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ABSTRACT. In a recent paper we proved some new bounded height re-
sults for equations involving varying integer exponents. Here we make
a start on the problem of generalizing to rational exponents, which cor-
responds to the step from groups that are finitely generated to groups
of finite rank. We discover two unexpected obstacles. The first is that
bounded height may genuinely fail in the neighbourhood of certain expo-
nents. The second concerns vanishing subsums, which seem to be much
harder to deal with than in classical situations like S-unit equations.
But for certain simple and natural equations we are able to clarify the
first obstacle and eliminate the second. The proofs are partly based on
our earlier work but there are also new considerations about successive
minima over function fields.

1. INTRODUCTION

In 1997 Beukers [4] proved a new kind of result about the equation
(1.1) t+1-t=1
Namely that if [ > 2 is an integer, then the absolute height (see below) of

any solution tg to ((1.1)) is bounded above independently of . More explicitly,
his Lemma 3.5 (p. 100) implies that

(1.2) h(to) < log216

for the standard logarithmic Weil height. He was motivated by certain
finiteness problems (see below) and irreducibility. Even before that, notably
in Silverman’s paper [19] from 1983, the importance of Bounded Height for
more general problems has been recognized and developed, as in the work
of Habegger (see for example [I1]); see below for more on this.

In our own paper [2] of 2017 we obtained a broad extension of to
systems of equations with any number of exponents and any number of
terms. For example we proved the existence of similar height bounds when

(1.3) tt+@-tm=1 (>1,m>1,1+m>3)
(1.4) tra-'+a+nt=1 (1>1)

(which were made explicit by Denz [9]). The general theme of the present
paper is to allow exponents that are not only integral but also rational.

To see why this is natural let us first state the main result of [2].

Let C be a projective smooth curve defined over Q, with function field
denoted F = Q(C) and choose in the usual way a height function h on C(Q).
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In 2] we said that a subgroup I' of G[,(F) is constant-free if its image I
by any surjective homomorphism G, — G, satisfies I’ N Q" = I, (which
is the assumption of Theorem [6, Theorem 1’]). But we may note that
if the homomorphism is not surjective then this trivially holds for IV and
so the surjectivity here is irrelevant. That implies for example that any

homomorphic image of something constant-free is also constant-free.

Theorem 1.1 ([2], Theorem 1.3, p. 2601). Let I' C G, (IF) be a finitely
generated constant-free subgroup and let V' be a subvariety of G}, defined
over F. Then the height of the points P € C(Q), such that for some~ € T\V
the specialization v p is defined and lies in the specialization Vp, is effectively

bounded above in terms of C,I", and V.

Here it is clear that the excluded points « in V' are necessary, for otherwise
we could deduce that «p lies in Vp for all P.

Thus with C as affine Al and F as Q(t) we may take r = 2, I' generated
by (t,1—t), and V defined by z1 + 22 = 1 to get (L.I). And I" generated by
(t,1),(1,t—1) leads to (L.3). Similarly r = 3, (t,1—t,1+t) and z1+zs+a3 =
1 give .

Our rational exponents will then correspond to the division group 'V of
I' consisting of all  for which there exists a positive integer n with o' = 4™
inT.

Now several classical diophantine results for finitely generated groups nat-
urally extend without significant change to groups of finite rank such as 'Y,
This holds for example with the finiteness of solutions to S-unit equations
when formulated in terms of groups. However the analogues for abelian vari-
eties instead of G}, do not go so simply; for example just for I' the result [10]
of Faltings implies the Mordell Conjecture, and the extension to I''" follows
from the earlier work [12] of Hindry using non-trivial Kummer Theory.

Here at least we can easily define specializations yp of v as follows. We
choose n as above minimal; and then ~p is any solution of v% = ~’. So
there is an indeterminacy involving roots of unity w with order dividing n.

For example with I' generated by ¢ in Q(t) the specializations of t'/" are

wt[l)/ " for any fixed choice of t(l)/ " and all such w. But also if w; has order
exactly n then (w;t)” is in I' and so the specializations of w;t are all wty.
By making n large we get new results without really leaving I', for example
height boundedness for wit! + wa(1 — t)! = 1 independent of the roots of
unity wi, ws.

But now the literal extension of our Theorem to I'4Y is false, even in
the very special case C = AL F = Q(t),r = 1 and I" generated by ¢t. Here
the determinations for any A € Q of té‘ correspond to n as the denominator
of A\. Thus with V' = {2} and the example

th =2

we have
log 2

h(to) = I

which is not bounded above as A — 0.
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Actually if A is small then ¢* is in some geometric sense close to 1 = 1,
and now

(1.5) YPnp'm € V.

For the V treated in this paper we will see that this is an important ob-
struction to bounded height.

Similarly for the rational analogue of there is an obstruction near
A = 0, although this is not quite so obvious (see Lemma. Nevertheless it
is relatively easy to extend Beukers’s result to rational exponents, where we
define ), (1 — t9)* as above with v = (t,1 —t). More precisely, if A = m/n
with coprime n > 1 and m, we say that ty is a solution of the equation
t* + (1 — t)* = 1 if there exist u,v with

u" =ty vV =(1—-1t)", utv=1
(compare also (B.2) and the equation immediately preceding it).

Theorem 1.2. For any e € (0,1) there is an effective C, depending only on
g, such that for any rational X with |\ > & and \ # 1 the solutions ty € Q
of t + (1 —t)* = 1 satisfy h(ty) < C.
More precisely, for any positive rational X # 1 the solutions of the equation
above satisfy
h(tp) < 100max(1, A71).

One cannot expect bounded height when A > 0 is small, as a consequence
of a well-known result of Zhang-Zagier (see Lemma .

In Appendix we prove a more general result (Theorem [A.1]) which deals
with the equation at* + (1 — t)* = 1 with «, 8 fixed non-zero algebraic
numbers.

For the rational analogue of (|1.3)) we have

Theorem 1.3. For any e € (0, 1) there is an effective C, depending only on
g, such that for any rationals A, p with max{[A[, |u|} > € and (A, ) # (1,1)
the solutions to € Q of t» + (1 — t)* = 1 satisfy h(ty) < C.

Again we cannot expect bounded height when A > 0 and p > 0 are small

(also see Lemma [6.1)).
And for the rational analogue of (|1.4)) we have

Theorem 1.4. For any ¢ € (0,1) there is an effective C, depending only
on €, such that for any rational A with |\| > e the solutions to € Q of
A+ (1= )+ (1 4+ ) = 1 satisfy h(tg) < C.

Once more one cannot expect bounded height when A > 0 is small, this

time by an explicit lower bound of Warin (see Lemma .

These results will be deduced in section [6]from our main result, which we
now state.
Given f = (f1,..., fr) in F", we use the affine geometric height

(1.6) ho(f) = = min{0,ordp(f1),...,ordp(f,)} > 0
p
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in Z, and extend in the usual way to F". It vanishes precisely on Q". Given
f, fi,f2 € G (F) we use the obvious notations f~! and fif; for the group
operations. B

For a single f € Gu(F) we have hl (f™') = hg,(f) by the product

formula ), ordp(f) = 0 and it follows for g = (g1,...,9,) that

(17) diSt<f7g) - hgeo(flgl_l) +ot hgeo(f’/‘gril)
defines a distance on G', (F)/G~,(Q). Note that for f € F" we have h%

geo

Dot Mgeo(fi) < Thigeo (F). Thus e, (fg™") < dist(f, ) < rhy,(fg™).

geo

(f) <

Our main theorem below concerns for technical reasons varieties V' defined
over Q. And for reasons connected with vanishing subsums, which are well-
known to cause problems for example in the study of S-unit equations, we
shall restrict further to linear hypersurfaces V. For a = (aq,..., ) and
x = (x1,...,x,) we denote the scalar product a;x1 +- - - + -, by a.x, and
we shall normalize V' so that it is defined by

ax=1

for a in G’,(Q). Thus a vanishing subsum gives rise in particular to a
vanishing subsum on the left-hand side.

Now for v, € T9 and P € C(Q) such that vp,np are defined, we have
an analogue

(1.8) YenpmeV

of (|L.5). Notice that we may specialize (1.8) to get vp € Vp =V so that it
is contained in the set we are interested in.

Theorem 1.5. Let I' C GJ,(F) be a constant-free finitely generated sub-
group. Let a be in G (Q) and ¢ € (0,1). Then there is an effective
B. = B(C,T',av,¢), an effective C = C(C,I') and an effective finite sub-
set H = H(C,T) of TY with the following property. The height of points
P € C(Q), such that for some v € TUY the value v p is defined and

(1.9) avp=1

with non-vanishing subsums, is bounded above by B., except possibly for the

pairs (P,~) with % (v) < C and

geo

(1.10) a.(ypnpm) =1
for some n in H with dist(n,vy) < €.

Remark 1.6. The presence of the non-specialized 1 in gives a good
possibility to go further by “descent”. Indeed this is how we shall complete

the proof of Theorem in Appendiz[B.

Note that the assumption on vanishing subsums is necessary, as the fol-
lowing example shows. Consider the equation

1 1
1.11 AR Tt =1
(1.11) 5 +3
with T generated by (t,t,1),(¢,1,¢). It has a solution ¢ty = 2™ corresponding
toA=mnand g = 1/nso vy = ("t " /") in T and h(ty) — oo as
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geo

but already h% (y) > h& (") = n. This contradiction comes from the

geo geo
vanishing subsum

n — oo. If Theorem were applicable, we would deduce h&. (y) < C;

%tg“/” — = %tg(té/" —2)=0.
It means that any extension of Theorem[I.5]to general V will not be straight-
forward.

On the other hand in T instead of T4 this kind of obstacle disappears,
thanks to Theorem For example with the integral analogue

1 l+m l 1 mo__

2t t + 2t =1
of (|1.11)), then because any solution tq satisfies () + 1)(t8* — 2) = 0 we still
have vanishing subsums but this does not invalidate bounded height h(tp) <
log 2. This suggests that the problem of vanishing subsums may be different
from that of the S-unit situation, which shows the same phenomenon for
'Y as for T.

In Theorems (and even in the example above) the set
H of Theorem consists only of the identity in G, (besides what may
be called the functional solutions). But this does not always happen. An
example is x + 2y = 1 with I" generated by (¢,1), (1,1 —¢) as in Theorem
For A =1 and p # 1 there is a solution

(w,y) = (to, (1 —to)")

with tg = 1 — 2= V(=1 Here h(ty) — oo as u — 1. Thus H must contain
(t,1 —t), because such (A, u) near (1,1) must be avoided (but not (1,1)
itself).

In [2] we derived Theorem from [2, Proposition 6.1, p. 2639] which
deals with a variety defined by a single linear equation and with a rank one
subgroup. Since every variety is the intersection of hypersurfaces, we first
reduced to a single hypersurface. By means of a morphism we have then
supposed that this hypersurface was defined by a linear equation, and finally
we reduced to rank one subgroups. Here too we could have made a similar
deduction, following the first two steps, but at the price of a too technical
statement, as the above example might suggest.

When the height of the relevant = is large, the proof of Theorem
follows closely the reduction to rank one subgroups mentioned before. For
the reader’s convenience, we shall give all details in section [3| It is here that
we need the assumption on non-vanishing subsums.

For ~ of small height the proof is entirely new. It is postponed to section[5}
We approximate « with an element v € 'Y of bounded “denominator”. We
then consider the successive minima of the geometric height on the vector
space v of g € F such that gv € V. If their heights are of the same mag-
nitude, we simply use the so-called height machine (see Lemma below).
Otherwise, there is a bounded 1 in T4 which is close to ~ (with respect
to the distance ) and such that ’ypn]_gln €V asin . The relevant
tools needed for this construction are developed in section [, devoted to a
close analysis on the behaviour of these successive minima.
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In section [6] we deduce from Theorem [L.5] the first assertion of Theo-
rem on Beukers’s equation with rational exponents, as well as Theorem
We also deduce Theorem on Denz’s equation with rational expo-
nents, except for possible pathological solutions near A = 1 which cannot be
excluded from our main theorem. Appendix [A]is devoted to prove the more
precise statement of Theorem and more generally to study the solutions
of at® + B(1 — t)» = 1 with «, B fixed non-zero algebraic numbers. Finally
in Appendix |B| we eliminate these pathological solutions of Denz’s equation.
As in Remark this requires a sort of “descent procedure” and then some
arguments involving more delicate properties of heights.

In connexion with the broader importance of Bounded Height mentioned
earlier, we should point out that Theorem[L.1|for r = 1 and V = {1} implies
a 1999 result [6, Theorem 1’| of Bombieri, Masser and Zannier on a single
multiplicative relation. In the same paper they prove some new finiteness
results (Theorem 2) when there are two multiplicative relations. Already
Theorem 4.1 (p. 101) of Beukers [4] implies something of the same type for
, namely that if ¢( is a solution of

(1.12) t+a-tt=1, t"+(1-t)"=1

for different I > 2,m > 2, then ¢y must be 0,1 or one of the two primitive
sixth roots of unity. It would be interesting to have a finiteness result in the
context of Theorem or even just for

(1.13) 1=t =1, tH+1-t)F=1

2. NOTATION, AUXILIARY RESULTS AND REDUCTION.

Recall the geometric height héAeo from the introduction and the two arith-
metic heights h (the height on the curve C and the standard affine Weil
height on Q). We need moreover the affine height on @T, which we denote
with 2* to emphasis his affine nature.

We shall use a functorial relation between them, which is an easy conse-
quence of “Weil’s Height Machine” (compare for instance [2], Lemma 3.3,
p- 2610:

Lemma 2.1. Let f = (f1,...,f) € F and P € C(Q), not a pole of
fi,---y fr. Then

KA (£p) = h2 (£)h(P) 4+ O(1 + h(P)'/?)

geo

where the implied constant may depend on £ but not on P.

The next result is an estimate familiar in problems of multiplicative depen-
dence, but we could not find a precise reference. We noted that hﬁeo(fg) <
oo () —I—héAeo(g) on G/, (F); but we have only hf,,(f~!) < rhgeo(f). It follows
easily that

(2.1) oo (B - £77) < (b1 higg (£1) + -+ + bl o (£1n))

for by,..., by in Z; and it extends at once to by, ..., b, in Q by raising to a
suitable power.

Given fi, ..., f, in G, (F) we define their relation group modulo constants
as the set of (a1, ...,a;) in Z™ such that £* ---£2m is in G7, (Q).
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From now on we assume that the value groups of the various ordp in (|1.6|)
are Z.

Lemma 2.2. Suppose m > 2 and f1,...,f, in G} (F) have relation group
modulo constants of rank 1. Then there is a generator (ai,...,a,) whose
non-zero coordinates satisfy
- A
(2.2) ‘az| < (,rm)m ! theo(fj)'
J#i

Proof. We can more or less imitate the arguments of Lemma 7.19 (p. 222)
of [20] in the situation when G}, (FF) is replaced by Gy, (K) for a number field
K. But we use also ideas from [7] and the “zero height group” (p. 454).

If some f;, say f,,, is already in G, (Q) then the others cannot be, and then
(0,...,0,1) is the required generator because 1< hgeo(fl) e héeo(fm_l). So
we can assume that none of the f; are in G}, (Q).

Next by induction on m we can suppose that there is a generator (ay, .. ., an)
with all coordinates non-zero.

Now 6 = " - - - £2m is in G7, (Q). In particular a,, # 0 and we can suppose
am > 1. We use Minkowski’s First Theorem to find ¢, p1,...,pm in Z, not
all zero, such that

‘q;;—pi <¢ (i=1,...,m—1), lg| < em
provided the positive real numbers cy, ..., cn_1, ¢y satisfy
(2.3) <1l (i=1,...,m—1), C1-Cm—1Cm = 1.
Then r; = qa; — piap, has |ri| < apme; (i=1,...,m —1). Now

q _ £019 pamq _ £T1TP1Am  eTm—1TPm—10m eamq
07 =1 £ =1 £ £

so that B = ' ... £/ ' £ satisfies 8% = @9f " ---£ "', Thus by li

m—1
amhgeo(ﬁ) < T(|T1’h1 +-+ |Tm—l|hm—1) < Tam(clhl +---+ cm—lhm—l)

where h; = hgeo(fi) > 1 by our assumption about proper subsets.

We choose 1

r(m —1)h;
and then ¢, = (r(m — 1))mjh1 -+ +hy_1 in accordance with (2.3)). We get

theo(ﬁ) < 1so 3 lies in G, (Q).
Because of the generator property, there is an integer k£ # 0 such that

¢ = (i=1,...,m—1)

(P1y -y Pm—1,9) = k(a1,...,am—1,0m).
We deduce
|am| < |kam| = |q| < ¢ = (r(m — 1))m71h1 by,
in accordance with for ¢ = m. The other inequalities follow by sym-
metry. U

We now prove a Northcott Finiteness Property for hgeo on I' (of course it

does not hold on the full G%, (F), due to G,(Q) and zero height). It may be
useful in other contexts to use a property weaker than constant-free (which
however is not homomorphism stable).
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Lemma 2.3. Suppose I in GJ,(F) is finitely generated with
(2.4) ' NG, (Q) = Tior.

(a) For any ~y,...,7, in ' which are multiplicatively independent there is
a constant ¢ = c(Yq,...,7,) > 0 such that

(25) hgeo(’yzlzl"‘fygzn) Zcmax{‘alla'-'a‘an’}
for any (a1,...,a,) in Z™.
b) For any real N there are at most finitely many v in T' with h2_(v) < N.
geo

Proof. We remark straightaway that because of multiplicative depen-
dence in T is the same as multiplicative dependence modulo G, (Q).

For (a) we can assume that aq,...,a, are not all zero; and by induction
that they are all not zero. We apply Lemma to Yo, Y1, Yn With
Yo =1" - - Y%, Non of these are dependent; for example if '78071{1 = -72":11
is in G, (Q) then our hypothesis would show that it is torsion. Then
eliminating ~, would give a,by = 0. Here by = 0 is impossible and a,, = 0
has been excluded. Clearly (—1,ay,...,ay) is a generator in the sense of
Lemma [2:2] and we deduce that

|a’i‘ < (Tn)nJrlh?eo(’YO) H hgeo(’)/j) (7“ = 1’ AR n)
J#
This is a more explicit version of .
For (b) we simply apply (a) to basis elements of I'/Ts, so that v =
py(t -8 for torsion p. We deduce that the exponents are bounded in
terms of N (and IT'), and the result follows. O

3. PROOF OF THEOREM [I.5] I. LARGE ~.

In this section we prove that there exists C' = C(C,T', A) such that the
height of points P € C(Q) such that, for some v € T4 with

(3.1) higeo(7) > C

the value vp is defined and satisfies with non-vanishing subsums is
bounded above. Thus there is no need for H and i as in . The proof
follows closely the pattern of the deduction of [2| Proposition 6.1, p. 2639]
from [2, Theorem 1.5, p. 2603] (see [2, p. 2639-2640]). Note that in the
present situation the full property of constant-free is not needed, only
suffices.

For the reader’s convenience, we recall the statement of [2, Theorem 1.5],
in a non-homogeneous version which is more convenient for us.

Theorem 3.1. Let r > 1 and fi,..., fr € F be non-zero rational functions
such that f; is non-constant for some i. Then there exists a positive real
number C1 depending only on f1,..., fr, having the following properties. Let
a = (a,...,a;) € G (Q). Consider, for a natural number n, a solution
P € C(Q) of the equation

(32) Ozlfl(P)n—l—--- —i—arfr(P)" =1.



BOUNDED HEIGHT IN PENCILS OF SUBGROUPS OF FINITE RANK. 9

Then, if n > C1 and if there are no vanishing subsums, we have
1
< rt
n

(3.3) h(P) < (..., ap) + Ch.

To deduce Theorem from [2, Theorem 1.5, p. 2603], we replace therein
rby r+ 1, T by I' x {1} and we take ay41 = —1, frqy1 = 1.
Write I' = T'tors @ I'ree and 1 = (1,...,1). Let f € I'fyee be constant.

Then f € I'NGL,(Q) = I'tors by (2.4). Since Dee NTiors = {1} we get £ = 1.
Thus

(3.4) f € Thee\{1} = f; ¢ Q for some i.

Since I'gee is finitely generated and torsion free, it is freely generated by,
say, ai, ..., a.

Let v € T4 of sufficiently large height such that the value ~p is defined
and satisfies ((1.9). We write

v = (..Jai‘1 . -aé".
for some (uncontrolled) torsion w and A1, ..., A; € Q. Generally let rq,...,7, €

Q. Since h*(x) < 3 h*(x;) and h*(z¥) = |v|h*(x), applying Lemma
with r = 1 and f1 = aj; we get

5 M@ AR < D Inlh((ag)r) < e(max | DA(P)
2y

(assuming h(P) > 1 as we may), where ¢; depends only on aj,...,a,. We
set
(3.6) Q:=[A4(r+1a]+1.

Let A := max; |\;|. By Dirichlet’s Theorem on simultaneous approximation
(or Minkowski as in the proof of Lemma , there exists a positive integer
g < Q" and integers p; such that

Aj - 1
forj=1,...,k Let n=[A/q] + 1. We set r; = \; —np; and

Dj

K K
. di i
p:Haj] e e, le_[ajJ € Ifree-
j=1 j=1

Let &' = awpp. Since v = wpf”, equation takes the shape , with
a replaced by o' therein.

By definition of A there is an index jy such that \j, = +A and thus
Pj, = £q # 0. Since ay, ..., a, is a basis of I'gee we have f # 1. By , fi
is non-constant for some i. This is one of the conditions we need to apply
Theorem We still need to show that n > C; where C; = C}(f) is the
constant appearing in Theorem [3.1}

We have

N1 1
3.7 1 <lg=L+ = <q+ = <20".
(3.7 il < i3]+ g <a+ <20
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Thus, fi,..., fr belong to a finite set, depending only on I". Moreover

Al N\ A
(3.8) rjl = ‘q (qi —pj> - <n - q) pj| < %+ 2Q".
So by we have
(3.9)
(') = WA (awpp) < b2 () + h (pp) < B (a) + (g - 2@”) h(P).

Let C7 = C1(f) be the constant appearing in Theorem This constant
depends on the rational functions f;, which by and (3.7 belong to a
finite set, depending in turn only on I'. Thus C] < ¢s where now ¢o depends
only on I'. We choose

C=C(C,T)=rrQ"max(co,8(r + 1)c1Q") Z h‘geo(aj).
J

By assumption (3.1]) and (2.1))

C < hfuol) = Muola? ---a) < rwmax 0| 3 b ().
J

Thus A = max; |\j| > Q" max(c2,8(r + 1)c1Q"). Since ¢ < Q", we then
have

(3.10) n=1[A/q]+1>A/Q" > max(ce,8(r + 1)c1Q").

In particular, n > ¢co > 4. Now all the hypotheses of Theorem are
fulfilled. By (3.3) of this theorem and by the inequalities (3.9), @ > 4(r+1)c;
(compare (3.6) above) and n > 8(r + 1)c;Q" (compare (3.10) above),

h(P) < %h‘*(a’) + Oy
<" L) 1 4 1) <612 + 2?) h(P) + ez
PRIV YA h(f) te

n

Thus h(P) < 2(r + 1)h* () + 2¢2. This concludes the proof of Theorem [1.5
when the height of v is large.

4. FUNCTIONAL RESULTS.

In order to prove Theorem for the elements v € 'YV of small geometric
height, we need first some auxiliary results.

Recall that F = Q(C) is the function field of a curve C. The following
observation is the analogue in function fields of [I, Lemma 3.2, p. 606] and
of a result of Rémond (see [15, Lemma 2.1, p. 3]). In it we shall have to
leave the safety of G, (F) for its affine closure F” (for us an unfamilar step).

Here products (but not inverses) are still well-defined.

Lemma 4.1. Let T be a finitely generated constant-free subgroup of G}, (F).
Then there are effective Co = Co(C,T') > 0 and an effective integer n =
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n(C,T) > 1 with the following property. Suppose w € F" and v € TU are
such that b2, (wv™1) < Cy'. Then

geo
(4.1) w'cQ'T.

Proof. Suppose first that w is in GJ (F). With ay,...,a, as basis elements
for the free part of I'; there are integers ¢ > 1,by,...b, with v? = alfl oalk,
Write u = wv~! and t = u? € G, (F), so that

(4.2) twfqal{1 e az” =1.

Thus the relation group modulo constants of t,w,ay,...,a, has rank p > 1.
If p = 1 then (4.2) must correspond to a generator because there is an
exponent 1. As ¢ > 1 we get from Lemma [2.2]

K+1p A A A
(43) q= ( ("i + 2)) * h‘geo( )hgeo( ) o hgeo(a’i)'
As hgeo( )= qhgeo( u) we deduce héAeo( ) > Cyt for

Cy = ( (’{+2))H+1h§eo( ) ) hgeo(a/i)'

This contradicts a hypothesis; and it follows that p > 2.

So we can eliminate t from the relations to see that w,aq,...,a, are mul-
tiplicatively dependent modulo constants. So the rank of this new relation
group modulo constants is at least 1. But it cannot be bigger, otherwise
the further elimination of w would show that ai, ..., a, are multiplicatively
dependent modulo constants. However we have already noted that this is
equivalent to plain multiplicative dependence in the constant-free I'.

So the new rank is 1. A generator (n,ci,...,c;) must have n # 0, and
Lemma 2.2 shows that

] < (r(% + 1)) hige (a1) - higeo (as)-

We can suppose n > 1, and this gives w” € G, (Q)T slightly stronger than
required.

We now proceed by induction on r. If w = (wy,...,w,) is not in G} (FF)
then some coordinates are zero. Say for simplicity that w, = 0 but no others.
We project to G771 to get w' = (wq, ..., w,_1) and also I in G7; }(F) and v/

in "4V, Note that I" is also constant- free Then hf,,(W'v'™1) = hi (wv™1)
and so if this is small as above, then w™ € G’ 1(Q)I" for some n > 1
bounded as above. Thus w” = (64,...,60,_1)7' for some 6y,...,6,_1 in Q"
and v = (v1,...,%—1) in I". There is v, in F with v = (71, ... ,%_1,%)
I', and now finally w" = (01,...,0,-1,0)v is in Q'T as required. O

We define a projective geometric height hgeo on F' 1\ {0} by

(4.4)  hgeof) = =Y minfordp(f1),...,ordp(fr),ordp(frs1)} >0
P

for £ = (f1,..., fr, fr+1); and then extend to F \ {0}. Note that for

felF ﬂdr with f,11 =1 we have

hgeo(f> h?eo( ) = theo(flw"?fT)'
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Thus for x, y € GF' N {z,41 = 1} we also have, by definition (1.7) and by
the remark that follows it,

(4.5) dist(x,y) < rhgeo(xy_l) = rhgeo(xy_l).

. +1 . . . =
Given a non—zego vector x € F' ' we consider the r-dimensional F-vector
space x- in T of vectors g orthogonal to x, that is, g.x = 0.

Lemma 4.2. Let I'y C {z,41 = 1} be a finitely generated constant-free
subgroup of GIY(F). Letv € (Q ) ' T{vN{z, 1 =1}, ge vt withgeF
non-zero, and consider the vector space U C F spanned over F by the
conjugates (gv)® for o € Gal(F/F). Then Uv~! is a subspace of v with a
basis of vectors of height hgeo(g).

Moreover, if hgeo(g) < C3' for some C3 = C3(C,Ty) > 1, there ewist
n=n(C,I) e Nandn e Fyn N{zr41 = 1} with

dist(n, v) < Cyhgeolg)

such that Un~—! is deﬁne over Q.

Proof. Write for simplicity u = gv. We prove the first assertion. We have

wl=u(v'v)=(uww Hv=gv=0

with u = (1,...,1). Thus also

0=l =u’1=u’(viv)= (uv v
sou’v-!evt.
—k
Also there is a positive integer ¢ with v¢ € (Q)™'I". Thus v = ¢,V for
torsion (. Therefore

v = (gv) v = g7 (v ) = g7,
has height hgeo(g); and a basis of Uv™! can be selected from these as as-
serted.

We now prove the second assertion. We assume hgeo(g) < C5 L for C5 to
be determined shortly. Let d be the F-dimension of U. Note that d > 1 since
g is non-zero and d < r since Uv™! is a subspace of v*. It is easy to see
that this is the F-dimension of the space spanned over F by the coordinates

of u and that U has a F-basis in F'*!, consisting of say uV), ... u(@.
Given a multi-index i = (i,...,iq) with 1 <iy < -+~ <ig<r+1,let
(1) 1)
ull “ .. uld
wi = | : NS F
(d) ()
ull ... uld

formed with the coordinates of this basis (of course we are speaking of
grassmannians and wedge products). Let w = (w;); € FF with R = (Tzl).
Note that w # 0, since d = dim U. Without loss of generality we can assume
wpr # 0 (in a suitable ordering). We consider the height hge, on a subspace

IThat is, it has a basis of vectors in @T, or equivalently a set of defining linear equations

over Q.
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of ﬁrﬂ, namely the projective, geometric height of the exterior product of
any basis of the subspace, see definition in [I7, Chapter 1, §8, p. 28] for more
details. Then for every x € GI,"(F)

(4.6) hgeo(UX) = hgeo(WP(x)),
where ® = ®; is the homomorphism from G”;*! to GE defined by
(I)(.Tl, . ,$7«+1) = ($i1 s I‘id)i.

In particular, hgeo(U) = hgeo(W) and hgeo(Uv 1) = hgeo(wv'™1) with v/ =
®(v). Moreover, since Uv~! has a basis of vectors of height hgeo(g) by the
first assertion of this lemma,

(4.7) higoo (WV'™1) = higeo(UV ™) < dhgeo(8) < hgeo(8)-
We pause to note that

(4.8) hgeo(X) < Thgeo(P(x))

for x = (z1,...,2,41) in GIFY(F); for example

h?eo(xl/'xQ) = h?eo((xlx?) t '$d+1)/(l’2$3 e '$d+1))

= Ngeo (X123 - Tgy1, T2x3 -+ - Taq1) < H
g

for H = hgeo(®(x)). Similarly for any z;/x;. Thus

hgeo(x) = hgeo(fﬂl/xr-i-la ey Tr[Try)
< hgeo(xl/wr—l-l) +o hgeo(xT/xT-H) <rH,

giving .

We want to apply Lemma to a suitable subgroup of GE. By assump-
tion, there exists o € (Q")"*! such that a~'v € T4, Thus ®(a )V =
d(a~lv) € &(I'{V) = &(I'1)4. We de-homogenize taking the map 1 from
F™\{xg # 0} to F defined by ¢(y1,...,yr) = (W1/YR, - - -, Yr-1/Yr,1). We
let ' =T4 = (¢po ®)(I'1), also finitely generated and constant-free. We also
define

w=1(®(a)w) € F%, and v =¢(®(a V) e [div
(remember that wg # 0). By assumption hgeo(g) < C5 . If C3 > rCo(C, T),

then by (4.7 .,

Nigeo (W) = Rgeo(@()W - D(@)V') = hgeo(Wv' 1) < C2(C,T) ™

By Lemma w" e @Rf for some integer n = n(C,T') > 1. Since ®(a) €
(Q")7, this gives, after (slowly) re-homogenizing,

w" € F*Q7®(Iy).
Since I'y C {x,4+1 =1} thereisn € Fi/n N{zy4+1 = 1} such that
IR TRU—
(49) (wi(n )" € FQ"

Taking powers, we can replace n by n(C,I'1) = lem; <4<, n(C, Fd) and simi-
larly we can assume C3 > rmaxj<gq<, C2(C Fd By . ) and (| .,

hgeO(Un_1> = hgeo(wqj(’rl )) =0
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which shows that Un~! is defined over Q. Moreover, again by (4.9) and

by (4.7,
hgeo(®(MV' ™) = hgeo(WV' ™) < Phygeo(8)-
Hence, by and we get
dist(1,v) < rhgeo(mv ") < 1 hyeo(@(v ) = rhyeo(@(m)v' )
< 12 hgeo(8).

=r1 . o
LetveF ' n {z;41 = 1}. We consider the successive infima

p1 < po < e <y
of hgeo On v+. The next proposition contains some useful information on
these infima, when v € (Q°)" 1 T%Y N {z,,1 = 1} for some finitely gener-
ated constant-free subgroup I'y of GF1(F) N {z,41 = 1}. To simplify the
statement and the proof, we assume that the u; are attained. Given a k-
vector space V and vy,...,v € V we define as usual Spany(vy,...,v;) as
the k-vector subspace spanned by vy, ..., v;.

Lemma 4.3. Let I'y C {z,41 = 1} be a finitely generated constant-free
subgroup of GI7Y(F). Let

ve (@) n{z,,, =1}
Denote by p1 < po < --- <y the successive infima of hgeo on vLi. Then

there exists a basis gV, ..., g") of v+ with hgeo(g(i)) = u; and integers
0=dy<di <---<dp=r such that

(4.10) p1 == pigy < g1 =""" = flay < * -
< Hdp _14+1 = - = Hdy, = Mr
with the following properties. Let C3 = C3(C,T'1) and n = n(C,I'1) € N as
in Lemmal[{.3 If for some j with 1 < j <k we have
pa; 11 < (2nCs) ™1,
then there exists n € F}/n with dist(n, v) < C3pq;_,+1 such that

Spanﬁ(g(1)7 s »g(dj))v"?_l
is defined over Q.

Proof. We first construct a basis g(¥ of v+ and integers d; satisfying ([4.10)),
such that the following additional assertion is satisfied.
(1) For j = 1,...,k, let UY be the vector space spanned by (g{®)v)? for
I=1,...,7 and o € Gal(F/F). Then SpanF(g(l), o gld))y = Uyl

Let g e vt realize the first minimum and let UM be the vector space
spanned by (g(l)v 7. We denote by dj its dimension. By the first as-
sertion of Lemma UMv~1 is a subspace of v and there exists a F-
basis g, ..., gl@) of UMv~1 consisting of vectors of height p;. Thus
M1 =" = -

If dy = r we have finished with (1). Otherwise, let g(“*1 realize 4,41
and let U be the vector space spanned by the (g(@1+t1)v)? (5 € Gal(F/F)).
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By the first assertion of Lemma Uv~! is a subspace of v and there
exists a F-basis of Uv~! consisting of vectors of height pg, 11. Let U 2) =
UMD + U and dy = dim(U®). Thus we can complete g(V), ... g(@) to
a basis of U®v~1 with vectors g(@+1) .. g(d2) of height td,+1. Hence

Hdy+1 = = = Hdy-
Continuing in this way we define integers 0 = dy < d; < --- < di = r and
a basis gV, ..., g(") satisfying (1).

We now prove
(2) If i1 < Oy, there exists € Fi/n with dist(n,v) < Cspg such that
SpanF(g(l), ..,g4))vn~1 is defined over Q.
(3) Let us assume fiq, 41 < (2nC3)~! for some j with 2 < j < k. Let n as
in (2)[1 Then Spanﬁ(g(l), ...,g%))yvn~1 is defined over Q.
which clearly imply our claim.
To prove (2) we simply use (1) with j = 1 and the second part of
Lemma By this lemma there exists n € F}/ " with

dist(n, v) < Cshgeo(8")) = Capur
such that UMy~1 = SpanF(g(l), ...,gl9))vyn~! is defined over Q.

Let us now prove (3) when j = 2. Let, as in proof of (1), U be the
vector space spanned by (g(4t1)v)? so that U®) = UM 4+ U by (1) with
i = 1. Let us assume pg, 11 < (2nC3)~L. Thus p1 < pgy 11 < C’;l and, by
(2) and (1) with ¢ = 1, there exists n € Iﬁ/n with dist(n,v) < Csuy such
that UMn~! is defined over Q. By Lemma there exists i’ € F}/ " with
dist(n/,v) < Cghgeo(g(dlﬂ)) = C3/14,+1 such that Un’~! is defined over Q.
The triangular inequality gives

1
dist(n’,n) < dist(n’, v) + dist(v,n) < Cspg,+1 + Csp1 < 2C3p4,4+1 < -
On the other hand, by the remark which follows (1.7)),

dist(n',n) > hgeo(n'n") € %27
since (n")*, ™ € I'1 C G5 Y(F). Thus dist(n’,n) = 0 and n'n~! € @TH.
Therefore also Un~! is defined over Q. Since UMn~! is again defined over Q
and U® = UM 4+ U, we deduce that UPy~1 = Spanﬁ(g(l), ., gld))ypt
is defined over Q. Thus does j = 2. The proof of (3) when j > 2 follows the
same lines. (]

We also need the following lemma.

Lemma 4.4. Let U be a F-vector subspace of T with basis u®, ... u@
on which 1+ -+ 4+ xyr41 = 0. Let 'y C {z,41 = 1} be a finitely generated
subgroup of GTFH(F). We assume Uyt defined over Q for some ¢ € Fclhvﬂ
{x,41 =1} so that the specialization Up is defined as Usp ™ app.

2By assumption p1 < pa;_ 41 < C3 ', which is the condition we need to apply (2).
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Then for all P € C with at most finitely many exceptions, Up(Q) has a

Q-basis ug), .. ,ugﬁl).
Further, if ¢ € @H_lf‘fiv N {zry1 = 1} is such that ¢p € Up, then
(epvop') 9= 0.

Proof. The first part is standard reduction theory. As for the second part,

the space U~ ! is defined by equations of the form a.x = 0 for a € @Hl. So
U is defined by the (ayp~!).x = 0. Thus Up is defined by the (ag)p').x = 0.
Therefore

0= (aypp').0p = a.(v3p'dp)
showing that ¢131¢P ceUy tsou= ¢;1¢p¢ € U. Now

0=ul= (' ¢ptp).1 = (¢ppvp').0b

as required. O

5. PROOF OF THEOREM [I.5] II. SMALL ~.

In this section we prove Theorem assuming further that v € IV
satisfies h2 (v) < C for some C' = C(C,T'). We shall introduce along the

geo
proof constants c¢1,...,c5 > 1 depending only on C, I, a and ¢ (but not on
¥)-
Instead of proving that # lies in the set H, we will show that it lies in
a subgroup I'Y/" of T4 consisting of all ¢ with ¢™ in I'. Here the positive
integer n = n(C,I") will be effective. As héeo(’y) < C and dist(n,vy) <e <1

we deduce h&, (n") < n(C +1). So by Lemma (b) there are at most

(0]
finitely possilg)ilities for n™ and therefore also n itself, thus yielding our H.
Let P € C(Q), such that the value vp is defined and lies in V. We
homogenize replacing I with T'y = T' x {1} and ~ by (v,1) e TN {z,,; =
1}. Then, after changing the signs of the coefficients «; in , this equation

reads

(5.1) avp=oai(v)p+--+o(y)p+ t1(Vr+1)p = 0.

with a,41 = 1 so a gets replaced by (e, 1). Given a € I'; and A € Q, we
choose from now on a* € T{V N {x,,; = 1}.

We write I'1 = [yors®I free Where I'iee is freely generated by, say, aj,...,a, €
Gt N {z,41 = 1}. We have

(5.2) 01_1 max 1| < h?eo(a? <-ar) < cp max |ry|

where the second inequality is trivial and the first is Lemma [2.3] Since
A (x) < S h*(z;) and hA(2") = |r|h*(x), applying Lemma with r =1
and fi = aj; we get

(5.3)  h*((af*---ar)p) < Z rjlh((aji)p) < ca(max|r;|)h(P)

(assuming h(P) > 1 as we may). We write

A1

v = wa] ooaNs

Ko
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where w € (Q,,.) ™ N{zy41 =1} and A1,..., A\ € Q. Since hﬁeo(’y) <,
by the lower bound in (5.2)) we have

(5.4) |)\J‘ < ch, ] = 1, BRI VR
Let g € N and p1,...,px € Z defined by

(5.5) q:=14[(4ncaCs +rey) /e, pj = [g\j]

where C5 = C5(C,T1) and n = n(C,T';) are as in Lemma [4.2] Thus
Dj 1 ‘

5.6 i— =< - fori=1,...,K.

(5.6) i~ 1< q

We consider the vector
v=cal/tale/t e (@) O {ag =1},
By (5.5) and (5.4) we have

q <14 (4ncaCs+rey)/e,
Ipj| < qlAj|+1 < (1+ (4neaCs +req)/e)eiC + 1, ji=1,...,k.

Thus v belongs to a finite set depending only on C, I', ¢ and a. By (4.5)),
by the upper bound in (5.2)) and by (5.6]),

(5.7)  dist(v,y) < rhﬁeo(vﬁy—l) — rhA (a1171/q—>\1 B .ag,@/q—A&) < re1/q.

geo

We denote by p11 < pg < -+ - < p, the successive infima of hge, on vL. By [16,
Theorem 2.2], p1 + -+ + pr < hgeo(vl). On the other hand a standard
argument shows that we have indeed equality. Moreover, by well-known
facts on the height of subspaces (see [I7, §8, p. 28]), hgeo(V') = hgeo(V).
Thus

(5.8) p1+p2 A e = hgeO(V)'

To simplify the proof, we assume from now on that the yu; are attained.
Then Lemma gives us integers 0 = dp < dy <--- < d =r and a F-basis
g ... g of vt such that hgeo(g(’)) = p1;. The gM, ... g belong to a
finite set depending only on C, I', € and a. They are linearly independent

over F. It is easy to see that outside a finite set of P in C(Q) (depending

only on C, I', € and «), their specializations gg), .. ,gg) remain linearly

independent over Q (for example consider maximal minors of the matrix of

coordinates). Similarly vp # 0, so vILD remains of dimension 7 over Q. So

gg), e ,gg) are a Q-basis for vl%. Let

16 — w(ai‘l_pl/q Ce aén—pn/CI)P c @T+1 N {x,r+1 — 1}
By the upper bound in (5.3) and by (5.6),
_bi

(5.9) h*(B) < comax |);

J

Note that
(5.10) Bvp = ayp,
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hence B.vp = a.yp = 0 by (5.1)). Thus 3 is a (non-zero) vector in vi. We

get a basis of v]% from (3, ggjl), e ,gg) by discarding a vector gg) for some

i€ {1,...,r}. More precisely, letﬂ
(5.11) j' = largest integer 0 < j <k s.t. B¢ Span@(gg), e ,ggj)).

Note that j’ is well-defined and < k since @3 is a non-zero vector in vl%.

By (5.11)) we get a basis from g3, gg), e ,gg) by discarding a vector gg/) for
some i’ with

(5.12) dip+1<i <r.

We now denote by h and hy the projective height on @TH defined on choos-
ing respectively the Lo, and the Lo-norm at the infinite places. We also
denote by the same letter ha the height on Q-subspaces (see [17, §8, p. 28]).

Note that h(x) < ha(x) < h(x)+3 log(r+1) for x € @TH and h(x) = h*(x)
if moreover x,41 = 1. By well-known facts (see again [I7, §8, p. 28])

h(vp) < ha(vp) = ha(Spang(vp))

= ha(vp)

(5.13) < ha(B) + Y ha(g$)
o

<h*B) + > h(gd) + cs.
i

By the projective version of Lemma and taking into account that g(?)
belongs to a finite set depending only on C, I', € and a, we find

h(gW) < hgeo(8)R(P) + ca(1 + h(P)'/?)
— wh(P) + ca(1+ h(P)Y/?)
fori=1,...,7. Thus, by (5.8),

3 h(gl) < (hgeo(v) — pir)A(P) + rea(1 + h(P)/2).
i

Inserting (5.9 and this last inequality in (5.13]) we get
2) < (24 hao(v) = )P + rea(1+ KPP

On the other hand, again by the projective version of Lemma [2.1] and since
v belongs to a finite set depending only on C, I, € and «,

h(vp) 2 hgeo(V)A(P) = ¢5(1 + h(P)'/?).

Comparing the upper bound and the lower bound for h*(vp) we get:

<W - q) h(P) < (res + cs)(1 + h(P)/2),

3With the convention Span@(gg), e g;d(’)) = {0}.
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If py > 2% the height of P is uniformly bounded. Thus we can assume

2c
Hir < ==,
q
Since dj + 1 < 7' by (5.12)) and since ¢ > 4ncaC3 by (5.5), we have
2c _
(5.14) Hy 41 < 72 < (2nC3)".

Let U = Spanﬁ(g(l), . ,g(dﬂ"+1))v. Then U is a non-zero subspace on which

z1+ -+ 241 = 0. By Lemma [4.3] (with j = j' + 1), and by (5.14)), there
exists m € F}/n N{z,41 = 1} with

2¢9C's

dist(n, v) < Capta,+1 <

such that Un~! is defined over Q. By the triangular inequality and by (5.7)),
2cC
dist(n,v) < dist(n, v) + dist(v,vy) < w
q

Since ¢ > (2¢2C5 + rey) /e (again by (5.5)), we get
dist(n,v) < e.

By (5.10) and by definition (5.11]) of j' we have

ayp =Pvp € Span@(gg), . ,ggju’l)) - Vp.
We shall apply Lemma to U with ¢ = 1. Since all the quantities there
now depend only on C, I', € and «a;, the space on the right-hand side of the
displayed formula can assumed to be Up. Thus (aypnp').n = 0 in F,
which on descending to F' is what we want in Theorem This concludes

the proof for « of small height.

6. PrOOFs OF THEOREMS [1.2], [[-3] anD [T.4]

As Theorem is considerably sharpened in the Appendix [A] we shall
present here only a brief deduction of the first assertion of that theorem
from Theorem In fact we carry this out for the stronger Theorem

As mentioned in the introduction, we take C = A! and F = Q(t), with
I’ generated by (¢,1),(1,1 —t), and @ = (1,1). Trivially, we do not have
vanishing subsums. We obtain effective C' and an effective finite subset H of
'Y such that for P = tg and v = (¢, (1 —t)#), the height h(t) is bounded
by a function of ¢ unless k4, (y) < C and there is § € H with

geo
dist(n,v) <e, oa.(ypnp'n) =1.

We write n = (t%, (1 — t)?) for rational a,b and get the equations

max{|A|, [u|} < C, max{|]A\—al, |u—b|} <&, 5 U +(1-to)* P(1-t)’ =1

identically in ¢. It is easy to see that there are (1, fs € Q" with 81t +
B2(1 —t)® = 1 if and only if (a,b) = (0,0) and By + B2 = 1 or (a,b) = (1,1)
and 1 = P2 = 1. The first case is ruled out because max{|\|, |u|} > ¢ and
in the second case ty or 1 — tg is a root of unity because (A, u) # (1, 1).
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This completes the proof of Theorem and so of the first part of The-
orem

We next show that we do not have uniformly bounded height for the
solutions of t* +(1—¢)* = 1 when A — 0 and even the analogue for Theorem

L3l

Lemma 6.1. For rational A\ > 0, > 0 let ty € Q be a solution of t* + (1 —
H* = 1. Ift())‘ is not 0,1, or % + %\/g, then

h(to) > 1—I—\/5> _ 11

—_— 2.
~ dmax{\, u} 0g< 2 2 %8

Proof. Put a = t())‘. By assumption, o # 0,1,% + %\/g By a result of
Zagier [22] (which makes explicit in this very special setting the toric case of
Bogomolov’s conjecture, now a theorem of Zhang [23]), h(a) +h(1—a) > ¢,
where ¢ = %log(lJr—Q\/g) (this constant is best possible). We have h(a) =
Ah(tg), h(1 — a) = ph(l —t9) and h(1l — tg) < h(tg) + log2. Putting all
together we get the desired result. O

Note that such ty really do exist. To see this we observe that for any
positive integer n there is a polynomial P,(¢) which for any s1,ss with
st =t,s5 =1 —tis the product of wis1 + wase — 1 over all roots of unity
w1, ws of order dividing n. We take any n divisible by 6, and using the
Puiseux expansions

s1 = 751/n7 o= ((t — 1>1/n _ C(tl/n o) (¢ = em’/n)

at t = oo we check that P, has degree n?/n = n (note that wy + (ws # 0
because Euler’s ¢(2n) = 2¢(n) > ¢(n)). And using s; = t1/™ 59 = 1+ ---
at t = 0 we check that ord;—¢P,, = 1; and similarly ord;—1 P, = 1.

Thus P, has a zero to # 0, 1, which is then a solution of t* + (1 — ) =1
for A = g = 1/n. And #} cannot be 1 or a sixth root of unity § & £/3
because tg # 1. So tg is as in Lemma And if n varies we see from the
lower bound there that we get infinitely many ¢g in this way.

It may be interesting to note that if we choose this n such that the lower
bound is bigger than log216 in , then the resulting fy cannot satisfy
t"™ 4 (1 —¢)™ =1 for any integer m > 2 (compare and (L.13)).

Now we turn to Theorem If we have vanishing subsums in 3 + (1 —
to) + (1 +t9)* = 1, we find easily tg = 4i which we can exclude. Then a
similar argument leads to bounded h(tg) unless there is a rational a with

A<C, A—a|<e, 7+ (1 —to) (1 =)+ (1+t) 214+ =1

identically in ¢t. The last now forces a = 0,1,2. As above a = 0 is ruled out.
If a = 2 then we must have
1 1
tS_Z = _17 (1 - ZL’O)/\_2 = 57 (1 + tU))\_Q - 5
Here A\ = 2 is impossible, and then we see again that ¢y is a root of unity.
Finally a = 1 leads to the pair

(6.1) ot =201 —t)M =1, T 214+t =1
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with |\ — 1] < e. We shall show in the Appendix [B| that these equations
have no solutions. This completes the proof of Theorem

We notice that again we do not have uniformly bounded height for the
solutions of t* + (1 —t)* 4+ (1 +t)* = 1 when \ — 0.

Lemma 6.2. For rational A > 0 let ty € Q be a solution of t* + (1 — t)* +
(1+8)=1. If ), (1 — to)*, (1 +to)* are all not 0 or 1, then

1 14++5
>7
hlto) 2 55 log( 2

Proof. Warin obtained the following explicit version of another special case
of Zhang’s result. Namely his Theorem III.1 (p. 23) of [21] says that if «, 3,y
are in Q" and all not 1 with o + 8 + v =1 then

h(a) +h(B) + h(v) = ¢

for the same ¢ as above (also here best possible). We take o = ), 3 =
(1 —to)*,v = (1 +to)*, none of which are 0,1, and argue as before. O

) — %logz

Also as before we can show that such g exist, this time by considering
the product @), of wis1+was2+wssz—1, with sy, s2 as above and s§ = 1+1.
We can check, now for n prime to 6, that @, has degree n? (here we use
w1 —wo+ws # 0). And Q,(0) # 0 (here wo+ws—1 # 0) as well as @, (1) # 0
(here wi 4+w32'/™ —1 # 0 because 21/™ has degree n > ¢(n)) and Q,,(—1) # 0
(here —w; + we2Y/™ — 1 # 0 similarly). Thus Q,, has a zero to # 0,1, —1.
For A = 1/n it follows that #}, (1 —to)*, (1 +to)* are not 0,1 and so tg is as
in Remark Again by varying n we get infinitely many tq.

APPENDIX A. BEUKERS’ EQUATION WITH A RATIONAL EXPONENT

In this appendix we prove the following theorem which generalizes Theo-
rem [[.2] stated in the introduction.

Theorem A.1. Let o, 8 be non-zero algebraic numbers and let X € Q be
positive. Let tg € Q\{0,1}. We fiz determinations of t) and of (1 — to)™.
Let us assume
oty + B(1—te) =1
and
(aty™h B =)™ 1) # (L, 1).
Then
h(to) < 100 max(1, A7) + 121X (h(a) + h(B)).

The special algebraic numbers ¢ such that aty™' = B(1 — o)’ = 1

trivially satisfy the equation at* + B(1 — t)* = 1. They can be directly
handled as we explain after the proof of the theorem. Thus Theorem [1.2
follows from Theorem[A T} see again the discussion after the proof for details.

Our theorem extends the following result of Beukers and Schlickewei
which deals with even integers A, and will be deduced from it.
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Theorem A.2 ([5], Lemma 2.3). Let a, b, A, B € Q" such that
A+B=1 and aA™ +bB* =1
for some integer n € N. The H(A,B) < 6V3-2Y"H(a,b)'/".

Proof of Theorem Let A > 0 be a rational parameter and let tg € Q
which satisfies at) + 3(1 — t9)* = 1 and such that

(até\_lv /8(1 - to))\il) # (17 1)'
We shall prove:
(8A™! + 10A"(h(a) + h(B)), if A <1/6;
1002~ + 1212 Y (h(a) + R(B)), if1/6 <\ < 1;

(A1) hlto) <
100 + 20(h(c) + h(B)), if1<\<6;

8+ 9N (h(a) + h(B)), if A > 6.

Theorem [A.]] follows after a simple computation.

The strategy of the proof of is the following. We distinguish three
cases: for A > 6 we apply Theorem choosing for n the integer part of
A/2. For A € [1,6) we simply use the relations between roots and coef-
ficients. Finally, we reduce the case A € (0,1] to the previous ones by a
duality argument involving exponent 1/\.

First case: A > 6. Let n be the integer part of A\/2. By assumption
n > 3. Let ag = téf%, bo = (1 —te) 2 and @ = aag, b = Bby. Thus
at?® + b(1 — t9)*® = 1. By Theorem [A.2

H(to,1 —to) < 6v3-2Y/"H(a,b)}/"
<6v3-2Y"H(a: B :1)Y"H(ag,bo)"/".
Since A — 2n > 0,
H(ag,bo)Y™ = H(tg, 1 — to)A=20)/m,
Since A < 2(n + 1) and n > 3 we have

A—2n 2
n

1-— >1-—

>

W =

n
and 21/m < 21/3 . Thus
H(to, 1 —to) < (6v3-2Y33H(a: B:1)%™.
We have 3log(6v/3-2'/3) <8 and n > \/2 — 1 > \/3 (since A > 6). Thus
h(to) < h™(to,1 —tg) < 8+ 9N "1hA(a, B) < 8+ 9IA"L(h(a) + h(B)).

Second case: 1 < A < 6. Note that we can find a rational p/q with
ged(p,q) =1 and ¢ =1 or ¢ = 2 such that

P 2
- )\—f’<—
© ’ q! ~ 5¢?

4We denote by H = exp(h) the affine non-logarithmic Weil’s height.
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(indeed, if the fractional part {A} is < 0.4 or > 0.6, then the inequality holds
with ¢ = 1; otherwise |[{A\} —1/2| < 0.1 and it holds with ¢ = 2). Since
A>1and e <1 we have p # 0. Let ag = tgfp/q, bp = (1 — to)’\_p/q and
a = aag, b = pBby. Thus

bat?/? + b(1 — to)P/9 =1

which means that there exists sp € Q such that s§ = ¢y and 1 — ash =
b(1 — sg)p/q. Taking ¢ powers, we see that sg is a root of the polynomial

f=(1—-as?")?—bl(1—s?)P € Q[s].
Fact. f # 0.

Proof. We have
(1 —asP)? =1 — gas? + higher terms,
b4(1 — s7)P = b7 — pb?s? + higher terms.

Assume first (p,q) # (1,1). Since ged(p,q) = 1 we have p # ¢q. We also
recall that p, ¢ > 1. Comparing the two expansions above, we deduce that
b? = 1. Moreover, if ¢ < p then ¢ = 0, which is clearly impossible. But
a # 0 since a # 0, a # 0. Thus (p,q) = (1,1) and f = (1 —b) + (b —a)s
which is = 0 if and only if a = b = 1, that is

aty™h = B(1 —te)* =1
which we have excluded in our assumption. O

We now recall a classical relation between the height of the roots of a
polynomial and the height of its coefficients. Let K := Q(a, b). Given a place
v of K we denote by M,(f) the Mahler measure of f7, if v is archimedean
and corresponds to the immersion o: K < Q. If v is non-archimedean, we
let M,(f) be the maximum of the v-adic absolute values of the coefficients
of f. We then define the normalized height of f as

~

h(f) = [I{l@] S dy log My (f)

where v runs over the places of K and where d, denote the local degree. It
is well known that i(f) = 3, h(s) for s running over the roots of f, counted
with multiplicities. Thus h*(sg) < h(f) and we have to estimate this last
quantity.

Given a non-archimedean place of K we have

M,(f) < max{laly, [blv, 1}7.

Let now v be an archimedean place, corresponding to the immersion o: K <

Q. Since the Mahler measure of a polynomial is bounded by the maximum

of the absolute value of the polynomial on the disk of radius 1, we have:
My () < e (1= a7s?)? = ()"(1 = %)

(1+ |aly)? 4 27[b[7

<
< (29 4 2P) max{|aly, |b|y, 1}
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Thus

R(F) < ah*(a,b) + log(27 + 27) < q(h™ (@, B) + h* (a0, bo) + log(2 + 2°/%)).
By our choices of ag, by and &,

h&(ag, bo) < h(ag) + h(bo) = e(h(to) + h(1 —to)) < 2eh(to) + elog 2
< 4h(tg) n 2log 2
—  5g? 5q?

and p/q < A+ € < 7. Thus, taking into account ¢ < 2,

h(to) = qh(so) < qh(f)
< ¢*(h*(a, B) + h*(ag, bo) + log(2 + 2°/%))

4h(ty)  2log?
< éo)+ 255 + 4(log(2 + 27) + h (o, B))

and so

h(to) < 2log2+ 5 - 4(log(2 + 27) + h*(a, B))
<100 + 20(h(a) + h(B)).

Third case: A < 1. We reduce to the previous two cases. Note that
th = at} is a solution of

N BT () =1
and
h(to) = A AR (a71th) < ATRA()) + A 1h(a).

Since A™! > 1 the results of the previous cases apply. Suppose first A < 1/6.
Then A~! > 6 and

h(to) < X7EA(th) + A h(a)
<A 8+ 9@ +(B)) + A7 R(a)
<A (84 9h(a) + 9h(B)) + A h(a)
< 8ATL 4+ 10A "L (@) 4+ h(B)).

Suppose now 1/6 < A < 1. Then 1 < A~! < 6 and

h(to) < A7YA(th) + A th(a)
< A1 (100 + 20m(a ) +200(8 1)) + A7 h(w)
< 100A 1 + (200" + DA (A(a) + h(B))
< 100A 7Y + 121X 7Y (h(a) + h(B)).
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We remark that the duality trick which we have used in the third case is
only needed to get a better bound when A is close to zero. We could indeed
modify the proof in the second case in order to get a result, depending on a
fixed € € (0, 1], which holds for e < A < 1.

As promised, we now study the special algebraic numbers ty such that
(A.2) aty™h = (1 — )M = 1.

Then t trivially satisfies the equation at* + B(1 —t)* = 1.

Let us first assume A = 1. Then is satisfied if and only if a = 5 =1
and in this case the equation at* + 5(1 — t)* = 1 becomes trivial. Thus we
do not have bounded height.

Let now suppose A #£ 1. Since

(A.3) to=a VO and 1 — ¢y = g~Y/O-D

we still have bounded height, but the bound seems to go to infinity as A — 1,
unless «, 8 are both roots of unity. However we have the additional equation

(A.4) o VO | g=1/O-1) g

and it may be seen in several way that if «, [ are not both roots of unity,
this equation determines at most finitely many values of A # 1 in terms of
« and .

For example, this is one of the few effective instances of the Skolem-
Mahler-Lech Theorem, which follows from linear forms in logarithms com-
bining [I3, Theorem 1, p. 65] with Kummer theory. Or we could simply
apply Liardet’s Theorem (as made effective for example by Bérczes, Evertse
and Gyory [3] Theorem 2.3); this possibility was mentioned in [6] pp. 1121-
1122.

In any case we get an effective bound h(ty) < C(a, B).

Examples of (A.4) are

a=2 piI= 21 !

A=14-
q

29 — 1’

for positive integer q with tg = 279. Letting ¢ — oo shows that such a
C(a, B) cannot be bounded as any function of h(«) 4 h(f).

In the special case « = § = 1, the solutions ¢y of the equation
are roots of unity, and thus, by the previous remarks, any solution of
A+ (1 —t)» =1 with A > 0 and X # 1 satisfies h(tg) < 100max(1,\71).
This completes the proof of Theorem stated in the introduction.

APPENDIX B. EXCEPTIONAL SOLUTIONS OF THE DENZ EQUATION.

We return to the system ((6.1)); this will finally settle the Denz equation
as in Theorem [T.4

Proposition B.1. Suppose § is rational with 0 < |§] < 107339, Then there
is no tg # 0,1, —1 for which the determinations satisfy

(B.1) 0 —2(1—t9)° = —1, t5+2(1+t)° =1.



26 F. AMOROSO, D. MASSER AND U. ZANNIER

We will need the following “two-circle” results, in which the adjectives
refer to their mode of intersection.

Lemma B.2. For complex z,w with |z| = |w| = 1 we have
|22 —24+1| <3z 4+w—1].
Proof. With z = € w = €' this is equivalent (after squaring) to F >
0(0<86,¢ <2m) with
F=F(,¢) =12 —Tcosf —9cos ¢ + 9cos(d — ¢) — cos 26.
We have oF
% 9(sin ¢ + sin(f — ¢))
which vanishes in the interior only for § = 7m 4+ 2¢ modulo 27Z. At these
points F' = G(cos ¢) with
G(z) =22+ z)(1—2)(1 -22)*>0
for —1 <z < 1. And on the boundary F(6,0) = F(6,2r) = H(cos#) with
H(z)=214+2z)(2—-2)>0

and F'(0,¢) = 4. This completes the proof. O
The constant 3 here is best possible, as the example z = —1,w = 1 shows.
Lemma B.3. For complex z,w with |z| = |w| = 1 we have

|24 1] < 2|z + 2w — 1]V/2.
Proof. With € = |z + 2w — 1| we have
€e> 2wl —|z—1=2—|z—1]
so |z — 1] > 2 —e. If € <2 then drawing a picture shows that
24+ 1] < VA= (2— )2 = Ve — €2 < 2V/e.
And if € > 2 then even

24+ 1] <2< V2y/e
which completes the proof. O
The exponent 1/2 comes from tangency. The multiplying constant 2
cannot be replaced by anything smaller, as the example
de — €2

2 - 1
z=—-1+ +i 6\/46—62, w=1-%—izy/4e— e

2 2 2 2

241 = V4 — |z + 2w — 1|12

with

and € — 0 shows.

Proof of Proposition To keep better track of the determinations
and their Galois conjugates, we write 6 = r/q for integers ¢ > 0,7 # 0 and
consider the set Y, in affine A* defined by the equations

2 2
yi=y", yal=(1-y)%, y'=(1+y*

(B.2) y1 —2y2=-1, y1+2y3=1
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(and y # 0,1, —1). Note that this is a finite set in @4.
One checks that there is an involution on Y;, defined by sending (v, y1, y2,y3)
to

(B.3) <1717y2’_y3> .

Now a solution of (B.1)) leads to a point

(Y, 91,92, 93) = (to, 3, (1 —t0)°, (1 +t0)*)
on Y,,. So it suffices to show that Y, is empty whenever
(B.4) 0< |6 < 107330,
Any element o of Gal(Q/Q) acts on points (1,71, 72,13) of Yrq.

Case 0. For some o we have

o) > 2. 1ol >

DN |

, [t+o)] =

N | —

We note that for any z with 1/2 < |z| < 3 we have

> 5" (log |2])™
3 (log |2])

1
‘\z\ _1‘: n!

oo
| log |z[|"
<[8]) = |6|(exp(|log |z|[)~1) < 2/4].
n!
n=1 n=1
Thus with z = o(n),1 — o(n),1 + o(n) and corresponding s1 = o(n1), s2 =
o(n2), s3 = o(n3), taking conjugates in (B.2)) gives

5§51 — 289 = —1, 51+ 2s3 =1

and
[s1] = 1] < 2[0], [[s2| — 1] <2[6], [[s3|— 1] < 2[4

(note that s{ = o(n)" so |s1| = |o(n)|°, and similarly for |sa|,|s3|). As

w
——w =lw[ =1 (w#0)
|wl ‘
we get for s = s1/|s1], 85 = sa/|sal,s5 = s3/|s3| on the unit circle the

inequalities
) — 285 + 1] < 6|0], s} + 255 — 1| < 66|

(note that s§ — 2sh + 1 = (s} — s1) — 2(sh — s2) and so on). By Lemma [B.3|
with z = —s],w = s}, we get

|51 — 1] < 2(6/6))"/%;
and then with z = s}, w = s}
|51+ 1] < 2(6/a)"/%.

These contradict each other provided |§| < 1/24, certainly guaranteed by (B.4)).
Thus for every o there are four possibilities coming from the failure of
Case 0, and we consider each in turn.
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Case 1la. For some o we have

1
1-— —.
1ol <

We write o(n) =1 — u so that |u] < 1/2. Now
o(m)? =o(f) =) =cn)" =(1-u)

so that o(n;) is a determination of (1 — u)°. There is a canonical such
determination b; = 1 — dv for

L i U
and because 5k
—2l<1 (k=1,2
(e ERRNCES I
we deduce
|ul
B.5 by —11 <19 < |4].
(5.5) 1] < ol < 1o
Thus o(m1) = b1(; for a root of unity (;.
2r

(Almost) similarly o(n3)%? = (2 — u)?" and so there is a root of unity ¢
such that (o(n3) is a determination of (2 — )%, and there is a canonical bs
with
(B.6) |bs — 2°] < 2019
(with of course the natural determination of 29). So o (n3) = b3(3 for a root

of unity (3.
The second equation in (B.2)) now leads to

(B.7) b1y + 2b3(3 = 1,

so that by (B.5)) and we get first |¢; + 2'9¢ — 1] < (2179 4+ 1)|§| and
then

(B.8) G +2G — 1] < [2° =1+ (2 +1)|6] < 6[3]-
Now Lemma [B.3] gives
(B.9) G+ 1] < 2(618)" .

The first equation in (B.2)) gives 20(n2) =1+01¢1 = (b1 —1)(1 + (¢ + 1) so
we deduce

(B.10) lo(m)| < (18] +2(618))"/2) < 511" < 1
by and (B.9). Similarly o(m) + 1 =1+ b1 leads to
(B.11) o) + 1] < 10[8[1/2.
We may say that these o(n;) cluster near —1. Also
(B.12) lo(m) — 1] < 24 10]6]"/? < 3.

Now 737 = (1 —1)?" gives |o(n2)| = |1 — o(n)|°. Thus

log |o(n2)]

B " Tog 1= )]

>0
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by(B.10) and the basic assumption in this Case la.
We leave this case unresolved for the moment, and proceed straight to

Case 1b. For some o we have

1
14+ 0(n)] < 3

Here the same arguments with —b1(1 + 2b2(s = 1 instead of (B.7)) lead to

(B.14) o () — 1] < 10[5]"/2
in place of , so clustering at 1, but also
(B.15) lo(m)+1] <3

as in , as well as

(B.16) 0>0

as in (B.13)). Again we jump to the next (somewhat critical)

Case 2a. For some o we have

on)] < 5

Now subtracting the two equations in (B.2)) and using o(7n2) = ba(s with
|b2 — 1‘ < ’(5| and 0'(773) = b3(3 with |b3 — 1| < |5’ leads to

G2 + 3 — 1] < 2[0]

as in (B.§). By Lemma we deduce |[(3 — (2 + 1] < 6/d| and then using
|o(112) = 2| < 18] also |o(112)? — o(m2) + 1] < 12[6] and, multiplying by 4,

(B.17) lo(m)? + 3| < 48]4).

Here we may say that these o(n;) cluster near +1/—3.
In particular

(B.18) lo(m)|> >3 —48|6] > 1

and also

(B.19) lo(m) ™2+ 3| < 4.

Now we get

(B.20) _ loglo(m)l
log [o(n)]|

Next we claim that 71 is a unit. Write p = —r > 0 so that § = —p/q.
Pick any 7 with 77 = nfl. Then 771 = n;? = nP so n = (77 for a root of
unity ¢. Now 2m2 =11 + 1 so

22(1 — () = 221 — )T = (2m2)% = (m + 1) = (7P + 1),
or as a polynomial in 7
(1-— CTq)zp(l + Tp)zq = 2%472Pq
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Comparing highest and lowest coefficients we see that 7 is a unit and there-
fore also 71 = 7P as claimed (here it is crucial that 6 < 0 and it is highly
unlikely that it works when § > 0).

Before proceeding further we jump to the final

Case 2b. For some o we have

lo(m)] > 2.

This is [o(n~")| < 1/2, and according to (B.3)) the point (n=', 0y, many ™, —nan )
lies in Y;,. By Case 2a we get

(B.21) o (i *)* + 3] < 48J9]

in place of , so clustering near +1//—3, as well as
lo(m)| 72 >3 —48]8| > 1

as in , and also

(B.22) lo(m)*+ 3| < 4
as in (B.19). Then
(B.23) 5<0

as in (B.20). Also 7y, so 1 too, is a unit.

Now let us sum up. As mentioned, we can ignore Case 0, so that every o
falls into the other cases.
Suppose first that § < 0.

Then Cases la and 1b are impossible by (B.13|) and (B.16|). We consider
the number

n' = +3)(n° +3)

which is an algebraic integer.

In Case 2a we use (B.17) and (B.19)) to see that
lo(n')] < 192|6].
And in Case 2b we use (B.21)) and (B.22)) to get the same inequality.

Thus we see that 7/ has norm of absolute value at most (192|6])% for its
degree d’. So as soon as |§] < 1/192 we deduce ' = 0.

But this would imply that 7; = iv/3 (say), so 72 = (1 +11)/2 and 73 =
(1—=mn1)/2 are roots of unity so also 1 —n, 1+n which is impossible as n # 0;
and a similar argument works with say n; = 1/(iv/3) using n~' # 0. This
settles things when 6 < 0.

It remains to deal with § > 0.

Then Cases 2a and 2b are impossible by and . But now we
no longer know that n; is a unit (and probably it need not be), so we cannot
use this method.
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Instead we use Theorem A.1 on the equation 1y — 270 = —1. We note
that n? = " so 1 is a determination of 7°. Also 73¢ = (1 —1)?" so there is
a root of unity ¢ such that 7,/¢ is a determination of (1 — n)?. Now

an + B(n2/¢) =1
for « = —1, 8 = 2(. It follows from Theorem A.1 with A = ¢ > 0 that

h(n) < 1006~! + 1216 log 2

5—1:1
)

(as long as we don’t have an in which case h(n) = 0 anyway).

Therefore
h(m) = [6|h(n) < 100 + 121log 2.

Now we consider ' = n? — 1, so that

(B.24) h(n') <200 + 2431og 2.

In Case 1la we use (B.11]) and (B.12)) to get
o ()| < 30[8]'/2.

And in Case 1b the same using (B.14]) and (B.15).
If ¥ # 0 the Product Formula gives 1 < (30]6]"/2)%e""") which by
(B.24)) is at most (30]6]'/2e2092243)4" " S as soon as

6] < S 00 = 10~322:972613...

(accounting for (B.4]) above) we conclude ' = 0, now easily seen to be
impossible. This settles things when § > 0, thereby completing the proof of
the Proposition.

O
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