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ABsTRACT. Given a smoothly bounded non-contractible domain  C R2, we
prove the existence of positive critical points of the Trudinger-Moser embed-
ding for arbitrary Dirichlet energies. This is done via degree theory, sharp
compactness estimates and a topological argument relying on the Poincaré-
Hopf theorem.
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1. INTRODUCTION

Given a smoothly bounded domain Q C R?, i.e. a bounded domain with smooth
boundary, let H} = H} () be the usual Sobolev space of functions with zero trace
on 02 endowed with the norm || - ||z given by

luliy = [ IVulde.

Given any positive real number 5 > 0, our main purpose is to discuss the existence
of nonnegative critical points of the classical Moser-Trudinger functional

me:/(&Q—Qd% (1.1)
Q
constrained to the submanifold

Mg i={veH} : |oly =8} (1.2)
of H}. This is equivalent to finding a solution of the following elliptic problem

Au =2 ue?” , u >0 in Q,

u =0 on 0N, (&)
fQ |VU|2d£L' = 57
for some real number A, where A = —3,, — 0y, is the (nonnegative) Laplacian.

When 8 > 4, this is a long-standing open problem, that can be traced back to
the seminal work of Struwe [37], as we shall briefly explain.
Let us first state the celebrated Moser-Trudinger inequality [32, 34, 39] as
sup F(u) < oo if and only if 8 < 4. (MT)
uEMp
A simple consequence of (MT) is that for 5 € (0,4m) the functional F|x, admits
a maximizer. The existence of maximizers even in the critical case § = 4w, when
the Palais-Smale condition does not hold anymore (see [2]), is much more delicate,
1
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and was proven by Carleson-Chang [6] when 2 is a disk and extended to general
bounded domains by Struwe [37] and Flucher [20].

The existence of critical points of F'| s, in the supercritical regime 5 > 47 is even
more delicate, due to the critical nature of the nonlinearity which, in addition to
the failure of the Palais-Smale condition for every 8 > 4x (as shown in [10]), makes
the blow-up estimates very subtle and a priori leaves open possibility of no critical
points for any 8 > 4n. Instead, relying on the concentration-compactness principle
of Lions and on his own monotonicity trick, still in [37], Struwe proved the existence
of €9 > 0 such that F'|y, has a positive local maximizer for every § € (4,47 +¢o)
and a mountain pass-type positive critical point for almost every 8 € (4m, 4w + o).
The existence of a second positive critical point for every 8 € (4w, 4w + £9) was
proven by Lamm-Robert-Struwe [24] using a flow approach. In these results, there
is no condition on the smoothly bounded domain €2, but on the other hand, the
requirement that (3 is close to 4w is essential. This, of course, leaves open the
question of the existence of critical points of F'[rq, for 8 much larger than 4.

That this is not just a technical issue is confirmed by the result of the first and
second authors [28], proving that when  is a disk F|rq, has no positive critical
point for § sufficiently large. On the other hand, Del Pino-Musso-Ruf [14], in the
case in which € is not simply connected and [ is close to 8, or €2 is an annulus and
is close to 47N for some N € N* := N\ {0}, used a Lyapunov-Schmidt construction
to show the existence of critical points of F'|xq,. This suggests that the topology of
2 plays a crucial role in the solvability of Problem (£3), and justifies the assumption
of our main result, which reads as follows (see also Remark 2.5 below):

Theorem 1.1. Let Q C R? be a smoothly bounded non-contractible domain. Then,
given any positive real number B > 0, there exists a nonnegative function u, critical
point of F constrained to Mg C Hg. In particular, u is smooth and solves (£g).

Theorem 1.1, complemented with the previous results when 2 is a disk, gives a
fairly complete answer to the problem of the existence of solutions to (€g).

The case in which the domain 2 is replaced by a two-dimensional closed surface
was recently studied in [12] using the barycenter technique of Djadli-Malchiodi [17]
(see also Bahri [3]) taking advantage of the variational structure, a minmax argu-
ment together with Struwe’s monotonicity trick to obtain solutions of a subcritical
approximate problem for almost every 8 > 0, and blow-up analysis together with
energy estimates at critical energy levels to conclude.

In order to prove Theorem 1.1, we will use a different approach, based on the
Leray-Schauder degree. This can be divided in 4 main steps. First, assuming that
B ¢ 4nN, we will deformation Problem (&) to link it to the Mean-Field equation

_ 2e"

Au= PG (EMF)
u =0 on 0N,

studied e.g. in Ding-Jost-Li-Wang [16], and for which a degree theory approach has

been initiated by Li [25] and developed by Chen and Lin [8, 9].
More precisely, given 8 > 0, we consider the p-dependent family of problems

Au = p e u>0 in Q,
u =0 on 09, (EpB)

2— 2(p—1)

A ([ (e 1) da) T (fpuwreda) T =8,
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parametrized by p € [1,2]. Notice that (£2,3) is equivalent to (£3) thanks to
integration by parts, while (£1,3) can be easily deformed to (Eé”F).

That these deformations preserve the Leray-Schauder degree is a consequence
of the sharp compactness estimates that have been developed in a series of papers
([12, 18, 28, 29]), and that we can adapt to the case of a bounded domain (Theorem
2.1), upon ruling out boundary blow-up (thanks to Proposition 2.1 below). In
particular for every N € N and § € (47N, 4w (N + 1)) the Leray-Schauder degree
dp,3(2) is a constant, not depending on p € [1,2] and equal to the Leray-Schauder
degree dX'F(Q) of (Eé”F).

Then is suffices to compute dX (). That d}''(Q) = 1 is fairly easy, hence the
main issue is to compute the degree jumps di/{ (Q) — d}¥(Q) for any N € N, i.e.
(roughly speaking) the number of blowing-up families of solutions (u) to (E4F)
with S — 4w (N + 1). Using a Lyapunov-Schmidt construction (a so-called finite
dimensional reduction), Chen-Lin [9] reduced this problem to the computation of
the Brouwer degree of a finite dimensional vector field, see Proposition 2.3.

The third step is to compute the Brouwer degree of such vector field, i.e. Propo-
sition 2.4. The proof of this proposition, which is the most delicate part of this
work and will be given in Section 3, is based on a new topological argument and
a blow-up analysis, which allow us to use the Poincaré-Hopf theorem even in the
context of bounded domains, when the vector field does not always point outwards.
We will state this result in more generality than needed here, because its relevance
goes beyond its application to Theorem 1.1. Moreover with minor changes, this re-
sult can also be carried and applied to higher even dimension (see comments after
Proposition 2.3, and Remark 2.2).

These 3 steps are sufficient to compute the Leray-Schauder degree of (Eéw 0,
hence of (&, ) and (&), for every positive 8 ¢ 4nN. Finally, in order to also
include the case § € 47N*, we prove that for p € (1,2] solutions to (&, 3) are
compact from the left (Theorem 2.3 below).

Collecting these results we finally obtain:

Theorem 1.2. Let Q C R? be a smoothly bounded domain. Let p € (1,2], N € N
and B € (4nN,4nw (N + 1)] be given. Then the total Leray-Schauder degree d, 5()
of the solutions of (£, ) is well-defined and equals the binomial number (N_]’G(Q)),
where x(2) stands for the Euler characteristic of Q2. In particular, if either § is
not simply connected or if N = 0, we have dy, 3(Q) # 0, so that the set Cp () of
the solutions of (€, ) is not empty.

We adopt here the usual convention that (_01) =1 and (NA_,l) =0 for N € N*. We
recall that the genus ¢g(2) := 1 — x () is basically the “number of holes” inside €2,

so that € is simply connected if and only if x(2) = 1.

Interestingly enough, given p € [1,2), our topological assumption on (2 is sharp
in the following sense: (€, 3) does not have any solution for 8 sufficiently large, as
soon as ) is simply connected (see [4, 5]). Yet, for p = 2, we state the following
delicate question which looks open, except in the aforementioned case of the disk:

Open problem. Let Q C R? be a simply connected domain. Does there exists
B* > 4 such that (€g) does not have any solution for B > B*?

To conclude this introductory part, we mention that the degree formula in Theorem
1.2 also implies the existence of blowing-up solutions for (&, 3) (see Remark 2.4).
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2. PROOF OF THEOREMS 1.1 AND 1.2

Let us first notice that any nonnegative nontrivial weak H{-solution of the PDE
in (&, ) is smooth and positive in ©, as proven from Trudinger [39] with standard
elliptic theory (see for instance Gilbarg-Trudinger [21]).

As a first ingredient, since the nonlinearities in the right-hand of the PDE in
(€p,p) are autonomous, we may use the following by-product of the moving plane
technique, already used for instance by Adimurthi and Druet [1] in a similar context:

Proposition 2.1. Let Q C R? be a smoothly bounded domain. Then there exists
5,6 > 0 depending only on Q such that, for any nonnegative, nondecreasing C'*-
function f:[0,400) = R, for all v solving

Av = f(v),v >0 in Q,
v=0 on 092,

and all x € 09, the function t — u(x—tv(z)) has positive derivative in [0, 0], where
v(x) is the unit outward normal to Q) at x, and we have

Vo(z) =0 = d(z,00)>4§ >0. (2.1)

Proof of Proposition 2.1 (completed). The existence of § > 0 as in the statement of
the proposition is a direct consequence of the classical moving plane argument in
de Figueiredo-Lions-Nussbaum [11] if 2 is convex, while it has to be combined with
Kelvin’s transform in our general two-dimensional case, as observed by Han [22].
Then, since the map (¢, x) — x — tv(z) is a diffeomorphism from [0, J] x 992 onto a
neighborhood of 952 inside Q, up to reducing § > 0, (2.1) follows by compactness
of 09. O

Proposition 2.1 is an important ingredient to take advantage of the blow-up
analysis developed to get [12, Theorem 4.1] on a closed surface in our present
setting of a bounded domain 2, ensuring that no new phenomena arise close to the
boundary. Hence we have the following theorem:

Theorem 2.1. Let (\.): be any sequence of positive real numbers and (p). be any

sequence of numbers in [1,2]. Let (u.). be a sequence of smooth functions solving
Au. = pAeul="e" | u.>0in Q, (2.9)
us =0 on I, .

for all . Let . be given by

2(pe—1)

p= 2 ([ (o) ) ([arer )
Q Q

for all €. If we assume the energy bound
lim 3. = 8 € [0, +00),
e—0

but the pointwise blow-up of the u. ’s, namely lim._,o maxq u, = +o0o, then A, — 0T
and there exists an integer N € N* such that f =4nN .

Independently, multiplying the equation in (&, g) by a first Dirichlet eigenfunction
vy of the Laplacian, integrating by parts and using pt?~'e!” > 2t for all t > 0 and
p € [1,2], we get

0<22< Xy (2.3)
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as soon as a (nontrivial) solution u of (&, 3) exists.

Outline of the proof of Theorem 2.1. Overall, the proof follows closely [12, Sections
2-4]. Tt is even simpler in the present framework where Dirichlet boundary condi-
tions are imposed, since we no longer need to handle the additional coercivity term
hue in the left-hand Agju. + hu. of the equation in [12, equation (4.1)] analogue
to (2.2) here: indeed, all along the argument of [12], this additional term is just
estimated by error terms which can be taken now to be zero.

More precisely, as pioneered by Druet [18, Sections 3-4] when p. = 2 for all & (see
also [19, Section 3]), we start with the following proposition giving a first pointwise
exhaustion of the concentration points, as well as weak gradient estimates under
the assumptions of Theorem 2.1:

Proposition 2.2. Up to a subsequence, there exist an integer n € N* and sequences
(@ie)e of points in Q such that Vu.(x; ) = 0, such that, setting v; . = ue(T; ),

2
Wie 1= ()\Epgwi(eil)ve’i) -0, (2.4)
and such that
B (e — el i) = Toi= I (14 ) in (R, (25)
as € — 0, for alli € {1,...,n}. Moreover, there exist C > 0 such that we have
in i — ||V < Cin ©

for c_zll e. We also have that lim._,o ;. = x; for all i, and that there exists ug €
C?(O\S) such that

lim u. = ug in CL.(Q\S),

e—0 B

where S C ) consists of all the x;’s.

About the concentration points z; . of this proposition, being critical points of
the u.’s by construction, (2.1) yields that they cannot collapse to the boundary so
that proving Proposition 2.2 does not require new arguments with respect to the
ones to get [12, Proposition 4.1]. In addition, (2.3) and (2.4) yield that 7; . — 400,
so that (2.5) really points out a concentration profile at first order for the u.’s.

But at that stage, as in [12, Section 2|, the strategy is to consider a radially
symmetric much more precise ansatz solving the same equation (i.e. set now hg =0
in [12, (2.6)]), whose relevance in the non-radial setting can be quantified (see [12,
Section 3| picking now A = 0 in [12, (3.8)]). Thus assumption [12, (2.5)] and the
related [12, (3.6), (3.17)-(3.19), second requirement in (3.21), (4.26), Lemma 4.1]
can be now ignored. The terms w;. in [12, (4.47)] and W, in [12, (4.85)] used
to control this additional linear term are also now useless and we eventually do
get Theorem 2.1 by following the lines of [12, Sections 2-4], since no specific new
difficulty may arise close to the boundary thanks to Propositions 2.1 and 2.2. As a
last important remark, the lower bound on d(z; ., 9Q) from Proposition 2.2 is also
used to get the key property A. — 0T, arguing as in [12, Step 4.2]. O

Remark 2.1. As pointed out in [31], the positivity of the u.’s is essential to have
energy quantization (i.e. [ € 4nN*) in Theorem 2.1. Moreover, even restricting
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to nonnegative functions, we stress that there exist Palais-Smale sequences asso-
ciated to (Eg) with arbitrary limiting energy B > 4w and converging weakly to 0
in H} (see Costa-Tintarev [10]), so that not only the quantization, but even the
quantification proved for solutions by Druet [18] fail for general Palais-Smale se-
quences (see also [30] for examples with non-zero weak limit entering in the frame-
work of [18], but where quantization fails). This is in striking constrast with a
large class of otherwise closely related critical problems for which quantification al-
ready holds for Palais-Smale sequences (see for instance the pioneering work [36]
by Struwe). This is maybe the clearest evidence of the huge difficulty to run directly
standard variational techniques generating Palais-Smale sequences to solve (Eg),
and motivates our compactness techniques considering only exact solutions instead
of Palais-Smale sequences.

In the specific case of the mean-field equation, i.e. when p. = 1 for all €, with
the same notation and assumptions as in Theorem 2.1, we obviously get

A Ae|Q
BME ::?E/e“dz:ﬂeJr g |%6:47TN€47rN* (2.6)
Q

as ¢ — 0. At that stage, another additional ingredient for our proof is the following
result stated here with the same notation and conventions as in Theorem 1.2:

Theorem 2.2. Let Q C R? be a smoothly bounded domain and h € CY(Q) be
positive. Let N € N and f € (4nwN,4n(N + 1)) be given. Then the total Leray-
Schauder degree d%f(@) of all the solutions of the mean-field equation

_ 2he"
Au = BIQ hetdx ’ ((c/’MF)
u=0 on 00, ol

is well-defined and equals (N?\}(Q)).

As an obvious remark, a solution of (Eé‘/[,f ) has to be positive in §2. Theorem
2.2, which is only needed here for a constant function h > 0, has been stated first
in Chen-Lin [9]. Indeed, these authors show in their beautiful work:

Proposition 2.3 (Chen-Lin [9]). For all N € N and all § € (47N,47(N + 1)),
dé”f(ﬂ) is equal to a constant dXI¥'(Q), which is 1 for N = 0. Moreover, we have
the following degree jump formula:

1)V
L@ - ayr @) = C0 d(van, 0"\ Dy @7)
where
Onn(r,..,on) =87 Gz, x;) +4m > H(ziw:)+ > Inh(z) (28)
i#j 1<i<N 1<i<N

is defined in QN \ Dy with Dy = {(21,...,2n) € QN : Ji # j, x; = x;}, where
G is the Green’s function of A with zero Dirichlet boundary conditions on €2, where
H is the regular part of G normalized here as

1

h
2m |z —y|

and where deg(V®y 1, Y \ Dy, 0) is the Brouwer degree (or total index) of the
vector field VO p,.

+ H(z,y), (2.9)
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Contrary to what occurs on a closed manifold, it turns out that, in order to
compute the degree of V& j, the classical Poincaré-Hopf formula does not directly
apply in the present setting of a bounded domain since V®y ; points outwards
only on a strict subset of the boundary of its domain, non-empty as soon as N > 1.
Another goal of this paper is to provide an argument showing that, for topological
reasons relying strongly on the fact that every connected component of 92 has zero
Euler characteristic in our two-dimensional case (crucial point in Lemma 3.5, see
also Remark 2.2 just below), the following formula for the degree of V®y ; holds
in the present setting of a smoothly bounded domain €2, so that the degree formula
in Theorem 2.2 follows from Propositions 2.3 and 2.4.

Remark 2.2. [t is known that any closed odd-dimensional manifold has zero Euler-
characteristic, so that this aforementioned property for every connected boundary
component of OQ) holds more generally for any smoothly bounded Q C R™ with n
even. Indeed, with minimal changes, our proof extends to this case which is relevant
for instance for the fourth-order mean-field equation in Lin- Wei- Wang [27].

Proposition 2.4. The degree of V®y, is well-defined on QN \ Dy and one has
deg(Ven 1, @\ D, 0) = x(Q)(x(2) = 1)-..(x(2) = N + 1). (2.10)
Proving Proposition 2.4 is the purpose of Section 3.

We are now in position to prove Theorems 1.1 and 1.2, starting with the specific
case where S > 0 is out of the set 47N* of the critical energy levels.

Proof of the degree formula of Theorem 1.2 for 8 ¢ 4nN*. During this whole first
part, we fix N € N and 8 € (47N, 4n(N +1)). For t € [0,1] and p € [1,2], let
Tp,5 and Tt{%F be the Fredholm-type nonlinear operators given for any non-negative
non-zero function v € C*(Q) by

2BvP~1e?”
2— 2(p—1)

p([y (e —1) d:c)Tp (Jovrer"dz) P

Tpﬁ(v) =V — A_l

and

23e"
TMF () — 4 — A1
t,B ('U) v fﬂ(eu . t)dx )
where A~!f is the solution w of Aw = f with zero Dirichlet boundary conditions.
By Theorem 2.1 and formula (2.6) with standard elliptic theory and (2.3), there
exist constants C' > ¢ > 0 such that

HU”cl(Q) < C and u > cvy in Q

for all u positive in € solving Tt{%F (u) = 0 for some ¢ € [0,1], and all u solving

T, 5(u) =0, i.e. (& p), for some p € [1,2], where v is still a given first Dirichlet

eigenfunction of A chosen positive in Q. Let C3(€) be the closed subspace of C1()

consisting of the functions vanishing on 9. Let V be the open subset of CZ()
given by

16 v>cvp in Q,

V= { veCH() st lollen iy < C } .
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Using Hopf’s lemma, observe that only positive functions in {2 are in the closure
of V for the C'(Q)-topology, in particular neither the zero nor any sign-changing
function is in this closure. Then,

(p,v) — Tp g(v) and (t,v) — Tt%F(v)

are continuous from [1,2] x V and [0,1] x V respectively into C}(Q2), by standard
elliptic theory. Observe in particular that this continuity does hold for T}, 3 up
to p = 1 despite the jump of (p,t) € [1,2] x (0 + c0) — ptP~let” at t = 0F
as p — 1. Using also that these operators do not vanish on the boundary of
V by construction, the total Leray-Schauder degree d, g() := degrg(Tp,5,V,0)
(resp. d%F(Q) = degLS(Tt%F,V7O)) of all the solutions of (£, 3) (resp. of all
the functions v > 0 in Q such that T, t]’véF (v) = 0) is well-defined, see for instance
Nirenberg [33].

Remark 2.3. It is convenient to work here within the space C&(Q), but one could
ask whether the degree thus defined coincides with the one that one could define
within the natural variational space H}. The arguments in Li |26, Appendix B|
slightly transposed to the present situation show that it is actually the case.

Now, for ¢t = 0, the formula for the total degree dé%F () of all the solutions of
(Eé‘/f £ is given by Theorem 2.2. Moreover, we clearly have T} 5 = TLMBF , o that
d1,5(02) = d{‘ffﬁF(Q). Using then our definition of V, Theorem 2.2 and the homotopy
invariance of the total Leray-Schauder degree as far as compactness holds, we have
dpp(2) = d1,5(Q) for all p € [1,2] on the one hand, while d}}"(Q) = d}!J () =
d'f(Q) for all ¢t € [0,1] on the other hand, which concludes the proof of Theorem
1.2, and thus that of Theorem 1.1, in this first case where § & 47N*. O

Remark 2.4. Let p € [1,2] be fized. A posteriori, by contraposing the homotopy
invariance of the Leray-Schauder degree as far as compactness holds, observe that
the effective degree jump of dp g() at the levels B € 4nN*, as soon as the genus
g(2) is greater than 1, imposes the existence of a sequence of blowing-up solutions
with limiting energy 8 = 47N for all N € N* as in Theorem 2.1 with p. = p (see
also Deng-Musso [15] or del Pino-Musso-Ruf [13, 14] for specific constructions of
such blowing-up solutions for (€, )).

In order to complete the proof of Theorems 1.1 and 1.2, it remains to treat the
case 8 € 4wN*. This will be based on the estimate in the following theorem, saying
roughly that for p € (1,2] the amount of Dirichlet energy near each blow-up point
approaches 47 from above. This estimate was first proven in the radial case and
for p = 2 by Mancini and the second author [29], then extended to the case of
a bounded domain in R? by the third author [38] (see also Ibrahim-Masmoudi-
Nakanishi-Sani [23] for related results), finally on a closed two-dimensional surface
[12, Theorem 5.1]. Taking Proposition 2.1 into account, the proof of [12, Theorem
5.1] can be easily adapted to yield:

Theorem 2.3. Assume p. = p € (1,2] for all € and let uc, \e, B — B =4nN €
47N* be as in Theorem 2.1. Then

Ap—1)(1 +o(1 1
5. > ar [ N4 2 )(2+0( ) Y | ase—o0 (2.11)
p 1<i<N Yie

where the sequence (Vie)e is given by Proposition 2.2 for all i.
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Conclusion of the proof of Theorems 1.1 and 1.2. We fix now p € (1,2]. Then,
from Theorem 2.3 we get that . > [ for all € small enough in Theorem 2.1.
As a consequence, for any given N € N and small n € (0, 1], we have compactness
of all the solutions of (£, ) for all 8 € [4n(N + n),4n(N + 1)]. In particular,
we may define as above an open neighborhood V' C C}(f2) containing all these
solutions and whose closure contains only positive functions in 2. Then, the map
(B,v) = T, 5(v) is continuous from [4r(N + n),47(N + 1)] x V' to C3(Q) and,
by a deformation argument as above, we get that the total Leray-Schauder degree
deg;s(Tp.5,V’,0) of all the solutions of (&, 3) is well-defined and does not depend
on B € [4n(N +n),47(N + 1)]: Theorems 1.1 and 1.2 are proven. O

Remark 2.5. Relying now on [19], we may get a more general non-homogeneous
version of Theorem 1.1, which can be stated as follows:

Theorem 2.4. Let 2 C R2 be a smoothly bounded domain and h be a smooth
positive C?-function in Q. Let F}, be given in Hg by

F(v) := /Q <6”2 — 1) h dx

and Mg C H{ be as in (1.2). Assume that Q is not contractible. Then, given
any positive real number 5 > 0, there exists a nonnegative function u, critical point
of Fy, constrained to Mg. In particular, u is smooth and solves (€, 5,n) below for
p=2.

Proof of Theorem 2.4. We fix p = 2. Given 8 € (4nN,4n(N + 1)], we claim that
the total Leray-Schauder degree d,, g ,(€2) of the solutions of

Au = p huP~'e*”  u >0 in Q,

m j 0 on 99, - . (Ep.p.h)

A uP P uP _

B (o (& =) hdz) ™ (Jourehde) 7 =8,
is well-defined and does not depend of h, positive C?-function in €, so that it
always equals (N _]’f](m), formula given by Theorem 1.2 for h = 1. Indeed, first
given § > 0 out of 47N*, it follows from the quantization and the associated
compactness result in [19] that dp g, () is well-defined and does not depend of
r € [0,1], where h, = (1 — r) + rh. Fixing now such an h, N € N and n € (0,1]
and using that boundary blow-up cannot either occur for the solutions of (&, .5)
(see Remark 2.6 just below), the energy estimate in Theorem 2.3 from [12, Section
5] still holds here and gives the compactness of all the solutions of (£, ) for all
B € [4n(N +n),4n(N + 1)], so that d, g (2) does not depend on § in this range
by following the second part of the above proof: Theorem 2.4 is proven. O

Remark 2.6. Ezcluding boundary blow-up is actually the most delicate part in [19]
where p is fixed equal to 2. The analogue property appears to be open for p € (1,2).

3. DEGREE FORMULA FOR THE VECTOR FIELD ASSOCIATED TO 5;,‘4{ ON A
BOUNDED DOMAIN ()

The purpose of this section is to prove Proposition 2.4. Let G be the Green’s
function of A with zero Dirichlet boundary conditions and H be its regular part
with the convention in (2.9). Given y € Q, notice that

G(z,y) > +o00 aszx—y and that H(z,z) - —c0 as x — 0.
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Given a positive function h € C*(Q), let @ ;, be given by (2.8). To fix the notation,
we will write

V(I)N,h(xla e 71’]\[) = (le@Nyh(xl, e ,(EN)7 .. ~,va<DN,h(m1, e ,{EN)),

with

Vi, PN n(w1,...,o8) = 167 Z VG(xj,xe) +8TVH(z;, ;) + )
1<O<N (CEJ)
i

where we denote by VG(z,y) and VH(x,y) the gradient with respect to the first
variable.

In order to get Proposition 2.4, we first need to analyse the compactness of the

critical points of @y p.

3.1. Compactness of critical points of ®y ;. In this subsection we prove that,
uniformly with respect to ¢t € [0, 1], critical the points of

¢§v7h($1, .o, TN) = 8T Z G(x;, ;) +4m Z H(xg,z;) +t Z In h(x;)
131_',#]‘51\7 1<i<N 1<i<N
i#j

cannot be arbitrarily close to the boundary of QY \ Dy, implying that the degree
in Proposition 2.4 is well-defined. More precisely, define

(QN\ Dy)s := {(z1,...,o5) € QN \ Dy :|z; — ;] > for 1 <i < j <N, (3.1)
d(x;,00) > for 1 <i < N}.
Lemma 3.1. For every M > 0, there exists § > 0 such that
VO (21, ... an)| = M, for (z1,...,2n) € (QV\Dn)\ (Q¥\ Dn)s, t € [0,1].
As a consequence, the degree of V<I>§V7h is well-defined on QN \ Dy as
deg(V®y 4, 2V \ Dy, 0) := deg(V®n 4, A,0),
for any open set A with (AN \ Dy)s C A C QN \ Dy.

Proof. Consider sequences

(ti)ken C [0,1], (14, .- TN k)ken C QY \ Dy
such that
VEOR (@1, an k) = O(1), as k — oc. (3.2)
Set
ik = min {dlk,rjnggl |z 1 — xj,k|} . dig o= d(z k5, 00). (3.3)
Up to extracting a subsequence and reordering the indices we can assume that
rie <rjE, for1<j <N, (3.4)
and set
Th=T1k, Tk =1k, 0k :=dig. (3.5)

It suffices to prove that liminfg_, 7x > 0. Then we assume, by contradiction, that

lim ry = 0. (3.6)

k—o0
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We now scale the domain 2 and the functional @f\’;h at xx by a factor rp. More

precisely, we set Qy, := r;l(Q — x1) and, for (21,...,2n) € QY \ Dy, we define
Er(z1,..,2N) = (I)?{;,h(xk + T2, Tk + TEZN)
= 81 Z gk(zi,zj)—&-élw Z Hk(zi,zi)-i—tk Z lnhk(zz)7
1<i,j<N 1<i<N 1<i<N
17

where Gj and Hj, are the Green’s function of A on € and its regular part, and
hi(z) == h(xzp + r2). Then (3.2) gives

VEk(Zl,k7"'7ZN,k) :O(Tk)7 as ]f—)OQ7 (37)
where
(Zl,ka e ,ZN“IC) = (r;l(xl,k — l'k), e ,’l"k_l($N’k — (tk))
Up to a further subsequence we set
D:={ie{l,...,N}: |z — x| = O(r) as k — oo}, (3.8)
and have
lim kT e (1, NY\D. (3.9)
k— o0 Tk

Clearly D # (), since 1 € D. Define also, up to a subsequence,
Z" = (zi)ieps 2y = (zig)iep = Zs = (Zi,00)ieD, 85 k — 00,
Notice that (3.3) and (3.8) imply

1
ark <l|zir—xjr| <Cryp fori,jeD, i#j, (3.10)

and in particular 2. # zj00 for 7,7 € D, i # j. We now define the “reduced”
functional

E’D,k(zh .. .,ZN) =81 Z Qk(zi,zj) +47TZH]€(Z¢,Z,‘) + t Zlnhk(zi)

i,jED ieD i€D
7 (3.11)
+ 167’(’2 Z Qk(zi,zj).
i€D 1<j<N
J¢D
From (3.7) we get
V2 Epk(21k, -5 2nk) = O(rk). (3.12)

Taking (3.6) into account, we now consider 2 cases.
Case 1. Assume that, up to a subsequence,
rr =o(dg) ask — oo. (3.13)

Then € invades R? as k — oo and, choosing K C R? compact containing z; ;. for
1 € D and k large, we get from Lemma A.1

Tk

1 1
VG (i, 2jk) = %Vlnm +0 <dk
i, 7,

>, for i,j € D,

1
VGi(eik 2ia) = 5o VI
T, 75

o) (:f) —o(1), forieD,j¢D,
k

VHi(ziks zik) = O (Zk) for i € D,
k
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as k — co. Moreover VInhy(z; ) = O(ry) as k — oo for ¢ € D. Then from (3.11)
and (3.12) we infer

VEpr2(Z;,) =o0(1), ask — oo, (3.14)
where
Eppe(Z) =4 ) ln P Z]| (3.15)
1,JED
i#]

Notice that, thanks to (3.3), (3.8) and (3.13), we have DN {2,..., N} # (). Since
also 1 € D, the sum in (3.15) is non-empty. Letting now k — oo in (3.14) it follows
that VEp R2( /) = 0. This contradicts Lemma A.3.

Case 2. Assume that we are not in Case 1. Then since r, < dj, we have up to a

subsequence

d

RLIENY >1, ask — oo.

Tk
Then, up to a rotation, Q converges to the half-space H = {(z,y) € R? : y < L}.
Let Gy and H g be the Green’s function on H and its regular part, as given explicitly
in the appendix. Choosing K C H compact containing z; j, for ¢ € D and k large,
by Lemma A.2 we estimate

ng(zz ks Zj,k) = VQH(ZNC, Z]'Jg) + 0 (Tk) , fori,jeD
vgk(zz ks Zj,k) = 0(1)7 for i € Da j ¢ D
Hi(zikyzik) = VHu(Zik, zik) + O (rg)  for i € D,

and VlIn hk(zlk) = O(r;) as k — oo for i € D, hence, from (3.11) and (3.12) we
obtain

VZp.u(Z}) = o(1), ask— oo, (3.16)
where
ED7H(Z/) = 87 Z gH(Zi,Zj) + 47TZHH(Zi,Zi).

1,j€D i€D

i
Letting k — oo in (3.16) we get VEp g (Z.,) = 0, contradicting Lemma A.5.
These contradictions, arising from assumptions (3.2) and (3.6), complete the proof
of the lemma. O

A first consequence of Lemma 3.1 is that the degree of @, does not depend on
h, so that in the following we will work with h = 1.

Corollary 3.1. We have
deg(V®y 4, 2 \ Dy, 0) = deg(Vey, QY \ Dy, 0),

where, for (z1,...,xx) € QN \ Dy,
q)N(.Z’l,...,JCN) =87 Z g(xi,xj)+47r Z H(xz,xz)
IS?;Z_SN 1<i<N
i#]

Proof. We can deform @y = <I>}V) p into &y = @?V,h and use the invariance of the
degree under homotopy, since for § sufficiently small and t € [0,1], <I>’§V7h has no
critical points on 9(QN \ Dy )s. O
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3.2. Bending the Robin function to apply the Poincaré-Hopf theorem.
Since we will not be able to apply the theorem of Poincaré-Hopf directly to V&
to compute deg(V®x, QY \ Dy,0), as V@ does not always point outwards near
QN \ Dy), we now introduce a modified function ®y by bending the function
H(y,y) upwards near the boundary of €2, in order to obtain a function that tends
to +o00 on (QN \ Dy). More precisely, let 7 € C°°([0,00)) be a non-decreasing
function such that
1 1

T(t)=1 fort> 2 T(t)=—-1 fort< T

and set

H(x) = H(x, x)T (d(y’;m) , (3.17)

see Figure 1. Let then &y be given in QY \ Dn by

FIGURE 1. Heuristic sketch of H near 92

(i)N(LUh...,{EN) =87 Z Q(a:i,mj)—l—éhr Z 7‘2(1‘2) (318)
1<ij<N 1<i<N
i#£]

We next show that for 0 < ¢’ < /2 and for § sufficiently small (depending on
d'), the topological strips determined by §" < d(y,0) < § is a forbidden zone for
critical points of ®, as made precise in the following lemma.

Lemma 3.2. For every M’ > 0 there exist § > 0, such that for any ¢’ € (0,6/2)
there exists § € (0,8'/2) such that, setting @y depending on § as in (3.17)-(3.18),
we have

|V<i>N(:c1,...,xN)| Z M'

if (z1,...,2zn5) € QN \ Dy is such that §' < d(milaﬂ) < 4 for some1 < i < N.
In particular, if (x1,...,2N) s a critical point of @y, then either d(x;,0Q) > § or
d(z;,00) < &' for everyi=1,...,N.

Proof. Fix M’ > 0 and let ¢ := mini<;<n 07, where J; is the constant § appearing
in Lemma 3.1 applied with N replaced by I and with M = M’ +1 > 0.
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Assuming by contradiction that the lemma is false, we can find ¢’ € (0,6/2), and

sequences 0, — 0 and (1 k,...,Znk) C QON\ Dy such that, for <i>N7k defined using
Ok, we have
|v‘iN7k(1‘17k,...,$N7k)| <M’ ask—)oo, (319)
and such that, up to relabelling,
8 < d(xq,00) < 4. (3.20)

Up to passing to subsequence and a further relabelling, let I € {1,..., N} such that
len;O d(x;f,00) >0 for1<i<I, (3.21)
and
kli_}r{)lod(xj,k,afl) =0, I+1<j<N.
By (3.20) and Lemma 3.1 we have
VO (T1s- - )| > M +1, (3.22)

where

Or(xy,...,27) =87 Z G(x;,xj) +4m Z H(xzi, x;).
1<i j<I 1<i<I
i#j
Observe, on the other, hand that
VG(xik,xjk) =0(1), 1<i<I, I+1<j<N, (3.23)

with o(1) — 0 as k — oo (since z; , is approaching 0f2, while z; 1, is not as k — 00).
Then, by (3.21), for k large enough (hence ¢y, sufficiently small), we have

ON k(@1 TN ) =P (1) F 16T > G(wik,Tjn)

1<i<TI
[+1<j<N
+ 87 E G(xi g, wjp) +4m E Hi (k)
[4+1<ij<N [+1<J<N

Then, setting X' := (z1,...,27), from (3.19), (3.22) and (3.23) we get
M’ >|VX/(i)N,k(x1,k, ey xN,k)| = |V(I)[(.T1,k, e ,xlyk)| + 0(1)
>M'+1+o(1),

giving a contradiction for k large enough. O

We now have the analog of Lemma 3.1 for ® .

Njon

Lemma 3.3. For every M” > 0 there exists 0" < % depending on & and M" such

that
‘V‘i)N(xlaaxN” > M"

for every (z1,...,2n) € QN N\ Dn)\ (QV\ Dn)sr. In particular, all the critical
points of V®x are in (AN \ Dy)s» and we can define

deg(VOx, QN \ Dy, 0) := deg(VPy, 4,0),
for any open set A such that (O \ Dy)s» C A C QN \ Dy.
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Proof. The proof by contradiction is essentially identical to the proof of Lemma
3.1, upon noticing the following facts. In Case 1, namely ry = o(dg), if (up to a
subsequence) dy — 0 as k — oo, then

H(xir) = —H(xig, xip) forieD, Fklarge,

hence
V?jlk(zi’k) = —VHi(zik, zik) =O(rg), forieD, Fklarge.
If di. 4 0, from (3.17), we bound
(

\VH(2i1)| = O(VH (@i g i) + C5|H(zi g, 2ix)|) = O(1), ask — oo, €D,

hence again VHy(zix) = O(rg) as k — oo for i € D, where Hy(2) = H(
riz). Then, up to a subsequence, Z; converges to Z.,, a critical point of Zp g,
contradicting Lemma A.3.

In Case 2, since d(x1x,09) — 0, we also have d(z; x,0Q) — 0 as k — oo for
1 € D, hence ﬁ(xzk) = —H(zip, wi ) for i € D and k large enough. Then, setting
Epy as in (3.11) with hy, = 1 and Hg(z;, 2;) replaced by —Hy(z;, 2;), we obtain
VEL y(ZL,) =0, where

EB7H(Z/) = 87 Z QH(zi,zj) — 47TZHH(Z1’721');
i,_ji_D €D
17]

contradicting Lemma A.5. O

We recall next a variant of the classical Poincaré-Hopf index theorem, which can
be found e.g. in [7], pages 99-104 (here we adapt the statement to our purposes).

Proposition 3.1. Let U C R™ be an open set and consider f € C*(U,R). Assume
also that, for some b € R, f°:={x € U : f(x) < b} has compact closure, and that
f has no critical points in f~1(b). Then we have

deg(Vf, f*,0) = x(f"). (3.24)
Lemma 3.4. We have
deg(VOn, QY \ Dy, 0) = x(Q)(x(Q) — 1)...(x(Q) — N + 1). (3.25)
Proof. Since
lim Oy (z1,...,2N) = F00,

(z1,...,zN)—=O(QN\Dn)
we can take b > 0 large enough such that
(QV\ Dn)sr C (En)",
where §” is as in Lemma 3.3 with M” = 1. Then, since (2N \ Dy)\ (®x)" contains
no critical points of @ by Lemma 3.3, we can apply Proposition 3.1 to get

deg(VOn, QN \ Dy,0) = deg(VOy, (®n)°,0) = x((Pn)?).

Since (Y \ D)\ (®n)° contains no critical points of ®y, we can use a gradient
flow to retract (QV \ Dy) to (®x)°. Therefore x((®x)°) = x(QV \ Dy), and we
conclude with Proposition B.1 below. O
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FIGURE 2. (1‘1, Ce ,xN) S @35/71 = ((Q(;)I \ D[) X ((E5/)N_I \ DN,])

3.3. Counting the new critical points. By bending the Robin function we have
in general created new critical points near the boundary. In this section we will
show that these new critical points do not change the total degree. To this purpose,
we now define the following sets (see Figure 2):

Qs :={yeQ : dy,o0) >d}; Js:=0Q\Q,
and for 0O< I < N
@}_’5,71 = {(xl,...,mN) e QN\DN D1y .., 21 €805, Trp1,.. ., TN € 25/}
= ((25)"\ D1) x ((Z5)N "\ Dy_1);
Os.5/1 = {(xl,...,a:N) e OV \ Dy : (To(1), - To(n)) € OF 5.1
for a permutation o € SN};

Os55n1 =955 1N ( QY \Dn)sr, Oser6m1=0s51N0 (2" \ Dy)sr.

By Lemmata 3.2 and 3.3, we can define for 0 <7 < N —1
deg(Vi)N, ©s.6.1,0) := deg(V&)N,A, 0)

for any open set A such that ©ss 671 C A C Oss 1. Moreover, there are no
critical points of @y in (QN\ Dy) \ UN_,Os.6 .1 by Lemma 3.2; therefore by the
excision property and noting that ©s 5 n = ()" \ Dy and that by = dy inside
(25)N \ Dy, we have

N-1
deg(Voy, 2V \ Dy, 0) = deg(Ven, (25)" \ Dx,0) +Zdeg V®y,Os.4.1,0)
=0

N—
N
oo (0 \Dy.0) + Y () ) den(Vin 03100
I=0

(3.26)
Lemma 3.5. Up to choosing &' sufficiently small in Lemma 3.2 (and & and 6"
correspondingly), we have that
deg(VOn, O} 5 ,0) =deg(Vx @1, ()" \ Dy,0)
x deg(Vxn®n_1, (e )N "\ Dy_1,0),
for0<I < N —1, where
XI:(.’E]_,...,J}[), X//:($I+1,...,$N), X:<XI,X//),

and the degrees are well-defined intersecting the domains with (Qf \ Dp)s» and
(QNﬁI \ DN—I)&” .
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Proof. For X € ©F 5 ; we have
r; €Qs forl1<i<I, To €Xg forI+1<a<N. (3.27)
Interestingly, the gradient almost decouples into the first I components and the last
N — I. In fact, since H(x) coincides with H(z, z) for z € Q;5, we have
O (X) =07(X') + Pn_r(X") + Er,n(X),
where
dy_;(X") =8n Z G(xq,zp) + 47 Z H(za);

I+1<a,b<N I+1<a<N
a#b

Ern(X) =167 > G(zi,3a).
1<i<I<a<N
Notice that
G(wi,z0) = 05:(1), VG(25,74) = 05 (1),
with os/(1) — 0 as ¢’ — 0 (for § fixed), uniformly with respect to z; and z, as in

(3.27). Now observe that X = (21,...,2n) € 005 5 51 1 (With 6" < ¢ to be fixed)
implies that one of the following holds

(1) |lzi —x;| =9" forsome 1 < i< j <I;

(2) |zq —xp| = 0" for some I +1<a <b< Nj;

(3) d(x;,00) =9 for some 1 <i < I;

(4) d(z,,00) =0 for some I +1<a < N;

(5) d(zq,00) =§" for some I +1 < a < N.

If we choose M = M’ = M"” =1 in Lemmata 3.1, 3.2 and 3.3 and 4, §’, 6" sufficiently
small, we obtain that in all the above cases

max{|Vx @ (X')|,|Vxr®n_1(X")|} > 1, for X € 90} 45 5 ;. (3.28)

Then, by the analog of (3.23), we can choose ¢’ even smaller (changing also B
accordingly) so that in addition to (3.28) we also have

IVEr n(X)] < % for X € 005 5/ 51 1- (3.29)
Consider now for t € [0, 1]
DN (X) = ®1(X') + Dn_r(X") + 121N (X).
Then (3.28)-(3.29) imply at once
VN (X)| 2 [(Vxr@r(X'), Vir®n—1(X")|=|VEr N (X)] > 0 for X € 905 5 g0 1.
By the invariance of the degree under homotopy, we obtain
deg(Voy, O35 ,5m.1,0) = deg(VOY, O5.5,57.1:0)
= deg((Vx/®1(X'), Vxrn®n_1(X")), 055 5 1,0),

and we conclude by the product formula of the degree. ([l

(3.30)

Lemma 3.6. Up to choosing &' sufficiently small (reducing 0,06" accordingly), for
1 < J < N we have

deg(VéJa (25’)J \ DJ) O) =0.
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A

Proof. We will work on the the larger domain Ygs/, and modify # in the strip
o5 \ By = Qs \ Qo5 by defining

Aw) = F(a) + o <d<1’69>> |

S5
where o € C*°([0,2)) is non-negative, non-decreasing, and
0 for 0 <t <1,
olt) = {ln (ﬁ) for % <t<2.
Clearly H =H in Xy, so that
deg(V®;, (25)7 \ Ds,0) = deg(V®, (5)7 \ Dy, 0), (3.31)
where, for (x1,...,77) € ($2s5/)7 \ Dy,

. ~ d(z;, 00
(I)J(Il,...,xj):(I)J(.’I,‘l,...,LI,‘J)—f— Z O'((x(sl))
1<i<J

(3.32)

Thanks to Lemmata 3.7 and 3.8 below, we can choose 0" > 0 even smaller than be-
fore, and 0 accordingly small (without affecting the previous results, which are
valid for ¢, § and ¢” sufficiently small), so that ®; has no critical points in
((225/)‘] \ (25/)‘]) \DJ . Then
deg(Vy, (B5)7\ Dy, 0) = deg(VPy, (S25)” \ Dy, 0). (3.33)
Since now
lim i)J(xl,...,xJ)z—i—oo,

(@1,0,27)=0((E25r)7\D.y)
we can apply Proposition 3.1, and get

deg(V,, (Zo5)” \ D, 0) = x((Za5)” \ D). (3.34)
On the other hand, x(3a5) = 0, since Y5 retracts to a union of circles (up to
choosing ¢’ sufficiently small) and x(S') = 0. Then it follows from Proposition B.1

X((B26)” \ D) = 0.

This, together with (3.31), (3.33) and (3.34) yields deg(V®y, (X5)7 \ Dys,0) =
X((EQ(;/)J \ DJ) =0. [l
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Lemma 3.7. For 1< J < N and M’ >0 and 6 > 0 there exists &' € (0,6/2) such
that

|V‘IIJ| ZM/ m (ZQgI)J\DJ,
where, for x1,...,x5 € (Q\ Qas)? \ Dy,

Uy(xy,...,xg5):=D5(x1,...,25) + Z 0<d(567;6,/39)>

1<i<J
d(x;, 00
= 8m Z g(dii,ilij)+4ﬂ' Z H(x;) + Z O'((xél)),
1<ij<J 1<i<J 1<i<J
i#]
(3.35)

and G and H are still the Green’s function of A in Q (not in Q\ Qas) and its
regular part.

Proof. We assume by contradiction that there exist sequences §;, — 07 and

(T1,gr -5 Tak) € (S2s)” \ Dy
k

such that
VUR (21 g, .. x0) = O(1) as k — oo, (3.36)

where the notation \1113 is meant to emphasize that ¥ ; depends on J;, due to the
last term in (3.35). We proceed as in the proof of Lemma 3.1. Set

Tik = min {di,k, d; o, min |2 5, — xj,k|} ;
J#i
where
dig = d(@ir, 0),  dik = d(wi, 0 ) = 20} — d(wi 1, 09).
Up to reordering we assume 71 5 < 1, for every 1 <14 < J, and set
Tk =Tk,  dp = dik, dy = (jl,ka Tp 1= T k.
Define D, Zy, Z;, — Z., Q, as in the proof of Lemma 3.1, and similarly
(Sas )k =1 (Sas, — ).

Then we set, for Z = (z1,...,27) € (325, )x)” \ D,
Epi(z1,...,2n) =87 Z Gr(zi,zj) + 1671'2 Z G (%, 25)

i,jED i€D 1<j<N

i#£] Jj€D (337)
d(z;, 00
+ 47TZHk(Zi’ Zl) + Z o (W) ;
i€D i€D k

where G, and Hj, are the Green’s function of A on €} and its regular part, respec-
tively. Observe that r, < d}, — 0 as k — oco. We consider several cases.

Case 1 Assume that, up to a subsequence, r = o(dy), rp = o(cik.) as k — oo. Since

V.o (rkd(z,/an)) V.o (d(a:k + Ckz,@Q)) V.o (d(as,/aQ))
O, O, 0

. !
o (W) _0 <5k> . IVd(,09)| =1, forieD
A dy

)
T=Tp+TKz

and
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we infer

d(zi ., 00

V.o (W) =0 (?v) =o(l) ask— oo, forieD.
0y, dy;

Then we can proceed as in Case 1 of the proof of Lemma 3.1 to get that Z_ is

critical point of Zp g2, as defined in (3.15), contradicting Lemma A.3.

Case 2 Assume that, up to a subsequence, r, = o(cik), f—: — L >1ask — oo.
This implies that r, = o(d},) as k — oo and, up to a rotation, (25;6)]@ converges to
a half-space H = {(z,y) € R? : y < L}. We proceed as in Case 1, except that now

d(z; ks, 00
o <rk(zl(;fk)) =0, forieD, klarge enough.
k
Then Ep (Zx) = Epx(Zx) for k large enough, where Zp . is as in (3.11) (with
tx = 0). Then we are in the same situation as Case 2 of the proof of Lemma 3.1,
leading to the same contradiction, i.e. Z. is a critical point of Ep g, violating

Lemma A.5.

Case 3 Assume that, up to a subsequence, 1, = o(dy), f—: — Ly > 1. This implies
in particular that, up to a subsequence,

i
ri = o(d},), r}’f —L;>1 ask— oo, forieD. (3.38)

Then, up to a rotation (2252)]@ converges to H = {(z,y) eR? 1y > —ﬁ} As before,
T = o(dy) implies 7, = o(d; 1) for i € D and it follows VHy (2 k, zir) = O(ry) as
k — oo for i € D. Considering that

rd(zik, O2%) = @ik, 09) — 2, ask—oo, forieD,

O O
and o(t) = —In(2 — t) for 2 <t < 2, we have that
V.o de(zi’k, an) . ’I"ka(Zi’k, aﬂk) . _Tka(zi,ka a(Q \ QQ%)I@)
i 52 a 25,2 — rkd(zi,k, 8Qk) B Czi,k
_ _Vzd(zzioo,aH) :vz 11’1 ]. .
L; d(2i,00, OH)

(3.39)

since L; = d(2; 00, 0H). Then Z_ is a critical point of

- 1 1
Epa(Z)=4) h——+> Ih— |
o il d(z,0H)
i#]
contradicting Lemma A.4.
Case 4 If we are not in any of the above cases, then, up to a subsequence,
d dy -
—k—>L121, —k—>L121, as k — oo.
Tk Tk

Then

) rk
- =7 >0, ask— oo,
oy,
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and,

d; d; . d;
oLzl oLzl
TLk Tk 51@

—p; €(0,2), ask—o0, i€D.

Up to a rotation (Zgglfc)k converges to H N H, where
H={(z,y) eR*:y < L}, H={(z,y) eR?:y>—L}.

Considering now that

d; .
Li+o(1) = r’k = d(zi 5, O0) = d(2i.00, 0H) + 0(1), as k — oo, forie D,
k

we compute
00 ,
V.o (7“kd<zw9k>) Tk (dl;k) V(1. %)
%, 0y, % ’
= v0' (VL) V 2d (2,00, OH)
= V.o(vd(zi,00,0H)), ask— oo, forieD.

Then Z/_ is a critical point of

ép,ﬁ(zl) =8m Z G (2, ) +47TZHH(21‘) + ZG(’Vd(%H))-
i,j€D i€D i€eD
i#£]
This contradicts Lemma A.6.

These contradictions, arising from (3.36), complete the proof of the lemma. ]

Lemma 3.8. Given 1 < J < N and ¢’ as in Lemma 3.7 (or smaller), there exists
(E € (0, %/) sufficiently small such that ®; (defined as in (3.32), hence depending on
§) has no critical points in ((Ses5:)” \ (Bs)”) \ Dy.

Proof. This follows as in the proof of Lemma 3.2 by a contradiction argument, using

Lemma 3.7 instead of Lemma 3.1. Here 20’ plays the role of § in Lemma 3.7. O

3.4. Proof of Proposition 2.4 (completed). By Corollary 2.3 we can assume
h =1 and work with ®y instead of ®y 5. Using Lemma 3.1, considering that @y
coincides with ®y on (25)" \ Dy, using formula (3.26) and Lemmata 3.5 and 3.6
we now get

deg(VOn, QY \ Dy,0) = deg(VOy, (2s5)Y \ Dy, 0)
= deg(Vé]\ﬁ (Qé)N \ DN7 0)

=deg(VOn, QN \ Dy, 0) = Y deg(VOn,O541,0)
0<I<N-1

By Lemma 3.4 we finally obtain
deg(VOx, QY \ Dy, 0) = x(2)(x(2) — 1)...(x(Q) — N +1).
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APPENDIX A. PROPERTIES OF THE GREEN’S FUNCTION
For some fixed L, L > 0, let H and H denote the half spaces
H={(z,y)eR*:y <L}, H={(z,y)eR?:y>—L}. (A.1)
On the half-space H, the Green’s function and its regular part are given explicitly
by
Gu(z )—iln|z_n*| Hu(z )—iln|z— | (A.2)
H 777_271' |Z—77|’ H a77—2ﬂ_ ni .
where n* is the reflection of 1 across 0H.
Consider now € C R? smoothly bounded. For x) € Q, dy := d(z,09Q), 7 > 0,
let Gx(z,m) and Hy(z,n) denote the Green’s function of A in Qy 1= r; *(Q — a3
and its regular part.

Lemma A.1. With the above notation, assume that, up to a subsequence, ri =
o(dy), so that Qy invades R? as k — oo. Then, for every compact set K C R?,
there exists C'i such that

1 1 r
V- (e - gy )| <o

V. Hp (2, 2)| < Cre X,
dy,

and

uniformly for z € K, n € Q.
Proof. This follows from Appendix B in [19]. O

Lemma A.2. With the above notation, assume that, up to a subsequence and a
rotation, r, — 0, dg/rrx — L € (0,00), and Qi converges to the half-space H as
k — oco. Then for every compact set K C H and for k large enough

IV(Hi — Ha)ll Lo (rxan,) < Crremax{l, p~'},
and

IV(Gr — Gr)llL=(x xan,) < Ok max{1,p"'},
where Qi , = {z € Qg : d(2z,00) > p}.
Proof. We have

Asz(Z,U) =0 in Qk X Qk
Hi(z,n) = 5=In|z —n| for z € 0%, y € Q.

We apply the maximum principle to the function
Hk(z, ) - HH(Z, ) Q= R,
where z € K and K C H is a fixed compact set. We want to prove that

sup | Hi(z,n) —Hu(z,n)| < C(K)r, (A.4)
2EK nEI,

for k sufficiently large. By definition we have
1 1
Hi(z,m) = 5-Inlz—nl, Hu(z,n) = -In|z—n*[ forn e 0Qy.
2 2

Let § > 0 be so small that 992 N Bs(p(zx)) can be written as the graph over [, d]
of a function f, where p(zy) is the nearest point projection of xp onto 9. Let
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L C R? be the tangent line to 9Q at p(zx) and f : LN Bs(zx) — R. Up to a
rotation we can assume that f’(p(z)) = 0 and by a Taylor expansion we obtain
sup(_s,g) [ 5

|f()] < 5 2, te[-4,4.

In particular for each z € 9Q N Bs(zy) we have d(z, L) < Cq s|x — xx|?. Scaling to
Q. we then obtain

5
ne€ Ny, < = dnoH)=0(r)
Then, for such n and for z € K, we have |z —n| < |z — n*| + O(rk) and

— )

Eil) < (1 1 o) ) — C(K)O(r),
Et/ U

since ‘an*l > ¢(K) > 0 uniformly for z € K. On the other hand

|H}€ _HH| = ‘ln

g .
n € O, Inlza = |z=7n"—]z -1 < C(K).

Then (K
|Hy — Hu| = ’ln |zz_r7*|| <In (1 + mé()) = C(K)O(ry),
so that (A.4) is proven. By the maximum principle we obtain
sup  |[Hi(z,m) — Hu(z,n)| = C(K)O(rk), (A.5)
z€K nEQ

and the bound on V(Hy — Hp) follows by elliptic estimates, since both Hy(z,-)
and Hy(z,-) are harmonic. The estimate of V(G, — Gp) follows at once since
Ok —9u =Hr — Hnu. O

We state Lemmata A.3, A.4 and A.5 below with general positive coefficients
oy ; and B; for future reference, and also to remark that the coefficients 87 and
4m appearing in the definitions of @y, @, etc..., can be replaced by any other
positive constants.

Lemma A.3. Consider for some J > 2 the functional Ejg: : (R?)”\ D; — R

— 1
Eyre2(21,...,27) = Z ai,jlnﬁ,

with a; 5 >0 for 1 <i,5 < J,i# j. Then Z g2 has no critical points.

Proof. Consider 1 < i < J such that z; lies on the boundary of the convex hull

of {z1,...,2;}, and observe that the derivative with respect to z; in a direction
pointing outwards of the convex hull is negative, as |z; — z;| is increasing for every
1<i#j<J. O

Lemma A.4. Consider for some J > 1 the functional éJ’H cHY \D; =R

1 1
(21, ..,27) = ;i ln —— + i ln ————
J,H( 1 J) Z 2] ) . Z v d(Zi7aH)

[1p

with a; ; >0 for1 <i<j<Jandy >0 forl <i<J. ThenéJH has no
critical point.
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Proof. Given (z1,...,2y), write z; = (a;,b;) and up to reordering, assume that
by <---<by,ie. zjisone of the points farthest from 0H. Then
1 1
i n——— <0, forl<i<J, £IH7A<O,
oby |z — 27 by d(zy,0H)
hence .
aEJ7ﬁ(Zl,...,ZJ) <0
oby '

O

Lemma A.5. Consider for some J > 1 the functionals EfH :H7\Dj — R given
as
EfH(Z1,-~-7ZJ) = Z @; jGm (2, 25) £ Z BiH (2, 2i),
1<i,j<J 1<i<J
i#]
with o; ; >0 for1 <i,7 < J,i# 3, 3 >0forl <i<J. ThenEjH has no
critical points.

Proof. Given (z1,...,27), write in coordinates z; = (a;,b;) € H for 1 <4 < .J and,
up to reordering, assume first that J > 1, a; < ag < --- < ay and a; < ay. Then,
it follows from (A.2)

0GH (21,27) >0, 0Gu (21, 2) S0 for2<j<J—1, OHp (21, 21) —0,
daq daq Oay
hence VzlEiH(zl, ey 2g) #0.
If J =1 or all the z/s are vertically, i.e. a3 = --- = ay, then, up to reordering,
assume that by < --- < by. Then, again from (A.2), we get
0Gu (21,2j) . OH (21, 21)
L) g o< i<y ZEHELZD g A6
0by ore=J= 0by ( )
hence VZIE}:H(zl, ...,27) # 0, and
agH(ZJ7Zj) . aHH(ZJ»ZJ)
—— 22 >0, for2<ji<J ——-2<0
b, >0, orz2<j < J, b, < U,
hence V. Ej y(21,...,25) #0. O
Lemma A.6. Consider for some J > 1 the functional % . (HNH)’\D; - R
given as o
Eﬁ,H,H(Zl’ ey 2g) = E;H(zl, s z2y) + Z ~yio(2i),

1<i<J
where H and H are as in (A.1) for some L,ﬁ > 0, E}‘_H is as in Lemma A.5,

7 >0, for1<i<J, oeCYHNH) and Vi(z)-(0,1) <0 for every z€ HN H.
—p ) ;

Then S T has no critical points.

Proof. The proof is identical to the proof of Lemma A.5, using (A.6) together with

0ip(21)

= . < 0.
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APPENDIX B. THE EULER CHARACTERISTIC OF CONFIGURATION SPACES

We will need the following general fact about configuration spaces.

Proposition B.1. Let  be a smoothly bounded domain of R? and call for any
N e N~

F(QN) =N\ Dy = {(z1,...,2n) € QY : 2y #a; fori#j}.
Then
X(F(,N)) = x(Q)(x () = 1)...(x(?) = N +1).

Proof. This result follows from the fact that F(Q, N) fibers on F(2, N — 1) with
fiber Qn_1 (projecting on the last of the IV points), where we denote by ; the set
) with j points removed, see [35, Chapter 2].

Claim The above fibration is orientable, in the sense that w1 (F(Q2, N — 1)) acts
trivially on the homology H,(2x_1,R) of the fiber.

Proof of the claim. Since Qn_1 is homotopically equivalent to a (connected) finite
union of circles, the only relevant homology group of Qn_1 is H1(Q2nx-1,R). Con-
sider now a closed path v € C°([0,1], F(Q, N — 1)) representing a homotopy class
[v] € m(F(Q, N —1)). Set

(x1(t),...,xn_1()) :=~(¢).
For the point v(0) =: (z1,...,2y-1) € F(2, N — 1) consider the fiber
O\ {z1,...,xn_1} =~ Qn_1

and choose generators of its first homology group as follows. Since €2 is a two-
dimensional domain, it is homotopic to a disk with r points removed, for r =
0,1,2,.... Given the i-th hole of Q, i =1,...,r, choose an element o; of H1(Q,R)
in the form of a smooth Jordan curve that does not contain any of the points
x1(t),...,xn—1(t) with ¢ € [0,1]. Then it is clear that the action of v on o1,...,0,
is trivial.

Now, for each x;, j = 1,...,k — 1, choose a small and smooth Jordan curve 7;
around z; not intersecting o1, ..., oy, for instance the oriented boundary of B.(x;).
By compactness, if we choose € small enough we get

Be(z(t)) N Be(z(t)) =0, for1<i<j<N-1,te][0,1]
and
B.(z;(t))No; =0, for1<j<N-1,1<i<r tel01].
Again it follows immediately that the action of [y] of n; is trivial. Since
H(Qn-1,R) =span{o;,n;,1 <i<r,1<j<N-1}

the claim is proven. (Il

By the product formula for orientable fibrations, see Spanier [35, p.481], we infer
VEQN) = X(F@Q.N — ))x(Qy-1) = x(FQ N — 1))(x() — N + 1),

Now the proposition follows at once by induction in N. [
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