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Introduction

In the last centuries, partial differential equations have been used to model many physi-
cal problems: the Navier-Stokes and Euler equations in fluid dynamics, the Boltzmann
and Vlasov equations in statistical mechanics, the Schrodinger equation in quantum
physics, and many other PDEs concerning, for instance, material science or meteo-
rology. The richness of mathematical structure in these equations is always reason of
surprise.

As a motivating example, we introduce the Vlasov-Poisson system. It describes
the evolution of particles under their self-consistent electric or gravitational field. It is
the continuous counterpart of the N-body problem, which describes the motion of N
mass points under the influence of their mutual attraction governed by Newton’s law
of gravity. The N-body problem has applications in astronomy and plasma physics; for
instance, it describes the solar system or the motion of galaxies. In the gravitational
models, each element of unit mass with position x and velocity v obeys the equation

T=v
U= _axv;‘,(x)v

where V;(z) is the gravitational potential depending on time ¢ and position x. Collisions
between different masses are considered as an extremely unlikely event and are therefore
neglected. Since the number of involved elements in a galaxy can be of order 101°-10'2,
the galaxy is described in the Vlasov-Poisson system in a statistical way rather than
keeping track of each mass point. For this reason, we introduce the quantity fi(z,v),
which describes the distribution of particles with given position x and velocity v at
time ¢. The density f; solves a first order conservation law on phase space

Orft +v-Vofs —VoVi-Vofi =0  in (0,00) x R? x RY, (1)

whose characteristics are the equations of motion of a single test particle. In turn, the
gravitational potential V; is obtained from the physical density

pe(x) = fi(z,v)dv in (0,00) x R? (2)
R4
by solving the Poisson equation
— AV, = opy in RY, lim Vi(z) =0. (3)

|z| =00
1ii
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Here, 0 € {1} distinguishes the gravitational (attractive) and the electrostatic (re-
pulsive) problem.

The nonlinear system of partial differential equations (1), (2), and (3) has a trans-
port structure: indeed it can be rewritten as

Oift +bi - Vo ft =0, (4)

where the vector field by(z,v) = (v, Ey()) : R? — R?? is coupled to f; via the relation
E; = ocqps * (x/]z]?) and ¢4 is a dimensional constant. Indeed, the force field E; is
obtained as —V,V; and V; can be written as the convolution of p; with a singular kernel
by solving (3). Since the vector field is divergence free, it can be also rewritten as a
continuity equation

Oift + v:r,v : (btft) =0. (5)

Solutions of (5), when considering a fixed vector field b, turn out to be obtained by
flowing the initial datum fy along the characteristics of the vector field b. The deep
connection between the transport/continuity equation (Eulerian point of view) and the
notion of flow (Lagrangian point of view) is one of the most fascinating aspects of this
theory. It is the basis of many results regarding the continuity equation and the flows
even in a non-smooth setting, starting from the fundamental papers of DiPerna and
Lions [DPL1] and Ambrosio [A1].

Many questions regarding the Vlasov-Poisson equation are nowadays little under-
stood and some of them are deeply related to the dual, Lagrangian and Eulerian, nature
of the equation. One of the main open problems in statistical mechanics is, for instance,
the rigorous derivation of the equation. It amounts in proving that, when a sequence
of configurations with finitely many particles approximates a continuous initial distri-
bution of particles, the solutions of the approximate systems converge to the solution
of the Vlasov-Poisson equation. As well as the Boltzmann equation, the Vlasov equa-
tion has been rigorously derived only under restrictive smallness assumptions on the
time of observation, the total mass of matter, or the distance of the distribution func-
tion to equilibrium. Moreover, all derivations of the Vlasov equation assume that the
interaction at small scales is either smooth or not too singular.

As we saw above, the Vlasov-Poisson equation can be seen as a transport equation
in the phase space, coupled with a PDE which determines the gravitational field in
terms of the distribution of particles. The main scope of our thesis is a further step in
understanding some aspects of the interaction between transport equations and PDEs.
More precisely, we consider the following problems, which regard the DiPerna-Lions
theory and the regularity of degenerate elliptic equations, together with the analysis
of the interaction between these points of view in models coming from mathematical
physics.

e The Di Perna-Lions and Ambrosio theory for flows of non-smooth vector fields:
We develop a local version of the DiPerna-Lions theories for ODE’s, providing
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a complete analogy with the Cauchy-Lipschitz theory. More precisely, we prove
existence and uniqueness of a maximal regular flow for non-smooth vector fields
using only local regularity and summability assumptions on the vector field, in
analogy with the classical theory, which uses only local regularity assumptions.

e The quantitative estimates for the ODE: They constitute a different approach
to the DiPerna-Lions theory, this time relying on a priori estimates on solutions
of the ODE rather than on the connection between Lagrangian and Eulerian
structure. We apply these estimates in the Eulerian setting to obtain renormalized
solutions of the continuity equation with a linear source term; this equation is
not easily covered by the methods of DiPerna and Lions.

e The regularity of very degenerate elliptic equations: This problem comes from
a model in traffic dynamic and it is a variant of the optimal transport problem,
which takes into account congestion effects in the transportation. It leads to
different equivalent formulations; they employ in one case some concepts related
to flows of vector fields, in another case the minimization of a variational integral,
where the convexity of the integrand degenerates on a full convex set. We are
interested in the regularity of solutions.

e The Vlasov-Poisson system: This equation, introduced above, couples the trans-
port structure in the phase space (namely, the space of positions and velocities
of particles) with the Laplace equation, which describes the force field. The
existence of classical solutions is limited to dimensions d < 3 under strong as-
sumptions on the initial data, while weak solutions are known to exist under
milder conditions. However, in the setting of weak solutions it is unclear whether
the Eulerian description provided by the equation physically corresponds to a
Lagrangian evolution of the particles. Through general tools concerning the La-
grangian structure of transport equations with non-smooth vector fields, we show
that weak solutions of Vlasov-Poisson are Lagrangian and we obtain global exis-
tence of weak solutions under minimal assumptions on the initial data.

e The semigeostrophic system: It was introduced in meteorology to describe at-
mospheric/ocean flows. After a suitable change of variable, it has a dual version
which couples a transport equation with a nonlinear elliptic PDE, namely the
Monge-Ampere equation. We study the problem of existence of distributional
solutions to the original system.

In the following, we give a quick overview on all these problems and an outline
of the thesis’ content, postponing a more detailed mathematical and bibliographical
description of the single problems to the beginning of each chapter. The results in this
thesis are the final outcome of several collaborations developed during the PhD studies
and have been presented in a series of papers, already published or submitted.
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Flows of non-smooth vector fields Given a vector field b : (0,T) x R? — R? we

consider the ordinary differential equation

0 X (t,x) =b(t, X(t,x)) vt e (0,T) (©)
X(0,z) ==,

which is strictly related (via the method of characteristics) to the continuity equation
{ du+V-(bu)=0  in (0,T)x RY -

ug =u  given,

where u : (0,7) x R? — R. If the vector field b is Lipschitz with respect to space
uniformly in time, the Cauchy-Lipschitz theory and classical PDE arguments provide
existence and uniqueness of a solution to (6) and (7). In their fundamental papers,
exploiting the connection between (6) and (7), Di Perna and Lions [DPL4] and Ambro-
sio [A1] proved existence and uniqueness of a so called regular lagrangian flow, namely
a certain solution to (6), even in the case of Sobolev and BV vector fields. However,
the Cauchy-Lipschitz theory is not only pointwise but also purely local, meaning that
existence and uniqueness for small intervals of time depend only on local regularity
properties of the vector fields b;(x). On the other hand, not only the DiPerna-Lions
theory is an almost everywhere theory (and this really seems to be unavoidable) but
also the existence results for the flow depend on global in space growth estimates on
|b|, the most typical one being

b ()]

] © LY((0,7); L'(R?)) + L' ((0,T); L™(RY)),

which prevent the trajectories of the flow from blowing up in finite time. In Chapter 2,
based on a joint work [ACF1] with Ambrosio and Figalli, under purely local and natural
assumptions on the vector field, we prove existence of a unique mazximal reqular flow
X (t,z), defined up to a maximal time Tx (z) which is positive .Z%a.e. in R?, with

limsup | X (¢,z)| = o0 for Z%-a.e. x € R such that Tx (z) < T.
t—)TX (z)

We then study, in Chapter 3, the natural semigroup and stability properties of this ob-
ject; finally we analyze the blow-up of the maximal regular flow X (-, z) at the maximal
time T'x (x). Surprisingly enough, indeed, the proper blow up of trajectories, namely

lim | X(t,z)] =00 for #%-a.e. z € R? such that Tx (z) < T
t%Tx(IL‘)

happens only under a global bound on the divergence of b, whereas there are coun-
terexamples if only local bounds are assumed.
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Quantitative estimates for the continuity equation Another aspect of the the-
ory of regular lagrangian flows are the so called “quantitative estimates”, developed
in the Lagrangian case (namely, for solutions of (6)) by Ambrosio, Lecumberry, and
Maniglia [ALM], Crippa and De Lellis [CrDe|. This theory allows to prove unique-
ness and stability of flows, in an independent way with respect to the analysis of the
solutions to the continuity equation. More precisely, the fundamental a-priori estimate
is the following: given a small parameter 6 > 0, if X; and X, are the flows of two
vector fields by and by we consider the functional

5(t) = /Rdlog (1+ X1, 2) ;XQ(t’x)Q) dz,

whose time derivative is bounded independently on § under suitable assumptions on
the vector fields. A similar functional can be employed also in the Eulerian setting to
estimate the distance of two solutions of the continuity equation (7). This approach
is followed in a joint work with Crippa and Spirito [CCS], presented in Chapter 5,
where we consider (7) with a non-smooth vector field and a linear source term, called
damping term (although its sign may be either positive or negative), namely a right-
hand side of the form cu with ¢ : (0,7) x R? — R. In their fundamental paper [DPL4],
DiPerna and Lions proved that, when c¢ is bounded in space and time, the equation
is well posed in the class of distributional solutions and the solution is transported by
suitable characteristics of the vector field. Thanks to the quantitative estimates for the
solution of the continuity equation, existence and uniqueness of solutions holds under
more general assumptions on the data, for instance, assuming only integrability of the
damping term.

Regularity of degenerate elliptic PDEs In Chapter 6 and 7 we study the gradient
regularity of local minimizers of the functional

/ F(Vu) + fu, (8)
Q

where we are given a bounded open subset Q of R, a convex function F : R — R
which exhibits a large degeneracy set, and an integrable function f : Q@ — R. Our
model function is

1
F(v) = E(M -1 VeeR’ (9)
so that the degeneracy set is the entire unit ball. This problem comes from a model by

Beckmann [Be|, where, given an urban area where people move from home to work,
the optimal traffic flow o solves the minimum problem

min{/g}"*(a):cr eL’(Q), Vo= o v :()}. (10)
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Here, 7* denotes the convex conjugate of the function F; by the choice of F in (9), we
have that

1 .
F (o) =|o|+ =0 VYoeR
p

where p’ satisfies 1/p+1/p’ = 1. The function F is chosen so that its convex conjugate
F* has more than linear growth at infinity (so to avoid “congestion”) and satisfies
liminf,, 0 |[VF*(w)| > 0 (which means that moving in an empty street has a nonzero
cost).

Problem 10 is equivalent to the problem of minimizing the energy (8) with the
particular choice of F given by (9). The unique optimal minimizer & in problem (10)
turns out to be exactly VF(Vu), where F is defined by (9). The continuity of & is
meaningful in terms of traffic models, as shown in [CJS]. Indeed, one can consider
measures on the space of possible paths and select an optimal measure which satisfies a
Wardrop equilibrium principle: no traveler wants to change his path, provided all the
other ones keep the same strategy. According to this optimal measure, every path is a
geodesic with respect to a metric on  of the form g(|5(x)|)Id (where g(t) = 1 + tP~1
is the so-called “congestion function”), which is defined in terms of the optimal traffic
distribution itself. The continuity of ¢ and, therefore, of the metric allows to set and
study the geodesic problem in the usual sense.

In order to understand the regularity of minimizers of functionals as in (8), we
first recall that, when V2F is uniformly elliptic, namely there exist A, A > 0 such that
Md < V2F < Ald, the regularity results of u rely on De Giorgi theorem and Schauder
estimates. If the ellipticity of F degenerates at only one point, then several results are
still available. For instance, in the model case of the p-Laplace equation, that is when
F(v) = [v|P and f = 0, the C1* regularity of u has been proved by Uraltseva for p > 2,
initiating a wide literature.

With the choice of F in (9), the Lipschitz regularity of a local minimizer u follows
by standard techniques [FFM], since the equation is the classical p-Laplace equation
when the gradient is large. In general no more regularity than L°° can be expected on
Vu. Indeed, when F is given by (6.5) and f is identically 0, every 1-Lipschitz function
is a global minimizer of (6.4). However, in Chapters 6 and 7, based on joint works with
Figalli [CF1,CF2] we prove the continuity of VF(Vu), extending a previous result of
Santambrogio and Vespri [SV] which holds only in dimension 2.

The Vlasov-Poisson system The structure of transport equation hidden in the
nonlinear Vlasov-Poisson system, presented at the beginning of this Introduction, has
been exploited in a huge literature, in order to obtain existence and uniqueness of
classical solutions, namely, solutions where all the relevant derivatives exist. The first
existence results were obtained in dimension 1 by Iordanskii [Io], in dimension 2 by Ukai
and Okabe [UO], in dimension 3 for small data by Bardos and Degond [BD], and for
symmetric initial data in [Ba, Wo,Ho,Sc]|. Finally, in 1989 Pfaffelméser [Pf] and Lions
and Perthame [LP] were able to prove global existence of classical solutions starting
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from general data. Moreover, the uniqueness problem has been addressed under more
restrictive assumptions on the initial datum in [LP] and [Lo3], and both proofs employ
the Lagrangian flow associated to the solution, which is regular enough under a global
bound on the space density.

In recent years, an interesting direction of research in the context of the Vlasov-
Poisson system is given by the analysis of existence, uniqueness and properties of weak
solutions. In particular, when one drops the assumption of boundedness of the initial
density (this assumption is preserved along solutions thanks to the transport structure
of the equation) and assumes only that f; € L'(R??), the term E;f; appearing in the
equation is not even locally integrable. For this reason, Di Perna and Lions [DPL1]
introduced the concept of renormalized solution, which is equivalent to the notion of
weak (distributional) solution under suitable integrability assumptions on f;. In this
context, DiPerna and Lions announced global existence of solutions when the total
energy is finite and folog(1 + fy) € L'(R?9).

In the setting of weak solutions, due to the low regularity of the density and of the
vector field, it is unclear whether the Eulerian description provided by the equation
physically corresponds to a Lagrangian evolution of the particles. In Chapter 8 (based
on a joint work with Ambrosio and Figalli [ACF2]), we investigate this problem and
we apply the general tools developed in Chapter 4 to prove that the Lagrangian struc-
ture holds even in the context of weak/renormalized solutions. We obtain also global
existence of weak solutions under minimal assumptions on the initial data and improve
the result in [DPL1], dropping the hypothesis folog(1 4 f5) € L'(R??) and assuming
only the finiteness of energy.

The semigeostrophic system The semigeostrophic system models athmosperic/ocean
flows on large scales. The problem can be described in the case of periodic solutions in
R?, namely on the 2-dimensional torus T?

KV P(z) + (w(zx) - V)VPi(z) = J(VPy(z) — z) (z,t) € T? x (0,00)
V-u(x) =0 (z,t) € T? x [0,00)  (11)
Py(z) = P(x) z € T2

where PY is the initial datum, J € R?*? is a rotation matrix, u; represents the velocity,
and VP, is related to the pressure of the fluid.

Energetic considerations show that it is natural to assume the convexity of the
function P;(z). The system (11) has a dual formulation obtained with a change of
variable

Oopr +V - (Upr) = 0
() J(x — VP (x))
= (VP)sLr
( ) =p°(x) +|z[*/2,
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where P/ is the convex conjugate of P;. The existence of dual solutions was proved in
1998 by Benamou and Brenier [BB], and, starting from the lagrangian solutions of the
dual equation, in [CuFe| the authors managed to build a very weak solution of (11)
of lagrangian type, by reversing the change of variables. The formal expression for the
velocity u; of the original system, given a solution (P, p;) of the dual system, is given
by

u(z) = [V P|(VP(2)) + [V F|(VFi(2))J (VP(x) — o). (12)

However, the existence of distributional solutions to (11) stayed as an open problem
due to the low regularity of the change of variable, since a priori V2P}* is only a matrix-
valued measure and one needs also differentiability in time of VP to give a meaning
0 (12). The existence of Eulerian solutions is shown in joint works with Ambrosio, De
Philippis, and Figalli [ACDF1, ACDF2], thanks to the recent regularity results on
solutions of the Monge-Ampere equation [DF3], and it is the content of Chapter 9.

In the final part of this introduction, we outline other works developed during the
PhD that present some common underlying ideas and techniques with the ones outlined
above in this introduction.

Regularity of double phase variational problems Degenerate elliptic problems
arise also to model strongly anisotropic materials. Given Q@ C R%, d > 2, we are
here interested in the regularity of local minimizers u: 2 — R of a class of variational
integrals whose model is given by the functional

P(w) := /Q(\Dw]p—i—a(x)|Dw|q) dz | (13)

which is naturally defined on W!(Q), where
l<p<yg, 0<acChQ)), a € (0,1].

The functional P belongs to the class of functionals with non-standard growth condi-
tions, which have been widely studied in recent years. These are integral functionals of
the type

w / f(z, Dw) dx ,
Q

where the integrand f: 2 x R™ — R satisfies unbalanced polynomial growth conditions
of the type
12|P S flx,2) S |z|7+1 for every z € R%.

In (13), the coefficient a(x) describes the geometry of a composite, made of two different
materials, with power hardening of rate p and ¢, respectively. From the mathematical
viewpoint, the integrand of (13) switches between two different types (phases) of elliptic
behaviors according to the coefficient a(-). Since a interacts directly with the ellipticity
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of the problem, the presence of x is not any longer a perturbation, and this has direct
consequences on the regularity of minimizers. More precisely, the regularity of the
minimizer holds if the gap between the exponents p and ¢ is controlled in terms of the
regularity of a by

qg<p+a (14)

This condition is sharp, as shown in the counterexample in [ELM]. In [CM2], Mingione
and I proved that bounded local minimizers of (13) under the assumption (14) have
Holder continuous gradients, namely Vu € C%® for some 8 > 0. Boundedness is
a rather common feature since it for instance follows by maximum principle when
considering solutions of Dirichlet problems involving a bounded boundary datum wg €
L®(Q) N WHP(Q). In a companion paper [CM1] we prove that the same regularity
holds also in the case of unbounded local minimizers, but this time we assume a different
relation between the exponents p, ¢ and the regularity of a:

«
q<p+—p.
n

The proofs in [CM1, CM2]| rely on many different technical tools, going from the
p-harmonic approximation lemma to a fractional Caccioppoli inequality. A common
underlying idea is to consider, at each scale, namely on every ball B C (2, an alterna-
tive according to the fact that @

a(x

A T

holds or not, for a threshold M to be chosen. If it holds, then at this fixed scale we are
in the p-phase and we compare our minimizer to a solution of the p-Laplace equation
in the same ball. Otherwise, we are in the (p, ¢)-phase and the solution is compared to
the solution of a functional like (13) with frozen coefficient a(-) = ag. The regularity
for the frozen problem has been studied in [Li].

Many questions arise from the results presented above. For instance, in collabora-
tion with Baroni and Mingione [BCM1,BCMZ2]|, we see that Harnack inequalities, in
analogy with the results of [DT], hold also for minimizers of double phase integrals and
that the regularity theory developed in [CM1] can be generalized to different ellipticity
types. In particular, we consider a functional of the type

Pin(w) = /Q [[Dw|? + a(z)|Dw[PIn(1 + |Dw|)] dx

and correspondingly, the coefficient a is allowed to have a logarithmic modulus of
continuity in order to obtain the Holder continuity of the minimizer.

Optimal transport with Coulomb cost In some recent papers, Buttazzo, De
Pascale and Gori-Giorgi [BDG] and Cotar, Friesecke and Kliippelberg [CFK] consider
a mathematical model for the strong interaction limit of the density functional theory
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(DFT). In particular, the model for the minimal interaction of N electrons is formulated
in terms of a multimarginal Monge transport problem. Let ¢ : (RN — R be the
Coulomb cost function

1
oy, aN) = Y =] V(z1,...,2n) € (R)Y, (15)
1<i<j<N 7" J

p € P(R?%) be a given probability measure on R?, and 7 (p) be the set of transport maps
T(p) = {T : R - R? Borel : Tjp = p}, where Tjp represents the pushforward measure
of the measure p through the Borel map 7. We consider the Monge multimarginal
problem

(M) = inf { /Rd c(a, To(), ..., Tn(2)) du(z) : To, ..., Ty € T(p)}

and its cyclical version

(Myer) = inf { /R e, T(a), .. T (@) dp(a) : T € T(p), T = 1},

which is meaningful since the cost function is symmetric. Following the standard theory
of optimal transport, we introduce the set of transport plans

II(p) = {y € PR¥) : 7r§'y:p, i=1,...,N},

where 7 : (RY)N — R? are the projections on the i-th component for i = 1,..., N, and
the Kantorovich multimarginal problem

(K) = min{/(Rd)N c(xy,...,en)dy(xzy,...,oN) 1Y € H(p)},

where, in contrast with (M), we allow the splitting of mass. To every (N — 1)-uple of
transport maps Tb,...,Tn € T(p) we associate the transport plan

Y= (Id7T27-' : 7TN)ﬁp € H(p>

We remark that the existence of an optimal transport plan, namely a minimizer of
(K), follows from the lower semicontinuity of the cost, from the linearity of the cost
of a plan ~ with respect to v and from the fact that the admissible plans form a tight
subset of the set of measures on (R%)V. In a joint paper with Di Marino [CD], under
the sharp assumption that p is non-atomic, we prove that (K) = (M) = (Mgyq). In
particular, if an optimal transport map exists, it has the cyclical structure that appears
in (Mcya). This result reduces the optimization problem (K) over measures on RN to
the problem (Mcy¢;) over functions on RY and is useful in deriving numerical methods
to compute the value of (K). In a companion paper [CDD], joint work with Di Marino
and De Pascale, we address the problem of existence of optimal transport maps in



xiii

dimension d = 1, providing an explicit construction of the optimal map. For N = 2, in
any dimension, existence follows from the standard optimal transport theory (see [Vi])
since the so called “twist condition” is formally satisfied by the Coulomb cost (15). In
the multimarginal case N > 3, there is no general theory for the existence of optimal
maps and the construction in [CDD] heavily relies on the assumption d = 1. The
generalization of this result to higher dimensions is open.

Geometric characterizations of rigidity in symmetrization inequalities and
nonlocal perimeters Symmetrization inequalities are among the most basic tools
of the Calculus of Variations. They include the Polya-Szego inequality for the Dirichlet
energy, the Steiner symmetrization and its analogous in the Gaussian setting, named
Ehrhard symmetrization, which is a well-known tool in Probability Theory, arising in
the study of geometric variational problems in Gauss space.

The study of their equality cases plays a fundamental role in the explicit character-
ization of minimizers, thus in the computation of optimal constants in geometric and
functional inequalities. Although it is usually easy to derive useful necessary condi-
tions for equality cases, the analysis of rigidity of equality cases (that is, the situation
when every set realizing equality in the given symmetrization inequality turns out to
be symmetric) is a much subtler issue. Sufficient conditions for rigidity have been
known, and largely used, in the case of the Polya-Szego inequality for the Dirichlet
energy [BZ], and of Steiner inequality for perimeter [CCF|. However, these sufficient
conditions fail to be also necessary: for example, the one proposed in [CCF] fails to
characterize rigidity even in the class of polyhedra in R3. A preliminary analysis of
some examples indicates that, in order to formulate geometric conditions which could
possibly be suitable for characterizing rigidity, one needs a measure-theoretic notion
which describes when a Borel set “disconnects” another Borel set. This notion, called
essential connectedness, was first introduced in a joint paper with Cagnetti, De Philip-
pis, and Maggi [CCDM1] and it is inspired by the notion of indecomposable current
adopted in Geometric Measure Theory (see [Fe, 4.2.25]). It allows to formulate in its
terms a simple geometric condition that characterizes rigidity in Ehrhard inequality for
Gaussian perimeter. The same notion can be employed, together with a fine analysis
of the differentiability properties of the barycenter function of a set of finite perimeter
whose sections are segments, to provide various characterizations of rigidity in Steiner
inequality for Euclidean perimeter. This was done in collaboration with Cagnetti, De
Philippis, and Maggi [CCDM2].






Chapter 1

Preliminary results

The aim of this Chapter is twofold. On one side, we give an overview on the classical
results regarding flows of vector fields, the regularity of degenerate elliptic PDEs and,
in particular, the Monge-Ampere equation. These results and ideas will be fundamental
for the development of all the subsequent chapters. On the other side, we present the
classical theory according to a point of view that will be useful in the rest of this thesis,
showing refinements of the known theorems that suit the subsequent discussions.

1.1 An overview on flows of vector fields

Given a vector field b : (0,T) x R? — R% we consider the ordinary differential equation

{atX(t,ﬁf):bt(X(tvx)) vt e (0,T) (1.1)

X(0,2) ==,

In the smooth setting, namely when b is locally Lipschitz with respect to the space
variable, existence and uniqueness of a solution to (1.1) is guaranteed by the Cauchy-
Lipschitz theorem.

Theorem 1.1 (Cauchy-Lipschitz). Let T > 0, b € L'((0,T); Lip,.(R% R%)). Then for
every x € RY there exists a unique mazimal solution X (-,x) of (1.1) defined in a
nonempty mazimal existence time [0, Tx (z)). Moreover, the map Tx is lower semicon-
tinuous, for every x € R? such that Tx (z) < T the trajectory X (-, z) blows up properly,
namely
lim | X (¢, 2)] = oo,
t—Tx ()
and the map X (t,-) is locally Lipschitz in space on its finiteness domain.

The ODE (1.1) is strictly related (via the method of characteristics) to the transport
equation

Ou+b-Vu=0  in (0,T) x R? (12)
ug =u  given. '

1
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Indeed, if u is a smooth solution of (1.2) and z € R, we have

%ut(X(t, x)) = 0w (X (t,x)) + 0, X (t,x) - Vu (X (¢, z))
= Oyu( X (t,z)) + be(X (¢, z)) - Vue(X (¢, z)) =0,

so that w is constant along the characteristics of b. Hence, given an initial datum
ug = U, we expect
- -1
w(z) = u(X(t,)" (2))

to be a solution of the transport equation, and this can be easily checked by direct
computation. In the last thirty years, a huge effort has been made in order to develop
a theory of flows of vector fields in the non-smooth setting, in view of applications to
physical systems. In the following, we precise the meaning of the ODE (1.1) and of the
continuity and transport equation in a non-smooth setting. The continuity equation is

{ du+V-(bu)=0  in (0,T) x RY 13)

ug = U given,

where u : (0,T) x R? — R; in the case of a divergence-free vector field, it is equivalent
to the transport equation (1.2). We mostly use standard notation, denoting by .#¢ the
Lebesgue measure in R?, and by fup the push-forward of a Borel nonnegative measure
v under the action of a Borel map f, namely fygu(B) = p(f~1(B)) for any Borel set
B in the target space. We denote by B(R?) the family of all Borel sets in R%. In the
family of positive finite measures in an open set €2, we will consider both the weak
topology induced by the duality with Cy(€2) that we will call narrow topology, and the
weak topology induced by C.(€2). Also, .#, (Rd) will denote the space of finite Borel
measures on R?, while @(Rd) denotes the space of probability measures.

In the non-smooth setting, given a Borel vector field b : (0,7) x R? — R? an
integral curve 7 : [0,T] — R? of the equation d;y = b;(7y) (see (1.1)) is an absolutely
continuous curve in AC([0,T]; R?) which satisfies the previous ODE for almost every
t € [0,T]. The continuity equation is intended in distributional sense, according to the
following definition.

Definition 1.2 (Distributional solutions). A family {s}sc(o,7] of locally finite signed
measures on R? such that by is a locally finite measure is a solution of the continuity
equation if it solves

O + V- (b)) =0

in the sense of distributions, namely for every ¢ € C°((0,T) x R9)

T
/0 /R [0n(@) + Vain(@) - bu(@)] dpu(a) dt = 0.
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The family {4 }4cp0,7] is a solution of the continuity equation with initial datum pug if
for every ¢ € C°([0,T) x R%)

T
/]Rd do(x)po(z) +/0 /Rd [0r0e () + V() - by(z)] dpe(a) dt = 0.

When we consider possibly singular measures p;, the vector field b; has to be defined
pointwise and not only .Z%a.e., since the product by is sensitive to modifications of by
in Z?-negligible sets. In the following, in particular with Sobolev or BV vector fields,
we will often consider only measures p; which are absolutely continuous with respect
to %, so everything is well posed and does depend only on the equivalence class of b
in Lt _((0,T) x R%).

If we consider a function 3 € C'(R) and we multiply the transport equation (1.2)
by '(u), we see that, if u is a smooth solution of the transport equation, so is B(u).

The previous observation is encoded in the following definition.

Definition 1.3 (Renormalized solutions). Let b € L ((0,7); LL .(R%R?)) be a vector

field with divb € LL _((0,7); LL .(R%: RY)). Let u € L ((0,T); L (RY)) and assume
that, in the sense of distributions, there holds

c:=du+b-Vue L ((0,T); L (R RY)). (1.4)
Then, u is a renormalized solution of (1.4) if for every 8 € C*(R) N L*=(R)

9yB(u) + b - VB(u) = cf'(u).

in the sense of distributions. Analogously, we say that u is a renormalized solution
starting from a Borel function ug : R¢ — R if

T
d0()B(uo()) d + / / Orbe(x) + Vou(a) - bu(w)]Blus()) ddt = 0
R4 0 R4

for all ¢ € C°([0,T) x R?) and all 8 € C' N L¥(R).

The renormalization property describes a property of solutions of a wide class of
PDEs related to the transport equation (1.2); for this reason, we will introduce in the
following Chapters a few definitions of renormalized solutions that capture better the
features of each single problem. The renormalization property can be also used to give
a meaning to equation (1.3) when the boundedness (or even the integrability) of w is
not any more assumed as an assumption. Indeed, although the product b,u; may not
even be locally integrable if b € LL ((0,7) x R?) and u; € LL _((0,T) x RY), the term
b:5(u;) appearing in (5.11) is always locally integrable. This will be used in Chapter 8
to give a general notion of solution to the Vlasov-Poisson equation and in Chapter 5
for the continuity equation with an integrable damping term (see Definition 8.1 and 5.3
respectively).
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If the vector field b is not assumed to be smooth, namely locally Lipschitz in space,
but only Sobolev or BV, easy one dimensional examples show that the uniqueness of
trajectories of the ODE 1.1 fails. For instance, if we consider the autonomous vector
field b(z) = \/|z|, * € R, then we have many solutions of the ODE, which start from
rg = —c? < 0, reach the origin in time 2c, stay at the origin for any time 7' > 0, and
continue as (t — T — 2¢)?.

However, one can still associate to the vector field b a notion of flow, made of a
selection of trajectories of the ODE. Among all possible selections, we prefer the ones
that do not allow for concentration, as presented in the following definition.

Definition 1.4. Let 7 > 0 and b: (0,7) x R? — R? a Borel, locally integrable vector
field. We say that the Borel map X : R% x [0, 7] — R? is a regular Lagrangian flow of
b if the following two properties hold:

(i) for ZL%a.e. x € RY X(-,z) € AC([0,T]; R?) and solves the ODE i(t) = by (x(t))
Z'a.e. in (0,T), with the initial condition X (0, ) = x;

(ii) there exists a constant C' = C(X) satisfying X (¢, )4 2% < CZ4 for every t €
[0,7].

It can be easily checked that the definition of regular Lagrangian flow depends on
the equivalence class of b in Li ((0,T) x R?) rather then on the pointwise values of b.

The well-celebrated papers of DiPerna and Lions [DPL4] and Ambrosio [A1] pro-
vide existence and uniqueness of the regular Lagrangian flow assuming local Sobolev
or BV regularity of b, boundedness of the distributional divergence divb, and some
growth conditions on b.

Theorem 1.5. Let b € L'((0,T); BVioe(R%:RY)) be a wector field that satisfies the
bound on the divergence (divb)_ € L'((0,T); L>°(R%)) and the growth condition

M € L'((0,T); L' (R)) + L'((0,T); L= (RY)).

Then there exists a unique reqular Lagrangian flow X of b.

The previous theorem has been extended to different classes of vector fields; some
of them are listed in Remark 1.9 below. Thanks to the existence and uniqueness of a
regular lagrangian flow, it is possible to define the notion of Lagrangian solution for the
continuity and transport equation. These are solutions obtained by flowing the initial
datum according to the regular lagrangian flow of b.

The proof of the previous theorem is based on the interaction between the PDE
point of view on the continuity equation and the lagrangian techniques. In the following
two sections, we present two key ideas behind Theorem 1.5, which in turn will be
fundamental in order to develop a local version of Theorem 1.5.
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1.2 A bridge between Lagrangian and Eulerian solutions:
the superposition principle

This section is devoted to the so called “superposition principle”, which encodes the
connection between the Eulerian and the Lagrangian formulation of the continuity
equation, namely between nonnegative distributional solutions of the PDE and solu-
tions transported by a set of (possibly branching) curves. The aim of Section 1.3 is,
then, to show that, under more restrictive assumptions on the vector field, this set of
curves is given exactly by the flow of b.

Let us fix T € (0,00) and consider a weakly continuous family u; € 4 (]Rd),
t € [0,T7], solving in the sense of distributions the continuity equation

d
e+ Ve (b)) =0 i (0,7) x R4

for a Borel vector field b : (0, T) x R? — R?, locally integrable with respect to the space-
time measure u;dt. When we restrict ourselves to probability measures p;, then weak
and narrow continuity w.r.t. ¢ are equivalent; analogously, we may equivalently consider
compactly supported test functions ¢(t,z) in the weak formulation of the continuity
equation, or functions with bounded C' norm whose support is contained in I x R?
with I € (0,T). If J C R is an interval and ¢ € J, we denote by e; : C(J;R?) — R? the
evaluation map at time ¢, namely e;(n) := n(t) for any continuous curve 7 : J — R%,

We now recall the so-called superposition principle. We prove it under the gen-
eral assumption that g, may a priori vanish for some ¢ € [0,7], but satisfies (1.5);
we see in Remark 1.7 that this assumption implies that there is no mass loss, namely
pe(RY) = po(R?) for every t € [0,7]. Remark 1.7 allows the reduction of the su-
perposition principle, as stated below, to [AC1, Theorem 12], which presents the
same result assuming that the family u; is made of probability measures. We men-
tion also [AGS1, Theorem 8.2.1], where a proof is presented in the even more special
case of LP integrability on b for some p > 1

/OT /Rd b (2)|P dpe(z) dt < oo.

The superposition principle will play a role in the proof of the comparison principle
stated in Proposition 1.11, in the blow-up criterion of Theorem 3.13 and in Theorem 4.9,
where a completely local version of the superposition principle is presented.

Theorem 1.6 (Superposition principle and approximation). Let b: (0,7T) x R? — R4
be a Borel vector field. Let u, € My (Rd), 0 <t < T, with uy weakly continuous in
[0, T] solution to the equation %,ut + div (bug) = 0 in (0,T) x R, with

/ /Rd |1bt+ ] O (z) dt < . (1.5)

Then there exists m € M4 (C([0, T);R?)) satisfying:
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(i) m is concentrated on absolutely continuous curves n in [0,T], solving the ODE
N =bi(n) L -a.e in (0,T);

(ii) e = (et)ym (so, in particular, (R = po(RY)) for all t € [0,T7.

Moreover, there exists a family of measures uft € M (Rd), narrowly continuous in
[0,T], solving the continuity equation and supported on Bp, such that ,uﬁ T e as
R — oo for all t € [0,T].

Remark 1.7. We show that, if y; and b; are taken as in Theorem 1.6 then u; does not
loose or gain mass, namely

p(RY) = po(RY) vt e [0,T]. (1.6)

Indeed, let R > 1 and xr € C2°(Bsgr) be a cut-off function with 0 < yg <1, xg =1 on
a neighborhood of Br and |Vxpg| < XBsg\Bg- Since py solves the continuity equation
and since 1/R < 4/(1 + |z|) for || € Bsg \ Br, we have

T
d
‘/ XRd,uo/ XRdut)S/ ‘d/ XRd,ut‘dt
Rd Rd o lat Jga
T
:/ ’/ b+ Vxr dyu| i
0 Bsr\Br
1 T
_/ [ bl
B3r\Br

bt (z
d,u (z) dt.
/ /B3R\BR 1+ ‘fU’
Hence we deduce that

T bz
to(Br) — pit(Bsr) s/ deuo—/ XRdutgzL/ / [B()] dus(z)dt (1.7)
Rd Rd 0 JByp\Br L+ 7|

and

by(
wi(Br) — po(Bsgr) S/ XRth—/ XR Ao <4/ / 104 dut(w) dt. (1.8)
Rd Bsr\Br 1+ |5U’

Letting R — oo in (1.7) and (1.8), the right-hand sides converge to 0 by (1.5) and we
find (1.6).

The proof of the superposition principle, as stated in Theorem 1.6, can be found
in [AC1, Theorem 12], once Remark 1.7 is taken into account. The proof is based on a
clever regularization argument: we consider a family of convolution kernels {p:}.c (0,1
having integral 1 and supported on the whole R?, and we define

(bue) * p°

&€ (4 (>
= Ly x p°, b° =
M K Lg% pF
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We call X ¢ the flow of the vector field b°, so that u® solves the continuity equation and it
is transported by X°¢, since b°® satisfies some local Lipschitz bounds, uniformly in time.
Then, we define n° € .#(AC([0,T];R?)) as the law under y§ of the map = +— X°(-, z),
namely n° := X°(-,z)xpg. Assumption (1.5) (which holds uniformly also for b° and
pf) allows to conclude that the sequence n° is tight and hence it converges to some n
(up to subsequences). Finally, one can show that

/ ‘17(75) —x — fg bs(n(S)) ds‘ dn(n) -0 for every t € [OvT]’

1+ maxg 7y |n]

which proves that 7 is concentrated on integral curves of b.

The last statement in Theorem 1.6 can simply be obtained by restricting n to the
class of curves contained in B for all ¢ € [0,7] to obtain positive finite measures
nt < n which satisfy n® 1 0, and then defining pf := (e) zn*.

1.3 Uniqueness of bounded solutions of the continuity
equation

In Section 1.2 we saw that, under very general assumptions, nonnegative distributional
solutions of the continuity equation are transported by a set of curves. The aim of
this section is to exploit the connection between the well posedness of the continuity
equation and the fact that solutions of the continuity equation are lagrangian, namely,
are transported by the flow of b. In particular, we show in Theorem 1.12 that, if
the vector field b satisfies a local uniqueness property of solutions of the continuity
equation, then the disintegration of every representation of a bounded distributional
solution with respect to the evaluation at time 0 gives a family of deltas, which in turn
represent the regular lagrangian flow.

Given a closed interval I C R and an open set  C R%, let us define the class £ 1,0 of
all nonnegative functions which are essentially bounded, nonnegative, and compactly
supported in €2:

Lro:=L%(LL3(Q) N{w: suppw is a compact subset of I x Q}. (1.9)

We say that p € L1 is weakly™ continuous if there is a representative p; with ¢ —
p¢ continuous in I w.r.t. the weak* topology of L>°(€). Notice that, in the class
L1 o, weak™ continuity of p is equivalent to the narrow continuity of the corresponding
measures jy := pp.L% € M (R?).

For T € (0,00) we are given a Borel vector field b : (0,T) x Q — RY satisfying:

(a-Q) fOT Jo |b(t, )| dzdt < oo for any Q' € Q;
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(b-€2) for any nonnegative p € L3°(£2) with compact support in €2 and any closed interval
I = [a,b] C [0,T], the continuity equation

d
prik +div (bp) =0 in (a,b) x Q

has at most one weakly* continuous solution I > ¢+ p; € L o with p, = p.

Remark 1.8. Theorem 1.5 holds also if the local regularity of b, namely the hypothesis
b € L'((0,T); BVioc(R% RY)), is substituted by assumptions (a-R%) and (b-R%). This
can be seen from the proof of Theorem 1.5 and will be clear after the discussion in
Chapter 2.

Remark 1.9. Assumption (b-2) is known to be true in many cases. The following list
does not pretend to be exhaustive:

— Sobolev vector fields [DPL4]|, BV vector fields whose divergence is a locally
integrable function in space [Bo,CL1,CL2,A1], some classes of vector fields of bounded
deformation [ACM];

— vector fields B(z,y) = (bi(z,y), ba(z,y)) with different regularity w.r.t. x and
y [LL, Ler];

— two-dimensional Hamiltonian vector fields [ABC] (within this class, property
(b-€2) has been characterized in terms of the so-called weak Sard property);

— vector fields arising from the convolution of L! functions with singular inte-
grals [BC1,BCz2]. In this case, the authors proved uniqueness of the regular lagrangian
flow associated to b; we outline in the next remark how to obtain the eulerian unique-
ness property (b-Q2) following their argument.

— vector fields with a particular structure, one of whose components is obtained from
the convolution of a finite measure with a singular kernel [BBC1] (see also Section 1.4).

Remark 1.10. Under the assumptions on the vector field b considered in [BC2], the
authors proved in [BC2, Theorem 6.2] the uniqueness of the lagrangian flow. In their
key estimate, the authors take two regular lagrangian flows X and Y, provide an upper
and lower bound for the quantity

O5(t) == /log (1+ Xt @) - Y(t’x”) dr  telo,T] (1.10)

o

in terms of a parameter 6 > 0, and eventually let § — 0. To show that property (b-Q2)
holds, we consider two nonnegative bounded solutions of the continuity equation with
the same initial datum which are compactly supported in [a,b] x Q. By Theorem 1.6
there exist n',n? € 2(C([a,b);RY)) which are concentrated on absolutely continu-
ous solutions n € AC([a,b]; ) of the ODE 7 = b(t,n) L -a.e. in (a,b), and satisfy
(er)gm' < CZL4 for any t € [a,b], i = 1,2. Moreover, we have that (eq)xn' = (eq)xn>.
Given § > 0, we consider the quantity

wie) = [ [ [ron (14 POZT ant ) an o) alea) ' o) te[a,(zf,n)
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where nl, n2 are the disintegrations of n' and n? with respect to the map e,. Since
n' and n? are concentrated on curves in C([a,b]; ), to show that n' = n? we can
neglect the behavior of b outside €. Following the same computations of [BC2] with
the functional (1.11) instead of (1.10), we show that nl = n2 for (e,)gn'-a.e. z € Q
and this implies the validity of property (b-Q).

More recently, these well-posedness results have also been extended to vector fields
in infinite-dimensional spaces (see [AF] and the bibliography therein). It is interesting
to observe that the uniqueness assumption in (b-2) actually implies the validity of a
comparison principle.

Proposition 1.11 (Comparison principle). If (a-Q) and (b-Q2) are satisfied, then the
following implication holds:

pw<p =  p<p Vte[0,T]

for all weakly* continuous solutions of (1.3) in the class L7 -

Proof. Let 1’ be representing i := pi.#? according to Theorem 1.6, and let B’ be
the conditional probability measures induced by eg, that is

/F(n) dn' = / (/ F(n) dni) dub () VE:C([0,T]);RY) — R bounded,
Rd
or (in a compact form) n'(dn) = [ 1 (dn) du}(x). Defining

fi(dn) == / i), = ()4

because pfy < p3, we get ) < n?. Moreover, the densities of measures fi; and u; provide

two elements in Ly 77,0, solving the continuity equation with the same initial condition
p1§. Therefore assumption (b-Q) gives iy = pf for all t € [0,T], and pi = iz = (er) 47 <
(et)¢m? = pf for all t € [0,7T7, as desired. O

Theorem 1.12. Assume that b satisfies (a-Q) and (b-Q), and let X € Z(C([0,T]; RY))
satisfy:

(i) X is concentrated on

{ne AC([0,T];Q) : n(t) = be(n(t)) for ZLlae te 0,7)};

(i) there exists Cp € (0,00) such that

(er)X < Co.2% YVt elo,T). (1.12)
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\
A\

Figure 1.1: The trajectories X (-,x) and Y (-, ) on which a certain A may be concen-
trated.

Then the conditional probability measures A, induced by the map ey are Dirac masses
for (eg)gA-a.e. x; equivalently, there exist curves n, € AC([0,T];9) solving the Cauchy
problem 1 = by(n) with the initial condition n(0) = z, satisfying

A= [ 5. dco)pN @)

The simplest situation where the thesis of Theorem 1.12 does not hold is given by
a measure X such that, for a set of positive measure A C R? of initial positions, there
are two integral curves of b, X (-,z) and Y (-,x) on which A, is concentrated, and the
measure A, weights them equally. Up to reducing the set A, we may assume that all the
trajectories X (-, z) and Y (-, z) starting from A live in a compact set and, after some
time to > 0, the two sets X (t9, A) and Y (¢o, B) are disjoint (see Figure 1.3). Hence,
the two solutions obtained by flowing the initial datum (eg)4AL- A according to X and
Y are concentrated on disjoint sets at time tg. This contradicts the well-posedness of
the continuity equation.

Proof of Theorem 1.12. Let {A,}nen be an increasing family of open subsets of
whose union is 2, with A, € A,+1 € Q for every n. Possibly considering the re-
striction of A to the sets

{ne C([0,T];RY) : n(t) € A, for every t € 0,77}

it is not restrictive to assume that X is concentrated on a family I' of curves satisfying
U776F n([0,T]) € Q. Then, using the uniqueness assumption for uniformly bounded
and compactly supported solutions to the continuity equation, the result follows from
the decomposition procedure of [AC1, Theorem 18] (notice that the latter slightly
improves the original argument of [A1, Theorem 5.4], where comparison principle for
the continuity equation was assumed, see also Proposition 1.11 and its proof). For the
sake of completeness, we describe briefly the idea of the argument. By contradiction,
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we assume that A, are not Dirac masses in a set of (eg)xA positive measure. Hence
we can find to € (0,7T], two disjoint Borel sets E,E’ C R, and a Borel set C' with
[(e0)#A](C) > 0, such that

Az ({7 :7(to) € E}) Ap({v : 7v(to) € E'}) >0 Ve e C

and more precisely

0<

Az({y:7(to) € BY)
Az ({7 :7(to) € E'}) <M VzeC (1.13)

for some M > 0 (see [AC1, Lemma 16]). Setting f(z) the ratio in (1.13), we introduce
A= AL{y:7(0) € C, v(to) € B}, A% = f(4(0))AL{y : 7(0) € C, 7(to) € E'}

The measures (e;) A and (e;)4A* are the two bounded distributional solutions of the
continuity equation with the same initial datum (by the definition of f), hence they
should coincide by our assumption on the vector field. On the other hand, (eto)#)\l
and (eto)#z\2 are orthogonal, and this gives a contradiction. O

Remark 1.13. The assumption (b-Q2) is purely local, as it is proved in Section 2.3.
Moreover, it could be reformulated in terms of a local uniqueness property of regular
lagrangian flows: for any tg > 0,z € Q there exists € := &(tg, 29) > 0 such that for any
Borel set B C B:(z9) C Q and any closed interval I = [a,b] C [to — &,t0 + €] N[0, T],
there exists at most one regular lagrangian flow in B x [a, b] with values in B.(z9) (see
Definition 2.1).

Indeed, (b-€2) implies the local uniqueness of regular lagrangian flows by Theo-
rem 1.12 applied to A = %fB(éx(,@) + 6y(,7x))d$d($), where X and Y are regular
lagrangian flows in B X [a, b]; on the other hand, we obtain the converse implication
through the superposition principle. This approach has the advantage to state the as-
sumptions and the results of Chapter 2, 3, and 4, and only in terms of the lagrangian
point of view on the continuity equation. On the other hand, in concrete examples it
is usually easier to verify assumption (b-Q2) than the corresponding lagrangian formu-
lation.

1.4 Uniqueness for the continuity equation and singular
integrals

In this section we deal with uniqueness of solutions to the continuity equation when
the gradient of the vector field is given by the singular integral of a time dependent
family of measures. This kind of vector fields appear when considering weak solutions
of the Vlasov-Poisson system, as in Chapter 8. The theorem is a minor variant of a
result by Bohun, Bouchut, and Crippa [BBC1] (see also [BC2], where the uniqueness
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is proved for vector fields whose gradient is the singular integral of an L' function).
We give the proof of the theorem under the precise assumptions that we need later
on, since [BBC1] deals with globally defined regular flows (hence the authors need to
assume global growth conditions on the vector field), whereas here we present a local
version of such result.

Theorem 1.14. Let b : (0,T) x R? — R2? be given by by(x,v) = (b1(v), by (x)),
where
by € L0, T); WE®(RLRY)), by =K py

loc
with p € L=((0,T); 4+ (RY)) and K (x) = x/|z|?.
Then b satisfies (b) of Section 3.5, namely the uniqueness of bounded, compactly sup-
ported, nonnegative, distributional solutions of the continuity equation.

Proof.  To simplify the notation we give the proof in the case of autonomous vector
fields, but the same computations work for the general statement.

It is enough to show that, given Bp C R? and n € 2(C([0,T); Bg x Bgr)) con-
centrated on integral curves of b and such that (e;)yn < CoZ for all ¢ € [0,T], the
disintegration m, of n with respect to the map eg is a Dirac delta for egun-a.e. x.
Indeed, any two nonnegative, bounded, compactly supported, distributional solutions
with the same initial datum p can be represented through the superposition principle
(see Theorem 1.6 or [AC1, Theorem 12]) by 1y, ny € Z(C((0,T]; B x Br)). Hence,
setting n = (1 +n4)/2, if we can prove that 7, is a Dirac delta for p-a.e. = we deduce
that (197)z = (ny)z = n, for p-a.e. z, thus n; = n,.

To show that m,, is a Dirac delta for epxm-a.e. x, let us consider the function

Ty il 204) _ 2
Bsc(t) = [ [ [ 1og (1 OO DO Oy i, ) dpt),

where 0, ¢ € (0,1) are small parameters to be chosen later, ¢t € [0,T], p := (eg)xn, and
we use the notation v(¢) = (v!(t),7%(t)) € R? x R%. Tt is clear that ®5.(0) = 0.

Let us define the probability measure p € 22 (R? x C([0,T];R%)?) by du(z,n,7) =
dn,.(n)dn,(v)dp(x), and assume by contradiction that 7, is not a Dirac delta for p-a.e.
2. This means that there exists a constant a > 0 such that

/// (/OT min{|y(t) —n(t)], 1} dt) dp(z,m,7) > a.

By Fubini’s Theorem this implies that there exists a time ¢y € (0, 7] such that

[ mind ) = ntto) 1} dutan ) = 5.

Since the integrand is bounded by 1 and the measure p has mass 1, this means that
the set

A= {(:c,n,'y) : min{|y(to) — n(to)],1} > 221}
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has p-measure at least a/(27). Then, assuming without loss of generality that a < 2T,
this implies that |y(to) — n(to)| > a/(2T) for all (z,n,7) € A, hence

B (to) > /// log 1 n \’Yl(to)c—gﬁl(toﬂ n 172 (to) g 772(t0)|> dp(z,m,7)

>—lo ( L)
o1 8\" T 95T )

We now want to show that this is impossible.

(1.14)

Computing the time derivative of @5, we see that

d<I>5 b ( b C ba(v(t)) — Lt
s ///(! O] bl 0) bR g,
R 5+!7 ()I) Co+ [yH(E) —n' (1)l
(1.15)
By our assumption on b;, the first summand is easily estimated using the Lipschitz

regularity of b; in Bpg:

1(v°(t)) — bl (8)) Vb1 o)
/Rd/ 5+ h/ ) 772(8)’) dlul(‘rana'Y) < c . (1.16)

To estimate the second integral we show that for some constant C', which depends
only on d, |p|(R?) and R, one has

Gt P e < cc(ivm(G)). am

To this end, we first recall the definition of weak LP norm of a u-measurable function
f: X — R in a measure space (X, u):

11y o= supA p({1f] > ADMP: A > 0}

By [BC2, Proposition 4.2 and Theorem 3.3(ii)], there exists a modified maximal op-
erator M, which associates to every function of the form DK * o, o € .4 (R?), the
function M (DK * o) € L*(R?) with the following properties: there exists a set L with
Z4(L) = 0 such that

|Kxo(z)— Kx*xo(y)| < C[ (DK x0)(x )—f—M(DK*U)(y)] |z —y| Va,yeRINL,
(1.18)
and the weak-L! estimate

IIM(DK * p)ll[ar(8) < Clol(R) (1.19)

holds with a constant C' which depends only on d and R. Applying (1.18), we see that

K p(v! (1) = K+ p(n' (1))
/// C5+|y t) —nl(t)] dﬂﬁ/gt(%n,v) dy, (1.20)
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where
ge(w,m,7) = min {0M<DK « ) (1)) + CI(DE » p)(n (1)),

K # pl (2 (1) + | K pl(nl(t))}
¢6 '

Let us fix p := d%‘b? € (1, d%‘ll), so that |K| € L (RY). The last term in (1.20)

loc

can be estimated thanks to the following interpolation inequality (see [BC2, Lemma

2.2])
» [llgell|azr )
P A (e |
loellzr g < 5= Mgelllar o (lallunc)

Then, the first term in the right-hand side above can be estimated using our assumption
(er)4m < CoZ? and (1.19):

lgelllar gy < 20[IM (DK = p)(n* ()]s ()
= 2[||M (DK * p)(n" ()|l a1 ()
= 2|[|M(DK * p) (@)l 31 (Bpx Brocrym)
< 2Co|[[M(DK * p)(@)|||ar (B Br.224)
< 2C0.L(Bg)|||M (DK * p)(@)|l|sr1 (8. 29)
< 2CoC.£%(Bg)|pl(RY).

Similarly, the second term in the right hand side can be estimated using (e;) 41 < Co£¢
and Young’s inequality:

gelllarr(uy < 2(68) THICE * p) (0 (O)lzo ey = 2(68) T I(K * p) (' (8)) o)
< 200(¢0) (K # p) (@)l o(Brx By < 2C0(¢0) ™ LUBR)IE * p) 1o ()
< 2Co(¢8) ' LU BR) | K| Lo () Il (R?)
< C(¢o)
where C depends on d, R, and |p|(R?). Combining these last estimates with (1.20), we

obtain (1.17).
Then, using (1.15), (1.16), and (1.17), we deduce that

dbs. _C C
<= log ()
g ()= ¢+ CCHCClog (%
for some constant C' depending only on d, R, |p|(R?), and Vb1l oo (rey- Integrating
with respect to time in [0, tg], we find that

s (to) < Cty (2 + ¢+ Clog ((é) 1 ¢log (;))

Choosing first ¢ > 0 small enough in order to have Cto¢ < a/(27) and then letting
0 — 0, we find a contradiction with (1.14), which concludes the proof. O
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1.5 Optimal transport

In this section we present the basic optimal transport tools that are needed in order
to build physical solutions of the semigeostrophic system, as we will do in Chapter 9.
We refer to [Vi, AmGi] for a presentation of the topic and to [Gu] for the regularity
theory of the related Monge-Ampére equation.

Given two probability measures u,v € W(Rd) we consider all transport maps T
that “move p onto v”, namely that satisfy the relation T p = v. Among these maps,
we look for the minimizers for the Monge problem

inf { /Rd |z — S(x) |2 dp(w) : Sep = y}. (1.21)

A natural relaxation of this problem is the one where we move i onto v and we allow the
splitting of mass. In other words, we consider as transport plan every ~ € ,@(Rd X Rd)
with (7m1)yy = p and (m2)yy = v (here 7 and 7 are, respectively, the projections on
the first and second factor).

The relaxed minimization problem, due to Kantorovich, is

min { /R2d |z — yPPdy(z,y) s v € P(R*), (m)sy = p, (m2)gy = v}, (1.22)

A fundamental result of Brenier says that, under mild assumptions on the initial
and final measures, the unique optimizer for problem (1.22) is given by a map, which
can be represented as the gradient of a convex function.

Theorem 1.15 (Brenier). Let p,v € 2(RY) with p < £ and

[ JaPauto)+ [ lyav(y) < oc. (1.23)
Rd Rd

Then there ezists a unique minimizer v in (1.22). Moreover the plan 7 is induced by
the gradient of a convex function u, that is v = (Id xVu)yu and thus Vu is also a
solution to (1.21).

If we assume the function Vu of the previous theorem to be a smooth diffeomor-
phism between two smooth densities p; dr and po dz, by the change of variable formula
we see that for every test function ¢ € C2°(R?)

/ o(Vu(x))p1(x) dl“:/ o(y)p2(y) dy:/ o(Vu(z))p2(Vu(zx)) det V3u(zx) d.
Rd R4 d

R

Hence, u solves the Monge-Ampére equation

det VZu = _h in RY.
p2 0 Vu



16 Preliminary results

When the function u is simply convex, without any smoothness assumption, one may
consider different notions of solution of the Monge-Ampere equation. We give here
the definition of Aleksandrov solution, which is a key concept in order to study the
regularity of optimal maps.

In order to introduce this notion, we consider a convex domain  C R? and a convex
function u : 2 — R; we recall that the subdifferential of u is given by

Ou(z) ={p e R" s u(y) = u(z) +p- (y —x) Vy € Q}
and we define the Monge-Ampére measure of u as

pu(E) = L40u(E)) = .i”d( U 8u(w)> for every set E C Q, (1.24)
el

where Z? denotes in the previous formula the Lebesgue outer measure. The main
properties of the Monge-Ampeére measure are the following:

e if u € C%(9), the Area Formula implies p, = det V2u.2?;
e the restriction of p, to the Borel o-algebra is a measure;

e the absolutely continuous part of u, with respect to the Lebesgue measure is

given by i’;;fi = det V2u 1.

Thanks to these properties, we can give the following definition.

Definition 1.16. Given an open convex set {2 and a Borel measure p on €2, a convex
and continuous function u : @ — R is said an Aleksandrov solution to the Monge-
Ampere equation

det VZu = p,

if 4 = p,, as Borel measures.

We finally mention that an important connection between the optimal transport
problem and the theory of flows of vector fields is given by the Benamou-Brenier for-
mula. Under the assumptions of Theorem 1.15, we can consider the optimal map Vu;
the optimal cost between p and v can be found by looking at all vector fields which
move 4 onto v and then minimizing the kinetic energy of this “dynamical transport
plan”

1
/ |z — Vu(z) | du(z) = min{/ / lve| 2 dps = Dpr+V - (veps) =0, po =, p1 = y}.
Rd 0 Jrd

In the next two subsections we give more precise statements on the 2-dimensional
torus T2, which are suitable for the application in Chapter 9.

Since u is a convex function, its Hessian is a matrix-valued locally finite measure. In this case, we
denote by V2u the density of the absolutely continuous part of the Hessian.
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1.5.1 Existence and uniqueness of optimal transport maps on the
torus

The following theorem can be found in [Co].

Theorem 1.17 (Existence of optimal maps on T?). Let . and v be Z2-periodic Radon
measures on R? such that p([0,1)%) = v([0,1)?) = 1 and pu = pL? with p > 0 almost
everywhere. Then there exists a unique (up to an additive constant) convex function
P :R?* — R such that (VP)yu = v and P — |z|?/2 is Z*-periodic. Moreover

VP(z+h)=VP(x)+h  foraezecR? VheZ? (1.25)

IVP(z) — x| < diam(T?) =

2
\2[ fora.e.z € R2. (1.26)

In addition, if u = pL?, v = 0. L2, and there exist constants 0 < A < A < oo such that
A< p,0 <A, then P is a strictly conver Alexandrov solution of

det V2P(z) = f(x), with f(x) = ﬂ

Proof. Existence of P follows from [Co]. To prove uniqueness we observe that, under
our assumption, also the convex conjugate p*(y) := P*(y)—|y|?/2 is Z*-periodic. Hence,
since

P(z) = sup -y — P*(y),
y€ER?

we get that the function p(z) := P(z) — |z|?/2 satisfies

. .
p(w) = sup (~ LI prgy) 4 1Y
y€ER?
h — 2
= sup sup (— u —p*(y+h)>
ye[0,1]2 hez? 2
d2s(z,y)
= sup (— R (y)),
y€eT2

where dp2 is the quotient distance on the torus, and we used that p*(y) is Z?-periodic.
This means that the function p is d%Q—conveX, and that p* is its d%Q—transform (com-
pare with [Vi, Chapter 5]). Hence VP = Id + Vp : T? — T? is the unique (y-a.e.)
optimal transport map sending p onto v ( [McC, Theorem 9]), and since p > 0 almost
everywhere this uniquely characterizes P up to an additive constant. Finally, all the
other properties of P follow from [Co]. O
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1.5.2 Regularity of optimal transport maps on the torus

Theorem 1.17 can be combined with the regularity results for strictly convex Alexandrov
solutions of the Monge-Ampeére equation (see [Cal,Ca2,Ca3,Co,DF3,GT]), which
are completely local and therefore work in R? as well as on the torus. The main
regularity results are summarized in the next theorem.

Theorem 1.18 (Space regularity of optimal maps on T?). Let p = p.£2%, v = 0.£? be
Z2-periodic Radon measures on R? such that p([0,1)%) = v([0,1)?) =1, let 0 < X <
A < 0o such that A < p,o < A, and let P be as in Theorem 1.17 with fTQ Pdx = 0.
Then:

(i) P € CYP(T?) for some B = B(\,A) € (0,1), and there exists a constant C =
C(\,A) such that
|Pllens < C.

(ii) P € W2L(T?), more precisely for any k € N there exists a constant C = C(\, A, k)
such that

/ |V2P|log" |V2P|dx < C
'[[‘2

and there exist a constant C = C(X) and an exponent o = Yo(A) > 1 such that

/ |V2P| dx < C. (1.27)
11‘2

(iii) If p, o € C**(T?) for some k € N and « € (0,1), then P € C*+29(T?) and there
exists a constant C = C(\, A, ||pllcr.a, lo|lgr.e) such that

HP”Ck+2,a S C

Moreover, there exist two positive constants ¢1 and co, depending only on X\, A,
llpllco.e, and ||o||co.a, such that

c1ld < V2?P(z) < cpld V€T

1.6 A few glimpses of classical regularity theory for ellip-
tic equations

The aim of this section is to give the basic setting and the fundamental tools for
the development of Chapters 6 and 7, which deal with the regularity theory of local
minimizers of certain variational integrals. To this end, we first provide a general
introduction to some aspects of the classical regularity theory. We also focus on some
useful ideas and lemmas, that will be employed in Chapters 6 and 7.
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As in the setting of Hilbert’s XIX problem, given an open set Q C R? a convex
function F : RY — R, and an integrable function f : Q@ — R, we consider local
minimizers u : £ — R of the functional

/]:(Vu) + fu (1.28)
Q
whose Euler-Lagrange equation can be written as

V- (VF(Vu)) = f in Q (1.29)

or equivalently 0;(0;F(Vu)) = f (here and in the following we use the Einstein’s
summation convention, omitting the summation sign).

Given bounded, measurable coefficients a;; and an integrable function g : 2 — R,
we also consider solutions of the equation

8,‘((12‘]‘8]‘11) = 8¢gi in (130)

(notice that the partial derivatives d.u of the solution of (1.29) formally solve this kind
of equation, where the coefficients a;; are taken to be 0;;F, as it can be easily seen
differentiating the Euler-Lagrange equation with respect to Je).

The fundamental result of De Giorgi says that any solution to a uniformly elliptic
operator is locally Holder continuous.

Theorem 1.19 (De Giorgi-Nash-Moser). Let A,A > 0, ¢ > d, (aj)ij=1
R4 be measurable coefficients with

M < (ag(z)) < AT for L%-a.e. x € By.

Let g € LY(By;R?) and let v € WV2(By) be a distributional solution of (1.30).
Then there exist constants a := a(d,\,A) € (0,1) and C := C(d,\,A) > 0 such
that

[vllee(s, ) < Cllvllzzs,)-

For the sake of completeness, we also mention the regularity result of Schauder,
which assumes some regularity of the coefficients and of the right-hand side.

Theorem 1.20 (Schauder). Let A > 0, k € NU {0}, a € (0,1), (aij)ij=1,..d €
C*(By; R be such that

M < (aij(z)) for every x € By.

Let g € C**(By;R?Y) and let v € WH2(By) be a distributional solution of (1.30). Then
v E Ck+1’a(B1/2).
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By the previous results, it follows that any minimizer of (1.28) is of class C2(£2)
as soon as we assume F, f € C*°(Q) and

M < V2 F(z) <AI  forany z € Q,

for some 0 < A < A < o0.

To conclude this introductory section, we recall the validity of weak Harnack in-
equalities for supersolutions of elliptic equations (see [GT, Theorem 8.18]) that will
play a crucial role in the proof of Lemma 6.10. A function v € W]})CQ (Q) is said to
be a distributional supersolution of (1.30) if for every smooth, nonnegative, compactly
supported test function ¢ € C2°(£2), we have

| as@ap@og@ i < [ G@e) .
Theorem 1.21. Let A,X >0, ¢ > d, r >0, let a;; be measurable coefficients with
M < (ag(z)) < AT for any x € By,
and let g € L9(B,;R?Y). Let v € WY2(B,.) be a nonnegative supersolution of
Bilaj(x)00) < gt in By. (1.31)

Then there exists a constant co := co(d, \, A) > 0 such that

inf{v(az) tx € B,,/4} > co][ v(z)dx — rlfd/quHLq(Br).

B'r/2

1.6.1 The p-laplacian

When the ellipticity condition on the hessian of F fails at one point, several regularity
results for local minimizers of (1.28) are still available. For instance, we consider the
model case is given by the p-Dirichlet energy, that is

/ Vul’ + fu, (1.32)
Q
whose Euler-Lagrange equation reads as

pV - ([VulP™2Vu)=f  inQ. (1.33)

The C1® regularity of any local minimizer u (even in the vectorial case) has been
proved in a series of papers by Uraltseva [Ur|, Uhlenbeck [Uh], and Evans [Ev] for
p > 2, and by Lewis [Lew| and Tolksdorff [To| for p > 1 (see also [DiB, Wa]). Notice
that in this case the equation is uniformly elliptic outside the origin.
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Theorem 1.22. Let p € (1,00), ¢ > d, g € LY(B1) and let u € WHP(Q) be a local
minimizer of (1.28). Then we have that u € CH*(By3) for some a > 0.

One cannot expect, in general, more than Ho&lder continuity of the gradient of
local minimizers of (1.32). Indeed, the function u(z) = |z|**®, whose gradient is
Vu(x) = |z|%x, satisfies

pV - ([VulP2Vu) =pV - (|x|(p—1)a—1x) =((p-1Da—-1+ n)|x|(p—1)o¢—1

Hence, if we choose a = (p — 1)71, u solves the Euler-Lagrange equation (1.33) with
f = n, hence it is a local minimizer of (1.32), but it is not twice differentiable at the
origin for p > 2.

1.6.2 The non-variational problem
The following lemma concerns elliptic equations in non-divergence form
aijﬁiju = f in Bl. (1.34)

Although it could be stated for non-smooth viscosity supersolutions of the equation
above, for simplicity we state it as an a priori estimate on smooth solutions.

Theorem 1.23 (Alexandroff-Bakelman-Pucci estimate). Let A, A > 0, (ai;)i j=1
C(B1; R be such that

-----

M < (aij(x)) < AJ for every x € By.

Let g € C(By) and let u € C?(B1) be a supersolution of (1.34) such that u > 0 on
0By .

Then, denoting by I', the convex envelope of w, namely the largest non-positive
conver function in By that lies below u in By s, there exists a constant C' := C(d, A, )
such that

sup(u_)* < C (f1)" dr.
BI/Q {mEBl:u:F“}

1.6.3 A few basic lemmas

In this section we present two classical criteria to prove the Holder regularity of a
function (or of its gradient).
Given a locally integrable function v : R? — R, we denote its average on B,(x) by

1
() 5.0y = ]{3 = ]{3 RLOL

and its mean oscillation in B,(z) by

uw(y) — (u)g. (x| dy.
][T(z)r (1) — (), |
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The first result exploits the classical equivalence between Hélder spaces and Cam-
panato spaces; the proof can be found in [Gi, Theorem 1.3, section III].

Lemma 1.24 (Campanato’s description of Holder continuity). Let M > 0, « € (0,1),
and u € L*(B1) be a function. Let us assume that for every x € By and r € [0,1/2)

we have 12
(][ lu — (u)BT.(x)|2> < Mr®.
By (x)

Then u € C%*(By3) and [u]co.a(B, 5) < ¢M for some constant ¢ := c(d).

By 2

The following lemma is a classical description of C1® regularity of a function and
was used, for instance, in the context of the regularity theory of minimal surfaces. Its
proof can be found in [CNS, Section 1] or [DF3, Lemma 3.1] (under the assumption
that u is also convex).

Lemma 1.25. Let o € (0,1], M > 0, p € (0,1/2). Let u : By — R be a Lipschitz
Junction such that for every x € By there exists Ay € R? such that the plane passing
through x© and of slope A, well approzimates u

u(y) —u(z) — Ay - (y —2)| < My —z|'"™  Vye By().

Then uw € CH*(By3) and [Vu]co.a

Byy) < ¢M for some constant ¢ := c(d).



Chapter 2

Maximal regular flows for
non-smooth vector fields

Given a vector field by(x) in R?, the theory of DiPerna-Lions, introduced in the seminal
paper [DPLA4]|, provides existence and uniqueness of the flow (in the almost everywhere
sense, with respect to Lebesgue measure .2¢) under weak regularity assumptions on b,
for instance when by (+) is Sobolev [DPL4] or BV [A1] and satisfies global bounds on the
divergence. In this respect, this theory could be considered as a weak Cauchy-Lipschitz
theory for ODE’s. This analogy is confirmed by many global existence results, by a kind
of Lusin type approximation of DiPerna-Lions flows by Lipschitz flows [ACM, CrDe],
and even by differentiability properties of the flow [LL]. However, this analogy is
presently not perfect, and the main aim of this Chapter is to fill this gap.

Indeed, the Cauchy-Lipschitz theory is not only pointwise but also purely local,
whereas the DiPerna-Lions theory is an almost everywhere theory and relies on global
in space growth estimates on |b|, like

|bi(z)|
1+ |z|

€ L'((0,7); LY (R%)) + L' ((0, T); L= (RY)). (2.1)

This is in contrast with the fact that the so-called “renormalization property”, which
plays a key role in the theory, seems to depend only on local properties of b, because
it deals with distributional solutions to a continuity/transport equation with a source
term: as a matter of fact, it is proved using only local regularity properties of b.
Given an open set Q C R?, in this Chapter we consider vector fields b : (0,7) x Q —
R? satisfying only the local integrability property fOT Jo Ibldzdt < oo for all Q' € Q,
a local one-sided bound on the distributional divergence, and the property that the
continuity equation with velocity b is well-posed in the class of nonnegative bounded
and compactly supported functions in 2. Some of these assumptions have already been
introduced in Section 1.3 and, as illustrated in Remark 1.9, the last assumption is
fulfilled in many cases of interest and it is known to be deeply linked to the uniqueness
of the flow; in addition, building on the superposition principle (Theorem 1.6), it is
23
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proved in Section 2.3 that even this assumption is purely local, as well as the other two
ones concerning integrability and bounds on divergence.
Under these three assumptions we prove existence of a unique maximal regular flow
X (t,z) in ©, defined up to a mazimal time Tq x (v) which is positive Z%-a.e. in Q,
with
limsup Vo(X(t,x)) = 00 for Z%-a.e. v € {Tox < T}. (2.2)
1T x (2)

Here Vg : Q — [0, 00) is a given continuous “confining potential”, namely with V' (z) —
oo as © — 0f); hence, (2.2) is a synthetic way to state that, for any Q' € Q, X (¢, z) is
not contained in Q' for ¢ close to T x ().

In our axiomatization, which parallels the one of [A1] and slightly differs from the
one of the DiPerna-Lions theory (being only based on one-sided bounds on divergence
and independent of the semigroup property), “maximal” refers to (2.2), while “regular”
means the existence of constants C(', X) such that

/ H(X(t,x))de < C(Q, X) o(y) dy for all ¢ € C.(R?) nonnegative
'N{hg >t} R4

(2.3)
for all t € [0,T], ' € Q, where hg/(x) € [0, T x ()] is the first time that X (-, z) hits
R?\ €. Under global bounds on the divergence, (2.3) can be improved to

/ d(X(t,x)de <Cy | ¢(y)dy for all ¢ € C.(R?) nonnegative (2.4)
Q{Tq x>t} Rd

for all t € [0,T], but many structural properties can be proved with (2.3) only.

Uniqueness of the maximal regular flow follows basically from the “probabilistic”
techniques developed in [A1], which allow one to transfer uniqueness results at the level
of the PDE (the continuity equation), here axiomatized, into uniqueness results at the
level of the ODE. Existence follows by analogous techniques; the main new difficulty
here is that even if we truncate b by multiplying it by a C°(Q) cut-off function, the
resulting vector field has not divergence in L (just L', actually, when |b| ¢ L{° (),
hence the standard theory is not applicable. Hence, several new ideas and techniques
need to be introduced to handle this new situation. These results are achieved in

Section 2.2.

Besides existence and uniqueness, we discuss in the next chapter the natural semi-
group and stability properties of maximal regular flows, as well as the proper blow up
of trajectories. The concepts introduced in this Chapter, together with their properties
described in Chapter 3 and 4, will be applied in Chapter 8 to describe the lagrangian
structure of weak solutions of the Vlasov-Poisson equation and to prove existence of
weak solutions with L' summability of the initial datum.
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2.1 Regular flow, hitting time, maximal flow

Definition 2.1 (Local regular flow). Let B € B(R?), 7 > 0, and b: (0,7) x R? — R?
Borel. We say that X : [0,7] x B — R% is a local regular flow starting from B (relative
to b) up to 7 if the following two properties hold:

(i) for L%ae. v € B, X(-,z) € AC([0,7];R?) and solves the ODE i(t) = by(z(t))
ZLta.e. in (0,7), with the initial condition X (0,z) = z;

(ii) there exists a constant C = C(X) satisfying X (t,-)x(Z?L B) < C.Z".

In the previous definition, as long as the image of [0, 7] x B through X is contained
in an open set 2, it is not necessary to specify the vector field b outside ). By
Theorem 1.12 we obtain a consistency result of the local regular flows with values in 2
in the intersection of their domains.

Lemma 2.2 (Consistency of local regular flows). Assume that b satisfies (a-2) and
(b-Q2). Let X; be local regular flows starting from B; up to 7;, 1 = 1, 2, with X ;([0, 7] X
B;) C Q. Then

X1(z) = Xo(,x) in[0,71 ATo), for £%-a.e. x € By N By, (2.5)

Proof. Take B C By N By Borel with .Z¢(B) finite, and apply Theorem 1.12 with
T =1 N1, m=d, and

1 d
A= 5 /(5X1(,a:) + 5X2(,m)) d,?fB(x),
where Xg is the normalized Lebesgue measure on B. O

If we consider a smooth vector field b in a domain €2, a maximal flow of b in €2 would
be given by the trajectories of b until they hit the boundary of €2. In order to deal at
the same time with bounded and unbounded domains (including the case Q = RY) we
introduce a continuous potential function Vi : @ — [0, 00) satisfying

lim VW = 2.6
[im Vo(z) = oo, (2.6)

meaning that for any M > 0 there exists K € Q with Vo > M on Q\ K (in particular,

when Q = R?, Vq(z) — oo as || — oo). For instance, an admissible potential is given
by Va(r) = max{[dist(z, R?\ Q)]71, |=|}.

Definition 2.3 (Hitting time in Q). Let 7 > 0, @ € R? open and 7 : [0,7) — R?
continuous. We define the hitting time of n in 2 as

ha(n) == sup{t € [0,7) : max Va(n) < oo},

with the convention hg(n) = 0 if (0) ¢ €.
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It is easily seen that this definition is independent of the choice of Vq, that hg(n) > 0
whenever 7(0) € €, and that

ho(n) <7 = limsup Vo(n(t)) = oc. (2.7)
ttha(n)

Using Vo we can also define the concept of maximal regular flow, where “regular”

refers to the local bounded compression condition (2.8).

Definition 2.4 (Maximal regular flow in an open set Q). Let b: (0,T) x  — R? be
a Borel vector field. We say that a Borel map X is a mazimal reqular flow relative to
b in Q if there exists a Borel map T x : Q2 — (0,T] such that X (¢,z) is defined in the
set {(t,x): t < Tq x(z)} and the following properties hold:

(i) for L%ae. z€Q, X(-,z) € AC1c([0, Ta.x ()); RY), and solves the ODE i(t) =
bi(z(t)) L a.e. in (0,Tqx(z)), with the initial condition X (0,z) = x;

(ii) for any Q' € Q there exists a constant C'(€', X) such that

X(t, )4 (LN Ty > t}) <O, X)2LQ  Vvte|o,T), (2.8)
where
R -
(iii) limsup Vo(X(t,2)) = oo for L%a.e. x € Q such that Ty x(z) < T.
HTg, x (2)

Notice that (2.8) could be equivalently written as
X(t, )y (LN Ty > t}) <O, X)2?  forall t €[0,T],

because the push-forward measure is concentrated on €'; so the real meaning of this
requirement is that the push forward measure must have a bounded density w.r.t.
£4. In turn, (2.8) is not equivalent to require that (X (¢,)x2%)LQ < C(, X)£4,
since trajectories may be compressed while they are outside € and then enter
again. Let us emphasize that our assumption (3.41) is not equivalent to require that
(X (t,)pLYLY < O, X)L Indeed, with our assumption trajectories may be
compressed when they are outside ' and then

Indeed in our case we are only assuming that the flow has bounded compression as
long as the trajectories remain inside ', while the latter assumption In turn, (3.41) is
not equivalent to require that (X (t,-)4 2% L Q' < C(Q, X).Z4, since trajectories may
be compressed while they are outside 2’ and then enter Q' again.

Remark 2.5 (Maximal regular flows induce regular flows). Given any maximal regular
flow X in Q, 7 € (0,7, and a Borel set B C  such that T x > 7 on B and

{X(t,z): z€B, te|0,7]} €Q,

we have an induced local regular flow in the set B up to time 7.
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Remark 2.6 (Invariance in the equivalence class of b). It is important and technically
useful (see for instance [A2]) to underline that the concepts of local regular flow and
of maximal regular flow are invariant in the Lebesgue equivalent class, exactly as our
constitutive assumptions (a-2), (b-Q2), and the global/local bounds on the divergence
of b. Indeed, for local regular flows, Definition 2.1(ii) in conjunction with Fubini’s
theorem implies that for any '+ negligible set N C (0,T) x R? the set

{reB: L'{te(0,7): (t,X(t,x)) € N}) >0}

is .Z%-negligible. An analogous argument, based on (2.8), applies to maximal regular
flows.

2.2 Existence and uniqueness of the maximal regular flow

In this section we consider a Borel vector field b : (0,7) x Q — R such that the spatial
divergence div b.(+) in the sense of distributions satisfies

T
VQ' e Q, divby(-) >m(t) in Q, with L(Q,b) := / |m(t)| dt < oo (2.10)
0

and which satisfies the assumptions (a-2), (b-Q2) of Section 1.3, namely
(a-Q) fOT Jo 1be(2)] dadt < oo for any ' € Q;

(b-€2) for any nonnegative p € L5°(£2) with compact support in €2 and any closed interval
I =[a,b] C [0,T7], the continuity equation

d
%pt + div (btpt) =0 in (a, b) x Q

has at most one weakly* continuous solution I > t — p; € L1 o (defined in (1.9))
with p, = p.

Remark 2.7. Assumption (2.10) could be weakened to m € L'(0,Tp) for all Ty €
(0,T), but we made it global in time to avoid time-dependent constants in our estimates
(and, in any case, the maximal flow could be obtained in this latter case by a simple
gluing procedure w.r.t. time).

In order to construct a maximal regular flow, we would like to approximate the vec-
tor field b by convolution and then consider a suitable weak limit of the approximated
flows. However, due to the lack of global bounds on b, we have to exclude the possi-
bility that trajectories escape to infinity faster and faster as the convolution parameter
vanishes, because in this case the existence time of the limit trajectory would be 0.
The following a priori estimate excludes this phenomenon by showing that the blow-up
time is strictly positive almost everywhere.
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Remark 2.8 (An a priori estimate on the existence time). Let us consider a locally
integrable vector field b : (0,T) x RY — R? and a maximal regular flow X defined in
the set {(s,z): s < Tx(z)}. Then for every t € (0,7) and r > 0

o € By : Tx(x) < t}] < CBT,X// 2)| da ds, (2.11)

where C(B,, X) is the constant appearing in (2.8). In particular, letting ¢ — 0 in
(2.11) with r fixed, we find that for every r > 0 the existence time T'x is strictly
positive Z%a.e. in B,

Indeed, let us consider the existence time 75, x defined as in (2.9) and let T x =
min{t, T, x }. We notice that 7/2 < |X(Tp x(z),r)—X(0,)| on the set [{z € B, s, :
Tp, x(z) < t}| and therefore, by the properties of the maximal regular flow, we have

T

Hx S Br/2 : Tx(x) < t}‘ < |{$ S Br/2 : TB,«,X(QJ") < t}‘

32/ X (Th, x(2),2) — X(0,2)| de

/T/BT X (s,x)|ds dx
/T/ 5 X X (s,z))|dsdz
T/ /Bm{TB o Iby(X (s, 2))| dz ds

fC’ (Br, X) / / x)|dx ds.

Estimate (2.11) is enough to prove local existence of a regular flow, but once this
object has been built it is not clear how to extend each trajectory up to the blow-up
time. For this reason, we first build maximal regular flows in every bounded open set
A, compactly contained in our given domain €2, where b is integrable (in this context
“maximal” refers to the fact that a trajectory may hit the boundary of the open set
A). Then, we glue these flows together to obtain a global existence result.

We also mention that a different approach to construct maximal regular flows in
R?, instead of building the local ones first, consists in employing the one-point com-
pactification of R? and a “damped” stereographic projection, with damping chosen in
therms of the vector field b, as it will be done in Section 4.3. However, this method of
proof requires a global bound on the divergence of b that can be replaced with a local
bound following the approach below.

The first step in the construction of the maximal regular flow will be the following
local existence result.

| /\

| A

This proves (2.8).
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Theorem 2.9 (Local existence). Let b: (0,T) x Q — R be a Borel vector field which
satisfies (a-Q2), (b-2), (2.10), and let A €  be open. Then there exist a Borel map
Ts: A — (0,T) and a Borel map X (t,x), defined for x € A and t € [0,Ta(z)], such
that:

(a) for L%a.e. v € A, X(-,x) € AC([0,Ta(x);RY), X(0,2) = z, X(t,z) € A for
allt € [0,Ta(x)), and X (Ta(x),x) € A when Ta(z) < T;

(b) for L%-a.e. x € A, X(-,x) solves the ODE % = by(7) in (0,Ta(z));

(¢) X(t, )4 (LUNATa > t}) < LD 2 A for all t € [0,T], where L(A,b) is the
constant in (2.10).

Notice that since the statement of the theorem is local (see also Section 2.3, in
connection with property (b-€2)), we need only to prove it under the assumption |b| €
LY((0,T) x Q), which is stronger than (a-(2).

We will obtain Theorem 2.9 via an approximation procedure which involves the
concept of regular generalized flow in closed domains, where now “regular” refers to
the fact that the bounded compression condition is imposed only in the interior of the
domain.

Definition 2.10 (Regular generalized flow in A). Let A C R? be an open set and let
c:(0,T) x A — R? be a Borel vector field. A probability measure ) in C([0, T]; R%) is
said to be a regqular generalized flow on A if the following two conditions hold:

(i) m is concentrated on

{ne AC([0,T); A) : n(t) = ci(n(t)) for ZLlrae te (0,7)};

(ii) there exists C':= C'(n) € (0, 00) satisfying

((e)gm)L A< C2?  Yte|0,T). (2.12)

Any constant C for which (2.12) holds is called a compressibility constant of n.

The class of regular generalized flows enjoys good tightness and stability properties.
We recall that a sequence n™ € 2(C([0,T]; A)) is said tight if for every € > 0 there
exists a compact set I': C C([0,T]; A) such that n"(C([0,7]; A) \ I'c) < ¢ for every
n € N. Equivalently, the sequence 1™ is said to be tight if there exists a coercive, lower
semicontinuous functional ¥ : C([0, T]; A) — [0, oo] such that sup,,cy [ £ dn™ < co. We
state the tightness and stability properties in the case of interest for us, namely when the
velocity vanishes at the boundary. Notice that, in the following theorem, assumption
(2.13) requires the convergence of the vector fields in L'((0,7) x A;R%) and not only
in Llloc; this allows to apply Dunford-Pettis’s theorem to prove the tightness of any
sequence of generalized regular flows with bounded compressibility constants.
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Theorem 2.11 (Tightness and stability of regular generalized flows in A). Let A C R?
be a bounded open set, let ¢, c” : (0,T) x A — R? be Borel vector fields such that
c=c"=0on(0,T) x (R*\ A) and
lim ¢"=c¢  in L'((0,T) x A;RY). (2.13)
n—oo
Let n™ € @(C’([O, T};Z)) be reqular generalized flows of ¢ in A and let us assume that
the best compressibility constants Cy, of n"™ satisfy sup,, Cp, < oo. Then (n™) is tight,
any limit point 1 is a regular generalized flow of ¢ in A, and the following implication
holds:

((e)gn"LT)LA <, 2% for somec, >0 = ((e))gnLT)L A’ < liminfc,.2?
(2.14)

or any choice of open sets ' C C([0,T]; A) and A’ C A.
Jor any

In the previous theorem the assumption that all the vector fields vanish on the
boundary of A allows us to say the following: if an integral curve of ¢ in A hits A
and stops there, then it is still an integral curve of ¢” on the whole A. We remark that
the previous theorem is invariant if the vector fields ¢™ are modified on a set of Lebesgue
measure zero in (0,7") x A, thanks to the compressibility condition (2.12) required in
A; on the contrary, the value of ¢” on 0A has to be understood in a pointwise sense.

Proof of Theorem 2.11. By Dunford-Pettis’ theorem, since the family {¢"} is compact
in L'(A;R?) (recall that c,(t,-) vanish outside of A), there exists a modulus of inte-
grability for ¢, namely an increasing, convex, superlinear function F : [0,00) — [0, c0)
such that F(0) = 0 and

T
sup/ /F(|c"(t, x)|) dedt < oco. (2.15)
neNJO A
Let us introduce the functional ¥ : C([0, T]; RY) — [0, o0] as follows
s = { Jo Pt ity € AC(0,7]; 4), _
00 if n € C([0, T;RY) \ AC([0,T]; A).

Using Ascoli-Arzela theorem, the compactness of A, and a well-known lower semicon-
tinuity result due to loffe (see for instance [AFP, Theorem 5.8]), it turns out that ¥
is lower semicontinuous and coercive, namely its sublevels {3 < M} are compact.

Since ™ is concentrated on AC(]0,T]; A) we get

[sar= [ " F(il) dt (o)
- | ' [ Fery dien )
gcn/OTAF(Ic”I)dxdt,
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so that that [ ¥ dn™ is uniformly bounded thanks to (2.15). Therefore Prokhorov com-
pactness theorem provides the existence of limit points. Since X is lower semicontinuous
we obtain that any limit point n satisfies [ ¥ dn < oo, therefore 7 is concentrated on
AC([0,T); A).

Let C := liminf,en C,, < 00. Since (e;)4n™ narrowly converge to (e;)#n, we know
that for any open set A’ C A there holds

(e0)m(A) < liminf(er) " (4) < C£(A) Wi e0.T)

Since A’ is arbitrary we deduce that n satisfies (2.12). A similar argument provides
its localized version (2.14). To show that n is concentrated on integral curves of ¢, it

suffices to show that
[ o =no - | e (n(s)) ds

for any ¢ € [0,7]. The technical difficulty is that this test function, due to the lack of
regularity of ¢, is not continuous with respect to n. To this aim, we prove that

[ 61 =n0) - [ tatenas

for any continuous vector field ¢’ : [0,7] x A — R? with ¢/ = 0 in [0,T] x 9A. Then,
choosing a sequence (c/,) of such vector fields converging to ¢ in L!(A; R?) and noticing

that
[ [ et ehnotasineny = [ [ e~ llateomas

<Cp lc — | dz dt,
(0,T)x A

dn(n) =0 (2.16)

dn(n) < C/ lc — | dx dt (2.17)
(0.T)x A

converges to 0 as n goes to oo, we can take the limit in (2.17) with ¢/ = ¢}, to obtain
(2.16).

It remains to show (2.17). This is a limiting argument based on the fact that (2.16)
holds for ¢, n™

J o1 =0~ [t as

t

(c”(n(s) — c,(n(s))) ds| dn™(n)

// € — ¢ [(n(s)) ds dn™ ()
_ / /A e — il dl(es)n”"] ds
SC”/Ot/A|c”—c’|dxds.

Taking the limit in the chain of inequalities above we obtain (2.17). O

dn"(n) =
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Now we show how Theorem 2.9 can be deduced from the existence of regular gener-
alized flows in A; indeed, assumption (b-§2) allows to prove through Theorem 1.12 that
generalized regular flows on A are induced by a proper regular flow defined on A. In
the second part of the proposition, we show that flows associated to sufficiently smooth
vector fields induce regular generalized flows (actually even classical ones, but we will
need them in generalized form to take limits).

Proposition 2.12. (i) Let b: (0,T) x Q — R% be a Borel vector field which satisfies
(a-Q2) and (b-Q2), let A @ Q be an open set, and let i be a regular generalized flow in A
relative to ¢ = xab with compressibility constant C' and that satisfies (eg)xn = 0oL
with pg > 0 ZL%a.e. in A. Then there exist X and Ta as in Theorem 2.9(a)-(b) that
satisfy

X (t, )4 (pol{Ta > t}) < C2L A (2.18)

for all t € [0,T].
(ii) Let b € C®([0,T] x A;R?). Then there exists a regular generalized flow m
associated to by a, with (eg)4m equal to the normalized Lebesgue measure in A and

satisfying L)

((e))umLiha() > tHLA <& 2 Yitel0,T) (2.19)

Z4(4)
for any open set A’ € A.

Proof. We first prove (i). Set g = po-£? and consider a family {n,} ¢ 2(C([0,T7]; A))
of conditional probability measures, concentrated on

{77 € AC([0,T}; A) : 1= ci(n) Zlae. in (0,7), n(0) = x}
and representing n, i.e., [, duo(z) = n. We claim that pp-almost every z € A:
(1) ha(n) is equal to a positive constant for n-a.e. n;
(2) if T'a(x) is the constant in (1), (e;)xmn, is a Dirac mass for all ¢ € [0,T4(x)].

By our assumption on jq, the properties stated in the claim hold .#%-a.e. in A. Hence,
given the claim, if we define

X(t,x) = /n(t) dn(n)

then for .Z%-a.e. x € A the integrand n(t) is independent of 7 as soon as t < T4(x),
hence X (¢, z) satisfies (a) and (b) in the statement of Theorem 2.9. The compressibility
property (2.18) follows immediately from (2.12).

Let us prove our claim. We notice that the hitting time is positive for ugp-a.e.
x € A. For ¢ € QN (0,T), we shall denote by I'y the set {5 : ha(n) > ¢} and by
¥1: Ty — C([0,q]; A) the map induced by restriction to [0, ¢], namely X9(n) = 1] q-
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In order to prove the claim it clearly suffices to show that, for all ¢ € Q N (0,7),
Ef#(nxl_f‘q) is either a Dirac mass or it is null. So, for ¢ € QN (0,7) and § € (0,1)
fixed, it suffices to show that

A= s B0, LT,) € 2(C([0,4)5 )
Ny (Fq)
is a Dirac mass for po-a.e. x satisfying n,(I'y) > 9.
By construction the measures A, satisfy A, < EZ# (n,L.Ty)/d and they are concen-
trated on curves [0, q] ¢t — 7(t) starting at = and solving the ODE 7 = b;(n) in (0, q).
Therefore

A::/ e duo() € 2(C(0, ql: A)
{QZEA: nz(FQ)Z(S}

satisfies all the assumptions of Theorem 1.12 with T' = ¢ and 2 = A, provided we check
(1.12). To check this property with Cy = C/d, for t € [0, ¢] and ¢ € C.(A) nonnegative
we use the fact that A, < X%(n,LT,)/d and the fact that C' is a compressibility
constant of 1 to estimate

1 1 C
/ pd(er) A < / pd(er)y(mLTy) < / pd(et)yn < / pdz.
R4 ) R4 0 R4 o A

Therefore Theorem 1.12 can be invoked: A, is a Dirac mass for pg-a.e. x and this gives
that A, is a Dirac mass pp-a.e. in {n,(I';) > §}. This concludes the proof of (i).

For (ii), we begin by defining 1 with the standard Cauchy-Lipschitz theory. More
precisely, for x € A we let X (¢,x) be the unique solution to the ODE 7 = b(n)
with 1(0) = z until the first time T4 (x) that X (¢,x) hits 0A, and then we define
X (t,z) = X (t,Ta(z)) for all t € [Ta(z),T]. Finally, denoting by .#¢ the normalized
Lebesgue measure in A, we define 1 as the law under .i”jf of the map = — X (-, ).
With this construction it is clear that condition (i) in Definition 2.10 holds.

Let us check condition (ii) as well, in the stronger form (2.19). Recall that X
is smooth before the hitting time and that the map ¢ — J(t) := det Vo X (¢,z) is
nonnegative and solves the ODE

J(t) = J(t)divb, (X (¢, x)),

{ J(0) = 1. (2.20)

Now, fix an open set A’ € A, and observe that (2.19) is equivalent to prove that for
every t € [0, 7]

o(X (t,2)) dx < HAP) / o(x) dx for every p € C.(4").

’

/A’ﬂ{x:hA/ (X (-,x))>t}
Fix ¢ € C.(A") nonnegative and notice that ¢(X (t,z)) = 0if t > ha/ (X (-, 2)), hence
supp ¢ o X (t,-) is a compact subset of the open set G; := {z : ha(X(-,z)) > t}. By
the change of variables formula

/ (X (t,z))det V, X (¢, z) dz :/ o(z)dz,
Rd

Rd
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in order to estimate from below the left-hand side it suffices to estimate from below

det V., X (t,2) in Gy; using (2.20) and Gronwall’s lemma, this estimate is provided by
—L(A",b) H
e .

Remark 2.13. For the proof of Theorem 3.2 we record the following facts, proved but
not stated in Proposition 2.12: if i is as in the statement of the proposition, then for
(eo)xn-a.e. x the hitting time h4(n) is equal to a positive constant T4 (x) for n,-a.e.
n; furthermore, (e¢)4m, is a Dirac mass for all ¢t € [0, T4 (z)].

Proof of Theorem 2.9. By the first part of Proposition 2.12, it suffices to build a regular
generalized flow ) in A relative to ¢ = y 4b with compressibility constant eZ(4:0) / 24( A)
such that (eg)gm = poZL¢ with pg > 0 Z%-ae. in A. By the second part of the
proposition, we have existence of n with (eg)xm equal to the normalized Lebesgue
measure .2 and satisfying (2.19) whenever b € C=([0,T] x A; R%).

Hence, to use this fact, extend b with the 0 value to R x R? and let b, be mollified
vector fields. We have that L(A,b.) are uniformly bounded (because A € Q) and, in
addition, the properties of convolution immediately yield

limsup L(A",b.) < L(A,b) for any A’ € A open. (2.21)
el0

If 1, are regular generalized flows associated to c. = xab., we can apply Theorem 2.11
to get that any limit point 7 is a regular generalized flow associated to ¢ and it satisfies
(e0)ym = Z4. In addition, given A’ € A open we have

b
((er)gm.Li{ha(-) >t} LA < miﬂ Vte[0,T],
thus (2.14) and (2.21) yield
((er)gml{ha(:) >t}HLA < ;;?Z))Zd Vit e [0,T].
Letting A’ T A gives that el(4) / 24(A) is a compressibility constant for 7. O

Using a gluing procedure in space, we can now build the maximal regular flow in 2
using the flows provided by Theorem 2.9 in domains ,, € Q,,+1 with Q, 1 Q.

Theorem 2.14. Let b: (0,T) x Q — R? be a Borel vector field which satisfies (a-Q)
and (b-2). Then the mazimal regular flow is unique, and existence is ensured under
the additional assumption (2.10). In addition,

(a) for any Q' € Q the compressibility constant C(Y', X) in Definition 2.4 can be
taken to be eL(¥®) where L(Y,b) is the constant in (2.10);



2.2 Existence and uniqueness of the maximal regular flow 35

(b) if Y is a regular flow in B up to T with values in Q, then To x > T La.e. in
B and
X(,z)=Y(,z) nl0,7], for L%a.e. x € B. (2.22)

Proof.  Let us prove first the uniqueness of the maximal regular flow in Q. Given
regular maximal flows X' in 2, ¢ = 1, 2, by Lemma 2.2 and Remark 2.5 we easily
obtain

X(-,z) = X?(,z) in 0, T x1(z) AT x2(x)), for ZLae x e

On the other hand, for Z%a.e. z € {Tq x1 > Tq x2}, the image of [0,Tq x2(7)]
through Vo (X!(-,2)) is bounded in R, whereas the image of 0,Tq x2(z)) through
Va(X?2(-,x)) is not. Tt follows that the set {To x1 > Tg x2 1} is Z?-negligible. Reversing
the roles of X! and X? we obtain that To x1 =T x> Z%a.e. in Q.

In order to show existence we are going to use auxiliary flows X, in €2,, with hitting
times T, : Q,, — (0,77, i.e.,

(1) for L%ae. = € Q,, Xu(-,z) € AC([0, T (2)]; RY), X,(0,2) = 2, X, (t,z) €
Q, for all t € [0,T,,(x)), and X, (Ty(z),z) € 0, when T, () < T
ha, (Xn( 7)) = Tn(z);

(2) for L%a.e. x € Q,, X,(-,x) solves the ODE # = b;(7) in (0, Tp(z));

(3) Xnu(t, )p (LT, > t}) < L) 2L Q, for all ¢ € [0,T], where L(Q,,b) is
given as in (2.10).

The existence of X,,, T), as in (1), (2), (3) has been achieved in Theorem 2.9.

If n < m, the uniqueness argument outlined at the beginning of this proof gives
immediately that T},(z) < T}, (z), and that X (-, 2) = X, (-, 7) in [0, T}, (x)] for Z%-a.e.
x € Q,. Hence the limits

To,x(z) = lim T,(z), X(t,z) = lim X, (t,z) te0,Tox(z)) (2.23)

n—oo n—o0

are well defined for Z%a.e. = € Q. By construction
X(z)=X,(,x) in[0,T,(z)), for L%ae. z € Q. (2.24)

We now check that X and T x satisfy the conditions (i), (i), (iii) of Definition 2.4.
Property (i) is a direct consequence of property (2) of X, (2.23), and (2.24).

In connection with property (ii) of Definition 2.4, in the more specific form stated
in (a) for any open set ' € €, it suffices to check it for all open sets €,: indeed, it
is clear that in the uniqueness proof we need it only for a family of sets that invade
Q) and, as soon as uniqueness is established, we can always assume in our construction
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that Q' is one of the sets Q,. Now, given n, we first remark that property (1) of X,
yields Ty, (z) = hq, (X (-, z)) for Z%a.e. x € Q,; moreover (2.24) gives

X (t,)4(LATy > 1)) = Xu(t, )4 (LT, > 1))
for all ¢ € [0,T]. Hence, we can now use property (3) of X, to get
X (t, ) (LNAT, > t}) < el 8nb) pd| for every t € [0,T], (2.25)

which together with the identity T,,(x) = hq, (X (-, 2)) for Z%a.e. = € Q, concludes
the verification of Definition 2.4(ii).

Now we check Definition 2.4(iii): we obtain that limsup V(X (t,2)) = co as t 1
To.x(z) for L%-ae. x € Q such that Ty x(x) < T from the fact that X (t,T,,(z)) €
09y, and the sets €1, contain eventually any set K & ). This completes the existence
proof and the verification of the more specific property (a).

The proof of property (b) in the statement of the theorem follows at once from
Lemma 2.2 and Remark 2.5. O

2.3 On the local character of the assumption (b-(2)

Here we prove that the property (b-Q2) is local, in analogy with the other assump-
tions ((a-€2) and the local bounds on distributional divergence) made throughout this
Chapter. More precisely, the following assumption is equivalent to (b-2):

(b’-Q) for any tg > 0,z € €2 there exists € := (o, x9) > 0 such that for any nonnegative
p € L*®(R?%) with compact support contained in B.(zg) C Q and any closed
interval I = [a,b] C [to —€,to + €] N[0, T, the continuity equation

%pt +div (bpt) =0 in (a,b) x RY

has at most one weakly* continuous solution I >t — p; € L1 o with p, = p and
pt compactly supported in B.(zg) for every ¢ € [a, b].

Lemma 2.15. If the assumptions (a-Q?) and (b-Q) on the vector field b are satisfied,
then (b-2) is satisfied.

Proof.  Step 1. Let n € 2(C([a,b;R?)), 0 < a < b < T, be concentrated on
absolutely continuous curves n € AC([a,b]; K) for some K C Q compact, solving the
ODE 1) = by(n) L -a.e. in (a,b), and such that (e;)yn < C.L4 for any t € [0,T]. We
claim that the conditional probability measures n, induced by the map e, are Dirac
masses for (e,)ym-a.e. z.

To this end, for s,t € [a,b], s < t, we denote by X5t : C([a, b]; R?) — C([s, t];R?)
the map induced by restriction to [s, ], namely X% (n) = nlj, . For (eq)4n-a.e. z € R?
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we define 7(z) the first splitting time of n,, namely the infimum of all ¢ > a such that
(X%%) 4m, is not a Dirac mass. We agree that 7(z) = T if n,, is a Dirac mass. We also
define the splitting point B(x) as n(r(x)) for any n € suppn,. By contradiction, we
assume that the set {z € R?: 7(x) < T} has positive (e,)xn measure.

For every tg > 0 and zg € R? let £(tg,z9) > 0 be as in (b-Q). By a covering
argument, we can take a finite cover of [a,b] x K with sets of the form

Ito,xo,s(to,zo) = (tO - E(to, (E()), to + E(t07 370)) X Be(to,wo)/2($0)'
We deduce that there exist to > 0 and zy € R? such that the set
Ey:={zecR?:7(x) < T, (7(x), B(z)) € Ly 20,2(to,0) (2.26)

has positive (e,)xn measure.
For every p,q € Q with a < p < ¢ < b we define the open set

Epq = {n € C([a,0;R?) : 9([p,a]) C Bty o) 2(0)}-

We claim that there exist a set E1 C Ep and p,q € QN [a,b], p < ¢ such that
(ea)#m(E1) > 0 and for every x € Ey the measure X%%(1p, 1,) is not a Dirac delta.

To this end, it is enough to show that for Z%a.e. x € Ej there exist p,,q. €
QN [a,b], pr < g, such that ¥57% (1, . n,) is not a Dirac delta.

Let us consider m1 € suppn,; it satisfies 1(7(z)) = B(z) € Be(1y,00)/2(%0). Let
Pz, @z be chosen such that 01([ps, ¢z]) € Be(tg,z0)/2(20). By definition of 7(x) we know
that ¥57%n, is not a Dirac delta. Hence there exists 7o € C([a,b]; RY) such that
2 € supp(n,), 1m2(7(x)) = B(x), m(t) # n2(t) for every t € [a,7(z)], m(t) # na(t)
for some ¢t € [7(z),qz]. Up to reducing g, we can assume that XP=9(n;), XP9% ()
are curves whose image is contained in Ba(tom)/Q(aco), so that n1,m2 € Ep, 4., and
which do not coincide. Moreover, since supp(X%n,) = EP*9 (suppn,), we deduce
that both XP=% (i) and ¥P=% (1) belong to the support of X% (n,) and hence
S (15, 40 M) = Ispeas (B, ) 5% *“Ny 18 not a Dirac delta.

Let 6 > 0 be small enough so that Es = Ey N {z : n,(E,,) > ¢} has positive
(eq)m-measure. We introduce the probability measure 7 € 2 (C([a, b]; R?))

. 1g .

7= ((ea) gL By) © (——20m, ) = (ea)ynL Es) @ 7,
M2 (Epq)

which is nonnegative, and less than or equal to 17/6. Moreover E;;qﬁ S (C ([p, ql; ]R{d))

is concentrated on curves in B, 40)/2(0), and

i, = M is not a Dirac mass for (eq)gm-a.e. x € Ej.

Ny (Ep,q)

Applying Theorem 1.12 with A = Ei;qN, Q = Be(ty,20)(%0), in the time interval [p, ql,
and thanks to the local uniqueness of bounded, nonnegative solutions of the continuity
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equation in Iy o < (40 20), Which in turn follows from (b’-Q2), we deduce that the disinte-
gration Ziqﬁm of E’;?;qﬁ induced by e, is a Dirac mass for (e,)4n-a.c. x € Es. By the
uniqueness of the disintegration, we obtain a contradiction.

Step 2. Let p! and p? be two solutions of the continuity equation as in (b) with
the same initial datum. Let n',n? € L@(C’([a, bl; ]Rd)) be the representation of u! and
1?2 obtained through the superposition principle; they are concentrated on absolutely
continuous integral curves of b and they satisfy i = (e;)xn’ for any t € [0,T], i = 1,2.
Since there exists a compact set K C  such that u! is concentrated on K for every
t € [0,T], n* is concentrated on absolutely continuous curves contained in K fori = 1, 2.
Then by the linearity of the continuity equation (e;)x[(ny + m2)/2] = (uf + p?)/2 is
still a solution to the continuity equation; by Step 1 we obtain that (nl + n2)/2 are
Dirac masses for pig-a.e. z. This shows that 5. = 52 for ug-a.e. = and therefore that
ut = uz for every t € [0,7]. O



Chapter 3

Main properties of maximal
regular flows and analysis of
blow-up

The chapter is devoted to the properties of the maximal regular flow built in Chapter 2
under suitable assumptions on the vector field. Since these hypotheses are the natural
setting to study the semigroup and stability properties, as well as the proper blow-up
of the trajectories, we recall them here. For T € (0, 00) we consider a Borel vector field
b:(0,T) x Q — R? satisfying:

(a-Q2) fOT Joy 1be(2)] dazdt < oo for any ' €

(b-€2) for any nonnegative p € L3 (€2) with compact support in € and any closed interval
I =[a,b] C [0,T7], the continuity equation

d

T +div (bp) =0 in (a,b) x Q

has at most one weakly* continuous solution I > t — p; € L1 o (defined in (1.9))
with p, = p.

We further assume that the spatial divergence div b;(-) in the sense of distributions
satisfies

T
VO e Q, divh(-) >m(t) in Q' with L(Y,b) := / Im(t)| dt < . (3.1)
0

In Section 3.1 and 3.2, we prove a natural semigroup property for X and for T x
and the stability properties of X before the blow-up time T'x with respect to per-
turbations of b. Finally, we discuss some additional properties which depend on global
bounds on the divergence, more precisely on (2.4). The first property, presented in Sec-
tion 3.3 and well known in the classical setting, is properness of the blow-up, namely

39
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this enforcement of (2.2):

lim Vo(X(t,z)) =00 for Z%-a.e. v € {Tox < T}. (3.2)
tTTQ’X((E)

In other terms, for any Q' €  we have that X (t,z) ¢ Q' for ¢ sufficiently close to
To,x ().

In Q = R%, d > 2, we also provide an example of an autonomous Sobolev vector field
showing that (2.2) cannot be improved to (3.2) when only local bounds on divergence
are present. We also discuss the 2-dimensional case for BV, vector fields. The second
property is the continuity of X (-,z) up to Tq x(x), discussed in Section 3.4, and
sufficient conditions for T x (z) =T

3.1 Semigroup property
In order to discuss the semigroup property, we double the time variable and denote by
X(t,S,ZL‘), tZS,

the maximal flow with s as initial time, so that X (¢,0,2) = X (t,z) and X (s, s, x) = x.
The maximal time of X (-, s, ) will be denoted by T x s(z).

In the smooth setting, it is easily seen that X (-, z) solves the ODE #(t) = by(x(t))
and its value at time s is X(s,z), hence it coincides with the unique trajectory
X(,5,X(s,x)). If b and X are as in Theorem 1.5, and a two-sided bound on the
divergence of b is assumed, an analogous argument (based also, this time, on the com-
pressibility condition) allows to show that for every s € [0,T], for Z%-a.e. x € R?

X(s,X(s,2)) = X(-,z) in [s,T). (3.3)

In the context of maximal regular flows, namely under the assumptions of Theorem 2.14,
the semigroup property is a natural extension of (3.3) involving also the existence times.

The proof of the semigroup property and of the identity Tn x (X (s, z)) = To,x ()
satisfied by the maximal existence time follows the classical scheme. It is however a
bit more involved than usual because we are assuming only one-sided bounds on the
divergence of b, therefore the inverse of the map X (s,-) (which corresponds to a flow
with reversed time) is a priori not defined. For this reason, using disintegrations, we
define in the proof a kind of multi-valued inverse of X (s, ).

Theorem 3.1 (Semigroup property). Under assumptions (a-§?), (b-§2), and (3.1) on
b, for all s € [0,T] the mazimal reqular flow X satisfies

Tso.x(X(s,2)) =Tox(z) for L% -a.e. x € {To,x > s}, (3.4)

X(s,X(s,2)) = X(-,2) in [s, Tox (), for L%a.e. v € {Tox > s}. (3.5)
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Proof. Let us fix s > 0 and assume without loss of generality that £¢({Tq x > s}) >
0. Let us fix a Borel By C {Tn x > s} with positive and finite measure, and let £4
denote the renormalized Lebesgue measure on By, namely 2% := 24 B,/.2%(By).
We denote by ps the bounded density of the probability measure X (s, -)#.Z;d with
respect to £, We can disintegrate the probability measure 7 := (Id x X (s,-))4-Z2
with respect to p,, getting a family {m,} of probability measures in R? such that
= [ 7, ® 8, ps(y) dy. Notice that in the case when X (s,-) is (essentially) injective,
7, is the Dirac mass at (X (s,-))"1(y) for X(s,)xZ%a.e. y.
For € > 0, let us set

e 1= / Ty ® 6y dy € QZ(RM)
{ps>e}

Since em. < m, the first marginal j. of 7. is bounded from above by 2% /e, therefore it
has a bounded density p. with respect to .Z¢. Moreover, since m < || ps|| Loo(Rd) SUPz( T

and the first marginal of 7 is .,fsd, we obtain

sup pe(x) >0 for Z%-a.e. x € B,. (3.6)
e>0

Now, for 7 > s and € > 0 fixed, let B} := {Tn,x > 7} and define a generalized flow
e € Z(C([s.7];RY)) by

Nye = / Ox(..z) dmy(z) dy = Ox(..z) Pe() d. (3.7)
(zy)€BI x{ps=¢} B
For any 7 € [s,7] and any ¢ € C,(R?) nonnegative there holds
| ediewnd= [ oXra)p)ds < Ll [ o) de
R4 BT Rd

Evaluating at » = s, a similar computation gives
(eS)#nT,s = X(Sa ')#(XB;’ﬁE)‘
By Theorem 1.12 (applied in the time interval [s, 7] instead of [0,T]) it follows that

e = [ 8. dle)pn, (o) (3.8)

Now, it is clear that W (-, z) := n.(-) is a regular flow in [s, 7], hence (by uniqueness)
n. = X (-, 8,2) for (es)yn, -a.e. z. Returning to (3.8) we get

nT,EZ/(sX(-,s,z) d[(GS)#nT,a](Z) = 5 5X(-,s,X(s,m))ﬁE(x) d.%‘, (39)
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where in the second equality we used the formula for (es)xn, .. Comparing formulas
(3.7) and (3.9), and taking (3.6) into account, we find that Ts o x (X (s,z)) > 7 and
that X(-, s,X(s,:c)) = X (-,z) in [s, 7], for Z%a.e. x € BI. Since T > s is arbitrary,
it follows that Ty o x (X (s,2)) > T, x () and that X (¢t,s, X (s,z)) = X (t,z) ZL%a..
in Bs.

If To x (xz) < T, by the semigroup identity it follows that

limsup Vo (X (¢,s, X (s,2))) = limsup Vo(X(t,z)) = oo,

tTT97X (z) tTTQ,X (z)
and hence
Tsax(X(s,x)) =Tax(z) for Z%-a.e. x € B,. (3.10)
Eventually we use the arbitrariness of By to conclude (3.4) and (3.5). O

3.2 Stability

This Section provides the stability of maximal regular flows in €. This result, which is
usually related to an analogous stability property for solutions of the continuity equa-
tion, plays an important role in applications, since it allows for instance to build weak
solutions of nonlinear systems of PDEs by approximation (see for instance Theorem 8.8
and Theorem 9.4).

A classical stability result for regular lagrangian flows in R? is the following: if
{b"} hen, b satisfy the assumptions of Theorem 1.5 and

b* - b in L'((0,T) x RY), Slég 10" | oo ((0,7) x ety + [[(div 0™) [ Loo (0, 7) xRe) < 00,

then the regular lagrangian flows X" of b" converge to the regular lagrangian flow X
of b in the sense

. . n - —‘1:|2 —
nh_)rgo y mln{trer%&)T(] | X" (t,z) — X (t,x)|, e }dz=0.

The proof of this statement can be found in [AC2, Theorem 33]. A similar result
under purely local assumptions on the vector field requires to localize also the thesis
of the stability property, since no control can be expected at the blow-up time (see
Remark 3.4 below). We state the result when the vector fields converge strongly in
space and weakly in time, in analogy with the classical theory (see also Remark 3.3
below).

Theorem 3.2 (Stability of maximal regular flows in Q). Let @ C R? be an open set.
Let X™ be maximal reqular flows in Q relative to locally integrable Borel vector fields
b": (0,T) x Q — Re. Assume that:
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(a) for any A € Q open the compressibility constants C(A, X™) in Definition 2./ are
uniformly bounded;

(b) for any A € Q open, setting A° := {x € A : dist(z,R?\ A) > ¢} for e > 0, there
holds, uniformly w.r.t. n,

lim [y + DB (2 + h) = xa(@)bf(@)| =0 in LX(0,T) x 4);  (3.11)
(c) there exists a Borel vector field b : (0,T) x Q — R? satisfying (a-2) and (b-Q)
such that

b" — b weakly in L*((0,T) x A;R%) for all A € Q open. (3.12)

Then there exists a unique mazimal reqular flow X for b and, for every t € [0,T] and
any open set A € 2, we have

lim
n—oo

max | X4 (s, ) — X(s,)| A 1]
s€0,t]

=0, (3.13)
L ({z: ha(X(-2)>t))

where
n | X"t x) fort € [0,ha(X"(-,2))],
Xalh):= { X"(ha(X"(-,2)),2) fort € [ha(X"(-,2)),T].

Remark 3.3. The convergence (3.12) and (3.11) of " to b is implied by the strong
convergence of b" to b in space-time. It is however quite natural to state the convergence
in these terms in view of some applications. For example, the weak convergence of
(3.12) and the boundedness in a fractional Sobolev space b™ € L((0,T); W™P(R?)),
p > 1,m > 0, is enough to guarantee that (3.11) holds. The same kind of convergence
appears in [DPL4, Theorem I1.7] to prove convergence of distributional solutions of
the continuity equation, and in [CrDe, Remark 2.11] in the context of quantitative
estimates on the flows of Sobolev vector fields.

Remark 3.4. The convergence of the flows in (3.13) is localized to the trajectories of b
which are inside A in [0,¢]. This is indeed natural: even with smooth vector fields one
can construct examples where the existence time of X (-, z) is strictly smaller than the
existence time of X" (-, ) and the convergence of X" (-, z) to X (-, z), or to its constant
extension beyond the existence time T x (), fails after T x (x) (see Figure 3.1).

The stability of maximal flows in Theorem 3.2 implies a lower semicontinuity prop-
erty of hitting times.

Corollary 3.5 (Semicontinuity of hitting times). With the same notation and assump-
tions of Theorem 3.2, for every t € [0,T] we have that

lim Z%({z: ha(X"(-,2)) <t <ha(X(-2))}) = 0. (3.14)

n—oo
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Q

Figure 3.1: One can build a sequence of smooth vector fields b" whose trajectories
X"(-,x) starting from a point = is drawn in the figure. These trajectories fail to
converge to the constant extension of X (-, z) after T x ().

In particular, there exists a subsequence n(k) — oo (which depends, in particular, on
A) such that

ha(X(,z)) < lminfhg (X0 (. 2))  L%ae. in A. (3.15)

k—o00

Proof. For every = such that hy(X"(-,z)) <t < hy(X(-,x)) we have that

m[%x] | X" (s,z) — X (s,x)| > dist(0A4, X([0,],x)) > 0.
s€|0,t

It implies, together with (3.13), that (3.14) holds.

Up to a subsequence and with a diagonal argument, by (3.14) we deduce that for
every t € QN [0,7] the functions 1{hA(Xn(k)('7x))§t} converge pointwise a.e. to 0 in
{ha(X(-,2)) > t} and therefore for #%-a.e. z such that t < ha(X(-,x)) we have

ha(X™(-,z)) > t for n large enough. This implies that for every ¢ € Q N [0, 7], for
Z4a.e. x such that t < hs(X(-,z)) we have

t < likm inf ha(X"®) (. 2)) ZL%ae. in A,
—00

which implies (3.15). O

The proof of the stability of maximal regular flows in €2 is based on a tightness
and stability result for regular generalized flows in A (according to Definition 2.10),
as the one presented in Theorem 2.11 under the assumption of the strong space-time
convergence of the vector fields.

Proposition 3.6 (Tightness and stability of generalized regular flows). Let A C R? be
a bounded open set. The result of Theorem 2.11 holds true also if we replace the strong
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convergence of the vector fields (2.13) with the assumptions

illin% Xainl (x + h)ef(x + h) = xalz)e(z) in L*((0,T) x A), uniformly w.r.t. n,
H
(3.16)
c"—c weakly in L'((0,T) x A), (3.17)
where A% := {x € A : dist(z,R?\ A) > e} for e > 0 (compare with (3.11) and (3.12)).

Proof. The tightness was based on Dunford-Pettis’ theorem and it can be repeated in
this context thanks to (3.17): in particular, there exists a modulus of integrability F
such that

T
sup//o F(ln(0)]) dt dn < oo, (3.18)

neN

We show that 7 is concentrated on integral curves of ¢, namely

[0 -no - | ea(n(s)) ds

for any ¢ € [0, T]. To this end we consider ¢ := (¢x =) * p, where p.(z) := e~ ¢p(z/e),
p € C°(RY) nonnegative, is a standard convolution kernel in the space variable with
compact support in the unit ball. Notice that ¢ € L'((0,T); C°(A;R?)) and that
e —¢c| — 0in LY((0,T) x A) as ¢ — 0. Similarly, for every n € N we set ¢ :=
(c"x <) * pe. We first prove that, for every ¢ > 0,

[ 6= [ tatenas

where w : (0,00) — (0, 00) is a nondecreasing function which goes to 0 as € — 0 to be
chosen later.

Since the integrand is a continuous (possibly unbounded) function of n € C([0, T]; R%)
and m" is concentrated on integral curves of ¢, by the triangular inequality we have
the estimate

[ o~ / “(n(s)) ds| dm()

< timint / ‘ 0- [ " ((s)) ds| dn ()

< liminf [ / /0 2 = 2l ds| () + [

To estimate the first term in the right-hand side of (3.21), we notice that

dn(n) = 0 (3.19)

dn(n) < w(e), (3.20)

/ (e — €£]((s)) ds
0

dn"(n)}

sup (€™ — €"[| L1 ((0,1)x4) < w(e)
neN
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and w(e) — 0 as ¢ — 0. Indeed, consider a nondecreasing function wy : (0, 00) — (0, c0)
which goes to 0 as € — 0 and such that

Ixami (@ = h)ei'(x — h) = xa(@)e} ()|l L1 (0,7)xa) < wollh]) (3.21)
for every n € N, which exists thanks to (3.16). We notice that

T T
/ /|c"’5—cn|dmdt§/ pg(z)/ /|XAs(aj—z)c?(x—z)—c?(:n)|dxdtdz
0o Ja R4 0 Ja

T
< [ o) [ [ e = 2) = xaeta = 2lef (o - 2 dadr:
T
[0 [ [ o= 2ete =)~ @) dedra:
T
< [ [ a@) = xas@lei @] de it dz + wole)

and the first term converges to 0 uniformly in n thanks to (3.17), Dunford-Pettis’
theorem and since A T A as ¢ — 0.

Hence, using the fact that ¢” = 0 on 0A and the definition (2.12) of compressibility
constant C, for "™ we get

J|[ex - et as

We now estimate the second term in the right-hand side of (3.21). To this end, for
every k > 0 we consider the set of curves

t
dn"(n) < Cn/ / |c" — ™| dsdx < sup C,w(e). (3.22)
QJo n

T
Ty = {n € AC([0,T); A) : /0 F(lq(t))) dt < k}

We notice that all curves in 'y have a uniform modulus of continuity that we denote
by @i. By Chebyshev’s inequality and (3.18) we deduce that

B (OO0, T A\ T < ©

for some constant C' > 0, hence in the complement of 'y, we estimate the integrand
with its L°° norm:

t T
/F /0 [ — E)(n(s)) ds| du™(n) < m"(T%) /O 1€ — €] oo ) ds

Hence, choosing k large enough we can make this term as small as we wish uni-

c
k

(3.23)

C n
< 2 e = ellnyomyxallpelleay.

formly with respect to n, since ||c" — |11 (0,m)x4) < 1" |21 0,1)x 4) T llell1(0,1)x 4) 18
bounded.
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In I'g, for any N € N we can use the triangular inequality, the fact that ¢’ and c*
are null on (0, 7T") x 9A, and the bounded compression condition (e;/y)gn"L A < C,.Z d
for every i =1,..., N, to get

/pk /[ — cfJ(n(s)) ds

dn"(n) eyt —cgl(n(s)) ds| dn™(n)

N
e el (n(t")) ds

+an Z / IV1e — () ooy ds

dzx

dn"(n)

c’lds

oty
Jm’“(N)”c = cllromyxa) [Veell oo ra),

where tfv = it/N. Choosing N large enough we can make the second term in the
right-hand side as small as we want, uniformly in n. Letting n — oo in (3.24), each
term in the first sum in the right-hand side converges to 0 pointwise in x by the weak
convergence (3.12) tested with the function ¢¥(y) = 1[tﬁ1,t§\’](5)l’€($ — y), namely, for

every x € A,
tN tN
lim [cs () — c5(z)] ds = lim (e (y) — es(y)]pe(x — y) ds = 0.

1—1 i—1

These functions are bounded by [[¢" — ¢l|pi(o,r)xa)llPell oo (ray, thus by dominated
convergence the first sum in the right-hand side of (3.24) converges to 0. It follows
that, given € and k, by choosing N sufficiently large we can make also this term as
small as we wish, hence (3.20) follows from (3.21). We now let ¢ — 0 in (3.20) and
notice that, since n satisfies (2.12) with C' = liminf,, C,, and ¢© — ¢ in L*((0,T) x A),

t
lim /[cs—c](())ds dn(n <Chm//\c—c€]dsda:—0
e—0 0
proving the validity of (3.19). O

The following lemma is a standard tool in optimal transport theory (see for in-
stance [A2, Lemma 22], or [Vi, Corollary 5.23]), but we prove it for completeness.

Lemma 3.7. Let X1, X5 be Polish metric spaces, let p € gz(Xl), and let F, : X1 — Xo
be a sequence of Borel functions. If

(Id, Fy) e — (Id, F) narrowly in 2 (X1 x Xa), (3.24)
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then F,, converge to F' in p-measure, namely
lim p({dx,(Fn, F)>¢e})=0 Ve > 0.
n—oo

Proof. Let us fix e € (0,1). For every § > 0 we consider a continuous map F which
coincides with F' up to a set of y-measure . Taking the bounded continuous function
¢(x,y) = min{dx,(y, F(z)),1} for (z,y) € X1 x X3 as a test function in (3.24) we
deduce that

elimsup p({dx,(F,, F) > €}) < hm/ min{dy, (F,(z), F(z)), 1} du(z)

n—00 n—oo

= . min{dy, (F(z), F(x)),1} du(z) < 6.

Therefore

timsup p({dx, (Fi, F) > £)) < p({F # F)) 4 limsup (b, (B, F) > 2}) <64

n—o0 n—oo

which can be made arbitrarily small by taking J small. O

Proof of Theorem 3.2. Fix A € ) open, denote by .Zg the normalized Lebesgue mea-
sure on A, and define X"} as in the statement of the theorem. Then the laws n" of
z — X' (-,x) under £¢ define regular generalized flows in A relative to ¢® = yab",
according to Definition 2.10, with compressibility constants C,, = C(A4, X™).

Hence we can apply Proposition 3.6 to obtain that, up to a subsequence, "™ weakly
converge to a generalized flow 1 in A relative to the vector field ¢ = y4b, with com-
pressibility constant C' = liminf, C,. Let m, be the conditional probability measures
induced by the map ey, and let X 4 and T4 be given by Proposition 2.12; recall that
X A(+,x) is an integral curve of b in [0,T4(z)], that X 4([0,Ta(z)),z) C A, and that
X 4(Ta(z),z) € OA if Ta(z) < T; as explained in Remark 2.13, for #{-almost every
x the hitting time h4(n) is equal to Ta(z) for n,-a.e. n, and (e;)yn, = dx ,(t,») for all
t € [0,Ta(z)]. For every t € [0,T] we set Ey 4 := {Ta(zx) > t}; since

X a(5,) (LU Epp) = (e)4 / 5x 1y ALY < (e)um < CL Vs e 0,4,
Eg A

we obtain that X 4 is a regular flow for b on [0,¢] x E;. Applying Theorem 2.14(b) to
X 4, and X 4, with A; C Ay we deduce that X 4, = X 4, on E; 4,, and this allows us
(by a gluing procedure) to obtain a maximal regular flow for b.

To prove the last statement, we apply Lemma 3.7 with X; = R?, p = (L?L{Ty >
th/L4Y{Ta > t}), Xo = C([0,t]; A), Fulx) = X%(-,z), F(x) = Xa(-,z). More
precisely, we consider the laws " € 22(C([0,t];R?)) of  — X'j(,z) under p; with
the same argument as above, we know that 1™ weakly converge to 1 and that the
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disintegration 7, coincides with dx ,(.,) for p-a.e. = € R (notice that X 4(-,z) is

defined in [0, ¢] for p-a.e. x). The assumption (3.24) is satisfied, since for every bounded
continuous function ¢ : R? x C([0,T]; A) — R we have

/ o(@,7) d(Id, X7 (-, 2)) (e, 7) = / (1(0),7) dif" ()

(and similarly with 77) and the weak convergence of ™ to 1 shows that

n—o0

lim | () d(1d, X7, 2)spa(z, 1) = / o (,7) d(Id, X a(,2)) (. ).

We deduce the convergence in p-measure of X' to X 4 in C([0,]; A), i.e.,

lim .i”d({x €{Ta>t}: sup | X%(s,z)— Xa(s,z)| > 5}) =0 Ve >0,

n—00 s€[0,t]

from which (3.13) follows easily. O

3.3 Proper blow-up of trajectories under global bounds
on divergence

Recall that the blow-up time T x (x) for maximal regular flows is characterized by the
property limsupyyr, o (2) Va(X (¢, 7)) = 0o when T x(x) < T. We say that X (-, z)
blows up properly (i.e. with no oscillations) if the stronger condition

lim Vo(X(t,z)) =00 3.25
i Va(X(0,2) (3.25)

holds. This property says in particular that the modulus of every unbounded trajectory
must converge to infinity. On the other hand, (3.25) does not guarantee that, even in
a bounded domain €2, bounded trajectories have a limit as ¢ approaches the blow-up
time (the limit belongs to 0N if it exists). This fact may happen even with smooth
vector fields (see Figure 3.2); we show in Theorem 3.12 that this cannot happen if we
assume global integrability of b.

In the following theorem we prove the proper blow-up of trajectories when a global
bounded compression condition on X is available, see (3.27) below. Thanks to the
properties of the maximal regular flow the global bounded compression condition is
fulfilled, for instance, in all cases when the divergence bounds L(€') in (3.1) are uni-
formly bounded. More precisely

T
divbi(-) > m(t) in Q, with L(Q) := / |m(t)| dt < oo (3.26)
0

implies (3.27) with C, < ™).
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Q=58

Figure 3.2: The picture shows a bounded trajectory of a smooth vector field in 2 = By
such that (3.25) holds but the trajectory blows up in finite time without having a limit.

Theorem 3.8. Let X be a maximal regular flow relative to a Borel vector field b sat-
isfying (a-2) and (b-2), and assume that the bounded compression condition is global,
namely there exists a constant Cy > 0 satisfying

X(t, ) (LN {Tax >t}) <C.2T  Vte0,T). (3.27)
Then
liminf | X (¢,z)| = for Z%-a.e. x € R such that limsup |X (t,z)| = oo
t1Tq x () 1T x ()

and in particular imyr, o (2) Vo(X (¢, 2)) = oo for ZLa.e. x with To x(z) < T.

Proof. Let 2, be open sets with 0, € Q41 € Q, with U,Q,, = Q. We consider cut-off
functions v, € C2°(Qp+1) with 0 < 4, <1 and 9, = 1 on a neighborhood of €,.
Since X (-, x) is an integral curve of b for Z%-a.e z € {2 we can use (3.27) to estimate

[

dt% X(t,x)) dtdx<// an X (t,2))| |by(X (t,x))| dt da

- / [ 19X )| X (1) o
0 Q.x >t}

T
<[ [ el

T
SCHV%LHLOO(Q)/O /Q |b(z)| da dt.
n+1
(3.28)

Hence ¢, (X (-,x)) is the restriction of an absolutely continuous map in [0, 7o, x ()]
(and therefore uniformly continuous in [0, T x (z))) for Z%-a.e. z € Q.



3.3 Proper blow-up of trajectories under global bounds on divergence 51

Let us fix z € Q such that limsupyz, (o) Va(X(t,2)) = oo and ¢n(X(-, x)) is
uniformly continuous in [0, T, x (z)) for every n € N. The limsup condition yields that
the limit of all ¢, (X (¢, z)) as t T T x («) must be 0. On the other hand, if the lim inf
of Vo(X(t,x)) as t 1 Ta,x (x) were finite, we could find an integer n and t;, T Tq x ()
with X (tg, x) € Q, for all k. Since ¥, +1(X (tx,x)) = 1 we obtain a contradiction.

O

Remark 3.9. Under the assumptions of the previous theorem applied with Q = R¢,
given any probability measure py < C.Z? for some C > 0, it can be easily shown that
the measure

pe = X (t, ) (ol {Tx > t}), t€[0,7] (3.29)

is a bounded (by (3.27)), weakly* continuous, distributional solution to the continuity
equation. We notice that the same statement is not true if we assume only a local
bound on div b, since the measure (3.29) can be locally unbounded, as in the example
of Proposition 3.10, and therefore we cannot write the distributional formulation of the
continuity equation.

To see that (3.29) is a distributional solution of the continuity equation, we con-
sider ¢ € C*(R%) and we define the function g;(x) as p(X(t,)) if t < Tx(x) or
t = Tx(z) = T, and ¢g(x) = 0 otherwise. By Theorem 3.8 we notice that g:(x)
is absolutely continuous with respect to t for Z%a.e. = € R% and that %gt(x) =
Lirg ()>1y V(X (t, 7)) by (X (¢, 2)) for ZLlrae t e (0,T), for L%ae. x € R We
deduce that the function ¢ — |, (Tx >t} ©(X(t,z)) duo(x) is absolutely continuous and
its derivative is given by

d d
iy 2K o) = G [ o))

— [ Ve (ta)bi(X (ta) dro(a).
{Tx >t}

The proper blow-up may fail for the maximal regular flow due only to the lack of a
global bound on the divergence of b, as shown in the next example.

In the following we denote by vy, ..., v4 the canonical basis of R? and B,(ﬂd_l)(x’) C
R?1 the ball of center 2/ € R?! and radius 7. We denote each point = € R? as
x = (2/,x4), where 2’ are the first d — 1 coordinates of x. For simplicity we write T'x
for Tpa x-

Proposition 3.10. Let d > 3. There exist an autonomous vector field b : R* — R?
and a Borel set of positive measure ¥ C R% such that b € VVI})’f(Rd; RY) for some p > 1,
divb € L (RY), and

loc

Tx(z) <2, liminf | X (¢,z)| =0, limsup | X (t,z)| = o0 (3.30)
1Tx (x) HTx (x)

for every x € X.



52 Main properties of maximal regular flows and analysis of blow-up

A
R

0|
53‘

Y

Figure 3.3: The trajectories of b oscillate between 0 and oo.

Proof. We build a vector field whose trajectories are represented in Figure 3.3. Let

{ar}ken be a fastly decaying sequence to be chosen later. For every k = 1,2,... we
define the cylinders
B (27 kyy) x [—2k—1 2k] if k is odd
Er =9 -1 e
Bay, 7 (27Fvy) x [-2F 2R 1] if k is even.

We also define
Ey = B D27 v)) x (—o0, —1].

a1
Let ¢ € C§° (B%d_l)) be a nonnegative cutoff function which is equal to 1 in By/;. In

every Ej the vector field b points in the d-th direction and it depends only on the first
d — 1 variables

!/ 2—k‘
(—1)k+14’f¢(u>vd V€ By, k> 1
b(z) = o 2y @k (3.31)
490(7)“1 V€ Ep.
ai

Notice that divb = 0 in every Fj and that b is 0 on the lateral boundary of every
cylinder Ej since ¢ is compactly supported.
For every k > 1 we define the cylinders Ej, C R? as

P B e
g [P G X X2 ks odd
Bc(i721)(27kvl) x [—2k 2k=1] if k is even.
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A A
R (a) R (b)

.[;l_m-
Y
=

QU
—_

U
) F,

Figure 3.4: The sets Ey, Fy, E;, and F} and the vector field b.

For every k € N we define a handle F}, which connects Ej with Er,q as in Figure 3.4.
It is made of a family of smooth, nonintersecting curves of length less than 1 which
connect the top of Ej to the top of Epy1 and Ej with Ej ;. We denote by Fj the
handle between Ej and Ej_ , as in Figure 3.4.

The vector field b is extended to be 0 outside Up° ((Ey U Fy,). It is extended inside
every Fj by choosing a smooth extension in a neighborhood of each handle, whose
trajectories are the ones described by the handle. The modulus of b is chosen to be
between 4F and 4! in I (notice that |b(z)| = 4* on the top of E) thanks to (3.31)).

With this choice, every trajectory in Fj is not longer than 1 and the vector field b
is of size 4. We deduce that the handle is covered in time less than 47%.

By the construction it is clear that b is smooth in R? \ Rvy. We show that b €
W’lif (R4 RY) for some p > 1 by estimating the W1 norm of b in every ball B. With
this estimate, one can easily see that b is the limit of smooth vector fields with bounded
WP norms on Bg; it is enough to consider the restriction of b to the first n sets Ej, UF},.

Fix R > 0. The WP norm of b in By, is estimated by

16llwr(r) < IBllwir(EonBR) + Z bllwr(mnBR) + Z 16llw1e(m)- (3.32)
k=1 k=1

The first term is obviously finite (depending on R); since Bp intersects at most finitely
many F}, the second sum in the right-hand side of (3.32) has only finitely many nonzero
terms. As regards the third sum, we compute the WP norm of b in each set Ej,. For
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every k € N
I 2fkv
< k 1/17H y )
[blleniy < 4R (=— =) L2 (Bl 2 4v))
(2Raﬁ 1)1/p||¢||Lp Bl—D)

and similarly

4k (2R)1/P Hv@(x/ - 2_kvl)‘

ag ajg
4%(2Raf ")/
a

VOl 1r(m,) <

) g

||v(10||Lp(B§d*1))'

Since ay < 1, the series in the right-hand side of (3.32) is estimated by

Z”b||W1p(Ek<C Z4’f /el

k=1

and it is convergent for every p < d— 1 provided that we take a; < 8 PF/(@=1-7)  Hence
b € WYP(Bg;RY) for every R > 0.

To check that divb € L (RY), we notice that b is divergence free in R4\ U Fy, and
that for every R > 0 the ball Bp, intersects only finitely many handles F}; in particular
b is divergence free in Bj. Since b is smooth in a neighborhood of each handle, we
deduce that div b is bounded in every Bpg.

Finally we set ¥ = B,, 2(v1/2) x [0, 1] and we show that for every = € X the smooth
trajectory of b starting from x satisfies (3.30). The trajectory of = lies by construction
in U (B} UFY). For every k € N, the time requested to cross the set Ej is 2¥/4% and,
as observed before, the time requested to cross Fy, is less than 4=F. Hence

X 9k
27 +1
Tx (z) < 1o vrew
k=1
The other properties in (3.30) are satisfied by construction. ]

In dimension d = 2, thanks to the smoothness of the vector field built in the previous
example outside the xo-axis, there exists only an integral curve of b for every x € R? \
{z1 = 0}. Hence, thanks to the superposition principle the previous example satisfies
the assumption (b-2) on b and therefore provides a two-dimensional counterexample
to the proper blow-up of trajectories. On the other hand, the vector field built in the
previous example is not in BVje.(R?;R?). We show indeed in the next proposition that
for any autonomous BVj,. vector field in dimension d = 2 the behavior of the previous
example (see Figure 3.3) cannot happen and the trajectories must blow up properly.
It looks likely that, with d = 2 and a non-autonomous vector field, one can build an
example following the lines of the example in Proposition 3.10.
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R+1 |

Figure 3.5: For an autonomous vector field b in the plane, we consider an integral curve
of a suitable representative of b, namely a vector field which coincides .Z%-a.e. with b.
Given R > 0, the time needed for the integral curve to cross the annulus Bri1 \ Br
is greater or equal than the constant | esssupgp, ]b|\|;11(R7R+1) (see (3.36) below). For
this reason, every trajectory can cross only finitely many times the annulus in finite
time and therefore every unbounded trajectory must blow up properly, as in (3.30).

Proposition 3.11. Let b € BW,.(R?;R?), divb € L (R?). Then

loc

lim | X(t,2)| = o0 for £*-a.e. x € R? such that limsup | X (t,z)| = oco.
1Tx (x) HTx (z)
(3.34)

Proof. Step 1. Let R > 0. We prove that for every vector field b € BW,.(R?; R?)
R+1 1
/ esssup |b(x)|dr < — |b(z)|dz + |Db|(Br+1 \ Br). (3.35)
R r€0B, 2R BR+1\BR

For this, let b, be a sequence of smooth vector fields which approximate b in BV (Bgry1\
Bpr), namely

lim |b.—b| =0  in L'(Bgry1\Br), lim |Vb.(x)| dx = |Db|(Bgy1\BRr).
e—0 e—0 BR+1\BR
Up to a subsequence (not relabeled) we deduce that for #!-a.e. r € (R, R+ 1)

limb. =b  in L'(0B,;R?).

e—0
Since we can control the supremum of the one dimensional restriction of b, to 9B,
through the L' norm of b, and the total variation we have that

1
sup [b-(a)| < 5 [ [b@)ldo+ [ (b0l da,
0B, 0B,

r€IB, ~ 2mr
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Hence, integrating with respect to r in (R, R+ 1), (3.35) holds for b.:
R+1 1
/ sup (b (2)] dr < —— |b€(:n)|dm+/ Vb (z)] da.
R xeé)Br 27TR BR+1\BR BR+1\BR

Taking the liminf in both sides as € goes to 0, by Fatou lemma we deduce that

R+1

/ esssup |b(x)| dr < / liminf sup |b-(x)|dr
R IE@BT BR+1\BR e—0 Q?EBBT

R+1
§liminf/ sup |bs(z)|dr
=20 Jr  zeoB,

1
< lim / b.-(x daz+/ Db, ()| dx
€~>0(27TR BR+1\BR| E( )| BR+1\BR| E( )| )

1

= — b(z)|dz + |Db|(B Bp).
32 Jy oy, [N+ IDBI(Bre \ Br)

Step 2. Let R > 0 and let ¢ : R? — R? be a Borel vector field such that

f(r):= sup |e(z)| € LY(R,R+1).
r€IB,

Let v : [0,7] — Bry1 \ Br be an absolutely continuous integral curve of ¢ (namely
g = e(y) Lt-a.e. in (0,7)) such that v(0) € dBg and (1) € dBg+1. We claim that

R+1 -1
> (/ £(r) dr) . (3.36)
R
To prove this, we define the nondecreasing function o : [0,7] = R
o(t) = max |y(s)| Vte[0,7]; (3.37)
s€[0,t]

we have that 0(0) = R and o(7) = R+ 1. For every s, t € [0, 7] with s < ¢ there holds

t
drﬁ/ |5(r)| dr.

0<0(t)~ a(s) < s ()|~ hs)D* < [ | Sho)

re(s,t]

Thus o is absolutely continuous and ¢ < |¥| Z!-a.e in (0,7). In addition, for every
t € (0,7) such that o(t) # |y(t)| the function o is constant in a neighborhood of ¢,
hence ¢ < x(o—j,3|3| L' -a.e. in (0,7). Therefore

5(t) < Lgapy DI = Ligmppy (D]e(y(®)] < flo(t))  for L'-ae. t € (0,7).
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By Holder inequality and the change of variable formula we deduce that

1< [o(r) — o (O)2 < (/OTa(t) dt)2 < T/OT[d(t)]th
< T/OTd(t)f(a(t))dt _ T/RH f(o) do,

R
which proves (3.36).

Step 3. We conclude the proof. Using the invariance of the concept of maximal regular
flow (see Remark 2.6) we can work with a well-chosen representative which allows us to
apply the estimate in Step 2. For this specific representation of b, we show that every
integral unbounded trajectory blows up properly.

For Z%-a.e. r > 0 the restriction b,(z) = b(rz), x € S', of the vector field b to OB,
is BV. We remind that every 1-dimensional BV function has a precise representative
given at every point by the average of the right approximate limit and of the left
approximate limit, which exist everywhere. We define the Borel vector field ¢ : R> — R
as

c(rxz) = the precise representative of b, at x Vzest

for all r such that b, € BV (S!), and 0 otherwise. Notice that, by Fubini theorem, ¢
coincides .#%-a.e. with b, and that sup |c(r-)| < esssup |b(r-)| for all 7 > 0.

Let us assume by contradiction the existence of Z € R? such that X (-,7) is an
integral curve of the precise representative ¢ and

liminf | X (¢, )| < oo, limsup | X (¢, z)| = oo. (3.38)
1Tx (%) HTx (Z)

We fix R > 0 greater than the liminf in (3.38), as in Figure 3.5 and we define f(r) :=
SUp,epp, lc(x)|, 7 € [R, R+ 1]. Thanks to (3.35) applied to ¢, we deduce that f €
LY(R,R + 1). Therefore we can apply Step 2 to deduce that every transition from
inside Br to outside Bgry1 requires at least time 1/|f|p1(g r+1) > 0. Hence the
trajectory X (-, Z) can cross the set Bry1 \ Br only finitely many times in finite time,
a contradiction. O

3.4 No blow-up criteria under global bounds on diver-
gence

If one is interested in estimating the blow-up time T x of the maximal regular flow,
or even if one wants to rule out the blow-up, one may easily adapt to this framework
the classical criterion based on the existence of a Lyapunov function ¥ : R — [0, oc]
satisfying ¥(z) — oo as |z] = oo and

d

%\p(x(t)) < Cy(1+ U(x(t)))



58 Main properties of maximal regular flows and analysis of blow-up

along absolutely continuous solutions to @ = b;(x). On the other hand, in some cases,
by a suitable approximation argument one can exhibit a solution p; = p;.Z¢ to the
continuity equation with velocity field b with |b;|p; integrable. As in [AGS1, Propo-
sition 8.1.8] (where locally Lipschitz vector fields were considered) we can use the
existence of this solution to rule out the blow-up.

In the next theorem we provide a sufficient condition for the continuity of X at
the blow-up time, using a global version of (a-€2) and the global bounded compression
condition (3.27), implied by the global bound on divergence (3.26).

Theorem 3.12. Let b € L'((0,T) x Q;RY) satisfy (b-Q2) and assume that the mazimal
regular flow X satisfies (3.27). Then X (-,x) is absolutely continuous in [0,Tq x ()]
for L%-a.e. x € Q, and the limit of X (t,x) as t T T x(x) belongs to O whenever
TQ’X (:L‘) <T.

Proof. By (3.27) we have that

TQ,X(””) .
// X (t2)| dtdz — // by (X ()| di dr
QJ0

_ / / by (X (£, 2))| da dt
0 {T91X>t}

T
< C’*/ /|bt(z)]dzdt.
0 Q

Hence X satisfies (3.27). Then X (-, ) is absolutely continuous in [0, Tq, x (z)] for £4-
a.e. = € €. Since the limsup Vo(X(t,z)) as t T T x is oo whenever T x(x) < T, we
obtain that in this case the limit of X (¢,z) as t — T x (x) belongs to 0. O

In the case Q = R? we now prove a simple criterion for global existence, which
allows us to recover the classical result in the DiPerna-Lions theory on the existence of
a global flow under the growth condition

b:(z)|
1+ |z

LY(0,T); L'(RY)) + LH((0, T); L*(RY)). (3.39)

As in the previous section, we will use in the next theorem the simplified notation Tx
fOI' T]Rd,X‘

Theorem 3.13 (No blow-up criterion). Let b : (0,7) x RY — R? be a Borel vector
field which satisfies (a-R?) and (b-R?), and assume that the mazimal reqular flow X
satisfies (3.27). Assume that p; € L>((0,T); LY (RY)) is a weakly* continuous solution
of the continuity equation satisfying the integrability condition

ddt< 3.40
//Rdwm rt < oo (3.40)
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Then Tx (z) =T and X (-,z) € AC([0, T]; RY) for pp.L%-a.e. x € RE. In addition, if the
growth condition (3.39) holds, then p; satisfying (3.40) ewist for any po € L' N L>®(R?)
nonnegative, so that X is defined in the whole [0,T] x RY.

Proof. For the first part of the statement we apply Theorem 1.6 to deduce that p; is
the marginal at time ¢ of a measure n € ., (C([0,T];R?)) concentrated on absolutely
continuous curves 7 in [0,7] solving the ODE 7 = b;(n). We then apply Theorem
1.12 to obtain that the conditional probability measures n,, induced by the map eg are
Dirac masses for (ep)xn-a.e. x, hence (by uniqueness of the maximal regular flow) p;
is transported by X. Notice that, as a consequence of the fact that 7 is concentrated
on absolutely continuous curves in [0,7], the flow is globally defined on [0,77], thus
TX (Z‘) =T.

For the second part, under assumption (3.39) the existence of a nonnegative and
weakly* continuous solution of the continuity equation p; in L ((0,T); L' N L>=(R?))
can be achieved by a simple smoothing argument. So, the bound in L' N L> on p; can
be combined with (3.39) to obtain (3.40). O

Remark 3.14. We remark that if only a local bound on the divergence is assumed
as in Section 2.2, the growth assumption (3.39) is not enough to guarantee that the
trajectories of the regular flow do not blow up. On the other hand, it can be easily
seen that if we assume that b satisfies (a-R%), (b-R%), (3.1) and |bs(z)|/(1 + |z|) €
LY((0,T); L>=(R%)), every integral curve of b cannot blow up in finite time and therefore
the maximal regular flow satisfies Tx (z) = T and X (-, z) € AC([0,T];R?) for .£%-a.e.
r € RY.

Theorem 3.13 is useful in applications when one constructs solutions by approxima-
tion. For instance, for the Vlasov-Poisson system in dimension d = 2 and 3, this result
can be used to show that trajectories which transport a bounded solution with finite
energy do not explode in the phase space (see Theorem 8.2).

3.5 Forward and backward Maximal Regular Flows with
divergence free vector fields

The theory of maximal regular flows developed in the previous and in this Chapter
applies to study the lagrangian structure of transport equations, which in turn give
information on solutions of nonlinear PDEs such as the Vlasov-Poisson system. In
order to avoid unnecessary complications, we develop this theory under the assumption
that the vector field is divergence-free, which is satisfied in the application. In the
following, we give a notion of maximal regular flow and we state an existence and
uniqueness result that fully suits the application to the Vlasov-Poisson system, since it
deals with forward and backward flows starting at any time.

Let T € (0,00) and let b : (0,T) x R? — R be a Borel vector field. The following
definition of maximal regular flow has an initial condition at time s € (0,7). Since this
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definition works only with a global bound on the divergence of b, it appears simplified
with respect to Definition 2.4 (specifically, compare (ii) and (iii)). A posteriori, however,
in the cases of interest (namely, when assumptions (a), (b), and 3.43 below are satisfied),
the two definitions are fully equivalent.

Definition 3.15 (Maximal Regular Flow). For every s € (0,7) we say that a Borel
map X (-, s,-) is a Mazimal Regular Flow starting at time s if there exist two Borel maps
Ty :RT— (s,T)], T, x : R? — [0, s) such that X (-, z) is defined in (T;X(x),T:X (x))

s

and the following two properties hold:

(i) for L%ae. x € RY X(-,z) € ACloc((TSTX(@,T:X(IL‘));Rd) and solves the
ODE i(t) = by(z(t)) L'-ae. in (TS_,X(x),T:X(x)), with the initial condition
X (s,s,x) =x;

(ii) there exists a constant C' = C(s, X) such that

X(t,s, )4 (LT, x <t <Tjx}) <C2' Vtel0,T]. (3.41)

(iii) for Z%-a.e. € RY, either T;FX(Q?) =T (vesp. T, x(x) = 0) and X (-, s,z) can be
continuously extended up to t = T' (resp. ¢t = 0) so that X (-,s,2) € C([s, T]; R%)
(xesp. X (-,5,) € ([0, 5;R%), or

lim | X (¢, s,2) =00 (resp. lim | X (¢,s,2)] = 00). (3.42)
tTT:X(x) t¢T;X(x)

In particular, T,y (z) < T (resp. T, x(z) > 0) implies (3.42).

The definition of Maximal Regular Flow can be extended up to the extreme times
s=0,s=T, settingTOTXEOandT;fXET.

A Maximal Regular Flow has been built in Theorem 2.14 under general local as-
sumptions on b. Before stating the result, we recall the assumptions of this Section,
which are a particular case of the assumptions of this Chapter. For T" € (0,00) we are
given a Borel vector field b : (0,T) x R? — R? satisfying:

(a) fOT Jo be(z)| dzdt < oo for any Q € RY

(b) for any nonnegative p € Lf(Rd) with compact support and any closed interval
I = [a,b] C [0,T], the continuity equation

%pt +div (bpt) =0 in (a,b) x RY

has at most one weakly™ continuous solution I 3 t + p; € L ga (defined in (1.9))
with pg = p.
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Since the vector fields that arise in the applications we have in mind are divergence-
free, we assume throughout the Section that our velocity field b satisfies

divb=0 in (0,7) x R? in the sense of distributions. (3.43)

Equivalently, divb; = 0 in the sense of distributions for Z'-a.e. t € (0,T).

The existence and uniqueness of the Maximal Regular Flow after time s, as well as
the semigroup property, were proved in Theorems 2.14 and 3.1 assuming a one sided
bound (specifically a lower bound) on the divergence. We recall that, in this context,
uniqueness should be understood as follows: if X and Y are Maximal Regular Flows,
for all s € [0,7T] one has

{T:Xm = Ty (a) for L%a.c. z € R? (3.44)

X(-ys,2) =Y (,s8,2) in (T, x(z), TS x(2)) for L%ae. xR
Under our assumptions on the divergence, by simply reversing the time variable the

Maximal Regular Flow can be built both forward and backward in time, so we state
the result in the time-reversible case.

Theorem 3.16 (Existence, uniqueness, and semigroup property). Let us consider a
Borel vector field b : (0,T) x RY — RY which satisfies (a) and (b). Then the Maximal
Regular Flow starting from any s € [0,T] is unique according to (3.44), and ezistence
is ensured under the additional assumption (3.43). In addition, still assuming (3.43),
for all s € [0,T] the following properties hold:

(i) the compressibility constant C(s,X) in Definition 3.15 equals 1 and for every
t€[0,T]

X(t,s, )4 (LT, x <t <Tix}) =ZLU(X(t,s, ) {T, x <t <T/x});
(3.45)

(i1) if 1 €0,8], 72 € [s,T], and Y is a Regular Flow in [Ty, T2] X B, then T:X > Ty,
TsTX <1 ZL%a.e in B; moreover

X(,s,2)=Y(, X (m,s,x)) n [, 7], for Y q.e. x € B;

(111) the Mazimal Regular Flow satisfies the semigroup property, namely for all s, s' €
[0,T]

Tj,X(X(s’, s,x)) = T;[X (x), for L -a.e. x e {T:X > s > T, x}, (3.46)
and, for L%-a.e. v € {Tly > > T, x},
X(t, ¢, X(s,s,2)) = X(t,s,2) Vt e (T, x(z), Ty (). (3.47)

We finally mention that Theorem 3.13 provides, also in the context of the previous
theorem, a simple condition for global existence of the maximal flow.






Chapter 4

Lagrangian structure of transport
equations

When considering a fast growing, smooth vector field b : [0,T] x R? — R?, we know
from the Cauchy-Lipschitz theorem (see Theorem 1.1) that, starting at every time
s € [0,T], we can build, forward and backward in time, the unique maximal regular
flow X (-, s, x) starting at time s from position z. This construction provides a set of
curves that “foliate” the space-time (see Figure 4.1). Correspondingly, every smooth
solution u; : [0,T] x R? — R of the transport equation is transported by this set of
curves, meaning that u:(X (¢, s, x)) is constant with respect to ¢ in the existence interval
of the curve X (-, s, z) for every s € [0,7] and x € R?,

A similar description is not available in the literature in the context of non-smooth
vector fields, since up to now global assumptions were always made on b to prevent the
blow-up of the flow. The aim of this Chapter is to develop the abstract theory that
connects the notion of Maximal Regular Flow and Lagrangian/renormalized solutions
for the continuity /transport equation under purely local assumptions on the vector field
and on the solution.

The whole content of this Chapter will be applied in Chapter 8 to show that the
Eulerian description of weak solutions of the Vlasov-Poisson system corresponds to a
Lagrangian evolution of particles. In view of the applications, we present the theory
in this Chapter only for divergence-free vector fields, remarking that some statements
would require more technical tools to be extended to the case of vector fields with
bounded divergence. We warn the reader that, since the theory is completely general,
we shall consider flows of vector fields in R? and denote by z a point in R%. Then, for
the applications to kinetic equations in the phase-space R??, one should apply these
results replacing d with 2d and x with (z,v).

In the following, we consider four different notions of solutions of the continu-
ity /transport equation. The first two are of Eulerian nature, whereas the remaining
two are Lagrangian.

e Distributional solutions have been introduced in Definition 1.2 and regard the
63
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A

telR

Figure 4.1: In the case of a smooth vector field b : R x R¢ — R?, the maximal flows give
a set of smooth curves that “foliate” the space-time. In the non-smooth setting a similar
phenomenon occurs with the maximal regular flows introduced in Chapters 2 and 3,
but measurability issues arise in considering them as a set of curves in space-time.

PDE point of view. This is the weakest possible notion of solution.

e Renormalized solutions (see Definition 4.4 below) are more rigid and encode in a
PDE language the property that solutions are transported along curves in space-
time.

o Generalized flows are weighted collections of integral curves of the vector field b
(which may go to infinity and come back in finite time, see Definition 4.1 below).

e Solutions transported by the maximal regular flow are particular generalized flows,
where the only integral curves allowed are the trajectories of the maximal regular
flow (see Definition 4.2 below).

If the vector field is smooth, all the notions of solutions are equivalent. In the following,
we show that, if the vector field b is divergence-free and satisfies (a)-(b) of Section 3.5,
and if we consider bounded nonnegative solutions, the equivalence still holds. Although
the concepts of distributional and renormalized solutions are completely local, in the
literature they have been related in [DPL4] and [A1] only by means of global assump-
tions on the vector field, that we avoid in the following. For instance, the superposition
principle, presented in Theorem 1.6, relates distributional solutions and generalized
flows under the global assumption (1.5); Theorem 1.12 relates generalized flows to so-
lutions transported by the regular lagrangian flow assuming that no blow-up is allowed
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in the curves on which the generalized flow is concentrated. In this Chapter, we present
the connection between the previous definitions under local assumptions on the vector
field and on the solution.

e Distributional solutions vs generalized flows: in Section 4.3 we prove that, under
general assumptions both on the vector field and on the solution (in particular, no
regularity or boundedness is assumed) every distributional solution can be rep-
resented as a generalized flow. This is the local counterpart of the superposition
principle, Theorem 1.6.

e Generalized flows vs solutions transported by the maximal regular flow: in Sec-
tion 4.1 we show that the well posedness of the continuity equation with vector
field b, which in turn follows usually from the regularity of b (see Remark 1.9),
implies that generalized regular flows (here, “regular” avoids concentration, see
Definition 4.1 below) are transported by the maximal regular flow.

e Solutions transported by the maximal regular flow vs renormalized solutions:
finally, this connection is exploited in Section 4.2.

4.1 Generalized flows and Maximal Regular Flows

We denote by RY = R4 U {00} the one-point compactification of R? and we recall the
definition of generalized flow and of regular generalized flow in our context. This is a
generalization of Definition 2.10, which was used in open bounded sets, and it allows
the integral curves of b, on which the generalized flow is concentrated, to go to infinity
and come back.

Definition 4.1 (Generalized flow). Let b: (0,7 xR? — R? be a Borel vector field. The
measure 1 € .4 (C([0,T]; RY)) is said to be a generalized flow of b if 1 is concentrated
on the set
I:={n€C(0, TR : 1€ ACuc({n # co}:R?) and
n(t) = by(n(t)) for Ll-ae. t € {n# co}}. (4.1)
We say that a generalized flow 7 is reqular if there exists Ly > 0 satisfying
(e)gmLRY < Lo.z?  Vtel0,T). (4.2)

In connection with this definition, let us provide a sketch of proof of the fact that
the set I in (4.1) is Borel in C(]0, T]; R9).

First of all one notices that for all intervals [a,b] C [0, T] the set {n : n([a,b]) C R?}
is Borel. Then, considering the absolute continuity of a curve 7 in the integral form

In(t) —1(s)] < / b)) dr Vst € [a,b], s <t
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it is sufficient to verify (arguing componentwise and splitting in positive and negative
part) that for any nonnegative Borel function ¢ and for any s,t € [0,7] with s < ¢
fixed, the function

0 | e (n(r)) dr

is Borel in {n: n([a,b]) C R9}. This follows by a monotone class argument, since the
property is obviously true for continuous functions and it is stable under equibounded
and monotone convergence. Finally, as soon as the absolute continuity property is
secured, also the verification of the Borel regularity of the class

r'n{n: n(a b)) c R}
= {n € C([0,T]);RY) : p € AC([a,b]; RY), 5(t) = by(n(t)) L -ace. in (a,b)}

can be achieved following similar lines. Finally, by letting the endpoints a, b vary in a
countable dense set we obtain that I" is Borel.

In the case of a smooth, bounded vector field, a particular class of generalized flows
is the one generated by transporting the initial measure along the integral lines of the
flow:

n= [ Oxta ditca) l(a)

In the next definition we propose a generalization of this construction involving
Maximal Regular Flows.

Definition 4.2 (Measures transported by the Maximal Regular Flow). Let b : (0,7) x
R? — R? be a Borel vector field having a Maximal Regular Flow X (according to
Definition 3.15) and let n € .# (C([O,T];I@d)) with (e;)gn < £4 for all t € [0,T).
We say that n is transported by X if, for all s € [0,T], i is concentrated on

{n € C0,TI;R) : n(s) = o0 or n(-) = X (-,5,7(s)) in (TS,x(W(S)%Tj,x(??(S)))%;L |
3

The absolute continuity assumption (e;)xn < £ 4 on the marginals of n is needed
to ensure that this notion is invariant with respect to the uniqueness property in (3.44).
In other words, if X and Y are related as in (3.44), then 7 is transported by X if and
only if n is transported by Y. Indeed, given s € [0, 7] the symmetric difference between
the set in (4.3) and the corresponding set with Y in place of X is contained in

Lo x,y = {n € C0,T;RY) : n(s) € B},

where

E,={reR?: T, x(@) # T,y (x) or T:X(:c) # T:Y(a;) or
X(s,2) Y (-,s,2)in (TSTX(x),T:X(x))}.
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Our goal is to show that the set I's x y is m-negligible. This follows by the uniqueness
property (3.44), which says that £%(Es) = 0, and by (e;) 41 < £4, which implies that
n(Csxy) = (e)xn(Es) = 0.

It is easily seen that if 1 is transported by a Maximal Regular Flow, then 7 is a
generalized flow according to Definition 4.1, but in connection with the proof of the
renormalization property we are more interested to the converse statement. As shown
in the next theorem, this holds for regular generalized flows and for divergence-free
vector fields satisfying (a)-(b) of Section 3.5.

Theorem 4.3 (Regular generalized flows are transported by X). Let b: (0,T) x R% —
R? be a divergence-free vector field which satisfies (a)-(b) of Section 3.5 and let X be
its Maximal Regular Flow (according to Definition 3.15). Let m € My (C([O,T];]f%d))
be a reqular generalized flow according to Definition 4.1.

Consider s € [0,T] and a Borel family {n3} C @(C’([O,T];@d)), z € R, of con-
ditional probability measures representing n with respect to the marginal (es)ym, i.e.,
[ s d(es)gn(z) =n. Then for (es)gm-almost every x € R? we have that s is concen-
trated on the set

Ly := {n € C(I0,TER?) : n(s) =2, n(-) = X (- 5,0(s)) in (T, x(n(s)), Tl x (1)) }-
(4.4)

In particular n is transported by X.
Proof.  First of all we notice that the set I's in (4.4) is Borel. Indeed, the maps
n T:X(n(s)) are Borel because Tx are Borel in R?, and the map 7+ X (t,s,7(s))
is Borel as well for any ¢ € [0,7]. Therefore, choosing a countable dense set of times
t € [0,T] the Borel regularity of I'y is achieved.

The fact that i is concentrated on the set {n : n(s) = x} is immediate from the
definition of 3. We now show that for (es)xn-almost every z € R? the measure n? is
concentrated on the set

{neC(0,TERY) : n(-) = X (-, 5,2) in [s, T,y (2)) ]} (4.5)

Notice that applying the same result after reversing the time variable, this proves the
concentration on the set I's in (4.4).

For r € (s,T] we denote by X257 : C([0, T); R%) — C([s,]; R%) the map induced by
restriction to [s, r], namely X%"(n) := nl(s -

For every R > 0, r € (s,T], let us consider

™" =5y (nL{n s n(t) € By for every ¢ € [s,1]}).

By construction n" is a regular generalized flow relative to b with compact support,

hence our regularity assumption on b allows us to apply Theorem 1.12 to deduce that

0 = / by oy dl(e2) 47 (), (4.6)
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where Y (+,z) is an integral curve of b in [s,7] for (es)gn-a.e. z € R% Let us denote
by pr, the density of (es)xn™" with respect to £9, which is bounded by Lo thanks
to (4.2). For every 6 > 0 we have that

Y (t, )4 (LU pry > 0}) = (et)#/ by L)

{pR,r>5}

VAN
=

(e0) /{ by dlea)gn™](@) (A7)

PR,r >6}

1 L
< —(en)gn™" < g(@t)#’l’]l_Rd < 20 gl

4]

hence Y (-, z) is a Regular Flow of b in [s, 7] X {pr,, > 0} according to Definition 2.1.
By Theorem 3.16(ii) we deduce that Y (-,z) = X (-, s,2) for Z%a.e. = € {prs > J}
and therefore, letting § — 0,

Y(,2)=X(,s,x) in [s,7] for (es)gn™*-a.e. z € RY. (4.8)
Letting R — oo we have that n*" — ¢” increasingly, where
o' =3} (nl_{n :n(t) # oo for every t € [s,r]}).
By (4.6) and (4.8) we deduce that for every r € (s,T]

0" = [x(om dlic)po")(o). (49)

Arguing by contradiction, let us assume that there exists a Borel set E C R? such that
(es)xm(E) > 0 and n;, is not concentrated on the set (4.5) for every « € E, namely

ni({n € C([0,T;RY) : p # X (-, 5,2) as a curve in [S,T:X(JJ))}) > 0.
Since this can be rewritten as

m{ U {neCOIERY in# X(s2) in [sr], (s € Rd}> >0,
re@m(&T:X(x))

for every z € E there exists r, € QN (s, T,y (z)) such that
nfc({n € C([0,T);RY : p # X (-,s,2) as a curve in [s,74], n([s,rs]) C Rd}> > 0.
In other words, for every = € E there exists a rational number r, such that

3y (n; L{n : n(t) # oo for every t € [s, rx]}> is nonzero and not multiple of dx (. s .-
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Therefore, there exist a Borel set E' C E of positive (e;)gn-measure and r € (s, 7)NQ
such that for every z € E'

E‘;f (n; L{n : n(t) # oo for every t € s, r]}) is nonzero and not multiple of dx (. 5 ).

By (4.9) and (es)y0o" < (es)xn we have that
[ o e (@) = 0"

- / 2y (ms L« (1) # o for every ¢ € [5,7]}) dles) ym(@).

This yields dx(. 52) > E;f(nfﬂl_{n : n(t) # oo for every t € [s,r}}) for (es)ym-a.e.
z, and therefore a contradiction with the existence of E’. This proves that ng is
concentrated on the set defined in (4.5), as desired.

Finally, in order to prove that 1 is transported by X we apply the definition of
disintegration and the fact that for (es)xn-a.e. x € R? the measure 02 is concentrated
on the set I'y in (4.4) to obtain that n(T') = [05(T') d(es)gn(z) = 1, where T is the set
in (4.3). O

4.2 Generalized flows transported by the maximal regular
flow and renormalized solutions

We now recall the concept of renormalized solution to a continuity equation. This was
already introduced in Section 1.1, but we prefer to reintroduce it here in its formulation
adapted to the particular situation of a divergence-free vector field, for the convenience
of the reader. To fix the ideas we consider the interval (0,7") and 0 as initial time, but
the definition can be immediately adapted to general intervals, forward and backward
in time.

Definition 4.4 (Renormalized solutions). Let b € LL ((0,7") x R% R%) be a Borel and
divergence-free vector field. A Borel function p : (0,7) x RY — R is a renormalized
solution of the continuity equation relative to b if

oB(p)+V-(bB(p)) =0 in(0,7)xR? VaeC'nL®R) (4.10)

in the sense of distributions. Analogously, we say that p is a renormalized solutions
starting from a Borel function pg : R* — R if

T
/ do(x)B(po(x)) dz + / / [0s () + Ve (z) - be(2)]B(pe(x)) dzdt =0 (4.11)
R4 0 R4

for all ¢ € C°([0,T) x R?Y) and all 8 € C' N L¥(R).
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Remark 4.5 (Equivalent formulations). The definition is equivalent to test (4.10) with
compactly supported functions in the space variable (see for instance [AGS1, Section
8.1]); in other words, (4.11) holds if and only if for every ¢ € C°(R?) the function
Jra ¢ (2)B(pt(x)) da coincides £'-a.e. with an absolutely continuous function ¢ — A(t)
such that A(0) = [pa @(x)B(po(z)) dz and

%A(t) =/, V() - be(x)B(pe(x)) de for Zt-a.e. t € (0,T). (4.12)
R

Moreover, by an easy approximation argument, the same holds for every Lipschitz,
compactly supported ¢ : R — R. This way, possibly splitting ¢ in positive and
negative parts, only nonnegative test functions need to be considered. Analogously,
by writing every 8 € C'(R?) as the sum of a C! nondecreasing function and of a C*
nonincreasing function, we can use the linearity of the equation with respect to 5(p;)
to reduce to the case of 8 € C! N L*°(R) nondecreasing.

In the next theorem we show first that, flowing an initial datum py € L'(R%) through
the maximal flow, we obtain a renormalized solution of the continuity equation. This
is, in turn, a key tool to prove the second part of the lemma, namely that any solution
transported by the maximal regular flow flow induces, with its marginals, renormalized
solutions. The proof of these facts heavily relies on the incompressibility of the flow and
therefore on the assumption that the vector field is divergence-free. A generalization of
this lemma to the case of vector fields with bounded divergence is possible, but rather
technical and long. We notice that the assumptions (a) and (b), as well as the one on
the divergence of the vector field b, are used only for the existence and uniqueness of a
maximal regular flow which preserves the Lebesgue measure on its domain of definition,
through Theorem 3.16.

To fix the ideas, in part (i) of the theorem below we consider only 0 as initial time.
An analogous statement can be given for any other initial time s € [0, T], considering
intervals [0, s] or [s,T], with no additional assumption on b.

Theorem 4.6. Let b: (0,T) x R? — R? be a divergence-free vector field which satisfies
(a)-(b) of Section 3.5. Let X(t,s,xz) be the mazimal regular flow of b according to
Definition 3.15.

(i) If po € L*(R?), we define p, € L'(RY) by
pr =X (t,0,)4(po{Ty x >t})  t€[0,T).
Then pt is a renormalized solution of the continuity equation starting from pg. In

addition the map t — p; is strongly continuous on [0,T) w.r.t. the LllOC conver-
gence, and even strongly L' continuous on [0,T) from the right.

(i) If n € Ay (C([O,T];]f%d)) is transported by X, and (e;)xn_R? < £ for every
t € [0,T], then the density p; of (et)#nl_Rd with respect to L% is strongly con-
tinuous on [0,T) w.r.t. the L{ . convergence and it is a renormalized solution of
the continuity equation.
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Proof. We split the proof in four steps.

Step 1: proof of (i), renormalization property of p;. In the proof of (i) we
set for simplicity X (t,z) = X (¢,0,x) and TOTX = Tx. We first notice that by the
incompressibility of the flow (3.45) and by the definition of p;, for every ¢ € [0,7") and
¢ € C.(R?) one has

/{ (X (1, 2))pu(X (1, 2)) dx = /X ( oprda = /{ P(X (t,2))po e

Tx>t} t,')({Tx>t}) Tx>t}

Hence, for any ¢ € [0,7T) it holds
pe( X (t,x)) = po(x) for Z%-a.e. x € {Tx > t}. (4.13)

Let 8 € C' N L*®(R). By the incompressibility of the flow (3.45) and by (4.13) we have
that

[oppeodr= [ esd= [ X8 @)

{Tx >t}) Tx >t}

for any ¢ € Cc(Rd). In addition, the blow-up property (3.42) ensures that the map
t — (X (t,z)) can be continuously extended to be identically 0 on the time interval
[Tx (x),T) (in the case of blow-up before time T'); in addition, for the same reason, if
¢ € CH(R?) the extended map is absolutely continuous in [0, 7] and

%go(X(t, x)) = X[OyTX(x))(t)Vgo(X(t, x)) - by (X (t,x)) for L'ae. te (0,7).

(4.15)
Therefore, using (4.14) and integrating (4.15), for all ¢ € C}(R?) we find that

G [estenan= [

" VX (1,) - bi(X ()3} do = [ T bl
Rd {Tx >t} Rd

for #1-a.e. t € (0,T), which proves the renormalization property.

Step 2: proof of (i), strong continuity of p;. We notice that, as a consequence
of the possibility of continuously extending the map t — o(X(-,z)) after Tx (z) for
¢ € C.(R?), the map [0,T) > t > p; is weakly continuous in duality with C,(R?). Let
us prove now the strong continuity of ¢ — p;. We start with the proof for ¢t = 0. Fix
€ >0, let 1 € C.(RY) with |90 — poll1 < €, and notice that the positivity Z%-a.e. in R?
of T'x gives

/ or(a) — (@) do < / Ipr() — b(@)| do + / ()] dx
Rd X (t, ) ({Tx>t}) X (t,)({0<Tx <t})

and that the second summand in the right hand side is infinitesimal. Changing variables
and using (4.13) together with the incompressibility of the flow, it follows that

Ipr(a) — ()| da = / po(x) — (X (t,2))] d,

/X(t")({TX >t}) {Tx >t}
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therefore
limsup/ ]pt—w]dacglimsup/ ]po(:c)—w(X(t,:r))\de/ |po — | dz.
t10 R4 tl0 {Tx >t} Rd

This proves that limsup, ||pr — pol[1 < 2€ and, by the arbitrariness of €, the desired
strong continuity for ¢ = 0.

We now notice that the same argument together with the semigroup property of
Theorem 3.16(iii) shows that the map ¢ — p; is strongly continuous from the right in
L'. In addition, reversing the time variable and using again the semigroup property,
we deduce the identity py(z) = ps(X (¢, 5, 2))1 {75 >4} (X (0, s, 7)), therefore

lim [ Jpu(@) = p(2) 1 ryg s (X (0,5,2))| dz =0 ¥t e (0,T).

sttt JRd
Hence, in order to prove that the map ¢t — p; is strongly continuous in Llloc, we are left
to show that for every R > 0 and t € (0,7 one has
lim |ps(z) = ps(2) L1y >3 (X (0, 5,2))| dz = 0. (4.16)

st Br

For this, we observe that by (4.13) and the incompressibility of the flow, we have that
| 1) = @)ty (KOsl de = [ lpd(@) 1y (X 0,5.2)) do
R R

= [ Il oy 00 (X 5 0,0) .
(4.17)

Since trajectories go to infinity when the time approaches Tx (see (3.42)), it follows
that
1{TX§t}(3/)1BR(X(3a 0,y)) -0 for ZLlae. yasstt,

so (4.16) follows by dominated convergence. This concludes the proof of (i).

Step 3: proof of (ii), renormalization property of p;.

To prove (ii), we begin by showing that p; is a renormalized solution of the continuity
equation. By Remark 4.5 it is enough to prove that, given a bounded nondecreasing
B € CY(R) and a nonnegative ¢ € C°(R?), the function ¢ — [ ¢B(p¢) d is absolutely
continuous in [0, 7] and

d
— wB(pr) dx = / V- b S(pr)dx for Z'-ae. t € (0,7). (4.18)
dt R4 R4

To show that the map is absolutely continuous, let us consider s, ¢t € [0,7] and let g
be the evolution of p; through the flow X (-, ¢, z), namely

phi= X (r,t, )4 (pt I_{T;X >r>T,x}) for every r € [0,T]. (4.19)
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Since, by our assumption, 7 is transported by X, we can prove that
pL<p,  forevery r € [0,T). (4.20)

Indeed, with the notation of the statement of Theorem 4.3, since dx (¢ ) = (er)uml
for pia.e. © € {T,'x >r > T, x}, for every r € [0,T] one has

At = / Sx (s i) d < / (e2)4m’. pu() dx
{thX<S} Rd

= (el [ mloua)do = (er)yn = 2"

Combining (4.20), the equality p! = p;, the monotonicity of 3, and statement (i), we
deduce that

t
180 = Btopde < | 186 - 8lede= [ [ 83V brdedr a2)

and similarly

L1360 = stledn = [ 1860 - sDledn = [ [ 8@V bdedr. (422)

We deduce that

| [ 800 = Bonleda] < ke [, [ 196l dras

which shows that the function ¢ — [z ¢B(p;) dz is absolutely continuous in [0, T7.

In order to prove (4.18) it is sufficient to notice that (4.21) and the strong continuity
of r— pt at r =t (ensured by statement (i)) give

/ B(pr) — Bps)lpda < (t — 5) / Blp)Vig - by da + oft — ),
R4 R

hence (4.18) holds at any differentiability point of ¢ — [p4 pB(ps) d.

Step 4: proof of (ii), strong continuity of p,. We now show that p; is strongly
continuous on [0,7) w.r.t. the LllOC convergence; more precisely we show that, for every
t € [0,7T) and for every r > 0,

lim lps — pe| dz =0 (4.23)
sTt B,

(reversing the time variable, the same argument gives the right-continuity). To this
end, let us define p' as in (4.19) for every t € [0,T]; we claim that

oL = psL{T >t} for every s € [0,1] . (4.24)
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Indeed, let us fix s,t € [0,7] and s < t. Denoting with i, the disintegration of 7 with
respect to the map ey, recalling that n! is concentrated on curves n € C([0, T]; R?) with
n(t) = =, by Theorem 4.3, we have that for Z%-a.e. x € R?

1{TtTX<S}(:L‘)5X(Svt7$) = (es)# (nfgl_{n e C([0,T);RY) : n(t) = = and T, x(z) < S})
— (es)a (mlL {n € C(0, THRY) s n(t) # 00 and Ty (n(t)) < s}):

Hence we can rewrite g% in terms of n

ﬁggd = / 6X(s,t,a:)pt (.’E) dx
{T7X <s}

= [ fedu (L {n € CUOTIRD s i) # o0 and T x (n(8) < 5}) u(o) do

— ()4 (L {n € C(0, TR s n(t) # 00 and Ty x (n(t)) < s}).
(4.25)

By the semigroup property (Theorem 3.16(iii)) there exists a set Es; C R? of £
measure 0 such that

T:X(X(s,t,m)) = th’EX(x) for every x € {T" ix >s>T x}\ Esy,
th’[X(X(t, $,x)) = T;’EX (x) for every x € {T;X >t>T x}\ Esy,
for every x € {T;’rX >s>T, x}\ Esy
X(-,S,X(s,t,x)) = X(t,x) in (TtX( )7Tt+X< )
and for every x € {T'F ax >t>T x}\ Esy
X(t,X(ts,2) =X(,s,x) in (TSjX(:r),T;X(:r)).

Since (es)4nL R? is absolutely continuous with respect to .£¢ (so that the set of curves
n such that n(s) € Es; is p-negligible) and 7 is transported by the maximal regular
flow, we have the following equalities, which hold up to a set of np-measure 0:
{ne€C(0,TI;R) : n(s) # oo and T 5 (n(s)) > t}
= {n € C([0,TI;R) : n(s) # o0, n(s) & B, T x(n(s)) >t
and n(-) = X (-, 5,1(s)) in (T, x(n(s)), T, 'x (n(s)) }
= {n € ([0, TI;RY) : n(t) # o0, n(t) ¢ Esy, T, x(n(t) < s
and () = X (-, t,9(t)) in (T, x (n(t)), T,’x (n(t)) }
={ne ([0, T); RY) : 5(t) # oo and Ti x(n(t)) < s}.

(4.26)
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We deduce that
ps L{TT ax >tk =(es) #<17I_{77 € C([0,T); R : n(s) # oo and TS t})

:(es)#(nL{neC([O,T};@d) n(t) # oo and TtX <3}
(4.27)

By (4.25) and (4.27), we proved (4.24).
In order to prove (4.23), we apply the triangular inequality to infer that

[ e=pdes [ o= tldes [ 13- plds

The second term in the right-hand side converges to 0 when s 1 t by the strong Lloc
continuity of p! w.r.t. s proved in statement (i). To see that also the first term converges
to 0, we rewrite it using (4.24), psZ% = (e;) 4nLRY, and the fact that 7 is transported
by the maximal flow to obtain

/ ps —ﬁildiﬂ :/B psl{T:XSt} dx

— [ tnngrs o (n(s)) dn)
= n({n:n(s) € B, (Tix < 1) and () = X (.0() in [s. T (n(s))} ).

Every curve 1 which belongs to the set in the last line belongs to B, at time s and
blows up in [s, ], since it coincides with the maximal regular flow and T 5 (1(s)) < t.
Hence, for some s < s’ < s” < t, it satisfies that n(s') € B, and 5(s") = oo (we could
take s’ = s, but in order to guarantee the monotonicity with respect to s of the sets
below, we prefer to enlarge the set of curves in this way). We obtain that

/ |ps ps\d:):<n<{n n(s") € B, and n(s") = ooforsomes’,s"e[s,t]}).
B

The set in the right-hand side monotonically decreases to the empty set as s 1 ¢,
therefore its m-measure converges to 0. This concludes the proof of (4.23). g

Under certain conditions on the generalized flow 1, the most common being

/ /Rd |1bi 7] (@) dt < oo, (4.28)

where u; = (et)#nl_]Rd, one can show that 1 is concentrated on curves that do not
blow up. This result is in the same spirit as the no blow-up criterion of Theorem 3.13.
We state the result under a more precise assumption than (4.28) (see (4.29)), since this
will be important for the application to the Vlasov-Poisson system in Corollaries 8.3
and 8.4.
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Proposition 4.7. [No blow-up criterion] Let b € L ([0, T] x R4 R?) be a Borel vector
field, let i € //l+( ([O,T]JRd)) be a generalized flow of b, and for t € [0,T] let p; =
(e)4mL R Let o denote the constant curve n = oo, and assume that n({nw}) =0

and
by ()
/ /]Rd 1+ 2] log(2 + |z |)dﬂt(w)dt<oo. (4.29)

Then 1 is concentrated on curves that do not blow up, namely

n({n ([0, T); RY)) : n(t) = oo for some t € [0,7]}) = 0.

In particular, if we assume that yu; < £ for every t € [0,T] and that 1 is concentrated
on the mazimal reqular flow X associated to b, then X is globally defined on [0,T] for
po-a.e. x, namely the trajectories X (-,x) belong to AC([0,T];R?) for up-a.e. x € R,

Proof. Since n({N}) = 0 we know that m-a.e. curve is finite at some time. In partic-
ular, if we fix a dense set of rational times {t,, }nen C [0, T], we see that (by continuity
of the curves) n is concentrated on UpenI',, with

Ty = {n € C([0, T};RY)) : n(tn) € R,

so it is enough to show that nL_T, is concentrated on curves that do not blow up.
By applying Theorem 4.3 with s = t,, it follows that nL_T",, is concentrated on curves
1 that are finite on the time interval (T, x (n(t ))tht (n(tn))) C [0,T]. Hence, since

(er)#(nLTy) < e, by Fubini theorem and assumption (4.29) we get

// X [loglog(2+|n ‘dtd nLTy](n)
x (1(tn))

x ((tn)) 7(t)]

/ / oy @ ) og@ 1 @ 2 Am=Taln)
x(n(t) B (n(0)

-/ / oy oD log(@ + oy 2t m=Lal()

\bt )
d dt < oo.
/ /R (L Ja]) log(2 1 Ja]) (@) d < o

This implies that, for n-a.e. curve n € 'y,

sup | loglog(2 + |n(s)|) — loglog(2 + [n(7)])]

Tt;,X (n(tn))§5<T§Tt:7X (n(tn))

T x(n(tn))

< / mX ’ d [loglog(2 + |n(t) ’dt < 00,
- dt
o x (n(tn)
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which in turn says that T, x(n(ts)) = 0, Tt—:,X (n(tn)) = T, and the curve n cannot
blow up in [0, 7], as desired.

To show the second part of the statement, le us consider the disintegration of n
with respect to eg. By the properties of n we have that, for pp-a.e. x, the probability
measure 7, is concentrated on the set

{17 :n(0) =z, n#o00in [0,T],n = X(-,x) in [O,TX(:C))}.

Since m,, is a probability measure it follows that this set is nonempty, that Tx (z) =T,
and this set has to coincide with {X (-, )}, thus n, = dx(. 4, as desired. O

Remark 4.8. In Proposition 4.7, the assumption that the curve n = oo has n-measure
0 follows easily from the property

M| (C([0, T RY)) < sup i (RY)
te[0,7

(that, as we will see in (4.30) below, is a property of the measures i built with the
generalized superposition principle, Theorem 4.9).
Assumption (4.29) of Proposition 4.7 could be replaced by

Tl |bel(2)
/0 /]Rd () dp(z) dt < oo,

for any nondecreasing function w : [0, 00) — [0, 00) with w(0) > 0 and

/Omw(lT) dr = oo.

4.3 The superposition principle under local integrability
bounds on the velocity

In order to represent the solution to the continuity equation by means of a generalized
flow, we would like to apply the superposition principle (see Theorem 1.6). However,
the lack of global bounds makes this approach very difficult to implement. An analogous
of the classical superposition principle is the content of the following theorem.

Theorem 4.9 (Extended superposition principle). Let b € L ([0,T] x RGR?) be
a Borel vector field. Let p; € L>®((0,T); LL(R%)) be a distributional solution of the
continuity equation, weakly continuous in duality with C.(R?). Assume that:
(i) either |be|py € L ([0, T] x RY);
(ii) or divb, = 0 and p; is a renormalized solution.

Then there exists n € A+ (C([0,T7; ]f%d)) with

n[(C([0, T} RY) < sup [Ipell 11 ray (4.30)
t€[0,T]
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which is concentrated on the set T' defined in (4.1) and satisfies
(e)unL R = p,. 2% for every t € [0,T).

In addition, if p; belongs also to L>((0,T); LL(RY)) (or p; is renormalized), b is
divergence-free and satisfies (a)-(b) of Section 3.5, then n is transported by the Maximal
Regular Flow of X.

Remark 4.10. If, in addition to the last assumptions of the Theorem, we assume that

/ / b (= ) dx dt < oo, (4.31)
R4 1 + |SC‘

then p; is transported by the Maximal Flow, namely T(fx (r) =T, X(-,0,z) belongs
to AC([0,T};RY) for Z-a.e. x € {po > 0} and p;L? = X (t,-)x(po-L?).

Indeed, by Theorem 3.13 and (4.31) we know that the Maximal Regular Flow is
well defined in [0,T] for Z%-a.e. € R% Since 7 is transported by X, for n-a.e. n
we know that n = X (-,0,7(0)) in [0,T]. This implies that for Z%-a.e. = € {py > 0}
the measure 1, obtained through disintegration of n with respect to eg, coincides with
0x(.0,2), therefore

(er)ym = /Rd(et)#%/)o(x) dx = Ad(et)#5X(.,o,x)Po($) de = X (-,0,2)4(p0L7),

as desired.

Remark 4.11. Thanks to Theorem 4.9, one can prove that, if b: (0,T) x RY — R is
a locally integrable, divergence-free vector field, then assumption (b) of Section 3.5 is
equivalent to

(b’) for any closed interval I = [a,b] C [0,T], every bounded distributional solution
of the continuity equation

d
L +div (bp) =0 in (a,b) x R?

is renormalized (according to Definition 4.4).

Indeed, if (b’) holds then, given any couple of bounded, compactly supported so-
lutions of the continuity equation in (a,b) x R? with the same initial datum, their
difference u is a bounded, compactly supported solution starting from 0. By (b’), it is
renormalized, and therefore

d
7 arctan(|u;|?) + div (barctan(|u|?)) = 0 in (a,b) x R%.
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Sd

lo \ R

Figure 4.2: The map ¢ “wraps” R? onto S\ {N} through a diffeomorphism whose
gradient has a controlled growth at oo, in terms of a prescribed function D(r) : [0,00) —

(0,1]. This function will be chosen, in turn, in the proof of Theorem 4.9 in terms of
the L! norms of the vector field b in (0,T) x B,..

Multiplying this equation by a test function ¢(z) € C2°(R?) which is 1 on the support
of uy, we find that

/ arctan(|u[?) =0 Vt € [0,T]
Rd

and therefore u; = 0.

On the other hand, if (b) holds and u is a bounded, distributional solution of the
continuity equation, by Theorem 4.9 applied to u+||ul| e ((0,7)xrey and by Theorem 4.6
we find that u + ||ul| Lo ((0,7)xre) is @ renormalized solution of the continuity equation,
according to Definition 4.4; this implies that the same holds for wu.

Let us first briefly explain the idea behind the proof of Theorem 4.9. To over-
come the lack of global bounds on b we introduce a kind of “damped” stereographic
projection, with damping depending on the growth of |b| at oo, and we look at the
flow of b on the d-dimensional sphere S in such a way that the north pole N of the
sphere corresponds to the points at infinity of R¢ (see Figure 4.2). Then we apply the
superposition principle in these new variables and eventually, reading this limit in the
original variables, we obtain a representation of the solution as a generalized flow. Let
us observe that it is crucial for us that the map sending R¢ onto S? is chosen a function
of b: indeed, as we shall see, by shrinking enough distances at infinity we can ensure
that the vector field read on the sphere becomes globally integrable.

We denote by N be the north pole of the d-dimensional sphere S¢, thought of as
a subset of R4, For our constructions, we will use a smooth diffeomorphism which
maps R? onto S\ {N} and whose derivative has a prescribed decay at oco.

Lemma 4.12. Let D : [0,00) — (0,1] be a nonincreasing function. Then there exist
ro > 0 and a smooth diffeomorphism 1 : R* — ST\ {N} C R such that

Y(x) = N as |z| = oo, (4.32)

IVy(z)| < D(0) Yz eRY (4.33)
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VY (z)| < D(|z|) Yz e R\ By, (4.34)

Proof. We split the construction in two parts: first we perform a 1-dimensional
construction, and then we use this construction to build the desired diffeomorphism.

Step 1: 1-dimensional construction. Let Dy : [0,00) — (0, 1] be a nonincreasing
function. We claim that there exists a smooth diffeomorphism g : [0, 00) — [0, ) such
that

Tim o(r) =, lim () =0, (4.35)

Yo(r) = coDo(0)r W1 € [0,7/Do(0)), for some cq € (0,1), (4.36)
[ho(r)] < Do(0)  Vr € [0,00), (4.37)

[Yo(r)| < Do(r) V1 € [21/Dg(0),00). (4.38)

Indeed, define the nonincreasing L! function D : [0,00) — (0, 00) as

L Do(O) ifre [0, 1 +7T/D0<0 ]
Dl(?”) T . —2 .
min{Dy(r),r"*} if r € (14 7/Dy(0),00).

We then consider an asymmetric convolution kernel, namely a nonnegative function
o€ C((0,1)) with [p o =1, and consider the convolution of D;(r) with o(—r):

1
P(r) == /0 a(r'"YDy(r + ") dr’ Vr e [0,00).

Notice that 1; is smooth on (0, c0), positive, nonincreasing, and ¢; < Dj in [0, 00) (in
particular ¥; € L(0,00)). Moreover we have that ¢; = Dy(0) in [0,7/Dg(0)], hence
19111 (0,00) = 7 and co := 7TH1,/J1H211(0’OO) € (0,1). Finally, we define 1 as

Po(r) == ¢ /OT P1(s) ds Vr e [0,00).

Since |9 (r)| = colt1(r)| < Di(r), taking into account that 7/Dy(0) > 1 it is easy to
check that all the desired properties are satisfied.

Step 2: “radial” diffeomorphism in any dimension. Let Dy : [0,00) — (0, 1] to
be chosen later and consider 1, cg as in Step 1. We define 1) : R? — S\ {N} c R¥H!
which maps every half-line starting at the origin to an arc of sphere between the south
pole and the north pole:

Y(@) = sin(¢0(|x]))(|5;—‘,0) — cos(¥o([z]))(0, ..., 0,1).

Thanks to (4.36) and to the fact that the functions = ~ |z|?, ¢ > sin(v/*)/v/t, and
t ++ cos(v/t) are all of class C*°, we obtain that ¢ € C®(R%;R%*1). We also notice
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that its inverse ¢ : ST\ {N} — R can be explicitly computed:

A1y, Tap1) = wal(arcCOS(—$d+1))M
o , (21, 2a)
=1, (arcsm(|($1,---axd)|))|<x17_..,xd)"

Writing r = |z| and denoting by I the identity matrix on the first d components, we
compute the gradient of v:

cos (4o (1)) (r)r — sin(yo(r))

r3

Vip(x) =

(%m®cmm+ﬁmfmwh

B sin(l/)o(:))wtl)(r) (z,0) ®(0,...,0,1).

It is immediate to check that |Vi(z)| # 0 for all € R%, so it follows by the Inverse
Function Theorem that ¢ is smooth as well. Also, we can estimate

V()] < 20 (r)] + 2n<¢o<>>

Using now (4.37) and (4.38), the first term in the right hand side above can be estimated
with 2D (0) for every € R?, and with 2Dq(r) for every 2 € R? such that > 27/ Dg(0).
As regards the second term, for r € [0,7/Dy(0)] we have that

sin(¢o(r)) _ sin(coDo(0)r)

_ < coDo(0), 4.40
" . < coDo(0) (4.40)

(4.39)

while for r € [7/Dy(0), 00) we estimate the numerator with 1 to get

sin(¢(r) _ Do(0)

< (4.41)
r T
Therefore, since ¢y < 1, by (4.39), (4.40), and (4.41) we get
V()| < 4Dg(0) Ve R4 (4.42)

Now, for r € [2m/Dy(0), 00), thanks to (4.35) and (4.38) we can estimate

) 2 ™ costuolowits) ds < & [T wtlds < - [ Duls)as, (143

r r
thus by (4.38), (4.39), and (4.43) we obtain

‘Vw( )’ < 2D0 / D() Vo e Rd \ B27r/D0(0)‘ (4.44)

So, provided we choose Do(r) := min{4~!,772}D(r) we obtain that (4.42) implies
(4.33). Also, by choosing ro := 27/Dy(0) > 2, from (4.44) and because D is nonin-
creasing we deduce that

IVip(z)| <

/ D D(r) n D(r) <D(r) VzeR?\B,,

proving (4.34) and concludmg the proof. O
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Proof of Theorem 4.9. We first assume that |b|p; € L{ ([0, 7] x R?) and we prove the
result in this case. This is done in two steps:
- In Step 1, based on Lemma 4.12, we construct a diffeomorphism between R? and
S?\ {N} with the property that the vector field b, read on the sphere, becomes globally
integrable.
- In Step 2 we associate a solution of the continuity equation on the sphere to the
solution of the continuity equation p;; this is done by adding a time-dependent mass in
the north pole. Then, the superposition principle applies on the sphere.

Once the theorem has been proved for |b|p; € Li ([0, T] x R?), we show in Step 3
how to handle the case when p; is a renormalized solution.

Finally, in Step 4 we exploit the results of Section 4.1 to show that p; is transported
by the Maximal Regular Flow.

Step 1: construction of a diffeomorphism between R? and S?. We build a
diffeomorphism ¢ € C*(R%;S?\ {N}) such that

xlgglo Y(z) = N, (4.45)
T
/ / |V (x)||be(x) | pr(x) dz dt < oo. (4.46)
0 Jrd

To this end, we apply Lemma 4.12 with D(r) = 1 in [0,1) and D(r) = (2"C,,)~!
for r € 2771, 27), where

T
Cn:=1+ / / |bt(x)|pt(z) de dt for every n € N.
0 B2n

In this way we obtain a smooth diffeomorphism 1 which maps R? onto S¢\ {N} such
that (4.45) holds, |V (z)| < 1 on R?, and

1
2nCy,

’vw(l‘)’ < Va € Ban \BQn—l, n > ng, (4.47)

for some ng > 0. Thanks to these facts we deduce that
T
| ve@iboe) de
<[ [, o) et > / [ V@@l ded (g
Bgz\Bzz 1 ’

= n0+1

< / / @) e + > )

1=ng+1

which proves (4.46).
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Step 2: superposition principle on the sphere. We build n € .Z (C([O,T];]@d))
such that |n|(C(]0, T]; RY)) < suPyefo, 7] [10¢]l L1 (ray, M is concentrated on curves 1 which
are locally absolutely continuous integral curves of b in {n # oo}, and whose marginal
at time ¢ in R? is p;. 2.

Without loss of generality, possibly dividing every p; by SUD¢e(o,1] Al L1(Rd), We can

assume that sup,cio 77 [|ptl| L1 (ray- Define my := [|ptf| p1(ray < 1,
v b if y € ST\ {N
ely) = { VOWNbo(y) ity € ST\{N} (4.49)
0 ify=N
and

pie = p (0L + (1 — my)dy € a@(Sd)7 te0,T].
Since ¢;(IN) = 0 we can neglect the mass at N = ¢)(c0) to get

T T
| eddmar = [* [ [wulowlbo) duw)d
0 Jsd 0 JSN{N}
T
= [ [ Ivul@lbl@ne) de di < .
0 R4

where in the last inequality we used (4.46).

We now show that the probability measure i is a solution to the continuity equation
on S¢ ¢ R4 with vector field ¢;. To this end we first notice that, by the weak
continuity in duality with C.(R%) of p; and by the fact that all the measures j; have
unit mass, we deduce that p; is weakly continuous in time. Indeed, any limit point of
tis as s — t is uniquely determined on S\ {N'}, and then the mass normalization gives
that it is completely determined. We want to prove that the function ¢ — de pdpy is
absolutely continuous and satisfies

4 pdp = / ct - Vodu ZLae. on (0,7) (4.50)
dt Jsa sd
for every ¢ € C*®(R%*1). We remark that, since p; is a solution to the continuity
equation in R? with vector field by, changing variables with the diffeomorphism v we
obtain that (4.50) holds for every ¢ € C2°(R¥1\ {N}), hence we are left to check that
(4.50) holds also when ¢ is not necessarily 0 in a neighborhood of the north pole.

Let us consider ¢ € C®(R¥ 1), By u(N) =1 —my = 1 — ps(S¢\ {N}), for every
t € [0,T] we have that

/ o dpiy = / odpis + o(N)u(N) = o(N) + / (o= o(V)du.  (451)
sd SA\{N} sd

For every ¢ > 0 let us consider a function y. € C°®°(R¥!) which is 0 in B.(N), 1
outside By.(N), and whose gradient is bounded by 2/e. Since p; is a solution to the
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continuity equation in R? and since x.(¢ — ¢(N)) is a smooth, compactly supported
function in C°(R™1\ {N}) we deduce that

d
L (o — o)) dpy = / e Vxe(p — o(N))] dis
dt Jsi 54\(N)
=/ (p —@(N))er - Vxe duy +/ xeer - Vo dpg.
SN{N} SU\{N}
(4.52)

To estimate the first term in the right-hand side of (4.52) we use that |p —@(N)| <
[|[Vp|loo in B-(N) and that |Vx.| < 2/e to get that

‘ / e Vxelo — o(N) dpy
SI{N}

< 2] Véllue / ey,

Bae (N)\Bs (N)

and notice the latter goes to 0 in L*(0,T) as ¢ — 0 since |c| is integrable with respect
to pedt in space-time thanks to (4.50). Since the second term in the right-hand side of
(4.52) converges in L'(0,T) to de\{N} ¢t - Vi duy, taking the limit as e — 0 in (4.52)
we obtain that ¢t — [c(p — @(N))dpy is absolutely continuous in [0,77] and that for
Ztae. te(0,T) one has

d
& o= odn = [ Vo
Sd sd

Using the identity (4.51), this formula can be rewritten in the form (4.50), as desired.

Since p; is a weakly continuous solution of the continuity equation and the integra-
bility condition (4.50) holds, we can apply the superposition principle (see Theorem 1.6)
to deduce the existence of a measure o € Z(C([0,T];S?)) which is concentrated on
integral curves of ¢ and such that (e;)xo = p; for all t € [0,7].

We then consider ¢ : S — R? to be the inverse of 1 extended to N as ¢p(N) = oo,
and define ® : C([0,7];S%) — C([0,T];R%) as ®(5)) := ¢ o . Then the measure

n:=dy0 € @(C([O,T]Qﬁd))

is concentrated on locally absolutely continuous integral curves of b in the sense stated
in (4.1), and
(e)4nLR? = ¢u(e) 4o LR = LR = p.27.

Step 3: the case of renormalized solutions. We now show how to prove the
result when divb; = 0 and p; is a renormalized solution. Notice that in this case we
have no local integrability information on |b;|p;, so the argument above does not apply.
However, exploiting the fact that p; is renormalized we can easily reduce to that case.
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More precisely, we begin by observing that, by a simple approximation argument,
the renormalization property (see Definition 4.4) is still true when 3 is a bounded
Lipschitz function. Thanks to this observation we consider, for k£ > 0, the functions

0 if s <k,
Br(s):=1 s—k iftk<s<k+1,
1 ifs>k+1.

Since p; is renormalized, f(p:) is a bounded distributional solution of the continuity
equation, hence by Steps 1-2 above there exists a measure ), € Z (C([O, T; ]Rd)) with

i l(C0, T RY) < sup [1Be(po) |1t ey,
t€[0,T]

which is concentrated on the set defined in (4.1) and satisfies
(er) %M LR? = Bk(pt)gd for every t € [0, T].

Since ) ;~q Bk(s) = s, we immediately deduce that the measure i := >, ., 7, satisfies
all the desired properties.

Step 4: representation via the Maximal Regular Flow. If we assume in addition
that b is divergence-free and satisfies (a)-(b) of Section 3.5 and that p; € L>°((0,T)xR%)
(resp. that p; is renormalized), then 1 (resp. every m;) is a regular generalized flow
and by Theorem 4.3 it is transported by the Maximal Regular Flow.

O






Chapter 5

The continuity equation with an
integrable damping term

In this Chapter we consider the Cauchy problem for the continuity equation with a
linear source term, namely

{atuxx) + V- (by(@)uy()) = er(x)us()

uo(z) = u(x) (5.1)

where (t,7) € (0,T) x R, uy(z) € R, by(z) € R? and ¢;(z) € R. This kind of equation
appears in many nonlinear systems of PDEs and, in analogy with fluid dynamics, we
call damping the coefficient c. As it happens in the case ¢ = 0 (see Section 1.1), the
continuity equation (5.1) is strictly related to the ordinary differential equation

{ 0 X (t,x) = by(X (t,)) Vi€ (0,T) (5.2)

X(0,z) ==

for z € R%. Indeed, assuming that @, b and ¢ are smooth and compactly supported and

denoting by X : [0,7] x R? — R? the flow of b, the map X (t,-) is a diffeomorphism.

We denote by X 1(t,-) its inverse and we set JX (t,x) := det(V,X(t,x)) # 0. A

solution of (5.1) is then given in term of the flow X by the following explicit formula
WXt ) (@)

) = i X0 () P (/0 XX @) dr). (53)

Moreover, (5.3) can be equivalently rewritten as
t
w L= X(t,), <u exp ( / (X (1,)) df)gd> . (5.4)
0
If ¢ € L°°((0,T) x RY), under suitable (regularity and growth) assumptions on the

velocity field ensuring the existence and uniqueness of a Lagrangian flow, DiPerna and
87
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Lions [DPL4] showed that (5.4) is the unique distributional solution of (5.1) with
initial datum @. At a very formal level, their strategy to prove uniqueness consists in
considering the difference u between two solutions with the same initial datum, which
by linearity solves (5.1) with initial datum 0, and multiplying the equation by 2u. They
obtain

d

IO /R (2au(a) — div b)) d

(5.5)
< (QHCtHLw(Rd) + || div bt”Loo(Rd)) /R;d Ut(x)2 dz.

They conclude thanks to Gronwall lemma that [pq us(2z)?*dz = 0 for every t € [0,T],
which implies uniqueness.

If c € L'((0,T) x R?) then (5.4) does not make sense as distributional solution even
in the simplest autonomous cases. For instance, let by(z) = 0, u = Ligqje, and ¢ €
LY(R%). A solution of (5.1) is given by us(x) = a(z)e'™®); however u; may not belong
to Li (R?) due to the low integrability of c. In this case (5.3) is not a distributional
solution of (5.1).

We notice however that, if we assume ¢ € L'((0,T) x R?), the function u defined in
(5.3) is almost everywhere pointwise defined since the flow is assumed to preserve the
Lebesgue measure, up to a multiplicative constant, and hence

/Rd /OT cr(X(m,x))drde < C’/OT /Rd cr(x)drdx < 0. (5.6)

In the following, we introduce a natural notion of renormalized solution of (5.1) (see
Definition 5.3) following [DPL4] and we prove that the function defined in (5.3) is a
renormalized solution of (5.10). Then we move to the more delicate problem of unique-
ness with this weak notion of solution. Here a different estimate with respect to (5.5) is
needed, since already the formal computation (5.5) fails if we assume lower summability
than L* for the damping c. In analogy with the logarithmic estimates introduced by
Ambrosio, Lecumberry and Maniglia [ALM], Crippa and De Lellis [CrDe] for solu-
tions to the ODE (5.2), we perform a logarithmic estimate for solutions of the PDE
(5.1). As in the computation (5.5), we consider the difference u of two solutions with
the same initial datum and we multiply (5.1) by u/(§ + u?), where § > 0 is fixed, to

obtain
: w(@)’
) dr = [ divby(x)log (1 + ) dz
Rd )

ug(x)? .
Tru? (5.7)

2

d ug(x)
— 1 1
dt Jra ©8 ( + 1)

+/ (ci(x) — div by(x))
R4

. ug(x)?
< H div thLoo(Rd) /Rd log <1 + T) dx

+2/d ()] + | div by(2)] da.
R
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By Gronwall lemma we deduce that for every ¢t € [0, 7]

uy()? T
7~ 7 < 0o
/Rdlog (1+ 5 )dac_exp(/o [| div be || oo (a) dt)
T
[ 20et@) + 19 b)) dwa
0 JRrd

letting finally § go to 0, since the right-hand side is independent on ¢ we obtain that
uy = 0. A justification of the estimate (5.7) in a non-smooth setting requires some
work, as the one performed in [DPL4] to justify (5.5). First, one needs to prove that
the difference of renormalized solutions is still renormalized, which is not an automatic
consequence of the linearity of the equation and of the theory of renormalized solu-
tions. Moreover, to allow general growth conditions on b, one would like to localize the
estimate. In [DPLA4], general growth conditions were considered by means of a cutoff
function and by a duality argument. Instead, we refine the estimate (5.7) by means of
a decaying function.

The plan of the paper is the following. In Section 5.1 we introduce the notions of
regular Lagrangian flow and of renormalized solution; then we state our existence and
uniqueness result. Sections 5.2 and 5.3 are devoted to the proof of the main theorem.

5.1 Existence and uniqueness of renormalized solutions

We denote by B,.(x) C R? the open ball of centre z € R? and radius r > 0, shortened
to B, if x = 0. In the case of a smooth, divergence free vector field b, the solution to
the equation (5.1), given by the explicit formula (5.3) with JX (¢,x) = 1, is obtained
by transporting the initial datum @ along the flow of the vector field b, together with a
correction due to the damping term c. To obtain a similar statement in the non-smooth
setting, we consider the regular Lagrangian flow of b (see Definition 1.4) and we point
out some useful properties in the remark below.

Remark 5.1. Under the assumptions of Theorem 1.5, which guarantee the existence
and uniqueness of a regular lagrangian flow, if we further assume a two-sided bound
on divb, namely divb € L'((0,T); L>°(R%)), the map X (t,-) is almost everywhere
invertible for every ¢ € [0,T]. We denote by X ~!(¢,-) the inverse map, which satisfies
for every t € [0, T

Xt, X YHt,z) == and Xt X(tz) == for Z%-a.e. z € R (5.8)

Moreover, we recall that the compressibility constant C(X) in Definition 1.4 (ii) can
be chosen as exp (fOT | div be || oo (e dt).

When the vector field b is divergence-free, the Jacobian of the flow is equal to 1 in
the explicit solution (5.3) of (5.1). Instead, when the vector field b is not divergence-
free, the Jacobian of the flow appears in (5.3). In the smooth setting, the Jacobian is
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defined as JX (t,x) = det(V,X (t,x)), and satisfies the differential equation
OJX (t,x) = JX (t,x)divb (X (t,z))  V(t,z) e (0,T) x RY

In the non-smooth setting, we define the Jacobian through an explicit formula; we will
see in Lemma 5.7 that this object satisfies a change of variable formula.

Definition 5.2. Let T > 0, let b be a Borel, locally integrable vector field, and let X
as in Definition 1.4. Assume moreover that divb € L'((0,T); L{ .(R?)). We define the

loc

Jacobian of X as the measurable function JX : (0,T) x R* — R? given by

JX (t,x) = exp (/Ot divbs(X (s, 7)) ds).

Thanks to the compressibility condition (ii) in the definition of regular Lagrangian
flow and to the local integrability of div b, a computation like (5.6) shows that JX is
well defined and absolutely continuous in [0, 7] for Z%-a.e. 2 € RY.

We present now a notion of solution of (5.1) which does not even require local
integrability of u and was first introduced in [DPL4]. This notion adapts Definition 1.3
to our context by imposing more constraints on the renormalization function 5 (which,
in turn, guarantee the correct integrability of every term). In the sequel of this Chapter
all the functions involved will be defined up to a set of Lebesgue measure zero.

Definition 5.3. Let @ : R? — R be a measurable function, let b € Ll ((0,T) x R4 R%)

loc

be a vector field such that divh € LL ((0,7) x R?) and let ¢ € LL ((0,T) x RY). A

loc loc
measurable function u : [0,7] x RY — R is a renormalized solution of (5.1) if for every

function f: R — R satisfying
BeCNL®MR), A2)zeLl>®R), [(0)=0 (5.9)
we have that
OB(u) + V- (bB(u)) + divb(uf' (u) — B(u)) = cuf'(u) (5.10)
in the sense of distributions, namely for every ¢ € C°([0,7T) x RY)

T
/¢(0,x)ﬁ(u)da:+/ / [01p + V¢ - b|B(u) dx dt +
# 0 R (5.11)

T
/ / qb[divb(ﬁ(u) —uB(u)) + cuﬁ’(u)} dz dt = 0.
0 JRd

The second assumption in (5.9) is exploited to give a distributional meaning to
the right-hand side of (5.10), which becomes locally integrable despite the lack of
integrability of u.
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Remark 5.4. As precised in a similar context in Remark 4.5, in Definition 5.3, we can
equivalently test equation (5.10) with compactly supported space functions ¢; in other
words, (5.11) holds if and only if for every ¢ € C5°(R?) the function [4 () B(u(z)) dz
coincides .Z!-a.e. in (0, T) with an absolutely continuous function I'(¢) such that I'(0) =
Jga e(2)B(u(x)) dz and for Z'-ae. t € [0,T]

ir(t) = [ V- bB(u)dz + / @[di" by (B(ur) — w3 (ue)) + Ctutﬁl(ut)] dx.
Rd Rd

dt
(5.12)

This follows by the choice ¢(t,z) = p(z)n(t) in (5.11) with n € C°([0,T)); by the
density of the linear span of these functions in C2°([0, T') x R%), it is possibile to deduce
the equivalence (see for instance [AGS1, Section 8.1]). Notice moreover that, with a
standard approximation argument, we are allowed to use every Lipschitz, compactly
supported test function ¢ : R? — R as a test function for the computation (5.12).

We now state the main result of this Chapter, namely the existence and unique-
ness of renormalized solutions to the continuity equation with integrable, unbounded
damping.

Theorem 5.5. Let b € L'((0,T); BVioc(R% RY)) be a vector field that satisfies a bound
on the divergence divb € L*((0,T); L>°(R%)) and the growth condition

|be(z)]
1+ |z

e LY((0,T); L*(RY) + LY((0,T); L= (R%)). (5.13)

Let

ce LY'((0,T) x RY)
and let @ : R* — R be a measurable function. Then there exists a unique renormalized
solution u : [0,T] x RT — R of (5.1) starting from @ and it is given by the formula

—x—1 t

u(z) = J;((fXEt;(t),(:;zg)p)) exp </0 er (X (1, X7Ht, ) () dT). (5.14)
Remark 5.6. The same statement holds for vector fields b satisfying other local regu-
larity assumptions than BV'; more precisely, Theorem 5.5 holds for every b such that ev-
ery bounded, distributional solution of the continuity equation is renormalized. In turn,
this property is needed both for the existence and uniqueness of the regular lagrangian
flow (since, as it is shown in Remark 4.11, it implies property (b-R%) of Section 1.3, and
therefore we can apply Remark 1.8 and Theorem 1.5) and for Lemma 5.9. Moreover, as
shown in Remark 4.11 when the vector field is divergence-free, the property that every
bounded, distributional solution of the continuity equation is renormalized is equivalent
to (b-R%). Hence, to see some classes of vector fields other than BV which satisfy this
assumption, we refer to Remark 1.9 (for the sake of completeness, we also mention that
in many of these explicit examples the property that every bounded, distributional so-
lution of the continuity equation is renormalized is proven directly through commutator
estimates).
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5.2 Proof of existence

To prove existence in Theorem 5.5, we show by explicit computation that (5.3) provides
a renormalized solution to (5.1). In the case of a divergence-free vector field, the flow
X (t,-) is measure preserving and (5.14) can be rewritten as

t
w(z) = a(X 7 (t,-) (x)) exp (/0 e (X (1, XM (8, ) (@) dr ).

An easy computation shows that this function is a renormalized solution of (5.1):

d d

i e pB(ut) dx = I e o(X)B(ur (X)) d

= [ [730) - b)) + ()8 (1 (X) s (X)u(X)| d
— /Rd [ch by B(u) + gpﬂ'(ut)utct} dx,

(compare with (5.12)). Note that in the above calculation it has been used that when
the representation formula is considered along the flow it holds that

d
7 (ut(X)) = u(X)er(X).

The computation can be made rigorous thanks to the absolute continuity of X (-, ).

The following lemma, regarding a change of variable formula and time regularity of
the Jacobian of regular Lagrangian flows, is useful in the proof when b is not divergence-
free.

Lemma 5.7 (Properties of the Jacobian). Let b as in Theorem 5.5 and let X be
the reqular Lagrangian flow of b. Then, the function JX in Definition 5.2 is in
L'((0,7); L (R%)) and for every t > 0 and every ¢ € L'(RY) satisfies the following
change of variable formula:

(X (t,x)JX(t,x)dr = () du. (5.15)
Rd R4

Moreover, e < JX < el with L = fOTHdivthLoo(Rd) dt, JX(-,x) and JX71(- z)
are absolutely continuous in [0,T] and satisfy

O JX (t,z) = JX (t,z)divb(X (¢, z)) for Lt-a.e. t € (0,T), (5.16)

0, [sztx)} . <Jthx)> divei (X (tz)  for Llae te(0,T) (5.17)

for L%-a.e. x € R
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Proof. Step 1: approximation with smooth vector fields. Let us approximate
the vector field b by convolution. In particular let b° be the convolution between b,
extended to 0 in (R\ [0,7]) x R?, and a kernel of the form e=4~!p;(t/e)p2(2/c), where
p1 € C(R) and py € C°(R?) are standard convolution kernels, so that

|| div bi HLoo (Rd) S /Rp]_ (t/) H div bt—f;‘t’ ||Lo<> (Rd) dt/ (518)

Let X¢ € C([0,T] x R%R?) be the flow of b°; for every t > 0 the function X°(¢,-) is
a diffeomorphism of R? and, setting JX(t,2) = det V,X®(t,z), we have the change
of variable formula

H(XE(t,2))JX(t,x)de = [ o(x)dx Vo € C.(RY). (5.19)
Rd Rd
Moreover for every x € R? the function JX¢(-,z) solves the ODE
O J X (t,x) = JX*(t,x) divb; (X (¢, z)) for any t € (0,7)
JX®(0,x) ==,

hence it is given by the expression
t
JXE(t,z) = exp (/ div bi(XE(s,x))ds) Y(t,z) € [0,T] x R%
0
Integrating (5.18) in (0,7"), we find that
T
eb<JXe<ed  V(ta)e[0,T] xRY  with L = / | div by|| o (ay dt. (5.20)
0

Step 2: pointwise convergence of Jacobians. We show that, up to a subsequence
(not relabeled) in ¢, for Z%-a.e. x € R?

lir% JXE (t,x) =JX(t,x) for every t € (0,7), (5.21)
e—
where JX is defined in Definition 5.2.
To this end, let us first prove that, up to a subsequence (not relabeled),
lim div b (X°(t, x)) = divby (X (t,7))  in L .([0,T] x RY). (5.22)
e—
By the stability of regular Lagrangian flows (see [DPL4,CrDe, A1] or [AC2, Section
5] or Theorem 3.2 noticing that assumption (5.13) prevents finite-time blow up of tra-

jectories thanks to Theorem 3.13), for every ¢ € [0, T] we have that, up to a subsequence
(not relabelled)

lim X©(t,z) = X (t, z) pointwise for Z41-a.e. (t,z) € [0,T] x RY. (5.23)

e—0
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Let us consider r > 0 and let us prove the convergence in (5.22) in [0,7] x B,. Let
R > 0 and n > 0 to be chosen later. The estimate on superlevels in [CrDe, Proposition
3.2], which depends on the growth assumptions (5.20) and on the compressibility of the
flows, implies that

ZU{x € B, : X%(t,z) € R\ Br}) < g(R,7), (5.24)

for a function g(R,r) which converges to 0 as R — oo for every r > 0 (and it is
independent on ¢ and t). The analogous of (5.24) holds also with X in place of X°.

By Egorov theorem, there exists a measurable set E C [0,7] x Bg of small measure
Z1(E) <y such that

limdivb® =divb  uniformly in ([0,7] x Bg) \ E. (5.25)

e—0

As a consequence, div by is continuous on ([0,7] x Bg) \ E. Let us consider E' to be
the intersection of E with {¢t} x R?. Letting

Elp={z€B,: X°(t,z) € E'U(RY\ Bp)} U{z € B, : X(t,z) € E' U (R?\ Bg)},

we have that

T
//]divbf(XE)—divbt(X)\d:vdt
0 B,
T T
< / / | div b5 (X=) — div by(X)| da di + / LB )| div b | e ey
o BB, 0

T
4 /0 LYEL )+ || div by o gaey) dt

(5.26)
The second and the third term in the right-hand side of (5.26) can be estimated uni-
formly in € thanks to the compressibility of X¢(t,-) and X (¢, ), which is less or equal,
in both cases, than e’ thanks to (5.20) and Remark 5.1. More precisely

ZLU{X(t,) € E'U(RT\ Br)}) < LU({X(t,) € B'}) + 2/({X"(t,) € R?\ Bg})
< " LYE") + g(R,v)
and a similar computation holds for the set {X (¢,-) € E* U (R?\ Bg)}, so that overall
LUEL ) < 22 LU E") + 29(R, 7).
Thanks to (5.26), it implies that

T
//|divb§(X€)—divbt(X)|d:cdt
o JB,

T T
g/ / ydivbi(Xf)—divbt(X)\dxdtHeL/ LU E)| div by | oo ray di
0 A\EL R 0

T T
+2€L/0 gd(Et)lldivbiILN(Rd)dt+4g(R,r)/0 | div by | oo (gay dt
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which can be written as follows:
T
/ / | div bE (X — div by(X)| da dt
0 r
T T
< / / | div b (X7) — div by(X)| da dt + 4g(R, ) / | div byl o ey it (5.27)
0 PEL o 0

+2€L/EHdivthLm(Rd) dxdt+2eL/EHdivbeLm(Rd)dxdt.

The first term in (5.27) converges to 0 as € — 0 because div b (X ) converges pointwise
to divby(X) in B, \ E;R and div b is continuous on E*:

| divdi (X®) —divby(X)| < [divb;(X®) — div b (X®)| + | div by (X ) — div by (X)]
S ” div bg —div thL‘X’(BR\Et) + ‘ div bt(XE) —div bt(X)‘
(5.28)
The second term goes to 0 because g(R,7) — 0 for R — co. The last terms, in turn,
converge to 0 as n — 0, where 7 has been chosen in (5.25) and is independent on &, by

the absolute continuity of the Lebesgue integral. Indeed, each function is dominated
by

t = div b7 || oo (ray + | div by oo (ay < (67 p1(-/€)) || div byl foo (ray + || div by ]| oo (gay

and the last function converges in L' ([0, T]) to 2| div b || ;- (R4, SO that we can take the
limit in the right-hand side of (5.27) by the absolute continuity of the Lebesgue integral.
Finally, choosing first R and 1 small enough, and then letting £ go to 0 in (5.27), we find
(5.22). By (5.22), up to a subsequence, for Z%-a.e. x € R, divb$(X®(t,z)) converges
to div by(X (¢,2)) in L'([0,T]). Hence for .Z%a.e. = we deduce (5.21).

Step 3: conclusion. Let us fix t > 0 and ¢ € C.(Bg) with R > 0. We take the
limit as € goes to 0 in (5.19) to get (5.15). More precisely, to show that the limit of
(5.19) is (5.15), we estimate the difference of the two terms by adding and subtracting
¢(X)JX*® and using the bound on JX* given by (5.20)

/R (O(XEIXE — (X)X ) dr

< /R (OITX = TX|+ eHo(X7) - $(X)]) da,

The first term goes to 0 as € — 0 by (5.21) and the dominated convergence theorem,
since the functions are nonzero only on the set {z : X (t,z) € Br} and this set has
finite measure.

Regarding the second term, for every R > 0 we have

/Rd (X)) = ¢(X)|dz < 2||¢l| =2 ({z ¢ By : X(t,2) € B or X°(t,) € Br})

" /B 6(X7) — 6(X)] da.

R
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By choosing R sufficiently big, the first term can be made as small as we want in-
dependently on ¢ thanks to the estimate on superlevels in [CrDe, Proposition 3.2]
(see also (5.24)). Finally, letting ¢ — 0 in the second term with R fixed, we obtain
that it converges to 0 by dominated convergence. Hence, (5.15) holds true for every
¢ € C.(R%). Then we approximate every ¢ € L'(R?) with compactly supported, con-
tinuous functions { ¢y, }nen and we take the limit in (5.15) applied to ¢,,. The left-hand
side converges thanks to the bound on the Jacobian and to the bounded compressibility
of X:

| [ on(X) = (X)X o < € [ [6,(X) ~ 6(X0]dw < CeP [ 6, ol da,
R4 Rd Rd

hence we obtain (5.15) with ¢.
Finally, (5.16) and (5.17) are easily checked by direct computation and using the
fact that JX is absolutely continuous in the time variable. O

Proof of Theorem 5.5, Existence. Let 5 : R — R be a function satisfying (5.9). From
the expression (5.3) we compute an equation involving 5(u:(z)). Let ¢ € C2° be a test
function. By the change of variable formula (5.15) applied with ¢(z) = ¢(z)8(u(x))
we have that

/@(!B)B(Ut(fv))dfﬂZ/ P(X (L, 2))B(us(X (L, 2))) ] X (L, ) da.
Rd R4

Thanks to the absolute continuity of X (-, z), of JX(-,z), and of 1/JX (-,z) and
since the set of bounded, absolutely continuous functions is an algebra, for every 2 € R?
the functions t — u(X (¢,2)) and t — (X (¢, z))B(us(X (t,z)))J X (¢, ) are absolutely
continuous. Their derivative can be computed by the explicit formula for u given in
(5.14) thanks to (5.16) and (5.17): for £!-a.e. s € [0,T]

s [us(X)] = 05 [Jix exp (/Ot i df)}

JiXexp </0t CT(X(T))dT>CS(X) + 0 [JX}ueXp (/0 cr (X (1)) dT)

= us(X)es(X) 4 us(X)0s [JX}JX
= s (X)es(X) — us(X) div bS(X)JLX

and therefore

0s[p(X (5, 2))B(us(X (s, 2))) J X (5,2)] = Vip(X) - bs(X) B(us(X)) X
+@(X) (us( X)) 0s [us (X) | T X + p(X) B(us(X)) 0T X
[ P(X) - bo(X)B(us(X)) + o(X)B (s (X) Jus (X ) s (X)
— (X)) (us (X)) us(X) div by (X) + (X)) B(us (X)) div by(X) | JX
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(for the sake of brevity we sometimes write X in place of X (s,z) and JX in place of
JX (s,z)). Hence, by Fubini theorem and by the change of variable (5.15), we have
that

[ @t ds~ [ o@s(a) da
R4 R4
:/Rd/ 0 [0(X (5, 2))B(us(X (s,2))) T X (s, 2)] ds d
/ /R d b(X)B(us(X)) + (X)X s (X)es(X)

B (us(X))us(X) divbs(X) + o(X)B(us(X)) div bs(X)} JX dx ds

//]Rd bs(2)B(us(x)) + p(x)cs(x)us(2) B (us())
o(z) divbs(z) (— us(@) 8 (us(z)) + B(us(x)))] de ds.

Notice that the integrand in the right-hand side is in L'((0,7) x R%)) thanks to the
properties of 8 and since ¢ is compactly supported. We have therefore verified that
the function t — [pq ()5 (us(2)) dz is absolutely continuous in [0,7] and that (5.12)
holds; we conclude that u is a renormalized solution thanks to Remark 5.4. ]

5.3 Proof of uniqueness

In this section we are going to prove the uniqueness part of Theorem 5.5. In Lemma 5.9
we prove that under our assumptions the difference of renormalized solutions is still
a renormalized solution following the lines of [DPL4, Lemma II1.2]. Therefore, to
prove uniqueness in Theorem 5.5 it is enough to show that every renormalized solution
starting from @ = 0 is identically 0. The following simple lemma states the property of
the particular renormalization function which allows to pass to the limit in the damping
term.

Lemma 5.8. Let 5(r) = arctan(r) : R — (—n/2,7/2) and, for every M > 0, let
Buy(r) = MpB(r/M). Then we have that

r1Ba (1) = r2Bar(r2)] < [Bar(r1) = Bu(r2)]  Vri,re € R (5.29)

Proof. First we prove the inequality for M =1, namely

‘ 1+72 1 + v ‘ < |arctan(r1) — arctan(rz)|  Vri,r2 € R. (5.30)

Setting t; = arctan(r;), i = 1,2, the inequality is equivalent to

tan(tq) tan(t2)
1+tan2(t;) 1+ tan?(

mw T
t—t Vi, t e(——,—).
‘_|1 2 1,t2 53
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Since the left-hand side can be rewritten as |sin(2¢;)/2 — sin(2¢2)/2| and the function
sin(2t)/2 is Lipschitz with constant 1, the previous inequality is satisfied. To prove
(5.29) with M > 0, we apply (5.30) at r1/M and ro/M to obtain

M?“l M?“Q T1 T9
e r% BV r% ‘ < ’ arctan (M) — arctan (M)‘ Vri,re € R.

Multiplying both sides by M we obtain (5.29). O

Although the continuity equation is linear, it does not follow from its definition that
the class of renormalized solutions is linear. However, thanks to the regularity of the
vector field and to a particular choice of renormalization functions, we prove that the
difference of renormalized solutions is still a renormalized solution.

Lemma 5.9. Let us consider a vector field b € L'((0,T); BVioe(R%RY)) with divb €
LY((0,T); L (RY)), a damping ¢ € L _((0,T) x R?), and a measurable initial datum

loc loc
% :RY = R. Let uy and uy be renormalized solutions of (5.1) with initial datum .

Then u := uy — us s a renormalized solution with initial datum 0.

Proof. Let M > 0 and Ba(r) = M arctan(r/M) for every r € R. Notice that Sys
satisfies (5.9), so that in the sense of distributions

OB (wi) + V - (Bar (wi)) + div b(uiBy (wi) — Bur(wi)) = cuibyy(wi) — i=1,2.

Taking the difference between these equations and setting vy = Sar(u1) — Bar(uz) we
obtain that v solves in the sense of distributions

Oopr + V- (buyy) = (e — div b)[ug 8y (u1) — uz By (ug)] + divbuyy.

Thanks to the assumptions on b, since the right hand side of the previous equation is lo-
cally integrable, and since vy; € L((0,T)xR%), it follows by [A1] (see also [AC2, The-
orem 35| and the discussion of Remark 5.6) that vs is also a renormalized solution,
namely for every v which satisfies (5.9) we have

uy By (ur) — ug By, (ug)

Bar(u1) — B (uz)

This means that, since vy;(0,-) = 0, for every ¢ € C°([0,T) x R%) we have

Oy(vm) + V- (by(var)) = (¢ = div b)Y (var)vm

+ divby(vy).

T
—/ /[at¢+v¢.bh(w)dzdt:
0o Jre (5.31)

4 : ' u1 By (ur) — uafBhy(u)
/0 /Rd gb{(c —div b)Y (var)vm Bar (u1) — Bar(112) + divby(vp) | de dt.

Then, we let M go to oo in the previous equation. First, we note that since Sy (r) —
r as M — oo it follows that vy; converges to u; — uo pointwise as M — oco. As



5.3 Proof of uniqueness 99

regards the left-hand side of (5.31), y(vas) converges pointwise to v(u; — u2) and these
functions are bounded by ||v|lcc. The right-hand side of (5.31) converges pointwise to
the right-hand side of (5.32) below and by Lemma 5.8 it is bounded by the L . function
(e[ + 2| div b])[|z7' ()| Loo (ra)- Hence by dominated convergence we get

_ /OT /Rd[atww.bh(u) d df — /0 ! /R 6] (e=divb)uy/ () +div by (w)] dedt (5.32)

for every « which satisfies (5.9). O

In the following lemma we enlarge the class of admissible test functions in (5.11).
As it will be clear from the proof of Theorem 5.5, a particular Lipschitz, decaying
test function will play an important role. In particular in the proof of the uniqueness
in Theorem 5.5 the estimate (5.43) fails when only compactly supported smooth test
functions are considered.

Lemma 5.10. Let C > 0 and let b and @ be as in Theorem 5.5. Let u be a renormalized
solution of (5.1) and let ¢ € WH(R?) be a function with the following decay

C C
L — < dge xR (5
eI < i VW S o for Zhae se R (539
Then the function [ ¢(x)B(ut(x)) da coincides £ -a.e. with an absolutely continuous
function T'(t) such that T'(0) = [pa ¢(x)B8(u(z)) dz and for £*-a.e. t € [0,T]

if‘(t) = V- bf(ug) de + / go[div bt(ﬁ(ut) _ utﬁ’(ut)) ' Ctutﬁl(ut)] de.
Rd Rd

dt
(5.34)

Proof. Although the proof is a standard argument via approximation, we sketch it
for the sake of completeness. We approximate the function ¢ by means of smooth,
compactly supported functions ¢,, satisfying the same decay (5.33) with C' independent
on n. By Remark 5.4, the function ¢t — [ ¢n(2)B(u(x)) dz coincides for Zt-a.e. t €
[0, 7] with an absolutely continuous function I',,(¢) which satisfies (5.12) and I',,(0) =
Jga on(x)B(u(x)) de. Thanks to (5.33), to the growth assumptions on b, and to the
integrability of ¢, by dominated convergence we get that

lim il“ (t)

n—oo dt n

= Jim [ Vou- b dat [ divbi(Bu) = s (w) + cud(w)] da

n—o0

— /Rd Vo - b (ug) dz + /Rd w[div by (B(ur) — wef (ug)) + ctutﬁ’(ut)} dx
(5.35)



100 The continuity equation with an integrable damping term

in L'(0,T). Moreover by dominated convergence we have

lim Tu(0) = | p(o)B(a(a) da

n—o0

and for Z'-a.e. t € (0,7

I'(t) = lim T'y(¢t) = lim on () B(ut(x)) dz :/ o(x)B(ut(x)) dz. (5.36)
n—00 n—00 Jpd R4

Hence the functions I',, pointwise converge to an absolutely continuous function I' :
[0,7] — R such that (5.34) holds, I'(0) = [pa ¢(x)B(a(x)) dz, and

for £t-a.e. t€0,7). O

Proof of Theorem 5.5, Uniqueness. Up to taking the difference of two renormalized
solutions, which is still a renormalized solution with initial datum 0 by Lemma 5.9,
it is enough to show that if u is a renormalized solution with initial datum 0 then v = 0
in [0, 7] x R4

Let § > 0. We consider the positive function

[arctan(r)]?

; ) Vr € R, (5.37)

Bs(r) =log (1 +
which satisfies (5.9) and in particular, thanks to (5.29) applied with M =1, r = r,
ro = 0
arctan(r)
+ [arctan(r)]?

|rB5(r)| = ‘5 'rarctan’('r)‘ <1 Vr € R. (5.38)

For every R > 0 consider
1 d
XS reRY |z <R

vr(z) = Rd+1 (5.39)
W T e Rd, |.%" > R.

We use 5 to renormalize the solution u and ¢p as a test function. Notice that pr €
L' N W12(RY) with 0 < pr < 1 and by Lemma 5.10 the function ¢ is an admissible
test function in (5.34). Hence there exists an absolutely continuous function I's g :
[0,7] — R such that I's g(0) = 0 and for #'-a.e. t € [0, 7]

Cont) = [ on(o)is(un(a) de
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d

Eré,R(t) :/ Vg - bifs(ug) de + / or(c — div by)usBs(ug) da
t Rd R4

(5.40)
+/ wr div by Bs(uy) dx
Rd

(here and in the following we omit the dependence of b, ¢, u on (¢,z) and of ¢r on
z). We estimate each term in the right-hand side of (5.40). The third term can be
estimated thanks to the condition on the divergence of b

/Rd ¢r div by Bs(ur) dz < || div by | oo (may /Rd ©rPs(ut) d. (5.41)

As regards the second term, we use (5.38) to deduce

/ or(cy — div by)ug 85 (ug) do < / or(led] + |div by|) dz
R R (5.42)

< / |Ct|d.73'+ ||diVbt||Loo(Rd)/ QDRdZL‘
R4 R4

To estimate the first term, we take into account the growth condition (5.13) on b. Let
b; and by two nonnegative functions such that

<by(z)+by, by e LY0,T)xRY),  bye L'((0,T)).

Notice that Vg (z) can be explicitly computed; for every # € R? with |z| < R it is 0
and if |z| > R we have that |[Vypr(z)| < (d + 1)pr(z)(R+ |z|)7L. If R > 1, we have

/Rd Vor - bifs(ug) de < (d+1) /Rd\BR RiR]x\ (1 + |z|) (b1t + bat) Bs(ur) dx

<(d+1) /Rd\B ©r(b1 + bay)Bs(ug) d

2
< (d+1)log <1 + l) by dr + (d+1)by [ ©rBs(ur) d.
45 Rd\BR R4
(5.43)

Setting for every t € [0,7] the L' functions:
a(t) = || div thLOO(]Rd) + (d + ]-)b2t7
br(t) = llctll L1 ray + || div be]| Loo (may @RI L1 (R4Y
cr(t) = (d+ )bl 1 ey B)»
from (5.40), (5.41), (5.42), and (5.43) we deduce that for Z!-a.e. t € 0,7

d 2

%F&R(t) < a(t)l'sr(t) + br(t) + cr(t)log (1 + 475)
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Since I's z(0) = 0, by Gronwall lemma we obtain that for every ¢ € [0, T

T T 2\ (T
Lsr(t) Sexp(/ a(s)ds)(/ br(s)ds + log (1+ 45>/ CR(S)dS)
0 0 (5.44)
2
= exp(A)(BR + log (1 + 45>C’ )
Notice that by definition
hrn Cr=(d+1) lim / / bis(z) dxds = 0. (5.45)
Rﬁoo R4\ Bg

We conclude finding a contradiction as in [CrDe, BC2]. Let us assume that u; is
not identically 0 for some t € [0, T]; then arctanw; is not identically 0 and there exists
Ry > 0 and vy > 0 such that Z?({x € Bg, : [arctanu;(2)]?> > v}) > 0. Dividing (5.44)
by log(1 4 /) we obtain that for every R > Ry

0 < 22 € B, : [arctan wy(@)]* > 7}) < (log (1 + %))711“5,}2(75)

2d+1
2

< exp(A)(log (1 n %))_1 (BR +log ( 45)(73)

Letting § go to 0 we find

ZL4{x € Bg, : [arctan uy(z)]? > v})

0< 2d+1

< exp(A)Ck,

which is a contradiction thanks to (5.45) provided that R is chosen big enough. O



Chapter 6

Regularity results for very
degenerate elliptic equations

In the following informal discussion, we describe the connections between some traffic
models, involving in their formulation different tools such as the Lagrangian point of
view, the variational minimization and some degenerate elliptic equations. We refer to
the lecture notes of Santambrogio [San]| for a wider presentation of the topic.

A Lagrangian problem. Let Q C R¢ be an open domain; in the application, it may
represent an urban area. Let u, v be two probability measures on {2 which may describe
the initial and final distribution of workers, commuting from their houses to the work
offices. In a continuous setting, we describe the transport pattern with a probability
measure 1 on the set of absolutely continuous paths AC([0,1];2), where each path
represents the choice of a traveler. We associate to 1 the traffic intensity i, € #4(Q)
defined by duality through

| ela)dine // (t)| dt dn(n)

for every ¢ € C(£2). Intuitively, in the smooth setting i,(x) represents at any point
x € Q the total traffic that flows through x (in any direction). In order to prescribe the
initial and final distributions u,v € & (Q), we consider a given convex closed subset I'
of the set of transport plans between p and v

I(p,v)={y € @(Q X Q) C(m)gy = py (mo)py = 1/}.

For a measure 1 to be admissible, we require (ep,e1)xn € I'; the two most natural
choices for T" are either I' = {vy} for some vy € II(u,v) (corresponding to the case
when each traveler chooses his initial position and final destination), or I' = II(u,v)
(this second condition is natural in long-term city planning). In the following discussion,
we make always the second choice.

103
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In order to describe the congestion effects, we consider a given nondecreasing func-
tion g(i) : R™ — RT. The case ¢ = 1 would correspond to the case where we don’t
consider congestion and it leads to a formulation of the classical Kantorovich problem
with the cost function ¢(x,y) = |z — y|; instead, here g is chosen to have g(0) > 0 (so
that, as we will see below, empty streets have nonzero cost) and to be unbounded (in
order to penalize congestion); our model function is g(i) = 1 + pi?~! for some p > 1.
One may allow g to depend on the point z as well and require the monotonicity only
in ¢ variable, but for simplicity we avoid this analysis. Given a transport pattern n, we
associate to every curve 7 its weighted length (or traveling time) as

1
Lo(n) = [ atinn(®))ln/ ()]
and we define the distance

dn(z,y) = inf{Ly(n) : n € AC([0,1];Q), n(0) = z,n(1) = y}.

We call geodesics the curves that minimize this distance between given points, namely
such that dy(n(0),7(1)) = Lu(n).

A plan n satisfies a Wardrop equilibrium condition if no traveler wants to change
his path, provided that all other travelers keep the same strategy. In other words, a
Wardrop equilibrium 7 satisfies the property to be concentrated on geodesics in the
metric induced by 7 itself

n ({n € AC([0,1];Q) : Ly(n) = dy(n(0),n(1))}) = 0.

Under some technical assumptions, Carlier, Jimenez and Santambrogio [CJS] show
that Wardrop equilibria can be found as minimizers of the variational problem

min { /Q Glin(x)) dz : (eo,e1)um € TI(1, y)}, (6.1)

where G is the primitive of g, namely G(0) =0 and G’ = g.

Beckmann’s minimal flow problem and its dual formulation. The problem
(6.1), in turn, can be also reformulated in terms of a minimization problem over mea-
surable vector field w : © — R?. In other words, we consider the Beckmann’s minimal
flow problem

min /g ))dr :divw =p —v, w- V@Q—O} (6.2)

where G(z) = H(|z|) for every x € R It is clear that the infimum in (6.1) is less
or equal than the infimum in (6.2). Indeed, given an admissible n for (6.1), we can
associate a natural flow w,, defined by duality

| #la)- dwy (o // (t)dt dn(n)
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for every ¢ € C(;RY). It can be easily checked that, with this definition, wy, is
admissible in (6.2) and, since |wy| < iy, one sees that

/Qg(wn(x))de/QG(in(w))dx.

Actually, the equality between the two problems in (6.1) and (6.2) holds, but this
requires more work to be seen.

In turn, problem (6.2) can be rewritten, formally, by means of some convex analysis
tools, allowing to exchange max and min

ngn{/ﬂg(w)dx:divw:po—pl, ’w'VaQZO}
= ngn{ Qg(w)d:r—min{/g [(po—pl)u—l-w-Vu]dx}}
/Q[—g(’w)+(po—p1)u+’w-Vu] da:}
1= 6tw) w0 Fuct (oo = prja] o}
= i [ (690 + (o = ] e} (63

where G* denotes the convex conjugate of G and py and p; denote the (smooth) densities
of p and v with respect to the Lebesgue measure. We notice that the minimizer w in
(6.2) can be obtained from the minimizer u in (6.3) through the formula w = VG(Vu)
and that u solves the very degenerate elliptic equation

div (VG(Vu)) = po — p1

with Neumann boundary conditions.

Sobolev regularity of w has been proven in [BCS] and it allows to associate to w a
regular lagrangian flow. In this Chapter, we study the continuity properties of w, which
are, in turn, crucial to rigorously justify the previous formal discussion (for instance,
the equivalence between problem (6.1) and (6.2)) and to formulate the geodesic problem
presented above in a relatively nice Riemannian setting.

6.1 Degenerate elliptic equations

Given a bounded open subset © of R?, a convex function F : R? — R, and an integrable
function f : Q@ — R, we consider a function u : £ — R which locally minimizes the
functional

/ F(Vu) + fu. (6.4)
Q
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When V2F is uniformly elliptic, namely there exist A\, A > 0 such that
Md < V2F < ALd,

the regularity results of v in terms of F and f rely on De Giorgi theorem and Schauder
estimates (see Theorems 1.19 and 1.20). If F degenerates at only one point, then
several results are still available. For instance, in the case of the p-Laplace equation,
the C1 regularity of u has been stated in Theorem 1.22.

More in general, one can consider functions whose degeneracy set is a convex set:
for example, for p > 1 one may consider

F(v) (Jo] = DA Vo e RY, (6.5)

1
p
so that the degeneracy set is the entire unit ball. There are many Lipschitz results on u
in this context [FFM, EMT, Br|: they are based on the observation that the equation
solved by each partial derivative d,u is elliptic where the gradient is large and this allows
to build suitable subsolutions of an elliptic equation starting from J.u; in turn these
subsolutions are bounded by standard elliptic theory (see Theorem 1.21). Instead, in
general no more regularity than L* can be expected on Vu. Indeed, when F is given
by (6.5) and f is identically 0, every 1-Lipschitz function solves the equation. However,
as proved in [SV] in dimension 2, something more can be said about the regularity of
VF(Vu), since either it vanishes or we are in the region where the equation is more
elliptic.
In this Chapter we prove that, if F vanishes on some convex set F and is elliptic outside
such a set, and if u is a local minimizer of (6.4)' then H(Vu) is continuous for any
continuous function #H : R — R which vanishes on E. In particular, by applying this
result with H = 0;F (i =1,...,d) where F is as in (6.5), our continuity result implies
that VF(Vu) (the minimizer of (6.2)) is continuous in the interior of 2.

Since we want to allow any bounded convex set as degeneracy set for F, before
stating the result we introduce the notion of norm associated to a convex set, which is
used throughout the Chapter to identify the nondegenerate region. Given a bounded
closed convex set £ C R? such that 0 belongs to Int(E) (the interior of E), and denoting
by tE the dilation of E by a factor ¢ with respect to the origin, we define | - |g as

le|g :=1inf{t > 0:e € tE}. (6.6)

Notice that |- |g is a convex positively 1-homogeneous function. However |- |g is not
symmetric unless F is symmetric with respect to the origin.

'Recall that a function u € W, (Q2) is said a local minimizer of a function of the form (6.4) (with

feLl.(Q) if, for every Q' € , we have

F(Vu+Vo)+ flut+¢)> | F(Vu)+ fu Voe Wy ().
Q Q
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The main result of this Chapter proves that, in the context introduced before,
VF(Vu) is continuous.

Theorem 6.1. Let d be a positive integer, 0 < A < A, Q a bounded open subset of
Re, f € LI(Q) for some q > d. Let E be a bounded, convex set with 0 € Int(E). Let
F :RY = R be a convexr nonnegative function such that F € C*(RI\ E). Let us assume
that for every 0 > 0 there exist As, As > 0 such that

NI < V2F(z) < AsT for a.e. x such that 1+ < |z|p < 1/4. (6.7)

Let u € Wlifo(fl) be a local minimizer of the functional

/Q F(Vu) + fu.

Then, for any continuous function H : R* = R such that H =0 on E, we have
H(Vu) € C(Q). (6.8)

More precisely, for every open set ) & § there exists a modulus of continuity
w:[0,00) = [0,00) for H(Vu) on ', which depends only on the modulus of continuity
of H, on the modulus of continuity of V2F, on the functions § — \s,0 — Ags, and on
IVu|loo in a neighborhood of &', such that

w(0)=0 and "H(Vu(x)) — H(Vu(y))| < w(|lz —y|) for any z,y € Q. (6.9)
In particular, if F € CY(RY) then VF(Vu) € CO(9Q).

Remark 6.2. In the hypothesis of Theorem 6.1 the Lipschitz regularity of u is always
satisfied under mild assumptions on F. For instance, if F is uniformly elliptic outside
a fixed ball, then u € VV&)COo (©). In [Br] many other cases are studied. For example,
the Lipschitz regularity of u holds true for our model case (|| — 1)% for every p > 1.

Remark 6.3. The regularity result of Theorem 6.1 is optimal without any further
conditions about the degeneracy of F near E. More precisely, there exist functions F
satisfying our assumptions and ‘H Lipschitz such that H(Vu) is not Hélder continuous
for any exponent. Indeed, let us consider the minimizer of the functional (6.4) with
f = d. The minimizer can be explicitly computed from the Euler equation and turns
out to be F*, where F* is the convex conjugate of 7. We consider a radial function F.
Let w be a modulus of strict convexity for F outside F, i.e.,

(VF(z)=VF(y)) (z—y) > w(|z—y|)|z—y| Va,y e R\\By, z=ty, t>0. (6.10)

Then the function w™' is a modulus of continuity of VF*. Hence it suffices to choose

F so that w1 is not Holder continuous.
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F [F]

F/
J P17 =1
) 1 R /—1 1 R

| [F’]/

Figure 6.1: The figure shows the functions F, F, [F']7!, and («'—1)4 = ([F']"! - 1)Jr
of the 1-dimensional counterexample of Remark 6.3; since, for every o € (0, 1), the
function F” is smaller than |z — 1|/ in a neighborhood of 1, the inverse F’ is not
a-Holder continuous in a right-neighborhood of 0.

For simplicity, we construct an explicit example in dimension 1, although it can be
easily generalized to any dimension considering a radial function F. Let

e V=D 5 ¢ > 1,
Gt) = { 0 if [t <1,

and let ' € C*°(R) be a convex function which coincides with G in a (-1 —¢,1+¢)
for some € > 0 (see Figure 6.1). Then the function u : R — R defined as

||
u(z) ::/0 [F'|71(s)ds

solves the Euler-Lagrange equation (F’(u’(x))/ = 1 (note that the function F’ : R\
[—1,1] — R\ {0} is invertible, so u is well defined), and it is easy to check that, given
H(z) := (|z| — 1), the function H(uv') = ([F']~! — 1)+ is not Holder continuous at 0.

Theorem 6.1 has been proved in dimension 2 with £ = B;(0) by Santambrogio and
Vespri in [SV]. Their proof is based on a method by Di Benedetto and Vespri [DV],
which is very specific to the two dimensional case: using the equation they prove
that either the oscillation of the solution is reduced by a constant factor when passing
from a ball B,(0) to a smaller ball B.,(0), or the Dirichlet energy in the annulus
B, (0) \ B:-(0) is at least a certain value, which is scale invariant in dimension 2. Since
the Dirichlet energy is assumed to be finite in the whole domain, this proves a decay
for the oscillation.

In this Chapter we present a generalization of the result to dimension d and with
a general convex set of degeneracy, using a different method and following some ideas
of a paper by Wang [Wa] in the case of the p-laplacian. We divide regions where the
gradient is degenerate from nondegeneracy regions. The rough idea is the following:
if no partial derivative of u is close to |[Vu| in a set of positive measure inside a ball,
then |Vu| is smaller (by a universal factor) in a smaller ball. If u has a nondegenerate
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partial derivative in a set of large measure, then its slope in the center of the ball
is nondegenerate and the ellipticity of the equation provides regularity of u, through
an improvement of flatness lemma, which requires in turn a compactness result for
degenerate equations presented in Section 6.2. An alternative approach of variational
nature to handle the case when u has a nondegenerate partial derivative is described
in Chapter 7 (see Corollary 7.3 and Theorem 7.6, which generalizes Theorem 6.1 by
weakening the regularity assumptions on the integrand); this time, the proof is based
on an excess decay result at nondegenerate points.

Theorem 6.1 is obtained from the following result through an approximation argu-
ment, which allows us to deal with smooth functions.

Theorem 6.4. Let E be a bounded, strictly convex set with 0 € Int(E). Let f €
C%(By(0)) and let ¢ > d. Let F € C*®(R?) be a convex function, fir § > 0, and assume
that there exist constants \, A > 0 such that

)
M < V2F(z) < AT for every x such that 1 + 3 < |z|g. (6.11)

Let u € C?(B3(0)) be a solution of
V- (VF(Vu)) = f in By(0). (6.12)

satisfying || Vu| peo By 0)) < M.
Then there exist C > 0 and o € (0,1), depending only on the modulus of continuity
of V2F, and on E, 8, M, q, 1l La(Bs0))s A, and A, such that

[([Vulg = (1 +8))+llco.a(B, o)) < C- (6.13)

The Chapter is structured as follows: in Section 6.2 we prove a compactness result
for a class of elliptic equations which are nondegenerate only in a small neighborhood
of the origin. Then, in Section 6.3, we provide a way of separating degeneracy points
from nondegeneracy points, and in Section 6.4 we prove Ch® regularity of u at any
point where the equation is nondegenerate. Finally, Section 6.5 is devoted to the proof
of Theorems 6.4 and 6.1.

6.2 Compactness result for a degenerate equation

In this Section we prove a regularity result for a class of degenerate fully nonlinear
elliptic equations. The argument follows the lines of [Sav, Corollary 3.3], although
there are some main differences: First, in [Sav, Corollary 3.3] regularity is proved in
the class of fully nonlinear equations with a degeneracy depending on the hessian of
the solution, whereas in our case the degeneracy is in the gradient. Moreover only right
hand sides in L are considered there, while in our context we are allowed to take them
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in L. Allowing f to be in L% introduce several additional difficulties, in particular in
the proof of Lemma 6.8. In addition, we would like to notice that the proofs of Lemmas
6.7 and 6.8 do not seem to easily adapt to the case f € L if in addition we allow a
degeneracy in the hessian as in [Sav| (more precisely, in this latter case neither (6.22)
nor (6.32) would allow to deduce that the equation is uniformly elliptic at the contact
points).

We also notice that, with respect to [Sav]|, we prove a slightly weaker statement
which is however enough for our purposes: instead of showing the L°° norm of u decays
geometrically, we only prove that its oscillation decays. The reason for this is just that
the proof of this latter result is slightly simpler. However, by using the whole argument
in the proof of [Sav, Theorem 1.1] one could replace oscu with ||u||~ in the statements
of Proposition 6.6 and Theorem 6.5.

We keep the notation as similar as possible to the one of [Sav]. We assume for
simplicity that v € C? and f continuous, but these regularity assumptions are not
needed (though verified for our application) and the same proof could be carried out
in the context of viscosity solutions (as done in [Sav]).

Let S € R%? be the space of symmetric matrices in R, F': Bi(0) xRxRYxS — R
be a measurable function, and consider the fully nonlinear equation

F(z,u(z), Vu(z), V?u(z)) = f(). (6.14)
Let 6 > 0. We consider the following assumptions on F.
(H1) F is elliptic, namely for every « € B1(0), z € R, v € RY, M, N € S with N >0

F(z,z,u,M + N) > F(x,z,v, M).

(H2) F is uniformly elliptic in a neighborhood of Vu = 0 with ellipticity constants
0 < A < A: namely, for every z € B1(0), z € R, v € Bs(0), M,N € S with N >0

A|N|| > F(z,z,v,M + N) — F(x,z,v, M) > M| N]|.

(H3) Small planes are solutions of (6.14), namely for every x € B1(0), z € R, v € B;(0),

F(z,z,v,0) =0.

Given M € S, let M and M~ denote its positive and negative part, respectively, so
that M = M*™ — M~ and M+, M~ > 0. Applying (H2) twice and using (H3), we have

MM = MM ™| = F(z,z,p, M) > | M| = AlIM™| (6.15)

for every x € B1(0), z € R, v € Bs5(0), M € S.
In this Section we will call universal any positive constant which depends only on
d, \, A.
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Theorem 6.5. Let § > 0, F : B1(0) x R x RY x S = R a measurable function which
satisfies (H1), (H2), and (H3), f € C°(B1(0)), and assume that u € C*(B1(0)) solves
(6.14). Then there exist universal constants v,e,r,p € (0,1) such that if &' > 0 and
k € N satisfy

osc u <8 < pFKé, 1l LagB (o)) < €9, (6.16)
B1(0)
then
osc u < (1—v)* Vs=0,..,k+1 (6.17)
B, (0)

As we will show at the end of this Section, Theorem 6.5 follows by an analogous
result at scale 1 (stated in the following proposition) and a scaling argument.

Proposition 6.6. Let § > 0, F : B1(0) xRxR? xS — R a measurable function which
satisfies (H1), (H2), and (H3), f € C°(B1(0)), and assume that u € C*(B1(0)) solves
(6.14).

Then there exist universal constants v, e, k,p € (0,1) such that if &' satisfies

<§ < ks < & 6.18
g u < <nS |l < 0 (6.18)

then
osc u < (1—wv)d.
B,(0)

Before proving this result, we state and prove three basic lemmas. The first lemma
gives an estimate on the contact set of a family of paraboloids with fixed opening in
terms of the measure of the set of vertices. The proof is a simple variant of the one
of [Sav, Lemma 2.1].

Lemma 6.7. Let 6 > 0, F', \, A, f, and u be as in Proposition 6.6. Fir a € (0,6/2),
let K C B1(0) be a compact set, and define A C B1(0) to be the set of contact point
of paraboloids with vertices in K and opening —a, namely the set of points x € B1(0)

such that there exists y € K which satisfies

i G — 2 T
Ze%llf(o){2\y 2| +u(z)} 2|y x|* 4+ u(x). (6.19)

Assume that A C B1(0).
Then there exists a universal constant cg > 0, such that

d
col K| < |A| + /A ’fg';)’ da. (6.20)

Proof. Since by assumption A C Bj(0), for every x € A, given y € K which satisfies
(6.19), we have that
Vu(z) = —a(x —y). (6.21)
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Let T : A — K be the map which associates to every contact point x the vertex of

the paraboloid, namely

_ Vu(x)

T(x): +

Notice that T € C!'(A) and K = T(A). From (6.21) we have that, at each contact
point x € A,

|[Vu(z)| = alr —y| < 2a <9,

hence from (H2) the equation is uniformly elliptic at . Moreover we have that —aId <
V2u(z), so it follows by (6.15) that

—ald < Vu(z) < A“+A|f(x)| Id  VzeA (6.22)

In addition, from the change of variable formula we have that

V2u(x)

K| = |T(A)] < /A det VT (z) dz = /A det( +Id> dz (6.23)

Since each eigenvalue of the matrix Vu(z)/a + Id lies in the interval [0, (1 + A/A) +
[f(@)|/(Aa)] (see (6.22)), we get

@(VM”+§S%P+V@W

a ad

for some universal constant Cp. Hence, it follows from (6.23) that

|f ()]

ad

K| < Cola]+Co [ dr,
A

which proves (6.20) with ¢ = 1/C. O

Before stating the next lemma we introduce some notation.
Given u as before, for every b > 0 we define Ay be the set of x € B1(0) such that
u(xz) < b and the function u can be touched from below at z with a paraboloid of

opening —b, namely there exists y € B1(0) such that

b b
zG%llf(O) {2|y — 22+ u(z)} = §|y — z* 4 u(x). (6.24)

In addition, given g € L'(B1(0)), we denote by M[g] the maximal function associ-
ated to g, namely

M[g](x) == sup {][B ( )g(y) dy : B,(2) € B1(0),z € BT(Z)} :
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Maximal functions enjoy weak-L! estimates (see for instance [St]): there exists a con-
stant Cy depending only on the dimension such that

Callgll1 (s o))

, Vit >0, Vg e LYB(0)). (6.25)

{z : Mg](z) > t}| <
Given f as before, for every b > 0 we denote by M} the set
My = {w € B1(0) : M[|f"](x) < b"}.

Lemma 6.8. Let 6 > 0, F, \,A, f and u be as in Proposition 6.6. Let a > 0,
Bur(x0) C B1(0). . .
Then there exist universal constants C > 2 and ¢, u > 0, such that if a < 0/C, and

By (xo) NAg N Myq #0

then
|Brys(w0) N Ag,| = € Br(wo)]- (6.26)

Proof. Let x1 € By(z9) N Aq N My, and y1 € Bi1(0) be the vertex of the paraboloid
which satisfies (6.24) with x;. Let Py, (x) be the tangent paraboloid, namely
a a
Py, () = u(@) + Gl = l* = Slz =l

Step 1. We prove that there exist universal constants Cy, C; > 0 such that if a < 6/Cy,
then there is 2z € B, 15(70) such that

u(z) < Py, (2) + Crar?. (6.27)

Let a > 0 be a large universal constant which we choose later, and define ¢ : R — R
as

a1(329 - 1) if |z < 327!
o) =< a (x| - 1) if 3271 < |z <1 (6.28)
0 if 1 < |zl

Given x3 € B (1) N B, /32(w0) we consider the function 1 : R? — R given by

(@) == Py (2) + ar®p (9” j”‘”’) ——

We slide the function v from below until it touches the function u. Let x4 be the
contact point. Since the function ¢ is radial and decreasing in the radial direction,
from

—ar’yp (x4 ; m3> < u(@g) — Y(34) < Ieﬂjlgill(lo){U(x) —¢(z)} < —ar’p (xl ;x3>
(6.29)
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we deduce that |z4 — z3| < |z1 — 23] < r. In particular since |z4 — x| < |24 — 23| +
|zg — 0| < 2r and Ba,(z¢) C B1(0) (by assumption), the contact point is inside B;(0).
We now distinguish two cases:

- Case 1: There exists x3 € By(x1) N B, 32(x0) such that the contact point x4 lies
inside B,./30(x3).

In this case we have |x4 — zo| < |4 — x3| + |23 — 20| < r/16. In addition, the last
two inequalities in (6.29) give that u(z4) — ¥ (z4) < 0. Hence

Ty — X3
T

uon) < 0(o0) = P o) + ar%p (P52 ) < Py + e
which proves that z = x4 satisfies (6.27) with C1 := ||| oo (re) (Without any restriction
on a).

- Case 2: For every x3 € By(x1) N B, /32(x0) the contact point x4 satisfies 1/32 <
|£C4 — 1‘3‘ < 1.
At the contact point we have that

Ty —
Vu(zs) = Vip(zq) = —a(zg —y1) + arVe ( = . 3> : (6.30)
Hence, if we choose Cp such that Cy > 2 + [[¢|| oo (ra) We get
Vula)| < alas = 1) + arllel g < a2+ 9l o) < Coa < 8

which shows that the equation (6.14) is uniformly elliptic at x4 thanks to our assump-
tions on F'.
Computing the second derivatives of ¢ at x4 we get

V2 (z4) = —al + aV2p (W’)

r

- <_I_ <|x4r—m3|>2+a”(2+a’(x4_x3)§(x4_x3) <|m4im3|>4+a>’

hence from (H1) and (6.15) applied with M = V?(x4) we obtain (since ¢ touches u
from below at x4, we have V2u(x4) > V29 (z4))

flza) = Flzgu(z )VU( 1), V?u(z4))
> F(wg,u(ws), Vula), V()

> < A m:ﬂv:ﬂ)%aJr 2+ )2 <|5U4i$3>2+a>

r 24«
4 — 43
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Choosing « big enough so that (2 4+ a)\ — A > A+ 1, and using that x4 — 23| <7, we

obtain -
F@) o A+ <T> > 1. (6.31)
a |24 — 3]
In addition,
V2u(zy) > V2h(x4) = —al + aV3p (W’>

T

r 24+«
>a|—1- <> I>—(1+322%a]1d,
|24 — @3]

so by applying the second inequality in (6.15) to M = V?u(z4), we get
MIVPu(za) ™| < Faa,ulza), Va(za), Vu(za))+AVu(za) " || < |f(a) [ +A(1+322%)a,

that is
> a ) .

a

for some Cy > 0 universal.

Let us consider K the set of contact points x4 as w3 varies in B, 35(z0) (as we
observed before, K C Bs, (1)), and let T : K — R? be the map which associates to
every contact point x4 the corresponding xs, which is given by (see (6.30))

Vu(z) + a(r — y1)>

ar

T(z) =2 — (V)™ (

(note that Ve is an invertible function in the annulus 1/32 < |z| < 1 and (V¢) ™! can

be explicitly computed). Since T'(K) = By.(x1) N B, 32(70), we deduce that there exists
a constant ¢y, depending only on the dimension, such that cgr? < |B,.(x1)NB, /32(0)| =
|T(K)|. Therefore, from the area formula,

car < / | det VT'(z)] dz (6.33)
K

We now observe that

VT(z) = 1d — <v2¢ o (V)~! (vZu(x) Z:(J; - yl))>_1 W,

so from (6.32) and (6.31) we get

V7@ < 14 172) i (14 G2+ L)
/(@)

a .

< (14 10720) (5 ) (1+2C2)
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Hence, combining this bound with (6.33) we get

oy [V gy o [ U
K

d
a B27‘ (330) a

dx,

where C3 > 0 is universal. Since By, (xg) C Bs,(z1) and Bs,(x1) C B1(0) (note Bs,(z1)
is included in By, (x(), which is contained inside B;(0) by assumption), we conclude

|f (@)]? | By (21)]
ad ad

car® < Cy dz < Cs M| f|%)(x1) (6.34)

B37‘($1)
Recalling that by assumption M(|f|")(z1) < p"a™, choosing p small enough so that
pd < cq/(C3]B3(0)[29), we obtain

By (0)[24r4
e (71w PO < gt )2 < car,

which contradicts (6.34).

Step 2. We conclude the proof. From now on, we assume that a < §/Cj, so that the
conclusion of Step 1 holds.

Let C4 > 0 be a universal constant which will be fixed later, and for every y €
B, j64(2) we consider the paraboloid

Qy(x) == Py () = Cugla — yP*

It can be easily seen that for every y the function Q,(z) is a paraboloid with opening
—(Cy + 1)a and vertex
y1 + Cuy
1+Cy '
Let slide @), from below until it touches the graph of u. We claim that the contact
point Z lies inside B, /15(2) C B, /s(z0).
Indeed if |z — z| > r/16 we have that

(6.35)

_ _ r
-yl =7 -2 -z -yl = = -
so, thanks to (6.27),

. a a
i {u@) = P (@) + CuFla —y?} < ulz) = Py (2) + Cuglz — P

2
< Clar2 + C4g (*) .
On the other hand, since u > P, we have

_ _ a,_ a [/ r\2
u(®) = P (@) + Cagla -y > Cug (55)
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which contradicts (6.36) if we choose Cy sufficiently large. This proves in particular
that
TS Br/16(2> - BT‘/8('%.0)' (637)

We now show that the contact points satisfy u(z) < Cya. Indeed, since by assump-
tion Py, (z1) = u(x1) < a and all points lie inside B;(0), we have

a a
Pyl(i') = u(xl) + §’$1 - y1\2 — §|f — y1\2 < a+ 4a = ba,
so from (6.36) we obtain

u(@) < P, (%) — 043\:3 —y? + Crar? + Cy= (

r\2 9 a/r\2
< 2 (=
5 64) < b5a+ Ciar* + Cy ( > ,

64 2 \64
which is less than C4a provided that Cy is chosen sufficiently large.
We now observe that, as y varies in B, 64(2), the set of vertices of the paraboloids

d %giz of radius % (see (6.35)). Hence, recalling (6.37) and that

u < Cya at the contact points, it follows from Lemma 6.7 that

is a ball aroun

Cur d \f(ac)\d
— B < B A + ax.
‘ <64(1 C4)> | 1(0)| B | T/S(w()) C4a| /Br/S(a:O) ¢

Since the last integral can be estimated with

Bor(21)|
Bor)l < et (0,

T d
/ @I 40 < g1 2n)
Bar(z1)

a

we conclude that (6.26) holds with C' := max{Cy, Cy}, provided p is sufficiently small.
O

The following measure covering lemma is proved by Savin in [Sav, Lemma 2.3] in
a slightly different version.

Lemma 6.9. Let 0,19 € (0,1), and let Dy, D1 be two closed sets satisfying

0 # Doy C Dy C By, (0).

Assume that whenever x € By, (0) and r > 0 satisfy

Bur(x) € B1(0),  Bys(x) € Bry(0),  Br(z)N Do # 0

then
B,/s(x) 0 Dy| > 0| B, ()]

Then, if ro > 0 is sufficiently small we get

[Bro(0) \ D1| < (1= )| By (0) \ Dol. (6.38)
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Although the proof is a minor variant of the argument of Savin in [Sav, Lemma
2.3], we give the argument for completeness. As we will see from the proof, a possible
choice for rg is 1/13.

Proof. Given zg € B,,(0) \ Dy, set 7 := dist(xg, Do) < 2r¢, and define

T o

8 _
T1i=20 — = —— ri= —F.
1 0 7’.’EQ|’ 7

Then it is easy to check that

B, j3(w1) C By 4(w0) N By (0), B, (x1) N Dy = 0.
In addition, since r < 3ry and |z1| < ro,
By (1) C Bisr,(0) € B1(0) provided ro < 1/13.
Hence, using our assumptions we get
|Ba(20)1Bro()ND1] = | B, js(21)NDy| = 0| B, (1)| = 7|, (20)] = 0] By (0)NBr(0)]-

Now, for every x € B,,(0) \ Dy we consider the ball centered at = and radius r :=
dist(x, Dy), and we apply Vitali covering’s Lemma to this family to extract a subfamily
{By;(w;)} such that the balls B,,3(x;) (and so in particular also the balls B, /(z;))
are disjoint. Hence

|Br (0) \ Do| < UZ |(Br; (i) 0 Bry) \ Dol

(2

<D 1By ja(wi) 0 Byy(0) N (D1 \ Do)
< [Bry N (D1 \ Do),
from which the result follows easily. O

Proof of Proposition 6.6. Let ¢y be the constant from Lemma 6.7, and C, ¢, p the
constants given by Lemma 6.8. Also, we fix rg > 0 sufficiently small so that Lemma
6.9 applies, and we define 1 := ro/8.

Let v < 1/2 and N be universal constants (to be chosen later) satisfying Nv < 1, set
a:= Nvd', m = infp, ) u and assume by contradiction that there exists 2o € B, 2(0)
such that

u(xg) —m < v, (6.39)

and in addition

sup u—m > 4'/2. (6.40)
By (0)
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(Note that if either (6.39) or (6.40) fails, then oscp, (gyu < (1 —v)d’, so the statement
is true with p = rq).

We define the sets A, as before but replacing u with the nonnegative function u—m,
that is A, is the set of points where u — m is bounded by @ and can be touched from
below with a paraboloid of opening —a.

Step 1. The following holds:

CO|BT1 (0)‘

B,
Bro(@) 1 Adl = DB O g5y @R O

5 (6.41)

To prove this, for every y € B, (0) we consider the paraboloid

a

Pyw) =5 ((ro=1)* = |z ).

We observe that
P, <0 for |z| > rg

(because |z —y| > |z|—|y| > ro—r1), while |[z—y| < |z|+|y| < r9/247r for z € BTO/Q(O),
which implies (recall that a = Nvd’)

2
Py(x) > % ((ro — r1)2 — (%0 + 7‘1> > > v > u(xg) —m Va € B, 2(0) (6.42)
provided N is sufficiently large. Moreover Py(x) < a for every z,y € B;(0).

Hence, let us slide the paraboloids P, from below until they touch the function
u —m. Let A be the contact set as y varies inside B, (0). By what said before it
follows that the contact points are contained inside B,,(0). In addition, thanks to
(6.39) and (6.42), at any contact point = we have

0 > —m —vd > mi —m—P,
u(ao) =m—vd' = min {u() = m = F,(2)}
= wu(x) —m — Py(x) > u(z) —m—a,

which proves that A C B,,(0) N A,. From Lemma 6.7 applied to K = B, (0) we obtain

f@)|
IBro(O)ﬂAa|z|A|ZCO|BT1(0)|_/A\ (ad)\ "
|f ()]
> 0| By, (0 _/ dx
B0 [
8d
ECO‘Bm(O)’_W,

while the maximal estimate (6.25) gives

Cd”fHde(Bl(o)) Cded

B Mol < ;
| 1(0)\ 2 |— (Ma)d — ,udel/d
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hence (6.41) is satisfied provided ¢ is sufficiently small.

Step 2. There exists a constant C' > 0, depending only on the dimension, such that
1By (0)\ Ag,| < C(1—&)*  provided C**'a < 4. (6.43)
From (6.41) it follows that
B,y (0) N Ag N M, # 0.
Since the sets A, and M, are increasing with respect to k, this implies that

Bro(0) N Agig N M, a0, # 0 VkeN, (6.44)

where C > 2 1is as in Lemma 6.8. .
Now, for every k € N such that C*t1a < § we apply Lemma 6.9 to the closed sets

DO :mﬁflék NnM uCka Dl _BTO( )mACk+1a

Since Dy is nonempty (see (6.44)), Lemma 6.8 applied with C*a instead of a proves
that assumption of Lemma 6.9 are satisfied with ¢ = ¢ > 0. Therefore

1Bra(0) \ Agrsngl < (1= 8)|Bra(0) \ (Agry N M)
< (1) (1Bro 0) \ Agu,| +1B1o(0)\ M

Applying (6.45) inductively for every positive integer k such that Cktlg < § and
using the maximal estimate (6.25), we obtain

). (6.45)

k
[Bro (0) \ Agn,| < (1= 8)*[ By (0) \ Al + Z(l = &)'[Bry(0) \ M|

i Call f114
<(1-¢ k B'r‘ 1—¢ 1&
< (1=0)%Br(0)] + Z( ¢) pdCdth=i)gd

=1

so by (6.18) we get (recall that a = Nvd')

[Bro(0) \ Agn,| < (1= 8" ||Br, (0)] +

Cd€d k 1
pudNdyd —~((1- 5)éd)k—i

Cye?
| Bry (0) [ANdyd Z (1 &) C’d

(6.46)

<(1-9f

Assuming without loss of generality that ¢ < 1/2, C >3, and ¢ < uNv/ C’;l/ 4 we have

\Bmwﬂ+§;(;)1,

|Bro(0)\ Ayl < (1= &)"
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which proves (6.43).

Step 3. Let E := {x € B;,(0) : u(x) —m > §'/4}. Then

B
E| > ‘30’21<O)| (6.47)
For every y € B,,(0) we consider the paraboloid
6/ 9 5/
Qy(z) == mm — R

and we slide it from above (in Step 1 we slided paraboloids from below) until it touches
the graph of u — m inside B;(0). It is easy to check that, since |x —y| > |z| — |y|, we
have

Qy(z) > 8 > u(z) —m for |z| > rg

(recall that y € B,,(0) and v —m < ¢’ inside B1(0)), while by (6.40)

sup Q, <d'/2< sup u—m (6.48)
Bry(0) Bry(0)

(recall that 9 = 8r1), so the contact point lies inside B,,(0). If we denote by A’ the
contact set as y varies inside B,,(0) applying Lemma 6.7 “from above” (namely to
the function —u(x) + m touched from below by the paraboloids —Qy(x)) with a =
26" /(rg — r1)? (notice that &' < k6, so a < §/2 if x is sufficiently small) we obtain

|f ()] e

|A/‘ > CO|B7~1(O)‘ - /A, Tdﬂ? > CO|B7«1 (0)| — W (649)

Moreover, it follows by (6.48) thau — m > ¢'/4 at every contact point. This implies
that the contact set A’ is contained in F, so the desired estimate follows by (6.49).

Step 4. Conclusion. Let kg € N be the largest number such that C*+1q < §'/4. Since
0" <6, by Step 2 we get

|Bro(0) \ Agiga| < C(1 =)
On the other hand, since
E C {l’ € B,,(0) : u(z) —m > C’koa} C By (0) \ Agkoy

it follows by Step 3 that
co|Br, (0))|
2
Since ko ~ |logs(Nv)| (recall that a = Nvd'), we get a contradiction by first fixing N

large enough (so that all the previous arguments apply) and then choosing v sufficiently
small. O

< C(1— @),
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Proof of Theorem 6.5. Let v,e,k,p € (0,1) be the constants of Proposition 6.6. With-
out loss of generality we assume that v, p < 1/2. We prove (6.17) by induction on s.

For s = 0 the result is true by assumption. We prove the result for s + 1 given the one
for s. Let F: B1(0) x R x R x S — R be

F(z,z,p,M) = p*F(x,p°z,p, p~*M),
and consider the function

v(z) = p *u(p’x) V€ B1(0).

Then F satisfies the same assumptions (H1), (H2), and (H3) which are satisfied by F
with the same ellipticity constants A and A, and v solves the fully nonlinear equation

F(w, v(x), Vo(z), V20(z)) = p* F(5°2).

By inductive hypothesis

0]l oo (B, 0)) = £ [l oo (B (o)) < p7°(1 = v)°8 < p=°0 < pM"r6 < k6. (6.50)
Also, by (6.16),

10°F(0° ) Lacmy o)) = IflLags,s ) < I Flpacs, o)) < €8’ <ep™ (1 —v)%d.
p
Hence, we apply Proposition 6.6 to v with p~*(1 — )%’ instead of &', to obtain
P llullzoe B i 0)) = [0l (B,0)) < p7°(1 = V)",

which proves the inductive step.
O

6.3 Separation between degenerancy and nondegeneracy

First, we introduce some notation regarding the norm induced by a convex set E (see

(6.6)).
We denote by E* the ball in the dual norm

E*:={e*cR%:¢*-e<1 VecE}. (6.51)
It can be easily seen that with this definition
le|z = sup{e*-e:e" € E*} Ve e R%

We denote by di (and dg-, respectively) the smallest radius such that £ C By, (0),
(E* C By, (0), respectively). Notice that

dp = max{|e| : |e|p = 1} (6.52)
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Similarly, we denote by d, £ the biggest radius such that BJE(O) C E. It satisfies

lelp < le|/dg ~ VeeR% (6.53)

Moreover, if F is strictly convex, then we can define map ¢ : OE* — OF, where
lex := L(e*) is the unique element of OF such that |[{e«|gp = € - le+ (in other terms,
{z - e* = 1} is a supporting hyperplane for E at f.). In addition, again by the strict
convexity of E, ¢ is continuous in the following sense: for every gy > 0 there exists
n(eo) > 0 such that

ecE, e €OE*, 1-n(g) <e*-e<l = e —Lex| < ep. (6.54)

In the following lemma we prove that, at every scale, if none of the partial derivatives
of u is close to the L* norm of |Vu|g in a set of large measure, then |Vu|g decays by
a fixed amount on a smaller ball. As we will see in the next Section, if this case does
not occur, then the equation is nondegenerate and we can prove that u is C® there.

As we will see below, a key observation being the proof of the next result is the fact
that the function ve«(x) := (Oexu(x) — (14 6))4 solves

0i[0iF (Vu(x))0jver ()] > Oe f(2) 11 /20« ()0} (6.55)

and the equation might be assumed to be uniformly elliptic, since the values of the
coefficients 0;;F (Vu(x)) are not relevant when |Vu(z)| < 1+ 6 (since at that points
ve= = 0). In the previous observation, the convexity of E plays a fundamental role.
Indeed, the function ve« vanishes, for any e* € R%\ {0}, when Vu belongs to an half-
space (namely, the set {x : - e* < 1+ 6}); in order for the equation to be uniformly
elliptic, we need to consider only the vectors e* for which the half-space contains F.
On the other hand, convex sets are the only ones that can be written as intersections
of half-spaces.

Lemma 6.10. Fizn > 0, and let 6, F, E, \, A, M, f, and u be as in Theorem 6.4.
For every i € N set

di := sup{(|Vu(z)|p — (1 +0))4 : z € By-i(p) },
and assume that there exists k € N such that for every i =0, ...,k

s [ € Byans (0) ¢ (Beru(e) ~(148)) 4 2 (1-n)di}] < (1) By-ai-s(0)]. (6.50)

Then there exists o € (0,1) and Co > 0, depending only on n, M, q, || fllLe(B,(0));
dE*,ch, 6, A, and A, such that

doi < Co27%  Vi=0,..k+1. (6.57)
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Proof. Given e* € OE*, we differentiate (6.12) in the direction of e* to obtain
i[9 F (Vu(@))0;(Oexu(x))] = e~ f ().

Since the function ¢ — (¢t — (1 + §))4 is convex, it follows that the function ve«(z) :=
(Oexu(x) — (1 +0))4 is a subsolution of the above equation, that is (6.55) holds.

Note that, since vex () is constant where |Vu|g < 1+ ¢ and F is uniformly elliptic
on the set {|Vulg > 1+ /2} (see (6.11)), we can change the coefficients outside this
region to ensure that the equation is uniformly elliptic everywhere, with constants A and
A. We apply the weak Harnack inequality of Theorem 1.21 to the function dg; — vex ()
(which is a nonnegative supersolution inside By-2:(0)); notice that the right-hand side
of the equation solved by this function is not exactly a divergence, but the proof of the
weak Harnack inequality works also in this case. We obtain that there exists a constant
co := co(d, A\, A) > 0 such that

inf{dgi — Ve ((L‘) X € B2—2i—2 (0)}

> 60222‘11/ (doj — Ve (x)) dx — 2_2i(1_d/q)”fe*HLq(BQ_Qi(O))
B,—2i-1(0)

We estimate the integral in the right hand side considering only the set
{z € By2i-1(0) : ves (x) < (1 — n)da; }.

There, the integrand is greater than nds; and the measure of the set is greater than
n|Ba—2i-1(0)] (by (6.56)), hence

inf{in — Ve (.’B) T e B2—2i—2 (O)} > 0022idn2d2i’B2—2i—1(0>‘ - 2_2i(1_d/q)er*HLq(Bl(D))
> con’dai| By 2(0)] — 2_2i(1_d/q))||f”Lq(Bl(0))dE*'

(6.58)
We now distinguish two cases, depending whether
co| By /2(0)|n? .
PO 2 200 1) s (6.59)

holds or not.
- Case 1: (6.59) holds. In this case we obtain from (6.58) that

By 12(0)|n?
Ve (aj) < <1 — W) do; Vo € By—2i-2 (O)

Since e* € OE* is arbitrary and

sup ves(x) = < sup Oexu(x) — (14 5)) = (|Vu(x)|lg — (1+90))+ Vz e B1(0),
) o e* OB n
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we get
co| By /2(0)|n?
(’VU(QS‘”E — (1 + 5))+ S (1 — 0‘1/;()”0) dgi Va e B272¢72(0),
that is )
co|By/2(0
Dy < (1 ol 1/;( )|n ) b (6.60)
- Case 2: (6.59) fails. In this case we get
dg(i+1) <dgy; < 0/272i(17d/q)' (661)

for some constant C’ depending only on 7, d, A\, A, dg+, and || f||La(B, (0))-

Let us choose a € (0,1) such that

B co|B1/2(0)|n? < 9-2a
2 - )

and Cp := max{M/dp,4C"} (recall that M is an upper bound for |Vu| inside By(0)).
We prove the result by induction over 4. B
Since |Vu(z)|g < |Vu(z)|/dg < M/dg (see (6.53)), we have that dy < M/dg, so
the statement is true for ¢ = 0.
Assuming the result for 4, if (6.59) holds, then from (6.60) and the inductive hy-
pothesis we obtain

a<1-—d/q, 1

co| By /2(0)|n? ,
da(it1) < (1 - W) dy; < 27%% - Co27,

while if (6.59) fails then (6.61) gives

This proves the inductive step on dy(;11), and concludes the proof. ]

6.4 Regularity at nondegenerate points

In the following lemma we prove that in a neighborhood of a nondegenerate point the
function u is close to a linear function with a nondegenerate slope. In Proposition 6.13
we prove that this implies C1® regularity of u at the nondegenerate point. The proof
is based on an approximation argument with solutions of a smooth elliptic operator,
which is stated in Lemma 6.12 and whose proof is based on the compactness result of
Section 6.2.

We recall that E* denotes the dual of a convex set E, and |- |g the norm associated
to E (see (6.51) and (6.6)).
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Lemma 6.11. Let §,1m,( > 0, and let E be a strictly convex set.
Let u : B1(0) — R with w(0) = 0 and |Vu(z)|p < (+6+1 for every x € B1(0). Let
us assume that there exists e* € OE* such that

[{z € Br: (Oeru(z) = (140))4 = (1 =n)¢}| = (1 —n)|B1(0)]. (6.62)

Then for every e > 0 there exists n depending only on E and d, and constants
A e R? and b € R, such that

lu(z) —A-z—b <e(+d+1) Va € B1(0). (6.63)
In addition |Alg =C+ 0+ 1 and |b] < C(C+ 6+ 1), where C' depends only on E.

Proof. First of all, by standard Sobolev inequalities, there exists a constant Cj such
that for every u € WH24(B(0))

u(x) - J[&(O)“(y) dy

Recalling that ¢ : OE* — OE denotes the duality map, we apply (6.64) to the
function u(x) — (( + 6 + 1)le - x. Thus, setting m to be the average of u(x)/(¢+d+1)
inside B1(0), we obtain

1/(2d)
< Co ][ Vu(y) [ dy Vz € Bi(0). (6.64)
B1(0)

[u(@) = ((+8+1) s -z —m(C+3+1)[* < Oéde o V) (o 1)fe[** dy (6.65)

for every x € B1(0). We estimate the integral in (6.65) by splitting it into two sets.
Let €9 > 0 be a constant that we choose later. Since by assumption |Vu(z)|p <
¢+ 0+ 1 for every z € B;(0), and in addition

{z€B1:0cu(@)>(1—-nC+d+1} C{zeBi:e" - Vulz)>1—-n)(C+d+1)},

we apply (6.54) with e = Vu(z)/({ + d + 1) to deduce that

[Vu(y) — (C+ 6 + 1)l~ 2 gy < (C+6+ 1)2d63d7

ol
[BLO)] J{(0pnu—(148))+ > (1—-m)d}

provided 1 < n(ep).

On the other hand, since the complement has measure less than n|B;(0)|, we simply
estimate the integrand there with C(¢ 4 8 4+ 1)%¢, where Cf is a constant depending
only on F.

Hence, by choosing first £ so that C29e2? < £24/2, and then n < n(eo) sufficiently
small so that so that C24C%n < £24/2, from (6.65) we easily obtain (6.63). O
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Lemma 6.12. Let § > 0, and let a;; € CO(R?) be bounded coefficients uniformly elliptic
in Bs(0), namely there exist A, A > 0 such that

M < aij(v) < AT Vv € Bs(0).

Then, for every T > 0 there exist o(1) > 0, u(r) > 0, which depend only on
7 and on the modulus of continuity of a;j, such that the following holds: For every
0 < o(r), f € COB1(0)) such that 1 fllLacsr 0y < w(T), and w € C%(B1(0)) such that
|wll zoe(By(0y) < 1 and
aZJ(QVw)aww == f m Bl (0),

there exists v : B1(0) — R such that
aij(O)c‘)ijv =0 m Bl(O) (666)
and
[v = w18, (00 < T-

Proof. By contradiction, there exists 7 > 0 and sequences 6,, — 0, u,, — 0 and
functions wp, fm : B1(0) — R such that [[wm| Lo, 0) < 1o | fmllas, 0)) < Hm,

i (O Vwm)Oijwn, = fr in B1(0), (6.67)
but for every function v : B;(0) — R satisfying (6.66) we have that
[0 = wml[reeB, poy 27 YmEN. (6.68)
We prove that up to subsequence (not relabeled)
Wy, — Woo locally uniformly in Bj(0) (6.69)

and that ws satisfies (6.66), which contradicts (6.68).
Consider Q € By(0), let dg = dist(Q, R?\ B1(0)), and for every m € N and z €
we consider the function
Om

U () = i (Wi (20 + doz) — wm(20)) Va € B1(0),

which solves
aij(Vum(2))0ijum(z) = Opnda fm(dox) Va € B1(0).

We apply Theorem 6.5 to F(x, z,p, M) = a;j(p)M;; (which satisfies all the assump-
tions) and let v, e, k, p > 0 be the constants introduced in that theorem. Thus, if §’ > 0
and k € N satisfy

BOS(S) U <0 < p~FKS, 10mda frm(doz)|| Lacp, (o)) < €6’ (6.70)
1
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then

08¢ Uy < (1 —v)°¢ Vs=0,..,k+1
B,s(0)

We want to apply it with 6’ = 6,,. Hence, define k,, to be the biggest positive
integer such that 6, < 2km 5. Since

[ fmllLaBy0y) < €
for m sufficiently large, we get
10mde fm(do)l Lacp, ) = 10mfm (@) La(B,, 0) < Omll fm(2)]|La(B,(0)) < EOm-
Hence (6.70) is satisfied, and we get

0SC Up < (1 —v)%0p, Vs=0,.., ky+1
B,s(0)

which can be rewritten in terms of w,, as

BOSE:O)(wm(azo +dqz)) < (1 —v)’dg Vs=0,..kn+1. (6.71)
pS
Let o := —log,(1 — v). From (6.71) we obtain that, for every m large enough, wy, is

a-Holder on points at distance at least p~*mdq, namely there exists C' independent on
m such that for every m large enough

|wm (z) — wm(y)| < Clx — y|* Va,yeQ: |z —y| > 2 Fndg. (6.72)

Since k,;, — 00 as m — o0, it can be easily seen, with the same proof as the one of
Ascoli-Arzela theorem, that the family {w, }men of functions satisfying |[wim| Lo (B, (0)) <
1 and (6.72) is relatively compact with respect to the uniform convergence in 2. Letting
Q) vary in a countable family of open sets compactly supported in B;(0) which cover
Bi1(0), with a diagonal argument we obtain (6.69).

We claim that ws, solves (6.66) in the viscosity sense. Indeed, assume by contra-
diction that we is not a supersolution of (6.66) in the viscosity sense. Then there
exists a function ¢ € C?(B1(0)) and a point x9 € B1(0) such that ¢(zg) = wee(z0),
@(x) < woo(z) for every z € B1(0) \ {zo}, and a;;(0)9;jp(z0) > 0. Since ¢ is C?, there
exists 7 > 0 such that

aij(())@ijgo(x) >0 Vo e Br(l‘o). (6.73)

Since ¢ touches wq, strictly at zg and w,, — ws uniformly, for every m € N large
enough there exist ¢,, € R and z,, € B,(xg) such that ¢,, + p(x) = wn(zy), and
em+p(z) < wp(z) for every x € By (x9). In addition, ¢,, — 0 and z,,, — 29 as m — 0.
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Let h := infaBT/Q(IO)(wOo —¢)/2 > 0. Since ¢, converge to 0 and w,, converge to
Weo, for every m large enough h < infaBT/Q(mO)(wm +em — ). Let (wp, + ¢ — @ —h)~
be the negative part of the function w,, + ¢, — 9 — h, and let I';, be the convex envelope
of (W, + ¢ — @ — h)™ in By (xo).

Since the function w,, + ¢, — ¢ — h is of class C?, it is a classical fact that '), is
of class C1! inside B,.(wo) (see for instance [DF3]).

For every m let F,, be the contact set between w,, + ¢, — @ —h and 'y, in BT/Q(CL'O),
namely

Ep = A{x € B, )5(%0) : win(z) + cm — 0(z) —h = Tip(z)}

Recalling (6.73), we see that the function wy, + ¢y — ¢ — h solves

@i (0 VW) 05 (Wi, + €y — @ — h) = frn — @i (0 Vwn,)0ijp

< fm — [aij (0 Vwn,) — ai;(0)]0;5¢ (6.74)

in B, (xp). In addition, since I'y, is convex, has oscillation h and vanishes on 0B, (zo),
it is easy to see that

2h
[V (2)] < - V€ B, /5(0). (6.75)

Since at the contact points the gradient of w,, — ¢ coincides with the gradient of I';,,
it follows that, for every x € E,,,

Qg5 (Gmem) — Q45 (0) = Q44 (em(VQD + VFm)) — Qg4 (0)

Hence the equation (6.74) is uniformly elliptic at the contact points for m large enough
and in addition the term a;;(0,,Vwy,) — a;;(0) converges uniformly to 0 on E,, as
m — 00.

Hence, applying the Alexandroff-Bakelman-Pucci estimate (see Theorem 1.23) we
obtain

h—CmS sup (wm_‘_cm_@_h)i
B, /2(z0)

< O || (i + (55 (O Virm) — ais (0)05)* || L, (6.76)
<Cr (HmeLd(Bl(O)) + llaij (0m Vwm) — aij(O)HLd(Em)HSOHC’?(Bl(O))) ;
where C' > 0 depends only on d, A and A, and letting m — oo we get
h < Crlim inf [HmeLd(Bl(O)) + [laij (0 V) — aij(())HLd(Em)H‘P”CQ(Bl(O))} =0,

a contradiction. A symmetric argument proves also that wy, is a subsolution of (6.66).

Therefore ws, solves (6.66) in the viscosity sense, and being (6.66) a uniformly
elliptic equation with constant coefficients, we, is actually a classical solution. This
fact and (6.69) contradict (6.68). O
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We prove an improvement of flatness result when the gradient is nondegenerate. In
the following proposition the assumption f € L?(B1(0)) for some ¢ > d plays a crucial
role, and this is the optimal assumption one can make. Indeed, even for the Laplace
equation Au = f, the C1® regularity of the solution u is false for f € L? (since W24
does not embed into C19).

Proposition 6.13. Let 6, F, E, A\, A, f, u, and M be as in Theorem 6.4. There exist
8o, o > 0, depending only on the modulus of continuity of V2F, and on 8, A\, and A,
such that the following holds:

If | fll La(Bo(0)) < dopo and for any x € By5(0) there exist A, € R? and b, € R such
that 1 +0 < |Az|p < M and |u(y) — Ay -y — bz| < ¢ for every y € B1(0), then

u(y) —u(z) —A-(y—z)| < Cly— |  Vye Bi(0) (6.77)
with a := 1 —d/q, C depends only on 6, d, X\, and A, and A € R¢ satisfies
dg
A— 4o < 26, (6.78)
In particular u € 017"(31/4(0)) (with bounds depending only on the modulus of conti-
nuity of V2F, on 8, d, X, and A), and |Vu|g > 1+ 0/2 inside By 4(0).

Proof. We prove (6.77) for x = 0. Up to a vertical translation, we can assume without
loss of generality that u(0) = 0. It suffices to show that there exists » € (0,1) such
that, for every k € NU {0}, there is a linear function Lg(y) = Ay - y + by satisfying

u(y) — Li(y)| < dor™@™) ¥y € Bi(0),
|Ap — Apy1| < C'6rF b — bpr| < C'GgrFlet D), (6.79)

For k = 0 the result is true by assumption.
Now we prove the result for k41 assuming it for O, ..., k. Let us consider the rescaled

function ( ) ) ( N )
u(rfy) — Lg(rty
w(y) = 50Tk(a+1)

Vy € Bi1(0). (6.80)

Observe that, by the inductive hypothesis, |w| < 1 inside B;(0) and w solves the
equation

ph(l—a)

035 F (Ag + dor™Vw(y))0ijw(y) = 5

f(r*y)  in By(0).

Recalling that o =1 — d/q, by a change of variable and Holder inequality we get
Hrkf(rky)HLd(Bl(o)) = Hf”Ld(BTk(O))
< |Bl(0)|1/quaHfHLq(Brk(0)) (6.81)
< [B1(0)[Y**| fl| La(Ba0)) -
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Since || f||ra(B,(0)) < doo, we get
k(l—a)
do

r

£ * )| Lz 0y) < 1B1(0)]M pso. (6.82)

Recalling (6.53) and (6.79), by the inductive assumption we get

k-1 k-1 k-1

o -
dr ; [Ai = Aia|e < ; |Ai — Aiga] < 0/50;1@4 < C'& grio‘ < %57
provided we choose dy small enough. Hence Ay, ¢ E, and more precisely
3 k—1 k—1 5
1+56 < |A0’E_ZZ; |Ai—Ai1|p < |Aklp < |A0]E+ZZ; [Ai=Asils < M+7. (6.83)

Define a;; : R? — R as a;;(v) := 0;;F (Ax, + v). Then by (6.53) and (6.83) we have

g b
Bjs5/4(Ax) S {y — Aple < 4} C {!y\E > 1+ 2},

so by assumption (6.11) on F we get

M < VEF(v) <AL forany v € By ;5 ,(Ay),

which implies that the coefficients a;; are uniformly elliptic inside BJE 5/ 4(0) with con-
stants A, A.

Let o and p be the functions provided by Lemma 6.12. If §g is small enough so that
Sork® < o(r'*t®/2), and pp is small enough so that |B;(0)|Y9ug < pu(r'+/2), Lemma
6.12 applied to w implies the existence of a function v : B1(0) — R such that

8ijF(Ak)8,-jv =0 in Bl (0)

and

Vy € By5(0). (6.84)

In particular, since |[v(y)| < [v(y) — w(y)| + |w(y)| < 3/2 in By/5(0), and v solves a
uniformly elliptic equation with constant coefficients, there exist C' > 0 (depending
only on d, A\, A) and a linear function L(y) = A -y + b, such that

lu(y) —A-y—b < C'ly>  Vy € Byyu0).

In particular, if C'r1=* < 1/2 and r < 1/4, we get

1+«
o(y) — Ay —b| < Cr? < TT Vy € B,(0). (6.85)
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Hence, first we choose 0 < r < 1/4 such that

Clrlfa S

N

then fix §y such that

Sor® < o(rite)/2) and C'éo er < ZE(X
i=0

and finally take po such that
|B1(0)] 9o < p(r'F/2).
Then from (6.84) and (6.85) we get
w(y) = Ay = Bl < w(y) o)+ u(y) = A-y = Bl <r'*® Yy e B(0),
which can be rewritten in terms of u as (see (6.80))
[u(y) = L1 ()] < SorEHETD vy € B (0),

where

Li+1(y) := Li(y) — Sor™ VL (r%> '

It is easy to check that (6.79) holds for some C” large enough independent of §p and r,
and this concludes the proof of the inductive step.
Also, it follows from (6.79) and the definition of dy that

k—1 s
d
=0

which proves (6.78) in the limit.
Finally, the fact that (6.77) implies that u € C1*(By,4(0)) is standard (see for
instance [DF3, Lemma 3.1]). O

6.5 Proof of Theorems 6.4 and 6.1

Proof of Theorem 6.4. For any zo € B1(0) and r € (0, 1), we have

|t ropde= [ @ de < g0
B1(0) By (x0) 2
Let uo and dp be as in Proposition 6.13. Fix r < 1/2 small enough such that

7"17d/p\|fHLp(Bl(o)) < dopo,



6.5 Proof of Theorems 6.4 and 6.1 133

so that
|7 f(zo +72)| Lr(B, (0)) < dotto- (6.87)

Consider now the function w : B1(0) — R given by
1
w(x) := —u(xg + rx) V2 € B1(0),
T

which by (6.12) solves

0i[05 F (Vw(x))0jw(x))] = rf(zo + rx). (6.88)
Our goal is to show that the quantity
o {VeE@le = 1= 9~ (Vo) =101} VieN (@)
z€B, (0

decays geometrically.
For every i € N set

di:=sup ([Vw(z)|lp — (1+6))+,
I€B2,i(0)

and let £ be the smallest value of 7 € N such that

Sua% {z € By-si1(g) 1 (Oerw(x)—(1+46))+ > (1=n)da; }| > (1—n)|By-2i-1(0)| (6.90)
e*e *
(k = oo if there is no such 7). By Lemma 6.10 there exists a constant Cp > 0 and
ag € (0,1) such that '

do; < Cp272%%0  Wi=0,..., k. (6.91)

If £ = oo, then there is nothing to prove. Assume then that k is finite.
For every k 4+ 1 < i < 2k we estimate dg; with dog, and from (6.91) applied to dog
we obtain
do; < doj, < Cp272ka0 < Cy27ia0, (6.92)

We now scale the function w in order to preserve its gradient:
v(x) = 22K (w272 1) — w(0)) V€ Bi(0).

Since Vo(z) = Vw(27%~1z), from (6.90) we obtain that there exists e* € JE* such
that

[{z € B1(0) : (Berv(z) — (14 6))4 > (1 = n)dax }| = (1 — n)|B1(0)]. (6.93)

Moreover, we have that |[Vu(z)|g < dop +0+1 < M/JENfOI‘ every x € B1(0) (recall
(6.53)). Hence, from Lemma 6.11 applied to v with € = dodg/M (with dp as in Propo-
sition 6.13) and ¢ = dog, there exist A € R? with |A|g = dog1 + 6 + 1 and b € R such
that

lo(z) — A -z —b| < e(dypy1 +6+1) < eM/dp = b Va € B1(0). (6.94)
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From (6.88), (6.87), and (6.94), the hypothesis of Proposition 6.13 are satisfied, so
there exists a constant Cy, depending only on 4, d, A, and A, such that

Vu(z) — Vou(0)] < Cq|z| Va € By4(0),
where o := 1 —d/q. Since the function  — (|z| — 1 — d)4 is 1-Lipschitz, we get

[(IVw(z)] =1 =6)+ = ([Vw(0)| =1 = 6)+[ < [Vw(z) — Vw(0)|
= |Vo (2% 1z) — Vo(0)],

for every & € By-2r—2(0). In particular, for any i > 2k + 1 and z € By-2:(0) we have

(IVw(z)] = 1= 8)1 = (IVw(0)| = 1 = 8)4| < Cr2BF+ D1 |z|™

< 012(2k+1—2i)a1 < C12—ia1. (695)

Setting C' := 2max{Cp,C1} and & := min{ag, a1}/2, from (6.91), (6.92), and (6.95),
we obtain that for every ¢ € N

sup  {|(|[Vw(z)|p — 1 —8)1 — (|[Vw(0)|p — 1 — 8)4|} < C27%4,

2€By-2i(q)
namely

sup  {|(|[Vu(z)|p —1—68)4 — (|Vu(zo)|g — 1 —8)4|} < 02729,

IDGBQ_QZ'T(CEO)
from which (6.13) follows easily. O

Proof of Theorem 6.1. Let Q' € Q" € Q" € Q and set M := ||Vul|poc(qmry (M is finite
because u is locally Lipschitz inside Q). Recall that F is C? outside F, so in particular
it is C? for |v| > dp (recall (6.53)).

We now want to find a functional G € C?(R?\ E) which coincides with F inside
Bps(0) (so that F(Vu) = G(Vu) inside Q") but G is quadratic at infinity. We follow a
construction used in [AF].

Let M’ = sup{F(v) : v € Bar424,(0)}. Let ¢ : [0,00) — R be a C* function such
that 1(t) = ¢ in [0, M’ + 1], and ¢(t) = M’ +2 in [M’ + 2, 00]. Since F is coercive, the
function 1 (F(v)) is constant outside some ball. Hence

N:= sup [VZ[poF|(v)|
[v|>M+dE

is finite. Let ¢ € C%(R?%) be a convex function such that ¢(x) = 0 for every z €
Bariay (0), V2p(z) < (2N +1)1d for every = € R? and V2¢(z) > (N + 1) Id for every
z € RY \ BM+2dE (0) Define

Gv) :==(F(v)) +ov) Vv eRL (6.96)
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Computing the Hessian of G, we obtain that G is convex, that V2G(v) < (3N +1)1d
for every |v| > M + dg and that Id < V2G(v) for every |v| > M + 2dg. Since G = F
inside Byg,+a(0) and u solves the Euler-Lagrange equation (6.12) in the sense of
distributions, u solves also the Euler-Lagrange equation for G, and so by convexity of
G it is a minimizer for the functional

G(Vu) + fu.

Q///

By (6.7) we have that for every 6 > 0 small there exist \j, A5 > 0, depending only
on As/4, As/a, N, such that

)
N5 Id < V2G(v) < A51d for a.e. v such that 1+ 1 < |vlg. (6.97)

Let p. be a standard mollification kernel whose support is contained in B.(0) and
let

Ge(w) == p x G(a) +elz?,  fo(x) = pex f(2),

Ue 1= argmin{ G-(Vu) + fou:u € W1’2(Q’”)} .

QIII

Note that u. € C*°(Q") thanks to the regularity of G. and f., and thanks to the uniform
convexity of G.. From (6.97), for every ¢ small there exist A\§, AY > 0, depending only

on Aj, A5, N, such that, for ¢ < 6/(4dg),
B
M1d < V2G.(v) < AY1d  for a.e. v such that 1+ 3 < vle. (6.98)

Differentiating the Euler equation solved by u. with respect to 9, for any e € S1
we obtain that

9i10ijGe (Vue (2))0j(Oeue (x))] = Oc fo(). (6.99)
Hence the function ve(z) := (|[Vue(z)| — (1 + dg))+ is a subsolution of the equation
0i[0ijGe(Vue(2))0jve] > Oc f1{1 j2—v, (x)>0}-

As we already observed in the proof of Lemma 6.10, this equation is uniformly elliptic
because the values of 9;;G.(Vuc(x)) are not important when |Vu.(z)| < 1+dg. Hence,
we can apply [GT, Theorem 8.17] to obtain

I(IVue(@)] = (1 + dp) =@ < O+ [(IVue(@)] = (1 + dp))+ [l 20m)

/ (6.100)
< C'(1+ | Vue (@)[| z2(0m))

for some constant C’ depending only on d, A5, As,, 2", Q" (for some dp small).
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Since the function G has quadratic growth at infinity, we get

[Vue ()| L2y < C’(l + Ge(Vue(z)) d:z:). (6.101)

Q///
From the boundedness of energies of u., (6.100), and (6.101), it follows that the func-

tions u. are M'-Lipschitz for & small.
Let Ej be a strictly convex set such that £ C Es C (14 §/2)E. Since

o) (o)) e ()

from (6.98) it follows that A{I < V2G.(z) < A} for a.e. x such that 1 + % < |z|gj-
Applying Theorem 6.4 to u. and FEj, by a covering argument we deduce that there
exists a constant Ds (independent of €) such that

|(|Vue(z)|g; — 1= 0)4 — (|Vue(y)|g; —1 — 6)4| < Dslx —y|* Va,ye Q. (6.102)

Without loss of generality, up to adding a constant to u. we can assume that
us(0) = 0. Hence, since |Vu.| < M, we obtain that, up to adding a constant a
subsequence,

Ue — UQ uniformly in €/

and
Vue. — Vuyg weakly* in L>(£Y) (6.103)

for some Lipschitz function ug. We claim that Vug = Vu outside E and that
(IVue(z)|g;, —1—0)4 — (|Vu(z)|g; — 1 —0)+ strongly in LP(Q) (6.104)

for every p < oo.
Indeed, from the convergence of the energies on a sequence of local minimizers, and
thanks to the uniform convergence of G. to G on Bj;(0), we have that

G(Vu(z))dex = hII(l) G-(Vue(x)) de = lin% G(Vue(z))dx = | G(Vuo(x))dx,
QO E— Q/ E— QO Q'
(6.105)

Since G is strictly convex outside FE, it follows by standard results in the calculus of
variations that Vug = Vu outside F and (6.104) holds (a possible way to show these
facts, is to consider the Young measure v, generated by Vu,, and show that v, = vy (s)
for a.e.  such that Vu(z) € E).

Hence, thanks to (6.104), we can take the limit as ¢ — 0 in (6.102) to obtain
(|Vu|g, —1—6)4 € C¥¥(Q). In particular, the set

As:={z e Q :|Vu(z)|g, > 1446}



6.5 Proof of Theorems 6.4 and 6.1 137

is open. Moreover, from the choice of Ejs, it follows easily that
Fs:={zeQ:|Vu(z)p>1+20} C A5 (6.106)

Since every partial derivative of u solves (6.99) (with e = 0) which is uniformly elliptic
inside A, from De Giorgi regularity theorem it follows that Vu € C% (Fy), with Ccoe
norm bounded by a constant which depends only on «, M, 8, A5, As, As, and f. By
the arbitrariness of 0, we deduce that Vu is continuous inside the open set {|Vu|g > 1}
with a universal modulus of continuity.

We also note that, since the functions (|v|g; —1—0)4 converge uniformly to (|v|g —
1)+ on Byp(0), we get that (|Vu|g; — 1 — 6)4 converge uniformly to (|Vu|g —1)4, so
also (|Vu|g — 1)1 is continuous with a universal modulus of continuity.

Combining this fact with the continuity of Vu inside {|Vu|g > 1} and the fact that
‘H is continuous and vanishes on E, it is easy to check that H(Vu) is continuous (again

with a universal modulus of continuity) everywhere inside €.
O






Chapter 7

An excess-decay result for a class
of degenerate elliptic equations

As in the previous Chapter, we study the local regularity of minimizers of the functional
/ F(Vu) + fu (7.1)
Q

where © C R? is an open set, F : RY 5 R, f: Q — R, and u : Q@ — R. When
a uniform ellipticity condition on F holds true, the regularity results are classical, as
presented in the introductory Section 1.6. Even in the vectorial case, the picture is
well understood: for instance, partial regularity of minimizers was proved under the
uniform strict quasiconvexity assumption in [GM, AcFu] (see also the references quoted
therein).

To understand regularity for more degenerate elliptic problems, a natural idea is
to prove Holder regularity at points which do not see too much the degeneracy of the
equation,namely points where the gradient is close to a value where the function F is C?
and uniformly convex. This scheme has been carried out by Anzellotti and Giaquinta
in [AG] under the uniform convexity assumption for elliptic systems and in [AcFu2]
if uniform strict quasiconvexity is assumed. In the latter paper it is proved that, if
u:RY — RN (with N > 1) and

lim Vu(y) — &> dy =0 (7.2)
r—0 By (x0)

for some & € R¥ and zy € R, F is C? in a neighborhood of &, and a uniform strict
quasiconvexity holds true around &y, then u is of class C™® in a neighborhood of zq for
every o < 1. Their proof is based on a linearization argument. They differentiate the
Euler equation

139
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(here and in the following we use the Einstein’s summation convention) with respect
to a direction e € S9! to obtain

81[8UI(Vu(m))8J(6€u(m))] = 8€f(l') in €.

Then, using (7.2), they prove that the solution of the differentiated operator is close,
on smaller scales, to the solution v of a differential operator with constant coefficients

82[&]?(50)8]11(35)] =0 in €.

Since F is strictly quasiconvex in &g, this equation is in turn nondegenerate. In this
way, they obtain regularity of u from the regularity of the linearized operator.

In this Chapter we study the regularity of minimizers of the function (7.1) in the
scalar case assuming that F is C'! and uniformly elliptic outside a ball, and ellipticity
may degenerate inside. Basic examples which fall under these assumptions are F(x) =
n(z)P for some p > 1 with n an elliptic norm (see Definition 7.4), and F(z) = (|| —1)%
for some p > 1 (notice that, since we consider Lipschitz minimizers, the behavior of F at
infinity is not relevant). The first example arises as an anisotropic generalization of the
p-laplacian, whereas the second example has been already presented in Chapter 6 and
it is related to some recent problems of traffic dynamic. In the following we assume that
F € O outside the degeneracy region to prove that every locally Lipschitz minimizer
is O at nondegenerate points, weakening the assumptions of Theorem 6.1 (where
F was assumed to be of class C?). When F is assumed to be C! new techniques
are needed. In this respect we mention a De Giorgi type approach in a work of De
Silva and Savin [DS]; it looks possible to us that also their technique may lead to
prove our result, but we believe that our approach in this setting has its own interest.
On the contrary, the results in [AcFu2, CF1] described above assumed F € C? and
this assumption cannot be easily removed with their technique, since their proof is
based on a linearization argument which cannot work if the second derivatives of F
are not continuous, because the linearized operator has no reason to stay close to the
nonlinear one. Our approach is still based on a blow-up argument; however, we prove
that the operator can be linearized, up to subsequence, around a limit operator which is
uniformly elliptic thanks to the fact that the gradient is assumed to be mainly outside
the degeneracy. To obtain strong compactness of a rescaled sequence, we use an idea
of De Silva and Savin [DS] presented in Lemma 7.10.

The Chapter is organized as follows. In Section 7.1 we present the basic estimate
of decay of the excess function around nondegenerate points. Then we see that this
estimate can be iterated at every scale to obtain the C'1* regularity. Finally, we see that
the smallness assumption is satisfied if u is close to a linear nondegenerate function in
a certain sense, which in turn can be verified in the applications. In Section 7.2 we see
how the estimate allows to prove C1'® regularity for the solutions of the anisotropic p-
laplacian and regularity outside the degeneracy for the equations arising in the context
of traffic congestion. In Section 7.3 we collect all the proofs.
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7.1 Excess-decay result at nondegenerate points and con-
sequences

First we introduce the excess function, which measures the distance of the gradient
of a solution Vu from its average. In terms of this quantity we express the smallness
condition which guarantees regularity. The C%® regularity for Vu is expressed in terms
of the decay of the excess itself, through Campanato’s Theorem.

We denote by B,.(z) the open ball of center x € R? and radius r > 0, often shortened
as B, if z = 0. Given ¢ : Q — R?, with the notation JBT(z)g or (g)B,(z) We mean the
average of g on the ball B, (x).

Let © be an open set and let f € LI(Q2) for some ¢ > d. For every u € Wh2(Q),
x € Q, r <d(x,Q) we consider the excess

Uu,z,r) := (][B

The following Theorem provides an excess-decay estimate for local minimizers of
the functional (7.1) at points where Vu is nondegenerate. In order for the equation
to be considered nondegenerate on a certain ball B,(z), we require that the average
(Vu) B,(z) 18 not in the degeneracy region, that Vu does not oscillate too much, and
that the scale r is chosen sufficiently small to make the right-hand side irrelevant. These
last two informations are encoded in the smallness of the excess. As we shall show in
the corollaries below, the result can be iterated on smaller scales to provide Hoélder
regularity for the gradient around nondegenerate points.

1/2 B
V() = (e dy) 1O .

r(x

Theorem 7.1. Let 0 < X\ < A and let f € LY(By) for some q > d > 2. Let F: RY S R
be a convex function such that F € CH1(RY\ B1,4(0)) and

AMNd<VAF(z) <AId for L%-ae. x € R\ By y(0). (7.3)

Let u € WH°(By) be a minimizer of the functional (7.1) and let us assume that |Vu| <
1 in B;.

Then there exist 1o, > 0, depending only on d,q, A\, A, [|[VF|| L (p,), such that for
every T < 19 there exists € = (1) for which the following property holds true: If for
some x € Byjp and r < 1/4 we have

oo

< |(VU)B7($)’ <1, U(’LL,:L‘,?") <eg,

then
U(u,z,7r) < 71U (u, x,r).

Theorem 7.1 can be iterated to obtain the decay of the excess at every scale.
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Corollary 7.2. Let A\, A, q, f, F, and u be as in Theorem 7.1. Then there exist
70, > 0, depending only on d,q, \, A, ||VF||Leo(p,), such that for every 7 < 1o there
exists € = €(7) for which the following property holds true: If for some x € By/y and
r < 1/4 we have

< |(Vu)p, @) <1, Ulu,z,7) <e, (7.4)

ol =3

then
Ulu,z, 7%r) < 79%U (u, z,7) VEkeN. (7.5)

The assumption in Corollary 7.3 is satisfied in a ball if the gradient of u is aligned
in a fixed direction, as the following corollary states. This will be in turn useful to
obtain C1® regularity at nondegenerate points in the applications of Section 7.2.

Corollary 7.3. Let A\, A, q, f, F, and u be as in Theorem 7.1. Then there ex-
ist n, o, C, 7,19 > 0, depending only on d,q, \, A, || f||La(B,), IVF| Leo(B,), such that if
|Vu(z)| <1 for every x € By and

{z € Bi: Ovu(x) = 1 =n}| = (1 —n)|Bi] (7.6)
for some v € ST, then
U(u, z, 7%r¢) < 7°%U (u, z, 0) VkeN Va € Byjs. (7.7)

In particular, we have
lullcre(s, ) < C. (7.8)

7.2 Applications: the anisotropic p-Laplace equation and
traffic models

The anisotropic p-Laplace equation The simplest example of degenerate elliptic
equation is given by the p-Laplace equation

i (|VulP~20u) = f,

corresponding to the choice F(x) = |z|P/p in the minimization of the function (7.1);
in this case the degeneracy consists in a single point, the origin, and it is possible to
obtain C1% regularity of the solution (see Section 1.6.1). In the following, we introduce
a generalization of the p-laplacian which involves an anisotropic norm. We consider an
open set © C R? and a local minimizer for the functional

n(Vu)? "
/Qp + fu, (7.9)

where n : R? — R* is a positively 1-homogeneous convex function and f € L(Q) for
some q > d.
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To ensure the equation to be elliptic outside the origin, we need to consider only
norms which satisfy an ellipticity condition in the direction ortogonal to Vn. For
example, the p-norms (namely n(z) = (|1|? + ... + |24|P)/? for z = (z1,...,24) € R?)
are not included in the following definition and indeed the problem of regularity of
minimizers is, to our knowledge, open.

Definition 7.4. An “elliptic norm” n € C’llo’cl(]Rd \ {0}) is a convex positively 1-
homogenous function with n(0) = 0, positive outside the origin, for which there exist
A, A > 0 such that

Vn(v) |?

AT —(7- Vn(“))W < n(v)dn(v)nr; < Alr? (7.10)

for Z%a.e. veRY 7RI

In the following, we prove that every Lipschitz solution of the anisotropic p-Laplace
equation is C1?,

Theorem 7.5. Let 0 < A\ < A, p > 1, Q a bounded open subset of R, d > 2, and
f € LY(By) for some q¢ > d. Let n: R* — R be an elliptic norm and let u € VVI})’COO(Q)
be a local minimizer of the functional (7.9).

Then there exists o € (0,1), which depends only on d, p, q, A\, A, ||Vn||eo such that
Vu € CIOO’(?(Q), namely for every Q' @ Q there exists a constant C > 0 such that

|[Vu(z) — Vu(y)| < Clz —y|* Va,yc .

This constant C' depends only on d, p, ¢, A, A, [|[Vn| e (gay, dist(Y,09), || fllq, and
IVu|loo in a neighborhood of .

In the theorem above we assume Lipschitz regularity of the solution to prove C'h¢
regularity; notice that the Lipschitz regularity follows from [EMT,Br,FFM]. To avoid
annoying details about a regularization argument, we prove the result in terms of an
a-priori estimate; hence we assume that u is smooth, and so is n outside the origin (For
more details about the regularization, see for instance the proof of Theorem 6.1).

The key idea to prove Theorem 7.5 is a lemma which provides a separation between
degeneracy and nondegeneracy; here, there is a clear analogy with the main idea behind
the proof of Theorem 6.1. The basic lemma says that the gradient of the solution Vu
is either close to a nonzero constant, or it decays on a smaller ball. When the first case
happens at some scale, we obtain O regularity of u through Corollary 7.3. Otherwise,
the decay of Vu at every scale provides C1® regularity of w.

In this definition the term “norm” is used with a slight abuse of notation: indeed we are not
requiring the symmetry of n, namely n(v) = n(—v). We also observe that an equivalent formulation
for (7.10) is to ask that

Nr)? < 0 H(v)rir; < N|r]? Yo, 7 € R"

for some 0 < X" < A’, where H(v) := (n(v))2.
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As we show now the dichotomy, stated at scale one in Lemma 7.11 (compare with
Lemma 6.10), is based on the construction of suitable subsolutions to a uniformly
elliptic equation, namely (J.u(z) —1/2), for every e € S¥1. Indeed, let u : By — R be
a Lipschitz local minimizer of (7.1) with Lipschitz constant 1; then it solves the Euler
equation

&-[n(Vu(x))pilain(Vu(m))] = f(x) x € Bj. (7.11)
Let us introduce the coefficients
() = n(@) 2 (0 = DOm(@)9m(z) + n(@)dyn(z)) Yz eRL  (7.12)

Given e € S, we differentiate (7.11) in the direction e € S~ to obtain

d; [Aij(vu(x))aj (Geu(:v))] — 9. (x).
We notice that, setting
aij(x) == (p— 1)Oin(x)ojn(z) + n(zx)djn(x) Vz e RY, (7.13)

the coefficients a;; are uniformly elliptic. Indeed, Vn is 0-homogeneous and since
n e Cllo’i (R%\ {0}) we have that 0 < ¢ < |[Vn| < C < oo; therefore for every 7 € R? we

obtain that

2

2
L Vn(v)

T— (1" Vn(v))7|vn(v)|2

V)
[Vn(v)|
> min{c?(p — 1), A\}|7]?,

a;jy > (p — 1)|Vn(v)|2 T

and analogously from above. Hence the coefficients A;; are uniformly elliptic in every
compact region which does not contain the origin.

Since the function ¢ +— (¢ —1/2), is convex and Lipschitz with derivative 11 /9y,
it follows that the function

Ve(x) == (Qeu(x) — 1/2)+ e e St (7.14)

is a subsolution of the equation

81' |:AZ] (VU(ef))C{)]Ue(x)} = aef(x)1{85u>1/2}(x)‘

Notice that the values of the coefficients A;;(Vu(x)) are only relevant when 1/2 <
|Vu(x)| < 1. Indeed the solution satisfies |Vu(x)| < 1 (by assumption), and when
|Vu(z)| < 1/2 we have that v.(x) = 0. Therefore, thanks to the ellipticity assumption
on n, the equation might be assumed to be uniformly elliptic.

The idea of the proof now follows a paper by Wang [Wa], where Theorem 7.5 is
presented for the classical p-laplacian. In this case, however, the author considers a
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different subsolution, namely n(Vu)P, which solves an elliptic equation with nondegen-
erate coefficients. Indeed, given a locally Lipschitz minimizer of (7.1) with f = 0, the
coefficients a;; (introduced in (7.13)) are uniformly elliptic and the function n(Vu)?
formally solves

0; [aij (Vu(m))aj (n(Vu(m))pﬂ > 0.

The choice of the subsolution in [Wa] leads to additional difficulties to pass from
a nondegenerate slope of v in modulus to closeness to a linear function. Moreover,
the regularity at nondegenerate points is carried out in [Wa] through the analysis of
the equation in nondivergence form, proving as a key lemma that any solution of the
p-laplace equation is close to the solution of the linearized problem at nondegeneracy
points. Wang’s scheme can be carried out for a general elliptic norm n only assuming
better regularity on m, namely n € C2(R?\ {0}). Hence, as we shall see in Section 7.3,
the proof of Theorem 7.5 requires the use of our Theorem 7.1.

Degenerate elliptic equations and traffic models Corollary 7.3 can be used
to prove local C%® regularity of the gradient of the solution of a degenerate elliptic
equation outside the degeneracy region.

The following result is a generalization of Theorem 6.1 to more general functions F
(we do not require C? regularity of 7). The degeneracy region is a convex set containing
the origin, described, in coherence with the present Chapter, as the unit ball of a convex
positively 1-homogenous function which does not need to be elliptic. The variational
proof is based on Corollary 7.3, which in turn uses a different technique with respect
to the proof presented in Chapter 6, that is based on some ideas of Savin [Sav] and
Wang [Wal].

Theorem 7.6. Let 0 < A < A, Q a bounded open subset of RY, d > 2, f € LI(Q)
for some ¢ > d. Let m : R = R be a convex positively 1-homogenous function with
m(0) = 0 which is positive outside the origin. Let F : R? — R be a convex nonnegative
function such that F € CllO’cl (R\ {m < 1}), and assume that for every § > 0 there eist
As, As > 0 such that

NI < V2F(z) < AsT for L%-a.e. x such that 1+ < m(x) <1/6.

Let u € W2°(Q) be a local minimizer of the functional (7.1). Then, for any

loc

continuous function H : R? — R such that {m < 1} C {H = 0}, we have
H(Vu) € C°(9Q).

More precisely, for every open set Q' @ §Q there exists a modulus of continuity w :
[0,00) = [0,00) for H(Vu) on Q, which depends only on d, the modulus of continuity
of H, the functions § — Xs,0 = Aj, ||[Vulleo in a neighborhood Q" C Q of ', and
IVFllo in a neighborhood of Vu(Q"), such that

|H(Vu(@)) - HVu)| < w(z—y))  Va,ye.
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In particular, if F € CY(R?) then VF(Vu) € C°(Q).

7.3 Proofs

Proof of Theorem 7.1 Before proving the result, we state some simple lemmas.
The proof of the first lemma is an easy computation which is left to the reader.

Lemma 7.7. Letp > 1, X € R?, and let vy, ...,vq € R% be a family of vectors satisfying
Vil =1 for any i = 1,...,d and | det (v1]...|vq)| > co > 0 (here (vi]...|vq) denotes
the matriz whose columns are given by the vectors vy, ...,vq € R?). Then there exists
a constant ¢ > 0, which depends only on d and cy, such that

d
Xovi < X[ <SS X vl Yi=1,..d (7.15)

€=
Proof. The first inequality follows by |X - v;| < |vj||X|. To prove the second inequality
we estimate | X| with | X -eq|+... 4+ | X - e4]; we write each element of the canonical basis
of R%, namely ej, as a linear combination of vy, ..., v4; we estimate each | X -e;| with the
same linear combination of | X -v;|. Hence we proved (7.15) with a constant ¢ that may
depend on the particular choice of vy, ...,v4. A simple contradiction argument shows
that the constant depends only on cy. O

From Lemma 7.7 we deduce that, given independent unit vectors vy, ...,vq € R?
and X € L?(Q;RY), we have

d
1 .
1X - ville2) < 11X L2 (rey < EZ 1X - villp2@  Vi=1,...d.
=1

This implies the following lemma:

Lemma 7.8. Let Q C R be an open set. Let {Xp}nen € L2(Q;RY), X € L2(;RY),
and let {vy,...,vq} be a basis of RY. Then {Xp,}nen is precompact in L*(Q;RY) if and
only if {Xp, - Vi}nen is precompact in L*() for every i = 1,..,d. If this happens then
we have that

lim X, = Xoo  in L2(Q;RY)  if and only if

h—o0

, (7.16)
lim Xp,-v; =X vy inL5(Q)Vi=1,...d.

h—o00
Another useful lemma is the following:
Lemma 7.9. Let A > X\ > 0 and r > 0. For every h € N let A" : B, — R4 pe q

sequence of measurable functions such that A"(x) is a nonnegative symmetric matriz

for L4 q.e. x € B,, A" <AId and

lim |{A" < Md}( ~0. (7.17)

h—o0
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Then there exists a measurable function A : B, — R¥? such that A(x) is a nonnegative
symmetric matriz for £*-a.e. x € B,,

AMd < A(z) < AId for L™-a.e. x € By, (7.18)
and, up to subsequences,
At A weakly in L*(B,; R>9), (7.19)

Proof. Since 0 < A" < AId for every h € N we have that there exists a function
A: B, — R™? with 0 < A < AId and such that, up to a subsequence, (7.19) holds.
By (7.17), up to a further subsequence we may assume that

i ‘{Ah < AId}‘ < . (7.20)
h=1

Setting
I=J{4"<)1d} VkeN
k<h
we have that |I| — 0 by (7.20) and that, by (7.19), A" — A weakly in L?(B,\ Iy; R%*?)
for every k € N. The set {4 € R : \Id < A < AId} is convex and closed in R9*9,
Since AId < A”(z) < AId for every = € B, \ I}, and for every h > k, we take the limit

in the weak convergence as h — oo and we obtain that AId < A(z) < AId for Z%-a.e.
x € B, \ Ij. Since k is arbitrary, we obtain (7.18). O

The following lemma is a Caccioppoli inequality for a subsolution of an ellip-
tic differental operator in terms of an a priori estimate. The proof follows an idea
in [DS, Proposition 2.3] and it is based on the variational structure of the equation
(7.22).

Lemma 7.10. Let v € S}, A >0, ¢ > 0, and f € C(By). Let F € C*(RY) be a
convex function such that

Md < V2F(z) for all x € R such that x-v > c. (7.21)
Let u € C?(By) be a solution of
81(81]-"(Vu)) = f m Bl (7.22)

which is Lipschitz with constant 1 in B1. Let G : R — R be a nondecreasing 1-Lipschitz
function which is constant on the set {t < c}. Then there exists C > 0, depending only
on d and \, such that for every n € R?

VIGO0 25,y < CUC@ 25y + £l 2205y + IVF (V) =l 25,))- (7:23)
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Proof. By approximation, it suffices to prove the result when G € C*.
We differentiate the equation (7.22) in the direction v to get

8i(8z~j]-“(Vu)6jvu) = 8Vf in Bl.

Let ¢ € Cg°(By) be a nonnegative and smooth cutoff function which is 1 in Bs,.
We test the above equation with the test function G(dyu)(?, which is Lipschitz and
compactly supported, and we integrate by parts:

/ 0., F (V) Dy G (Dyu)] ¢
By

~ 9 / Dy F (V) D G(0yu) COC + | OGO +2 [ FG(D) CONC.
B1 B1 B1
(7.24)

We estimate each term of (7.24). As regards the left-hand side we notice that G'(dyu) =
0 on the set {Oyu < ¢}. Hence we apply (7.21) and the fact that 0 < G’ <1 to get

/ 0 F (V) Ojyu G (Oyu) Opyu (> > X [ G'(Oyu) [VOyul*?
b B (7.25)

> [ |V[GOvu)]P¢?
By

To estimate the first term in the right-hand side of (7.24) we integrate by parts and,
for some ¢ to be chosen later, we have

i / Oy F (V) D0t G(Du) COC = —2 | Du[0F (V) — mi] G(D) CORC
Bl Bl
= 2/3 [0iF (Vu) — ;] 0v|G(0yu)] COi¢ + 2/3 [0iF (Vu) — ni] G(0vu) Oy [COC]
! ! (7.26)
<e [ |V[GOwu)][*C® + HVCllio/ |VF(Vu) —n?
Bl € Bl

Sl /B Govl + [ IVF(Vu) =P

As regards the last two terms in (7.24) we have

FOJUGO)]CE+2 | fG(dyu)CDC
= = (7.27)

€ 1
< Gav 2,2 - 2 2 Gav 2 2.
<5 [ iviceare v o [ e ivak [ iceawrs [ s



7.3 Proofs 149

We choose ¢ < \/3 and we obtain from (7.24), (7.25), (7.26), (7.27) that there exists a
constant C, depending only on d and A, such that

/ VG @)l < / V(G(Bvu)] ¢
B34

B1

<o [ w@mrs [ e [ vE©n) ),

proving (7.23). O

Proof of Theorem 7.1. With a standard regularization, presented in detail in an anal-
ogous situation in the proof of Theorem 6.1, we may assume without loss of generality
that F € C?(By), f € C1(B1), and that u € C%(By) is a solution of

81(81]-'(Vu)) = f in Bl. (7.28)

By contradiction, let 7,a > 0 to be chosen later and let us consider sequences
{Tn}hen € Bija, {ratren € (0,1/4), and {up}ren C C?(By) such that uy, are solutions
to (7.28) and

Vup| <1 in By VheN, (7.29)
U(up, xp,rh) = Ap — 0 as h — oo, (7.30)
U(uh, .%'h,TT'h) > TOCU(uh,{Eh,Th) Vh eN, (7.31)
3
(Vuh)Brh(zh) = Yoo as h — oo, Yoo € RY, 1 < Yeo] < 1. (7.32)

Let us define the rescaled functions

- _up(xp + )

Up(x) : x € By,
Th
since uy, are solutions to (7.28) we have
(8 F(Vay)) = fr  in By, (7.33)

where fh(a:) = rpf(ap + rpx) for € By. Moreover, setting vy, = (vuh)Brh(zh)’ we
have that v, = (Viy)p,. We remark that, by a change of variables,

7 —d
il oy = it~ /
B

By the change of variable formula we rewrite (7.29), (7.30), (7.31), and (7.32) in
terms of uy:

1/q _
F@ITdy) " = flas gy (7T34)

T (zn)

\Vin| <1 VheN, (7.35)

1/2 _
<f \Vin(y) — | dy) + r,(zq d)/(Qq)HfHLq(Bl) =X\, —0 as h — oo, (7.36)
B
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(which implies that rp — 0 as h — oo unless f = 0),

Vauy, — (Va 2\1/2 7 )(@—d)/(2q) N
(][ AL §\2 Ve ) + (h)AHfHL‘Z(Bl) >7 VheN, (7.37)
B h h

Viun)B, = Yh — Yoo as h — 00, ’yOOE]Rd, §§ Yool < 1. 7.38
4

By Poincaré inequality and (7.36) we have that

[an(x) = an(0) = vn - @l L2(my) < Ans (7.39)
therefore the functions ~ ~
p(x) — up(0) — - @
A
are bounded in W12(Bj). Hence there exists us,, € W12(B;) such that, up to a
subsequence,

an(z) —an(0) —yn-z Uso(z)  in L3(By), (7.40)
A
Vin(x) = n — Voo () weakly in L?(By). (7.41)

A

The scheme of the proof is the following. In Step 1 we employ the Caccioppoli-
type inequality of Lemma 7.10 to obtain that the (suitably rescaled) partial derivatives
Oy (z) in certain directions v are strongly precompact in L2. In Step 2 we deduce
that (Viiy —1,)/An converges to Ve, strongly in L2, by taking d linearly independent
directions in Step 1. Next, we would like to show that, for any v € S, the function
Ovso Solves a uniformly elliptic PDE. Indeed, Oy is a limit of solutions (Oyup — vy, -
v)/Ap, of degenerate PDEs, whose degeneracy becomes less relevant as h — oo due to
the fact that Vuy, is nondegenerate on average and the excess vanishes.

However, the equation for (Oyun — vn - v)/Ap involves the second derivatives of 4y,
and unfortunately we don’t have any strong convergence at this level. We overcome
this difficulty by finding the equation solved by the incremental quotients 05 u, =
[ap, (- +ev) —up] /e and taking the limit as h — oo with ¢ fixed (see Steps 3-5). Finally,
in Step 6 we apply De Giorgi-Nash-Moser Theorem to obtain Holder estimates for the
incremental quotients 05 uso; this provides an excess decay for us, which, in turn, gives
a contradiction.

Step 1: precompactness of certain rescaled partial derivatives of @, in L?
via a Caccioppoli-type inequality. Let v € S~! be such that 5/8 < 74 - v (so that
1/2 < v -v <1 for h large enough), and set

%
2 9

on(@) = (i (x) - n V>+ o

wp(x) := Ovap(z) — yp - V. (7.42)
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From the fact that

vy = W, on {:UEBlz&,ﬁh(:U)Z’Yh.V}

2
and v v
0>1)h:—th2 > wp, on {JJEBl :8V11h(a:) < 7h2 }
we obtain
lvnllzz(sy) < llwallz2s,) < Corn, (7.43)
which implies
i flopllzes) =0, m fjwllL2(s,) = 0. (7.44)

Let 0 :=2d/(d — 1). We claim that there exist constants C1,Cy, C3 > 0 such that

IVonllz2By,0) < Cr(llvnll2(sy) + I all2 sy + IVF (Vi) = VF()l z2(s,)

(7.45)
S 02)\h7
ol Lo (By,0) + lwnllLo(Bs,,) < CsAn, (7.46)
. |lvn — wp
1 H ‘ —0. 7.47

Notice that from (7.45) and (7.43) we obtain that the sequence {vj,/Ap }hen is bounded
in W1’2(33/4) and therefore it is precompact in L2(33/4); from (7.47) we also obtain
that

the sequence {wy/Ap}ren is precompact in L?(By)4). (7.48)

We now prove (7.45), (7.46), and (7.47). By Lemma 7.10 applied with u =y, f = fn,
c=9,-v/2>1/4, n=VF(y), and G(t) = (t —Yn - v/2)+ — v, - v/2, we obtain that

IVonllz2(B,,,) < Cl<||vh||L2(Bl) + 1 Fullczsyy + IVF(Viin) — VJ:(%)HL?(BI))

We claim that the three terms in the right-hand side can be estimated by the excess A,
up to a constant. Indeed by (7.43) we estimate the first term; from (7.34) we deduce
that

N _ o) /(20
I fellz2Byy S W fallpasyy <7y, (=t Q)”thLq(Bl) S Ak

Finally, for the last term we remember that |y,| > 3/4, F is Lipschitz in By (by
convexity) and F € CLH R\ By4). Hence, [VF(Vay,) — VF(y,)| can be estimated
thanks to the Lipschitz regularity of VF on the set {|Vy| > 1/4}; on the complement
{IVay| < 1/4} we estimate the quantity |VF (Vi) — VF ()| by QHV]:H%DO(Bl) and
we notice that on that set |V, — 5| > 1/8. We therefore obtain

/B1 |V.F(Vﬁh) - V.F(’}/h)‘Q S C(HV2FH%°°(RCZ\BU4) + HVFH%OO(BI)) Ll ]Vﬂ,h — 7h‘2
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and we conclude the proof of the second inequality in (7.45).
Since Wh2(Bj3/4) embeds into L7 (Bs/4), by (7.45) we have that

ol Lo (By,,) < Cans

from the higher integrability of v;, and the fact that -, - v/2 > 1/4 we obtain

40(’Yh'V)"
2

H:C € Bsyy 1 Ovp(z) < ’YhQ'VH < Hx € Bsyy : Ovup(z) < th.v}

< 4|onllzo(s,,,) < CsAL-
(7.49)
Then, from (7.49) and since uy, is Lipschitz with constant 1 (see (7.35)) we get

2 ThoV

15

Ah = i‘{x € Bsy : Oviip(x) <

L2(Bssy) )\}%

} = a0,

which converges to 0 by (7.36) and proves (7.47).
Finally, by (7.35), (7.49), and (7.43) we have

leonllSo (s

<

20’

_ - _ v
[Ovun(z) —yn - v[7 + Hl’ € Byjy : Ovip(r) < T }

/Bg/m{avam”@”}
< NvnllZo (B, + Cs2°A% < (1+27C5)A7,

which proves (7.46).
Step 2: strong convergence of the rescaled gradients of ;. We claim that
Vaup —p

lim

T2
i, = = Vi in L7(Bs/4) (7.50)

and
||v’l~Lh — ’Yh”L‘T(B3/4) < CG)\h. (751)

Indeed, let v, ..., vq € S ! be d linearly independent vectors such that vso-v; > 5 /8
and |det (vil.-lvq)| = C(d) > 0. First, we prove that the sequence (Viy —v4)/An
is precompact in L?(Bj /4;]Rd). Thanks to Lemma 7.8 it is enough to show that
vi - (Vi —vn)/An is precompact for every i = 1,...,d, which in turn follows from
(7.48), applied with wy, = Oy, un(x) —yp, - vi. The characterization of the limit of a sub-
sequence of (Vi — vp)/Ap follows from (7.41). As a consequence, it is not necessary
to consider a subsequence. Finally, from Lemma 7.7 and (7.46) we obtain that

d

IVin =l (B0 S D I1Vi - (Vi = 0)l|Lo (By,4) < dC3An,
=1
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which proves (7.51).

Step 3: incremental quotients for u.. Given a function f: B; — R, v € S,
and € > 0, we define the discrete derivative of f as

05 fl(@) = LEEV @) g

9

and the discrete gradient as

VE f(z) = ([8§1f](:1:), [c’ﬁdf}(x)) z € Bi_..

We claim that, for e sufficiently small,

IViussllz2(By,0) < IVussllz2sy) < 1, (7.52)
7_2&

][ Vittoo — (Vo) . |? dz > T (7.53)
7.2a

][ |VeUso — (Vs ) B, |* dz > < (7.54)

We notice that the second inequality in (7.52) follows from (7.41) and the lower semi-
continuity of the norm. To prove (7.53), we see that from the definition of Ap

(Trh) (q_d)/(2q

)
A\, I fllamy) < rla=d)/(29) <

TOC
. 7.55
. (7.59
where in the last inequality we have assumed that o < (¢ —d)/(2¢q) and 7 is sufficiently
small (depending on ¢, d, a).

We notice now, as a general remark, that if » € (0,1], fs,f € L*(B,), and
limy, 00 fr = f in L?(B,), then

lim rn—mmﬁ=f|fwﬁm? (7.56)
B

h—00
-

Applying (7.56) to fr :== (Vup, — ) /An and r := 7 < 3/4 (so that by (7.50) we
have that (Vuy, —71)/A\ — Ve in L?(B;)), letting h — oo in (7.37) and taking (7.55)
into account we obtain

<][BTWoo(Vuoo>BT|2dx)”2 = lim ( ][BTIVﬂh—(vamBJz)l/g

h—o00 Ai
o N (TTh)(q—d)/@q)
> lzrri}ggf (7’ — )\—thHLq(B1)>
(64 Ta Ta
>7% — — = —
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which proves (7.53).
Finally, since lim_,o Vs = Vs in L2(B,), we apply (7.56) to VEus, and r = 7
to deduce from (7.53) that (7.54) holds true for e sufficiently small.

Step 4: a degenerate equation solved by 0Ziy. Let v € S¥! and for every h € N
let wy, = v3,/|vn|. We claim that the function 954y, solves

AL (@) 0:05 i (2) Qj6(z) dx + | 05 ful@) ¢(x) da = 0 (7.57)
B34 B34

for every ¢ € Wol’z(Bg/4), h € N, and € € (0,1/4), for some measurable coefficients

A?j’a : Bgj4 — R with the property that A™#(x) is a nonnegative symmetric matrix for
every x € Bgj, and that

h,e
Ad < (Al (y)) < ALd

1 (7.58)

1
Yy e {z € Bs/y 1 Ow,Un(2) > Z} N {z € B3y : Ow,Un(z +ev) > Z}
Indeed, since ay, are solutions of (7.33), for every ¢ € W(]I,Q(B3/4) and € < 1/4 we
have

0 F (Vay(x)) 0¢(x) = — Fu(@) B(2),

B34 B34

O F (Vup(z + ev)) Oip(x) = — fu(z +ev) ¢(x).
B34 B34

Subtracting the two equations and dividing by ¢ we obtain

- fh(x—i-a;) — (@) () = / aif(vah(xﬂvi) —0F(Van()) ()
B34 Bs/a
_ / AV (@) 9,05 i () Digh ),
B3y
where

1
A?j’s(az) = / 0 F (1 = t)Vap(z + ev) + tVip(z)) dt V€ Bsy. (7.59)
0

Notice that, if z € Bs4 is a point such that Ow, @p(z) > 1/4 and Ow, Up(x +ev) > 1/4
then for every ¢ € [0, 1]

i

e~ =

(1 — )Vin(@ + ev) + tVan(x)] > (1 — £)0, @n(@ + eV) + td, i (z) >
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therefore (7.58) holds true thanks to (7.3).

Step 5: a uniformly elliptic equation solved by dZus.. Let v € S¥~1. We claim
that, for every € > 0 sufficiently small, the function 05u~ solves

A (@) 005 uso (7) Ojep() dx = 0 (7.60)
B3y

for every ¢ € W01’2(B3/4_5), for some measurable coefficients A7, : Bg/y — R with the
property that
Ad < (45;) <Ald Vz € By)y. (7.61)

Indeed, let us consider the function ¢(z) := @(x)x (0w, Un(z))X(Ow,tn(x + €V))
where ¢ € WOI’Q(B3/4,E) and x € C*°(R) is a function such that x((—o0,1/2]) = 0 and
X([5/8,00)) = 1. By the identity

and (7.45) applied to vy, = (w, @k (%) = [74]/2) , + [1n]/2 we have that x(Ow, @n(z)) €
W12 L*(By4) with derivative

03x(Ouy 1) = X (o 10)05 | (Pu, () — 21) ]

Similarly x(w, (x4 ev)) € WH2N L>®(By4) with derivative

03x(Ou (& -+ 9)))) = X' (B 10+ =)0 [ (Buy (o -+ v) — 21 .

Hence ¢(x) € WOI’2 N L>(Bs,4). Notice also that from (7.45) it follows that

< M. (7.62)

9001~ 5) g, =

Moreover we have that, since |y,| > 3/4,

Hl’ € Ba/a : Bun () < }‘1/2 1 ~ 2 1/2
| Bs 4|1/ g S (][33/4‘3%%@) - Whl‘ dy)

~ 1/2
S(f Vi) - wPdy) <
B

ool

and therefore .
lim {x € By : Owyitn(x) > g}‘ = |By,4l. (7.63)

h—o0
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Similarly
_ 5
lim {x € By)y 1 Ow,Up(z +ev) > g}‘ = |Bg4l- (7.64)

h—o00

Using ¢ as a test function in (7.57) and dividing by Aj we obtain

_ 0% ()
o= | et

A @) 005 () 0 i) (B () (Bu T + )
B34

_ / O (7.65)
B34

A
e azﬁf,ﬁ x ~ ~
b [ Al o) P 00 1) X O+ <)
3/4

,€ 8 8 Uu ~ )
+ /33/4 A?j (x) /\hh() o(z) 0; (X(awhuh(x))x(awhuh(;g + 5v))>.

We want to take the limit as h — oo in (7.65). As regards the first term in the right-
hand side, by Holder inequality and (7.34) we have (here we can assume that f # 0, so
in particular r, — 0)

8th Ha\E/ho(x>HL1(Bs/4)

()] < 162 25 s
)/33/4 " (Bs/a)
[ fr (@) La(By)

—d
ers™ Y 0| £ a(s)
r(q—d)/(2q)
[@()] oo (B3,4)

16(@) || o< (B3,4)

IN

therefore _
95 fn(2)
Ah

lim
h—o00

¢(x) = 0. (7.66)

B34

Then, we apply Lemma 7.9 to A"(x) := A™¢(2)x(dw, @n (7)) X (Ow, @n(z +v)). For
this, notice that the assumption (7.17) of the lemma is satisfied thanks to (7.58), (7.63),
(7.64), and the fact that

X(Ow, tn (1)) = X(Ow), un(z +ev)) = 1

on the set

)
{l‘ € Bs/y : Ow,Un(r) > f} N {ac € Bs/y : Ow,Up(v +ev) >

| Ot
H,_/

oo
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Moreover, for every x € Bj,4 such that x(Ow, @ (7))X (0w, @n(x+ev)) > 0 we have that
Ow,, Up(x) > 1/2 and Ow,, tn(x + ev) > 1/2 and therefore

Md < AP (z) < ALd.
This implies that
0 < A"(2) X (O, 1 (2)) X(Duy i (@ +5v) S ATd Y € By,

Hence, applying Lemma 7.9 we obtain that there exist A°: B3/, — R?*4 such that
Ald < A% < AId and, up to subsequences,

APE (1) X (B, i, () X (O, i, (z + V) — A%(z) weakly in L2(B3/4; R&). (7.67)

From the equality

0i05 () _ é <6i . (Vﬁh(%‘ J;\;V) - 'Yh) . (Vﬁh(f})Z - 'Yh))

and by (7.50) we have

lim 0; 05Uy () _ Oioo (T + €V) — Diloo ()

h—o0 b € = 0;03uoo () in L2(B3/4_€), (7.68)

so by (7.67), (7.68), and the fact that ;¢ € L>°(Bs4), we obtain

. e, 0;05up(x . .
tim [ A7) BB ) (O () XD 1 - 2v)
h—o0 33/4 h (7 69)
— [ A @) 0 unc(x) Dy,
Bgy

To estimate the last term we notice that, since

1 n 1 n 1
2 o 2
by Holder inequality we have that

Ah

[l ) 22D )3 @) 0y (1) — 2) @i +2v)
B34

< gl sy - | L)

e (- 1)

AL (@) X (O, () X (D, Un (x + £V))

Lo (B34 L2(B3/4)

L24(B34)
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Since 0 < A?f(x) < AId for every x such that x/(Ow, Un(z))x (0w, an(z +ev)) > 0, it
follows that

h,e ~ /
< : :
[ 457 @ X @) x(Ou i+ )|y, < COIN e (7.70)
Thus, from (7.70), (7.51), (7.62), (7.70) we have that
. 0;05up (x _
tim [ 4l ) DB o) ()
h—00 By)s h (771)
. [vn] .
0j (8whuh(a:) - 7)+ X (Ow, tn(x +ev)) = 0.
Similarly,
. 828\5,’11 x .
i [ al(@) 2D ) (o, (@)
"0 I Baya h (7.72)
(O T . 7 |Lh’ —
X ( Whuh(x + 5V)) a] awhuh(x + EV) - 2 /4 =0

Hence, letting h — oo in (7.57) and taking (7.66), (7.69), (7.71), and (7.72) into account,
we obtain

0= / A () 0:05uso () Ojp().
B34

Step 6: a contradiction based on the excess decay for u.. We find a contra-
diction.

Since by (7.60) the functions 85us, € Wh?(Bj,4) solve a uniformly elliptic equation
for ¢ > 0 small enough, by De Giorgi-Nash-Moser Theorem (see Theorem 1.19) there
exists o > 0 such that for every v € S41

< I Vouoollr2(m, 0 S 1, (7.73)

105 ool co.20(B, ) S 1105 tsol| £2( (Bsja) S

Bsy)

where the last inequality follows from (7.52); in particular, applying the previous in-
equality to v = ey, ..., ¢4, we obtain that

IV=tss | o203, ) < C. (7.74)

Hence, by Jensen inequality and (7.74), for 7 sufficiently small we have that

][ |VEUso () — (VEUuso) B, ]2d:1:<][ ][ oo () — Voo (y)|* da dy

< GF2n)'e < %,

which contradicts (7.54) and concludes the proof. O
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Proof of Corollaries 7.2 and 7.3 The proof of Corollary 7.2 relies on an iterated
application of Theorem 7.1; at every scale, the assumptions are satisfied thanks to the
geometric decay of the excess on larger scales. In particular, we estimate at every step
the difference between the average of v on B_i-1 and on B_: by means of the excess in
BTi—l .

Proof of Corollary 7.2. Let x € By and r < 1/4; let 79, , 7,e(7) be as in Theorem
7.1. Let ¢ < e(7) be a constant to be chosen later. We prove (7.5) by induction. For
k =1 we apply Theorem 7.1 and we obtain (7.5). Assuming as inductive assumption
that
U(u,x, 7'r) < 72U (u, ,7) Vi<k-—1, (7.75)
we prove
Ulu, x, 7%r) < 795U (u, z, 7). (7.76)
By (7.4) and (7.75) applied with i = k — 1 we have that U(u,z, 7% 1r) < e < e(7).
In order to satisfy the assumptions of Theorem 7.1 at x with radius 7%~1r we have to
show that

3
1SIVWB @l ST (7.77)

For every i € N let us set v; = (Vu)p , (). For every i = 1,....k — 1 by (7.75) we
have that

Vi —Yie1] = (][B ; (:c)‘%' = i-1] d'y)lﬂ
< (][BW(:D)Wu(y) —il? dy) "y (][BT”(;U)
(][BTz»-(x)Wu(y) =il dy) - * # (fB

Uu,z, 77 1r) < (TO‘ + m)TO‘(Z_l)U(u, x,r).

1/2
[Vuy) =y dy)

IN

1/2
V() =261 dy)

Ti_lr(a:
< i —
Hence, by the triangular inequality we obtain

(Vs s @) — (Vu)B,@)| = [1k-1 — 0l
k—1 0o
1 .
A lo} - a(i—1)
S;hﬁ '7171| S <T +7.d/2)<;7— )U(u,x,r) (7.78)

1
<C(r,d,a)e < 5

where in the last inequality we have chosen e small (depending on d, 7, ). From (7.78)
and (7.4) we obtain (7.77). So, we can apply Theorem 7.1 with radius 7~ 17 to obtain

Ulu, z, 78r) < 79U (u, z, 7 1r), (7.79)
which, together with (7.75), implies (7.76). O
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A

\

Figure 7.1: Under the assumptions of Corollary 7.3, Vu lies in By and, in particular,
in the grey area for a fraction of large measure (namely, 1 — 1) of points in Bj.

In order to prove Corollary 7.3, we apply Corollary 7.2; its assumptions are satisfied
because the gradient of u lies close to a fixed vector v for a large fraction of points in
By (see Figure 7.1).

Proof of Corollary 7.3. Let x € Byy; let 7 = 79,,& = &(79) be as in Corollary 7.2.
First we prove that, if n and r¢ are chosen sufficiently small, then

g <|(Vu)p,, @l <1 U(u,x,19) < €. (7.80)

We choose 19 < 1/4 sufficiently small so that
—d)/(2 £
i g < - (7.81)

We estimate the first term in the excess splitting the integral over B, (z)N{dyu > 1—n}
and its complement. For every y € By, (z) N {dyu > 1 — n} we have that

Vu(y) — v|* = [Vu(y)* + [v]* = 2Vu(y) - v < 2(1 = Vu(y) - v) < 2n.

In the complement of B, (x) N {dyu > 1 —n} we have that |Vu — v| < |[Vu| + |v| < 2.
Therefore we have

f o Ivut) - vPay
Bro(z‘)

1
0
1
<dn®+ B ||{y€Blzavu(y)§1—77}|-
70

(7.82)
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Noticing that (7.6) implies that [{y € By : dyu(y) < 1 —n}| < n|Bi| we obtain

2

B
][B ( )IVU(y) —v[*dy < 4n? +n| o (7.83)
ro\Z

<
| Bro| — 47

where in the last inequality we have chosen 7 sufficiently small, depending only on
I fllca(m,) and e. From (7.83) it follows that

~ERA

][ |Vu(y) — (VU)BTO(I)F dy = inf ][ |Vu(y) — 7\2 dy
Bro(x) BTO(:c)
, (7.84)

< ][ Vul(y) — v2dy < =
Bry (x) 4

and therefore by (7.84) and (7.81) we get the second inequality in (7.80). From (7.83)

we have y
1/2 B
vl (f v -vra) " <
BTO (x) BT‘Q (x)

it implies
e_T
(VW)@ = VI = [(Vu)gy@) = vI 21— 5 = ¢
which proves the first inequality in (7.80). Hence the assumptions of Corollary 7.2 are
satisfied and we obtain (7.7).
We are left to prove (7.8). From (7.7) and (7.80) it follows that for every k € N and

x € B1/27

1/2
(f Vu(y) — (Vu)g (m)|2dy> < U(u,x,7"r) < 70U (u, 2, 19) < e,
Bk, (@) o
From Campanato theorem, stated in Lemma 1.24 we obtain (7.8). O

Proof of Theorem 7.5

Lemma 7.11. Letn € (0,1). Letp, n, A\, A, u, q, f be as in Theorem 7.5 with Q = Bj.
Assume that |Vu(x)| <1 for every x € By and

sup [{x € Bz : dula) = (1= 1)} < (L= )| Bijal. (7.85)
ecSa—

Then there egist constants ¢ := c(d,p,q, \,A) and C := C(d,n,p,q, X, A) such that if
£l LaBy) < C then

Vu| <1—cn®*  Va € By, (7.86)
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Proof. Let us fix e € S¥! and let v, be defined as in (7.14). We repeat the proof
of [GT, Theorem 8.18] (see also [SV, Lemma 4]) applied to the function 1/2 — v.(x),
which is a nonnegative supersolution in B; of the equation

0i | Aij(Vu(z))0; (% - 'Ue(m))} = Ocf(2)1(a,u>1/2)

(the coefficients A;; are defined in (7.12); as we mentioned before, to properly justify
this computation one needs to perform a suitable regularization argument in the spirit
of the proof of Theorem 6.1 and [Wa]). This equation can be considered to be uniformly
elliptic since the values of A;;(Vu(z)) where |[Vu(z)| < 1/2 are not relevant. We obtain
that there exists a constant c¢g := co(d, p, ¢, A, A) such that a weak Harnack inequality
holds

1/2 — v, < inf 1/2 — v, .
col[1/2 = vellzr(m, ) < Ieé?/4(0){ /2 = ve(@)} + || fllLa(my)

On the set
(€ By 0u < (1—n)}

(whose measure is greater than 7| By ;| from (7.85)), the integrand is greater or equal
to 17 and we obtain

inf{1/2 —ve(z) : x € Bl/4}
> [ (/2 vula))do = |l
By /2
> conl{z € Byjp i (Qeu(x) —1/2)1 <1 —n}| = [[fllLes)
> 60772’31/2| - C.
Therefore, setting ¢ := co| By /5|/2 and C := con2|Bl/2|/2, we have
inf{1/2 —ve(z) : x € By} > en?,
which in turn can be rewritten as
deu(z) < 1— cn? Vx € By
Since this argument holds true for every direction e € S*! we obtain (7.86). O

Iterating the previous lemma on smaller scales and using the scale invariance of the
anisotropic p-laplacian we obtain the following result.

Lemma 7.12. Let p, n, A\, A, u, q, f be as in Theorem 7.5. Let n > 0 be sufficiently
small, ¢ and C as in Lemma 7.11, § = cn?, and k € N. If |Vu(z)| < 1 for every x € By,

sup |{JJ S B2—2i—1(0) : 8671, 2 (1 — 7])(1 — 5)2}‘ S (1 — 77)‘32—21'—1’ Vi= 1, ...,k,
e€Sd-1
(7.87)
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and || f||za(B,) < C, then we have that
Vu(z)| < (1-6)" Vo €Bya  Vi=1,.. k+1. (7.88)

Proof. We prove the result by induction on . Assuming (7.87) with ¢ = 0 we obtain
(7.88) with ¢ = 1 from Lemma 7.11. Let us assume that the result holds true for ¢ and
let us prove it for ¢ + 1. Thanks to the homogeneity of the anisotropic p-laplacian, the

function ) )
22zu(2—22x)

v(x) = -0y

satisfies by inductive assumption |Vv| <1 in B; and it is a minimizer of

T € By

Ry (7.8
B p
where ,

; 2~% —2i

f(z) = mf@ ).

Hence the norm of f is estimated by

9—2i(p—d) . 9—2i(q—d)
5000 = 1 gy [, VO < g0 11
2—21%

Therefore, provided that ¢ is chosen small enough so that 2-20a=d)/(r1—9) < 1 —§, we
obtain that || f|lzes,) < [[fllze(s,) < C. The assumption (7.87) can be rewritten as
(7.85) applied to v instead of u; therefore, Lemma 7.11 gives us that

Vo(z)]| <1-9§ Va € By,
which implies (7.88) with ¢ 4+ 1 in place of 1. O

Proof of Theorem 7.5. By a covering argument, it is enough to show that, ifu : By —» R
is Lipschitz, then

sup | Vu(z) — Vu(0)] < Cp272 VieN, (7.90)

JJEB2721‘

for some a € (0,1), Cyp > 0 which depends only on d, p, A\, A to be chosen later. Let
n > 0 to be fixed later; let ¢,C, 6 = cn? as in Lemma 7.12. Up to changing v with

u(rox) — u(0)

—_— Vo e B
ol Vull oo (By)

thanks to the homogeneity of the anisotropic p-laplacian we can assume that

u(0) =0, |Vu(r)|<1 Vwze B, and |[flLep,) <C.
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Let k € NU {oo} be the largest index for which (7.87) holds true. Let a; € (0,00) be
such that 2721 =1 — §. If k = oo we have that by Lemma 7.12

sup |Vu(z)| < (1 —9)" =272 VieN,;
$6B2_2i

hence (7.90) is satisfied. If k < oo set

22(k+1)u(2’2(k+1)x)

v(x) =

(1= §)k+1
By the maximality of k we have that there exists e € S¥~! such that
{o € Bijp: o) = 1 -} = (1 —n)|Bil. (7.91)
Thanks to Lemma 7.12 applied to u we obtain that
sup |Vau(z)] < (1 —0)" =272 Vi=1,..,k+1. (7.92)
2€B,_a;

and
[Vo(z)| <1 Ve B.

We choose n > 0 so that Corollary 7.3 applies to v with F(x) = n(z)?/p (notice
that assumption (7.3) is not a restriction since |Vo| < 1); we obtain that there exist
g, Co > 0 such that for every i € N

sup  |Vu(272F0) — vu(0)| = sup  |Vu(z) — Vo(0)] < Cp272027,

2_a1(k+1) $6B2,2i Z‘EB2,21'

which can be rewritten, setting & = min{ay, s}, as

sup  |Vu(z) — Vu(0)] < Cyp2202itar(k+l) < ¢y 9=2alitk+1), (7.93)

z€B, _2(itk+1)
From (7.92) we deduce that for every i = 1,....k+ 1
sup |Vu(z) — Vu(0)] <2 sup |Vu(z)| <2-27290 < 2.27290

TEB, 2 z€B,_9;

which, together with (7.93), proves (7.90) when k < oo with Cp = max{2, Cs}. O

Proof of Theorem 7.6 Since the proof of this theorem is a modification of the proof
of Theorem 6.1, we just outline the differences.

First we remark that all results in Section 7.1 hold replacing By and By, with sets
{m < M} and {m < m} for some 0 < m < M (indeed, the statements and the proofs
can easily be adapted to this setting with easy modifications).

Then we regularize the equation by approximation, reducing ourselves to prove an
a-priori estimate on a regular solution as in the proof Theorem 6.1. Finally, to prove
regularity at nondegenerate points we use Corollary 7.3 instead of Lemma 6.11 and
Proposition 6.13. O



Chapter 8

The Vlasov-Poisson system

The d-dimensional Vlasov-Poisson system describes the evolution of a nonnegative dis-
tribution function f : (0,00) x R? x R% — [0, 00) according to Vlasov’s equation, under
the action of a self-consistent force determined by the Poisson’s equation:

Ohft+v-Vuft +Er-Vyuft =0 in (0,00) x R? x R?
_ : d
pi(z) = /]Rd fi(z,v)dv in (0,00) xR (8.1)

Ei(x) = o cq m(y),x‘y

—=dy in (0,00) x R%.
Rd x —ylt

Here fi(x,v) stands for the density of particles having position z and velocity v at time
t, pi() is the distribution of particles in the physical space, E; = —oV(A~!p,) is the

force field, c¢g > 0 is a dimensional constant chosen in such a way that cgdiv (ﬁ) = g,

and o € {£1}. The case o = 1 corresponds to the case of electrostatic forces between
charged particles with the same sign (repulsion) while 0 = —1 corresponds to the
gravitational case (attraction).

This system appears in several physical models. For instance, when ¢ = 1 it
describes in plasma physics the evolution of charged particles under their self-consistent
electric field, while when ¢ = —1 the same system is used in astrophysics to describe
the motion of galaxy clusters under the gravitational field. Many different models
have been developed in connection with the Vlasov-Poisson equation: amongst others,
we mention the relativistic version of (8.1) (where the velocity of particles is given
by v/+/1+ |v|?) and the Vlasov-Maxwell system (which takes into account both the
electric and magnetic fields of the Maxwell equations). The latter can be written as

atft—‘rU'szt-i-(Et-i-’UXBt)~VUft=O in(O,oo)xR3xR3
8tEt—V><Bt:—jt, V'Et:[)t in (0,00)XR?’
OB, +V xE =0, V- B =0 in (0,00) x R? (82)
jt :/ ’Uft d’U, Pt :/ ft dv in (O, OO) X Rg.
R3 R3
165
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Regarding the existence of classical solutions of the Vlasov-Poisson system, namely,
solutions where all the relevant derivatives exist, the first contributions were given by
Iordanskii [Io] for the existence of solutions in dimension 1, by Ukai and Okabe [UO]
in dimension 2, and by Bardos and Degond [BD] in dimension 3 for small data. For
symmetric initial data, more existence results have been proven in [Ba, Wo, Ho, Sc]
(see also the presentation in [Re| for an overview of the topic and the references quoted
therein). Finally, in 1989 Pfaffelmoser [Pf] and Lions and Perthame [LP] were able
to prove global existence of classical solutions starting from general data. In [LP] the
authors consider an initial datum fo € L' N L>°(R%) with finite moments |v|™ fo(x,v) €
L'(RY) for some m > 3, and, thanks to an a priori estimate on the propagation of
moments, they show the existence of a distributional solution f € C((0,c0); LP(R®)) N
L>®((0,00); L=(R®)) for every 1 < p < 0co. Moreover, in [LP] the problem of uniqueness
is also addressed; under more restrictive assumptions on the initial datum, the authors
show that there is uniqueness in the class of solutions with bounded space densities in
[0,00) xR3. Uniqueness is achieved by considering the Lagrangian flow associated to the
vector field b;(z,v) := (v, E¢(x)), which is regular enough under a global bound on the
space density (see also [Lo3| for a different proof based on stability in the Wasserstein
metric).

As one can see, the above results require strong assumptions on the initial data.
However, it would be very desirable to get global existence of solutions under much
weaker conditions. In the classical paper [Ar|, Arsen’ev proved global existence of
weak solutions under the assumption that the initial datum is bounded and has finite
kinetic energy (see also [IN]). This result has then been improved in [HH], where the
authors relaxed the boundedness assumption on an L? bound for some suitable p > 1.

Notice that these higher integrability assumptions are needed even to give a meaning
to the equation in the distributional sense: indeed, when f; is merely L' the product
E fi does not belong to LllOC (when d = 3, for the term F f; to belong to LlloC one needs
to have f; € LP with p > (12 + 2v/5)/11, see for instance [DPL1]). To overcome this
difficulty, in [DPL1] the authors considered the concept of renormalized solutions and
obtained global existence in the case ¢ = 1 under the assumption that the total energy
is finite and folog(1+ fo) € L' (in the case o = —1 they still need some LP assumption
on f). Also, under some suitable integrability assumptions on f;, they can show that
the concepts of weak and renormalized solutions are equivalent.

In order to conclude this general introduction about the Vlasov-Poisson system,
we mention a surprising regularizing effect of the equation, that was used in a similar
context, namely for the Vlasov-Maxwell system (8.2), to build distributional solutions.
Indeed, given an equation of the type

Orft +v-Vuft =Vy-g in(O,oo)ngxR3

where f € L?(R x R? x R?) and g € L*(R x R® x R3;R3), a velocity averaging
lemma [DPL3] says that the velocity averages of f; with respect to all smooth weight
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functions 1 (v) € C°(R3) gain a fractional derivative, namely

[ filwvy(w) dv € HYR x R?).
R
Similar results were first proved in [GPS, GLPS, Ge].

A velocity average lemma was used, together with the transport arguments pre-
sented below in the context o the Vlasov-Poisson system, to show existence of weak so-
lutions of the Vlasov-Maxwell system (8.2). More precisely, Di Perna and Lions [DPL3]
proved that, given arbitrary initial data fy, Bg, g with finite mass and total energy,
there exists a distributional solution of the Vlasov-Maxwell system (8.2) with initial
data fy, Bg, and Ey. The assumptions on the initial data are the following: fo > 0,

/ (1 + |[v|*) fo dz dv < oo, / fedx dv +/ (|Eo* +|Bo|?) dz < oo,
R6 R6 R3

together with the compatibility conditions
div BO = 0, div Eo = / fo dv.
R3

It is important to observe that the Vlasov-Poisson system has a transport structure
which allows one to prove that, when the solutions is sufficiently smooth, f; is trans-
ported along the characteristics of the vector field b;(z,v) = (v, Ei(z)). However, when
dealing with weak or renormalized solutions, it is not clear that such a vector field
defines a flow on the phase-space and, at least a priori, one loses the relation between
the Eulerian and Lagrangian picture.

The goal of this Chapter is twofold: on the one hand we show that the Lagrangian
picture is still valid even for weak /renormalized solutions, and secondly we obtain global
existence of weak solutions under minimal assumptions on the initial data. Both results
rely on a combination of the following tools:

(i) the local version of the DiPerna-Lions theory developed in Chapters 2, 3, and 4;
(ii) the uniqueness of bounded compactly supported solutions to the continuity equa-
tion for a special class of vector fields obtained by convolving a singular kernel with a
measure (see Section 1.4);

(iii) the fact that the concept of Lagrangian solution is stronger than the one of renor-
malized solution (see Section 4.2);

(iv) a general superposition principle stating that every nonnegative solution of the
continuity equation has a Lagrangian structure without any regularity or growth as-
sumption on the vector field (see Section 4.3).

The above machinery, developed in the first four chapters of this thesis, was needed
to prove Theorem 4.9, a general result on the renormalization property for solutions of
transport equations which is crucial in our proof. However, from a PDE viewpoint all
we shall need is the statement of Theorem 4.9 and the renormalization property, which
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will be presented again in the context of the Vlasov-Poisson equation (see Definition 8.1
below). Therefore, we keep the presentation as much as possible independent of the
heavy machinery of Chapters 2, 3, and 4, so that the statements of the next section
and the PDE proofs can be read with the sole reference to Theorem 4.9.

8.1 Statement of the results

As already observed in the introduction, the Vlasov-Poisson system has a transport
structure: indeed we can rewrite it as

O ft +bi - Vauft =0, (8.3)

where the vector field by (z,v) = (v, Ey()) : R? — R?? is divergence-free, and is coupled
to f; via the relation E; = ocgps * (z/]x|?). Recalling that cqdiv (ﬁ) = do, the vector

field E; can also be found as F; = —V,V; where the potential V; : (0,00) X RY - R
solves!
— AV, =op; in RY, lim Vi(x)=0. (8.4)
|z|—o00
Notice that, because the kernel z/|x|? is locally integrable, the electric field E; belongs
to Ll _(R% RY), therefore b, € LL (R?d;R2?).
Now, since b; is divergence-free, the above equation can be rewritten as

8tft + divxm(btft) = 0

In order to apply the theory of flows of vector fields to this equation, however, one
needs to face three difficulties.

e The equation can be reinterpreted in the distributional sense provided the product
b; f; belongs to Llloc. Unfortunately, as mentioned before, this is not true if f; is
merely L'.

e The vector field b; is not in general Lipschitz, so one cannot use the standard
Cauchy-Lipschitz theory to construct a flow for such a vector field, and not even
I/Vl}jcl or BV, the regularity assumptions of the DiPerna-Lions and Ambrosio
theory.

e The theory of flows of non-smooth vector fields requires usually the a priori as-
sumption that the trajectories of the flow do not blow up in finite time, which is
expressed in terms of the vector field by the following global hypothesis:

6] (, v)

_ PR P 1 .71l m2d 1 . oo /m2d
T el © L (ODEL @) + L(O.TR @) (85)

! This description is correct in dimension d > 3 since the fundamental solution of the Laplacian decays
at infinity, while in dimension 2 the function V; is given by the convolution of p: with —i log |z|.
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For Vlasov-Poisson (or more in general for any Hamiltonian system where b;(z, v)
is of the form (v, —VVi(x))) the above assumption is satisfied if and only if

Ey, = -VV, € L*((0,7); L*(R%: R?)).

Unfortunately this is a very restrictive assumption, as it requires both some in-
tegrability and moment (in v) conditions on f;.

To overcome the first difficulty, one notices that if f; is a smooth solution of (8.3)
then also B(f;) is a solution for all C! functions 8 : R — R; indeed

OB (ft) + by - VaouB(ft) = [8tft +b;- vac,vft] B'(fr) =0,

or equivalently (since div,,(b;) = 0)

Btﬁ(ft) + divxﬂ,(btﬁ(ft)) = 0 (86)

This motivates the introduction of the concept of renormalized solution of the Vlasov-
Poisson system [DPL1], which requires to interpret the first equation of (8.1) in a
renormalized sense.

Definition 8.1. A function f € L>([0,T]; L' (R??)) is a renormalized solution of the
Viasov-Poisson system (8.1) (starting from fy) if, setting

x€r —

pe(z) = /Rd fi(z,v)dv, E;:=o0c¢qy /Rd pt(y)ﬁ dy, bi(x,v) = (v, ES(x)),

for every 8 € C'NL>(R) we have that (8.6) holds in the sense of distributions, namely,
for every ¢ € C°([0,T) x R?d),

do(z,v)B(fo(x,v)) dz dv

R2d

T
+/ / [atqﬁt(x,v) +Vm,v@(x,v)bt(x,v)]ﬂ(ft(x,v)) drdvdt=0. (8.7)
0 Jr2

Notice that because § is bounded by assumption, 5(f;) € L™ so b5(fi) € L
(recall that b, € Ll ) and (8.7) makes always sense.

In order to deal with the second difficulty listed above, by a modification of the
argument in [BBC1], we proved in Section 1.4 that for any vector field of the form
(v, pe * z/|x|?) with 1 a time-dependent measure there is uniqueness of bounded com-
pactly supported solutions of the continuity equation (see Theorem 1.14). By Re-
mark 1.8, this property is enough to replace the regularity assumption on the vector
field in Theorem 1.5.

In Chapters 2, 3, and 4, we developed a local version of the DiPerna-Lions’ theory
under no global assumptions on the vector field, and this will be a crucial tool for

1
loc
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us to give a Lagrangian description of solutions and to overcome the third difficulty.
More precisely, in Theorem 4.9 we proved that every bounded nonnegative solution
of a continuity equation can be always represented as a superposition of mass trans-
ported along integral curves of the vector field (and these curves cannot split/intersect
by the regularity of the vector field). Combining these facts we can show that all
bounded /renormalized solutions of Vlasov-Poisson are Lagrangian.

As mentioned before, to express the fact that solutions are Lagrangian we need
the concept of Maximal Regular Flow. Roughly speaking, the reader of this Chapter
who is not familiar with the first part of this thesis may think that the (uniquely
defined) incompressible flow on the phase-space is composed of integral curves of b,
that “transport” the density f; (notice that, since trajectories may blow-up in finite
time, mass of f; can disappear at infinity and/or come from infinity, but it has to follow
the integral curves of by).

Our first main result shows that bounded or renormalized solutions of Vlasov-
Poisson are Lagrangian. As shown in Theorem 4.6, the concept of Lagrangian so-
lutions is stronger than the one of renormalized solutions, as all Lagrangian solutions
of Vlasov-Poisson are renormalized. We recall the notation L}Ir to denote the space
of nonnegative integrable functions and that by weakly continuous solutions we mean
that the map t — fRQd ft o dz dv is continuous for any ¢ € CC(RQd).

Theorem 8.2. Let T > 0 and f; € L>®((0,T); L. (R??)) be a weakly continuous func-
tion. Assume that:

(i) either fi € L>((0,T); L>°(R?Y)) and f; is a distributional solution of the Viasov-
Poisson equation (8.1);

(ii) or fi is a renormalized solution of the Vlasov-Poisson equation (8.1) (according to
Definition 8.1).

Then f; is a Lagrangian solution transported by the Maximal Regular Flow associated
to by(z,v) = (v, E(x)). In particular f; is renormalized.

The next corollary provides conditions in dimension d = 2, 3,4 in order to avoid the
finite-time blow up of the flow that transports f;. The finiteness of kinetic energy is
usually satisfied when we consider the repulsive case and the energy is assumed to be
finite at time 0.

Corollary 8.3. Let d < 4, T > 0, and let f, € L>((0,T); (LY N LL)(R*)) be a
renormalized solution of the Viasov-Poisson equation (8.1) (according to Definition 8.1)
with

(8.8)

|1 #fd=2ord=3,
1=\ 2 ifd=4.

Let us assume that the kinetic energy is integrable in time, that is

T
/0 /RM [v|? fi(z,v) dx dv dt < oo, (8.9)
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Then the flow associated to by(z,v) = (v, Ei(x)) is globally defined on [0,T] (i.e.,
trajectories do not blow-up) for fo-a.e. (x,v) € R2?. In particular f; is the image of fo
through an incompressible flow, hence, for all ¢ : [0,00) — [0, 00) Borel,

OTatn—>/ ftmv dxdv

18 constant in time.

The next statement improves the exponent ¢ of the previous Corollary in the case
d = 4, by further assuming the finiteness of the potential energy.

Corollary 8.4. Let T > 0 and let f, € L>°((0,T); Lt (R®)) be a renormalized solution
of the Vlasov-Poisson equation (8.1) (according to Definition 8.1). Let us assume that
the kinetic energy and the potential energy are integrable in time, that is

T T
/ / [v|? fi(x, v) da dv dt —i—/ / |Ey(2)|* da dt < oo, (8.10)
o Jrs 0o Jre

Then, as in Corollary 8.3, the flow associated to by(x,v) = (v, Ex(x)) is globally defined
on [0,T].

Remark 8.5. The energy is formally conserved along solutions of the Vlasov-Poisson
system; whether this property holds also for distributional /renormalized solutions is
an important open problem in the theory. However, many weak solutions built by
approximation satisfy that the energy at time ¢ is at least controlled from above by
the initial energy. Hence, when o = 1 the validity of (8.9) is often guaranteed by the
assumption on the initial datum

/de\v]2f0dacdv+/RdH*pop0dx<oo,

where H(z) := -4 |z|>~? (see also Corollary 8.9 below). In the case 0 = —1 a bound
on the total energy does not provide in general a bound on the kinetic energy, since
the potential energy is negative. For instance, when d = 3 and ¢ = —1 one needs
the additional hypothesis that fo € L%7(R%) (see [DPL2, Equation (38)]). A similar
result can also be given when d = 4, 0 = —1 and fy € L*(R®), while in the case
d=2,0=—1and fy € Llog L(R*) one would need to slightly change the form of the
electric field (see Remark 8.10 below). Indeed, in dimension 3 the solution V; = H * p;
of the equation AV, = —p; satisfies, by Calderén-Zygmund estimates and the Sobolev
embedding, ||V4||zsgs) < CHDQWHL6/5(R3) < CHPtH%e/s(Rs)- Thanks to this fact, Holder

inequality, and Lemma 8.15 below applied with « =0, ¢ =9/7, po = 6/5, we estimate

1
i /3 Hx pyprde < C||H * PtHLﬁ‘(RS)HPtHLG/5(R3) < C”Pt”ie/s(m)
R (8.11)

1/2
< O3 ( /R e fedran)”
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where C' is a universal constant. If the total energy is bounded by a constant Cp, we
deduce that

1
COZ/ ]v|2ftdxdv—/ H * p; py dx
R6 4 R3
1/2
2/ ]v|2ft($,v)dmdv—0</ |v|2ftdxdv) ,
R6 R6

where C' depends only on supye(o, o) || f¢ll Lo/7(rs), Which in turn is often bounded (for
instance, on solutions built by approximation) by |[fol[ o/7(rs). Hence if the energy at
time ¢ is bounded, we deduce a bound on the kinetic part of the energy.

In dimension d = 4, the same argument works except for the fact that the estimate
of the potential energy in terms of the kinetic energy (8.11) uses different exponents

1
gy /R4 H * pyprdx < C|H = pil| s rs) | pell passmsy < CHptH%MS(Rg)
3/2 2 1/2
< C‘ftHLQ(RG)(/RS ‘U’ ftd.l'd’()) .

Remark 8.6. Since we proved in Theorem 8.2 that all bounded distributional solutions
are renormalized, one may wonder when the converse is true, namely if renormalized
solutions are also distributional solutions. This happens basically as soon as we ask
enough integrability for the term E} f; to belong to L{ (R??): for instance, in dimension
d = 3 it is enough to consider solutions f € L*°((0,T); LY(R®)) with ¢ = (12+2v/5)/11
(see [DPL1, Theorem 1], whose proof is based on Lemma 8.15 below applied with
a=0).

Our second result deals with existence of global Lagrangian solutions under minimal
assumptions on the initial data. In this case the sign of o (i.e., whether the potential is
attractive or repulsive) plays a crucial role, since in the repulsive case the total energy
controls the kinetic part, while in the attractive case the loss of an a priori bound of the
kinetic energy prevents us for showing such a result. However we can state a general
existence theorem that holds both in the attractive and repulsive case, and then show
that in the repulsive case it gives us what we want.

The basic idea is the following: when proving existence of solutions by approxima-
tion it may happen that, in the approximating sequence, there are some particles that
move at higher and higher speed while still remaining localized in a compact set in
space (think of a family of particle rotating faster and faster along circles around the
origin). Then, while in the limit these particles will disappear from the phase-space
(having infinite velocity), the electric field generated by them will survive, since they
are still in the physical space. Hence the electric field is not anymore generated by the
marginal of f; in the v-variable, instead it is generated by an “effective density” p§f(z)
that is larger than pi(x).
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So, our strategy will be first to prove global existence of Lagrangian (hence renor-
malized) solutions for a generalized Vlasov-Poisson system where the electric field is
generated by p?ff and then show that, in the particular case ¢ = 1, if the initial datum
has finite total energy, then p$f = p; and our solution solves the classical Vlasov-Poisson
system.

We begin by introducing the concept of generalized solutions to Vlasov-Poisson.
We use the notation .#, to denote the space of nonnegative measures with finite total
mass.

Definition 8.7 (Generalized solution of the Vlasov-Poisson equation). Given f €
LY(R2), let f, € L>((0,00); L1 (R?)) and p§f € L>((0,00); #1(RY)). We say that
the couple (fy,p"), is a (global in time) generalized solution of the Vlasov-Poisson
system starting from f if, setting

r—y
pi(x) = [ filz,v)dv, EM .= acd/ Pt (y)—= dy,  by(x,v) = (v, Ef()),
R Rd |z =y
(8.12)
ft is a renormalized solution of the continuity equation with vector field b; starting
from f,

pr < pStt as measures for Z1-a.e. t € (0,00), (8.13)
and
|p§ﬁ\(Rd) < HfOHLl(]RQd) for Zl-a.e. t € (0,00). (8.14)

Notice that since [|p¢lp1@mey = | fiellp1(rea), it follows by (8.13) and (8.14) that
whenever the mass of f; is conserved in time, that is || fl| ;1 r2a) = || foll 1(m2a) for L1
a.e. t € (0,00), then p§f = p; and generalized solutions of the Vlasov-Poisson system
are just standard renormalized solutions.

We prove here that generalized solutions of the Vlasov-Poisson equation exist glob-
ally for any L' initial datum, both in the attractive and in the repulsive case.

Theorem 8.8. Let us consider fy € LL(RQd). Then there exists a generalized solu-
tion (fi, pS%) of the Vlasov-Poisson system starting from fo. Moreover, f; belongs to
C([0,00); L (R2%)) and it is transported by the Mazimal Regular Flow associated to

loc

bi(z,v) = (v, Efff(x))

As observed before, if pff = p; then f; is a renormalized solution of the Vlasov-
Poisson system. When o = 1 (i.e., in the repulsive case) the equality p*T = p; is
satisfied in many cases of interest, for instance whenever the initial energy is finite
(namely |v|2fo € L'(R??) and Ey € L*(R?), see Corollary 8.9 below), or in the case
of infinite energy if other weaker conditions are satisfied as it happens in the context
of [ZW] and [LP] (see Remark 8.25).

The following result improves the result announced in [DPL1], generalizing their
statement to any dimension and with weaker conditions on the initial datum.
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Corollary 8.9. Let d > 3, and let fo € L (R2) satisfy

/Rz)d\vIQfodmdv—i—/RdH*popodm<oo,

where po(z) = [ga fo(z,v) dv and H(z) := % |z|>~%. Assume that o = 1. Then there
evists a global Lagrangian (hence renormalized) solution f; € C([0,00); LL (R??)) of
the Viasov-Poisson system (8.1) with initial datum fq.

Moreover, the solution fi, the associated density py, and the electric field E; satisfy
the following properties:

(i) the density p; and the electric field E; are strongly continuous in Li (R?);

loc

(ii) for every t > 0, we have the energy bound
/ v|2ftdxdv+/ H*ptptdxg/ \v|2f0d:cdv+/ H * pg po dx; (8.15)
R2d R4 R2d R4

(iii) if d = 3 or d = 4 the flow is globally defined on [0,T] (i.e., trajectories do not
blow-up) and f; is the image of fo through an incompressible flow.

According to the definition of generalized solution of the Vlasov-Poisson system (see
Definition 8.7), the function f and the densities p and p°f are defined only for .Z'-a.e.
t. In Theorem 8.8 we build solutions with better properties, namely with f; strongly
continuous in LIIOC(RM). At the level of generality of this result, we cannot say the
continuity of p°®. Assuming also the finiteness of energy, instead, the function p*f = p
turns out to be strongly LIIOC(Rd) continuous, as well as the force field. This justifies
the fact that the energy bound (8.15) holds not only for #!-a.e. ¢t > 0, but for all
t > 0.

Remark 8.10. In dimension d = 2, even with an initial datum f; € C°(R9), the
electric field Ey cannot belong to L? (this is due to the fact that the kernel x/|z|? does
not belong to L? at infinity) and therefore the initial potential energy, which coincides
with HEOH%2 (RY) is not finite. However, one can show that an analogous statement of
Corollary 8.9 holds also for solutions of a slightly modified equation, which has the
form

Oft+v-Vaoft + Ee-Vuft =0 in (0,00) x R? x R?
_ : d
pi(z) = /]Rd fi(z,v)dv in (0,00) xR (8.16)
T — .
Ew)=oca | (0(y) = p®)——gdy  in(0,00) x RY,
Rd |z — y

where f;, pt, E; play the same role as in the standard Vlasov-Poisson equation (8.1),
and pp € L1 (R?) represents a fixed background satisfying

/R () do = /R pola) da.



8.1 Statement of the results 175

This allows for cancellations in the expression for the L? norm of Ey, which turns out
to be finite if pp and py are sufficiently nice.

Remark 8.11. When d = 3, the above result can be generalized to the attractive case
o = —1 under the additional assumption fy € L%7(R%). Indeed, as already mentioned
in Remark 8.5, this allows one to prove the the kinetic energy is uniformly bounded in
time, and then by standard interpolation inequalities one obtains that also the potential
energy is bounded.

In [BBC2], Bohun, Bouchut, and Crippa gave a different proof of Corollary 8.9 in
dimension d = 2 and d = 3. Their proofs are outlined in the remarks below. In both
cases, the basic idea is to prove an a priori estimate on solutions with bounded energy,
which shows that the flow cannot blow up in finite time. This, in turn, allows to apply
the classical DiPerna-Lions theory (with the further difficulty that the vector field is
not Wl’l), instead of the theory of maximal regular flows developed in the first part of

loc

this thesis.

Remark 8.12. In dimension d = 2, the key observation is that any solution of the
modified Vlasov-Poisson system (8.16) with o = 1 and finite energy (more precisely, it
is enough to require £ € L*((0,00); L?(R*))) satisfies the standard growth conditions
on the vector field in (8.5), which prevent the finite-time blow-up of the flow. Indeed,
clearly

|v| 1 4
U e (0, 7): L®(R
and, decomposing F; as
Ey(x) Ey(@)loi<pi(@)} | Bt(@)1o>E@)
= = =: Fi:(x,v) + Fot(x,
T el 4ol - L+l tll T Ixfel 4] o) Ealm)

we have that Ea(x,v) € L°°(R*) uniformly in ¢ and
1
/ | Eot(x,v)| dx dv < \Et(x)|/ — dvdr = 27r/ |Ey(z)|? dx
R R {ll<|Be(@)]} V] R

for every t > 0. Hence, we see that

[be|(z,0)  _ [o + | Eu(2))]
L+ |z 4+ v] = 1+ |z|+ |v]

€ L'((0,7); L*(RY)) + L*((0,T); L (RY)).

Remark 8.13. In dimension d = 3 any solution of the Vlasov-Poisson system with
o = 1 and finite energy satisfies the following property: any regular lagrangian flow
X : [a,b] x R® — RO relative to b;(x,v) = (v, Fy(x)), where [a,b] C [0,00), verifies the
inequality (a kind of local equi-integrability)

LB\ {(z,v) e RO 1 | X (t,z,0)| < A}) < g(r,\) (8.17)
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for every r, A > 0 and for a function g(r, A) which converges to 0 as A — oo at fixed 7.
This property of the vector field b can replace the assumption (8.5) and it is enough to
guarantee a stability property of the regular lagrangian flow in the classical DiPerna-
Lions setting. The proof of (8.17) is obtained by showing that for every r > 0

/ sup (1 + log(1 + ]X2(s,x,v)|))adx dv < o0,
B, s€la,b]

where o € (0,1/3) and X = (X!, X?) € R?® x R?. This estimate is based on the
finiteness of energy, which in turn implies by the Sobolev embedding that the potential
V; belongs to L(R3).

Remark 8.14. In this Chapter we restricted ourselves to the Vlasov-Poisson equation
but the argument and techniques introduced here generalize to other equations. For
instance, a minor modification of our proofs allows one to obtain the same results in
the context of the relativistic Vlasov-Poisson system.

The proofs of Theorems 8.2 and 8.8 and Corollaries 8.3, 8.4, and 8.9 are given in
the next sections.

8.2 The flow associated to Vlasov-Poisson: proof of The-
orem 8.2 and Corollaries 8.3 and 8.4

Before proving the result, we recall a classical interpolation lemma (see for instance [DPL1],
where the lemma is stated in the case a = 0).

Lemma 8.15. Let o € [0,00), f € LY (R??), and assume that f € Lq(R2d) for some
d(g—1)+(2

g > 1 and that [v[2f € LN(R*). Set po = WUEELO Then po (2) = fou L5 dv

belongs to LP(R?) and there exists a constant C > 0, depending only on n,a and q,

such that
1—04
19all i ity < CHIRIIS o 17152l

d(g—1)
= dlg-1)+2+a)g”

Proof. We prove here the case ¢ < oo, the case ¢ = oo being completely analogous.
By Holder’s inequality, for every z € R? and R > 0 we estimate

_ flaw) o flaw) o
palz) = /{v|<R} (1+ |v])= dv + /{|y|ZR} (1+ [v]) a

1
Rd(Q—U/Q(/df(x,v)QdU) /q+RQl+a/dv|2f(az,v) dv.
R R

where 6, € [0,1] is given by 0,

IN

Minimizing the right-hand side with respect to R, for every z € R% we deduce that

2+a d(g—1)
Pa(fE) < ( f($, ’U)q dU) d(¢—1)+(2+a)q (/ |’U|2f($, ’U) dU) d(qfl)+(2+&)q.
R4 R4
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Taking the LP>-norm of p, and using Holder’s inequality, we find the result. O

We can now proceed with the proof of Theorem 8.2. Notice that the vector field b
satisfies assumption (a) of Section 3.5 and is divergence-free. Also, by Theorem 1.14 it
satisfies assumption (b). Therefore by Theorem 4.9 we deduce that f; (resp. 5(f;) with
B(s) = arctan(s) if f; is not bounded but is renormalized) is a Lagrangian solution. In
particular Theorem 4.6 ensures that f; is a renormalized solution.

Proof of Corollary 8.3. We assume that (8.9) holds and that f, € L>((0,T); L9(R??))
with the choice of ¢ given by (8.8). By Theorem 8.2, the solution is transported by
the maximal regular flow associated to b;. In order to prove that trajectories do not
blow up, we apply the criterion stated in Proposition 4.7 to ¢; := 2x~arctan f; :
(0,7) x R* — [0,1]. Since f; is a renormalized solution of the continuity equation
with vector field b, by definition of renormalization g; is a solution of the continuity
equation; we need to verify that

g bt (, )| ge (2, v)
’ ’ da dv dt < oo. 8.18
J o T i 1 T S < 819

To this end, let p be the integrability exponent provided by Lemma 8.15

d(g—1)+2q 1 ifd=2ord=3
= ———— . ’ 8.19
P= g -1 12 4/3 if d = 4. (8.19)
In the rest of the proof we denote by C any constant which depends only on d, on the
quantity in (8.9), and on the norm of f; in L9(R??). Thanks to Lemma 8.15 applied
with o = 0, for Z!-a.e. t € (0,T),we have that

0 —0
ot Loay < ClIOE Fellf ooy Ifell pagzay < C- (8.20)
By (8.20), Sobolev inequality, and Calderén-Zygmund estimates (see for instance [GT, Corol-
lary 9.10]) we deduce that, for Z!-a.e. t € (0,7),

1Bl papsa-p) (ray < CIVE poway < Cllpell o ey < C. (8.21)

Then we consider v € (0,2) to be fixed later and, by Young inequality with exponents
~v/2 and (2 — v)/2, we estimate

| Et| gt | By

(14 |v|)log(2 + |v]) - (1 + o)+ 1og(2 + |v]) <(1 + ‘U|)79t)

| £ 2/(2-7) 2
< Y
< ((1 + |v])1*7 log(2 + |U|)) + ((1 + |v]) Qt)
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For every v € (0,2), by ¢: < arctan f; < min{f;, 1}, we have that gf/v < f:. Hence, the
last term in the right-hand side of the previous display has finite integral since f; has
finite kinetic energy (by (8.9))

T T
/ / d(1+|v|)zgt2/'yd:vdvdt§/ / d(1+|v|)2ftda:dvdt<oo
0 R2 0 R2

As regards the first term, we rewrite it with Fubini’s theorem

! | E| 2/(2—v)
/0 /]RZd((l—l—’U|)1+710g(2+’1)‘)> dx dv dt

= ! 2/(2—)
N (/Rd (1 + |v])20+9/C2=7) 1og(2 + |v])2/(2=) / /Rd | Et| dSUdt)

and we choose 7 as

(8.22)

2 pd — 7:2(pd+p—d)'
2—y d—p pd

With this choice, thanks to (8.21) the second integral in the right-hand side of (8.22)

is finite. Recalling the choice of p in (8.19), in dimension d = 2,3, and 4 it is easily

checked that v = 1,2/3, and 1 respectively. In all three cases, we see that the first

integral in the right-hand side of (8.22) is finite with these choices of d and ~. Hence,

since |by(z,v)| < |v| + |Ei(z)], we find that

|bt|gt
dx dv dt
L&éw1+—MP+WW”%MQQ+UML+M%“%

T
gt

< dx dv dt dx dv dt
_/0 deftl"l) +//de 1+]v)log(2—|—!|) v
< E*%) dg dt
- (/Rd (1+ |UD2(1+7 /(2— ’Y) log(2 + |v]) 2/ (2— 7) / /Rd’ t * )

+2// (1+]v|)2ftdxdvdt

0 ]RQd

As explained above, each term in the previous sum is bounded by our choice of 7. This
proves (8.18). By the no blow-up criterion stated in Proposition 4.7, it follows that
the Maximal Regular Flow X of b is globally defined on [0, 7], namely its trajectories
X (-,z,v) belong to AC([0,T]; R?*?) for fo-a.e. (w,v) € R¥, and f; = X(t,)ufo =
foo X(t,-)~1. In particular, for all Borel functions 1 : [0, 00) — [0, 00) we have

wmmmz@ﬂmmquwmm: V(fo) dx dv,

R2d R2d

where the second equality follows by the incompressibility of the flow. O
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Remark 8.16. In the previous proof, the logarithm in the denominator of (8.18) is
needed only to deal with the case d = 4, ¢ = 2. In all other cases (namely, d = 2 or 3
and p=1, d =4 and ¢ > 2), it would have been enough to verify the condition

/ / [be|(, v)gr(, v) dz dv dt < oo.
r2d 1+ (|| + |v]? )1/2

Remark 8.17. Another strategy to prove Corollary 8.3 which leads to worse bounds on
q with respect to (8.8). More precisely, in this Remark we sketch a proof of Corollary 8.3
when we assume that f; € L>((0,T); LY(R??)) with the choice of ¢ given by

93 4+ /11
%M.% ifd=2,
)
q Wﬁzz.?,o ifd=3,
13 +3V17~ 2537 ifd=4.
Let
~1.31 ifd=2,
_dMe=VD+2¢ ) 1 ird—s
d(g—1)+2 ~ 148 ifd=4
and
~1.35 ifd=2,
poMa=D+3q ) e i
d(g—1)+3 ~ 172 ifd=d

With this choice, the integrability exponent p, provided by Lemma 8.15 is precisely p
if « =0 and r if @« = 1. In addition, by the choice of ¢ in (8.8), with some elementary
computations one can check that, for d = 2,3,4, the exponents p and r satisfy the
relation 1 +d~ ! = p=t 4+ o1

Thanks to Lemma 8.15 applied with o = 0 and o = 1, we have that | p¢| pp ey < C
(as in (8.20)) and

1-0
172l e ) < CllIOI Fell 7 oy | fell o220y < C

where 7; 1= [pa fifli\) dv. Asin (8.21) we deduce that || Ey|| pap/(a-p gay < C for £'-ace.
dp

€ (0,T). Thus, noticing that our choices of p and r imply 5 =

= using Hélder’s
inequality we find that, for every ¢ € [0, 7],

ft(gj7 U)
L BN dedo = [ Bl e < 1B sl oo

= | Etll pans cap) ety 172 | Lr ety < C-
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Integrating (8.23) with respect to time, we get

T bl f T
dedvdt < dxdvdt—i—// E,| dx dv dt
/o/nw1+<\x12+rv12>1/2 /0 o e r |

< 00.

We finally apply Proposition 4.7 to deduce that the Maximal Regular Flow X of b
is globally defined on [0, 7.

Proof of Corollary 8.4. As for the proof of Corollary 8.3, setting g; := 27~ ! arctan f;,
we need only to verify (8.18) to prove that trajectories do not blow up. The proof is a
simple variant of the proof of Corollary 8.3; this time we don’t employ the information

e L%/(d=P) coming from the higher integrability of p; and from the Sobolev em-
bedding, but we know that F; € L? by the finiteness of potential energy. We observe
that g7 < arctan f; < f;; hence

|bi|g:
dx dv dt
/0 /]R2d + (|22 + [v[?)/2) log(2 + (|=[ + |[v]?)1/2)

T
gt
< dz dv dt da dv dt
< [ L st *//R A+ o) log2+ o)) “
</T ftd:cdvdt—i—// B +(1+|u\)2g2) dz dv dt
- 0 ]de 0 RQd (1+|v|)4log2(2—|—|v|) t

1 T ; T )
< dv Ei|“dx dt +2/ / 14+ v dx dv dt.
</R (Lt [o) o2 + [o]) )(/0 B ) D

We notice that, if d < 4,

1
dv < oo.
/Rd (1 + |v[)*log®(2 + |v])

By the finiteness of kinetic and potential energy, each term in the previous sum is
controlled by the total mass and energy of f;, which is bounded by (8.10). This proves
(8.18) also in this case. O

8.3 Global existence for the Vlasov-Poisson system: proof
of Theorem 8.8 and Corollary 8.9

In this section we shall prove Theorem 8.8 and Corollary 8.9.

Proof of Theorem 8.8. To prove existence of global generalized Lagrangian solutions
of Vlasov-Poisson we shall use an approximation procedure. Since the argument is
rather long and involved, we divide the proof in five steps that we now describe briefly:
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In Step 1 we start from approximate solutions f™, obtained by smoothing the initial
datum and the kernel, and we decompose them along their level sets. Exploiting the
incompressibility of the flow, these functions are still solutions of the continuity equation
with the same vector field and, when n varies, they are uniformly bounded. This allows
us to take their limit as n — oo in Step 2, and show that the limit belongs to L'. In
Step 3 we introduce pf as the limit as n — oo of the approximate densities p”, and
we motivate its properties. In Step 4 we show that the vector fields E™ converge to the
vector field obtained by convolving p°ff with the Poisson kernel. Finally, in Step 5 we
employ the stability results for the continuity equation and the results of Section 4.3 to
take the limit in the approximate Vlasov-Poisson equation and show that the limiting
solution is transported by the limiting incompressible flow. We now enter into the
details of the proof.
Step 1: approximating solutions. Let K(z) := ocgx/|z|% and let us consider
approximating kernels K, := K # 1, where ¢,,(z) = n%)(nz) and ¢ € C*(R?) is a
standard convolution kernel in R%. Let f§ € C>°(R??) be a sequence of functions such
that

fo— fo  in LY(R?*). (8.24)
Let f{* be distributional solutions of the Vlasov system with initial datum f; and kernel
K,

Oufi' +v-Vaof + E' - Vo f{" =0 in (0,00) x R? x R?
Py (x) :/ fi' (@, v) dv in (0,00) x R?

Rd
El(z) =0y /Rd pi (y) Kn(z,y) dy in (0,00) x R%.

(see [Do] for this classical construction based on a fixed point argument in the Wasser-
stein metric, and [Re]). Notice that since K,, is smooth and decays at infinity, both
EP and VE} are bounded on [0,00) x R% (with a bound that depends on n). Hence
b} is a Lipschitz divergence-free vector field, and by standard theory for the transport
equation we obtain that, for every t € (0, 00),

fir=fgoX" ()™ (8.25)
where X" (t) : R? — R?? is the flow of the vector field b} (z,v) = (v, Ef'(z)), and
108 | ey = 12 | 2y = 10l 1 (m2ay- (8.26)

Assuming without loss of generality that .-#2%({ fo = k}) = 0 for every k € N (otherwise
we consider as level sets the values R + k in place of k for some R € [0,1]), from (8.24)
we deduce that

fof = 8 =g oenenfo  in LHR. (8.27)

We then consider ftn’k = lip<yrans1y fi' for every k,n € N, and by (8.25) we notice
that, for every ¢ € (0, 00),

n,k n n —
F = Ve proxny-1<n13 fo 0 X(H) ! (8.28)
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is the image of f{f’k = 1{k§f§<k+1}f(1)1 through the flow X™(t), that ffk is a distribu-
tional solution of the continuity equation with vector field b} (z,v), and that

7k 7k
”ftn ||L1(R2d) = Hfé1 ||L1(R2d) for every t e (0, OO) (829)
Step 2: limit in the phase-space. By construction the functions {f™*},cxn are

nonnegative and bounded by k + 1 in L>((0,00) x R??), hence there exists f* ¢
L>((0,00) x R??) nonnegative such that, up to subsequences,

ok fk weakly* in L°°((0,00) x R*?) as n — oo for every k € N. (8.30)
Moreover, for any K compact subset of R?? and any nonnegative function ¢ € L>(0, 00)

with compact support, using the test function ¢(t)1x (x, v)sign(fF)(z,v) in the previous
weak convergence, by Fatou’s Lemma, (8.29), and (8.27), we get

| o0 et < imint [ o187 e
<timint [ o(0)]1£ 1 ey
0 (8.31)
= timinf [ GO 1o
= | s ey .
Hence, taking the supremum among all compact subsets K C R??, this proves that

1 FE N raay < N1 f5llprreay  for Z-ace. t € (0,00), (8.32)

so, in particular, f¥ € L°°((0,00); L' (R??)).
Thanks to (8.32), we can define f € L>((0,00); L'(R?%)) by

f=>_f in(0,00) x R*, (8.33)
k=0
where, for Z!-a.e. t € [0,00), the global bound on the L!'-norm of f; comes from
| fell prmeay <O I pagreay < D15 i eay = [1foll 1 meay- (8.34)
k=0 k=0

We now claim that, for every T > 0,

f"—f  weakly in L*((0,T) x R*®), (8.35)
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that is, for every o € L((0,T) x R2%),

lim // ef"drdvdt = // of dxdvdt. (8.36)
n—oo R2d R2d
Indeed, noticing that f™ = —of™ *and f = Yoo f*, by the triangle inequality we

have that, for every ky > 1

‘/T/Rm‘p(fn_f)d:"d”dt‘ = ‘i/oT/de o(fF — £*Y da dv dt

ko—1

Z// o(f1F — £h) dxdvdt‘
R2d
k T k
+ // ol £™| da do dt + // \o|| £*| daz dv dt.
kZ];O 0 JR2d kzk:o 0 JR2d

Using (8.29) and (8.32), the last two terms can be estimated

oo T 00 T
S [ [ el tdsdodes S [ el avdvde
k=ko 0 JR2d k—Fo 0 JR2d
<Tlolee / i dwdo + Tllgllee 3 / (4 o do
k=ko R2d h—o R2d

< Tllgllso / |2 dazdv + Tl oo / \fol daz dv
{f{>ko}

{fo>ko}

= Tllloe (155 15 2b0} L2 r2e) + 1 fol (gm0 1t o) )-
Notice that, thanks to (8.27) and (8.24), it follows that

[V poney = folgpozky  in LN(R?),

so by letting n — oo and using (8.30) we deduce that
ko—1

T
limsup’// @(f”—f)dxdt’ﬁlimsup Z// o(f™F — ) da dv dt
n—o0 0 JR2d n—o00

+ 2T || ollool[ fol g fo >k}l 21 (24

= 27| lloo | fol g foko} | L1 (m24) -

Finally, letting kg — oo we deduce (8.36), which proves the claim.

Step 3: limit of physical densities. Since by (8.26) the sequence {p" },en is bounded
in L>((0,00); 44 (RY)) C [L1((0,00), Co(RY))]", there exists

p € L2((0, 00); 41 (RY))
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such that
Pt — p weakly* in L%°((0, 00); .4, (RY)). (8.37)
Moreover, by the lower semicontinuity of the norm under weak* convergence, using

(8.26) again we deduce that

eff d n . n
esssup |pf|(R?) < hm sup ||pPllpiray ) = Um (| f3 21 r2ay = || follz1 rady-
ssup et <te(o,oo) ¢l )) Jim ] fo'l| L1 (r2e) L(R() |
8.38

Now, let us consider any nonnegative function ¢ € C.((0,00) x R?). By (8.37) and
(8.35) we obtain that, for any R > 0,

/ / () d,o,?ff hm/ /pt x)i(z) dx dt
0 Jrd nroo Rd

= lim fi'(x,v)pi(x) dvdx dt

n—oo R2d

> liminf/ / (z,v)pi(x) dvdz dt
n—oo RdXBR

:/ / fe(z,v)pi(x) dv dz dt,
0 RdXBR
so by letting R — oo we get

//Rdsot z) dpgt )dt>/ RQdft(x,v)got(x)dvd:cdt:/OOO/Rdgpt(gg)dpt(x)dt'

By the arbitrariness of ¢ we deduce that

pr < ptt as measures for Z1-a.e. t € (0,00), (8.39)
as desired.
Step 4: limit of vector fields. Set EST := K x p¢ff and by (x,v) := (v, Eff(x)). We

claim that
b" —~b  weakly in LL _((0,00) x R?¢; R?) (8.40)

and that, for every ball B C R,
[p? * K] (x4 h) — [pP * K,](z)  as |h| — 0 in LL((0,00); L' (Bg)), uniformly in n.

(8.41)
To show this we first prove that the sequence {b" },cn is bounded in L} ((0,00) x

R24: R24) for every p € [1,d/(d —1)). Indeed, using Young’s inequality, for every ¢ > 0,
n €N, and r > 0,

1t * Kullzo(s,) = I(pF * ¥n) * Kl Lr(B,)

< |[(pf" * ¥n) * (K1p,)zos,) + [1(pf * ¥n) * (Klga\p,)llLr(B,)

< (o * tn) * (K1) pogray + L BP0} * ton) * (Klgay p,) || oo (re)

< |Ip¢ | L1 ayl¥nll 1 ey | K[| o (1) +Zd(Br)l/pHp?”Ll(Rd)||¢n||L1(Rd)”K||L°°(Rd\Bl)
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hence, up to subsequences, the sequence {b"},cn converges locally weakly in LP. In
order to identify the limit, we claim that for every ¢ € C.((0,00) x R?)

[o¢] o0

lim / / p?*Kngotda:dt:/ / P s K oy da dt.

n—ooJo  JRE 0 JRd
Indeed, by standard properties of convolution,
‘/ / oy x Ky pp da dt — / / *chtdxdt‘

R R
_ / / ol o % Ko da:dt—/ / ptﬁgot*Kd:z:dt‘
Rd

< / / —pt (pt*Kd:(:dt‘—i—‘/ /pt (pr * K — @y x K % 1by,) da dt

< / / n_ peft cpt*dedt’

(5w oo ) lee s K = 0t K 5 Gall o (0.00) e
te(0,00)

Letting n — oo, the first term converges to 0 thanks to the weak convergence (8.37) of
P to pf and thanks to the fact that p* K = o (15, K) + ¢ * (1ga\ g, K) is a bounded
continuous function, compactly supported in time and decaying at infinity in space.
The second term, in turn, converges to 0 since the first factor is bounded by (8.38) and
@4 * K %1, converges to ¢; * K uniformly in (0, 00) x R%.

This computation identifies the weak limit of p! x K,, in LL ([0,T] x R??), showing
that it coincides with p$ff + K and proving (8.40).

We now prove (8.41). First of all, since K € WP(R%GRY) for every a < 1 and
p <d/(d—1+ )% using Young’s inequality we deduce that, for any ¢ € (0, o0),

1ot * Knllwer(pmray = (08 * ¥n) * Kllwasperay < CR)PE * a1 ra)-

Since [|n| 11 mey = 1, thanks to (8.26) we deduce that the last term is bounded inde-
pendently of ¢t and n, that is, for every R > 0,

sup sup ||p" * Kallwen(Byre) < 00
te(0,00) nEN

Hence, by a classical embedding between fractional Sobolev spaces and Nikolsky spaces
(see for instance [KM, Lemma 2.3]) we find that, for |h| < R,

/ lpt * Kn(z + h) — pi' * Ky (2)[P do < C(p, a, R, ||} * Knllwor(ypra)) 1R,
Br

from which (8.41) follows.

2 This can be seen by a direct computation, using the definition of fractional Sobolev spaces.
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Step 5: conclusion. Thanks to (8.40) and (8.41), we can apply the stability result
from [DPL4, Theorem I1.7] (which does not require any growth condition on the vector
fields, see also Theorem 3.2 for the stability of the associated flows) to deduce that,
for every k € N, f* is a weakly continuous distributional solution of the continuity
equation starting from fé“. Since the continuity equation is linear, we deduce that also
Fm.=3""f ¥ is a distributional solution for every m € N.

Since F™ is bounded, Theorem 4.9 gives that F"" is a renormalized solution for
every m € N. Letting m — oo, since F™ — f strongly in L _((0,00) x R2%), also f
is a renormalized solution of the continuity equation starting from fy with vector field
b. Together with (8.39), (8.34), and (8.38) this proves that (f;, ps) is a generalized

solution of the Vlasov-Poisson equation starting from fy according to Definition 8.7.

Finally, the fact that f is transported by the Maximal Regular Flow associated to b;
simply follows by the fact that each density f* is transported by Maximal Regular Flow
associated to by (thanks to Theorem 8.2) and that f = Y 32 f* is an absolutely con-
vergent series (see (8.34)). Finally, this implies that f; belongs to C([0, 00); Li (R?9))

loc

by Theorem 4.6. ]

Remark 8.18. We remark that the existence of global solutions for the Vlasov-Poisson
equation starting from regular initial data is known only in dimension up to 3 (see for
instance [Re, Theorem 6.1]). Therefore, the smoothing of the kernel K performed in
the proof of Theorem 8.8 is essential in order to be able to build smooth solutions of the
approximating problems in dimension d > 4; in dimension d = 2 or 3 one could avoid
this part of the approximation argument. Indeed the stability of the scheme allows to
prove that the solutions obtained by smoothing only the initial datum (and not the
kernel) converge, when d = 2 or 3, to a generalized solution of the Vlasov-Poisson
equation.

The proof of existence of renormalized solutions in Corollary 8.9 is an easy adap-
tation of the proof of Theorem 8.8, obtained by approximating the initial datum with
a sequence of smooth data with bounded energy. In turn, this bound ensures that the
approximating sequence of phase-space distributions is tight in the v variable uniformly
in time, allowing us to show that p§f = p; for Z'-a.e. t € (0,00). The approximation
of the initial datum with a smooth sequence having uniformly bounded energy is a
technical task that we describe in the next lemma.

Lemma 8.19. Let d > 3, let ¢ be a standard convolution kernel, and set i (x) =
k%)(kx) for every k > 1. Let fo € LY(R??) be an initial datum of finite energy, namely

/ )% fo(z,v) dz dv + / [H * po](x) po(x) dx < oo,
R2d Rd

where po(x) = [ga fo(z,v)dv and H(z) := cq(d — 2) 7 2|>~? for every x € R Then
there exist a sequence of functions {5 }nen C C°(R??) and a sequence {kn}nen such
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that k, — oo and, setting p§(x) = [pa f§(x,v) dv,

lim (/ |v|2f(?dxdv—|—/ H*wkn*pgpgdm>:/ |U\2f0d1‘dv—|—/ H x pg po dx.
n—00 R2d Rd R2d Rd
(8.42)

Proof. We split the approximation procedure in three steps. We use the notation LZ°
to denote the space of bounded functions with compact support.

Step 1: approximation of the initial datum when fy € L (R??). Assuming that
fo € L°(R??), we claim that there exists {f§'}nen C C2°(R??) such that

lim (/ [o|? i da dv—l—/ Hxpy py dx) = / v |% fo da dv+/ Hxpg podx. (8.43)
n—00 R2d Rd R2d R4

To this end, consider smooth functions fj which converge to fo pointwise, whose
L*° norms are bounded by || fol| - (r24), and whose supports are all contained in the
same ball. By construction the densities p;j are bounded as well and their supports
are also contained in a fixed ball; moreover, the functions H * pj are bounded and
converge to H * pg locally in every LP. These observations show the validity of (8.43),
by dominated convergence.

Step 2: approximation of the initial datum when f; € L'(R??). Assuming that
fo € LY(R??), we claim that there exists a sequence of functions {f'},en C C°(R?9)
such that (8.43) holds.

Indeed, by Step 1 it is enough to approximate fp with a sequence in L2° (R2%) and
converging energies. To this aim, for every n € N we define the truncations of fjy given
by

fo(z,v) == min{n, 1p, (z,v)fo(z,v)} (z,v) € R*,
Since H > 0 the integrands in the left-hand side of (8.43) converge monotonically,
hence the integrals converge by monotone convergence.

Step 3: approximation of the kernel. We conclude the proof of the lemma. In order
to approximate the kernel, we notice that, given the sequence of functions fj € C®(RY)
provided by Steps 1-2, for n € N fixed we have

lim H*¢k*pg’p8da§:/ H « p§ pg dx.
R4

k—o0 JRd
Hence, choosing k,, sufficiently large so that

1

0
n

’/ H*¢kn*p8p8dx—/ H*pgpgdxlg
Rd Rd

we conclude the proof of the approximation lemma. O
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Proof of Corollary 8.9, existence of renormalized solutions. Given fy of finite energy,
let {fI}nen € C°(R?4) and {k,}nen be as in Lemma 8.19. Also let K := cgx/|z|?
and K, := K =1y, . Applying verbatim the arguments in Steps 1-3 in the proof of
Theorem 8.8 we get a sequence f,, of smooth solutions with kernels K,, such that

fr—=1f weakly in L'([0,T] x R?*) for any T > 0, (8.44)

and
p" — pfT weakly* in L>((0,T); 4, (RY), (8.45)

where p} () == [ga f{'(2,v) dv.
In addition, the conservation of the energy along classical solutions gives that, for
every n € N and ¢ € [0,00)

/RM |2 1 dazdv+/Rd H sy, +p} pft dac = /de lv2 1 dx dv+/Rd H x4y, *pi pt dx < C,

(8.46)
Hence, since H > 0 we deduce that
sup sup / lo|2f* da dv < C, (8.47)
neN te[0,00) J/R2d

and by lower semicontinuity of the kinetic energy we deduce that, for every T > 0,

T T
/ / |2 f; dx dv dt < liminf/ / |v|>f* da dv dt < CT. (8.48)
0 JR2 n—oo Jo  JRr2d

We now want to exploit (8.47) and (8.48) to show that p*f = p, where pi(z) :=
Jga fr(z,v)dv € L*®((0,T); L'(R?)). For this, we want to show that for any ¢ €

C:((0,00) x RY)
lim / / wpy dx dt = / / wpe dx dt. (8.49)
n—=eoJo  JRe 0 JRrd

To prove this, for every k € N we consider a continuous nonnegative function ¢, : R —
[0, 1] which equals 1 inside By and 0 outside By, and observe that

/OOO/Rd o(pi — pi) dw dt :/OOO/de o(2) (2, v) (1 — Cu(v)) da dv dt
+/0 /R%l oe()(ff (z,v) — f(2,0))C e (v) dz dv dt
* /OOO/RQUZ Sot(x)ft(x’ v)(Ck(U) - 1) dx dv dt.

The second term in the right-hand side converges to 0 by the weak convergence of f"
to f in L', while the other two terms are estimated by the finiteness of energy (8.47)
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and (8.48)
‘// of{(z,v)(1 = (i(v)) dz dv dt‘ ||<’0|°°// iz, v)|v|* da dv dt
R2d
_ CTlpll
Sz

and similarly

CT| ¢l
‘// ofi(x,v)(1 — (v dmdvdt‘ HSOH .

Letting k — oo, this proves (8.49). Thanks to this fact, the conclusion of the proof
proceeds exactly as in Steps 4 and 5 in the proof of Theorem 8.8 with p¢ = p;.
O

The proof of the energy inequality (8.15) is based on the conservation of energy
along approximate solutions and on a lower semicontinuity argument. In the following
basic lemmas, we prove some properties of the potential energy, namely the lower
semicontinuity and an estimate from below. A formal integration by parts, rigorously
justified in the case that p has smooth, compactly supported density with respect to
the Lebesgue measure, suggest that for every p € .4, (R?)

/ H*u(x)du(x):/ \VH  p(x)|? d (8.50)
R4 R4

(meaning that, if one of the two sides is finite, than so is the other and they coincide).
This would immediately imply the convexity of the potential energy and its lower
semicontinuity with respect to the weak* convergence of measures. However, since
the justification of (8.50) seems to require some work, we prove directly the lower
semicontinuity with a simpler trick.

Lemma 8.20. Let H(z) := cq(d — 2)" Y|~ for every x € R%. Then the functional
F= | Hxpl@)du@) — pe AR
is lower semicontinuous with respect to the weak® topology of .4 (R?).

Proof. Given a sequence of nonnegative measures " weakly converging to p in .# (R%),
the measures u"(z)u"(y) € #(R??) weakly converge to u(x)u(y). Hence, since the
function H(z,y) = cq(d — 2)~!a — y|>~? is lower semicontinuous and nonnegative in
R2?, we deduce that

1
——=d ) <li f ().
Ly @ et <tmint [ [ o @)

This proves the lower semicontinuity. O
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The following lemma adapts the previous one to the time-dependent framework and
its proof is very similar to the previous one. In particular, it takes care of a further
approximation of the kernel in the right-hand side of (8.51) below and involves the
time dependence of the functional. We need this kind of lemma since, at the level of
generality of Theorem 8.8, the weak convergence of the approximating solutions is not
pointwise in time, but it happens only as functions in space-time.

Lemma 8.21. Let T >0, ¢ € C.((0,T)), let ¢ be a standard convolution kernel, and
let () := n%p(nx) for every n > 1.

Then for every sequence {p"}nen € L((0,T); #+(RY)) converging weakly* in
L=((0,T); 4 (RY)) to p € L®((0,T); 4+ (RY)), we have

T T
/ o(¢) / H % pu() dpa(z) dt < Tim inf / 6(t) [ H = s o (2) dpl(z) dt. (8.51)
0 R4 n—=oo Jo R4

Proof. We notice that ¥, * pi' dt weakly* converges to p;dt in .#((0,T) x R%) and
therefore the sequence of nonnegative measures 1, * pf(z)p} (y)dt € .#((0,T) x R??)
weakly* converges to ps(x)ps(y)dt. Since the function ¢(t)cq(d —2) "z —y|?>~? is lower
semicontinuous and nonnegative in (0,7) x R??, we have

/oT /Rd /Rd ¢(t)|x_2|d—2 dp(x) dp(y) dt

T 1

n—o0

which proves (8.51). O

In the following lemma we establish an inequality, under no assumptions on p,
between the potential energy and the L?-norm of the force field. It will be used to
show the third property in Corollary 8.9.

Lemma 8.22. Let H(z) := cq(d — 2)" x>~ for every x € R  Then for every
nonnegative p € L (R?) we have

/ H + p(x) dp(z) > / VH « p(a)|? da. (8.52)
R R

Proof. We split the approximation procedure in three steps.

Step 1: Proof of the equality between the quantities in (8.52) for smooth,
compactly supported p. Let p be a smooth, compactly supported function. For
every R > 0, the integration by parts formula gives

H*ppdx—/ |VH x p|? do — HxpV(H *p)-vp, dH,

Br Br OBRr
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Letting R — oo the boundary term in the previous equality disappears for d > 3, since
H % p and VH * p decay as R>~¢ and R'~¢, respectively, when evaluated on 9Br. This

proves that
/ H*ppdx:/ |VH x p|? dz.
Rd Rd

Step 2: Proof of (8.52) for p € LX(R%). Let p € L°(R?) and let us approximate
p with a sequence {p"},cn obtained by convolution. By construction the densities p™
are bounded as well as their supports; moreover, the functions H * p™ are bounded and
converge to H x p locally in every LP. Hence, by Step 1 we have

H x p(z)p(z)dr = lim H xp"(z)p"(x)dx = lim \VH x p"(z)|? dz.
R4

R n—00 [pd n—00

Therefore, the sequence {VH * p"},en is bounded in L?(R?) and hence it weakly
converges to VH * p. By the lower semicontinuity of the norm with respect to weak
convergence, we find (8.52).

Step 3: Proof of (8.52) for p € L'(R%). Let p € L'(R?) and for every n € N consider
the truncations of p given by p” := min{n,1p p} in R?. Since H > 0, by monotone
convergence and Step 2

H * p(z)p(z)dr = lim Hxp"(x)p"(x)de > lim \VH * p"(x)|? dz.
R4

Rd n—oo Rd n—oo

Hence the sequence {VH * p"},en weakly converges in L2(RY) to VH * p; the lower
semicontinuity of the norm with respect to weak convergence implies (8.52). O

Proof of Corollary 8.9, properties of renormalized solutions. In order to prove (8.15)
we perform a lower semicontinuity argument on the energy. Since the convergence
of the approximate solutions f™ to f is only in space-time, in Step 1 we obtain the
energy inequality integrated in time, and therefore we deduce that (8.15) holds for
Llae. t €[0,00). Then, in Step 2, 3, and 4, we employ the bound on the kinetic
energy to prove the strong LllOC continuity of p; and E; in time. We remark that this
does not imply, by itself, the conservation of mass of p; in time, since we don’t have any
information on the compactness of f; in the = variable, but only in v (see Remark 8.23
below). In Step 5, we use again the lower semicontinuity of the energy to deduce that
the energy inequality (8.15) holds for every ¢ € [0,00). Finally, in Step 6 we show
the existence of a global measure-preserving flow associated to our solution f;; this
implies in particular the conservation of mass, namely that p;(R%) = po(R%) for every
t €[0,00).

Step 1: bound on the total energy for .#'-almost every time. Let us consider
T > 0 and a nonnegative function ¢ € C.((0,7]). Testing the weak convergence
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(8.44) of f™ with ¢(t)|v|*x»(z,v), where X, € C2°(R?) is a nonnegative cutoff function
between B, and B;y1, we find that for every r > 0

| o0P e opdrdode =t [ [ ool oo dedod
0 JR2 n—oo Jo  JR2d

< liminf o(t) / |v2 £ dx dv dt.
0 R2d

n—oo

Taking the supremum in r, we deduce that

/ qﬁ(t)/ |v\2ftda:dudt§hminf/ <z>(t)/ lv|? " da dv dt. (8.53)
0 R2d n—=oo Jo R2d

As regards the potential energy, from Lemma 8.21 we deduce that

n—oo

/ qﬁ(t)/ H * py py dx dt < liminf ¢(t)/ H x 1y, x py py dz dt (8.54)
0 R4 0 R4

Adding (8.53) and (8.54), by the subadditivity of the liminf and by the energy bound
on approximating solutions (8.46) we find that

[To( [ prnazdes [ eppin)a

gliminf/ gb(t)(/ |v[2ft"dxdv—|—/ H*wkn*p?p?dx) dt
0 R2d Rd

n—oo
o0

= lim ¢(t)(/ﬂw |v2fgdxdv+/RdH*¢kn*pgpgdx) dt

n—oo

0
(/Ooocﬁ(t)dt)(/w ‘U‘Qdel.dv—i_/RdH*pOpodx)'

By the arbitrariness of ¢, we deduce that (8.15) holds for .Z*-a.e. t € [0, 00).
Step 2: boundedness of the kinetic energy for every time. We show that

sup / |U\2ftdxdv§/ ]v[zfgda;dv—i—/ H % pg po dz. (8.55)
t€[0,00) J R2d R2d Rd

To this end, let ¢ > 0 and ¢,, — t be a sequence of times such that the energy bound
(8.15) holds for every t,,. The strong convergence of f;, to f; in L implies that for
every r >0

/ lv|? f; dz dv = lim / [v|% fr,, dxdv < liminf/ [v|? ft,, dz dv.
n n—00 B, n—0oo  Jp2d
Taking the supremum in r, we deduce that

/R% lv2f; dz dv < liggiégf /RQd |v|2f., da dv. (8.56)
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This proves (8.55).
Step 3: strong Llloc—continuity of the physical density. We prove that p; is
strongly Llloc—comtinuous7 namely that for every sequence of times t,, — ¢t we have
1l (md
lim py, = pr i Lige(RY).
This, in turn, implies that p; is weakly* continuous in time (as measures in .# (R%)).

Let r > 0. For every R > 0, noticing that |f;, — fi| < |[v|*R™2(f:, + f:) when
|v| > R, we have that

/ / ]ftn—ft|dvdx</r/BR|ftn—ftdvdm%—/r/Rd\BR P ) dvde

Letting first n — oo in the previous equation, by the strong LlloC continuity of f; the
first term goes to 0. Letting then R — oo, we deduce that

lim/ / | ft,, — fe| dvdz = 0.
n—oo Br Rd

Step 4: strong Llloc—continuity of the force field. We prove that the force field E;
is strongly LllOC continuous with respect to time.

The force field Ey = K * p; is weakly LIOC(Rd) continuous since, by Step 3, p; is
weakly* continuous in time (as measures in .# (R%)).

Since, as observed above, K = VH € W7 (R4 RY) for every o < 1 and p <

d/(d — 1+ «), a simple computation shows that, for every R > 0 and ¢ € (0, 00),

1ot Kl wawBrray < llpellLrra) sup 1K lwar(Ba)rey < C(R).
ye

Hence, for every R > 0,

sup sup ||p¢ * K |[yap(ppme) < 00
te(0,00) nEN

The strong continuity of the force field Ey = K * p; in L{, C(Rd) follows then from the
fractional Rellich theorem, which provides the compact embedding of the fractional
space WP (Bg;R?) in L'(Bg;RY).

Step 5: bound on the total energy for every time. In order to conclude the
proof of (8.15), we observe that both the kinetic and the potential energy are lower
semicontinuous with respect to strong LllOC (R24)-convergence of f and weak convergence
(as measures) of p, respectively. Indeed, the first has been observed in Step 2 and the
second is proved in Lemma 8.21. Then by Step 1 the total energy is bounded by the
initial energy for Z!-a.e. time and the lower semicontinuity of the total energy implies
that the same property holds for every time.
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Step 6: global characteristics in dimension 3 and 4. In order to prove that
trajectories do not blow up, we apply Corollary 8.3 and 8.4. The assumptions of these
Corollaries are satisfied thanks to the finiteness of energy of Step 5, the fact that
E, =V(H x p;), and Lemma 8.22.

O

Remark 8.23. In Corollary 8.9 we did not prove that [|fi|;1@a) = | follp1(ray for
every t € [0,00). Indeed, although the energy bound prevents mass from escaping in
the v variable, one would need more assumptions on the initial datum (for instance, the
finiteness of a momentum in the x variable) to prevent a mass loss. The conservation of
the L'-norm of f; holds along solutions whose flow is globally defined (see Theorem 8.2);
in this case, the solution belongs also to C(]0, o0); L!(R??)).

Remark 8.24. In the case ¢ = —1, Theorem 8.8 allows to show the existence of
generalized solutions starting from any finite L' datum. The existence of renormalized
solutions starting from an L' datum of finite (kinetic and potential) energy follows
as in Corollary 8.9 provided that on the approximating sequence the kinetic energy
is bounded by a fixed constant. This last fact, in turn, cannot be deduced by the
boundedness of the energy itself, since in this case the potential energy is not positive
any more as in the repulsive case. Hence it can be either assumed on the approximating
sequence, or it follows under further integrability assumptions on the initial datum, for
instance if d = 3 and fy € L%7(RY) (see Remark 8.5).

Remark 8.25. The construction in Theorem 8.8 provides distributional solutions of
the Vlasov-Poisson system if further assumptions are assumed on the initial datum such
as finiteness of the total energy, as shown in Corollary 8.9. Still, there are examples
of infinite energy data such that the generalized solution built in Theorem 8.8 is in
fact distributional. For instance, in [Pe] Perthame considers an initial datum fy €
L'N L>®(RY) with (14 |z|?)fo € L'(R®) and infinite energy, and he shows the existence
of a solution f € L®([0,00); L' N L*°(R)) of the Vlasov-Poisson system such that the
quantities

1/2 3/5 |z — vt|?
B Pl [ P e deae s57)
R

are bounded for all ¢ € (0, 00).

It can be easily seen that, under Perthame’s assumptions, the construction in the
proof of Theorem 8.8 provides a solution of the Vlasov-Poisson equation as the one
built in [Pe]. In particular, thanks to the a priori estimate (8.57) on the approximating
sequence, it is easy to see that pf = p, therefore providing a Lagrangian (and therefore
renormalized and distributional) solution of Vlasov-Poisson.

Similarly, under the assumptions of [ZW], a similar argument shows that the gen-
eralized solutions built in Theorem 8.8 solve the classical Vlasov-Poisson system.
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Remark 8.26. A stability result holds for renormalized solutions of the Vlasov-Poisson
system (see [BBC2, Theorems 8.2 and 8.3]). For instance, when o = 1, d = 3, if f* is
a sequence of renormalized solutions with

sup sup ”ftkHLl(IRﬁ) < 00, sup sup / |2 fF da dv +/ H % pf pFdz < oo
keN te[0,00) keN te[0,00) J RO R3

(where H(z) := 4 |z|?>~%), then up to subsequences f* — f weakly in L'([0,T] x RS)
for any 7' > 0 and f is a renormalized solution of Vlasov-Poisson. Moreover, if fé“ — fo
in L1(R3), then f* — f strongly in C([0,T]; LY(R%)), E¥ — E in C([0,T7; LL .(R?)) for
any T > 0 and f is a renormalized solution of the Vlasov-Poisson system starting from
fo. The proof of this fact is an easy consequence of the stability of regular lagrangian
flows since by Remark 8.13 the maximal regular flows associated to the solutions f*
do not blow up in finite time. Generalizing this result to any dimension may require
some work, because under the assumptions of Corollary 8.9 it is not guaranteed that

the maximal regular flows do not blow up in finite time.






Chapter 9

The semigeostrophic system

The semigeostrophic equations are a simple model used in meteorology to describe large
scale atmospheric flows. As explained for instance in [BB, Section 2.2] and [Lo2, Sec-
tion 1.1] (see also [Cu] for a more complete exposition), the semigeostrophic equa-
tions can be derived from the 3-d incompressible Euler equations, with Boussinesq and
hydrostatic approximations, subject to a strong Coriolis force. Since for large scale
atmospheric flows the Coriolis force dominates the advection term, the flow is mostly
bi-dimensional. For this reason, the study of the semigeostrophic equations in 2-d or
3-d is pretty similar, and in order to simplify the presentation we focus here on the
2-dimentional periodic case, though the results have been extended to three dimensions
and can be found in [ACDF2].
The semigeostrophic system on the 2-dimensional torus T? is given by

Ouf () + (u(z) - V)u(z) + Vpi(z) = —Juy(z) (x,t) € T? x (0,00)
uf(x) = JVpi(x) (x,t) € T? x [0,00)
(9.1)
V- u(z) =0 (z,t) € T? x [0, 00)
po(x) = p°(2) z € T2,

Here p° is the initial datum, J is the rotation matrix

0 -1
1= (1 )

and the functions u; and p; represent respectively the wvelocity and the pressure, while
u is the so-called semi-geostrophic wind. Clearly the pressure is defined up to a (time-
dependent) additive constant. In the sequel we are going to identify functions (and
measures) defined on the torus T? with Z2-periodic functions defined on RZ.
Substituting the relation u{ = JVp; into the equation, the system (9.1) can be
rewritten as
atJth + JVZptut + th + JUt =0

Po :po

197
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T2 VP, T2

2 ptL2

Figure 9.1: The dual change of variables.

with u; and p; periodic.

Energetic considerations (see [Cu, Section 3.2]) show that it is natural to assume
that p; is (—1)-convex, i.e., the function Pi(z) := pi(x) + |z|?/2 is convex on R2
If we denote with Zp2 the (normalized) Lebesgue measure on the torus, then p; :=
(VP)uZL12 satisfies the following dual problem:

Opt +V - (vept) =0
vi(z) = J(z — VP ()
pr = (VP)p L2

Po(x) = p°(z) + [x[?/2.

Here P/ is the convex conjugate of P;, namely

Pi(y) = Sélﬂ@(y -z — Bi(x)).

Indeed, an easy formal computation allows to obtain (9.3) from (9.2). Taking
into account the definition of P;, the identities J? = —Id, Vpi(y) + vy = VPi(y),
V2pi(y) + Id = V2 P,(y) and the fact that wu; is divergence-free, for every test function
© we obtain

4
dt Jp2

—— [ TelORw) - {(Tnto) + Fyul) = V(o) } dy

p(x) dpi(x) = jt/m e(VFi(y)) dy = 5 Vo(VP(y)) - %th(y) dy
== /TQ VIe(VE(y))] - wily) dy + /Tz Vo(VP(y)) - J(VP(y) — y) dy

= | V(@) J(x = VP (2))dp(z) =/ V() - vi(x) dpi ().
T2 T2
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Notice that this formal derivation holds independently of w (only the divergence-free
condition of w is needed), and that u does not appear explicitly in (9.3).
Since P;(x) — |x|?/2 is periodic, we observe that

VP(z+h)=VP(z)+h VreR? heZ’ (9.4)

Hence VP, can be viewed as a map from T? to T? and p; is a well defined measure
on T?2. One can also verify easily that the inverse map VP; satisfies (9.4) as well.
Accordingly, we shall understand (9.3) as a PDE on T2, i.e., using test functions which
are Z2-periodic in space. One may wonder if it is convenient to rewrite the original
system (9.2) as an equation for the function P, instead of p;, that would look like

&gVPt + (Ut . V)VPt = J(th — .TC)
Vou =0 (9.5)
Py =p® + |x]?/2.

Rewriting the system in these terms happens to be a good choice for the corresponding
system in 3-space dimensions. However, since we are on the torus and since the map V P,
has to be understood with values in T?, it becomes complicated to give a distributional
meaning to (9.5). Indeed, there is no natural notion of duality with test functions for
maps with value in a manifold. For this reason, we prefer to deal with p; and the
system (9.2) rather than with P; and (9.5). Regarding the dual equation, the problem
of interpreting VP, (or VP}) as a map with values in the torus does not appear. Indeed,
the only occurrence of the functions P; and F;* in the dual equation happens in the
formula v,(x) = J(x — VP (x)); with this definition, v; is a well defined, Z?-periodic
vector field in R2.

The dual problem (9.3) is nowadays pretty well understood. In particular, Benamou
and Brenier proved in [BB] existence of weak solutions to (9.3), see Theorem 9.4 below.
On the contrary, much less is known about the original system (9.2). Formally, given a
solution p; of (9.3) and defining P} through the relation p; = (VP;)4 %12 (namely the
optimal transport map from p; to %2, see Theorem 1.17) the pair (p;, u;) given by!

. . (9.6)
wi(x) := [0, VP|(VPy(x)) + [VP}|(VP(x))J(VP(x) — x)

{pt(x) = Pi(x) ~ [a]’/2
solves (9.2). Here, the velocity field u; has been obtained by substituting the expression
for p; in the first equation of (9.2) and solving for u;. However, being P;* just a convex
function, a priori V2P} is just a matrix-valued measure, thus as pointed out in [CuFe]
it is not clear the meaning to give to the previous equation.

!Because of the many compositions involved in this Chapter, we use the notation [0;f](g) (resp.
[V f](g)) to denote the composition (9:f) o g (resp. (Vf) o g), avoiding the ambiguous notation 9 f(g)
(resp. Vf(g))



200 The semigeostrophic system

T? VP, T2

x| y=VR@

~ | ICE

Y(t,y) =
VP,(X(t,VP;(y)))

~

vE;

Figure 9.2: The flow of the velocity field in physical and dual variables.

The formal correspondence between solutions of the dual and of the original equa-
tion given by (9.6) appears also when one adopts the Lagrangian point of view. Indeed,
we may expect that each particle in the physical space moves along a trajectory and
that this trajectory corresponds to a characteristic of the dual velocity v; when read
in the dual variables. Reversing the point of view, given the flow Y (¢, x) of vy in the
dual variables, we may look at each characteristic Y (-, y) in the physical variables by
performing the change of variables back

X (t,2) == VP (Y (t, VPy(z)))

(see Figure 9.2). With this definition, a simple computation shows that X (¢, x) is,
formally, the flow of the velocity field u; defined in (9.6):

%Xt = [0, VP (Y«(VP)) + [VQPt*](Yt(VPO))%Yt(VPO)

= [0V (Y(VR)) + [V2P(Y(VP) I [Y(VPy) — VP (Y(VE))]
= [OVP(VP(Xy)) + [V (VP(X0) J(VP(Xs) — Xy).

In this Chapter we prove that (9.6) is a well defined velocity field, and that the
couple (pt,u¢) is a solution of (9.2) in a distributional sense. In order to carry out
our analysis, a fundamental tool is a recent result for solutions of the Monge-Ampere
equation, proved by De Philippis and Figalli in [DF1], showing L log"® L regularity on
V2P (see Theorem 1.18(ii)).

Thanks to this result, we can easily show that the second term appearing in the
definition of the velocity u; in (9.6) is a well defined L' function (see the proof of
Theorem 9.2). Moreover, following some ideas developed in [Lol] we can show that
the first term is also L', thus giving a meaning to u; (see Proposition 9.6). At this
point we can prove that the pair (p;, u;) is actually a distributional solution of system
(9.2). Let us recall, following [CuFe], the proper definition of weak Eulerian solution
of (9.2).
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Definition 9.1. Let p : T? x (0,00) — R and u : T? x (0,00) — R2. We say that (p, u)
is a weak Eulerian solution of (9.2) if:

- Jul € L((0,00), LX(T2)), p € L¥((0, 00), WH(T2)), and py(x)+|]2/2 is convex
for any t > 0;

- For every ¢ € C°(T? x [0,00)), it holds

/Doo /T2 Jth(x){3t¢t(m) + () - V¢t(x)} - {th(x) + ,]’u,t<x)}¢t(x) dee di

4 / IV po(x)bo(x) dz = 0;  (9.7)
’]1‘2

- For Z'-a.e. t € (0,00) it holds

Vi(z) - ug(z)de =0  for all p € C°(T?). (9.8)
T2

We can now state the main result.

Theorem 9.2. Let py : R? — R be a Z>-periodic function such that po(z) + |z|?/2
is convez, and assume that the measure (Id + Vpg)uL? is absolutely continuous with
respect to L2 with density py, namely

(Id + Vpo)#gz = p()gZ.

Moreover, let us assume that both pg and 1/pg belong to L>°(R?).

Let py be the solution of (9.3) (given by Theorem 9./ below), let P, : R? — R be the
(unique up to an additive constant) convex function such that (VP) . L? = pi.£? and
Py(z) — |x|?/2 is Z*-periodic, and let P} : R? — R its convex conjugate.

Then the couple (pt,ut) defined in (9.6) is a weak Eulerian solution of (9.2), in the
sense of Definition 9.1.

Although the vector field w provided by the previous theorem is only L', as ex-
plained in Section 9.3 we can associate to it a measure-preserving Lagrangian flow.
In particular we recover (in the case of the 2-dimensional periodic setting) the result
of Cullen and Feldman [CuFe] on the existence of Lagrangian solutions to the semi-
geostrophic equations in physical space.

Many problems regarding the semigeostrophic equation and its dual formulation
are nowadays open. Are the distributional solutions of (9.2) and of (9.3) unique? Is
the lagrangian flow associated to w; unique? (we remark that the lagrangian flow
associated to the dual equation is unique thanks to Theorem 1.5). Does there exist
a regular solution for all times if the initial datum is sufficiently smooth? This was
proven by Loeper [Lo2]| for short times, but any global result is missing.
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The Chapter is structured as follows: in Section 1.5.1 we recall some preliminary
results on optimal transport maps on the torus and their regularity. Then, in Section 9.1
we state the existence result of Benamou and Brenier for solutions to the dual problem
(9.3), and we show some important regularity estimates on such solutions, which are
used in Section 9.2 to prove Theorem 9.2. In Section 9.3 we prove the existence of a
regular lagrangian flow associated to the vector field u provided by Theorem 9.2.

9.1 The dual problem and the regularity of the velocity
field

In this section we recall some properties of solutions of the dual system (9.3), and we
show the L! integrability of the velocity field u; defined in (9.6).

Remark 9.3. The dual system (9.3) is made by a continuity equation with an instan-
taneous coupling between the velocity field and the density through a time independent
elliptic PDE (the Monge-Ampere equation). A similar structure was already observed
in the Vlasov-Poisson system (8.1), but in this case we needed to consider the equa-
tion in the phase space rather than in the physical space. Another equation of this
form is the 2-dimensional incompressible Euler equation in the vorticity formulation in
(0,00) x R?

8twt + V- (vtwt) =0

Uy = JVI/Jt (99)

Wt = Awt

Existence and uniqueness (in the class of solutions with bounded vorticities) was proved
for this equation by Yudovich [Yu]. As we will see in Theorem 9.4, despite the non-
linearity of the coupling in the dual semigeostrophic system (which is given by the
Monge-Ampere equation and not by the Poisson equation as in (9.9)), we can still prove
existence of solutions for the dual semigeostrophic system (9.3). The uniqueness prob-
lem, instead, remains open, since the argument of Yudovich cannot be easily adapted.
The connection between the 2-dimensional incompressible Euler equation in the vortic-
ity formulation and the dual semigeostrophic system (9.3) is also confirmed by Loeper
in [Lo2]: if we “linearize” (9.3) writing p; = 1+ ¢cw; +o(g) and P} = |x|?/2+ ey + o(¢)
and we rescale the time variable according to ¢t — t/e, then, formally, w and 1 solve
(9.9).

We know by Theorem 1.17 that p; uniquely defines P, (and so also P;*) through the
relation (VP;)4%r2 = p; up to an additive constant. In [BB] (see also [CuFe]), the
authors prove the existence of distributional solutions to the dual equation by means
of an approximation argument, based in turn on the well-posedness and stability of
solutions of the transport equation presented in Chapter 1. To be precise, in [BB,CuFe]
the proof is given in R?, but actually it can be rewritten verbatim on the 2-dimensional
torus, using the optimal transport maps provided by Theorem 1.17.
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Theorem 9.4 (Existence of solutions of (9.3)). Let Py : R? = R be a convex function
such that Po(x) —|z|?/2 is Z2-periodic, (V Py)yLrs < L2, and the density py satisfies
0 <)< po <A < oo Then there exist convex functions P, P; : R? — R, with
Py(z) — |2?/2 and P (y) — |y|?/2 periodic, uniquely determined up to time-dependent
additive constants, such that (VP)u L2 = piLr2, (VP )ypr = ZLr2. In addition,
setting vy(x) = J(x — VP (x)), pt is a distributional solution to (9.3), namely

//T2 {3t<pt(:c) + V() - vt(x)}pt(x) dx dt + /W wo(z)po(x)dz =0 (9.10)

for every p € C*(R? x [0,00)) Z2-periodic in the space variable.
Finally, the following reqularity properties hold:

(i) A< pr < A;
(i) p? € CO([0,00), Pu(T?));?

(iii) P~ g2 Pry Pf — f0oPf € L®([0,00), Wi (R?)) N C([0, 00), Wi (R?)) for every
r € [l,00);

(i) [villoo < V2/2.

Sketch of the proof of Theorem 9.4. We prove the existence of a distributional solution
to (9.3) by approximation. We introduce a time discretization with parameter 1/n,
n € N, and we split (0,00) in intervals of the form ((k —1)/n,k/n) for k € N, each of
length 1/n.

We define the approximate solutions (FP;*)* and py inductively on k, where (P}")* are
a time-dependent family of convex functions and p} are bounded, Z2-periodic densities
with A < pp < A. In each interval ((k — 1)/n,k/n) we consider the transport map
between the density at the beginning of this interval and the Lebesgue measure; we
define (P/")* to be equal to this map (provided by Theorem 1.17) in the entire time
interval

V(i) | uPletyym = Lr2y - V(P = V(Pyy,)"

This transport map induces a velocity field (constant in time in ((k — 1)/n,k/n), as
also (P[')*) through the relation

v =J(x—-V(P*) =J(z - V(P,?/n)*).

Finally, we let the density at the beginning of our time interval, namely p"kil) In evolve

according to this velocity field for time 1/n. In other words, for t € ((k — 1)/n,k/n)
we let p}’ be the solution of

Op+ V- (vip)=0 in ((k—1)/n,k/n) x R? (9.11)
PU—1)/n = Pli—1)/n in R, '

2Here P, (Tz) is the space of probability measures on the torus endowed with the weak topology
induced by the duality with C(T?)
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We remark that the well posedness of the continuity equation (9.11) is guaranteed the
results described in Chapter 1 (and in particular by the main result of [A1]) and by the
fact that v¥ is an authonomous, divergence-free, BV vector field in ((k—1)/n, k/n) x TZ.
Finally, a solution to (9.3) is obtained by taking the limit as n — oo in the discrete
scheme presented above; the compactness of the functions (P/")* — fr.(P")* and p}
and the equation solved in the limit are studied in [BB], where the scheme is performed
with a careful regularization of the initial data in order to avoid the use of the results of
Chapter 1 on the solutions of the continuity equation with non-smooth vector fields. [

Observe that, by Theorem 9.4(ii), ¢ — p;Zr2 is weakly continuous, so p; is a well-
defined function for every t > 0. Further regularity properties of VFP; and VP with
respect to time will be proved in Propositions 9.6 and 9.10.

In the proof of Theorem 9.2 we will need to test with functions which are merely
WL, This is made possible by the following lemma.

Lemma 9.5. Let p, and P, be as in Theorem 9.4. Then (9.10) holds for every
@ € WHHT? x [0,00)) which is compactly supported in time. (Now @o(x) has to be
understood in the sense of traces.)

Proof. Let @™ € C*(T? x [0,00)) be strongly converging to ¢ in W', so that ¢
converges to ¢ in L'(T?). Taking into account that both p; and v; are uniformly
bounded from above in T? x [0, 0), we can apply (9.10) to the test functions ¢™ and
let n — oo to obtain the same formula with . O

The following proposition, which provides the Sobolev regularity of ¢ — V P/, is
our main technical tool. Notice that, in order to prove Theorem 9.2, only finiteness of
the left hand side in (9.12) would be needed, and the proof of this fact involves only a
smoothing argument, the regularity estimates of [DF1] collected in Theorem 1.18(ii),
and the argument of [Lol, Theorem 5.1]. However, the continuity result in [DF2]
allows to show the validity of the natural a priori estimate on the left hand side in
(9.12).

Proposition 9.6 (Time regularity of optimal maps). Let p; and P; be as in The-
orem 9.4. Then VP} € WI};Q(TQ x [0,00);R?), and for every k € N there exists a
constant C (k) such that, for £'-a.e. t >0,

/2 pt| 0V P} | logh (10, V P}) da
T
< C(k) </ pt| V2P| log?*(|V2 P}|) dx + esssup (pt]vtIQ)/ |V2P}| dm) . (9.12)
T2 T2 T2

Remark 9.7. Under the assumptions of the previous proposition, one could actually
prove a slightly stronger statement, showing that the map VP belongs to Wﬁ)’% (T? x

C
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[0, 00); R?) for some 7o > 1. More precisely, there exist constants C, vy > 1, depending
only on A, such that, for almost every t > 0,

270
/ pt|8tVPt*|1+Sod:c < C(/ pe| V2P| dx + esssup (pt|'vt|2)/ |V2Pt*|d3:>.
T2 T2 T2 T2
(9.13)

This estimate, however, is less powerful than (9.12) when dealing with the semi-
geostrophic system in a non-periodic setting (for instance, see [ACDF2]|, where the
semigeostrophic system is studied in R3), since in the localized version of (1.27) and
(9.13) the exponent -y depends also on the set where the estimate is localized, whereas
in (9.12) the modulus of integrability of |3;V P}| (namely, the function ¢ — tlog® (¢))
does not depend on the set. For this reason we prefer to keep this version of Proposi-
tion 9.6.

To prove Proposition 9.6, we need some preliminary results.

Lemma 9.8. For every k € N we have

k k
ablogh (ab) < 2871 [() +1| 0%+ 256" Da210g%(a) VY (a,b) € RT x RY. (9.14)

e

Proof. From the elementary inequalities

k k
log, (ts) <log, (t) +1logy(s), (t+s)" <2F71(tF +s%), logh(t) < <€> t

which hold for every t, s > 0, we infer
b k
ablog® (ab) < ab [log N <) + 2log +(a)}
a
b
< 2k 1ap [logf’cIr <a> + 2k logi(a)]
k—1 K\ 2 k k
<2 — ) b°+2%ablog’ (a)
e

k k
< ok-1 [<e> b2 + b2 + 22(k= D2 logi’“(a)] ,

which proves (9.14). O

Lemma 9.9 (Space-time regularity of transport). Let k € NU{0}, and let p € C°°(T?x
[0,00)) and v € C*(T? x [0, 00); R?) satisfy

0< A< p(z) <A<oo V(x,t) € T? x [0,00),
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Opr +V - (vepr) =0 in T? x [0, 00),
and fT2 prdxr =1 for allt > 0. Let us consider convex conjugate maps P, and P} such
that Py(z)—|z|?/2 and P} (y)—|y|*/2 are Z*-periodic, (VN P})ypr = L2, (VPy) Lo =
pt- Then:

(i) P} — 52 P; € Lipioc([0, 00); C*(T?)) for any k € N.
(ii) The following linearized Monge-Ampére equation holds:
V- (p(V2PF) IOV P)) = =V - (poy). (9.15)

Proof. Let us fix T' > 0. From the regularity theory for the Monge-Ampere equation
(see Theorem 1.18) we obtain that P, € C°°(R?), uniformly for ¢ € [0,7], and there
exist universal constants ¢y, co > 0 such that

c1ld < V2Pr(z) < cold Y (z,t) € T? x [0,T]. (9.16)

Since VP is the inverse of VP, by the smoothness of P, and (9.16) we deduce that
Py € C°°(R?), uniformly on [0, 7.

Now, to prove (i), we need to investigate the time regularity of P} — JCTQ Py. More-
over, up to adding a time dependent constant to P;, we can assume without loss of
generality that [r, P = 0 for all t. By the condition (VFP{)up; = Zr2, for any
0< 3,t§Tanda:€]R2 it holds

ps(@) — pr(x) _ det(V2P}(w)) — det(V2P/ (x))

s—t s—1
=Y ([ G evr@ - v ) BED -G
= \Jo & s—1

Given a 2 x 2 matrix A = ()i, j=1,2, we denote by M (A) the cofactor matrix of A. We
recall that

ddet(A)
———= = M;;(A), 1
5 = Mi(4) (918)
and if A is invertible then M (A) satisfies the identity
M(A) = det(A) AL (9.19)

Moreover, if A is symmetric and satisfies ¢1/d < A < cold for some positive constants
c1, ¢z, then
2 c2
2Id < M(A) < 21d. (9.20)
(&) C1
Hence, from (9.17), (9.18), (9.16), and (9.20), for any 0 < s,t < T it follows that

_ 2 1 x _ px
PPt 3 < / M(rV?P: + (1 - 7)V2F)) dT) 0 (PS i ) (9.21)
0

s—t s—t

ij=1
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with
cf ! 2 2 c3
—=1d < / M;;(tV*P; + (1 —1)V°P})dr < =Id
C2 0 C1

Since V2P; is smooth in space, uniformly on [0,7], by classical elliptic regularity

theory? it follows that for any ¥ € N and a € (0,1) there exists a constant C :=

Cll(ps = pt)/ (s = )l cr.ar2x(o,r7)) such that

HP;“(fv) — P/ (x)
s —t

<C.

Clc+2,a (']I‘2)

This proves point (i) in the statement. To prove the second part, we let s — ¢ in (9.21)

to obtain
2

Orpr = > M;ij (V2P (x)) 0:045 P/ (). (9.22)

ij=1
Taking into account the continuity equation and the well-known divergence-free prop-
erty of the cofactor matrix

> OM(VPP () =0,  j=12
we can rewrite (9.22) as

2
V- (vip) = Y 0:(My(V2F; () 9,0, P ().

ij=1

Hence, using (9.19) and the Monge-Ampere equation det(V2P}) = p;, we finally get
(9.15). 0

Proof of Proposition 9.6. We closely follow the argument of [Lol, Theorem 5.1], and
we split the proof in two parts. In the first step we assume that

pi € C(T? x R), vy € C°(T? x R;R?),
0< A< <A<,
Ope +V - (vip) =0,
(VP)yLr2 = prLr2,

and we prove that (9.12) holds for every ¢ > 0 (in this step, we assume Uy to be given,
namely we do not assume any relation between U; and P;). In the second step we prove
the general case through an approximation argument.

3Note that equation (9.17) is well defined on T? since P;; — P is Z*-periodic. We also observe that
Py — P! has average zero on T?.
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Step 1: The regular case. Let us assume that the regularity assumptions (9.23),
(9.24), (9.25), (9.26) hold. Moreover, up to adding a time dependent constant to F;,
we can assume without loss of generality that [, P/ = 0 for all ¢ > 0, so that by
Lemma 9.9 we have 0;P; € C*®(T?). Fix t > 0. Multiplying (9.15) by 0;FP; and
integrating by parts, we get

/ o (V2P Y29,V P2 da = / e VP - (V2P 1o,V P} dx
T T (9.27)
= —/ pté?tVPt* - V¢ dz.

T2
(Since the symmetric matrix V2P,*(z) is nonnegative, both its square root and the
square root of its inverse are well-defined.) From Cauchy-Schwartz inequality it follows

that the right-hand side of (9.27) can be rewritten and estimated with

— / POV PF - (V2P Y2V P 2, da
T2

1/2 1/2
< (/ pt’(v2lpt*>—1/26tvpt*|2 d.%') </ pt’(VQF)t*)l/Z,Ut’Q d.ilf) )
T2 T2

Moreover, the second factor in the right-hand side of (9.28) can be estimated with

(9.28)

/ pivs - V2P vy dr < max (pt|'ut|2) / |V2P}| d. (9.29)
T2 T2 T2
Hence, from (9.27), (9.28), and (9.29) it follows that
/ pd (V2P 129,V Py 2 da < max (pt|'vt]2) / |V2P}| da. (9.30)
T2 T2

We now apply Lemma 9.8 with a = [(VZP})'?| and b = |(V2P})~ Y20,V P*(x)| to
deduce the existence of a constant C'(k) such that

|00V P logh (18, V P |)
< O(k) (1Y) P02t ((V2B1)21) + [(V2B) 20,9 Py )
= C(k) (I92P N1og2 (IV2P; ) + |(V2P) 20,V P )
Integrating the above inequality over T? and using (9.30), we finally obtain
/2 pt|0:V Py | logh (|0, V P}|) da
T

< C(k) ( /T VAP [og (V2P ) d + /T ] pt\<v2Pt*>-1/28NPt*2d:c) (9.31)

< C(k) </T2 pe| V2P| logik(|v2pt*‘)dx+rr111%x (Pt|’Ut|2) /T2 V2P| d:E) ,
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which proves (9.12).

Step 2: The approximation argument. First of all, we extend the functions p;
and vy for ¢t < 0 by setting p; = pg and v; = 0 for every ¢ < 0. We notice that, with
this definition, p; solves the continuity equation with velocity v; on R? x R.

Fix now o1 € C®(R?), g9 € C®°(R), define the family of mollifiers (0™),en as
o™(x,t) := n3o1(nx)oe(nt), and set

7

n
pli=pxo”, v (z) = 7([)”) to

pxon

Since A < p < A then
A< p" <A

Therefore both p" and v™ are well defined and satisfy (9.23), (9.24), (9.25). Moreover
for every ¢t > 0 the function p} is Z2-periodic and it is a probability density when
restricted to (0,1)? (once again we are identifying periodic functions with functions
defined on the torus). Let P/* be the only convex function such that (VP}) 4 % = p}
and its convex conjugate P;'* satisfies ng P = 0 for all t > 0. Since pf — p¢
in LY(T?) for any ¢ > 0 (recall that, by Theorem 9.4(ii), p; is weakly continuous in
time), from standard stability results for Alexandrov solutions of Monge-Ampere (see
for instance [DF2]) it follows that

VP™ — VP  in LY(T?) (9.32)

for any ¢t > 0. Moreover, by Theorems 1.17 and 1.18(ii), for every k € N there exists a
constant C' := C'(A, A, k) such that

and by the stability theorem in the Sobolev topology estabilished in [DF2, Theorem
1.3] it follows that

LA R o (V2P do [ IR 0k (VR D, (039

/Tr2 V2P| da — /T2 |V2P}| da. (9.34)

Finally, since the function (w,t) — F(w,t) = |w|?/t is convex on R? x (0, 00), by Jensen
inequality we get

" 0" llo = [1E (™0™, p™)loo < llplv]* . (9.35)

Let us fix 7" > 0 and ¢ € C°((0,7)) nonnegative. From the previous steps and
Dunford-Pettis Theorem, it is clear that ¢(t)p;0;V P/** weakly converge to ¢(t)p:0;V P
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in L'(T? x (0,T)). Moreover, since the function w ~ |w|log® (Jw|/r) is convex for every
r € (0,00) we can apply Ioffe lower semicontinuity theorem [AFP, Theorem 5.8] to the
functions ¢(t)py0: VP and ¢(t)py to infer

T
| o) [ plovrog (0w ;) do
0 T (9.36)

T
< lim inf / o(t) / P10V PP | logh (|0, V P™*|) dx dt.
0 T2

n—oo

By Step 1 we can apply (9.12) to pj,v}. Taking (9.33), (9.34), (9.35) and (9.36) into
account, by Lebesgue dominated convergence theorem we obtain

T
/ o(t) / 2ptyatVPt*\1ogﬁ(\atvpt*|)dxdt
0 T

T
< [ o0 ([ IV 1o (9 P71) do -t esssup (o) [ 1928 o) .
0 T2 T2 T2
Since this holds for every ¢ € C2°((0,T")) nonnegative, we obtain the desired result. [J

It is clear from the proof of Proposition 9.6 that the particular coupling between the
velocity field v, and the transport map P; is not used. Actually, using Theorem 1.18(ii)
and [DF2, Theorem 1.3], and arguing again as in the proof of [Lol, Theorem 5.1], the
following more general statement holds (compare with [Lol, Theorem 5.1, Equations
(27) and (29))):

Proposition 9.10. Let p; and vy be such that 0 < A < p < A < 00, v € Llocf’c(?l‘2 X
0,00), R?), and
Opr + V- (vepy) = 0.
Assume that fTQ prdx =1 for allt > 0, let P, be a convex function such that
(VPt)#o%p = ptg'ﬂ‘%

and denote by P; its convexr conjugate.
Then VP, and V P} belong to W2 (T2 x [0,00); R2). Moreover, for every k € N

loc
there exists a constant C(k) such that, for almost every t > 0,

L, o P ogt (0P do

< C(k) </ IV} [10g?H (V27 ) i + esssup (orfu ) / |V2Pt*|d:n), (9.37)
T T T

[, 10w rliogt (09 P o
T

< C(k) </11‘2 V2P| 1og?* (|V2Ry|) da + esssjlrlga (,Ot|Ut|2) /T2 IV2Pr| d:v) . (9.38)
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Proof. We just give a short sketch of the proof. Equation (9.37) can be proved follow-
ing the same line of the proof of Proposition 9.6. To prove (9.38) notice that by the
approximation argument in the second step of the proof of Proposition 9.6 we can as-
sume that the velocity and the density are smooth and hence, arguing as in Lemma 9.9,
we have that P;, P} € Lip,. ([0, 00), C>(T?)). Now, changing variables in the the left
hand side of (9.30) we get

J.

Taking into account the identities

(VP P) @V BV R)|

dmgmax(pt|vt\2)/ V2P| dz.  (9.39)
T2 T2

[V2P(VR) = (V2R)™'  and [ VP(VE) + V2P (VP)O VP =0

which follow differentiating with respect to time and space VFP; o VP, = Id, we can
rewrite (9.39) as

(V2P) 20,V Pi|? da < max (il vi]?) / VEP?| da.
T2 T2 T2

At this point the proof of (9.38) is obtained arguing as in Proposition 9.6. O

9.2 Existence of an Eulerian solution

In this section we prove Theorem 9.2.

Proof of Theorem 9.2. First of all notice that, thanks to Theorem 1.18(i) and Proposi-
tion 9.6, it holds |V2P;|, |0,V P;| € L2 ([0, 00), L' (T?)). Moreover, since (VP;) %2 =
pt-Lr2, it is immediate to check that the function w in (9.6) is well-defined* and |ul
belongs to L2 ([0, 00), L*(T?)).

Let ¢ € C2°(R? x [0,00)) be a Z2-periodic function in space and let us consider the

function ¢ : R? x [0,00) — R? given by

wie(y) == J(y — VP (y))o:(VE (y))- (9.40)

By Theorem 1.17 and the periodicity of ¢, ¢.(y) is Z>-periodic in the space vari-
able. Moreover ¢; is compactly supported in time, and Proposition 9.6 implies that
o € WHYR? x [0,00)). So, by Lemma 9.5, each component of the function ¢;(y)
is an admissible test function for (9.10). For later use, we write down explicitly the

4Note that the composition of V2 P; with V P; makes sense. Indeed, by the conditions (VP;) 4. %2 =
pt L2 K L2, if we change the value of V2P in a set of measure zero, also [V2P;](VP;) will change
only on a set of measure zero.
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derivatives of ¢:

Opi(y) = =IOV P (y) o (VP () + J(y — VP (9)[0:0:] (VF () +
+J(y = VP () (Ve (VE () - 0V P (y)),

Voi(y) = J(Id = VP (y)oe(V P () + J(y — VP () @ (V" ¢ (VP (y) V2P (y))-
(9.41)

Taking into account that (VFP;)x %12 = peZr2 and that [VP/|(VP(x)) = x almost
everywhere, we can rewrite the boundary term in (9.10) as

/ co(y)poly) dy = / J(VPy(z) — x)go(x) dr = / TVpo(@)do(x) de.  (9.42)
T2 T2 R2

In the same way, since v:(y) = J(y — VP (y)), we can use (9.41) to rewrite the other
term as

/OOO /11‘2 {3t<pt(y) +Veou(y) - vt(y)}Pt(y) dy dt

= [ [ {7001 P@) a0 + 1T P@) ~ 2)orn(o)
+ J(VPi(z) — ) (Vi () - [0V P (VPy(x)))
+ J(Id — V?P}(VPi(z)))ps(2) J(VPy(z) — )
+ J(VP(z) — 2) ® (VX i (2) V2P (VPi(x))) J(V Py () — x)} dz dt
(9.43)

which, taking into account the formula (9.6) for u, after rearranging the terms turns
out to be equal to

/ /2 {IVpe(x) (0t () + wi(z) - Vi (z)) + (= Vpe(z) — Jug(x)) de(x) } da dt.
0o Jr
(9.44)
Hence, combining (9.42), (9.43), (9.44), and (9.10), we obtain the validity of (9.7).
Now we prove (9.8). Given ¢ € C2°(0, 00) and a Z2-periodic function ¢ € C*°(R?),
let us consider the function ¢ : R? x [0,00) — R defined by

e(y) == oY (VE(y)). (9.45)

As in the previous case, we have that ¢ is Z?-periodic in the space variable and ¢ €
WEL(T2 x [0, 0)), so we can use ¢ as a test function in (9.8). Then, identities analogous
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to (9.41) yield

0= [7 [ 10w + Verlw) - wilw)} utw) dya
0 T2

= /0 o' (t) T2¢(x) dx dt + /0 o(t) /T Z{W(I)-&NPt*(VPt(w))

+ V() V2PV Py(x)) T (VPy(z) — :c)} dz dt
- / To) [ Vo) - we) do dt.
0 T2
Since ¢ is arbitrary we obtain

Vip(z) - ug(x)de =0 for £l-a.e. t > 0.
T2

By a standard density argument it follows that the above equation holds outside a
negligible set of times independent of the test function 1, thus proving (9.8). O

9.3 Existence of a regular lagrangian flow for the semi-
geostrophic velocity

We recall the notion of regular lagrangian flow of a Borel vector field on the 2-dimensional
torus, introduced in Definition 1.4 in R?; as observed in Section 1.1, this definition does
not require any regularity of b and, by Fubini’s theorem, it does not depend on the
choice of the representative of b in the Lebesgue equivalence class.

Definition 9.11. Given a Borel, locally integrable vector field b : T? x (0, 00) — R?, we
say that a Borel function X : T? x [0,00) — T2 is a regular lagrangian flow associated
to b if the following two conditions are satisfied.

(i) For almost every z € T? the map t — X (-, z) is locally absolutely continuous in
[0,00) and

t
X(t,x)==x +/ bs(X (s,z))dz Vt € [0, 00). (9.46)
0
(ii) For every t € [0,00) it holds X (¢, )4 %2 < CZr2, with C € [0, 00) independent
of t.

A particular class of regular lagrangian flows is the collection of the measure-
preserving ones, where (ii) is strengthened to

X(t, VL2 = Lo vt > 0.
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We show existence of a measure-preserving regular lagrangian flow associated to the
vector field w defined by

wi(w) = [0,V P/ |(VP()) + [V2F|(VPi(2))J (VPy(z) — ), (9.47)

where P, and P; are as in Theorem 9.2. Recall also that, under these assumptions,
ful € Li%, (10, 00), L} (T2).

Existence for a weaker notion of Lagrangian flow of the semigeostrophic equations
was proved by Cullen and Feldman, see [CuFe, Definition 2.4], but since at that time
the results of [DF1] were not available the velocity could not be defined, not even as a
function. Hence, they had to adopt a more indirect definition. We shall prove indeed
that their flow is a flow according to Definition 9.11. We discuss the uniqueness issue

in the last section.

Theorem 9.12. Let us assume that the hypotheses of Theorem 9.2 are satisfied, and
let P, and P; be the convex functions such that

(VP)yLre = prLr2, (VP )upi L2 = Lpo2.

Then, for u; given by (9.47) there exists a measure-preserving reqular lagrangian flow
X associated to uwy. Moreover X is invertible in the sense that for all t > 0 there
exist Borel maps X ~1(t,-) such that X 1(t, X (t,z)) = = and X (t, X (t,x)) = = for
L?-a.e. x € T2

Proof. Let us consider the velocity field in the dual variables v.(z) = J(x — VP}(x)).
Since P} is convex, vy € BV (T?;R?) uniformly in time (actually, by Theorem 1.18(ii)
v, € WH(T?;R?)). Moreover v; is divergence-free. Hence, by the theory of regular
lagrangian flows associated to BV vector fields of Theorem 1.5 (notice that, since we
are on the torus, no growth conditions are required and trajectories cannot blow up),
there exists a unique measure-preserving regular lagrangian flow Y : T2 x [0, c0) — T?
associated to v.
We now define (see also Figure 9.1)°

X (t,z) == VP (Y (t, VEy(2))). (9.48)

The validity of property (b) in Definition 9.11 and the invertibility of X follow from
the same arguments of [CuFe, Propositions 2.14 and 2.17]. Hence we only have to
show that property (a) in Definition 9.11 holds.

Let us define Q™ := Bx*c"™, where B is a Sobolev and uniformly continuous extension
of VP* to T? x R, and ¢ is a standard family of mollifiers in T? x R. It is well known

®Observe that the definition of X makes sense. Indeed, by Theorem 1.18(i), both maps VP, and
V P/ are Holder continuous in space. Morever, by the weak continuity in time of ¢t — p: (Theorem
9.4(i1)) and the stability results for Alexandrov solutions of Monge-Ampere, VP* is continuous both
in space and time. Finally, since (VFPy)x %2 < L2, if we change the value of Y in a set of measure
zero, also X will change only on a set of measure zero.
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that Q" — VP~ locally uniformly and in the strong topology of I/Vlicl (T? x [0, 00)).
Thus, using the measure-preserving property of Y (¢,-), for all T'> 0 we get

n—o0

T
0= lim / / [1Qy — B!+ 1007 — 9Py +[VQp — V2B |} dydt.
T2 JO

n—oo

T
=t [ [ {I0R ) - VR )]+ [0QEY (1) - 0P (2,)
T2 Jo
HIVOFI(Y (t,-) — [V2P(Y (¢, -))I} dx dt.
Up to a (not re-labeled) subsequence the previous convergence is pointwise in space,
namely, for almost every = € T2,

T

lim {IQ?(Y(t,fL‘))—VPt*(Y(th‘))I +[0:QF1(Y (¢, %)) — [0 VE (Y (£, 2))]

n—oo 0

(9.49)
+IVQIIY (1, 2) — [V2RI(Y (t,2))| e = 0.

Hence, since Y is a regular lagrangian flow and by assumption
(VPy)) L2 < Zr2,

for almost every y we have that (9.49) holds at = = VPy(y), and the function ¢t
Y (¢, z) is absolutely continuous on [0, 7], with derivative given by

%Y(t,x) — (V) = J(Y(t2) - VPA(Y(ha)  for Llae. te0,T].

Let us fix such an y. Since Q" is smooth, the function QF (Y (¢,x)) is absolutely
continuous in [0, 7] and its time derivative is given by

%(Q?(Y(t,w))) = [0:QI(Y (8, 2)) + [VQI(Y (¢, 2)) J (Y (¢, 2) = VE (Y (£, 2))).

Hence, since J(Y (t,z)—VP; (Y (t,x))) = v(Y (t,x)) is uniformly bounded, from (9.49)
we get
lim — (QMY (t,2))) = [O,VE(Y (t,z)) + [V2P(Y (t,2)J (Y (t,z) — VP(Y (t,2)))

= wy(y) in L'(0, 7).
(9.50)

Recalling that

lim QMY (t,z)) = VP (Y (t,2)) = X(t,y)  Vtel[0,T],

n—oo
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we infer that X (¢,y) is absolutely continuous in [0, 7] (being the limit in W1(0,T) of
absolutely continuous maps). Moreover, by taking the limit as n — oo in the identity

td
QY (Y (t,z)) = Q(Y(0,2)) +/0 75 (QU(Y (s, 2))) ds,
thanks to (9.50) we get
X(t,y) = X(0,1) +/0 w,(y) ds. (9.51)

To obtain (9.46) we only need to show that w;(y) = u:(X (¢,y)), which follows at once
from (9.47), (9.48), and (9.50).
O
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