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Abstract

This thesis deals with classification of special classes of 1-variable holomorphic ra-
tional functions.

In the first part we focus on the class of rational maps with bounded orbits of
post-critical points – so-called Thurston maps. These maps can be viewed as a class
of topological objects – branching coverings. There exists a natural equivalence
relation on the class of Thurston maps, such that different rational functions are
almost never equivalent. We provide an algorithm which allows to represent these
algebraic (or topological) objects by means of completely combinatorial objects –
invariant graphs with marked vertices. We also introduce a computational procedure
for finding such graphs.

Then we look at the cubic polynomials with connected Julia sets with a fixed
multiplier, thus we get a slice of such polynomials. Such slices can be considered as
parameter spaces. We introduce a parametrization of these cubic slices via reglued
Julia set of the quadratic polynomial with the same multiplier. We also show that
the parametrizing map is continuous.
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Chapter 1

Introduction

The principal objects of this thesis are holomorphic rational functions of one variable.

We classify these functions in some special cases using mainly a topological approach.

The main results are related to two different classes of 1-dimensional holomorphic

rational functions: first we deal with post-critically finite rational functions and then

with cubic polynomials with a fixed multiplier. For the first class we provide an

algorithm for finding a purely combinatorial invariant and for the second one we

parametrize families of polynomials via some special set on the dynamical plane.

1.1 Invariant trees for Thurston map

The first part is dedicated to the class of rational maps with finite orbits of crit-

ical values (images of critical points) – so-called Thurston maps. Thurston maps

were first introduced by W. Thurston in context of rational maps. His main result,

Thurston’s characterization theorem (see [DH93]), allows to study these algebraic

objects by topological tools. More precisely, rational maps can be viewed as a class

of topological objects – branched coverings. On the class of Thurston maps there

exists a natural equivalence relation, called Thurston equivalence, such that different

rational functions are almost never equivalent. Roughly speaking, Thurston theorem

enables to understand if a Thurston map is equivalent to a rational function depend-

ing on the existence of a purely topological object: combinatorial obstruction, which

is some special union of simple curves outside the set of post-critical points. The post-
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Chapter 1. Introduction 1.1. Invariant trees for Thurston map

critical set is defined as the smallest closed 𝑓 -stable set including the set of critical

values. We denote it as 𝑃 p𝑓q and the set of critical points as 𝐶p𝑇 q. A Thurston map

turns out to be equivalent to a rational function if and only if there is no obstruction.

Showing “non-existence” of obstructions is a very non-trivial problem, since it deals

with checking infinitely many possibilities for sets of curves. Thus, classification of

Thurston maps up to equivalence remains an important problem. It has been focus

of recent developments, for example [BN06, BD17, CG+15, KL18, Hlu17]. We will

be interested in degree 2 Thurston maps.

In our work we introduce combinatorial objects called invariant spanning trees,

which enable us to “restrict” the dynamics of some Thurston map 𝑓 to the dynamics

only on this combinatorial object. Then we define the invariant spanning tree 𝑇

for a Thurston map 𝑓 as a spanning tree, vertices of which map again to vertices

of 𝑇 and 𝑓p𝑇 q Ă 𝑇 . This concept somehow can be seen as a generalization of one

of the first combinatorial invariant – Hubbard trees (see [DH85a, BFH92, Poi93]).

Moreover, if we know a Hubbard tree of some Thurston map 𝑓 , we can obtain an

invariant spanning tree by connecting it to infinity. Other examples are, for example,

formal matings (joining two Hubbard trees) or invariant trees obtained from classical

captures in the in the sense of [Wit88, Ree92]. We use terminology of [MA41],

defining ribbon trees as isomorphism classes of embedded trees in S2. It turns out,

that invariant spanning trees completely define the Thurston equivalence class of a

Thurston map. More precisely, this result is stated as the following theorem:

Theorem 3.1.5. Suppose that 𝑓 , 𝑔 : S2 Ñ S2 are two Thurston maps of degree 2.

Let 𝑇𝑓 and 𝑇𝑔 be invariant spanning trees for 𝑓 and 𝑔, respectively. Suppose that

there is a cellular homeomorphism 𝜏 : 𝑇𝑓 Ñ 𝑇𝑔 with the following properties:

1. The map 𝜏 is an isomorphism of ribbon graphs.

2. We have 𝜏 ˝ 𝑓 “ 𝑔 ˝ 𝜏 on 𝑉 p𝑇𝑓 q Y 𝐶p𝑇𝑓 q.

3. The critical values of 𝑓 are mapped to critical values of 𝑔 by 𝜏 .

Suppose also that 𝜏 can be extended to edges of 𝑓´1p𝑇𝑓 q incident to points in 𝐶p𝑇𝑓 q

so that to preserve the cyclic order of edges incident to a given vertex of 𝐶p𝑇𝑓 q and

so that to satisfy p2q. Then 𝑓 and 𝑔 are Thurston equivalent.

7



Chapter 1. Introduction 1.1. Invariant trees for Thurston map

There exist also algebraic invariants of Thurston maps called bisets. They were

introduced in [Nek05] (bisets are called bimodules there). We consider a set of all

homotopy classes of paths from some fixed base point 𝑦 P S2´𝑃 p𝑓q to its preimages

𝑓´1p𝑦q in S2 ´ 𝑃 p𝑓q. We denote it as 𝒳𝑓 p𝑦q. We also consider the fundamantal

group 𝜋𝑓 “ 𝜋1pS2´𝑃 p𝑓q, 𝑦q. Then 𝒳𝑓 p𝑦q is a biset over fundamental group. Roughly

speaking, being a biset means that both left and right actions of 𝒳𝑓 p𝑦q on 𝜋𝑓 are

given. We show, that knowing an invariant spanning tree we can fully describe the

biset:

Theorem 3.2.1. Suppose that 𝑓 is a Thurston map of degree 2, and 𝑇 is an in-

variant spanning tree for 𝑓 . There is an explicit presentation of the biset of 𝑓 based

only on the data p1q ´ p2q listed above.

1. the ribbon graph structure on 𝑇 ,

2. the restriction of 𝑓 to 𝑉 p𝑇 q Y 𝐶p𝑇 q.

Other different approaches to the problem of combinatorial encoding of Thurston

maps by means of invariant graphs were presented in [CFP01, BM17, Hlu17, LMS15]

for specific families of rational maps.

But finding the invariant spanning tree is not always a trivial problem. We show

that the statement of the previous Theorem can be generalized. For any (even non-

invariant) spanning tree we can find another spanning tree 𝑇 ˚ that maps onto 𝑇 .

Then we define a dynamical tree pair as a pair of trees 𝑇 and 𝑇 ˚ such that

1. 𝑓p𝑇 ˚q Ă 𝑇 ;

2. the vertices of 𝑇 ˚ are mapped to vertices of 𝑇 under 𝑓 ;

3. all critical values of 𝑓 are vertices of 𝑇 .

Having some spanning 𝑇 for 𝑃 p𝑓q we can introduce a generating set ℰ𝑇 of the

fundamental group 𝜋1pS2 ´ 𝑃 p𝑓q, 𝑦q consisting of the identity element and the ho-

motopy classes of smooth loops based at 𝑦 intersecting 𝑇 only once and transversely.

Then we show, that the following data is sufficient for the explicit representation of

a biset:
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Chapter 1. Introduction 1.2. Zakeri slices parametrization

1. the ribbon graph structures on 𝑇 ˚, 𝑇 ;

2. the map 𝑓 : 𝑉 p𝑇 ˚q Y 𝐶p𝑇 ˚q Ñ 𝑉 p𝑇 q;

3. how elements of ℰ𝑇˚ are expressed through elements of ℰ𝑇 (or how both ℰ𝑇˚ ,

ℰ𝑇 are expressed through some other generating set of 𝜋1pS2 ´ 𝑃 p𝑓q, 𝑦q).

It is easy to see, that 𝑇 ˚ should be obtained as some subset of the full preimage

𝑓´1p𝑇 q. There are several choices of 𝑇 ˚. We define ivy object as a homotopy rel.

𝑃 p𝑓q class of spanning trees for 𝑃 p𝑓q. Then we introduce the pullback relation

r𝑇 s( r𝑇 ˚s on the set 𝐼𝑣𝑦p𝑓q of ivy objects. A similar relation on isotopy classes of

simple closed curves in S2´𝑃 p𝑓q was discussed in [Pil03, KPS16]. We say that there

is a pullback relation between trees 𝑇 and 𝑇 ˚ if p𝑇 ˚, 𝑇 q is a dynamical tree pair.

We can equip the set 𝐼𝑣𝑦p𝑓q with the structure of an abstract directed graph: we

connect two vertices corresponding to two ivy objects r𝑇1s and r𝑇2s by an oriented

arrow from r𝑇1s to r𝑇2s if p𝑇2, 𝑇1q is a dynamical tree pair. We show that all the data

corresponding to this graph can be encoded combinatorially (thus it can be inserted

into the Wolfram Mathematica program). Moving by each arrow of the graph is

the transition from 𝑇 to 𝑇 ˚. If we want to find an invariant spanning tree, it is

natural to consider the iterative process of such transitions. We call this process ivy

iteration. We define a pullback invariant subset 𝐶 Ă Ivyp𝑓q as the set of ivy objects

such that r𝑇 s P 𝐶 and r𝑇 s ( r𝑇 ˚s imply r𝑇 ˚s P 𝐶. Finding a pullback invariant

subset corresponds to finding periodic ivy objects.

Finally, we introduce some examples of the ivy iteration, obtained as the results

of the computer program.

1.2 Zakeri slices parametrization

The second class of mappings we are interested in is the class of cubic polynomials

C𝜆 with fixed multiplier |𝜆| ď 1 of a fixed point, which we assume to be 0. This

space C𝜆 is called 𝜆-slice. We use a following notation: for a cubic polynomial 𝑃

write r𝑃 s for its affine conjugacy class. For a cubic polynomial 𝑃 p𝑧q “ 𝜆𝑧 ` . . .,

let r𝑃 s0 be its class in C𝜆. If we suppose that the rotational number of fixed 𝜆 is

9



Chapter 1. Introduction 1.2. Zakeri slices parametrization

of bounded type, then for the polynomials in this slice the origin is a fixed Siegel

point. Such slices as parameter spaces were studied by S. Zakeri, so we call them

Zakeri slices.

There is classial and powerful method of studying polynomials with fixed or

periodic points based upon linearizations. A function 𝑓p𝑧q is called linearizable if

there exists a holomorphic change of coordinates ℎ (the linearization of 𝑓) such that

ℎ´1 ˝ 𝑓 ˝ ℎ “ 𝜆𝑧, i.e. 𝑓 is conjugate to 𝜆𝑧. The region, where linearization exists is

the Siegel disc or a Herman ring, or a part of (super)attracting domain.

The problem of the linearizability of actually any holomorphic germ depending on

the multiplier was solved more than 70 years ago, but a lot of connected questions

are much better studied only in the case of quadratic polynomial. For example,

according to Yoccoz’s result for quadratic polynomials the sum of the logarithm of

the radius of convergence of a linearizing function and of the Brjuno sum of the

rotation number can be extended to a bounded function (see [Yoc95]), but the same

result does not hold for general higher degree polynomials.

We are interested in the space 𝒞𝜆 of the cubic polynomials in C𝜆 with connected

Julia set. We will focus on the particular subset of such polynomials called the

principal hyperbolic component. It is a set of hyperbolic polynomials whose Julia

sets are Jordan curves. Denote the closure of this subset as 𝒫𝜆. Then on the

parameter plane 𝒫𝜆 is the central part of 𝒞𝜆. Pieces of the boundary of the principal

hyperbolic component for |𝑃 1p0q| ă 1 were described via analytic parametrization

in [PT09].

We provide a way to parametrize 𝒫𝜆 when the rotation number has bounded

type. We introduce a parametrization Φ𝜆 : 𝒫𝜆 Ñ 𝐾̃p𝑄q of these cubic slices via

some model of the Julia set of the quadratic polynomial 𝑄p𝑧q “ 𝑄𝜆p𝑧q “ 𝜆𝑧p1´𝑧{2q

with the same multiplier. The model space 𝐾̃p𝑄q is the set 𝐾p𝑄qzΔp𝑄q where

Δp𝑄q is the Siegel disc of 𝑄 and the factorization is made by the following relation:

two different points 𝑧 and 𝑤 on the boundary of the Siegel disc are equivalent if

Re
`

𝜓´1p𝑧q
˘

“ Re
`

𝜓´1p𝑤q
˘

, where 𝜓 is a conformal map 𝜓 : DÑ Δp𝑄q.

The main result of Chapter 4 is the following theorem:

Theorem 4.2.3. Suppose that 𝜃 P R{Z is of bounded type, and 𝜆 “ 𝑒2𝜋𝑖𝜃. Let

10



Chapter 1. Introduction 1.2. Zakeri slices parametrization

Figure 1-1: Left: the parameter plane C𝜆 with 𝜆 “ expp𝜋𝑖
?
2q. We used the parame-

terization, in which every linear conjugacy class from C𝜆 is represented by a polynomial
of the form 𝑓p𝑧q “ 𝜆𝑧 `

?
𝑎𝑧2 ` 𝑧3, where 𝑎 is the parameter (that is, the figure shows

the 𝑎-plane). The conjugacy class of 𝑓 is independent on the choice between the two
values of the square root. Regions with light uniform shading are interior components of
𝒫𝜆. There are also various “decorations” of 𝒫𝜆 (that is, components of 𝒞𝜆 ´ 𝒫𝜆) shown
in black; these decorations contain copies of the Mandelbrot set. Right: the dynamical
plane of 𝑄 “ 𝑄𝜆. The bounded white region near the center is the Siegel disk Δp𝑄q. A
conjectural model of 𝒫𝜆 is obtained from 𝐾p𝑄q by removing this white region and gluing
its boundary into a simple curve. Our main theorem provides a continuous map from 𝒫𝜆

to this conjectural model.

𝑄 “ 𝑄𝜆 be a quadratic polynomial with a fixed point of multiplier 𝜆. Then there is a

continuous map Φ𝜆 : 𝒫𝜆 Ñ 𝐾̃p𝑄q taking r𝑃 s0 to the 𝜂𝑃 -image of some critical point

of 𝑃 .

The map Φ𝜆 is illustrated in Figure 1-1.

This theorem is a partial extension of [PT09]. The main idea in the construction

of the map Φ𝜆 is parametrization of the polynomials 𝒫𝜆 by the critical point, which

does not belong to the closure of the Siegel disc. Then it turns out that it is possible

to set up the correspondence between points in the cubic and the quadratic filled

Julia sets. The main tools which we are using are bubbles and bubble rays. We define

bubbles as the pullbacks of the Siegel disc. These terms were first introduced for

the superattracting instead of the Siegel domains in [Luo95] and the related ideas

were further developed in [AY09, Yan17, BBCO10]. Using bubbles we introduce the

subset 𝑋p𝑃 q of the cubic filled Julia set. Informally, in almost every case it is a set

of points which can be reached by the chain of bubbles. Thus, we show that Φ𝜆

satisfy the following property:

Property D. For any 𝑃 P 𝒫𝜆, there exist a full 𝑃 -invariant continuum 𝑋p𝑃 q

containing a critical point 𝑐 of 𝑃 and a continuous monotone map 𝜂𝑃 : 𝑋p𝑃 q Ñ

11



Chapter 1. Introduction 1.2. Zakeri slices parametrization

𝐾p𝑄q such that 𝜂𝑃 semi-conjugates 𝑓 |𝑋p𝑃 q with 𝑄|𝜂𝑃 p𝑋p𝑃 qq, and Φ𝜆p𝑃 q is the image

of 𝜂𝑃 p𝑐q in 𝐾̃p𝑄q.

Here the letter 𝐷 in Property D stands for “Dynamics” (or “Douady”).
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Chapter 2

Background

In this Chapter we recall the basic notions, required for the further work.

2.1 Basic objects in holomorphic dynamics

We consider a rational mapping 𝑅 from a sphere 𝑆2 to itself. We denote its n-th

iteration (meaning map 𝑅 applied 𝑛 times) as 𝑅𝑛 where 𝑅1 “ 𝑅 and 𝑅𝑛 “ 𝑅𝑛´1˝𝑅,

𝑛 P N. For each 𝑅p𝑧q we can divide the sphere 𝑆2 into two disjoint invariant subsets,

such that the dynamics on the first one (called the Julia set) has a chaotic behavior

and the dynamics on the second one (called the Fatou set) has a regular behavior.

Further we will explain what regular and chaotic mean.

First we need to recall the definition of the spherical metric. We will be con-

sidering the sphere as the Riemann sphere C “ C Y t8u with the the system of

coordinates determined in two charts by following relation 𝑧 : Czt8u Ñ C, 𝑧p0q “ 0

and 𝑤 : Czt0u Ñ C, 𝑤p8q “ 0 with 𝑧𝑤 “ 1. Then we define the spherical metric as

follows:

𝑑𝑠C “

$

&

%

2|𝑑𝑧|
1`|𝑧|2

in the 𝑧-chart;
2|𝑑𝑤|
1`|𝑤|2

in the 𝑤-chart

Now we can define a normal family of functions on some open subset:

13
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Definition 2.1.1. For a family ℱ𝑈 of all meromorphic functions on some open

subset 𝑈 Ă C a family ℱ Ă ℱ𝑈 is normal if it is relatively compact in ℱ𝑈 with

resect to the spherical metric.

This definition enables us to introduce Julia and Fatou sets:

Definition 2.1.2. For a rational mapping 𝑅 acting on a sphere C its Fatou set

𝐹 p𝑅q is the set of points 𝑧0 P C such that t𝑅𝑛u forms a normal family in some

neighborhood of 𝑧0. The complement of the Fatou set is the Julia set 𝐽p𝑅q.

If we consider not the rational functions, but the smaller class of polynomials,

then we can also define one other important object, connected to Julia and Fatou

sets. Let 𝑃 p𝑧q be a polynomial. Then its filled Julia set 𝐾p𝑃 q is defined as set of

points 𝑧1 P C such that their orbits are bounded. More precisely,

𝐾p𝑃 q
def
“

 

𝑧 P C : 𝑃 𝑘
p𝑧q Û 8 as 𝑘 Ñ 8

(

2.1.1 Parameter plane

Any quadratic polynomial can be conjugate to the following form: 𝑓p𝑧q “ 𝑧2 ` 𝑐.

We denote such polynomial as 𝑓𝑐. Now instead of the complex plane of parameter 𝑧

we can consider the complex plane of the parameter 𝑐. On this plane we can define

the following important set:

Definition 2.1.3 (Mandelbrot set). The set of complex numbers 𝑐 for which the

orbit of point 0 under the function 𝑓𝑐 remains bounded in absolute value is called the

Mandelbrot set.

2.2 Thurston maps

This section is a brief introduction to the theory of Thurston maps.

2.2.1 Background on the branched coverings and definition

of the Thurston map

First of all we need to recall the fundamental definition of a branched covering:

14
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Definition 2.2.1. Let 𝑋 and 𝑌 be two oriented compact connected surfaces. Infor-

mally a continuous surjective map 𝑓 : 𝑋 Ñ 𝑌 is called a branched covering if it can

be written in orientation preserving homeomorphic coordinates as 𝑧 ÞÑ 𝑧𝑑 where 𝑑

can be different depending on point 𝑧. More precisely, if for each point 𝑝 P 𝑋 there

exists 𝑑 P N, topological disks 𝑈 Ă 𝑋 and 𝑉 Ă 𝑌 with 𝑝 P 𝑈 and 𝑞 :“ 𝑓p𝑝q P 𝑉 , and

orientation-preserving homeomorphisms 𝜙 : 𝑈 Ñ D and 𝜓 : 𝑉 Ñ D with 𝜙p𝑝q “ 0

and 𝜓p𝑞q “ 0 such that the following diagram is commutative

𝑝 P 𝑈

0 P D

𝑞 P 𝑉

0 P D

𝜙

𝑧 ÞÑ 𝑧𝑑

𝑓

𝜓

The integer 𝑑 depends on 𝑧. This number 𝑑 is called the local degree of a branched

covering 𝑓 at 𝑥. The degree 𝑑𝑒𝑔p𝑓q of a Thurston map 𝑓 is a number of preimages

of a general point.

Definition 2.2.2. A point 𝑐 P 𝑋 where a local degree 𝑑 ě 2 is called a critical point

of a map 𝑓 . Images 𝑣 “ 𝑓p𝑐q of critical points are called critical values.

We can see that the set of critical points is exactly the set where 𝑓 fails to be a

local homeomorphism.

Denote the set of critical points of 𝑓 as 𝐶p𝑓q. Then the following union 𝑃 p𝑓q :“
Ť8

𝑛“1 𝑓
𝑛p𝐶p𝑓qq is called the post-critical set of 𝑓 . If 𝑃 p𝑓q is a finite set, then 𝑓 is

said to be post-critically finite.

Now we can define a key object of this section:

Definition 2.2.3. A post-critically finite orientation preserving branched covering

𝑓 with 𝑑𝑒𝑔p𝑓q ě 2 is called a Thurston map.

The first and very natural examples of the Thurston maps are given by post-

critically finite rational functions on the Riemann sphere. This maps are also called

rational Thurston maps. We will provide more examples in the next Chapter.
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2.2.2 Thurston equivalence

There is a natural equivalence relation on Thurston maps. To define it properly we

need to recall the following definition of a purely topological construction:

Definition 2.2.4 (Homotopies between topological spaces and homeomorphisms).

Let 𝑋 and 𝑌 be two topological spaces and 𝑓 : 𝑋 Ñ 𝑌 and 𝑔 : 𝑋 Ñ 𝑌 – two

continuous functions from 𝑋 to 𝑌 .

‚ A homotopy between 𝑓 and 𝑔 is a continuous map 𝐻 : 𝑋 ˆ I Ñ 𝑌 where

I :“ r0, 1s Ă R such that 𝐻p𝑥, 0q “ 𝑓p𝑥q and 𝐻p𝑥, 1q “ 𝑔p𝑥q for any 𝑥 P 𝑋. Denote

𝐻𝑡p𝑥q :“ 𝐻p𝑥, 𝑡q. We can also see the homotopy as a family of continuous functions

ℎ𝑡 : 𝑋 Ñ 𝑌 , 𝑡 P r0, 1s, where p𝑥, 𝑡q ÞÑ ℎ𝑡p𝑥q is a continuous map.

‚ Let 𝐴 Ă 𝑋 be a subset of 𝑋. A homotopy 𝐻 is called a homotopy relative to

A if 𝐻𝑡p𝑎q “ 𝐻0p𝑎q for all 𝑎 P 𝐴 and 𝑡 P I.

‚ Two homeomorphisms ℎ0, ℎ1 : 𝑋 Ñ 𝑌 are called homotopic (relative to 𝐴 Ă

𝑋q if there exists an homotopy 𝐻 : 𝑋 ˆ I Ñ 𝑌 (relative to 𝐴q with 𝐻0 “ ℎ0 and

𝐻1 “ ℎ1.

Suppose 𝑓 : 𝑆2 Ñ 𝑆2 and 𝑔 : 𝑆2 Ñ 𝑆2 are two Thurston maps. Let 𝑃 p𝑓q

and 𝑃 p𝑔q denote their post-critical sets. Here 𝑆2 and 𝑆2 are two oriented surfaces

homeomorphic to the 2-sphere.

Definition 2.2.5. Two Thurston maps 𝑓 : 𝑆2 Ñ 𝑆2 and 𝑔 : 𝑆2 Ñ 𝑆2 are called

(Thurston) equivalent if there exist two orientation-preserving homeomorphisms ℎ0,

ℎ1 : 𝑆
2 Ñ 𝑆2 such that ℎ0˝𝑓 “ 𝑔˝ℎ1 and such that ℎ0 and ℎ1 are homotopic relative

the post-critical set 𝑃 p𝑓q.

We can see that topological conjugacy (existence of a homeomorphism ℎ : 𝑆2 Ñ

𝑆2 such that ℎ ˝ 𝑓 “ 𝑔 ˝ ℎ) is a special case of a Thurston equivalence.

It turns out that different rational functions are almost never equivalent. And

this fact gives rise to a very natural question of understanding if the given Thurston

map is equivalent to the rational function.
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2.2.3 Thurston characterization theorem

The comparison of branched coverings with rational functions is one of the cen-

tral problems in the theory of Thurston mappings. There is a very powerful tool

for it called Thurston characterization theorem, which actually is one of the most

important results in holomorphic dynamics. Here we provide the statement of the

theorem, details and proof can be found in [DH93]. To formulate this theorem, we

need some additional notion.

Definition 2.2.6 (Stable multicurve). For a Thurston map 𝑓 : 𝑆2 Ñ 𝑆2 a Jordan

curve 𝛾 Ă 𝑆2z𝑃 p𝑓q is called non-peripheral if each component of 𝑆2 ´ 𝛾 contains

at least 2 points of 𝑃 p𝑓q. A system Γ “ t𝛾1, . . . , 𝛾𝑛u of simple, closed, disjoint,

non-homotopic, non-peripheral curves on 𝑆2 ´ 𝑃 p𝑓q is called a multicurve on 𝑆2 ´

𝑃 p𝑓q. A multicurve Γ is said to be 𝑓 -stable if for any 𝛾 P Γ, all the non-peripheral

component of the preimage 𝑓´1p𝛾q are homotopic in 𝑆2 ´ 𝑃 p𝑓q to elements of Γ.

Definition 2.2.7 (Thurston linear transformation). Let 𝑓 : 𝑆2 Ñ 𝑆2 be a Thurston

map and Γ be an 𝑓 -stable multicurve. To each multicurve Γ from the space RΓ of

all multicurves we can associate the Thurston linear transformation 𝑓Γ : RΓ Ñ RΓ

defined as follows: for the components 𝛾𝑖,𝑗,𝛼 of 𝑓´1 p𝛾𝑗q homotopic to 𝛾𝑖 in 𝑆2´𝑃 p𝑓q

𝑓Γ p𝛾𝑗q “
ÿ

𝑖,𝛼

1

𝑑𝑖,𝑗,𝛼
𝛾𝑖

where

𝑑𝑖,𝑗,𝛼 “ deg 𝑓 |𝛾𝑖,𝑗,𝛼 : 𝛾𝑖,𝑗,𝛼 Ñ 𝛾𝑗.

Now we are ready to provide the statement of the Thurston theorem. The theory

of orbifolds is covered in Section 9 of [DH93]. However, for a Thurston map having

a hyperbolic orbifold is a technical requirement, which we will not need in our work.

Theorem 2.2.8 (Thurston characterization theorem). A Thurston map 𝑓 : 𝑆2 Ñ 𝑆2

with hyperbolic orbifold is equivalent to a rational function if and only if there is no

𝑓 -stable multicurve Γ such that the spectral radius of 𝑓Γ satisfies 𝜆p𝑓Γq ě 1. Such

curve is called a combinatorial obstruction.
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Remark: All the others Thurston maps (without hyperbolic orbifold) are also

fully classified.

2.3 Bisets

In this section we will describe a very important invariant of a Thurston map – a

biset. A biset is a algebraic object, which fully encodes the Thurston equivalence

class.

For a Thurston map 𝑓 let us fix some objects and notations for them:

‚ a fixed basepoint 𝑦 P S2 ´ 𝑃 p𝑓q;

‚ the set 𝒳𝑓 p𝑦q denoting the set of all homotopy classes of paths from 𝑦 to 𝑓´1p𝑦q

in S2 ´ 𝑃 p𝑓q;

‚ the fundamental group 𝜋1pS2 ´ 𝑃 p𝑓q, 𝑦q denoted as 𝜋𝑓 .

It turns out, that there is a structure of a biset over a fundamental group 𝜋𝑓

on the 𝒳𝑓 p𝑦q. The most full definition with algebraic background can be found in

[Nek05] (bisets are called bimodules there, see Chapter 2). Here we give the formal

definition:

Definition 2.3.1 (Biset). Let 𝜋 be a group. A set 𝒳 is called a biset over 𝜋, or a

𝜋-biset, if commuting left and right actions of 𝜋 on 𝒳 are given.

Let us describe the biset structure on 𝒳𝑓 p𝑦q. Thus we need to introduce the left

and right actions of 𝜋𝑓 on 𝒳𝑓 p𝑦q. Left action is just a simple composition (paths

are composed from left to right). For a representative r𝛾s P 𝜋𝑓 and a representative

r𝛼s P 𝒳𝑓 p𝑦q:

r𝛾sr𝛼s “ r𝛾𝛼s

It is well defined once we choose 𝑦 as the basepoint of 𝛾 so that the loop 𝛾 ends

where the path 𝛼 starts.

In the case of the right action we take the path 𝛼 first, so it terminates at 𝑓´1p𝑦q.

There are two lifts of the loop 𝛾. To define composition correctly we take the the
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lift of 𝛾 originating at the terminal point of 𝛼. Let us denote it as 𝛾. So we can see

this element as:

r𝛼sr𝛾s “ r𝛼𝛾s

We want to be able to compare bisets. We need the following definitions to do

it:

Definition 2.3.2 (Biset basis and conjugate bisets). The biset 𝒳 is said to be left

free if there exists a subset ℬ Ă 𝒳 such that every element 𝑎 P 𝒳 can be uniquely

represented as 𝑔𝑏, where 𝑔 P 𝜋 and 𝑏 P ℬ.

‚ the subset ℬ described above is called a basis of 𝒳 .

Let 𝜋1 be another group, and 𝒳 1 be a 𝜋1-biset.

‚ a group isomorphism 𝜌 : 𝜋 Ñ 𝜋1 is said to conjugate 𝒳 with 𝒳 1 if there exists

a bijection 𝜎 : 𝒳 Ñ 𝒳 1 such that

𝜎p𝑔1𝑎.𝑔2q “ 𝜌p𝑔1q𝜎p𝑎q𝜌p𝑔2q

for all 𝑔1, 𝑔2 P 𝜋 and 𝑎 P 𝒳 .

If 𝜌 and 𝜎 with these properties exist, then 𝒳 and 𝒳 1 are said to be conjugate.

If moreover 𝜋 “ 𝜋1 and 𝜌 “ 𝑖𝑑, we say that 𝒳 and 𝒳 1 are isomorphic.

The following theorem of Nekrashevich (Theorem 6.5.2 of [Nek05], see also

[Kam01, Pil03]) shows why is the biset such an important object. The conjugacy

class of the biset determines the Thurston equivalence class of the map.

Theorem 2.3.3. Let 𝑓1 and 𝑓2 be Thurston maps, and 𝒳𝑓𝑖 be the corresponding

𝜋𝑓𝑖-bisets, 𝑖 “ 1, 2. Here 𝜋𝑓𝑖 is the fundamental group of S2 ´ 𝑃 p𝑓𝑖q.

1. The maps 𝑓1 and 𝑓2 are Thurston equivalent if and only if there exists an

orientation preserving homeomorphism ℎ : S2 Ñ S2 such that ℎp𝑃 p𝑓1qq “

𝑃 p𝑓2q and the induced isomorphism ℎ˚ : 𝜋𝑓1 Ñ 𝜋𝑓2 conjugates 𝒳𝑓1 with 𝒳𝑓2.

2. Suppose that 𝑃 p𝑓1q “ 𝑃 p𝑓2q “ 𝑃 and the base points chosen for 𝒳𝑓1, 𝒳𝑓2

coincide. The maps 𝑓1 and 𝑓2 are homotopic rel. 𝑃 if and only if 𝒳𝑓1 and 𝒳𝑓2

are isomorphic.
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Since we work with Thurston maps of degree 2, a basis of a biset 𝒳𝑓 p𝑦q consists

of two elements. The base point 𝑦 has two preimages 𝑦0 and 𝑦1. Then we want to

choose the basis of 𝒳𝑓 p𝑦q as the homotopy classes of two paths 𝛼0 and 𝛼1, where

they connect base point 𝑦 with 𝑦0 and 𝑦1 respectively. Then we can associate an

automaton with the given biset.

Let us give a formal definition of an automaton.

Definition 2.3.4 (Automaton). Let us assume that we have a two sets 𝐴 and 𝑆

with the following notations:

‚ the elements of the set 𝐴 are considered as symbols (or letters) and we call

the set 𝐴 an alphabet;

‚ the elements of the set 𝐴 are considered as states of automaton.

An automaton is a map Σ : 𝐴ˆ 𝑆 Ñ 𝑆 ˆ𝐴, acting on the set of finite words in

the alphabet 𝐴.

For each state 𝑠 P 𝑆 there is a map Σp𝑎, 𝑠q “ p𝑡, 𝑏q defined on all letters 𝑎 P 𝐴.

It changes the letter 𝑎 to the letter 𝑏 and the state of automaton from 𝑠 to 𝑡. The

automaton starts to read a finite word symbol by symbol right to left. Then if in

the state 𝑠 it reads a letter 𝑎 it writes down the letter 𝑏 on the place of the letter 𝑎,

changes its state to 𝑡 and moves left on one symbol. Then the procedure repeats.

Let us go back to our concrete biset 𝒳𝑓 p𝑦q. Its basis r𝛼0s, r𝛼1s is described above.

Let us assume that we also have a finite generating set ℰ Ă 𝜋𝑓 of a fundamental group

𝜋𝑓 . It is possible to choose such ℰ (this set will be discussed in the next chapter) that

for 𝜀 P t0, 1u and any element 𝑎 P ℰ , we have r𝛼𝜀s.𝑎 “ 𝑎˚r𝛼𝜀˚s for some 𝜀˚ P t0, 1u

and 𝑎˚ P ℰ depending on 𝑎 and 𝜀. An automaton Σ : t0, 1u ˆ ℰ Ñ ℰ ˆ t0, 1u is

defined as automaton which takes p𝜀, 𝑎q to p𝑎˚, 𝜀˚q.

2.4 Graphs and embedded trees

2.4.1 Graph terminology

We need to specify our notations for the graphs embedded in the sphere. By the

sphere S2 we mean the oriented topological 2-sphere.
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Definition 2.4.1. A 1-dimensional cell complex embedded into S2 is called a graph.

0-cells and 1-cells are called vertices and edges, respectively. For a graph 𝐺, we

denote the set of its vertices as 𝑉 p𝐺q and the set of its edges as 𝐸p𝐺q.

A simply connected graph is called a tree. A branch point is a vertex 𝑎 of a tree

𝑇 such that 𝑇 ´ t𝑎u has more than 2 components. Suppose that 𝑃 Ă S2 is some

finite subset. A tree 𝑇 in S2 such that 𝑃 Ă 𝑉 p𝑇 q is called a spanning tree for 𝑃 if

𝑉 p𝑇 q ´ 𝑃 consists of branch points.

We are also interested in some additional structure on a graph. For a vertex 𝑥 of

a tree 𝑇 Ă S2 and an edge 𝑒 of 𝑇 if 𝑥 is in the closure of 𝑒, then 𝑥 is called incident

to 𝑒. In this case 𝑒 is also incident to 𝑥.

We want to work not only with embedded graphs, but also with abstract graphs.

Then we should define a ribbon graph:

Definition 2.4.2 (Ribbon graph (or a fat graph, or a cyclic graph)). An abstract

graph in which the edges incident to each particular vertex are cyclically ordered is

called a ribbon graph.

We also want to be able to describe graphs as purely combinatorial objects, thus

we need the terminology of cyclic sets and pseudoaccesses following [Poi93].

Definition 2.4.3 (Cyclic set). A set 𝐴 with a fixed cyclic order of its elements is

called a cyclic set.

In cyclic set we can define a following pair:

Definition 2.4.4 (Pseudoaccess). A pseudoaccess of a cyclic set 𝐴 is an ordered

pair p𝑎, 𝑏q of its elements of 𝐴 which are successive in the cyclic order.

We can apply this definition also to a vertex 𝑎 of a graph 𝐺 P S2. The edges

incident to this vertex form a cyclic set 𝐸p𝐺, 𝑎q with orientation induced by the

orientation of the sphere.

Let us assume that we have a Thurston map 𝑓 : S2 Ñ S2 with a post-critical set

𝑃 p𝑓q. Then we want to have an invariant graph for it defined in a following way:

Definition 2.4.5 (Invariant spanning tree). Let 𝑓 : S2 Ñ S2 be a Thurston map. A

spanning tree 𝑇 for 𝑃 p𝑓q is called an invariant spanning tree for 𝑓 if:
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1. we have 𝑓p𝑇 q Ă 𝑇 ;

2. vertices of 𝑇 map to vertices of 𝑇 .

This object can be seen in some way as an analogue of a very important object

– a Hubbard tree.

Now we will describe this construction of invariant graphs introduced by A.

Douady and J. Hubbard in [DH85]. First we need a definition of an angled tree.

Definition 2.4.6. An angled tree 𝐻 is a finite connected acyclic 𝑚-dimensional

(where 𝑚 “ 0, 1) simplicial complex together with an angle function ℓ, ℓ1 ÞÑ = pℓ, ℓ1q “

=𝑣 pℓ, ℓ
1q P Q{Z, assigning to each pair of edges ℓ, ℓ1 a rational modulo 1. This func-

tion satisfies the following properties: =𝑣 pℓ, ℓ
1q is skew-symmetric; = pℓ, ℓ1q “ 0 if

and only if ℓ “ ℓ1 and 𝐿𝑣 pℓ, ℓ
2q “ =𝑣 pℓ, ℓ

1q ` 𝐿𝑣 pℓ
1, ℓ2q for any three edges incident

at a vertex 𝑣.

Then we can define an abstract Hubbard tree.

Definition 2.4.7. An angled tree H “ pp𝐻,𝑉, 𝜏, 𝛿q, 𝐿q is called an abstract Hubbard

tree if angles at any vertex, which eventually maps to a non-critical cycle ( Julia

vertex), with 𝑚 incident edges are multiples of 1{𝑚.

We know, for example, from Theorem A in [Poi93], that we can associate an

abstract Hubbard tree with any postcritically finite polynomial.

2.5 Local dynamics

2.5.1 Basic definitions

Consider the group 𝐺 of all germs of holomorphic diffeomorphisms of pC, 0q. Let

𝐺𝜆 denote the set of all germs with derivative 𝑓 1p0q “ 𝜆:

𝐺𝜆 “ t𝑓p𝑧q “
8
ř

𝑛“1

𝑓𝑛𝑧
𝑛 P Ct𝑧u, 𝑓1 “ 𝜆u, where Ct𝑧u denotes the ring of conver-

gent power series.

Definition 2.5.1. Two germs 𝑓1 and 𝑓2 are conjugate if there exists ℎ P 𝐺1 such

that ℎ ˝ 𝑓1 “ 𝑓2 ˝ ℎ.
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When 𝜆 is not equal to 0, the germ 𝑓p𝑧q is asymptotic to 𝜆𝑧 near 0, so the

question is "Is the analytic function 𝑓p𝑧q conjugate to 𝜆𝑧?".

Let 𝑅𝜆 denote the germ 𝑅𝜆p𝑧q “ 𝜆𝑧.

Definition 2.5.2. A germ 𝑓 P 𝐺𝜆 is linearizable if there exists ℎ𝑓 P 𝐺1 (the lin-

earization of 𝑓) such that ℎ´1𝑓 𝑓ℎ𝑓 “ 𝑅𝜆, i.e. 𝑓 is conjugate to 𝑅𝜆.

It turns out that the answer to the question about existence of linearization

depends on the arithmetic properties of 𝜆.

2.5.2 Classification of fixed points

If 𝑧0 is a fixed point of an analytic function 𝑓 , i.e. 𝑓p𝑧0q “ 𝑧0, then the number

𝜆 “ 𝑓 1p𝑧0q is called the multiplier of 𝑓 at 𝑧0. There is the following classification of

fixed points according to 𝜆: a fixed point 𝑧0 is

–attracting if 0 ă |𝜆| ă 1 (if 𝜆 “ 0 then 𝑧0 is superattracting fixed point)

–repelling if |𝜆| ą 1

–rationally neutral or parabolic if |𝜆| “ 1 and 𝜆𝑛 “ 1 for some integer 𝑛

–irrationally neutral if |𝜆| “ 1 but 𝜆𝑛 is never 1.

Let us assume that 𝑓 has a periodic point 𝑧1 of period 𝑚. Then we can apply

the same classification also to periodic points. If we consider a map 𝑓𝑚, then 𝑧1 is

a fixed point for it. Then the classification is based on the multiplier 𝜆 “ p𝑓𝑚q1p𝑧1q.

The first result about linearization was obtained by G. Koenigs and H. Poincare

in 1884 in the case of an attracting fixed point:

Theorem 2.5.3. If a function 𝑓 has an attracting fixed point with multiplier 𝜆,

then it is locally conjugate near 0 to the linear function 𝑔p𝑡q “ 𝜆𝑡. The conjugating

function is unique up to multiplication by a nonzero complex number.

This theorem is Theorem 2.1 in [CG] and its proof can be found there.

There exists also a congugating map in the case of a repelling fixed point. It

follows immediately from the previous theorem by considering a local inverse 𝑓´1.
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In the superattracting case it was shown by L. Boettcher that 𝑓 is conjugate

to the map 𝑧𝑑 where the degree 𝑑 is the smallest index 𝑖 of 𝑓𝑖 in the series 𝑓p𝑧q “
8
ř

𝑛“1

𝑓𝑛𝑧
𝑛 such that 𝑓𝑖 ‰ 0.

When we have a rationally neutral fixed point, i.e., 𝜆 is a root of unity, the result

about linearization is following:

Theorem 2.5.4. If a function 𝑓 has a rationally neutral fixed point and the mul-

tiplier 𝜆 is a root of unity of order 𝑛, then it is conjugate to the linear function

𝑔p𝑡q “ 𝜆𝑡 if and only if 𝑓𝑛 “ 𝑖𝑑.

In the case of irrationally neutral fixed point, the multiplier 𝜆 can be rewritten

as 𝜆 “ 𝑒2𝜋𝑖𝛼. As 𝜆 is not a root of unity, 𝛼 is irrational number. Whether 𝑓 P 𝐺𝜆 is

linearizable or not depends crucially on the number theoretic properties of 𝛼.

In 1938 H. Cremer showed the following:

Theorem 2.5.5. For any 𝜆 such that lim sup
𝑛Ñ`8

|𝜆𝑛 ´ 1|´1{𝑛 “ `8 there exists 𝑓 P

𝐺𝑒2𝜋𝑖𝛼 that is not linearizable.

The proofs of Theorem 2.5.4 and Theorem 2.5.5 can be found in [Ma]. The

problem of linearizability in the irrationally neutral case was open for a long time

(until C.L. Siegel’s work [Si] in 1942): the difficulties in this problem were similar

to the difficulties in the problems from celestial mechanics connected with number

theory.

If we have 𝑓 P 𝐺𝜆 we want to find a function 𝜙p𝑧q “
8
ř

𝑛“1

𝑐𝑛𝑧
𝑛 such that 𝜙p𝜆𝑧q “

𝑓 ˝ 𝜙p𝑧q. Formally, we can get the formal series solution of the functional equation

by the recurrent formulas for the coefficients 𝑐𝑖:

𝑐1 “ 1, 𝑐𝑛 “
´

1
𝑓𝑛
1 ´𝑓1

¯

˜

𝑛
ř

𝑗“2

𝑓𝑗
ř

𝑛1`...`𝑛𝑗“𝑛

𝑐𝑛1 ...𝑐𝑛𝑗

¸

This formula defines 𝜙 explicitly but depending on 𝛼 in 𝑓1 “ 𝜆 “ 𝑒2𝜋𝑖𝛼 the

denominators in 1
𝑓𝑛
1 ´𝑓1

can get very small, so some coefficients in the formal series

can get very large. In this case this series will not converge and we have only formal

solution. This problem is one of the examples of small divisor problems which came

from celestial mechanics.

24



Chapter 2. Background 2.5. Local dynamics

The first example of linearizable functions with irrationally neutral multiplier

was introduced by C. Siegel in the work [Si] in 1942. The condition on the 𝛼 in

𝜆 “ 𝑒2𝜋𝑖𝛼 deals with the idea of approximation of real numbers by rational numbers.

Definition 2.5.6. A real number 𝛼 is called diophantine if there exist 𝑐 ą 0, 𝜇 ě

0 P R such that for all integers 𝑝 and 𝑞, 𝑞 ‰ 0 holds |𝛼 ´ 𝑝
𝑞
| ě 𝑐𝑞´2´𝜇.

In other words diophantine numbers are irrational numbers which are badly

approximable by rational numbers. Almost all (w.r.t. Lebsegue measure) irrational

numbers are diophantine. The numbers in the complement (in the set of irrationals)

of the set of diophantine numbers are called Liouville numbers.

The result of Siegel was the following theorem:

Theorem 2.5.7. If 𝑓 has a fixed point at 0 with multiplier 𝜆 “ 𝑒2𝜋𝑖𝛼 where 𝛼 is

Diophantine, then 𝑓 is conformally conjugate on some open neighborhood around 0

to multiplication by 𝜆.

2.5.3 The Brjuno function and its properties

A. Brjuno developed the ideas of Siegel in 1971, he weakened the number-theoretic

conditions on the number 𝛼 for the convergence and introduced a larger class of

numbers 𝛼 (which includes some but not all Liouville numbers), such that every

analytic function 𝑓 with a fixed point at 0 with multiplier 𝜆 “ 𝑒2𝜋𝑖𝛼 is linearizable.

These conditions are coming from the approximation of real numbers by means

of continued fractions.

Let t𝑥u denote the fractional part of a real number 𝑥: t𝑥u “ 𝑥´r𝑥s, where r𝑥s is

the integer part of 𝑥. Then 𝑝0 “ r𝛼s and 𝑞0 “ 1. The continued fraction expansion of

𝛼 P RzQ is the sequence r𝑎0, 𝑎1, 𝑎2, ...s where 𝑎𝑗 “ r1{𝛼𝑗s, 𝛼𝑗 “ t1{𝛼𝑗´1u, 𝛼0 “ 𝛼´r𝛼s

and 𝑎0 “ r𝛼s for all 𝑗 ě 1.

Let us denote 𝛽𝑛 “ 𝛼0...𝛼𝑛, where 𝛽´1 “ 1.

Definition 2.5.8. A number 𝛼 is called Brjuno number if 𝐵p𝑥q :“
8
ř

𝑛“0

𝛽𝑛´1𝑙𝑜𝑔
´

1
𝛼𝑛

¯

ă

`8 The function 𝐵 : RzQÑ p0;`8s is called the Brjuno function.
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Theorem 2.5.9 (Brjuno theorem). Let 𝑓 have a fixed point at 0 with multiplier

𝜆 “ 𝑒2𝜋𝑖𝛼. If 𝛼 is a Brjuno number then 𝑓 is linearizable.

In 1988 J.-C. Yoccoz proved the converse:

Theorem 2.5.10. Let 𝜆 “ 𝑒2𝜋𝑖𝛼, 𝛼 P RzQ. All 𝑓 P 𝐺𝜆 are linearisable if and only

if the Brjuno condition on 𝛼 is verified.

The proof of this theorem can be found in [Yoc95].

There is also one important subclass of Brjuno numbers:

Definition 2.5.11. The number 𝜃 is bounded type if the continued fraction coeffi-

cients of 𝜃 are bounded.

Any bounded type irrational number is Brjuno; the converse is not true (cf.

[Yoc95]).

The next theorem of J.-C. Yoccoz also shows that considering a linearization

problem for a polynomial 𝑃𝜆p𝑧q “ 𝜆p𝑧 ´ 𝑧2q enables us to generalise the result on

all the class 𝐺𝜆:

Theorem 2.5.12. If 𝑃𝜆, where 𝜆 “ 𝑒2𝜋𝑖𝛼, 𝛼 is irrational, is linearizable then every

𝑓 P 𝐺𝜆 is also linearizable.

If 𝑃𝜆, where 𝜆 “ 𝑒2𝜋𝑖𝛼 is linearisable, let ℎ𝜆 denote its linearization, i.e. the

conformal solution of the functional equation ℎ𝜆 ˝𝑃𝜆 “ 𝜆𝑧 ˝ ℎ𝜆, and let 𝑟p𝛼q denote

the radius of convergence of ℎ𝜆. In [Yoc95] Yoccoz showed that 𝑟p𝛼q ą 𝑒´𝐵p𝛼q´𝐶

for some constant 𝐶 ą 0. This approximation of 𝑟p𝛼q leads to considering the error

function

𝐸p𝛼q : 𝛼Ñ 𝐵p𝛼q ` 𝑙𝑜𝑔p𝑟p𝛼qq

For the rational numbers 𝐵p𝛼q “ `8 and 𝑙𝑜𝑔p𝑟p𝛼qq “ ´8, and it was con-

jectured in 1990 by S. Marmi [Ma90] that function 𝐸p𝛼q can be extended to R

as a continuous function. This conjecture was stated after computer experiments

revealed a continuous graph for 𝐸p𝛼q. It took more than 15 years to prove this

conjecture and it was shown in [BC06] only in 2006:
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Theorem 2.5.13 (Theorem 1 in [BC06]). The function 𝐸p𝛼q : 𝛼Ñ 𝐵p𝛼q`𝑙𝑜𝑔p𝑟p𝛼qq

extends to R as a continuous function.

Actually, even stronger conjecture was stated in [MMY97]: it was conjectured

that function 𝐸p𝛼q is Hoelder of exponent 1{2. It was shown only for some particular

class of numbers 𝛼 in [CC15] in 2015.

2.6 Fatou components

In this section we consider 𝑅 to be a rational function. Let 𝐹 p𝑅q be its Fatou set.

Then the Fatou component is any connected component of 𝐹 p𝑅q.

We can distinguish 4 types of Fatou components depending on their dynamical

behavior:

1. if 𝑅p𝑈q “ 𝑈 , then 𝑈 is a fixed component;

2. if 𝑅𝑛p𝑈q “ 𝑈 for some minimal 𝑛 ě 2, then 𝑈 is a periodic component of

period 𝑛;

3. if 𝑈 eventually maps to some periodic component 𝑈 1, then 𝑈 is called prepe-

riodic;

4. otherwise if all t𝑅𝑛p𝑈qu are different components, then 𝑈 is a wandering do-

main.

A famous result of Sullivan says that for a rational function only types p1q ´ p3q

are possible:

Theorem 2.6.1 (Sullivan). A rational map has no wandering domains.

This theorem is Theorem 1.3 in [CG], the proof can be found there. It turns

out (Theorem 2.1 in [CG]), that the periodic component 𝑈 can be only one of four

following types:

1. 𝑈 contains an attracting periodic point. In this case 𝑈 is called a basin of

attraction;
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2. there is a parabolic point on the boundary of 𝑈 , such that all points in 𝑈

converge to it. Then 𝑈 is called parabolic;

3. 𝑈 is a rotational domain defined below: it can be either Siegel disc or Herman

ring.

Now we give the precise definitions of the rotational domains. As we have seen in

the previous section the property of holomorphic function 𝑓 with multiplier 𝜆 being

conjugate to multiplication by 𝜆 near 0 is exactly the fact that 𝑓 is conjugate to a

rotation in some area around 0. This set turns out to be a very important object.

Definition 2.6.2 (Siegel disc). For the holomorphic mapping 𝑓 the Siegel disk is the

biggest open subset containing 0 on which 𝑓 is analytically conjugate to a rotation.

Then we can also define a Herman ring :

Definition 2.6.3 (Herman ring). For the holomorphic mapping 𝑓 its Fatou com-

ponent 𝑈 is called a Herman ring if it is conformally isomorphic to some annulus

𝐴𝑟 “ t𝑧 : 1 ă |𝑧| ă 𝑟u, and if 𝑈 is periodic (of period 𝑛) under 𝑓 , and 𝑓𝑛 : 𝑈 Ñ 𝑈

is conjugate to a rotation on 𝐴𝑟.

2.7 Polynomial maps and external rays

Let us consider a polynomial map 𝑃 : C Ñ C. As we already have seen in Section

2.1, for polynomial mappings we can define the filled Julia set 𝐾p𝑃 q as the set of

points with bounded orbits. The reason for existence of this set is the fact that if

𝑃 polynomial, than 8 is a supper-attracting fixed point, and thus all points with

unbounded orbits belong to its basin of attraction. In fact, the following proposition

describes the structure of the filled Julia set:

Proposition 2.7.1. For a polynomial 𝑃 its filled Julia set 𝐾p𝑃 q is a compact set

which consists of the Julia set 𝐽p𝑃 q together with all of the bounded components of

the complement Cz𝐽p𝑃 q. The Julia set 𝐽p𝑃 q is equal to the topological boundary

B𝐾p𝑃 q of the filled Julia set.

Proof. Lemma 18.1 in [Mil06].
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2.7.1 External rays

Let us assume that𝐾p𝑃 q is connected. In this case it has to contain all critical points

of 𝑃 . Let us also choose the following normalization: the leading coefficient of 𝑃 is

equal to 1. Then we can introduce a conformal isomorphism 𝜑 : Cz𝐾p𝑃 q Ñ CzD̄

such that 𝜑p𝑧q “ 𝑧 ` 𝑜p𝑧q near infinity between the complement Cz𝐾p𝑃 q and the

complement to the closed disc CzD̄. Let 𝜓 be the map, inverse to 𝜑.

Definition 2.7.2 (External rays). The image of a radial line

𝑙𝑟 “
 

𝑟𝑒2𝜋𝑖𝑡 : 𝑟 ą 1, 𝑡 P r0, 1q
(

under 𝜓 is called the external ray 𝑅𝑡 at angle 𝑡 in Cz𝐾p𝑃 q.

We say that an external ray 𝑅𝑡 “ 𝜓p𝑟𝑒2𝜋𝑖𝑡q lands at a point 𝑧𝑡, if there exists a

limit point 𝑧𝑡, such that points of 𝑅𝑡 tend to 𝑧𝑡 as 𝑟 tends to 8.

According to Corollary 17.4 in [Mil06], if 𝐽p𝑃 q is locally connected, then every

external ray lands.

Definition 2.7.3. The external ray 𝑅𝑡 of a map 𝑃 of degree 𝑑 is called periodic if

𝑡 is periodic under multiplication by 𝑑, i.e. if 𝑑𝑛𝑡 ” 𝑡pmod1q for some 𝑛 ě 1.

2.8 Holomorphic motions

The concept of holomorphic motions was introduced by Mañé, Sad and Sullivan in

[MSS83]. Informally, we can understand it as a motion of a subset of a complex

plane continuously depending on some parameter. Now we give a formal definition:

Definition 2.8.1. Let 𝐴 Ă C be any subset and Λ be a metric space with a marked

base point 𝜏0. A map p𝜏, 𝑧q ÞÑ 𝜄𝜏 p𝑧q from Λ ˆ 𝐴 to C is an equicontinuous motion

(of 𝐴 over Λ) if 𝜄𝜏0 “ 𝑖𝑑𝐴, the family of maps 𝜏 ÞÑ 𝜄𝜏 p𝑧q parameterized by 𝑧 P 𝐴 is

equicontinuous, and 𝜄𝜏 is injective for every 𝜏 P Λ.

An equicontinuous motion is called holomorphic if Λ is a Riemann surface, and

each function 𝜏 ÞÑ 𝜄𝜏 p𝑧q, where 𝑧 P 𝐴, is holomorphic.
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Let us now consideris a family 𝐹𝜏 : CÑ C of rational maps such that 𝐹𝜏0p𝐴q Ă 𝐴.

An equicontinuous motion p𝜏, 𝑧q ÞÑ 𝜄𝜏 p𝑧q is equivariant with respect to the family

𝐹𝜏 if 𝜄𝜏 p𝐹𝜏0p𝑧qq “ 𝐹𝜏 p𝜄𝜏 p𝑧qq for all 𝑧 P 𝐴.

2.9 Cubic polynomials and cubic slices

As we have seen in the definition of the Mandelbrot set, any quadratic polynomial

is conjugate to the form 𝑄𝑐 “ 𝑧2 ` 𝑐. In the cubic case any cubic polynomial is

conjugate to the form:

𝑃𝜆,𝑏 “ 𝜆𝑧 ` 𝑏𝑧2 ` 𝑧3, 𝑧 P C

.

Then we will denote the space of such polynomials by ℱ .

Now we can define cubic slices as families in ℱ in the following way:

Definition 2.9.1. We call the 𝜆-slice ℱ𝜆 the space of all cubic polynomials 𝑔 P ℱ

with 𝑔1p0q “ 𝜆.

2.9.1 The connectedness locus.

We can generalize the Mandelbrot set for higher degrees:

Definition 2.9.2. The degree 𝑑 connectedness locus 𝒞𝑑 is the set of classes of degree

𝑑 polynomials 𝑓 with connected filled Julia set.

We are interested in 𝒞3.

2.9.2 The main cubioid and Zakeri curve

We need to describe some special parts of the connectedness locus which play crucial

role in the parametrization of ℱ𝜆.

Definition 2.9.3 ([BOPT14]). The main cubioid CU is defined as the set of all

classes of cubic polynomials that have a fixed non-repelling point, no repelling peri-
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odic cutpoints and at most one non-repelling periodic point with multiplier different

from 1.

It is easy to see that CU Ă 𝒞3
Let us denote the Siegel disc of cubic polynomial 𝑃 as Δp𝑃 q. Then

Definition 2.9.4. The Zakeri curve is the following set of polynomials:

𝑍𝜆 “ t𝑃𝜆,𝑏 P C
˚
𝜆; both critical points of 𝑃𝜆,𝑏 belong to Δp𝑃𝜆,𝑏qu.
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Chapter 3

Invariant trees for Thurston maps

In this chapter we provide an algorithm for finding invariant spanning trees of degree

2 Thurston maps. This algorithm was introduced by the author and V. Timorin in

[ST19] and it was called the ivy iteration.

3.1 Invariant spanning trees

3.1.1 Definition and examples

Brief geometric background related to this section was discussed in Section 2.4. Let

us recall that we call the following object a invariant spanning tree:

Definition 3.1.1 (Invariant spanning tree). A spanning tree for 𝑃 p𝑓q is called an

invariant spanning tree for 𝑓 if:

1. we have 𝑓p𝑇 q Ă 𝑇 ;

2. vertices of 𝑇 map to vertices of 𝑇 .

First we want to introduce some examples:

‚ Quadratic polynomials. Let 𝑝p𝑧q “ 𝑧2 ` 𝑐 be a post-critically finite quadratic

polynomial. Let us denote the landing point of the dynamical external ray 𝑅𝑝p0q

of 𝑝 with argument 0 by 𝑥𝛽. We will need the notion of a regulated hull following

the terminology of [Mil09, Poi93, Poi10]. Define 𝑇 as the union of t8uY𝑅𝑝p0q and

the regulated hull of 𝑋 Y t𝑥𝛽u. Then 𝑇 is an invariant spanning tree for 𝑝. Let us
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note, that the regulated hull of 𝑋 is exactly the Hubbard tree of 𝑝 (Definition 2.4.7).

Thus we can see that 𝑇 is strictly bigger than the Hubbard tree of 𝑝.

‚ Matings. Let 𝑝 and 𝑞 be two post-critically finite quadratic polynomials. We

may consider them acting on two different copies of a compactification C of C,

obtained by adding a circle of infinity. Let us denote this copies as C 𝑝 and C 𝑞

respectively. For each of these copies circles at infinity can be parameterized by the

arguments of external rays (Definition 2.7.1). Let us write 𝐸𝑝p𝜃q for the point in the

circle at infinity, corresponding to the external ray 𝑅𝑝p𝜃q of the argument 𝜃 P R{Z.

Now we can define an equivalence relation on the disjoint union 𝑌 “ C 𝑝 \ C 𝑞

as follows: 𝑥 „ 𝑦 and 𝑥 ‰ 𝑦 if and only if one of the two points 𝑥 has the form

𝐸𝑝p𝜃q and the other point 𝑦 has the form 𝐸𝑞p´𝜃q. The quotient space S2
𝑝>𝑞 “ 𝑌 { „

is called the formal mating space of 𝑝 and 𝑞. Since S2
𝑝>𝑞 is homeomorphic to S2 and

the map 𝐹 : 𝑌 Ñ 𝑌 defined as 𝑝 on C 𝑝 and 𝑞 on C 𝑞 descends to the quotient space,

we have a naturally defined map 𝑓 : S2
𝑝>𝑞 Ñ S2

𝑝>𝑞. We write 𝑓 “ 𝑝 > 𝑞 and call 𝑓 the

formal mating of 𝑝 and 𝑞.

Then we can construct an invariant spanning tree for 𝑓 by taking the union of

the two invariant spanning trees for 𝑝 and 𝑞 constructed as in the previous example.

‚ Captures.

Here we follow the description from [Ree92] with slight changes in phrasing the

definition. Let us introduce a smooth structure on S2 and fix a smooth spherical

metric on S2. Then given a vector 𝑣𝑥 at some point 𝑥 P S2 and 𝜀 ą 0, there is a

vector field 𝐷p𝑣𝑥, 𝜀q such that

1. outside of the 𝜀-neighborhood of 𝑥 with respect to the spherical metric,𝐷p𝑣𝑥, 𝜀q “

0;

2. at point 𝑥, the vector 𝐷p𝑣𝑥, 𝜀q𝑥 coincides with 𝑣𝑥.

We may consistently choose vector fields 𝐷p𝑣𝑥, 𝜀q for all 𝑥, 𝑣𝑥 and 𝜀 so that they

depend continuously (or even smoothly) on all parameters. Consider a smooth path

𝛽 : r0, 1s Ñ S2 and choose a small 𝜀 ą 0. Define the map 𝜎𝛽 : S2 Ñ S2 as the time

r0, 1s flow of the non-autonomous vector field 𝐷p 9𝛽p𝑡q, 𝜀q. Here 9𝛽p𝑡q is the velocity

vector of 𝛽 at the point 𝛽p𝑡q. The map 𝜎𝛽 is a self-homeomorphism of S2 with the
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following properties:

1. we have 𝜎𝛽p𝛽p0qq “ 𝛽p1q;

2. the map 𝜎𝛽 is the identity outside of the 𝜀-neighborhood 𝑈𝜀p𝛽q of 𝛽r0, 1s;

3. the map 𝜎𝛽 is homotopic to the identity modulo S2 ´ 𝑈𝜀p𝛽q.

The homeomorphism 𝜎𝛽 depends on 𝛽, 𝜀 and on a particular choice of 𝐷p𝑣𝑥, 𝜀q.

However, if the path 𝛽 is fixed, then any two such homeomorphisms 𝜎𝛽 and 𝜎̃𝛽 are

homotopic relative to S2 ´ 𝑈𝜀p𝛽q.

We can consider a composition 𝜎𝛽 ˝𝑝, where 𝑝 is a post-critically finite quadratic

polynomial, and the choice of 𝛽 depends on 𝑝. Set 𝛽p0q “ 8, and place 𝛽p1q at

some strictly preperiodic point that is not postcritical. If 𝑈𝜀p𝛽q does not contain

finite post-critical points of the map 𝑝 and iterated images of 𝛽p1q, then all such

maps 𝜎𝛽 ˝ 𝑝 with fixed 𝛽 are equivalent. In other words, the Thurston equivalence

class of 𝑓 “ 𝜎𝛽 ˝ 𝑝 depends only on 𝛽 and 𝑝. The post-critical set of 𝑓 is the union

of 𝑃 p𝑝q and the forward orbit of 𝛽p1q, including 𝛽p1q. Note that 𝛽p1q is a critical

value of 𝑓 , the image of the critical point 8. In fact, the homotopy class of 𝑓 does

not change if we deform 𝛽 within the same homotopy class relative to 𝑃 p𝑓q. When

talking about 𝜎𝛽 ˝ 𝑝, we will always assume that the set 𝛽r0, 1q is disjoint from 𝑃 p𝑝q

and from the forward orbit of 𝛽p1q. The path 𝛽 is called a capture path for 𝑝.

Definition 3.1.2. The map 𝜎𝛽˝𝑝 defined as above is called the (generalized) capture

of 𝑝 associated with 𝛽. The capture 𝜎𝛽 ˝ 𝑝 is said to be simple if there is only one

𝑡0 P r0, 1s with 𝛽p𝑡0q P 𝐽p𝑝q. In the latter case, the corresponding capture path is

called a simple capture path.

Suppose that 𝛽p1q is eventually mapped to a periodic critical point of 𝑝, i.e., to 0

if 𝑝p𝑧q “ 𝑧2 ` 𝑐. Then a simple capture path 𝛽 : r0, 1s Ñ S2 looks as follows. There

is a parameter 𝑡0 P p0, 1q such that 𝛽r0, 𝑡0q is in the basin of infinity, 𝛽p𝑡0, 1s is in

the Fatou component eventually mapped to a super-attracting periodic basin, and

𝛽p𝑡0q is a point of the Julia set. We may arrange 𝛽|r0,𝑡0q to go along an external ray,

and 𝛽|p𝑡0,1s to go along an internal ray. If 𝛽p1q P 𝐽p𝑝q, then 𝛽r0, 1s can be chosen as

the union of an external ray and its landing point. Different simple capture paths
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lead to at most two different Thurston equivalence classes of captures provided that

𝑝 and 𝛽p1q are fixed, cf. [Ree10, Section 2.8].

Generalized captures were first defined by M.Rees in [Ree92]. Simple captures

go back to B.Wittner [Wit88]. Both Wittner and Rees used the word “capture”

to mean simple capture. We, on the contrary, use the word “capture” to mean a

generalized capture. It is worth noting that the original approach of Wittner also

used invariant trees. The study of captures is motivated by the following theorem

of M.Rees:

Theorem 3.1.3 (Polynomial-and-Path Theorem, Section 1.8 of [Ree92]). Suppose

that 𝑅 is a rational function of degree two with a periodic critical point 𝑐1. Suppose

also that the other critical point 𝑐2 of 𝑅 is not periodic but is eventually mapped to

𝑐1. Then 𝑅 is equivalent to some capture 𝜎𝛽 ˝𝑝. Moreover, the quadratic polynomial

𝑝 has a periodic critical point of the same period as 𝑐1.

Suppose that 𝛽 is a simple capture path for 𝑝, and 𝑓 “ 𝜎𝛽 ˝𝑝 is the corresponding

capture. Let 𝑇 be the minimal subtree of the extended Hubbard tree of 𝑝 that

includes 𝑃 p𝑓q. Then 𝑇 satisfies the property 𝑝p𝑇 q Ă 𝑇 . Note that it may happen

that 𝑓p𝑇 q Ć 𝑇 , so that 𝑇 is not an invariant spanning tree for 𝑓 . For example,

let 𝑝 be the airplane polynomial. Choose 𝛽p1q to be an iterated 𝑝-preimage of 0

on an edge of the Hubbard tree of 𝑝. Then 𝑇 coincides with the Hubbard tree

set-theoretically but has more vertices. Some edge 𝑒 of 𝑇 maps under 𝑝 so that

the 𝛽p1q P 𝑝p𝑒q but 𝛽p1q is not an endpoint of 𝑝p𝑒q. The latter is a consequence

of the fact that there are no vertices of 𝑇 mapping to 𝛽p1q. The homeomorphism

𝜎𝛽 displaces 𝑝p𝑒q so that 𝜎𝛽p𝑝p𝑒qq no longer contains 𝛽p1q. Thus 𝑇 is not forward

invariant under 𝑓 “ 𝜎𝛽 ˝ 𝑝.

It may seem plausible that 𝑇 can be deformed slightly into a genuine invariant

spanning tree. Unfortunately, this is not always true. It is known that different

simple captures (even those for which 𝛽p1q is the same) may yield different Thurston

equivalence classes, see e.g. [Ree10, Section 2.8]. If 𝑇 were deformable into an

invariant spanning tree, then, by Theorem A, all simple captures with given 𝛽p1q

would be Thurston equivalent, a contradiction.
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In the following lemma, by the support of a homeomorphism 𝜎 : S2 Ñ S2 we

mean the closure of the set of points 𝑥 P S2 with 𝜎p𝑥q ‰ 𝑥.

Lemma 3.1.4. Let 𝑝, 𝛽 and 𝑇 be as above. Assume that the support of 𝜎𝛽 is

a sufficiently narrow neighborhood of 𝛽r0, 1s, i.e., a subset of the 𝜀-neighborhood

of 𝛽r0, 1s for sufficiently small 𝜀 ą 0. Then 𝑇 is an invariant spanning tree for

𝑓 “ 𝜎𝛽 ˝ 𝑝 whenever 𝛽r0, 1s X 𝑝p𝑇 q “ H.

Recall our assumption that the capture path 𝛽 is simple.

Proof. Suppose that 𝛽r0, 1s X 𝑝p𝑇 q “ H. Then the support of 𝜎𝛽 can be made

disjoint from 𝑝p𝑇 q. It follows that 𝜎𝛽 “ 𝑖𝑑 on 𝑝p𝑇 q, therefore, 𝑓p𝑇 q “ 𝜎𝛽p𝑝p𝑇 qq “

𝑝p𝑇 q Ă 𝑇 .

3.1.2 Thurston equivalence via invariant spanning trees

The following theorem explains why invariant spanning trees are important objects

for Thurston maps. It turnes out that for some Thurston map 𝑓 it suffices to know

the ribbon graph structure of its invariant spanning tree 𝑇 , the restriction of the

map 𝑓 to the set of vertices and the set of critical points of 𝑓 in 𝑇 and the cyclic

order, in which pullbacks of certain edges appear around a critical point, to recover

its Thurston equivalence class. Now let us formulate what it exactly means. We

denote the set of critical points of 𝑓 in 𝑇 by 𝐶p𝑇 q.

Theorem 3.1.5. Let us have two degree 2 Thurston maps 𝑓 , 𝑔 : S2 Ñ S2 with

corresponding invariant spanning trees 𝑇𝑓 and 𝑇𝑔. Then if there is a cellular home-

omorphism 𝜏 : 𝑇𝑓 Ñ 𝑇𝑔 with the following properties:

1. The map 𝜏 is an isomorphism of ribbon graphs.

2. We have 𝜏 ˝ 𝑓 “ 𝑔 ˝ 𝜏 on 𝑉 p𝑇𝑓 q Y 𝐶p𝑇𝑓 q.

3. The critical values of 𝑓 are mapped to critical values of 𝑔 by 𝜏 .

which also can be extended to edges of 𝑓´1p𝑇𝑓 q incident to points in 𝐶p𝑇𝑓 q in the

following mode: the cyclic order of edges incident to a given vertex of 𝐶p𝑇𝑓 q has to
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be preserved and so that to satisfy property p2q on edges and vertices. Then these

two maps 𝑓 and 𝑔 are Thurston equivalent.

The proof of this theorem is based on another somehow similar theorem, more

general version of which is Proposition 3.4.3 of [Hlu17], which is based on the result

from [BM17]. Here we will formulate it using our terminology.

Theorem 3.1.6. Let 𝑓 and 𝑔 be two Thurston maps of degree two which have the

same invariant spanning tree 𝑇 . Moreover, suppose that 𝑓´1p𝑇 q “ 𝑔´1p𝑇 q “ 𝐺, that

𝑓 “ 𝑔 on 𝑉 p𝐺q, and that the critical values of 𝑓 coincide with the critical values of

𝑔. Then there is an orientation preserving homeomorphism 𝜓 isotopic to the identity

relative to 𝑉 p𝑇 q and such that 𝑓 “ 𝑔 ˝ 𝜓.

Then the proof comes down to the problem of showing that the ribbon graph

isomorphism between 𝑇𝑓 and 𝑇𝑔 can be extended also to an isomorphism between

𝑓´1 p𝑇𝑓 q and 𝑔´1 p𝑇𝑔q. Let us denote 𝑓´1 p𝑇𝑓 q as 𝐺𝑓 . Then vertices of 𝐺𝑓 are

preimages of vertices of 𝑇𝑓 and edges of 𝐺𝑓 are components of 𝑓´1 p𝑇𝑓 ´ 𝑉 p𝑇𝑓 qq.

First we describe the topological construction for recovering 𝐺𝑓 from 𝑇𝑓 . Preim-

age of 𝑇𝑓 under the map of degree 2 consists of two copies of 𝑇𝑓 “glued” at the

critical points. Thus we also need to know the position of the critical values of 𝑓 .

We will be distinguishing critical values between each other as well as critical points,

thus we denote critical points of 𝑓 as 𝑐1p𝑓q and 𝑐2p𝑓q and the corresponding critical

values as 𝑣1p𝑓q and 𝑣2p𝑓q. Then if we make a good enough cut between two critical

values of 𝑓 such that it is disjoint from 𝑇𝑓 , we can “open” the sphere by this cut and

thus have a semispere with one copy of 𝑇𝑓 on it. In the full preimages we have two

semispheres glued by this cut. To understand the ribbon structure of 𝐺𝑓 we should

also understand how exactly these semispheres are glued together. It turns out, that

we even do not need to know the map 𝑓 itself, but only the ribbon graph structure

of 𝑇𝑓 induced by it and the position of critical values of 𝑓 as it was explained above.

As we can see, the essential data are purely combinatorial, so we can describe all

the procedure of describing 𝐺𝑓 in purely combinatorial language. Further we will

do it using the terminology of cyclic sets and pseudoaccesses from [Poi93], which

was briefly explained in Section 2.4.1. Informally we can see pseudoaccess of graph
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at some vertex as a sector between two consecutive edges incident to this point.

This cut is exactly a Jordan arc 𝐶𝑓 that connects 𝑣1p𝑓q with 𝑣2p𝑓q and is oth-

erwise disjoint from 𝑇𝑓 . Then 𝐶𝑓 defines two pseudoaccesses of 𝑇𝑓 , one at each of

the critical values. From the assumptions of the Theorem 3.1.5 there exists a home-

omorphism 𝜏 which preserves the cyclic order of edges at every vertex, thus there

is a correspondence between pseudoaccesses of 𝑇𝑓 and pseudoaccesses of 𝑇𝑔. Then

there exists a Jordan arc 𝐶𝑔 connecting 𝑣1p𝑔q with 𝑣2p𝑔q, otherwise disjoint from 𝑇𝑔,

which is again exactly a “good enough cut” now for 𝑇𝑔. The set 𝑈𝑓 “ S2 ´ 𝐶𝑓 is

a disk and since both critical values of 𝑓 are contained in 𝐶𝑓 its preimage 𝑓´1p𝑈𝑓 q

consists of two open disks 𝑈0
𝑓 and 𝑈1

𝑓 on which 𝑓 is a one-to-one mapping. We are

free in the choice of labeling 𝑈0
𝑓 and 𝑈1

𝑓 . The same construction can be made for

𝑔´1p𝑈𝑔q.

Let us denote the closure of the 𝑓 -pullback of 𝑇𝑓 ´𝐶𝑓 in 𝑈0
𝑓 as 𝑇 0

𝑓 and in 𝑈1
𝑓 as

𝑇 1
𝑓 . We write 𝑇 𝑖

𝑓 for the closures in 𝑈 𝑖
𝑓 respectively, where 𝑖 “ 0, 1. These closures

have isomorphic ribbon graph structures. Thus these are exactly two copies of 𝑇𝑓

described above. The critical points of 𝑓 are the vertices of 𝑇 𝑖
𝑓 that correspond,

under the natural isomorphism between 𝑇 𝑖
𝑓 and 𝑇𝑓 , to the critical values 𝑣1p𝑓q and

𝑣2p𝑓q. Thus since 𝑇 0
𝑓 and 𝑇 1

𝑓 are glued at the critical points of 𝑓 we get an abstract

description of the ribbon graph 𝐺𝑓 .

We want to separate the edges of 𝐺𝑓 in two groups depending on which copy of

𝑇𝑓 do they belong. Then we can assign a number to each edge depending on the

copy of 𝑇𝑓 . We will name this number as label. Since we have two copies 𝑇 0
𝑓 and

𝑇 1
𝑓 the label can take value either 0 or 1. Formally, we say that an 𝑒 P 𝐸p𝑇 𝑓 q has

label ℓp𝑒q if 𝑒 Ă 𝑇
ℓp𝑒q
𝑓 . We want to show that the construction of assigning labels is

well-defined, more precisely that it does not depend on the choice of the cut. This

statement can be described by the following lemma:

Lemma 3.1.7. Either 𝜏p𝑇𝑓 X 𝑇 𝑖
𝑓 q Ă 𝑇𝑔 X 𝑇 𝑖

𝑔 for every 𝑖 “ 0, 1 or 𝜏p𝑇𝑓 X 𝑇 𝑖
𝑓 q Ă

𝑇𝑔 X 𝑇
1´𝑖
𝑔 for every 𝑖 “ 0, 1.

Proof. We can translate the assignment of the levels to purely combinatorial lan-

guage. First we need to choose an initial edge, with which we will compare all the

others. We call this edge the reference edge and denote it as 𝑒𝑟. We also can consider
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labels as label function ℓp𝑒q defined on all edges of 𝑇 𝑓 . Now if we know the label of

𝑒𝑟 we can start assigning labels to all the edges, starting with the edges sharing a

common vertex with 𝑒𝑟 by the following rule:

Let us assume that two edges 𝑒 and 𝑒1 share a vertex 𝑎. Then there are two

possibilities:

1. if 𝑎 is not critical, then ℓp𝑒1q “ ℓp𝑒q;

2. if 𝑎 is critical, then ℓp𝑒1q ‰ ℓp𝑒q if and only if 𝑒 and 𝑒1 are separated by the

critical pseudoaccesses at 𝑎.

By the critical pseudoaccesses we mean two pseudoaccesses of 𝑇 𝑓 defined by the

curve 𝑓´1p𝐶𝑓 q.

Two edges 𝑒 ang 𝑒1 are separated by the critical pseudoaccesses at the common

point 𝑎 if and only if they are separated by 𝑓´1p𝐶𝑓 q, i.e., lie in different components

of 𝑓´1p𝑈𝑓 q. This explains the assignment rule.

To prove the statement of the Lemma we need to prove that ℓp𝜏p𝑒qq “ ℓp𝑒q.

Knowing the assignment rule it is equal to showing that critical pseudoaccesses of

𝑇 𝑓 maps to critical pseudoaccesses of 𝑇 𝑔 under 𝜏 . By the properties of 𝜏 we know

that critical value 𝑣 “ 𝑓p𝑐q of 𝑓 maps to the critical value and that 𝜏p𝑣q “ 𝜏 ˝𝑓p𝑐q “

𝑔p𝜏p𝑐qq. It follows that 𝜏p𝑐q has to be a critical point since 𝑔 is a map of degree 2.

Since 𝜏 preserves the cyclic order of edges and maps critical points to the critical

points it has to map critical pseudoaccesses to critical pseudoaccesses.

By proving Lemma 3.1.7 we have shown that 𝜏 either preserves all labels or

reverses all labels. We had the freedom of choice of the labeling when we were

assigning the label to 𝑒𝑟. Thus we can choose the labeling so that labels are preserved

by 𝜏 .

Now we can introduce a map 𝜏˚ with the properties similar to the properties of

𝜏 acting on the graph 𝐺𝑓 and mapping it to 𝐺𝑔. More precisely we want to prove

the following proposition:

Proposition 3.1.8. There is a ribbon graph isomorphism 𝜏˚ : 𝐺𝑓 Ñ 𝐺𝑔 with the

following properties:
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1. We have 𝜏˚ “ 𝜏 on 𝑉 p𝑇 𝑓 q.

2. We have 𝜏˚ ˝ 𝑓 “ 𝑔 ˝ 𝜏˚ on all vertices of 𝐺𝑓 .

Proof. Since by the previous lemma we know that 𝜏 : 𝑇𝑓 Ñ 𝑇𝑔 preserves labels we

can “separate” it into two maps 𝜏 0 and 𝜏 1 acting on 𝑇 0
𝑓 and 𝑇 1

𝑓 respectively. Let

us define maps 𝑓´1𝑖 and 𝑔´1𝑖 as the inverse of 𝑓 : 𝑇 𝑖
𝑓 Ñ 𝑇𝑓 and the of 𝑔 : 𝑇 𝑖

𝑔 Ñ 𝑇𝑔

respectively. Formally, there are two maps 𝜏 𝑖, where 𝑖 “ 0, 1, defined by the following

formula: 𝜏 𝑖 “ 𝑔´1𝑖 ˝ 𝜏 ˝ 𝑓 . Now we can define 𝜏˚ as the map from 𝐺𝑓 to 𝐺𝑔, whose

restriction to 𝑇 𝑖
𝑓 is 𝜏 𝑖 and then we have to show, that the obtained map satisfies the

properties p1q ´ p2q from the statement of the proposition.

‚ Property p1q states that 𝜏˚ “ 𝜏 on 𝑉 p𝑇 𝑓 q. Again by the previous lemma we

know that 𝜏 maps 𝑇𝑓 X 𝑇 𝑖
𝑓 to 𝑇𝑔 X 𝑇 𝑖

𝑔 . Moreover 𝜏 ˝ 𝑓 “ 𝑔 ˝ 𝜏 on 𝑉 p𝑇 𝑓 q. Thus

𝜏 “ 𝑔´1𝑖 ˝𝜏˝𝑓 on 𝑉 p𝑇 𝑓 qX𝑇
𝑖
𝑓 , which gives us exactly two “halves” 𝜏 0 and 𝜏 1 of the map

𝜏˚. The cyclic order is obviously preserved at the preimages of non-critical values,

since the initial mappings preserve the orientation. In the case of the critical values

it is preserved on the each “half-sphere”, generated by the critical pseudoaccess and

thus for the whole 𝐺𝑓 .

‚ Property p2q states that 𝜏˚ ˝ 𝑓 “ 𝑔 ˝ 𝜏˚ on all vertices of 𝐺𝑓 . A vertex 𝑎˚ can

be represented in one of two possible ways: 𝑎˚ “ 𝑓´1𝑖 p𝑎q where 𝑖 is either 0 or 1.

Then 𝜏˚ ˝ 𝑓p𝑎˚q “ 𝜏p𝑎q “ 𝑔 ˝ 𝜏 𝑖 ˝ 𝑓´1𝑖 p𝑎q “ 𝑔 ˝ 𝜏˚p𝑎˚q.

The obtained isomorphism 𝜏˚ : 𝐺𝑓 Ñ 𝐺𝑔 in general does not coincide with 𝜏 on

𝑇 𝑓 . But we have shown that they coincide on 𝑉 p𝑇 𝑓 q and that it satisfies assumptions

p1q–p3q of Theorem 3.1.5. It means that we can consider 𝜏˚ instead of 𝜏 and extend

it to the entire sphere. To show that this extension is possible we want to apply the

following known theorem to our settings:

Theorem 3.1.9 (Corollary 6.6 of [BFH92]). Let 𝐺 and 𝐺1 be two connected graphs

embedded into S2. Consider a homeomorphism ℎ : 𝐺Ñ 𝐺1 that induces an isomor-

phism of ribbon graphs. Then there is an orientation preserving homeomorphism

ℎ˚ : S2 Ñ S2 whose restriction to 𝐺 is ℎ.
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And thus we get the following statement:

Corollary 3.1.10. Suppose that 𝜏˚ : 𝐺𝑓 Ñ 𝐺𝑔 satisfies the properties listed in

Proposition 3.1.8. Then 𝜏˚ extends to an orientation preserving homeomorphism

𝜏˚ : S2 Ñ S2.

Now we finally have all the tools to prove Theorem 3.1.5.

Proof of Theorem 3.1.5. Let us recall, that we have formulated Theorem 3.1.6, needed

for the further proof. It was stated there that if two Thuston maps 𝑓 and 𝑔 share the

same invariant spanning tree 𝑇 , their critical values coincide, 𝑓´1p𝑇 q “ 𝑔´1p𝑇 q “ 𝐺

and 𝑓 “ 𝑔 on 𝑉 p𝐺q, then there exists an orientation preserving homeomorphism 𝜓

isotopic to the identity relative to 𝑉 p𝑇 q such that 𝑓 “ 𝑔 ˝ 𝜓.

Now we want to introduce the maps, to which we will apply Theorem 3.1.6.

We have introduced a homeomorphism 𝜏˚ : 𝐺𝑓 Ñ 𝐺𝑔 such that

1. we have 𝜏˚ “ 𝜏 on 𝑉 p𝑇𝑓 q;

2. we have 𝑔 ˝ 𝜏˚ “ 𝜏˚ ˝ 𝑓 on all vertices of 𝐺𝑓 .

We have also seen, that we can exchange 𝜏 and 𝜏˚ since they satisfy the same

properties, which are important for our proof. Thus we can extend 𝜏 to the whole

sphere by Corollary 3.1.10. Set 𝑔˚ “ 𝜏´1 ˝ 𝑔 ˝ 𝜏 . This map together with 𝑓 are the

desired maps satisfying the conditions of Theorem 3.1.6. Map 𝑔˚ is also a Thurston

map of degree two with an invariant spanning tree 𝑇𝑓 . Their critical values coincide

since 𝜏 maps the critical values of 𝑓 to the critical values of 𝑔. Now we should

check the last property 𝑓´1p𝑇𝑓 q “ 𝑔´1˚ p𝑇𝑓 q. In fact, 𝑔´1˚ p𝑇𝑓 q “ 𝜏´1 ˝ 𝑔´1 ˝ 𝜏p𝑇𝑓 q “

𝜏´1p𝐺𝑔q “ 𝐺𝑓 “ 𝑓´1p𝑇𝑓 q. Applying Theorem 3.1.6 we get that 𝑔˚ is Thurston

equivalent to 𝑓 , 𝑔˚ is topologically conjugate to 𝑔 by the definition of 𝑔˚ and thus 𝑔

is Thurston equivalent to 𝑓 . The statement of Theorem 3.1.5 is proved.

3.2 Finding an explicit presentation for the biset

As we have seen in the previous section, the invariant spanning trees are very useful

objects. In this section we show how they give rise to some other important invari-
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ants and moreover we introduce the generalization of invariant spanning trees that

turns out to give rise to the same invariants.

3.2.1 Biset

Let 𝑓 be a Thurston map with the postritical set 𝑃 p𝑓q. Following our notation

from Section 2.3 𝒳𝑓 p𝑦q is a set of all homotopy classes of paths from some fixed

base point 𝑦 P S2 ´ 𝑃 p𝑓q to its preimages 𝑓´1p𝑦q in S2 ´ 𝑃 p𝑓q. We also have the

fundamantal group 𝜋𝑓 “ 𝜋1pS2 ´ 𝑃 p𝑓q, 𝑦q. Then let us recall that 𝒳𝑓 p𝑦q is a biset

over fundamental group. The full definition of a biset was also given in the Section

2.3. Here we only recall that being a biset means that both left and right actions of

𝜋𝑓 on 𝒳𝑓 p𝑦q are given. Left action is just a simple composition (paths are composed

from left to right). For a representative r𝛾s P 𝜋𝑓 and a representative r𝛼s P 𝒳𝑓 p𝑦q:

r𝛾sr𝛼s “ r𝛾𝛼s

It is well defined once we choose 𝑦 as the basepoint of 𝛾 so that the loop 𝛾 ends

where the path 𝛼 starts.

In the case of the right action we take the path 𝛼 first, so it terminates at 𝑓´1p𝑦q.

Then we take the the lift of 𝛾 originating at the terminal point of 𝛼. We denote it

as 𝛾 So we can see this element as:

r𝛼sr𝛾s “ r𝛼𝛾s

As we have seen in Theorem 2.3.3, the biset is an invariant for the Thurston

equivalence class. It turns out that we can extend Theorem 3.1.6 to the following

result:

Theorem 3.2.1. Suppose that 𝑓 is a Thurston map of degree 2, and 𝑇 is an in-

variant spanning tree for 𝑓 . There is an explicit presentation of the biset of 𝑓 based

only on the data listed above.

1. the ribbon graph structure on 𝑇 ,

2. the restriction of 𝑓 to 𝑉 p𝑇 q Y 𝐶p𝑇 q.
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3.2.2 Generating set for the fundamental group

Let us start with describing the connection between an invariant spanning tree 𝑇 and

the fundamental group 𝜋𝑓 “ 𝜋1pS2´𝑃 p𝑓q, 𝑦q with a base point 𝑦. We can introduce

a generating set for 𝜋𝑓 based on 𝑇 . Informally this set can be described as the loops,

which cross each edge in the fixed “direction” and do not have other intersections

with 𝑇 . First we explain what does “direction” of intersection mean. We consider

a smooth path 𝛾 that crosses some oriented smooth Jordan arc 𝐴 only once and

transversely. We say that 𝛾 approaches 𝐴 from the left if, at the intersection point,

the velocity vectors to 𝛾 and to 𝐴 (in this order) form a positively oriented basis in

the tangent plane to the sphere.

Then the generating set for 𝜋 consists of the following elements (here we assume

that all edges are oriented):

‚ the neutral element 𝑖𝑑;

‚ elements 𝑔𝑒 P 𝜋 corresponding to each edge of 𝑇 , where homotopy class 𝑔𝑒 is

represented by a smooth loop 𝛾𝑒 based at 𝑦 that crosses 𝑒 just once and transversely,

approaches it from the left, and has no other intersection points with 𝑇 .

We denote this set as ℰ𝑇 .

Proposition 3.2.2. Let 𝑓 be a degree 2 Thurston map with an invariant spanning

tree 𝑇 . Then a set ℰ𝑇 described as above is a stable set under the action of 𝑓 .

Proof. If a loop 𝛾 belongs to ℰ𝑇 then there are two possible cases for its preimages:

Case 1: The full preimage consists of two loops, starting at the two preimages

𝑦0 and 𝑦1 of the basepoint 𝑦. In this case each of them is a pullback and maps to the

loop 𝛾 one-to-one, so each preimage can have maximum one point of intersection

with the graph 𝑇 , so the preimages belong to the required set.

Case 2: The full preimage consists of the one loop, which maps to the loop 𝛾

two-to-one. Then this loop consists of two paths joining 𝑎0 and 𝑎1, each of them

maps to the loop 𝛾 one-to-one, so each preimage can have maximum one point of

intersection with the graph 𝑇 . In this case their closure by the path joining the 𝑦0

and 𝑦1 and not crossing the graph Γ is the loop, which has maximum one point of

intersection with the graph 𝑇 , so the preimages belong to the required set.
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3.2.3 Dynamical tree pair

But it is not always trivial to find the invariant spanning tree. It turns out that the

statement of Theorem 3.1.6 can be generalized even more than in Theorem 3.2.1.

We need to introduce one more object for being able to do it:

Definition 3.2.3. For a Thurston map 𝑓 : S2 Ñ S2 of degree 2 two spanning trees

𝑇 ˚ and 𝑇 for 𝑃 p𝑓q such that 𝑓p𝑇 ˚q Ă 𝑇 are called a dynamical tree pair for 𝑓 if

1. the vertices of 𝑇 ˚ are mapped to vertices of 𝑇 under 𝑓 ;

2. all critical values of 𝑓 are vertices of 𝑇 ;

We denote a dynamical tree pair as p𝑇 ˚, 𝑇 q.

We can see that dynamical tree pairs generalize invariant spanning trees.

3.2.4 Combinatorial description for the biset

Since we are dealing with the mappings of degree 2 a basis of 𝒳𝑓 p𝑦q consists of two

elements. We denote them as 𝛼0 and 𝛼1, where they connect base point 𝑦 with 𝑦0

and 𝑦1 respectively. The description of the biset can be done in the terms of an

automaton (Definition 2.3.4). If we know the generating set for the fundamental

group, it is enough to define the automaton action on the generators.

For the description of the automaton action on any generator 𝛾 P 𝜋𝑓 we should

be able to recover its pullbacks 𝛾𝑖 from the combinatorial data only. If 𝛾 does not

encompass a critical value, than its pullbacks are just two loops, belonging to the

different semispheres, containing two different copies of 𝑇 and glued together, as it

was discussed in Section 3.1.2. Since we have shown, that there is correspondence

between loops in the generating set and edges, we can assign labels, which were

introduced in the previous section, also to the loops.

For formal distinguishing of the copies of the sphere in the preimage we need to

define a base edge.

Let us consider a dynamical tree pair p𝑇 ˚, 𝑇 q. The preimage of the smallest arc

𝑍 in the tree 𝑇 which contains two critical values is a loop 𝑓´1p𝑍q “ 𝑍˚ containing

44



Chapter 3. Invariant trees for Thurston maps 3.2. Finding an explicit presentation for the biset

two critical points. From the definition of 𝑇 ˚ the loop 𝑍˚ can not be fully contained

in 𝑇 ˚. Thus there is at least one edge 𝑒1𝑏 of 𝑍˚ which does not belong to 𝑇 ˚. Let

us call the edge 𝑒𝑏 “ 𝑓p𝑒1𝑏q a base edge. Here we made the only free choice in the

further construction. Since it is done, all the rest of the procedure can be defined

uniquely.

Let us consider a Jordan arc 𝐶𝑓 that connects critical values 𝑣1p𝑓q and 𝑣2p𝑓q

and is otherwise disjoint from 𝑇𝑓 . Then we call each of two pseudoaccesses defined

by 𝐶𝑓 a post-critical pseudoaccess. The curve 𝑓´1p𝐶𝑓 q defines two pseudoaccesses of

𝑇 𝑓 at the critical point 𝑐, not necessarily different. We will call these distinguished

pseudoaccesses critical pseudoaccesses.

Definition 3.2.4 (The label of an edge). The labeling on a graph 𝐺 “ 𝑓´1p𝑇 q is a

function ℓ : 𝐸p𝐺q Ñ t0, 1u which satisfies the following properties:

‚ ℓp𝑒1𝑏q “ 1;

‚ if two edges 𝑒1 and 𝑒2 share a vertex, then ℓp𝑒1q “ ℓp𝑒2q if and only if 𝑒1, 𝑒2 are

not separated by the critical pseudoaccesses. For 𝑒 P 𝐸p𝐺q, the value of the function

ℓp𝑒q is called the label of the edge 𝑒.

If 𝛾 contains a critical value, than its full preimage consists of just one loop,

which maps to 𝛾 two-to-one. In this case this loop is going through both preimages

𝑦0 and 𝑦1 of the basepoint. The two pullbacks of the loop 𝛾 starting at 𝑦0 and 𝑦1

are the two paths joining 𝑦0 and 𝑦1. Here we have to deal with the orientation of

the edges. The following definition enables us to translate the orientation of the

sequence of the edges into the combinatorial language. Let us recall that by an

oriented edge of the graph 𝐺 we mean its edge 𝑒 P 𝐸p𝐺q with fixed orientation.

Definition 3.2.5 (Boundary Circuits). A boundary circuit of 𝐺 (also called a left-

turn path in 𝐺) is a cyclically ordered sequence r𝑒0, . . . , 𝑒𝑛´1s of oriented edges of

𝐺 satisfying the following property: if 𝑒𝑖 terminates at a vertex 𝑎, then 𝑒𝑖´1 pmod 𝑛q

originates at 𝑎, and 𝑒𝑖´1 pmod 𝑛q is the immediate predecessor of 𝑒𝑖 in the cyclic

order on 𝐸p𝐺, 𝑎q.

We can see the 𝐶p𝑇 q as a walk around the graph 𝑇 clockwise. The critical

pseudoaccess divide all oriented edges from 𝐶p𝑇 q into two groups which we denote
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𝑆0p𝑇 q and 𝑆1p𝑇 q. Then this groups also could be seen as paths with fixed directions.

We want to choose the notation in the following way:

‚ 𝑆0p𝑇 q originates at 𝑣1 and terminates at 𝑣2;

‚ 𝑆1p𝑇 q originates at 𝑣2 and terminates at 𝑣1.

For being able to distinguish pullbacks of the edges corresponding to the loop

with or without critical value, we need to understand if this loop is changing the

orientation when we take its pullback. To be able to do this we need the following

definition:

Definition 3.2.6 (Signatures of edges). An oriented edge 𝑒 of 𝑇 is of signature

p𝑖, 𝑗q if 𝑒 appears in 𝑆𝑖p𝑇 q, and 𝑒´1 appears in 𝑆𝑗p𝑇 q. The notation 𝑒´1 corresponds

to an oriented edge 𝑒 with the opposite orientation. Thus there exist four possible

signatures: p0, 0q, p0, 1q, p1, 0q, and p1, 1q.

Let us recall that we use the following notation 𝐺 “ 𝑓´1p𝑇 q. There exists the

boundary circuit 𝐶p𝑇 q. From Section 3.1.2 we remember that the complement S2´𝐺

of 𝐺 consists of two disks Ω0 and Ω1. Using the notation from the same section we

can define the subsets in 𝐶p𝑇 q in the following way: we denote the pullback of 𝑆𝑖p𝑇 q

in 𝑇 𝑗 as 𝑆𝑖p𝑇 𝑗q, where 𝑖, 𝑗 “ 0, 1. Then the disk Ω0 is bounded by 𝑆0p𝑇 0q Y 𝑆1p𝑇 1q

and the disk Ω1 by 𝑆0p𝑇 1qY𝑆1p𝑇 0q. We can note that different boundary circuits of

𝐺 correspond to two different discs Ω0 and Ω1. Let us denote as 𝐶𝑖p𝐺q the boundary

circuit which corresponds to Ω𝑖. The full preimage of an edge 𝑒 P 𝐸p𝑇 q in a graph

can be represented as a union 𝑒0 Y 𝑒1, where 𝑒0 P 𝐸p𝑇 0q and 𝑒1 P 𝐸p𝑇 1q. Then the

boundary circuits 𝐶𝑖p𝐺q, where 𝑖 “ 0, 1, can be described by the following lemma:

Proposition 3.2.7. Let 𝑒 be an oriented edge of 𝑇 of signature p𝑖, 𝑗q. Then its

pullback 𝑒0 belongs to the boundary circuit 𝐶𝑖p𝐺q and the pullback 𝑒1 to the boundary

circuit 𝐶1´𝑖p𝐺q.

Then we have the following notation: 𝑒𝛿 belongs to 𝐶𝑖`𝛿p𝐺q, where 𝛿 “ 0, 1 and

the addition is mod 2.

Proof. We are assuming that the signature of an edge 𝑒 is p𝑖, 𝑗q. It means by

definition that 𝑒 P 𝑆𝑖p𝑇 q. The edge 𝑒0 of 𝐺 is a part of 𝑇 0 hence also of 𝑆𝑖p𝑇 0q. It

follows that 𝑒0 P 𝐶𝑖p𝐺q. The same for 𝑒1 P 𝐶1´𝑖p𝐺q.
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3.2.5 The main Theorem

Now we can give the main statement about the computation of the biset in purely

combinatorial language. We use here the representation of a biset in the terms of

automata, which was briefly described in Section 2.3. Let us recall that for invariant

spanning tree 𝑇0 of the degree 2 Thurston map 𝑓 we were able to write a biset as a

map Σ0 : t0, 1uˆℰ𝑇0 Ñ ℰ𝑇0ˆt0, 1u where ℰ𝑇0 is a generating set of the fundamental

group 𝜋𝑓 “ 𝜋1pS2´𝑃 p𝑓q, 𝑦q described in Section 2.3. But let us assume that instead

of the invariant spanning tree 𝑇0 we have only dynamical tree pair p𝑇 ˚, 𝑇 q. Then

we can describe a map Σ : t0, 1u ˆ ℰ𝑇 Ñ ℰ𝑇˚ ˆ t0, 1u which defines a presentation

of the biset 𝒳𝑓 p𝑦q. For a tree 𝑇 ˚ we are also able to introduce a generating set

ℰ𝑇˚ of the fundamental group. Knowing signatures or the edges we can know how

any edge 𝑒˚ P 𝑇 ˚ maps over an edge 𝑒 P 𝑇 : preserving or reversing the orientation.

This enables us to define the states of the automaton. Following the introduced

terminology now we can formulate the theorem:

Theorem 3.2.8. We define the automaton in the following way:

Σp𝜀, 𝑔q “ p𝑔˚, 𝜀˚q,

where 𝜀 P t0, 1u and 𝑔 P ℰ𝑇 .

The definition of elements 𝜀˚ and 𝑔˚ is given by the followong rule:

1. for a neutral element 𝑔 “ 𝑖𝑑 we have 𝜀˚ “ 𝜀 and 𝑔˚ “ 𝑖𝑑;

2. for an element 𝑔 “ 𝑔𝑒 corresponding to an oriented edge 𝑒 of 𝑇 of signature

p𝜀 ` 𝛿, 𝜀˚ ` 𝛿q if there exists is an oriented edge 𝑒˚ of 𝑇 ˚ with labeling 𝛿 such

that it maps over 𝑒 preserving the orientation, then 𝑔˚ “ 𝑔𝑒˚. If there is no

such edge, then 𝑔˚ “ 𝑖𝑑.

Thus we get an automaton

Σ : t0, 1u ˆ ℰ𝑇 Ñ ℰ𝑇˚ ˆ t0, 1u

which provides a full description of the biset of the Thurston map 𝑓 with the dynam-
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ical tree pair p𝑇 ˚, 𝑇 q.

Proof. The state of automata 𝜀 corresponds to the choice of the path 𝛼0 or 𝛼1 from

the biset basis. Then proving that Σp𝜀, 𝑔q “ p𝑔˚, 𝜀˚q is equivalent to proving the

following statement:

r𝛼𝜀s.𝑔 “ 𝑔˚ r𝛼𝜀˚s

Let us recall that we assume that 𝛾𝑒 is a smooth loop based at 𝑦, crossing 𝑇 just

once transversely and approaching it from the left. Two preimages of 𝑦 named 𝑦0

and 𝑦1 belong to Ω0 and Ω1 respectfully.

The case where 𝑔 “ 𝑖𝑑 is obvious. If we consider 𝑔 “ 𝑔𝑒 corresponding to an

oriented edge 𝑒 of 𝑇 of signature p𝜀 ` 𝛿, 𝜀˚ ` 𝛿q we choose 𝑔˚ as in the statement

of the theorem. More precosely: there are two edges mapping to 𝑒. In each 𝑇 𝛿

there is one. For a labeling 𝛿 if this edge belongs to 𝑇 ˚ we denote it as 𝑒˚ and set

𝑔˚ “ 𝑔𝑒˚ . Otherwise if 𝑒𝛿 R 𝑇 ˚, then we set 𝑔˚ “ 𝑖𝑑. By r𝛼𝜀s.𝑔 we understand the

concatenation of 𝛼𝜀 and a pullback 𝛾˚𝑒 of 𝛾𝑒, which start at 𝑦𝜀, where 𝛼𝜀 ends. The

path 𝛼𝜀 ends at Ω𝜀. Let us consider the pullback 𝛾˚𝑒 . As a path it approaches some

boundary edge 𝑒1 of Ω𝜀, which thus has to belong to 𝐸p𝐺q by the definition of Ω𝑖.

We are free to chose the orientation of 𝑒1 and we want to chose it in such a way,

that 𝑒1 will belong to the boundary circuit 𝐶𝜀p𝐺q. It is enough to require that 𝛾˚𝑒
approaches 𝑒1 from the left. The described edge 𝑒1 must coincide with 𝑒0 or with 𝑒1.

As we have shown in Proposition 3.2.7, the edge 𝑒𝛿 belongs to 𝐶𝑖`𝛿p𝐺q “ 𝐶𝜀p𝐺q.

Therefore, we have 𝑒1 “ 𝑒𝛿 and we know that the edge 𝑒 is of signature p𝜀`𝛿, 𝜀˚`𝛿q.

Then the two sides of the arc 𝑒1 belong to Ω𝜀 and Ω𝜀˚ , where we have already chosen

orientation of 𝑒1 such that the left side of 𝑒1 is in Ω𝜀 and by the same Proposition

3.2.7 the right side of 𝑒1 is in Ω𝜀˚ . We do not know if 𝜀 and 𝜀˚ are different signs.

It follows that when we consider the concatenation 𝛼𝜀.𝛾𝑒 it must terminate in Ω𝜀˚ .

Now we can check the initial equality r𝛼𝜀s.𝑔 “ 𝑔˚ r𝛼𝜀˚s. For 𝛾𝑒 it becomes

r𝛼𝜀s.r𝛾s “ r𝛼𝜀𝛾
˚
𝑒𝛼

´1
𝜀˚ s r𝛼𝜀˚s

Now let us show that r𝛼𝜀𝛾
˚𝛼´1𝜀˚ s “ 𝑔˚. In the statement of the Theorem there are
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two cases depending on if 𝑒1 P 𝑇 ˚:

1. Let us assume that 𝑒1 R 𝑇 ˚. Then from the statement of the Theorem we get

𝑔˚ “ 𝑖𝑑. The loop 𝛾˚𝑒 has to be disjoint from 𝑇 ˚. The basis paths 𝛼0 and 𝛼1

are also disjoint from 𝑇 ˚, thus the entire loop 𝛼𝜀𝛾
˚
𝑒𝛼

´1
𝜀˚ is also disjoint from

𝑇 ˚. It means that it is contractible in S2 ´ 𝑇 ˚ and in S2 ´ 𝑃 p𝑓q Ą S2 ´ 𝑇 ˚.

Then the both sides of equality are equal to 𝑖𝑑.

2. Now assume that 𝑒1 P 𝑇 ˚. We know that 𝑒˚ of 𝑇 ˚ has label 𝛿, then 𝑒˚ Ą 𝑒1.

The path 𝛾˚𝑒 intersects 𝐺 once, and approaches 𝑒˚ from the left. Therefore,

r𝛼𝜀𝛾
˚
𝑒𝛼

´1
𝜀1 s “ 𝑔𝑒˚ , which proves the desired.

3.3 Ivy iteration

We introduce a combinatorial method of finding invariant spanning trees. It means

that using this method we can insert the combinatorial information about the dy-

namical tree pair of a Thurston map 𝑓 into the computer program and thus find

invariant spanning trees.

3.3.1 Topological ivy objects, pullback relation and ivy graph

We start with describing the geometric objects we want to represent as combinatorial

data.

Definition 3.3.1 (Topological ivy object). A (topological) ivy object is defined as

a homotopy rel. 𝑃 p𝑓q class of spanning trees for 𝑃 p𝑓q. We will write Ivyp𝑓q for

the set of all ivy objects for 𝑓 . The notation r𝑇 s will be used for the ivy object

corresponding to a spanning tree 𝑇 for 𝑓

We want to define the following relation on the set Ivyp𝑓q of ivy objects: if

p𝑇 ˚, 𝑇 q is a dynamical tree pair (we still need to describe the procedure of choosing

the tree 𝑇 ˚) then there is the pullback relation r𝑇 s( r𝑇 ˚s between 𝑇 and 𝑇 ˚.
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Now we need to explain how to recover the dynamical tree pair p𝑇 ˚, 𝑇 q knowing

some spanning tree 𝑇 . Actually, the choice of 𝑇 ˚ is not unique, but we want to make

some restrictions which allow us to define 𝑇 ˚ and then all the further procedures

will be completely combinatorial. We can find the full preimage 𝐺 “ 𝑓´1p𝑇 q and

we know that 𝑇 ˚ should be contained in it. A graph 𝐺 contains a simple loop since

we know that it consists of two copies of 𝑇 glued at the critical points. First we

want to remove an edge from it to get a tree. We have already discussed that the

only free choice we make is the choice of the base edge 𝑒𝑏. We choose it as an edge

separating two critical values. Let us choose a pullback 𝑒1𝑏 of 𝑒𝑏 such that it maps

onto 𝑒𝑏 preserving the orientation and also the path from the basepoint 𝑦 to this

edge outside 𝐺 approaches 𝑒1𝑏 from the left. Now let us construct 𝑇 ˚:

1. we remove the edge 𝑒1𝑏 from 𝐺 and get a tree;

2. we choose the smallest subtree of this tree containing 𝑃 p𝑓q and denote it as
p𝑇 ;

3. we erase all vertices of p𝑇 that are not in 𝑃 p𝑓q and are not branch points of p𝑇

such that they become points in the edges of 𝑇 ˚.

The tree which we got by these operations is exactly 𝑇 ˚.

Thus we have described how exactly topological ivy objects are connected under

the pullback relation. Now we want to equip the set Ivyp𝑓q with the structure of an

abstract directed graph. Each ivy object r𝑇 s is a vertex. We connect two vertices

corresponding to two ivy objects r𝑇1s and r𝑇2s by an oriented arrow from r𝑇1s to

r𝑇2s if p𝑇2, 𝑇1q is a dynamical tree pair. Let us recall that we defined this relation

as a pullback relation. For any tree 𝑇 there are only finitely many options for the

choice of 𝑇 ˚, thus there are only finitely many arrows originating at each element

of Ivyp𝑓q.

Definition 3.3.2 (Ivy graph). Let 𝑓 be degree 2 Thurston map. Then the ivy graph

of 𝑓 is the set Ivyp𝑓q equipped with the graph structure where two elements r𝑇 s and

r𝑇 ˚s are connected by an arrow if there is a pullback relation r𝑇 s ( r𝑇 ˚s between

them.
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Let us come back to the problem of finding periodic spanning trees. We can see

that in the ivy graph periodic spanning tree corresponds to some invariant subset.

We can precisely define this subset:

Definition 3.3.3. A subset 𝐶 Ă Ivyp𝑓q is called pullback invariant if for any

r𝑇 s P 𝐶 and r𝑇 s ( r𝑇 ˚s we also have r𝑇 ˚s P 𝐶. Then the elements 𝜏 P Ivyp𝑓q

belonging to this invariant cycle 𝐶 are called periodic objects. We can define a

period 𝑝 of 𝜏 as the length of any simple cycle containing 𝜏 . Then the spanning tree

𝑇 corresponding to this element is also periodic of period 𝑝.

3.3.2 Combinatorial terminology: push forwards, vertex struc-

tures and vertex words

As we have already mentioned, the main objective of this work is to introduce a

purely combinatorial algorithm. We have described the ivy graph and the topological

procedure of the pullback relation. Now our goal is to describe all the objects and

constructions from the previous subsection using only combinatorial data and to

show that the the objects we get by these different descriptions are the same.

Now we have an automaton as a very convenient method of description, which is

exactly a purely combinatorial object. We want to see how it acts on a generating

set ℰ of a fundamental group 𝜋. We are assuming that ℰ is symmetric, i.e., that

𝑔´1 P ℰ for every 𝑔 P ℰ , and that 1 P ℰ . Let 𝒳 be an abstract left free biset over a

group 𝜋 and ℬ be a basis of 𝒳 . We can write down the automaton Σ : ℬˆ𝜋 Ñ 𝜋ˆℬ

of 𝒳 in the following form:

Σ “ p𝜎, 𝜄q, where Σp𝑎, 𝑔q “ p𝜎p𝑎, 𝑔q, 𝜄p𝑎, 𝑔qq for all 𝑎 P ℬ, 𝑔 P 𝜋.

Definition 3.3.4. We define the push forward 𝑃ℰ of ℰ as the set 𝜎pℬ, ℰq.

We have already discussed that there is freedom of choice of a basis ℬ of 𝒳 .

We want to see how the automaton changes if we apply some basis change. Let us

explain the question more precisely: a basis change 𝐶𝜆 can be defined by a function

𝜆 : ℬ Ñ 𝜋 (any such function defines a basis change). The new basis 𝐶𝜆ℬ consists

of 𝜆p𝑎q𝑎, where 𝑎 P ℬ. To lighten the notation denote 𝜆p𝑎q𝑎 as 𝑎𝜆. Now we have
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two automata Σ and 𝐶𝜆Σ of 𝒳 in basis sets ℬ and 𝐶𝜆ℬ respectively. We want to

express 𝐶𝜆Σ in terms of Σ and 𝐶𝜆.

Proposition 3.3.5. The automaton 𝐶𝜆Σ “ p𝐶𝜆𝜎,𝐶𝜆𝜄q is given by

𝐶𝜆𝜎p𝑎𝜆, 𝑔q “ 𝜆p𝑎q𝑔˚𝜆p𝑎˚q´1, 𝐶𝜆𝜄p𝑎𝜆, 𝑔q “ 𝑎˚𝜆.

Proof. We have the automaton Σ which on any 𝑎 P ℬ and any 𝑔 P 𝜋 acts as

p𝑔˚, 𝑎˚q “ Σp𝑎, 𝑔q. Then the statement of the proposition follows from the following

equalities in 𝒳 :

𝑎𝜆.𝑔 “ 𝜆p𝑎q𝑎.𝑔 “ 𝜆p𝑎q𝑔˚𝑎˚ “ 𝜆p𝑎q𝑔˚𝜆p𝑎˚q´1𝑎˚𝜆.

Given a symmetric generating set ℰ of 𝜋 containing 1, set 𝑃𝜆ℰ to be the gener-

ating set obtained as the push forward of ℰ under 𝐶𝜆Σ.

For being able to describe the ivy algorithm in combinatorial terms we need to

be able to fully describe spanning tree symbolically.

If we have a finite set ℰ , then consider the free semi-group generated by it. We

denote this group as FSpℰq. We can see that this group is exactly the set of all finite

words in the alphabet ℰ on which the automaton Σ acts. We denote the product

of two elements 𝑔, ℎ P ℰ in FSpℰq also as in the description of automaton: 𝑔 ¨ ℎ.

Now let us assume that ℰ is a symmetric subset of some group 𝜋 (if 𝑔 P ℰ than also

𝑔´1 P ℰ , where 𝑔´1 is the inverse of 𝑔 in the group 𝜋) and that the identity element

𝑖𝑑 of 𝜋 belongs to ℰ . Let us notice that neutral element of FSpℰq is not the same

element 𝑖𝑑 but the empty word. We set ℰ‹ to be the quotient of FSpℰq modulo the

relations 𝑖𝑑 ¨ 𝑔 “ 𝑔 ¨ 𝑖𝑑 “ 𝑔 for all 𝑔 P ℰ . We can define the following map on this

set:

Definition 3.3.6. The evaluation map Π : ℰ‹ Ñ 𝜋 is a map that takes every word

in the alphabet ℰ to the product of its symbols.

Moreover, ℰ‹ enables us to equip ℰ with additional structure:
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Definition 3.3.7. A vertex structure on ℰ is a subset 𝒱 Ă ℰ‹ with the following

property: for every 𝑔 P ℰ, there is a unique element of 𝒱 of the form 𝑢1 ¨ 𝑔 ¨ 𝑢2 for

some 𝑢1, 𝑢2 P ℰ‹. Any vertex structure gives rise to an abstract directed graph 𝐺p𝒱q

as follows. The vertices of 𝐺p𝒱q are identified with elements of 𝒱. The oriented

edges of 𝐺p𝒱q are labeled by elements of ℰ. Two vertices 𝑣, 𝑤 P 𝒱 are connected

with an oriented edge 𝑔 (from 𝑣 to 𝑤) if

𝑣 “ 𝑣1 ¨ 𝑔 ¨ 𝑣2, 𝑤 “ 𝑤1 ¨ 𝑔
´1
¨ 𝑤2

for some elements 𝑣1, 𝑣2, 𝑤1, 𝑤2 of ℰ‹. Since ℰ is symmetric, the edges of 𝐺p𝒱q

always come in pairs so that paired edges connect the same vertices but go in differ-

ent directions. These pairs of edges correspond to pairs of the form t𝑔, 𝑔´1u in ℰ.

Thus 𝐺p𝒱q can also be regarded as an undirected graph, by identifying each pair of

oppositely directed edges with an undirected edge. A vertex structure 𝒱 on ℰ is called

a tree structure if 𝐺p𝒱q is a tree. Then we say that ℰ is tree-like if there exists a

tree structure 𝒱 on ℰ

Let us recall that in our problem the set ℰ is generated by a spanning tree 𝑇

for a finite marked set 𝑃 . Actually we denoted the corresponding set as ℰ𝑇 , but

here to lighten the notation we keep using the notation ℰ . Each element 𝑔𝑒 P ℰ

corresponds to an oriented edge 𝑒 in 𝑇 . But we want a full tree structure on ℰ also

to be defined by the combinatorial data, which encodes 𝑇 . Thus we need to be able

to describe the objects, which correspond to vertices. We assume that there is some

pseudoaccess fixed at every vertex of 𝑇 . We can define this objects in the following

way:

Definition 3.3.8 (Vertex word). Let 𝑥 be a vertex of 𝑇 . Consider all edges 𝑒0, . . . ,

𝑒𝑘´1 incident to 𝑥 and oriented outwards. The linear order of these edges is well

defined if we impose that

1. it follows the natural clockwise order around 𝑥;

2. the chosen pseudoaccess at 𝑥 coincides with p𝑒𝑘´1, 𝑒0q.

Then we define the vertex word of 𝑥 as the product 𝑔𝑒0 ¨ ¨ ¨ ¨ ¨ 𝑔𝑒𝑘´1
P ℰ‹.
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In the introduced construction the vertex structure 𝒱 is the set of all vertex

words associated with the vertices of 𝑇 . We can see that 𝒱 is a tree structure on

ℰ : 𝐺p𝒱q is a tree since it is isomorphic to 𝑇 as a ribbon graph. Then according to

Definition 3.3.7 ℰ is a tree-like set.

Now we want to describe the basis changes for which the push forwards remain

tree-like sets. In the previous definitions of push forwards we considered abstract

bisets, but now we work again in the assumptions of our problem and assume that

the basis ℬ of the biset consists of two elements. Let us define these push forwards

first:

1. we apply a basis change 𝐶𝜆 defined by function 𝜆 : ℬ Ñ 𝜋 to ℬ;

2. we get the push forward of ℰ under new automaton 𝐶𝜆Σ, denote this push

forward as 𝑃𝜆ℰ ;

3. there is a tree structure 𝑃𝜆𝒱 on 𝑃𝜆ℰ .

Let us describe 𝑃𝜆𝒱 precisely. First, we can extend Σ : ℬ ˆ ℰ Ñ 𝑃ℰ ˆ ℬ to a map

Σ‹ “ p𝜎‹, 𝜄‹q : ℬ ˆ ℰ‹ Ñ p𝑃ℰq‹ ˆ ℬ, where Σ‹ is defined inductively as follows:

‚ on the empty word H P ℰ‹ we have Σ‹p𝑎,Hq “ pH, 𝑎q;

‚ now let us consider an element of ℰ‹ of the form 𝑔 ¨𝑤, where 𝑔 P ℰ and 𝑤 P ℰ‹.

Recall that p𝑔˚, 𝑎˚q “ Σp𝑎, 𝑔q. Then

𝜎‹p𝑎, 𝑔 ¨ 𝑤q “ 𝑔˚𝜎‹p𝑎˚, 𝑤q, 𝜄‹p𝑎, 𝑔 ¨ 𝑤q “ 𝜄‹p𝑎˚, 𝑤q.

Replacing ℬ with 𝐶𝜆ℬ, we may assume that 𝜆 ” 1. Suppose that ℬ “ t𝑎, 𝑏u. In

order to define the new vertex set 𝑃𝒱 Ă p𝑃ℰq‹, we first consider the following three

sets:

𝒱p𝑎q “t𝜎‹p𝑎, 𝑣q | 𝑣 P 𝒱 , 𝜄‹p𝑎, 𝑣q “ 𝑎u,

𝒱p𝑏q “t𝜎‹p𝑏, 𝑣q | 𝑣 P 𝒱 , 𝜄‹p𝑏, 𝑣q “ 𝑏u,

𝒱p𝑎, 𝑏q “t𝜎‹p𝑎, 𝑣q ¨ 𝜎‹p𝑏, 𝑣q | 𝑣 P 𝒱 , 𝜄‹p𝑎, 𝑣q “ 𝑏u.

Now take the union of these three sets, remove the trivial element 1 P ℰ‹ form it as
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well as all elements of the form 𝑔 ¨ 𝑔´1, where 𝑔 P ℰ . The remaining set is 𝑃𝒱 .

3.3.3 The combinatorial ivy iteration

The main objective of this subsection is to show that geometrical and combina-

torial ivy graphs coincide. Now we have all the tools to formally fully define all

combinatorial objects connected with combinatorial graph itself.

First we should adapt the basis changes to our purposes. Let us recall that the

first basis element of the biset in our assumptions did not have intersections with

𝐺 “ 𝑓´1p𝑇 q, thus all freedom of choice was related to the choice of the second basis

element. Set basis ℬ “ t𝑎, 𝑏u. Fixing the first element 𝑎 unchanged is equivalent

to consider only basis changes associated with functions 𝜆 : ℬ Ñ 𝜋 such that

𝜆p𝑎q “ 1. We want to set up the correspondence between elements in ℰ (which,

as we remember, correspond to edges of 𝑇 ) and the basis changes leading to the

different choices of the second basis element 𝑏. We want to define a base element as

any element 𝑔 P ℰ such that 𝜄p0, 𝑔q “ 1. Then the desired basis change associated

with base element 𝑔 is the function 𝜆𝑔 : ℬ Ñ 𝜋 such that 𝜆𝑔p𝑏q “ 𝜎p0, 𝑔q.

We define the combinatorial ivy iteration as the process of passing from ℰ to 𝑃𝜆𝑔ℰ .

Informally, we can see parallels between this process and the pullback relations,

which were geometrically defined in Section 3.3.1. Now we need to formally define

the class of objects, on which the combinatorial ivy iteration acts:

Definition 3.3.9. A combinatorial ivy object is a conjugacy class of tree-like gener-

ating sets. In the case of geometrical ivy objects we denoted ivy object, corresponding

to a spanning tree 𝑇 as r𝑇 s. Following that notation, for any tree-like generating set

ℰ we use the notation rℰs for its conjugacy class. The set of all combinatorial ivy

objects with 𝜋 “ 𝜋𝑓 is denoted as Ivy𝑐p𝑓q.

We can equip Ivy𝑐p𝑓q with oriented graph structure exactly as we did it with the

set of geometrical ivy objects Ivyp𝑓q. For a pair of generating sets ℰ and ℰ 1 “ 𝑃𝜆𝑔ℰ

we connect rℰs with rℰ 1s by a directed edge. Now our main goal is to show that the

combinatorial ivy iteration represents the topological ivy iteration. This result can

be formulated as the following theorem:

55



Chapter 3. Invariant trees for Thurston maps 3.3. Ivy iteration

Theorem 3.3.10. There is an isomorphic embedding of Ivyp𝑓q into Ivy𝑐p𝑓q. This

embedding takes a class r𝑇 s of a spanning tree 𝑇 to the conjugacy class of the cor-

responding generating set ℰ𝑇 . Let 𝑇 and a base edge 𝑒𝑏 of 𝑇 define a dynamical

tree pair p𝑇 ˚, 𝑇 q as in Section 3.3.1. If 𝑔 is the element of ℰ𝑇 corresponding to 𝑒𝑏,

then 𝑇 ˚ corresponds to 𝑃𝜆𝑔ℰ𝑇 . There is a canonical tree structure 𝒱 on ℰ𝑇 such

that 𝐺p𝒱q is isomorphic to 𝑇 . The tree structure 𝒱˚ on ℰ𝑇˚ corresponding to 𝑇 ˚ is

obtained as 𝑃𝜆𝑔𝒱.

3.3.4 Proof of Theorem 3.3.10

The proof will consist of the three propositions about the images of the biset basis,

vertex words and tree structures under the pullback relation. Let us start with the

basis.

We know that choosing a base edge 𝑒𝑏 in a spanning tree 𝑇 we define a dynamical

tree pair p𝑇 ˚, 𝑇 q. Let ℬ “ tr𝛼0s, r𝛼1su be the basis of 𝒳𝑓 p𝑦0q associated with 𝑇 . Let

us recall, that we choose r𝛼0s as the class of the constant path and 𝛼1 as the path

which connects 𝑦0 with another preimage 𝑦1 of 𝑦0 outside of 𝑇 and thus ℬ is defined

uniquely by this choice. Now we want to describe the basis ℬ˚ associated with 𝑇 ˚.

Proposition 3.3.11. Let ℬ˚ “ tr𝛼0s, r𝛼
˚
1su be the basis associated with 𝑇 ˚. Then

r𝛼˚1s “ 𝜎p0, 𝑔qr𝛼1s, where 𝑔 is the element of ℰ𝑇 corresponding to 𝑒𝑏, and thus

ℬ˚ “ 𝐶𝜆𝑔ℬ.

Proof. Set ℎ “ 𝜎p0, 𝑔q. Let 𝑒1𝑏 be the edge of 𝑓´1p𝑇 q of label 1 that is not in 𝑇 ˚.

Then 𝛼˚1 is a path from 𝑦0 to 𝑦1 crossing 𝑒1𝑏 and disjoint from 𝑓´1p𝑇 q otherwise. We

have agreed to chose 𝑒1𝑏 so that 𝛼˚1 approaches it from the left. Then r𝛼0s.𝑔 “ r𝛼
˚
1s in

𝒳𝑓 p𝑦0q. Thus we can define 𝛼˚1 as 𝛼0.𝛾𝑒𝑏 . On the other hand, we have Σp0, 𝑔q “ pℎ, 1q,

therefore, r𝛼˚1s “ r𝛼0s.𝑔 “ ℎr𝛼1s, as desired.

Now we want to understand what happens with vertex words.

Proposition 3.3.12. Let 𝑥 be a vertex of 𝑇 , and 𝑣 P ℰ‹ be the corresponding vertex

word. The vertex 𝑥 is a critical value of 𝑓 if and only if 𝜄‹p0, 𝑣q “ 1. In this case,

we also have 𝜄‹p1, 𝑣q “ 0.
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Proof. Let Π : ℰ‹ Ñ 𝜋𝑓 be the evaluation map. Then 𝜄‹p𝜀, 𝑣q “ 𝜄p𝜀,Πp𝑣qq for each

𝜀 P t0, 1u. The element Πp𝑣q P 𝜋𝑓 is a loop 𝛾 around 𝑥 that crosses 𝑇 only in a

small neighborhood of 𝑥, wgich we may assume to be smooth and simple. It bounds

a disk 𝐷 such that 𝐷X 𝑉 p𝑇 q “ t𝑥u. As we have discussed in Section 3.2.4, the two

𝑓 -pullbacks of 𝛾 are loops or not loops depending on whether 𝑥 is a critical value or

not. These pullbacks are loops if and only if 𝜄p𝜀,Πp𝑣qq “ 𝜀 for all 𝜀 “ 0, 1.

Now let us consider vertex word 𝑣 “ 𝑎0 ¨ ¨ ¨ 𝑎𝑘´1 and elements 𝜎‹p0, 𝑣q “ 𝑏0 ¨ ¨ ¨ 𝑏𝑘´1

and 𝜎‹p1, 𝑣q “ 𝑐0 ¨ ¨ ¨ 𝑐𝑘´1 of p𝑃ℰq‹. Here 𝑏𝑖 and 𝑐𝑖 are elements of 𝜋𝑓 , for 𝑖 “ 0, . . . ,

𝑘 ´ 1. Set 𝜀0 “ 0 and 𝜀𝑖 “ 𝜄‹p0, 𝑎0 ¨ ¨ ¨ 𝑎𝑖´1q for 𝑖 “ 1, . . . , 𝑘 and also set 𝛿0 “ 0 and

𝛿𝑖 “ 𝜄‹p1, 𝑎0 ¨ ¨ ¨ 𝑎𝑖´1q for 𝑖 “ 1, . . . , 𝑘.

If 𝜀𝑘 “ 1 (and then also 𝛿𝑘 “ 0), then we define the word 𝑤p0, 𝑣q “ 𝑤p1, 𝑣q P

p𝑃ℰq‹ as

𝜎‹p0, 𝑣q𝜎‹p1, 𝑣q “ 𝑏0 ¨ ¨ ¨ 𝑏𝑘´1 ¨ 𝑐0 ¨ ¨ ¨ 𝑐𝑘´1.

If 𝜀𝑘 “ 0 (and then also 𝛿𝑘 “ 1), then we define

𝑤p0, 𝑣q “ 𝜎‹p0, 𝑣q “ 𝑏0 ¨ ¨ ¨ 𝑏𝑘´1, 𝑤p1, 𝑣q “ 𝜎‹p1, 𝑣q “ 𝑐0 ¨ ¨ ¨ 𝑐𝑘´1.

Finally, we want to prove the following statement about the tree structures.

Proposition 3.3.13. Suppose that the basis ℬ of 𝒳𝑓 p𝑦0q corresponds to 𝑇 ˚. Then

the tree structure 𝒱˚ on 𝑃ℰ corresponding to 𝑇 ˚ coincides with the set of 𝑤p𝜀, 𝑣q P

p𝑃ℰq‹, where 𝜀 runs through t0, 1u, and 𝑣 runs through 𝒱, except that we omit 𝑤p𝜀, 𝑣q

if it is empty or it has the form 𝑎 ¨ 𝑎´1 for some 𝑎 P ℰ. In other words, we have

𝒱˚ “ 𝑃𝒱.

Proof. Let us consider the following elements: a vertex 𝑥 of 𝑇 , the corresponding

vertex word 𝑣, be the oriented edges of 𝑇 named 𝐴0, . . . , 𝐴𝑘´1 such that 𝑎𝑖 “ 𝑔𝐴𝑖

for 𝑖 “ 0, . . . , 𝑘 ´ 1. Then let 𝛽𝑖 be a smooth path disjoint from 𝑇 , starting at

𝑦, and ending in a small neighborhood of 𝑥. We can choose 𝛽𝑖 in such a way that

it approaches 𝑥 between 𝐴𝑖´1 and 𝐴𝑖 (for 𝑖 “ 0 we have 𝐴𝑖´1 “ 𝐴𝑘´1, 𝑖 ´ 1 is

modulo 𝑘). After we choose the paths 𝛾𝐴𝑖
with 𝑎𝑖 “ r𝛾𝐴𝑖

s as 𝛽𝑖𝛾𝑖𝛽´1𝑖`1, where 𝛾𝑖 is

a short path in a small neighborhood of 𝑥 crossing 𝐴𝑖 just once and transversely
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and disjoint from all other edges of 𝑇 . The pullback 𝛽𝜀
𝑖 of 𝛽𝑖 is the pullback of 𝛽𝑖

which starts at 𝑦𝜀 for 𝜀 P t0, 1u. If we suppose that 𝑥 is not a critical value of 𝑓 ,

then it has two preimages 𝑥0 and 𝑥1. Now we should prove that the vertex words

of 𝑥0, 𝑥1 are 𝑤p0, 𝑣q, 𝑤p1, 𝑣q, provided that 𝑥0 and 𝑥1 are vertices of 𝑇 ˚. We may

choose the notations such that 𝛽0
0 ends near 𝑥0. Set 𝛾𝜀𝑖 to be the pullback of 𝛾𝑖 near

𝑥𝜀. Since 𝑥 is not critical, 𝛾𝜀𝑖 must indeed stay near just one preimage of 𝑥. The by

induction on 𝑖 we get that 𝑏𝑖 is represented by 𝛼𝜀𝑖𝛽
𝜀𝑖
𝑖 𝛾

0
𝑖 p𝛽

𝜀𝑖`1

𝑖`1 q
´1𝛼´1𝜀𝑖`1

and that all

𝛽𝜀𝑖
𝑖 end near 𝑥0. If we take the composition of all 𝛾0𝑖 , we get a small loop around

𝑥0, which is exactly a pullback of the small loop 𝛾 around 𝑥, which, in turn, is the

composition of all 𝛾𝑖. Thus we can see, that the oriented edges of 𝑇 ˚ coming out of

𝑥0 correspond precisely to non-identity elements 𝑏𝑖. In particular, we get that the

vertex word for 𝑥0 is 𝑤p0, 𝑣q and in the similar way we can get, that the vertex word

for 𝑥1 is 𝑤p1, 𝑣q. We have proved the statement for non-critical 𝑥.

Now we consider the case, when 𝑥 is a critical value of 𝑓 , thus it has only

one preimage 𝑥0 “ 𝑥1. We need to show, that 𝑤p0, 𝑣q “ 𝑤p1, 𝑣q is the vertex

word for 𝑥0 “ 𝑥1 provided that 𝑥0 is a vertex of 𝑇 ˚. Set 𝛾0𝑖 be the pullback of

𝛾𝑖 originating where 𝛽𝜀𝑖
𝑖 ends, and 𝛾1𝑖 be the pullback of 𝛾𝑖 originating where 𝛽𝛿𝑖

𝑖

ends. In this case 𝑏𝑖 is represented by 𝛼𝜀𝑖𝛽
𝜀𝑖
𝑖 𝛾

0
𝑖 p𝛽

𝜀𝑖`1

𝑖`1 q
´1𝛼´1𝜀𝑖`1

and 𝑐𝑗 is represented by

𝛼𝛿𝑗𝛽
𝛿𝑗
𝑗 𝛾

1
𝑗 p𝛽

𝛿𝑗`1

𝑗`1 q
´1𝛼´1𝛿𝑗`1

. Looking again on the composition of all 𝛾0𝑖 , we still see, that

it is a pullback of 𝛾, but now not a loop, but just a “half” of a loop. And the other

half is the composition of all 𝛾1𝑖 , corresponding to the other pullback of 𝛾. Thus we

see that oriented edges of 𝑇 ˚ coming out of 𝑥0 correspond precisely to non-identity

elements 𝑏𝑖 or non-identity elements 𝑐𝑗. This means that 𝑤p0, 𝑣q “ 𝑤p1, 𝑣q is the

vertex word for 𝑥0.

Let us note, that any vertex of 𝑇 ˚ is mapped to a vertex of 𝑇 and thus it follows

that any vertex of 𝑇 ˚ can be obtained as described above. If 𝑤p𝜀, 𝑣q is empty, then

the corresponding point 𝑥𝜀 of 𝑓´1p𝑇 q does not belong to 𝑇 ˚. If 𝑤p𝜀, 𝑣q has the form

𝑎 ¨ 𝑎´1, then 𝑥𝜀 belongs to an edge of 𝑇 ˚ corresponding to 𝑎. Conversely, if 𝑥𝜀 is not

a vertex of 𝑇 ˚, then this may be due to one of the following reasons. Firstly, we

may have 𝑥𝜀 R 𝑇 ˚, then 𝑤p𝜀, 𝑣q is empty. Secondly, 𝑥𝜀 may belong to some edge of

𝑇 ˚. In this case, 𝑤p𝜀, 𝑣q must have the form 𝑎 ¨ 𝑎´1, where 𝑎 P 𝑃ℰ corresponds to
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this edge.

Now having proved Proposition 3.3.11, Proposition 3.3.12 and Proposition 3.3.13

we get Theorem 3.3.10 from three of them together.

3.3.5 Examples

In this subsection we show some examples of the Ivy graph, obtained with the help

of a computer.

‚ Rabbit polynomial. Considering the example of the rabbit polynomial 𝑝p𝑧q “

𝑧2 ` 𝑐, where 𝑐 is chosen such that 0 is periodic of period 3, and Imp𝑐q ą 0, we

want to explain the usage of the Ivy algorithm. In this case finding invariant tree

is trivial even without the Ivy algorithm, but we still can apply it. Let us consider

the following tree 𝑇 , which is invariant:

𝑣
‚OO

𝐵

𝑤
˝ oo

𝐶 𝑥𝛼
˝

𝐴

�� 0
˝

𝐷 // 8‚

Let us denote the elements of 𝜋𝑓 corresponding to the edges of 𝑇 as 𝑎, 𝑏, 𝑐, 𝑑,

where loop 𝑒 is exactly a loop 𝑔𝐸 for any edge 𝐸 “ 𝐴,𝐵,𝐶,𝐷 constructed as in

Subsection 3.2.2 (the choice of the basepoint 𝑦 of S2 ´ 𝑃 p𝑓q is free). Thus we get

ℰ𝑇 “ t𝑖𝑑, 𝑎, 𝑏, 𝑐, 𝑑, 𝑎´1, 𝑏´1, 𝑐´1, 𝑑´1u.

Let us set 𝐷 as the base edge. Then the labels are

ℓp𝐴q “ ℓp𝐵q “ ℓp𝐶q “ 1, ℓp𝐷q “ 0.

Considering the unique pseudoaccess we also get the following signatures: the edges

𝐴 and 𝐷 have signature p0, 1q, the edge 𝐵 has signature p1, 0q, the edge 𝐶 has

signature p1, 1q.

From Theorem 3.2.8 we get that the map Σ : t0, 1u ˆ ℰ𝑇 Ñ ℰ𝑇 ˆ t0, 1u is the
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Figure 3-1: The pullback invariant subset of Ivyp𝑓q containing r𝑇 s, where 𝑓 is the rabbit poly-
nomial, and 𝑇 is the invariant spanning tree for 𝑓 obtained by connecting the Hubbard tree to
8. This subset consists of 10 elements. Vertex 5 represents an invariant spider in in the sense of
Hubbard–Schleicher [HS94], and vertex 3 represents 𝑇 .

following (since 𝑎 “ 𝑏´1𝑐´1 we use only 𝑏, 𝑐 and 𝑑 as generators):

𝑎 𝑏 𝑐 𝑑 𝑎´1 𝑏´1 𝑐´1 𝑑´1

0 𝑑 1 𝑎 1 𝑏 0 𝑑 1 𝑐´11 𝑑 1 𝑏´10 1

1 𝑐 0 𝑑´10 1 0 𝑑´10 𝑎´10 1 𝑑´10

Applying ivy iteration, we get a pullback invariant subset of Ivyp𝑝q consisting of

10 ivy objects, see Figure 3-1.

‚Simple capture of the basilica at
?
2. Let us consider the simple capture 𝑓 of

the basilica polynomial 𝑝p𝑧q “ 𝑧2´ 1 at the point
?
2. Then as in the previous case

𝑓 has an obvious invariant tree 𝑇 presented below:

´1
‚

𝐴 // 0˝
𝐵 // 1˝

𝐶 //
?
2
‚

Applying the Ivy iteration to it, we get the pullback invariant subset of Ivyp𝑓q

of order 40 containing r𝑇 s. Within this subset, there are three invariant spanning

trees for 𝑓 , up to homotopy, see Figure 3-2.
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Figure 3-2: The pullback invariant subset of 40 elements in Ivyp𝑓q containing r𝑇 s. Here 𝑓 is a
simple capture of the basilica at

?
2. Vertices 3, 35 and 38 represent invariant spanning trees for

𝑓 .

Vertex 3 corresponds to the invariant spanning tree

´1
‚

0
˝

1
˝

?
2
‚

Vertex 35 corresponds to the invariant spanning tree

´1
‚

0
˝

1
˝

?
2
‚

˝

Finally, vertex 38 corresponds to the invariant spanning tree

˝

´1
‚

0
˝

1
˝

?
2
‚

‚A capture of the Chebyshev polynomial. We consider a simple capture of the

Chebyshev polynomial 𝑝p𝑧q “ 𝑧2 ´ 2 at
?
2. In this example, unlike in the previous

two, an invariant spanning tree is not known a priori. We start Ivy iteration from
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Figure 3-3: The pullback invariant subset of Ivyp𝑓𝑢q containing r𝑇 s. There are 81 objects in
this subset. Vertex 44 represents an invariant ivy object.

the extended Hubbard tree 𝑇 with vertices in t
?
2, 0,´2, 2u:

´2
‚

0
˝

?
2
‚

2
˝

With the help of a computer, we found a pullback invariant subset of size 81 in

Ivyp𝑓q containing r𝑇 s, see Figure 3-3. This subset contains an invariant ivy object.

Thus, we found an invariant (up to homotopy) spanning tree for 𝑓 .
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Chapter 4

Parametrization of Zakeri slices

In this chapter we present a result about the parametrization of slices of cubic

polynomials with fixed multiplier |𝜆| ď 1 with connected Julia set. This result was

reported in [BOST22].

4.1 Renormalizable and non-renormalizable poly-

nomials

Let us precisely describe which class of polynomials we are interested in. For a cubic

polynomial 𝑃 write r𝑃 s for its affine conjugacy class. We can assume the fixed point

of the polynomial to be 0 since we always can find a conjugation that maps a fixed

point to 0. Let us assume the multiplier |𝜆| ď 1 of 𝑃 fixed. We denote the space of

polynomials with fixed |𝜆| ď 1 as ℱ𝜆. Consider all polynomials 𝑃 with 𝑃 p0q “ 0 and

consider all linear conjugacies fixing 0. Then the corresponding conjugacy classes

form the space C𝜆. For a cubic polynomial 𝑃 p𝑧q “ 𝜆𝑧 ` . . ., let r𝑃 s0 be its class in

C𝜆.

The dynamical behavior of polynomials in these classes crucially depends on the

behavior of its critical points. In the case of quadratic polynomials with an attracting

fixed point a critical point necessary had to belong to the basin of attraction (defined

in Section 2.6) of 0, but now there are 2 critical points and belonging to that basin is

guaranteed only for one of them. The condition that none of critical points escapes
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to infinity is equal to the condition that the Julia set is connected due to Fatou.

Let us consider the case when one critical point escapes to infinity so Julia set

is not connected. This case is well studied (can be found in [BH01]). It turns out

that in this case the polynomial is immediately renormalizable, i.e. for a polynomial

𝑃 a map 𝑃 : 𝑈 Ñ 𝑉 is quadratic-like (defined below) for some open 𝑈 and 𝑉 such

that 𝑈 Ă 𝑉 . In [IK12] there was introduced an even more general renormalization

scheme, allowing to find copies of ℳ2ˆℳ2 in the cubic connectedness locus (defined

in Section 2.9.2). Let us assume that non-escaping point is 𝑤1 and escaping one is

𝑤2. In the case of non-repelling multiplier at point 0 one critical point should belong

to the connected component 𝐾0p𝑃 q of the filled Julia set containing 0. Now we have

to show that the restriction of 𝑃 to this component is quadratic-like. The following

definition is due to Douady-Hubbard [DH85]:

Definition 4.1.1. A polynomial-like map of degree 𝑑 is a triple p𝑈, 𝑉, 𝑓q where

𝑈 and 𝑉 are open bounded subsets of C isomorphic to discs, with the following

properties:

1)𝑈 Ă 𝑉 ;

2)𝑓 : 𝑈 Ñ 𝑉 is proper;

3) 𝑑𝑒𝑔𝑈𝑓 “ 𝑑.

For 𝑑 “ 2 a triple p𝑈, 𝑉, 𝑓q is called quadratic-like.

Our goal now is to construct subsets 𝑈 and 𝑉 in such a way that 1q ´ 3q hold

and that 𝐽0 Ă 𝑈 . The proof in details can be found in [BH01].

We will need notion of the potential function. This function shows how fast some

point escapes to infinity in the logarithmic scale:

Definition 4.1.2. 𝑔𝑏p𝑧q “ lim𝑛Ñ8
1
3𝑛

log` |𝑓 ˝𝑛𝑏 p𝑧q|, where log` is the supremum of

log and 0.

Then we define Green function 𝐺 : CÑ R`:

Definition 4.1.3. 𝐺p𝑏q “ supt𝜔|𝑓 1𝜆,𝑏p𝜔q“0u
𝑔𝑏p𝜔q

Sketch of the proof: We will chose 𝑉 as the following set 𝑉 “ t𝑧 P C|𝑔𝑏p𝑧q ă

3𝐺p𝑏qu and 𝑈 as the connected component of its preimage containing 0. Then the
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restriction of the initial map on it is is a ramified covering of degree 2 (and one-

to-one map to all the other components). And from the properties of the Green

function it is possible to show, that 𝐾0p𝑃 q should be contained in 𝑉 .

Now we can apply the Straightening Theorem([DH85]) to our map :

Theorem 4.1.4. (Straightening Theorem) If 𝑓 : 𝑈 Ñ 𝑉 is a polynomial-like

mapping of degree 𝑑, then there exist:

1) a polynomial 𝑃 : CÑ C of degree 𝑑,

2) a neighborhood 𝑊 of the filled-in Julia set 𝐾p𝑃 q such that the mapping 𝑃 :

𝑃´1p𝑊 q “ 𝑊 1 Ñ 𝑊 is a polynomial-like map,

3) a quasiconformal homeomorphism 𝜙 : 𝑉 Ñ 𝑊 with 𝜙 p𝑈q “ 𝑊 1, such that

B𝜙 “ 0 almost everywhere on 𝐾p𝑓q and such that on 𝑈 𝜙 ˝ 𝑓 “ 𝑃 ˝ 𝜙.

This case of renormalizable polynomials under the additional assumption that

𝑃 is a hyperbolic polynomial (a polynomial is said to be hyperbolic if and only

if all its critical points are attracted to attracting periodic orbits) was studied in

[IK12, SW20]. So we will be mainly interested in the non-renormalizable case. In

this case we have cubic polynomials with bounded orbits of critical points (and

thereby with connected Julia sets). We will focus on the particular subset of such

hyperbolic polynomials whose Julia sets are Jordan curves:

𝒫0
“ t𝑃 hyperbolic |𝑃 p0q “ 0, 𝑃 1p0q “ 𝜆, |𝜆| ă 1, 𝐽p𝑃 q is a Jordan curveu

and let us denote its closure as 𝒫 “ 𝒫0.

This set is called the principal hyperbolic component. It was shown in [BOPT16]

that all 𝑃 in 𝒫 satisfy the following properties:

Theorem 4.1.5. If 𝑃 P 𝒫 then:

1) |𝜆| ď 1,

2) there are no repelling cutpoints in 𝐽p𝑓q,

3)all non-repelling periodic points, except possibly 0, have multiplier 1.

Write 𝒞𝜆 Ă C𝜆 for the connectedness locus in the 𝜆-slice C𝜆. A central part

of 𝒞𝜆 is the set 𝒫𝜆 of all polynomials in 𝒞𝜆 that lie in the closure of the principal

hyperbolic component.
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4.2 Model and the Main Theorem

Consider a quadratic polynomial 𝑄𝜆p𝑧q “ 𝜆𝑧p1 ´ 𝑧{2q. Then it has multiplier 𝜆 of

the fixed point 0 and the finite critical point of 𝑄 is 1. Suppose that either |𝜆| ă 1

or 𝜆 “ 𝑒2𝜋𝑖𝜃, where 𝜃 P R{Z is of bounded type. We denote the Julia set of 𝑄𝜆 by

𝐽p𝑄𝜆q, its filled Julia set by 𝐾p𝑄𝜆q, and its Siegel disc (it exists since 𝜆 “ 𝑒2𝜋𝑖𝛼 with

𝛼 P R of bounded type) by Δp𝑄𝜆q.

For a subset 𝑋 Ă C, set 𝑋 to be the closure of 𝑋, and B𝑋 to be the boundary

of 𝑋. Let 𝜓 “ 𝜓Δp𝑄𝜆q : Dp𝑟q Ñ Δp𝑄𝜆q be a Riemann map. Here Dp𝑟q “ t𝑧 P

C | |𝑧| ă 𝑟u is the open disk of radius 𝑟 around 0. The map 𝜓 can be normalized so

that 𝜓p0q “ 0 and 𝜓1p0q “ 1. Then 𝑟 is uniquely defined and is called the conformal

radius of Δp𝑄𝜆q. For 𝛼 is of bounded type Δp𝑄𝜆q is locally connected, this is a

classical result of Douady–Ghys–Herman–Shishikura, see [Dou87, Her87, Swi98]. It

follows that the Riemann map 𝜓 extends to the boundary. Abusing the notation,

we will write 𝜓 : Dp𝑟q Ñ Δp𝑄𝜆q for the continuous map thus obtained. The map 𝜓

conjugates the rigid rotation by angle 𝛼 with the restriction of 𝑄𝜆 to Δp𝑄𝜆q. The

critical point 𝜔𝑄 “ 1 is in BΔp𝑄𝜆q and also the critical value 𝑐𝑄 “ 𝑄𝜆p𝜔𝑄q. Set

𝑢𝑄 “ 𝜓´1p𝑐𝑄q.

Definition 4.2.1 (The model space 𝐾̃p𝑄𝜆q). Based on 𝐾p𝑄𝜆q, we define a new

topological space in order to model a certain subset in a parameter slice of cubic poly-

nomials. The new topological space 𝐾̃p𝑄𝜆q will be a quotient space of 𝐾p𝑄𝜆qzΔp𝑄𝜆q

with respect to an equivalence relation „. By definition, classes of „ are singletons

outside of BΔp𝑄𝜆q. Two points on BΔp𝑄𝜆q are „-equivalent if their 𝜓-pullbacks are

symmetric with respect to the diameter of Dp𝑟q connecting 𝑢𝑄 with ´𝑢𝑄. Now the

equivalence relation „ is well defined. We set

𝐾̃p𝑄𝜆q “ p𝐾p𝑄𝜆qzΔp𝑄𝜆qq { „ .

This is a compact connected Hausdorff space.

The following theorem allows to realize 𝐾̃p𝑄𝜆q as a plane continuum.

Theorem 4.2.2 (Moore, [Mr25]). Let „ be a closed equivalence relation on the 2-
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sphere 𝑆2 such that all equivalence classes are connected and non-separating, and

not all points are equivalent. Then the quotient space 𝑆2{ „ is homeomorphic to the

2-sphere.

Here, a closed equivalence relation on 𝑆2 is defined as an equivalence relation on

𝑆2, which is a closed subset of 𝑆2 ˆ 𝑆2 A set 𝐴 Ă 𝑆2 is called non-separating if the

complement 𝑆2z𝐴 is connected.

Observe that there is no dynamics on 𝐾̃p𝑄𝜆q.

Informally we can say that there is a conformal mapping from the Siegel disc to

a round disc; we know that there is a critical point on the boundary of the Siegel

disc; then we are denoting as 𝛼 the angle between conformal image of any point on

the boundary and the image of the critical point. We are identifying points with

the angles 𝛼 and ´𝛼. We denote this reglued filled Julia set as 𝐾̃p𝑄𝜆q.

The next Property D shows the existence of a partially defined correspondence

between the dynamical planes of 𝑃 and 𝑄. Here we use the notion of a monotone

continuous map: a continuous map 𝜂 : 𝑋 Ñ 𝑌 between two compacta is said to be

monotone if, for every connected subset 𝐵 Ă 𝑌 , the set 𝜂´1p𝐵q Ă 𝑋 is connected.

Property D. For any cubic polynomial 𝑃 with r𝑃 s0 P 𝒫𝜆, there exist a full 𝑃 -

invariant continuum 𝑋p𝑃 q containing both critical points of 𝑃 and a continuous

map 𝜂𝑃 : 𝑋p𝑃 q Ñ 𝐾p𝑄q that semi-conjugates 𝑓 |𝑋p𝑃 q with 𝑄|𝜂𝑃 p𝑋p𝑃 qq. If both critical

points of 𝑃 are in the Julia set, then the map 𝜂𝑃 is monotone.

Now we can formulate the Main Theorem.

Theorem 4.2.3 (Main Theorem). Suppose that 𝜃 P R{Z is of bounded type, and

𝜆 “ 𝑒2𝜋𝑖𝜃. Let 𝑄 “ 𝑄𝜆 be a quadratic polynomial with a fixed point of multiplier 𝜆.

Then there is a continuous map Φ𝜆 : 𝒫𝜆 Ñ 𝐾̃p𝑄q taking r𝑃 s0 to the 𝜂𝑃 -image of

some critical point of 𝑃 .

4.2.1 Parametrization

As we have mentioned before, we are free to choose a representing polynomial from

the conjugacy class. To lighten the future work with coordinates we choose the
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polynomial in the following way: let us keep multiplier 𝜆 fixed and fixed point to

be 0. We want critical points to be 1 and 𝑐. As we have mentioned above, one

critical point necessary belongs to the boundary of the Siegel disc. We can choose

the conjugation such that this point is 1. The described polynomial has a following

form:

𝑃𝑐,𝜆p𝑧q “ 𝑃𝑐p𝑧q “ 𝜆𝑧

ˆ

1´
1

2

ˆ

1`
1

𝑐

˙

𝑧 `
1

3𝑐
𝑧2
˙

4.3 Julia sets structure

We want to understand the connection between cubic and quadratic Julia sets. Let

us recall that a pullback of a connected set 𝐴 under a continuous map 𝑓 : CÑ C as

a connected component of 𝑓´1p𝐴q.

Let us recall that we are interested in 𝑓 : C Ñ C in 𝒞𝜆, or 𝑓 “ 𝑄𝜆 with fixed

𝜆 “ 𝑒2𝜋𝑖𝜃. Above we have chosen such parametrization that 1 is a critical point of

𝑓 .

4.3.1 Bubbles

Here we assume that either 𝑓 : C Ñ C is in 𝒞𝑐
𝜆, or 𝑓 “ 𝑄𝜆, where 𝜆 “ 𝑒2𝜋𝑖𝜃 is

fixed. An iterated pullback of 𝐴 under 𝑓 is by definition an 𝑓𝑛-pullback of 𝐴 for

some 𝑛 ą 0. We can start constructing Julia set by taking pullbacks of the Siegel

disc Δp𝑄𝜆q.

Definition 4.3.1. Bubbles of 𝑓 are iterated pullbacks of Δp𝑓q. Let 𝐴 be a bubble

of 𝑓 , and let 𝑛 be the smallest integer with 𝑓𝑛p𝐴q “ Δp𝑓q. Such 𝑛 is called the

generation of 𝐴 and denoted by Genp𝐴q.

In our assumptions on 𝑓 bubbles are open Jordan disks. Now let 𝑈 Ă C be an

open topological disk. It is equipped with a following data:

‚ a center 𝑎 P 𝑈 ;

‚ a radius 𝑟𝑈 P p0,8q;

‚ a base point 𝑏 P B𝑈 accessible from 𝑈 .
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Then an open topological disk 𝑈 together with these data is called a framed

domain and these data is called a framing of 𝑈 .

We can equip the bubbles with the following structure:

Definition 4.3.2 (Polar coordinates, internal rays). Let 𝑈 be a framed domain

with center 𝑎 P 𝑈 , root point 𝑏, and radius 𝑟𝑈 . For this domain we can consider the

Riemann map 𝜓𝑈 : Dp𝑟𝑈q Ñ 𝑈 such that 𝜓p0q “ 𝑎 and lim𝑢Ñ𝑟𝑈 𝜓𝑈p𝑢q “ 𝑏 with 𝑢

converging to 𝑟𝑈 radially. Then a point 𝑧 P 𝑈 has the form 𝜓𝑈p𝜌𝑧𝑒
2𝜋𝑖𝜃𝑧q for some

𝜌𝑧 P r0, 𝑟𝑈q and 𝜃𝑧 P R{Z. The polar radius function is by definition the function

𝑧 ÞÑ 𝜌𝑧 on 𝑈 . We always extend this function (keeping the notation) to 𝑈 by setting

𝜌𝑧 “ 𝑟𝑈 for all 𝑧 P B𝑈 . The polar angle function is by definition the function 𝑧 ÞÑ 𝜃𝑧

on 𝑈zt𝑎u. Note that this function is undefined when 𝜌𝑧 “ 0. If 𝑈 is a Jordan disk

(and only in this case), we extend the polar angle function to 𝑈 by continuity. Then,

for 𝑧 P B𝑈 , the angle 𝜃𝑧 is determined by the relation 𝑧 “ 𝜓𝑈p𝑟𝑈𝑒
2𝜋𝑖𝜃𝑧q. Given any

𝛼 P R{Z define the internal ray 𝑅𝑈p𝛼q as the set t𝑧 P 𝑈 | 𝜃𝑧 “ 𝛼u. Say that 𝑅𝑈p𝛼q

lands at a point 𝑤 P B𝑈 if 𝑤 is the only point in 𝑅𝑈p𝛼qz𝑈 . If 𝑈 is a Jordan disk,

then every internal ray 𝑅𝑈p𝛼q lands at the point 𝜓𝑈p𝑟𝑈𝑒
2𝜋𝑖𝛼q.

Then for a bubble 𝐴 with Genp𝐴q “ 𝑛 we have the following:

‚ the center 𝑜𝐴 of 𝐴 is the only iterated preimage of 0 in 𝐴;

‚ the base point of B𝐴 – the point 𝑏𝐴 such that 𝑓𝑛p𝑏𝐴q “ 𝑓𝑛p1q;

‚ internal rays of 𝐴 are defined as in the previous Definition 4.3.2.

We can see that if 𝑧 has polar coordinates 𝜌 and 𝛼, then 𝑓p𝑧q has polar coordi-

nates 𝜌 and 𝛼 ` 𝜃

4.3.2 Correspondence between cubic and quadratic Julia sets

For a cubic polynomial 𝑃 “ 𝑃𝑐,𝜆 we want to construct 𝑃 -invariant continua 𝑋p𝑃 q

as in Property D. Let us first explain informal idea of this set and then provide

tools for the formal definition. When we take all pullbacks of the Siegel disc we

get chains of bubbles. There is natural homeomorphism between the Siegel disc

of 𝑃𝑐,𝜆p𝑧q and that of 𝑄𝜆. Since we are working with the maps with the same 𝜆,

we denote them as 𝑃 and 𝑄 correspondingly. Let us recall that we assume that
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𝜆 “ 𝑒2𝜋𝑖𝛼, where 𝛼 P RzQ is of bounded type and thus under our assumption the

Siegel discs Δp𝑄q and Δp𝑃 q are Jordan disks. The statement about Δp𝑃 q is due to

[Zak99]. Recall that there exists a holomorphic isomorphism 𝜓𝑄 : Dp𝑟𝑄q Ñ Δp𝑄q

with 𝜓𝑄p0q “ 0 and 𝜓1𝑄p0q “ 1; then 𝜓𝑄 conjugates the map 𝑧 ÞÑ 𝜆𝑧 on Dp𝑟𝑄q

with 𝑄 : Δp𝑄q Ñ Δp𝑄q. Here 𝑟𝑄 is the conformal radius of 𝑆p𝑄q. Similarly, we

set 𝜓𝑃 to be the corresponding Riemann map for the Siegel disk of 𝑃 . We write 𝑟𝑃

for its conformal radius. Since Δp𝑄q is locally connected, the map 𝜓𝑄 extends to a

continuous map 𝜓𝑄 : Dp𝑟𝑄q Ñ Δp𝑄q. By continuity, we have 𝜓𝑄p𝜆𝑧q “ 𝑄p𝜓𝑄p𝑧qq

for all 𝑧 P Dp𝑟𝑄q. Since Δp𝑄q is a Jordan disk, the map 𝜓𝑄 is a homeomorphism.

Similarly, we define a homeomorphism 𝜓𝑓 between Dp𝑟𝑃 q and Δp𝑃 q that conjugates

the rotation by 𝛼 with the restriction of 𝑃 to Δp𝑃 q. Recall that in the definition

of the model space 𝐾̃p𝑄q (Definition 4.2.1) 𝑢𝑄 was defined as a point of the circle

S1p𝑟𝑄q such that 𝜓𝑄p𝑢𝑄q is the critical value of 𝑄. Similarly, define 𝑢𝑃 as a point of

the circle S1p𝑟𝑃 q such that 𝜓𝑃 p𝑢𝑃 q is a critical value of 𝑃 . Note that the boundary

of Δp𝑃 q may contain two critical points and thus two critical values. In this case,

the choice of 𝑢𝑃 is ambiguous. We make an arbitrary choice. We can now define a

homeomorphism 𝜑 between Δp𝑃 q and Δp𝑄q as follows:

𝜑p𝑧q “ 𝜓𝑄

ˆ

𝑢𝑄
𝑢𝑓
𝜓´1𝑃 p𝑧q

˙

.

Observe that the multiplication by 𝑢𝑄{𝑢𝑓 commutes with rotations about 0. There-

fore, 𝜑 conjugates 𝑄 : Δp𝑃 q Ñ Δp𝑃 q with 𝑓 : Δp𝑄q Ñ Δp𝑄q. On the other hand,

since multiplication by 𝑢𝑄{𝑢𝑓 takes 𝑢𝑓 to 𝑢𝑄, the map 𝜑 takes some critical value

of 𝑓 to the only finite critical value of 𝑄.

Let us assume that there is only one critical point of 𝑃𝜆 on the boundary of its

Siegel disc (for the parameter plane it means that our polynomial does not belong

to the Zakeri curve (Definition 2.9.4) Then the homeomorphism can be extended

to the bubbles of generation 1. If there is no critical point in these bubbles, we can

continue iterating and extend the homeomorphism.

This construction gives rise to the following motivation: since the we can parametrize

polynomials from the cubic 𝜆-slice by the critical point, we can assign to them the
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“image” of the critical point 𝑐 in 𝐾̃p𝑄q. There is a problem of what we understand

as the image since there is no homeomorphism at the critical point. We want to be

able to encode the points on bubbles in such a way, that this encoding will be the

same in both quadratic and cubic case.

4.4 Encoding points in 𝐾p𝑃 q and 𝐾p𝑄q

We want to define a path from 0 to any point in the bubble. It can be chosen in

many ways. But we want this path to consist of the segments of arcs connecting

bubble centers with their points of intersection. We will call such paths legal arcs.

4.4.1 Legal arcs

Let us give a formal definition. Let 𝐴 be a bubble for a cubic polynomial 𝑃𝑐 P 𝒞𝜆 or

for 𝑄𝜆.

Definition 4.4.1 (Legal arcs). Consider an oriented (directed) topological arc 𝐼 Ă

𝐾p𝑓q. Suppose that 𝐼˝ is an open dense subset of 𝐼 such that the following holds:

1. the set 𝐼z𝐼˝ can accumulate only at the terminal point of 𝐼;

2. each component of 𝐼˝ is contained in one bubble 𝐴 and coincides with a com-

ponent of p𝐴z
Ť

𝑛ě0 𝑓
´𝑛p0qq X 𝐼.

3. the polar angle function is defined and constant on each component of 𝐼˝;

4. 𝑃 𝑛p𝐼q is not separated by 𝑐 for 𝑛 ě 0.

Then 𝐼 is called a legal arc (see Fig. 4-1). Let 𝛼0, . . . , 𝛼𝑘, . . . be the values of the

polar angle on 𝐼˝ taken in the order they appear on 𝐼˝. A linear order of 𝛼𝑖s is well

defined since 𝐼 is oriented. The finite or infinite sequence p𝛼0, . . . , 𝛼𝑘, . . . q is called

the (polar) multi-angle of 𝐼.

Let us start with considering legal arcs for quadratic Julia set 𝐾p𝑄q. We want to

show that there exists a legal arc to any point of 𝐾p𝑄q. Moreover, we can describe

its multi-angle:
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Figure 4-1: A schematic illustration of legal arcs in the dynamical plane of 𝑄𝜆.
Three legal arcs are shown, connecting 0 with points 𝑧1, 𝑧2, and 𝑧3. Observe that
the legal arcs from 0 to 𝑧2 and from 0 to 𝑧3 have an initial segment in common.

Lemma 4.4.2. For any point 𝑧 P 𝐾p𝑄q (we remind that 𝑄 “ 𝜆𝑧p1 ´ 𝑧{2q “

𝑒2𝜋𝑖𝜃𝑧p1 ´ 𝑧{2q) there exists a legal arc 𝐼𝑧 connecting 0 with this point. Then each

term 𝛼𝑖 of its multi-angle p𝛼0, . . . , 𝛼𝑘, . . . q, except possibly the last term, has the

form 𝛼𝑖 “ ´𝑚𝑖𝜃, where 𝑚𝑖 are nonnegative integers such that 𝑚2𝑖`1 “ 𝑚2𝑖 and

𝑚2𝑖`2 ą 𝑚2𝑖`1.

Following the terminology of the legal arcs we also can define corresponding

angles:

Definition 4.4.3. We say that angle of the form ´𝑚𝜃 (𝑚 P Nz0) is a legal angle.

Then we call a sequence p𝛼0, . . . , 𝛼𝑘, . . . q with the terms satisfying the properties

of the multi-ange listed in Lemma 4.4.2 a legal sequence of angles.

Now we can provide the proof of the lemma:

Proof. There are 2 cases related to the position of the point 𝑧 P 𝐾p𝑄q. It may

belong to the closure of a bubble 𝐴 of 𝑄 or it may not belong. Then in the second

case it can be approached by some sequence of bubbles in the Hausdorff metric.

Let us start with the first case: 𝑧 P 𝐴. The existence of multi-angle can be

proved by induction on 𝑛 “ Genp𝐴q. For 𝑛 “ 1 the point 𝑧 belongs to the closure of

the Siegel disc Δp𝑄q. Then the legal arc 𝐼𝑧 is just a segment or the closure of some

internal ray of Δp𝑄q, defined by 𝜃𝑧 and 𝜌𝑧.
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Now let us assume that 𝑛 ą 1. It follows that the arc 𝐼𝑧 has to intersect

the boundary of the Siegel disc BΔp𝑄q. Denote this point as 𝑥. It maps to the

critical point 1 after some iterations of 𝑄. Set the number of iterations as 𝑚0 (i.e.

𝑄𝑚0p𝑥q “ 1), then the polar angle of 𝑥, corresponding to 𝛼0 is ´𝑚0𝜃. Let us

consider the arc 𝑄𝑚0p𝐼𝑧q “ 𝐼𝑄𝑚0 p𝑧q, since its point of intersection with BΔp𝑄q is 1

it contains the internal ray 𝑅Δp𝑄qp0q. Then both initial segments of considered arc

map onto 𝑅Δp𝑄qp𝜃q and thus the multi-angle of 𝑄𝑚0p𝑧q starts with 0, 0. Assume

by induction that the multi-angle of 𝑄𝑚0`1p𝑧q is p𝛼̃2, . . . , 𝛼̃𝑘q, where 𝛼̃𝑖 “ ´𝑚̃𝑖𝜃 for

2 ď 𝑖 ă 𝑘. Then the multi-angle of 𝑧 is p𝛼0, . . . , 𝛼𝑘q, where 𝛼0 “ 𝛼1 “ ´𝑚0𝜃 and

𝛼𝑖 “ 𝛼̃𝑖 ´ p𝑚0 ` 1q𝜃 “ ´𝑚𝑖𝜃 with 𝑚𝑖 “ 𝑚̃𝑖 `𝑚0 ` 1 for 𝑖 ě 2 and 2 ď 𝑖 ă 𝑘. Thus

𝐼𝑧 is a legal arc.

Now we consider the second case when 𝑧 R 𝐴 for any bubble. As we have

mentioned in the begging, in this case 𝑧 can be approached by some sequence of

pairwise different bubbles 𝐴0, . . . , 𝐴𝑘, . . . . Set 𝐴0 “ Δp𝑄q and the points of bubbles

intersection 𝐴𝑖 X 𝐴𝑖`1 “ t𝑧𝑖u. Then we define 𝐼𝑧 as the closure of the union of all

legal arcs from 0 to 𝑧𝑖, where 𝑧𝑖 defined as above. There is an an infinite legal

sequence of angles such that the multi-angle 𝑧𝑖 is an initial segment of this sequence.

We define the multi-angle of 𝑧 as this infinite sequence.

4.4.2 Definition of 𝜂𝑃 : 𝑌 p𝑃 q Ñ 𝐾p𝑄q

In the proof of Lemma 4.4.2 we have defined sequences of bubbles (both finite an

infinite), corresponding to all points 𝑧 P 𝐾p𝑄q. We will call these sequences bubble

rays. We have seen that these sequences exist for all 𝑧 in the filled quadratic Julia

set 𝐾p𝑄q. Now let us consider the filled Julia sets of cubic polynomials 𝑃 “ 𝑃𝑐 P 𝒞𝜆
in which we are interested.

We can extract the subsets of these Julia sets, whose every point is connected

to 0 by a legal arc. Formally, we denote the set of all points 𝑧 P 𝐾p𝑃 q for which

there is a legal arc 𝐼𝑧 from 0 to 𝑧 as 𝑌 p𝑃 q. Now we can define the correspondence

between 𝑌 p𝑃 q and 𝐾p𝑄q. We define the map 𝜂𝑃 : 𝑌 p𝑃 q Ñ 𝐾p𝑄q as a map which

takes 𝑧 P 𝑌 p𝑃 q to a unique point 𝑤 “ 𝜂𝑃 p𝑧q with the same multi-angle and polar

radius. If the multi-angle of 𝑧 is infinite we set the polar radius 𝜌𝑧 to be 8.
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We have to show that the map 𝜂𝑃 : 𝑌 p𝑃 q Ñ 𝐾p𝑄q is well-defined, more precisely

that the legal arc for any 𝑧 on the dynamical plane is defined uniquely. To show it

we will need some additional concepts and notation corresponding to bubbles.

4.4.3 Bubble rays and bubble chains

We can distinguish the bubbles depending on whether the critical point belongs to

it or not: Let us consider a bubble 𝐴 of 𝑃 “ 𝑃𝑐 P 𝒞𝑐
𝜆 of generation 𝑛 and a Sigel

disc Δp𝑃 q of 𝑃 .

Definition 4.4.4 (Root point and multi-angle of a bubble). The bubble 𝐴 can be

of three types:

1. if a map 𝑃 𝑛 : 𝐴Ñ Δp𝑃 q is one-to-one, then 𝐴 is called off-critical;

2. if critical point 𝑐 belongs to 𝐴, then 𝐴 is called critical;

3. if 𝐴 is a pullback of a critical bubble, it is said to be precritical.

Moreover, for any bubble 𝐴 we can define its root point 𝑟p𝐴q. When 𝐴 is off-critical,

the root point is uniquely defined by the formula 𝑃 𝑛´1p𝑟p𝐴qq “ 1. When 𝐴 is critical

or precritical, there are legal paths from 0 to some points in 𝐴. All these paths

intersect the boundary of 𝐴 at the same point; this point is by definition the root

point 𝑟p𝐴q. There are two points 𝑧1, 𝑧2 P B𝐴 such that 𝑃 𝑛´1p𝑧1q “ 𝑃 𝑛´1p𝑧2q “ 1,

and the point 𝑟p𝐴q is one of them.

We define the multi-angle of 𝐴 as the multi-angle of the root point of 𝐴.

Now we want to set not only the correspondence between points in 𝐾p𝑃 q con-

nected with 0 by legal arcs and points in 𝐾p𝑄q, but also between the bubbles:

Definition 4.4.5 (Legal bubbles and bubble correspondence). A bubble 𝐴 of 𝑃

with 𝐴 X 𝑌 p𝑃 q ‰ H is called legal. Thus, 𝐴 is legal if and only if 𝑟p𝐴q P 𝑌 p𝑃 q,

and 𝑃 𝑖p𝑟p𝐴qq ‰ 𝑐 for 𝑖 ă Genp𝐴q. If a legal bubble 𝐴 is off-critical, then 𝐴 Ă

𝑌 p𝑃 q. Clearly, 𝜂𝑃 p𝐴 X 𝑌 p𝑃 qq lies in a unique bubble 𝐴𝑄 of 𝑄. Say that 𝐴 and

𝐴𝑄 correspond to each other. This correspondence between some bubbles of 𝑃 and

all bubbles of 𝑄 is called the bubble correspondence. By definition, if 𝐴 is a legal
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bubble of 𝑃 , then 𝑃 p𝐴q is also a legal bubble of 𝑃 . Moreover, if 𝐴 corresponds to

𝐴𝑄, then 𝑃 p𝐴q corresponds to 𝑄p𝐴𝑄q.

Here we give the formal definition of bubble rays, which we have mentioned

before in the proof of Lemma 4.4.2. As we have described in that proof, the bubble

rays are related to legal arcs. Let 𝐴 be a legal bubble and 𝑧 a point in it, different

from the root point.

Definition 4.4.6 (Bubble rays, bubble chains, core curves). Consider a legal arc 𝐼𝑧

from 0 to 𝑧. Then we can write down the ordered sequence of bubbles 𝐴0 “ Δp𝑃 q,

. . . , 𝐴𝑛 “ 𝐴 through which 𝐼𝑧 passes exactly in this order. Then the sequence 𝐴0,

. . . , 𝐴𝑛 is called a bubble chain (to 𝑧). A bubble ray is a sequence 𝒜 “ p𝐴0, 𝐴1, . . . q

of legal bubbles 𝐴𝑖 such that 𝐴0, . . . , 𝐴𝑛 is a bubble chain, for every finite 𝑛. Set
Ť

𝒜 “
Ť

𝑖ě0𝐴𝑖. Bubble chains and bubble rays for 𝑄 “ 𝑄𝜆 are defined similarly.

The core curve of 𝒜 is defined as the union of 𝐼𝑧𝑖, where 𝑧𝑖 P 𝐴𝑖 X𝐴𝑖`1. (Note that

𝐼𝑧𝑖 Ă 𝐼𝑧𝑗 for 𝑖 ă 𝑗.)

Now we can formulate the main proposition of this subsection, which shows that

the function 𝜂𝑃 : 𝑌 p𝑃 q Ñ 𝐾p𝑄q from the previous subsection is well-defined:

Proposition 4.4.7. For 𝑧 in the dynamical plane of 𝑃 , there is at most one bubble

chain or a bubble ray to 𝑧.

Proof. Suppose that 𝒜1 and 𝒜2 are different bubble rays or bubble chains to 𝑧. If

𝒜1 is a bubble ray, then set 𝐼 1 to be its core curve; otherwise set 𝐼 1 “ 𝐼𝑧. The arc

𝐼2 is defined similarly, with 𝒜1 replaced by 𝒜2. If 𝒜1 ‰ 𝒜2, then there is a bounded

open set 𝑈 in C whose boundary is contained in 𝐼 1Y 𝐼2. By the Maximum Modulus

Principle, the sequence 𝑃 𝑛 is bounded on 𝑈 , hence equicontinuous. We conclude

that 𝑈 is in the Fatou set, that is, 𝑈 is in a single bubble, a contradiction.

4.4.4 Landing of bubble rays

Further we will extend the map 𝜂𝑃 : 𝑌 p𝑃 q Ñ 𝐾p𝑄q to bigger subsets of 𝐾p𝑃 q. For

being able to do so, we should understand the possible limits of bubble rays. Here

we introduce some concepts, following the terminology of external rays, defined in

Section 2.7.

75



Chapter 4. Parametrization of Zakeri slices 4.4. Encoding points in 𝐾p𝑃 q and 𝐾p𝑄q

Definition 4.4.8 (Landing bubble rays). Let 𝒜 “ p𝐴𝑖q be a bubble ray for 𝑃 or 𝑄.

Then we say that 𝒜 lands at a point 𝑧 or that 𝒜 is a bubble ray to 𝑧 if t𝑧u is the

upper limit of the sequence 𝐴𝑖, that is

t𝑧u “
č

𝑖

𝐴𝑖 Y 𝐴𝑖`1 Y . . . “ lim𝒜.

The right hand side set lim𝒜 is called the limit set of 𝒜.

Let us explain what we understand by image 𝑃 p𝒜q of a bubble ray 𝒜 “ p𝐴𝑖q.

If the first bubble 𝑃 p𝐴1q ‰ 𝐴0, then we set 𝑃 p𝒜q as p𝐴0, 𝑃 p𝐴1q, 𝑃 p𝐴2q, . . . q. If

𝑃 p𝐴1q “ 𝐴0 instead, we set 𝑃 p𝒜q as p𝐴0, 𝑃 p𝐴2q, 𝑃 p𝐴3q, . . . q. Now we can define

perodic bubble rays :

Definition 4.4.9. We say that a bubble ray 𝒜 is periodic of period𝑚 if 𝑃𝑚 p
Ť

𝒜q “
Ť

𝒜.

The main result of this subsection is the following Theorem:

Theorem 4.4.10. Any periodic bubble ray for 𝑃 lands at a periodic repelling or

parabolic non-rotational point (parabolic point where no invariant periodic external

ray lands) of 𝑃 .

To prove this Theorem we will need some additional results. The first needed

theorem deals with a topological hull of a continuum 𝑋 Ă C: a topological hull is

the union of 𝑋 and all bounded complementary components of 𝑋. It is denoted as

Thp𝑋q.

Theorem 4.4.11 (Theorem 7.5.2 [BFMOT13]). Let 𝑓 be a polynomial, let 𝐾p𝑓q be

connected, and let 𝑋 Ă 𝐽p𝑓q be an invariant continuum. Suppose that 𝑋 is not a

singleton. Then Thp𝑋q contains a rotational fixed point or an invariant parabolic

domain.

Here a rotational fixed point means one of the following:

• an attracting fixed point;
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• a repelling or parabolic fixed point where no invariant periodic external ray

lands;

• a Siegel point;

• a Cremer point.

Moreover, we define a rotational object of 𝑓 as either a rotational fixed point or

an invariant parabolic domain.

This Theorem is related to the second needed result:

Theorem 4.4.12 ([GM93]). Let 𝑓 be a polynomial of any degree ą 1. Consider the

union Σ𝑓 of all invariant external 𝑓 -rays with the set Fix𝑓 of their landing points.

Every component of CzΣ𝑓 contains a unique invariant rotational object of 𝑓 .

A subset of Σ𝑓 consisting of two rays landing at the same point and their common

landing point is called a cut.

Now we are ready to prove the main result of this subsection.

Proof of Theorem 4.4.10. Let us denote the limit set of 𝒜 as 𝐿 and its minimal

period as 𝑚. We need to show that that 𝐿 is a singleton. If it is not true, then by

Theorem 4.4.11, the set 𝐿 contains a rotational object 𝑇 which is invariant under the

map 𝑓 “ 𝑃𝑚. By Theorem 4.4.12 we know that one of the cuts of Σ𝑓 separates 𝑇

and 0. Evidently, 𝒜 cannot intersect this cut which implies that 𝐿 must be located

on one side of the cut while 𝑇 is located on the other side. A contradiction. Hence

𝐿 is an 𝑓 -fixed point. Since it belongs to 𝐽p𝑃 q, it is not attracting. If it is Cremer or

Siegel, then, again relying on Theorem 4.4.12, we separate 𝐿 from 0 with a rational

cut, again a contradiction. Hence 𝐿 is an 𝑓 -fixed repelling or parabolic point 𝑎. If

𝑎 is rotational, then periodic rays landing at 𝑎 undergo a nontrivial combinatorial

rotation under 𝑓 . Let 𝑊 Ą
Ť

𝒜 be a wedge bounded by two consecutive 𝑓 -rays

landing at 𝑎. Locally near 𝑎, the wedge 𝑊 is mapped to some other wedge disjoint

from 𝑊 . A contradiction with
Ť

𝒜 Ă 𝑊 .
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4.5 Stability

All our previous results were about the dynamical map between dynamical planes of

cubic and quadratic polynomials. But our main goal is to obtain a continuous map

Φ𝜆 : 𝒫𝜆 Ñ 𝐾̃p𝑄q from the parameter plane 𝒫𝜆 to dynamical plane of the reglued

quadratic Julia set. We will parametrize polynomials 𝑃𝜆 P 𝒫𝜆 by their critical points.

Informally, we want to know that this correspondence is continuous. The main tools

in this section are equicontinuous and holomorphic motions, defined in Section 2.8.

The precise statement we want to show is the following Theorem:

Theorem 4.5.1. Choose an arbitrary base point 𝑃0 P 𝒞𝑐
𝜆 and an arbitrary point

𝑧 P Δp𝑃0q. There is an equivariant equicontinuous motion 𝜄𝑃 of Δp𝑃 q over 𝒞𝑐
𝜆 such

that 𝜄𝑃0 “ 𝑖𝑑. Moreover, 𝜄𝑃 p𝑧q has the same polar coordinates in Δp𝑃 q as 𝑧 in

Δp𝑃0q. If 𝑃0 R 𝒵𝑐
𝜆, then this equicontinuous motion is holomorphic on 𝒞𝑐

𝜆z𝒵𝑐
𝜆.

First, we start with introducing some results from [Zak99], which enable us to

construct 𝜄𝑃 .

4.5.1 An overview of [Zak99]

The main result of Zakeri in that paper is the fact, that the boundary of a Siegel disc

corresponding to the fixed point with bounded type rotation number is a quasicircle.

But we will be interested in particular parametrized space of modified Blaschke

products introduced there.

Zakeri introduced an auxiliary family of degree 5 generalized Blaschke products

given by

𝐵p𝑧q “ 𝑒2𝜋𝑖𝑡𝑧3
ˆ

𝑧 ´ 𝑝

1´ 𝑝𝑧

˙ˆ

𝑧 ´ 𝑞

1´ 𝑞𝑧

˙

, |𝑝| ą 1, |𝑞| ą 1.

The numbers 𝑝 and 𝑞 are chosen so that 𝐵 has a multiple critical point in S1

and two other critical points 𝑐𝐵, 1{𝑐𝐵 (which may or may not belong to S1). It is

also possible to choose normalization such that one of the critical points is 1 and the

angle 𝑡 P R{Z such that 𝐵 : S1 Ñ S1 has rotation number 𝜃. Then it is possible to

introduce the parametrized space ℬ𝜆 depending on a parameter 𝜆 “ 𝑒2𝜋𝑖𝜃. The map

𝐵 : S1 Ñ S1 is quasi-symmetrically conjugate to a rigid rotation by some conjugacy
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𝐻𝐵 (a theorem of Świcatek and Herman [Swi98]). There exists quasi-conformal

extension of this conjugasy to the closed disc, denote it as 𝐻 (precise extension can

be the Douady–Earle extension described in [DE86]).

Now we can finally introduce the modified Blaschke product 𝐵̃:

𝐵̃p𝑧q “

$

’

&

’

%

𝐵p𝑧q, if |𝑧| ě 1

𝐻´1 ˝ Rot𝜃 ˝𝐻p𝑧q, if |𝑧| ă 1

where Rot𝜃 is the rigid rotation about 0 by angle 𝜃. It is shown in the paper of

Zakeri, that it is possible to find such a 𝐵̃-invariant conformal structure 𝜎 on C and

straighten it, that 𝐵̃ is quasi-conformally conjugate to a cubic polynomial 𝑃 P 𝒞𝑐
𝜆.

Then the non-escaping locus of ℬ𝜆 is defined as the set of such 𝐵’s that the orbit

of a critical point, different from 1 and from multiple critical point, is bounded.

Since 𝐵 is conjugate to a polynomial 𝑃 , there exists a map 𝒮 : ℬ𝜆 Ñ 𝒞𝑐
𝜆 such that

𝑃 “ 𝒮p𝐵q. Then 𝒮 is called the surgery map.

The following proposition is Corollary 10.5 of [Zak99]:

Proposition 4.5.2. There is an equicontinuous family of qc homeomorphisms 𝜙𝐵 :

C Ñ C parameterized by 𝐵 in the non-escaping locus of ℬ𝜆 such that 𝒮p𝐵q “

𝜙𝐵 ˝ 𝐵̃ ˝ 𝜙
´1
𝐵 , and normalized so that 𝜙𝐵p1q “ 1.

Let us denote Siegel disk of 𝑃 as Δp𝑃 q. Then Δp𝑃 q “ 𝜙𝐵pDq. Denote the inverse

map as 𝜓Δp𝑃 q : D Ñ Δp𝑃 q, then 𝜓Δp𝑃 q “ 𝜙𝐵 ˝𝐻
´1
𝐵 . Previous proposition together

with Theorem 4.4.1 of [Hub06] enable us to formulate the following property of

𝜓Δp𝑃 q:

Corollary 4.5.3. The extended Riemann maps 𝜓Δp𝑃 q (where 𝑃 varies through 𝒞𝑐
𝜆)

form an equicontinuous family.

Let 𝐶pD,Cq be the space of all continuous maps from D to C with the sup-norm.

Corollary 4.5.3, in turn, implies the following.

Corollary 4.5.4. The map from 𝒞𝑐
𝜆 to 𝐶pD,Cq taking 𝑃 to 𝜓Δp𝑃 q is continuous.

Proof. Let us consider a sequence of polynomials 𝑃𝑛 P 𝒞𝑐
𝜆 which converges to 𝑃 P 𝒞𝑐

𝜆.

Then we have to show that the corresponding sequence 𝜓Δp𝑃𝑛q
converges uniformly
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to 𝜓Δp𝑃 q. By the choice of normalization of 𝜙𝐵 we have 𝜓Δp𝑃𝑛q
p1q “ 𝜓Δp𝑃 qp1q “ 1.

We know that each of 𝜓Δp𝑃𝑛q
conjugates the rotation by angle 𝜃 with 𝑃𝑛 on its Siegel

disc. Let us consider the point 𝑧 “ 𝑃 𝑘p1q P BΔp𝑃 q for some fixed positive integer 𝑘.

We can choose 𝑛 large enough, such that the points 𝑧𝑛 “ 𝑃 𝑘
𝑛 p1q P BΔp𝑃𝑛q are close

to 𝑧. Then 𝜓Δp𝑃𝑛q
p𝑒2𝜋𝑖𝑘𝜃q “ 𝑧𝑛 and 𝜓Δp𝑃 qp𝑒

2𝜋𝑖𝑘𝜃q “ 𝑧. Thus 𝜓Δp𝑃𝑛q
Ñ 𝜓 point-wise

on a dense subset of S1. By equicontinuity 𝜓Δp𝑃𝑛q
converges to 𝜓Δp𝑃 q uniformly on

S1. And by the Maximum Modulus Principle, 𝜓𝑛 Ñ 𝜓 on D.

Now we are ready to prove Theorem 4.5.1.

4.5.2 Definition of stability

Let us start with the proof of existence of equivariant equicontinuous motion 𝜄𝑃 of

the closure of the Siegel disc Δp𝑃 q.

Proof of Theorem 4.5.1. We can precisely define 𝜄𝑃 p𝑧q as 𝜓Δp𝑃 q ˝ 𝜓
´1

Δp𝑃0q
. It is an

equicontinuous motion Corollary 4.5.4. Since 𝜓Δp𝑃 q conjugates the rotation by angle

𝜃 with 𝑃 on its Siegel disc, 𝜄𝑃 p𝑧q is also equivariant. Now let us consider 𝑃0 R 𝒵𝑐
𝜆

and 𝑃 P 𝒞𝑐
𝜆z𝒵𝑐

𝜆. There is a holomorphic motion of the 𝑃 -orbit of 1 with respect to

𝑃 as above. It possible to extend it to an equivariant holomorphic motion of BΔp𝑃 q

(by [MSS83] and [Che20]) and then to extend the obtained holomorphic motion to

an equivariant holomorphic motion 𝜄𝑃 : Δp𝑃0q Ñ Δp𝑃 q (by [Sul] or [Zak16]), such

that 𝜄𝑃 : Δp𝑃0q Ñ Δp𝑃 q is a conformal isomorphism taking 0 to 0 and 1 to 1.

Since the Riemann map is unique, the obtained map coincides with 𝜄𝑃 defined in

the beginning and it preserves the polar coordinates.

But if we want to get continuity of the parameter map to the dynamical plane we

need not only holomorphic motion of the closure of the Siegel disc, but also of the

other parts of the filled Julia set. Further concept of stability enables us to extend

the equicontinuous motion of Δp𝑃 q on bigger sets.

Definition 4.5.5 (Stability). Consider 𝑃0 P 𝒞𝑐
𝜆 and a subset 𝐴 Ă 𝑌 p𝑃0q. Since

𝑌 p𝑃0q is by definition forward invariant, it follows that 𝑃 𝑛
0 p𝐴q Ă 𝑌 p𝑃0q for all
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𝑛 ě 0. Set 𝐵 “
Ť

𝑛ě0 𝑃
𝑛
0 p𝐴q. Say that 𝐴 is stable (or 𝜆-stable) if there is an

equivariant equicontinuous motion t𝜄𝐵𝑃 u of 𝐵 over an open neighborhood of 𝑃0 in 𝒞𝑐
𝜆

such that, for every 𝑧 P 𝐵, the point 𝑧x𝑃 y “ 𝜄𝐵𝑃 p𝑧q has the same multi-angle and

the same polar radius as 𝑧. Clearly, if such an equicontinuous motion exists, then

it is unique. Write 𝐴x𝑃 y for 𝜄𝐵𝑃 p𝐴q etc. If the equicontinuous motion is in fact

holomorphic, then say that 𝐴 is holomorphically stable.

4.5.3 Stability of legal arcs and Siegel rays

Let us start with finite legal arcs. To show this stability we will need a very general

continuity property. Let Rat𝑑 be the space of all degree 𝑑 rational self-maps of C

with the topology of uniform convergence and let Comp be the space of all compact

subsets of C with the Hausdorff metric. The the following lemma holds:

Lemma 4.5.6. Consider the map from Rat𝑑 ˆ CompÑ Comp given by

p𝑓,𝑋q ÞÑ 𝑓´1p𝑋q.

This map is continuous.

Proof. Fix p𝑓,𝑋q P Rat𝑑 ˆ Comp. We want to show that for fixed 𝜀 ą 0 if 𝛿 “

𝛿p𝜀q ą 0 is sufficiently small and p𝑔, 𝑌 q is 𝛿-close to p𝑓,𝑋q, then 𝑔´1p𝑌 q is 𝜀-close

to 𝑓´1p𝑋q. It means showing that for every point 𝑥 P 𝑓´1p𝑋q, there is 𝑦 P 𝑔´1p𝑌 q

that is 𝜀-close to 𝑥, and vice versa: for every 𝑦 with 𝑔p𝑦q P 𝑌 , there is 𝑥 P 𝑓´1p𝑋q

that is 𝜀-close to 𝑦. For some point 𝑥 P 𝑓´1p𝑋q we have 𝑔p𝑥q is 𝛿-close to 𝑓p𝑥q and

there is a point in 𝑌 which is 𝛿-close to 𝑓p𝑥q. Denote it as 𝑦˚, then 𝑦˚ is 2𝛿-close to

𝑔p𝑥q. Thus there exists point 𝑦 P 𝑔´1p𝑦˚q that is 𝜀-close to 𝑥. By the Open Mapping

property, the 𝑓 -image of the 𝜀-neighborhood of 𝑥 includes the 4𝛿-neighborhood of

𝑓p𝑥q, so 𝛿 does not depend on 𝑔. We can see that the 𝑔-image of the 𝜀-neighborhood

of 𝑥 includes the 2𝛿-neighborhood of 𝑔p𝑥q since it includes the 3𝛿-neighborhood of

𝑓p𝑥q. For some point 𝑦 P 𝑔´1p𝑌 q the similar argument works. Now knowing that

𝑔p𝑦q is 𝛿-close to 𝑓p𝑦q and there exists a point 𝑥˚ P 𝑋 that is 𝛿-close to 𝑔p𝑦q, the fact

that 𝑥˚ is 2𝛿-close to 𝑓p𝑦q implies that there exists a point 𝑥 such that 𝑓p𝑥q “ 𝑥˚

and 𝑥 is 𝜀-close to 𝑦.
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More precisely, for the proof of stability of the finite legal arcs we will need the

corollary of the previous lemma. Let us state it.

Corollary 4.5.7. Suppose that p𝑓,𝑋q P Rat𝑑ˆComp, that 𝑋 is connected, and that

𝐴 is a component of 𝑓´1p𝑋q. If there are no critical points of 𝑓 in 𝐴, then for all

p𝑔, 𝑌 q close to p𝑓,𝑋q there is a component of 𝑔´1p𝑌 q close to 𝐴 and not containing

critical points of 𝑔.

Proof. For some 𝜀 ą 0, the 5𝜀-neighborhood of 𝐴 maps homeomorphically onto a

neighborhood of 𝑋. By previous Lemma 4.5.6 we can take p𝑔, 𝑌 q so close to p𝑓,𝑋q

that 𝑔´1p𝑌 q is 𝜀-close to 𝑓´1p𝑋q and assume 𝑔 to be injective on the 4𝜀-neighborhood

of 𝐴. Let us consider a component of 𝑔´1p𝑌 q which intersects the 2𝜀-neighborhood

of 𝐴. Denote it as 𝐵. Since we know that 𝑓 is injective on the 5𝜀-neighborhood of

𝐴 and that points in 𝐵 are 𝜀-close to 𝑓´1p𝑋q, then 𝐵 has to lie entirely in the 2𝜀-

neighborhood of 𝐴. By the injectivity of 𝑔 we know that 𝐵 is the unique component

of 𝑔´1p𝑌 q in the 2𝜀-neighborhood of 𝐴. The closest point in 𝑔´1p𝑌 q to any point

𝑎 P 𝐴 has to be in 𝐵, thus sets 𝐴 and 𝐵 are 𝜀-close.

Now we can finally proceed to showing stability. As we have already mentioned

above, the first result is about stability of finite legal arcs.

Lemma 4.5.8. Take 𝑃0 P 𝒞𝑐
𝜆 and a point 𝑧 P 𝑌 p𝑃0q that has a finite multi-angle. If

𝑧 is never mapped to 𝑐, or if 𝑐 P Δp𝑃0q, then the legal arc 𝐼𝑧 from 0 to 𝑧 in 𝐾p𝑃0q

is stable. It is holomorphically stable if 𝑃0 R 𝒵𝑐
𝜆.

Proof. Set 𝛼 “ p𝛼0, . . . , 𝛼𝑘q to be the multi-angle of 𝑧. We will prove the lemma

by induction on 𝑘 and the minimal integer 𝑚 such that Π𝑚p𝛼q has length one. For

𝑘 “ 0 the statement is true by Theorem 4.5.1. Let 𝑤 be the last point of 𝐼𝑧 with

multi-angle p𝛼0, . . . , 𝛼𝑘´1q. Then 𝐼𝑧 consists of two legal arcs with smaller 𝑘: arc 𝐼𝑤

from 0 to 𝑤 and arc 𝐼r𝑤,𝑧s from 𝑤 to 𝑧). By assumption of induction we assume that

𝐼𝑤 is stable. In particular, 𝑤x𝑃 y is defined for all 𝑃 close to 𝑃0, and 𝑤x𝑃 y has the

same multi-angle and polar radius as 𝑤.

Now let us proceed with induction assumption on 𝑚. We assume that 𝑃0p𝐼𝑧q is

stable, then the following set 𝑇 “ 𝑃0p𝐼r𝑤,𝑧sq is also stable. Define 𝐼r𝑤,𝑧sx𝑃 y as the
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𝑃 -pullback of 𝑇 x𝑃 y containing 𝑤x𝑃 y. From the previous Corollary 4.5.7 we know,

that if 𝑃 is close to 𝑃0, then 𝐼r𝑤,𝑧sx𝑃 y is also close to 𝐼r𝑤,𝑧s. Thus we can choose

an inverse branch of 𝑃 which defines an equicontinuous motion of 𝐼r𝑤,𝑧s on on 𝑇 x𝑃 y

since 𝐼r𝑤,𝑧sx𝑃 y contains no critical points of 𝑃 .

Now we know that both parts 𝐼𝑤 and 𝐼r𝑤,𝑧s of 𝐼𝑧 are stable, thus 𝐼𝑧 is stable

itself.

Now we can extend the previous result to infinite periodic legal arcs.

Theorem 4.5.9. Let 𝒜 be a periodic bubble ray for 𝑃0 P 𝒞𝑐
𝜆 landing at a repelling

periodic point 𝑥. Suppose that 𝑃 𝑖
0p𝐼𝑥q does not contain 𝑐 for 𝑖 ě 0. Then 𝐼𝑥 is stable;

it is holomorphically stable if 𝑃0 R 𝒵𝑐
𝜆.

Proof. By the definition of the minimal 𝑃0-period 𝑚 of 𝒜 we have 𝑃𝑚
0 p𝑥q “ 𝑥. We

can choose a small round disk 𝐷 around 𝑥, for which 𝐷 Ť 𝑃𝑚
0 p𝐷q, and the map

𝑃𝑚
0 : 𝐷 Ñ 𝑃𝑚

0 p𝐷q is a homeomorphism since 𝑥 is a repelling point. We know that

𝒜 lands at 𝑥, and thus if 𝒜 “ p𝐴𝑛q, then 𝐴𝑛 Ă 𝐷 for 𝑛 big enough. The map 𝑃𝑚
0

shifts bubbles of 𝒜, let us denote the integer by which the shift occurs as 𝑘. Note

that 𝑘 ě 1. Then there is a point 𝑦 P 𝐼𝑥 such that

𝐼𝑦 “ 𝐼𝑥 X 𝐴0 Y ¨ ¨ ¨ Y 𝐴𝑁`𝑘.

We know that 𝐼𝑦 is stable by Lemma 4.5.8, thus if 𝑃 is close to 𝑃0, then there

exists a legal arc 𝐼𝑦x𝑃 y close to 𝐼𝑦 with the same multi-angle. Let us denote the

final point of 𝐼𝑦x𝑃 y (after passing through legal bubbles 𝐴0x𝑃 y, . . . , 𝐴𝑁`𝑘x𝑃 y) as

𝑦x𝑃 y. Then the segment 𝐼r𝑧,𝑦s from the point 𝑧 “ 𝑃𝑚
0 p𝑦q P 𝐼𝑦 to 𝑦 is stable and the

corresponding segment 𝐼r𝑧,𝑦sx𝑃 y for 𝑃 connects 𝑧x𝑃 y with 𝑦x𝑃 y. If 𝑃 is close to 𝑃0,

then 𝐷 Ť 𝑃𝑚p𝐷q, and 𝑃𝑚 : 𝐷 Ñ 𝑃𝑚p𝐷q is a homeomorphism. Write 𝑃´𝑚𝐷 for the

inverse of this homeomorphism. Then 𝑃´𝑚𝐷 is a well-defined holomorphic map on

𝐷 depending analytically on 𝑃 . Since 𝑥 is repelling, it is stable, so that there is a
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nearby repelling point 𝑥x𝑃 y for 𝑃 of the same period. Set

𝐼𝑥x𝑃 y “ 𝐼𝑦x𝑃 y Y

˜

8
ď

𝑘“1

p𝑃´𝑚𝐷 q
𝑘
p𝐼r𝑧,𝑦sx𝑃 yq

¸

Y t𝑥x𝑃 yu.

Every term in the right-hand side moves equicontinuously with 𝑃 as long as 𝑃

stays close to 𝑃0. The infinite union moves equicontinuously since for 𝑃´𝑚𝐷 the point

𝑥x𝑃 y is attracting (the iterates cannot inflate the modulus of continuity). It is also

clear that the motion is holomorphic provided that 𝑃0 R 𝒵𝑐
𝜆 and 𝑃 is close to 𝑃0.

As we have seen in Theorem 4.4.10 any periodic bubble ray lands at a repelling

or parabolic point.

Let 𝒜 be a periodic bubble ray for some 𝑃 , landing at a repelling or parabolic

point 𝑎. Then its core curve is a a legal arc 𝐼𝑎 from 0 to 𝑎. Informally, we want to

introduce an “extension” of the external rays, which will coincide with a bubble ray

𝒜.

Definition 4.5.10 (Siegel rays). By the Landing Theorem for polynomials (see e.g.

[Mil06, Theorem 18.11]), one or several periodic external rays for 𝑃 land at 𝑎. Let

𝑅 be an external ray landing at 𝑎. Then 𝐼 Y t𝑎u Y 𝑅 is a simple curve connecting

0 with 8. It is called a Siegel ray. The argument of the Siegel ray 𝐼 Y t𝑎u Y 𝑅 is

defined as the argument of 𝑅.

Let us note that from this definition it follows that every Siegel ray contains

precisely one periodic point 𝑎 ‰ 0, which can be repelling or parabolic. In the case

if the periodic point 𝑎 is repelling we can show the stability of corresponding Siegel

ray.

Theorem 4.5.11. Let Σ be a Siegel ray for 𝑃0 P 𝒞𝑐
𝜆. Suppose that the non-zero

periodic point in Σ is repelling. Then, for all 𝑃 P 𝒞𝑐
𝜆 sufficiently close to 𝑃0, there is

a Siegel ray Σx𝑃 y close to Σ in the spherical metric and having the same argument.

Moreover, the periodic point in Σx𝑃 y depends holomorphically on 𝑃 provided that

𝑃 R 𝒵𝑐
𝜆.
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The Siegel ray Σ can be separated into two parts: a legal arc in a periodic bubble

ray and an external ray. Let us show that both of them move holomorphically:

1. a legal arc of a bubble ray, which lands at a repelling periodic point, moves

holomorphically by Theorem 4.5.9;

2. there is a holomorphic motion of an external ray landing at a repelling periodic

by the following Lemma:

Lemma 4.5.12 ([DH85a], cf. Lemma B.1 [GM93]). Let 𝑃0 be a polynomial,

and 𝑧 be a repelling periodic point of 𝑃0. If an external ray 𝑅𝑃0p𝜃q with rational

argument 𝜃 lands at 𝑧, then, for every polynomial 𝑃 sufficiently close to 𝑃0,

the ray 𝑅𝑃 p𝜃q lands at a repelling periodic point 𝑧x𝑃 y of 𝑃 close to 𝑧, and

𝑧x𝑃 y depends holomorphically on 𝑃 .

Theorem 4.5.11 is proved.

4.5.4 Siegel wedges

Now we want to consider two different Siegel rays Σ and Σ1 for a map 𝑃 . Then they

may have some common initial segment 𝐼 “ ΣXΣ1 and then branch off either at an

iterated preimage of 0 or at a landing point of some bubble ray. Let us assume that

they branch off in some iterated preimage of 0, we denote it as 𝑏. Then we want to

define the area between branched segments of Σ and Σ1:

Definition 4.5.13 (Siegel wedge). A wedge 𝑊 bounded by segments of Σ and Σ1

from 𝑏 to infinity is called a Siegel wedge (bounded by Siegel rays Σ and Σ1) with a

root point 𝑏, see Fig. 4-2. There are two Sigma wedges corresponding to rays Σ and

Σ1: one contains their common segment 𝐼 and the other one does not contain it. We

define the multi-angle of a wedge, which does not contain 𝐼 as the multi-angle of 𝑏.

The multi-angle of the second one is the empty sequence pq.

If Σ and Σ1 do not have a common segment and thus 𝑏 “ 0, we set multi-angles

of both wedges to be pq.
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Figure 4-2: A Siegel wedge 𝑊 in the dynamical plane of 𝑄. Here, 𝑊 is bounded by
Siegel rays Σ and Σ1 that have the legal arc 𝐼𝑏 from 0 to 𝑏 as the common initial segment
and that branch off at point 𝑏.

4.6 Continuous extension of the map 𝜂𝑃

Let us recall that we have defined 𝜂𝑃 : 𝑌 p𝑃 q Ñ 𝐾p𝑄q as a map which takes 𝑧 P 𝑌 p𝑃 q

to a unique point 𝑤 “ 𝜂𝑃 p𝑧q with the same multi-angle and polar radius. In this

section we define an extension 𝑌 p𝑃 q of 𝑋p𝑃 q such that it satisfies the conditions

of Property D formulated in Section 4.2 and continuously extend the map 𝜂𝑃 :

𝑌 p𝑃 q Ñ 𝐾p𝑄q to 𝑋p𝑃 q.

4.6.1 Extended set 𝑋p𝑃 q

We define 𝑋p𝑃 q depending on whether 𝑌 p𝑃 q contains parabolic points of 𝑃 or not.

If it contains some parabolic point 𝑎, then there is a parabolic periodic cycle in

𝑌 p𝑃 q containing 𝑎, which is unique by the Fatou–Shishikura inequality. Then 𝑋p𝑃 q

is defined in the following way:

1. if 𝑌 p𝑃 q contains no parabolic points of 𝑃 , then 𝑋p𝑃 q “ 𝑌 p𝑃 q;

2. if 𝑌 p𝑃 q contains parabolic point 𝑎, then 𝑋p𝑃 q is the union of 𝑌 p𝑃 q and the

closures of all immediate parabolic basins of the points from the cycle of 𝑎.

We want to describe the structure of 𝑋p𝑃 q. For being able to do it we need some

additional structure on the bubbles. We define a terminal segment of an internal
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ray of 𝐴 as a segment from some point in the ray to B𝐴. Then the structure of

𝑋p𝑃 q X 𝐹𝑎𝑡𝑜𝑢p𝑃 q can be described by the following theorem:

Theorem 4.6.1. Let 𝐴 be a legal bubble of 𝑃 , and 𝐴𝑄 be the corresponding bubble

of 𝑄. Then 𝜂𝑃 : 𝑌 p𝑃 qX𝐴Ñ 𝐴𝑄 extends to a continuous map 𝜂𝑃 : 𝑋p𝑃 qX𝐴Ñ 𝐴𝑄,

and one of the following two cases holds:

1. The set 𝑋p𝑃 q X 𝐴 is a terminal segment of the internal ray of 𝐴 landing

at the root point of 𝐴. The map 𝜂𝑃 : 𝑋p𝑃 q X 𝐴 Ñ 𝐴𝑄 is one-to-one, and

𝜂𝑃 p𝑋p𝑃 q X 𝐴q is a terminal segment of the internal ray of 𝐴𝑄 landing at the

root point of 𝐴𝑄.

2. The set 𝑋p𝑃 q X 𝐴 is a “sector" bounded by two “separatrices” in 𝐴. It is

mapped under 𝜂𝑃 onto 𝐴𝑄, the boundary of the sector mapping two-to-one,

and otherwise the map being one-to-one.

The first step to prove Theorem 4.6.1 is the following lemma:

Lemma 4.6.2. Let 𝐴 be a bubble of 𝑃 . Suppose that a point 𝑧 P 𝐴 X 𝑋p𝑃 q is

different from the root point 𝑟p𝐴q of 𝐴. Then 𝐴 is a legal bubble, and the entire

bubble chain to 𝑧 consists of legal bubbles.

Proof. If some point 𝑧 ‰ 𝑟p𝐴q is in 𝑋p𝑃 q, then 𝑟p𝐴q P 𝑌 p𝑃 q and the there exists a

legal arc 𝐼𝑧 from 0 to 𝑧 non-disjoint from 𝐴. Since 𝐴 is open and 𝐴 X𝑋p𝑃 q, then

𝐴 X 𝑌 p𝑃 q ‰ H. In means that 𝐴 is legal and the 𝐼𝑧 intersects every bubble in the

bubble chain to 𝑧. It shows that all bubbles in this chain are legal.

This lemma can be restated as the following Corollary:

Corollary 4.6.3. Let 𝐴 be a bubble of 𝑃 . Either 𝐴 is legal, or 𝐴 has no points of

𝑋p𝑃 q except possibly 𝑟p𝐴q in which case 𝑟p𝐴q is eventually mapped to 𝑐, non-strictly

before it is mapped to 1 and strictly before 𝐴 is mapped to Δp𝑃 q.

Now we can proceed with the proof.

Proof of Theorem 4.6.1. For considering the extension of 𝑌 p𝑃 q to 𝑋p𝑃 q we should

consider legal bubbles which do not belong to 𝑌 p𝑃 q. Then if 𝐴 is such a bubble, there
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is a point 𝑧 P 𝐴 that is eventually mapped to critical point 𝑐, assume that 𝑃 𝑛p𝑧q “ 𝑐.

We can assume 𝑐 P 𝐴, since we know that 𝑃 𝑛 : 𝐴 Ñ 𝑃 𝑛p𝐴q is a homeomorphism

from 𝑌 p𝑃 q to itself. There must be at least one point of 𝐴 which belongs to 𝑌 p𝑃 q

since 𝐴 is open. Two cases from the statement of the Theorem correspond to two

different possibilities for the multi-angle of 𝐴. Set 𝛼 “ p𝛼0, . . . , 𝛼2𝑘q to be the

multi-angle of 𝐴.

(1) In the first case the multi-angle of any point in 𝐴 X 𝑌 p𝑃 q is p𝛼.𝛼2𝑘q. Then

𝐴 X 𝑋p𝑃 q is the legal arc from the 𝑟p𝐴q to 𝑐. We can see that 𝜂𝑃 is well-defined

and continuous on this legal arc and the image of this legal arc under 𝜂𝑃 is again a

legal arc in the closure of the bubble of 𝑄 corresponding to 𝐴.

(2) In the second case only some points in 𝐴 have multi-angles p𝛼.𝛼2𝑘q while

others have multi-angles p𝛼.𝛼2𝑘𝛼2𝑘`1q. Then let us choose a point with multi-angle

𝛼.p𝛼2𝑘, 𝛼2𝑘`1q. If we denote the image of the bubble 𝐴 as 𝐵 “ 𝑃 p𝐴q, then 𝑃 p𝐴 X

𝑌 p𝑃 qq includes the center of 𝐵 and all internal rays of 𝐵 but the one containing

critical value 𝑃 p𝑐q. Denote this ray as 𝑅. We define a segment 𝑇 from 𝑃 p𝑐q to the

boundary of 𝐵 (which is not contained in 𝑃 p𝐴X 𝑌 p𝑃 qq as the special segment. Let

us consider the pullback of 𝑇 . It consists of an arc 𝑇 1 Ă 𝐴 that contains 𝑐 and

of the two arcs connecting 𝑐 with two preimages of the point 𝑇 X B𝐵. Then the

bubble 𝐴 is divided by the arc 𝑇 1 into two disjoint pullbacks of 𝐵z𝑇 , one of which

is 𝐴 X 𝑌 p𝑃 q. This pullback contains 𝑃 -preimage of the center of 𝐵 and all rays

starting from it. All rays but the one passing through 𝑐 extend to B𝐴. The ray

containing 𝑐 branches at this point. Then the set Bp𝐴 X 𝑌 p𝑃 qq consists of 𝑐 and

these two branched “separatrices”. The map 𝜂𝑃 extends to these separatrices and

the image 𝜂𝑃 p𝐴X𝑋p𝑃 qq coincides with the entire bubble of 𝑄 corresponding to 𝐴.

Then the radial segment from 𝜂𝑃 p𝑐q to the boundary of the bubble is exactly the

sector the boundary of which is mapping two-to-one.

4.6.2 A separation property

In this subsection we deal with Siegel wedges, defined in Subsection 4.5.4. We

want to set the correspondence between cubic and quadratic wedges and show how

quadratic wedges separate points in the bubbles.
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Definition 4.6.4 (Corresponding Siegel wedges). Let 𝑊 be the Siegel wedge of 𝑃 .

Then 𝜂𝑃 pB𝑊 X𝐾p𝑃 qq is the union of the core curves of two periodic bubble rays for

𝑄, which land at some repelling periodic points 𝑥 and 𝑦 of 𝑄. Then we define the

wedge 𝑊𝑄 corresponding to the Siegel wedge 𝑊 of 𝑃 as the wedge bounded by the

unique external rays landing at 𝑥 and 𝑦 and containing points of 𝜂𝑃 p𝑊 X 𝑌 p𝑃 qq.

We will also call 𝑊𝑄 𝑃 -adapted wedge and say that a 𝑃 -adapted wedge 𝑊𝑄

separates a point 𝑥 from a point 𝑥1 if 𝑥 P 𝑊𝑄 and 𝑥1 R 𝑊𝑄.

Now let us focus on the structure of entire 𝜂𝑃 p𝑌 p𝑃 qq. We say that 𝜂𝑃 p𝑌 p𝑃 qq Ă

𝐾p𝑄q is legal convex, that is, any two points of this set can be connected by a legal

arc lying entirely in this set (since 𝐾p𝑄q is locally connected, any two points of

𝐾p𝑄q can be connected by a legal arc). It is easy to show that the closure of a legal

convex is a legal convex: if 𝑥𝑛, 𝑥1𝑛 P 𝐾p𝑄q are two sequences converging to 𝑥, 𝑥1,

respectively, then the legal arc from 𝑥𝑛 to 𝑥1𝑛 converges to the legal arc from 𝑥 to

𝑥1. We get the following Lemma from this statement:

Lemma 4.6.5. The set 𝜂𝑃 p𝑌 p𝑃 qq Ă 𝐾p𝑄q is legal convex.

Now we can formulate the following Lemma about separation of the points in

the quadratic bubble:

Lemma 4.6.6. Let 𝐴𝑄 ‰ Δp𝑄q be a bubble of 𝑄, and 𝑥 P B𝐴𝑄 X 𝜂𝑃 p𝑌 p𝑃 qq be a

point different from the root point of 𝐴𝑄. Then, for any other point 𝑥1 P B𝐴𝑄, there

is a 𝑃 -adapted wedge 𝑊𝑄 with root point in the center of 𝐴𝑄 such that 𝑊𝑄 separates

𝑥 from 𝑥1. Any pair of different points in BΔp𝑄q is also separated by a 𝑃 -adapted

wedge unless 𝑐 P BΔp𝑃 q and 𝑃 𝑘p𝑐q “ 1 for some 𝑘 ě 0.

Proof. Let us consider point 𝑥 as in the statement of the theorem. Then we can

connect 0 and 𝑥 by the legal arc 𝐼𝑥 P 𝜂𝑃 p𝑌 p𝑃 qq since 𝜂𝑃 p𝑌 p𝑃 qq is a legal convex by

Lemma 4.6.5. Set 𝐴 to be a legal bubble of 𝑃 corresponding to the bubble 𝐴𝑄 (it

exists by Lemma 4.6.2). Now we are in the setting of the case (2) of Theorem 4.6.1.

By this Theorem the root points of other bubbles attached to 𝐴𝑄 on B𝐴𝑄 except

possibly one are in 𝜂𝑃 p𝑌 p𝑃 qq (they also form a dense subset in B𝐴𝑄). Then there

are exist a pair of points 𝑏, 𝑏1 in B𝐴𝑄 separating 𝑥 from 𝑥1. We can extend the legal
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arcs from the center 𝑎 of 𝐴𝑄 to 𝑏 and 𝑏1 to periodic Siegel rays. Then we can choose

the Siegel rays for 𝑃 in a way that the wedge 𝑊 bounded by them corresponds to a

wedge 𝑊𝑄 whose boundary intersects B𝐴𝑄 at points 𝑏 and 𝑏1. The obtained wedge

𝑊𝑄 is the desired wedge, separating 𝑥 from 𝑥1.

The case of different points in BΔp𝑄q such that 𝑐 P BΔp𝑃 q and 𝑃 𝑘p𝑐q “ 1 can be

reduced tho the case above by considering two iterated preimages 𝑏, 𝑏1 of 1 separating

two paints in BΔp𝑄q since these points are again are root points of legal bubbles

attached to Δp𝑃 q.

We can generalize the previous lemma.

Proposition 4.6.7. A pair of distinct points 𝑥, 𝑥1 P 𝐽p𝑄q X 𝜂𝑃 p𝑌 p𝑃 qq is separated

by a 𝑃 -adapted wedge, except when both 𝑥 and 𝑥1 are in BΔp𝑄q, and 𝑐 P BΔp𝑃 q is

eventually mapped to 1.

Proof. Let us assume that one point 𝑥 belongs to the boundary of some bubble 𝐴𝑄,

while 𝑥1 belongs to another. Then we can consider an intersection of the legal arc 𝐼

connecting 𝑥 with 𝑥1 with the bubble 𝐴𝑄. Denote the intersection point as 𝑥2 and

the center of 𝐴𝑄 as 𝑎. Now we have points 𝑥 and 𝑥2 which satisfy the conditions

of Lemma 4.6.6. Then the same 𝑃 -adapted wedge 𝑊𝑄 as in Lemma 4.6.6 which

separates 𝑥 from 𝑥2 will also separate 𝑥 from 𝑥1 since the legal arc from 𝑥1 to 𝑥2

cannot intersect B𝑊𝑄.

Now let us proceed with the case, when none of the points 𝑥 and 𝑥1 belongs to

the boundary of a bubble. Then we know that there are bubble rays 𝒜𝑄 and 𝒜1𝑄
landing at 𝑥 and 𝑥1 respectively. By Lemma 4.6.2 any bubble from the chain 𝒜𝑄 or

𝒜1𝑄 should intersect 𝜂𝑃 p𝑌 p𝑃 qq, then there exist corresponding bubble rays 𝒜 and

𝒜1 respectively for 𝑃 . Let us consider some bubble 𝐵𝑄 P 𝒜𝑄 which does not belong

to 𝒜1𝑄 and the bubble 𝐵 of 𝑃 corresponding to it. Then a 𝑃 -adapted wedge 𝑊𝑄

should separate 𝑥 from the root point of 𝐵𝑄 and thus from 𝑥1.

4.6.3 Continuous extension of 𝜂𝑃

Now we are ready to describe the extension of the map 𝜂𝑃 to the set 𝑋p𝑃 q. In the

case when there is no parabolic cycle in 𝑌 p𝑃 q it is enough to show that 𝜂𝑃 extends
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continuously to 𝑌 p𝑃 q. In the case when there is a parabolic cycle, we know that any

point 𝑧 P 𝑋p𝑃 qz𝑌 p𝑃 q belongs to the closure of a parabolic domain at a parabolic

point 𝑎𝑧. Then we set 𝜂𝑃 p𝑧q “ 𝜂𝑃 p𝑎𝑧q and thus get a continuous map. Actually, we

want to prove even stronger statement:

Theorem 4.6.8. The map 𝜂𝑃 : 𝑌 p𝑃 q Ñ 𝐾p𝑄q extends to a continuous map 𝜂𝑃 :

𝑋p𝑃 q Ñ 𝐾p𝑄q. Unless 𝑐 P 𝑋p𝑃 qz𝐽p𝑃 q, this map is monotone.

Let us start with the continuity.

Proof of Theorem 4.6.8, continuity. Let us show that 𝜂𝑃 extends continuously to

𝑌 p𝑃 q. Take 𝑦 P B𝑌 p𝑃 qz𝑌 p𝑃 q; by Theorem 4.6.1 we can only consider points 𝑦

which are not in a bubble. For proving continuity it is enough to show, that images

of two sequences in 𝑌 p𝑃 q with the same limit can not converge to the different

limits. Let us assume that it is not true and that there exist two sequences 𝑦𝑛,

𝑦1𝑛 P 𝑌 p𝑃 q with the limit 𝑦, but the limits of 𝜂𝑃 p𝑦𝑛q and 𝜂𝑃 p𝑦
1
𝑛q are two different

points 𝑥 and 𝑥1 respectively. Also set 𝑥𝑛 “ 𝜂𝑃 p𝑦𝑛q and 𝑥1𝑛 “ 𝜂𝑃 p𝑦
1
𝑛q. Then we know

by Proposition 4.6.7, that there exists a 𝑃 -adapted wedge 𝑊𝑄 in the dynamical

plane of 𝑄 separating 𝑥 from 𝑥1 so that 𝑥 P 𝑊𝑄 and 𝑥1 R 𝑊𝑄. For all 𝑛 big enough

𝑥𝑛 P 𝑊𝑄 since 𝑊𝑄 is open. Then the sequence 𝑦𝑛 for all 𝑛 big enough has to be

contained in some compact subset of the legal wedge 𝑊 corresponding to 𝑊𝑄 for 𝑃 ,

then also 𝑦 P 𝑊 and 𝑦1𝑛 P 𝑊 for 𝑛 big enough. It follows that 𝑥1𝑛 P 𝑊𝑄 for large 𝑛,

therefore, 𝑥1 P 𝑊𝑄, a contradiction. From the definition of 𝜂𝑃 p𝑧q in the case when

there is a parabolic cycle in 𝑌 p𝑃 q, we have seen that 𝜂𝑃 is continuous also in that

case.

4.6.4 Monotonicity

In this subsection we are dealing with the second half of Theorem 4.6.8 about the

monotonicity. Note that to show that 𝜂𝑃 is monotone we should check that all point

preimages are connected. Let us recall, that preimages of points under 𝜂𝑃 are called

fibers of 𝜂𝑃 . The following lemma deals with this connectedness.

Lemma 4.6.9. A nonempty intersection of finitely many Siegel wedges for 𝑃 is

connected and has a connected intersection with 𝑋p𝑃 q.
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Proof. We want to distinguish two types of Siegel wedges: type 1 wedge is disjoint

from the legal arc connecting 0 and its root point and all other Siegel wedges are

said to be of type 2. Then finitely many Siegel wedges of type 1 intersect over a

Siegel wedge of type 1. Let as denote a set, whose complement is the closure of a

finite union of pairwise disjoint type 1 Siegel wedges as 𝐵. Then finitely many Siegel

wedges of type 2 intersect over such a set 𝐵. Moreover, such a set 𝐵 intersects with

a Siegel wedge of type 1 either over exactly this type 1 Siegel wedge or over 𝐵 minus

the closure of a finite union of pairwise disjoint type 1 Siegel wedges contained in

𝐵. Thus we can see that a nonempty intersection 𝑈 of finitely many Siegel wedges

for 𝑃 is connected and also 𝑈 X 𝑌 p𝑃 q is connected.

Now we have 2 cases: 𝑋p𝑃 q “ 𝑌 p𝑃 q or there are parabolic points in 𝑈 X𝑋p𝑃 q.

In the first case 𝑈 X 𝑋p𝑃 q is a superset of 𝑈 X 𝑌 p𝑃 q and a subset of 𝑈 X 𝑌 p𝑃 q,

thus the lemma statement is true. In the case with parabolic points their parabolic

domains should also belong to 𝑈 X𝑋p𝑃 q, and the statement again holds.

Now we can finish the proof.

Proof of Theorem 4.6.8, the monotonicity part. Let us consider the point 𝑥𝑄 which

belongs to 𝜂𝑃 p𝑋p𝑃 qq and the fiber 𝜂´1𝑃 p𝑥𝑄q. For 𝑥𝑄 belonging to a bubble of 𝑄 we

know that the fiber of 𝑥𝑄 is a singleton by Theorem 4.6.1. Assume that 𝑥𝑄 P 𝐽p𝑄q.

First suppose that 𝑥𝑄 P BΔp𝑄q and 𝑐 P BΔp𝑃 q is eventually mapped to 1. There is

a unique point 𝑥 P BΔp𝑃 q such that 𝜂𝑃 p𝑥q “ 𝑥𝑄 since 𝜂𝑃 : BΔp𝑃 q Ñ BΔp𝑄q is a

homeomorphism. Then suppose that some point 𝑦 R Δp𝑃 q is mapped to 𝑥𝑄. There

should exist a sequence 𝑦𝑛 P 𝑌 p𝑃 q converging to 𝑦 since 𝑦 P 𝑋p𝑃 q. It is also possible

to choose this sequence in a way such 𝑦𝑛 P 𝐽p𝑃 q since 𝑦 P 𝑋p𝑃 q. Then we also can

choose a subsequence of the legal arcs 𝐼𝑦𝑛 from 0 to 𝑦𝑛 such that they converge to

a continuum 𝐶𝑦 Q 𝑦.

If the point 𝑦 is on the boundary of a legal bubble 𝐴 of 𝑃 , we can choose the

bubble 𝐴 so that 𝑦 ‰ 𝑟p𝐴q. Then the image 𝜂𝑃 p𝑦q is on the boundary of the bubble

𝐴𝑄 of 𝑄 corresponding to 𝐴, and 𝜂𝑃 p𝑦q ‰ 𝑟p𝐴𝑄q. Thus we get a contradiction with

𝜂𝑃 p𝑦q “ 𝑥. So we know that 𝑦 is not on the boundary of a bubble.

Let us consider some bubble attached to Δp𝑃 q and intersecting 𝐼𝑦𝑛 , denote it as
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𝐴𝑛. Then there are two cases: there are finitely many different bubbles 𝐴𝑛 or there

are infinitely many pairwise different 𝐴𝑛s.

In the first case, choosing a suitable subsequence, we may consider the sequence

𝐴𝑛 with the same members 𝐴. The intersection 𝐼𝑦𝑛 X 𝐴 consists of two internal

rays landing at 𝑟p𝐴q P Δp𝑃 q and 𝑏𝑛 ‰ 𝑟p𝐴q. In the case when 𝑏𝑛 Ñ 𝑟p𝐴q in is

possible to replace 𝐶𝑦 with 𝐶˚𝑦 “ 𝐶𝑦z𝐴. Then we get a continuum containing 𝑦, and

𝐶˚𝑦 zt𝑥u is disjoint from all bubbles. If 𝑏𝑛 ­Ñ 𝑟p𝐴q instead, then, choosing a suitable

subsequence, we can get 𝑏𝑛 such that 𝑏𝑛 Ñ 𝑏 ‰ 𝑟p𝐴q. Thus 𝜂𝑃 p𝐶𝑦z𝐴q is attached

to the bubble 𝐴𝑄 of 𝑄, corresponding to the bubble 𝐴 at 𝜂𝑃 p𝑏q. And it does not

accumulate on BΔp𝑄q. This is a contradiction with 𝑥𝑄 “ 𝜂𝑃 p𝑦q P BΔp𝑄q.

In the second case when there are infinitely many pairwise different bubbles 𝐴𝑛

let us set 𝐶˚𝑦 “ 𝐶𝑦. But the set 𝐶˚𝑦 is still a continuum containing 𝑦 such that

𝐶˚𝑦 zt𝑥u is disjoint from all bubbles. Thus 𝜂𝑃 p𝐶˚𝑦 q “ t𝑥𝑄u. Since 𝜂´1𝑃 p𝑥𝑄q is the

union of t𝑥u and 𝐶˚𝑦 over all 𝑦 P 𝜂´1𝑃 p𝑥𝑄qzt𝑥u, the fiber 𝜂´1𝑃 p𝑥𝑄q is connected.

Now we can assume that 𝑥𝑄 R BΔp𝑄q or that 𝑐 R BΔp𝑃 q or that 𝑐 P BΔp𝑃 q

is never mapped to 1. If we consider the intersection 𝑍𝑄 of all 𝑃 -adapted wedges

containing 𝑥𝑄, then 𝑍𝑄 X 𝐽p𝑄q “ t𝑥𝑄u by Proposition 4.6.7. This set 𝑍𝑄 may

also include certain external rays of 𝑄 as well as certain internal rays in bubbles

of 𝑄 appart from 𝑥𝑄. Thus we can see, that 𝑍𝑄 X 𝐾p𝑄q consists of t𝑥𝑄u and

one or two internal rays in bubbles 𝐴𝑄 such that 𝑥 P B𝐴𝑄. The full preimage

𝑍 “ 𝜂´1𝑃 p𝑍𝑄 X 𝐾p𝑄qq consists of 𝜂´1𝑃 p𝑥𝑄q and one or two internal rays in legal

bubbles 𝐴 of 𝑃 . Every such bubble may intersect 𝑍 by at most one internal ray.

Thus if we have connectedness of 𝑍 we get connectedness of the fiber 𝜂´1𝑃 p𝑥𝑄q. Now

we need to show connectedness of 𝑍. Let us consider any 𝑥 P 𝜂´1𝑃 p𝑥𝑄qX𝐽p𝑃 q. Then

𝑍 is the intersection of all Siegel wedges of 𝑃 containing 𝑥 with 𝑋p𝑃 q. Moreover,

it is enough to intersect countably many Siegel wedges 𝑊1, . . . , 𝑊𝑛, . . . :

𝑍 “ 𝑋p𝑃 q X
8
č

𝑛“1

𝑊𝑛 “ 𝑋p𝑃 q X
8
č

𝑛“1

𝑈𝑛, 𝑈𝑛 “ 𝑊1 X ¨ ¨ ¨ X𝑊𝑛.

We know from Lemma 4.6.9 that the sets 𝑋p𝑃 q X 𝑈𝑛 are connected and form a

nested sequence. And thus their intersection is also connected.
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4.7 The parameter maps Φ𝑐𝜆 and Φ𝜆

In this section we shift from the maps on the dynamical plane to the maps on

the parameter plane and the we prove the Main Theorem 4.2.3. First we need to

introduce some additional space of polynomials.

4.7.1 Connectedness locus 𝒞𝑐𝜆 in the space of polynomials with

marked critical point

As we have described in Section 4.2.1, we have chosen the parametrization in

such a way that the fixed point is 0 with multiplier 𝜆 and the critical points

are 1 and 𝑐. Then the point 𝑐 is a free critical point. Let us denote the space

of these polynomials as C˚𝜆 and since we consider 𝜆 to be fixed, any polynomial

in this space is parametrized by 𝑐 and we will denote the polynomials in C˚𝜆 as

𝑃𝑐. Then the Zakeri curve, (Definition 2.9.4), in this space is the following set:

𝒵𝑐
𝜆 “ t𝑃𝑐 P C˚𝜆 | t𝑐, 1u Ă BΔ p𝑃𝑐qu. It divides the punctured plane C˚𝜆 into two com-

ponents, 𝒪˚
𝜆p0q and 𝒪˚

𝜆p8q, each isomorphic to the punctured disk Dzt0u. The

corresponding punctures are 𝑐 “ 0 and 𝑐 “ 8, respectively.

We can identify C˚𝜆 with the space C𝜆 by a quotient map 𝜏 , which identifies 𝑃𝑐

with 𝑃1{𝑐. This map 𝜏 is a homeomorphism on the components 𝒪˚
𝜆p0q and 𝒪˚

𝜆p8q

and it maps Zakeri curve 𝒵𝑐
𝜆 to a simple arc 𝒵𝜆. Then the precise identification can

be described as following: C𝜆 “ 𝜏p𝒪˚
𝜆p8q Y 𝒵𝑐

𝜆q.

The main object we are interested in is the closure of the principal hyperbolic

component 𝒫𝜆 in the the connectedness locus 𝒞𝜆. We can define the connectedness

locus 𝒞𝑐
𝜆 in 𝒪˚

𝜆p8q Y𝒵𝑐
𝜆 and also the closure of the principal hyperbolic component

𝒫𝑐
𝜆 in it.

It turns out, that it is more convenient to describe the structure of 𝒫𝑐 first and

then to obtain 𝒫 by applying the factorization 𝜏 .

4.7.2 The map Φ𝑐
𝜆 and its domain 𝒟𝑐

𝜆

Let us denote the set of all 𝑃 P 𝒞𝑐
𝜆 such that 𝑐 P 𝑋p𝑃 q as 𝒟𝑐

𝜆. Then on this set we

can define a map Φ𝑐
𝜆p𝑃 q : 𝒟𝑐

𝜆 Ñ 𝐾p𝑄q which corresponds to each polynomial 𝑃 P 𝒟𝑐
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the image of its critical point 𝑐 P 𝑋p𝑃 q under 𝜂𝑃 . More precisely, Φ𝑐
𝜆p𝑃 q “ 𝜂𝑃 p𝑐q.

The main goal of this section is to show, that the set 𝒫𝑐 we are interested in

is a subset of 𝒟𝑐
𝜆. It turns out that polynomials in 𝒞𝑐

𝜆, which do not belong to

𝒟𝑐
𝜆, are immediately renormalizable (this property was discussed in Section 4.1). In

addition to the Straightening Theorem 4.1.4, we will need one more theorem about

polynomial-like mappings. The following theorem is Theorem B in [BOPT16].

Theorem 4.7.1. Let 𝑃 : CÑ C be a polynomial, and 𝑌 Ă C be a full 𝑃 -invariant

continuum. The following assertions are equivalent:

1. the set 𝑌 is the filled Julia set of some polynomial-like map 𝑃 : 𝑈˚ Ñ 𝑉 ˚ of

degree 𝑘,

2. 𝑌 is a component of the set 𝑃´1p𝑃 p𝑌 qq, and, for every attracting or parabolic

point 𝑦 of 𝑃 in 𝑌 , the immediate attracting basin of 𝑦 or the union of all

parabolic domains at 𝑦 is a subset of 𝑌 .

Now we can formulate and prove the proposition about polynomials, which do

not belong to 𝒟𝑐
𝜆

Proposition 4.7.2. Suppose that 𝑃 P 𝒞𝑐
𝜆z𝒟𝑐

𝜆. Then 𝑃 is immediately renormalizable

with 𝑋p𝑃 q being the corresponding quadratic-like Julia set.

Proof. By the definition of 𝒟𝑐
𝜆 we know that 𝑐 R 𝑋p𝑃 q. We also know that the set

𝑋p𝑃 q is compact and it is easy to see that 𝑋p𝑃 q is a component of 𝑃´1p𝑋p𝑃 qq.

Moreover, 𝑋p𝑃 q could not contain parabolic periodic points of 𝑃 since otherwise 𝑐

should belong to 𝑋p𝑃 q, more precisely to one of the parabolic domains which we

add to 𝑌 p𝑃 q. By Theorems 4.1.4 and 4.7.1, there is a Jordan domain 𝑈 Ą 𝑋p𝑃 q

such that 𝑃 : 𝑈 Ñ 𝑃 p𝑈q is a quadratic-like map whose filled Julia set coincides with

𝑋p𝑃 q.

For any degree 𝑑 polynomial 𝑓 belongs to 𝑃𝐻𝐷𝑑 if and only if all its critical points

are in the immediate attracting basin of the same attracting (or super-attracting)

fixed point. Then the set 𝒫𝑐
𝜆 consists of polynomials in 𝒞𝑐

𝜆 that can be approximated
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by sequences 𝑃𝑛 P 𝒞𝑐
𝜆𝑛

with |𝜆𝑛| ă 1 and both critical points of 𝑃𝑛 in the immediate

basin of 0.

The following lemma shows, that polynomials in the set 𝒫𝑐
𝜆 are always also in

the set 𝒟𝑐
𝜆.

Corollary 4.7.3. The set 𝒫𝑐
𝜆 is a subset of 𝒟𝑐

𝜆.

Proof. If 𝑃 P 𝒞𝑐
𝜆z𝒟𝑐

𝜆, then by Proposition 4.7.2, there is a quadratic-like map 𝑃 :

𝑈 Ñ 𝑉 with filled Julia set 𝑋p𝑃 q, and we may choose 𝑈 and 𝑉 so that 𝑐 R 𝑉 . If

we take some parameter 𝜇 very close to 𝜆 but with |𝜇| ă 1; then we can choose

any 𝑓 P 𝒞𝑐
𝜇 very close to 𝑃 . By Lemma 4.5.6 we know, that 𝑓´1p𝑉 q is close to

𝑃´1p𝑉 q and a component 𝑈𝑓 of 𝑓´1p𝑉 q is close to 𝑈 . It follows that 𝑓 : 𝑈𝑓 Ñ 𝑉

is a quadratic-like map, and its filled Julia set contains an attracting point 0. And

now we know that the filled Julia set of 𝑓 : 𝑈𝑓 Ñ 𝑉 is a Jordan disk, 𝑓 is two-to-one

on it. Thus it is impossible that 𝑓 is in the principal hyperbolic component, and so

𝑃 R 𝒫𝑐
𝜆.

4.7.3 Continuity of the parameter map Φ𝑐
𝜆

We start with showing continuity of Φ𝑐
𝜆 at point 𝑃1 – the polynomial in C˚𝜆 such

that 𝑐 “ 1 is a multiple critical point.

Lemma 4.7.4. Suppose that a sequence 𝑃𝑐𝑛 P 𝒟𝑐
𝜆 converges to 𝑃1 (so that 𝑐𝑛 Ñ 1).

If 𝜂𝑃𝑐𝑛
p𝑐𝑛q converges, then the limit is equal to 1.

Proof. Let us assume that the sequence 𝑐𝑄,𝑛 “ 𝜂𝑃𝑐𝑛
p𝑐𝑛q in the dynamical plane of

the polynomial 𝑄 converges to some different from 1. Denote it as 𝑐𝑄. We can

choose a sequence of points close to the sequence p𝑐𝑛q with a limit also 1, more

precisely, a sequence p𝑦𝑛q such that its term 𝑦𝑛 is very close to 𝑐𝑛 for any 𝑛. Then

there are two cases: 𝑐𝑄 P BΔp𝑄q or 𝑐𝑄 R BΔp𝑄q. Let us start with the first one.

1) We assume that 𝑐𝑄 P BΔp𝑄q, then the multi-angle of 𝑐𝑄 is just some p𝛼0q.

We know that 1 and 𝑐𝑄 in Δp𝑄q can be separated, moreover here are two internal

rays 𝑅𝑄, 𝐿𝑄 in Δp𝑄q such that 𝑅𝑄 Y 𝐿𝑄 separates these two points. Then there

is a simple unbounded curve Γ𝑄 separating 1 and 𝑐𝑄 in C and containing 𝑅𝑄 and
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𝐿𝑄. This curve Γ𝑄 is the union of two legal arcs from 0 to repelling periodic points

of 𝑄 and the external rays of 𝑄 landing at these repelling points. We want to

introduce a curve Γ corresponding to Γ𝑄 also in the dynamical plane of 𝑃1. The

natural requirement for this correspondence is Γ being consisted of internal rays

in various bubbles of 𝑃1, centers of those bubbles, landing points of those rays, a

couple of repelling periodic points of 𝑃1, and a couple of external rays of 𝑃1 landing

at these repelling points as in the case with Γ𝑄. Moreover, there should be a bijective

correspondence between bubbles 𝐴 intersecting Γ and bubbles 𝐴𝑄 intersecting Γ𝑄

so that 𝐴 X Γ includes internal rays of the same arguments as 𝐴𝑄 X Γ𝑄, adjacent

bubbles correspond to adjacent bubbles, and Δp𝑃1q corresponds to Δp𝑄q. Such a

curve Γ exists (but is not unique) by Theorem 4.4.10. If we now consider some 𝑐

close to 1 we obtain a set Γ𝑐 for a polynomial 𝑃𝑐, which is close to Γ. But this set

may become disconnected, since Γ is not stable. Depending on 𝑐, we may choose

Γ since it is not unique so that Γ𝑐 stays connected. We need to require that if Γ

passes trough bubbles 𝐴 and 𝐴1 consecutively, then these two bubble should not be

attached by the root point 𝑟p𝐴q. Thus for every 𝑐𝑛 close to 𝑐 we get two curves Γ

and Γ𝑐𝑛close to each other in the spherical metric and separating 1 from the landing

point 𝑦 of the internal ray in Δp𝑃1q of argument 𝛼0. Then 𝑦𝑛 should have multi-angle

p𝛼0,𝑛, . . . q with 𝛼0,𝑛 close to 𝛼0, for 𝑛 big enough. It follows that 𝑦 and 𝑦𝑛 are on

the same side of Γ𝑐𝑛 , and 1 is on the other side. Moreover, Γ𝑐𝑛 cannot accumulate

on 1. We get a contradiction with 𝑦𝑛 Ñ 1.

2) Now we consider the second case when 𝑐𝑄 R BΔp𝑄q; we may assume that

𝑐𝑄 P 𝐽p𝑄q. Then 𝑐𝑄 has some multi-angle p𝛼0, 𝛼1, 𝛼2, . . . q and for 𝑛 big enough,

since 𝜂𝑃𝑐𝑛
is continuous, 𝑦𝑛 has multi-angle p𝛼0,𝑛, 𝛼1,𝑛, 𝛼2,𝑛, . . . q with 𝛼0,𝑛, 𝛼1,𝑛, 𝛼2,𝑛

close to 𝛼0, 𝛼1, 𝛼2. If 𝛼0 ‰ 0, then we can apply the same separation argument as

in the case 1).

Now if 𝛼0 “ 0 we also have 𝛼0,𝑛 “ 0 for large 𝑛. It turns out that we still can

get a simple curve Γ𝑄 with properties as above. Let us consider the bubble of 𝑄

with multiangle p0q. Denote it as 𝐴𝑄,1 and the landing point of the internal ray in

𝐴𝑄,1 of argument 𝛼2 as 𝑥𝑄. Then the desired curve Γ𝑄 will be the union of two

legal arcs from the bubble center 𝑜𝐴𝑄,1
to certain repelling periodic points of 𝑄 and

97



Chapter 4. Parametrization of Zakeri slices 4.7. The parameter maps Φ𝑐
𝜆 and Φ𝜆

the external rays of 𝑄 landing at these repelling points. It separates 𝑥𝑄 from 1 and

differs from the curve Γ𝑄 in the previous case only by the fact that it is now centered

at 𝑜𝐴𝑄,1
rather than 0. Thus we can apply the same proof as in the case 1).

Now we want to reformulate the Main Theorem 4.2.3 for the map Φ𝑐
𝜆. The

statement becomes the following:

Theorem 4.7.5. The map 𝜂𝑃 : 𝑋p𝑃 q Ñ 𝐾p𝑄q is monotone for every 𝑃 P 𝒞𝑐
𝜆 except

when 𝑐 P 𝑋p𝑃 qz𝐽p𝑃 q. For every 𝑃𝑐 P 𝒫𝑐
𝜆, the critical point 𝑐 is in 𝑋p𝑃𝑐q. The map

Φ𝑐
𝜆 : 𝑃𝑐 ÞÑ 𝜂𝑃𝑐p𝑐q is defined and continuous on 𝒫𝑐

𝜆. It takes values in 𝐾p𝑄qzΔp𝑄q.

The Main Theorem can be obtained from Theorem 4.7.5 by applying the quotient

projection 𝜏 from C˚𝜆 to C𝜆. The last part which we need to complete the proof of

Theorem 4.7.5 is the following Theorem:

Theorem 4.7.6. The map Φ𝑐
𝜆 : 𝒟𝑐

𝜆 Ñ 𝐾p𝑄q is continuous.

Proof. Let us consider some polynomial 𝑃 P 𝒟𝑐
𝜆 and a sequence 𝑃𝑐𝑛 P 𝒟𝑐

𝜆 which

converge to this polynomial 𝑃 “ 𝑃𝑐. We have to show that the sequence of images

𝑐𝑄,𝑛 “ Φ𝑐
𝜆p𝑃𝑛q converge to 𝑐𝑄 “ Φ𝑐

𝜆p𝑃 q. Let us assume that it is not true, then

we can choose a subsequence such that 𝑐𝑄,𝑛 Ñ 𝑐1𝑄 ‰ 𝑐𝑄. There are three cases

depending on the position of 𝑐𝑄 in 𝐽p𝑄q.

1) The first case: 𝑐𝑄 belongs to a bubble 𝐴𝑄 of 𝑄. Then there is a legal bubble

𝐴 of 𝑃 corresponding to 𝐴𝑄. This bubble contains 𝑐, which we know is a limit of

the sequence 𝑐𝑛. Since the bubble 𝑃 p𝐴q is stable, for each 𝑃𝑐𝑛 with 𝑛 big enough

there exists a unique bubble 𝐵𝑛 close to 𝑃 p𝐴q, which also contains the critical value

𝑃𝑐𝑛p𝑐𝑛q. Then by Lemma 4.5.6 a component 𝐴𝑛 of 𝑃´1𝑐𝑛 p𝐵𝑛q should contain the

critical point 𝑐𝑛. It is also is close to 𝐴. Each 𝐴𝑛 corresponds to 𝐴𝑄 since they all

𝐴𝑛 have the same multi-angle. The map 𝜂𝑃 p𝑃 p𝑐qq depends continuously on 𝑃 “ 𝑃𝑐

near 𝑃 . Let us consider two points 𝑄p𝑐𝑄q and 𝑄p𝑐1𝑄q (they are different since 𝑐𝑄 and

𝑐1𝑄 lie in the same bubble 𝐴𝑄). We get 𝑄p𝑐𝑄,𝑛q “ 𝜂𝑃𝑐𝑛
p𝑃𝑐𝑛p𝑐𝑛qq Ñ 𝜂𝑃 p𝑃 p𝑐qq “ 𝑄p𝑐q,

but also 𝑄p𝑐𝑄,𝑛q Ñ 𝑄p𝑐1𝑄q since 𝑐𝑄,𝑛 Ñ 𝑐1𝑄. Thus 𝑐𝑄 has to coincide with 𝑐1𝑄.

2) The second case: 𝑐𝑄 P 𝐽p𝑄q and either 𝑐 R BΔp𝑃 q or 𝑐 P BΔp𝑃 q is never

mapped to 1 under 𝑃 . Points 𝑐1𝑄 and 𝑐𝑄 are separated by an adapted wedge 𝑊𝑄
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(Proposition 4.6.7) and the sequence 𝑐𝑄,𝑛 has to belong to 𝑊𝑄 for all sufficiently

large 𝑛 (since 𝑊𝑄 is open). We can even choose some compact subset 𝐶𝑄 of 𝑊𝑄 for

all large 𝑛, such that 𝑐𝑄,𝑛 belongs to it. We know that there is some Siegel wedge

𝑊 of 𝑃 corresponding to 𝑊𝑄. Since the boundary of 𝑊 is stable, there are Siegel

wedges 𝑊𝑛 for 𝑃𝑐𝑛 close to 𝑊 that correspond to the same 𝑊𝑄. Then 𝑐𝑛 P 𝑊𝑛 for

𝑛 big enough since 𝑐𝑄,𝑛 P 𝐶𝑄 and thus 𝑐 P 𝑊 , a contradiction.

3) In the last case we assume that 𝑐 P BΔp𝑃 q and 𝑃 𝑘p𝑐q “ 1. For 𝑘 “ 0 it is

a consequence of Lemma 4.7.4. Case with 𝑘 ą 0 can be brought to the previous

one by considering the following conjugation: by a linear map that takes 𝑐 to 1 we

conjugate 𝑃 to a polynomial 𝑃 P 𝒵𝑐
𝜆. Then 1 is mapped to a critical point 𝑐 of 𝑃

such that 𝑃 𝑘p1q “ 𝑐 and thus we know that 𝑐 is never mapped to 1 under 𝑃 .

4.7.4 The final projection

As we have mentioned in the previous section, the Main Theorem can be obtained

from Theorem 4.7.5 by applying the quotient projection 𝜏 from C˚𝜆 to C𝜆. Now

we want to show, that we get the same result applying the the quotient map 𝜋 :

𝐾p𝑄qzΔp𝑄q Ñ 𝐾̃p𝑄q, corresponding to the quotient of 𝐾p𝑄qzΔp𝑄q described in

Definition 4.2.1. If we apply 𝜋, we get well defined and continuous map 𝜋˝Φ𝑐
𝜆 : 𝒫𝑐

𝜆 Ñ

𝐾̃p𝑄q. The only thing we need to show to prove that thus we obtain a continuous

map Φ𝜆 from 𝒫𝜆 to 𝐾̃p𝑄q is the fact, that 𝑃𝑐 and 𝑃1{𝑐 have the same images under

𝜋 ˝ Φ𝑐
𝜆. More precisely, we want to prove the following Lemma:

Lemma 4.7.7. The points Φ𝑐
𝜆p𝑃𝑐q and Φ𝑐

𝜆p𝑃1{𝑐q have the same 𝜋-images in 𝐾̃p𝑄q.

We will need the notion of the angular difference for the proof.

Definition 4.7.8. The difference 𝛼 ´ 𝛽 P R{Z, where 𝑎 “ 𝜓Δp𝑃 qp𝑒
2𝜋𝑖𝛼q and 𝑏 “

𝜓Δp𝑃 qp𝑒
2𝜋𝑖𝛽q is called the angular difference between two points 𝑎, 𝑏 P BΔp𝑃 q.

Proof of Lemma 4.7.7. For 𝑃𝑐 and 𝑃1{𝑐 the angular differences between the two crit-

ical points in the boundary of the Siegel disk have the same module and different

signs since 𝑃𝑐 and 𝑃1{𝑐 are affinely conjugate. Thus Φ𝑐
𝜆p𝑃𝑐q and Φ𝑐

𝜆p𝑃1{𝑐q have the

same angular difference with 1 up to a sign in BΔp𝑄q. Then two such points are

identified in 𝐾̃p𝑄q by definition of 𝐾̃p𝑄q.
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𝜆 and Φ𝜆

Thus by proving Lemma 4.7.7 we complete the proof of the Main Theorem 4.2.3.
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Chapter 5

Open questions

In this Chapter we focus on some open questions and possible further research

directions.

The Ivy algorithm, presented in Chapter 3, makes a contribution to the under-

standing of the combinatorics of invariant of Thurston map. However, we do not

make any statement about the structure of the Ivy graph. For example, it is an

interesting question, if there could exist an infinite sequence of pairwise different

ivy objects r𝑇𝑛s such that r𝑇𝑛s ( r𝑇𝑛`1s. It should be also very useful to under-

stand, if there could be two disjoint pullback invariant subsets of Ivyp𝑓q for some

quadratic rational Thurston map 𝑓 . Moreover, considering complicated examples of

Ivy graphs of Thuston maps with no a priori known invariant spanning trees is a

separate non-trivial problem.

In Chapter 4 we have presented the continuous parameter map Φ𝜆 : 𝒫𝜆 Ñ 𝐾̃p𝑄q.

But the properties of this map are not well-studied yet. For example, we would like

to figure out, if Φ𝜆 is surjective or monotone.
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