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Abstract: Cosmological correlation functions contain valuable information about the
primordial Universe, with possible signatures of new massive particles at very high energies.
Recent developments, including the cosmological bootstrap, bring new perspectives and
powerful tools to study these observables. In this paper, we systematically classify infla-
tionary three-point correlators of scalar perturbations using the bootstrap method. For
the first time, we derive a complete set of single-exchange cosmological collider bispectra
with new shapes and potentially detectable signals. Specifically, we focus on the primor-
dial scalar bispectra generated from the exchange of massive particles with all possible
boost-breaking interactions during inflation. We introduce three-point “seed” functions,
from which we bootstrap the inflationary bispectra of scalar and spinning exchanges using
weight-shifting and spin-raising operators. The computation of the seed function requires
solving an ordinary differential equation in comoving momenta, a boundary version of the
equation of motion satisfied by a propagator that linearly mixes a massive particle with
the external light scalars. The resulting correlators are presented in analytic form, for
any kinematics. These shapes are of interest for near-future cosmological surveys, as the
primordial non-Gaussianity in boost-breaking theories can be large. We also identify new
features in these shapes, which are phenomenologically distinct from the de Sitter invariant
cases. For example, the oscillatory shapes around the squeezed limit have different phases.
Furthermore, when the massive particle has much lower speed of sound than the inflaton,
oscillatory features appear around the equilateral configuration.
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1 Introduction

The primordial Universe is a natural laboratory for fundamental physics, where the laws
of the microscopic world can be tested via observations on cosmic scales. In particular,
since inflation is likely to have the highest energy densities accessible in nature, we expect
that primordial correlations may provide the ultimate test of high energy physics [1, 2].
This idea is nicely manifested in “cosmological collider physics” [3], where the qualitative
and quantitative features of inflation are recast in terms of a giant particle accelerator.
Within this collider analogy, measuring correlation functions in the sky corresponds to
measurements of interactions of the particles responsible for primordial fluctuations. These
correlations could, for example, be mediated by new massive particles. This scenario
leads to the natural question of studying these correlations and classifying their distinctive
observational signatures. Specifically, new particles can mediate interactions among the
curvature fluctuations, leaving their indirect imprints in the shapes of primordial non-
Gaussianity (see [4–12] for earlier studies, and [13–40] for recent ones). It is remarkable that
there is the possibility to do particle spectroscopy in this extremely high energy environment,
while having access only to the static pattern of density fluctuations at the end of inflation.
To do so, precise predictions for the cosmological correlation functions are needed, as well
as a detailed understanding of their analytic structure.

In recent years, our theoretical understanding of the statistics of primordial fluctuations
has improved significantly. The correlation functions at the end of inflation are now known
in analytic form for a wide variety of processes. These advances come from a new perspective
toward the investigation of cosmological correlators, following a “bootstrap” philosophy [41–
63] (also see [64] for an up-to-date review of the subject). In this new approach, without
reference to a specific model or Lagrangian, the correlators are directly determined from a
set of basic physical principles, such as locality, unitarity and symmetry.

The cosmological bootstrap was first studied by exploiting the full de Sitter symmetries
(the de Sitter bootstrap) [41–43]. From observations, we expect primordial fluctuations
to be translation and rotation invariant, and dilatation covariant. For inflation, there is
also the possibility of fluctuations being invariant under de Sitter boosts. In this case, the
constraints from all de Sitter isometries become very powerful. For example, it implies that
the correlators have the same kinematical symmetries of Euclidean conformal field theories.
From this perspective, we obtain analytic control of many correlators whose computation
by conventional time evolution is rather intractable. Within the de Sitter bootstrap, it is
possible to incorporate a mild breaking of boost symmetry, and thus compute primordial
non-Gaussianity for slow-roll inflation.

From a phenomenological perspective, however, it is interesting to drop the assumption
of boost isometries. A simple way to break boosts is by giving a subluminal speed of
propagation to the scalar fluctuations [65–67]. Generically, we expect the level of non-
Gaussianity to be enhanced in this case, due to the smaller size of the sound horizon,
compared to the Hubble radius during inflation [68–70]. Technically, this happens because
the sound speed is controlled by an operator that induces strong self-interactions of the
inflaton. Theories with small speed of sound and small non-Gaussianity typically require
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fine tuning. Therefore, if we detect primordial non-Gaussianity in the near future, it is
likely that primordial fluctuations break boost symmetries. In order to have the best of
both worlds, we desire analytic control and understanding of shapes of non-Gaussianity,
while encompassing scenarios in which de Sitter boosts are strongly broken.

In this paper, we make progress in developing the boostless bootstrap for the primordial
bispectrum — the three-point function of density perturbations. Despite having less
symmetries at our disposal, the bispectrum is a simple observable, in which kinematics is
tight enough that it is still possible to run the bootstrap. Recently, the boostless bootstrap
was successfully applied to classify three- and four- points of the massless fields in de Sitter
by leveraging the remaining symmetries and locality constraints [51–55]. This general
approach provides a complete set of correlators from single field inflation including all
the boost-breaking interactions. Our focus here is the bispectrum due to the presence of
mediator massive particles during inflation. In other words, we are interested in developing
a bootstrap for the cosmological collider with potentially large non-Gaussianity, which is the
most interesting case for upcoming observations. It is perhaps surprising that the bootstrap
approach is applicable to the exchange bispectrum even in the boost-breaking scenario. We
suspect that this is because the bispectrum is only sensitive to the longitudinal modes of
the massive particles.

In the de Sitter bootstrap, we first compute de Sitter-invariant four-point functions, and
then deform them to obtain a minimal level of boost breaking [41]. In this paper, as boosts
can be strongly broken, we compute the bispectrum using simpler building blocks, without
reference to four-point functions (see [71] for an alternative approach). The starting point
is the correlator of two conformally coupled scalars and a massless scalar which linearly
mixes with a scalar particle of arbitrary mass, as shown in figure 1. The mixed propagator
satisfies an interesting differential equation in time that internally “collapses” the massive
particle, producing the massless bulk-to-boundary propagator for a massless scalar. Then,
we show that this “scalar seed” three-point correlator satisfies an inhomogeneous differential
equation, and proceed to solve this equation analytically. More surprisingly, from this scalar
seed, we are able to bootstrap the inflaton correlators exchanging a particle of arbitrary
mass and spin, as well as arbitrary vertices (both for quadratic and cubic interactions).
Like in the de Sitter bootstrap, all possible boost-breaking interactions are derived from
hitting the seed diagrams with “weight-shifting” operators. Similarly, we generate the
spin-exchange bispectra from the scalar seeds by using “spin-raising” operators.

The resulting shapes share some similarities with their de Sitter symmetric counterparts,
having features due to the mass and spin of the exchanged particles, but they also have new
properties that are unique to the possibility of subluminal sound speeds.1 The oscillatory
phases are now different with the ones predicted by de Sitter invariant interactions. Moreover,
the oscillations which are prominent around the squeezed limit in de Sitter invariant theories
can also appear close to equilateral configurations. This is only possible in a scenario where
the sound horizon of the mediator field is much smaller than the one of the inflaton. In that
case, the exchange correlator can probe multiple sound horizon crossings for the massive

1More precisely, the ratio of sound speeds between the inflaton fluctuations and the exchanged particles.
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Figure 1. The structure of this paper. We compute the bispectrum of conformally coupled scalars
with a massless scalar that linearly mixes with a massive scalar field. From this building block, and
various “weight-shifting” and “spin-raising” operations, we generate a wide variety of inflationary
bispectra of phenomenological interest. As we relax the requirement of boost symmetry, the signals
can be large enough to be detectable in near-future cosmological surveys. The procedure to obtain the
scalar seed, as well as the various weight-shifting moves, are presented in the sections indicated above.

particle before it decays into the inflaton. Even when all inflatons have similar wavelengths,
the linear mixing leg provides a different clock during inflation, thus modulating the resulting
non-Gaussian signal.

Outline. We start in section 2 reviewing the effective field theory of inflation applied
to the cosmological collider scenario. We highlight how large couplings are achieved for
boost-breaking interactions in this setup, which illustrates why the boostless bootstrap
is interesting. The rest of the paper is organized as shown in figure 1. In section 3, we
present the propagator of a massive scalar σ linearly mixing with a massless field (the
inflaton) φ. Next, we apply this mixed propagator to compute the three-point function of
two conformally coupled scalars ϕ with an inflaton. This correlator serves as a scalar seed
of the bootstrap. In section 4, we consider the most general quadratic interactions between
φ and σ, and compute the resulting (generalized) scalar seeds. The effects of different sound
speeds between φ and σ are taken into account here. These seed functions are related
to the one in section 3 through recursive relations, whose explicit forms are presented in
appendix B. In section 5, we introduce the boost-breaking weight-shifting operators, which
map the seed functions with conformally coupled scalars to the three-point correlators of
massless external fields. In section 6 we analyze spinning particle exchanges. As only the
longitudinal mode of the particle propagates, we find that relatively simple spin-raising
operators relate the spinning-exchange bispectra to the generalized scalar seeds. We discuss
the phenomenology of the new shapes in section 7.

The appendices contain various technical details of the computations used throughout
the main text. In appendix A we present the asymptotic behaviour of the mixed propagators.
In appendix B we provide the solutions and singularity analysis of the generalized scalar
seeds. In appendix C, we briefly comment on the double-exchange and triple-exchange
diagrams. In appendix D, we review the theory of free spinning particles in de Sitter space.
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Throughout the paper we take the convention of natural units c = ~ = 1, the reduced
Planck mass M2

pl = 1/8πG, and the metric signature (−,+,+,+).

2 The EFT of cosmological colliders

In this section, we briefly review the effective field theory (EFT) of inflation, with a single
clock picking a foliation of spacetime, and also additional massive fields beyond the inflaton.
See the original papers [13, 23, 70] for more details about the construction of the EFT. We
illustrate the basic idea and collect the relevant results for the rest of the paper, showing
the most relevant interaction vertices for large non-Gaussianities.

The key idea of the EFT is to separate the background dynamics from the dynamics of
the quantum fluctuations. The background provides a natural foliation of spacetime, and
dictates the allowed symmetries and interactions of the fluctuations. In this framework,
many models of inflation lead to the same EFT. A specific model gives predictions for the
EFT coefficients. More importantly, by being agnostic about the origin of the background
dynamics, the EFT provides a framework in which there is perturbative control of the
fluctuations, even when the background dynamics is UV-sensitive.

An example to keep in mind is that of a dynamical scalar field acting as the “clock”
of the background evolution (e.g. the inflaton). The time-dependence of this clock field
Φ(t) is usually the source of the boost symmetry breaking in cosmology. If we look at its
kinetic term (∂Φ)2 and expand around the background solution, we obtain Φ̇2g00. The
metric component g00 is the fluctuating degree of freedom in the EFT. If we look at
higher-derivative operators involving Φ, they would generate other operators for g00, etc.
The EFT packages all of these contributions in a background-agnostic fashion, meaning
that operators that would be higher derivative, and thus suppressed, for the background
dynamics, only appear as Wilson coefficients in the Lagrangian of the fluctuations, where
the de Sitter boosts can be strongly broken. This is demonstrated by using Feynman
diagrams in figure 2, where the EFT diagram with boost-breaking interactions is a sum of
all the diagrams on the right hand side, with various legs being put to the background.

Within this framework, it is easy to show that non-Gaussian signals can be computed
reliably as long as perturbation theory doesn’t break down, namely fNL . O(A−1/2

ζ ). For
means of comparison, theories in which the background dynamics is weakly coupled typically
predict a much lower fNL ∼ O(1). To test primordial non-Gaussianity in the near future,
we’d like to have a framework that allows us to systematically classify non-Gaussianity
for which fNL ∼ O(10), which are the current experimental bounds. As we will show
below, the EFT provides us such a framework. Moreover, it strongly suggests that large
non-Gaussianities are only achievable in models where the boost symmetries are broken [72],
both in the form of the interaction vertices, and in the dispersion relation of the fluctuations.

In order to study scalar fluctuations, it is often useful to consider the decoupling limit.
In this limit, the metric has a scalar longitudinal mode, which is (by a gauge transformation)
related to curvature perturbations. This is the Goldstone boson π associated with the
breaking of the time-translation invariance in an expanding spacetime. For most practical
purposes, it can be treated as a massless field in the quasi-de Sitter background of inflation,
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Figure 2. A diagrammatic illustration of how large boost-breaking interactions arise for the exchange
bispectrum. In Feynman diagrams of cosmological correlators, the breaking of the boost symmetry
is normally associated with evaluating external legs of the massless scalar to the background (the
dashed lines with Φ̇). The (boostless) EFT diagram on the left encompasses all the higher-derivative
contributions on the right-hand side systematically.

but perhaps with a non-relativistic dispersion relation. In particular, we are interested in
its couplings to other massive fields during inflation. In general, these new particles can
be massive scalars or spinning fields, and their interactions with the Goldstone might not
be covariant.

First, let’s briefly review the single-clock EFT focusing on self-interactions of the π
field. Then we present the relevant results for its couplings with extra massive particles. At
leading order in derivatives, the action of the single-clock EFT is

S =
∫

d4x
√
−g

[
1
2M

2
PlR+M2

PlḢg
00 −M2

Pl(3H2 + Ḣ) +
∞∑
n=2

M4
n

n! (δg00)n + · · ·
]
, (2.1)

where δg00 ≡ g00 + 1. The coefficients of the operators 1 and g00 are adjusted to ensure
that the background cosmology has Hubble rate H. Then the action starts quadratic in
fluctuations. For Mn → 0 we recover slow-roll inflation. To see the fluctuating scalar degree
of freedom, we introduce the “pion” via a time reparametrization t→ t̃ = t+ π(t,x). The
metric transforms as

g00 → g00 + 2∂µπg0µ + ∂µπ∂νπg
µν . (2.2)

Substituting this into (2.1) gives the action for the Goldstone boson. In general, this action
contains a complicated mixing between the Goldstone mode and metric fluctuations. We
are interested in the decoupling limit, where the gravitational interactions are neglected [70].
In this case, the transformation (2.2) is g00 → −1− 2π̇− π̇2 + a−2(∂iπ)2, and the Goldstone
Lagrangian becomes

Lπ = M2
PlḢ(∂µπ)2 + 2M4

2

[
π̇2 − π̇(∂iπ)2

a2

]
+
(

2M4
2 −

4
3M

4
3

)
π̇3 + · · · . (2.3)
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We see that M2 6= 0 induces a nontrivial sound speed for the Goldstone boson,

c2
s ≡

M2
PlḢ

M2
PlḢ − 2M4

2
. (2.4)

A small value of cs (large value of M2) is correlated with an enhanced cubic interaction
π̇(∂iπ)2 and large equilateral non-Gaussianity. This is partly why the boost-breaking
scenario is phenomenologically important. The resulting bispectra and trispectra of the
self-interacting pion were computed in [51–53] via the “boostless bootstrap” approach.

Now we consider how the additional fields are coupled to the Goldstone in the EFT
framework. We include both scalars and spinning fields in our discussion.2 For a spin-s
field σµ1···µs , the basic building blocks in the EFT are σ0···0 and all Lorentz-invariant self-
interactions, e.g. σµ1···µsσµ1···µs . The latter are diff-invariant and will not induce couplings
to the Goldstone in the decoupling limit. We may also have contractions with curvature
tensors, which are higher order in derivatives. As this work focuses on single-exchange
diagrams, we are interested in quadratic and cubic vertices with one massive field leg. For
this type of interactions, in order of increasing spin, we obtain:

• Spin-0. Since the massive scalars do not respect shift symmetry, the lowest derivative
interactions with the Goldstone are simply given by

L(0)
int = ω3

0 δg
00σ + ω̃3

0 (δg00)2σ . (2.5)

In the decoupling limit, the mixing Lagrangian becomes

L(0)
int = ρ0 π̇cσ + 1

Λ0

(∂iπc)2σ

a2 + 1
Λ̃0
π̇2
cσ, (2.6)

where πc ≡ f2
ππ is the canonically normalized Goldstone, with f4

π = 2M2
pl|Ḣ|cs being

the symmetry breaking scale [73]. The coupling constants are given by

ρ0 = −2ω3
0

f2
π

, Λ0 = −2f
2
π

ρ0
, Λ̃0 = f4

π

4ω̃3
0 − ω3

0
. (2.7)

Here we see that, as a consequence of the nonlinearly realized time translation sym-
metry, the couplings ρ0 and Λ0 are correlated, though the Λ̃0 coupling is independent.

• Spin-1. For spin-1, the operators of the effective action involve g00 and σ0. Taking
into account the tadpole constraints, the mixing Lagrangian at leading order in
derivatives is

L(1)
πσ = ω3

1 δg
00σ0 + ω̃3

1 (δg00)2σ0 , (2.8)
2For the EFT with spinning fields, here we follow the construction in [13] which assumes the full dS

isometries for spinning particles. A different approach is presented in [23] where a dS-invariant UV completion
is not required. However, as only the helicity-0 longitudinal mode contributes to the cosmological collider
bispectrum, final results from these two approaches are expected to be the same. We leave more detailed
discussion in section 6.
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which, in the decoupling limit, gives

L(1)
πσ = ω3

1 a
−2(2∂iπσi − (∂iπ)2σ0 − 2π̇∂iπσi

)
+ (3ω3

1 + 4ω̃3
1) π̇2σ0 + · · · . (2.9)

Only the cubic mixing π̇∂iπσi will lead to the characteristic angular structure from spin
exchange. Therefore, it is interesting to consider the bispectrum from the interaction
vertices π̇∂iπσi and ∂iπσi. Again, due to the nonlinearly realized symmetry, a single
parameter ω1 controls the size of these two interactions. Combining the above, we
can write

L(1)
mix = 1

a2

(
ρ1∂iπcσi + 1

Λ1
π̇c∂iπcσi

)
, (2.10)

with two correlated couplings

ρ1 ≡
2ω3

1
f2
π

, Λ1 ≡ −
f2
π

ρ1
. (2.11)

• Spin-2 and higher. For the interactions between a massive spin-2 field and the
Goldstone boson, the steps are similar. Focusing on the cubic operator which produces
a characteristic angular dependence from spin exchange, we obtain

L(2)
mix = 1

a4

(
ρ2∂i∂jπcσ̂ij + 1

Λ2
2
π̇c∂i∂jπcσ̂ij

)
. (2.12)

This time the ρ2 and Λ2 parameters are independent. A similar structure persists at
higher spin s > 2; we find the following mixing Lagrangian

L(s)
mix = 1

a2s

(
ρs∂i1···isπcσ̂i1···is + 1

Λss
π̇c∂i1···isπcσ̂i1···is

)
, (2.13)

where ∂i1···is ≡ ∂i1 · · · ∂is and ρs, Λs are independent parameters.

The couplings are free parameters, but must satisfy some bounds to keep the effective
theory under theoretical control. The necessary requirements are that the interactions
must be treated perturbatively, that the fluctuations propagate subluminally, and that the
couplings are technically natural, in the sense of being robust to radiative corrections. A
detailed analysis implies the following bounds [13]

ρ2
s

m2 ≤
1− c2

s

c3
s

,

(
H

Λs

)s
.

(2πA1/2
ζ

)s+1

c5
s

1/2

, (2.14)

where m is the mass of the additional field, and Aζ is the amplitude of the curvature
perturbation power spectrum. While sizes of some interactions can be strongly constrained,
in general large non-Gaussianity signals are still allowed.
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From EFT to bootstrap. The discussion above shows that the couplings can be large
within the EFT, in particular when de Sitter boosts are broken. We may take another look
at figure 2. For a weakly coupled theory, the bispectrum is dominated by the first diagram
on the right, which is the case studied in the de Sitter bootstrap [41]. There the symmetry
breaking is mild because of the slow-roll condition. However, for theories with strongly
coupled dynamics, all the diagrams on the right may contribute, and thus it is possible
to have sizable breaking of the boost symmetry. The upshot of the EFT analysis is that
for small sound speed and boost-breaking interactions, the primordial bispectra for masses
m ∼ H are potentially detectable, with strengths that could be as large as the currently
allowed bounds for equilateral non-Gaussianity.

With this general picture and motivation in mind, in the next sections we will develop
the boostless bootstrap of cosmological colliders. Our goal is a precise determination of all
primordial bispectrum shapes due to the exchange of a massive, scalar or spinning particle,
in theories that break boost symmetry. In practice, we ignore all the coupling constants
above, but keep the forms of the boost-breaking interactions as specific examples. As we will
show, from the bootstrap, we will systematically obtain a complete set of these correlators,
with complete analytic understanding of their shape functions.

3 The three-point scalar seed

Cosmological correlators at the reheating surface are evaluated at late times in a quasi-de
Sitter space, well approximated by its asymptotic spacelike boundary. A key insight of the
cosmological bootstrap is that the time evolution and interactions of particles during inflation
are encoded in the momentum dependence of cosmological correlators on the boundary.
The local, causal and unitary bulk evolution imply that the cosmological correlators satisfy
an interesting set of differential equations. While this idea was first realized by exploiting
all the de Sitter isometries [41], we expect that similar equations exist for theories in which
de Sitter boosts are broken. Indeed, we will derive the differential equations below, from
the known bulk time integrals for the correlators in the case of broken boosts.

In this section, we will derive and solve the differential equations for a “seed” cosmological
correlator. We begin by introducing a linear mixing bulk-to-boundary propagator, show
that it satisfies a differential equation of its own, and use that observation to construct
the primary scalar seed of three-point functions. This is the correlator of two conformally
coupled scalars and one inflaton exchanging a scalar particle of arbitrary mass. The seed
function derived here provides a benchmark example of a cosmological collider correlator
with broken boosts, and will serve as the building block for the general bispectra of inflation.

3.1 Free propagators in de Sitter

We begin with a brief review of free propagators of scalar fields during inflation and Feynman
rules for computing cosmological correlators. Expert readers may skip this part and move
on to section 3.2 directly.
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The background geometry of the inflationary universe can be well approximated by de
Sitter (dS) space, with line element

ds2 = a(η)2(−dη2 + dx2) , a(η) = − 1
Hη

(3.1)

where H is the Hubble scale and η is the conformal time. In the following we consider
quantum fields propagating on this fixed background. Instead of restricting to de Sitter
invariant theories, our analysis shall incorporate the cases with broken boost symmetries,
while keeping the dilations, spatial translations and rotations intact. This means that
not all interactions are built out of contractions of the background metric with spacetime
derivatives. Sometimes they will involve contractions with the space components or the
time component of the metric only. In general, free scalars are described by the action

S2 =
∫
dηd3x 1

H2η2

[1
2(∂ησ)2 − 1

2c
2
σ(∂iσ)2 − 1

2m
2σ2

]
, (3.2)

where m and cσ are the mass and the sound speed of the field σ respectively. At this level,
the breaking of the dS boosts is associated with cσ 6= 1. In the Fourier space, we decompose
the field operator as σ(k, η) = σk(η)a(k) + h.c.. Since we may absorb cσ in the momentum
k by redefining cσk → k, without losing generality we shall set cσ = 1 in the following
analysis. Then the mode function σk(η) satisfies the equation of motion(

Oη +m2/H2
)
σk(η) = 0, with Oη ≡ η2∂2

η − 2η∂η + k2η2 . (3.3)

Assuming Bunch-Davies vacuum at early times, the σ mode function is explicitly given by

σk(η) = −iH
√
π

2 eiπ/4e−πµ/2(−η)3/2H
(1)
iµ (−kη) η→−∞−−−−→ iHη

e−ikη√
2k

(3.4)

where

µ =

√
m2

H2 −
9
4 (3.5)

On the late-time boundary η → 0, the massive scalar behaves as

lim
η→0

σ(k, η) = O+(k)η∆+ +O−(k)η∆− (3.6)

where the conformal dimensions are ∆± = 3
2 ± iµ. Two particular cases that we will be

interested in are the massless scalar φ (with m2 = 0) and the conformally coupled scalar ϕ
(with m2 = 2H2). For later convenience, we restore the sound speeds of these two fields and
set them as cs, and then their mode functions and the corresponding scaling dimensions ∆
(in the sense of the power law behaviour of the decaying mode) are given by

φk(η) = H√
2c3
sk

3 (1 + icskη)e−icskη , ∆ = 3 (3.7)

ϕk(η) = i
Hη√
2csk

e−icskη , ∆ = 2 (3.8)
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The scalar curvature fluctuations are well approximated by those of the massless scalar φ.3
In this paper, we shall focus on the three-point functions of these two types of scalars. They
will be external lines in Feynman diagrams, while the σ field with general mass corresponds
to the exchanged massive particle.

From the bulk perspective, the standard approach to compute cosmological correlators is
the Schwinger-Keldysh or in-in formalism [74, 75]. Here we give a very brief introduction to
the method, and refer to recent reviews in [76, 77] for more details. First, it is convenient to
introduce two types of propagators for the quantum fields, bulk-to-bulk and bulk-to-boundary
propagators. As the massive field σ appears in the internal lines, we are interested in its
bulk-to-bulk propagators

Gσ++(k, η, η′) = σk(η)σ∗k(η′)Θ(η − η′) + σ∗k(η)σk(η′)Θ(η′ − η)
Gσ+−(k, η, η′) = σ∗k(η)σk(η′)
Gσ−+(k, η, η′) = σk(η)σ∗k(η′)
Gσ−−(k, η, η′) = σk(η)σ∗k(η′)Θ(η′ − η) + σ∗k(η)σk(η′)Θ(η − η′) , (3.9)

where Θ is the Heaviside function and we use + and − to represent the time-ordered and
anti-time-ordered pieces in the in-in integration contour. These propagators describe the
motion of a comoving mode σk from one bulk time η to another time η′. By using the
equation of motion (3.3), the Gσ±±(k, η, η′) propagators satisfy the following inhomogeneous
equation (

Oη +m2/H2
)
Gσ±±(k, η, η′) = ∓iH2η2η′2δ(η − η′) , (3.10)

while Gσ±∓(k, η, η′) satisfies the homogeneous equation correspondingly. These propagators
are related to each other by complex conjugation, G++ = G∗−− and G+− = G∗−+.

For fields associated with the external lines, we introduce the bulk-to-boundary propa-
gators, which describe the propagation from some bulk time η to the late-time boundary of
de Sitter η0 → 0. For the massless scalar φ, they are given by

K+(k, η) = φk(η0)φ∗k(η) , K−(k, η) = φ∗k(η0)φk(η) , (3.11)

while the ones for the conformally coupled scalar Kϕ
±(k, η) are given by the same form but

with the ϕk(η) mode function. It is clear that the bulk-to-boundary propagators satisfy the
homogeneous equation

(
Oη +m2/H2)K = 0, and they have K+ = K∗−.

Using this set of propagators, it becomes straightforward to derive the Feynman rules
for computing boundary correlators in interaction theories. For contact diagrams, only the
bulk-to-boundary propagators are needed, and we have one time integral from η = −∞
to η → 0 to capture the field interactions in the bulk. The computation becomes more
complicated when we study exchange diagrams from this bulk perspective. The internal lines
are associated with bulk-to-bulk propagators which lead to multiple nested time integrals
in the in-in formalism. In general, it is very difficult to find analytical expressions, and thus
one has to resort to numerical methods for solving these integrals.

3Explicitly, φ is related to the canonically normalized Goldstone πc in the previous section via φ = πc/
√
c3
s.
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3.2 A mixed propagator

To simplify the computation of three-point correlators from exchange processes, we first
consider the two-point function K± ≡ 〈σ±(η)φ(η0)〉. This object is a bulk-to-boundary
propagator generated by quadratic interactions. Physically, it describes the conversion
process from a massive field σ at the bulk time η to an inflaton, which then freely propagates
to the boundary. In this section let us focus on the simplest quadratic interaction φ̇σ.
Setting the coupling constant to unity, we express this mixed propagator as

K±(k, η) = ±i
∫ 0

−∞
dη′a(η′)3 [Gσ±±(k, η, η′)∂η′K±(k, η′)−Gσ±∓(k, η, η′)∂η′K∓(k, η′)

]
.

(3.12)
Note that in (3.12), we make the simplifying assumption that φ and σ have the same sound
speed, which is not generally true for boost-breaking theories. We consider the case of
different sound speeds and other mixing interactions in section 4.

This linear mixing is ubiquitous in cosmological backgrounds when multiple fields
are present. In maximally symmetric spacetimes, one can always diagonalize the field
basis and remove such mixings. During inflation, the de Sitter boosts are broken by the
time-dependent inflaton profile Φ(t), which generically leads to quadratic interactions.4
The mixed propagator generates new shapes of cosmological correlators, beyond those of
self-interactions of the inflaton, as we shall see.

The explicit form of this simplest mixed propagator has been studied in [79]. Here
instead of computing the η′ integral directly, we are interested in deriving a differential
equation for K. From the equation for G-propagators in (3.10), it is easy to see that the
evolution of the mixed propagator satisfies the following inhomogeneous equation(

Oη +m2/H2
)
K±(k, η) = −H η2

2ke
±ikη. (3.13)

Notice that the free bulk-to-boundary propagator K± satisfies a similar equation, but
without the source term. As a consequence of the φ̇σ interaction, this nonzero source
marks the main feature of the mixed propagator. Next we introduce the dimensionless
mixed propagator K̂±(kη) ≡ (k3/H)K±(k, η), which is a function of the combination kη
only. Therefore, we are allowed to trade η-derivatives with k-derivatives on K̂, and (3.13) is
equivalent to(

Ok +m2/H2
)
K̂±(kη) = −1

2k
2η2e±ikη , with Ok ≡ k2∂2

k − 2k∂k + k2η2. (3.14)

To better understand the evolution behaviour of the mixed propagator, it is useful to look
at its early-time and late-time limits, where the time integrals can be performed. At early
times, or equivalently the short-wavelength limit k � −1/η, we have

lim
η→−∞

K̂+(kη) = i

4kηe
ikη log(−2kη) . (3.15)

4One simple example is to consider the shift-symmetric coupling (∂Φ)2σ. As shown in figure 2, expanding
Φ(t,x) = Φ(t) + φ(t,x) with Φ̇(t) 6= 0, we obtain the linear mixing ∼ Φ̇φ̇σ. In the EFT analysis, it is given
by the first term in (2.6). In general, the φ̇σ interaction will arise when the inflaton trajectory deviates from
the geodesics in the multi-dimensional field manifold [78].
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Thus the free Bunch-Davies vacuum has been dressed by the mixing, but still only positive-
frequency mode appears. The late-time behaviour corresponds to the soft limit

lim
k→0
K̂+(kη) =

∑
±
A±

(−kη
2

) 3
2±iµ

, with A± = π3/2e
πµ
2 ∓

iπ
4 (1∓ ie−πµ)

sinh(2πµ)Γ(1± iµ) , (3.16)

which encodes the scaling of σ on the boundary in (3.6). This interesting behaviour of the
mixed propagator is crucial for the new features in the cosmological correlators.

3.3 The primary scalar seed

In this section, we compute the three point function of two conformally coupled scalars
exchanging a massive particle with a massless scalar. We do the computation for the cubic
vertex ϕ2σ and set the coupling constants to be unity in our analysis. This correlator will
serve as a seed to build all the cosmological collider bispectra later.

With the help of the mixed propagator, the exchange interaction can be simplified into
a “contact-like” form. Explicitly the three-point function is given by

〈ϕk1ϕk2φk3〉
′ = i

∫
dηa(η)4 [Kϕ

+(k1, η)Kϕ
+(k2, η)K+(k3, η)− c.c.

]
+ perms.

= iHη2
0

4k1k2k2
3
Î(k12, k3) + perms. , (3.17)

where k12 ≡ k1 + k2 and the prime on the correlator means that the momentum-conserving
delta function has been stripped. Meanwhile, we have defined the primary scalar seed5

Î(k12, k3) ≡ 1
k3

∫ 0

−∞

dη

η2

[
eik12ηK̂+(k3η)− e−ik12ηK̂−(k3η)

]
, (3.18)

which will be used as a building block to construct more general three-point functions.
Notice that Î is dimensionless and depends only on the ratio k3/k12. The direct integration
of (3.18) is difficult. Instead, using (3.14), we find[

(k2
12 − k2

3)∂2
k12 + 2k12∂k12 + m2

H2 − 2
]
Î(k12, k3) = i

k3
kT

, (3.19)

where kT ≡ k1 + k2 + k3. In terms of u ≡ k3/k12, this equation becomes[
∆u +

(
µ2 + 1

4

)]
Î(u) = i

u

1 + u
, (3.20)

where we have defined the differential operator

∆u ≡ u2(1− u2)∂2
u − 2u3∂u . (3.21)

This equation has a hidden conformal symmetry, which is closely related to the differential
equation of the four-point scalar seed in de Sitter bootstrap. Meanwhile the boost-breaking
effect of the linear mixing is manifested in the source term. Next, we will first derive its
analytical solution explicitly, and then discuss the connection with the scalar seed in de
Sitter bootstrap.

5The name primary is used because later we will need other scalar seeds.
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Analytical solution. The equation (3.20) is a second order ordinary differential equation
with three singular points u = 0,±1. To find its solution, we separate Î(u) into a homoge-
neous part Ĥ(u) and a particular part Ŝ(u). For the particular solution with u ∈ [0, 1], we
use the following series expansion around the regular singular point u = 0

Ŝ(u) = i
∞∑
n=0

cnu
n+1. (3.22)

Substituting this ansatz into (3.20), we find the recursive relation of the series coefficients

c0 = 1
1
4 + µ2 , c1 = −1

9
4 + µ2 , cn = (−1)n + n(n− 1)cn−2(

n+ 1
2

)2
+ µ2

, (3.23)

which can be solved as

cn =
bn/2c∑
m=0

(−1)nn!/(n− 2m)![(
n+ 1

2

)2
+ µ2

] [(
n− 3

2

)2
+ µ2

]
. . .

[(
n+ 1

2 − 2m
)2

+ µ2
] . (3.24)

This series solution is regular at u = 0, but has singular behaviour when u→ ±1.
Next, we derive the general solution Ĥ(u), which can be written as

Ĥ(u) = − i2
∑
±
C±

(
iu

2µ

) 1
2±iµ

2F1

[1
4 ±

iµ

2 ,
3
4 ±

iµ

2 ; 1± iµ;u2
]
, (3.25)

with two free coefficients C±. To fix them, we impose the non-analytic behaviour of the
primary scalar seed at u → 0. By using the soft limit of the mixed propagator in (3.16),
the integral in Î can be explicitly solved as

Î(u→ 0) = − i2
∑
±
B±

(
u

2

) 1
2±iµ

, with B± = π3/2

cosh πµ

(
1∓ i

sinh πµ

) Γ
(

1
2 ± iµ

)
Γ(1± iµ) .

(3.26)
This non-analytic soft limit can only be present in the homogeneous solution, as Ŝ(u→ 0) is a
rational function. Thus by matching the coefficients in this limit, we fix C± = (−iµ) 1

2±iµB±.
It is interesting that this limit automatically fixes the two free coefficients of the differential
equation, so no additional boundary condition is necessary.

The form of the solution is demonstrated in figure 3. As we can see, the homogeneous
part contains the non-analytic oscillations in the u → 0 limit; while the series solution
is convergent as long as u is not too close to 1. The full expression Î(u) = Ŝ(u) + Ĥ(u)
matches well with the numerical computation. Thus without integrating (3.18) directly, we
find the exact and practical solution of the primary scalar seed, which will be extensively
used in our following analysis.

Singularity structure. In the derivation above, the singular behaviour of Ŝ(u) and Ĥ(u)
at u = 0 is manifest. Now we look at u→ ±1. For the homogeneous solution (3.25), we can
see from the hypergeometric function that there are logarithmic singularities as u→ ±1.
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Figure 3. The analytical solution of the primary scalar seed with µ = 3. For comparison, the blue
dots are numerical results from the direct integration of (3.18).

When u→ 1, this corresponds to the folded limit k12 = k3, and the homogeneous solution
goes to

lim
u→1
Ĥ(u) = i

2
π

cosh πµ log(1− u). (3.27)

For vacuum with only positive-frequency mode, we don’t expect singular behaviour in
this limit. Therefore, the homogeneous and particular parts must cancel their logarithmic
singularities against each other. For u→ −1, this limit corresponds to the situation where
the total energy involved in the process vanishes, kT ≡ k12 + k3 → 0. The singularity of the
three-point function is allowed in this limit, which is known as the kT -pole [80, 81]. From
the homogeneous solution, we have

lim
u→−1

Ĥ(u) = 1
2

(
lim
u→eiπ

+ lim
u→e−iπ

)
Ĥ(u) = − i2

π

cosh πµ log(1 + u) . (3.28)

The singularity of the series solution is not so straightforward to obtain. The detailed
derivation is in appendix B; here we show the final result. For the folded limit u→ 1

lim
u→1
Ŝ(u) = − i2

π

cosh(πµ) log(1− u) , (3.29)

which precisely cancels the logarithmic singularity of the homogeneous solution in (3.27).
Meanwhile, there is a physical kT -pole in the series solution

lim
u→−1

Ŝ(u) = − i4 log2(1 + u) , (3.30)

which dominates over the one from the homogenous solution. Thus the three-point function
has a total-energy pole of log2(kT ), and the residue of the pole is independent of the mass
of the exchanged field. This result can be understood by considering the early-time limit of
the mixed propagator in (3.15). Substituting it in the primary scalar seed, we find

lim
kT→0

Î = i

4

∫ 0

−∞

dη

η

[
eikT η log(−2k3η) + c.c.

]
→ − i4 log2 kT . (3.31)
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Thus this kT -pole is a feature of the deformed vacuum state of the mixed propagator. Notice
that the total energy singularity here is also a partial energy one, where the energy flowing
into the cubic vertex vanishes. We will see in the next section that these two poles become
distinguishable when a nontrivial sound speed is involved.

Comparison with the dS bootstrap. In the cosmological bootstrap with full de Sitter
isometries, the building block is a four-point function F̂ of conformally coupled scalars
exchanging a massive scalar [41]. It was shown that as a consequence of conformal symmetry,
this four-point scalar seed satisfies[

∆u +
(
µ2 + 1

4

)]
F̂ (u, v) = uv

u+ v
(3.32)

with u ≡ |k1+k2|
k12

and v ≡ |k1+k2|
k34

. In the v → 1 limit, the differential equation for the
four-point function is the same as (3.20). This connection between the four-point and
three-point seed functions can be made manifest in the bulk picture. Let us look at the
time integral from the right ϕ2σ vertex in the four-point exchange diagram∑

±
(±i)

∫
dη′a4Kϕ

±(k3, η
′)Kϕ

+(k4, η
′)G±+(|k1 + k2|, η′, η) , (3.33)

where we use the + propagator of the k4 leg as an example. Next, we take the k4 → 0 and
|k1 + k2| → k3 limit (i.e. v → 1), this vertex becomes

∑
±

(±i)
∫
dη′

η′2
eik3η′G±+(k3, η

′, η) ∼ K+(k3, η) , (3.34)

which reduces to the mixed propagator (3.12) from the φ̇σ interaction. Therefore, the
three-point function 〈ϕϕφ〉 has the same form with the soft limit k4 → 0 of the 〈ϕϕϕϕ〉
correlator. In [41] it was shown that this is the “weight shifting” procedure to turn the de
Sitter symmetric four-point function into the slow-roll suppressed three-point function of
conformally coupled scalars and a massless scalar. We can also check that the four-point
seed solution reproduces the Î solution here by taking v → 1. The shape function is
identical to F̂ (u, 1), as expected.

However, it is important to comment on the distinction between these two seed functions.
In the three-point seed equation (3.20), we make no assumption of weakly broken boosts,
and thus in general, the resulting correlators such as 〈ϕϕφ〉 are not slow-roll suppressed.
This is manifest from the schematic in figure 2: while the dS bootstrap focuses on the
first diagram on the right-hand side, the boostless bootstrap analyzes the diagram on the
left-hand side directly. Another advantage of the three-point scalar seed is that at the
technical level it has a much simpler solution, considering that the four-point seed solution
is given by a two-variable generalization of the hypergeometric series. As we are mainly
interested in the bispectra, it becomes more straightforward to work on the three-point
functions from the beginning. Furthermore, the primary seed function can be simply
extended to describe more complicated boost-breaking interactions, as we will see in the
following sections.
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Unitarity and locality. We close this section by making some remarks about how
unitarity and locality are manifested in the exchange bispectra. As two fundamental
principles, unitarity and locality have played crucial roles in the modern studies of scattering
amplitudes. For cosmological correlators, some of the consequences of unitarity come from
the cosmological optical theorem (COT) [56], while a consequence of locality is in the
manifestly local test (MLT) [52]. These tests, which are based on the assumption of free
bulk-to-boundary propagators in both contact and exchange diagrams, previously did not
take into account the linear mixing with the external fields. Thus it is interesting to check
whether COT and MLT are still satisfied when mixed propagators are involved. Since
〈ϕϕφ〉 in (3.17) provides the simplest three-point function with a mixed propagator, we use
this result as a demonstration. The analysis can be easily extended to more complicated
single-exchange processes with arbitrary quadratic and cubic interactions.

For the analysis of the COT, it is convenient to use the dimensionless bulk-to-boundary
propagators K̂(k, η) = k3K(k, η). One key step for deriving the COT is to notice that these
free propagators are Hermitian analytic

[
K̂(−k∗, η)

]∗
= K̂(k, η), which follows from the

choice of the Bunch-Davies vacuum. For the mixed propagator, although the expression
becomes more complicated because of the quadratic interaction, we find that this property
of Hermitian analyticity is nicely inherited by K̂, namely[

K̂±(−k∗, η)
]∗

= K̂±(k, η) . (3.35)

These identities of the analytic continuation of propagators can be commuted with the time
integral. As a result, the primary scalar seed (3.18) satisfies

Î(k12, k3) +
[
Î(−k12,−k3)

]∗
= 0 , (3.36)

which corresponds to the COT for contact diagrams [56]. This condition basically means
that Î is imaginary. Interestingly, the exchange bispectrum with a mixed propagator looks
“contact”-like as far as unitarity is concerned.

For the MLT, one may start with the observation that the free bulk-to-boundary
propagators of massless fields in de Sitter space satisfy

∂kK̂
(n)(k, η)|k=0 = 0 , (3.37)

where n ≥ 0 corresponds to the number of time derivatives on K̂. This condition gives
powerful boundary constraints for both contact and exchange correlators with external
free massless fields. In particular it has been applied to bootstrap all three- and four-point
functions from tree-level boost-breaking interactions in single field inflation [52–54]. The
corresponding relation for the mixed propagator becomes more complicated than the one
in (3.37). As shown in (3.16), K̂ encodes the non-analytic scaling of the massive field on
the boundary. Intuitively, this is because the mixed propagator describes the non-local
conversion from σ to φ in the bulk evolution. Thus the MLT in its current form is not
applicable to these correlators. It remains an interesting question about how a generalized
version could incorporate the behaviour of the mixed propagators.
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4 More mixed propagators

In the previous section, we bootstrapped the 〈ϕϕφ〉 bispectrum with the simplest φ̇σ linear
mixing. In this section, we consider more general mixing vertices, incorporating all the
possible quadratic interactions between φ and σ. We will construct the general form of
the mixed propagators by first introducing their building blocks in section 4.1. Next, in
section 4.2 we will propose the generalized scalar seeds for the three-point functions with
higher derivative quadratic interactions. We show that they can be obtained from the
primary scalar seed with φ̇σ mixing through recursive relations. While the exchanged field is
still a massive scalar in the analysis here, later on we will show that this generalization of the
seed functions will be crucial for bootstrapping the three-point function of spin exchanges.

4.1 Mixed propagators from general interactions

To extend our analysis of boost breaking bispectra, we must take into account the effects of
different sound speeds for the interacting fields, as well as general quadratic interactions
between them. Let us first consider effects due to reduced sound speeds, which is typical in
theories with broken boosts. We assume that the inflaton φ and the conformally coupled
scalar ϕ have a sound speed cs, while the one for the exchanged field σ is cσ. Without loss
of generality, we rescale k → cσk and cs → cs/cσ, thus removing the cσ-dependence. After
the rescaling, “cs” can take any positive value, being a ratio of sound speeds. Therefore
we consider general (either sub or superluminal) cs for the external scalars below, where
the free propagators are Kφ,ϕ

± (csk, η) and Gσ(k, η, η′). We will restore the cσ-dependence
in the phenomenological analysis in section 7.

Next, we consider the boost-breaking quadratic interactions between σ and φ. The
general form of the linear mixing vertex can be written as

Lφσ = a−n∂i∂
n∂i
i

(
∂
n∂t
t φ

)
σ, (4.1)

where n∂i and n∂t are the number of spatial and time derivatives on φ. Notice that we have
moved all spatial and time derivatives to φ via integration by parts. Naively n∂i should be
even, but we also consider n∂i odd, to account for the possible contractions between internal
polarization vectors εi and ∂i. This is the case for the linear mixing with spinning fields,
which we analyze in section 6. The φ̇σ mixing discussed in the previous section corresponds
to n∂i = 0 and n∂t = 1.

Motivated by the analysis above, we will first propose the building blocks of mixed
propagators, and then consider how to construct the ones for all possible mixings.

4.1.1 Building blocks of the mixed propagators

To capture the higher-derivative interactions and effects of different sound speeds, we
introduce

K̂(n)
± (kη; cs) ≡ ±i

c3
sk

3+n

Hn+1

∫ 0

−∞
dη′a(η′)3−n

[
Gσ±±(k, η, η′)∂η′K±(csk, η′)

− (−1)nGσ±∓(k, η, η′)∂η′K∓(csk, η′)
]

(4.2)
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as the dimensionless building blocks for more general mixed propagators. We have chosen
the k-dependent prefactor to make K̂(n) a function of the combination kη. For n = 0 and
cs = 1 we retrieve the dimensionless mixed propagator for the φ̇σ interaction. The index n
counts the number of spatial derivatives in these two-point vertices — for general n, this is
the propagator coming from the quadratic interaction a−nk̂i1 . . . k̂in∂i1...in φ̇σ.

Following the strategy of section 3.2, by using the inhomogeneous equation of the Gσ
propagator (3.10) and then trading η derivatives with k derivatives, we find the differential
equation of K̂(n) (

Ok +m2/H2
)
K̂(n)
± (kη; cs) = −1

2c
2
s(−kη)n+2e±icskη. (4.3)

While the left-hand side of the equation remains the same as (3.14), the generalization to
arbitrary n and cs is manifested in the source term, which has the form of a free bulk-
to-boundary propagator ∂ηK. We leave detailed discussions of K̂(n) and their asymptotic
behaviours to appendix A. Below we show that K̂(n) can be reduced to the simplest mixed
propagators plus a sum of free propagators.

Recursive relations. We focus on K̂(n)
+ , as K̂(n)

− can be easily obtained from com-
plex conjugation. Consider the source term of the generalized equation in (4.3): Ŝ(n) =
(−kη)n+2eicskη, and notice that

OkŜ(n) = (n+ 2)(n− 1)Ŝ(n) − 2i(n+ 1)csŜ(n+1) + (1− c2
s)Ŝ(n+2) . (4.4)

This relation connects the source terms with different orders of n. From this relation, there
are two different results depending on the sound speed.

• For cs = 1, the last term in (4.4) vanishes. By using the differential equations of
K̂(n)

+ (kη) and K̂(n−1)
+ (kη), we find the recursive form

K̂(n)
+ = − i

2n

([
µ2 +

(
n− 1

2

)2
]
K̂(n−1)

+ + 1
2 Ŝ

(n−1)
)
. (4.5)

Thus applying this relation iteratively, the n-th order building block of the mixed
propagator can be expressed in terms of the simplest one with n = 0 and a sum of
source terms.

• For cs 6= 1, by using (4.4) and (4.3) with different n, we find

K̂(n)
+ = 1

1− c2
s

(
2i(n− 1)csK̂(n−1)

+ −
[(
n− 3

2

)2
+ µ2

]
K̂(n−2)

+ − c2
s

2 Ŝ
(n−2)

)
. (4.6)

Thus in addition to K̂(0), we also need K̂(1) to obtain K̂(n) for arbitrary n. For
cs � 1, since K̂(n) ∼ c2

s, the relation simplifies to K̂(n) ' −
[
(n− 3/2)2 + µ2

]
K̂(n−2)−

c2
sŜ

(n−2)/2, and thus up to a sum of source terms, we get K̂(n) ∝ K̂(0) for even n, or
K̂(n) ∝ K̂(1) for odd n.

These two recursive relations simplify the discussion of higher-derivative quadratic inter-
actions. As we shall show next, using them we can reduce the mixed propagators from
complicated interactions to simple ones with some constant prefactors.
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4.1.2 Building mixed propagators

Now we build the propagator for generic mixing, as in (4.1). We are mainly interested in
the ones with higher derivatives, and thus mixings like φσ and ∂iφσ, as well as nonlocal
interactions with inverse Laplacians will not be included in the discussion here. In addition,
for interactions of two scalars, the number of spatial derivatives n∂i is supposed to be
even, as required by the rotational invariance. But we may have an odd number of spatial
derivatives when the massive field has spin. We leave the discussion on mixed propagators
with spinning particles to section 6, and assume that n∂i is positive and even in this section.
Explicitly, the mixed propagator from the general quadratic interaction in (4.1) takes the
following form

K(n∂t ,n∂i )
± (k, η) = ±i(∓ik)n∂i

∫ 0

−∞
dη′a(η′)4−n∂i−n∂t

[
Gσ±±∂

n∂t
η′ K± −G

σ
±∓∂

n∂t
η′ K∓

]
, (4.7)

where we use the upper indices (n∂t , n∂i) to denote the number of time and spatial derivatives
respectively. Let us analyze various cases separately:

• For n∂t = 1, the quadratic interaction can be brought to the form a−n∂i∂
n∂i
i φ̇σ, and

the corresponding mixed propagator is simply given by

K(1,n∂i )
± (k, η) = (∓i)n∂iH

n∂i+1

c3
sk

3 K̂
(n∂i)
± . (4.8)

• For n∂t = 0, the interaction vertex is a−n∂i∂n∂ii φσ. To express its mixed propagator
in terms of the building blocks, we resort to the mode function of the massless scalar.
Then we find

K(0,n∂i )
± (k, τ) = (∓i)n∂i+1H

n∂i

c3
sk

3

[
K̂(n∂i−1)
± ∓ iK̂(n∂i−2)

±

]
. (4.9)

We may further rewrite the result by using the recursive relations of the building
blocks. In particular, for cs = 1 we find

K(0,n∂i )
± (k, η) = −(∓i)n∂iHn∂i

2(n∂i − 1)c3
sk

3

[(
µ2 +

(
n∂i −

1
2

)2
)
K̂(n∂i−2)
± − 1

2(kη)n∂ie±ikη
]
.

(4.10)

• For n∂t > 1, we can use the equation of motion of φ to reduce its number of time
derivatives to be n∂t = 0, 1. Or, equivalently we notice that from the mode function
of the massless scalar the time derivatives of the bulk-to-boundary propagator satisfy

∂
n∂t
η K± = (±icsk)n∂t

[1− n∂t
c2
sk

2η
∓ i

csk

]
∂ηK± , n∂t ≥ 0 . (4.11)

By using this relation in the mixed propagators, the quadratic interaction with
arbitrary numbers of spatial and time derivatives leads to

K(n∂t ,n∂i )
± (k, η) = (±i)nT H

nT

c3
sk

3

[
(n∂t − 1)K̂(nT−2)

± ∓ iK̂(nT−1)
±

]
, (4.12)

where we have set nT = n∂t + n∂i as the total number of derivatives on φ.
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Therefore, as we have seen, the mixed propagators from higher derivative quadratic
interactions in general can be written in terms of linear combinations of building blocks K(n).
By using the recursive relations in (4.5) and (4.6), they can be further reduced to the lower-n
mixed propagators with some constant prefactors and a sum of source terms. At last, let us
comment on the time derivatives on σ in the quadratic interaction, which can be moved onto
φ by repeated use of integration by parts. This procedure also generates additional source
terms in the mixed propagators, but since they have the form of free bulk-to-boundary
propagators and lead to simple contact interactions in three-point functions, we neglect
their contribution in our analysis.

To summarize, in this section we derived the mixed propagators for arbitrary boost-
breaking quadratic interactions. For a “cosmological collider” diagram with massive scalar
exchange, the most relevant mixing is the one with lowest derivative φ̇σ, thus we are
mainly interested in K±(k, η) = HK̂(0)

± /(csk)3. Nonetheless, the general discussion of higher
derivative mixings will be useful for the bootstrap of spinning exchanges in section 6.

4.2 Generalized scalar seeds

Having determined the propagator for arbitrary linear mixing, we proceed to generalize the
three-point seed function. What we have in mind is the bispectrum between two conformally
coupled scalars and one massless scalar, as in (3.17). Replacing the linear mixing propagator
K̂ with the general building block K̂(n), defined in (4.2), we propose

Î(n)(k12, k3; cs) = 1
k3

∫ 0

−∞

dη

η2

[
eik12csηK̂(n)

+ (k3η; cs)− (−1)ne−ik12csηK̂(n)
− (k3η; cs)

]
, (4.13)

as the generalized scalar seeds. When n = 0 and cs = 1, we recover the primary scalar
seed (3.18). Physically, Î(n) are associated with the three-point functions with higher
derivative quadratic interactions and different sound speeds. The relative sign (−1)n of the
second term in the integrand is introduced such that these correlators are real. We will
discuss how to derive cosmological correlators from these seeds functions in the following
sections, while here we look at the analytical form of their shapes. By definition Î(n) are
dimensionless, being functions of

u ≡ k3
csk12

. (4.14)

Using (4.3), we find the differential equation

[
∆u +

(
µ2 + 1

4

)]
Î(n)(u; cs) = (−i)n−1n!c2

s

(
u

1 + csu

)n+1
. (4.15)

Comparing to the equation satisfied by the primary scalar seed, (3.20), both the effects of
higher derivative interactions and the sound speed are encoded in the source term, while the
left-hand side of the equation remaining unchanged. Similarly this generalized equation can
be solved by imposing boundary conditions in the soft limit. We leave the explicit derivation
of its solutions and their singularity analysis to appendix B. Below, we first show how to

– 20 –



J
H
E
P
1
0
(
2
0
2
2
)
1
7
7

obtain the answer recursively, and then qualitatively discuss the general solution. Depending
on the value of cs, there are two different cases to consider for the recursive relations:

• For cs = 1, the inhomogeneous source in (4.15), which is a higher-order contact term
Ĉ(n) = [u/(1 + u)]n+1, satisfies

∆uĈ(n) = n(n+ 1)Ĉ(n) − 2(n+ 1)2Ĉ(n+1) . (4.16)

Using the differential equations of Î(n) and Î(n−1), we find

Î(n) = − i

2n

[
µ2 +

(
n− 1

2

)2
]
Î(n−1) − (−i)n−1n!

2n2 Ĉ(n−1) . (4.17)

Applying this relation iteratively, the n-th order solution can be written as a sum of
Î(0) and contact terms

Î(n) = (−i)nn!
[
snÎ(0) + i

n−1∑
m=0

snmĈ(n−m−1)
]
, (4.18)

where the 0-th order function Î(0) is the primary scalar seed we have derived in
section 3. The coefficients sn and snm are

snm =−

[(
n− 1

2

)2
+µ2

][(
n− 3

2

)2
+µ2

]
. . .

[(
n+ 1

2−m
)2

+µ2
]

2m+1 [n!/(n−m−1)!]2
, 0≤m<n (4.19)

sn = 1
2n(n!)2

[(
n− 1

2

)2
+µ2

][(
n− 3

2

)2
+µ2

]
. . .

[1
4 +µ2

]
, n > 0 . (4.20)

The contact terms are rational polynomials of the momenta with kT poles. They are
degenerate with higher-derivative contact interactions of the primordial fluctuations.
For cosmological colliders, only the first term in (4.18) is relevant, capturing the effects
of massive particle production. In this sense, for cs = 1 the generalized scalar seeds
can be simply reduced to the primary one, and increasing the number of derivatives
in the quadratic interaction will not change the shape of the seed function.

• For cs 6= 1, the n-th order contact term becomes Ĉ(n) = [u/(1 + csu)]n+1, which
satisfies

∆uĈ(n) = n(n+ 1)Ĉ(n) − 2cs(n+ 1)2Ĉ(n+1) + (n+ 1)(n+ 2)(c2
s − 1)Ĉ(n+2) . (4.21)

Using this and the differential equations (4.15), we obtain

Î(n) = 1
1−c2

s

(
2i(n−1)csÎ(n−1)−

[(
n− 3

2

)2
+µ2

]
Î(n−2)−(−i)n−1(n−2)!c2

sĈ(n−2)
)
,

(4.22)
where the n-th order seed is expressed as a sum of the (n− 1)-th and (n− 2)-th order
solutions and the (n− 2)-th order contact term. Therefore, to obtain Î(n) by using
recursion relations, two of the generalized seeds are needed as input, n = 0 and n = 1.
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Figure 4. Analytical solutions of the generalized scalar seeds for n = 0 (left) and n = 2 (right),
with µ = 3 and the sound speed ratio cs = 0.2, 1, 5. Since we work on the solutions for u ∈ [0, 1],
the plots are stopped at k3/k12 < cs when cs < 1.

Let us comment on the situation where the sound speed ratio cs is not 1. It is more
informative to take a look at the explicit solutions of the differential equation (4.15) derived
in appendix B.1. Figure 4 shows the generalized scalar seeds with different values of n
and cs. Like the primary scalar seed, the solutions here are expressed in terms of the
homogeneous part (B.4) and the particular part (B.7). The particular solutions are rational
series expansions which are analytic around u = 0. Thus they do not contribute to the
oscillatory features of cosmological colliders, although the presence of cs leads to significant
modification on the series coefficients.6 We are mainly interested in the homogeneous
solutions which are non-analytic at u→ 0. This non-analyticity in the soft limit corresponds
to the productions of massive particles, as we have discussed in the primary scalar seed.
For cs 6= 1, in addition to cs-dependent overall prefactors, the homogeneous solutions are
affected through the cs in the definition of u in (4.14). In particular we see from figure 4
that, the oscillations in the squeezed limit k3/k12 � 1, which are in terms of u, are shifted
away from the cs = 1 shapes. This feature leads to interesting phenomenology in the
cosmological correlator. We discuss it in detail in section 7.

The appearance of cs also affects the singularity structure of the seed functions. For
general cs, the folded configuration now corresponds to u→ 1/cs, while u→ −1/cs reflects
the limit of vanishing total energies Etot ≡ cs(k12 + k3)→ 0. Meanwhile, there is another
singularity of Î(n) at u→ −1. This is the partial energy pole when the sum of energies in
the cubic vertex goes to zero EL ≡ k3 + csk12 → 0.7 When cs = 1, the Etot- and EL-poles
coincide with each other, as we have seen in the primary scalar seed. But in general they
are two physical singularities in the exchange bispectra. The detailed analysis is presented
in appendix B.2.

6As an example, when cs � 1, new non-Gaussianity shapes are expected to arise in the series solutions.
This is recently discussed in detail by [71]. As in this work we mainly focus on the oscillatory signals of
cosmological colliders, this particular regime is not included in our analysis.

7One may expect another partial energy pole at ER = k3 + csk3 → 0 where the energies in the quadratic
vertex vanish. This is simply the non-analytic soft limit which we have used as boundary conditions for
solving the differential equation (4.15).
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Summary. In this section, by incorporating all possible linear mixings between φ and σ,
we extended the three-point scalar seed to the most general one Î(n) with arbitrary sound
speed and high-derivative quadratic interactions. Their analytical expressions are obtained
from recursive relations and also explicit solutions of the differential equation (4.15). These
generalized seed functions provide building blocks for bootstrapping inflationary bispectra
from both scalar and spin exchanges, as we will show in section 5 and section 6 respectively.

5 Boost-breaking weight-shifting operators

We have derived the three-point seed functions that are associated with the bispectra of two
conformally coupled scalars and one inflaton. In this section, we will apply these results to
compute the scalar exchange bispectra of three massless external scalars. We will introduce
a set of weight-shifting operators to map the conformally coupled scalars ϕ to the massless
fields φ. In particular, we generalize the ϕ2σ cubic vertex to the ones of φφσ-type with
any boost-breaking interactions. As the inflaton fluctuations are directly related to the
primordial curvature perturbations, these correlators are most relevant for observations.

In section 5.1, we derive the weight-shifting operators for generic boost-breaking cubic
interactions. In section 5.2, we apply these operators to generate the phenomenologically
interesting bispectra from massive scalar exchanges.

5.1 From ∆ = 2 to ∆ = 3

For two cases of interest, the conformal weights ∆ of the two boundary operators in the
three-point correlators are given by: ∆ = 2, corresponding to conformally coupled scalars;
and ∆ = 3 which are the ones of massless fields. We perform the analysis one by one.

The 〈ϕϕφ〉 bispectrum. Let us first explicitly compute the three-point function with
two ∆ = 2 boundary operators. With the generalized scalar seeds, it becomes straightforward
to obtain 〈ϕϕφ〉 from the simplest cubic coupling ϕ2σ. We use the general version of the
mixed propagator in (4.12), and the three-point function in (3.17) becomes

〈ϕk1ϕk2φk3〉
′ = iη2

0
4k1k2c2

s

Iϕϕφ + perms , (5.1)

where

Iϕϕφ =
∫
dη

η2

[
eicsk12ηK+(k3, η)− c.c.

]
= inT

HnT

c3
sk

2
3

[
(n∂t − 1)Î(nT−2) − iÎ(nT−1)

]
. (5.2)

For the linear mixing φ̇σ, this integral is simply given by Iϕϕφ =
(
H/c3

sk
2
3
)
Î(0). Thus the

analysis of the generalized scalar seeds in section 4.2 can be directly applied for the 〈ϕϕφ〉
correlator. It is interesting to consider an extremal case where the exchanged field is heavy,
m2 � H2. Then σ can be integrated out and we expect the correlator becomes the one
from the contact interaction ϕ2φ̇. In our formalism, this bispectrum can be obtained by
looking at the differential equation (4.15) in the µ → ∞ limit, where we may drop the
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differential operator ∆u. Thus the scalar seed is simply given by Î(0) ' ic2
sµ
−2u/ (1 + csu),

and we find
〈ϕk1ϕk2φk3〉

′ ∼ 1
k1k2k2

3kT
+ perms , (5.3)

which matches the bispectrum shape from the contact interaction ϕ2φ̇ as expected.
For the later convenience, here let us also take a look at cubic interactions with arbitrary

time derivatives on the massive field σ

ϕ2∂nσt σ = ϕ2(−Hη∂η)nσσ + . . . , (5.4)

where we have only kept the highest derivatives term when we change to the conformal time.
These time derivatives on σ lead to modifications on the mixed propagators. Since the
building block K̂(n) is a function of the combination kη, we are able to trade η-derivatives
on it with k-derivatives and get a differential operator (k∂k)nσ . As a result, the mixed
propagator in (4.12) is changed to

K±(k, η) = (±i)nT H
nT+nσ

c3
sk

3 (−k∂k)nσ
[
(n∂t − 1)K̂(nT−2)

± ∓ iK̂(nT−1)
±

]
+ . . . (5.5)

where the ellipses denote terms proportional to the free bulk-to-boundary propagators.
Accordingly, the bulk integral Iϕϕφ of the 〈ϕϕφ〉 correlator now becomes

Iϕϕφ = inT
HnT+nσ

c3
sk

3
3

(−k3∂k3)nσk3
[
(n∂t − 1)Î(nT−2) − iÎ(nT−1)

]
. (5.6)

While these k3∂k3 operators are not frequently used for scalar exchange, a similar procedure
plays an important role for deriving the spin-raising operator in section 6.

The 〈φφφ〉 bispectrum. Now we consider the three-point function where the three
external fields are massless scalars. This corresponds to the inflaton bispectra which are
most relevant for observations. To compute these correlators, one way to proceed is to
repeat what we did for the 〈ϕϕφ〉 correlator: introduce a bulk integral Iφφφ based on the
cubic vertex, derive its differential equation using the mixed propagator, and solve for
its solution with proper boundary conditions. Although in principle it can be done, this
procedure may become rather complicated, since the boost-breaking cubic vertices may
take various forms, and for each of them we need to solve an inhomogeneous equation
correspondingly. Here we take a more efficient ‘bootstrap” approach by making the use of
the scalar seeds. The key insight is that the 〈φφφ〉 bispectra can be generated by acting on
the seeds with various differential operators. This is similar in spirit to the “weight-shifting”
approach of [41–43].8 Despite the absence of boost symmetry, interestingly, such operators
still exist, as shown in [55] for correlators in single field inflation.

Here our goal is to systematically derive the 〈φφφ〉 correlator from the scalar seeds.
Concretely, we aim to map the ϕ2σ vertex to a general cubic vertex of φφσ-type with
boost-breaking interactions. That is to say, the scaling dimension of two boundary operators

8Similar differential operators that change the weights (masses) of scalar fields were first introduced in
the context of the conformal bootstrap [82].
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needs to be shifted from ∆ = 2 to ∆ = 3, and at the same time we should take into account
the time and spatial derivatives on them. Let us begin by proposing the generic form of the
cubic vertex as

∂nsi (∂n1
t φ∂n2

t φ∂n3
t σ) , (5.7)

where ns is the total number of spatial derivatives, n1, n2 and n3 are the numbers of time
derivatives for the two massless field φ and the massive scalar σ respectively. Notice that
the spatial derivatives can act on any field in the vertex, and ns is an even number for
scalar interactions. In Fourier space, the above cubic vertex leads to (at highest derivatives)

(−ka · kb)ns/2a−ñT−n3∂n1
η φk1∂

n2
η φk2∂

n3
η σk3 , (5.8)

where ñT = n1 + n2 + ns is the total number of derivatives on the inflaton φ, and ka · kb
(a, b = 1, 2, 3) corresponds to the possible contractions of momenta. Then the three-point
function of the massless scalar is given by the following bulk integral

〈φk1φk2φk3〉
′ = i(−ka ·kb)ns/2

∫
dηa(η)4−ñT

[
∂n1
η K+(k1, η)∂n2

η K+(k2, η)K+(k3, η)−c.c.
]

+perms . (5.9)

Next we need to take care of the time derivatives inside the integral. For the mixed
propagator, we have absorbed its time derivatives of a−n3∂n3

η σ into its expression, and
trade them with k-derivatives. This leads to a differential operator kn3∂n3

k as we discussed
around (5.5). For the free propagator K(k, η) of massless field φ, in general its n-th order
time derivative takes a simple form

∂nηK±(k, η) = H2

2c3
sk

3 (±icsk)n (1− n− k∂k) e±icskη . (5.10)

This is a key observation that helps us convert the ϕ propagators into the ones of the
massless field φ through differential operations. Substituting it into (5.9), and taking the
k-derivatives outside of the bulk integral, we find

〈φk1φk2φk3〉
′ = (−1)ñT iH ñT

4c6
sk

2
1k

2
2
W12Iϕϕφ(k12, k3) + perms , (5.11)

where Iϕϕφ(k12, k3) is the bulk integral associated with the 〈ϕϕφ〉 correlator in (5.6).
Meanwhile, we have introduced a dimensionless differential operator

W12 ≡ −c2−ns
s (ka · kb)ns/2kn1−1

1 kn2−1
2 (1− n1 − k1∂k1) (1− n2 − k2∂k2) ∂ñT−2

k12
, (5.12)

which is the boost-breaking weight-shifting operator.9 From the intuition of bulk calculation,
this operator exactly maps ϕϕ to ∂nsi (∂n1

t φ∂n2
t φ) in time integral of the cubic vertex. As we

will show shortly in the examples, the form of W12 returns to the one in de Sitter bootstrap
when we consider the dS-invariant cubic interaction. In general, this operator is capable of
generating all the boost-breaking φφσ-type vertices from the ϕ2σ one.

9We wish to thank Enrico Pajer for helping with its derivation.
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The result in (5.11) directly works on the boundary correlators. This general expression
provides all the possible inflaton bispectra from the exchange of one massive scalar field.
Starting with the generalized scalar seeds, we can map them to arbitrary boost-breaking
cubic interactions by performing differential operators k3∂k3 (for higher derivatives on
σ) and W12 (for higher derivatives on φ). In the following we shall consider simple but
observationally relevant interactions, and then apply the operator (5.12) to bootstrap
examples of the inflaton bispectra from massive scalar exchange.

5.2 Scalar exchange bispectra

For scalar exchange, we focus on the simplest quadratic interaction φ̇σ, which gives the
mixed propagator K±(k, η; cs) = H/(c3

sk
3)K̂(0)

± (kη; cs). The most relevant cubic interactions
are the ones with lowest derivatives

φ̇2σ , (∂iφ)2σ . (5.13)

When the de Sitter boosts are not broken, they are restricted to take the particular
combination (∂µφ)2σ. This cubic coupling automatically induces a small linear mixing,
which is slow-roll suppressed. In boost-breaking theories, these two cubic vertices can appear
independently with large interactions, as we have shown in the EFT analysis around (2.6).
For these low-derivative interactions, the exchange three-point function can be expressed as

〈φk1φk2φk3〉
′ = iH3

4c9
sk

2
1k

2
2k

2
3
W12Î(0) + perms . (5.14)

Then the bispectra shapes are fully determined once we specify the weight-shifting operators
based on cubic vertices. Explicitly, they are given by:

• The φ̇2σ vertex. The weight-shifting operator is given by

W φ̇2σ
12 = −c2

sk1k2∂
2
k12 . (5.15)

In the squeezed limit k3 → 0 and k1 = k2, the bispectrum (5.14) becomes

lim
k3→0
〈φk1φk2φk3〉

′ = iA0H
3

4c4
sk

3
1k

3
3

Γ
(

5
2 + iµ

)
Γ (1 + iµ) (1 + i sinh πµ)

(
k3

4csk1

) 3
2 +iµ

− c.c.

 ,
(5.16)

where A0 =
√
πΞ0(µ, cs)/sinh πµ with the Ξ0 function defined in (A.6).

• The (∂iφ)2σ vertex. It leads to a different operator

W(∂iφ)2σ
12 = − 1

2k1k2
(k2

3 − k2
1 − k2

2)(1− k1∂k1) (1− k2∂k2) , (5.17)

where we have used the momentum conservation to rewrite k1 · k2 = (k2
3 − k2

1 − k2
2)/2.

For this bispectrum, the squeezed limit is

lim
k3→0
〈φk1φk2φk3〉

′ = −iA0H
3

4c6
sk

3
1k

3
3

Γ
(

1
2 + iµ

)
Γ (1 + iµ)

(3
2 + iµ

)(9
2 + iµ

)

×(1 + i sinh πµ)
(

k3
4csk1

) 3
2 +iµ

− c.c.
]
. (5.18)
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• As a nontrivial check, we also reconstruct the bispectrum from de Sitter invariant
interaction (∂µφ)2σ from the two results above. Setting cs = 1, we get the dS-invariant
weight-shifting operator

WdS
12 = −W φ̇2σ

12 +W(∂iφ)2σ
12 = 1

2
(
k2

12 − k2
3

)
∂2
k12 −

1
2k1k2

(
k2

3 − k2
1 − k2

2

)
(1− k12∂k12) ,

(5.19)
which reproduces the one in the de Sitter bootstrap [41]. We also check the soft limit
of this bispectrum

lim
k3→0
〈φk1φk2φk3〉

′ = iA0H
3

4k3
1k

3
3

Γ
(

7
2 + iµ

)
Γ (1 + iµ)

(1 + i sinh πµ)
1
2 + iµ

(
k3
4k1

) 3
2 +iµ

− c.c.

 , (5.20)
and find that it is in agreement with (6.130) in [3].

Through these simple examples, we find the boost-breaking interactions generate new
bispectrum shapes for the cosmological collider physics, which differ from the one with
all the de Sitter symmetries. Furthermore, their sizes are not supposed to be slow-roll
suppressed. We leave the detailed discussion on the phenomenological implications in
section 7.

Finally, let us look at the bispectrum shapes that arise from integrating out a heavy
scalar with m� H. The boost-breaking weight-shifting operators can also help us derive
these contact three-point correlators with any number of derivatives. Since in this situation
the solutions of the generalized scalar seeds are well approximated by the contact term
Î(n) ∼ un+1/(1 + csu)n+1, schematically the inflaton bispectrum can be written as

〈φk1φk2φk3〉
′ ⊃ 1

k2
1k

2
2k

3
3
W12 (k3∂k3)m

[
k3

(
k3
kT

)n+1]
+ perms . (5.21)

These shape functions are rational polynomials of the absolute values of the momenta.
They can be interpreted as coming from higher-derivative inflaton self-interactions. A
complete set of boostless contact bispectra from single-field inflation have been derived
from symmetries and locality constraints in [51–53], while our approach (5.21) provides
a consistency check for the computation of these shapes. For illustration, we take the
lowest-derivative vertices again as examples. Consider the φ̇σ mixing, and the scalar seed is
given by Î(0) ∼ u/(1 + csu). Then the cubic vertex φ̇2σ leads to the following shape of the
three-point function

〈φk1φk2φk3〉
′ ∼ 1

k1k2k2
3
∂2
k12

(
k3
kT

)
+ perms ∼ 1

k1k2k3k3
T

, (5.22)

which is the one from the contact interaction φ̇3. Similarly integrating out the σ field in
the (∂iφ)2σ vertex leads to the bispectrum from (∂iφ)2φ̇

〈φk1φk2φk3〉
′ ∼ k2

3 − k2
1 − k2

2
k3

1k
3
2k

2
3

(1− k1∂k1) (1− k2∂k2)
(
k3
kT

)
+ perms

=
(
k2

3 − k2
1 − k2

2

) 2k1k2 + k12kT + k2
T

k3
Tk

3
1k

3
2k3

+ perms . (5.23)
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Both of the above bispectra have the equilateral type scaling in the soft limit, unlike the
non-analytical behaviour of massive field exchange. If we consider higher derivative vertices,
they correspond to more derivatives in the weight-shifting operators and/or higher order
seed functions, both of which lead to higher powers of kT in the denominator of the shape
function. This is in agreement with the analysis in [51–53].

6 Exchange of spinning particles

Massive spinning particles leave unique imprints in primordial non-Gaussianity. In particular,
they modulate the bispectrum with a spin-dependent envelope. In this section, we extend
to compute the boostless bispectra from the single exchange of spinning particles during
inflation. We make the use of the generalized scalar seeds in section 4.2, and map them to
spin-exchange correlators by “spin-raising” operators.

In section 6.1 we discuss the exchange of spin-1 fields in detail, using it as a case study
for the general strategy. In section 6.2, we introduce the basics of free and mixed propagators
of fields with arbitrary spins during inflation, while the free theory of spinning fields in de
Sitter space is summarized in appendix D. In section 6.3 we derive the three-point functions
from spinning exchanges with generic boost-breaking interactions.

6.1 Spin-1 exchange

In this section, we describe in detail the derivation of the bispectrum from spin-1 exchange.
We introduce the necessary “spin-raising” operator to obtain it from scalar exchange seeds.
It is helpful to study this simplest case to gain insight about how to bootstrap the generic
spinning exchange bispectra. However, from a phenomenological perspective, this case is
not the most interesting one, as the signals in the squeezed limit from odd spin exchange is
more suppressed than the one with even spins.

6.1.1 Spin-1 propagators

First, let us derive the mixed propagators with spin-1 fields. We will focus on the longitudinal
mode of the massive spin-1 particle (the only component that contributes to the exchange
diagram) and establish its connection with the massive scalars.

Free theory in de Sitter. The notion of spin is less unambiguous in the EFT of inflation.
With the full dS isometries, we can have a dS-invariant description for the spinning fields,
which leads to the EFT in [13]. While the dS boosts are broken, it becomes possible
to construct another type of EFT [23], where more general theories of spinning fields
are allowed but it remains unclear about how to embed them in a UV-complete theory.
Meanwhile, for the interest of this work, we notice that only the helicity-0 longitudinal
mode will contribute to the scalar bispectra of cosmological colliders. As long as this single
component of the spinning field is concerned, there is no much difference in these two EFT
approaches. Thus in this paper we shall take the first approach with dS isometries, where
the UV completion is much better understood.
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For a massive spin-1 field σµ in de Sitter space, its quadratic action is given by

S2 =
∫
d4x
√
−g

[
−1

2∇µσν∇
µσν + 1

2(∇µσµ)2 − 1
2(m2 + 3H2)σµσµ

]
, (6.1)

which is equivalent to the Proca action up to integration by parts. Here we have chosen
the mass definition such that m becomes the mass of σµ in the flat space limit, and we can
check that the action becomes gauge invariant when m→ 0. From this action, the equation
of motion of the σµ field is [

∇ν∇ν −
(
m2 + 3H2

)]
σµ = 0 , (6.2)

and we also find the transverse condition

∇µσµ = 0 . (6.3)

The spinning field σµ may also have a nontrivial sound speed cσ, even though it appears in
dS-invariant forms in the above expressions. Like in the massive scalar case, in the free
theory we can always rescale this sound speed into the spatial coordinates cσ∂i → ∂i (or,
equivalently cσk → k in the Fourier space), such that it disappears in the final expression.
As long as all the components of σµ have the same sound speed, this rescaling can lead us
back to (6.1)–(6.3). The spinning fields with different sound speeds for each component
were discussed in [23], but since only one component makes contribution to the final scalar
three-point function, the theories with multiple sound speeds do not lead to additional
bispectrum shapes. Therefore for convenience, our strategy is to focus on the dS-invariant
theories but allow one uniform sound speed for the spinning field.

To discuss the mode functions, it is more convenient to expand the spinning fields into
their helicity basis. For spin-1 fields, this decomposition becomes

σµ =
1∑

λ=−1
σ(λ)
µ , (6.4)

where λ = 0 gives the longitudinal (l) mode and the transverse (t) ones correspond to
λ = ±1. The transverse modes have only the spatial components σ(±1)

i = σ±1
t ε

(±1)
i , with the

polarization vectors satisfying kiε(±1)
i (k) = 0. The temporal (T ) and spatial (S) components

of the longitudinal mode with λ = 0 can be further expressed as

σ(0)
η = σTl , σ

(0)
i = σSl ε

(0)
i , (6.5)

with the longitudinal polarization vector ε(0)
i (k) = k̂i. As we will show very soon, only the

longitudinal mode contributes to the spin-1 mixed propagator and thus leads to nonzero
exchange bispectra. In the following we will focus on the λ = 0 modes, and drop the upper
index (λ) in the mode functions and polarization vector.

Longitudinal modes. For future convenience, we introduce the new notation for λ = 0
longitudinal modes

σ
(0)
1 = σTl , σ

(1)
1 = σSl . (6.6)
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For a general expression σ(n)
s , the lower index represents the spin10 and the upper index

n ≤ s is used for the number of spatial polarization directions. For the Fourier mode σ(0)
1 ,

the equation (6.2) becomes

(
Oη + µ2

1 + 9
4

)
σ

(0)
0 = 0 , with µ1 =

√
m2

H2 −
1
4 (6.7)

which is the same as the one of massive scalars in (3.3). Imposing the Bunch-Davies initial
condition and the correct normalization [13], we obtain

σ
(0)
1 (k, η) = H

2m

√
π

k
eiπ/4e−πµ1/2(−kη)3/2H

(1)
iµ1

(−kη) , (6.8)

which is related to the scalar mode function σk(η) in (3.4) by

σ
(0)
1 (k, η) = kN1σk(η) , with N1 = i

m
. (6.9)

The equation and mode function solution of the σ(1)
1 mode are more complicated, but we

notice that the two longitudinal modes are related through the constraint (6.3)

σ
(1)
1 = −iU (1)

η σ
(0)
1 , with U (1)

η ≡ 1
k

(
∂η −

2
η

)
. (6.10)

Therefore we are able to connect the λ = 0 longitudinal mode of σµ with the solution of
the massive scalar field discussed in section 3.1. As we will show below, this is the key
observation that allows us to map the results of mixed propagators and seed functions
with massive scalars to the spinning case. Specifically, the bulk-to-bulk propagators of the
ση = σ

(0)
1 mode are simply given by

G
(0)
±±(k, η, η′) = k2

m2G
σ
±±(k, η, η′) , G

(0)
±∓(k, η, η′) = k2

m2G
σ
±∓(k, η, η′) . (6.11)

For the σi = σ
(1)
1 εi mode, its propagators are a bit more complicated, but can also be

expressed in terms of Gσ as

G
(1)
ij,±∓(k, η, η′) = |N1|2k2U (1)

η U
(1)
η′ G

σ
±∓(k, η, η′)εiεj ,

G
(1)
ij,±±(k, η, η′) = |N1|2k2U (1)

η U
(1)
η′ G

σ
±±(k, η, η′)εiεj ∓ iη2δ(η − η′)H

2

m2 εiεj . (6.12)

The δ-function term in G(1)
ij,±± is to cancel the ones generated when the time derivatives hit

the Θ-functions in the bulk-to-bulk propagator.

10Note that for the spinning mode functions we do not use the lower index to represent the momentum k,
which differs from the notation of scalar fields.
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Spin-1 mixed propagator. Next, we consider the linear mixing between the massive
spin-1 field and the inflaton. At leading order in derivatives, there are two quadratic
interactions: ∂ηφση and ∂iφσi. Since they are related from the constraint equation in (6.3),
we can mainly focus our analysis on the ∂iφσi mixing [13]. From this quadratic vertex, we
find the contraction from the transverse mode kiε(±1)

i vanishes, and thus only the spatial
component of the longitudinal mode σi = σ

(1)
1 εi gives the nonzero contribution to the spin-1

mixed propagator. Explicitly, we introduce the bulk-to-boundary propagator from σi to
φ as

K(1)
i, ±(k, η) = ±i

∫ 0

−∞
dη′a(η′)2

[
G

(1)
ij, ±±(k, η, η′)(∓ikj)K±(csk, η′)

−G(1)
ij, ±∓(k, η, η′)(±ikj)K∓(csk, η′)

]
(6.13)

Using (6.12), K(1)
i, ± can be expressed as

K(1)
i, ± = −εi|N1|2k2U (1)

η

∫ 0

−∞
dη′a(η′)2 [Gσ±±∂η′K± +Gσ±∓∂η′K∓

]
∓ ik

m2 εiK±(k, η) , (6.14)

where we have applied integration by parts in η′ to reduce the U (1)
η′ operator in the integrand.

This expression can be written in terms of the scalar mixed propagators

K(1)
i, ±(k, η) = ±iεi

H2|N1|2

c3
sk

3η
U (1)
k K̂

(1)
± (kη; cs)∓

ik

m2 εiK±(csk, η) (6.15)

where K̂(1)
± is the dimensionless building block of the mixed propagator in (4.2) with n = 1.

For the operator U (1)
k , we have used the fact that K̂(1) is a function of the combination kη,

such that we are able to trade η-derivatives with k-derivatives. This gives us

U (1)
η = 1

k

(
∂η −

2
η

)
→ 1

kη
U (1)
k , with U (1)

k ≡ k
(
∂k −

2
k

)
, (6.16)

which is the spin-raising operator for s = 1. Using this differential operator, we can derive
the spin-1 mixed propagator from the scalar one. Notice that the piece which comes from
the δ-function term in (6.12) is the free propagator K± of a massless scalar in (6.15). This
term leads to a standard contact interaction in the exchange diagram, whose contribution
to the bispectrum is the same with the ones from single field inflation. In the following, we
shall drop this contribution, and focus on the effect of the first term of the spin-1 mixed
propagator in (6.15).

It is straightforward to extend the analysis to the quadratic interactions with higher
derivatives. We can move all the derivatives to the scalar field φ via integration by parts,
then we get interactions like ∂nt ∂iφσi. These additional derivatives on φ change the form
of the integrand in (6.14). As we have seen in section 4, the integral can always be
written as a linear combination of the building blocks K̂(n), while the spin-raising operator
remains unaffected.
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6.1.2 Spin-1 exchange bispectra

With the spin-1 mixed propagator, we now bootstrap the three-point functions from the
single exchange diagram. We start with the bispectrum of two conformally coupled scalars
ϕ with a massless scalar φ. As one leg of the cubic vertex should be attached to the mixed
propagator with the σi longitudinal mode, the lowest derivative interaction is given by
ϕ∂iϕσi. As a result, the bispectrum is given by

〈ϕk1ϕk2φk3〉
′ = i

∫ 0

−∞
dηa2

[
Kϕ

+(k1, η)(−iki2)Kϕ
+(k2, η)K(1)

i, +(k3, η)− c.c.
]

+ perm. (6.17)

By using the mixed propagator (6.15) from the ∂iφσi mixing, we can rewrite the bulk
integral above in the form

〈ϕk1ϕk2φk3〉
′ = i

Aϕ1 cs
k1k3

3
(k̂2 · k̂3)U (1)

k3

∫ 0

−∞

dη

η

[
eicsk12ηK̂(1)

+ (k3η)− c.c.
]

+ perm.

= Aϕ1
k1k3

3
(k̂2 · k̂3) U (1)

k3

[
k3∂k12 Î(1) (u; cs)

]
+ perm. , (6.18)

where Aϕ1 = H4|N1|2η2
0/4c6

s and Î(1) is the generalized scalar seeds in (4.13) with n = 1.
Therefore, we derive the spin-1 exchange bispectrum from the seed functions by using the
spin-raising operator U (1)

k3
. This example demonstrates the generic structure of the three-

point correlator from spinning exchange in our approach. In addition to the spin-raising
operator and the scalar seed, the k̂2 · k̂3 = cos θ factor can be written as the Legendre
polynomial P1(cos θ), which encodes the angular dependent signal of the spinning particle;
the k3∂k12 operator is associated with the form of the cubic interaction.

Next, we consider the inflaton bispectrum with three massless scalars. From the EFT of
inflation with spinning fields [13], the lowest derivative cubic interaction with two inflatons
and one massive spin-1 field is given by φ̇∂iφσi, as shown in (2.10). This vertex only arises
in boost-breaking theories.11 Using the mixed propagator K(1)

i, ±(k, η), we find

〈φk1φk2φk3〉
′ = i

∫ 0

−∞
dηa(η)

[
∂ηK+(k1, η)(−iki2)K+(k2, η)K(1)

i, +(k3, η)− c.c.
]

+ perm.

= A1
k2

1k
2
2k

3
3

(k̂2 · k̂3) U (1)
k3
W(1)

[
k3Î(1)(u)

]
+ perm. , (6.19)

where the coefficient A1 = −H5|N1|2/4c8
s, and we have used the following weight-shifting

operator
W12 ≡ (1− k2∂k2)k1∂k1 . (6.20)

This result provides the analytical shape of the inflationary bispectrum from the boostless
spin-1 exchange. We will discuss its phenomenological implications in section 7. Here let us

11In theories with full de Sitter isometries, the cubic interaction appears as (∇µφ∇ν∇µφ−∇ν∇µφ∇µφ)σν ,
which leads to vanishing bispectra after permutation [3, 41].
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simply look at its behaviour in the squeezed limit12

lim
k3→0
〈φk1φk2φk3〉

′ = − H3√π
32c5

sk
3
1k

3
3

Ξ1(µ1, cs)
cosh πµ1

(k̂1 · k̂3 + k̂2 · k̂3)

×

(7 + 2iµ1)(1 + i sinh πµ1) Γ(−iµ1)
Γ
(

1
2 − iµ1

) ( k3
4csk1

) 3
2 +iµ1

+ c.c.

 ,
(6.21)

where the function Ξ1 is defined in (A.6). Since from momentum conservation we have

lim
k3→0

(k̂1 · k̂3 + k̂2 · k̂3) = −k3
k1

[
1− (k̂1 · k̂3)2

]
+O(k2

3/k
2
1) , (6.22)

the squeezed limit scales as (k3/k1)5/2, which is more suppressed than the equilateral shape
of the bispectrum. This behaviour is generic for odd spin exchange, but not for even spins,
as we show below.

To summarize, we have shown from this simplest example of spinning exchange that
the spinning propagators are related to the scalar ones by applying differential operators.
This is because only the helicity-0 longitudinal mode of the massive field contributes to
the linear mixing. Therefore, spin-exchange bispectra can be mapped from scalar-exchange
correlators in a simple way. In the following we will follow the same strategy to bootstrap
the bispectra of higher spin exchange.

6.2 Spinning propagators

Now we consider correlators involving bosonic particles σµ1...µs of higher spin s and arbitrary
mass m. We present a detailed review of its free theory in de Sitter space in appendix D
(see also appendix A of [13]). Again, like in the analysis of the massive scalar and spin-1
fields, we have absorbed the sound speed by rescaling cσk → k.

The first step is to derive the spinning mixed propagators. For this purpose, we discuss
only the longitudinal mode λ = 0 and consider its projection on the spatial slicing σi1...inη...η.
In the polarization basis, it is given by

σi1...inη...η = σ(n)
s εi1...in . (6.23)

The polarization tensor εi1...in satisfies

k̂i1 . . . k̂inεi1...in(k) = 1 , q̂i1 . . . q̂inεi1...in(k) = Pn(q̂ · k̂) , (6.24)

where Pn(q̂ · k̂) is the Legendre polynomial of order n. We focus on the mode functions σ(n)
s .

Like in the spin-1 case, we use the upper index n ≤ s to denote the number of polarization
directions, and the lower index for the spin. In particular, the n = 0 mode σ(0)

s can be
expressed in terms of the scalar mode function (3.4), with µ = µs

σ(0)
s (k, η) = Nsk

sσk(η) , (6.25)
12There is a minor difference with the results in [13]. In eq. (C.23) of [13] and the discussions below,

for odd spins, the squeezed limit has i cosh πµ1 instead of (1 + i sinhπµ1). We expect this is because the
relative signs of the sum in eq. (C.2) of [13] should become different for odd spin exchanges.
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where Ns is a normalization constant, defined in (D.12), and

µs =
√
m2

H2 −
(
s− 1

2

)2
. (6.26)

For cosmological collider bispectra, we are interested in the n = s mode, σ(s)
s , whose

equation of motion becomes rather complicated. However, its solution can be obtained
iteratively from the transverse condition ∇µ1σµ1...µs = 0, which in Fourier space becomes

σ(s)
s = (−i)s U (s)

η σ(0)
s . (6.27)

Here we have introduced the differential operator

U (s)
η ≡

s∑
m=0

a
(s)
m

km

(
∂η −

2
η

)m
, (6.28)

with a(s)
s = 1, a(s)

s−1 = a
(s)
s−3 = . . . = 0 and a(s)

s−2n are real constants fixed by the transverse
condition.13 For example, the s = 1 operator is given in (6.10), while the one for spin-2
fields is

U (2)
η = 1

k2

(
∂η −

2
η

)2
+ 1

3 (6.29)

We leave more examples and further details of higher spins to appendix D. Using (6.25)
and (6.27), we can establish the connection between the σ(s)

s mode and the massive scalar
mode function in general. In particular, we are interested in the bulk-to-bulk propagators
of the σi1i2...is mode. They are expressed in terms of the Gσ-propagators as

G
(s)
i1...isj1...js,±∓(k, η, η′) = |Ns|2k2sU (s)

η U
(s)
η′ G

σ
±∓(k, η, η′)εi1...isεj1...js , (6.30)

G
(s)
i1...isj1...js,±±(k, η, η′) = |Ns|2k2sU (s)

η U
(s)
η′ G

σ
±±(k, η, η′)εi1...isεj1...js + · · · (6.31)

where the · · · represent terms with δ(η − η′). As we have seen in the spin-1 case, these
extra pieces lead to contact terms in the final bispectra. Since they are degenerate with the
non-Gaussian shapes from single field inflation, we drop them in the following.

Now we derive the mixed propagator with a spin-s massive field. From the EFT analysis
in (2.13), the lowest derivative quadratic interaction between the inflaton and a spin-s
field is

∂i1...isφσi1...is , (6.32)

which is allowed to have large couplings in boost-breaking theories. From this two-point
vertex, only the helicity-0 longitudinal mode with maximal number of polarization directions

13See (D.15) for the explicit formulae.
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(n = s) gives a nonzero contribution, and we find the spin-s mixed propagator14

K(s)
i1...is,+(k,η;cs) = i(−i)skj1 . . . kjs

∫ 0

−∞
dη′a(η′)4−2s

[
G

(s)
i1...isj1...js,++(k,η,η′)K+(k,η′;cs)

−(−1)sG(s)
i1...isj1...js,+−(k,η,η′)K−(k,η′;cs)

]
= i(−i)s|Ns|2k3sεi1...isU

(s)
η

∫ 0

−∞
dη′a(η′)4−2s

[
U

(s)
η′ G

σ
++(k,η,η′)K+(k,η′;cs)

−(−1)sU (s)
η′ G

σ
+−(k,η,η′)K−(k,η′;cs)

]
+ · · ·

(6.33)

where in the second equality we used (6.30) and (6.31). The ellipses represent terms
proportional to the conventional bulk-to-boundary propagator K±(k, η; cs).

Notice that the constant factors and the U (s)
η operator in (6.30) and (6.31) have been

moved outside of the integral, while we still need to address the U (s)
η′ operator inside in

order to rewrite the spinning mixed propagators in terms of K̂(n). For the spin-1 case, U (1)
η′

has only one derivative and can be simplified via integration by parts. For particles with
arbitrary spin, it becomes more complicated. In general, the higher order time derivatives
on the massive field (i.e. the U (s)

η′ operator on the Gσ propagators here) can be reduced to
terms with at most one derivative by using the equation of motion of the σ field. Let us take
the spin-2 fields as an explicit example whose U (s)

η′ operator is given in (6.29). Applying
the scalar mode equation of motion, the σ(2)

2 mode is

σ
(2)
2 (k, η′) = −N2k

2U
(2)
η′ σk(η

′) = −N2k
2
(

2
k2η′

∂η′ + µ2
2 − 15/4
k2η′2

+ 2
3

)
σk(η′) . (6.34)

The same approach also works for higher spin modes σ(s)
s , where the U (s)

η′ operator reduces
to the one with at most one derivative. Then integrating by parts in (6.33), we move this
time derivative onto the inflaton propagator K. Now we are able to rewrite the mixed
propagator as a linear combination of K̂(n), which can be further simplified by using their
recursive relations. Note that we have neglected all the free field propagators K generated
in this procedure.

In the end, we are able to bring the spin-s mixed propagator to the form

K(s)
i1...is,+(k, η) = is

|Ns|2H2s

c3
sk

3−s εi1...isU
(s)
η

[
f (s)K̂(s)

+ (kη) + iH

cs
g(s)K̂(s−1)

+ (kη)
]

+ . . . (6.35)

where f (s) and g(s) are constants coming from manipulating the U (s)
η′ operator. We present

them later. In the bracket we have a linear combination of two building blocks K(s)

and K(s−1). Since they are functions of kη, the operator U (s)
η can be transformed to a

k-differential operator by trading time and momentum derivatives

U (s)
η →

s∑
m=0

a
(s)
m

kmηm
U (m)
k , with U (m)

k ≡ km
(
∂k −

2
k

)m
. (6.36)

14For simplicity, we focus on K(s)
i1...is,+, while K

(s)
i1...is,− is given by complex conjugation.
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Like in the spin-1 case, this is related to the spin-raising operators with arbitrary s, as we
will show when we bootstrap the three-point correlators. With s = 2, we explicitly get
(kη)−2U (2)

k + 1/3 from (6.29).
Now let us look at the two constants f (s) and g(s). For spin-1, we find f (s) = 1 and

g(s) = 0 as shown in (6.15). Their expressions become a bit more subtle for higher spins.
Depending on the recursive relations of K̂(n) with cs = 1 and cs 6= 1, we express the final
results of the spinning mixed propagators into two different cases.

• cs = 1. In this case, by using the recursive relation we can rewrite the mixed
propagator in terms of one building block K̂(s). Thus we have g(s)(cs = 1) = 0, while
f (s)(cs = 1) becomes an overall factor fixed by s and µs. For s = 2, it is given by

f (2)(cs = 1) = 985− 644µ2
2 + 16µ4

2
36(4µ2

2 + 1) . (6.37)

• cs 6= 1. From the recursive relation with cs 6= 1, two building blocks K̂(n) are needed
for a general form of the mixed propagator. Therefore both f (s)(cs) and g(s)(cs)
should be present in (6.35). For s = 2, we find their explicit expressions

f (2)(cs, µs) = 2(1− 3c2
s)

3c2
s

− 8
3

1
1− c2

s

− 1− c2
s

c2
s

µ2
2 − 7

4
µ2

2 + 1
4
,

g(2)(cs, µs) = −2
3

1
1− c2

s

(
µ2

2 + 9
4

)
+
(
µ2

2 −
7
4

)( 2
µ2

2 + 1
4

+ 1
)
. (6.38)

In the extremal case cs → 0, the spin-2 mixed propagator is given by

lim
cs→0

K(2)
ij,+(k, η) = −|N2|2

H4

c3
sk
εijU

(2)
k

 1
c2
s

µ2
2

3 −
23
12

µ2
2 + 1

4
K̂(2)

+ (kη)

+ . . . (6.39)

To summarize, we have applied the U (s)
η and U (s)

η′ operators to map the massive scalar
propagators into the spinning ones. In the mixed propagators, the U (s)

η opertator can be
moved outside of the integral, and transformed into the spin-raising operators by trading
derivatives as shown in (6.36). To deal with the U (s)

η′ operator, we make the use of the
equation of motion, integration by parts, and recursive relations of K̂(n). Although the
explicit computation can become cumbersome, this operator in the end leads to an overall
prefactor which does not change the form of the mixed propagator.

So far our analysis on the mixed propagator is based on the lowest derivative interaction
in (6.32). It is straightforward to extend the results above to the linear mixings with more
derivatives. Through integration by parts and equation of motion, the higher derivative
interactions can always be reduced to a combination of lower derivative ones. As a result,
the general form in (6.35) remains unaffected, while the two constant coefficients f (s)(cs)
and g(s)(cs) may become different.
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6.3 Spin-s exchange bispectra

Having described the spinning mixed propagators, we now use them to compute the three-
point correlators from spin-s exchange. We first focus on the lowest-derivative cubic vertices
with one massive spinning field, which break the de Sitter boosts and may have large
interactions. Then we consider the generalization to arbitrary interactions. For de Sitter
invariant theories, our computation reproduces the de Sitter bootstrap results.

The 〈ϕϕφ〉 bispectrum. We get started with the simplest three-point function with
two conformally coupled scalars as a warmup. For general spin, the cubic interaction here
is given by ϕ∂i1...isϕσi1...is , and we find the bispectrum

〈ϕk1ϕk2φk3〉
′ = i

∫ 0

−∞
dηa4−2s

[
Kϕ

+(k1, η)(−i)ski12 . . . kis2 K
ϕ
+(k2, η)K(s)

i1...is, +(k3, η)− c.c.
]

+ perm. (6.40)

Using the spin-s mixed propagator (6.35), we rewrite this bispectrum in terms of the
generalized scalar seeds

〈ϕk1ϕk2φk3〉
′ = Aϕs

ks2k
−s
3

k1k2k2
3
Ps(k̂2·k̂3) D(s)

23 k3∂k12

[
f (s)Î(s) + iH

cs
g(s)Î(s−1)

]
+perms. , (6.41)

where Aϕs = i(−i)s|Ns|2H4sη2
0/4c5+s

s , and we introduce the spin-raising operator

D(s)
23 ≡

s∑
m=0

(ics)m−sk2s−m−1
3 a(s)

m U
(m)
k3

∂2s−m−1
k2

. (6.42)

This is a dimensionless differential operator that maps the scalar seed functions to the
〈ϕϕφ〉 bispectrum with spin-s exchange. Note that for s = 1, we simply have D(1)

23 = U (1)
k3

,
and reproduce (6.18). As another example, the spin-2 operator is explicitly given by

D(2)
23 ≡ k

3
3

[(
∂k3 −

2
k3

)2
∂k2 −

1
3c2
s

∂3
k2

]
. (6.43)

From the bulk intuition, the spin-raising operator is originated from the constraint
∇µ1σµ1...µs = 0, which we used to establish the connection between σi1...is and the massive
scalar σ. Thus these operators exist, since only the helicity-0 longitudinal modes with the
maximum spatial polarization directions contribute in the exchange bispectra.

The inflaton bispectra. Now we bootstrap the inflationary three-point functions from
spinning exchanges. The strategy is to use the weight-shifting procedure to map the 〈ϕϕφ〉
correlator to the one with three external massless fields, as we have done in the scalar
exchange cases. Let us first consider the lowest derivative interactions in boost-breaking
theories, which could generate large bispectra. From the EFT of inflation with spinning
fields [13], the leading order cubic vertex with one spin-s field is given in (2.13)

φ̇∂i1...isφσi1...is , (6.44)
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for which the bispectrum is

〈φk1φk2φk3〉
′ = i

∫
dηa(η)3−2s

[
∂ηK+(k1, η)(−i)ski12 . . . kis2 K+(k2, η)K(s)

i1...is,+(k3, η)− c.c.
]

+ perm. (6.45)

With the spin-s mixed propagator (6.35) and generalized scalar seeds, we find that the
bispectrum can be written as

〈φk1φk2φk3〉
′ = Ask

s
2k
−s
3

k2
1k

3
2k

2
3
Ps(k̂2 ·k̂3)W12 D(s)

23 k3

[
f (s)Î(s) + iH

cs
g(s)Î(s−1)

]
+perms. , (6.46)

with As = (−i)s+1H4s+1|Ns|2/4c7+s
s . A new weight-shifting operator W12 is derived by

noticing the relation (5.10). For the cubic vertex (6.44) from the EFT, it becomes

WEFT
12 = k1∂k1(1− k2∂k2) . (6.47)

The result (6.46) provides the analytical expression of inflationary bispectra from the
exchange of massive spin-s particles. It is easy to check the squeezed limit behaviour of this
bispectrum. Notice that in the sum of the spin-raising operator, the m = s term provides
the lowest order contribution in the k3 expansion, and thus only this term is relevant when
we take k3 → 0. We find

lim
k3→0
〈φk1φk2φk3〉

′ ∝ Ps(k̂2 · k̂3)
k3

1k
3
3

[
(1− i sinh πµs)(5 + 2s− 2iµs)

× Γ(iµs)
Γ
(

1
2 + iµs

) ( k3
4csk1

) 3
2−iµs

+ c.c.

]
, (6.48)

which agrees with eq. (C.20) in [13]. We comment on phenomenological implications of
those shapes in the next section.

It is also straightforward to consider cubic interactions with more derivatives than
in (6.44). In analogy with the derivation of the weight-shifting operators for scalar-exchanges
in section 5.1, here we consider the generic cubic interaction with a spin-s field

∂nsi (∂n1
t φ∂n2

t ∂i1...isφ)σi1...is , (6.49)

where n1, n2 and ns are the numbers of extra derivatives in addition to the ones with
spinning indices. We find the general form of the weight-shifting operator for spinning
exchanges

W12 = −c−nss (ka · kb)ns/2kn1−1
1 kn2

2 (1− n1 − k1∂k1) (1− n2 − k2∂k2) ∂ñT−1
k12

, (6.50)

with ñT = n1 + n2 + ns. In (6.46), using this general form of the W12 operator, we obtain
the spin-s exchange bispectra with arbitrary boost-breaking interactions. In this generic
expression, the spin-raising operator D(s)

23 uplifts the spin of the exchanged particle, and
the weight-shifting operator incorporates any possible cubic vertices with two massless
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scalars. Therefore, using this approach, we obtain a complete set of inflationary three-point
functions from spin exchange diagrams.

As a nontrivial example, here we reproduce the results from interactions with de Sitter
symmetries. The dS-invariant cubic vertex with two inflatons and one spinning field (for
even s) is given by

∇νφ∇ν∇µ1...µsφσ
µ1...µs → a2−2s (φ′∂i1...isφ′ − ∂jφ∂i1...is∂jφ)σi1...is , (6.51)

which leads to a new form of the weight-shifting operator

WdS
12 = 1

2k2(k2
12 − k2

3)∂3
k12 + 1

2k1

(
k2

12 − k2
3 − 2k1k2

) (
∂k12 − k12∂

2
k12

)
. (6.52)

Then the bispectrum (6.46) with the WdS operator generates the result from the de Sitter
invariant interaction. Again, let us look at the squeezed limit of this bispectrum

lim
k3→0
〈φk1φk2φk3〉

′
dS ∝

Ps(k̂2 · k̂3)
k3
sk

3
3

[
(1− i sinh πµs)

5
2 + s− iµs
3
2 − s+ iµs

× Γ(iµs)
Γ
(

1
2 + iµs

) ( k3
4ks

) 3
2−iµs

+ c.c.

]
. (6.53)

We find agreement with eq. (6.142) in [3] and eq. (6.20) in [41]. Therefore we recover the
results from the (slow-roll) de Sitter bootstrap, bypassing the need to compute four-point
functions. In this case the size of this bispectrum is required to be slow-roll suppressed,
as we are only allowed to consider the mild breaking of conformal symmetries in the de
Sitter bootstrap. There is more freedom in the boost-breaking scenario, for both the size
and shape of cosmological colliders with spinning particles.

7 Phenomenology

One major advantage of the boostless bootstrap is that the resulting signals of non-
Gaussianity can be potentially large, and thus testable in near-future observations. In
the de Sitter bootstrap, the conformal symmetry is only weakly broken, and thus the
inflationary bispectra are always slow-roll suppressed, and beyond current reach. In this
section, we will present the phenomenological consequences of the boost-breaking shapes of
non-Gaussianity, contrasting them with the de Sitter invariant shapes.

Convention. In previous sections we used “cs” for the ratio of the sound speeds of the
inflaton and massive field. To avoid confusion to the reader that came straight to this
section, we reintroduce the individual sound speeds cs and cσ, referring to their ratio
explicitly i.e. cs/cσ. This implies that u ≡ cσk3/(csk12).

Following the standard convention, the bispectrum of the primordial curvature pertur-
bation ζ = (H/Φ̇)φ is given by

〈ζk1ζk2ζk3〉 = (2π)3δ(k1 + k2 + k3)18
5 fNL

S(k1, k2, k3)
k2

1k
2
2k

2
3

P 2
ζ , (7.1)
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where Pζ is the power spectrum of ζ and fNL represents the size of the non-Gaussian signal.
For boost-breaking theories, such as the ones with a small sound speed of the inflaton
fluctuations, large non-Gaussianity with fNL > 1 is naturally allowed [13]. The main focus
of this work is the shape function of the primordial bispectrum S(k1, k2, k3). In the previous
two sections, we have derived a complete set of bispectra from the exchange of one heavy
particle during inflation. For the scalar exchanges, the general form of the shape function
can be simply written as

S(0)(k1, k2, k3) =W12Î(0) + perms. , (7.2)

where W12 is the weight-shifting operator with the expression (5.12) for generic boost-
breaking interactions. The spin-s exchanges in general lead to

S(s)(k1, k2, k3) = Ps(k̂2 · k̂3)ks−1
2 k−s3 W12 D(s)

23 k3

[
f (s)Î(s) + iH

cs
g(s)Î(s−1)

]
+perms. , (7.3)

with the spin-raising operator in (6.42) and another type of the weight-shifting opera-
tor (6.50). Thus starting with the generalized scalar seeds Î(n) and applying the weight-
shifting and spin-raising operators, we produce the analytical results of full bispectrum
shapes, which are theoretically well-motivated targets in the data analysis of future cosmo-
logical surveys. Next, we examine these shape functions in detail and compare them with
the ones from de Sitter bootstrap.

Two novelties arise for cosmological colliders in boost-breaking theories: i) the cubic
interactions are extended to boostless forms; ii) the sound speeds of the inflaton and massive
field can differ from each other. Both of these two effects lead to modifications on the
collider signals, as we shall discuss respectively.

Phase of cosmological colliders. Let us first take a look at the consequences of boost-
breaking interactions in the bispectrum shapes. For this part of the analysis we may
assume cs/cσ = 1 for simplicity, such that the comparison with the de Sitter bootstrap
is easier. From the EFT analysis, interactions with lowest derivatives give the dominant
contribution to the three-point function. Let us take the scalar exchange as an example.
There the two leading boost-breaking cubic vertices are given by φ̇2σ and (∂iφ)2σ, while
the dS-invariant one is a combination of these two (∂µφ)2σ. Thus in de Sitter bootstrap the
weight-shifting operator which is the one given in (5.19), has been uniquely fixed by the
conformal symmetry. The boost-breaking interactions are not constrained by the symmetry,
and we are free to consider arbitrary combinations of the two boost-breaking weight-shifting
operators from the φ̇2σ and (∂iφ)2σ vertices. This generalization modifies the phase in the
oscillatory signals of cosmological colliders. It is convenient to look at the squeezed limit of
the shape function, which in general can be written as

lim
k3→0

S(0)(k1, k2, k3) ∼
(
k3
k1

)1/2
cos

[
µ log

(
cσk3
4csk1

)
+ δ(µ)

]
. (7.4)

The phase δ is a function of the mass parameter µ. Interestingly the explicit expression
of this function is determined by the form of the cubic interactions (or equivalently the
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Figure 5. Shape functions of the cosmological collider bispectra in the isosceles-triangle configuration
with k1 = k2 and cs/cσ = 1. Left panel: shapes from the massive scalar exchanges with µ = 2 (top),
µ = 3 (middle) and µ = 4 (bottom). Right panel: shapes from the massive spin-2 exchanges with
µ = 2 (top), µ = 3 (middle) and µ = 4 (bottom). For the boost-breaking results we have chosen one
particular combination of interactions for demonstration.

form of the weight-shifting operators). For the one with de Sitter symmetries, the squeezed
bispectrum is given in (5.20), which fixes the phase to be

δdS(µ) = arg

iΓ
(

7
2 + iµ

)
Γ (1 + iµ)

(1 + i sinh πµ)
1
2 + iµ

 . (7.5)

Meanwhile the squeezed bispectra from the two boost-breaking interactions are given
in (5.16) and (5.18). In general, their combinations could lead to arbitrary phases of the
cosmological collider signals. This is shown in the left panel of figure 5. For demonstration,
we show only the shape functions for the dS and boostless bootstrap. Of course, the
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resulting signals are potentially larger in the boost-breaking case. While in the dS-invariant
case the shape function is completely fixed once we know the mass of the new particle, we
are still free to shift the phase of the oscillatory signals in boost-breaking theories. This
indicates that any deviation from the phase (7.5) can be seen as a signature for the breaking
of the de Sitter boosts.

The same analysis applies to the spinning exchanges. The squeezed limit of the shape
function from an internal massive spin-s field is generally given by

lim
k3→0

S(s)(k1, k2, k3) ∼ Ps(k̂1 · k̂3)
(
k3
k1

)1/2
cos

[
µs log

(
cσk3
4csk1

)
+ δs(µs)

]
. (7.6)

For the bispectrum from dS-invariant interactions, we find the phase is fully determined by

δdS
s (µs) = arg

(1− i sinh πµs)
5
2 + s− iµs
3
2 − s+ iµs

Γ(iµs)
Γ
(

1
2 + iµs

)
 , (7.7)

while this phase can be arbitrarily shifted in the boost-breaking theories, as shown in the
right panel of figure 5. Therefore, the breaking of the de Sitter boosts is manifested in the
phases of cosmological colliders.

Collider signals in the equilateral limit. Now we present the effects of nontrivial sound
speeds in the cosmological collider. New features arise when the sound speeds of two fields
cs and cσ become different. As the squeezed limit is given by taking u ≡ cσk3/(csk12)→ 0
and the oscillations there are in terms of u, when cs 6= cσ we see in (7.4) and (7.6) the
phases of collider signals are further shifted. For cs < cσ, the oscillations are shifted to the
left with smaller momentum ratios. This means that one has to look into more squeezed
configuration to identify the collider signals. In the extremal case with cs/cσ → 0, the
oscillatory behaviour would be manifested only when we consider k3/k12 � cs/cσ. Although
the size of the signal can be amplified in this small sound speed limit, it becomes more
difficult to probe in observations, as the cosmic variance becomes more significant in the
super squeezed limit of the bispectra. Meanwhile we find the opposite behaviour when the
σ sound speed is the smaller one (i.e. cs > cσ). The oscillations are shifted to the right with
larger momentum ratios, and thus we may be able to identify the signals even in the less
squeezed triangle configurations. Figure 6 shows how phases change when the two sound
speeds differ from each other.

One particularly interesting case is when cs � cσ, i.e. the sound speed of the massive
field is much smaller than the one of the inflaton. Since 0 ≤ k3/k12 ≤ 1, in this case
we always have u� 1 in the shape functions, and thus can use the squeezed limits (7.4)
and (7.6) as good approximations. As a result, the oscillatory collider signals get shifted
outside of the squeezed limit, and can be present even around the equilateral configuration
with k1 ' k2 ' k3. We dub this interesting phenomenon the equilateral collider. As an
example, the shape function from the φ̇2σ scalar exchange is given by

Seq.col.(k1, k2, k3) = k1k2
(k1 +k2)2

(
k3

k1 +k2

)1/2
cos

[
µ log

(
cσk3

2cs(k1 +k2)

)
+δ

]
+perms. (7.8)
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Figure 6. Shape functions from boost-breaking interactions with nontrivial sound speeds, for
scalar exchange (left) and spin-2 exchange (right) diagrams with µ = 3. For demonstration we have
normalized the amplitudes of the oscillations to be the same size and take the isosceles-triangle
configuration with k1 = k2. As the seed functions are valid for u ∈ [0, 1], we stop the plots at
k3/k12 = cs/cσ when cs/cσ < 1.

Figure 7. The equilateral collider shapes Seq.col.(k1, k2, k3) with cs/cσ = 10, µ = 3 (left) and
cs/cσ = 20, µ = 5 (right). We have also plotted the standard equilateral shape (blue transparent
surfaces) for comparison. The shapes are normalized to be 1 at the equilateral limit k1 = k2 = k3 = 1.

Figure 7 demonstrates two examples of this new shape. In our conventional understanding,
the equilateral configurations are dominated by the equilateral and orthogonal shapes which
come from the self-interactions of the inflaton in single field models. As we can see here, the
equilateral collider shape contains oscillations which qualitatively differ from these single
field shapes.15 Considering that cosmological observations are usually more sensitive to
signals with large momenta, the non-squeezed configurations of the bispectra may be easier
to probe in cosmological data. Therefore we expect this large deviation from the equilateral
and orthogonal shapes to provide new templates for the observational search of cosmological
collider signals.

15Notice that the equilateral collider oscillations are scale-invariant, which differs from the inflationary
features with scale-dependent oscillations in the equilateral configuration. In feature models, the de Sitter
dilation is explicitly broken (for instance, by time-dependent background parameters), which leads to
violations of scale-invariance in both the power spectrum and higher-point correlators. See [83, 84] for
specific examples, and [85, 86] for reviews.
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8 Conclusions and outlook

In this paper, we classified inflationary three-point functions in boost-breaking theories,
with an emphasis on the correlators coming from the exchange of a massive, scalar/spinning
particle. Our approach is to solve boundary differential equations in the external momenta,
thus seeing “time without time”, and using weight-shifting and spin-raising operators to
obtain the most general results. Our findings provide analytical shapes to study cosmological
collider physics in scenarios of phenomenological interest, as the resulting signals might be
detectable in ongoing and upcoming cosmological surveys.

First, a short recap. Our analysis focuses on the inflaton three-point correlators from
the single-exchange diagrams with both scalar and spinning particles. Despite the absence
of boost symmetry, there are still boundary differential equations. We established them
by exploiting the bulk evolution of massive fields. As a stepping stone, we first studied
the “mixed propagators” which are generated by the quadratic interactions between the
inflaton and an additional scalar. From those, we computed the three-point scalar seeds, a
correlation function of two conformally coupled scalars and one massless scalar carrying the
linear mixing. From these building blocks, the inflaton bispectra were systematically derived
by introducing the boost-breaking versions of the weight-shifting and spin-raising operators.
Since all the boost-breaking interactions are captured in our approach, their sizes are not
slow-roll suppressed, and within the range of validity of the EFT of inflation, the signals
can be large enough to be detectable. Moreover, the resulting shapes have interesting new
phenomenology compared to the de Sitter invariant cases. In particular, two novel features
arise in the bispectra shapes of the boostless scenarios. First, the phases of the cosmological
collider signals are generally shifted away from the de Sitter invariant results. Second, when
the massive field has a sound speed much smaller than the one of the inflaton, we find the
oscillations appear around the equilateral configuration of the momentum triangle.

To wrap up, we mention a few new avenues for future exploration of this rich topic:

• Since we cannot leverage all de Sitter symmetries, our approach, although “boot-
strappy” in nature, largely relies on manipulating the time integrals from bulk
evolution. Proceeding that way, we derived the differential equations satisfied by
boundary correlators. This was the case for the scalar seeds, as well as weight-shifting
and spin-raising operators. It would be more satisfying to find a systematic derivation
of the boostless bootstrap from a purely boundary perspective, which may require a
deeper understanding of the symmetries at play in this scenario.

• Linear mixing is a general consequence of the time-dependent background in cosmology,
thus having no analogue within flat space scattering amplitudes. Here we have
demonstrated how the resulting mixed propagators can be applied in the cosmological
bootstrap. At a practical level, by considering their differential equations, we managed
to directly bootstrap the boost-breaking bispectra, bypassing the computations of
four-point functions. It would be nice to further explore implications of the mixed
propagators in cosmology, which may reveal deeper connection/distinction between
physics in flat and curved spacetime.
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• While in this work we focused on the scalar bispectrum from inflation, it would be
interesting to extend this analysis to other types of cosmological correlators. For
example, we expect the same bootstrap approach to be applicable to correlators of
gravitons. Another example is the higher-point functions of cosmological colliders
with large boost-breaking interactions. These correlators may also be phenomenologi-
cally interesting.

• Our analysis focused on the single-exchange diagrams with one internal massive
field (i.e. one mixed propagator). Meanwhile, there are also double-exchange and
triple-exchange diagrams, where two and three internal fields are present. From the
bulk perspective, they usually lead to more nested time integrals, which become rather
complicated to analyze. As we have seen in this work, one major advantage of the
mixed propagators is that, by using them, the exchange diagrams can be simplified to
“contact” ones. Therefore we expect the mixed propagators to help with the analysis
of multiple-exchange diagrams. We make a few comments about these diagrams in
appendix C. It would be nice to systematically study these diagrams, to complete the
classification of bispectra in this scenario.

• Our results provide physically motivated templates for future observational surveys.
It would be very interesting to assess the detectability of the novel features present
in the shape functions, in particular the oscillations around the equilateral limit. As
these observational signatures with possibly large sizes are imprinted at the hot Big
Bang, they should be robust to late time evolution, and present not only in the CMB
bispectrum, but also in LSS probes of primordial non-Gaussianity [87–89].
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A More on mixed propagators

In this appendix, we shall provide more details about the mixed propagators introduced
in section 4. In particular the asymptotic behaviours of the mixed propagators will be
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carefully examined. We focus our analysis on the dimensionless building blocks (4.2), and
the results of the simplest mixed propagator (3.12) can be retrieved by taking n = 0 and
cs = 1. We mainly use K̂(n)

+ for demonstration, while the results of K̂(n)
− are given by its

complex conjugate.
Explicitly, (4.2) can be further written as

K̂(n)
+ (kη; cs) = − ic

2
sk

2+n

2H2

[
σk(η)D(n)∗(η; cs) + σ∗k(η)D̃(n)(η; cs)− (−1)nσ∗k(η)D(n)(0; cs)

]
,

(A.1)
where we have introduced two types of integrals as

D(n)(η; cs) ≡
∫ η

−∞
dη′

1
(−η′)2−nσk(η

′)e−icskη′ , (A.2)

D̃(n)(η; cs) ≡
∫ 0

η
dη′

1
(−η′)2−nσk(η

′)eicskη′ . (A.3)

The asymptotic behaviours of the mixed propagators can be analyzed by looking into
the early-time and late-time limits of the two integrals above. First of all, the soft behaviour
corresponds to the late-time limit η → 0, where the second term in (A.1) vanishes and thus

lim
k→0
K̂(n)

+ (kη; cs) = −ic
2
sk

2+n

2H2

[
σk(η)D(n)∗(0; cs)− (−1)nσ∗k(η)D(n)(0; cs)

]
. (A.4)

The D(n) integral can be solved analytically for η → 0 [41]

D(n)(0; cs) = −iH√
2k

(
i

2k

)n
Ξn(µ, cs) , (A.5)

where we have introduced a new function

Ξn(µ, x) ≡
Γ
(

1
2 + n− iµ

)
Γ
(

1
2 + n+ iµ

)
Γ(n+ 1) 2F1

[1
2 + n− iµ, 1

2 + n+ iµ; 1 + n; 1− x
2

]
.

(A.6)
In the end the soft limit is given by

lim
k→0
K̂(n)

+ (kη; cs) =
(
− i2

)n∑
±
A

(n)
±

(−kη
2

) 3
2±iµ

, (A.7)

with

A
(n)
± = c2

s

√
π

2 sinh(πµ)Ξn(µ, cs)
e
πµ
2 ∓

iπ
4 (1∓ ie−πµ)

Γ(1± iµ) . (A.8)

For cs = 1 and n = 0, we obtain (3.16) for the simplest mixed propagator. As we can see,
the effect of the nontrivial sound speed in this limit is contained in the overal prefactor c2

sΞn.
Next we consider the early-time behaviour of K̂(n)

+ , with η → −∞. In this limit the
first term in (A.1) vanishes, and we have

lim
η→−∞

K̂(n)
+ (kη; cs) = − ic

2
sk

2+n

2H2

[
D̃(n)(η → −∞; cs)− (−1)nD(n)(0; cs)

]
σ∗k(η) . (A.9)
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If the two integrals in the bracket are regular in this limit, the early-time behaviour of
the mixed propagators is reflected by the σ mode function. As we have seen in (A.5), the
D(n)(0; cs) integral just produces a time-independent prefactor. But for the D̃(n)(η; cs)
integral, we need more analysis for its η → −∞ limit. When cs 6= 1, this integral is also
well-behaved

lim
η→−∞

D̃(n)(η; cs 6= 1) = −iH√
2k

(
i

2k

)n
Ξn(µ,−cs) , (A.10)

where Ξn is defined in (A.6). Thus the two D̃(n) and D(n) integrals in the bracket provide
a normalization factor, and the early-time limit of the mixed propagator is determined by
the σ field.

When cs = 1 we see the hypergeometric function in Ξn(µ,−1) diverges. This singularity
is expected from the bulk perspective. In the cs → 1 limit the bulk integral probes the
early-time behaviour of two fields, and becomes

lim
cs→1

−iH√
2k

∫ 0

−∞
dη′

1
(−η′)1−n e

i(cs−1)kη′ = − iH√
2k
×


Γ(n)

(i(cs − 1)k)n n > 0 ,

[−ik(cs − 1)]|n|
Γ(1 + |n|) log [(1− cs)k] n ≤ 0 .

(A.11)

To analyze this singularity, we notice that when cs = 1 the D̃(n)(η; cs = 1) integral can be
explicitly solved as

D̃(n)(η; cs = 1) = iHe
iπ
4 −

πµ
2

2(2k) 1
2 +n

[
E−cschπµ− E+(1 + coth πµ)

]
, (A.12)

with

E± = (−2kη)
1
2 +n±iµΓ

(1
2 ± iµ

)
Γ
(1

2 + n± iµ
)

2F2

[ 1
2 ± iµ,

1
2 + n± iµ

3
2 + n± iµ, 1± 2iµ

∣∣∣∣∣ 2ikη
]
. (A.13)

Then using the asymptotic expansion at η → −∞, we find

lim
η→−∞

D̃(n)(η; cs = 1) = − iH√
2k
×


log(−2kη) n = 0 ,

(−kη)n
nkn

n ≥ 1 .
(A.14)

To summarize, for cs 6= 1 the early-time limit of K̂(n)
+ has the same behaviour as the σ

field

lim
η→−∞

K̂(n)
+ = c2

s

2

(
− i2

)n+1 [
Ξn(µ, cs) + (−1)n+1Ξn(µ,−cs)

]
kηeikη , (A.15)

while for cs = 1, this limit is deformed into

lim
η→−∞

K̂(n)
+ =


i

4kη log(−2kη)eikη n = 0 ,

− i

4n(−kη)n+1eikη n ≥ 1 .
(A.16)
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The n = 0 case gives us the asymptotic behaviour of the simplest mixed propagator dressed
with a logarithmic function in (3.15), while for quadratic interactions with higher derivatives
(n ≥ 1), the deformation of the early-time limit is of the power-law form.

B Details of the generalized scalar seeds

In this appendix, we present more technical details of the generalized scalar seeds of
section 4.2. We first derive the explicit expressions for the particular and homogeneous
solutions of Î(n) in section B.1, and then examine their singularity structure in section B.2.
The analysis is in agreement with the recursive relations derived in section 4.

B.1 Explicit solutions

In section 4.2, we have derived the differential equation of the generalized scalar seeds as[
∆u +

(
µ2 + 1

4

)]
Î(n) = αnĈ(n) , (B.1)

where αn = (−i)n−1n!c2
s and the source is given by the contact term

Ĉ(n) =
(

u

1 + csu

)n+1
. (B.2)

Like the case of the primary scalar seed, its n-th order solution is comprised of the
homogeneous part and the particular part

Î(n) = Ĥ(n) + Ŝ(n) , (B.3)

where Ŝ(n) is a series expansion that vanishes at u→ 0 and the homogeneous solution Ĥ(n)

can be expressed as hypergeometric functions. In the following we shall derive these two
solutions for arbitrary non-negative integer n separately.

Homogeneous solutions. First let us look at Ĥ(n). As the left-hand side of the differ-
ential equation (4.15) remains the same with the one of the primary scalar seed, the n-th
order homogeneous solutions are still the ones in (3.25) but with different coefficients C(n)

±

Ĥ(n) = − αn
2n+1

∑
±
C

(n)
±

(
iu

2µ

) 1
2±iµ

2F1

[1
4 ±

iµ

2 ,
3
4 ±

iµ

2 ; 1± iµ;u2
]
. (B.4)

This solution is responsible for the non-analytic behaviour of Î(n) around u = 0

lim
u→0
Ĥ(n) = − αn

2n+1

∑
±
C

(n)
±

(
iu

2µ

) 1
2±iµ

, (B.5)

and thus the two free coefficients can be fully fixed by imposing the boundary condition
in this limit. To do so, let us get back to the integral expression of the generalized scalar
seeds (4.13). The u→ 0 limit of the integral can be analytically solved by using the k3 → 0
limit of the mixed propagator in (A.7)

lim
u→0
Î(n) = − αn

2n+1

∑
±
B

(n)
±

(
u

2

) 1
2±iµ

, with B
(n)
± =

√
πΞn

(
1∓ i

sinh πµ

) Γ
(

1
2 ± iµ

)
Γ(1± iµ) ,

(B.6)
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where Ξn is introduced in (A.6). Therefore matching the soft limit of Î(n) with the one
in (B.5), we find C(n)

± = (−iµ) 1
2±iµB

(n)
± , which fully fixes the solution. It is easy to check

that this generalized solution returns to the one of the primary scalar seed for n = 0
and cs = 1 in (3.25). As we can see here, the modifications from n > 0 and cs 6= 1 are
presented in an overall prefactor of the homogeneous solutions αnΞn(µ, cs)/2n, while the
u-dependence of the seed function remains unaffected. We also notice that, there is a
logarithmic singularity in the hypergeometric functions when we take u2 → 1, as the sum
of their first two parameters is equal to the third. The u→ −1 limit gives a partial-energy
pole of the three-point function, while the u → 1 singularity is unphysical and will be
cancelled by the series solution. We leave the detailed discussion in the next subsection.

Particular solutions. Motivated by the series expansion of the contact term around
u = 0, we propose the n-th order particular solution as

Ŝ(n)(u) = αn

∞∑
m=0

c(n)
m un+m+1 . (B.7)

Substituting this ansatz into the differential equation (4.15), we find the following recursive
relation of the series coefficients[(

m+ n+ 5
2

)
+ µ2

]
c

(n)
m+2 = (m+ n+ 1)(m+ n+ 2)c(n)

m + (m+ n+ 2)!
n!(m+ 2)! (−cs)m+2 (B.8)

with the first two given by[(
n+ 1

2

)2
+ µ2

]
c

(n)
0 = 1 ,

[(
n+ 3

2

)2
+ µ2

]
c

(n)
1 = −(n+ 1)cs . (B.9)

Solving the above relation, we obtain

c(n)
m =

bm/2c∑
l=0

(−cs)m−2l(m+ n)!/((m− 2l)!n!)[(
m+ n+ 1

2

)2
+ µ2

] [(
m+ n− 3

2

)2
+ µ2

]
. . .

[(
m+ n− 2l + 1

2

)2
+ µ2

] .
(B.10)

Again we can simply check that this solution returns to the one of the primary scalar seed
in (3.22) by taking n = 0 and cs = 1. The effects of general n and cs become nontrivial in
the series solution. We should notice that the above series is convergent for |u| < 1, but
may diverge if we consider the regime with |u| ≥ 1, which is possible when cs < 1. In such
a situation, one may need to consider the analytical continuation of this series, which is
discussed in detail by [71].

For the convenience of singularity analysis, we redefine m→ 2m+ l and m− 2l → l,
and express the series solution in the following form

Ŝ(n) = (−i)n−1n!c2
s

∞∑
m,l=0

c
(n)
ml u

2m+l+n+1 (B.11)
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with

c
(n)
ml = (−cs)l(2m+ l + n)!/l!n![(

2m+ l + n+ 1
2

)2
+ µ2

] [(
2m+ l + n− 3

2

)2
+ µ2

]
. . .

[(
l + n+ 1

2

)2
+ µ2

]

=
(−cs)l(l + 1)2m+nΓ

(
l
2 + 1

4 + n
2 −

iµ
2

)
Γ
(
l
2 + 1

4 + n
2 + iµ

2

)
4m+1n!Γ

(
m+ l

2 + 5
4 + n

2 −
iµ
2

)
Γ
(
m+ l

2 + 5
4 + n

2 + iµ
2

) , (B.12)

where in the second line we have used the identity

(
a+ 1

2

)2
+ µ2 = 4

Γ
(
a
2 + 5

4 −
iµ
2

)
Γ
(
a
2 + 5

4 + iµ
2

)
Γ
(
a
2 + 1

4 −
iµ
2

)
Γ
(
a
2 + 1

4 + iµ
2

) . (B.13)

As a consistency check, the above form of the series solution with n = 0 reproduces (3.27)
in [41] by setting v = 1/cs there.

B.2 Singularity structure

For the differential equation (4.15), there can be three singularities in its solution at u→ 0
and u → ±1. While the non-analytical behaviour in the soft limit u → 0 has been used
to fix the homogeneous solution, now we analyze the singularity structure of the solution
at u→ ±1. We shall focus on the boundary solutions, but since these limits can also be
computed from the bulk integration, we shall compare the results there, which provides a
consistency check of our derivation.

First, let us look at the homogeneous solution. It is straightforward to approach its
u→ ±1 limits by considering the singular behaviour of the hypergeometric functions

lim
u2→1

2F1

[1
4 ±

iµ

2 ,
3
4 ±

iµ

2 ; 1± iµ;u2
]

= − Γ (1± iµ)
Γ
(

1
4 ±

iµ
2

)
Γ
(

3
4 ±

iµ
2

) log(1− u2) . (B.14)

With the fixed coefficients Ĉ(n)
± , the logarithmic singularity of Ĥ(n) at u = 1 is given by

lim
u→1
Ĥ(n) = αn

2n+1n!Ξn(µ, cs) log(1− u) . (B.15)

When cs = 1 this corresponds to a folded pole at k3 = k12, but in general it is the limit
where the energy of the exchanged particle equals to the total energy of two external fields in
the cubic vertex. This singularity should be absent in physical solutions with the standard
Bunch-Davies vacuum. As we shall show soon, it will be cancelled by the u→ 1 singularity
in the series solution. Similarly, the u→ −1 limit is given by

lim
u→−1

Ĥ(n) = − 1
2n+1n!αnΞn(µ, cs) log(1 + u) , (B.16)

which is a partial energy singularity at EL = k3 + csk12 → 0.
Next, we examine the singular behaviours of the series solution, which are not trivially

manifested. Here we follow the analysis for the four-point scalar seed in [41] and extend it
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to the situation with general n and cs. To analyze the singular behaviours around u2 → 1,
let us consider the first derivative of the series solution

∂uŜ(n) = αn

∞∑
m,l=0

(2m+ l + n+ 1)c(n)
ml u

2m+l+n . (B.17)

With the form of the coefficients in (B.12), the sum over l in the above series can be
expressed as

∞∑
l=0

(2m+ l+n+1)c(n)
ml u

l =
∞∑
l=0

(l+1)2m+n+1Γ
(
l
2 + 1

4 + n
2 −

iµ
2

)
Γ
(
l
2 + 1

4 + n
2 + iµ

2

)
(−csu)l

4m+1n!Γ
(
m+ l

2 + 5
4 + n

2 −
iµ
2

)
Γ
(
m+ l

2 + 5
4 + n

2 + iµ
2

)
= F

(n)
1 −csu(F (n)

2 +F
(n)
3 )+c2

su
2F

(n)
4 (B.18)

where we have introduced the following functions

F
(n)
1 ≡ Γ(2 + 2m+ n)

41+mn!
(

1
4 + n

2 −
iµ
2

)
1+m

(
1
4 + n

2 + iµ
2

)
1+m

× 4F3

[ 1
2 + n

2 +m, 1 + n
2 +m, 1

4 + n
2 −

iµ
2 ,

1
4 + n

2 + iµ
2

1
2 ,

5
4 + n

2 +m− iµ
2 ,

5
4 + n

2 +m+ iµ
2

∣∣∣∣∣ c2
su

2
]
, (B.19)

F
(n)
2 ≡ (2)2m+n

41+mn!
(

3
4 + n

2 −
iµ
2

)
1+m

(
3
4 + n

2 + iµ
2

)
1+m

× 4F3

[
1 + n

2 +m, 3
2 + n

2 +m, 3
4 + n

2 −
iµ
2 ,

3
4 + n

2 + iµ
2

1
2 ,

7
4 + n

2 +m− iµ
2 ,

7
4 + n

2 +m+ iµ
2

∣∣∣∣∣ c2
su

2
]
, (B.20)

F
(n)
3 ≡ (2m+ n+ 1)(2)2m+n

41+mn!
(

3
4 + n

2 −
iµ
2

)
1+m

(
3
4 + n

2 + iµ
2

)
1+m

× 4F3

[
1 + n

2 +m, 3
2 + n

2 +m, 3
4 + n

2 −
iµ
2 ,

3
4 + n

2 + iµ
2

3
2 ,

7
4 + n

2 +m− iµ
2 ,

7
4 + n

2 +m+ iµ
2

∣∣∣∣∣ c2
su

2
]
, (B.21)

F
(n)
4 ≡ Γ(3 + 2m+ n)

41+mn!
(

5
4 + n

2 −
iµ
2

)
1+m

(
5
4 + n

2 + iµ
2

)
1+m

× 4F3

[ 3
2 + n

2 +m, 2 + n
2 +m, 5

4 + n
2 −

iµ
2 ,

5
4 + n

2 + iµ
2

3
2 ,

9
4 + n

2 +m− iµ
2 ,

9
4 + n

2 +m+ iµ
2

∣∣∣∣∣ c2
su

2
]
. (B.22)

To check the singular behaviours around u→ ±1, we are interested in the large m limit of
the ∂uŜ(n) series. In the above expression, only F (n)

1 and F (n)
3 will contribute when m→∞,
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which leads to

lim
m→∞

[
F

(n)
1 −csu(F (n)

2 +F
(n)
3 )+c2

su
2F

(n)
4

]
= 2n−1

Γ
(

1
4 + n

2 −
iµ
2

)
Γ
(

1
4 + n

2 + iµ
2

)
n!
√
π

2F1

[1
4 + n

2 −
iµ

2 ,
1
4 + n

2 + iµ

2 ; 1
2;c2

su
2
]

−2ncsu
Γ
(

3
4 + n

2 −
iµ
2

)
Γ
(

3
4 + n

2 + iµ
2

)
n!
√
π

2F1

[3
4 + n

2 −
iµ

2 ,
3
4 + n

2 + iµ

2 ; 3
2;c2

su
2
]
. (B.23)

The above expression can be further simplified by using an identity of hypergeometric
functions

2F1

[
2α,2β;α+β+ 1

2; 1+x

2

]
=

Γ
(
α+β+ 1

2

)
Γ
(

1
2

)
Γ
(
α+ 1

2

)
Γ
(
β+ 1

2

)2F1

[
α,β; 1

2 ;x2
]

−x
Γ
(
α+β+ 1

2

)
Γ
(
−1

2

)
Γ(α)Γ(β) 2F1

[
α+ 1

2 , β+ 1
2; 3

2;x2
]
, (B.24)

which leads us to

lim
m→∞

[
F

(n)
1 − csu(F (n)

2 + F
(n)
3 ) + c2

su
2F

(n)
4

]
= 1

2nn!Ξn(µ, csu) , (B.25)

with the Ξn function defined in (A.6). Therefore, when u → ±1, the ∂uŜ(n) series is
dominated by

lim
u→±1

∂uŜ(n) → αn
2nn!Ξn(µ, csu)un

∞∑
m=0

u2m = αn
2nn!Ξn(µ, csu) un

1− u2 . (B.26)

The singular behaviours of the series solution can be solved as

lim
u→±1

Ŝ(n) = αnu
n+1

2n(n+ 1)!Ξn(µ, csu) 2F1

[
1, n+ 1

2 ; 1 + n+ 1
2 ;u2

]
, (B.27)

where we have assumed that Ξn(µ, csu) approaches to constants when u → ±1. This is
generally valid except for the case with cs = 1 and u→ −1, where Ξn(µ,−1) diverges. We
leave this special case at the end of the discussion. As we see, the hypergeometric function
has logarithmic divergence when u2 → 1.

Let us look at the singularities around u = 1 and u = −1 respectively. The u→ 1 limit
becomes

lim
u→1
Ŝ(n) = − αn

2n+1n!Ξn(µ, cs) log(1− u) , (B.28)

which has an unphysical logarithmic singularity. This is exactly cancelled by the homoge-
neous solution in the same limit in (B.15), and thus the final solution is regular in this limit
as expected. For the u→ −1 limit with cs 6= 1, we get

lim
u→−1

Ŝ(n) = −αn(−1)n+1

2n+1n! Ξn(µ,−cs) log(1 + u) , (B.29)

– 52 –



J
H
E
P
1
0
(
2
0
2
2
)
1
7
7

which is a EL-singularity same with the one in the homogeneous solution (B.16). Combining
these two, the u→ −1 singularity of the full solution is given by

lim
u→−1

(
Ĥ(n) + Ŝ(n)

)
= − αn

2n+1n!
[
Ξn(µ, cs) + (−1)n+1Ξn(µ,−cs)

]
log(1 + u) . (B.30)

We can also derive this singularity form the bulk perspective. Since the u→ −1 limit picks
up the η → −∞ contribution of the bulk integral in (4.13), the early-time limit of the mixed
propagator in (A.15) shall be used. Thus the bulk computation of the generalized scalar
seeds leads to

lim
u→−1

Î(n) = − αn
2n+2n!

[
Ξn(µ, cs) + (−1)n+1Ξn(µ,−cs)

] ∫ 0

−∞

dη

η

(
eiELη + e−iELη

)
,

(B.31)
where the integral gives 2 logEL. This agrees with what we find in the boundary solution
in (B.30). Thus with a nontrivial sound speed, the partial energy pole of the three-point
function with a mixed propagator differs from its total energy pole.

Now let us analyze the special case of the u → −1 limit with cs = 1, where the EL-
and kT singularities coincide with each other. Before that, we remind ourselves that the
singular behaviour of the homogeneous solution in the u→ −1 limit is given by log(1 + u)
in (B.16). As we shall see now, this singularity is subdominated compared with the one
from series solution in the same limit. We start from the ∂uŜ(n) series in (B.26), and notice
that there the Ξn function becomes singular

lim
u→−1

Ξn(µ, u) =


− log(1 + u) n = 0 ,

2nΓ(n)
(1 + u)n n ≥ 1 .

(B.32)

Thus for n = 0, the u→ −1 singularity of the series solution is solved as

lim
u→−1

Ŝ(0)(u) = − i4log(1 + u)2 . (B.33)

This gives us the kT -pole of the primary scalar seed in (3.30), and agrees with result from
the bulk integration in (3.31). For n > 0, the singular behaviour becomes

lim
u→−1

Ŝ(n)(u) = αn
2n2

(−1)n+1

(1 + u)n , (B.34)

which is an n-th order kT -pole in the three-point functions. From the bulk perspective, we
solve the integral of the generalized scalar seeds by using the early-time limit of the mixed
propagator in (A.16), and get

lim
u→−1

Î(n) = − i

4n

∫ 0

−∞

dη

k3η2 (−k3η)n+1
[
eikT η + (−1)neikT η

]
= − αn

2n2

(
k3
kT

)n
, (B.35)

which is in precise agreement with (B.34). Thus for cs = 1 the leading kT -pole is dominated
by the contribution from the series solution.
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φ φ φ φ φ φ

Figure 8. The double-exchange (left) and triple-exchange (right) diagrams of the inflaton bispectrum.
The blue internal lines are the exchanged massive field σ.

C Comments on diagrams beyond single-exchange

In this appendix, we briefly comment on the double-exchange and triple exchange diagrams
with mixed propagators, which can also contribute to the inflationary three-point functions.
Figure 8 shows their Feynman diagrams. They arise in theories with two or three massive
fields in the cubic vertices.

In the bootstrap of the single-exchange diagram, one key observation is that, the line
of the exchanged massive field can be “collapsed” by some differential operation, which
leads to the differential equation of the three-point scalar seed. This is an inhomogeneous
equation, whose source is the contact three-point function with the “collapsed” line being
removed. The same strategy also works in double-exchange and triple-exchange diagrams.
In the following, we shall take the double-exchange diagram as an example, and derive the
differential equations satisfied by the corresponding bispectrum.

For the double-exchange diagram, the leading cubic vertex is given by φ̇σ2. Using the
mixed propagator (3.12), we find the bispectrum

〈φk1φk2φk3〉
′ ∼ i

∫ 0

−∞
dηa(η)3 [∂ηK+(k1, η)K+(k2, η)K+(k3, η)− c.c.]

= −iH
2k3

2k
3
3
ÎDE(k1, k2, k3) (C.1)

where the double-exchange bulk integral is defined as

ÎDE(k1, k2, k3) = 1
k1

∫ 0

−∞

dη

η2

[
eik1ηK̂+(k2η)K̂+(k3η)− c.c.

]
. (C.2)

Using the differential equation (3.14), we can “collapse” the exchanged massive fields in the
two mixed propagators. Let us first do this for the k2 and k3 legs separately, which gives
two second order differential equations

1
k1

(
k2

3∂
2
k3 − 2k3∂k3 − k2

3∂
2
k1 + m2

H2

)
k1ÎDE = −1

2
k2

3
k1

∫ 0

−∞
dη
[
eik13ηK̂+(k2η)− c.c.

]
(C.3)

1
k1

(
k2

2∂
2
k2 − 2k2∂k2 − k2

2∂
2
k1 + m2

H2

)
k1ÎDE = −1

2
k2

2
k1

∫ 0

−∞
dη
[
eik12ηK̂+(k3η)− c.c.

]
(C.4)

Notice that ÎDE depends on k1, k2, k3 in the combinations u ≡ k3/k1 and v ≡ k2/k1.
Next, we derive the differential equations in terms of these two new variables. Let us first
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take a look at the source terms. These bulk integrals correspond to the single-exchange
bispectrum from the φ̇2σ interaction. Basically, since we “collapse” one internal line using
the differential equation, the diagram becomes a single-exchange one. These two integrals
can be derived from the primary scalar seed Î in (3.18) by using the weight-shifting operator

ÎSE

(
v

1 + u

)
≡ k2

∫ 0

−∞
dη
[
eik13ηK̂+(k2η)− c.c.

]
= −k2

2∂
2
k13 Î

(
k2
k13

)
(C.5)

ÎSE

(
u

1 + v

)
≡ k3

∫ 0

−∞
dη
[
eik12ηK̂+(k3η)− c.c.

]
= −k2

3∂
2
k12 Î

(
k3
k12

)
(C.6)

Next, in terms of u and v, the differential equations in (C.3) and (C.4) become[
u2(1−u2)∂2

u−2u∂u+µ2+ 9
4−u

2
(
v2∂2

v+2uv∂u∂v
)]
ÎDE(u,v) =−1

2
u2

v
ÎSE

(
v

1+u

)
, (C.7)[

v2(1−v2)∂2
v−2v∂v+µ2+ 9

4−v
2
(
u2∂2

u+2uv∂u∂v
)]
ÎDE(u,v) =−1

2
v2

u
ÎSE

(
u

1+v

)
. (C.8)

We may further “collapse” the other internal line in the diagram by using the equation
of mixed propagator (3.14) once more. Doing so, we derive one fourth order differential
equation of ÎDE

1
k1

(
k2

2∂
2
k2−2k2∂k2−k2

2∂
2
k1 + m2

H2

)(
k2

3∂
2
k3−2k3∂k3−k2

3∂
2
k1 + m2

H2

)
k1ÎDE = i

4
k2

2k
2
3

k1k3
T

. (C.9)

In terms of u and v, this equation has the following compact form

∆v,u∆u,vÎDE(u, v) = i

4
u2v2

(1 + u+ v)3 (C.10)

where the differential operator ∆u,v is defined as

∆u,v ≡ u2∂2
u − 2u∂u − u2

(
u2∂2

u + v2∂2
v + 2uv∂u∂v

)
+ µ2 + 9

4 . (C.11)

Solving equations (C.7) and (C.8), or equation (C.11) will help us determine the analytical
form of the double-exchange bispectrum. We leave this nontrivial task for future work.

The triple-exchange bispectrum can be analyzed in a similar way. This time, the lowest
derivative cubic vertex is the self-interaction σ3 of the massive field, which gives the leading
contribution in quasi-single field inflation [4]. Since there are three internal lines to be
“collapsed” by the differential operation, in the end we expect a sixth order differential
equation for the resulting bispectrum.

D Spinning fields in de Sitter

This appendix is a brief summary for the free theory of spinning fields in de Sitter space.
In particular, we review the decomposition of spin-s fields and present the results of the
helicity-0 modes, whose derivation can be found in appendix A of ref. [13].
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For a massive spin-s particle σµ1...µs , its equation of motion in de Sitter space is given
by

(�−m2
s)σµ1...µs = 0 , (D.1)

where � ≡ ∇µ∇µ and m2
s = m2 − (s2 − 2s− 2)H2. This massive spinning field is allowed

to have a reduced sound speed cσ. In (D.1) and the following analysis, we have absorbed it
by rescaling cσ∂i → ∂i, or equivalently cσk → k in Fourier space. The tensor σµ1...µs should
be totally symmetric and satisfies the constraints

∇µ1σµ1...µs = 0 , σµ1
µ1...µs = 0 . (D.2)

It is convenient to expand the spinning field into its helicity eigenstates

σµ1...µs =
s∑

λ=−s
σ(λ)
µ1...µs . (D.3)

Next, we work with σ(λ)
µ1...µs and project it onto spatial slices, i.e. σ(λ)

i1...inη...η
. By introducing

the helicity-λ polarization tensor with n spatial indices ελi1...in , a helicity-λ mode with n
polarization directions can be expressed as

σ
(λ)
i1...inη...η

= σλn,sε
λ
i1...in . (D.4)

From the equation of motion in (D.1), the mode function of σλn,s has different behaviour
depending on the helicity λ and the number of polarization directions (or the “spatial spin”)
n. For n < |λ|, σλn,s = 0. For n = |λ|, σλ|λ|,s satisfies an equation of motion similar with
the one of a massive scalar in (3.3) and thus has a solution with one Hankel function. For
n > |λ|, the equation of motion becomes complicated but the mode function of σλn,s can be
derived from σλ|λ|,s by using the transverse condition in (D.2).

Since only the helicity-0 mode contributes to the cosmological collider signal in the
scalar bispectra, next we are mainly interested in this longitudinal mode with λ = 0. To
avoid clutter, we drop λ in the indices and introduce the following notation16

σ(n)
s = σ0

n,s , εi1...in = ε0i1...in . (D.5)

Let us take the helicity-0 mode of spin-1 field σµ as an explicit example. In our notation, it
is decomposed into

ση = σ
(0)
1 , σi = σ

(0)
1 εi , with εi(k̂) = k̂i . (D.6)

Similarly, for the spin-2 field σµν , its helicity-0 longitudinal mode can be expressed as

σηη = σ
(0)
2 , σiη = σ

(1)
2 εi , σij = σ

(2)
2 εij , (D.7)

with
εij(k̂) = 3

2

(
k̂ik̂j −

1
3δij

)
. (D.8)

16Note that the lower index of σ(n)
s is the spin of the field, which differs from the momentum in the

notation of the scalar mode function σk.
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For spin-s, in general we have σi1...inη...η = σ
(n)
s εi1...in where the polarization tensor satisfies

q̂i1 . . . q̂inεi1...in(k̂) = Pn(q̂ · k̂) (D.9)

with Pn(q̂ · k̂) being the Legendre polynomial.
When n = 0, the σ(0)

s mode satisfies the following equation

(
Oη + µ2

s + 9
4

)
σ(0)
s = 0 , with µs =

√
m2

H2 −
(
s− 1

2

)2
. (D.10)

By assuming the Bunch-Davies initial condition and imposing orthonormality for normal-
ization, this mode function is solved as

σ(0)
s (k, η) = −ieiπ/4e−πµs/2Nsk

s(−η)3/2H
(1)
iµs

(−kη) , (D.11)

where the normalization factor is given by

Ns = i

Hs

 s!Γ
(

1
2 + iµs

)
Γ
(

1
2 − iµs

)
(2s− 1)!!Γ

(
s+ 1

2 + iµs
)

Γ
(
s+ 1

2 − iµs
)
1/2

. (D.12)

As explicit examples, for spin-1 and spin-2 fields the Ns factor is given by

N1 = i

m
, N2 = i

√
2
3

1
H2

[(1
4 + µ2

2

)(9
4 + µ2

2

)]−1/2
. (D.13)

Notice that the equation for σ(0)
s is the same with the one of massive scalars in (3.3), and

their mode functions differ only in normalization factors. Thus it is convenient to express
σ

(0)
s as

σ(0)
s (k, η) = Nsk

sσk(η) , (D.14)

which establishes a connection between the spinning fields and the massive scalars.
For 0 < n ≤ s, the equation of motion of σ(n)

s is rather complicated, and the mode
function becomes linear combinations of multiple Hankel functions. Meanwhile, as we know,
the modes with maximum number of spatial spin, i.e. σ(s)

s , are responsible for generating
the angular dependent signature in the cosmological collider bispectra. To describe these
modes with n = s, one important observation is that, the longitudinal modes are related
via the transverse condition in (D.2)17

σ(n)
s = − i

k

(
∂η −

2
η

)
σ(n−1)
s +

n−1∑
m=0

Bm,nσ
(m)
s (D.15)

with
Bm,n = 2nn!

m!(n−m)!(2n− 1)!!
Γ[(1 +m+ n)/2]
Γ[(1 +m− n)/2] . (D.16)

17There is expected to be a typo for the sign of the last term in (A.70) in [13].
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Note that Bm,n = 0 when n − m is an odd number. Therefore, without solving their
equations, the mode function of σ(s)

s can be derived iteratively from this recursive relation,
which in general yields

σ(s)
s =

[
− i
k

(
∂η −

2
η

)]s
σ(0)
s +

s−1∑
l=0

[
− i
k

(
∂η −

2
η

)]l [s−1−l∑
m=0

Bm,s−lσ
(m)
s

]
= U (s)

η σ(0)
s . (D.17)

Here we introduce the differential operator U (s)
η as

U (s)
η ≡

s∑
m=0

am

[
− i
k

(
∂η −

2
η

)]m
, (D.18)

where as = 1, as−1 = as−3 = . . . = 0 and as−2n are determined by combinations of
Bm,n. Thus this operator is either real or imaginary. For illustration, the operators with
s = 1, 2, 3, 4 are given by

U (1)
η = − i

k

(
∂η −

2
η

)
U (2)
η = − 1

k2

(
∂η −

2
η

)2
+B0,2 = − 1

k2

(
∂2
η −

4
η
∂η + 6

η2

)
− 1

3

U (3)
η = i

k3

(
∂η −

2
η

)3
− i
k

(
∂η −

2
η

)
(B0,2 +B1,3) = i

k3

(
∂η −

2
η

)3
+14

15
i

k

(
∂η −

2
η

)
U (4)
η = 1

k4

(
∂η −

2
η

)4
−1
k

(
∂η −

2
η

)2
(B0,2 +B1,3 +B2,4)+B0,4 +B2,4B0,2

= 1
k4

(
∂η −

2
η

)4
+188

105
1
k2

(
∂η −

2
η

)2
+ 13

35 . (D.19)

Then by using the relation between σ(0)
s and σk, we find

σ(s)
s = Nsk

sU (s)
η σk , (D.20)

which maps the massive scalar mode function to the object of interest σ(s)
s . This relation

plays an important role when we bootstrap the spinning exchange bispectrum from the
generalized scalar seeds.

In the end, we notice that for higher spin the number of time derivatives in U (s)
η can be

reduced by using the equation of motion of σ(0)
s . By doing this, we are able to express the

relation in the following form with at most one derivative

σ(s)
s = U (s)

η σ(0)
s =

(
α̃

ksηs−1∂η +
s∑

m=0

α̃m
kmηm

)
σ(0)
s . (D.21)

Here α̃m are constants determined by s and µs. For s = 2, it takes the following form

σ
(2)
2 =

(
2
k2η

∂η + µ2
2 − 15/4
k2η2 + 2

3

)
σ

(0)
2 . (D.22)

We use this expression to simplify the form of mixed propagators with higher spin.
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