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Abstract. One considers a system on C2 close to an invariant curve which
can be viewed as a generalization of the semi-standard map to a trigonometric

polynomial with many Fourier modes. The radius of convergence of an analytic
linearization of the system around the invariant curve is bounded by the
exponential of the negative Brjuno sum of dα, where d ∈ N∗ and α is the

frequency of the linear part, and the error function is non decreasing with
respect to the smallest coefficient of the trigonometric polynomial.

1. Introduction. Consider the following discrete dynamical system:{
xn+1 = xn + yn +A(xn)
yn+1 = yn +A(xn)

(1)

where A is a trigonometric polynomial with positive Fourier modes:

A(x) =
∑N
K=1 aKe

iKx, N ∈ N, aK ∈ C. This can be viewed as a generalization of
the semi-standard map, which is given by A(x) = eix. The semi-standard map was
introduced as a model which is similar to, but easier to study than, the standard
map given by A(x) = sinx, where the coexistence of both positive and negative
Fourier modes makes the linearization problem more difficult to solve. The standard
map, or Taylor-Chirikov map, is the Poincaré section of a kicked rotator and can
be used as an approximating model in several areas of physics. It is an example
of a simple low-dimensional system displaying chaos and numerical studies (see for
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instance [17]) have investigated the boundary between the KAM regime and chaos
for this system. However few analytical results are known on the standard map.

Note that when the non-zero coefficients of A are all multiples of d, the ramified
change of variable w = zd, µ = λd semi-conjugates our model to the original
semistandard map. With the change of variables zn = eixn , λn = eiyn , system (1) is
conjugated to the system {

zn+1 = λnzn
∏N
K=1 e

iaKz
K
n

λn+1 = λn
∏N
K=1 e

iaKz
K
n

(2)

for which every point of {0} × S1 is a fixed point.

Let F (z, λ) = (λz
∏N
K=1 e

iaKz
K

, λ
∏N
K=1 e

iaKz
K

) so the system (2) can be written
(zn+1, λn+1) = F (zn, λn). One looks for a linearization of the system, that is to say,
a map H(z, λ) = (h1(z, λ), h2(z, λ)), close to the identity, such that F ◦H = H ◦R
where R(z, λ) = (λz, λ). If there is such a linearization and if it is analytic in z, then
the invariant curves of the rotation R are smoothly preserved. Then one has a family
of invariant closed curves in C2, corresponding to the numbers λ with modulus 1
and z in a neighbourhood of 0 where the linearization is analytic in z. Now if λ is a
root of unity, there is no way of finding a linearization which is analytic in z. Thus

we will have to assign a value to the parameter λ, with |λ| = 1 and arg(λ)
2π ∈ R \Q,

to construct a linearization which is close to the identity and analytic; its radius of
convergence will depend on the arithmetical properties of λ.

Let α = arg(λ)
2π . Davie [13]nd Marmi [19] proved that concerning the semi-standard

map, the radius of convergence ρ(α) of the linearization is bounded as follows:

exp(−2B(α)− C) ≤ ρ ≤ exp(−2B(α) + C ′)

where C > 0, C ′ > 0 do not depend on the complex argument α of λ and where
B(α) is the Brjuno sum of α (see Section 4 for a definition of the Brjuno sum).
In particular, if B(α) diverges, then there is no analytic linearization around 0.
This can be reformulated as stating that the error function α 7→ 2B(α) + ln ρ(α) is
bounded. The boundedness of this error function implies that the the divergence of
the radius of convergence at rational numbers and at non-Brjuno irrational numbers
is exactly compensated by a purely-arithmetical function, thus emphasizing the
intimate number-theoretical nature of this stability problem.

After the numerical evidence in [21], a similar result about the standard map,
in the perturbative case, was proved in [2] and [3]. However, concerning the semi-
standard map and in the present paper, the strong assumption of Fourier modes
being only positive makes it possible to remove the perturbative assumption.

The Brjuno sum was first introduced in [5] to give a sufficient condition to the
convergence of the linearization for analytic vector fields around a fixed point.

Yoccoz proved in [23] that the Brjuno condition (i.e the convergence of the Brjuno
function, or equivalently of the Brjuno sum, although the Brjuno function and the
Brjuno sum may differ) is necessary and sufficient to the analytic linearization of
the quadratic polynomial and of germs of diffeomorphisms of (C, 0). This resulted
in the study of the error function Bf + ln r, where Bf is the Brjuno function and
r is the radius of convergence of the linearization for the quadratic polynomial. It
was conjectured in [20] that this function is 1/2-Hölder continuous and Buff and
Chéritat showed first that it is bounded in [6], then that it is continuous in [7].
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Cheraghi-Chéritat then proved that a restriction of this error function is 1/2-Hölder
continuous.

Brjuno’s lower bound on the convergence radius for linearization of analytic vector
fields was improved in [15]. In [22], Stolovitch replaced the arithmetical condition
on the spectrum of the linear part by a condition of algebraic nature. The Brjuno
sum was also proved to play a role in other analytic linearization problems, as for
instance linearization of vector fields around an invariant torus (see [1] and [10]), or
reducibility of quasiperiodic cocycles ([14], [18], [11]).

The optimality of the Brjuno condition was also studied in other linearization
problems. Carletti-Marmi proved in [8] that the Brjuno condition is also necessary to
linearize analytically a germ of diffeomorphism around a fixed point, and generalize
it to Gevrey classes. However the continuity of the analogue of the error function
for linearization problems more general than the quadratic polynomial remains open
up to now.

Our main result is stated in the following two theorems:

Main Theorem 1. Let ρ be the radius of convergence of the linearization of the
system (2). Let d be the greatest common divisor of the indices of the Fourier modes
of A. There exists C ≥ 0, which is a non decreasing function of maxK=1,...,N |aK |,
and which only depends on this quantity and on the indices of the Fourier modes of
A, such that

ρ ≥ exp(−2

d
B(dα)− C) (3)

Remark 1. WhenA(x) is a convergent series with an infinite number of eneric?harmonics,
a minor adaptation of our arguments guarantee the convergence of the linearization
under the Brjuno condition.

Main Theorem 2. Assume that the coefficients of A satisfy the following assump-
tion: there exists θ ∈ R such that for all k = 1, . . . , N with ak 6= 0, the complex
argument of the number ik−1ak is kθ.

Let ρ be the radius of convergence of the linearization of the system (2). Let d be
the greatest common divisor of the indices of the Fourier modes of A. There exists
C ′ ≥ 0, which is a non increasing function of min{|aK | 6= 0, K = 1, . . . , N}, an
increasing function of maxK=1,...,N |aK |, and depends only on these quantities, such
that

ρ ≤ exp(−2

d
B(dα) + C ′) (4)

In particular, if B(dα) diverges, then there is no analytic linearization.

Remark 2. Let κ0 be the smallest integer such that aκ0
6= 0. The assumption in

Theorem 2 says that the argument of every non zero ak is the following function of
aκ0

:

Arg(ak) =
k

κ0
Arg(aκ0

) +
π

2
(1− k

κ0
)

This assumption is in the spirit of Cremer’s counterexample of non-linearizable germs,
except that the arguments are defined from the beginning instead of recursively.
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Remark 3. It is also worth mentioning that dα is a Brjuno number (i.e B(dα)
converges) if and only if α is a Brjuno number (i.e B(α) converges; see Appendix,
section 8.2 for a proof).

The main result is obtained by a direct analysis of the coefficients of the formal
linearization (which always exists, and is unique if one requires it to be formally
close to the identity); as in [19] and [13], it appears that there is a link between
those coefficients and the Brjuno sum of dα. To get an upper bound of the radius of
convergence, that is to say, a lower bound on the coefficients of the linearization,
one uses a strong assumption on the complex arguments of the coefficients of A, in
order to be able to bound the sum from below by just one of its terms. However the
lower bound on the radius of convergence does not use this assumption.

2. Notations. Let x ∈ R, one denotes by ||x||Z the distance between x and the
closest integer: ||x||Z = minp∈Z |x− p|.

Considering the trigonometric polynomial A(x) defined at the beginning, denote
by κ0 < κ1 < · · · < κν all indices of Fourier modes of A: thus for all 0 ≤ i ≤ ν,
aκi 6= 0, and if ∀i = 0, . . . , ν, K 6= κi, then aK = 0. Also denote by κmin (resp.
κmax) the number κi minimizing (resp. maximizing) {|aκi |, i = 0, . . . , ν}.

Denote by M⊂ N the additive semi-group generated by {κ0, . . . , κν}:

M = {p0κ0 + · · ·+ pνκν > 0, p0 ∈ N, . . . , pν ∈ N} (5)

For all 0 ≤ k ≤ n, we shall denote by (nk ) the combinatorial number n!
k!(n−k)! .

3. Analysis of the linearization. With a reasoning similar to the one in [4]
(which is reproduced and adapted to the present model in the appendix), one
proves that if H linearizes the system and is close to the identity, that is, its Taylor
series starts with (z, λ), then the first component of the linearization is a function
h1(z, λ) = izeΦλ(z) satisfying (mod 2iπ):

N∑
K=1

iaK(iz)KeKΦλ(z) = Φλ(λ−1z) + Φλ(λz)− 2Φλ(z) (6)

(see Lemma 8.2 in the appendix for a proof).

In what follows, λ being fixed with modulus 1 and argument 2πα such that α ∈ R\Q,
we will denote for all l ∈ N \ {0},

Dl := −4 sin2(πlα) < 0

Then |Dl|−1 ≥ 1
4 for all l ≥ 1. Also denote Φλ(z) =

∑
l≥1 φlz

l (so the radius of

analyticity of Φλ is (lim supl→+∞ |φl|
1
l )−1). Then

∑
K∈{κ0,...,κν}

iK+1aKz
K

1 +
∑
p≥1

1

p!
(
∑
j≥1

φjz
j)p

K

=
∑
l≥1

φlz
lDl (7)

Let l ≥ 1, then φl = 0 if l < κ0 and if l ≥ κ0,
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φl =
1

Dl

∑
K∈
{κ0,...,
κν},
K≤l

iK+1aK [δK,l

+
∑

m=1,...,K
m≤l−K

(Km)

l−K∑
p1=1

· · ·
l−K∑
pm=1

1

p1! . . . pm!

∑
j11 ,...,j

1
p1
,

...
jm1 ,...,jmpm ,

j11+···+j
1
p1

+...

+jm1 +···+jmpm=l−K

φj11
. . . φj1p1

. . . φjm1 . . . φjmpm ]

(8)

Another recurrence relation is worth mentioning: let Ψλ(z) =
∑
K∈{κ0,...,κN}ΨK(z),

ΨK(z) = iK+1aKz
KeKΦλ(z) and denote by

∑
k≥1 ψkz

k the Taylor expansion of Ψλ

and by
∑
l ψK,lz

l the Taylor expansion of ΨK . Then

Ψλ(z) = Φλ(λ−1z) + Φλ(λz)− 2Φλ(z) (9)

which implies that for all l ≥ κ0,

ψl = Dlφl (10)

Moreover, differentiating ΨK , one sees that ψK,l = 0 for all l < K, ψK,K = iK+1aK ,
and for all n ≥ K + 1,

(n−K)ψK,n =

n−1∑
k=1

kφkψK,n−k (11)

Remark 4. One sees that φl 6= 0 ⇒ l ∈ M. This can be shown by recurrence:
for l = κ0, the property holds. Assume it holds for all κ0 ≤ l′ ≤ l − 1, for a
fixed l > κ0. Assume that φl 6= 0. If l ∈ {κ0, . . . , κν}, then l ∈ M; otherwise,
there exists K ∈ {κ0, . . . , κν}, m ≤ l − K, p1 ≤ l − K, . . . , pm ≤ l − K and non
vanishing φj11 , . . . , φjmpm such that j1

1 + · · ·+ jmpm = l−K. By recurrence assumption,

j1
1 , . . . , j

m
pm ∈M therefore l ∈M.

A similar fact holds for every ΨK : if ψK,l 6= 0, l > K, then l −K ∈ M. Indeed
ψK,l = 0 if l < K and that ψK,K = iK+1aK so the recurrence property holds for
l ≤ K. Assume the property holds up to a fixed l ≥ K. If ψK,l+1 6= 0 then by (11)
there exist k ∈ {1, . . . , n − 1} such that φk 6= 0 and ψK,l+1−k 6= 0 so k ∈ M and
l + 1− k ∈M, therefore l + 1 ∈M.

Example: If A is a monomial of order K, then Φλ(z) only has coefficients
indexed by multiples of K. Then there exists a function Ξλ : C→ C such that for
all z, Φλ(z) = Ξλ(zK).

The following lemma will be used to bound the coefficients of Φ from below by
one of the terms of the sum determining them.
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Lemma 3.1. If there exists θ ∈ R such that for all K ∈ {κ0, . . . , κν}, the complex
number iK−1aK has argument Kθ, then for all l ∈M, φl has argument lθ and for
all K ∈ {κ0, . . . , κν}, if ψK,l 6= 0 then ψK,l has argument lθ + π.

Proof. First one proves the part of the statement concerning φl:

1. If l = κ0, then (8) implies that φl = 1
Dκ0

iκ0+1aκ0
which is, by assumption,

the product of a number of modulus κ0θ with −1
Dκ0

, the latter being real and

positive.
2. Let l ≥ κ0 + 1. Assume that for all l′ ∈ M such that l′ ≤ l − 1, φl′ has

argument l′θ. If l differs from all κi, then by (8), φl is the sum of terms which

are the product of a number iK+1aK
Dl

, which by assumption has argument Kθ,

with a number which by recurrence assumption has argument (l −K)θ. If l is
one of the κi, then one has to add the term 1

Dl
il+1al, which has argument lθ.

As for the statement concerning ψK,l, since ψK,K = iK+1aK which has argument
Kθ + π, the property holds for l ≤ K. Assume this property holds up to a fixed
l ≥ K. By equation (11), if ψK,l+1 6= 0 then ψK,l+1 is a sum of terms with argument
kθ+(l+1−k)θ+π for k ∈ {1, . . . , n−1}, therefore it has argument (l+1)θ+π.

Remark 5. For instance, A(x) satisfies the assumption of Lemma 3.1 if it only has
coefficients aK ∈ iR+ (then θ = π

2 ), or such that ik+1aK ∈ R− (then θ = 0), or if A
is a monomial (without restriction on θ).

3.1. The semigroup M. We shall also need the following lemma on the set M:

Lemma 3.2. Let d be the greatest common divisor of κ0, . . . , κν . There exists NM
such that for all integer m ≥ NM, if m is a multiple of d, then m ∈M. If κ0 = 1
then NM = 1.

Proof. Let I0 = [κ0, κ0 + · · ·+ κν [∩N and for p ≥ 1, let

Ip = [p(κ0 + · · ·+ κν), (p+ 1)(κ0 + · · ·+ κν)[∩N
Then (Ip)p≥0 is a partition of [κ0,+∞[∩N. Moreover, if jd ∈ Ip ∩M for some p ≥ 0,
then jd+κ0 + · · ·+κν , which is also a multiple of d, belongs to Ip+1 ∩M; therefore,
in order to prove this lemma, it is sufficient to prove that for all jd ∈ I0 \M, there
exists p ≥ 1 such that jd+ p(κ0 + · · ·+κν) ∈M. After a finite number of steps, one
obtains an integer P such that all multiples of d belonging to IP are also elements
of M. Translating by κ0 + · · ·+ κν , one will deduce that all multiples of d greater
than p(κ0 + · · ·+ κν) are also elements of M.

Now, let jd ∈ I0 \M if it exists (otherwise the proof is finished). By Bezout’s
theorem, there are relative integers b0, . . . , bν , at least one of which is positive, such
that b0κ0 + · · · + bνκν = jd. Sorting the coefficients bi by sign, one infers that
jd−

∑
i/ bi≤0 biκi is a linear combination of the κi with non negative coefficients,

at least one of which is non zero, therefore jd −
∑
i/ bi≤0 biκi ∈ M. Therefore

jd+ max(−b0, . . . ,−bν)(κ0 + · · ·+ κν) ∈M.

Lemma 3.2 has the following corollary:

Corollary 1. There exists NM such that for all a, b ∈ M, if a − b ≥ NM, then
a− b ∈M.

Proof. Let d be the greatest common divisor of κ0, . . . , κN . Since every element
of M is a multiple of d, if a, b ∈ M, then a − b is a multiple of d. If moreover
a− b ≥ NM, where NM was defined in Lemma 3.2, then a− b ∈M.
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4. The Brjuno sum and the Brjuno function. Let d be the greatest common
divisor of κ0, . . . , κν . Let us consider the continued fraction expansion of dα and let
(qk) be the sequence of the denominators of the approximants of dα.

Definition 4.1. The Brjuno sum B(dα) of the number dα is the (non necessarily
convergent) sum

B(dα) =
∑
k≥0

ln qk+1

qk

Recall the well-known recurrence relation: for all j ≥ 0,

qj+2 = aj+2qj+1 + qj (12)

where (aj) is the sequence of integers given by the continued fraction expansion.
The following lemmas are given in order to relate the Brjuno sum with the small

divisors of our linearization problem.

Lemma 4.2. For all k ≥ 1, there is

π

2qk+1
≤ |Ddqk |

1
2 ≤ 3π

qk+1

Proof. For all l ∈ Z,

|Dl| = 4| sin(πlα)|2

and the Taylor formula implies∣∣∣|Dl|
1
2 − 2π||lα||Z

∣∣∣ ≤ 2π||lα||2Z
whence, if ||lα||Z ≤ 1

2 ,

π||lα||Z ≤ |Dl|
1
2 ≤ 3π||lα||Z (13)

Now for all k ≥ 1,

||qkdα||Z = min
p∈Z
|qkdα− p| = qk min

p∈Z
|dα− p

qk
| = qk|dα−

pk
qk
|

Since

1

2qkqk+1
≤ |dα− pk

qk
| ≤ 1

qkqk+1
(14)

(see for instance [20] remark 1.6), there is

π

2qk+1
≤ |Ddqk |

1
2 ≤ 3π

qk+1
. �

Remark 6. This cannot be extended to generalized continued fractions (i.e continued
fractions where the Gauss map refers to the closest integer, not to the integer part)
since the inequality (14) does not hold anymore for generalized continued fractions.

The following lemmas come from [13]. They concern the structure of the set of
small divisors and will be used in the lower bound on the radius of convergence. We
recall them here and apply the second to our setting.
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Lemma 4.3. ([13], lemma 2.2) Let k ∈ N and n ∈ N, n ≥ 1, such that d is a divisor

of n. If |Dn|
1
2 < 1

qk
, then n

d ≥ qk and either qk divides n
d or n

d ≥
qk+1

4 .

Lemma 4.4. ([13], lemma 2.3) For all k ≥ 0, n ≥ 1, let Ak(n) = {dqk ≤ j ≤
n, d|j, 1

6qk+1
≤ |Dj |

1
2 < 1

6qk
}. Let E = max(dqk,

dqk+1

4 ). Then there is a function

gk : N→ R+ such that:

• gk(n) ≤ (1 + 2dqk
E ) n

dqk
;

• for all n1, n2 ∈ N, gk(n1) + gk(n2) ≤ gk(n1 + n2);
• if n ∈ Ak(n), then gk(n) ≥ gk(n− 1) + 1.

Remark 7. This application of Davie’s lemma is possible because the set Ak satisfies:

if j1 = dj′1 < j2 = dj′2 ∈ Ak, then either dqk divides j2 − j1 or j2 − j1 ≥ dqk+1

4 .
Indeed, letting p1 (resp. p2) be the integer closest to j′1dα (resp. j′2dα),

||(j2−j1)α||Z ≤ |p2−p1−(j′2−j′1)dα| ≤ ||j′2dα||Z+||j′1dα||Z ≤ |Dj2 |
1
2 +|Dj1 |

1
2 <

1

3qk

(the last inequality comes from j1, j2 ∈ Ak). Therefore, by (13), |Dj2−j1 |
1
2 < 1

qk
.

Lemma 4.3 then implies that qk divides j′2 − j′1 or j′2 − j′1 ≥
qk+1

4 .

Lemma 4.5. There exists C0, C1 > 0 such that

∑
l≥0

1

ql
≤ C0

and

∑
l≥0

1

ql
ln ql ≤ C1

Proof. Let us give a bound on
∑
l≥0

1
ql

ln ql. Because of the recurrence relation (12),

the sequence (ql) increases at least as fast as a Fibonacci sequence the first two
terms of which are in {κ0, . . . , κν}: denoting by (fk) the Fibonacci sequence with
f0 = f1 = 1, one recursively proves that

qk ≥ fk (15)

Indeed, q0 ≥ 1 and q1 ≥ 1. Assume that qk−1 ≥ fk−1 and qk ≥ fk, then

qk+1 = ak+1qk+1−1 + qk+1−2 ≥ qk + qk−1 ≥ (fk + fk−1) = fk+1.

Therefore, since the function t 7→ ln t
t decreases on [e,+∞[,

∑
l≥0

1

ql
ln ql ≤ ln 2 +

∑
l≥0

ln fl
fl
≤ C1

where C1 is a numerical constant. From the inequality (15), one also infers that

∑
l≥0

1

ql
≤
∑
l≥0

1

fk
≤ C0

where C0 is a numerical constant. �
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4.1. Subsequence of fast increasing denominators. Given the number NM
which was defined in Lemma 3.2, let (nk) the (possibly finite) subsequence containing
all indices such that{

qn0
≥ max(NM + 2, 1 + κmax(2 + 1

d )),
qnk+1 ≥ q2

nk
+ ζ(κmax, d)qnk + η(κmax, d)

where ζ, η are given by

ζ(κmax, d) =
κmax
d

+ 3κmax + 2, η(κmax, d) = (
κmax
d

+ 2κmax)(κmax + 1)

Denote by µ+ 1 ∈ N ∪ {∞} the cardinal of this subsequence (so µ, if finite, is the
greatest k such that nk is defined).

Lemma 4.6. For all 0 ≤ k ≤ µ, it holds that qnk ≥ max(NM + 2, κmax)2k .

Proof. By definition, qn0
≥ max(NM + 2, κmax).

Assume that qnk ≥ max(NM + 2, κmax)2k , then qnk+1
≥ qnk+1 ≥ q2

nk
≥ max(NM +

2, κmax)2k+1

.

Corollary 2. It holds that
∑µ
k=0

1
qnk
≤ 1

max(NM+2,κmax)−1 .

Proof. Indeed

µ∑
k=0

1

qnk
≤
∑
k≥0

1

max(NM + 2, κmax)2k
≤
∑
k≥1

1

max(NM + 2, κmax)k

≤ 1

max(NM + 2, κmax)− 1
.

(16)

Lemma 4.7. There exists C2 > 0 which is an increasing function of κmax and a
non increasing function of d such that

B(dα)− C2 ≤
µ∑
l=0

| ln |Dqnl
| |

2qnl
≤ B(dα)

Proof. Lemma 4.2 implies that

µ∑
l=0

ln qnl+1 − ln(3π)

qnl
≤

µ∑
l=0

| ln |Dqnl
| |

2qnl
≤

µ∑
l=0

ln qnl+1

qnl
+

µ∑
l=0

ln 2− lnπ

qnl
≤ B(dα)

Now

µ∑
l=0

ln qnl+1

qnl
= B(dα)−

∑
l≥0,q2l +ζql+η>ql+1

ln ql+1

ql

(where ζ, η were defined at the beginning of the section). Thus
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µ∑
l=0

ln qnl+1

qnl
≥ B(dα)−

∑
l≥0

ln(q2
l + ζql + η)

ql
≥ B(dα)−

∑
l≥0

ln ql + ln(ql + ζ + η)

ql

≥ B(dα)− 2
∑
l≥0

ln ql
ql
−
∑
l≥0

ln(ζ + η + 1)

ql

(17)

By Lemma 4.5,

∑
l≥0

ln(ζ + η + 1)

ql
≤ C0 ln(ζ + η + 1)

Therefore one can define C2 = 2C1 + C0(ln(3π) + ln(ζ + η + 1)).

5. Recursively defined lower bound. In this section we introduce a function F
which will be used in giving a lower bound on the coefficients of the linearization.
More precisely, in the case of a subsequence qnk with infinite support, we shall prove
that

lim sup
k→+∞

F (qnk)

qnk
− C ≤ lim sup

k→+∞

ln |φqnk |
qnk

where C is a constant not depending on α.

Then we shall bound lim supk→+∞

(
F(qnk)
qnk

)
by means of the Brjuno sum in the

Lemma 5.1 below.
The function F is recursively defined on the set {qnk , 0 ≤ k ≤ µ} as follows:

F (qn0) = 0 and ∀ 1 ≤ k ≤ µ,

F (qnk) = pk0 | ln |Dqn0
||+ pk0F (qn0

) + · · ·+ pkk−1| ln |Dqnk−1
||+ pkk−1F (qnk−1

)
(18)

where the integers pki are given by successive euclidean divisions on qnk − κmax:

dqnk − κmax = pkk−1dqnk−1
+ rk−1, rk−1 < dqnk−1

,

rk−1 = pkk−2dqnk−2
+ rk−2, rk−2 < dqnk−2

,

. . . ,

r1 = pk0dqn0
+ r0, r0 < dqn0

.

(19)

Remark 8. Let i ≥ 0. For all k ≥ i+ 1,

pki ≤
qni+1

qni
(20)

Indeed, the integer pki are recursively given by

pkk−1 = E

(
dqnk − κmax
dqnk−1

)
and for i = 0, . . . , k − 2, pki = E( ri+1

dqni
), which satisfies (20) by definition of ri+1.
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Lemma 5.1. There exist C4 > 0 which is an increasing function of κmax and a
non increasing function of d such that the function F satisfies for all 0 ≤ k ≤ µ, if
µ =∞,

2B(dα)− C4 ≤ lim sup
k→+∞

F (qnk)

qnk
(21)

and if µ < +∞,

2B(dα)− C4 ≤
F (qnµ)

qnµ
−

ln |Ddqnµ
|

dqnµ
(22)

Proof. This can be recursively shown. Assume that for a fixed 1 ≤ k ≤ µ and for all
k′ ≤ k − 1, one has

F (qnk′ )

qnk′ + κmax/d
≥

∑
0≤l≤k′−1

| ln |Ddqnl
||( 1

qnl
− 2

qnl+1

)

(which holds for k = 1). Then

F (qnk)

qnk + κmax/d
≥ pk−1

qnk + κmax/d
(F (qnk−1

) + | ln |Dqnk−1
||)

≥
pk−1(qnk−1

+ κmax/d)

qnk + κmax/d

∑
l≤k−2

| ln |Ddqnl
||( 1

qnl
− 2

qnl+1

)

+
pk−1

qnk + κmax/d
| ln |Dqnk−1

||

(23)

Now by definition of pk−1,

pk−1(qnk−1
+ κmax/d)

qnk + κmax/d
≥

(
dqnk−κmax
dqnk−1

− 1)(qnk−1
+ κmax/d)

qnk + κmax/d

=
(qnk − qnk−1

− κmax
d )(qnk−1

+ κmax/d)

qnk−1
(qnk + κmax/d)

(24)

and this quantity is greater than 1 since, by assumption on the subsequence nk,

qnk ≥ q2
nk−1

+ ζqnk−1
+ η

where ζ, η were defined at the beginning of Section 4.1. Therefore

F (qnk)

qnk + κmax/d
≥
∑
l≤k−2

| ln |Ddqnl
||( 1

qnl
− 2

qnl+1

)

+ | ln |Dqnk−1
||
qnk − qnk−1

− κmax
d

qnk−1
(qnk + κmax/d)

≥
∑
l≤k−2

| ln |Ddqnl
||( 1

qnl
− 2

qnl+1

)

+ | ln |Dqnk−1
||( 1

qnk−1

− 2

qnk
)

(25)
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(where the last inequality comes from the fact that qn0 ≥ 1+κmax(2+ 1
d )). Therefore

the property holds for all k ≥ 0. Lemma 4.2 implies that

F (qnk)

qnk + κmax/d
≥

∑
0≤l≤k−1

| ln |Ddqnl
||

qnl
−

∑
0≤l≤k−1

4 ln( 2
π qnl+1

)

qnl+1

which implies

F (qnk)

qnk + κmax/d
≥

∑
0≤l≤k−1

| ln |Ddqnl
||

qnl
− 4

∑
l≥0

ln ql
ql

Lemma 4.5 then implies

F (qnk)

qnk + κmax/d
≥

∑
0≤l≤k−1

| ln |Ddqnl
||

qnl
− 4C1

Finally, by Lemma 4.7, if µ =∞, then

lim sup
k→+∞

F (qnk)

qnk
= lim sup

k→+∞

F (qnk)

qnk + κmax/d
≥ 2B(dα)− 2C2 − 4C1

If µ < +∞, then

F (qnµ)

qnµ
−

ln |Ddqnµ
|

dqnµ
≥
∑

0≤l≤µ

| ln |Ddqnl
||

qnl
− 4C1

therefore by Lemma 4.7,

F (qnµ)

qnµ
−

ln |Ddqnµ
|

dqnµ
≥ 2B(dα)− 2C2 − 4C1

Thus one can define C4 = 2C2 + 4C1.

6. An upper bound on the radius of convergence. In this section, one shall
assume the following:

Assumption 1. Assume that there exists θ ∈ R such that for all k = 1, . . . , N with
ak 6= 0, the complex number ik−1ak has argument kθ.

In this case, one can prove a lower bound on the coefficients φl of the linearization
in order to bound the radius of convergence from above.

One needs the following simple lower bound on all coefficients, including those
not corresponding to a small divisor.

Lemma 6.1. For all r ∈ N, if |φr| 6= 0, then |φr| ≥ min(1,
|aκmin |

4 )
r
κ0 .

Proof. For all K such that aK 6= 0, it holds that |φK | ≥ K|aK |
4 ≥ |aκmin |

4 . If
|aκmin |

4 < 1, then |φK | ≥ (
|aκmin |

4 )
K
κ0 . If

|aκmin |
4 ≥ 1 then |φK | ≥ 1.

Let r ∈ M, r ≥ 2. Assume that the property holds for all r′ ≤ r − 1. Then,
either there exists i ∈ {0, . . . , ν} such that r = κi, and in this case, |φr| ≥

aκi
4 ≥

min(1,
|aκmin |

4 ) ≥ min(1,
|aκmin |

4 )
κi
κ0 , or there exists i ∈ {0, . . . , ν} such that

|φr| ≥
|aκi |

4
|φr−κi | ≥

|aκmin |
4
|φr−κi |

If
|aκmin |

4 < 1, then the recurrence assumption implies that
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|φr| ≥ (
|aκmin |

4
)
κi
κ0 min(1,

|aκmin |
4

)
r−κi
κ0 ≥ min(1,

|aκmin |
4

)
r
κ0 .

If
|aκmin |

4 ≥ 1 then |φr| ≥ 1.

Lemma 6.2. For all j > κ0 and p ∈ N∗, there is

|φpj | ≥
1

p|Dpj | . . . |D2j |
|φj |p|Dj |p−1

Proof. Notice that

|φpj | =
1

|Dpj |
|ψpj | =

1

|Dpj |
∑

K∈{κ0,...,κν}

|ψK,pj | (26)

(one uses the fact that the ψK,pj have the same argument for every K). Thus by
(11),

|φpj | ≥
1

|Dpj |
∑
K

(p− 1)j

pj −K
|φ(p−1)j ||ψK,j | ≥

(p− 1)j

|Dpj |pj
|φ(p−1)j ||ψj | (27)

Iterating this, one obtains

|φpj | ≥
1

p|Dpj | . . . |D2j |
|φj ||ψj |p−1 =

1

p|Dpj | . . . |D2j |
|φj |p|Dj |p−1. (28)

The following lemma states a better lower bound for the coefficients of the
linearization corresponding to a small divisor.

Lemma 6.3. For all 0 ≤ k ≤ µ− 1, there is

|φdqnk+1
| ≥ 1

|Ddqnk+1
|
|aκmax |
(k + 2)!

(
1

4
)d(pk+1

0 +···+pk+1
k )

·
|Ddqn0

|dp
k+1
0 −1

dpk+1
0

. . .
|Ddqnk

|dp
k+1
k −1

dpk+1
k

· |φdqn0
|p
k+1
0 . . . |φdqnk |

pk+1
k min(1,

|aκmin |
4

)
Rk
κ0

(29)

where the integers pk+1
0 , . . . , pk+1

k , Rk were defined in equation (18).

Proof. Taking in the recurrence relation (8) the term with l = qnk+1
,K = κmax,m =

1, p1 = k+ 2, j1
1 = dpk+1

0 (qn0
+κmax), . . . , j1

k+1 = dpk+1
k (qnk +κmax) and j1

k+2 = Rk,

in order to have j1
1 + · · ·+ j1

k+2 = dqnk+1
− κmax, one obtains

|φdqnk+1
| ≥ 1

|Ddqnk+1
|
κmax|aκmax |

(k + 2)!
|φdpk+1

0 (qn0
+κmax)| . . . |φdpk+1

k (qnk+κmax)||φRk |

Now apply Lemma 6.2 to every factor in the right hand side, except the last one,
and apply Lemma 6.1 to the last factor. One obtains
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|φdqnk+1
| ≥ 1

|Ddqnk+1
|
|aκmax |
(k + 2)!

(
1

4
)d(pk+1

0 +···+pk+1
k )

·
|Ddqn0

|dp
k+1
0 −1

dpk+1
0

. . .
|Ddqnk

|dp
k+1
k −1

dpk+1
k

· |φdqn0
|p
k+1
0 . . . |φdqnk |

pk+1
k min(1,

|aκmin |
4

)
Rk
κ0 .

(30)

The following proposition links the radius of convergence of the linearization to the
function F .

Proposition 1. There exists C ≥ 0 such that for all 0 ≤ k ≤ µ,

1

dqnk
ln |Ddqnk

φdqnk | ≥
F (qnk)

dqnk
− C

Moreover, one can have C = −2 ln(
|aκmin |

4 ) + 2+NM
1+NM

(1 − ln |aκmin |) if
|aκmin |

4 < 1

and C = 1 + 1
1+NM

otherwise.

Remark 9. Observe that the coefficients of the linearization increase with the
nonlinear part of the system.

Proof. Denote C̃ = −2 ln(
|aκmin |

8 ) if
|aκmin |

8 < 1 and C̃ = 0 otherwise. Let S0 = ln 4
qn0

and for all 1 ≤ k ≤ µ,

Sk =
∑

1≤j≤k

j ln j + ln(djqnj )

qnj
+
∑

0≤j≤k

ln 4

qnj
(1 + pj0 + · · ·+ pjj−1 +

Rj
κ0

)

Thus, for all 0 ≤ k ≤ µ, Sk ≥ 0.
Let 0 ≤ k ≤ µ. Let us formulate the following recurrence property:

1

dqnk
ln |Ddqnk

φdqnk | ≥
F (qnk)

dqnk
− Sk − C̃ (31)

First note that this property holds for k = 0. Indeed, since by Corollary 1, qn0
≥

NM, which implies that dqn0 ∈ M, then there exists b0, b1, . . . , bν ≥ 0 such that
dqn0 =

∑ν
i=0 biκi. Let I be such that bI > 0. Then

|φdqn0
| ≥ 1

|Ddqn0
|
κI |aκI ||φκI |bI−1

∏
J 6=I

|φκJ |bJ

Now on the other side, for all 0 ≤ i ≤ N ,

|φκi | ≥
|aκi |
|Dκi |

≥ |aκmin |
4

≥ |aκmin |
8

hence, if
|aκmin |

8 < 1,

|φdqn0
| ≥ 1

|Ddqn0
|
|aκI |(

|aκmin |
8

)dqn0−1

and if
|aκmin |

8 ≥ 1,
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|φdqn0
| ≥ 1

|Ddqn0
|
|aκI |

Thus if
|aκmin |

8 < 1,

1

dqn0

ln |φdqn0
| ≥
| ln |Ddqn0

||
dqn0

+
dqn0 − 1

dqn0

ln(
|aκmin |

8
) +

ln(|aκI |)
dqn0

≥
| ln |Ddqn0

||
dqn0

− S0 − C̃

and if
|aκmin |

8 ≥ 1,

1

dqn0

ln |φdqn0
| ≥
| ln |Ddqn0

||
dqn0

+
ln(|aκI |)
dqn0

≥
| ln |Ddqn0

||
dqn0

therefore the property (31) holds for k = 0.
Now assume that the recurrence property holds for all 0 ≤ k′ ≤ k, for a fixed
0 ≤ k ≤ µ− 1. Lemma 6.3 implies

ln |Ddqnk+1
φdqnk+1

| ≥ ln

(
|aκmax |
(k + 2)!

)
− d((pk+1

0 + · · ·+ pk+1
k ) + k + 1) ln 4

− ln(dpk+1
0 . . . dpk+1

k ) +
Rk
κ0

ln min(1,
|aκmin |

4
)

+ pk+1
0 ln |Ddqn0

φdqn0
|+ · · ·+ pk+1

k ln |Ddqnk
φdqnk |

(32)

By recurrence assumption, one infers

1

dqnk+1

ln |Ddqnk+1
φdqnk+1

| ≥ − (k + 2) ln(k + 2)

dqnk+1

+
ln |aκmax |
dqnk+1

−
d(pk+1

0 + · · ·+ pk+1
k ) + k + 1

dqnk+1

ln 4

+
pk+1

0 dqn0

dqnk+1

(
F (qn0

)

dqn0

− S0 − C̃) + . . .

+
pk+1
k dqnk
dqnk+1

(
F (qnk)

dqnk
− Sk − C̃)

+
Rk

dκ0qnk+1

ln min(1,
|aκmin |

4
)

−
ln(dpk+1

0 . . . dpk+1
k )

dqnk+1

(33)

thus by definition of F ,
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1

dqnk+1

ln |Ddqnk+1
φdqnk+1

| ≥
F (qnk+1

)

dqnk+1

− (k + 2) ln(k + 2)

dqnk+1

+
ln |aκmax |
dqnk+1

−
d(pk+1

0 + · · ·+ pk+1
k ) + k + 1

qnk+1

ln 4

+
Rk

dκ0qnk+1

ln min(1,
|aκmin |

4
)− C̃

− pk+1
0 dqn0

dqnk+1

S0 − · · · −
pk+1
k dqnk
dqnk+1

Sk

−
ln(dpk+1

0 . . . dpk+1
k )

dqnk+1

(34)

Now for all i = 0, . . . , k, pi ≤
qni+1

qni
therefore

ln(dpk+1
0 . . . dpk+1

k )

dqnk+1

≤
ln(dk+1 qnk+1

qn0
)

dqnk+1

and

1

dqnk+1

ln |Ddqnk+1
φdqnk+1

| ≥
F (qnk+1

)

dqnk+1

− C̃ − Sk+1

Therefore, the property (31) holds for all 0 ≤ k ≤ µ.
Finally note that, even if µ = +∞, the partial sums Sk converge, since from one

side, by choice of the subsequence qnj and corollary 2,

∑
1≤j≤k

j ln j + ln(djqnj )

qnj
≤
∑

1≤j≤k

2
√
qnj

+ C1 ≤
∑

1≤j≤k

2

qnj−1

+ C1 ≤
2

1 +NM
+ C1

and from the other side, by Remark 8,

ln 4

qn0

+

k∑
j=1

ln 4

qnj
(1 +

Rj
κ0

+ pj0 + · · ·+ pjj−1)

≤ ln 4

qn0

+

k∑
j=1

ln 4

qnj
(1 + qn0

+
qn1

+ κmax
qn0 + κmax

+ · · ·+
qnj−1

+ κmax

qnj−2 + κmax
+

qnj
qnj−1

)

≤ ln 4(
1

qn0

+

k∑
j=1

(j + 1)qnj−1

qnj
+

1

qnj−1

)

≤ ln 4(
1

qn0

+

k∑
j=1

j + 2

qnj−1

)

≤ ln 4(
8

qn0

+
k−1∑
j=2

j + 3

qnj
) ≤ ln 4(

8

qn0

+
k−1∑
j=2

1

qnj−1

)

≤ 9 ln 4

1 +NM

(35)
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(this last inequality used Corollary 2). Thus, let C = C̃ + 1
1+NM

(2 + 9 ln 4) + C1 ,
then C satisfies the statement of this proposition.

The following theorem concludes the proof of our main theorem 2.

Theorem 6.4. Let C ≥ 0 be the constant defined in Proposition 1. Let ρ be the
radius of convergence of Φ.

If µ = +∞, ρ ≤ exp(− lim supk→+∞
F (qnk )

dqnk
+ C).

If µ < +∞, ρ ≤ exp(−F (qnµ )

dqnµ
+

ln |Ddqnµ |
dqnµ

+ C).

One also has the bound ρ ≤ exp(− 2
dB(dα) + CM) where CM = C4

d + C, with C4

defined in Lemma 5.1.

Proof. Recall that ρ−1 = lim supj→+∞ |φj |
1
j .

Case 1: µ = +∞. Then

− ln ρ ≥ lim sup
k→+∞

1

dqk
ln |φdqk | ≥ lim sup

k→+∞

1

dqnk
ln |φdqnk |

≥ lim sup
k→+∞

| ln |Dqnk
||

dqnk
+
F (qnk)

dqnk
− C

(36)

where C was defined in Proposition 1. By Lemma 5.1,

− ln ρ ≥ 2

d
B(dα)− C4

d
− C.

Case 2: µ < +∞. Then

− ln ρ = lim sup
j→+∞

1

j
ln |φj | ≥ lim sup

j→+∞

1

jqnµ
ln |φjqnµ |

≥ lim sup
j→+∞

1

jqnµ
(j ln |φqnµ | − ln j)

(37)

where the last inequality has used Lemma 6.2. Therefore by Proposition 1,

− ln ρ ≥
ln |φqnµ |
qnµ

≥
F (qnµ)

dqnµ
−

ln |Ddqnµ
|

dqnµ
− C

(38)

which gives the first part of the statement. Finally, by Lemma 5.1, one also obtains
in this case

− ln ρ ≥ 2

d
B(dα)− C4

d
− C.

One can then define CM = C4

d + C.

7. A lower bound on the radius of convergence. In this section, the second
part of the main result is proved. The assumption 1 on the coefficients aK is relaxed.

The following theorem implies our main theorem 1.
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Theorem 7.1. The radius of convergence is at least exp(−C ′−
∑
l≥0

2 ln ql+1

dql
), where

C ′ ≥ 0 is defined by

C ′ = ln(|aκmax |) + r +
16C1

d
if |aκmax | > 1 and

C ′ = r +
16C1

d
otherwise, with r > 0 only depending on the Fourier modes κ0, . . . , κν of the trigono-
metric polynomial A and C1 defined in Lemma 4.5.

Proof. Let w be an analytic solution of the functional equation

w(z) =
∑

k∈{κ0,...,κν}

(zew(z))k

and let R its radius of convergence. Expanding w in its Taylor series, w(z) =∑
n≥0 σnz

n, one obtains the following relation between the coefficients σn (it is the

same relation as between the coefficients φj , only replacing ak by ik+1 and without
small divisors):

σl =
∑
K∈
κ0,...,
κν},
K≤l

[δK,l +
∑

m=1,...,K
m≤l−K

(Km)

l−K∑
p1=1

· · ·
l−K∑
pm=1

1

p1! . . . pm!

·
∑

j11 ,...,j
1
p1
,

...
jm1 ,...,j

m
pm

,

j11+···+j1p1+...

+jm1 +···+jmpm=l−K

σj11 . . . σj1p1
. . . σjm1 . . . σjmpm

]
(39)

One can recursively show that the σn are non negative real numbers. Moreover the
function w is analytic, therefore lim supn→+∞

−1
n lnσn is equal to − lnR.

The function g giving the upper bound is defined as follows: for all k ≥ 0, let gk
be the function defined by Davie’s lemma 4.4. Then, for all integer κ0 ≤ j < qn0 , let

g(j) = j ln(|aκmax |) + 36j

if |aκmax | > 1, and

g(j) = 36j

otherwise. Now let j ≥ qn0 and assume that k is the greatest index such that qk ≤ j;
let

g(j) =

k∑
l=0

2gl(j) ln ql+1 + j ln(|aκmax |) + 36j

if |aκmax | > 1, and
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g(j) =

k∑
l=0

2gl(j) ln ql+1 + 36j

otherwise.
The function g is increasing. Moreover for all j1, j2 ≥ κ0, as a consequence of

Davie’s lemma,

g(j1) + g(j2) ≤ g(j1 + j2) (40)

Now let us prove that |φj | ≤ σje
g(j) for all j ≥ κ0. First, if |Dκ0

|−1|aκmax | > 1,
then

|φκ0
| = |Dκ0

|−1|aκ0
| ≤ |Dκ0

|−1|aκmax | ≤ eg(κ0)

and |φκ0
| ≤ 1 = eg(κ0) otherwise. Assume that this holds for all j′ ≤ j − 1 and

consider |φj |. The relation (8) implies

|φj | ≤ |D−1
j |

∑
K∈
κ0,...,
κν},
K≤j

|aK |[δK,j

+
∑

m=1,...,K
m≤j−K

(Km)

j−K∑
p1=1

· · ·
j−K∑
pm=1

1

p1! . . . pm!

·
∑

j11 ,...,j
1
p1
,

...
jm1 ,...,j

m
pm

,

j11+···+j1p1+...

+jm1 +···+jmpm=j−K

|φj11 | . . . |φj1p1 | . . . |φjm1 | . . . |φjmpm |]

(41)

hence, by recurrence assumption,

|φj | ≤ |D−1
j |

∑
K∈
κ0,...,
κν},
K≤j

|aK |[δK,j +
∑

m=1,...,K
m≤j−K

(Km)

j−K∑
p1=1

· · ·
j−K∑
pm=1

1

p1! . . . pm!

·
∑

j11 ,...,j
1
p1
,

...
jm1 ,...,j

m
pm

,

j11+···+j1p1+...

+jm1 +···+jmpm=j−K

σj11 . . . σjmpm e
g(j11)+...g(jmpm )] (42)

therefore

|φj | ≤ |D−1
j ||aκmax |e

g(j−κ0)σj

We shall distinguish two cases:
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• if j ≥ κ0 and |Dj |
1
2 ≥ 1

6 , then

|D−1
j ||aκmax |e

g(j−κ0)σj ≤ 36|aκmax |eg(j−κ0)σj ≤ eg(j)σj
• otherwise there exists k ≥ 0 such that 1

6qk+1
≤ |Dj |

1
2 < 1

6qk
, and in this case,

|D−
1
2

j | ≤ 6qk+1. Moreover, j ∈ M implies that d divides j; then j ∈ Ak(j)
therefore, by construction of gk,

gk(j) = gk(j − κ0) + 1

therefore

ln |D−1
j |+ ln |aκmax |+ g(j − κ0) ≤ 2 ln qk+1 + ln 36 + ln |aκmax |+ g(j − κ0) ≤ g(j)

thus

|φj | ≤ |D−1
j ||aκmax |e

g(j−κ0)σj ≤ eg(j)σj
The recurrence is finished. Thus, for all j ≥ κ0,

1

j
ln |φj | ≤

1

j
g(j) +

1

j
lnσj (43)

Now

1

j
g(j) ≤

∑
0≤l≤k

2

j
gl(j) ln ql+1 + δ ln(|aκmax |) + 36

therefore by Lemma 4.4,

1

j
g(j) ≤

∑
0≤l≤k

(
2

dql
+

16

dql+1
) ln ql+1 + δ ln(|aκmax |) + 36

where δ = 1 if |aκmax | > 1 and 0 otherwise. Thus,

lim sup
j→+∞

1

j
ln |φj | ≤ lim sup

j→+∞

1

j
g(j) + lim sup

j→+∞

1

j
lnσj

≤
∑
l≥0

2 ln(ql+1)

dql
+
∑
l≥0

16 ln(ql+1)

dql+1

+ δ ln(|aκmax |) + 36 + lim sup
j→+∞

1

j
lnσj

(44)

Thus,

lim sup
j→+∞

1

j
ln |φj | ≤ 2

∑
l≥0

ln ql+1

dql
+ C ′

where

C ′ = ln(|aκmax |)− lnR+
16C1

d
+ 36

if |aκmax | > 1 and R < 1,
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C ′ = − lnR+
16C1

d
+ 36

if R < 1 and |aκmax | ≤ 1, and

C ′ =
16C1

d
+ 36

otherwise. It only remains to use the characterization of the radius as a function of
lim supj→+∞

1
j ln |φj |.

Remark 10. In the proof of the above theorem, one sees that the constant C ′ can
be made independent of the indices κ0, . . . , κν , because the radius of convergence R
is bounded away from zero uniformly with respect to these indices.

In fact, the proof can be generalized to an analytic function with infinitely many
Fourier coefficients, as long as the sequence of the Fourier coefficients is bounded.
Then the integer d is defined as the limit of the greatest common divisor of κ0, . . . , κn
as n tends to ∞.

8. Appendix.

8.1. A proof of equation (6). Here we give a proof of equation (6) in two lemmas.

Lemma 8.1. Let H(z, λ) = (h1(z, λ), h2(z, λ)) be the linearization. Then h2(z, λ) =
h1(z,λ)

h1(λ−1z,λ) .

Proof. Let F (z, λ) = (λz
∏N
k=1 e

iakz
k

, λ
∏N
k=1 e

iakz
k

) be the function generating

the system, and R(z, λ) = (λz, λ). Note that if f(z, λ) = λ
∏N
k=1 e

iakz
k

then
F (z, λ) = (zf(z, λ), f(z, λ)). We shall expand the identity H = F ◦H ◦R−1 to infer
the desired identity. On one side,

F ◦H ◦R−1(z, λ) = F ◦H(λ−1z, λ) = F (h1(λ−1z, λ), h2(λ−1z, λ))

= (h1(λ−1z, λ)f(h1(λ−1z, λ), h2(λ−1z, λ)), f(h1(λ−1z, λ), h2(λ−1z, λ)))
(45)

By matching the components of F ◦H ◦R−1 with those of H, one infers that

h1(z, λ) = h1(λ−1z, λ)f(h1(λ−1z, λ), h2(λ−1z, λ))

and

h2(z, λ) = f(h1(λ−1z, λ), h2(λ−1z, λ)))

Those two identities imply that for all (z, λ),

h2(z, λ) =
h1(z, λ)

h1(λ−1z, λ)
.

Lemma 8.2. Let h1(z, λ) = izeΦλ(z), then equation (6) holds.

Proof. Let F (z, λ) = (λz
∏N
k=1 e

iakz
k

, λ
∏N
k=1 e

iakz
k

) be the function generating the
system, and let R(z, λ) = (λz, λ). By definition, F ◦H = H ◦R. Now using Lemma
8.1,
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F ◦H(z, λ) = (
h2

1(z, λ)

h1(λ−1z, λ)

N∏
k=1

eiakh1(z,λ)k ,
h1(z, λ)

h1(λ−1z, λ)

N∏
k=1

eiakh1(z,λ)k)

and H ◦ R(z, λ) = (h1(λz, λ), h1(λz,λ)
h1(z,λ) ). By matching the components and taking

the logarithm modulo 2iπ, one obtains equation (6).

8.2. A number is Brjuno if and only if its multiple by an integer is Brjuno.
In this section, we will give a proof of the following fact:

Proposition 2. Let α ∈ R \Q. Let N ∈ N, N ≥ 2. Then α is a Brjuno number if
and only if Nα is a Brjuno number.

0.1 0.2 0.3 0.4 0.5

2

4

6

8

10

Figure 1. The Brjuno function of Nα for α ∈ (0, 1). Red: N = 1;
green: N = 2; blue: N = 3; purple: N = 4.

In order to prove this, it will be useful to recall a few classical facts about continued
fractions. Let α ∈ R \Q. Let (pnqn )n≥0 be the sequence of best approximants. They

have the property that for all rational p
q ,

|α− p

q
| ≤ 1

2q2
⇒ ∃n ≥ 0,

p

q
=
pn
qn

Let (an) be the sequence of integers given by the algorithm a0 = [α], x0 = {α},
xn+1 = { 1

xn
}, an+1 = [ 1

xn
]. Then

qn+1 = an+1qn + qn−1

which implies that

an+1 ≤
qn+1

qn
(46)

Also, there is the following important identity:

|α− pk
qk
| = 1

qk

1

qk+1 + xk+1qk
(47)
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As mentioned in [9], there exists a constant C ≥ 0 such that for all irrational α,

|
∑
n≥0

ln qn+1

qn
− ln an+1

qn
| ≤ C (48)

Therefore α is Brjuno if and only if
∑
n≥0

ln an+1

qn
< +∞.

Now let N ≥ 2; let a′0 = [Nα], x′0 = {Nα}, a′n+1 = [ 1
x′n

], x′n+1 = { 1
x′n
}. Let (

p′n
q′n

)

be the sequence of best approximants of Nα.

Lemma 8.3. If a′n+1 > 2N , then there exists k ≥ 0 such that
p′n
Nq′n

= pk
qk

.

Proof. By (47), one has

|α− p′n
Nq′n

| ≤ 1

N

1

q′2n a
′
n+1

<
1

2(Nq′n)2

thus
p′n
Nq′n

is one if the best approximants of α: there exists k ≥ 0 such that
p′n
Nq′n

= pk
qk

.

�
Now we can prove the Proposition 2. For all n ≥ 0 such that a′n+1 > 2N , let kn

be an integer such that
p′n
Nq′n

=
pkn
qkn

. Note that qkn ≤ Nq′n. By (46),

ln a′n+1

q′n
≤

ln q′n+1

q′n
− ln q′n

q′n
(49)

The identity (47) adapted to Nα implies that q′nq
′
n+1 ≤ 1

|Nα− p
′
n
q′n
|

therefore

ln a′n+1

q′n
≤
| ln |Nα− p′n

q′n
||

q′n
− 2

ln q′n
q′n

(50)

If a′n+1 > 2N , then

ln a′n+1

q′n
≤
N | ln |Nα− Npkn

qkn
||

qkn
− 2N

ln q′n
q′n

(51)

Again by (47), |α− pkn
qkn
| ≥ 1

2qknqkn+1
therefore

ln a′n+1

q′n
≤ N ln qkn+1

qkn
+
N ln qkn
qkn

+
N(lnN + ln 2)

qkn
− 2N

ln q′n
q′n

(52)

By taking the sum over n ≥ 0,

∑
n≥0

ln a′n+1

q′n
=

∑
n≥0,a′n+1>2N

ln a′n+1

q′n
+

∑
n≥0,a′n+1≤2N

ln a′n+1

q′n

≤
∑

n≥0,a′n+1>2N

N ln qkn+1

qkn
+
N ln qkn
qkn

+
N(lnN + ln 2)

qkn
+
∑
n≥0

ln(2N)

q′n

≤
∑
k≥0

N ln qk+1

qk
+
N ln qk
qk

+
N(lnN + ln 2)

qk
+
∑
n≥0

ln(2N)

q′n

(53)
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If α is a Brjuno number, the right hand side is finite, which implies that Nα is a
Brjuno number.

It remains to prove that if α is a Brjuno number, then 1
N α is Brjuno. For

an irrational number α, let Bf (α) be the Brjuno function as defined in [20]: the
convergence of the Brjuno sum B(α) is equivalent to the convergence of Bf (α),
therefore α is a Brjuno number if and only if Bf (α) converges. Now the functional
identity from [20], which holds for α ∈ (0, 1):

Bf (α) = − lnα+ αBf (
1

α
)

implies that any irrational α is Brjuno if and only if 1
α is Brjuno. If α is Brjuno,

then 1
α is Brjuno, therefore, by the above, Nα is Brjuno, and thus its inverse α

N is a
Brjuno number.
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