Discrete and Continuous Dynamical Systems
Vol. 42, No. 7, July 2022, pp. 3077-3101 &l
doi:10.3934 /dcds.2022009 I

i

ANALYTIC LINEARIZATION OF A GENERALIZATION OF THE
SEMI-STANDARD MAP: RADIUS OF CONVERGENCE AND
BRJUNO SUM

CLAIRE CHAVAUDRET*

IMJ-PRG, Université de Paris
Batiment Sophie Germain, Boite Courrier 7012
8 Place Aurélie Nemours
75205 Paris Cedex 13, France

STEFANO MARMI

Scuola Normale Superiore
Piazza dei Cavalieri, 7
56126 Pisa, Italy

(Communicated by Rafael de la Llave)

ABSTRACT. One considers a system on C2 close to an invariant curve which
can be viewed as a generalization of the semi-standard map to a trigonometric
polynomial with many Fourier modes. The radius of convergence of an analytic
linearization of the system around the invariant curve is bounded by the
exponential of the negative Brjuno sum of da, where d € N* and « is the
frequency of the linear part, and the error function is non decreasing with
respect to the smallest coefficient of the trigonometric polynomial.

1. Introduction. Consider the following discrete dynamical system:

Yntl = Yn + A(mn)

where A is a trigonometric polynomial with positive Fourier modes:

A(z) = Z%:l are®® N €N, ag € C. This can be viewed as a generalization of
the semi-standard map, which is given by A(x) = €. The semi-standard map was
introduced as a model which is similar to, but easier to study than, the standard
map given by A(z) = sinz, where the coexistence of both positive and negative
Fourier modes makes the linearization problem more difficult to solve. The standard
map, or Taylor-Chirikov map, is the Poincaré section of a kicked rotator and can
be used as an approximating model in several areas of physics. It is an example
of a simple low-dimensional system displaying chaos and numerical studies (see for

2020 Mathematics Subject Classification. Primary: 37F50, 39A45; Secondary: 37E99,39A30,
39A33,37C05.

Key words and phrases. Brjuno sum, Brjuno condition, anaytic linearization, semi-standard
map, small divisors.

The second author is supported by the Dynamics and Information Theory Institute at the Scuola
Normale Superiore and the MIUR PRIN Project Regular and stochastic behaviour in dynamical
systems nr. 2017S35EHN..

*Corresponding author: Claire Chavaudret.

3077


http://dx.doi.org/10.3934/dcds.2022009

3078 CLAIRE CHAVAUDRET AND STEFANO MARMI

instance [17]) have investigated the boundary between the KAM regime and chaos
for this system. However few analytical results are known on the standard map.

Note that when the non-zero coefficients of A are all multiples of d, the ramified
change of variable w = 2% u = A\? semi-conjugates our model to the original
semistandard map. With the change of variables z, = e, \,, = e?¥", system (1) is
conjugated to the system

N . K
)\n-l-l — )\n HK:l elaK Zy,

for which every point of {0} x S is a fixed point.

Let F(z,A) = Az [TN_, €52 ATIN_, €% ) so the system (2) can be written
(Zn+1; Ant1) = F(2n, An). One looks for a linearization of the system, that is to say,
amap H(z,\) = (hi1(z, A), ha(z,\)), close to the identity, such that Fo H = Ho R
where R(z,A) = (Az, A). If there is such a linearization and if it is analytic in z, then
the invariant curves of the rotation R are smoothly preserved. Then one has a family
of invariant closed curves in C?, corresponding to the numbers A with modulus 1
and z in a neighbourhood of 0 where the linearization is analytic in z. Now if A is a
root of unity, there is no way of finding a linearization which is analytic in z. Thus
we will have to assign a value to the parameter A\, with |A\| = 1 and %T(r)‘) e R\ Q,
to construct a linearization which is close to the identity and analytic; its radius of
convergence will depend on the arithmetical properties of .

Let a = 29 Davie [13]nd Marmi [19] proved that concerning the semi-standard

2m
map, the radius of convergence p(«) of the linearization is bounded as follows:

. K
{2y .

exp(—2B(a) — C) < p < exp(—2B(a) + (")

where C > 0,C’ > 0 do not depend on the complex argument o of A and where
B(«) is the Brjuno sum of « (see Section 4 for a definition of the Brjuno sum).
In particular, if B(«) diverges, then there is no analytic linearization around 0.
This can be reformulated as stating that the error function o — 2B(«) + In p(a) is
bounded. The boundedness of this error function implies that the the divergence of
the radius of convergence at rational numbers and at non-Brjuno irrational numbers
is exactly compensated by a purely-arithmetical function, thus emphasizing the
intimate number-theoretical nature of this stability problem.

After the numerical evidence in [21], a similar result about the standard map,
in the perturbative case, was proved in [2] and [3]. However, concerning the semi-
standard map and in the present paper, the strong assumption of Fourier modes
being only positive makes it possible to remove the perturbative assumption.

The Brjuno sum was first introduced in [5] to give a sufficient condition to the
convergence of the linearization for analytic vector fields around a fixed point.

Yoccoz proved in [23] that the Brjuno condition (i.e the convergence of the Brjuno
function, or equivalently of the Brjuno sum, although the Brjuno function and the
Brjuno sum may differ) is necessary and sufficient to the analytic linearization of
the quadratic polynomial and of germs of diffeomorphisms of (C,0). This resulted
in the study of the error function B¢ 4 Inr, where By is the Brjuno function and
r is the radius of convergence of the linearization for the quadratic polynomial. It
was conjectured in [20] that this function is 1/2-Hoélder continuous and Buff and
Chéritat showed first that it is bounded in [6], then that it is continuous in [7].
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Cheraghi-Chéritat then proved that a restriction of this error function is 1/2-Hdolder
continuous.

Brjuno’s lower bound on the convergence radius for linearization of analytic vector
fields was improved in [15]. In [22], Stolovitch replaced the arithmetical condition
on the spectrum of the linear part by a condition of algebraic nature. The Brjuno
sum was also proved to play a role in other analytic linearization problems, as for
instance linearization of vector fields around an invariant torus (see [1] and [10]), or
reducibility of quasiperiodic cocycles ([14], [18], [11]).

The optimality of the Brjuno condition was also studied in other linearization
problems. Carletti-Marmi proved in [8] that the Brjuno condition is also necessary to
linearize analytically a germ of diffeomorphism around a fixed point, and generalize
it to Gevrey classes. However the continuity of the analogue of the error function
for linearization problems more general than the quadratic polynomial remains open
up to now.

Our main result is stated in the following two theorems:

Main Theorem 1. Let p be the radius of convergence of the linearization of the
system (2). Let d be the greatest common divisor of the indices of the Fourier modes
of A. There exists C' > 0, which is a non decreasing function of maxg—1,.. n|ak|,
and which only depends on this quantity and on the indices of the Fourier modes of
A, such that

p > exp(~2B(da) - C) (3)

Remark 1. When A(x) is a convergent series with an infinite number of eneric?harmonics,
a minor adaptation of our arguments guarantee the convergence of the linearization
under the Brjuno condition.

Main Theorem 2. Assume that the coefficients of A satisfy the following assump-
tion: there exists 0 € R such that for all k = 1,..., N with ay # 0, the complex
argument of the number i*~lay is k6.

Let p be the radius of convergence of the linearization of the system (2). Let d be
the greatest common divisor of the indices of the Fourier modes of A. There exists
C' > 0, which is a non increasing function of min{|ax| # 0, K =1,...,N}, an
increasing function of maxg=1,. . n |ax|, and depends only on these quantities, such
that

p < exp(~2B(da) + ) (4)

In particular, if B(da) diverges, then there is no analytic linearization.

Remark 2. Let kg be the smallest integer such that a,, # 0. The assumption in
Theorem 2 says that the argument of every non zero ay is the following function of

(P

k T k
Arg(ay) = /?OATQ(GKO) + 5(1 - K—O)

This assumption is in the spirit of Cremer’s counterexample of non-linearizable germs,
except that the arguments are defined from the beginning instead of recursively.
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Remark 3. It is also worth mentioning that da is a Brjuno number (i.e B(da)
converges) if and only if « is a Brjuno number (i.e B(«) converges; see Appendix,
section 8.2 for a proof).

The main result is obtained by a direct analysis of the coefficients of the formal
linearization (which always exists, and is unique if one requires it to be formally
close to the identity); as in [19] and [13], it appears that there is a link between
those coefficients and the Brjuno sum of da. To get an upper bound of the radius of
convergence, that is to say, a lower bound on the coefficients of the linearization,
one uses a strong assumption on the complex arguments of the coefficients of A, in
order to be able to bound the sum from below by just one of its terms. However the
lower bound on the radius of convergence does not use this assumption.

2. Notations. Let x € R, one denotes by ||z||z the distance between x and the
closest integer: ||z||z = minyez |z — p|.

Considering the trigonometric polynomial A(x) defined at the beginning, denote
by kg < k1 < -+ < Kk, all indices of Fourier modes of A: thus for all 0 < i < v,
ag; 70, and if Vi = 0,...,v, K # £, then ax = 0. Also denote by Kmin (resp.
Kmag) the number k; minimizing (resp. maximizing) {|ay,;|,7 =0,...,v}.

Denote by M C N the additive semi-group generated by {xg, ...,k }:

M = {poko+ - +puk, >0,po €N,...,p, € N} (5)

For all 0 < k < n, we shall denote by (ﬁ) the combinatorial number ﬁlm'

3. Analysis of the linearization. With a reasoning similar to the one in [4]
(which is reproduced and adapted to the present model in the appendix), one
proves that if H linearizes the system and is close to the identity, that is, its Taylor
series starts with (z, A), then the first component of the linearization is a function
hi(z,\) = ize® ) satisfying (mod 2ir):

N
D iag(iz)K e = 0 (A1) + BA(A2) — 204 (2) (6)
K=1

(see Lemma 8.2 in the appendix for a proof).

In what follows, A being fixed with modulus 1 and argument 27« such that o € R\ Q,
we will denote for all [ € N\ {0},

Dy := —4sin*(rla) < 0
Then |D;|~! > 1 for all I > 1. Also denote ®,(z) = ds1 #12' (so the radius of
analyticity of ® is (limsup,_, , . |¢|7)~!). Then

K
. 1 ;
DRV FED DET) DEEIL B SO I
Ke{ro,rkv} pzlp' j>1 >1

Let I > 1, then ¢, =0 if | < ko and if [ > ko,
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D,
Ke
{K0, s
kvl
K<l
I-K I-K 1
K
+ D> )y ol > Gjt by e Py P |
m=1,....K p1=1  pm=1 g1,k
m<l—K ool

+i1" i, =l K

(8)

Another recurrence relation is worth mentioning: let Wx(2) =3 ey, nny YE(2),
U (z) = i%lag 2K e () and denote by Y-, ¥xz" the Taylor expansion of Wy
and by >, ¥k 2! the Taylor expansion of ¥x. Then

\I/)\(Z) = <I>)\()flz) + @A(/\Z) - 2(I>>\(Z) (9)
which implies that for all [ > kg,

Y1 = Dighy (10)

Moreover, differentiating W g, one sees that 1 ; =0 for all | < K, Y g = it lag,
and for all n > K + 1,

n—1
(n— K)Ygn = Z kor n—k (11)
k=1

Remark 4. One sees that ¢; # 0 = | € M. This can be shown by recurrence:
for | = kg, the property holds. Assume it holds for all kg < I’ < [ —1, for a
fixed | > ko. Assume that ¢, # 0. If [ € {ko,...,%,}, then | € M; otherwise,
there exists K € {kg,...,k}, m <1l —K,p; <I—K,...,pm <l — K and non

vanishing ¢;1,...,¢;m such that g4+ Jpr, =1 — K. By recurrence assumption,
Jiy ... s Jpr, € M therefore | € M.

A similar fact holds for every W if g ; # 0,1 > K, then | — K € M. Indeed
Yy = 0if | < K and that ¢x x = i%*lak so the recurrence property holds for
! < K. Assume the property holds up to a fixed I > K. If ¢ ;11 # 0 then by (11)
there exist k € {1,...,n — 1} such that ¢y # 0 and i, +1- # 0 so k € M and
l+1—ke M, therefore [ +1 € M.

Example: If A is a monomial of order K, then ®,(z) only has coefficients
indexed by multiples of K. Then there exists a function =) : C — C such that for
all z, @y (2) = Ex(25).

The following lemma will be used to bound the coefficients of ® from below by
one of the terms of the sum determining them.
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Lemma 3.1. If there exists 0 € R such that for all K € {ko,...,Kk,}, the complex
number i lax has argument K0, then for alll € M, ¢; has argument 10 and for

al K € {ko,...,ku}, if i1 # 0 then Y has argument 10 + 7.

Proof. First one proves the part of the statement concerning ¢;:
1. If I = Ko, then (8) implies that ¢, = %i"”%mo which is, by assumption,

&)
the product of a number of modulus ko0 with 5—1, the latter being real and
K0

positive.
2. Let I > ko + 1. Assume that for all I’ € M such that I’ <[ — 1, ¢ has
argument I'6. If [ differs from all x;, then by (8), ¢; is the sum of terms which

are the product of a number % DL“K , which by assumption has argument K6,
with a number which by recurrence assumption has argument (I — K)f. If [ is
one of the k;, then one has to add the term D%i“‘lal, which has argument 6.

As for the statement concerning ¥ ;, since Y x = 5+ which has argument

K0 + 7, the property holds for [ < K. Assume this property holds up to a fixed
I > K. By equation (11), if 9k 141 7# 0 then ¢k ;41 is a sum of terms with argument
EO+(1+1—Fk)0+m for k € {1,...,n—1}, therefore it has argument (I+1)0+n. O

Remark 5. For instance, A(x) satisfies the assumption of Lemma 3.1 if it only has
coefficients ax € iR (then 6 = %), or such that i***ax € R~ (then § = 0), or if A
is a monomial (without restriction on 8).

3.1. The semigroup M. We shall also need the following lemma on the set M:

Lemma 3.2. Let d be the greatest common divisor of Kg, ..., Kk,. There exists Ny
such that for all integer m > N, if m is a multiple of d, then m € M. If ko =1
then Ny = 1.

Proof. Let Iy = [ko, ko + - - - + ko, [N and for p > 1, let

Ip = [p(ko + -+ r), (p+ 1) (ko + -+ + )N

Then (I,),>0 is a partition of [kg, +0o[N. Moreover, if jd € I, N M for some p > 0,
then jd+ ko + - - - + K., which is also a multiple of d, belongs to I, N M; therefore,
in order to prove this lemma, it is sufficient to prove that for all jd € Iy \ M, there
exists p > 1 such that jd+ p(ko+ -+ k,) € M. After a finite number of steps, one
obtains an integer P such that all multiples of d belonging to Ip are also elements
of M. Translating by kg + - - - + k,, one will deduce that all multiples of d greater
than p(ko + - - - + k,) are also elements of M.

Now, let jd € Iy \ M if it exists (otherwise the proof is finished). By Bezout’s
theorem, there are relative integers by, ..., b,, at least one of which is positive, such
that bokg + - -+ 4+ byk, = jd. Sorting the coefficients b; by sign, one infers that
jd — Zi/ b, <o Dii; 1s a linear combination of the k; with non negative coefficients,
at least one of which is non zero, therefore jd — 3. / b:<0 b;k; € M. Therefore
jd+max(—bg,...,—b,)(ko + -+ Ky) € M. O
Lemma 3.2 has the following corollary:

Corollary 1. There exists Naq such that for all a,b € M, if a — b > Ny, then
a—be M.

Proof. Let d be the greatest common divisor of kq,...,ky. Since every element
of M is a multiple of d, if a,b € M, then a — b is a multiple of d. If moreover
a —b> Ny, where N, was defined in Lemma 3.2, then a — b € M. O
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4. The Brjuno sum and the Brjuno function. Let d be the greatest common
divisor of kg, ..., K,. Let us consider the continued fraction expansion of da and let
(qx) be the sequence of the denominators of the approximants of da.

Definition 4.1. The Brjuno sum B(da) of the number da is the (non necessarily
convergent) sum

B(dOé) _ Z 1nqk‘+1

k>0 qk

Recall the well-known recurrence relation: for all j > 0,

Gj+2 = aj+2qj+1 + G (12)
where (a;) is the sequence of integers given by the continued fraction expansion.
The following lemmas are given in order to relate the Brjuno sum with the small
divisors of our linearization problem.

Lemma 4.2. For all k > 1, there is

s

< |Dq
2141 D Qk+1

Proof. For alll € Z,

|Dy| = 4| sin(rla)|?
and the Taylor formula implies

|Dy|% — 2n||lal|z| < 27|lal)?

whence, if |[la|z < 3,

1
mlllellz < [Dif? < 3xl|lallz (13)
Now for all £ > 1,
lgrdallz = min |grda — p| = gy min |da — 2| = g|da — &
pEL pEZL qk qk
Since
1 1
— <lda-Pr< (14)
20k G421 Tk~ Qrdr+1
(see for instance [20] remark 1.6), there is
s 1 3
< |Dyg, |2 < .0
2qk+1 D, qk+1
O

Remark 6. This cannot be extended to generalized continued fractions (i.e continued
fractions where the Gauss map refers to the closest integer, not to the integer part)
since the inequality (14) does not hold anymore for generalized continued fractions.

The following lemmas come from [13]. They concern the structure of the set of
small divisors and will be used in the lower bound on the radius of convergence. We
recall them here and apply the second to our setting.
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Lemma 4.3. ([13], lemma 2.2) Let k € N and n € N,n > 1, such that d is a divisor
of n. If|Dn|% < q%’ then % > qi and either qi divides § or 5 > q’i%.

Lemma 4.4. ([13], lemma 2.3) For all k > 0,n > 1, let Ag(n) = {dgr < j <
n, d|j, ﬁ < \Dj|% < %}. Let E = max(dg, %). Then there is a function
gr : N — R such that:

2d )
o ge(n) < (14 =F) g0
o for all ny,ne €N, gr(n1) + gr(n2) < gr(n1 + n2);

o ifn € Ai(n), then gr(n) > gr(n — 1) + 1.

Remark 7. This application of Davie’s lemma is possible because the set Ay, satisfies:
if j1 = djf < jo = djy, € Ag, then either dg; divides jo — j1 or jo — j1 > %.
Indeed, letting p; (resp. p2) be the integer closest to jida (resp. jida),

1 1
L g , ‘ 1 1
1G2—d1)allz < [pa—p1—(js—d1)del < |ljzdallz+|ljidellz < |Dj, |7 +|Dj |7 < 30

(the last inequality comes from ji,jo € Ag). Therefore, by (13), |Dj2,j1|% < qik.
Lemma 4.3 then implies that g, divides j5 — ji or jj — ji > ¥,

Lemma 4.5. There exists Coy,C1 > 0 such that

ZLSCO

>0 a

and

len% <Gy

1>0

Proof. Let us give a bound on -, i In g;. Because of the recurrence relation (12),

the sequence (q;) increases at least as fast as a Fibonacci sequence the first two
terms of which are in {ko,...,k,}: denoting by (f%) the Fibonacci sequence with
fo = f1 = 1, one recursively proves that

a > [k (15)
Indeed, ¢o > 1 and ¢; > 1. Assume that qx_1 > fr_1 and g > fi, then

k1 = Ok 1Qht1-1 + Qhy1—2 = Qe + -1 = (fx + fe—1) = fret1-

Int
t

lenql§1n2+zﬁﬁcl

1>0 1>0 fi

where C is a numerical constant. From the inequality (15), one also infers that

1 1
Z;SZﬁSCO

1>0 >0

Therefore, since the function ¢ +— decreases on [e, +00],

where C is a numerical constant. [ O
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4.1. Subsequence of fast increasing denominators. Given the number N,
which was defined in Lemma 3.2, let (ny) the (possibly finite) subsequence containing
all indices such that

{ Adno Z maX(NM + 27 1 + Hmaw(Q + é))a
an-l-l Z q721k + C(Hmaaca d)an + n(’imawv d)

where (,n are given by

C(Hmaxa d) = HTZ;LI + 3/€maz + 2; n(ﬁmama d) = (K:n:lar + QKmaz)(Kmax + 1)

Denote by 4+ 1 € NU {oo} the cardinal of this subsequence (so p, if finite, is the
greatest k such that ny, is defined).

Lemma 4.6. For all 0 < k < pu, it holds that gy, > max(Na + 2, Iimam)2k.

Proof. By definition, ¢, > max(Na + 2, Kmaz)-
Assume that g,, > max(Np + 2, Kmaz)? , then Gnpsy = Gnpt1 > g5, > max(Naq +

2k+l
2, Kmaz) . O

Corollary 2. It holds that Y 4_, - < !

dng — max(Nm+2,6maz)—1"

Proof. Indeed

SN 1 1
> 7<) :
=0 dny, k>0 N./\/l +2 Hmar) E>1 maX(NM + 2a Kfmaw)
1

< .
~ max(Nag + 2, Kmaz) — 1

(16)

O

Lemma 4.7. There exists Co > 0 which is an increasing function of Kmaz and a
non increasing function of d such that

- ln |DQ711

Z 20 < B(da)

Proof. Lemma 4.2 implies that

- | ln |DQnZ | |

w H
, Ingp,+1 In2—1Inm
= Z 2an = Z Adn, * Z T B(da)
, =0 ,

1=0 = Im

XH: In gp,+1 — In(3)

1=0 O

Now

“w
Z In gn,+1 — B(da) — Z Ing41
= I 120,q7 +Car+n>qi+1 @

(where (,n were defined at the beginning of the section). Thus
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Z“:lnqmﬂ > B(da) _Zln(q?+qu+n) > B(da)_zln(ﬂ-‘rln((ﬂ +(+n)

=0 dn, 1>0 qi 1>0 qi
Ing In(¢+n+1)
> B(da)— 2y 10 _ 0t
>0 a 150 a
(17)
By Lemma 4.5,
1 +n+1
SR o4y +1)
>0 a
Therefore one can define Cy = 2C; + Co(In(37) + In(¢ +n + 1)). O

5. Recursively defined lower bound. In this section we introduce a function F
which will be used in giving a lower bound on the coefficients of the linearization.
More precisely, in the case of a subsequence g, with infinite support, we shall prove
that

F In
lim sup M — C < limsup ﬂ

k—4o0o  Qny k—+oo dny,
where C' is a constant not depending on «.

F(q"'k)
Gny,

Then we shall bound limsup,_, | ., < ) by means of the Brjuno sum in the

Lemma 5.1 below.
The function F is recursively defined on the set {g,,,0 < k < u} as follows:

F(gn,) =0and V1 <k < p,

(18)
F(an,) = 06110 | Dy, 1| + 265 F (Gng) + -+ + i1 /10| Dy, ||+ 11 F(dn,_,)

where the integers p¥ are given by successive euclidean divisions on g, — Kmaz:

dan — Rmaz = P’1271dqmc_1 +rp—1, k-1 < dan_p

k
The1 = Ph_odGn, 5 +Tk—2, Tk—2 < dqn, _,,

(19)
1 = phdgn, + 70, 70 < dgn,-
Remark 8. Let ¢ > 0. Forall k> i+ 1,
ph < T (20)

n;
Indeed, the integer p¥ are recursively given by

dq — K
k ng max
bt ( dgn,,_, )

and for i =0,...,k—2, pF = E(ﬁ), which satisfies (20) by definition of r;1;.
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Lemma 5.1. There exist C4y > 0 which is an increasing function of Kmaez and a
non increasing function of d such that the function F satisfies for all 0 < k < p, if
M = 00,

F(qn
B(da) — Cy4 < limsup Fan,) (21)
k——+oo dny,
and if p < 400,
F n ln D n
B(da) - ¢y < £ _ 1P| (22)

dn,, dgn “

Proof. This can be recursively shown. Assume that for a fixed 1 < k < y and for all
k' <k —1, one has

- > ) |0 [ Dag, 1= = )

Iny + Fmaz/d — | S m Gni

(which holds for k = 1). Then

F(an) > Pk—1
qn, + ﬁmaz/d - qny, + Hmaz/d
_ + K d)
> Pl ¥ ta D) Sy, I
Qn, + Hmax/ 1<k—2 n, QnHl
Pk

4+ —————|In|D
an+’€max/d| |

(F(gny—,) + [0 |Dy,, 1)

anyy |

Now by definition of pg_1,

Pk—1(qny_, + Kmaz/d) N (% ~ Dnis + Fimaa/d)
Qo + Bmaz/d T ny, + Fmaz/d (24)
_ (@n = Gney = =2 ) (Gni_y + Fmaa/d)
- Anj—1 (an + Kmaz/d)

and this quantity is greater than 1 since, by assumption on the subsequence ng,

e 2 G,y + Gy +11
where (,n were defined at the beginning of Section 4.1. Therefore

F(qn,) 1 2
— k> In Dy,
Qn, + Hmaz/d l;Q | | I q ny qnl+1 )
an - an71 - Kw&am
+|In|Dy,
|In|D, k1 Han 1(an + nm(m/d) (25)
>y |1n|quan )
1<k—2 I q"“rl
1 2

+ |In|Dy,
|In | qk_l\l(q

Nk—1 an
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(where the last inequality comes from the fact that ¢, > 14+ Kmaz(2+ %)) Therefore
the property holds for all £ > 0. Lemma 4.2 implies that

F(an) > Z
Ony + Emaz/d 0<iTh1

Hn‘quan_ Z 41n(%qnz+1)

i 0<I<k—1 Inits
which implies

F(qn,) S |In[Dqq,, || _4zlnqz
G+ Fmaa/d o E A >0 ¢
Lemma 4.5 then implies
In|D
F(qn,,) > Z |In | dqan _ 40,
Gy + Fomaz/d (=
Finally, by Lemma 4.7, if y = oo, then
lim sup F(gn,) = lim sup _ Flaw) > 2B(da) — 2Cy — 4CY
k——+oo Adny, k—+oo qny + Hmam/d

If p < 400, then

F(gn,) In|Dag,,| | In Dy, |
— > Z i 11

—4Cy
n,, dqp,, In,

 0SiZu
therefore by Lemma 4.7,

F(g,) 1n|Dag,,|

In,, dgn,
Thus one can define Cy = 2C5 + 4C4. O

Z QB(dOé) — 262 — 4C1

6. An upper bound on the radius of convergence. In this section, one shall
assume the following:

Assumption 1. Assume that there exists 6 € R such that for allk =1,..., N with
ar # 0, the complex number i*~Lay has argument k6.

In this case, one can prove a lower bound on the coefficients ¢; of the linearization
in order to bound the radius of convergence from above.

One needs the following simple lower bound on all coefficients, including those
not corresponding to a small divisor.

-

Lemma 6.1. For all r € N, if || # 0, then |¢,| > min(1, W)No .

Proof. For all K such that ax # 0, it holds that |¢g| > Kol > Jemml 1

7“1”21” < 1, then |¢x| > (7|a”2m|)~%. If 7|a“2”'"| > 1 then |¢px| > 1.
Let 7 € M,r > 2. Assume that the property holds for all ' < r — 1. Then,

either there exists ¢ € {0,...,v} such that r = k;, and in this case, |¢,| > % >
min(1, %) > min(1, W)%, or there exists ¢ € {0,...,v} such that
a 7 a min
|¢r‘ Z ‘% (brfm 2 |HT er,,ﬁ.

If W < 1, then the recurrence assumption implies that
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o 2 (@) mina, mmse) 5 5 iy, ssel 25

If W > 1 then |¢r| > 1. )

Lemma 6.2. For all j > kg and p € N*, there is

Gpi| > ¢.pD_p71
| p]| p‘Dp7|~|D2]|| ]| | ]|

Proof. Notice that

|¢pj | W’m |

|Dp] | Z W)K;Pj | (26)

|D |
Ke{ko,...,kv }

(one uses the fact that the ¢k p; have the same argument for every K). Thus by

(11)’

i 2 [ 32 B bl = (ool @7

Iterating this, one obtains

1
|¢pj| > ||¢J|W}J‘ Pl =

1
_ #;P|D;|P 1 28
PIDy[ - Do %P 2%)

Pl Dpjl .| Daj
O

The following lemma states a better lower bound for the coefficients of the
linearization corresponding to a small divisor.

Lemma 6.3. For all0 <k < pu—1, there is

1 law,...] 1 A(pE T it
> maz | Z\d(py T AP )
|Dag 0" 71 | Dy, |7 (20)
no
) dpk-H dpk+1
R
N P57 g, P (1, meny 5
0 k 4
where the integers p]”'l, . ,p’,:H Ry, were defined in equation (18).

Proof. Taking in the recurrence relation (8) the term with [ = gy, ,, K = kmaz, m =

Lpr = k42,51 = dpi " (gno + Fmaz)s -+ dhsr = AR (Gny, + Fomaz) and iy, = Ry,
in order to have ji +--- + j,%ﬁ = dqn,,; — Kmaz, ONE Obtains

1 Kmaz| Gk,

|
(k +2)! |¢dp§“(qno e ‘¢dpk+l(an+Km,aw) 1#R. |

|¢)dan+1 | 2 |D

dan+l|

Now apply Lemma 6.2 to every factor in the right hand side, except the last one,
and apply Lemma 6.1 to the last factor. One obtains
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1 la, .. | 1 A(pEH et
> max - Pg —+ +pk )
‘¢dan+1 | - |qunk+1 | (k + 2)' (4)
k+1 k+1_
' |qun0 dpo” 1 |qunk|dpk ! (30)
dp10€+1 dpl]erl
’ |¢dqn0 |p0 ce |¢dan |pk mln(]-a KT) 0.
O

The following proposition links the radius of convergence of the linearization to the
function F.

Proposition 1. There exists C' > 0 such that for all 0 < k < pu,

1 F(qn,,)
In|D > L C
dan n | dQﬂrk (bdan ‘ - dan
Moreover, one can have C = —21n(7‘a'°2"'”‘) + HI%M (1 —-Inlag,,,|) if 7‘%2”" <1

and C =1+ ﬁ otherwise.

Remark 9. Observe that the coefficients of the linearization increase with the
nonlinear part of the system.

Proof. Denote C' = —21n( ‘a”’gi"‘) if ‘a”g"’"‘ <1 and C = 0 otherwise. Let Sy = o
no
and for all 1 <k < p,

inj +In(d?q,.
T J1nj + In( q_,)Jr
n,

In4 ; ; R,
S = > )

1<5<k 0<j<k ™
Thus, for all 0 < k < u, Sk > 0.

Let 0 < k < pu. Let us formulate the following recurrence property:

F(an) ~
— Sy — 1

First note that this property holds for k = 0. Indeed, since by Corollary 1, ¢y, >
Ny, which implies that dg,, € M, then there exists by, b1,...,b, > 0 such that
dgn, = > i_obiki. Let I be such that by > 0. Then

In |DdQW,k ¢d(Ink | Z

1 br— b
‘¢d4n0| > WHI|G”€I||¢"€I| -t H ‘¢KJ‘ !
dqno J#I
Now on the other side, for all 0 <7 < N,
|¢ | > |am| |a’f€mm| |af'imm|
"= Dy, T 4 - 8
hence, if % <1,
|a,€ in | \dgn, —1
> min Ang
|¢dQno | = |qun0 | |al€1 |( S )

and if [2xmiml > 1

)



ANALYTIC LINEARIZATION OF A GENERALIZATION OF THE SEMI-STANDARD MAP 3091

1
> -
‘deqno = |qun0 | |a, |

1 ‘a”'m'in‘

Thus if —Fgint <1,
1 |In [Dag,, | dgny — 1. |a,,..| In(|ax,|) _ 110]Dag,, || }

In n > 0 =+ 0 In minly 4 I > (R
dqno |¢dq ’ | dqno dqno ( 8 ) dQno dQno 0
and if % > 1,

! In|D 1 In|D
In[¢aq,, | > 1D [ (] > | In | Dag,,, |
dQno 0 dQno dqno dqno

therefore the property (31) holds for & = 0.
Now assume that the recurrence property holds for all 0 < k' < k, for a fixed
0<k<pu—1. Lemma 6.3 implies

| e | k+1 k+1
lnlDdan+1¢dan+l‘ Zln((k+2)| _d((pO ++pk )+k+1)]‘n4
32
) (32)

b

R fomi
—In(dpg™t ... dpith) + ?(]: In min(1 \a#

k+1

+ Do In ‘DdQnO (VbdQno ‘ +ot pﬁ"’_l In |Ddan QSdan, ‘

By recurrence assumption, one infers

(k+2)In(k+2) N In|a.,, .. |

In |qu".k+1 (stqn,prl | > -

danJrl dan+1 danJrl
d k+1 . k+1 ]{} 1
CdlpgT ) R+ lnd
dan+1
kJrld n F n B
+p‘;l o d(q o) g )+
Qle+1 qno (33)
k+1
Py dan,  F(gn,) ~
+ —5,—C
dq7lk+1 ( dan * )
+ i In min(1, M)
anan+1 4
B ln(dp§+1 .. de'H)
dan+1

thus by definition of F,
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F(an+1 ) _

(k+2)In(k + 2)

In |qu%Jrl ¢dan_+1 | > i, .,

Anjyq

N n|as,..| dpg™ + -+t +k+1

dq’ﬂk+1

In4

dan+1 an+l
R v ~
4k In min(1, 7|aﬂ"”"|) -C
AKoGn,. 1 4
b dan, o P dgn, s
dan+1 dqﬂk+1
In(dpg™™ ... dpith)
dan+1
Now for all i =0,...,k, p; < q’;# therefore
qn
ln(dplgJrl ... dp],:Jrl) In(d**! qi;rl )
dan+1 dan:+1
and
In|Dgg, . ®dq, > O — Sk
dan+1 | ? b+l 1 el | dan+1 *

Therefore, the property (31) holds for all 0 < k < p.
Finally note that, even if ;1 = 400, the partial sums S} converge, since from one
side, by choice of the subsequence g,,, and corollary 2,

Z jlnj—|—ln(djqnj)< Z

1<5<k n; 1<5<k VI

and from the other side, by Remark 8,

k R

Qno j:]- an
k

In4
< —+

Ino : ’

J=1

ko
1 1)Gn,;_ 1
§ln4(—+z(]+ )q’1+

+C; < Z

152k Ina

In4 In4 ; ; ;
D Dl et R R Y

2

Ci < ——
+ 1f1+NM

Z In4 dn, + Rmax 4t q’ﬂjfl + Kmaz +

qn] qn() + K;ma:v q’l’bj_Q + ﬁmax

et

k
1
<hnd(— )
no

Jj+2

Gn;

)

=1

k—1 .
< na(-— +3°7 3 ma

Ang

9In4
< 777
T 1+ Npm

j=2 Q’I’LJ‘ qno

)

q7lj qnj,1

k—

[

1

)
= ny

n,
)

Gn,_,

(34)

+C
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(this last inequality used Corollary 2). Thus, let C = C + 1+N (2+9In4) +Cy ,
then C satisfies the statement of this proposition. O

The following theorem concludes the proof of our main theorem 2.

Theorem 6.4. Let C > 0 be the constant defined in Proposition 1. Let p be the
radius of convergence of ®.

If 4 = +o00, p < exp(— limsupkﬁJroo Fd(;h:) +O).

F n D n
If,Uf < o0, p< eXp(f d(:;n:) + ‘dqdq “‘ +C)

One also has the bound p < exp(—2B(da) + Ca) where Cpq = 04 + C, with Cy
defined in Lemma 5.1.

Proof. Recall that p~' = limsup;_, , o ;|7
Case 1: y = +o00. Then

1 1
—Inp > limsup T In|dyq, | > limsup i n [¢aq,, |

k——+oo 4k k——+oo Nk
In|D, F
oy 2Pl Plan,)

-C
k——4o00 dan dan

where C' was defined in Proposition 1. By Lemma 5.1,

—Inp > dB(da)—%—C

Case 2: < 4+00. Then

—Inp= hmsup In|¢;| > limsup
j—+oo J j—+oo JQnM

(7 10|y, “

In |¢; qn,,

(37)

1
> limsup - —1Inj)

j—+oo JAn,

where the last inequality has used Lemma 6.2. Therefore by Proposition 1,

In|¢g, , |

qny,
S F(gn,) M |Dag,,|
— dgn, dqn,,

—Inp >
(38)

-C

which gives the first part of the statement. Finally, by Lemma 5.1, one also obtains
in this case
2 Cy
—Inp > -B(da) — — - C.
np 2 5 B(da) - —
One can then define Cph( = % + C. O

7. A lower bound on the radius of convergence. In this section, the second
part of the main result is proved. The assumption 1 on the coefficients ax is relaxed.
The following theorem implies our main theorem 1.
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Theorem 7.1. The radius of convergence is at least exp(—C' =3 _,<, 211;3;“ ), where
C’" > 0 is defined by
16C

C" = In(ax,,,.[) +r+ =

if lak,,..| > 1 and
16C,
C =
"

otherwise, with r > 0 only depending on the Fourier modes ko, .. ., k, of the trigono-

metric polynomial A and Cy defined in Lemma /.5.

Proof. Let w be an analytic solution of the functional equation

wz)= Y (@)
ke{ko,....,k0 }
and let R its radius of convergence. Expanding w in its Taylor series, w(z) =
Y n>00nz", one obtains the following relation between the coefficients o, (it is the

same relation as between the coefficients ¢;, only replacing aj, by i*+1 and without
small divisors):

I-K I-K 1
— E K § :
01 = [JKJ + (m) P | P |
Ke m=1,....K p1=1 Pm=1 1 Trame
K05 m<i—K
kvl
K<l
E Oji 041 .. Ojm O'j;nm] (39)
Fisesdpy s
P

Jit i, +oe
i =l K

One can recursively show that the o,, are non negative real numbers. Moreover the
function w is analytic, therefore limsup,, ., ., _71 Ino, is equal to —In R.

The function g giving the upper bound is defined as follows: for all £ > 0, let g
be the function defined by Davie’s lemma 4.4. Then, for all integer ko < j < gp,, let

9(j) = jn(lax,,..|) + 36;
if |ay,,,.| > 1, and

g(j) = 363

otherwise. Now let j > ¢, and assume that k is the greatest index such that g, < 7;
let

k
9(3) = _20:(j) In g1 + jIn(|ax,,,,|) + 365
=0

if |ax,,..| > 1, and
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2291 )Ingi41 + 365
=0

otherwise.
The function g is increasing. Moreover for all ji,js > kg, as a consequence of
Davie’s lemma,

9(i1) + 9(j2) < 901 + j2) (40)
Now let us prove that |¢;| < a;e99) for all j > kg. First, if |Dyy| " ax,,..| > 1,
then

|Pro| = |D:‘€0|71|a*€0| < |D/‘€0‘71|a5maz| < ed(ro)

and |¢,,| < 1 = e9(0) otherwise. Assume that this holds for all j/ < j — 1 and
consider |¢;|. The relation (8) implies

1651 <ID7Y D laxlOx

) @51l -

. .1
Jiredpyo

G |- Adim] . sp ]

I 5T
Jitetdp, o
+i1 Ay, =i— K

hence, by recurrence assumption,

j—K j—K
1
6] < D7 Z |05 + Z m DD

|
m=L..K pi=1 pn=1P1Pm’
HOv . m<] K
Ky},
K<j
-1 -m
g +9G )
E Oj1...0jm eI pm ] (42)
.1 1
J1odpyo
I J;’:n
Jite i, +oe

+i i, =i K
therefore

|6l < 1D ]ax,,, |e?Y "o

We shall distinguish two cases:
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o 1
e if j > ko and |D;|2z > £, then

|Df1‘|anmw|eg(j—ﬁo)a_ < 36|a,€ |eg(j_”0)a- < eg(j)U]

e otherwise there exists £ > 0 such that < |D; |2 < and in this case,

qu+ 6‘1 ’

\Dj_f\ < 6¢k+1. Moreover, j € M implies that d divides j; then j € Ag(j)
therefore, by construction of gy,

gr(j) = gr(j — ko) + 1
therefore

In|D; Y| +1nlan,,,| + 90 — Ko) < 2Ingri1 + 1036 +1Inlax,,. |+ 9(i — ko) < g(j)
thus

|63 < D} lax,,. |V a; < Do,

The recurrence is finished. Thus, for all j > kg,

1 1 1
*.ln(ﬁ' ngj + -1Ino;j 43
; |95 7 (7) s (43)
Now
1 . 2 .
-9(j) < —q(j) Ing1 +éIn(lag,,,[) + 36
J o<i<k J
therefore by Lemma 4.4,
1 . 2 16
~9() < Y (5= + ) Ing1 +6In(lay,,.|) + 36
J o2 o da

where 6 = 1 if |ay,,, | > 1 and 0 otherwise. Thus,

1 1 1
limsup - In |¢;| < limsup —¢(j) + limsup - Ino;

j—=too J j—=4oo J jtoo J
21In( sz+1 161In(q;41)
S D D P (44)
1>0 1>0 di+1

1
+dIn(|ax,,,.|) + 36 + limsup - Ino;

jotoo J
Thus,
1

hmbup 1n|¢]| < 22 ok Lo +’

Jooo 1>0
where

16C
' =M(la,,..|) —InR+ —= +36

d
if lax,,,.| >1and R <1,
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16C
C'=—InR+—"+36
if R<1and|a,,,| <1, and
16C
¢'=— L+ 36
otherwise. It only remains to use the characterization of the radius as a function of
limsup;_, | % In|¢;|. O

Remark 10. In the proof of the above theorem, one sees that the constant C’ can
be made independent of the indices ko, ..., k,, because the radius of convergence R
is bounded away from zero uniformly with respect to these indices.

In fact, the proof can be generalized to an analytic function with infinitely many
Fourier coefficients, as long as the sequence of the Fourier coefficients is bounded.
Then the integer d is defined as the limit of the greatest common divisor of kg, ..., Kk,
as n tends to co.

8. Appendix.

8.1. A proof of equation (6). Here we give a proof of equation (6) in two lemmas.

Lemma 8.1. Let H(z,\) = (h1(z, A), ha(z, \)) be the linearization. Then ha(z,\) =
hi(z,\

hl(i\(flz?k) :

Proof. Let F(z,\) = (\z ngl ei“’czk7>\]—[i\f:1 ¢i:2") be the function generating

the system, and R(z,\) = (Az,\). Note that if f(z,\) = )\Hé\le ei@x=" then

F(z,\) = (2f(2,\), f(2,\)). We shall expand the identity H = F o Ho R™! to infer

the desired identity. On one side,

FoHoR *z,A)=FoHW\ '2,0) = F(hi(A\'2,0), ha(A"12,0))

-1 -1 -1 -1 —1 (45)
= (hl()‘ 2 )‘)f(hl()‘ 2, )‘)7 hQ()‘ 2, )‘))7 f(hl()‘ 2, )‘)a h2<>‘ 2 )‘)))
By matching the components of F o H o R~! with those of H, one infers that
hl(za )‘) = hl(Ailzv )‘)f(hl(Ailzv /\)7 hQ(Ailza )‘))
and
ho(z,\) = f(hi(A 12, N), ha(A 12, 0)))
Those two identities imply that for all (z, A),
o hl(z, )\)
hQ(Z7A) - hl(}\ilz, )\)'
O

Lemma 8.2. Let hy(z,\) = ize®>(?) | then equation (6) holds.

Proof. Let F(z,\) = (Az H,ivzl eianz" ) ngl ei“kzk) be the function generating the
system, and let R(z,A) = (Az, A). By definition, F'o H = H o R. Now using Lemma
8.1,



3098 CLAIRE CHAVAUDRET AND STEFANO MARMI

FOH(Z )\) hl 2 )‘ ﬂ ezakhl z )\)k hl Z, )‘ ﬁ ezakhl(z )\)
’ h1 A~ 12 A) 1(A~ 1z A)
and H o R(z,\) = (h1(Az, ), hhl ()‘zz)\)i)). By matching the components and taking
the logarithm modulo 2ir, one obtains equation (6). O

8.2. A number is Brjuno if and only if its multiple by an integer is Brjuno.
In this section, we will give a proof of the following fact:

Proposition 2. Let a € R\ Q. Let N € NN > 2. Then « is a Brjuno number if
and only if Na is a Brjuno number.

FIGURE 1. The Brjuno function of Na for @ € (0,1). Red: N =1,
green: N = 2; blue: N = 3; purple: N =4.

In order to prove this, it will be useful to recall a few classical facts about continued
fractions. Let « € R\ Q Let ( )n>0 be the sequence of best approximants. They

have the property that for all rat1onal 5

1
a-Ll< = am>0 Do
a2 ¢ n
Let (a,) be the sequence of integers given by the algorithm ag = [o], zo = {a},
Fat = {2}, aur =[], Then
Gn+1 = Gn41Gn + qn—1
which implies that
gy < I (46)

dn
Also, there is the following important identity:

|af1%fi 1

=——— (47)
qk QK Qk+1 + Tr+1Gk
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As mentioned in [9], there exists a constant C' > 0 such that for all irrational «,

In g, Ina,
30 2 <o (48)
7>0 dn qn

Inayq1

o < +00.
Now let N > 2; let af, = [No],z(, = {Na}, al,y =[], 2l = {F}. Let (%)
be the sequence of best approximants of Na.

Therefore o is Brjuno if and only if

/
Pn  _ Pk
— =

Lemma 8.3. If a;+1 > 2N, then there exists k > 0 such that N o

Proof. By (47), one has

v, < Lo 1
Ngq,,' = Ngq2a,,, 2(Ng,)?

|a

thus 1\1;# is one if the best approximants of a: there exists & > 0 such that 1\1/);/ = Z—:.

O

Now we can prove the Proposition 2. For all n > 0 such that a],,; > 2N, let k,,

AT;;‘; = 2"—':. Note that gk, < Ng¢,,. By (46),

be an integer such that

Inaj, < Ing,,, Ing,

< (49)
an, n, an,
The identity (47) adapted to Na implies that ¢;,q;,,, < INTi'i\ therefore
a
al,, |mINa=Z 1y
ntl < — - gl (50)
q'n qn qn
If aj, ., > 2N, then
Npi
Ina N|ln|Na — = ==|| Ing’
ntl o P _gN—in (51)
an Ak, an
: Pky 1
Again by (47), | — . | > Saran; therefore
Ina’ N1 N1 N(InN +1In2 Ing’
Mongy o NIge, o Nng, | (InN+m2) . n4n (52)
dn 9k, dk,, 9k, dn
By taking the sum over n > 0,
Inaj,_ Inaj, Inay,
ylha oy e,y b
n>0 n n>0,al,  >2N n n>0,a],  , <2N n
< Z Nlngk, 11 n Nlngy,
- ; k., k.,
nZO,an+1>2N (53)

N N(lnN 4 In2) L+ Z In(2N)

/
qk,, n>0 dn

< Z Nlnggyq n Nlngg n N(n N +1n2) N Z In(2N)

/
= @ 0 Uk =
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If a is a Brjuno number, the right hand side is finite, which implies that Na is a
Brjuno number.

It remains to prove that if « is a Brjuno number, then %a is Brjuno. For
an irrational number «, let B¢(a) be the Brjuno function as defined in [20]: the
convergence of the Brjuno sum B(«) is equivalent to the convergence of By(«),
therefore « is a Brjuno number if and only if By(a) converges. Now the functional
identity from [20], which holds for « € (0, 1):

1
Bf(a) = —Ina+ aBjf(—)
!
implies that any irrational « is Brjuno if and only if é is Brjuno. If « is Brjuno,
then é is Brjuno, therefore, by the above, % is Brjuno, and thus its inverse & is a
Brjuno number. O
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