicients of opposite modes will henceforth be complex conjugated. Let FC; be
the linear space of cylinder functions of the form

(P(W):f(d)kl,...,d)kn), k17"'7kn€Zga

with n > 1 and f € Cp°(R™). The infinitesimal generator of the linear part of
(1.4.10) is aL, with £ the generator of the Ornstein-Uhlenbeck semigroup acting
on cylinder functions as

Lo(w) = 0iif( @y s @h,) = D Oif (@ Dk, )k,
=1 =1

{dw + u - Vwdt = —awdt + 2adW,
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The generator associated to (1.4.10) can be written formally as
(1.411)  Ap(w) = Bp(w) + aly(w), Bp(w) = — (K *w) - Vw, Dp(w)),

whose action on cylinder functions ¢ € FCy is given in terms of £ and
n
D(p(w) = Z 82.]0(‘2%1’ N 7(‘:)’%)61%'
i=1

To give a rigorous definition of B, we make use of Proposition 1.4.1 (see also the
discussion in [58]). First, we combine the latter two expressions with (1.2.2) to
obtain, say first for smooth w,

B(p(W) = - Zaif(d}ku s adjkn) <(K *w) : Vw76ki,> 5
=1

=30 @) (W, Hey ).
i=1
By Proposition 1.4.1, we can define the real random variable
Bio(n) = > 0uf @onss s n,) (w0 w, Hy, ) € LA (1),
i=1

for all cylinder functions ¢ € FC;p. As already observed above, (non, Hg) is in fact
an element of the second Wiener chaos of the Gaussian process 7, since it coincides
with the double It6-Wiener integral. As a consequence, B is exponentially integrable
when acting on cylinder functions:

(1.4.12) E [exp (e|Bp(n)])] < oo for all small € > 0

(see [58, Theorem 8] for an explicit computation).

The singularity of the nonlinear term is such that the operator B, regarded as a
vector field acting as a derivation on the Gaussian space (1.4.4), does not take values
in the Cameron-Martin space L?(T?), or even in H°(T?), see [8]. Nonetheless,
it formally holds div, B = 0, in agreement with the fact that the SPDE under
consideration formally preserves .

Let us consider the Fokker-Planck equation associated to (1.4.10):

{% =A"p=-Bp+alp,

(1.4.13)
P|t:0 = pPo-

DEFINITION 1.4.2. Given py € L' (), we say that p € L}, (R4, L*(E, p)), for

loc

a >0, is a weak solution of the Fokker-Planck equation (1.4.13) if
(a) for any ¢ € FCy and T > 0,

T
/ / |prApldpdt < oo;
o JE
(b) for any f € CH(R,) and ¢ € FCy it holds
(1.4.14) f(O)/ popdp +/ / F(t)prp dpdt +/ / f(t)prAp dudt = 0.
E o JE o JE
Identity (1.4.14) implies that, in the distributional sense,

d
—/ pt@duz/ prApdp  for ae. t € (0,00).
dt Jg B

Since the right-hand side is locally integrable in ¢ € (0, 0), the map [0,00) > ¢
I} 5 Pt dp is absolutely continuous, thus p; is weakly continuous in time. This also
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gives meaning to the initial condition specification p|i—g = pg. Moreover, taking
@ = lyields [, pedp = [}, podp for all t > 0.

Let us state the existence results for (1.4.10) and its Fokker-Planck equations
we will prove in Chapter 2 by means of Galerkin approximations.

THEOREM 1.4.3. Let py € Llog L(E, p;Ry) and o > 0. Then,

(i) there exists a weak solution (p;)icr, of the Fokker-Planck equation (1.4.13)
in the sense of Definition 1.4.2;
(ii) for almost every t > 0 it holds

/ pilog p dp < 6’2“/ polog po dp + (1 — =) || po|| 1 log [|po| -
E E

In particular, if po is a probability density and o > 0, then the relative entropy of the
weak solution p; decreases exponentially fast, which in turn implies the convergence
to equilibrium of py: for almost every t > 0 it holds

lor = Uls < ey 2 [ polog pod
E

The last assertion is an immediate consequence of the exponential decay of
entropy and Kullback’s inequality, see [118, (11)]. We will also deduce an existence
result for LP (p > 1) initial densities: let us state it explicitly since it will play an
important role in building solutions to the stochastic equation (1.4.10).

THEOREM 1.4.4. Let pg € LP(E, p) with p > 1 and « > 0. Then,

(i) there exists a weak solution p € L (R, LP(E, n)) to Fokker-Planck equa-
tion (1.4.13) in the sense of Definition 1.4.2;
(ii) if p = 2, then, denoting by po = [y, po dp, we have, for a.e. t >0,

ot = poll L2 < e llpo — poll > -

Finally, we have existence of weak (both in probabilistic and analytical sense)
solutions to the Euler equation (2.0.1) in the setting of Theorem 1.4.4.

THEOREM 1.4.5. Letp > 1, « >0, T > 0. Assume that pg € LP(E, u; R, is
a probability density, and let p € L™ (O,T; LP(E,N)) be a weak solution obtained
in Theorem 1.4.4 to Fokker-Planck equation (1.4.13) with initial datum po. There
exist a filtered probability space on which a cylindrical Wiener process W on L?(T?)
and an adapted process w; are defined such that
(i) w e C([0,T], E) with probability one;
(ii) for almost every t € [0,T], wy has law p; du;
(iii) for any ¢ € C*°(T?) and t € [0,T],

t t
(wt7¢> = <w07¢>+/ <ws<>w57H¢>> dS—Oé/ <ws7¢> d8+ V2a <Wt7¢>a
0 0
the nonlinear term being defined as in Proposition 1.4.1.

For all @ > 0, if the initial datum has white noise distribution pu, the solution
to (1.4.10) we build is stationary. Indeed, this is true for all Energy-Enstrophy
measures (g~, S > 0,7 > 0 for o = 0, that is Euler equations, but when o >
0 the result above on Fokker-Planck equation implies that the solution we build
converges to white noise for large times. We shall discuss it further in Section 2.4.
It is important to remark that uniqueness of (1.4.10), including deterministic Euler
equations as a particular case, in the stationary regime with white noise marginals,
remains an important open problem.

Let us conclude this Section by mentioning that (1.4.5) actually generalises the
results of [8]: their notion of solution was given in terms of Fourier series, but a
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close inspection reveals that the above definition of the nonlinear term (as a limit
of certain approximations) actually include theirs (as limit of Fourier truncated
objects).

1.5. Invariant Measures and Scaling Limits

The close resemblance between Onsager’s point vortices ensembles and Energy-
Enstrophy Gaussian invariant measures for the two dimensional Euler flow is known
since the works of Kraichnan on two-dimensional turbulence, [113], and it will be
thoroughly discussed in Chapter 4. The main result of the latter is to obtain the
Gaussian Energy-Enstrophy measure as a limit of Gibbsian point vortices ensem-
bles, in a sort of Central Limit Theorem.

We will consider increasingly many vortices sending N — oo, while decreasing
their intensities & = ﬁ, with v > 0 and o; = £1, as in the familiar central limit
scaling. We will prove that, if positions of vortices x1, ..., zx have joint distribution
vg,N on T2V with intensities scaling as above, the random measure /ﬂﬂ\{ o which is

the law of the M(T?)-valued random variable
al N
— 00
wé\{'y = Zgl((swl - 1) KB,y
i=1

converges in law to the energy-enstrophy measure. On T2, the result does not
depend on the choice of signs o;: to each Dirac delta representing a vortex we are
subtracting its space average, so that the global average vanishes and we are thus
looking at fluctuations around a null profile. In fact, the result can be regarded as
an investigation of Gaussian fluctuations around the well-known mean-field limit,
in the case where the latter vanishes, see Section 4.4 below. This is the reason why
we will need to impose (asymptotic) neutrality of the global intensity on bounded
domains D, that is, to ensure that the limit in the law of large numbers scaling is
naught, since in that case it is not possible to renormalise Dirac deltas because of
the boundary condition.

Let us provide some further insight on the analogy between those random
measures, first pointed out by Kraichnan ([113]). The Hamiltonian function H
can be seen as a renormalised energy to the extent that it includes all mutual
interactions save the ones of vortices with themselves. To make this intuition more
precise, let us first recall that in the Gaussian case w ~ po1 (white noise), the
double Ito-Wiener integral of a smooth function h € C°°(T?*?) is given by

(1.5.1) (hywow)=(h,w@w)— | h(z,z)dx,
TQ

where: on the left-hand side we used the notation introduced in Proposition 1.4.1,
coupling against w ® w on the right-hand side is understood as the (almost surely
defined) integral against the tensor product of the random distribution w with
itself. One can directly verify the above formula by the definitions: we refer to
[104, Chapter 7], which includes a discussion on how Wick ordering in double
stochastic integrals can be seen as removing singular self-interactions, c¢f. Remark
7.27. As observed in Section 2.4, the renormalised energy can be expressed as

(1.5.2) 2:F: (w) = (G,wow) = lim G (z,y)dw(z)dw(y),

n—oo T2x2

where G,, € C*°(T?*?) are symmetric and vanish on the diagonal, G,, converge to
G in L*(T?*?), and the limit holds in L? ().

In the case of a point vortices cluster w™ ~ p{'., one can define renormalised
double integrals in an analogous way. Considering centred distributions (as it is
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Ho,1) is essential in the forthcoming Lemma, and in the case of point vortices on T?
the condition is ensured if we consider the zero average setting.

LEMMA 1.5.1. Let w™ ~ piY. . On continuous functions h € C(T?*?) with zero
average in both variables and vanishing on the diagonal, i.e. h(x,x) =0 for all x,
define the map

b T2x2 h(z, y)dw™ (z)dw™ (y) = Zﬁiﬁjh(xi,xj).
i#]

Since it holds

E Z&fgh(l"ul"j) <C, Hh”QL?(T?“)
i#j
with C, a constant independent of N, the map takes values in Lz(ué\fl), and it
extends by density to a bounded linear map which we will denote

LAT*?) 5 f = fla,y) do™ (x)de™ (y):€ L ()

T2x2

PRroOOF. For any function h as above it holds
2
N N N
E |2 &&hla ;) =43 Y G&GEEHE (i, ) h(we, wp)]
i<j i<j 0<k

T2x2

1 N-1
= N2 Z ,/szz h(z,y)*dzdy = QW h(z,y)2dxdy,
1<j

where the middle passage makes essential use of the zero average condition: all
summands except the ones with ¢ = ¢, j = k vanish. (I

This construction is analogous to the one of double stochastic integrals with
respect to Gaussian measures (It6-Wiener integrals) and Poisson point process; the
above computation is also an important tool in [71]. Define, in analogy with (1.5.2),
the renormalised energy in the vortices ensemble ufyv case as the renormalised double
integral of the potential G with respect to uffv , that is as a random variable in

LQ(;AYV ): by Lemma 1.5.1, considering approximations G, of G as above, we actually
recover the Hamiltonian:

2:E: (wN) = Zfiij(xi,xj) =2H(x1,...2,).
i#£])
The convergence of Hamiltonian functions of point vortices to the renormalised
Gaussian energy in the case § = 0 is an important part in the proof of the forth-
coming main result of Chapter 4.
THEOREM 1.5.2. Let 8/v > 0. It holds:
(1) UMy oo Zgy,N = Zp~, where Zg~ N is the partition function of vg ., N

with intensities & = \;LN and

Zﬁ,’y :/e_ﬂ:E:(w)d/,LO,’Y(LU).

(2) the sequence of M-valued random variables w™ ~ ué\’ﬁ converges in law

on H*(T?), any s < —1, to a random distribution w ~ Ka.~, as N — oo;
(3) the sequence of real random variables H(w™) converges in law to :E: (w)
as N — oo, with w™,w as in point (2).



1.6. STATIONARY SOLUTIONS OF BAROTROPIC QUASI-GEOSTROPHIC EQUATIONS13

The core argument is a uniform bound for partition functions of canonical
Gibbs measures, the strategy being the following:

e we split the interaction potential, the Laplacian Green function G, into
a regular, long range part and a singular, short range part, the latter
being the Green function of the operator m? — A (2-dimensional Yukawa
potential);

e the contribution of the regular part can be interpreted as an exponential
integral of a regular Gaussian field: since the covariance kernel corresponds
to a fourth order operator, no normal ordering is required;

e on the other hand, the contribution of the (pointwise vanishing) singular
part is controlled by estimating the partition function of vortices interact-
ing by Yukawa potential with diverging mass m — oo.

Besides the Central Limit Theorem for correlated, Gibbs distributed vortices,
we will consider in Chapter 6 a somewhat simpler case. We will consider a system
of vortices, whose positions are distributed uniformly and independently on T2, in
which at random times new vortices are created, and the intensities are overall ex-
ponentially damped. These two effect compensate to produce a stationary regime.
In the Central Limit scaling for vortices of above, and increasing the rate of gener-
ation of new vortices, the system will be shown to converge to a stationary solution
of (1.4.10), the cylindrical noise W emerging as the limit of the generation process.

Equation (1.4.10) can be regarded as an inviscid version of the one considered
in [27], which aimed to describe the energy cascades phenomena in stationary,
energy-dissipated, 2-dimensional turbulence. Even if our point vortices model is
not able to capture turbulence phenomena such as the celebrated energy spectrum
decay law of inverse cascade predicted by Kolmogorov, the mechanism of creation
and damping of point vortices we describe might contribute to provide a description
of experimental behaviours of models such as the ones in [27].

1.6. Stationary Solutions of Barotropic Quasi-Geostrophic Equations

Barotropic quasi-geostrophic equations in channel domains constitute a physi-
cally relevant partial differential equation in oceanography and atmospheric mod-
eling, with applications including for instance the Antarctic circumpolar current.
Significance of the model is discussed for instance in [92, 45, 130, 64] and refer-
ences therein, to which we refer.

The presence of conserved quantities and their associated equilibrium statis-
tical mechanics constitute an important feature of the model; although numerical
reasons naturally lead to consider Fourier truncated or other approximations of
the stationary flow, as for instance in [129, Section 6], the full infinite-dimensional
setting is of great interest because of its geophysical relevance and mathematical
difficulty, as discussed in [130]. The latter monography thoroughly discusses in its
Chapter 8 equations for fluctuations around the mean state for the truncated model,
and then considers a continuum limit by scaling parameters of invariant measures
so to neglect fluctuations, obtaining a mean state description for the PDE model.

The contribution of [96], to be reviewed in Chapter 7, in a sense furthers their
study: we will show how fluctuations can be included in the continuum limit by
defining a suitably weak notion of solution mimicking the one discussed above for
Euler equations, so to include the distributional regimes dictated by the full infinite-
dimensional invariant measure, under which fluctuations of comparable order are
observed at all scales.

The model under consideration, for the derivation of whom we refer to [130,
Chapter 1], is the following. We consider the rectangle R = [—m, 7] x [0,7] as a
space domain, and denote z = (z,y) € R its points; we also fix a finite interval for
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time ¢ € [0,7T]. The governing dynamics is the inviscid quasi-geostrophic equation
for the scalar potential vorticity q(t, z),

(1.6.1) Ovq+ Vi -Vg=0,

where V+ = (=0,, 0,), and ¥(t, 2) is the stream function determining the divergence-
less velocity field V+4. The channel geometry prescribes that velocity V11 be

tangent to the top and bottom boundaries of R, and we further assume the flow to

be periodic in the x coordinate. Such boundary conditions are encoded in terms of

1 as follows:

(1.6.2) Oz (t, x,w) = Op)(t, 2,0) =0,
(1.6.3) V(L@ + 21, y) = V3t 2, y).
As a consequence, at fixed ¢ the stream function 1 is constant on the impermeable
boundaries y = 0, 7. Using the fact that 1 is defined up to an additive constant,
possibly depending on time, we will set ¥(¢,2,0) = 0, from which it is easily seen
that 1) takes the form

Y=-Vy -+,
with V(t) a function of time only describing a large-scale mean flow, and ¢/(t, 2)

the scalar small-scale stream function, periodic in x and null at y = 0, 7 at all times.
Potential vorticity is then linked to v’ by

(1.6.4) q=AY" +h+ By,

where h(z) is a smooth scalar function modelling the effect of the underlying to-
pography on the fluid, and By, 8 € R, is the beta-plane approximation of Coriolis’
force.

Dynamics of V(t) is derived by imposing conservation of total energy,

1 1 1
(1.6.5) E= 7[ (VA Pdady = V4 7[ |V [2dxdy,
2)r 2 2/r
from which one obtains an equation for time evolution of the mean flow,

av /
=, okl )i

the right-hand side being usually referred to as topographic stress. This last relation
completes our set of equations,

g+ Vv - Vg =0,

q=AY +h+ By,

b=-Vy+i,

% = —fR Oph(2)Y (2)dz.

Since both ¢ and v’ can be recovered from V and ¢, taking into account the
boundary conditions (1.6.2), (1.6.3) in solving Poisson’s equation (1.6.4), we will
consider (V,q) as the state variables of the system. This particular choice has the

advantage of retaining the active scalar form for the dynamics (1.6.1) of q.
Besides the total energy F, (BQG) preserve the large-scale enstrophy

(1.6.6) Q)= BV + ]{% (4 By)®.

Due to the Hamiltonian nature of the fluid dynamics, it is thus expected that the
Gibbsian ensembles

(BQG)

(1.6.7) Ave (V. q) = e CWBEV.O+QV-aqydg. o, p > 0,

Za,u
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are invariant measures for (BQG). Since Boltzmann’s exponents are quadratic
functionals of the state variables (V,q), these are Gaussian measures. Just as
Energy-Enstrophy measures described above, they are only supported on spaces
of distributions —they give null mass to any space of functions— so some effort
is required to give meaning to the dynamics (BQG) in the low-regularity regime
dictated by vq, .

We will describe in Chapter 7 a notion of solution to (BQG) completely analo-
gous to the Delort-Schochet formulation described above for Euler equations, robust
enough to admit samples of v, , as fixed-time distributions, and then produce by
means of a Galerkin approximation scheme such a solution.

THEOREM 1.6.1. Let 8 # 0 and h as above. For any a,p > 0 there exists
a stationary stochastic process (Vi, qt)iepo,r) with fived-time marginals vy, ., whose
trajectories solve (BQG) in the weak vorticity formulation of Definition 7.2.8.

As in the case of 2-dimensional Euler’s equations in the Energy-Enstrophy
stationary regime, or more generally when fixed time marginals are absolutely con-
tinuous with respect to space white noise, uniqueness remains an important open
problem. We will not discuss uniqueness of solutions of (BQG) in the above sta-
tionary regime; thus, in particular, we are not able to state that the solutions we
produce form a flow, i.e. a one-parameter group of transformations of phase space
indexed by time.

1.7. 2-Dimensional Primitive Equations:
a More Singular Geophysical Model

Primitive Equations constitute a fundamental model in geophysical fluid dy-
namics. The work [97], to be reviewed in Chapter 8, is devoted to the study of
Gaussian invariant measures in the stochastically forced 2-dimensional case: the
model under analysis is thus a stochastic PDE of the form:

Opv + 00, v + wI,v + Opp = D(A)v + 1,
(1.7.1) 0.p =0,
O,v + O,w =0,

where (z, z) are coordinates of the bounded domain D = [0, 27]? on which suitable
boundary conditions are imposed, (v,w) are the components of the velocity vector
field, p is the pressure, the term D(A) describes a dissipation mechanism and 7 is
a Gaussian stochastic process.

It is in fact the case with D(A) = vA and n = 0 to be usually referred to
as 2-dimensional Primitive Equations (2dPE), together with its variants including
effects such as density and temperature variations, and other geophysical effects.
When those physical phenomena are neglected, equations (1.7.1) have many aspects
in common with the 2-dimensional Navier-Stokes equations:

ou+ (u-V)u+ Vp =vAu,

divu = 0.
This familiarity naturally leads to look for applications of concepts and techniques
developed in the extensive theory of Navier-Stokes equations, especially in the 2-

dimensional setting. However, the nonlinearity of 2-dimensional Primitive Equa-
tions is in fact harder to treat.
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When considering the stochastically forced case, it is well-known that stochastic
Navier-Stokes equations (SNS) in dimension 2, in their vorticity form

{@w + (u- V)w = vAw + v20¢,

divu =0, w = curlu,

w being the scalar vorticity field, preserve the enstrophy measure p = p intro-
duced above, when driven by space-time white noise £. Indeed, enstrophy is a first
integral of motion in the case v = 0, the 2-dimensional Euler equations, and en-
strophy measure is the unique, ergodic invariant measure of the linear part of the
dynamics when v > 0. Notwithstanding the low space regularity under enstrophy
measure, existence and pathwise uniqueness of stationary solutions for SNS in this
setting are by now classical results due to [56, 5].

We have mentioned another quadratic invariant for Euler equations: the energy
||“||i2 When SNS is driven by space-time white noise at the level of velocity, the
energy measure, a white noise at the level of u, is formally preserved. The cursive
is here in order, because the energy measure regime is so singular that no solution
theory is yet available in this case. Nonetheless, the existing stochastic analysis
techniques allow to deal with such regime in hyperviscous cases, that is replacing the
viscous term Au with —(—A)%u, 6 > 1. Indeed, a procedure known as Ito trick in
the literature related to regularisation by noise is employed in [100] to give meaning
and solve SNS under energy measure with sufficiently strong hyperviscosity. We also
mention the recent development [101], in which Kolmogorov equations are solved
by means of Gaussian analysis tools, broadening the result to solutions absolutely
continuous with respect to energy measure.

The analogue of vorticity field for 2-dimensional Primitive Equations is w =
d.v, as the quadratic observable H@zUHiz is a first integral of the 2-dimensional
hydrostatic Euler equations:

O + v0,v + wd,v + Ozp = 0,

(1.7.2) 0.p =0,
Ozv + 0, w = 0.
Prescribing the correct additive Gaussian noise 7, the linear part of (1.7.1) with
D(A) = A preserves the Gibbsian measure associated to ||3ZvHi2 = Hw||iz, formally
defined by
1

dp(w) = ge_%”w”;dw,

that is, white noise distribution for w. However, as we will detail below, the sta-
tionary regime with u-distributed marginals for (1.7.1) is not comparable to the
enstrophy measure stationary regime of SNS, because of the more singular nonlin-
earity. Indeed, unlike in [56, 5], the nonlinear terms of (1.7.1) can not be defined
as distributions when 0,v has law p. Still, as in the case of energy measure SNS,
hyperviscosity allows to apply the techniques of [100].

In [97] it was presented a solution theory of 2-dimensional Primitive Equations
in the hyperviscous setting D(A) = —(—A)?, for large enough @ and a suitable
stochastic forcing. The regularising effect of hyperviscosity for Navier-Stokes and
Primitive Equations is well-understood in the deterministic setting, and it is often
used in numerical simulations [120]; we refer to [119, 123, 124] and, more recently,
[103] for a thorough discussion. The main contribution of [97] is thus to introduce
a Gaussian invariant measure in the context of 2-dimensional Primitive Equations,
and then to exploit the techniques of [100] to provide a first well-posedness result
for this singular SPDE in a hyperviscous setting.
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Although stochastic versions of Primitive Equations both in two and three
dimensions have already been considered, to the best of our knowledge the existing
literature is limited to more regular regimes. To mention a few relevant previous
works, in [89, 87, 159], 2-dimensional Primitive Equations are considered with
a multiplicative noise taking values in function spaces, the same is done in the
3-dimensional case in [61, 83], and in [86] the authors prove the existence of
an invariant measure in this setting. In the 2-dimensional cases, large deviation
principles are studied in [82, 158]. Let us also mention the works [146, 32] on
deterministic 2-dimensional Primitive Equations, whose study began with [124,
125, 122], and [136] on their inviscid version, by which the vorticity formulation
we present below for our model is inspired.






CHAPTER 2

Gaussian Solutions by Fokker-Planck Equation

This Chapter covers the results of [72]. It is devoted to existence of station-
ary solutions of the 2-dimensional stochastic Euler equation on the torus T? =
R?/(27Z)?, including a friction term and space-time additive white noise forcing,

{dw +u - Vwdt = —aw dt + v2adW,

2.0.1
( ) Viu=w.

As discussed above, we assume that w has zero space average on T2: all function
spaces on T? are tacitly assumed to have zero averaged elements. This Chapter
follows the introductory discussion of Section 1.4, and in particular we make use of
the notation introduced there: on T? = R?/(27Z)? we consider the normalized Haar
measure dz such that [, dz = 1, and the orthonormal Fourier basis ej,(x) = ¢'*® of
L?(T?,dz). We only deal with real-valued objects: Fourier coefficients of opposite
modes will henceforth be complex conjugated. In order to lighten notation, we fix
§ > 0 and denote E = H~'=°(T2). Moreover, we denote 7 the space white noise
on T2, p is its law.

As a preliminary, we prove an existence result for the associated Fokker-Planck
equation: this becomes necessary since solutions to (2.0.1) under cylindrical white
noise forcing exist only in distributional spaces where classical energy or enstrophy
estimates are not available. Such estimates are thus replaced by probabilistic esti-
mates, taking averages with respect to the solution of the Fokker-Planck equation.

Using the method of Galerkin approximation, we shall prove existence of so-
lutions p; to the Fokker-Planck equation with initial data py which are L log L-
integrable with respect to white noise measure p, that is [ po log™ podp < oo. In
the case a > 0, the relative entropy of these solutions decrease exponentially fast
as t grows to oo; this together with an inequality of Kullback [118] implies the
convergence to equilibrium of the solutions we constructed. In the case py € L?(p),
we also have exponential convergence of p; in L?-norm.

These results put forward a difficult question that we will not treat here, namely
the search for a notion of uniqueness and ergodicity of the invariant measure p, and
convergence to equilibrium of the non-stationary solutions.

Before moving on, we briefly recall some recent works on the Fokker—Planck
equations in infinite dimensional settings, mainly due to Bogachev, Da Prato, Rock-
ner and their coauthors. The work [28] considered Fokker—Planck equations asso-
ciated to the stochastic evolution equations in a Hilbert space: under suitable
conditions on the nonlinear term, they established existence and uniqueness of
measure valued solution to the Fokker—Planck equation with Dirac initial condi-
tion, the solution satisfying Chapman—Kolmogorov equation. This method was
further developed in [29] under weaker conditions on the coefficients. Existence of
solutions of Fokker—Planck equations on Hilbert spaces with non-trace class second
order coefficients was established in [54], with applications to stochastic 2D and
3D Navier—Stokes equations with non-trace class additive noise. In the more recent
paper [30], the authors considered cases with non-constant coefficients in the sec-
ond order part, and also degenerate cases where these coeflicients can even vanish.

19
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Assuming that the infinite-dimensional drifts admit certain finite-dimensional ap-
proximations, they proved a new uniqueness result for solutions to Fokker—Planck—
Kolmogorov (FPK) equations for probability measures, and presented some ap-
plications for FPK equations associated to SPDEs. We refer to the last chapter
of the monograph [31] for some general discussions on infinite dimensional FPK
equations.

2.1. Galerkin Approximation and Llog L Initial Data

Let us define the finite-dimensional projection of H = L?(T?, dx) onto the finite
set of modes Ay = {k €Z3: |kl < N},

(2.1.1) Oy:H>fTyf= > (fiex)yer € Hy,
keAn
where we can identify the finite dimensional codomain with
(2.1.2) Hy={¢eC : & =¢4}
(whose dimension is |Ax|). On Hy we consider the Euclidean inner product induced
by CA¥ | and the Gaussian measure . having Fourier coefficients jin (k) = fin (—k)

with the law of independent standard complex Gaussian distributions.
We consider the following Galerkin approximation of (2.0.1):

(213) dllyw + HN((K * HNw) . VHNw)dt = —allywdt + V2adllyW.

This equation is in fact an SDE in w™ € Hy, and it can be rewritten as

(2.1.4) dw™ + by (wN)dt = —awdt +V20dW, WV = Z Whey,
keAN

where the W*s are independent standard complex Brownian motions such that
Wk = W~k and the drift is given by

EL-n
N == > en Y. T G €,

neAN keAN
as one can prove by a straightforward computation in Fourier series using that
K(z) = Zkezg %616(5(}) By means of the above expression, it is easy to check
that, for all £ € Hy,

(2.1.5) (bn(£), ) gy =0, divyy by (§) = divon (§) — (0n(8), &) gy, =0

The SDE (2.1.4) has smooth coefficients, so there exists a unique strong local
solution w;¥ given an initial datum w{’ € Hy; the forthcoming estimate shows that
it is also global in time.

LEMMA 2.1.1. If w} is a solution of (2.1.4), then, for any t >0,

E [[w,{"ﬁ{N] < |wd|?

N e 2 L AN| (1 —e™2),
PROOF. By the It6 formula and (2.1.5), and omitting all subscripts Hy,
ol |* = =2(wN by (W) + aw]) dt + 2v2a (W, dWN ) + 20 (WY, dW Y )
— 2 || dt + 2v2a (¥, dW]N) + 2a |Ay]| dt,
and therefore
d (eZO‘t |w;N|2) = 2V/20 % (¥, dWN) + 2ae®™ [A | dt.
If we define, for R > 0, the stopping time
TR:inf{t>O: ’wf\f’ ZR},
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then we have
B [e2em0 o 7] = kP 2B [ [ e a2
0
+ |AN|E [etrma) ]
< [wd'|* + 1A (2 — 1),
which concludes the proof if we let R 1 oo by Fatou’s lemma. O

2.1.1. Finite dimensional Fokker-Planck equation. Let £y be the Ornstein-
Uhlenbeck operator on Hy; then aLy is the infinitesimal generator of the linear
part of (2.1.4). We can introduce the Galerkin approximation Ay of A, acting on
smooth functions F € CZ(Hy) as

(2.1.6) ANF(§) = = (N (£), VF(£)) g, + LN F(E).

We can thus write the Fokker-Planck equation corresponding to (2.1.4): if the law
of w{’ has a smooth probability density p{’ (with respect to uy), so does wi¥ for
any later time, and the density p satisfies

8tp£V:A7Vpijtva
(2.1.7) v N
PN i=0 = pp -

REMARK 2.1.2. Simple heuristic arguments immediately give rise to an a priori
estimate on the entropy of pY¥. Indeed, if p)¥ is a smooth solution of (2.1.7), for
any t > 0,

3 (p log ') = (1 +log pi* ) Bipy’
= (L+1logpy) (bn, Vo), +a(l+logp) Lapy.
Integrating on Hy with respect to uy and using (2.1.5) we get
VA7
/ pi log pf¥ dpuy +a/ / = duyds = / po log pg dpun .
Hy 0 JHy Ps Hn
However, the above computation is somewhat formal, since the drift by has qua-

dratic growth. In the following we give a more rigorous proof of the a priori estimate,
and at the same time give a meaning to the equation (2.1.7).

In the remainder of this subsection, we fix N € N and assume that the initial
condition of (2.1.7) belongs to

(2.1.8) P € L®(Hy,Ry).

One can extend the result below to more general initial data, but since the study
of (2.1.7) is only an intermediate step, we do not pursue such generality here.
Consider cut-off functions x,(§) = x(§/n), n > 1, where x € C*(Hp,[0,1]) is
a radial function (i.e., x(§) = x(|€|my) by a slight abuse of notation) such that
XlBy(1) =1 and x|y (2)c = 0, By (r) being the ball in Hy centered at the origin
with radius r > 0. Define

b0 (€) = xn(€)bN (), €€ Hy,meN;

then bg\?) is a smooth vector field on Hy with compact support for any n € N.

Notice that b%; is still divergence-free since by (2.1.5) and Vi, (§) = X’(@)L one

n / nlg]
has

(2.1.9)  divey, (0%)) = divy (Xnbn) = Xn divay (bn) — (bn. V) g, = 0.
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Now we consider the approximating operators
AP FE) == (b€, VF©)  +aLyF(E)
N
and the corresponding Fokker-Planck equations

Dup™ = (ADY* ),
(2.1.10) o ( N )
P =0 = py" P/npm

where the initial datum is regularized by means of the Ornstein-Uhlenbeck semi-
group PN = et~ on Hy: for t > 0 the latter is explicitly given by

_etel?
(2.1.11)  PNpl (&) = /HN Py ) [2m(1—e72)] T P exp <|2721—e—€|t)> -

LEMMA 2.1.3. For anyn > 1, p EC‘X’(HN,RJF) and

(2.1.12) / ) log pi dpy < / po’ log py dpi.
Hy Hn

Moreover, the solutions pt of the equations (2.1.10) satisfy

(2.1.13) Ol < l1ed ]

(2.1.14)

/ " log o\ dpuy < e / po log py’ dp
HN HN

+ (L= e N2 |1y o8 100 [ 1y TEZ O

PROOF. The first assertion follows from (2.1.8) and (2.1.11); the estimate
(2.1.12) is a consequence of Jensen’s inequality and the invariance of uy for the

semigroup (P),..

Inequality (2.1.13) follows from (2.1.8) and the representation
i) =E [pf” (x(™)],
where Xt(n) is the solution to the SDE
dx{" = o) (X)dt — aX{Mdt + V2adWy, XV =¢.

Thanks to (2.1.9), the arguments in Remark 2.1.2 are now rigorous and we have

d n n Vo
(2.1.15) | M 1ogptduy = —a/ % dun

Recall the log-Sobolev inequality on the finite-dimensional Gaussian space (Hy, iy ):

2
| etog—duy <z [ VePdun, Vo€ W (Hy )
Hy ||S0||L2(,LN) Hy

Taking ¢ = (pgn))l/ yields

(n) n)|2
Hy ||pt ||L1(MN) Hy Pt
Combining the latter inequality with (2.1.15) we obtain

d

- / i log o\ dpuy < —2a / i log i dpy
dt Hn Hpn

+204H,00 HLl(uN)IOgHPO HLl (un)’
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where we have used the fact that

Hpt HLI (un) — HP HLl(;LN ||po ||L1(# ) YVt > 0.

Integrating in time, we conclude that

/ P log p{dpy < e / Py log p§") du
Hpn Hy

+ (1= e[ . HN)longo HLl(HN)
which, together with (2.1.12), leads to the final result. O

COROLLARY 2.1.4. Let p} € L>®(Hy,R,). There exists a nonnegative func-
tion pV € L (Ry, L™(Hy, un)) satisfying

(2.1.16) ltesiup Hpt HLoo(MN = ||Po ||L°°(MN)’

(2.1.17) / pi log pl dpuy < 6‘2‘”/ po’ log pg dpun
HN HN
+ (1= eV 00 M 1m0 100 M L1 )

for almost every t > 0; moreover, for any f € CL(Ry) and ¢ € C{°(Hy),

(21.18) 0= f(0) wpo dun

/ A{% (00 + F(E) (b V) gy + o ()Lx| dpinvt

In particular, the above equation shows that pV satisfies (2.1.7) in a weak sense.

REMARK 2.1.5. It might be possible to give a strong (i.e. pointwise) meaning to
(2.1.7), but the weak formulation, combined with the estimate (2.1.17), is enough to
prove existence of solutions to Fokker-Planck equations in the infinite dimensional
case.

ProoFr. Thanks to (2.1.13), we can find a subsequence {p(”i)}ieN weakly-x*
converging in L™ (R, L (Hy, un)) to some p" satisfying (2.1.16).

Now we fix any 7 > 0. We know that p(™:) also converges weakly in L' ([0, 7] x
Hy) to pV. The sequence {p(”i)}ieN is contained in the set

S = {u € L'([0,T] x Hy) : uy > 0, / uglogus duy < A(t) for all t € [O,T]}7
Hy

where we write A(t) for the right hand side of (2.1.17). The convexity of the
function s +— slog s implies that S is a convex subset of L*([0,T] x Hy ). Since the
weak closure of S coincides with the strong one, there exists a sequence of functions
u(™) € S which converge strongly to pV in L' ([07 T] x HN). Up to a subsequence,
u(™ converge to pY almost everywhere, thus Fatou’s lemma and (2.1.14) implies
that (2.1.17) holds for a.e. ¢t € (0,T). The arbitrariness of 7' > 0 implies that it
holds for a.e. ¢ € (0,00).

Finally, multiplying both sides of (2.1.10) (with n replaced by n;) by f €
Cl(R;) and ¢ € Cp°(Hy), and integrating by parts leads to

0=r£(0) [ opi" dun

/ /HN Ptm O+ f(t )<b5\?i)’vw>HN +O‘f(t)£N1/)}duth.
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Recall that bg\?) = Xnbn; it is clear that <b§$le>H converges strongly to
N

(On, Vi), in L?(py). By the weak-* convergence of p(™), letting i — oo yields
(2.1.18). O

2.1.2. Proof of Theorem 1.4.3. We assume that py € Llog L(E, u;R,).
Define

(2.1.19) py =P NE[po AN|TIy], NE€EN,

where E [-|IIy] is the conditional expectation with respect to the sub-o-algebra
generated by coordinates in Hy. Note that, for any f € L'(u) and all N > 1, we
can regard E [f|IIy] as a function on E. By the invariance of py for the Ornstein-

Uhlenbeck semigroup (PtN ) >0 and Jensen’s inequality,

/ pévlogpévduzvﬁ/ E [po A NTy]log E [po A N Ty] dpn
HN HN

= / E [po A N|IIn]|logE [pg A N|IIN] dpe.
E
Using again Jensen’s inequality, for all N € N,
(2.1.20) / Py log pg dpy < / (po A N)log(po A N)dp < / po log po .
Hy E E
Moreover, it is easy to see that

(2'1'21) HpéVHLl(#N) < HPOHLl(u)'

For any N > 1, taking p{Y as the initial value, by the arguments in the last
subsection, we have a nonnegative solution p’V to the finite dimensional Fokker-
Planck equation (2.1.18) which verifies (2.1.17). We shall regard the solutions as
functions on E = H~17%(T?), ie. pN(w) = pN(IIyw), (t,w) € Ry x E. Then,
combining (2.1.17) with (2.1.20) and (2.1.21), for a.e. t > 0,

(2.1.22)

/ pi log pitdp < 6‘2‘”/ polog po du+ (1 — e[| pol| L1 () 1og || po]l Lt (1)
E E

From this estimate and a diagonal argument, there exist a subsequence { pNi }i>1

and some function p : R, x E — R such that, for any 7 > 0, p™ converges weakly
in L' (O,T; Ll(E,u)) to p, and for a.e. t > 0,

/Ept log py dp < e™" /E polog po dpu + (1 — e[| poll 1 () log [l po| 1 (u)-

The proof is similar to that of Corollary 2.1.4. Moreover, by the duality of Orlicz
spaces, one has, for any T > 0,

im [ ' | et @ypar = [ ' | Gl

i—00

for any G such that, for some small € > 0,

(2.1.23) sup /eE‘G(t’“)‘dudt<+oo.
tel0, T JE

Fixing any cylindrical function ¢ and f € C}(R,), for N big enough we always
have the equation (2.1.18); replacing N by N;, it can be rewritten as

0=1(0) [ vaau [ " [ [+ £0) G D0) + ap016] .
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By the definition (2.1.19), it is not difficult to show that, for any cylindrical 1,

tim [ woian = [ v

Moreover, the first and the third terms in the second integral also converge to the
corresponding limits. The only term that requires our attention is the nonlinear
part. We have

/ /pt ) (b, D) dudt—/ /ptf BDw)dudt‘

‘/ /pt ({bw. DY) = <B>Dw>)dudt’

//pt — ) £ () (B, DY) dpct.

By (1.4.12), G(t,w) := f(t) (B, Dy) satisfies (2.1.23). Thus, the second term on
the right hand side tends to 0 as ¢ — oo. Next one can prove that (by,, D)
converges strongly in L'(E, u) to (B,Dy) as i — oo, see for instance [58, Sec-
tion 3.3.1]. Combining the convergence with the uniform exponential integrability
of these quantities, we deduce that the sequence (by,, D) actually converges to
(B, D) in the Orlicz norm. Therefore, by (2.1.22), the first term also vanishes as
i — 00. Thus, we can let i — oo in the above equality to get the equation

(21.24) 0= /¢podu+/ /pt Y + f(t) (B, D¢>+af(t)£1/}}dudt.

Therefore, p, solves the Fokker-Planck equation (1.4.13) for Llog L initial condition.
The proof of Theorem 1.4.3 is complete.

2.2. LP-initial data

In this section we assume the initial data of the Fokker-Planck equation (1.4.13)
to be integrable of order p > 1. In this case, we can follow the arguments in the
last section to prove the existence of weak solutions to the Fokker-Planck equations
(1.4.13). Here we only prove new a priori estimates on the Galerkin approximations
and the exponential convergence in L?(x) norm in the case p = 2.

2.2.1. A priori estimates for p > 1. Assume first p}’ € L>°(Hy, pn) and
consider as above the Fokker-Planck equation (2.1.10):

{8 p(n) (As\f;))* (n)

PMimo = pi" = Plj\/[n

Jensen’s inequality implies

(2.2.1) / |p(()")’pduN < / |p0 |pduN for all n > 1,
Hy Hy
and we can extend this bound for all subsequent times.

LEMMA 2.2.1. For any n € N, it holds that
/ |p(")‘pd,uN < / |p0 ’ dun  for allt > 0.
PrOOF. Using equation (2.1.10),
ol "] =p[(i")? } PRLyS

=0V || 7] + par| ()] L
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Integrating by parts on Hy with respect to uy gives us

d " wyp=2| g ()2
=) aun = —pa/ (™) Vi
HN HN

Next, integrating in time between 0 and ¢ leads to

/HN [(pin))p]duw S/HN [(Po ) }dMN,

which, together with (2.2.1), yields the desired estimate. O

d/.LN.

As a consequence, {p(™} _ is bounded in L>(Ry,LP(Hy,puy)). Thus we
can find a subsequence which converges weakly-* to some limit

pN e L™ (R+7LP(HN7/1’N))7

satisfying the estimate

(2.2.2) sup/ |pt ’pduN S/ ‘pév|pduN
teRy JHy Hy

and the finite dimensional Fokker-Planck equation
(223) 0= /() / b dun
[T R[5 00 10 b Ve, + afO 2w duat
Hy

for any ¢ € C°(Hy) and f € CH(R4).
Next, if po € LP(E, u), we define, for N € N,

(2.2.4) o _Pl/N [(=N) V (po A N)|TIn],

which, by Jensen’s inequality, satisfies

(2.2.5) sup / 100" dpun < / |polPdpu.
N>1

Consider the finite dimensional Fokker-Planck equations (2.2.3) with initial data
pY, and regard the solutions p¥ as functions on E. From estimate (2.2.2) and
inequality (2.2.5) we deduce

(2.2.6) sup Sup/ |pivlpdu§/ [polPdy.
N>1teR, JE E

Hence, we can find a subsequence pN¢ converging weakly-* in L™ (RJ” LP(E, ,u)) to
some p, which can be shown to satisfy the Fokker-Planck equation (1.4.13), thus
completing the proof of point (i) of Theorem 1.4.4. We omit the details.

2.2.2. The case p = 2. We want to show the exponential decay of the energy,
proving point (ii) of Theorem 1.4.4. We start again from equation (2.1.10) with the

initial condition p( ") Pl/np0 , where p}/ € L*°(Hy). It is clear that for all n > 1,

" :—/ pi duy —/ P dun =: py -
Hy Hy

LEMMA 2.2.2. It holds that

/ ( (n) *Po) duy < ef2ozt/ (p(I)V 7/3(])V)2d'u,N for allt > 0.
HN HN
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PROOF. According to equation (2.1.10), we have

) {( - 7) } =2(p™ = YO - Vol + 20 (pf" — ) ) L.

By (2.1.9), integrating by parts with respect to py yields

d N |2
i (o )—pév) dpn = —2a/‘Vp§ )’ dpn-

Recall that p satisfies the Poincaré inequality on Hy: for any ¢ € WY2(Hy, un),
/(s@ —¢)*dpn < /IVsDIQduN,

where ¢ = [ @ duy. Therefore,

d

pr (0" — pY) dun < —2a/ (0™ — o) dpn,

—(n) ~(n)

where we used the fact that p = fp( )duN = py’ = py forallt > 0. As a

result,

/(pm_p Vdux < e a/((”)_po)dm\[ for all £ > 0.

Finally, we complete the proof by noting that

[ 67 =) dux = [ 67— (a8)°
< [NV = )" = [ = )

where we have used Jensen’s inequality in the second step. O

Repeating the arguments below Lemma 2.2.1, there exists a subsequence p(")
converging weakly-x to some p" € L>(Ry, L*(Hy, un)), which is a weak solution
to the finite dimensional Fokker-Planck equations (2.2.3) with the initial datum
pd’. Moreover, replacing the set S in the proof of Corollary 2.1.4 by

b = 2 o Y2 € 0,71},

similar discussions imply that for a.e. ¢t € (0,7'), one has

S— {u € L*([0,T] x Hy) : |Jue — 5’ || .

MN) -

02" = 20\l 2y < € ll0" = 20| 2

The arbitrariness of T' > 0 yields that the above inequality holds for a.e. ¢ > 0.
Next, for pg € L?(E,p) and N € N, we define p{’ as in (2.2.4). We have

ﬁév/HNpévduN/HN]E[(N)\/(pO/\N)’HN] duN:/E(*N)\/(PO/\N)du,

wN)

therefore,
lim py */ po dpn = po.
N—oc0 E
This together with (2.2.5) (taking p = 2) implies
. _N\2 _
(2.2.7) hmsup/ (0" — P ) dpn < / (po — po)*dp.
N—oco Hxn E

For any N > 1, there exists a weak solution (piv) to the equation (2.2.3) with

teRy
the initial condition pf, satisfying

(2.2.8) pf — ﬁéVHLQ(#N) <e “|py — 'BéVHLQ(uN) for a.e. t € (0,00).
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As usual, we view pl¥ (N > 1) as functionals on E. As in Section 2.2.1, there is a
subsequence pi converging weakly-* to some p € L™ (R+,L2(E,u)). By (2.2.7)
and (2.2.8), we can show the exponential decay of the energy of p; for a.e. t > 0.

2.3. Existence of Weak solutions

Thanks to the control on densities we have gained in the last Section, we are
now in the position to prove Theorem 1.4.5. Let us thus take py € LP(F, u;R,) for
some p > 1, satisfying po = [}, podpp = 1. We define p{’ similarly to (2.2.4):

(2.3.1) no = cn 1/NIE [(po A N)|TIy ],
where cy is the normalizing constant such that py’ = [, pg'dun = 1. Clearly,

lim cy = 1.
N—oo

Let pY be the solutlon of the finite dimensional Fokker-Planck equations (2.2.3)
with initial data p{). Combining the above fact with (2.2.6), we see that

2.3.2 sup sup iy S C P
( ) N>1te[od] ||Pt ||L () = ollpollz ()-

Consider the solution w¥ of the SDEs (2.1.4), for which the initial values w{ is
distributed as p)Y un; then pV is the probability density function (with respect to
pn) of wN. In this part we regard wl and pY as objects defined on £ = H™17 | i.e.
wi¥ (w) = w) (TIyw), pN (w) = pl¥ (M yw). We want to show that the laws Q™ of w¥
on C ([ 7], E) are tight. To this end we will use the compactness criterion proved
in [156, Corollary 9, p. 90]. The arguments here follow those of [75, Section 3].

Take 6 € (0,1), k > 5 (this choice is due to estimates below) and consider the
spaces

X =H'Y2T%, B=H1'"%T?, Y =H "(T?.
Then X C B C Y with compact embeddings and we also have, for a suitable
constant C' > 0 and for
0/2
(2.3.3) 6‘&—1—5/2’

the interpolation inequality
lolls < Cllwllx CIwllf, weX.
These are the preliminary assumptions of [156, Corollary 9, p. 90]. We consider
here a particular case:
S =LP0,T; X)NnWY340,T;Y),
where for 0 < @ <1 and p > 1,

T P
W'”’(O,T;Y):{f ferLr0,7;Y) and/ / ”f()”Ydtds<oo}.

[t — s[optl

LEMMA 2.3.1. Let 6 € (0,1) and k > 5 be given. If
12(k —1—30/2
NQLCRE ]
then S is compactly embedded into C([0,T], H-'7°(T?)).

PrOOF. Recall that 6 is defined in (2.3.3). In our case, we have so = 0,79 = pg
and s; = 1/3,r; = 4. Hence sy = (1 —6)sp + 051 = 0/3 and
1 1-6 6 1-60 6
_ = + =

Ty 70 1 Do 4
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It is clear that for py given above, it holds sy > 1/ry, thus the desired result follows
from the second assertion of [156, Corollary 9]. O

For N > 1, let QV be the law of w" on X := C([0,T], H*~(T?)). We want
to prove that the family {QN } N1 s tight in X'. The next result follows from the
definition of the topology in X.

LEMMA 2.3.2. The family {QN}N>1 is tight in X if and only if it is tight in
the space C([O,T],H‘l_‘s(Tz)) for any 6 > 0.

In view of the above two lemmas, it is sufficient to prove that {QN } N> 18

bounded in probability in W*/34(0,T; H="(T?)) and in each L (0,7; H~'%(T?))
for any pg > 0 and 6§ > 0.
We show first that the family {QN } N1 18 bounded in probability on the space

Lpo (07T; H_1_5(’]I‘2)). Let us recall that, for any ¢ > 1 and § > 0, there exists
C4q,5 > 0 such that

1l v < G

B HHM] [ e
(2.3.4) //HwIIHmpt w)dpdt

/ [, v NG (w))pdu]l/pdt

< Cpog,eT sup HpéVHLp(“) < Cpog,sT|lpoll e ()
te[0,T]

We have

where ¢ is the conjugate number of p and we have used the above estimate and
(2.3.2) in the last two steps. By Chebyshev’s inequality, the family {Q"} N>p I8

bounded in probability in L?° (0,T; H~'~°(T?)).
Next, we prove boundedness in probability of {Q™'} . in W/34(0,T; H=*(T?))
where x > 5. Again by Chebyshev’s inequality, it suffices to show that

T w _wN
/ | th+/ / ” t|t_8|7/|LH dtds| < oo.

In view of (2.3.4), we see that it is sufficient to establish a uniform estimate on the

sup E
N>1

expectation E {Hw;’v — wi,VH;,J. We write (-,-) for the inner product in L?(T?).

LEMMA 2.3.3. There exists C > 0 depending on a,0 and ||po||pr(y such that
for any k € A, we have

E [<w;N - wN,ek>4} <Ot —s)*(|k®+1).

S

PROOF. By equation (2.1.4),
¢
<th,ek> = <wév,ek> —|—/ <wév,u(w£]) - Vey) ds
0
t t
—a/ <wév7ek>ds+\/ﬁ/ <dWS(N),ek>
0 0

t

¢
:<wév,ek>—|—/ <w Qwl He>ds—a/ <wﬁv,ek>ds+\/ﬁwtk.
0 0
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Therefore, for 0 < s <t < T,
(2.3.5)

t
(W) —wlex) = / W ®w7],V,Hek>drfa/ (W ey dr + V2a(WE - WE).

First, we control by Holder’s inequality:

E[(/t <wiv®w£V,He,¢>drﬂ
<u-sPe] [ @ ou ) a]
- (t—8)3/:/<w®w,Hek>4p£Vdudr
<9 [ t [ [ wou m" du} v [ / (ﬂ)pdu} o

By (1.4.9) and the uniform density estimate (2.3.2),

¢ 4
N o N 4 4 N
(2.3.6) ]EK/S (wy' ®w; »Hek>d7"> ] < Cyllexlloz(rey (t — s) t:{%%}”l’r HLp(H)

< Cy(t — ) k[*]100]| Lo ()-

E[(/t <w§,ek>dr>4] < (t—s)?’E/: (W, en) dr
(231 == [ [ ! pYauan

< Cy(t = 8)* ool o (y0)-

Similarly,

Finally,
E[(WF - WE] <Ot — ).
Combining this estimate with (2.3.5)—(2.3.7) yields the result. O

As a result of Lemma 2.3.3, by Cauchy’s inequality,

( IS —w;v,ekf)z]

E((leof — ' [-)

(k§2|k| ) > b B (wl — o) ]

<SO(t—9)* Y k72K < C(t—)°,

keZ3

since 2k — 8 > 2 due to the choice of k. Consequently,

T b — e |t — s
H K
E[/O / \t—s|7/3 dtd} <C’/ / |t_8|7/3dtds<oo.

The proof of the boundedness in probability of {QN }N>1 in W1/3:4 (0, T; H*”(’]IQ))
is complete.

To summarize, we have shown that the family {QN}N>1 of laws of {w_N}N>1 is
tight on X = C([0, T, E)). Since we are dealing with the SDEs (2.1.4), it is necessary
to consider the laws of w?¥ together with the law W on Y = C([O, 7], RZg) of the
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family of Brownian motions W := {Wk}kezg- For any N € N, we denote Q¥ @ W
the joint law (not the product measure) of (w™, W) on

X xY=0C(0,T],E) x C([o,T],RZﬁ).

Then, it is easy to see that the family {QN @W} | of joint laws is tight on X' x Y,
cf. the arguments above [75, Lemma 3.4]. Thus, by Prohorov’s theorem (see [25,
Theorem 5.1, p. 59]), we can find a subsequence {QM ® W}¢>1 which converges
weakly to some @ ® W, a probability measure on X x ). Next, the Skorokhod
theorem (see [25, Theorem 6.7, p. 70] unphes that there exist a probability space
(@ F, ﬂ) a sequence of processes {( i W )} N
defined on this probability space such that, for all i € N, the law of ( Ni pyNi )
QN ® W, and ﬂ—a.s., ( N ,WN) converges in X x Y to (w.,W) as ¢ — co. Note
that Wi and W are families of Brownian motions indexed by Z3.

We need one last result before proving the existence of solutions to (2.0.1).

and a limit process (JJ., W)

LEMMA 2.3.4. For a.e. t € [0,T], the law of &y on E has a density p; with
respect to u, where py is a weak solution to the Fokker—Planck equation (1.4.13).

PROOF. Fix any F € Cy(E,R) and f € C([0,T]). By the 9-a.s. convergence
of @Mi to ©. in X = C([0,T], E), we have

/ I wtdt_ng/ 1@ ng.ﬂ/Tf(t)Fth
~ Jin | e / F(w)ol () dp(w)dt.

The densities pNi(i € N) Satlsfy the estlmates (2.3.2), thus, taking a further sub-
sequence if necessary, we can assume that pVi converge weakly to some limit p.,
which by the first half of Theorem 1.4.4, is a weak solution of the Fokker—Planck
equation (1.4.13). Next, we have

/ F (B F(@0)dt = / 1) [ F)me)duw)i

The arbitrariness of f € C([0,T]) implies that, for almost every ¢ € [0, 7],

/F w)pe()dp(w).

We can take a countable dense subset C C Cp(E, R) of functionals F' such that, for
almost every ¢ € [0,T], the above equality holds for all F € C. Thus the law of @;
is py. U

Up to now, we have indeed obtained the assertions (i) and (ii) of Theorem 1.4.5.
Finally, we can prove the existence of weak solutions to the stochastic Euler equation
(2.0.1).

PROOF OF THEOREM 1.4.5, ITEM (111). Recall that w™i solves the finite di-
mensional equation (2.1.4) with V; in place of N, and (of}N"7WN") has the same

law as (wN ‘) W), where we write W for the family of Brownian motions {W*} kez2)
similarly for W¥i. Thus, for any ¢ € C>(T?),

<®tN’y¢> = <wév¢> +/0t (@) (K «@lt) - Von, ) ds
—a [ (@0 ds+ VB (Y 0).
0
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where ¢Ni = HN1¢ = ZkGAN,i <¢5 €k> Ck-
By the P-a.s. convergence of (&)N'i,WNi) to (@.7 W) inX xYasi— oo, itis

clear that all the terms but the nonlinear part converge in L' ((:), P, (o, T],]R)) to
the corresponding one in the limit. As for the nonlinear part,

. t
/O (@ (K« o)1) - Von,)ds :/0 (@i ®®évi7H¢N7¢>dS'
and we can bound

Ep [1 A sup

t t
/ (@ ool Hyy ) ds —/ (Ws @ Wy, Hy) ds
0<t<T |Jo ’ 0

ds]

T
1/\/ (@Y @@l - o, @y, Hy) ’ds] .
0

|

T
0

<Ep

T
1 /\/ ‘@N Q&N Hyy, — Hy) ‘ds]
0

+Es

We denote the two terms on the right hand side by I fv “ and Iév ‘. respectively. By
the definition of Hy, we have Hy, — Hy = Hy,. —4, and therefore, by (1.4.9),

I <Eg

T
/ ‘ (@ @ &N, Hyy — Hy) ‘ds]
0
< CTon, = dllozery sup |[|pd]] 1,y < C'Tlloollrylén, = dllozcra),
0<s<T

where the last step follows from (2.3.2). Since ¢ € C°°(T?), the Fourier series
én = [xy¢ converge to ¢ in C°°(T?). Thus we deduce

(2.3.8) lim IV = 0.

i—00

Next, let Hj € C* (T? x T?) be an approximating sequence of Hy as in (1.4.5)
and (1.4.6). By the triangle inequality,

T
(2.3.9) I <Eg 1A/0 |<w£“®®£“,H£—H¢>1d8]
T
+E; 1/\/ |<ws®ws,H$—H¢>|dS]
0
T
+E; 1/\/ ’<w§i®w§iws®w57H$>’dS]
0

= I+ Jom + T3

Recall that, by Lemma 2.3.4, @, has the density ps for almost every s € (0,7T") and
the estimate below holds:

sup_||pslzeu) < liilgglfoiulzT o2
_s_

oS Lo(n) = collpollze (-
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Therefore, by (1.4.8),

Jon < Ep

T
/0 |(@s ® @, Hy — Hy)| ds]

+ / Hg(x,x)dz],
T2

which tends to 0 as n — co. Next, thanks to the uniform estimates (2.3.2) on the
densities pYi of @V, the same arguments of above yield

<TGy 13 — Hol oo

lim J i =0 uniformly in i € N.

n—oo

Finally, fix n € N; P-almost surely, @V¢ converges in C([0,T], E) to & as i — oo,

thus
T

jim | (@) 0@ - &, @y, Hy ) |ds =0,
As a result, for any fixed n, the dominated convergence theorem implies
lim J3% =0
e Y3 T

from which, first letting ¢ — oo and then n — oo in (2.3.9), we obtain

lim 1" = 0.
i—00
Combining this limit with (2.3.8) we conclude the proof. O

2.4. Gibbsian Energy-Enstrophy Measures

We conclude this Chapter with a relevant example of an absolutely continuous
measure with respect to the white noise measure pu, that is the Energy-Enstrophy
measure introduced in Chapter 1. The Gaussian random distributions ug - are best
understood in terms of Fourier series: we can write

A ) An?|k|?
Woy = D @gykr,  Where @ = (W, ex) ~ Ne (0, 32
; B+ 4m2|k|%2y
keZ2
are independent C-valued Gaussian variables, and the Fourier expansion thus con-
verges in L? (Hs(’]I‘2) g, 7) for s < —1. The measure g is also characterised by

its Fourier transform (characteristic function) on H*(T?2): for any f € H—5(T?),

' 4m? K[| fi |2
2.4.1 W f)g = —=
(241) [ s (@) = exp ;Z?ﬁ“ﬁz"“'?

Let us recall an equivalent definition of ng ,: for a smooth vorticity distribution w,
energy is given by

- |on |
2E(w) = — <w,A 1w> = Z Wﬁkﬂ’
keZ?

which does not make sense as a random variable if instead w has white noise law
Moy = [y, since in that case wy’s are ii.d. Gaussian variables, and the series
diverges almost surely. However, one can define a renormalised energy by means of
normal ordering:

, Rt |iow | / |ox|?
24.2) 2:E:=1 —r =1 — d
( ) 1 472 |k2| i e <47T2|k‘2| 472 [k2| iy (w)

K—oo

|k|<K

where the limit holds in L?(u,) (see [7] and Theorem 1.5.2 below), and it defines
an element of the second Wiener chaos H :23(/@). As a consequence, :E: can be
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expressed as a double [to-Wiener stochastic integral with respect to the white noise
v, the kernel being naturally Green’s function G: in the notation introduced in
Chapter 1,

2:FE: (w) = (G,wow).

LEMMA 2.4.1. The probability measure on H*(T?), any s < —1, defined by
density as

1
2.4. diig.~ =
( 3) By 7

By

IEO @), Zpy = [ FF o),
15 well-posed. It coincides with the energy-enstrophy measure, fig. = (g ~-

The computations we perform in the forthcoming proof find analogues in the
infinite product representations of energy-enstrophy measures given for instance in
(8, 17].

ProOOF. The variable :E: has exponential moments because it belongs to the
second Wiener chaos, so the partition function is finite and the measure well-defined.
If characteristic functionals E [ei<f "*ﬂ coincide for all f € H—*(T?), the two mea-
sures coincide. Since under f . the Fourier modes @ are independent centred
C-valued Gaussian variables with variance v~!, we can compute

-1

i{f,w)y—B:E:(w s FoAk |C:Jk‘2—’)/
/e<f7>/3E()dM7:/eXp Zlfkwk—ﬁw d/,(uy

kez?

e e e 72|2)
— exp sz -5 — dz
k€Z2/ ( 8m2|k|? 2

B e U (G
AL g amm 2 TR E)

and since the partition function Zs , can be evaluated setting f = 0 in the latter
formula,

2 2 2
—1 [ il w)=BBx(w) 11 |/l 42 |k|
Zﬁﬁ/e w D, = exp( 47r2’y|k2| 3

kez?

where the right-hand side is the characteristic function of ug ., (2.4.1). O

Intuition suggests that the renormalized energy is invariant for Euler’s equation,
and we can express this fact rigorously by means of the above discussion. The
idea is to exhibit a solution of the Fokker-Planck equation (1.4.13) — in the case
where friction and forcing are absent, a = 0 — such that p; = :E:. In fact, since
no uniqueness results are available, this is the best notion of invariance we can
produce, and as we see below it is a consequence of the infinitesimal invariance
already observed in the literature.

PROPOSITION 2.4.2. For any cylinder function ¢ € FCy and > —1 it holds

(2.4.4) E[.E: (1) Bé(n)) = E Zlﬂe-ﬂﬁwzsqs(n)

As a consequence, for aw = 0, there exist constant solutions of (1.4.13) (in the
sense specified in Section 1. 4) such that py =:E: or Z—Be_BE . Moreover, there
exists a weak solution of (2.0.1), again in the sense of Section 1.4, whose fived time
marginals are constant in time, and coincide with Z%ﬂe_ﬁiE:.
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PROOF. The fact that E [:E: (n) Bo(n)] = 0 is detailed in [46, Theorem 3.1],
and infinitesimal invariance of Gibbs density can be obtained by a completely anal-
ogous computation. By means of (2.4.4), one can straightforwardly check that the
constant densities p, = :E: or Ziﬁe*ﬁ:E‘ solve the Fokker-Planck equation (1.4.13)
for a = 0 in the sense of Definition 1.4.2. In order to apply Theorem 1.4.5 and de-
duce existence of a stationary solution to Euler equation, we are only left to verify
suitable integrability conditions.

Since :E: belongs to the second Wiener chaos of p, it has finite moments of
all orders, as well as exponential moments: we already mentioned that e %" is
integrable as soon as § > —1. This threshold can be deduced from the explicit
Gaussian expression (2.4.2) and the standard result [104, Theorem 6.1]. O

Thanks to the integrability properties of :E: and Ziﬁe_B:E: we just recalled,
Theorem 1.4.4 and Theorem 1.4.5 provide existence of solutions to the stochastic
Euler equation (2.0.1) and the associated Fokker-Planck equation with initial data
up also for oo > 0.

However, :E: is not invariant for the Ornstein-Uhlenbeck generator L, as one
can verify with an elementary computation in Fourier series in the same fashion
of the above ones. The resulting flow is thus not stationary. When 8 > f%, by
the decay estimate in Theorem 1.4.4 for the case p = 2 we know that the solutions
we have built converge for large time to the space white noise. Since uniqueness
results are not available, we cannot rule out existence of “anomalous” solutions with
a different behavior. As already remarked in the Introduction, just like uniqueness
of weak solutions, convergence to equilibrium in this setting remains a fascinating
open problem.






CHAPTER 3

Liouville Operator of the Point Vortices System

This Chapter covers the arguments of [95]. As outlined in the Introduction, the
main result is the identification of a core for the infinitesimal generator of vortex
dynamics. We first consider a fixed number N of vortices on the torus T? = R?/Z?
as space domain: we will discuss other geometries in Section 3.2 below.

By the aforementioned result of Diirr and Pulvirenti [65], Theorem 1.3.1, the
point vortex dynamics is well-posed for initial data in a full measure set of the
phase space, thus defining a measurable flow T} : T?*V — T2*N and giving positive
answer to the problem of almost completeness. We will consider the one-parameter
group of Koopman unitaries U; associated to such flow,

Uf =foTy, feL*T?N),

and a set of smooth functions on full-measure open sets, vanishing in a neigh-
bourhood of singular points of the driving vector field, on which we are able to
explicitly write the generator A of the Koopman group U, = €!*4, and show that
such observables form a core for A.

Even if we will achieve our aim by means of an approximation noticeably dif-
fering from the one of [65, 135], much of their understanding of the point vortices
system will be crucial to our efforts. Our method also draws ideas from the work
[131], which discusses essential self-adjointness of Liouville’s operator for an infi-
nite particle system with regular interactions. Literature regarding the evolution
of infinite particles is extensive (let us only quote the recent work [37], and refer to
its references), but Liouville operators in that context are a somewhat uncommon
topic, and may thus be a source of interesting problems

Besides references on point vortices given above, it is worth mentioning that
integrable and non integrable behaviours in point vortices systems are also the
subject of a considerable literature. We refer to [157, 112] for vortices on T2,
[109] for vortices on 8% and to [10] for a survey on the topic: complete references
can be found in those works, including a large number of studies on vortices on R2.

REMARK. In the present Chapter, the symbol D is used to denote domains
of operators, as it is customary in Functional Analysis. We will use instead D for
bounded domains of R?, in subsection 3.2.2. In later Chapters D will reprise its
original role.

3.1. The Liouville Operator for Point Vortices Systems

In this section, z = (x1,...7x) € (T?)V are the positions of point vortices on
T2, and & = (£1,...6x) € RY their intensities. We denote by dx?¥ the uniform
(Haar’s) measure on (T2)N, and by d(x,y) the distance of points x,y € T2. Also,
we will denote by |B| the measure of measurable subsets B C (T2?)N = T2*N,
All observables are intended as complex valued, and we will denote L?(T?*V) =
L2(T?*N;C). We distinguish the imaginary unit i € C and the index i € N (in
italics). Time ¢ € R ranges the whole real line, but for simplicity we will often
consider positive times ¢t > 0, the other case being completely analogous.

37
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3.1.1. Classical Results on Improbability of Collisions. The point vor-
tices system (1.3.1) is an ordinary differential equation in finite dimension, whose
vector field is given by

N
(3.1.1) Bi(z) =Y &K(wi,x;), ze (TN,

J#i
where K = V+G. As already remarked, the vector field is singular on the gener-
alised diagonal

AN ={z € (T*)N : 2; = z; some i # j}.

Although B is smooth outside AY, classical well-posedness theorems can only pro-
vide existence and uniqueness of solutions only locally in time. Indeed, if some
vortices collapse, that is if a solution reaches A, the vector field diverges. How-
ever, by exploiting the peculiar structure of B, it is possible to prove that in fact,
for any fixed —but arbitrary— choice of intensities &, the system (1.3.1) has a global
(in time), smooth solution for almost every initial condition with respect to dz™.

The case in which all intensities &; have the same sign is easier, since the mini-
mum distance between vortices along a trajectory in phase space can be controlled
by means of the Hamiltonian H. Indeed, from the definition of H and (1.2.1) (using
in particular the fact that g is uniformly bounded), we have

N

(Iniin |§Z‘)2 Z <_2177 log d(z;, z;) + H%gng)

i<j

—Clogmind(z;, z;) — C',
i)

H(z)

Y

v

where C,C’ > 0 are constants depending on &, N, and thus

(3.1.2) min d(z;, ;) > e CH@-C",

i#]
Since the right-hand side is a first integral of the motion, we can extend local-in-
time solutions of (1.3.1) starting from z € T2*N \ AN to global solutions which are
also smooth in time.

When vortices intensities ¢ € RY take both positive and negative values, there
might exist initial conditions leading to collapse, see [135, Section 4.2] and the
references above on integrable motion of vortices. Indeed, the energy H(x) gives
us no control whatsoever on the vortices distances along the trajectory of z, since
H include now both positive and negative terms which can cancel out large contri-
butions of close couples of vortices.

We already mentioned the classical result of Diirr and Pulvirenti, [65], es-
tablishing almost completeness in the general case of intensities with positive and
negative signs, Theorem 1.3.1. We also refer to [135] for the case of vortices on the
whole plane (see Section 3.2 below).

The core idea in the proof of Theorem 1.3.1 is to consider a smooth vector field
on T?*Y given by

N
(3.1.3) Bi(z) =Y &Ko(ni,z)), K.=V*'G.,

J#i
that is the point vortices vector field (3.1.1) with a smoothed interaction obtained
by G. € C°(T?) such that:

C
(3.14) Gelpoe)e = GlBo,e)e, VG (2)] < [VG(2)| < izl

vz € T?,
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where B(0,¢) C T? is the ball of radius ¢ centred in 0 and C' > 0 is a universal
constant. We denote by Tz = T¢(t, z) the flow of the ordinary differential equation

{ﬂ'c(t) = B*(x(t))
z(0) =2z

which is globally well-posed since its driving vector field is smooth. Moreover, we
define for € > 0,¢ > 0 and z € T?*V,

3.1.5 d;(z) = inf min|(Tiz); — (Tx);l.

(3.1.5) (o) = inf min|(T5a), — (T52),)

In order to control the minimum distance between vortices, instead of the Hamil-
tonian one can resort to the Lyapunov function

L5(x) = ZGE(%‘,%‘) = ZGE(@ — ),
i#] i#]
for which the following analogue of (3.1.2) holds:

s€[0,t]

(3.1.6) di (z) > exp (—C sup |L5(T5z)| - C’) ;

with C,C” > 0 only depending on N. By differentiating in time L£°(TFz), and
exploiting the Hamiltonian structure of the vector field B¢ —in particular volume
conservation on phase space— [65] established the uniform bound

/ sup |C5(Tz)|dz™ < C(t + 1),
T2xN s€[0,t]

with C' > 0 independent of ¢ > 0. This, in combination with Markov inequality
and (3.1.6) produces the crucial estimate, for C' > 0 independent of ¢ € (0, 1),

C(t+1)

(3.1.7) 5 (z) < e} < 2.

from which (1.3.2) follows, since {d; < ¢} is the almost sure limit of {df < c}.
In fact, on the set {d(z) > ¢} the flow T2(z) of B® and Ti(z) of B coincide:
for all £, > 0,

(3.1.8) T:(z) =Ts(z) Vse[0,t],z € {d; >e}.

Sending € — 0 we obtain the full-measure set {d;(z) > 0} on which the flow T;(z)
of B is well-defined, and intersecting the sets {d, () > 0} over a sequence of times
t, T oo (and one t,, | —oo) Theorem 1.3.1 is completed.

3.1.2. Functional Analytic Setting. This paragraph collects abstract def-
initions and results we are going to apply to point vortices systems. We assume
knowledge of basic notions in the theory of groups of unitary operators on Hilbert
spaces, for which we refer the reader to [149, Chapter VIII].

Let (X, F, 1) a standard Borel probability space, i.e. X is a Polish space and F
the associated Borel g-algebra. The following results establishes a relation between
groups of maps on X and groups of operators on L?(u) = L?(X,F,u). Its first
part, the easier one, is well known as Koopman’s Lemma, whereas the second part,
a converse implication, is a relevant result in Ergodic Theory, for the proof of which
we refer to [91].

THEOREM 3.1.1. Let the mapping
Rx X3 (t,x) = Ty(zx) e X
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be such that: for p-almost every x € X, t — Ti(x) is a continuous map; for all
t e R, x> Ty(x) is a p-almost surely invertible, measurable and measure preserving
map and for all t,s € R

,Art © T’s (I) = Tt—&—s(:c)
(that is, (T)ier s a group). Then
LA(X,F,p) > fr=Uf = foTy € L*(X,F,p)

defines a strongly continuous group of unitary, positive and unit-preserving opera-
tors on L?(X,F,u) (Koopman group).

Conversely, let (U)ier be a strongly continuous group of of unitary, positive
and unit-preserving operators on L*(X,F,u) with generator A; then there exists
a group of p-almost surely invertible, measurable and measure preserving maps
Ty : X — X, t € R, such that Uyf = foT; for all f € L*(X,F,u); moreover,
t — Ti(x) is weakly measurable for allt € R.

REMARK 3.1.2. It is worth mentioning that the characterisation of Koopman
groups is an important problem in Ergodic Theory. We refer to [121] for a review
on the topic, and to the works [81, 160] for a characterisation of Koopman groups
in terms of properties of their generators.

Our aim is to identify a core for the generator of vortex dynamics. This problem
is intimately linked to the one of uniquely extending densely defined symmetric
operators and essential self-adjointness. We recall the following terminology.

PROPOSITION 3.1.3. Consider a symmetric linear operator (L, D) on L?(u);
each of the following statements implies the next one:
e Essential self-adjointness: the closure of (L, D) is self-adjoint;
o [? (1) uniqueness: there exists a unique one-parameter strongly continuous
group of unitaries whose generator extends (L, D).
e Markov uniqueness: there exists a unique one-parameter strongly con-

tinuous group of unitaries preserving positivity and unit whose generator
extends (L, D).

While the second implication is trivial, the first one is due to Stone’s theorem:
any one-parameter strongly continuous groups of unitaries on a Hilbert space H
is generated by a self-adjoint operator. We also recall that the first two defini-
tions coincide if (L, D) is semi-bounded; however this will not be the case in our
discussion.

The basic self-adjointness criterion is the following (see [149, Theorem VIII.1]).

PROPOSITION 3.1.4. Let H be a complex Hilbert space, U, = e'*4 a strongly
continuous unitary group on H and A its generator. If D C D(A) is a dense linear
subset such that Uy(D) C D, then (A|p, D) is essentially self-adjoint and D is a
core for A, Alp = A.

We will in fact use a modified version of this criterion: the proof is a standard
argument, but we report it for the sake of completeness.

PROPOSITION 3.1.5. Let H be a complex Hilbert space, Uy = e'*A a strongly
continuous unitary group on H and A its generator. If D C D(A) is a dense subset,
L=A|p and

(3.1.9) VteRVfeD, UfeD(L),

then (L, D) is essentially self-adjoint and D is a core for A, L = A.
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PROOF. By [149, Theorem VIIL3], if ker(L* +1i) = {0}, then L is self-adjoint.
Assume by contradiction that there exists f € D(L*) such that L* f =i f (the case
of L*f = —1if is analogous). Then, for all g € D = D(L) it holds

d

(3.1.10) i <Ut9,f>H = <iAUt97f>H = <iZUtg7f>H = <Ut9,f>H7

where the second passage makes use of the hypothesis U;g € D(L), and the last
one of L* = (L)*. The operator U, is unitary, so the only solution to the above
differential equation for (Uig, f) in t is the constant 0, and thus, since g varies on
the dense set D, f = 0.

We are left to show that L = A: this follows easily by differentiating in time
e'*L on D and noting that the result coincides by definition with the derivative of
Uy, so that U, = e'tL. O

Let us note that condition (3.1.9) can be rephrased as: for allt € R and f € D,
there exists a sequence g, € D such that

(3.1.11) gn =25 Uy f,  Lgn —>% LU, f

in the strong topology of H.

3.1.3. The Koopman Group for Point Vortices Systems. We denote
by T; the group of transformations of T2*" defined in Theorem 1.3.1 ~that is the
point vortices flow— and U, its associated Koopman group for the remainder of
this section. We now define a first set of observables on which we are able to write
explicitly the generator of U;, and which will turn out to be a core for the generator
in the simple case where vortices all have positive (or negative) intensity.

ProproOSITION 3.1.6. The linear subspace
D= {feC=(T>N):supp fNAYN =0} .

is dense in L*(T?*V).
Fiz £ € RN, For any f € D the following expression is well defined as a
function in L (T?*N):

N
(3.1.12) Lf(@) = —IZZVL}C(Q) ng(Il —l‘j),
i=1 j£i
where V; f denotes the gradient in the i-th coordinate of T?*N = (T2?)N.

The operator (L, D) is symmetric; moreover, if A is the generator of Uy, then
D C D(A) and L = A|p.

For the sake of clarity, we recall that supp f, the support of f, is the closure of
the set of points on which f # 0. Let us also introduce the useful notation

(3.1.13) AN ={z e TV : d(z;,2;) < e for some i # 5},

and notice that the support of any f € D and AY are disjoint for any small enough
e > 0.

PrROOF. The density statement is straightforward: smooth functions C°°(T2*V)
are dense in L2(T?*™), so we only need to show that we can approximate in L2-
norm the elements of C°°(T?*") with the ones of D. This is readily done by means
of Urysohn’s lemma —or rather its C'*° version on smooth manifolds, see [47, The-
orem 3.5.1])— which ensures existence of smooth functions g. vanishing on AY and
coinciding with a given g € C°°(T?*¥) outside AY for 0 < e < &’
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The expression (3.1.12) is well-defined for f € D since V f vanishes in a neigh-
bourhood of ALY, and moreover

—1
Il < Ce Il goery i minles =21} <oc,
zEsupp f i#j
because K (x,y) ~ |vr —y|~! for x — y in T2.
As for the symmetry part: first one replaces K = VG with the cut off kernel
K. = V+G, as in (3.1.3). Integration by parts and the fact that K. is divergence
free readily show that

/ Vif(@) - Ke(z; — 2;)9(z)de™ = - / Vig() - Ko(xs — o)) f(@)da,
T2XN T2xN

in which we can send € — 0 by bounded convergence. Summing up all contributions,
multiplying by i and taking into account complex conjugation in the scalar product
of L2(T?2*¥) we conclude that (L, D) is symmetric.
It remains to show the following limit in L2(T2*¥),
o U= f
im —
t—0 t

=Lf, VfeD.

But thanks to Theorem 1.3.1, for almost every z € T?*" we have that U, f(z) =
f(Tiz) is a smooth function of ¢ and

N
d .
(3.1.14) (G| =) Vif(x) &:(0) = Lf(z),
=0 =1
so that we can conclude by bounded convergence. O

Uniqueness of the flow in the almost-everywhere sense of Theorem 1.3.1 already
gives us, by means of Theorem 3.1.1, the following uniqueness result.

PROPOSITION 3.1.7. For any fived § € RY, (L, D) is Markov unique, and it
extends to the self-adjoint generator A of Uy = e'*4, the Koopman group of T;.

Before we move on, in the next section, to identify a core for the generator
of the Koopman group in the general case &, let us analyse the simpler case of
vortices with positive (equivalently, negative) intensities, ¢ € (R*)Y. This indeed
is a simpler case because the energy H(z) controls the minimum distance of vortices
as noted above in (3.1.2)

THEOREM 3.1.8. Let £ € (RT)N. Then the operator (L, D) is essentially self-
adjoint, and its closure coincides with the generator of Uy.

PRrROOF. We apply the classical criterion of Proposition 3.1.4 by showing that
D is left invariant by Uy, that is for any f € D and t € R it holds fo T} € D. By
(3.1.2) and invariance of H, it holds

vt e R, min mind ((Tyz);, (Tiz);) > exp (C’ max H(z)— C') > 0,
zesupp f i#j zesupp f

with C, C’ > 0 constants depending only on £ and N, so that for any € > 0 smaller

than the right-hand side of the latter inequality, f o T, = f o Tf, with T° being the

flow of (3.1.3) as above. This implies that f oT; is still a smooth function and that

its support is disjoint from A, which concludes the proof. O
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3.1.4. A Core for the Liouville Operator: The General Case. As we
mentioned above, when vortices intensities £ € RV take both positive and negative
values, there might exist initial conditions leading to collapse. More generally, the
minimum distance of vortices along a globally defined trajectory of the flow might
be 0, that is the configuration might pass arbitrarily close to AN,

As a consequence, even if for f € D the support of f has a positive distance
from the diagonal AN trajectories starting from supp f can travel arbitrarily close
to AN in finite time, and D is thus not invariant for U,. Moreover, there is no clue
that U; should preserve C'*° regularity.

Instead of Proposition 3.1.4, we rely in this case on Proposition 3.1.5, which
allows us to check a sort of “approximate invariance” of the candidate core. The
key is in choosing the correct approximation of Uy, and a natural choice might be
to consider the Koopman group of the flow T¢ of the smoothed vector field B¢:
unfortunately this choice is inadequate to our purposes, see subsection 3.1.5 below.

We now define a new set of observables, which we will prove to be a core for
A, and a truncated flow that will serve us to check conditions of Proposition 3.1.5.
In fact, the result was already stated in the Introduction:

DEFINITION 3.1.9. We denote by D the linear space of functions f € L (T2xN)
such that:

e there exists a version of f and a full-measure open set M C T2*N on
which flp € C°(M), and moreover V f|y € L>°(M);
o f vanishes in a neighbourhood of AN .

PROPOSITION 3.1.10. The linear subspace D is dense in L>(T**N), and for any
e RY, f € D the following expression is well defined as a function in L (T?*N):

N
(3.1.15) Lf(z)=—1) ) Vif(z) &K (w — ;).
i=1 j#£i
J\j[oreover, (L,ﬁ) is a symmetric operator and if A is the generator of Uy, then
D C D(A) and L = A|p.

The proof of the latter Proposition is completely analogous to the one for D
above. The following is the main result of the present paper.

THEOREM 3.1.11. Let § € RY. Then the operator (L,f)) is essentially self-
adjoint, and its closure coincides with the generator A of U;.

Instead of smoothing the driving vector field, we simply stop trajectories of
the flow drawing too close to AN. Since T¢ : [0,¢] x T?*N — T2X¥ is a smooth
function on a compact set, by definition d5 : T2*N — R, defined in (3.1.5), is a
continuous function. In particular, the sets {df < ¢}, {df > ¢} are open subsets of
T2xN | Moreover, since

Ulz:di@) =c}| =1,
c>0
the closed sets {df = ¢} are negligible for almost all ¢ > 0. Let us stress that
Ve e{d; >e} ={d >¢}, Vse|0,t], Tix=Tsz.
We define the (lower semicontinuous) function

(3.1.16) Toel(z) = {g i E gg z i ={d; > ¢}

3
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and the arrested flow
Tiz ze{d;>c}={d >¢}

3.1.17 Riz =T, =
( ) t L t,s(ﬁ)g {x T € {df < 5}

We can assume without loss of generality that |[{df = e}| = 0, so that (3.1.16)
and (3.1.17) define 7, R on a full-measure open set. Indeed, if {df = ¢} has
positive measure, we can redefine RS = T, = T¢ = T¢ on {d¢ > ¢’} with a slightly
larger ¢’ > e such that {df = €'} is negligible, and the identity outside {d > ¢'}:
this does not influence any of the forthcoming arguments. That being said, we see
that R; has the following properties: for any € > 0,¢ € R,

e it is a diffeomorphism on the full-measure open set {df # ¢},
e it is a discontinuous but measurable transformation of the whole T2*¥
e it is a measure preserving map.

Finally, we define the approximating Koopman operators
(3.1.18) Vif(a) = f(Rjz) [fe LT,
which are positivity and unit preserving maps taking values in L?(T2*Y).

PROPOSITION 3.1.12. Fiz f € D and t € R. Then:
(i) Vif € D;
(ii) VEf converges to U f in L*(T**N) as e — 0;
(iii) AVEf = LVEf is well-defined since Vi f € D, and it converges to AU.f
in L2(T*N) as e — 0.

PROOF. Starting from item (i), first of all we notice that VEf = fo Rf €
L>®(T?*N) because f € L>(T?2*N). Let M be, as above, the open set on which (a
version of) f is smooth, then

f(Tix) ze{d>eyn(Tf)"*M

(3.1.19) foRi(z) = {f(x) ze{d<e}nM

The sets on the right-hand side are disjoint since {d§ > e} N{d§ < e} = 0, and open
because intersection of open sets. Moreover, since T is measure-preserving,
()7 M| =|M|=1 = [{d; >e} N (T7)""' M| = [{d] > ¢}|

and also [{df <e}N M| = |{df <e}|. This shows that f o R coincides with a
smooth function on a full-measure open set. As for its gradient,

Vi(Tiz)DT;(z) ze€{d; >efn(T7)"'M

Vf(z) ze{di<efnNM ’
where || DT (z)||,, < oo, and thus V (V£ f) € L>®(T**N) since Vf € L>°(M). By
definition, RS (z) = z on {d§ < ¢}, which is a neighbourhood of AN since it contains
all AN for ¢’ < ¢; thus on the intersection of {d§ < ¢} and the neighbourhood of

AN on which f vanishes, so must vanish also V¢ f, concluding item (i).
Item (ii) follows directly from (3.1.7) and the fact that U; is unit preserving:

O VRt = [ Ui - f)lds®

{di<e}

V(foRy)(z) =

Ctlfl5

<2l Hef < efl < =7

Let us now consider how the generator A acts on V7 f. By definition,

UV () = o

AV f(z) = a4 T

T f(R{Tsz).

s=0

s=0
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For a fixed z in the open set {df > ¢}, Tsz is well-defined for s in a neighbour-
hood of 0, and it is a smooth function in such time interval. Thus, for small
enough s depending on the z we are fixing, Tsz € {d; > ¢}, and the same is true
if z € {df <e}\ AN (we are removing the closed negligible diagonal AY). As a
consequence, for all z € {df > ¢},

d d d
| BT = f(iTa) = o f(ITe) = Lf(Tiz) = U Lf(z),
$ls=0 Sls=0 ds s=0
and analogously for z € {d§ < e} \ AV,
d d
4 A T.x) = Lf(z).
. S:Of(Rt z)= o . f(Tsz) = Lf(z)

We thus see that, for z in a full-measure set,
LVi f(z) = Vi Lf ().

Since a strongly continuous unitary group always commutes with its generator on
the domain of the latter, and since Af = Lf for f € D,

HAwf—AWTﬁz=|wa—%Tﬂ@r=Ad ULf @)~ L)
:<e
Ct| £l

< 2L Hef < < =2

)

where C' is a constant depending on N and . This concludes the proof of (iii). [

Theorem 3.1.11 is a direct consequence of Proposition 3.1.5 and Proposition 3.1.12.
Indeed, for fixed f € D and t € R, the we have shown that V° f satisfies condition
(3.1.11), and thus D is a core for A.

3.1.5. Considerations on unsuccessful approaches. In the proof of The-
orem 3.1.11 we use in an essential way the peculiar structure of our approximating
flow R§ in items (i) and (iii), while (ii) still holds true if we replace U.f with
Uff = foTf, the approximating flow of [65], for any smooth f € D. There are
two reasons why we are not able to treat the latter setting.

Using the fact that 7T} is smooth one can show with some care that U; preserves
D. This and estimate (3.1.7) would show that D is a core for A provided that we
can also show that AUF f strongly converges to AU, f for fixed f € D,t € R (cf.
Proposition 3.1.12). Since U;f and Uff coincide on {df > ¢}, we only need to
evaluate their difference on {di < e}. The set over which we integrate has small
measure tlog (é), but if we try to bound LUf f uniformly in z (LU.f = U,Lf is
uniformly bounded since Lf is), we are led to control terms including ||DTy || .:
since the vector field ||B¢|| =~ 72, we get |DTf||, ~ e%e™" | which is way too
large to be compared with the measure of the integration set. Considering estimates
in L2 or LP norms does not seem to solve the issue, either.

We have seen above how an abrupt truncation of the flow allows us to show
that D is a core for A, and it is clear that allowing functions of lower regularity
was necessary to employ this kind of approximation. We further mention only one
more smooth approach. One might define the vector field

(3.1.20) B%(z) = M’ (2) B(z),

with M°® € C°°(T?*N) vanishing on a §-neighbourhood of AN and taking value
1 far from it. The Koopman operators V;® of its associated flow would preserve
D and strongly converge to U;; however, L and V; would not commute unless

M? is a first integral of the motion. As there can not be invariants of the vortex
motions controlling the minimum distance of vortices (as M?® would do) in the case
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of coexisting positive and negative vortices, we would not be able to continue the
proof as we did for Theorem 3.1.11, and thus have to face explicit computations,
in which the difficulties of the same kind of the ones outlined above appear.

3.2. Generalisations

3.2.1. Point Vortices on the Sphere. All the arguments above still work
with almost no modifications when the torus T? is replaced with a smooth com-
pact surface with no boundary, such as the sphere S? = {x eER3: |z| = 1} (to be
regarded as an embedded surface). On S?, do is the Riemannian volume, so that
f52 do =1, and z - y,z x y respectively denote scalar and vector products in R3.
Euler equations on S? are given by, for = € S2,

Ow(zx,t) =x - (Vi(z,t) x Vw(z,t)),
—AY(z,t) = w(x, t).

Here A is the Laplace-Beltrami operator, and we have to supplement the Poisson
equation for the stream function i with the zero average condition. The Green
function of —A is simply given by

1
—AG(amy) :5y($)_1a G(x7y) = —%log\x—y\—ﬁ-c,

¢ € R a universal constant making G zero-averaged. To satisfy in weak sense
Euler equations, the point vortices vorticity distribution w = Zf[ &;6,, must evolve
according to

(3.2.1) Z@ e kit

x; — xj]?

which is still a Hamiltonian system with

N
H(xl, e xN) = Zflij(l‘“l‘])

i<j

In fact, setting K(z,y) = 5= 2%, (3.2.1) takes the same form of (1.3.1), and

2m [z—y[??
K is still a skew-symmetric, divergence free function on S? (divergence being the
adjoint of the gradient operator on functions of §?). We refer to [147] for a more
complete discussion of this setting. It is easy to see that all the features we relied
on in Section 3.1 are still present:

(i) the flow is locally well posed when positions of vortices do not coincide,
and it is measure-preserving because of the Hamiltonian nature of the
equations;

(ii) the crucial cancellation leading to integrability of the Lyapunov function
L(z1,...xN8) = > ;4; G(zi,x;) and thus required for the proof of Theo-
rem 1.3.1 to work still takes place, in this case because (z x y) L (x — y)
for any z,y € S?;

(iii) as a consequence, the almost-surely well defined point vortices flow T}
coincide with a smooth one on open sets of large measures, so that we can
implement again the strategy of subsection 3.1.4.

3.2.2. Point Vortices on Bounded Domains. Let D C R? be a bounded
domain with smooth boundary and Lebesgue measure |D| = 1, G(z,y) the Green
function of —A on D with Dirichlet boundary conditions, which can be represented
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as the sum of its free version Gg2 (x,y) = — 5= log |z —y| and the harmonic extension
in D of the values of Gr2 on 9D,

Ag(z,y) =0 xeD

g(z,y) = 5=loglz —y| xe€dD

s

1
(32.2) G(z,y) = —5_logle —y[+g(z,y), {
for all y € D. Both G and g are symmetric, and maximum principle implies that
1 1
(3.2.3) ~ 5 log(d(z) Vd(y)) < g(z,y) < o log diam(D),

with d(z) the distance of x € D from the boundary dD.
The motion of a system of N vortices with intensities &;,...,&y € R and
positions x1,...,xn € D is governed by the Hamiltonian function

N N
H(xl, I Z&EJG(.%‘“JJJ) + fog(x“xz),
1<J =1

leading to the system of equations

N
Bi(t) =Y &V EG(@i(t), 4 (1) + &V g(i, x:).
J#i
The additional (with respect to the cases with no boundary) self-interaction terms
involving g are due to the presence of an impermeable boundary: it is thanks to
these terms that the system satisfies (in weak sense) Euler’s equations. We refer to
[135, Section 4.1] for a thorough motivation of this fact.

In this setting, the relevant features (i)—(iii) we individuated in the last para-
graph are still present, but the boundary enters as an additional singular set of the
vector field, and thus our arguments must take it into account. Without going into
details, we just mention the relevant required modifications:

e the smoothed vector field B¢ and its associated flow T of subsection 3.1.1
must be defined by smoothing both log |-| and ¢ in (3.2.2): B¢ will coincide
with the original vortices vector field B whenever vortices are at least € > 0
apart from each other and from the boundary;

e functions of D must now satisfy supp f C DV \ AV, where AV is the
diagonal set of DV (the definition being the same as in the torus case),
whereas function of D must vanish not only around AV, but also in a

neighbourhood of {g € 51\] diax; € aD}.

3.2.3. Gibbsian Ensembles and Vortices on the Whole Plane. We now
return to point vortices on T2. We have already mentioned that besides the uniform
measure dz™ on T2*¥, the point vortices flow T} also preserves all (Canonical)
Gibbs measures

1
(3.2.4) dug n(z) = =——e PH@agN - 75y = / e PH@) 4o N
Z,B N T2x N

When 8 > 0, ug n gives more weight to configurations where vortices of the same
sign are far from each other, but positive and negative vortices are close. Vice-versa,
if 8 < 0, vortices of the same sign tend to cluster. Invariance of pg n is an easy
consequence of the one of H(z) and dz”, and it can be achieved by considering the
smoothed vortices interaction B® with Hamiltonian H¢ and sending € — 0.

Whatever 3 is, since jig,n is absolutely continuous with respect to dz", the flow
T, is still globally well-defined on a full-measure set. However, the density of ug v
is singular in AN (save for trivial cases), so uniform integrability of the Lyapunov
functions £° in Theorem 1.3.1 is spoiled. As a consequence, the arguments in
subsection 3.1.4 also fail.
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Let us now spend a few words on point vortices on R2. The system is given
by (1.3.1) with G(z) = —5 log ||, and it is well-posed for almost all initial condi-
tions with respect to the product Lebesgue measure provided that no subset of the
intensities {{1,...&n} sums to zero, see [135]. The latter condition ensures that
vortices can not travel to infinity in finite time.

The product Lebesgue measure on R?*% is not a probability measure, so we
are led to look for an integrable density on R? left invariant by the dynamics. To
the best of our knowledge, this is only achieved by the Gaussian measure

1

dptann(Z) = eTrM@)—al@gyN oy e R? o € RY,

a,n,N
N N
M(z) =Y &mi, (@)= &lal,
i=1 i=1

when all vortices are positive, I and M being first integrals of vortices motion, the
moment of inertia and centre of vorticity (see [127, Section 5.3]). The interaction
energy H can be also added to the Gibbs exponential, but this is not a substantial
modification. As we have seen above, the case of positive vortices can be dealt
with by exploiting conservation of energy, so we shall not discuss it further. Un-
fortunately, the more interesting case of arbitrary signs seems to be impossible to
include in our discussion.

3.2.4. The Configuration Space and Non-Uniqueness. In the point vor-
tices time evolution, the number and intensities of vortices are constant — at least
when no vortices collide, as we will see. As a consequence, everything we said still
applies if instead of fixing N, & we choose them at random, provided that all ob-
jects are well defined. In order to discuss an arbitrary number of vortices, one can

consider the phase space
U (1* x ®)Y,

N>0
on which, conditioned to the random choice of N, to be made for instance with a
sample of a Poisson distribution, we consider the product measures dz @ v®N,
with v the probability law of a single intensity &; € R.

An equivalent (up to symmetrisation of products) point of view is the config-
uration space setting, in which one looks at the law of the vorticity distribution
w= Zfil &0, (the empirical measure of vortices) under the law of the aforemen-
tioned ensemble of vortices. This is the approach of [3]. Let us define

N
r'= U I'y, I'v= {’72251'6@ (G eERz €T oy # 5 ifi#]}’

N>0 i=1

to be regarded as a subset of finite signed measures M(T?). There is a one-to-one
correspondence between elements of I'y and classes of equivalence of (T? x R)N up
to permutations. Let v be a probability measure on R with finite second moment
and A > 0; we define the measure px on I'y as the image of dz™ ®@v®N on (T2 xR)Y
under the aforementioned correspondence, and then we define p on I" as

oo M
p=e ZN,MN-
N>0 "

Equivalently, u can be realised by considering a Poisson point process on T? xR with
intensity measure Adx ® dv, the samples of which are vectors (z1,&1,...2n,EN),

and setting p to be the image law under the map v = Zfil &0, We refer to [6]
for a complete discussion of Poisson processes and the configuration space.
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By Theorem 1.3.1, for py-almost every v € Zil &6, 1" the point vortices flow
with initial positions x; and intensities &; is globally well-defined. Moreover, the
flow defines a group of invertible measurable maps 7; : I' — T, the cursive to
distinguish it from the flow T} on L?(T?*¥) in Section 3.1. The map 7; preserves y
since it leaves each I'y invariant, and for fixed N the point vortices evolution does
not change intensities and preserves the product measure on the torus.

The main contribution of [3] is an explicit expression of the generator of the
Koopman group U; on L?(T, ) associated to T;, on the set of cylinder functions
of Fourier modes. In order to comment the problem of essential self-adjointness in
this setting we now repeat their result: we do so perhaps in a more concise way, by
means of the aforementioned Delort-Schochet symmetrisation. Let us thus consider
Euler equations in the weak vorticity form

(6 01) — (b.100) = /0 Hy (2, y)uos (2w (y)ddyds

T2x2

t
= / (Hyp,ws @ ws) ds,
0

Hy(wy) = 5(Volw) - V() - K(z — ), 2y €T,

where Hy(z,y) is a symmetric function with zero average in both variables and
smooth outside the diagonal set /A2, where it has a jump discontinuity. We already
noticed that the empirical measure w = Zf\il &0, satisfies such equations when
x; are positions of point vortices.

We define local observables on I' as the family F of functions of the form

(3.2.5) F(y) = f({61,7) 5 {&n; 7)),

where f € C°(C",C) and ¢y, ...¢, € C*(T?,C), the brackets (-,-) denoting cou-
pling of continuous functions and measures. In [3] the functions ¢; were chosen in
the Fourier orthonormal basis, but this would not change anything in our discussion.

PROPOSITION 3.2.1. Let U, be the Koopman group on L*(u) associated with Tz,
and A be its generator. For any F € F of the form (3.2.5), the following expression
defines an observable in L*(p),

(3.2.6) LE(y) = =1 Ohf((d1,7) - (bn: ) (Hp 7 @) -
k=1

The operator (L, F) is symmetric, F C D(A), and Alr = L. Moreover, (L, F) is
Markov unique, that is A is the unique self-adjoint extension generating a strongly
continuous, positivity and unit preserving group of unitaries, which is U = e'tA.

PROOF. To show that LF € L?(u), since Oy f is uniformly bounded, we just
need to compute for ¢ € C°°(T?,C),

2
/<H¢a7®7>2dﬂN(7) :/szzv /RN Z&ﬁjf%(%wg‘) da™N v (€)

i#]

:/ / D G&ElHy (s, wy) Hy (e, ) da™ dvN (€)
T2xXN JRN i#j,[;ﬁk

-2 [ gt [ Huturdny < Cou®
i#j

where we made essential use of the fact that Hy is zero-averaged in both variables,
so the only non vanishing terms in the double sum are the ones with i = ¢,j = k
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(or vice-versa). We also recall that the &;’s are independent with finite second
moments. From here,

_ AN
/<H¢’7®7>2du(v) <e Yy 7 CowN? < o0,
N>0

from which we easily conclude LF € L?(u).

We are left to prove that U; is differentiable on F and that its derivative at
time t = 0 is given by £. However, this is equivalent to show that w; = T;7y solves
(1.2.2), which we already know. O

Local observables F are not invariant for U;: this is due to the nonlinearity of
the dynamics, not to singularity of the interaction. Our techniques thus does not
seem to be suited to this setting.

We conclude by mentioning an idea of [155], from which we quote: “Consid-
ering point vortices to be solutions of the weak vorticity formulation allows us to
extend their dynamics beyond collisions simply by merging vortices that collide into
a single vorter whose strength is the algebraic sum of the colliding vortices. Clearly
this defines a solution for times less than and for times greater than the collision
time, and the resulting vorticity is continuous in time in the weak-* topology of mea-
sures, so that there is no contribution [...] from the “jump” at the collision time. Of
course, this extended notion of point-vortex dynamics is horribly nonunique since
the time-reversibility of the Fuler equations implies that a single vortex can split
equally well into several vortices at any time.” Non uniqueness for the weak formu-
lation of Euler equation in the point vortices case might be a clue that (£, F) is not
essentially self-adjoint or even L?(u) unique. However, producing counterexamples
with collisions or splitting of vortices is a difficult problem: explicit examples of
collisions rely on integrability properties of the Hamiltonian dynamics. Whether
(L, F) is essentially self-adjoint thus remains an interesting open question.



CHAPTER 4

A Central Limit Theorem for Gibbs Ensembles of
Vortices

This Chapter follows [98], and it is devoted to the proof of Theorem 1.5.2 and
its generalisations on other space domains: we have given a general introduction
to the result in Section 1.5 above. The result in a sense completes the one of
[17], in which the same scaling limit of point vortices was performed, but with a
smoothed interaction potential. We also mention that a Central Limit Theorem
for fluctuations of point vortices in the case where D is a disk was derived at the
end of [26]: that result is unfortunately incomplete, since it proves convergence
of integrals of the fluctuation field against a restricted set of test functions. Both
[17, 26] emphasise the relevance of a good control of partition functions, which in
fact is crucial in the present work. Most of the underlying physical understanding
of the topic goes back to classical works: we mainly refer to the ones of Kraichnan
and Onsager, see respectively [113, 143] and references therein.

In Section 4.1 we discuss in detail the result in the case where D = T? is the
2-dimensional torus: the main result is Theorem 1.5.2, which we presented above
in Chapter 1. In principle, the result could be extended to compact Riemannian
surfaces D: we do not pursue such generality, and we only consider two other
physically relevant geometries, namely the 2-dimensional sphere S? and bounded
domains of R?. The former, being a compact surface without boundary, is com-
pletely analogous to the case on T?, and it is briefly discussed in Section 4.2. In
Section 4.3 we show how to adapt the previous arguments to the case of a bounded
domain, the main issue being the self-interaction terms in the Hamiltonian due to
the presence of a boundary. Finally in Section 4.4, as concluding remarks, we out-
line how our result compares to the well established literature on mean field limits
for point vortices.

4.1. The Periodic Case

Let N € N (the number of vortices), v > 0, f > 0 (the inverse tempera-
ture), £1,...,&En € R (the intensities of vortices), z1,...,zn € T? (the positions of
vortices) and the Hamiltonian

N
H(.Tl, e ,l‘N) = Zflij(l‘“l‘])

i<j

on the phase space T?*YN. In what follows, intensities will always be given as
&= 2= W1th signs o; = *1, according to the central limit scaling. The arguments

of the present Section work for any choice of the sequence of signs of¥,...o¥ = +1
for N > 1: we assume that such a choice is performed once and for all, and drop
the apex N to ease notation. The main result of this section is convergence of
Gibbs ensemble of vortices uN By defined above to the energy-enstrophy measure
18,~, which we introduced in Chapter 1 and rigorously discussed in Section 2.4.
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4.1.1. On Gibbs Measures for Point Vortices. Let us consider the mea-
sure on T?*¥ defined by

(4.1.1)  vg4n(dzy,...,doN) = exp (—BH(z1,...,xN))dxy,...,dzyN,

ZB3y,N

with Zg . N, the partition function, being the constant such that v x is a prob-
ability measure. Notice that, even if it is not made explicit, the partition function
depends also on the choice of signs o;. The measure v, n is usually referred to
as the canonical Gibbs’ measure. Since the potential G has a logarithmic singu-
larity, the existence of such measure, or equivalently the finiteness of Z3 , n, is
not completely trivial. The issue is addressed in [127] on bounded domains of R?
for vortices with equal intensities. The technique we apply was first introduced
in [63] in the similar case of a log-gas: a more refined computation deriving the
asymptotics in N in the latter setting can be found in [102].

ProPOSITION 4.1.1. For any choice of v > 0, B > 0, and signs o; = £1 as
above, if N > % then Zg . N < 00, and the measure vg . N 1s thus well-defined.

Proor. By (1.2.1) and Holder’s inequality,

1/
BEi&;

2
Zﬁ,’Y,N S / I_Id('rla'r_])T / Hei2ﬁ£i§jg(wi,x]‘) )
T2N 7 T2N =7
i<j 1<J

where the second factor on the right-hand side is bounded (by a constant depending
on all parameters including N) since g is. Let us now turn to the first term. We
relabel the variables as follows: ¥, ...y, are the ones with positive intensities, and

1/2

z1, ... 2Zn—k the negative ones; moreover, y; and z; are couples of closest positive-
negative neighbours, so that
(4.1.2) d(yl, Zi) < d(yl, Zj) AN d(y]', Zl) Vj > .

We accordingly split
Boo; H1<] d(y“y])l_[1<] d(Z“Z]) YN
Hd(l‘i7l‘j) LR— H d( ] ) )
i NYir 2

the indices running over all admissible values. By definition and the triangular
inequality,

i<j

d(yi,y;) < d(yi, zi) + d(y;, zi) < 2d(y;, 2;),
d(zi,25) < d(ys, zi) + d(ys, 25) < 2d(y;, 2i),

so that we can use the terms in the numerator to cancel all terms in the denominator
save for the ones corresponding to closest neighbours (if & # N/2 some terms in
the numerator are left over, and we bound them with constants):

_B_
YN

/-J‘o‘io'j

Hd(zi,iEj)W <C H d(yi, zi) ;

i<j 1<i<kAn—k
where C' is again a constant depending on all parameters. As soon as N > %,
factors of the latter product are integrable, thus concluding the proof. O

In dealing with limits as N goes to infinity, Gibbs measure will always be
(ultimately) defined, so we will ignore the issue henceforth in this section. Finally,
let us note that wé\f , can be regarded as random variables in H*(T?) for all s < —1,
since signed measures have uniformly bounded Fourier coefficients.
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4.1.2. Potential Splitting and the Sine-Gordon transformation. In
this paragraph we introduce the key tools in the proof of Theorem 1.5.2. The
main issue is the logarithmic singularity of the Green function G. To deal with it
we will decompose G in two parts, a smooth approximation of G and a remainder
retaining logarithmic singularity: for m > 0,

(413)  G=-AT"=(-AT"—m2 = A+ (m® - A) =V + Wi

Physically, the smooth part V,,, corresponds to the long-range part of the potential,
and the singular part W, to short-range interactions. We will also denote

H = HVm +HW Zglg] ‘rlﬂ‘rj + Z&S] ‘T’ij)

1<j i<j

the relative splitting of the Hamiltonian. In terms of Fourier series,

Win(z,y) =) el =y) oy ) = > m°ex(a — 1)

m? + 4x2|k[2’ A2 [k[2(m2 + 4m2|k|?)
kez? ke

The Green function W, is called the 2-dimensional Yukawa potential or screened
Coulomb potential with mass m (as opposed to the Coulomb potential G).

We will regard the regular part of the Hamiltonian corresponding to V,, as
the covariance of a Gaussian field. The idea, dating back to [152], originated as a
connection between the classical Coulomb gas theory and sine-Gordon field theory
(hence the name): it will allow us to analyse the convergences in Theorem 1.5.2
by standard Gaussian computations, up to a remainder term involving the Yukawa
potential W, (whose associated partition function we bound in subsection 4.1.3).
We thus define F,,, as the centred Gaussian field on T? with covariance kernel V,,,
that is

(4.1.4)  Vf,g€ L3 (T?), E[(Fm ) (Fmg)] = (f, (~A7 = (m® = A)"V) g).

The remainder of this paragraph deals with properties of F,,. The reproducing
kernel Hilbert space is

VAT (m? — A)TEX(T?) € HX(T),

so that F,, has a H®(T?)-valued version for all s < 1, into which H?(T?) has
Hilbert-Schmidt embedding. As a consequence, by Sobolev embedding, F;, has a
version taking values in L?(T?) for all p > 1.

The field F}, can also be evaluated at points # € T?: the coupling F,,(z) :=
(82, Fy) is defined as the series, converging in L?(F,,) uniformly in x € T?,

2
(80, F) 2riwkpp ~Ne (0 mn :
=2 o B = ens P Ve (0 g

In other terms, z — Fy,(z) is a measurable random field, and F,,(z) are centred
Gaussian variables of variance V;,,(z,z) = V;,(0,0). A straightforward application
of Kolmogorov continuity theorem shows that there exists a version of F, (z) which
is a-Holder for all o < 1/2.

LEMMA 4.1.2. For any o >0, p > 1 and m — oo,
(4.1.5) E [||Fm||§] ~, (log m)?/?

(4.1.6) E [exp (fozHFmHg)] ~mo
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PROOF. Let us begin with moments: by Fubini-Tonelli theorem,
E |IFally] = /T E [|F(2)l") dz = ¢, /T Vin(z, 2)P/2dz = ¢, V3, 0,007/,
where V,,,(0,0) = 5-1logm + o(logm) can be checked by explicit computation in

Fourier series. As for exponential moments, a standard Gaussian computation (see
[69, Proposizion 2.17]) gives

E [exp (—allFul3)] = exp {—§ Tr (log (1 + 2o (~A™" — (m” — A)‘l)))}

1 2am?
= —— I 1
oxp | =5 D, °g< + 47r2k|2(m2+47r2k|2)>
keZ?

> ex — am
pl-2 A2 k|2 (m2 + 4m2|k]2)
keZ?

= exp (—aViu(0,0)) = m™

the other inequality descending from analogous computations using log(l + z) >
x — %2, x > 0, instead of the inequality log(1 + x) < x we just applied. O

Since it holds, for s,t € R,

2 2
isFy(z) itF, — 27y (0,0) — stV (x,
E[e (@) My)} e TEEVin(0,0) =5tVin (2,9)

(and analogous expressions for n-fold products) we can transform the partition
function relative to the regular part of the Hamiltonian Hy, :

(4.1.7) / e PV dzy - da,
T2N

N
_ gi9; o
— /TZN exp —6; 2'yNVm(x“ z;) | dey - - - dxy,

3 N
exp | —i4/— o F(x;) | deq - - dxy, | -
I G S

Rewriting the partition function in these terms is the first step in the analysis of
Z3~,N, the next one being a control of the singular part of the potential, which we
could not transform. We deal with W,,, in the next paragraph: let us conclude the
present one with the estimate we will use on complex exponentials of Fj,. It relies
essentially on:

— e Vm(0.0

LEMMA 4.1.3. If f € L*(T?), then

4
/ A @) gy — o= LIS Ifll5
’]T2

3
1715 705

<
- 6 8

PRrROOF. Thanks to the zero average condition, we can expand

/ G F@) gy — o EIFI3
’]I‘Z

2
_ / (eim 1 —if)+ f(x)2> o (e_mg . f||2>
T2 2 2
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and then apply Taylor expansions

2 2
Teleitt o % |e—t—1+t}§%.

O

PROPOSITION 4.1.4. For any 8,7 > 0 and integer p > 1, if m = m(N) grows
at most polynomially in N, then it holds

B 2p
—BHvo .. mi (logm)™
/TQN e dxy---dry, < Cgqyp (1 —+ N

uniformly in N.

To ease notation, in the following argument we will denote
B = / VIR g g = sk IFnlEa
Ta

(notice that both depend on N,m) and thus write (4.1.7) as

N
/ e P Vi . .. dz,, = 37V OOR HE
T2N

In sight of Lemma 4.1.3, we expect the 0-th order term (in 1/N) to be 77 Vm (00 [EN],
which is O(1) as shown above in Lemma 4.1.2. The forthcoming proof applies the
Taylor expansion of Lemma 4.1.3 to further and further orders.

PRrROOF. For p =1, we expand the product H;V:1 E; by means of the algebraic
identity

N
(4.1.8) I1E
j=1

| |
M
S
I}
OQ
=
=)
e

k=1 j=1
from which we can estimate
N k—1
H EBi| =E[eN]+ ) B[] Ei | (Bx —&)ENF
k=1 j=1

E[eN]+ ) E[|E — &[]
k=1

1/ 8\ TRYEAS 4

5 (%) 1Ea 5 () 1
3 1 2

<C, (m+<0%\/%%>)

The higher order terms (in 1/N) have been dealt with in the following way: ex-
ponential factors have been bounded with |E;|,|€| < 1, only leaving differences
E}, — & from which smallness is obtained. The third step is the crucial application
of Lemma 4.1.3, and the last one is Lemma 4.1.2 and Holder inequality. The thesis
now follows recalling once again that V;,,(0,0) ~ iﬂ log m.

For p = 2, by iterating (4.1.8) we get the identity

E[EN]+N-E

N k-1 -1
HE =N+ EleEk— E)+ E)(E, — E)EN] E;-
k=1 k:2/:1 j=1
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Taking expectations and controlling separately the summands,

N N N k-1
E|[]Ei| <E[EN]+D E[E:—EEN ] +> > E[E, — €| |Ex — €]
j=1 k=1 k=2 (=1

+-N(N -1E [|E, — €]

| —

B(N—k)

,Sm*% +m~ =N N2 (logm)®? + N~ (logm)?®.

In the latter computation, the second step is Cauchy-Schwarz inequality, while the
third combines Holder inequality and Lemma 4.1.2 to control

2
E (15— £P) SE | (N2 1505+ N [Fl) | £ 85 ogm)®
The thesis for p = 2 is obtained, since we have shown that
/ e PV dgy - da, <1+ N"Y2(logm)®? + m%N_l(logm):a,
T2N

where the middle term is always o(1) because we are assuming that m(N) grows
at most polynomially.

Further iterations of (4.1.8) to expand products of E; produce in a completely
analogous manner the required estimate for arbitrary p > 1. Let us only report, as
an example, the third order iteration of (4.1.8):

N N N kfl
[[E =¥+eN1> (Be—&)+EN2)° &)(Ex =€)

k=2 Z:l

(Ejy — E)(Ey — E)(Eyy — E)EN-™- 2(1‘[ ) O

4.1.3. Controlling Partition Functions. We want to analyse separately
the contributions of regular and singular parts of the potential to the partition
function

Zg~,N = / e PV o= BHWy 2N
T2N

The core idea is that if we send m(N) — oo along N — oo with a suitable rate, the
contribution of the Yukawa part of the potential, W,,,, becomes irrelevant, and we
can bound Z3 , y uniformly in N. With a uniform bound at hand, identifying the
limit becomes quite simple: we will do so in the next Section, reducing ourselves to
the case g = 0.

Let us thus focus on Wy,. Its free version W, gz, that is the Green function
of m? — A on the whole plane, can be expressed in term of the modified Bessel
function of the second kind K| as

1
(4.1.9) Wire(2,y) = Wy re(Jz —y|) = %Ko(mkn —yl), z,y € R%

where K| is the positive solution of

r?K{(r) + rK)(r) — r*Ko(r) =0, r >0,
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with logarithmic divergence in r = 0 and exponential decay for large r,

(4.1.10) Ko(r) = —log(r) + O(1), r — 0,
(4.1.11) Ko(r) < ﬁgﬂ, V>0

(see [1]). Unlike Gge(z) = —5= log|x|, W, g2 € L'(R?), hence by Poisson summa-
tion formula it holds, for any distinct z,vy € T2,

(4.1.12) Win(z,9) = 3 Wi (2 + k — ) — / A
kez2 R?

the integral on right-hand side taking care of the space average. Notice that, since
Ky is positive, so is the first summand in (4.1.12). This representation allows for
a quite precise control of W,,,, which we now use to control the rate at which the
partition function relative to Yukawa potential goes to 1 as m — oo.

PROPOSITION 4.1.5. Let N > 1, 8/v > —8m and m > 0. There exists a
constant Cg > 0 such that

. (logm)? N
/ e~ BHw,, dry - dx, < (1 +Cp 2)
’]I*2N mn

(uniformly with respect to the choice of signs ;).

PROOF. As a first step we produce an estimate on W, (z) = Wy, (z,0) which
separates the short-range, relevant part and a long range remainder. We do so
by means of the representation (4.1.12), so first we have to take a closer look at
Wp.r2. We choose a small radius % L Ty = 210% < 1, below which we control
W, g2 with logarithm: by (4.1.11), and since K is decreasing, W, g2(z) < %
when |z| > 7, (C will denote possibly different positive constants throughout this
proof). Inside the ball B(0,r,,), by comparison principle,

= 1 || C
(4'1'13) Vo € B(07rm) VVm,]R2 (l‘) < _ﬁ 10g <7’7n) + W

since the right-hand side is the solution to the problem
—Au =46y in B(0,ry)
u=-5 in 0B(0,7,,)
Applying (4.1.11) we can bound
C
D Wame(a+k)<C Y e < o,
kez? keZd

so going back to (4.1.12), we control separately the summand k& = 0 with (4.1.13)
and the others as above, to get

1 d(x,0) C
(L1 0< 3 Wongalle + K) =< 5108 (22 X 0+

(compare with the expansion (1.2.1)). Change of variables and (4.1.9) show that
also

C

(4.1.15) 0< /R2 W g2 (Jz])de < ey
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We now apply Holder’s inequality to obtain the thesis in the regime |3/v| < 8.
Keeping in mind that W, is translation invariant,

e~ BHW, cdr. — ﬁgla] N dry---d
/EZN Ty dx, = /TQNH H exp( Wi (@i, ;) | dzq T

i=1j#i,j=1

1/N

N N
Boio;
<II{ II /TQGXP ( ZWJWm(ij,O) di; ;

i=1 \j#ij=1

so we can restrict ourselves to the case of two particles. Since we are already
neglecting possible cancellations due to signs (and allowing for negative inverse
temperatures (), they are irrelevant: let us say they are opposite to fix ideas.
Applying the above pointwise estimates then leads to

8
d(z.0)\ T
(4.1.16) /exp (BWm(x)> dz < 1+/ ((557)) " da | €1
T 2y d(z,0)<rm \ Tm

) 2
<(1+Cr2)e?/m =140 <(loim) )

2

as soon as = B < & for integrability, from which the thesis follows.

To cover all positive temperatures §/+ > 0, we resort instead to the technique
employed in Proposition 4.1.1. Assume first that positive and negative vortices
are in equal number, and relabel them by minimal distance dipoles as in Proposi-
tion 4.1.1 (see (4.1.2), whose notation we employ in the following). Then we can
group the summands of the Hamiltonian function as

1
(4.1.17)  Hw,, = N > (Wi = 45) = Win (21, 95))
i<j
1 1
+ 2 Winlzi — 2;) = Wi, 23)) — 5= ) Wml¥i» i)
0 S0 5) = Wl z) 5 57 W)

The first and second term in the formula above are similar, so we only look at the
first one. There are two possible cases to consider. For i < j,

o if d(z;,y;) > "5, by (4.1.14) and (4.1.15) it holds

m2 ~ m2

1
W(zi,y5) = Wi (yi,y5) < 5 log (

m

o if d(z;,y;) < "3, then it must be d(y;, z;) < 75*, and thus
d(yi,y;) < d(yi, zi) + d(zi,y5) < 2d(25,Y5) < T,

so that we can bound, again by (4.1.14) and (4.1.15),

1 2, Yj (Yi,y5) c
) — < -
W (zi,y5) — Win (i, y5) 5 log ( - )-I— ( - + p—
1 d(yz,yj)> C
<—1lo g( +— <0
2m d(zuy])

We conclude that, in either case,

1
W (zi,y5) = Wi (yi,y5) < C (Xd(yi,zi)grm/2 + mQ>
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Applying these estimates to the first and second sums in (4.1.17), we can control
the Gibbsian exponential density by

N
e BHW, < HeQ»YLNWm(yiuzi)ecB,'y(Xd(yi,zi)ngL/2+m%),

=1

so that, integrating over all variables,

N
/ e PHEWm 2N < </ 62wNWm(y,z) C(Xa(y,2)<rm /2t 7z )dydz) .
T2N T4

We are now able to control the two exponentials separately by Cauchy-Schwarz
inequality and (4.1.14), (4.1.15). If 0 < ¢ < 4”777 the same computation of (4.1.16)
leads to

1
N 5%
/ 7% W (y:2) dydz < (/ e Win(v:2) dydz> < (1 +Cr? ) N o Nm? ,
T4 T4

while the second factor to control is
/ eC(XdWZ)SW/?JF#)dydz < (14 Crk)em?
']I‘2N

The thesis now follows collecting all estimates. The case in which there are more
positive than negative vortices, or vice-versa, is readily settled as follows. Let Py
and @y be the numbers of positive and negative vortices, say Qn < Py. Then
(4.1.17) becomes

QN Pn
(4.1.18) Hw,, = NZ > W Y5) = Win(2i,5))
=1 j=i+1
1 QN Qn 1 QN
+ Win(zi = 25) = Win(ir 25)) — 5 > Win(yi, z:)
N Z 5 Wt~ ).
QNn+1j=i+1

Since it is always W, 2= mg, the new term appearing in (4.1.18) —the fourth one

in the right-hand side- contributes at most with a factor exp (Cp,,N/m?) to the
exponential integral, so the proof carries on as before. O

COROLLARY 4.1.6. If N > 1, 8/v >0, Zg n is uniformly bounded in N by a
constant depending only on 3,.

PROOF. Leta > 0, m(N) = N®and p > 1 an integer, then by Proposition 4.1.4
and Proposition 4.1.5 we have

Zgyn= | e PHvmemBlwWm g
T2N

1/2 1/2
< / e 2BHVm gz N / e 20 W g N
- T2N T2N

2 \N
af _p o a
< s (1 + N3 2q ”) (1 + Cﬂ,sza> :
The partition function Zg , ny is then uniformly bounded in N as soon as

ia<£ 1—2a<0.
Ay 2’
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Since, for any given 3/ > 0, we can choose p > 1 in Proposition 4.1.4 large enough
27y

for the interval % < a < =z'p not to be empty, the thesis follows. O

REMARK 4.1.7. The separation of long-range relevant interaction and singular
short range ones in G = V,,, + W,,, may in fact be obtained in a variety of ways: a
notable mention is the decomposition G = V, + W, with

VE:(JEA*Gz/ efmdt, WE:G—ng/ P/
€ 0

(in fact, V. is the smoothed potential considered in [17]). The singular part W,
admits the representation (4.1.12), with Bessel’s function K| replaced by the expo-
nential integral function F;. The latter behaves very similarly to Ky: it diverges
logarithmically in the origin and decays exponentially for large arguments. Indeed,
this decomposition is completely equivalent to the one we chose for our purposes.

REMARK 4.1.8. Bounds on partition functions of point vortices -or the closely
related 2-dimensional Coulomb gas ensembles- are a central part in many works on
the topic. We refer for instance to the ones obtained in [63, 102, 26]. However, the
uniform bound we obtain with our particular scaling of intensities does not seem
to be obtainable from their estimates.

4.1.4. Proof of Central Limit Theorem. We are now able to conclude the
proof of Theorem 1.5.2. The first step is the case 8 = 0, which in fact does not rely
on the above arguments, and is essentially due to [71].

PROOF OF THEOREM 1.5.2, 8 = 0. The statement on partition functions is
trivial in this case. Convergence in law of w™ ~ pV to w ~ p, on H*(T?), any
s < —1, is ensured by a straightforward application of the Central Limit Theorem
for sums of independent variables on Hilbert spaces. As for the convergence of the
Hamiltonian: let G,, converge to G in L?(T?*2), with G,, vanishing on the diagonal,
and split

/G(m,y) :dw™ (z)dw™ (y): —/G(a:,y) dw(z)dw(y):
— [ G ¥ @ W) - [ Gl ) @) )
+ / G, )™ ()™ (y) — / G, ) o) deo(y)

+/Gn(x,y)dw(x)dw(y) —/G(x,y) :dw(x)dw(y): .

The L2(2,P)-norms of the differences on the right-hand side vanish in the limit.
Indeed, thanks to Lemma 1.5.1, the first one is controlled uniformly in N by
2

E S’Y ”G_GnHQLz(szz),

’/G(m,y) :dw™ (z)dw™ (y): _/Gn(x7y)dwN(x)dwN(y)

and the very same estimate holds for the third summand by Gaussian It6 isometry,
cf (1.5.2). The second moment of the middle term vanishes as N — oo since
we have already proved that w? converges in law on H*(T?) for s < —1, so that
wlV @ wl converges in law on H?*(T?*2) (uniform integrability descends again by
the above estimate and It6 isometry). O

PROOF OF THEOREM 1.5.2, 3> 0. Consider variables w/’

to wy ~ p as above. We have just seen that if 3 = 0 the Hamiltonian H (wfyv )
converges to :E: (w,) in L%(Q,P). Since z — e¢~#% is a continuous function on R,
this implies that e~ PHW) converges in probability to e~ #F(«) for all B € R. If

~ ,uff converging
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e PHET) ig uniformly integrable in IV, then its expected value Z3  n converges to

Zgy=E [e‘ﬁ:E:(ww)}. By Corollary 4.1.6,

B ()] = Zysn

is uniformly bounded in N for all pS/y > 0. As a consequence, e BHWY) jg
uniformly integrable if 5/ > 0, thus proving point (1).

Since (e*’BH(“iV),wf/V) converges in law to (e #F*«@») w_) on the Polish space

R x H* (T?), any s < —1, we deduce the convergence on Hs (T?) of the probability
distributions

dpg (w) = e Pl (w) — e PP dp, (w) = dpg 4 (w)
for all 5 > 0. We are only left to prove convergence of the Hamiltonian H (wév 5)
for wﬁ y ™ ,u5 - Since its Laplace transform is given by

—BH(w
E [eaH(wg,y)} _ /eaH(w)e ( )dMN — Zﬂ—(x,’y,N7

ZgAn Z3 N

convergence of partition functions and Lemma 2.4.1 show that
E [eaH(wé\iw)} N—oo E |:ea:E:(w):|

with wg ~ pg~, for any o in a neighbourhood of 0 (/v as above), and we can
conclude by Lévy continuity theorem (see [106, Theorem 4.3]). O

4.2. The Case of the 2-dimensional Sphere

Consider the 2-dimensional sphere §? = {z € R?: |z| =1} as an embedded
surface in R?, its tangent spaces as subsets of R and gradients of scalar functions
as vectors of R3. On S? we consider the uniform measure do such that /. s2do=1.
The expressions z -y, x X y respectively denote in this section the scalar and vector
products in R3.

Euler equations on S? are given by, for z € S2,

Ow(z,t) =z - (Vi(x,t) x Vw(z,t)),
—AY(x,t) = w(x, t).

Here A denotes the Laplace-Beltrami operator, and we have to supplement the
Poisson equation for the stream function 1) with the zero average condition (just as
we did on T?). The Green function of —A,

~AG(x,y) = 6, () -

has the simple form

1
G, y) = —— log | —
(#,y) = —5_loglz —yl +¢,
with | - | the Euclidean distance of R? between z,y € S? and ¢ a constant. Just

like in the case of flat geometries, smooth solutions preserve energy and enstrophy
(1.4.1). The definition of point vortices dynamics is also completely analogous to
the case on T2: the vorticity distribution w = Ziv 05, evolves according to the
Hamiltonian dynamics (Helmholtz law)

Tj X xl
£ = Z
T oon ST |z; — x;
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with Hamiltonian function corresponding to the (renormalised) energy of the con-
figuration,

N
H(l’l, e IZ’N) = Z{lng(xl,x])
i<j
We refer to [147] for a more complete discussion of this setting.

The similarity with the periodic case is such that almost the whole Section 4.1
applies to S?: the very same statement of Theorem 1.5.2 holds on S2, with all the
involved objects defined as in that case. The proof proceeds analogously, splitting
G =V, + W,,, as in (4.1.3). The content of subsections 4.1.2 and 4.1.4 only needs
the replacement of Fourier basis e; (which we used in Gaussian computations) with
spherical harmonics. In fact, the only argument in the proof of Theorem 1.5.2 which
needs to be adapted to the case on S? is the control on Yukawa partition function
of subsection 4.1.3. A careful analysis of the proof of Proposition 4.1.5 reveals that
it is sufficient to prove the following bound on W, = (m? — A)~%.

REMARK 4.2.1. The distance between z,y € S? on the surface is given by the
angle 6 € [0, 7] formed by the vectors z,y € R3; therefore, by rotation invariance,

G(z,y) = G(0) and W,,(z,y) = W,,,(0).

logm
m

PROPOSITION 4.2.2. Let r,,, = ¢
m — oo, uniformly in 6 € [0, 7],

Wi (0) = (—1

with ¢ > 0 large enough. It holds, as

0 .
3 108 =+ 0(1) ) Xo<r, + (™)

On T2, we relied on an explicit representation of W,,. Here, we seize the oppor-
tunity to present a more robust argument, based on the well-known representation

(4.2.1) Wm(x,y):/ e_mth(t,x,y)dt.
0

in terms of the heat kernel p(t, z,y). Indeed, the following arguments work more
generally on compact Riemannian surfaces without boundary. We nevertheless
prefer to keep using the terminology of S2, for the sake of simplicity. We will make
use of the following properties of the heat kernel p(t,x,y) = p(t,0), for which we
refer to [139, 142].

LEMMA 4.2.3. It holds, for any 6 € [0, 27],
(4.2.2) p(t,0) < C, t>1

C 62
(423) p(t,@) S ﬁe i, t S 17
with C > 0 independent from t. Moreover, for small t, uniformly on 6 on compact
sets of [0, ),
2

(124)  pl.6) = a(B)HO) + O(1), alh) = pe ¥, HO)= o

PROOF OF PROPOSITION 4.2.2. It is not difficult to see, using the estimates
(4.2.2) and (4.2.3), that

/ e*mQtp(t, H)dt + X{0>rm} /
r 0

2
m

T’"L

e p(t, 0)dt = O(m™?),

2
so we focus on the main term, xg<,,, [, e~™’tp(t,0)dt. Thanks to (4.2.4), we have

2 2

/ " emmity . 0)dt = H(6) / "m0Vt + O(1).
0 0
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Integrating by parts, straightforward computations show that

2 1 2
e 1 oy o 6*\ds 1. 6
/0 e q:(0)dt = ey A exp <c log“m — 7“2> — = —%logr— + 0(1),

m s m

and since H(0) = 1 and H is differentiable in 0, the thesis follows. O

4.3. The Case of a Bounded Domain

In this Section, D C R? is a bounded domain with smooth boundary, G(z,vy)
is the Green function of —A on D with Dirichlet boundary conditions. The
naught subscript refers to boundary conditions: H§ (D), a > 0, are the (frac-
tional) L?(D)-based Sobolev spaces defined as the closure of compactly supported
functions C¢°(D) with respect to the norm

Il sy = (1 = 2)°/2]

L2(D)’

whereas H~%(D) = H§(D)'. We recall the representation for the Green function
G given in (3.2.2), and the estimate (3.2.3) deriving from it.

4.3.1. Gibbs Ensembles and Gaussian Measures. The motion of a sys-
tem of N vortices with intensities &1,...,&x € R and positions z1,...,zxy € D is
governed by the Hamiltonian function

N N

1

H(zy,...,2n) = Zging(xhxj) t5 Zé}zg(fﬂiwi)-
i<j i=1

The additional (with respect to the cases with no boundary) self-interaction terms

involving g are due to the presence of an impermeable boundary: it is thanks to

these terms that the system satisfies (in weak sense) Euler’s equations. We refer

g4

again to [135, Section 4.1] for further details. We will consider intensities &; = oo

with signs o; = £1 as in the previous section. We denote by dz the normalized
Lebesgue measure on D, and for v > 0, 8 > 0 we define

1
(4.3.1) vgN(dze, ..., dx,) = 7 exp (—BH(z1,...,x,))dxy, ..., dx,.
B, N
PROPOSITION 4.3.1. For any choice of v > 0, f € R, and signs o; = £1, if
N N
—Ir— < B <4dr—
max(ny,n_) vy 1+ min(ny,n_)

then Zg . n < 00, and the measure vg N 15 thus well-defined, where ny,n_ are,
respectively, the number of vortices with positive and negative intensity.

PROOF. Let us denote by H; the interaction part and by H, the self-interaction
part of the Hamiltonian H,

N N
1
H; =Y &&G(xi,a;), H,= 3 > gl xi).
=1

i<j
If 8 < 0, —BHj is bounded from above by (3.2.3). Since G > 0, we can neglect
in H; the contribution of vortices with different sign and

B 3 B T " _
ﬁHz = 2'YN UI{TV>OG<$“$J) 2’}/N 0v0‘<OG(‘rEl?x]) 5 7 ﬂ )

The terms H,;", H; are functions on disjoint sets of variables, so the integral of
their exponential factorizes in the product of two integrals. We analyse the first
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integral, the estimate of the second will follow likewise. Let I, = {i : o; > 0}.
Again by (3.2.3), the self-interaction terms is bounded, therefore

/D” —BH </Di+ I I lei-al= < H(/ dr; ] /\xz x|4mN”+dx)

i€ly jeEI L j#i i€l JEIL jF#i

The integrals above are finite if ;=—%ny > —2. Likewise, for H;,  we obtain
ﬁn_ > —2.
We turn to the case 8 > 0. By the Hélder inequality with conjugate exponents

p and ¢, we can bound separately the contributions of H; and H
Thanks to (3.2.3), it holds

N
/ e_BqHs($17...;$N)dl-1 cdey < (/ d(;v)_‘*f"?Ndx) < 00
DN D

as soon as % < ¥ As for the interaction term, since G is positive and g is
uniformly bounded from above,
B~
—pBH; < ——— log |z; — x| + CN.
pBH; < SN Z<O gl — x| +
0 0j

Assume without loss of generality that n_ < n,, then by the Holder inequality,

/ o~ BH: </ H /]g s — ;| TN dxz)

- (/Hlml‘%dy)*
D= D jer.

5 i

< [ TL(f ol 5 an)™
n_jEI, D

The right-hand side is finite if n < 2. Combining the two conditions on p, ¢

we get the announced restrlctlon on B/ O

The reader will notice that, unlike in Proposition 4.1.1, when N — oo we still
have a restriction on the values of 8/v. See Remark 4.3.7 for more details.
We define the probability /ﬁﬁ\f , on finite signed measures M(D) as the law of

N
=1

with x1,...%, sampled under vg, n. In the case of a bounded domain we will
assume the neutrality condition

N
(4.3.2) > =0,
i=1

so that wﬁ has zero average.

The hmltmg Gaussian random field should also have zero space average. Since
the constant function 1 does not belong to the spaces in which we set the problem
(it does not satisfy the Dirichlet b.c.), the definition is somewhat more involved
than it was on T2. Define the bounded linear operator

M : L*(D) — L*(D), Mf(x /f
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For v > 0 and 3 > 0, let wg be the centred Gaussian random field on D with
covariance

Vf.g€ LX(D), E[(wsy, f)(wsny9)] = (f,Q549), Qpy=M(y—pA)""M.

Equivalently, ws -, is a centred Gaussian stochastic process indexed by L?(D) with
the specified covariance. Analogously to the torus case, wg ., can be identified with
a random distribution taking values in H*(D) for all s < —1.

Renormalised energy of the vorticity distribution g, is defined just as in
(2.4.2), and the equivalent definition of g ., provided by Lemma 2.4.1 still applies
in this context. In fact, all Gaussian computations in Fourier series of the last
Section still work on domains D C R? if one considers an orthonormal basis of
L?(D) diagonalising the Laplace operator: for n € N,

—Ae, = Anen, Ay ~n,

the latter being the well known Weyl’s law. The main difference is that explicit
expression in Fourier series on D are complicated by the presence of the zero-
averaging operator M in the covariance. We are now able to state the main result
of the Section, a perfect analogue of the Central Limit Theorem we proved above
on T2

THEOREM 4.3.2. Let B/~ € [0,87), assume the neutrality condition (4.3.2),
and set g = [, g(y,y)dy. It holds:

(Z) th%oo ZBKY,N == eﬂgZ&,y;

(2) the sequence of M-valued random variables w” ~ /ﬂﬁvﬁ converges in law
on H*(D), any s < —1, to a random distribution w ~ pg ., as N — 0o,

(3) the sequence of real random variables H(w™) — g converges in law to :E:
(w) as N — oo, with w™,w as in point (2).

N

REMARK 4.3.3. Minor modifications of our arguments allow to replace the
neutrality condition on intensities with the hypothesis Zfil & = o((log N)~1/2).
Moreover, it is possible to consider random signs ¢; taking values 1 with proba-
bility 1/2, or more generally i.i.d. bounded signs with zero expected value. Such
generalisations are in fact inessential from the physical point of view, namely we
are still dealing with fluctuations around a null profile (see Section 4.4): we omit
details.

We conclude this paragraph proving the case 8 = 0 (and v = 1, for notational
simplicity): if we can then provide a uniform bound for partition functions Zgs ., v,
the content of subsection 4.1.4 completely carries on to the domain case. In the
remainder of this Section we show out how to adapt the strategy we used in the
torus case to control partition functions.

The expression (1.5.1) of double stochastic integrals with respect to white noise
still holds, and so does Lemma 1.5.1 in the following form:

LEMMA 4.3.4. Let wV ~ ,ué\fv. On continuous functions h € C(D?) vanishing
on the diagonal, i.e. h(xz,x) =0 for all z, define the map

h+— / h(x7y)dwN(ac)dwN(y) = E &&ih(xi, ).
bz i+
Since it holds

E Z&é]‘h(xu%‘) < Hh||2L2(D2)
i#]
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with C-, a constant independent of N, the map takes values in LQ(M(])\S), and it

extends by density to a bounded linear map from L?*(D?) to L2 (pudly) which we will
denote by

fe /D2 flx,y) :dwN(x)dwN(y): )

The proof only differs from the one on T? in that is uses neutrality of total
intensity in place of the zero average condition. In considering the relation between
the Hamiltonian and renormalised energy, another relevant difference with respect
to the torus case appears: defining the renormalised energy of point vortices as in
Section 4.1,

2:E: = / G(z,y) :dw” @ dw:= ZﬁiﬁjG(xi,xj)
bz i#]

N
=2H — Zf?g(l‘l, J)l)
=1

This is why we need corrections depending on § = [, g(y,y)dy in points (1) and
(3) of Theorem 4.3.2: the Hamiltonian H alone is not a centred variable, and its

mean value is
N

N
1
Z o(wim) = 5 Zg(% i),
i=1 i=1
which converges by the law of large numbers to g. That being said, proceeding as
in subsection 4.1.4 straightforwardly concludes the proof of the case g = 0.

4.3.2. Potential Splitting on Bounded Domains. We want to decompose
G = V,,+W,, as in Section 4.1, with V,,, a regular (long range) potential converging
to G as m — oo, and W, a singular but vanishing remainder. In order for our
strategy to work we need to rewrite the part of H corresponding to V,, as sum
of covariances (in particular, positive terms) of a regular Gaussian field with zero
space average. At the same time, we will need a quite precise description of W,,.
We thus choose W,,, as the Green function of m? — A on D with Dirichlet boundary
conditions, that is
(4.3.3)

Win(z,y) = %Ko(m\wfyDerm(x,y)’ {(m — Awp(z,y) =0 ceD

W (z,y) = —%Ko(mh: —y|) xz€dD

for all y € D, and where we notice that 5= Ko(m|z —y|) = W, g2(2,y) is the Green
function of m? — A on the whole plane. We then set

Vin =G = Wi, Um = g — Wm.

Unfortunately, V,,, is not zero averaged, so we need to further define the potential

(43.4) Vi) = Voo = [ Valopidy= [ Vilwda+ [ Viu(oppdody

which we will use as covariance kernel for the Gaussian field F),,: indeed, notice
that, as an integral kernel,

VY = M*m?*(—A(m?* — A)) "M,

thus V) is positive definite and zero averaged.
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Looking now at the corresponding decomposition of the Hamiltonian,

N
H= Zngj :L'Z,IL'] Zg Wi xzaxz +Z£’L£j xzax] %ngvm(xuxz)
1=1

i<j 1<j

:= Hw,, + Hy,,,

a simple computation exploiting the neutrality condition yields

N
Zgzgj xzaxj Zgléjvrg,(xlvxj 252 xmxz
0,J

so that, since V;,, + vy, = Vi, g2 (the Green function of —m™2A(m? — A)), we can

rewrite
Vin ZE%&] x’w‘rj Zf Vm R2 xzyxz)

One can easily show that Vm7R2 is a regular, symmetric, translation invariant func-
tion; moreover, it has a global maximum in V,,, g2(0,0) = % logm + o(logm), as it
is shown by taking the difference of

1 1 1
Gre(z,y) = —5.- log e—yl, Wi () = ﬂKo(mlx—yD ~ =5 log(ml|z—yl),

for close 2,y € R2. This, together with (4.3.4), implies that for all z € D we also
have V2 (z,z) = 5= logm + o(logm) .

LEMMA 4.3.5. Let F,,, be the centred Gaussian field on D with covariance kernel
V9. There exists a version of Fy,(x) which is a-Hélder for all o < 1/2, and
moreover for any a >0, p > 1 and m — oo, it holds

(4.3.5) E |[1Fnll}] =y (togm)*’
(4.3.6) E [exp (—a \\qug)] <mE.

PRrROOF. Hélder property descends from Kolmogorov continuity theorem since
Vi, is continuously differentiable (and so is V,2). The estimate of p-moments is the
same as in the periodic case, so let us turn to exponential moments. Identifying
kernels and their associated integral operators, it holds

E [exp (—a ||Fm||§>} = exp {—; Tr (log (1 + 2aV,,9L))} :

Hence, we only need to compute the asymptotic behaviour in m of TrV,%, since

then we can apply the inequalities x — ‘”—22 < log(1 + z) < x and conclude as in

Lemma 4.1.2. We resort again to Fourier series: by definition of the kernel V.2 we
have

TV = Z / . VO(2,y)en(x)en(y)drdy

=TrV, 72267,/ m (T, y)en(x )da:dy+/ xydxdyZe
D? n=1

=TrV, Z/\ m2+)\ =TrV,, +0(1), m — oo,
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where we denoted €, the space averages of e, (x) (that is, the Fourier coefficients
of the constant function 1). The last passage is a consequence of

1/2 00 4 1/2
Z Z < / S R
An m2 —|— An) A2 m2 + An) ~\J1 22(m?+1x)?

B <m +2  2log(m? —i—l))l/2

1 . =0(1), m — oo,

n=1"%n nln

inequality. We conclude by noting that

where we used (3,7 64)1/2 < Y2 ek = ||1HL2(D) = 1 and Cauchy-Schwarz

oo 2
m
eV, = ———— =V,(0,0). O
;)‘"(szr)‘n) (0.0

We can now apply the transformation

e BHV, — o35 Vi 2 (0.0 [ IVBELN, &iFm (@ >}

and proceed as in the previous Section. The proof of Proposition 4.1.4 in the
bounded domain setting is just the same, thanks to Lemma 4.3.5. We are only
left to prove the analogue of Proposition 4.1.5, from which a uniform bound on
partition functions is derived as in Corollary 4.1.6.

PROPOSITION 4.3.6. Let N > 1, |B/~v| < 8r and m > 0. There exists a constant
Cp,y > 0 such that

s (logm)?\ "
(& Wmdgy - dz, < 1—&-0577 .
T2N m?2

PROOF. As in the first part of the proof of Proposition 4.1.5, we reduce by
means of Holder inequality to bound the integral

I:/ e%w’"(gﬂ7d)dajdy.
D2

We thus proceed to bound pointwise the interaction potential Wy, (x,y) = W, g2 (z, y)+
Wy (x,y). Let us first fix , and consider the small radius r,, = 21(7’57", as we did

in Proposition 4.1.5. For m large enough, B(x,r,,) C D, and we have showed in
Section 4.1 that for all z,y € R?,

1 T — C
Wi r2 (r) < “om log <| y|> XB(:D,T"L)(y) +—
T r

m m?’

We are thus left to bound w,,(z,y): by definition (4.3.3) and the maximum prin-
ciple, it holds, for all z uniformly in y,

m

! 1 d() C
m(2,y) < %Ko(md(fﬁ)) < o log <r> Xd(z)<rm + —

Going back to I, we get

B B
_ T dny d T any
]Sec/mz/ 1+(M) ! dy~/ 1+(($C)> K dx
B(x,rm) T'm D Tm

< eC/m? (1 + C’r,zn)2 ,

which concludes just as in Proposition 4.1.5. O
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REMARK 4.3.7. The technical reason behind the parameter restriction in Propo-
sition 4.3.6 and Proposition 4.3.1 above could be avoided if a local decomposition
of the Yukawa potential as in Proposition 4.2.2 is available for a general domain
D with smooth enough boundary. Indeed, in that case, one could deduce that
Zg N < 00, and thus that the meaure vg ., n is well defined for all values of
B8 > 0, v > 0. Likewise, Proposition 4.3.6 and in turns Proposition 4.3.1 would
hold woithout restrictions.

A way to prove a local decomposition for the Yukawa potential is to use the
same strategy of Section 4.2, namely the general representation (4.2.1), that holds
beyond the geometry of the sphere. Through the point of view of the heat kernel,
the role of the geometry of the domain and of its boundary becomes apparent in
terms of the divergence in time of the heat kernel, whose behaviour depends on
the number of geodetics and their intersection with the boundary. We refer to the
fundamental [139] for further details. We notice in particular that if the intrinsic
geometry of the domain is geodesically convex, that in the flat metric means that
the domain is convex, the same estimates, in particular [139, Theorem 2.1], of
the case without boundary such as the sphere or the torus, hold. This justify the
following corollary, that fully generalizes the central limit theorem of [26] from the
sphere to general convex domains.

COROLLARY 4.3.8. Assume the neutrality condition (4.3.2). If D is a convex
domain, then the conclusions of Theorem 4.3.2 hold for all 8 > 0 and ~y > 0.

4.4. A Comparison with Mean Field Theory

Let us spend a few words about how our results compare with the mean field
limit studied by [40, 41, 110], on which we will focus in the next Chapter. Those
works cover the case of vortices with identical intensities, while [26, 141] consider
vortices with (random) intensities of different signs. Vortices with random intensi-
ties on S? have been analyzed in [111].

The scaling of intensities || ~ N~!, is dictated by energy considerations, in
order for the dominant (infinite) self-interaction term to vanish. It is not the scaling
we assumed in the previous Sections, as it corresponds to the law of large number
scaling. The scaling of inverse temperature 8 ~ N is chosen so that the limit is
non-trivial, see [135]. The resulting Hamiltonian on a bounded domain D C R2
with parameters of order one up to rescaling, is

N
% Z 0:0;G (2, 5) + % Z o g(wi, i),
i<j i=1
with o; uniformly bounded. The corresponding Gibbs measure coincides with our
z/év = l/é\{ 1-

In the case of a bounded domain, for vortices with the same intensity, [40]
proved that the single vortex distribution, that is the one dimensional marginal of

I/év , converges to a superposition of solutions to the Mean Field Equation,
e
- [pePlda’

with the Poisson equation for the stream function v being complemented with
Dirichlet boundary conditions. Solutions to (4.4.1) are particular steady solutions
of the Euler equations that minimize the energy-entropy functional SE + S, defined
in (1.4.1). A unique minimum exists when § > 0 (and for 8 < 0 close enough to 0),
so that I/év converges, in the sense of finite dimensional distributions, to an infinite
product measure (propagation of chaos). Connections of the mean field equation

(4.4.1) w A = w,
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with the microcanonical ensemble and equivalence with the canonical ensemble are
considered in [41].

The case of intensities with different signs is studied in [26] through a large de-
viations approach. Under the assumption that the empirical measure of intensities
converges to a probability distribution pu, the joint empirical measure of intensities
and positions satisfies a large deviation principle with speed N1, and the extended
energy-entropy functional as rate function:

LB

2 R2x D2
where H is the relative entropy of v with respect to the product of 1 and the nor-
malized Lebesgue measure on D. The mean field equation satisfied by the density
(corresponding to the Euler-Lagrange equation for the minimisation problem of the
rate function) is

(4.4.2) H(v) 00'G(z, 2" )v(do, dx)v(do’, dz'),

1
p(U, x) _ Ee_ﬁw’
with Z a normalising constant and v is the averaged stream function,
(4.4.3) vla) = [ oGl p)plo pildo)dy.

Similar statement also hold in the periodic case.

Looking back to our setting, in both the case of zero average vortices on T2, S2,
and the one of vortices in a bounded domain D with neutral global intensity, for
B > 0, the free energy (4.4.2) is non-negative and attains the value zero on the
N-fold product uniform measure. Moreover, the stream function (4.4.3) is null.
The large deviations principle of [26] implies a law of large numbers, while our
Theorem 1.5.2 and Theorem 4.3.2 provide the convergence of fluctuations with
respect to the null average. We mention again the central limit theorem derived
in [26], which is however restricted to a disk domain and to a small class of test
function.



CHAPTER 5

Decay of Correlations in the Mean Field Limit

Mean Field scaling limits of 2-dimensional Euler point vortices, or the equiva-
lent 2-dimensional Coulomb gas, are a classical topic in Statistical Mechanics, and
a well established literature is devoted to them. The contribution to such theory
of [99], to which this Chapter is devoted, consists in determining the rate at which
correlations of vortices, i.e. charges, decay in the Mean Field limit.

Once again we focus on T? as space domain: other 2-dimensional compact
manifolds without boundary, or bounded domains of R? with smooth boundaries
can be covered by minor modifications of our arguments. On T2, in the Mean Field
scaling limit, that is in the limit N — oo, § — 0, NG = 1, the k-particle correlation
function of the Gibbsian enseble converge to 1. In other words, in such limit the
positions of vortices completely decorrelates. To evaluate the rate at which this
happens we will resort to the technique developed in the previous Chapter, in fact
exploiting techniques dating back to classical works on statistical mechanics of the
Coulomb Gas, such as the aforementioned [80, 152, 33, 34, 107, 108].

5.1. Mean Field Theory and Previous Results

Our discussion begins with a brief review of the Mean Field theory for point
vortices on the torus T?. We consider a system of an even number N of vortices
with positions

(T1,...2N8) = (ylvu'yN/Qlew”ZN/Q) ;

the first N/2 vortices have intensity +1, the others —1. For brevity, we will denote
z = (y,z) € TN the array of all positions. We consider the Canonical Gibbs
measure at inverse temperature § associated to the Hamiltonian

1 N/2 N/2N/2
(5.1.1) Hy(@) = 5 32 (Gl ) + Glainz) = D2 D Gl ).
i#j i=1j=1

In order to avoid redundant notation, we already introduce in the definition of
Gibbs’ measures the Mean Field Limit scaling, 5 — %
We have seen above that for any 0 < g < 47N,

1

= ei%HN(g)dey
Z8 N

ZgN = / e FHN@) 4N < oo, dpg N ()
T2><N

defines a probability measure on T?*¥ | symmetric in its first N/2 variables y; and
in the second N/2 variables z;.

The central object of our discussion is the k-point correlation function, the aim
being understanding its asymptotic behaviour in the limit N — co. We fix a finite
number of vortices: by symmetry, there is no loss in considering (y1, . . ., Yn, 21, - - - 2¢)
for N > h + £. To ease notation, we will write

QZ(ZIAL.'IV?), i‘:(gaé):<y17"'ayh7zl7"'zf>7
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and analogously & the array of vortices we are not fixing. We define

R 1 _B -
th7E(y1,...,yh,Zl,...Z£):th’g(x):T e NHAN@ g
B*,N TN—h—¢
Here and from now on dZ (respectively dZ) indicates integration with respect to
the N — h — ¢ 2-dimensional variables % (resp. the h + ¢ variables ).

THEOREM 5.1.1. Let 8 > 0; the free energy functional

1
(5.1.2) J%p+,pf)==B(A;(p+10gp+-%pflogpf)4-/Q}p+-—pfﬂ?*(p+-—pfx

P+, p— probability densities on T? such that p+ log p+ € L'(T?),

admits the unique minimiser p; = p_ =1. Foranyl < h+{ < N and1 <p < o0,
the (h+£)-point correlation function thJg converges to p§h®p§f =1 in L? topology,

(5.1.3) i {lowe = 1| ooy = 0-

The latter is a classical result, valid for more general geometries of the space
domain and for small negative temperatures regimes, although in such generality
the minimiser of the functional (maximiser for 5 < 0) might not be unique and
limit points of the sequence (p{cv n)Nen can thus be superpositions of minima (resp.
maxima) of F. We refer to [40, 41] and the monography [127] for a complete
discussion.

Stationary points of the free energy can be characterised as solutions of the
Mean Field equation for the potential ¢ = G * (p — p—),

e=BO B

_ 7. = Fboq
Z+ Z7 ) :l: /T2 € "E’

—A¢ =

which, up to a suitable choice of the average ¥ = ¢ + ¢, is equivalent to the sinh-
Poisson equation,

(5.1.4) Ay = lsinh(B¢), 40 :/ efﬁwdaj/ P,
(&3 T2 T2
see [135, section 7.5]. Since on the torus there is a unique and trivial solution
p = 1, such equivalence is trivial in our setting: it is nonetheless a more general
fact.
The main result of the present paper is the following refinement of Theo-

rem 5.1.1, concerning the rate at which the convergence (5.1.3) takes place.

THEOREM 5.1.2. Forany 8 >0,1<k4+h <N and1 <p < o0,

3
2

C
oy — 1| o rexny < —ﬁmg (log N)2.

The core idea behind our computations is the correspondence, provided by
Gaussian integration, between functionals of the vortex ensemble and certain Eu-
clidean field theoretic integrals. We are able to exploit such link, to be outlined in
the forthcoming section, only for positive temperatures, 8 > 0. This unfortunately
rules out a relevant regime, 3 < 0, in which the Mean Field equation on T? admits
nontrivial solutions, see [127].

5.2. The Coulomb Gas and Sine-Gordon Field Theory

The 2-dimensional, Coulomb gas is a classical mechanics system consisting of
point charges: we will consider the case in which there are two species of charges
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of opposite signs, but with same intensity. For a system of N charges, say half
positive and half negative, their dynamics is described by the Hamiltonian function

N
H= %ZP? + %ZainG(zi,zj)a

i=1 i#]
where G is the Green function of the Laplacian, as above, z; are the positions and
p; the momenta of the charges, o; = £1 the signs of the charges. In Gibbsian
ensembles of the system, momenta have Maxwellian (Gaussian) independent distri-
butions; when dealing with correlation functions or analogous functionals —which
is ultimately the aim of the present work— we can always integrate them out: it
is thus convenient to only consider the configurational (interaction) part of the
Hamiltonian.

We consider the system of charges in a bounded domain D C R?, so boundary
conditions have to be supplemented to define G: for the sake of this discussion
there is no difference in considering free boundary conditions, Dirichlet boundary
conditions (physically interpreted as considering the system in a cavity inside a
conductor) or the periodic case T2. It is immediate to observe that the (configura-
tional) Canonical Gibbs ensemble for the 2D Coulomb gas actually coincides with
the vortices ensemble defined above, provided that the same boundary conditions
are taken into account, since the configurational part of the Hamiltonian  is in
fact the same as (5.1.1).

5.2.1. The Sine-Gordon representation. It is a classical and well-known
fact that Gaussian integration provides a correspondence between two-dimensional
Coulomb gas and the Sine-Gordon field theory, as described in [152]. This equiva-
lence has been instrumental in the study of both systems, see for instance [80, 33,
34], since it allowed to employ techniques from both statistical mechanics and field
theory. The remainder of this section is dedicated to review such correspondence,
which we will exploit in the proof of Theorem 5.1.2. The following arguments are
mostly formal and not rigorous: indeed we only aim to provide a heuristic motiva-
tion of the techniques we are going to use.

The equivalence with Sine-Gordon theory is exact only when the Coulomb gas
is considered in the Grand Canonical ensemble. Let us then consider the (configu-
rational part of the) Grand Canonical partition function,

X _n
(5.2.1) 3.8 = Z % / ) exp (—B8Hu(z1,01,...Tn,0p)) dz"dv"™,

n=0
where the activity z > 0 controls the arbitrary (Poisson distributed) number n of
charges and v is the law of a -Bernoulli variable on {£1}; the positions z; and
signs o; are thus independent variables with law, respectively, dz on T? and v.
Notice that the neutrality condition has been replaced with an average neutrality,
J odv(o) = 0; this is only for the sake of simplicity of exposition, different and
more general choices can be made.

The corresponding (Euclidean) Sine-Gordon field theory has Lagrangian

L($) = B|Ve|* — 2z cos (B9),

so that the vacuum expectation value is

Vs = [ 1208 Dg — [exp (—5 | 1vopan 2 [ COS(ﬁqb)dm) Do.

The equivalence with Grand Canonical Coulomb gas is most immediately seen by
observing that the partition function 3, g actually coincides with the Sine-Gordon
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vacuum expectation, up to a normalising factor given by the vacuum expectation
of the free field,

(5.2.2) 328 =Vz,8/Vo,s-

This can be shown with the following formal computation. If X,Y are two real
standard Gaussian variables, it holds

s2+t2 . .
e F [elsXeltY] _ e—stE[XY]

By means of this Fourier transform, we can thus formally see any exponential
function e~ ¢@i:%5) as the field theoretic correlation function of the field operators
el X(@) ix(@i) with respect to the free (Gaussian) theory with action [ |Vy/|?dz
(the 2-dimensional Gaussian free field). More explicitly, we write

[eBEiox(@)e=8/p IVel*dep g
f e=BIp |V<¢>I2dmp¢

n
= exp fg Z 0i0;G(x;, x;)

1#]
The computation is only formal since the random field y has singular covariance:
its samples are not functions (x can be realised as a random distribution), and
thus the above complex exponentials need renormalisation to be rigorously defined.
Proceeding with the formal computation (in which for a moment we omit the infinite
renormalisation term Vy g = fe’ﬁf ‘V¢’|2D¢),

Z i' /d:m cdandy(oy) - - dy(an)/efﬁ I \V¢|2dID¢€iﬂZ?:1 aix(z:)
n!
n=0

- Z 'i: /efﬁfp |V¢>\2dwp¢ (/ dxdy(a)eiﬁg"(x))

S
3 20 &0 on n
= /e B [p IVe|*d D¢Z ol (/ dx2 cos(ﬂx(w)))
n=0

_ / ¢22 J cos(Be(@)du =P [ Vel dapy — ),

from which (5.2.2).

5.2.2. Mean Field Scaling and Correlation Functions. The Mean Field
scaling of Coulomb charges in the Canonical ensemble is

N
B—=eB, N——, —0,
€
and it corresponds in the Grand Canonical Ensemble to
B —epf, z»—)f, e—0
€

(e sometimes referred to as the plasma parameter). Applying the Mean Field scaling
to the Sine-Gordon theory one recovers the Klein-Gordon field theory: looking at
vacuum expectations,

V. /eep 20, /exp (/ |Vo|?dx +zﬂ/ ¢2d;v> Do,
D D

the right-hand side being the vacuum expectation of the theory with Lagrangian

2
L(¢) = [Vo|" — 28¢7,
This is because in such a scaling every term in the power expansion of the

interaction term cos(£y/B¢) is negligible save for the quadratic one. A straight-
forward computation —using for instance Fourier series on T2- reveals that the
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Mean Field scaling limit of 3, 3 in fact coincides with the partition function of the
Energy-Enstrophy invariant measure of the 2-dimensional Euler equations,

32/ee8 = Vaseen/Voo 20, Zg = /exp (—ﬁ/ wA_lde:> dp(w),
D

1
dp(w) = 7 /e* Jpwdrpy,

where ;1 —the Enstrophy measure- is actually the space white noise on T?. The
following result of [98] (to which we refer for a complete discussion of the involved
Gaussian measures), rigorously establishes such convergence for the Canonical en-
semble of charges on the torus TZ2.

THEOREM 5.2.1. For any 8 > 0,
lim Zgny = Z3.
Ngnoo BN A
Let us now fix the first k charges, with positions x1, ...z, € D and intensities
& = o4, 0 € {£1}, i = 1,... k. Their Grand Canonical correlation function is

obtained considering the ensemble composed of those and other n charges with
random position and intensities, n being also randomly distributed as before,

n+k
E —BHp )
p(‘rlvfh . x/ﬁé_k 3 'fl' / B (@i,00) H dl’ldl/ UZ
2,8 n=1 1=k-+1

In the Sine-Gordon correspondence, these statistical mechanics correlation func-
tions transform into the correlation (Green function) of the field operators e $iX(@i)

IH i\/Bal o(x4) fD (b)dac'Dd)
[ e~ = /b ﬁ(¢)dzp¢

The latter expression follows from the same formal computations of the previous
paragraph: we applied the Gaussian integration formula with respect to the free
field with Lagrangian 1 [|V¢|?dz, so that the dependence on ¢ is factored out from
the action.

As € goes to zero, the dominant contribution of the functional integrals in
(5.2.3) comes from the stationary points of the action S(¢) = [, L(¢)dx, which are
given by

(5.2.3) p(z1, &1, xp, &) =

% = A¢ — 2zsin(y/B¢) = 0,

which is equivalent, setting v = —i¢, to the Debye-Hiickel Mean Field equation,
Aty = 2z sinh(+/By),

which is a sinh-Poisson equation in agreement with the one in (5.1.4). In the
particular case of the torus, D = T?2, this equation only admits the trivial solution
1p = 0. The limit of correlation functions can thus be obtained by evaluating the
field operator Hle el VBoid(i) at the stationary point,

k
plan, sy, &) ~ [ e VPEvien =1,
i=1
Formal computations involving power expansion of the cosine interaction term leads
to further orders behaviour of the correlation function in ¢, see [107].

Our work actually finds an analogue in [107], with some important differences:
they consider Coulomb charges in dimension 3 (while we exclusively focus on the
2-dimensional case), and their charges are smeared, the cutoff parameter going to
zero in a suitable rate with respect to the Mean Field scaling, while we retain the
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whole singularity of the interaction. The latter difference is analogous to the one
between the two works [17] and [98].

5.3. Decay of Correlations

Let us now proceed to the proof of our main result, Theorem 5.1.2. The main
difficulty is due to the logarithmic singularity of the Green function G, which we
solve splitting the potential as in the previous Chapter. We thus make use of
notation and results of Section 4.1: for m > 0,

(5.3.1) G=-A"= (A== A) "+ (m* - A)" =V, + W,,.

and accordingly

N N
H=Hy, +Hw, =Y &&Vn(wiz;) + Y &&Wn (i, 7).
i<j i<j
We will regard the regular part of the Hamiltonian corresponding to V,, as
the covariance of a Gaussian field as we formally did in Section 5.2 for the full
Hamiltonian. Let F}, be the centred Gaussian field on T? with covariance kernel
Vin: we have shown above that F,, has a version taking values in L?(T?) for all
p > 1, and a version which is a-Holder for all @ < 1/2. Moreover, we have the
following estimates:

LEMMA 5.3.1. For any a >0, p > 1 and m — oo,

(5.3.2) E [I1Fnl}] = (logm)»/2,

(5.3.3) E [exp (—a ||Fm||§)} ~m 5

and, moreover, for 0 < a < o,

(5.34)  E [exp(—al|Fnl32)] — E [exp(=/[|Fnl32)] < (o — a)m™ 27 logm.
The first two estimates were proved in Section 4.1; (5.3.4) is obtained consider-

ing the first order Taylor expansion of the exponential and controlling the remainder

by means of Gaussian computations analogous to the ones above.

Let us now consider the Sine-Gordon transformation applied to Hy;, , that is
we recall (4.1.7):

/ e PV dyy - day,
T2N

N
- /11'2N P\ TN ZUzUij(l‘i,mj) dry---dr,
i#j
8 7 &
e e l/ﬂ?}v exp <_ i \/;;O'iFm(xi)> dry - da:n] '

In both expressions, [E denotes expectation with respect to the law of the Gaussian
field F,,,. We obtained above the following estimate on the regular Gibbs partition
function (see also Proposition 5.3.4 below):

PROPOSITION 5.3.2. For any 8 > 0 and integer n > 1, if m = m(N) grows at
most polynomially in N, then it holds

—BHy, d d < C 1 m% (1Og m)2n
S G T R

uniformly in N.
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We will also need the control on (the partition function associated to) the
singular part of the potential W, provided by Proposition 4.1.5. Finally, we will
need some elementary properties of real and complex exponential integrals, which
we isolate here for the reader’s convenience.

LEMMA 5.3.3. Let (X, u) be a probability space and f € L*(X, ) with [ fdu =
0 and fe*"‘fd/i < 0o for > 0. Then for alln > 1,

/(eff — 1)2n dp < 22772 /(6727”0 — Ddpu.
Moreover, if additionally f € L*(X,p) , then

‘/eifdu _ b3

Proor. Expanding the product,

/(e—f 1) du = i (2;‘>(—1)k/e—kfdu,

k=0

I£15 Il
< .
- 6 + 8

and controlling positive and negative terms respectively with Young’s and Jensen’s
inequalities,

1S€7kffd'u§/€7kfd'uf £/672nfdu+2n_k’
2n 2n

we get

which proves the first statement. As for the second one, thanks to the zero average
condition, we can expand

/ o F@) g — o= 31713
TZ

:/ (eif(x)lif(:z:)+f(x)2>dz <eé|f|%1+f”§>
- 2 2

and then apply Taylor expansions

2
e”—1—z’t+t—
2

t3 2

t
_t_ v
§6, le 1+t\§2. ]

5.3.1. Proof of Theorem 5.1.2. To ease notation, in the following argument
we will denote

E; :/ G VBFn@) g € = e anIFmllls
T2

(notice that both depend on N,m = m(N)) and thus write (4.1.7) as

N
— B
/ e BHVm dxl e dxn = e2v Vm(0,0)]E H EJ
T2N J—l
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In sight of Lemma 5.3.3, we expect the 0-th order term (in 1/N) to be given by
v,

¢35 Vm 00 [EN], which is O(1) as shown above in Lemma 5.3.1. The forthcoming
proof applies the Taylor expansion of Lemma 5.3.3 to further and further orders.
PRrROPOSITION 5.3.4. For any § > 0 and integer k > 0, let
N
=(IT &)~
j=k+1

If m = m(N) grows at most polynomially in N, for every integer n > 1

C n O mn n
Bl|7) < = tm ™t (logm)? + =2 (logm) /%

Proor. For n = 1, we expand the product H;V:m_l E; by means of the alge-
braic identity introduced in (4.1.8),

N N
(5.3.5) Il Ei=eV"+ Y (B-&eN- f( H E)

j=k+1 t=k+1 j=k+1
For n = 2, by iterating (5.3.5) we get the identity
N
Ry =ENTFL N (B -
t=k+1
N £-1
+ Y ENTROTYE, — &)(E, - 5)( 11 Ej>.
k+1<l1<€a<N j=k+1
For general n, the iteration of (5.3.5) yields,
n—1 l
PR ST SR | (T
=1 k+1<k;<---<k,<N j=1

+ > gNn—htl (ﬁ(Ek]. - 5)) <kﬁ1 Ej>.

kA 1<k <<k, <N j=1 j=k+1

To estimate the expectation of %y, everything boils down to estimate expectations
of terms E(|F,,, |34 for a,b > 0. Indeed, we notice that |[E;| <1 and £ < 1, and
that by Taylor expansion, and since F), has zero average on the torus, |E; — &| <
N=3/2||F,,||35. By Lemma 5.3.1 and Cauchy-Schwarz,

E[E%|| F||33] < E[£%%)3 || F,||S3]2 < m~ 757 (log m)®.

Thus,
n—1
E[|Z) S NTPR[EN T By 35]
(=1
1 N—n+1
> NTUEE[EN TR R, 3]
ki1=k+1

< ZN £/2 — 4”1\, (logm)SZ/2+N n/2(10gm)3n/2

1
< ——m~ % (logm)? + N~"/2(log m)*"/?,
Vii
since m is polynomial in N, therefore N—1/2 (log m)3/2mﬁ/4’rN is smaller than 1 for
N large enough. (]
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REMARK 5.3.5. In fact, Proposition 5.3.4 reprises the argument used in [98] to
prove Proposition 5.3.2: indeed, the latter can be deduced from the former.

PROOF OF THEOREM 5.1.2. Fix an even integer N > 1 large enough, an ex-
ponent p € [1,00), and denote by g € (1, o] the Holder conjugate exponent, so that
1/p+1/qg=1. Let f € LI(T?**) be a test function such that || f| . < 1. We use
the potential splitting (4.1.3), with m polynomial in N, to decompose the integral

of f,

. N ga 1 N, _B _ B8 .
/T @@ e = o [ @) Fi Rt iz iz
1
+— | f@)e KH didz
ZBN T2k
= [S] + [R].

We first consider [S]. Let r, s > 1 be such that 1/r+1/s = 1/p, then by the Hélder
inequality,
1

Zs N
By Jensen’s inequality, Zg y > 1, moreover, by Proposition 5.3.2, ||e’%HVm|

uniformly bounded in N by our choice of m. If n is the smallest integer such that
2n > r (thus 2n < r 4 2), by Proposition 4.1.5 and Lemma 5.3.3,

_8 _8
[5] < le™ ¥ Hwm —1|p- e~

Ls is

7 N =
pg ([ e 1) < (S logm)?)
T2N m

since by our choice of m, N/m? converges to 0 polynomially in 1/N.
We turn to the estimate of [R]. Set

o= ([ ) (1),

(5.3.6) e~

then as in (4.1.7),

1

2BVin(0,0)
—e2 E
Zﬁ N

[R] =

(H E;) | f@)i@)d 1

Jj=k+1 Ter

Consider the two terms that originate from the decomposition of the product in
EN-Fk 4 7. First, by Proposition 5.3.4,
0 2B8Vin(0,0)

1 .
E[%. | f(&)0(@)di] < —etPrOVE]%|
ZB N ’]I‘Qk ZB N

(5.3.7) ’ . ’ . A
ogm)z  mi= 3n/2
Vi + N (logm)~™/=.

By a Taylor expansion,

. 1 1
0(2) — 1] £ Wi ZFm(yj) + Vi ZFM(ZJ)7

therefore, by Lemma 5.3.1,

e38Vm(0,0)
[ [en- / F(@)(3(3) di = 1)]| 5
T2k
It remains to consider only the term,

1(e%ﬁVM“O)(IE[SN’“}—Zﬂ,N) / f@)di+ | f(@)dd
’]T2k

5.3.8
(5.3.8) Zon

Zg N
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and we wish to estimate the contribution to the rate of convergence of the term in
brackets in the formula above. Applying the same estimates of above to f = 1, we
see that the term in brackets is, up to error terms of the same order of those in
(5.3.6) and (5.3.7), controlled by

(5.3.9) e3PV 00 (E[EN—K] _ g[eNT]) < % logm

The last inequality follows from Lemma 5.3.1. We finally choose m = N¢. With
a=1+1%, (5.3.6) is controlled by N~/?(log N)32, as well as (5.3.8) and (5.3.9).
Likewise for (5.3.7) if we choose the integer n > 1 + %a. O



CHAPTER 6

Stationary Solutions by Point Vortices
Approximations

In this Chapter, following [94], we discuss again solutions to the 2-dimensional
incompressible Euler’s equation with frictional damping, on the torus T? = R?/Z2,

(601) 8tut + ug - V’th + th = —Gut + Ft, V- Uy = 0,

where 6§ > 0 and F} is a stochastic forcing term. We will consider weak solutions in
the form of point vortices systems, and their scaling limit to Gaussian solutions, in
the spirit of [71] and Chapter 4.

We will treat our model equation in vorticity form,

(602) 8twt = —th + Uy - th + Ht, Wwr = VL © U,

and exhibit solutions by adapting the point vortices model for Euler’s equation. In-
clusion of the damping term in our model will amount to an exponential quenching
of the vortex intensities, with rate 6. Because of dissipation due to friction (which
physically results from the 3-dimensional environment in which the 2-dimensional
flow is embedded), a forcing term is necessary in order for the model to exhibit
stationary behaviour. We will choose as II; a Poisson point process, so to add new
vortices and rekindle the system. The linear part of (6.0.2) suggests that stationary
distributions are made of countable vortices with exponentially decreasing inten-
sity, but in fact dealing with solutions of (6.0.2) having such marginals seems to
be as hard as the white noise marginals case. The latter will be also addressed,
considering a central limit scaling of the vortices model, resulting in solutions of
(6.0.2) with space white noise marginal, and space-time white noise as forcing term.

The main result of the Chapter is the existence of solutions to (6.0.2) in these
two cases: infinite vortices marginals and Poisson point process forcing; white noise
marginals and space-time white noise forcing. The latter one draws us closer to the
models in [27], where the forcing term was Gaussian with delta time-correlations.
We will apply a compactness method: our approximant processes will not be ap-
proximated solutions (as in Faedo-Galerkin methods), but true point vortices solu-
tions with finitely many vortices.

6.1. Preliminaries and Main Result

Our space domain is the torus T?: we adopt notation and conventions estab-
lished in previous Chapters. We denote H® = H®(T?) = W*2(T?) for a € R,
and L? = L?(T?). We recall that Sobolev spaces enjoy the compact embeddings
H® — HP whenever < «, the injections being furthermore Hilbert-Schmitd if
a > [+ 1. We will often consider functions of two space variables, i.e. functions
on T? x T? = T?*?, and denote by LZ,,,(2 x 2) the space of symmetric square
integrable functions,

Lgym(Q x 2) = {f € L*(2x2): f(x,y) = f(y,x) Yo,y € ']I‘Q}.

81
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Analogously, H2, (T?*2), o € R will be the L2, (2 x 2)-based Sobolev space of

sym sym
symmetric functions. The space of finite signed measures on the torus is denoted

by M = M(T?).

The capital letter C' will denote (possibly different) constants, and subscripts
will point out occasional dependences of C' on other parameters. Lastly, we write
X ~Y when the random variables X,Y have the same law.

6.1.1. Random Variables. In order to lighten notation, in this paragraph
we denote random variables (or stochastic processes) and their laws with the same
symbols. Let us also fix H := H~'79 with § > 0, the Sobolev space in which
we embed our random measures and distributions. We will deal with stochastic
objects of Gaussian and Poissonian nature: we refer to [145, 153] for a complete
discussion of the underlying classical theory.

We denote W; be the cylindrical Wiener process on L?(T?), that is (W, f) is
a real-valued centred Gaussian process indexed by t € [0,00) and f € L?(T?) with
covariance

(6.1.1) E[<Wt7f>7<stg>] :t/\5<fvg>L2('JI‘2)

for any ¢, s € [0,00) and f,g € L?(T?). Since the embedding L?(T?) — H~179(T?)
is Hilbert-Schmidt, W; defines a H~'~%-valued Wiener process. The law 7 of W,
is the white noise on T?, and it can thus be regarded as a Gaussian probability
measure on H 7% Analogously, the law ¢ of the (distributional) time derivative
of W is the space-time white noise and it can be identified both with a centred
Gaussian process indexed by L2([0,00) x T?) and identity covariance operator or
with a centred Gaussian probability measure on H~3/279([0, 00) x T?).

Besides those Gaussian distributions, we will be interested in a number of
Poissonian variables, which we now define in the framework of [145]. For A > 0,
let 7 be the Poisson random measure on [0,00) x H~'79 with intensity measure
v given by the product of the measure Adt on [0,00) and the image of 0d, where
o = £1 and = € T? are chosen uniformly at random. In other terms, one can define
the compound Poisson process on H~'~? (in fact on M),

t
(6.1.2) 5= 0ie, = | dn,

it <t 0

starting from the jump times t; of a Poisson process of parameter A, a sequence o;
of ii.d. +x1-valued Bernoulli variable of parameter 1/2 and a sequence z; of i.i.d
uniform variables on T2. Notice that, since its intensity measure has 0 mean, 7 is
a compensated Poisson measure, or equivalently Ef‘ is a H~'~%-valued martingale.

Moreover, ¥} has the same covariance of W; (up to the factor \):

(6.1.3) E[(2), £)(22,9)] = MtAs) (£,9)]2
and also the same quadratic variation,
(6.1.4) [(ZX )], = AellflZ=

We will need a symbol for another Poissonian integral, the H~!~°-valued (in
fact M-valued) variable
M
(6.1.5) 2= e, = / e tdr?,
0

it <M

where M, 6 > 0. Thanks to the negative exponential, the above integrals converge
also when M = oo, defining a random measure: we will call it =4 = Z2.0.
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REMARK 6.1.1. By (6.1.5), a sample of the random measure E?/’[e is a finite

sum of point vortices &;6,, with & € R,x; € T2, We will say that the random

vector (&,2)i—1..n € (R x T2)N (with random length N) is sampled under 2}

if vazl &6y, has the law of Eﬁf. Analogously (and in a sense more generally

speaking), the sequence (t;,0;, 7;);en is sampled under 7 if the sum of 0;0;,6,, has
the law of the Poisson point process 7.

These Poissonian measures are characterised by their Laplace transforms: for
any measurable and bounded f : T? — R,

(6.1.6) E [exp (a(f,5)))] = exp ()\t /{

(e*?T®@) _1)dodz | ,
+1}xT?

611 & o (o (=) o (00 i)

where do denotes the uniform measure on £1. By the isometry property of Pois-

sonian integrals, the second moments of ¥} and E?)fe are given by

=, ] =oga-em

B[ ] = o E [

where C' = ||5||§{,1,5 is the Sobolev norm of Dirac’s delta.
An important link between the objects we have defined so far is the following:

PROPOSITION 6.1.2 (Ornstein-Uhlenbeck process). Consider the H~'~°-valued
linear stochastic differential equation

If I, = VAW, there exists a unique stationary solution with invariant measure
\/§n, and if ug ~ Cn (C > 0), the invariant measure is approached exponentially
fast, uy ~ \/%(1 — e 20t(1 — C?))n.

Analogously, if Iy = X, there exists a unique stationary solution with invariant

- . =0, . =0, -
measure 2%, and if ug ~ EN s then ug will have law Zy7, for any later time t > 0.

The linear equation (6.1.8), in both the outlined cases, has a unique H~'~-
valued strong solution, with continuous trajectories in the Gaussian case, and cadlag
trajectories in the Poissonian one. Well-posedness of the linear equation and unique-
ness of the invariant measure are part of the classical theory, and they descend from
the explicit solution by stochastic convolution:

t
(6.1.9) uy = e~y +/ e 0=3) 11,

0
from which it is not difficult to derive also the last statement of the Proposition.

6.1.2. Stochastic Double Integrals. Let 1 be the space white noise on T? as
in the previous section. Considering 7 as a random distribution in H~'=%, the tensor
product 7 ®n is defined as a distribution in H~2729(T?*2), so for h € H?>TI(T?*2)
we can couple (h,n ®n).

The couplings of 7 against L?(T?) functions are only defined as Ito-Wiener
integrals: double Ito-Wiener integrals play a crucial role in our discussion, so let
us reprise and expand the arguments of Section 1.4. We have denoted above the
double stochastic integral with respect to n as

L2, (T??) 3 b (h,non) € L*(n)

sym
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the map being an isometry of Hilbert spaces which is not onto: its image is the sec-
ond Wiener chaos. The following Lemma provides a rigorous definition expanding
the one given above.

LEMMA 6.1.3. The following provide equivalent definitions of the map h +—
(h,mon):
e the extension by density in L*>(T?*2) of

L2, (T>%) 3 f@ge=in, ) (n.g):=(n, f)(n.g) — (f,9) € L*(n),

forall f,g € L2(T2) and with f ® g(z,y) = f(m)g(y);f(y)g(w);
e the extension by density in L?(T?*2) of the map

(6'1'10) Z a‘i17i21A111 X Aiy (337 y) = Z ail,izn(Ah)n(Aiz) € LQ(U%

il,ig:l,...,n i17i2:1,...,n
e 1742
wheren >0, Ay, ..., A, C T? are disjoint Borel sets and a; ; € R, so that

functions of the form above vanish on the diagonal x =y € T?;
e the extension by density in L*(T?*?) of the map

(6.1.11) Yh € C*°(T?*?) : Yz € T2 h(z, ) = 0, h— (h,n@mn).

For any h € H%H0(T?*2) it holds as an equality between L?(n) variables

sym

(6.1.12) (h,n®@mn) = (h,non) + . h(z,z)dz
T

(since it is true for the dense subset of symmetric products) where we remark that
fTQ x, z)dx makes sense since h has a continuous version by Sobolev embedding.
We thus see that Ito-Wiener integration corresponds to “subtract the diagonal
contribution” to the tensor product.

Let A\,0, M > 0. In the Poissonian case, we can define double integrals against
continuous functions h € C(T?*?2) P-almost surely as

=A0 o =20 —0(ti+t,
<h,HM ® Ey > E oioje "G h(x, a)),
4,5:tq,t; <M

where x;, 0;,t; are distributed as in the definition of Z M , (6.1.5). If we consider in
the Poissonian case the third approximation procedure of Lemma 6.1.3, we obtain
a different, “renormalised” Poissonian double integral.

LEMMA 6.1.4. Let A C C(T?*2) be the family of continuous functions vanishing
on the diagonal, h(z,x) =0 for all x € T?. Then for all h € A

oo 2o
(6.1.13) E [Kh,y S ] = 2 M g

As a consequence, the map A > h — <h, :Rj) ® :;\\/[0> € L2( ) extends by conti-

nuity to a map
=A0 _=\0 —\,0
LX(T>*?) 5 h <h 2N BN > e L2(E)))

which satisfies (6.1.13), and which is given, for functions h € L?(T?*2) continuous
outside the diagonal set {(I,x) tx € TZ} C T2X2, but possibly discontinuous or
singular on it, by

Y Ottt (e
(6.1.14) <h,:M o =0y > = g oioje G (2 x5).
i7jiti,tj§M
i#]
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The proof of the latter (as well as the one of Lemma 6.1.3) is a straightforward
computation. In a sense, in the Poissonian case the “subtraction of diagonal con-
tributions” is made even more evident then in the Gaussian case by (6.1.14), where
the sum runs over distinct indices.

6.1.3. Main Results. Fix A, 0 > 0. Our model is the stochastic differential
equation

(6.1.15) dw = —fwdt + (K * w) - Vwdt + dIl;,

where dIl; is either the Poisson process d¥} or the space-time white noise dW;.
We have seen in Proposition 6.1.2 how the linear part of the equation behaves; the
intuition provided by the point vortices system suggests that, thanks to the Hamil-
tonian form of the nonlinearity, the latter only contributes to “shuffle” the vorticity
without changes to the fixed time statistics. This intuition can be motivated as
follows. Since the point vortices system preserves the product Lebesgue measure,
the system must preserve the Poissonian random measures E;\\/’IQ we introduced in
subsection 6.1.1, because the positions of vortices under those measures are uni-
formly, independently scattered (this fact will be rigorously proved in Section 6.2
for M < 00). Building Gaussian solutions by approximation with Poissonian ones
thus must produce the same phenomenon. In other words, with an eye towards
stationary solutions, we expect to be able to build a Poissonian stationary solu-
tion with w; ~ =% in the case II; = ¥, and a stationary Gaussian solution with

Wy ~ ,/2—)}917 in the case II; = VAW,.

REMARK 6.1.5. These claims are deeply related with the fact that 2D Euler’s
equation preserves enstrophy, fw w(x)?dx, when smooth solutions are considered.
The quadratic form associated to enstrophy, that is the L?(T?) product, is (up to
multiplicative constants) the covariance of random fields E?‘Vf and 7: as already
remarked in [4], one should expect all random fields with such covariance to be
invariant for Euler’s equation, even if the very meaning of the latter sentence has

to be clarified.

First and foremost, we need to specify a suitable concept of solution: inspired
by the discussion of the last paragraph, we give the following one.

DEFINITION 6.1.6. Fiz T,6 > 0, and let (Q, F,P, F;) be a probability space with
a filtration F; satisfying the usual hypothesis, and let (wt)efo,1) be a H='% valued
Fi-predictable process, with trajectories of class
(6.1.16) L*([0,T), H*=%)n'D([0,T), H>7?)
(D([0,T],S) denotes the space of S-valued cadlag functions into a metric space S).
On (Q,F,P,F;) we also consider a H™*~°-valued Fy-martingale (I;);ep0.1). We
consider the following cases: for 6, A > 0,
(P) T; = ) and w; ~ ER/’[GH (defined respectively in (6.1.2) and (6.1.5)) for
all t € [0,T], with 0 < M < oo;
(Ps) Ty = X and wy ~ =30 for all t € [0,T);
(G) Ty = VAW, and w; ~ \/ﬁu — e 20+ for all t € [0,T], with 0 <
M < oo;
(Gs) T, = V AWy and w; ~ \/2—>‘077 for allt €10,T].

We say that (Q, F, P, F;, I1;, wo, (we)tejo,]) s a weak solution of (6.1.15) if for any
f € C>=(T?) it holds P-almost surely for any t € [0,T):

t t
(6.1.17) (f,wr) = e " (f,wo)+ / e 0 (Hp w0 wy) ds+ / e 0= (f,dIL,),
0 0
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where (Hy,ws ows) is defined as in Lemma 6.1.4 in cases (P), (Ps) and as in
Lemma 6.1.3 in (G), (Gs). If instead, given (Q, F,P, Fy, W) there exists a process
wt as above, we call it a strong solution.

REMARK 6.1.7. The “variation of constants” expression in the above definition
is equivalent to the “integral” one

(6.1.18) <f,wt>:<f,wo>—9/0 <f,ws>ds+/0 (Hyows ows)ds + (f11)

as one can verify integrating by parts in time. Both versions will be useful in what
follows, but we deem (6.1.17) more suggestive.

REMARK 6.1.8. The nonlinear term of (6.1.17) is well-defined thanks to the
isometry properties of Gaussian and Poissonian double integral (see Section 6.1):
indeed, the integrand is bounded in L?(IP) uniformly in time, so that, in particular,
fot (Hf,ws ows) ds is a continuous function of time.

We are now able to state our main result.

THEOREM 6.1.9. There exist weak solutions of (6.1.15) in all the outlined cases,
stationary (as H™ 7% -valued stochastic processes) in the cases (Ps) and (Gs).

As already remarked, equation (6.1.15) is difficult to deal with directly in the
Gaussian (or even the stationary Poisson) case: for instance it does not seem pos-
sible to treat it with fixed point or semigroup techniques. We prove existence of
stationary solutions by taking limits of point vortices solutions, corresponding to
the case (P). We begin with a solution wy; of the equation (6.1.15) with noise ¥
starting from finitely many vortices distributed as E?\}[)‘. Well-posedness in this case
is ensured by a generalisation of Theorem 1.3.1, whose proof is the content of Sec-
tion 6.2. The first limit we consider is M — oo, so to build a stationary solution
with invariant measure Z%* and thus obtain existence in case (Ps). Scaling inten-
sities o — ﬁ and generation rate A — N\, we prove that as N — oo the limit

points are stationary solutions of (6.1.15) driven by space-time white noise and with
invariant measure the space white noise. The nonstationary Gaussian case (G) will
be derived analogously, in this sort of central limit theorem.

We are applying a compactness method: first, we prove probabilistic bounds on
the involved distribution, in order to -second step- apply a compactness criterion
ensuring tightness of the approximating processes; finally, we pass to the limit the
equation satisfied by the approximants.

REMARK 6.1.10. Consider the case when no damping or forcing are present:
we noted above that the classical finite vortices system Equation 1.3.1 preserves the
product Lebesgue’s measure, so in particular the distributions E?V’IA with M < oo
and 6,\ > 0 are also invariant. The very same limiting procedure we are going
to use, as M — oo, proves existence of stationary solutions to Euler’s equation in
its weak formulation with invariant measure Z%* (or 7, the case of [71]). More
generally, Poissonian and Gaussian stationary solutions, as suggested in [4], should
be particular cases of stationary solutions with independently scattered random

distributions.

6.2. Solutions with finitely many vortices

Even in the case of initial data distributed as Eﬁf, that is with almost surely

finitely many initial vortices, solving the nonlinear equation

(6.2.1) dw = —wdt + (K * w) - Vwdt + d¥)
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is not a trivial task. We will build a solution describing explicitly how the initial
vortices and the ones added by the noise term evolve, as a system of increasingly
numerous differential equations for the positions of vortices x;. Intuitively, the
process wyy,; is defined as follows: from the initial datum wys(0), which is sampled

under E(j\;f‘, we let the system evolve according to the deterministic dynamics

.’i)‘i = Z §j€_0tK(.%‘i, .%‘j)
J#i
until the first jump time ¢, of the driving noise ¥}', when we add the vortex corre-
sponding to the jump, and so on. To treat the model rigorously, let us introduce
the following notation: let z1,...,2Zn0 and &1 ,...,&n,0 be the (random) posi-
tions and signs of vortices of the initial datum, and set for notational convenience
ty = -+ = t, = 0 their birth time; at time ¢; it is added a vortex with intensity
&+, = £1 in the position x; ¢+,, but we can pretend it to actually have existed since
time 0, and just come into play at the time ¢;. Thus, our equations are

t
(6.2.2) Tip = Tiy; + ltigt/ Z §s K (i, 7j,6)ds,
i j#iit;<s
_ Jé&o b<ti
(6.2.3) it = {e—e(t—ti)gi,o t>t;

In this formulation of the problem, part of the randomness consists in the positions
and intensities of the initial vortices and the ones to be: the random jump times
t; then determine when the latter ones become part of the system. Let us thus
fix the ¢;’s (that is, condition the process given the distribution of the ¢;’s) so to
reduce us to a deterministic problem with random initial data. The existence of a
solution for almost every initial condition is ensured by the following generalisation
of Theorem 1.3.1.

PROPOSITION 6.2.1. Let (x;0)icn be a sequence of i.i.d uniform variables on
T2. For every locally finite sequence of jump times 0 < t; < --- < t; < --- < 00
and initial intensities (£;0) € [—1,1] the system of equations (6.2.2) and (6.2.3)
possesses a unique, piecewise smooth and continuous, global in time solution, for a
full probability set which does not depend on the choice of t;, & o. At any time, the
joint law of positions x; is the infinite product of Lebesgue measure on T?2.

We use the hypothesis that the jump times ¢; are locally finite (there are only
finitely many of them in every compact [0,7]) so to reduce ourselves to a system
of finitely many vortices. In fact, we repeat the proof of [65, 135] adapting it to
our context. The issue is the possibility of collapsing vortices, which is ruled out
as follows. We define an approximating system with interaction kernel smoothed
in a ball around 0: the smooth interaction readily gives well-posedness of the ap-
proximants, on which we evaluate a Lyapunov functional measuring how close the
vortices can get. Bounding the Lyapunov function then ensures that as the regu-
larisation parameter goes to 0, the approximant vortices in fact perform the same
motion prescribed by the non-smoothed equation.

PrROOF. Let § > 0, and consider smooth functions G5 coinciding with G outside
the fattened diagonal {(z,y) € T>*?:d(x,y) <} (d being the distance on the
torus T?), and such that

c
d(x,y)
Note in particular that the latter inequality was already true for G. Let us first
restrict ourselves to a time interval [0,7]: in particular, we can consider only the

(6.2.4) |Gs5(z,y)| < C|G(z,y)|, |VGs(z,y)|] < Vr,y € T2
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finitely many vortices with t; < T, let them be z1,...,z,. Notice that smoothing
K does not effect the evolution of the intensities &; ;.
Thanks to Cauchy-Lipschitz theorem, the system with smoothed interaction

kernel K5 = V1G5 has a unique smooth solution x?)t for t € [0,t1]. The time
derivative :'Egt is not right-continuous at ¢t = ¢, but on (¢1,%;] is again smooth,
so we can extend the unique solution applying Cauchy-Lipschitz in [t1, t2] starting
from ﬂﬁg,tﬁ notice that the resulting solution on [0,¢5] is continuous, although not
differentiable at t;. Proceeding as such we extend well-posedness to all ¢ > 0.

Because of the Hamiltonian structure of the equations, that is, since Ks =
V+1Gs, it holds div ;icf}t = 0 for any t # t1,...t,. As a consequence, by Liouville’s
theorem (see for instance [50, Section 2.2]) the flow is measure preserving on inter-
vals (t;,t;4+1], where it is smooth. But we have seen that the solution xfﬁt is given
by a composition of such transformations, so that the product Lebesgue measure
is preserved at all times.

Let us now introduce a Lyapunov function measuring how close the existing

vortices are by means of Gj:

Ls(t) = L5(1f,a:‘1;7t7 .. ,xfm) = - Z G5(x?,t, a:?,t).
ittty <t

By replacing G5 with G5 — k for a large enough k£ > 0 in the definition of Ls we can
assume that L is nonnegative. Observe that, because of (6.2.4), fwm Ls(0)dzxy, ... dx, <
C for a constant C independent of §. Upon differentiating, and keeping in mind
that

Bo= > GaVIGs(a)al,), V> tit £t t,

it <t

(again, the flow is continuous but only differentiable away from jump times), we
obtain, for all ¢t # t1,...t,,

d 5 .6 .5 ¥
%Lé(t) = - Z VG(S(‘Ti,t’ mj,t) : (mi,t + xj,t)
it b <t
= Z dijk(t)VGé(mf,tv x?,t) ’ VJ‘G(;(vat, Ii:,t)v
i,7,k<n

where @;;x(t) depend on time ¢ as functions of the intensities &; ;, d;;x = 0 whenever
two indices are equal, since VGs(x?, — x?yt) VEGs(2d, - xg’t) = 0 and it always
holds |a;jx(t)| < 1. As a consequence, and using the fact that the solution xf’t is
continuous, we have

t
Ls(t) = Ls(0) + Z /0 &ijk(t)VG(;(xgs,z;S) . VJ‘G(g(xgs,xi’S)ds.
i,7,k<n

We can use this to prove the following integral bound on Lg: denoting by dz™ the
n-fold Lebesgue measure of the distribution of initial position,

/ sup Ls(t)dz" §/ Ls(0)dz"™
']I T2><TI,

2Xn te[O’T]
, T
S Sl A R CXE R RN AP
Z_$j’k 0 T2><7’1r ? ’ ’ ’
! 1
§/ L(;(O)d;v"—i—TZ/ |VG5(xi,xj)-V Gg(:ci,xk)|dx"
’H‘2><n ’H‘2><'n,

.5,k

< / Ls(0)dz"™ + TC, IVGs(z,y) - V+Gs(, z)| daedydz < Cr,
T2Xn

’H‘2><3
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Cr being a constant depending only on T' (n depends on T'). In the second and

/
third lines, Z denotes summation over indices i, j, kK = 1, ...n such that no pair of
them coincide. In the second inequality we have used the invariance of Lebesgue’s
measure, in the third one the fact that summation is over distinct indices and in
the last step the aforementioned integrability of Ls(0) and the fact that, because
of (6.2.4), the integrands in the second term are bounded by
C
‘VG(;(%‘ —y)-ViGs(x — z)‘ < —
|z —yllx — 2|

With these estimates at hand, we can now pass to the limit as § — 0: let

dsr(z") = min mind(z?, — z9,),

6=T( ) te[0,T] i#j ( it _],t)

so that

dsr(z™) < 6= sup Ls(t) > —Clog(9),
t€[0,T]

since when two points x, y are closer than d, Gs(z,y) > Clog(d) for some universal
constant C. As a consequence, by Cebysév’s inequality,

P(Qs.7) :=P(ds 7 (z") < ) < C'(—1logé) ™.

By construction, in the event €f ;. the solution xf’t is in fact a solution of the
original system in [0, T]. Hence, the thesis holds if the event

Q={J ()
T>06>0
is negligible. But this is true: {57 is monotone in its arguments, so that the
intersection in § is negligible because of the above estimates, hence the increasing
union in 7" must be negligible too. O

The forthcoming Corollary is a direct consequence of Proposition 6.2.1: indeed
to complete our construction we only need to randomise the jump times and inten-
sities so that the initial conditions and driving noise have the correct distribution.
Assume that

o (21,0,£1,0)s--- (2n,0,&n,0) are positions and intensities of vortices sampled
under Ej/’[\,
® (tntm, Tntm,0sEntm,0 = Ontm)m>1 is sampled under ™,
both in the sense of Remark 6.1.1, with variables defined on a probability space
(Q, F,P). Then there exists a piecewise smooth, cadlag solution of the system of

equations (6.2.2) and (6.2.3) for all ¢ € [0,00), P-almost surely. Moreover, the
positions of vortices at any time ¢, z; ¢, are i.i.d. uniform variables on the torus T?.

COROLLARY 6.2.2. In the outlined setting, the process wyr; = Zi:tiq §i,t0z,

is a M-valued cadlag Markov process with fized time marginals war s ~ Ee’);_t for
allt > 0. It is a strong solution of

dwyr = —Owpsdt + (K * wM) -Vwpdt + dZtA,
in the sense of Definition 6.1.6

Proor. Fix s < t: by construction, given the positions x;, the initial in-
tensities &; o and the jump times ¢; (in a P-full measure event), was is given by a
deterministic function of (; s, &i.s)it;<s and (¢, Ti0,&i0)is<t;<t- AS a consequence,
war, is a function of way s and of the driving noise (Zi‘)sgmt, which is independent
from wps s: this implies the Markov property. Since the trajectories of positions
x;+ and the evolution of intensities &; ; are smooth in time, wps+ is also smooth in
time, save for the jump times ¢; when a new Dirac’s delta is added.
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As for the marginal distributions, let us first evaluate:

E |:eio¢<wM,t7f>:| =FE |exp | i« Z fi,tf(xi,t)

it <t

=E |E |exp iaz&,tf(ffi,t) (ti)ixo

it <t

=E H/T et/ @Wag | =B | T[ F(&.a)

[iti<t it <t

Using the definition of & ;, and distinguishing the cases ¢ < n and ¢ > n (which
correspond to two independent groups of random variables), we can write

E |:€ioc(wM,t,f)i| :EN H F —981) EN H F —0(t—s; ))
| 5i€[0,M] 5,€[0,t]

= EN H F(e_esf‘)

_SiG[O,M+t]

where N is a Poisson point process of parameter A on R whose points are denoted
by s;, and the second passage follows from the fact that the points N in disjoint
intervals are independent and their distribution does not change if we reverse the
parametrisation of the interval. Comparing to the characteristic function of =y,
. . =0,\

given in (6.1.7), we conclude that wys; ~ )7,

Observe now that in this case it holds, for any f € C°°(T?), P-almost surely
for all £ > 0,

(Hpwmeownma) = > &GubaH (@i, w)0),
@51t <t
i

(¢f. with subsection 6.1.1). Given this, it is straightforward to show that we do
have built solutions of (6.1.17): for f € C°°(T?), by (6.2.2) and (6.2.3),

(fiwme) = Z it f (i)

1:t; <t

S oo | fain) / S GV (i) - K (@0, 50)ds

it <t JjFut;<s

Z+ Z €ztf xzt

i=1

ie f(wi0) Z e ) f(mi,)

it <t jFut;<s

=1 i>n:t; <t
t
+ / Z _e(t_S)gi,sgj,svf(xi,s) : K($i7sa xj,s)ds
0 i,5:t5,t;<s
i#]

t t
= eigt <f7 WM,0> + / e*ﬁ(tfs) <f7 d26> + / <Hf7wM,s 0(-‘-)M,s> ds.
0 0

Z 511’/ Z &j, sV f(z 9)' (xi,svxj@)ds
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The latter equation holds regardless of the choice of initial positions, intensities and
jump times (as soon as the dynamics is defined) so in particular it holds P-almost
surely uniformly in ¢, and this concludes the proof. (|

The method of [65] thus provides, quite remarkably, existence and pathwise
uniqueness of measure-valued strong solutions. Unfortunately, it only seems to
apply to systems of finitely many vortices, since it relies on the very particular,
discrete nature of the measures involved to control the “diagonal collapse” issue.
We refer to [95] for further uniqueness results for point vortices systems obtained
by means of refinements of the above techniques.

Let us conclude this section noting that we have obtained the first piece of
Theorem 6.1.9, namely we have built solutions in the case (P) for all M < cc.

6.3. Proof of the Main Result

In Section 6.2 we built the point vortices processes wars = Y.y <4 &i 10z, , - Let
us introduce the scaling in N > 1: we will denote wyr, N+ = Zi:tiﬁ f/—ﬁ‘dm where
T;t, & e solve equations (6.2.2) and (6.2.3), and where the ¢,’s are the jump times of
a real valued Poisson process of intensity NA. In other words, by Corollary 6.2.2,
wa, Nt is a strong solution of

1
VN

(in the sense of Definition 6.1.6) with fixed time marginals was n ¢ ~

(631) doJM’N = —avath + (K *WJW,N) . Vwath + dEI{V/\,

1 —=6,NX
VNS MAt:
It is worth to note here that, by construction of was n ¢, its natural filtration F;
coincides with the one generated by the driving noise ¥N* and the initial datum.

The forthcoming paragraphs deal with, respectively: a recollection of some
compactness criterions, the bounds proving that the laws of was n are tight, the
proof of the fact that limit points of our family of processes are indeed solutions in
the sense of Definition 6.1.6, that is, the main result.

6.3.1. Compactness Results. Let us first review a deterministic compact-
ness criterion due to Simon (we refer to [156] for the result and the required gen-
eralities on Banach-valued Sobolev spaces).

PROPOSITION 6.3.1 (Simon). Assume that

e X — B — Y are Banach spaces such that the embedding X — Y 1s
compact and there exists 0 < 6 < 1 such that for allve X NY
1—6 | 110
[vllp < Mlvllx ™ [[olly ;

e 350,51 € R are such that sg = (1 — 0)sg + 0s > 0.

If F C W is a bounded family in
W =Ww#m([0,T],X) N W ([0,T],Y)
with ro,m1 € [0,00], and we define
lzl_a—i-ﬁ, 8*289—l7

To To 1 To

then if s, <0, F is relatively compact in LP([0,T], B) for all p < —si In the case

*

sx« > 0, F is moreover relatively compact in C([0,T], B).
Let us specialise this result to our framework. Take

X = ]{—1—6/2(1\2)7 B = H_l_é(']IQ), Y = I{—3—(5(']I‘2)7
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with § > 0: by Gagliardo-Niremberg estimates the interpolation inequality is sat-
isfied with 6 = §/2. Let us take moreover s =0, 1 = 1/2 —~ with v > 0, r; =2
and rg = ¢ > 1, so that the discriminating parameter is

1
s*:—'yH—TH.

Note that as we take § smaller and smaller, and ¢ bigger and bigger, we can get
s« < 0 arbitrarily close to 0, but not 0. We have thus derived:

COROLLARY 6.3.2. If the sequence
{vn} € LP(0, 7], H-1=°) nW/222(j0, 1), H*79)

is bounded for any choice of & > 0 and p > 1, and for some v > 0, then it is
relatively compact in LA([0,T], H='=°) for any 1 < q¢ < co. As a consequence, if a
sequence of stochastic processes u™ : [0, T] — H~17% defined on a probability space
(Q, F,P) is such that, for any 6 >0, p > 1 and some v > 0, there exists a constant
Cs.~,q for which

(6.3.2) S?LPE ”un(t)HLp([QT],H—l—é) + Hun||W1/2—w,1([07T],H—3—6) < Cs..p»

then the laws of u, on LI([0,T], H=1=%) are tight for any 1 < q < co.

The processes we will consider are discontinuous in time: this is why we con-
sider only fractional Sobolev regularity in time. However, as we have just observed,
this prevents us to use Simon’s criterion to prove any time regularity beyond L9.
This is why we will combine the latter result with a compactness criterion for cadlag
functions. We refer to [138] for both the forthcoming result and the necessary pre-
liminaries on the space D([0,T], S) of cadlag functions taking values in a complete
separable metric space S.

THEOREM 6.3.3 (Aldous’ Criterion). Consider a sequence of stochastic pro-
cesses u™ : [0,T] — S defined on probability spaces (Q™, F™,P™) and adapted to
filtrations F}*. The laws of u™ are tight on D([0,T],S) if:

(1) for any t € [0,T] (a dense subset suffices) the laws of the variables uj' are
tight;
(2) for all e,¢’ > 0 there exists R > 0 such that for any sequence of F"-
stopping times 1, <T it holds
sup sup P" (d(ul ,ul ) >¢") <e.
n 0<r<R ) )

6.3.2. Tightness of Point Vortices Processes. The following estimate on
our Poissonian random measures is the crux in all the forthcoming bounds; it is
essentially a Poissonian analogue of the ones in Section 3 of [71].

PROPOSITION 6.3.4. Let wy N ~ \/LNE?V’[N)‘. For any 1 < p < oo there exists a

constant Cp, > 0 such that for any measurable bounded functions h : T> — R and
f:T2%2 5 R it holds

(633)  E[(hwnn)?] <G IRIZ,  Elfwmy @wmn)] <Gyl

uniformly in N > 0 and M € [0,00]. As a consequence, since for & > 0 the Green
function A=1=? is smooth,

(6.3.4) E [lwmw 5] =B [(A7 % wnrn @ 0an)’] < Cps,

uniformly in M, N.
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PROOF. Since
(f,wm,N @wnm,N) = <f7 wy,N @ wM,N> . fla,y) = %(f(xa y) + f(y,x)),

we reduce ourselves to symmetric functions. Moreover, without loss of generality
we can check (6.3.3) for functions with separate variables f(z,y) = h(z)h(y), h :
T? — R measurable and bounded, for which it holds

E [(f,wmn @wy,n)’] =E [<h7W1VI,N>2p} -
Moments of the random variable (h,wpsn) can be evaluated by differentiating

the moment generating function (6.1.7): using Faa di Bruno’s formula to take 2p
derivatives we get

E [(th}N)Qp} =

2p k Tk
_ 1 g —0tk
= (2p) Y kH Ty <N)\ /[0 e h(m)dadmdt)
=1

/2
T1,..572p >0 JM]x {1} xT? N

T1+27r2 4+ +2prap=2p

(V)™ ||h||k“ 1;@

2p
< (2p!)
r1+2r2+~--+2pr2p:2p

2 T
_ ) ||l N

N 2 1;[ Ok) (k)]

T1,.05T2p 20
r1+27r2+4+2prop=2p

(see [145, 148] for similar classical computations). Let us stress that when an
integral in the latter formula is null, its O-th power is to be interpreted as 00 = 1.
The contribution of 15 = fakdo is crucial: when k is odd, 1) is null, so only
terms with my = 0 survive in the sum (again, 0° = 1). Thus, the highest power of
N appearing is N2 < N2P/2 = NP which is compensated by the N~ we factored
out, and this concludes the proof. O

We can now discuss convergence at fixed times.

PROPOSITION 6.3.5. The laws of a family of variables wyr,n ~ ﬁ:?MNA de-

fined on a probability space (Q, F,P) and taking values in on H~'=? are tight, for
any fized 6 > 0. Moreover,

e the limit as M — oo at fived N, say N = 1, is the law of E%};

1—e—20M by
MW.

o the limit as N — oo at fivzed M (any M € (0, 0]) is the law of T

and if the variables converge almost surely, they do so also in LP(2, H~17%) for
any 1 <p <oo,d >0.

PROOF. The embedding H* < H” is compact as soon as « > 3, and we know
that the variables are uniformly bounded elements of LP (€2, H=*=%) for any p > 1
by (6.3.3), so by Cebysév’s inequality their laws are tight.

Identification of limit laws is yet another consequence of (6.1.7): by Theorem
2 of [93] (an infinite-dimensional Lévy theorem) we only need to check that char-
acteristic functions E [ei(‘“M N ’h>] converge to the ones of the announced limits for
any h € H'*9. Since (6.1.7) is valid for all M € [0, c0], the limit for M — oo poses

)
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no problem. As for the limit N — oo, for any test function h € H'*19,

o,

E lexp (i (h,wm,N))] = e N exp N/\/ exp( T 60t> dxdodt
[exp (i )] O a1 Wi (z)

—NX M 2 o0t 1
=e exp N/\/O NHthe dt+ Oy, N

N A _
8 oxp (g5 I3 (1= )

where in the second step we used the following elementary expansion: for ¢ €

C(T?),

2 4
(6.3.5) %/P (eXp (%}g) + exp (—%))dm—l—”ﬁj\f < %,
Since E [exp (i (h,n))] = exp(— Hh||§)7 this concludes the proof. O

The latter result provides compactness “in space” (“equi-boundedness”): in
order to apply Corollary 6.3.2 and Theorem 6.3.3, we also need to obtain a control
on the regularity “in time” (“equi-continuity”). We will obtain it by exploiting the
equation satisfied by was,n, which we derived in Corollary 6.2.2, which allows us to
prove the forthcoming estimate on increments.

PROPOSITION 6.3.6. Let wy,n : [0,T] — H~'79 be the stochastic process de-
fined at the beginning of this Section. For any Fi-stopping time 7 < T (possibly
constant), r,§ > 0, there exists a constant Csr independent of M, N, T,r such that

2
IV, - SIVLTIH =3~ — ’ :
(636) E ||(UM N, 7+7r WM,N || 3 6:| < C5T T

PROOF. In order to lighten notation, and since the final result must not depend
on M, N, let us drop them when writing was n,+ = w¢. By its definition in 6.3.1 and
Remark 6.1.7 we know that the process satisfies the integral equation
(6.3.7)

t+r t+r 1 I I
<f7wt+7‘>_<f7wt>:_9/t <faws> d5+/; <Hf7ws<>ws>ds+<f7\/N(Et-&-r_zt )>a

for any smooth f € C°(T?). Since this equation holds P-almost surely uniformly
in s,t € [0,7T], it is also true when we replace ¢ with the stopping time 7. It is
convenient to recall that

[ullFrss = Y L+ R >0l ?,
keZ?

so we can use the weak integral equation against the orthonormal functions ey to
control the full norm:

(638)  E [lwrir —wrlliyas] = 30 0+ K E [[wrir - wr )]
keZ?

We estimate increments by bounding separately the terms in the equation, let us
start from the linear one:
(6.3.9)

T+ 2 T T
y Ws > 352 = 752 <C 27
J ]<El/ (fred)] ds] r [ B[] as < s

where the last passage makes use of the uniform estimate (6.3.3). The nonlinearity
is the harder one, and its singularity is the reason why we can not obtain space

E
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regularity beyond H 379,

(6.3.10) E l

T+ 2 T
/ (Hy,ws ows)ds ] §7"/ E[\(Hﬁwsowsﬂz} ds

T 0
(6.3.11) < CTr||Hy|%, < CT7 (| £1Ign g2y »
where the second passage uses (6.3.3), and the third is due to the fact that by

Taylor expansion
Hy(oa)| = 3 K @)1 - V)] < O =EIN < o fear.

By (6.1.4), the martingale ((f, N~Y/2(ZN). — £¥*))),c(0.7] has constant quadratic
variation Ar || f ||2L2, so Burkholder-Davis-Gundy inequality gives
(6.3.12)

1/2 N N 2 —-1/2 N N 2
E |:‘ <f7 N (27-+r z:‘r )>’ :| S E Sup ‘<f7 (Zt—i-r Z]t )>‘
te[0,T]

<o ||f]2. .

Applying estimates (6.3.9,6.3.10,6.3.12) to the functions e, from (6.3.7) and Cauchy-
Schwarz inequality we get

E [[(wrtr — wr en] < Conrrlhl?,
so that (6.3.8) gives us

E [lorr — e los] € 30 (U K2)7575Cr (T4 KT + 3) < Conro
kez?
which concludes the proof. U

PROPOSITION 6.3.7. The laws of the processes wys n : [0,T] — H™17° are tight

mn
LI([0,T], H %) nD([0, T), H379%)

for any 6 > 0,1 < g < c0.

PROOF. Since war, Nt ~ \/%E?w]ft‘, they are bounded in LP(Q2, H~'7?%) for any
0 > 0,1 < p < oo uniformly in M, N,t as shown in Proposition 6.3.5, and as a
consequence the processes wys,n are uniformly bounded in LP(Q x [0,T], H —1-9),
for any § > 0,1 < p < co. Moreover, we have proved fixed-time tightness. We are
thus left to prove Aldous’ condition in H~37% and to control a fractional Sobolev
norm in time in order to apply Corollary 6.3.2 and Theorem 6.3.3, concluding the
proof. As in the previous proof, we denote wys v+ = wr.

We only need to apply the uniform bound on increments (6.3.6). Starting from
the fractional Sobolev norm, we evaluate

T
IIM wsllH 3-s
=[] AR

Hwt sl grs-s]
dtds
/ / t— S|1+a
< C/ / |t—$|_1/2_a,
0 0

which converges as soon as o < 1/2. Aldous’s condition follows from Cebysév’s
inequality: if 7 is a stopping time for w;, then

E [HWHWOLJ([O,T],H*3 | =

SUp P (s = rllg-ams 2€) S sup E[Jorsr —wrllysns] < ORIV
0<r< 0<r<
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where the right-hand side is smaller than ¢’ > 0 as soon as R, which we can choose,
is small enough. O

Let us conclude this paragraph with a martingale central limit theorem con-
cerning the driving noise of our approximant processes.

PROPOSITION 6.3.8. Let (Hiv)te[O,T],NEN be a sequence of H= =% -valued mar-
tingale with laws TV ~ ﬁEN)‘ (fir § > 0). The laws of IIV are tight in

(6.3.13) L9([0,T], H~'=%) nD([0,T), H'7?)

for any 6 > 0,1 < q < oo, and limit points have the law of the Wiener process
VAW, on H=179 with covariance

E [<Wt7 f> ) <WS7g>] =1lAs <f7g>L2('JI‘2) .
ProoOF. By (6.3.12) we readily get

B[, = ¥ < Conr

for any N € N,§,7 > 0 and any 7 stopping time for II"V, uniformly in N. The very
same argument of the last proposition (here with a better space regularity) proves
then the claimed tightness. The martingale property (with respect to the processes
own filtrations) carries on to limit points since it can be expressed by means of the
following integral formulation: for any s,t € [0, T,
E [ = IIH@IY |jo,6)] =0

for all the real bounded measurable functions ® on (H‘l_‘s)[o’s].
Gaussian processes, since at any fixed time

1 1 = N—o0
=~ BTN 22 Ve ~ VAT,
N VN ¢ g
as one can show by repeating the computations on characteristic functions in Propo-

sition 6.3.5 with # = 0, M = t. It now suffices to recall the covariance formulas
(6.1.1) and (6.1.3),

B (o ) (o) | = M) .00 = [(VAI ). (VAW..g)]

to conclude that any limit point has the law of vV AW. (I

Limit points are

6.3.3. Identifying Limits. The last step is to prove that limit points of the
family of processes wys, n satisfy Definition 6.1.6. First, let us recall once again our
setup for the sake of clarity:

e )\, 0> 0 are fixed throughout;

e there is a probability space (2, F,P) on which the stochastic processes
YN and the random variables E?V’[N)‘ are defined, for M > 0, N € N, their
laws being as in Section 6.1;

e the processes (war,N,t)tefo, 7] are defined as at the beginning of this section:

strong solutions of (6.3.1) with initial datum T%E?;[N’\ and driving noise

T%Ziv’\, built as in Corollary 6.2.2.

To fix notation, let us consider separately the following three cases: by Proposi-
tion 6.3.7, we can consider converging sequences
(Ps) (war, N=1)nen, With M,, — 0o as n — oo, the limit being w/’;
(G) (wm,N, )nen, with N, — 0o as n — oo and fixed M < oo, the limit being
w%’},t;
(Gs) (wnr, N, Jnen, With M,,, N,, — 0o as n — oo, the limit being wS;

9
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the convergence in law takes place in L4([0, 7], H='=°) N D([0,T], H=379), for any
fixed § > 0,1 < ¢ < oco. By Proposition 6.3.5, the Poissonian limit (Ps) has

marginals w! ~ Z%* and the Gaussian ones ch\;u ~ \/%(1 — e 20(M+1))p for all

—oo

t €10,T], M € [0,00), and wf’ ~ /257 (the labels are given so to match the ones

in Definition 6.1.6). Notice that (wl ),,en have all the same driving noise ¥, but
different initial data, while in the Gaussian limiting sequences the driving noise also
varies. Let us show that the limit laws in the cases where M — oo are stationary.

PROPOSITION 6.3.9. The processes wl and wS are stationary.

PRrROOF. As the intuition suggests, the key is the fact that M is a time-like
parameter, and taking M — oo corresponds to the infinite time limit. Formally,
we observe that for all r > 0,0 <t <--- <t < oo, and M, N,

(6.3.14) (WMNty 4 s WM N ttr) ~ (WM Notys - - s WM A Nty )-

Indeed, by construction (see Section 6.2), for all s < ¢, was, N, IS given as a mea-
surable function of wys,n s and the driving noise,

(6.3.15) Wi, Nt = Fs t(Wrr,N s N2 ls,)

this, combined with the fact that was,n+ ~ war4+,n,0 and the invariance of YNA by
time shifts proves (6.3.14). Passing (6.3.14) to the limits (Ps) and (Gs) concludes
the proof, since the dependence on r of the right-hand side disappears. O

REMARK 6.3.10. Equation (6.3.15) is equivalent to the Markov property, cf.
the beginning of the proof to Corollary 6.2.2. Equation (6.3.14) is the time omo-
geneity property. The Markov property is a consequence of uniqueness for the
system (6.2.2), (6.2.3). Since uniqueness result in cases (Ps), (G) and (Gs) of Defi-
nition 6.1.6 seem to be out of reach by now, we can not hope to derive the Markov
property as well.

We are only left to show that our limits do produce the sought solutions of
Theorem 6.1.9. First, we apply Skorokhod’s theorem to obtain almost sure conver-
gence.

PROPOSITION 6.3.11. There exist stochastic processes (O )nen, i?, defined on
a probability space (Q]:', If”), such that their joint distribution coincides with the
one of the original objects and with OF converging to a limit ©F almost surely in
L([0,T), H- =) nD([0, T], H=37%) for any fived § > 0,1 < q < oo.

Analogously, there exist (@%’n,@ﬁii\[")‘)nel\z, defined on (Q,]}7 P), such that
their joint distribution coincides with the one of the original objects and with &)J(V;[’n, o¢
converging respectively to limits &$;, & almost surely in L([0,T], H~'=)ND([0, T], H37?)
for any fixed § > 0,1 < g < .

The proof is a straightforward application of the following version of Sko-
rokhod’s theorem, which we borrow from [140] (see references therein). The re-
quired tightness is provided by Proposition 6.3.7 and Proposition 6.3.8.

THEOREM 6.3.12 (Skorokhod Representation). Let Xy x Xo be the product of
two Polish spaces, X™ = (x%,x?) be a sequence of X1 X Xo-valued random variables,
defined on a probability space (0, F,P), converging in law and such that x. have
all the same law p. Then there erist a sequence X" = (XL, X2) of X1 x Xo-valued

(Xn
random variables, defined on a probability space (0, F,P), such that

e X" and X" have the same law for all n;

e X" converge almost surely to a X; x Xo-valued random variable x =
(X1, X3) on (Q,F,P);
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o the variable X7 and x1 coincide almost surely.

PROOF OF PROPOSITION 6.3.11. In the case (P) we apply the above result
with X, =Xo =X = L9U0,T], H %) nD([0,T), H37%) and x|* = I}, x5 =
wP while for the case (G) we take X; = {0} and Xo = X x X, with x§ =
(i, 20). O

The new processes still are weak bOlutiOHb of (6.3.1) in the sense of Defini-
tion 6.1.6. Consider for instance the ©S (the other case being identical): clearly
their trajectories have the same regularlty as wS, and they have the same fixed time
distributions. As for the equation, it holds, for any f € C*(T?) and t € [0, 7],
P-almost surely,

t t
(-0 510 [ (1580 [ 158,05 -1 ) o

since taking the expectation of the absolute value (capped by 1) of the right-hand
side gives a functional of the law of &%, EN »A which is the same of the original
ones. Moreover, since all the terms in the labt equation are cadlag functions in time
(in fact they are all continuous but the noise term), one can choose the P-full set

on which the equation holds uniformly in ¢ € [0, T].

REMARK 6.3.13. In fact, one can prove more. Following the proof of Lemma
28 in [71], it is possible to show that the new Skorokhod process have in fact the
same point vortices structure of wyy y, namely it is possible to represent &} +and
wf/[%t, @¢, as sums of vortices satisfying equations (6.2.2) and (6.2.3) of Section 6.2.
The argument would be quite long, and we feel that it would not add much to our
discussion, so we refrain to go into details, contenting us with our analytically weak
notion of solution.

To ease notation, from now on we will drop all tilde symbols, implying that
we are going to work only with the new processes and noise terms. We are finally
ready to pass to the limit the stochastic equations satisfied by our approximating
processes, thus concluding the proof of our main result.

PROOF OF THEOREM 6.1.9. The limits of w!’, wAG/[ ,, and w& provide respec-

tively the sought solutions in the cases (Ps), (G) and (Gs) of Definition 6.1.6. We
focus again our attention on w¢, case (Gs), the other ones being analogous.
Since w¢ converges almost surely in the spaces (6.3.13), we immediately deduce

that, for any f € C*°(T?) and t € [0, T, P-almost surely,
(6.3.16) (f,0G0) = (fwf),

t t
317 ¢ hd ¢
(6.3.17) /O<f,wn,s> s—>/0 <f,w

The nonlinear term is only slightly more difficult. Let Hj), € C°°(T?*2), k € N, be
symmetric functions vanishing on the diagonal converging to Hy as k — oo (it is
yet another equivalent of the approximation procedure (6.1.10)). Then

<Hk,w§t<>w§t> = <Hk,w§t®wit> — <Hk,th®th> = <Hk,th<>th>

in L2(Q x [0,T]) (the last passage is due to (6.1.12)). Almost sure convergence
of the noise terms is ensured by Proposition 6.3.11, and the limiting law has been
determined in Proposition 6.3.8, hence, summing up, it holds P-almost surely

<f7th>—<f, >—|—9/ frwg ds—/ <Hf,w O Wy >ds—<f,\th>_O
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As already noted above, quantifiers in P and ¢ € [0, T] can be exchanged thanks to
the fact that we are dealing with cadlag processes in time. Stationarity of w/ and
th follows from Proposition 6.3.9. This concludes the proof of Theorem 6.1.9. O






CHAPTER 7

Gaussian Invariant Measures of Barotropic
Quasi-Geostrophic Equations

This Chapters review the arguments of [96], which we introduced in Chapter 1.
It is structured as follows. In Section 7.1 we collect some preliminary material,
including a short discussion on regularity regimes in which (BQG) are well-posed.
In Section 7.2 we thoroughly discuss the formulation of weak solution required by
our low-regularity setting, and finally in Section 7.3 we will prove Theorem 1.6.1 by
approximating the infinite-dimensional stationary solution with finite-dimensional,
stationary Galerkin truncations of (BQG).

7.1. Definitions and Preliminary Results

We consider mixed boundary conditions on R for the small scale stream func-
tion ¢, that is periodicity in the x variable and Dirichlet boundary at y = 0, .
In order to simplify Fourier analysis, let us extend the space domain to the 2-
dimensional torus D = [—m,7]? with periodic boundary conditions on both .y
variables, extending 1’ to D so that it becomes an odd function of y. We still
denote points z = (z,y) € D.

To study (BQG) on D we also extend ¢, h in the same way; the extension of
h might be discontinuous at y = 0, but this will not be relevant in the following.
Indeed, it is not difficult to see that equations (BQG) preserve such condition. We
also remark that the beta-plane term Sy of (1.6.4) is coherent with the domain
extension.

Due to the (skew-)symmetry in y variable, it will be convenient to introduce
the following set of orthonormal functions of L?(D,C),

(e1)sezs (essmeicn) yppen A ={(:k) : j € Z.k € N\ {0},}

65(r) = 597, suly) = sin(ky), cxly) = cos(ky)

Since we work with real valued objects, Fourier coefficients relative to modes (j, k)
and (—j, k) will always be complex conjugated. With this relation between Fourier
coefficients, {e;, €;sk, €jck}; 1)ea is a Hilbert basis of L? = L?*(D,R).

Odd functions of y only have non null Fourier coefficients relative to (€;sk) ; )en
we will denote those coefficients, say of v)’, by

Fiel@) =i = /D W (2, y)e—; (x) sk (y)dzdy.

so that

W(l’,y) = Z &;,kej (x)sk(y), i;,k = qﬁij,k'
(j,k)EA
For a € R, we denote by H* = W<2(D,R) the L?(D,R)-based Sobolev spaces,
which enjoy the compact embeddings H® < H? whenever 8 < «, the injections
being furthermore Hilbert-Schmidt if a > §+ 1. The scale of Sobolev spaces of odd

101
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distributions in ,

MY =Qu= Y djreisp: ullye = Y il (G2 + k) <o0p,
(4,k)EA (,k)EA

clearly share the same properties. We denote with #° the subspace of odd functions
of y in L?(D), and more generally each H® is a closed subspace of H®. Brackets
(-,+) will denote H -based duality couplings.

As a convention, C' will denote a positive constant, possibly changing in every
occurrence even in the same formula and depending only on its eventual subscripts.

7.1.1. Well-posedness regimes. Our main aim is to give meaning to (BQG)
in distributional regimes dictated by the formally invariant Gibbs measures. Before
we undertake that task, we briefly discuss, for the sake of completeness, more regular
regimes in which our equations are actually well-posed. Let us begin by introducing
the notion of weak solution.

DEFINITION 7.1.1. Given (Vp, qo) € R x L>=(D), we say that
(V(t)7 q(t))tG[O,T] € LOO([Oa T]7 R x D)
is a weak solution to (BQG) with initial datum (Vo, qo) if for any ¢ € C1([0,T] x D)
1t holds

(7.1.1) /D @(T, Z)q(T7 Z)dz — /D QO(O, Z)qo(Z)dZ
= /0 /D(atsﬁ(& 2) 4+ VE(s, 2) - V(s, 2))q(s, 2)dzds,

t
(7.1.2) V) =V + /O ]i h(2)0y0 (2, s)dzds,
(7.1.3) Y=-Vy+vy', qg=Ay +h+py.

Thanks to the fact that the equation for ¢ is in the active scalar form, the
method of characteristics produces an existence result: a minor modification of the
proof of [135, Ch.2,Theorem 3.1] leads to the following;:

PROPOSITION 7.1.2. Let (Vo,qo) € R x L*(D), and consider the Lagrangian

formulation of (BQG) given by

d 1L

Zoi(z2) =V t, Oz
(7.1.4) 291 () Vit (=) s q(t2) = qo(9-i(2)),

do(z) =2
together with equations (7.1.2),(7.1.3). There exists a unique solution (¢,V,q) of
such system, and moreover (V,q) is a weak solution of (BQG) in the sense of
Definition 7.1.1.

The argument ultimately relies on the fact that VV+A~! is a singular kernel of
Calderén-Zygmund type, so that its associated convolution operator is a bounded
linear map from L°°(D) to the Bounded Mean Oscillation (BMO) space. This
implies that the vector field

Viy = V(?) + VA g —h - By)

has gradient in BMO, and thus it is log-Lipschitz (¢fr. [135, Ch.2,Lemma 3.1]).
The vector field V11 then satisfies the Osgood condition ([144]) for the associated
Cauchy problem (7.1.4), which is thus well-posed; it is not difficult to check that
q(t,z) = qo(d—+(z)) satisfies the weak formulation (7.1.1). All these ideas date
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back to the celebrated work of Judovi¢, [105], concerning well-posedness of Euler
equations for initial vorticity in L°°.

PROPOSITION 7.1.3. For any (Vo,qo) € RxL>®(D), the weak solution of (BQG)
in the sense of Definition 7.1.1 is unique.

Uniqueness can be obtained by energy estimates at the level of the velocity
vector field v = V+). Such estimates are performed for instance in [128, Theorem
8.2] for the 2D Euler equations (h = 0, 8 = 0), and again they rely on the fact
that VV+ is in BMO to arrive at Gronwall-type inequalities, something which
is not influenced by the addition of regular terms such as h + By to q. We refer
to [12] for a thorough discussion of uniqueness for a large class of active scalar
equations sharing similar features. We also mention the recent work [43], where
the arguments we just sketched are applied to a barotropic quasi-geostrophic model
closely related to ours: the difference consists in impermeable boundary conditions
on the whole boundary and the presence of a free surface effect instead of the fixed
topography h we consider. The paper [44], moreover, is devoted to multi-layered
barotropic quasi-geostrophic equations.

7.1.2. Conserved Quantities and Gibbsian Measures. Smooth solutions
of (BQG) preserve the first integrals energy and enstrophy,

1 1 ) 1
E= §V2+§][|VL¢ I, Q:5V+§][(q—ﬁy)2~

We refer again to [130, Section 1.4] for a detailed discussion of conserved quantities.
As already remarked, energy F can be seen as a functional of variables (V,q) by
solving the Poisson equation (1.6.4).

In (1.6.7) above, we have formally introduced the Gibbsian measures

dVa,lt(Va q) = 67Q(HE+Q)dVdQ7 Q, fh > 07

Z,

a,p
the expression meaning that we consider the Gaussian measure whose inverse co-
variance operator is given by the quadratic functional a(uE + Q) of (V,q).

Let us now provide a rigorous framework: we define v, ,, as the joint law of the

Gaussian variable V ~ N (75, aiu) and the Gaussian random field ¢ indexed by

H° with mean and covariance given by, for f,g € H°,

Bl 1) = (@.5) = (Lgh+ 601 )

a(l—px)
V and ¢ being independent. Notice that a only plays a role in the variance. The
link between the latter and the formal definition (1.6.7) is perhaps clearer thinking
of the formal reference measure dVdq as the infinite product of uniform measures
on the infinite product space R x C* of Fourier modes (modulo the relation djk =
m), and considering the Boltzmann exponent e~*(#F+®Q) a5 the infinite product
of densities given by the Parseval expansion of the quadratic form a(pE + Q).
In order to deal with centred variables we set

(7.1.5) U:V+§’ w=q-—q,

the new variables satisfying equations of motion

{atw + VAW - Vw+Lw=0

(7.1.6) g
U = hdAlw
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where Lw collects all affine terms in w,

1
Lw:<U—B>al.w+U mo: y V7 g,
Iz p=4A" p—A

VAl MY b4 80, A,
w—A

The equivalence of (7.1.6) and (BQG) is intended for smooth solutions.
We now define the purely quadratic pseudoenergy: for p > 0,

1
(7.1.7) S, (U,w) = %UQ + 5/ (w — pA™  w)wdzdy
D
so that the law of (V,w) under v, , is given by
1
(7.1.8) Ao (U,w) = =—e 509 qu7dy,
o

the latter to be interpreted analogously to the definition of v, , above, (1.6.7): it
is the joint law of the real Gaussian variable U ~ N (0, o%ﬂ) and the independent

centred Gaussian field w with covariance operator a=!(1 — pA=1)~1. In order to
lighten the exposition, we will abuse notation denoting by 74, (dw) the law of w
under 7., and analogously for U. We will also denote

o2 -:/U?du Uw) =L, o ~=/|@- 2o (Uns) = —F

: a,u\Ys 04#7 gk * 5.k GNa,u\Us ol +42 + kZ)'
Indeed, under 74, the Fourier modes w; ) are independent centred Gaussian vari-
ables with the above covariances; notice that they are complex valued, but subject
to the condition @j, = &_; .

We have considered w under 7, as a Gaussian random field indexed by H°
(its reproducing kernel Hilbert space): it is well known that it can also be identified
with a random distribution in a larger Hilbert space into which #° has an Hilbert-
Schmidt embedding, such as H '~ for any 6 > 0. In other terms, since all a?-_k,
(j, k) varying in A, are of order 1, the random Fourier series w = Z(j,k)eA d;jykej;sk

converges in L2(1,,,) in X~ for any § > 0, but not for § > 0.

LEMMA 7.1.4. For anyd >0, (RxH 2 RxH% n,.,) is a (complex) abstract
Wiener space; equivalently, under 1q.,, w can be identified with a H 10 valued
Gaussian random variable.

7.2. Weak Solutions for Low-Regularity Marginals

We now discuss how to interpret (7.1.6) in the case when, at a fixed time,
(U,w) is a sample of 1,,,. Indeed, as we remarked above, in that case w can be
identified at best as a distribution in #~*=%, § > 0, and thus the main concern
is the nonlinear term of the evolution equation, the affine term Lw being easily
defined pathwise as a distribution of class H~27°.

7.2.1. Fourier Expansion of the Nonlinear Term. Let us fix § > 0, and
consider the coupling between the nonlinear term V+A~'w - Vw and a smooth test
function ¢ € C>°(D) . If w € H~'7% we can define the tensor product w ® w as a
distribution on D x D via

(7.2.1) (wowe@P) = (we) (W), ¢ 1el™(D),

where ¢ ® (2, 2’) = @(2)1(2'); it is easily observed that the resulting distribution
w®w is of class H~2729(D x D) (with H*(D x D) we denote the closed subspace
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of H*(D x D) generated by vectors e;sj ® e;sp), so the expression
(7.2.2) H(z, 2 \w(dz)w(d?") = (w @ w, H)
DxD

is well defined via duality for every H € H?>72%(D x D). Now, given any smooth
test function ¢ € C*°(D), we look for a suitable function Hy such that

(7.2.3) /D VAT w(2) - Vw(2)¢(2)dz = Hy(z, 2" w(2)w(z")dzdz'.

DxD

We perform the computation in Fourier series. Let us also recall that we denote
points of D by z = (z,y), 2 = (2/,y"). We thus have

> Gpelaal), ATwE) = ¥ o).

(4,k)eA (,k)EA
ijSk(iU)) .
Vw(z) = w; keilx),
9= 3 (o Jaseso
VLA—lw(Z) _ Z < ka(Z/) ) w] k (.13)
G \Tidse(y)) 77 4R N
VEAT () Z Z (K = J'B)sprar (y) + (5K + 5K ) sp—1 ()

(7,k)EA (57 ,k")EA
w kW ’ k!
X(jiikg)ej+J (),

so that equation (7.2.3) becomes
/ VEAT w(2) - Vw(2)d(2)dz
D

. . n N . n d) C:)‘, !
Z Z ((gk/ —3'k)b—jjrkrw + (J'F +J/€/)¢—j—jhk—k’) %
(J,k)EN (5",E")EN PR

Z Z ((jk/ — ') p—j—jrhan + (' +jk,)§z;—j—j/,k—k’)

(d:k)eN (57,k ) €A

1 1 AIRATRY o
% (j2—|—k2 jlz+k/2> i Z FjrF =gk (Ho)wj 1@y b
(Gik)EA
(' k") eA

the second step consisting in a symmetrisation with respect to indices (j, k) and
(4, k). The last equality is the Fourier expansion of the right-hand side of (7.2.3),
and becomes our definition of Hy:

FiuFjrwHy = ((j/k - jkl)(lngrj’,kJrk’ - (J'k+ jkl)qngrj’}kfk’)

o 1 1 1
P2k 24 k?) av

where F; 1 Fj/ 1 is an abbreviation for the more rigorous notation Fj j, ® Fj s, the
Fourier projector on e;s; ® e;jrsr. We also adopt the convention

¢j+j’,k—k/ = *Qsj—&-j’,k/—k whenever k — k' < 0.

So far, Hy is defined only as a formal Fourier series: the forthcoming Lemma
discusses the convergence of the latter, ¢.e. the regularity of Hg.

LEMMA 7.2.1. For every ¢ € H?, H, € H°(D x D).
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PROOF. To ease notation, we denote I = (j,k) and I’ = (j/, k). We have that

Hy € H°(D x D) if and only if
(7.2.4) > | RFu(Hy)? < 0.

LI'eA
The Fourier coefficients of Hy are given by two summands which we estimate sep-
arately. The first one is

1 1 1 1

-/ -7,/ _ 1 /

Fivit ke (0) (k= jK') (jg TR 7y k,g) = Firv (o) (1 -1') (|Z|2 - |l'|2) ;

where |I|? = j? 4+ k2, and similarly for I’; taking squares and summing over [ + ' =
m € A gives us

w25 L EEY (o ()

meA IEA
l#m
We now resort to the following inequalities:
(7.2.6) t(m—1) =1+ -m < |l]jm],

(7.27)  fm =12 —|I2=m-(m—20) < [m|jm — 2| < [m| (Im — 1]+ [12)"/*,

so that the inner summation in (7.2.5) can be estimated with

Emfm =1 i | |
Z( wm = o) = 2 i e

leA leEA
l#m l#m

1

leA

Modulo a multiplicative constant, (7.2.5) is therefore smaller or equal to
Y [Fa(@)Plml*,
meA

which is finite as soon as ¢ € H2. The other contribution is given by the terms of
the form

. . 1 1
Fitgrk—r (9)(5'k + jK') <j2 + k2 32+ k;/2> ’

which after the change of variables (4, k, j', k') — (4, k,—j’, k") becomes

Fiv(@) (1) (”1|2 - |Z1|2) ,

which can be estimated in a similar fashion taking the modulo square and summing
over | — I’ =m € A. Thus (7.2.4) is proved. O

REMARK 7.2.2. Even though we will not need it in the following, for every
0 < 1 the above computation actually yields Hy € H°(D x D) if ¢ € H?>T. This in
fact is the optimal Sobolev regularity, since in general Hy ¢ H®(D x D) for § > 1,
even for more regular ¢. Indeed, for ¢(x,y) = sin(y) the Fourier coefficients of Hy
are given by

Lij+s=0p M {r—r=1} j(1 = 2k)
4i (G* +#) G+ (k=1)%)
therefore Hy € H°(D x D) if and only if

FinFjw (Hg) =

(1 - 2k)?
7+ R+ (k= 1)

< 00,

S (12 R (k- 1)?)
(7,k)EA
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but the sum above can be estimated from below (modulo a positive multiplicative

constant) by
S s
2 1 1.2)4—3"
e UF TR
the latter converging if and only if 6 < 1.

Unfortunately, since Hy does not belong to H2+2%(D x D), it is not possible to
define the nonlinear term of (7.1.6) pathwise, that is fixing a realisation of w under
Mo, and taking products of distributions. It is at this point that we make essential
use of the probabilistic approach to invariant measures.

7.2.2. The Nonlinear Term as a Stochastic Integral. Thanks to the
peculiar form of the fluid-dynamic nonlinearity, which in our setting is reflected
by the coefficients of Hy, when w is sampled from the Gaussian measure 7, it is
possible to define the nonlinear term as a (double) stochastic integral, that is, as
an L?(n,,,,)-limit of suitable approximations.

The following result finds analogues in [8, Lemma 1.3.2], see also [7], and in [71,
Theorem 8] or the related [58, 73, 94, 72], all dealing with stationary solutions of
2-dimensional Euler equations.

PROPOSITION 7.2.3. Let H € H°(D x D) be a symmetric function. Consider
functions (H™) ey C H?T2°(D x D) such that, for every (5, k), (j', k') € A,
(7.28)  lim > FpFiu(H"os, =0, FjuFyuw(H") = FjrpwFin(H"),
(J,k)eA

and suppose that the sequence H"™ approrimates H in the following sense:

(7.2.9) lim > (FiuFjw(H" = H)? 02 0% 1 = 0.
jk)GA
(j'k")eA

Under na,,., the sequence of random variables (w ® w, H™) defined by (7.2.1), con-
verges in mean square. Moreover, the limit does not depend on the approximating
sequence H™.

PROOF. To ease notation we denote [ = (4, k) and I’ = (j/, k’). For any function
H € H%(D x D), we compute

E|(wew | =E| 3 FFu(H)FnFr (H)o@eomtom

LI'eA
m,m’ €A
§ ]:l]:l’ ]: ]:m’( ) [wld}l'wmwm’ .
LI'eA
m,m'EA

By Wick-Isserlis formula the expected value in the last summand is given by
E d)ld}pof)mof)m/ = 0'1203,151,l’5m,m’ + a?oﬁéhmél/,m/ + J?J?,él’m/(sl/’m
Substituting and using the relations (7.2.8) one gets

2
E [<w ® w, H) } (Zﬂ ?) +2 Y FFu(H)ojop.
leA LI'EA
If conditions (7.2.8) and (7.2.9) hold, applying the latter equation to differences
H™ — H™ we obtain that the sequence of random variables (w ® w, H™) is a Cauchy
sequence in L?(Q2). The independence of limit from the sequence (H™) follows from
triangular inequality and (7.2.9). O
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REMARK 7.2.4. In [71], conditions (7.2.8) and (7.2.9) are replaced by

H™ symmetric, lim [ H"(z,z)dz =0,
n—oo

lim / / (H"(2, %) — H(z, #'))2dzd= = 0,

n—oo

where integration is performed over the 2-dimensional torus. These conditions are
simpler than ours since we deal with coloured noise 7,,, rather then space white
noise.

Consider now a test function ¢ € C°°(D): Proposition 7.2.3 allows us to de-
fine the nonlinearity (7.2.3) as the L?(n,,,)-limit of <w ®w, H$> for any sequence

HJ approximating Hy in the above sense (for instance, progressive truncations of
Fourier series). To emphasize the peculiarity of its definition, we adopt a special
notation for this object.

DEFINITION 7.2.5. For any H € H°(D x D), and H™ as in Proposition 7.2.3,
(7.2.10) (wow,H) = L*(Na,) — Jim (wew, H").

We chose a distinct symbol because if we consider a smooth H and confront the
new object we define and coupling with tensor products (7.2.1), a straightforward
computation reveals that

(wow H)=(wew H)y— > FpFjn(H)o3 .
(4,k)eA
Indeed, let H™ be the following approximation of H:

S
FieFjrp (H") = FjpFjrpr (H) = —5—=1j=jr=0,k=k'=1,....n}»
nod

)

where S =37 o\ FjeFjk(H)o3, < oo. Hence

R S
(wow, H) = (w®w, H) —nlggog_jlwﬁ,k@ = (w®w, H) — 5.

)

as an equality between random variables in L?(1,,,,). Notice that the last summand
in the latter expression diverges for a generic H € H°(D x D), according to the
fact that the coupling with tensor product w ® w can not be defined in that case.

REMARK 7.2.6. The present paragraph takes its name because the coupling
(wow, Hy we defined in fact corresponds to the double It6-Wiener integral of H
with respect to the Gaussian measure 7.

We now extend Proposition 7.2.3 to manage stochastic processes, rather than
just random variables.

PROPOSITION 7.2.7. On a probability space (2, F,P) consider a stochastic pro-
cess (wi)iejo,r) with trajectories in C([0,T],H17%) such that the law of w; is
Nou(dw) for every t € [0,T]. Let (Hf)nen < H?T2°(D x D) be an approwi-
mation of Hy in the sense of Proposition 7.2.3. Then the sequence of processes
t— <wt ®wt,H$> converges in L2([0,T], L?(P)). Moreover, the limit does not
depend on the approximating functions Hy.

The proof is a direct consequence of Proposition 7.2.3 and stationarity of the

process w. We are now ready to give the definition of solution we mentioned in
Theorem 1.6.1.
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DEFINITION 7.2.8. A stochastic process (Ui, wi)iepo, 1) defined on a probability
space (Q, F,P), with trajectories in C([0,T);R x H~17%), solves the reduced form
(7.1.6) of (BQG) in the weak vorticity formulation if, for every test function ¢ €
C>=(D), P-almost surely, for everyt € [0,T],

t t
(r2.11) o8} = o)+ [ ovowns ) ds+ [ (Luno) s,
0 0
t 19)
(7.2.12) U, — Uy = / ][ h (&CA‘lws + ”h) dzds,
0JD p=A

where the process s — (ws o ws, Hy) is defined by Proposition 7.2.7.

In the remainder of the paper we will focus on equations for centred variables

(U,w), and thus prove the following corresponding version of Theorem 1.6.1, from
which the latter is straightforwardly recovered.

THEOREM 7.2.9. Let 8 # 0 and h as above. For any a,u > 0 there exists a
stationary stochastic process (U, wy)¢ejo, 1) with trajectories in C([0,T], R x H19)
and fized-time marginals 1o, whose trajectories solve (7.1.6) in the weak vorticity
formulation of Definition 7.2.8.

7.3. A Galerkin Approximation Scheme

Let us define the finite-dimensional projection of L?(D) onto the finite set of
modes Ay = {(j, k) € A: j2+ k* < N},

(7.3.1) Iy :L*(D)> f=Tnf= > Fir(flejsi € Hn,
(4,k)EAN

where we can identify the finite dimensional codomain with

Hn

Z Einesk t & =8 jpp = {€€C 1§, =€} =T,
(4,k)EAN

Ay ={Gk) €N:j>0,>+K < N}.

7.3.1. Truncated Barotropic Quasi-Geostrophic Equations. Let A" =
IIyh: we consider the following truncated version of (7.1.6),
{8th + 1IN (VLA_le . VOJN) +LywN =0

du™ N -1,,N
S = fp W0 ATIWT,

(7.3.2)

with Lyw® collecting affine terms in w'¥:

1
Lyw = (UN - ﬁ) 5IwN+UNMM_ixAhN+HN (uv_AhN'VwN>

\Y
+ 1y <VJ‘A1Q}N . ’“‘hN> + BO, AT N,
w—A
For the sake of simplicity, equations (7.3.2) can be rewritten in the compact form

(7.3.3) o(UN, W) = BN(UN,w"),

where w™

is the vector with components (c&fk)(j7k)€AN, and BY : R x Hy —
R x Hy. Let us stress the fact that we can reduce ourselves to consider Fourier
modes in 1~\N thanks to d}é\fk = dzfj’k.

Galerkin approximants (7.3.2) are globally well-posed, and truncation is such
that they preserve the following projection of 7,

o = (Idr, TIN) #0a -
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In other words, under né\{ w U N has the same Gaussian distribution of U under
Mo, s While w™ is the projection of w under Na,u- More explicitly, we can define
név’ . by density with respect to the product Lebesgue measure on Hy ~ Ay,

1 ap
dné\{M(UN’wN) _ =N e_T(UN)szN
a,p

(67N 2 1 ~N
X e (—2|wj’k| (1+j2+k2>) d; -
(4,k)EAN

PROPOSITION 7.3.1. Fornl ,-almost every initial datum (Ug',w('), there exists
a unique solution (UN,w]N) € C®([0,0),R x Hy) to the ordinary differential
equation (7.3.2). Moreover, the global flow preserves né\fu.

PRrROOF. The components of vector field BN are polynomials of UY d)ﬁ’k, (J, k) €
An, and thus BY and its derivatives have finite moments of all orders under nd .
The thesis then follows from non-explosion results in [51, Section 3], as soon as we
check that BY has null divergence with respect to ny,, i.e.

0 = diVnCJ)XM BN = 6UNB(]JVN + Z ajka;\fk
(j,k)EAN

AW
(:k)EAN

subscripts denoting components (and derivatives) relative to Uy or w; ;. In fact,
[61] treats the case of a standard Gaussian measure on R™, but their results are
easily extended to our case. Showing that BY is divergence-free with respect to
n(JX , can be done by direct computation: the full computation in the case of com-
pletely periodic geometry can be found in [129, Section 6.2], to which we refer, the
differences with our case being minimal. O

7.3.2. The Truncated Nonlinear Term. In the finite-dimensional Galerkin
truncation (7.3.2) we can repeat the arguments of subsection 7.2.1 to cast couplings
of the nonlinear term into a double integral formulation. For any ¢ € C°°(D),
expanding in Fourier series the equality

My (VEATWN - VW) ¢).

<VLA_1WN : VWN7HN¢>H0
= <(.UN ®WN’H(§$V>HO(DXD) 3

we deduce a Fourier expansion of HZ,

N | NPT , 1 1
N _ (. . {(j+7',k+Ek")EAN}
J:j,k}—j’yk/H¢ = (J'k — GK") i+ i ktnr 4i <j2 TR i?+ k’2>
R Loinir 110 1 1
./ 0 {(G+y",k=k")EAN}
- (.7 k +jk )¢j+j/7k—k/ 41 <]2 ) - j/2 + le) ’

the computation being completely analogous to the one in subsection 7.2.1.

7.3.3. Compactness Results. The first step towards taking the limit of
Galerkin approximants as N — oo is to provide estimates from which we can
deduce relative compactness of approximations.

We begin by reviewing a deterministic compactness criterion due to Simon,
which allows us to control separately time and space regularity, in the spirit of
Aubin-Lions compactness Lemma. We refer to [156] for the result and the required
generalities on Banach-valued Sobolev spaces.
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PROPOSITION 7.3.2 (Simon). Assume that
e X — B — Y are Banach spaces such that the embedding X — Y is
compact and there exists 0 < 6 < 1 such that for allve X NY
lolls < M Jlollx® flolly
e 50,51 € R are such that sg = (1 — 0)sg + 0s1 > 0.
If F C W is a bounded family in
W = w0, T],X) N W+ ([0,T],Y)
with 1o, 71 € [0,00], and moreover
1-6 0
To 1
then if F is relatively compact in C([0,T], B).

s* =59 —

Let us specialise this result to our framework. Take
X=RxH ' 2 B=RxH ™ Y=RxH3>,
with § > 0: by Gagliardo-Niremberg estimates the interpolation inequality is sat-
isfied with 6 = 6/2. Let us take moreover so =0, s1 =1, 11 =2 and ro = ¢ > 1; if
we can take ¢ large such that
o 2-90
= ——— >0
s 4 2q ’

then the hypothesis are satisfied and obtain:
COROLLARY 7.3.3. Let 6 > 0. If a family of functions
{vn} € LI([0,T],R x H~1=9/2)y n W2([0, T],R x H~379)
is bounded for any q > 1, then it is relatively compact in C([0,T],R x H~179).
As a consequence, if a sequence of stochastic processes u™ : [0, T] — RxH 179,

n € N, defined on a probability space (Q, F,P) is such that, for any g > 1, there
exists a constant Cr 54 for which

(1340) B [l (o e -orm) + [0l oy se-s-0)] < Crisa

then the laws of u™ on C([0,T],R x H™179) are tight.

For the sake of completeness we remark that the second, probabilistic part of
the latter statement follows from the deterministic one and a simple application of
Chebyshev inequality.

We want to apply Corollary 7.3.3 to the sequence of finite dimensional Galerkin
approximations we built in Proposition 7.3.1. To obtain the uniform bound (7.3.4),
let us begin with the “space regularity” part: by stationarity of the process (U™, w™)
we can swap expectations and time integrals, so that

E (10 [agoy + 1™ Voo zpsis-srmy] < TE [0V + ¥ [ymszss

<7 / (P + ]2, 1—s/2) (AU, dw) < Crppe

As for bounds on time regularity: starting with U, by the evolution equation

dUN |I?
di

2
) “

10 By = 10 2oz + \

T
g/ <|UtN|2+‘][ AN o, A7 W
0 D

L2([0, 1)
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from which we deduce, using that w” has marginals né\{ M(dwN ) for every fixed time
t, and that h € C*(D),

E[IUY B o] < Crn (14 E [l 1)
< CVT,h (]— +E I:Hng.Lflf(s:I) < CT,oz,;LJp

Let us now focus on time regularity of w”: we have

||‘*’NH%VL2([0,T],H—3—6) = ”WN”%%[o,T],H—C‘—ﬁ) + ||at‘”NH2L2<[0,T1,H—3—5)

T
<2 [ (ol o + L (V-8 V) s + Lo oacs)
0

The affine term is controlled at any fixed time ¢ by

E [|Lyvwi 1F-s-5] < Capn (1 +E [w™][3-1-5])
< Ca,u,h (1 +E [Hw“’?{—l—‘s]) < C(%th'

The quadratic term is the one forcing us to consider a large Hilbert space such as
H~37°. As above, we denote m = (j,k) € An. We set ¢y, = e;s) and consider

2

2 ~ N ~
E[wYou B Y| =E|| Y FAFH, )& | |,
LUVeAN

where, by the expansion we derived in subsection 7.3.2,

1 '=m 1 1 1 I—l'=m} 1 1
(HN ) = gLy titl=my o 2 Loy Aist=my (2 )
]:l}-l( ¢m) 4i |l|2 |l/|2 + 4i |l|2 ‘l’|2

We can consider only the first contribution of the latter sum, since, up to a constant,
we can bound the contribution of the sum with the contributions of the sole first
term, similarly to what we did in the proof of Lemma 7.2.1. We obtain:

735 E[Yedmyyse S (- i)

l,hEAN
I htm
1 1
1 N ~ N~
X h~-(m—h) <h|2 - 7|m — h|2) E [wljvwn]\i_lw,]ywn]\i_h} .

By Wick-Isserlis Formula the expected value on the right-hand side is given by

“NAN NN

E [wl Win—1Wh, wm—h]
2 2 2 2 2 2

= 0703,01,m—10hm—h + 070 101 00m—1,m—n + 07 0301, m—nOm—1,h

2 2 2 2 2 2
(736) =0 Uhél,m—l(sh,m—h +0; Um—ﬂ»ﬁ +oi gh(glvm_h'

Notice that if I = m — [ we have [+ (m — ) = 0, hence the first summand in (7.3.6)
does not play any role in the computation of (7.3.5). Moreover, it is easy to check
that the second and third terms give the same contribution, since [+ - h = —h* - [.
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Therefore, applying inequalities (7.2.6),(7.2.7),

)2 1 1 2
E|:<WN®WN,H¢ :| <CZU[ l(ll (|l|2_’n’1,l|2)>

leAn
l#m
[ [m|*m — 1] |1]*[m]*
<C
<C 2 oo ( Tm =1 [ifm 1"
leAN
l#m
—C| |4Z 2 2 1 + 1
— 2 T iR fm =12 T =
leAn
l#m
2 2
4 010 m—1
<Cimpt Y- At
leAN
Recall now the expression for o7:
PR
alp+[I?)’

2 2
which is smaller than a~" for every I. Therefore >, , - % is bounded form
above uniformly in m € Ay, N € N. Hence

1
B (Il (THA 7" Vo) [Bas] O Y e (08 @ B
meAN
m*
<C6 Z 1+|m| 3+5 SC(S;
meEAN

where Cj is a finite constant which does not depend on N. All in all, we arrive to

E [HWNH%/VLQ([O,T],H—3—5)} < Crapuh (1 +E [”WH%{—l—é]) :
The estimates made so far, combined with Corollary 7.3.3, lead us finally to:

LEMMA 7.3.4. The laws 95# of the sequence of processes u = (UN,wN)ier
defined by Proposition 7.3.1 are tight on C([0,T],R x H~179).

7.3.4. The Continuous Limit. By Prokhorov theorem there exists a sub-
sequence of ©F —with a slight abuse of notation we will denote it with the same
symbol— Weakly converging to a probability measure O, on C([0,T],R x H~ 1=9y,
By Skorokhod theorem, there exists a new probability space (Q F, IP’) and random
variables 4", @ with values in C([0,T], R x H~'~?) such that:

e the law of @V (resp. @) is ©F , (resp. Oq ,);

e @V converges to @ P-almost surely.

In order to lighten notation, we will drop tilde superscripts in the following.

The aim of this final paragraph is to prove that the stochastic process u is a
weak solution of (BQG) in the sense of Definition 7.2.8, thus concluding the proof
of Theorem 7.2.9. First of all, we make the following fundamental observation.

LEMMA 7.3.5. The Galerkin approzimations u = (UN,w™) solve (7.3.2) in
the sense of Definition 7.2.8. More precisely, given any test function ¢ € C*°(D),

(7.3.7) <w£v,¢>:<wév7¢>+/0 (WY @wl, Hy) ds+/ (Lyw?l,¢) ds

ProOF. This follows from the discussion made in subsection 7.2.1. O
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PROOF OF THEOREM 7.2.9. All but the bilinear term in (7.3.7) converge al-

most surely because of the convergence of w™ — w in C([0,T],H~'~%) and conti-

nuity of duality coupling with ¢. The almost sure convergence of UV to U solving
(7.2.12) follows similarly. Let us thus focus on convergence of the nonlinearity. For

any given ¢ € C*°(D) and M € N it holds

t t
/<W£V®W§»H¢> ds:/ (WY @wl, Hy — H') ds
0 0
t
+/0 <w£v®wév—ws®ws,Hé,w> ds

t
+/ <ws ®wS,H£/I> ds.
0

For the first term on the right-hand side we have the following L! estimate:

E[(wN@wN, Hy— HY)|] <E lz b (W™ ®w™, Hy,, —H;Qi)]]
meA
o\ 1/2
WwN @ wN, Hy, —Hgym

A 7 (s~ B[
< <Z | |*(1 + |m|2)5> > 1+ [m]?)?

meA meA
01\ /2
(3 onrt s iy [ Bl et )]
< |G| *(1 + [m]7) 5
v men o (Lkim)?
mQAM
1/2
<Ol | 3 L 0 as M - o for f> 3
s T .
= T = (0 +[mP)? o0

For the last term, Proposition 7.2.7 implies the convergence in L?([0,T], L?(£2))

¢ ¢
/ (ws ®wg, HY') ds —>/ (ws o ws, Hy) ds
0 0

as long as we check that H éw is an approximation of Hy in the sense of Propo-
sition 7.2.3. But this last property is easily implied by the definition of H, £/[ and

Lemma 7.2.1. The second term in the right-hand side goes to zero as N — oo for ev-

ery fixed M, since w™ ®@w” converges almost surely to w®w in C([0, T], H~272%(D x
D)), and H ' belongs to C>(Dx D). Thus, up to subsequences, we have the almost
sure convergence

t t
/ <wiv ®@wl, Hy) ds —>/ (ws 0 ws, Hy) ds.
0 0

Therefore, taking the almost sure limit in (7.3.7) we get

t t
(wer &) = (w0, 8) + /O (s 0w, Hy) ds. + /0 (Leos, ) ds.



CHAPTER 8

Gaussian Invariant Measures of 2-dimensional
Stochastic Primitive Equations

This Chapter contains the results obtained in [97], which we outlined in Chap-
ter 1, and it is structured as follows: in Section 8.1 we rigorously introduce a sto-
chastic version of 2-dimensional Primitive Equations in terms of vorticity w = 9, v
and a Gaussian measure formally preserved by the dynamics. We then summarize
how the theory of [100] applies and state a well-posedness result for martingale
solutions in sufficiently hyperviscous cases. Finally, in Section 8.3 we collect details
and computations completing the proof of our main results.

8.1. Vorticity Formulation and Conservation Laws

The model under consideration in the remainder of the paper is the following
stochastic PDE in the space domain D = [0,27]? > (z, 2),

040 + v0,v + w,v + Opp = —(=A)0v + 1,
(8.1.1) d.p =0,
Ozv + 0, w = 0.
Here, v = v(t, z, ) is the horizontal velocity, w = w(t, x, z) is the vertical velocity,
p = p(t,x) is the pressure. The parameter § and the additive Gaussian noise 1 will
be specified below. The unknown fields v, w are subject to the following boundary
conditions:
w =0, if z=0,2m,
(8.1.2) v =0, if x =0, 2m,
d,v=0, ifz=0,2mr.
The first two lines impose impermeability of the boundary; the third one is called

a free boundary condition for the surface and the bottom of D. Before moving on,
we discuss another possible choice in the next paragraph.

8.1.1. On Physically Realistic Boundary Conditions. While free bound-
ary conditions are suited to describe interfaces between fluids such as the ocean
surface, they can not be used to model a solid boundary such as the ocean bottom.
Instead, one should consider a no-slip boundary condition, leading to a different set
of conditions:

w =0, if 2 =0, 2,
v =0, if x =0, 2m,
v =0, if z=0,
0,v=0, if z=2m.

(8.1.3)

In other words, we are assuming that the full velocity field (v,w) vanishes on the
bottom side.

We prefer the choice (8.1.2) since Laplace operator can be diagonalised on func-
tions satisfying that set of boundary conditions. This is not true when we consider

115
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Dirichlet boundary at the bottom, since the eigenvalue problem is overdetermined.
In that case, Fourier analysis can still be carried through with an orthonormal ba-
sis differing from usual trigonometric functions, see [32, Section 6]. We also refer
to [87] for further discussion on boundary condition, and conclude the paragraph
observing that one can reduce conditions (8.1.3) to the ones (8.1.2).

Assume that (v, w) is a smooth solution of (8.1.1) on D satisfying (8.1.3), for
simplicity in the case 7 = 0. Then, if we extend the solution to the doubled domain
D = [0,2n] x [~2m,27] so that v, w are odd functions in the z direction, we have
obtained a solution of (8.1.1) on D satisfying (8.1.2). The size and aspect ratio of
the domain is in fact irrelevant in our discussion.

8.1.2. Vorticity Formulation. Let us first assume to be dealing with smooth
solutions of (8.1.1), driven by a smooth deterministic 7. The aim is to derive
an equivalent formulation of the model in terms of the only scalar field vorticity
w = 9,v, on which we will focus the remainder of our discussion.

First of all, let us notice that v must always have zero average in the z direction,
since the incompressibility equation 0, v+ d,w = 0 and boundary conditions imply,
for all z € [0, 27]:

27 27 2m
8:”/ v(z, 2 )dz' = Opv(z,2")dz = — O, w(z,2")dz' =0,
0 0 0

from which it follows

2m 2m
(8.1.4) / v(x,2")dZ = / v(0,2")dz" = 0.
0 0
Because of this, the solution A(v) of the linear problem

—92A()(z,2) =v(z,2), (z,2)€]0,2n] x (0,2m),
A(v)(z,z) =0, z =0, 2m,

is well defined for all v satisfying our hypothesis. Another property of solutions
(v,w) holding independently of time is that w is a diagnostic variable, i.e. it is
completely determined by v:

w(z,z) = w(z,0) — /OZ Opv(z,2")dz2 = 0,0, A(v)(z, 2).

Neglecting for a moment boundary conditions, equations (8.1.1) can thus be
rewritten in terms of only v, p by

{8,51) + 09,0 + 0,0, A(v)0,v + Opp = —(—A) v + 1,
d.p = 0.

The system is then further simplified by considering the equation for vorticity w =
0,v, which does not involve the pressure p:

(8.1.5) rw + VTA(w) - Vw = —(=A)w + a1,

where V4 = (—0.,0,). Notice that v is completely determined by its partial
derivative 0,v and the zero average condition (8.1.4), so (8.1.5) is equivalent to
(8.1.1). Let us also remark that A(w) is well-defined since w has zero average in the
z direction, and that A —to be rigorously defined below as an operator on function
spaces— commutes with derivatives.

Let us briefly discuss boundary conditions for w. Conditions on v immediately
prescribe w(z,0) = w(x,2m) = 0 for z € [0,2n] and, moreover, since v is constant
along the z direction at = = 0, 2w, we also have 9,v(0, z) = 0,v(2m,z) = 0 for all
z € [0,27]: overall w must vanish on dD. The condition w = 0 on z = 0, 27 is not
as easy to translate into a condition for w, but we will bypass the issue with our
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Fourier series approach below. It is worth noticing, however, that it is because of
the boundary condition on w that A(w) is well defined.

REMARK 8.1.1. The relation between boundary conditions for (v,w) and w is
thoroughly discussed in [32] in the setting of subsection 8.1.1.

To conclude the paragraph, let us observe that thanks to the driving vector field
V+A(w) being Hamiltonian, smooth solutions of the hydrostatic Euler equation
(1.7.2) in vorticity form,

(8.1.6) dw + VEA(w) - Vw = 0,
with (v,w) = V1 A(w) satisfying boundary conditions, preserve the quadratic ob-

servable f D w?dzdz. Quite remarkably, this feature is peculiar to the two-dimensional
case, since the quantity w does not seem to have a counterpart in higher dimensions.

8.1.3. Functional Analytic Setting. As we described above, we are not in-
terested in regular solutions of (8.1.1), but rather to singular, distributional regimes.
It is thus convenient to encode in Fourier series the boundary conditions, and then
set up our results in distribution spaces defined by means of Fourier expansions.

The general Fourier series expansion of a smooth function w on D such that
A(w) is well-defined and (v, w) = V+A(w) satisfy boundary conditions (8.1.2) is

1
w(x,z) = g wrek(z,2), eg(x,z) = —sin(kiz)sin(kaz),
™
keNZ

where the e;’s form an orthonormal set in L?(D), &y, are the Fourier coefficients of
wand k = (k1,ko) € N = (N\ {0})2. We will denote

S=qw= > dper:VpeR Y |k[P x| < o0
keNg keNg
Equivalently, S is the space of smooth functions w on D belonging to the domain
of A and such that (v, w) = V1 A(w) satisfies the boundary conditions (8.1.2). We
then denote by S’ its dual space, represented by Fourier series whose coefficients
grow at most polynomially. Brackets (-,-) will denote duality couplings between
functions and distributions
(f,9) =" i,

keNg
defined whenever the right-hand side converges. Let us also introduce, for m € N,
the projection onto the linear space of functions generated by e;, with |k|? = k% +
k2 <m?,
TS =8, w— Thw= Z ke

keNE,
|k|<m

Following [100], we set up our analysis on the Banach spaces

FLP* ={weS :lw|bppe = > [k[*PlinP <oop, a€Rp>1,
keN2
and their p = oo version with [|w|| 77w = supgeng [F[*|wk|-
Moving to the Fourier expression of the dynamics (8.1.1), the crux is clearly
the nonlinear term, whose Fourier expansion is given by

(17 V'AW) Vo=Bw) = Y Bu@er. Biw) = Y i

h
keNg hezd
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where Z2 = (Z \ {O})2 and, for h = (hl7 h2> S Z(Z), (,:}h = Sign(hlhg)d}(‘thth.

With vorticity formulation at hand, the difficulty inherent to the nonlinear
term is now apparent: looking at the z component of the divergence-less vector
field V4 A(w), the loss of one @, derivative is not compensated by the gain of one
0, derivative. Indeed, such unbalance marks the difference between (8.1.1) and 2-
dimensional SNS, which is especially evident in the Fourier series expansion (8.1.7).

8.1.4. Gaussian Invariant Measures and Driving Noise. Referring to
[69], we now introduce the stochastic analytic tools we will employ below.

Invariance of S(w) = 1 [, w(x, 2)*dxdz for (1.7.2) suggests that existence of an
invariant Gibbs measure formally defined by

(8.1.8) dp(w) = %e‘s(“’)dw.

Since S is quadratic, (8.1.8) can be understood as a Gaussian measure on S’ with
covariance operator Id, a multiple of space white noise on D. In other words, p is
the law of the centred Gaussian process x indexed by FL?*° with covariance

Ex(f)x(9)] =(f.9), [f.g€FL*".

Such p can be interpreted as the law of a random distribution supported on all
FL*® with o < —1, the spaces into which the reproducing kernel Hilbert space
FL?° has Hilbert-Schmidt embedding. Although a fixed realisation of the random
field x is only a distribution, couplings (f,x) = x(f) for f € FL?? are defined as
random variables in L%(u) (Ito integrals).

Another equivalent formulation is in terms of infinite products: formally ex-
panding S by Parseval formula, we can write

nte) = T (gze o am ).

keNg

that is, under p the Fourier coefficients @y, are independent identically distributed
standard Gaussian variables. As a consequence, for all a < 0, p is supported by
F Lo,

Looking at the laws of Fourier components under p it is also clear why under
this measure equations (1.7.2) and (8.1.12) are singular: the series defining a single
coefficient By (w) of the vector field diverges almost surely under p. On the other
hand, the expected value under p of each summand in the series defining By (w)
vanishes, which is a formal but suggestive argument supporting the invariance of
. In fact, the argument becomes rigorous when considering Galerkin truncations
of B, and we will make essential use of this in the following.

The space-time analogue of u, which we will use to define the stochastic forcing
for (8.1.1), can be defined in two equivalent ways. First, we can consider the centred
Gaussian field ¢ indexed by L?([0,T], FL??), with T € [0, 0o], whose covariance is
given by

E [5(‘1))5((1)/)] = (2, (I)/>L2([0,T],]-'L2v0) :

When coupled with test functions of the form 1jy4(s)¢(z,2), ¢ € S, £ can be
regarded as the cylindrical Wiener process W, on FL?Y:

<£a 1[O,t}¢> = <Wta¢> = Z ékﬁf7

keNZ

the latter part being the usual Karhunen-Loeve decomposition with (3F) renz inde-
pendent standard Wiener processes.
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For all 8 > 0,v > 0, the Gaussian measure p is the unique, ergodic invariant
measure of the infinite-dimensional Langevin’s dynamics

(8.1.9) XX = —v(—A)?X + V2 (—A)/2%¢,

which can be interpreted, by means of Fourier decomposition, as the system of
independent one-dimensional SDEs

dXy, = —v|k[? Xydt + V2v|k|?dBF, ke N2.

For the sake of simplicity, and without loss of generality, we will set ¥ = 1 in the
following. Let us conveniently introduce a symbol for the Generator of the dynamics
(8.1.9): first we define cylinder functionals on &’ by

C={FeLl’pn): Flw)= f(@n,...0x), f€C°R"), ky,...k, € N§,r € N},
and for F' € C we denote

(8.1.10) LoF(w) =Y |kil* (—an,0if + 0} f) .
i=1
Let us also introduce the carré du champ of the diffusion operator Ly: for F, G € C,
(8.1.11) Eo(F,G)(w) = Y kil f Dig,
i=1

which satisfies the Gaussian integration by parts formula
By [FLyG] = =K, [E(F, G)].

The above arguments finally lead us to consider the combination of dynamics
(1.7.2) and (8.1.9) as a SPDE preserving p:

(8.1.12) dw + VEAW) - Vo = —(=A)%w + V2(-A)?/2%¢.

As already noticed, the nonlinear part of the dynamics is not well defined for func-
tions w in the regularity regime dictated by u, or rather, it can be given a rigorous
meaning only by exploiting cancellations due to the structure of the stochastic
equation as a whole.

REMARK 8.1.2. In terms of v, the latter equation reads

{atv + 00,0 + 0,0, A(0)0yv + Opp = —(—A)0 + 0,v/2(—A)0/2¢,
d.p=0.

The forcing term should have white noise regularity in x, and Brownian regularity
in y, although the covariance structure is a nontrivial copula of the two.

REMARK 8.1.3. Just as in the case of 2D Euler or stochastic Navier-Stokes
equations, the invariant measure associated to enstrophy is not able to describe pe-
culiar features of the fluid-dynamic model, such as turbulence phenomena. In fact,
such measures are preserved by any flow of measure-preserving diffeomorphisms
of the domain, among which the Euler flow is a very distinguished case. Energy
ensembles should be in fact more relevant, but they are supported on quite larger
distribution spaces.

8.2. Regularisation by Noise in Hyperviscous Regimes

In this section we outline how the solution theory of [100] (known as Energy
Solutions theory in the context of stochastic Burgers and KPZ equations) applies
to our model in a sufficiently hyperviscous regime. Computations differ from that
work only by small details: we collect them in the last section for the sake of
completeness, and in the present one we only recall the core ideas.
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8.2.1. Controlled Processes and Martingale Solutions. We recall the
notion of controlled process from [100].

DEFINITION 8.2.1. For 6 > 0 and T > 0 we define the space Rg 1 of stochastic
processes with trajectories of class C([0,T),S’) such that any w € Ro r satisfies:
(1) w is stationary and for any t € [0,T)], wy ~ n;
(2) there exists a stochastic process A with trajectories C([0,T],S’) starting
from Ay =0 and with null quadratic variation such that, for any ¢ € S,

(6r01) — (6 w0) + / (—AY'¢,w) ds — (6 Ar) = My(0)

is a martingale with respect to the filtration of w, and it has quadratic
o 2
variation [M(¢)], = 2t H(—A)9/2¢H}-L2,o ; ~
(8) the reversed process & = wr—_y satisfies condition (2) with Ay = —Ap_4.

Notice that in fact elements of Ry are the couples (w,.A). The forward and
backward martingale equations defining the class Ry r allow to obtain good a priori
estimates for nonlinear functionals of controlled process, in a procedure by now
commonly known as [to trick, especially in literature related to regularisation by
noise techniques, see [70, 67, 16].

In the next paragraph we detail how the Ito trick produces good estimates on
Galerkin approximations of (8.1.12): the idea behind Definition 8.2.1 is to collect
the features of those approximants allowing such estimates, to form a class of pro-
cesses on which the nonlinear term of (8.1.12) is defined. In Section 8.3 we will
prove the following:

LEMMA 8.2.2. Let 0 > 2, T >0 and w € Ro,r. Then for every ¢ < —1

t
lim B(mmws)ds

m—r oo 0

exists as a limit in C([0,T], FL>¢). We denote by fot B(ws)ds the limiting process.

The latter lemma shows that the nonlinear functional B(w) can be defined for
w € Ry, as a distribution in both space and time. Let us observe that Fourier
truncation m,, in Lemma 8.2.2 can in fact be replaced with a large class of mollifiers,
the limit being independent of such choice: for the sake of keeping the exposition
simple, we refrain from going into details.

We can now give a notion of martingale solution to (8.1.12).

DEFINITION 8.2.3. Let 8 > 2, T > 0 and w € Ry r. We say that w is a
martingale solution to (8.1.12) if it holds almost surely, for any t € [0, T,

t
A = / B(ws)ds.
0

The solution is pathwise unique if, for any two controlled processes w,&w € Rg 1
defined on the same probability space, satisfying conditions (2) and (3) of Defini-
tion 8.2.3 with the same martingales and with wy = @y almost surely, then almost
surely, for allt € [0,T], w; = @;.

The following is the main result of the paper: its proof will be given in Sec-
tion 8.3.

THEOREM 8.2.4. Let T > 0. For any 8 > 2 there exists a solution to (8.1.12) in
the sense of Definition 8.2.3. Moreover, for 6 > 3 the solution is pathwise unique.
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8.2.2. Galerkin Approximation and the Ito Trick. Let us introduce ap-
proximating processes (w™),en by their Fourier coefficients dynamics: for k € N2,

(8.2.1) do = B (w™)dt — |k[Pwmdt 4+ V2|k|PdBY,
where B™(w) = 7, B(mmw), and w® ~ p. The vector field B™ satisfies

k- hL
(8.2.2) div, B™(w) = div, Z Z Op@k—h——5—€k

keNZ, hezZg,
|k|<m|h\<m

N L k-ht
= E E whwk h) - whwk,hwk) h2 =0.
kENZ, heZS, 2
|k[<m |h|<m

As a consequence, (8.2.1) has a unique, (probabilistically) strong, global in time
solution since p is preserved by the linear part of the dynamics, and thus [51,
Theorem 3.2] applies. In the following, we denote by P} the law of w™ in C(Ry, S").

By Ito formula, for any cylinder function F' € C, F(w) = f(@p,,...,Wk, ), it
holds

dF(w™) = LoF(w™)dt + G™F (w™)dt + Za @, .. o )vV2lki|%dsy,
where Ly is defined in (8.1.9) and
G F (w Za F(@rys- o r, ) B (w)dt.
In other words, the process

t t
(8.2.3) MP™ = F(wl) — F(wl) — / LoF(w™)ds — / G™F(w
0 0

is a martingale with quadratic variation

t
MFm), = kil (0, o)) ds = Eo(F
[ 2/2\\ F@, o)) ds 2/0 ) (F) (w

Let us point out that, thanks to the hydrodynamic form of the nonlinearity,
G™ is a skew-symmetric operator with respect to u: indeed, since

(w, B™(w)) = (w, Tm (VT A(Tpw) - VImw)) = 0,
Gaussian integration shows that
u [ FG"G) = -E,[GG™F], VF,GeC.

Let us then consider the reversed process w;" = wi'_,, for a fixed time horizon
T > 0: @™ is a Markov process whose generator is the adjoint of the one of w™
that is Lo — G™. The process

(8.2.4) MP™ = F@) — F@) / LoF(@0)")ds — / G"F(wg")ds

is thus another martingale with quadratic variation 2 fo Eo(F)(wl™)ds. To sum up,

we have shown that w™ is a controlled process in the sense of Definition 8.2.1.
The trick is now to sum the martingale identities (8.2.3), (8.2.4) for w™ and @™

in doing so the nonlinear skew symmetric part, together with boundary terms, is
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canceled, leaving us with martingales term and the symmetric Ornstein-Uhlenbeck
generator,

t
ME™ — ME™ - MP™ = 2/0 LoF(w™)ds.

Burkholder-Davis-Gundy inequality thus provides, together with stationarity of
w™, the following powerful estimate: for p > 1 there exists a constant C, > 0 only
depending on p such that for all F' € C

P
(8.2.5) Epm | sup

t€[0,T]

¢
/ LoF(w)ds
0

< C,VTE, {|€9F\”/Q} .

REMARK 8.2.5. As already observed, Definition 8.2.1 actually collects the ele-
ments we used to establish (8.2.5); indeed, the latter holds more generally for any
controlled process w € Ry 1.

Inequality (8.2.5) provides good estimates on time integrals of observables for
w™, provided that we are able to solve a Poisson equation in Gaussian space. The
main aim are clearly bounds to establish the limit in Lemma 8.2.2, which can be
obtained by means of (8.2.5) by solving

LoH[" (w) = Bi'(w).

Since B}'(w) belongs to the second chaos in the Wiener chaos decomposition of
L?(u), and since Ly is diagonalised by such decomposition, it is easy to obtain the
explicit solution

0-ht
8.2.6 H" = TR 1 0R)
(8.2.6) 7 (W) = —X{k|<m} ZQ R R 1 [€]2)
h,ecZ2,
h+L=k
|h],|£|<m

The computation is completely analogous to [100, Section 3], to which we refer.
With the latter expression at hand, one only needs to estimate moments of Ey(H"):
we report such computation in the next section, together with some variants from
which Theorem 8.2.4 follows.

8.3. Proof of Main Result

We complete in this Section the proof of Theorem 8.2.4. First, by means of the
It6 trick estimate (8.2.5) we obtain bounds on Galerkin approximations: the last two
paragraphs are then devoted to existence and uniqueness of martingale solutions.
In this section, the symbol < denotes inequality up to a positive multiplicative
constant uniform in the involved parameters.

8.3.1. Controlling the Nonlinear Term. We start from the expression
(8.2.6) for H}* to obtain estimates on the nonlinear term in (8.1.12). By definition
of &, (8.1.11), one has

2k —h) -t
m 4
gO(Hk )(w) = X{|k|<m} Z |h|2 h2(|k¢— h|2 + |h|2)0wk*h ’
hez?, 2
[h|<m
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therefore, taking expectation with respect to u, for |k| < m

2

2k — h) - bt
o [ Eo(HT |n|?¢
©) hgzz h3(k = h[? +[h[?)?

[h|<m

<y |kP|RPH20 > k| |h[?

~ L Tk — R 4 [h[#0 ¥ L [k — B0+ A0
hezz, hezz,
[h|<m [h|<m

Now we use the fact that, for 6 > 2,

k4729
Z |k h|29+|h|20 N| |

hezd
(see [101, Lemma 16]) to deduce the following estimate uniformly in m:
E, [Eo(H{")] S [KI°2.
Similarly, increments are controlled by

sup B, [Eg(Hy — H")] < [k[*m* =%

n>m

With these estimates at hand, by means of (8.2.5) and Gaussian hypercontractivity,
one can prove the following estimates on the nonlinear term of (8.1.12).

LEmMMA 8.3.1. Let Gi* = fot B(mnws)ds and P be the distribution of the
stationary solution of (8.2.1) described above. For any n > m we have the following
estimates:

(8.3.1) sup (G}"),, < kP02,
te[0,T) Lo (P
(8.3.2) sup (G, — (G"), < [K| T2
t€[0,T] Le(Em)

LEMMA 8.3.2. Let GI" = fot e~ (=92 B(m,w,)ds and P} as above. For
any m fized, n > m, s,t € [0,T], s < t, we have the following estimates:

(8.3.3) sup (G;ﬂ) < |k[32,
t€[0,7] )
(8.3.4) sup (ég) —(é;") < |k~ A2,
te[0.7] g "l o e
8.3.5 H ém _ ém ‘ < k,3—29+250 t— f—:7
(8:3.5) sw [(61), = (62), [,y 5 M (t-3)

where the last inequality is meant to hold for € > 0 small enough.

Proofs of the previous estimates follow along the lines of Lemma 5, Lemma 6
and Corollary 1 of [100], so we refrain from repeating them here.

8.3.2. Existence for 6 > 2. We first prove Lemma 8.2.2, which gives a mean-
ing to the nonlinear term of (8.1.12). The result easily follows from Lemma 8.3.1.
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ProOOF OF LEMMA 8.2.2. Let G}* = fot B(mpws)ds. It is clear that G™ is
a random process with values in C([0,77], FL>¢) for every m and ¢ € R. Since
0 > 2, (8.3.2) gives for any p and n > m
P
] —0

Z | k|Cp
k

as m — oo whenever ¢ < —2/p — 1. Taking p sufficiently large, for any ¢ < —1 we

obtain the almost sure uniform convergence of G™ in the space C([0,T], FL>¢).

O

Eep sup (G, — (GI)y

t€[0,T]

We are now ready to prove the first part of Theorem 8.2.4. The proof relies on
subsection 8.3.1 and Skorokhod Theorem.

PROOF OF THEOREM 8.2.4, EXISTENCE. Let us consider the mild formulation
of (8.2.1):

t
(8.3.6) Wit = e =AY g 4 / e (=) (=2)" pm (ym) g
0

t
+VE-A)E [ et gg,

0
where wy ~ p and 3 is a cylindrical Wiener process on FL?°. Define

t t
Al = / B™(wl")ds, /ﬁ” = / e_(t_s)(_A)eBm(w;”)ds.
0 0
We prove that, for ¢ > 0 sufficiently small and ¢ < —1, the laws of the processes

(wm,Am,flm,ﬁ) are tight in C([0,T], X), where

X = J—_'Loo,c % J—_-Looﬂf?)fs % fLoo,297375 x FLo €.

By Borel-Cantelli theorem applied to Fourier expansions, the law p is concentrated
on FL° ¢, and the stochastic convolution takes values in C([0,T], FL>%~¢) for
every € > 0. Tightness in this space is given by Fernique Theorem. Tightness of
(A™),, descends from Equation 8.3.5 and tightness of (A™),, descends from Equa-
tion 8.3.1. Hence, by a standard application of Prokhorov Theorem and Skorokhod
Theorem, we deduce the a.s. convergence, up to a subsequence and a change of the

underlying probability space, of (wm, A AT 6) towards some random variable

(w,A, A, ﬂ) in C([0,T], X) which satifies

t
wp=e 1A w4 A, + \@(—A)Q/2/ e~ (t=9)(=2)" g3,
0

t
— o+ / (=) wds + A; + VE(=D)°2B,.
0

Now it is easy to check that w € Ry 1, see [100] for details. O
8.3.3. Uniqueness for 6 > 3.

PROOF OF THEOREM 8.2.4, UNIQUENESS. We have constructed a sequence of
w™ converging a.s. to a solution w as random variables in C([0, 7], FL>¢) for
every ( < —1. Here we prove uniqueness, which comes from an estimate on the
quantity m,,(w™ — w) in a suitable space, where w € Ry 1 is a controlled solution
to (8.1.12) and w™ is its Galerkin approximation defined by (8.3.6). In particular,
we prove that 7, (w™ — w) converges a.s. to zero in the space C([0, T], FL°*%), for
suitable £ > (. This would conclude the proof by uniqueness at the level of the
Galerkin truncations.

m
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It is easy to see that

t
T (wy" — wy) = 6;" :/ et (=a)" (B™(wg") = mm B(ws))ds
0

t
- /0 e~ (=AY (B (W) — B™ (w,))ds

t
+/ e_(t_s)(_A)e(Bm(ws) — T B(ws))ds
0
=ai" +7"
for every m, and thus for every &

sup sup [k[*[(67")k| < sup sup [k[*|(ai")k| +sup sup [k[*|(7")xl-
k te[0,T] k tel0,T] k t€[0,T]

By (8.3.3), (8.3.4) and interpolation, v satisfies

sup (")l S |k[P20tem e

te[0,T)

)

Le(Prr)
and therefore for every £ < 20 — 3 we have

sup sup |k|¢|(77")k] — 0 a.s. for m — oc.
k te[0,T)

On the other hand, since

|B™ (W) = B™(ws)| S D [KIAI@E + wonl (@ = ws)r-nl,

hezg,
[h|<m

we obtain the following bound on a™:
sup [k[*|(af")x] SIk|Ssup sup [A]*|(6")l
te[0,T7] h tef0,T]

¢
260
X sup /e_(t_s)““‘ Z A8 R (W 4 we)k—nlds| .
te[o,71 /o hez3,
[h|<m

If &€ > 3 the series ) hez3 |h|'~¢ converges, therefore by Holder inequality

t
/e—<t—s>|k|2" D IR + ws)k-nlds

0 |h|<m
. 1/p' . 1/p
SIS0 e I ] ST S )i Pds
O |hl<m Y Jhl<m
. 1/p
< [k| 72007 / ST R + wa)in[Pds
O Jn<m

Taking p" — 1 such that £ +1 — 26/p’ < 0 and using the fact that w™ and w have
marginals ~ p, we finally get

sup sup |k|¢|(0/")x| — 0 a.s. for m — oo,
k tel0,T]

for every 3 < £ < 20 — 3, which corresponds to the additional contraint § > 3. The
proof is complete. O
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