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ABSTRACT

Quantum communication capacities refer to the maximum amount of quantum informa-
tion that can be reliably transmitted through a noisy communication channel. However,
evaluating these capacities for many quantum channels is challenging due to the super-
additivity phenomenon. In this thesis, we tackle this problem by proposing the design of
multiple degradable extensions for different important discrete and continuous variable
channels. By introducing these extensions, we can establish upper bounds on the quan-
tum and private capacities of the original channels. These extended channels often rely
on a set of sufficient conditions that determine the degradability of flagged extensions,
which are channels formed as convex combinations of other channels with some side in-
formation, commonly referred to as flags. Verifying these conditions is straightforward
and greatly simplifies the process of constructing degradable extensions. This approach
not only provides a practical solution for estimating the capacities of realistic channels
but also enhances our understanding of their behavior in terms of degradability. We
apply this technique to both discrete and continuous variable channels, expanding its
applicability across different scenarios.
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Chapter 1

Introduction

Studying Communication (from Latin: communicare, meaning "to share") in a world in
which everything is connected is of great importance. In common use, communication
refers to the propagation of information, and as usual in physics we find mathematical
models to describe this phenomena. Claude Shannon, a father of classical information
theory, by modelling the propagation of information in the noisy environment, found the
ultimate rate of transmission of information [Sha48|. Being one of the most cited scien-
tific papers of all time, the work of Shannon had an immense impact on the development
of communication technology, in fact almost any communication device that we use is
based on his work.

In the scenario proposed by Shannon, the messages are encoded to bits of information,
and are transmitted through a noisy medium called as channels, then the receiver de-
codes the information to recover the original messages. Surprisingly, he showed that the
optimal rate of transmission over many uses of the channel is equal to the maximization
of an entropic function, mutual information, over one channel use (This is usually called
as single letter formula since it only involves optimization on one channel use). This fact
makes the evaluation of the optimal rate computationally feasible.

Analogously, quantum Shannon theory [Will7; |[Holl9| provides a characterization of
the maximum achievable transmission rates (capacities) for classical or quantum data
through a quantum channel, as maximizations of entropic functionals. In contrast to the
classical case, in most cases available characterizations capacities cannot be computed al-
gorithmically, since they involve a limit of an infinite sequence of optimization problems,
one for any number of uses of the channel. Superadditivity of quantum entropic func-
tionals makes such regularization necessary [SS96; DSS98; [SS07; [FWO08; [Has09; [SSY11;
LLS18a; [BL20; SG21; Sid20b; Sid20a; NPJ20|, and can hinder the evaluation of capaci-
ties even for simple fundamental channels.

As Shannon probably could not imagine the impact of his work in scientific and tech-
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nological advancement, it is likely that we are not yet fully aware of the influence of
quantum communication and quantum Shannon theory on the future of communication
too. In quantum communication, the promising progress in the field transformed the
academic research into almost a commercial technology. In fact, we had never been this
close to realizing commercial quantum communication technology, therefore this is the
right moment to study it. With this motivation, in the presented thesis we address the
long standing open problem of quantum Shannon theory, namely finding the quantum
and private capacity of quantum channel. Quantum and private capacity determine the
optimal transmission rates of quantum states and private classical information over a
quantum channel, and they are characterized as optimization of the coherent informa-
tion and the private information, respectively [Will7].

As mentioned before, due to the superadditivity phenomena, it is hard to get a single
letter formula for the quantum and private capacity, therefore computing them in the
general case is computationally demanding. However, it is important to improve our
best understanding of the capacities of channels of physical interest. in fact, there is
a series of work to estimate, upper and lower bound, the quantum and private capac-
ity [DSS98; ACI7; |Bru+98; Rai99; Cer00; Rai0l; SS07; FWO08; [Smi08; SSWO08; SS08;
Ouyl4; |Sut+17; [LDS18; [LLS18b; BL21|, and etc. Most of our results in the thesis,
contribute to this literature.

A standard strategy to upper bound the quantum and private capacity of channels is to
design extended channels, channels which can be reduced to the original channel after
pre or post-processing operations, with known (or computable) capacities. Degradable
channels are an important class of channels for which the quantum and private capacity
can be calculated. In the literature many works used this strategy, designing degradable
extensions, to upper bound the quantum and private capacity [SSO08; Sut+17; RMG18;
LLS18b|. In this thesis most of the results to upper bound the quantum and private
capacity is based on the same strategy. We use a particular class of degradable exten-
sion known as flagged channels to bound the capacities. The idea was first introduced
in [SSO8| where the authors extended depolarizing channel by introducing an ancillary
system which gives some side information about the Kraus operator acting on the input
state. In [SSO8| the ancillary states, known also as flag states, are in different orthog-
onal states, and the proof of degradablity is quite straightforward. We generalized this
method to flagged extensions with non orthogonal flags which results to better bounds
and more accurate estimation of capacities [FKG20; FKG21; KFG22).

1.1  Outline

The presented thesis is divided into two parts. In the first three chapters, we briefly
review the fundamental concepts in quantum information and communication. In the
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remaining four chapters, we present the our results during my Ph.D, which are mostly
about estimating, more precisely upper bounding, the quantum and private capacity of
quantum channels.

Here, we present a more detailed presentation of each chapter.

1.1.1 Chapter Quantum States, Measurement, and Channels

In chapter[2] we review the basic notions in quantum mechanics and quantum information,
and present the notation that we used throughout the thesis.

More specifically, we first present Dirac notation, then study quantum states, quantum
measurements, and quantum channels. Then in the end we briefly review an important
class of quantum channels, namely Pauli channels.

1.1.2 Chapter Quantum Shannon Theory

Quantum Shannon theory is a central topic throughout the thesis, and we devoted a
chapter to discuss the fundamental concepts. We start this chapter by reviewing Von
Neumann entropy and some of its properties. Then we define capacities of quantum chan-
nels, namely classical capacity, Entanglement assisted classical capacity, private capacity,
quantum capacity, and discussed the superadditivity phenomena. In the last section of
chapter [3] we discuss the previous bounds on private and quantum capacity.

1.1.3 Chapter 4 Continuous Variable Systems

Continuous variable systems, and in particular Gaussian systems are of a great impor-
tance to realize quantum communication protocols. Therefore, we dedicated a chapter
to review it and establish the notation we use for Gaussian systems. More precisely, in
the first two sections we presented some important definitions such as position and mo-
ment operators, canonical commutation relation, displacement operator, creation, and
annihilation operators. Then we present three equivalent characterizations of Gaussian
states:

e Thermal states of second order Hamiltonian.
e Characterization of Gaussian states using first and second moments.
e Using the characteristic function

In the last section of chapter 4] we present the most general characterization of Gaussian
channels and some useful theorems about maximizing coherent information of degrad-
able Gaussian channels. The material presented in this chapter are used extensively in

chapters [7] and
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1.1.4 Chapter Optimal Subtracting Machine

This chapter is based on

e Farzad Kianvash, Marco Fanizza, and Vittorio Giovannetti. “Optimal quantum
subtracting machine”. In: Physical Review A 99.5 (2019), p. 052319. DOI: 10.
1103/PhysRevA.99.052319. arXiv: 1811.07187

We studied the impossibility of undoing the mixing of a quantum message with an un-
known quantum state. After proving the no go theorem, we found the optimal machines
to undo the mixing process for pure qubit states. We considered the the scenario of
having different copies of the mixed state and unknown states, and for each case, using
the symmetries of the problem, we calculated the optimal fidelity. We used analytical
methods for determining the optimal machine for few copies and numerical ones when
the number of copies, and consequently the number of parameters, are larger.

This problem can be seen also from quantum communication point of view: The noisy
signal is the mixed state and we have some quantum information i.e. copies of the
unknown state about the noise to recover the original message.

1.1.5 Chapter [6f Degradable Flagged Extensions: Discrete Chan-
nels

This chapter is based on the following two articles

e Marco Fanizza, Farzad Kianvash, and Vittorio Giovannetti. “Quantum Flags and
New Bounds on the Quantum Capacity of the Depolarizing Channel”. In: Physical
Review Letters 125.2 (2020), p. 020503. DOI: 10.1103/PhysRevLett.125.020503.
arXiv: 11911.01977

e Farzad Kianvash, Marco Fanizza, and Vittorio Giovannetti. “Bounding the quan-
tum capacity with flagged extensions”. In: Quantum 6 (2022), p. 647. DOIL: 10.
22331/q-2022-02-09-647

In this chapter, we introduce a general technique to design degradable extension of con-
vex combination of quantum channels. This particular degradable extension, flagged
channels, are constructed by introducing an ancillary system, flag state, that gives some
quantum information about which channel in the convex combination acts on the input
system. We apply this method to a wide variety of qudit channels of interest and find
new upper bounds for their quantum and private capacity. In particular, d-dimensional
depolarizing, BB-84, and generalized amplitude damping channel are studied.


https://doi.org/10.1103/PhysRevA.99.052319
https://doi.org/10.1103/PhysRevA.99.052319
https://arxiv.org/abs/1811.07187
https://doi.org/10.1103/PhysRevLett.125.020503
https://arxiv.org/abs/1911.01977
https://doi.org/10.22331/q-2022-02-09-647
https://doi.org/10.22331/q-2022-02-09-647
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1.1.6 Chapter [T} Degradable Extension: Gaussian channels
This chapter is based on the following article

e Marco Fanizza, Farzad Kianvash, and Vittorio Giovannetti. “Estimating Quantum
and Private Capacities of Gaussian Channels via Degradable Extensions”. In: Phys.
Rev. Lett. 127 (21 2021), p. 210501. DOI: |10.1103/PhysRevLett.127.210501

Chapter [7]is dedicated to the study of upper bounds on the quantum and private capacity
of some Gaussian channels which model real quantum communication channels, namely
thermal attenuator, thermal amplifier, and additive Gaussian noise. First, we generalize
the flagged channel technique introduced in chapter [6] to the continuous variable chan-
nel, and upper bound the capacities of additive Gaussian noise. Then we combine this
result with some information processing inequality to bound the capacities of thermal
amplifier. In the last part, we the bound the capacities of thermal attenuator by design a
degradable extension, and calculating its quantum capacity. The presented upper bounds
beat the previous results in the following parameter regions: low temperature and high
transmissivity for the thermal attenuator, low temperature for additive Gaussian noise,
high temperature and intermediate amplification for the thermal amplifier.

1.1.7 Chapter [8} Improving Bounds for Thermal Attenuator Using
Decomposition Rules

We improve the previous bound for the quantum and private capacity of thermal attenu-
ator using information processing inequalities. Thermal attenuator with fixed transmis-
sivity and average bath energy can be written as the composition of thermal amplifier
and thermal attenuator with different parameters. Such information processing inequal-
ities, decomposition rules, are often used to find the bounds but had never been used to
the fullest extent. In chapter [8] we consider them in the most general form and improve
the previous bounds bounds for thermal attenuator. In addition, we show that any given
bound should follow a certain symmetry otherwise one can construct a better bound
using the decomposition rules.


https://doi.org/10.1103/PhysRevLett.127.210501

Chapter 2

Quantum states, Measurements and
channels

2.1 Dirac Notations

A Hilbert space is complex linear space for which the inner product is properly defined.
In this section, we work with finite dimensional Hilbert spaces, However almost all the
definitions and theorems can be generalized to the infinite dimensional case too, and we
will treat the infinite dimensional case in Chapter

In Dirac notation, any vector in a Hilbert space H is represented by |¢)) (which is a
column vector). Correspondingly, (¢| is a row vector defined in such a way that the
matrix multiplication of (¢| and |¢) is equal to the inner product of ¢ and ¢. In a formal
way, (¢| is a linear function on #H defined by the inner product [Hol19]

(@l : 0= (), deH. (2.1)

With this definition the norm of any state |¢)) can be written as ||[¢0]|* = (i|¢)).

In a similar way, A := |¢) (¢| (note that A belongs to the algebra of all linear operators
acting on H i.e. A € X(H)) is the matrix multiplication of a column and row vectors,
which is a rank one operator and its action on any vector |£) is as follows

Al) = (¢l&) [¥) - (2.2)

For any linear operator A acting on # its adjoint A is defined as

(8] AT[w) = (] Alg))* (2.3)
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with * denoting the complex conjugate, and A is Hermitian if and only if A = AT (in
finite dimensional Hilbert spaces being Hermitian is equivalent to being self adjoint).

A Unitary operator is an operator for which UUT = I. For the finite-dimensional Hilbert
spaces, this implies that Ut =uvut =1. Any operator V4_.p : Ha — Hp is an isome-
try if it preserves the inner product which is equivalent to the condition V4, p V; a=1
In Quantum Mechanics, we often deal with Hermitian operators and the following theo-
rem about Hermitian operators is helpful.

Theorem 2.1.1 (Spectral Decomposition). For any Hermitian Operator A, there
exists a set of orthonormal eigenvectors with corresponding real eigenvalues such that

A=) (Al - (2.4)

Operator A is positive semi-definite if for any |¢) € H, (| A|¢) > 0. For the Hermitian
operators this is equivalent to the fact that all of the eigenvalues \; are greater than or
equal to zero.

For any arbitrary orthonormal basis {|e;)}, trace of an operator is defined as tr(A) :=
> (ei| Ale;). Trace does not depend on the chosen basis, and its cyclic i.e. tr(AB) =
tr(BA).

2.2 Quantum states

In the standard formalism of Quantum Mechanics any physical system is described by a
density matrix. Density matrices provide information about the probability of different
outcomes of measurements. Any density matrix should have three properties

e p=p,
o tr(p) =1,
e p=20,

and the space of all density matrices is denoted by D(#H). The dimension of the Hilbert
space H can be finite or infinite. For instances, when we measure the spin of an electron
there are two possible outcomes, and the dimension of the corresponding Hilbert space
is two. On the other hand, if we measure the position of an electron there are infinite
possible outcomes, therefore to represent its position we use infinite dimensional matrices,
and such infinite dimensional Hilbert space is isomorphic to the space of square integrable
functions on R, L?(R™).

if a state can be written as p = [¢) ()| we call that a pure state, this condition is

equivalent to tr (p2) =1 or p? = p, and all the other states are mixed.
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The Hilbert space of two quantum systems A and B, with the corresponding Hilbert
spaces Ha and Hp, is Ha ® Hp. Assume that {|i)} is a basis for H4 and {|j)} is a basis
for Hp, therefore {|ij)} is a basis for the joint Hilbert space, and any [¢)) € Ha @ Hp
can be written as

) =Y i lig) (2.5)

For any pap € D(Ha ® Hp), the marginal state p4 is defined as

pa = trp(pan) = S (4 @ (jDpan(a @ |7)) . (2.6)
J

Product states are the form pap = p4a ® pp and a state pap is separable if and only if
it can be written as pap = >_pipa ® pp with {p;} being a probability distribution. All
other states are entangled, and among all the entangled states, the maximally entangled
. ‘o . . ._ \~min(da,dp) 1 ; : :
state is a pure state defined as |I') 15 := >, NETEe) i) 4 ®|i) g with d4 and
dp being the dimension of H4 and Hp respectively.

2.3 Quantum measurements

Any measurement on a finite dimensional quantum system can be described by a set of
positive operator-valued measure (POVM) operators. A set {M;} is a POVM (quantum
measurement) if it has the following property [NC02|

o« S MIM;=1.
operators {M;} are related to the different outcomes of measurements. If the initial state
of the system is p the probability of the i’th outcome is given by Pr(i) = tr <M,~pMiT> , and

ot
the state after the i’th outcome is p; = MFﬁf (ng‘ . The average state after the measurement

is (without looking at the outcomes) >, MipMZ-T. Orthogonal measurements are the ones
for which MZM] = 5i,jMi'

Any observable is a random variable that can be sampled from a measurement. In
the standard formalism of Quantum Mechanics, observables are associated to Hermitian
operators. A Hermitian operator O with the spectral decomposition

0= ZM [Ai) (Adl (2.7)

associates the real eigenvalue \; to the quantum state |A\;). The probability of finding
a quantum state p in the pure state |\;) is Pr(\;) = tr(p|\;) (Ai]) (orthogonal POVM
operators are M; = {|\;) (\i|}), therefore the mean value of O on p is

E, 0] := tr[Op] = ZPr()\i))\i. (2.8)
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One can generalise these notions to the continuous variable case too (the detailed condi-
tions of the generalisation can be found in |[Hol11|, however here we present the important
example of position operator). The function 1 (z) is a state in the space of square inte-
grable functions. The position operator X acts as following

X(x) = zp(z). (2.9)

To find the eigenvalues of such operator one should solve the following equation

Ty (x) 1= Tothg, () . (2.10)

For which the solutions are the Dirac delta functions centred at zg i.e. d(x — xp). In
the Dirac notations, the eigenvectors of the position operators are represented by |x) i.e.
X |z) = x|x). In this notation one can write

X = /:n]x> (2] . (2.11)

The inner product of two eigenvectors is equal to (z|z') = é(x — 2’) and (z|y)) = (x)
which its absolute value squared i.e. |7,/)(x)\2 is the probability density function.

2.4 Quantum channels

As we saw in the previous section, the most general description of quantum systems is
given by density matrices. In this section, we briefly review the most general physical
maps that transform quantum density matrices.

A linear operator (or super operator) Agp : X(Ha) — X(Hp) describes a physical
transformation of a quantum system if and only if it has the following two proper-
ties INCO2|

e Ay p®Zc[X] > 0if X >0 (completely positive);
o tr[A[X]] = tr[X] (trace preserving).

The first property means that any extension of super operator A4_.p with the identity,
maps positive operators to positive operators. Completely Positive Trace Preserving
(CPTP) maps describe any noise in quantum hardware and communication lines, and
are often called as quantum channels. The following theorem gives a decomposition for
any CPTP map

Theorem 2.4.1 (Kraus Decomposition). Given any CPTP map Aa_,p there exists
a set of Kraus operator {K;} such that

o Nap[X] =Y, KiXK];
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o« KK =1.

For the finite dimensional case, the maximum number of Kraus operators needed in this
representation is equal to d4.dg where d4 and dp are dimensions of Hilbert spaces H 4
and H p respectively. In the infinite dimensional case, the number of Kraus operators can
be infinite. The Kraus representation is not unique and different Kraus representations
are related to each other by isometry operators i.e. K/ =" ; Vij K. Unitary channels are
the one with unitary Kraus operators (normalized to one with a probability distribution)
A more physical representation of quantum channels is given by Stinespring representa-
tion. In this representation, any quantum channel can be written as the unitary inter-
action between the system and the environment and then tracing out the environment.

Theorem 2.4.2 (Stinespring Representation). Any quantum channel Na—,p can be
written as

AassplX] = trp [Uapo e Xa ® |77 g Ul o] (2.12)

where Uag_,gE 18 a unitary operator mapping the system AE to BE'.

The complementary channel is defined as
A [ X] = trp[Uapopm Xa @ | 77| UIXEABE/] '

if there exists a channel W such that W o A = A we say that A is a degradable channel,
and if W o A = A the channel is anti-degradable.

Another useful tool in studying quantum channels is Choi-Jamiolkowski isomorphism.
For any channel A4 ,p one can define the Choi state as

Jn = (Aap @ IR) [N 45 (2.13)

where |I') s is the maximally entangled state, and R is a subsystem isomorphic to A
ie. Hp & H4. Quantum channel A is a CPTP if and only if Jy > 0, and Ja has all the
information about A4, 5 [NCO02|

AaBlp] :trR(JA.IB(X)pE). (2.14)
For the infinite-dimensional case a similar Choi-Jamioljowski generalization can found
in [Holl1].
2.5 Pauli channels

In this section, we concentrate on an important subclass of unitary channels, the Pauli
channels, which describe random bit flip and phase flip errors in qubits, and their gen-
eralization to qudits models. As we will mention later in Chapter [3] Pauli channels are



Chapter 2. Quantum states, Measurements and channels 11

superadditive, and their quantum and private capacity is unknown. However in Chap-
ter [6] we will upper bound their private and quantum capacity using their symmetries.
The following treatment of generalized Pauli channels follows the phase-space descrip-
tion of finite dimensional quantum mechanics [Woo87; |App05; (Gro06; |GEOS}; dBel3;
GNW21|.

2.5.1 Qubit Pauli group

We start by recalling the Pauli group of one qubit:

P = {+I, +il, £ X, +iX, +Y, +iY, + 7, +iZ}, (2.15)

R (R (A |

The elements of the Pauli group of n qubits is obtained by the tensor product of n

where

elements of one qubit Pauli group P" := {®?:1wj|wj € P}. For our purposes it
suffices to consider P" := P"/C™, the quotient of the Pauli group with its center
C™ = {£I®" +iI®"}. Each element of P" is both hermitian and unitary and can
be identified by a pair of n bit-strings = = (¢, p) according to the definition

Py =i P1@71_, ZPI X%, (2.16)

It is then immediate to see that for any two = = (¢,p),y = (¢/,p’) we have P, P, =
(—1)<x’y>Pny, where

(z,y)=p-¢d —q-p mod2, (2.17)
and that Tr[P,] = 2d,0.

2.5.2 Qudit Pauli group

The unitary generalization of the Pauli group for one qudit is the group W, generated
(d24+1)7i

by 7I (t:=e @ ), and the Weyl-Heisenberg operators X, Z acting as

X|jy=1j+1) modd, Zlj)=éd|j)  j=0,..d—1. (2.18)

For several qudits, likewise we set Wy 1= {®/_jw;lw; € Wa}. The center of this group
is still a set of multiples of the identity C7 = {r7I®": j = 0,...,D — 1}, where D = d if
d is odd and D = 2d if d is even; we define W}j := W} /C7. Each element of W)} can be
identified by a pair of n Dit-strings = = (¢, p) € Z%"” according to the definition

_ (d®41)mi

Wiep =€ @ @D ZPiX9%, (2.19)
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By close inspection it holds that

27i

W, W, = e-d @YW, W,, (2.20)

where now
(z,y)=p-¢ —q-p’ mod D. (2.21)

Moreover, for any x, z € Z%Z we have
Wypa: = (—1)dHD@2 (2.22)

and Tr[W,] = d"0,.0.

2.5.3 Pauli channels

Pauli channels are defined as convex combination of Pauli unitaries:

2
xeZi"

where now it suffices to sum over Zi” instead of Z%)" because of Eq. , and they are
parametrically described by the probability distribution w(x) = w,. Each element of
W} is a unitary matrix, therefore it describes a reversible evolution of the system of n
qudits.

An important one qudit Pauli channel is depolarizing channel which is characterized by
Wy = 596,0(1 _p) + C%

d? -1 P
Oolpl == =5+ 5 >, WepW] (2.24)
2€23\{0}
I
=A-pp+py. (2.25)

where we just used the fact that for any operator A € %(C%")

1

1
E T

2
zeZI"

Another one qubit Pauli channel that we consider is the channel that describes the famous
quantum key distribution protocol by Bennett and Brassard |[BB14a]. In its general form
the channel is

By pslp) = (1 —px —pz +0x02)p + (Px — pxpz)XpX + (pz — pzPx)ZpZ + pxpzY pY .
(2.27)



Chapter 3

Quantum Shannon theory

To have a better understanding of Quantum Shannon theory and Von Neumann entropy
it is useful to briefly review its classical counter part i.e. Classical Shannon Theory and
Shannon entropy. Claude Shannon in his historical article |[Sha48| solved two important
problems.

Firstly, he calculated how much a message can be compressed. More precisely, he showed
that messages of length n >> 1 composed of letters {z;} from an alphabet with k different
letters (0 <14 < k) with the associated probability distribution {p;} with no memory can
be faithfully compressed to messages with n Zf:o —pilogs(p;) bits. The intuition behind
this is the fact that typically in a message of length n >> 1, the letter x; is repeated np;
times (typical messages). With this motivation it is natural to define Shannon entropy
as S(p) 1= Yo, —pilogy(pi)-

Secondly, Shannon calculated the optimal rate of transmission of information through a
noisy channel. In the standard Alice and Bob scenario, Alice wants to send M >> 1
different messages to Bob. To do so, she encodes her messages to different n-bit strings
and send them to Bob using n >> 1 times the shared noisy channel. If Bob finds a
decoding strategy to recover Alice’s messages faithfully for large n and M, the quantity
% is an achievable rate of transmission of information. The capacity of a noisy
channel is the maximum of the all achievable rates, and Shannon managed found a
closed formula for this quantity.

Quantum Shannon theory generalizes this approach to quantum states and quantum
channels. In contrast to the classical case, one can define different notions of capacity
depending on the communication tasks. In many cases, calculation of different capacities
is not easy and there is no closed formula for them. In the rest of this section, I present
some important definitions and theorems. The proof of the presented results can be

found in any standard book of quantum information like [Wil17; Hol19].

13
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3.1 Von Neumann entropy

For quantum states the generalization of Shannon entropy is Von Neumann entropy

defined as follows

Definition 3.1.1 (von Neumann entropy).

S(pa) == —Tr[palogy pa] . (3.1)

In fact, Von Neumann entropy is the Shannon entropy of the eigenvalues of p. Similar
to Shannon compression theorem, in [Sch95| Schumacher showed that Von Neumann
entropy is the the fundamental limit of quantum data compression.

There are handful mathematical properties of S(p) that we are going to use often in this
thesis

e Positivity: S(p) > 0 for any state p, with equality only for pure states.
e Maximum: if p has d non zero eigenvalues, then S(p) < d.

e Invariance under Isometry operators: S(p4) = S(Va_,pp AV,:{ _,p) for any isometry
VA—>B~

e Concavity: For any probability distribution {);} and any collection of quantum

states {p;} we have

S(Z Aipi) = Z AiS(pi) - (3.2)

e Subadditivity: For a bipartite system AB in the state pap

S(paB) < S(pa) + S(pB) (3.3)

with the equality only for product states pap = pa ® pp.

e For a pure a state |¢)) o5 the entropy of the marginal states are equal i.e. S(pa) =
S(pB).
e Strong subadditivity: S(papc) + S(pc) < S(pac) + S(psc)-

In contrast with the classical case, it is not trivial to prove the strong subadditivity of
Von Neumann entropy |[LR73a; |[LR73bj [Lin75].

two important entropic quantities are mutual information and coherent information which
are defined as

I(A; B), :=5(pa) + S(pB) — S(paB) s
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Using strong subadditivity one can show that mutual information and coherent informa-
tion are monotonic under the action of quantum channels. More precisely, for any two
channels Ay, 4, A’y . 5, and any state pap, defining oapr = Aayar @ Ay, 5/[paB), we
have I(A;B), > I(A’; B'),. In addition, for any channel As_, 4/, and any state pag,
defining oap = Za @ Ap_,p'[paB], we have I(A; B), > I(A; B'),.

3.2 Capacities of a quantum channel

Shannon in |[Sha48| calculated the optimal rate of transmission of information through
a classical channel. In contrast to the classical case, for quantum channels the situation
is more complex: depending on what kind information one wants to transmit (classical
or quantum information), and what are the resources, different capacities of a quantum
channel can be defined. Here we review the definition and basic properties of capacities.
For more detailed analysis one can see [Will7; Hol19].

3.2.1 Classical capacity of quantum channels

Consider the scenario of using quantum channels to send classical messages. To do so,
one encodes M different classical messages to M quantum states {pl(-n) € E(?—[%”)}, and
send them using the channel n times A®™ : S(H%™) — S(H5"). The receiver decodes the
received states by performing a measurement characterized by {Kz(n)} The maximum
probability of error of the encoding and decoding process (coding) is equal to

_ o 7 p@np ) e
P. = max [1 tr(Ki AP M) K )]. (3.5)

The good codes are the one for which the probability of error P, is sufficiently small
log, (M)
n
rate). The classical capacity of a channel C'(A) is the minimum upper bound of all the

for large n, and the rate of such a code is R := (usually called an achievable
achievable rates. In [Hol98; SWO97|, the authors found an expression for the classical
capacity

Theorem 3.2.1 (Classical capacity). For any n, the classical capacity of A is greater
or equal than
X(A®")

C(A) > Cp(A) = -

(3.6)

with the Holevo quantity defined as

X(A) :== sup S(ZP@'A(PZ')) —piS(A(pi)),

{pi;pi}

where {p;} being a probability distribution and {p;} a set of density matrices. And, for
large n we have lim,_,oo C,(A) = C(A).
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In general, the Holevo quantity can be superadditive: for two arbitrary channels A; and
As the Holevo quantity of the joint channel can be greater than the sum of the Holevo
quantities i.e. x(A1®Az2) > x(A1)+x(Az2). This means that using entangled states across
different channel uses can improve the communication capacity, and the computation of
the classical capacity is hard since the number of parameters in the the optimization
to find x(A®") grows exponentially with n (regularized formula). Historically speaking,
in the beginning for some years the Holevo quantity thought to be additive (additiv-
ity conjecture), and Shor [Sho04] showed that several different additivity conjectures in
quantum information theory are all equivalent. However, Hasting in [Has09|, by giving
a counter-example, showed that the additivity conjecture and its equivalent forms are
false. Although the additivity conjecture in general is wrong, for many quantum channels
it holds. For example, the classical capacity of finite dimensional entanglement break-
ing channels [Sho02a], infinite dimensional entangle breaking channels [Shi06|, unital
qubit channels [Kin02|, qudit depolarizing channel |Kin03|, Hadamard channels|Kin06;
Kin+05|, and phase insensitive Gaussian channels |Gio+04; |Gio+14; GHGP15| are all
additive.

3.2.2 Entanglement assisted classical capacity

Similar to the classical capacity, the sender wants to send classical bits to the receiver,
however the sender and receiver share unlimited entanglement as a resource. In [ACIT;
Ben+99; Ben+02|, the authors found a closed formula to compute the entanglement
assisted capacity

Theorem 3.2.2 (Entanglement assisted classical capacity). The ultimate rate of
transmission of classical information through a quantum channel with an unlimited re-
source of entanglement, entanglement assisted classical capacity, is equal to

Ce(A) = Sup I(A,p) = Sup S(p) + S(A(p)) = S(A I(|p))({pl)), (3.7)

where |p)) is a purification of p.

Unlike the classical capacity, entanglement assisted classical capacity is additive i.e.
Ce(A1 ® Ag) = Ce(A1) 4+ Ce(A2), and the optimization in Eq. is only on one use
of the channel (single letter formula). The quantity I(A, p) is concave in p |[Will7|, this
fact can be helpful to solve the optimization problem in Eq.

3.2.3 Private capacity of a quantum channel

Consider the classical communication case in Sec. the sender (Alice) wants to send
classical messages through a quantum channel to the receiver (BOB). In addition, there
is a third party (Eve) that have access to the environment (complementary channel) and
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wants to steal some information. The optimal rate of transmission of information when

Eve cannot steal any information is private capacity. More precisely, Alice encodes her M

different classical messages to M quantum states {pgn)}, and send them to Bob through

n uses of the quantum channel A®™. Bob receives {A®"(p§n))}, and decodes them using

a POVM measurement characterized by the set of operators { K Z-(n)}. In the same time,

log, (M)
n

Eve receives states {A®”(p£n) )} and tries infer the messages. The rate R = is

achievable if and only if the following two quantities can be sufficiently small for large

n
PO = maxc [1 e (KA ) (38)
€ 1<i<M E ! ! ’ -
(m) _ A2 (M) — A8 (p™)
/) = max TR (o) — K (of")]. (3.9)

The private capacity is the minimum upper bound for all the achievable rates.

The condition that lim,, .~ Pe(n) = 0 guarantees that Bob actually can decode the infor-
mation with vanishing error, and the other conditions lim, v(M) = () assures that Eve
gets almost the same states and cannot steal any information. In [Dev05; CWYO04], they
found a regularized formula for the private capacity

Theorem 3.2.3 (Private capacity). For any n, the private capacity of A is greater or
equal than

Cp(A) = CJP(A) = - max}x({pi,/\m[m]}) —x({pi, N [pi]})- (3.10)

n {pi,pi

with the Holevo quantity of an ensemble {p;, p;} defined as

x({pi,pi}) =S (me) - ZPiS(ﬂi) (3.11)

where {p;} being a probability distribution and {p;} a set of density matrices. And, in
the limit of large n we have limy, ;o C,S”)(A) = Cp(A).

For degradable channels, the private capacity is additive [Hol19| i.e. Cp(A) = CI(,l)(A).
However, there are examples for which the private capacity is not additive [SRS08; ES15|,
and the use of entangled states over different uses of the channel can improve the com-
munication capacity.

3.2.4 Quantum capacity of a quantum channel

Quantum capacity of a quantum channel is the ultimate rate of transmission of quantum
information, quantum states, through a quantum channel. In the standard Alice and
Bob scenario, Alice wants to send an arbitrary state p € D(H), with dim(H) = M, to
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Bob using a quantum channel A : ¥(H4) — X(Hp) n-times. To do so, Alice uses the
encoding channel £M™ : $(H) — S(H5™), and send the encoded states to Bob through
A®", and Bob decodes the received states using D™ : S(HE™) — X(H). The rate
% is achievable if and only if there exists coding and decoding channels for which

the following quantity is vanishingly small for large n.

E™ = supTr [p — (D™ o A®" 0 £0M)[1]| . (3.12)
pEH
The quantum capacity of the channel Q(A) is the minimum upper bound of all achievable
rates. In |Llo97; Sho02b; Dev05| they found a regularized formula for the quantum
capacity

Theorem 3.2.4 (Quantum capacity). For any natural number n, the quantum ca-
pacity of a channel A is always greater than

Q) > Qu(n) = LA (3.13)

n

where I.(A) := sup, S(A(p)) — S(N(p)), and in the large n limit it is ezactly equal to the
quantum capacity i.e. Q(A) = lim,, 0, (A)-

As the optimization of coherent information is on the arbitrary large number of channel
uses, to compute the quantum capacity one should solve an optimization problem with
exponentially growing number of parameters. However, There are classes of channels
for which the coherent information is additive i.e. Q1(A) = Q(A), therefore the quan-
tum capacity is relatively easy to compute. For instance, degradable channels are addi-
tive [Dev05|, and anti-degradable channels have zero capacity (note that entanglement
breaking channels are a subclass of anti-degradable channels.) [Holl9]. There are other
cases for which the quantum capacity can be calculate, for the details please see [GJL18a;
GJL18b; |CG21a; |CG21b; Led+22].

The following theorem about the concavity of the coherent information of degradable
channels is often helpful to compute the coherent information and consequently the quan-
tum capacity of degradable channels [YHDOS|

Theorem 3.2.5 (Concavity of coherent information for degradable channels).
If a channel A is degradable, for any ensemble {p;, p;} we have

LAY " pipi) =) pide(A, i) (3.14)
=1 =1

We also note that in general the private and quantum capacity have different values, for
instance there exist channels with positive private information and zero quantum capac-
ity [HHH98|. However, for degradable channels the private capacity is also additive and
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it coincides with the quantum capacity i.e. Cp(A) = Q(A) = Q1(A) [Smi08§].

In contrast to additive channels, in many cases the quantum capacity is super additive
ie. Q1(A) < Q(A). Super additivity has been shown for many channels [SS96; [DSS98;
SS07; [FWO08; SSY11; LLS18a; BL20; [SG21; Sid20b; Sid20a; NPJ20|, and also it has
been experimentally observed [Yu+20]. In |[Cub+15| the authors showed that there ex-
ist quantum channels for which it is necessary to compute the coherent information of
unbounded uses of the channels for finding the quantum capacity. In [SY08; SSY11] the
super activation of quantum capacity has been demonstrated i.e. two quantum capacity
with zero capacity can have positive capacity if used together.

One can also define entanglement assisted quantum capacity Qg(A) which is actually
the optimal rate of sending quantum states with unlimited entanglement shared between
sender and receiver. It has been shown that 2Qg(A) = Cg(A) [DHWO04], the intuition
behind this is the fact that C'r can be seen as the optimal noisy superdense coding, and
Qg is the ultimate rate of noisy quantum teleportation.

In addition,The two-way quantum capacity Q*(A) is defined as the quantum capacity
assisted by classical communication between sender and receiver (forward and backward
communication). From the practical point of view, this is a relevant quantity as clas-
sical communication with classical channels is cheep. In [Ben+96; [BKNO0O| the authors
Showed that forward classical communication from sender to receiver does not increase
the quantum capacity, however classical feedback (classical communication from receiver
to sender) does. In a similar way, one can define two-way private capacity P (A), how-
ever there is no characterization of these two quantities in terms of entropic functions

(there is no regularized or single letter formula).

3.3 Brief review on the bounds on private and quantum
capacities

As we have seen in the previous chapter, due to the super additivity phenomena, com-
puting the capacities of quantum channels is hard in most of the cases. As we mentioned
earlier, there exist quantum channels for which it is necessary to compute the coherent in-
formation of unbounded uses of the channels for finding the quantum capacity [Cub+15].
Therefore, finding upper and lower bounds for the capacities is important, and bounding
quantum and private capacity is the main focus of this thesis.

In Chapter 6| we will present a method, namely flagged extension, to obtain upper bounds
on the quantum and private capacity of discrete channels which has a wide applicability.
In Chapter [7] we extend this method to Gaussian channels to improve the previous upper
bounds on Gaussian channels. Finally, in Chapter [§| we use the so called decomposition
rules for thermal attenuator to improve the bounds presented in Chapter

To begin with, we review the previous lower bounds for the quantum capacity found
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in the literature. The standard method of finding lower bounds for quantum capacity
is computing coherent information for some input state, and observing super additivity
phenomena is usually an interesting result. For instance, Pauli channels exhibit super
additivity in the high noise regime which result to the best lower bounds [SS96; [DSS98;
SS07; FWO08|, the most recent and comprehensive being [BL21]|. Another example is de-
phrasure channel which is the composition of a dephasing and an erasure channel. This
channel exhibits superadditivity for two uses coherent information which results to the
best lower bound for the quantum capacity of dephrasure channel |[LLS18a).

We do not know of any superadditivity evidence for Gaussian channels (see Chapter [4] for
Gaussian channels), even in the energy-constrained setting. This is due to the fact that, in
most cases, computing the coherent information for non Gaussian states is complicated,
therefore maximizing the coherent information even only on one channel use is challeng-
ing. However, if we restrict the input states to be Gaussian, for the single-mode thermal
attenuator at constrained energy, the superadditivity has been shown in [NPJ20).

In the following, we will concentrate on upper bounds. First of all, any capacity
C is monotonic under any arbitrary decomposition rule A = Aj o As, i.e. C’(A) <
min{C(A;), C(A2)} [Holl9|. Therefore, knowing the quantum capacity of A; or Ay re-
sults to an upper bound to the capacity of the original channel A. As we mentioned
earlier, there are classes of channels for which the coherent information is additive and
the private and quantum capacity can be calculated, namely degradable, anti-degradable,
and entanglement breaking channels. Therefore, an established way to upper bound the
quantum capacity of a channel is to decompose it to degradable (or anti-degradable)
channels, and compute the capacity of the degradable channel. Note that this strategy
also works for upper bounding the private capacity too, since for degradable channels
the quantum and private capacity are equal.

For example, thermal amplifier and attenuator and the additive Gaussian noise channel
(see Chapter are not degradable, however they can be decomposed into zero tem-
perature attenuator and amplifier, which are instead either degradable or antidegrad-
able. In this way, zero capacity area which strictly includes entanglement-breaking chan-
nels [Hol08| has been found in [CGHO6|, and upper bounds have been found in [WQ16;
Sha+18 [RMG18; [NAJ19; FKG21|. For discrete systems similar methods were applied to
upper bound the quantum capacity of generalized amplitude damping channel |[KSW20;
KFG22].

A particular class of decomposition rules is the one where A; is the trace channel and
As is degradable. In this case, As is called as the degradable extension of A. Flagged
channels are a particular class of extended channels which we will study in detail in
Chapters [6] and [7]

Definition 3.3.1 (Flagged extension of a convex combination of channels). For a
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channel A =3, p;A; with probability distribution {p;}, {A;} channels, and a collection
of states {o;}, a flagged extension is

= ij/\j X 0j. (3.15)
J

To upper bound the quantum capacity of A, flag states are chosen in such a way that
the resulting flagged extension to be degradable. In [SS08|, a degradable extension of
qubit Pauli channels with orthogonal flags was introduced. In fact, convex combination
of degradable channels with orthogonal flags is always degradable. This idea was gener-
alized in [Ouyl4] to qudit Pauli channels, and developed in [LDS18|, where optimization
of upper bounds from flagged convex combinations of degradable and antidegradable
channels were considered. In Chapters [6] we introduced degradable flagged extensions
with non-orthogonal flags, and in [7] we extended this technique to Gaussian channels.

In [CGO06|, the authors introduced the notion of weak degradability, and later in [CGHO6|
they used this notion to classify single-mode Gaussian channels

Definition 3.3.2 (Weak degradability). Let As_,p be

AasplX] = trp[Uapopp Xa ® ppUl g ppl, (3.16)

where pp is a generic mixed state. A, p is called weakly degradable if there exists a
channel Wpg_, g

trp[Uap e XA @ ppUl g, g = Wam 0 AasplX]. (3.17)

As the name suggest, degradable channels are also weakly degradable, but the converse
is not true.

Given a weakly degradable channel, it is quite easy to construct a degradable extension
of the weakly degradable channel. Suppose that A is weakly degradable and |7)(7| g is a
purification of pg. Then, one can simply show that channel A® 4 . gpp = trp/[(Uap_sppr®
Ip) XA ® |77\ gp (Uap—pr ® Ip)1] is a degradable extension of A.

In the study conducted by the authors in [LS09|, they demonstrated the continuity
of quantum capacities. Specifically, they established that if two channels are close in
terms of the diamond norm, their quantum capacities will also be close. Subsequently,
in [Sut+17], the concept of approximate degradability was introduced. The authors
proposed the degradability parameter as a means to quantify the proximity of an arbitrary
channel to a degradable channel. This parameter can be computed by solving a semi-
definite program. By calculating the degradability parameter, one can derive upper
bounds on the quantum capacity of the channel under consideration. In |[LLS18c|, the
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authors provided an analytical estimation of the degradability parameter for low noise
channels, based on the diamond norm distance to the identity channel. They utilized the
complementary channel as a potential degrading map in this estimation process.

In a related study [Sha+18|, the concept of approximate degradability was employed
to establish bounds on the quantum and private capacities of thermal attenuators and
amplifiers, taking into account an energy constraint. Additionally, the work of [WQ16|
explored the quantum and private capacity of infinite-dimensional systems under energy
constraints.

Interestingly, these results based on degradability provide the most accurate bounds cur-
rently available for significant finite-dimensional channels. However, it is worth noting
that bounds applicable to the two-way quantum capacity, which involves quantum com-
munication assisted by unlimited forward-backward classical communication, have been
proven to be state-of-the-art in low noise regimes for thermal attenuators, amplifiers, and
additive Gaussian noise |[Pir+17; WTB17|. As far as we know, this is the only scenario
where upper bounds for two-way capacities are on par with the upper bounds provided
by (approximate) degradability.



Chapter 4

Continuous Variable Systems

To explain the behaviour of many physical systems we need to use infinite dimensional
Hilbert spaces, and the typical example is a particle in a quadratic potential (quantum
harmonic oscillator) which can be described by continuous variables like position and
momentum. Other examples of continuous-variable quantum systems include quantized
modes of bosonic systems such as the different degrees of freedom of the electromagnetic
field, vibrational modes of solids, atomic ensembles, nuclear spins in a quantum dot,
Josephson junctions, and Bose-Einstein condensates [ARL14]. Such quantum systems
can be used for quantum information processing tasks. For instance, quantum informa-
tion and correlation can be encoded in the continuous degrees of freedom of photons in
an optical fibre, therefore studying continuous variable systems is of a great importance
from the practical point of view.

An important class of continuous variable systems is Gaussian systems. Gaussian states
are the thermal states of systems with linear or quadratic Hamiltonians, and Gaussian
operations describe the evolution of such systems. Gaussian systems play a fundamental
role in quantum optics and field theories for two reasons. First, second-order Hamilto-
nians are typically dominant, therefore relevant to the real experiments. Second, it is
relatively easy to deal with quadratic Hamiltonians.

In this chapter, first we briefly review the phase space formalism and notations. Then
we discuss the characterization of Gaussian states and channels using symplectic ma-
trices. The material presented in this chapter can be mostly found in [Holl9; Serl7].
The notation we adopted here is similar to [Serl7], and we mostly used [Holl9| for the

communication properties of Gaussian channels.

23
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4.1 Continuous variables

In continuous variable system, we deal with the Hilbert space of square integrable func-
tions L?(R). Even if the dimension of A is infinite, the space is still supposed to be
separable which means that there exists a countable set of vectors {|j),j € N}, so that
any vector |v) € H can be expressed as an infinite sum in such a basis i.e. [v) = >, [J).
Bounded operators on H, like A Y, are the ones for which there exists a real number m
such that |(v| H [v)| < m(v|v), V|v) € H. For finite dimensional Hilbert spaces any
bounded operator is also trace class, i.e., it admits a well-defined and finite trace. How-
ever, this is not the case for infinite dimensional Hilbert spaces. Identity operator ITisa
simple counter example, it is trivially bounded but not trace class. For finite dimensional
Hilbert spaces, being Hermitian and self adjoint E| are equivalent, however this is not the
case for infinite dimensional case, and the spectral decomposition holds for self adjoint
operators

The action of the position and momentum operators on a vector |f) € L?(R) are defined

217} = o f (@)
P = i f(a) (1.1

and they satisfy the canonical commutation relation [z, p] = il. The eigenstates of &
(and p) cannot be normalized and do not belong to L?(R). Actually, they are linear
forms acting on L?(R), however we use the same Dirac notation for them |z) (and [p)).
The inner product between two eigenstates is (y|z) = é(x —y), and (z|f) = f(x). As |x)
is an eigenvector of the position operator z, one can write the spectral decomposition of

T = /x |x)x| dx . (4.2)

These pseudo vectors form a basis for L2(R) i.e. [ |z)z|dz = I, and for any trace class
operator O on L2(R) the trace is equal to Tr (O) = [ (= O |z) dz (for a mathematically

rigorous discussion see [Hol19; [Ser17]).

I Throughout this thesis all linear operators acting on square integrable functions wear a hat. Thus I
and I are the identity operators acting on a finite and infinite dimensional Hilbert spaces respectively.

2A self-adjoint operator is Hermitian on a dense domain with respect to the topology induced, on H,
by the inner product.
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4.2 Position and Momentum operators

Consider L?(R™), one can define position and momentum operators for each n different

modes with the following canonical commutation relation

One can define the vector operator T as

L}
Il

Ty,
Pn
and grouping all the commutation relation in the following compact form

A

(P4, 75) = 1851,

Q::é (—01 (1)>

i=1

with

being a 2n dimensional anti-symmetric matrix.
The creation and annihilation operators d;-r, a; are defined as

. Tt

a; = )
V2

They satisfy [az, a;] = 61-’]-IA, and can be grouped as

a

The number operator on n modes is defined as
n
N = Z d;rai .
1=1
The eigenvectors of N are labelled by natural numbers {j; : j; € N}, and

n
N[ty ooesdn) = O di) Lty woos ) -
=1

(4.3)

(4.4)

(4.10)
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They are called Fock states and form a orthonormal basis for L?(R™).
Displacement operator on n modes is defined as

D(r) := exp (irTQf> , r € R*™, (4.11)
which shifts the combined position and momentum operator
D)D) =¢+r. (4.12)

As the argument of the exponential function is an anti-hermitian, displacement operators
are unitary and satisfy

D(ry +r2) = D(r1) D(xs)e"1r2/2, (4.13)
Displacement operators form a basis for the space of all bounded operators on
L?(R™) |Ser17|. More precisely, one can write any bounded operator O as
o= % / dr Te[OD(—x)| D(r) . (4.14)
where dr = dx1dp;..dx,dp,, and displacement operators are orthogonal

tr {f)(rl)f)(—rg)} = (27)"8(r1 — 12). (4.15)

Therefore, the characteristic function defined as x(r) := Tr [Oﬁ(—r)] provides the full

characterization of any trace class operator O.

One can do a simple change of parameters «; := mi}gpi , and define an n dimensional vector

T

:= (a1, ..., ). In this notation, the displacement operator can
. . . 1e . - . * T
be written in terms of creation and annihilation operators as D(a) = e ®%—ia;,

of complex numbers «

Coherent states defined as |a) = D(a) |0) are the eigenvectors of & with the following

eigenvalues

ala) == a1 ) ..t o), = ([J ) la) . (4.16)
=1

Note that |a) are always product states, and form a resolution of the identity
d? -
[ laal = 1 (4.17)

4.3 Gaussian states

Second-order Hamiltonian are Hamiltonians which can be expressed as a polynomial
of order two in terms of the vector of operators , so the most general form of such
Hamiltonians is

1 .
H= 3 THt +r'r (4.18)
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where r is a 2n dimensional vector and H > 0 is a symmetric positive definite matrix. H
is assumed to be symmetric since any anti symmetric component can only contribute to
an identity term because of the canonical commutation relations. H is supposed to be
positive definite since we only analyse the stable Hamiltonians. Second order Hamiltonian
are significantly important as often the higher order terms are negligible in many physical
system quantum such as quantum optics.

Gaussian states are the thermal states of second order Hamiltonians, and there exist
three equivalent characterizations of Gaussian states:

e Describing the Gaussian states diagonalizing the quadratic Hamiltonian:
Using Williamsons’s Theorem [Serl17|, one can show that thermal states of the
quadratic Hamiltonian in Eq. can be written as

. e o
pa=— (4.19)
tr [e‘ﬁH]
with 8 > 0 being the inverse temperature. It can be shown that such state can be
written as .
. . no e PHe
pag = D(-1)S B = STD(¥) (4.20)
[T, tr (B_B “J‘)

where

r:=H 'r, (4.21)
Hy, = wi(#3 +p3),

and {w;} being the eigenvalues of [{Q2H| which come in pairs (]:Q2H| has 2n eigen-
values and any w; appears two times in the spectrum of |iQ2H| ). {w;} are often
called as the symplectic eigenvalues of H. The operator S can be shown to be a
unitary [Serl7|, however its explicit form may not be a a matter of interest in this
thesis. Using the Eq. then it is easy to calculate the spectrum of Gaussian
states, as Ds and S are unitary operators, and what remains is a tensor product of
one mode Gaussian states which are easy to deal with.

e Describing Gaussian states using the first and second moments:
The first and second moments of a Gaussian state pg are defined as

r = tr[fpg],
o= tr[{(f‘ —r),(F— f')T}/sG]

with the anti-commutator defined as {fl, E} := AB+BA. It can be shown that the
first and second moments fully characterize the Gaussian states. In fact, the first
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momentum is equal to T in Eq. f:21] and the symplectic eigenvalues of the second
moment {v;} (the eigenvalues of |iQo|) are related to {w;} as follows |Serl7|

1+ e Pwi
Vi = 71 — e—ﬂwj .
Therefore, the second moment (often called as variance matrix) fully characterizes
the spectrum of any Gaussian state.

e Describing Gaussian states using the characteristic function: The char-
acteristic function defined in the previous section, fully determines any bounded
operator. The characteristic function of Gaussian states are Gaussian and it can
be written in terms of first and second moments as follows [Ser17]

1
x5(r) = exp (—4rTQTUQr + irTQf) . (4.22)

Combining Eq[.20[4.22] and doing simple algebra we note that the entropy of any Gaus-
sian state with variance matrix o is

R Ui r+1 z+1 =xz-1 rz—1
S(p) = Z h(v;) h(z) := 5 log 5T 3 log 5 (4.23)
i=1

where {v;} being the symplectic eigenvalues of o.
An important one mode Gaussian state is thermal state. A thermal state with energy N
(the average of number operator N) is defined as

) 1 </ N \'
N ::N+1;<N+1> i) (i . (4.24)

The first and second moments are T = 0 and o = (2N + 1)1, respectively.
The purification of thermal state is two mode squeezed state |7n) and has the following
first and second moments

Ty =0

oy (2 @N+ 1)L 2NN+ 1)03> | .

N(N +1)o;3 (2N +1)h

with Io being two dimensional identity and

o = ((1) _01> . (4.26)

Another one mode Gaussian state that we will later use in Chapter [7] is single mode
squeezed state which is pure, and defined as
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) = exp(g(dz - aT2)) 10Y, (4.27)

—2r
with the following first and second momentums r = 0 and o = (e 0 27") .
e

4.4 Gaussian Channels

Gaussian channels describe the dynamics of open systems interacting with a Gaussian
environment through a quadratic Hamiltonian. As this can be described in Stinespring
representation, such maps are CPTP, and they transform Gaussian states to Gaussian
states. The action of Gaussian channel on the first and second moments of Gaussian
states fully characterizes the Gaussian channels |Ser17|. The following theorem gives the
characterization of n mode Gaussian channels

Theorem 4.4.1 (Classification of Gaussian channels). Any Gaussian channel A :
Y(L2(R™)) — S(L%(R™)) transforms the first and second moments of Gaussian states as

r— Xr+r
o—XoX"+Y (4.28)
with X,Y real n X n matrices, r an n dimensional real vector, and

Y +iQ >iXQXT. (4.29)

Equivalently, this can be expressed in terms of characteristic function

Xp(r) = Xapp(r) = Xf,(QTXQr)e*%rTQTYQr. (4.30)

An important class of Gaussian channels are gauge covariant [Hol19| channels which have
the following symmetry

A[efiHNpeieN] — einNA[p]eiGN, (4.31)

We will also refer to these channels as phase-insensitive channels. For gauge covari-
ant channels the Holevo information is additive, and therefore the classical capacity is
known |Gio+14; Holl9|. However, for the coherent information and quantum capacity
no such simplification is known. In particular, the quantum capacity of single mode
phase insensitive Gaussian channels, namely thermal attenuator, thermal amplifier, and
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Additive Gaussian noise, is not known. We first introduce these channels, and will put
bounds on their quantum capacities in Chapters [7]

Thermal attenuator &, y, also called as thermal loss, describes the attenuation of signals
in the presence of thermal environment. thermal attenuators are good realistic models to
describe the noise in the optical fibres, therefore they are so important from the practical
point of view. In Stinespring representation, the interaction between the system and
environment is given by a beam splitter with parameter  and environment is in thermal
state (or its purification i.e. two mode squeezed state) with parameter N

Enn[pa] := TrplUy(pa ® (JTa)rw|p)U)] (4.32)

where Un (0 <7y <1)is atwo-mode unitary operator transforming # as

Ao I VI=nl) |
o0t = V1 433
Ty <_,/1 —nly NGt ) g ( )

and |7y) is defined inm Doing simple algebra, one can show that the action of thermal
attenuator on the first and second moment of Gaussian states is as follows [CGHO6|

gn,N

r——71 =1, (4.34)
&
o % o' =no+ (1 —n)2N + 1)1, (4.35)

We also briefly review single-mode thermal amplifiers ®, . In the Stinespring represen-
tation of thermal amplifier, the input state interacts with a thermal bath through a two
mode squeezing operator with parameter g > 1 In this case the input state interacts with
a thermal bath through a two mode squeezing operator with parameter g > 1

g n[pa] == Trp[Se(pa ® (I )rwl)E) S]] (4.36)

with Sy mapping the operator T as

vg—log  /gl2

with simple calculations we can show that thermal amplifier transforms the first and

S,881 = ( Vol Vg - 1"3> . (4.37)

second moments as
_ <I>g,N —/ _
r——71 =,/gr, (4.38)

o 2% o' =go+(g—1)2N +1)Iy. (4.39)
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Finally, the single mode additive Gaussian noise channel Ag can be written as

dre~2"* D(r)pD ()", (4.40)

A

57 =r1, (4.41)
A

oo =o+2I/8, (4.42)

Additive Gaussian noise has a symmetric structure, and adds uniform noise, with an
intensity proportional to 1/8, to the state. Additive Gaussian noise is important for
its symmetrical structure and the fact that it is the quantum counterpart of white
noise.

Additive Gaussian noise is an example of classical mixing channel [Ser17|, characterized
as follows

mYm=m, VX2%V=vivy, (4.43)

where Y > 0 is a positive operator. In fact, classical mixing channels can be written in
Kraus representation in the following form

_plyol
6rY r

Mlpli= [ ar— D)), (4.44)
sy /A /et Y

where eigenvalues {\;} are the eigenvalues of Y, and S(Y) indicates the support of Y.

det Y =[]\ 0 Xi, and YO is the pseudoinverse of Y.

The following theorem, characterizes the coherent information of degradable chan-
nels [Holl9|, and we will later use it in Chapter [7] to compute the quantum capacity
of degradable extensions of single mode phase intensive quantum channels to find some
useful upper bounds.

Theorem 4.4.2 (Coherent information of degradable Gaussian channels). For
a degradable Gaussian channel A i.e. N = T o A, with a Gaussian degrading map T,
Gaussian states mazximize the coherent information I.(A, p). In particular, If A is phase-

insensitive, the coherent information is maximized on gauge-invariant Gaussian states.

The final statement in the theorem can be simply shown using the concavity of coherent
information of degradable channels, Theorem [3.2.5 More precisely, for a phase-covariant
degradable channel

L@l > o [ " LA U 0)p0(0)) = LA, ), (1.45)
0

™
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the inequality due to concavity and the equality due to phase covariance, simply writing
I.(A, p) = S(A]p]) — S(A @ Z[|p)pl]), where |p) is a purification of p. This means that
we can maximize among gauge-invariant states, and therefore gauge-invariant Gaussian

states by the first part of Theorem



Chapter 5

Optimal Subtracting Machine

5.1 Preface

The material in this chapter is based on the published article [KFG19):

e Farzad Kianvash, Marco Fanizza, and Vittorio Giovannetti. "Optimal quantum
subtracting machine". In: Physical Review A 99.5 (2019), p. 052319.

In this chapter, the impossibility of undoing a mixing process is analysed in the context
of quantum information theory. The optimal machine to undo the mixing process is
studied in the case of pure states, focusing on qubit systems. Exploiting the symmetry
of the problem we parametrise the optimal machine in such a way that the number of
parameters grows polynomially in the size of the problem. This simplification makes the
numerical methods feasible. For simple but non-trivial cases we computed the analytical
solution, comparing the performance of the optimal machine with other protocols.

5.2 Introduction

A fundamental fact in quantum information theory is that not all maps between quantum
states are possible: even before considering practical difficulties, quantum theory itself
limits the operations that can be performed. A series of quantum no-go theorems [WZ82;
Wer(1; [Die82; [INC97; |PB00; PHHOS; AR+ 15; Osz-+ 16| shows that transformations which
would be very valuable from the point of view of information processing are in fact impos-
sible. The most celebrated of them is the no-cloning theorem [WZ82|: the impossibility of
cloning makes many processing tasks (e.g. state estimation) non-trivial. Nonetheless, the
importance of these impossible transformations drives the search for approximate imple-
mentations of them: optimal cloners [Sca+05] have been extensively studied, and similar

33



Chapter 5. Optimal Subtracting Machine 34

efforts have been spent for other no-go theorems |[AR+15; |Osz+16; DKK17; |Dog+18;
Hay+21].

Here we introduce the no-subtracting theorem, which states the impossibility of undoing
the mixing operation that involves a target state we wish to recover and an external noise
source, and define the optimal subtractor operation which solves the problem with the
best allowed approximation. This task is somehow related to those discussed in [BRS07|
and references therein, where one aims to perform quantum information processing of
some sort (e.g. the recovery of the target state) when some classical knowledge (i.e. the
reference frame for [BRS07] and the amount of mixed noise for us) is replaced by bounded
information encoded into the density matrix of an ancillary quantum system. Finding the
optimal subtractor corresponds to a semidefinite program involving a number of variables
that in principle grows exponentially with the input data (system copies). However, by
exploiting the symmetry of the problem and a proper parametrisation of the N to 1
qubit covariant channels (analogous to those introduced in [GS08; |[Boi+-08]), the number
of effective parameters can be reduced to a subset which only scales polynomially. This
reduction of the parameters makes the numerical optimisation feasible, and for small
enough input data, allows also for analytical treatment.

As a final consideration we would also to point out that the problem we address in
the present paper can also be seen as an instance of quantum machine learning [Wit14;
Bia+17; DB17|, an emerging area of quantum information theory that deals with tasks
that generalise the “learning from example" concept in a genuine quantum information
theory setting. In these tasks a machine should be trained to perform a certain quan-
tum operation and this training can be done through quantum processing, that means
with quantum training data and quantum operations. The fundamental difference with
classical training tasks is that there is not an a priori separation between the training
and the execution phases, because of entanglement. Indeed, in our analysis we search for
the best machine that can be trained with copies of the noise in order to make it able
to recover disturbed signals, with the only requirement that the machine is allowed by

quantum mechanics.

This chapter is organized as follows: we start in Sec. by formalizing the problem.
In Sec. we present some preliminary results on the efficiency of a universal quantum
subtractor which can drawn from general consideration on the problem without passing
the explicit optimization stage. In Sec. [5.5] we then proceed with the explicit solution
of the optimization problem. The paper ends with Sec. [5.6] Technical derivations are
presented in the Appendix.
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5.3 Optimal Subtractor

An Universal Quantum Subtracting machine UQS is a two-inputs/one-output transfor-
mation acting on two isomorphic discrete quantum systems A and B. When provided
by factorised input states of the form (ppy + (1 — p)p1) ® po, with p € [0, 1] assigned
and pg, p1 € D(H) arbitrary density matrices, it returns as output the system A into the
state p; realizing the mapping

UQS [pmix(p) ® po] = p1 , (5.1)

which effectively allows one to recover p; from the mixture pmix(p) := ppo + (1 — p)p1
by “removing" the perturbing state pg and renormalizing the result. Unfortunately the
possibility of physically realizing an UQS machine for p > 0, turns out to be in con-
tradiction with the basic requirements that any quantum evolution has to fulfil, see e.g.
Ref. |Holl9|. Indeed, invoking linearity and using the fact that for p; = py one has
UQS[po @ po] = po, Eq. can be cast in the following form

(1 —p)UQS[p1 ® po] = p1 — Ppo, (5.2)

which, as long as the parameter p is strictly different from 0, will produce unphysical non-
positive results as soon as the support of py admits a non trivial overlap with the kernel
of p1. Yet, as in the case of other better studied impossible quantum machines [Wer01],
there could be still room for approximate implementations of the mapping . In what
follows we shall hence try to identify the implementation of an optimal UQS, i.e. a ma-
chine which, being physically realizable via a Completely Positive and Trace Preserving
(CPTP) map |Holl9], would give us the best approximation of the transformation (/5.1]).
More generally we are also interested in a generalisation of the problem where instead
of a single copy of the mixture pp; + (1 — p)po and of the noise state py, we are now
provided with n; copies of the first and no copies of the second, i.e. in the optimal CPTP
implementation of the X(H®"*"2) — ¥3(H) mapping

UQs(nl,ng) [(ppo + (1 _p)p1)®n1 ® p§n2:| =p1 . (53)

As a figure of merit we shall consider the fidelity [NC02| between the obtained output
and the intended target states, properly averaged with respect to all possible inputs.
To simplify the analysis in what follows we restrict ourself to the special case where
both pg and p; are pure states of the d-dimensional space H, namely p; = |[¢) (¢| and
po = |¢) (¢|, where without loss of generality we adopt the parametrisation |¢) := U [1)
and |¢) := V'|1), with |1) being a fixed vector and U, V are arbitrary elements of the
unitary set SU(d). Indicating hence with A the CPTP mapping that we want to test as
a candidate for the implementation of UQS(”l’"2), we evaluate its performance through
the function

Foym(A) = / / dpusdyry (0] A[pER (p) @ 2] [0) (5.4)
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where the integral are performed via the Haar measure of SU(d) to ensure a uniform
distribution of [¢) and |¢) on H. Before entering into the technical derivation, it is
worth commenting that while the problem we are facing can be seen as a sort of pu-
rification procedure, it is definitely different from the task addressed by Cirac et al. in
Ref. |[CEM99|, which is designed to remove the largest fraction of complete mixed state
from ppix having access to some copies of it, but with no prior information on pg or

p-

5.3.1 Connection to Quantum Error Correction

Equation can be described as the formal inversion of the transformation IQA[py ®
p1] = pmix(p), which we may dub Incoherent Quantum Adder. At variance with the
Coherent Quantum Adder analyzed in Refs. [AR+15; DKK17; [Dog+18|, an IQA can
be easily implemented as it merely consists in creating a probability mixture out of
two input configurations. In particular, IQA can be interpreted as an open quantum
evolution [Hol19; NC02; [Kin03| in which the state pg of the input B, plays the role of
the environment. In this scenario, the aim is to undo the action of IQA and recover
p1 not having the full knowledge about the environment, the only information available
being encoded through copies of pg. In view of this observation the optimal quantum
subtracting problem can be seen as a first example of a new way of approaching quantum
error correction schemes. We are thinking for instance to communication scenarios where,
the transformation tampering the received state at the output of the channel is affected
by interactions with an external environment E that is susceptible to modifications on
which the communicating parties (say Alice and Bob) do not have a complete record.
To be more precise, imagine the following realistic situation where Alice uses a noisy
channel to communicate with Bob. Therefore, the states that Alice wants to send to
Bob pq, interacts with the environment pg. The coupling Hamiltonian H between the
information carrier S and E and the transfer time 7 of the communication are somehow
fixed and known. while the state pg of the environment is not — pg is a sort of a random,
possibly time-dependent variable of the problem. Accordingly, Bob receives by p} =
Trp[Use(p © po)UL ] with Usg = exp[—iHr] and Trg]...] being the partial trace over
E. The fundamental task for the receiver of the message is clearly to recover p; from p): in
the standard approach to quantum communication this is facilitated by the assumption
that Alice and Bob have also perfect knowledge about pg which in our setting is no longer
granted. To compensate for this lack of information it is hence important for the receiver
of the message to sample the state of E in real time during the information exchange,
a scenario which we can model e.g. by assuming Bob to have access to some copies of
po- The optimal subtracting scheme we discuss in the manuscript addresses exactly this
problem for the special (yet not trivial) case where Ugg describes a partial swap gate
(see e.g. [Sca+02] ).
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Given the above premise it should be now clear that the possibility of constructing an
UQS machine will have a profound impact in many practical applications, spanning from
quantum computation [NC02; |Lad-+10], where it could be employed as an effective error
correction procedure for certain kind of errors, to quantum communication [GT07|, where
instead it could be used as a decoding operation to distill the intended messages from

the received deteriorated signals.

5.4 Preliminary results
The maximum of Eq. (5.4) with respect to all possible CPTP transformations

FT(LT?L);) = Al Fryna (M), (5.5)

is the quantity we are going to study in the following. Since one can always neglect part
of the input copies, this functional is clearly non-decreasing in ny and ns, i.e.

p(max) < pplmax)  p(max) (5.6)

ni,n2 — T ni+lne’ T nyne+1

with no ordering between the last two terms been foreseen from first principles. In

. . . . (max)
particular, we are interested in comparing Fy, n,
trivial “doing nothing" (DN) strategy in which one emulates the mapping (5.3)) by simply
returning as output one of the qubits of the register A, i.e. the state pmix(p). In this

with the performances achievable via a

case, the associated average fidelity can be easily computed by exploiting the depolarizing

identity

/ dpar )] = / dupU 1) (41U = 1/d., (5.7)
obtaining

Fn1,n2(DN) =1- p(d - 1)/d7 (58)

which, by construction constitutes a lower bound for FT(LTZ);), ie.

F\ma) > 1 _p(d—1)/d, (5.9)

ni,n2

(incidentally for the qubit case, Fy,, n,(DN) coincides with the average fidelity on would
obtain by adapting the optimal protocol of the Cirac et al. scheme |[CEM99| to our
setting, see Ref. [CEM99|). Determining the exact value of Férlnfé) is typically very
demanding apart from the case where we have a single copy of A, i.e. for ny = 1. In this
scenario in fact, irrespectively from the value of no, one can prove that the DN strategy
is optimal, transforming the inequality into the identity

Fo™ — 1 pd—1)/d. (5.10)

1,n9
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One way to see this is to show that holds in the asymptotic limit of infinitely
many copies of the B state, i.e. nyg — oo, and then invoke the monotonicity under ns to
extent such result to all the other cases. As a matter of fact when no diverges one can
use quantum tomography to recover the classical description of B from the input data:
accordingly the optimal implementation of UQS(L‘X’) formally coincides with the optimal
recovery map [Ipp+15| aiming to invert the CPTP transformation that takes a generic
element p; € D(H) into pmix(p). In this case gets replaced by

Froo(A) = /d,UU (WAL =p) ) (@l +ple) (Dl 1) (5.11)

which thanks to the depolarizing identity can be easily shown to admit F,, ,(DN) not
just as a lower bound but also as an upper bound, leading to

F™) — 1 _pd—1)/d, (5.12)

1,00

and hence to (5.10)).

As nq gets larger than 1, we expect to see a non trivial improvement with respect to the
DN strategy. This is clearly evident at least in the case where both ny and ng diverge (i.e.
ny,ng — 00). In this regime, similarly to the case of optimal quantum cloner |[WZ82;
BHI6; Wer98; GM97; Bru+98; Sca+05|, Eq. becomes implementable by means of
a simple measure-and-prepare (MP) strategy based on performing full quantum tomog-
raphy on both inputs A and B, yielding the optimal value Féomgé( ) = 1 which clearly
surpasses the DN threshold. In the next sections, we shall clarify a procedure that one
can follow to solve the optimisation of Eq. for finite values of the input copies. For
the sake of simplicity we present it for the special cases where A and B are just qubit
systems and we use such technique to analytically compute the exact value of F,g?%’;) for
the simplest but non-trivial scenario where n; = 2 and no = 1. Via numerical methods

we also solve the optimisation problem for some selected values of p, n; and no, see

Fig.

5.5 Channel optimisation

The problem we are considering has special symmetries that allows for some simplifica-
tions. Invoking the linearity of A and the invariance of the Haar measure we can rewrite

(5.4) as Fry ny(A) = (1) Ac[Qnyno] [T), where Q0 p, is the density operator

dn2

s 1= [ (pi) 1+ =pV I V) s (Vinav) T G

The channel A, appearing in the expression for F,,, ,,,(A) is obtained from A through the
following integral

Al -] = /duU UAUTY UVt (5.14)
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which ensures that A, is a N qubits to 1 qubit covariant map, i.e. a CPTP transformation
fulfilling the condition
UtA[-- U = AU ... U®N] (5.15)

VU € SU(2) |Hol02]. Notice also that if A is already covariant, then it coincides with
its associated A., i.e. A, = A. Exploiting these facts we can hence conclude that the
maximisation of Fy,, ,,(A) can be performed by just focusing on this special set of trans-
formations which now we shall parametrise. The integral appearing in (5.14)) motivates
us to choose the total angular momentum eigenbasis as the basis for the Hilbert space
HEYN where the channel operates. Specifically we shall write such vectors as |j, m, g) with
Jj the total angular momentum of N spin 1/2 particles, m the total angular momentum
in z direction, and g labelling different equivalent representations with total angular mo-
mentum j. Following the derivation presented in [A] we can then verify that, indicating

with {} j= %,s>}8: N % the angular momentum basis for a single qubit (no degeneracy

being present), one has

(38| A [[7.m, ) (G m! ' [] | 3:8) = (=)™ (5.16)
><(szm,s’fm Z C* S,]S :nn qu _—m// Wi’g:g,,
q€Q; ;v

where the summation over the index ¢ runs over

o1 L1
Qi ={i+5In{i £3}, (5.17)
(if the set is empty then the associated matrix element is automatically null), where

CJ 1= <J7 M‘]? m> ® |j/7m/> 9 (518)

Jm] m

is a Clebsch-Gordan coefficient, and where finally

-/

qu’;g =g (vl T, (5.19)
represents the scalar product between the complex row vectors vfl g and v g, constructed
from the Kraus operators of A and explicitly defined i 1n . Equation (5.16)) tells us which
are the parameters characterizing A. that enter into the optlmlzatmn problem. The
number of Wi’;: g Brows exponentially in n; and ny: the multiplicity of the representation
with total angular momentum j grows exponentially in general, therefore ¢ and ¢’ can
take an exponential number of different values. It is worth observing that this quantity
does not depend on m, s, m’, s’ which only appear in the Clebsch-Gordan coefficients.
Also, the structure of the covariant channels specified in Eq. indicates that the
action of A, on the off-diagonal elements in the total angular momentum basis is zero
unless [m —m/| =1 and |j — 5’| = 1. In principle there is no selection rule on g and ¢/,
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and at this level the number of variables of the problem still scales exponentially in n; and
ng. A dramatic simplification arises by using the symmetry properties of €2,,,,. First of
all [y, J2] = 0, from which (j,m, g| Quyn, |5, m', ¢’) is zero unless m = m'. Moreover,
by Schur-Weyl duality [FHO04| the Hilbert space of the problem can be decomposed as H =
Do, p,(ip, ®ap,) @ (jp, ®ap,), where jp, and ap, are the irreducible representations
of SU(2) and the symmetric group S,, with Young diagram D. We notice that Q,, ,,
is symmetric under permutations acting independently on the first n; and the second
n2 qubits, hence by Schur’s lemma Q,,,,, must have the form Qy,n, = @p, p,(2p, ®
1p,) ® (Qp, ® 1p,), with Qp,, Qp, positive-semidefinite operators. In particular, since
(V1) (1] VT)®"2 is supported on the completely symmetric subspace for each V', Qp, = 0
unless Dy is the completely symmetric Young diagram. From this observation it follows
that €2, p, is supported on a space spanned by orthonormal vectors labelled as |j,m, g;,),
where we use the same conventions as before for the total angular momentum indices, and
we simplify the notation using g;, as a shortcut for the couple (jp,,gp,) which indexes
a basis of ap,. Putting all together we have proved that (j,m, g;, |Qn,n, |j’,m’,g;.£> =
Qnying (j,j’,m,jl,p)émmlégj1 g with the function Q,,,,(4,5’,m,j1,p) depending only
on j,j',m, j1,p and being expﬁcitly computed in . Exploiting these properties of 2,1,
the fidelity can then be expressed as

Fuan) = > G o)W3,, (5.20)
7.] J1,9

where C;j; (p) is a contraction of Clebsch-Gordan coefficients defined in , and

W],]Jl = (Z qg“,gjl)/#gﬁ ) (5.21)
95
with
(n1)!(2j1 + 1)
() (5 + 1)

tg;, = (5.22)
being the multiplicity of the representation jj. Further constraints associated with
the Completely Positivity condition of A. are also automatically included in the
parametrisation via W  through the connection between the vectors vy, and
the Kraus operators of A. The trace preserving requirement reduces instead to
Zsziﬂ%,smc[|j,m,g><j’,m’,g’|]|%,s> = 0 j/0m mdqg¢, which via some manipula-

tions [A] can be cast in the equivalent form

2425 J5J J,J _
(14+25) " @i |, 1 + 1+2g Wq J1 q:j_% =1. (5.23)

We notice that the linearity of F,, »,(A) and the convexity of the set of channels allows

us to restrict the search for the maximum fidelity among those As for which W] FUTE
7I17951
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Figure 5.1: Average fidelity |' for the optimal UQS machine for n; = 2 and ng =1
as a function of the probability parameter p (dotted line), together with the average
fidelities of the DN strategy (dashed line), the optimal expression for ny = 2 and ny = 0o

corresponding to have classical knowledge of the perturbing state (dotted-dashed line),

rupper

PPS (AMP) attainable with MP procedures (continuous line).

and the upper bound

(59].1 g, ngjll Accordingly, the latter become the effective variables over which one has
95 " a4,

to perform the maximization of (5.20). As explicitly shown in [A] their number grows
polynomially in n; and ns, reducing the problem to a semidefinite program which let us

perform numerical optimisation.

5.5.1 Results

As explicitly shown in [A| the maximization of Eq. (5.20)) for case ny = 2 and ny = 1 can
be performed analytically leading to

(1-p)(51+23p) | (1—p)(3+p)* > 3
F(max) _ £ 54 . + 27126_71)23 + %’ O<ps< 8 (5 24)
2,1 7 Y (1-p)(51423p) |, p(1—-p) |, p? 3 «p< '
51 ToE gspsl.

In Fig. we report Eq. (5.24) together with the average fidelity for the DN strategy,
with the function F;fo which we computed in |A| following the same approach used for
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Figure 5.2: Numerical results for the maximum fidelity for p = 0.5 (left) and p = 0.9
(right) for n; = 1,..,10 and ng = 1,..,10. The red line indicates the following: as long
Fimeo s pa) Cotherwise FIM) < pma)

ni+1,n2 ni,na+1° ni+1,n2 ni,na2+1°

For example, in p = 0.5 (left), for ny = 8 and ngo = 2, the fidelity is larger if we add one

as (ng,n1 + 1) is below the red line,

copy of the input B instead of the input A.

F(max)

Loo s and with the curve

FoP5 (M) = (9 = 2p —p) /12, (5.25)
which, as we detail in [A] provides an upper bound to the average fidelity attainable
when resorting on MP strategies when having n; = 2 copies of A and arbitrary copies
of pg. The curves show that for the low value n; we are considering here, the MP

procedures are ineffective even with respect to the trivial DN strategy. Fz(?lnax) on the

contrary is strictly larger than the DN score. Also it is very close to FQ(EX), showing
that for ny = 2, the possibility of having just a single copy of the perturbing state pg
provides us almost all the benefit one could obtain by having a classical knowledge of the
latter. For larger values of n; and ne analytical treatment becomes cumbersome and we
resort to numerical analysis using Mathematica to compute the parameters of
the problem and CVX, a package for specifying and solving convex programs ;
GB14] in Matlab, to calculate the maximum fidelity values. Results are reported in

Fig. for ny=1,2,..,10 and np = 1,2,..,10 and p = %, 1%.

5.6 Conclusions

F(ma,x)

The gap between 5" and the DN strategy (which is optimal in the ny = 1 scenario

and independent from the explicit value of ng) shows that even a small redundancies on

the input A, can be beneficial. On the contrary, the very small distance between FQ(’TaX)
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and FQ(’I;?X) clarifies that gathering more information on the mixing term py (the noise
of the model) does not help too much. As can be seen from Fig. for larger nq and
ng one can instead see a noise-dependent separation line between two regions, one where
it is indeed advantageous to increase m; instead of ny and the other where the opposite
holds.

The symmetry of the problem allowed us to reduce exponentially the number of variables
involved in the optimisation. The same analysis should be relevant also in a broader
perspective for general noise models.



Chapter 6

Degradable Flagged Extensions:
Discrete Channels

6.1 Preface

The material in this chapter is based on the published article [KFG22]:

e Farzad Kianvash, Marco Fanizza, and Vittorio Giovannetti. “Bounding the quan-
tum capacity with flagged extensions”. In: Quantum 6 (2022), p. 647. DOIL: 10.
22331/q-2022-02-09-647

The ideas we used in [KFG22| are mostly from our previous article [FKG20|

e Marco Fanizza, Farzad Kianvash, and Vittorio Giovannetti. “Quantum Flags and
New Bounds on the Quantum Capacity of the Depolarizing Channel”. In: Physical
Review Letters 125.2 (2020), p. 020503. DOI: 10.1103/PhysRevLett.125.020503.
arXiv: 1911.01977

In this chapter, we consider flagged extensions of convex combination of qudit quantum
channels, and find general sufficient conditions for the degradability of the flagged ex-
tension. An immediate application is a bound on the quantum and private capacities
of any qudit channel being a mixture of a unitary map and another channel, with the
probability associated to the unitary component being larger than % We then specialize
our sufficient conditions to flagged Pauli channels, obtaining a family of upper bounds
on quantum and private capacities of Pauli channels. In particular, we establish new
state-of-the-art upper bounds on the quantum and private capacities of the depolariz-
ing channel, BB84 channel and generalized amplitude damping channel. Moreover, the

flagged construction can be naturally applied to tensor powers of channels with less re-
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stricting degradability conditions, suggesting that better upper bounds could be found
by considering a larger number of channel uses.

6.2 Introduction

Protecting quantum states against noise is a fundamental requirement for harnessing the
power of quantum computers and technologies. In a transmission line or in a memory,
noise is modeled as a quantum channel, and several accesses to the channel together with
careful state preparation and decoding can protect quantum information against noise.
As discussed in Chapter the quantum capacity @ of a channel is the maximal amount
of qubits which can be transmitted reliably, per use of the channel. It can be expressed
in terms of an entropic functional, the coherent information I., which can be computed
as a maximization over quantum states used as inputs of the communication line. The
quantum capacity |L1097; [Sho02b; Dev05| of a channel can then be obtained as a limit
for large n of I, per use of the channel, for n uses of the channel. A striking feature of the
problem is the potential super-additivity of the coherent information [SS96; DSS98; SS07;
FWO08; |SY08} [SSY11}; |Cub+15; [LLS18a; |SG21} |Sid20b; Sid20a; NPJ20; [Yu+20; BL21],
which which hinders the direct evaluation of the quantum capacity imposing an infinite
number of optimizations on Hilbert spaces of dimension that grows exponentially in n.
The existence of an algorithmically feasible evaluation of the quantum capacity remains
as one of the most important open problems in quantum Shannon theory [Hol19; Will7],
while finding computable upper or lower bounds on the quantum capacity constitutes
important progress.

As we have seen in Chapter the phenomenon of superadditivity is not restricted to
the quantum capacity, as it shows up also for the classical capacity [Has09|, the classical
private capacity |Li-+09] and the trade-off capacity region |Z2ZS17; [Zhu+19]. In this
chapter, we are also interested in the classical private capacity, which is the optimal rate
for classical communication protected by any eavesdropper [CWY04; |[Dev05|. In general
this capacity is larger than the quantum capacity, but the upper bounds we obtain in
this paper hold for both capacities.

In this chapter we present |[KFG22| where we formulated sufficient conditions to obtain
non-trivial upper bounds on the quantum capacity, using the so-called flagged extensions.
A flagged extension of a channel that can be written as convex combinations of other
channels is such that the receiver gets, together with the output of one of the channels
in the convex combination, a flag carrying the information about which of the channels
acted. This technique is particularly effective for a class of channels of physical signifi-
cance, the Pauli channels. A qubit Pauli channel describes random bit flip and phase flip
errors, which is a fundamental noise model; moreover, any qubit channel can be mapped
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to a Pauli channel by a twirling map [HHH98|, which does not increase the quantum
capacity |[BKNOO|. With these new flagged extensions we improve the results of [FKG20;
WW19| for two important Pauli channels: the depolarizing channel and BB84 chan-
nel, which are both superadditive [SS96; DSS98; BL21|, and their quantum capacities
are not known, despite a long history of efforts [DSS98; AC97; Bru+98; Rai99; Cer00;
Rai01} [SSO7; FWO08; |Smi08; SSWO08; Ouy14; [Sut+17; LDS18; |LLS18b; BL21|. We also
present state-of-the-art bounds for quantum capacity of the generalized amplitude damp-
ing channel |GP+09; BL20; RMG18; KSW20; WW19|, improving the results of [WW19].
The bounds we obtained in [KFG22| are not necessarily the best bounds available with
these techniques, being just good guesses among all the instances of flagged channels
that satisfy the sufficient conditions. In fact, there is an infinite sequence of optimization
problem depending on the number of uses of the channel, each of which gives a bound
on the capacity. It is not clear if a phenomenon analogous to superadditivity appears in
this scenario. Even with one use of the channel, different choices of Kraus operators give
different bounds.

These bounds are based on the most fruitful technique to obtain upper bounds on the
quantum capacity: finding a degradable extension of the channel (e.g. [Smi08}; [SSWO0S8;
Ouyl4; LDS18|.) In fact, degradable channels [DS05; (CRSO8| have the property that
the coherent information is additive, therefore the quantum capacity is obtainable as the
coherent information of the channel. Moreover, a fundamental property of capacities is
that they are generically decreasing under composition of channels, a fact that has a clear
operational justification. It is also known that the quantum capacity of a degradable
channel is equal to its private capacity, therefore the quantum capacity of a flagged
degradable extension of a channel is also an upper bound for the private capacity of the
original channel. Moreover, when the channel is approximately degradable useful bounds
can still be obtained [Sut+17; LLS18b|.

In a previous paper [FKG20| we contributed to this line of work by considering a flagged
degradable extension of the depolarizing channel. While previous constructions [WPGOT;
Smi08; [SSWO08; LDS18| used orthogonal flags, our contribution was to consider non-
orthogonal flags, showing that degradable extensions can be obtained even in this less
restricted setting, obtaining better bounds. In a subsequent work [WW19| the author
combined non-orthogonal flags with approximate degradability, improving the bounds
further by searching for the flagged extension with the best bound from approximate
degradability. However, from careful inspection it seems that the advantage of the ap-
proximate degradability technique in this context is that it finds exactly degradable
extensions for a choice of flags that our analysis did not cover. In fact, in |[KFG22|
we extend the sufficient conditions for degradability for flagged channels and we found
even better bounds by exploiting richer flag structures, while being able to reproduce
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the bounds already obtained with approximate degradability techniques. In principle,
the new bounds could be obtained by extending the space of the flags, evaluating the
bounds with the approximate degradability method applied to the flagged extension, and
minimizing over the possible flags. Unfortunately, this brute force search with more flags
and in a larger Hilbert space for the flags becomes rapidly unpractical.

The outline of the paper is the following: first we show the derivation of the sufficient
conditions for degradability of flagged channels in Section We then apply this result
to obtain a general bound on the quantum capacity of any channel which is the convex
combination of a unitary channel and any other channel in Section In Section
we briefly review qudit Pauli channels, then rewrite our sufficient conditions for Pauli
channels, where the bounds on the quantum capacity appear to have a simpler form; we
also show that two explicit choices of degradable extensions give state-of-the-art bounds
for the quantum and private capacities of the depolarizing channel and the BB84 channel.
In Section we apply the our method to bound the quantum and private capacity of
the generalized amplitude damping channel. In Section we add some observations
about the possibility of getting even better bounds with this method. We conclude with
a summary of the results.

6.3 Sufficient conditions for degradability of flagged exten-
sions
We outline a systematic construction of degradable flagged extensions for any convex

combination of channels, i.e. channels of the form A = zli:o pil\i, with {p;}i=o,... a set
of probabilities and with A; channels themselves. We establish the following;:

Proposition 6.3.1 (Sufficient conditions for degradability of flagged exten-
sions). Let A be a channel acting on the quantum system A and its flagged extension

I
= pihi ® i) (il , (6.1)

with |¢;) normalized states of an aumlzary system F'. The map is degradable if there
exists a choice of Kraus operators {K( Yi=1,..r; for each channel A; and an orthonormal
basis {|i)}; for the space of F, such that

(@'|6:) VoK K = (ilgw) oo KUK Vi, 5,1, 5. (6.2)

Proof. Observe that starting from a Kraus set {K J(-i)}jzl,,,,,m of the channel A;, we can
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construct the following isometric Stinespring dilation for such channel,

Vilo)a = DK 1) li) s 1) (6.3)
j=1
for all [1)4 states of A, with the systems B and B playing the role of the effective
channel environment. A Stinespring representation of the flagged channel (6.1]) can then
be obtained as

l
VIg)a =Y VoiVil)al$i)r (6.4)
i=0
which, via Eq. (?7) allows to express the complementary of the flagged channel as
)y a Wl = VBB e (il e TralVi ) 4 (] V)] (6.5)
2%

Our goal is to find a channel such as W that degrades the flagged channel to its comple-
mentary channel i.e. Wo = . A natural candidate for the Stinespring representation
of the degrading channel is as follows

V)4 li)p = Vilih) 4 - (6.6)

Consider hence the following state

l [
vaA—Z\/Evvmm ZZ (i |6) Vir Vi [40) 4
i=0 /=0

_ZZEZ<Z‘¢1>\FK )K(Z W) 4l gl 5 |7 |

1=0¢/=0 j=1 j'=1

") 5 s (6.7)

where for ease of notation (i'|¢;) stands for p(i’|¢;)p. By construction the states of
subsystem BB and BB’ are equal to [[¢) (4|] and Wo [|1h) (1] respectively. Therefore,
a sufficient condition for the degradability of is that V'V |¢) 4 is invariant if we swap
subsystem BB with B'B’. Writing the swap operator as S, we have

l T , ;
SoVV Iy =) Z > Z i) VoK K 10 4 10) 5 13) 8 ) o 137
=0 /=0 j=1 5/'=1
l r; Tl , ;
= ZZZ (i'|63) VK K [9) 4| 5 |7 5 1) e 13) 5
=0 ¢/=0 j=1 5/'=1
l

S e VKO K (014105 s )

1=0¢'=0 j=1 j'=1
=V'V )4, (6.8)

j/>B/ )
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where we used Eq. (6.2]) in the second equality. Since S,V'V |¢), = V'V |¢)) 4, the
flagged channel is degradable.
]

In this way we reduced the degradability conditions to commutation conditions on
the Kraus operators. In the case that all the Kraus operators commute, we choose
all of the flags to be equal to [¢;) = [¢) = > ;,/Pjlj) to satisfy the degradabil-
ity conditions, therefore the original channel itself is degradable. In this way we can
recover the known fact that channels with commuting Kraus operators are degrad-
able [DS05|. In the case that the Kraus operators of each A; commute with each other i.e.
K](-Z)Kj(f) = K](-f)KJ(.Z) V4,4',i, we can choose orthogonal flags |¢;) = |i) to construct a
degradable extension. However, our proof is not sufficient to recover the known fact that
orthogonal flagged convex combination of degradable channels are degradable. Nonethe-
less, by allowing in our construction more freedom in the choice of V' we can recover
this fact. In particular, one can use V' [1)) 4 [i) p = D72 D](-Z) |¥) 4 |%) g |7) 57, Where D](.Z)
are the Kraus operators of the complementary of the degrading map of A;. Therefore,
(4)
J

BB’ one obtains more general sufficient conditions, covering both the case of Proposition

allowing arbitrary D’ and checking for equality of partial traces in the systems BB’ and

3.1 and orthogonal flagged convex combination of degradable channels.

6.4 General applications

6.4.1 Convex combination of a unitary operation with an arbitrary
channel

Consider a channel that is obtained as a convex combination of a unitary mapping induced
by the unitary operator U plus an extra CPTP term Ay, i.e.

Alp) = (1= p)UpUt + pAifp] = (1 = p)UpU' +p Y~ KjpK] (6.9)
j=1

where p € [0,1] and the K; being a Kraus set of A;. As the quantum and private
capacities are invariant under unitary transformations, in what follow without loss of
generality we shall set U as the identity map I, redefining the rest accordingly if necessary.
Following the construction of the previous section we hence define the flagged extension

(see Eq. (6.1)) of A as
[o] = (1 =p)p @ |o) (¢o| + pAilp] @ |¢1) (¢1] , (6.10)

for which the degradability conditions in Eq. (6.2) becomes

(Ugo) V1 —p=0lo1) VP,  (Ue) KKy = (1|¢n) Ky K; . (6.11)
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Since K operators do not need to commute, we set (1/¢1) = 0 and if p < 1/2 we get
the following solution

o) =100, lon) = [T o)+ /T 1) (612)

Surprisingly, without any assumption on the form of A; we found a regime for which
the channel in Eq. (6.10)) is degradable with non-orthogonal flags. Therefore, we get the
following upper bound

Q) <Q()=0Q1( ). (6.13)

Note that, in the same regime p < 1/2, one also has that the extension with orthogonal
flags is degradable. Consider indeed a map acting as follows on product states (it can
be trivially extended): W(p @ [goNool] = =22 0%0] @ [o)dol + 12 A1lp] @ 1)1,
Wip @ |p1)Xp1]] = |0X0] @ |do)¢o|. One can verify that this map is a valid degrading
map. However, the extension with non-orthogonal flags has a lower quantum capacity
and therefore gives a better upper bound. Note also that one can also consider the family
of extensions

clpl = (1 =) (1 = p)p @ o) (dol + (*(1 = p)p+pAilp]) @ |61) (#n] . (6.14)

which according to Eq. (6.12)) are degradable for | (¢o|¢1) |? = %ﬁ:}fc@?, for 0 < ¢ <

%. Each of these extensions gives an upper bound, and the best bound is found by
minimization.
QN < min Qi .. (6.15)
0<e?< 52k

Putting Ai[p] = I/d, one recovers degradable flagged extension of depolarizing chan-
nel. The best previous upper bound for qubit depolarizing channel is given in [WW19|.
In [WW19], by fixing the structure of the flagged extension as in Eq. (6.10)), the author
found the optimal upper bound for the quantum capacity of the qubit depolarizing chan-
nel using approximate degradability, and minimizing over flagged extensions. In fact, the
best bound with this method is obtained for an exactly degradable extension, and the
flags giving the optimal upper bound in [WW19| are the same that we find analytically
in Eq. . On the other hand, considering the family of extensions Eq. we can
also recover mixed state flags associated to the identity channel, by writing

ol = (1 =p)p@ ((1—=c2)|do) (ol + ¢ |d1) (d1]) + pAilp] ® |¢1) (¢1] . (6.16)

For ¢? = 21(1_7_217;), (¢po|¢p1) = 0 and we recover the best bound from [FKG20|, obtained with

the same flag structure. The minimization over c¢ gives in general some improvement on
this class of upper bounds.



Chapter 6. Degradable Flagged Extensions: Discrete Channels 51

Another non-trivial construction is the following: if K; = ,/p;U; for some unitaries Uj,
with 7, p; =1 — p, then we can consider the mixed unitary flagged channel,

Alpl = (1= p)p @ [doXol + > p;UipUl @ |6;)51 (6.17)
j=1

and any flag choice such that
(t]¢p;) =0 ifi #0andj # Oandi # j , (6.18)

gives a degradable extension. The best upper bounds we obtain from degradable exten-
sions with more than two flags, for the depolarizing channel and BB84 channel, have
exactly this flag structure. However, the degradability conditions are more general than
this and we give a more specialized treatment to these channels in the following sections.
Finally, as an extension of the argument presented in Eq. , we remark that even gen-
eral extensions with mixed flags can be considered in this framework, by changing the con-
vex combination considered. For example, a rank two flag can be introduced by splitting a
term K pK 3 (q0)0]+ (1—q) |1(1]) = yaK py/aK @ |0)(0]+ VT =K pyT— gk o 1)1,
where we now flag a channel with new Kraus operators ,/gK and /T — ¢k, each with a
pure flag associated.

6.5 Flagged Pauli channels

In this section, we concentrate on an important subclass of mixed unitary channels, the
Pauli channels, which describe random bit flip and phase flip errors in qubits and their
generalization to qudits models. For this class of channels the structure of degradable
flagged extensions is quite rich and the upper bounds can be made more explicit. We
use the notation introduce in Section for Pauli channels.

Pauli channels are defined as convex combination of Pauli unitaries with a given discrete
probability distribution {w, }:

Dy lp]l = > wWopW). (6.19)

2
T€ZI"

For these channels, our sufficient conditions for degradability are less stringent than in
general, because of the relations occurring for any couple of Pauli unitaries. To
construct the flagged version of these channels, we note that the flags live, without loss of
generality, in a Hilbert space H of dimension d?", with computational basis {’x>}er§"-
We also consider the space Ho @ Hp, with He isomorphic to H, and denote the partial
trace with respect to H¢ as Trel].
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Consider a flagged Pauli channel ®g

ylpl = Y wWapW] @ |¢u)al, (6.20)

2
zeZi"

where the label ¥ determines ®y through the definition of the state |¥) € Ho @ Hp
as

) = > Vgt e @ o) p = D> Ve (yle) |7 @ 1Y) p - (6.21)

zeZ?n zeZ2" yeZ2"

We define the projectors 1I; on Ho ® Hp projecting on span{|z) |y) — e ly) |x) :
(z,y) = jmodd}. For a probability vector w over Z%", we denote its Shannon entropy
as S(w) := — erzzn wy log w,. With these definitions, we are equipped to establish the
following proposition:

Proposition 6.5.1 (Upper bound on the quantum capacity of Pauli channels).
Given a Pauli channel ®y,, for any |V) € Ho @ Hp satisfying

Tr[II; [UY¥|] =0 Vj € {0,....d — 1} Tr[(|z)z| @ 1) |[¥XY|] = w, Vo e Z3
(6.22)

the quantum and private capacities of P satisfy
Q(Pw)< P(Pw) < nlogd — S(w) + S(Tra[[TXT]]). (6.23)

In particular, the optimal upper bound is obtained by minimizing S(Trc[|U)XV|]) with the

constraints .

Proof. Given a channel of the form ([6.20]), consider a state on Ho ® Hp of the form

Any state |¥) on He ® Hp satisfying the second condition in Eq. (6.22]) can be written
as

O) = D Vgln)e @lga)p = D Vg o) [2)e @ y)p, (6.24)
veZi" zeZin yezin

identifying a flagged extension ®y of ®y,. Moreover, the degradability conditions for ®y
can be rewritten as

Tr[IL [T W[] = 0 V5 € {0,....d — 1}, (6.25)

therefore @y is degradable. For flagged degradable Pauli channels, Q1 = @ has a very
simple form. By the covariance property of (flagged) Pauli channels, i.e. g [prW;] =
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(W, @ ®yp](Wi @ I) for all W, € WJ. Moreover, we can also write the coherent
information as I.(®w,p) = S(Puwlp]) — S(Pw @ Z[|p)){{(p|]), for any purification |p))
of p and 7 identity channel, therefore using unitarily invariance of the von Neumann
entropy and covariance we have I.(®g, p) = I.(Pw, VV;,;,OVV,,}L ). By concavity of coherent
information for degradable channels [YHDOS|, we thus get

1 1 1
I(Pw,p) = a2n Z IC((I)‘I',W:UPW;) < I(Pw, £2n Z WwPW;) =I(Pw, ).

dTL
zezZin zez2n
(6.26)
Therefore, the maximum of coherent information corresponds to the maximally mixed
state, which is purified by the maximally entangled state |=) = d"% dizo0...d—113) ®15)-

It holds that (S| WiW, @ I|Z) = - Tr[WiW, | = 6,.,, therefore

Qu(09) =5 (00 | 1] ) = 50w @ HIZNED = nlogd + SCE welonkien) - S(w)
:cEZfl”
=nlogd — S(w) + S(Trc[|¥)X¥|]), (6.27)
hence leading to Eq. . O

Note that the minimization problem suggested by Proposition is non-convex,
therefore it is hard to treat numerically. Its solution is also not unique in general.
However, some useful upper bounds on the quantum capacity can be obtained, case
by case, by simply minimizing over families of states which satisfy the constraints, but
can be expressed in terms of a few parameters. In this way, we obtain state-of-the art
results for the depolarizing channel and the BB84 channel. As a side comment, the
treatment in this section does not seem to cover the flag choice of [FKG20; WW19|
for the depolarizing channel. However, this is easily amended by splitting the Kraus
operator proportional to the identity in Eq. into two Kraus operators with suitable
probabilities, and assigning a different flag to each of them, respecting the sufficient

conditions for degradability (see the comments after Eq. (6.13])).
6.5.1 Flagged depolarizing channel

The depolarizing channel on one qudit is

a2 -1
d2

Aol = (L= “——plp+ 55 > WepW]. (6.28)

mEZZ\{O}

The symmetries of this channel causes some potential redundancies in the states that
achieve the optimal upper bound according to Proposition (6.5.1)). Consider the unitary
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operation U, indexed by permutations o € Sp2_; which act by permuting the orthogo-
nal set {|x>}xezﬁ\{0} while leaving |0) invariant. Then, for any state |U) satisfying the
constraints, U, ® U, |¥) also satisfies the constraints, and it has the same entanglement
entropy S(Trc[|¥X¥|]) = S(Tre[U, @ U, [¥YY| (U, @ U,)1]). We cannot establish if the
minimization problem has a unique solution, but if this was the case, then we could re-
strict the candidate states to those which are invariant under U, ®U,, for every o € Sp2_;.
We just take this observation as a suggestion for a guess, and we minimize S(Trc[|¥)X]])
on this restricted family of states. This is convenient because S(Tro[|¥)¥|]) can be de-
termined analytically and we can reduce the problem to a one-parameter minimization.

Proposition 6.5.2. Any |VU) satisfying the constraint Eq. for the map of
Eq. and the condition |¥) = U, ® U, |V) can be parametrized with three com-
plex variables o = (0,0|¥), 8 = (0, z|V) for x # 0, v = (x,z|V) for x # 0. Accordingly
we can write

S(Trc[[)NW]]) = —(d - 212 log (1) — v log vy —v_logo_,  (6.29)

with

(s (!a!2+!7\2+2|ﬁ! D) £ V/(Jal2 = 12?2 +4(d = D)IBPa + 7). (6.30)

Proof. From the constraints we have that 5 = (0,z|V) = (z,0|¥), and from the action
of a permutation Uy, that exchanges x,y # 0 we have (0, x| Uzy ® Uy |V) = (0, y|¥).
From the constraints we have that <:1c y\\I/) S A (y,z|U) for x # vy, x,y # 0, then
(5] Uy © Uy 9) = (g, 2]9) = = @00 (g, 2] %) = 0. Also, (2, 2| ) = {z,2| Uy, |9) =
(y,y|¥) = ~v when z,y # 0. This completes the parametrization. The eigenvalues of
Tro[|U)(¥|] can be determined from the singular values of the matrix My, of coefficients
of |¥) = Zm@Zi",yezgn, Mgy 7)o ® |y) o We have that the coefficients of MTM are

MiMyg = |af + |B*(d* = 1) MMy, =ap"+ 87", 2#0  (6.31)

MM, =18 a#y, 2,y#0 MM, =8>+ #0. (6.32)

Then MTM — |v|I has rank 2 and the nonzero eigenvalues can be determined by solving
a quadratic equation.
O

Proposition 6.5.3. For |U) satisfying |¥) = U, ® U, |W¥), the minimization of
S(Tre[|¥X¥|]) is a one-parameter minimization problem.
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Proof. From the expression of S(Tre[|¥)X¥|]) in Eq. (6.29) and from Eq. (6.30) it’s
evident that the result does not depend on the phases of «, 8 and v except for the term

|oe + v*|, which should be maximized. This happens without loss of generality if o and

~v* are real and positive. Then the two constraints |a|? + (d? — 1)|3|> = (1 — dilglp) and
|8]* + |7|? = Z climinate the remaining two parameters, with the constraint that v is
such that |a|, |8], |7| < 1. O

Summarizing, from Proposition and we obtain

Q(Ap) < P(A)) < logd — S(w) + S(Trc[|T)¥)

d? -1 d? -1 p(d? —1) P
zlogd—<1— 7 p)log(l— 2 p>_d210gd2

— (d® = 2)|7[*1og (|71%) — v+ (171*) log v4(|71%) = v—(|7[*) logv—(|7[*),  (6.33)

where the allowed values of v and the dependence on 7 of vy (|vy|?) and v_(|y|?) are
obtained as in the argument of Proposition Le.

2 2

va(x) = % (1—(d®—2)z) £ ;{ (1 - 2%;% (d? — 2)x>
1/2
+4(d? — 1) (%—w) (md2+2\/5\/m(d2—1)—2p(d2dzl)—1—1—2p(d2d21)+1> } .

(6.34)

The bound Qgpin obtained from this one-parameter minimization |KFG22| can be com-
bined with the no-cloning bound [Bru-+98; |Cer00; Smi08; |Ouy14]

Q(AD) < (1 - 22ty 1004 (6.35)

using the fact that the convex hull of upper bounds from degradable extensions of the
depolarizing channel is itself an upper bound [SmiO8} |Ouy14]|. A comparison between the
most competitive upper bounds for d = 2 is shown in Figure [6.1] where we can see that
the bound we obtained outperforms all previous bounds in the whole parameter region.
An improvement with respect to previous bounds can be obtained also for generic d, and
we show as an example the bound for d = 4 in Figure In this latter case, the bound
from the convex hull is improved considering also the bound from Eq. .
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Figure 6.1: Bounds on the quantum capacity of the depolarizing channel for d = 2. Here
Qconv is the convex hull of the available upper bounds from degradable extensions, Qgmin
is the upper bound in |[KFG22|, obtained from Eq. by plugging in the expression
Eq. and minimizing over -, eliminating the other parameters as explained in the
proof of Proposition[6.5.3] @1 is the lower bound given by the coherent information of one
use of the channel. Q1ps is the bound from [LDS18] and Qw is the bound from [WW19).
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Figure 6.2: Bounds on the quantum capacity of the depolarizing channel for d = 4. Here
Qconv is the convex hull of the available upper bounds from degradable extensions, Qgmin
is the bound in |[KFG22|, and @ is the lower bound given by the coherent information
of one use of the channel. Qrg¢ is the bound from [FKG20| and Qop is the bound
from |Ouyl4]. Note that in the main plot Qgpi, is the bound in Eq. , since at scale
used the bound with more flags is not noticeably better; the situation is different for very
small p, in the regime plotted in the inset: here we report QQ¢ony Obtained from Eq.
by plugging in the expression Eq. and minimizing over -y, eliminating the other

parameters as explained in the proof of Proposition (see Eq. (6.33)) and Eq. (6.34))).



Chapter 6. Degradable Flagged Extensions: Discrete Channels 58

6.5.2 Flagged BB84 channel

In this section we consider the channel that describes the famous quantum key distribu-
tion protocol by Bennett and Brassard [BB14b|. In its general form the channel is

By pslpl = (1 —px —pz +pxpz)p+ (px — pxpz)XpX + (pz — pzpx)ZpZ + pxpzY pY,
(6.36)

As in [Sut+17] and [WW19| we restrict to the case px = pz = p. The flagged extension
we consider is

Bpwlp] = (1= p)?p® |doXdo| + p(1 — p) X pX @ |p1)Xb1| + p(1 — p) ZpZ @ |da) 2]
+ %Y pY @ |¢p3) 3] - (6.37)

We choose the following parametrization for the flags

>:\/1—2042—52\0>+a]1)+a\2>+5]3>

)= al0)+ VI @21 - 213

) =al0) +v1—a%—9%]2) —~]3)

>:b|0>—|—c|1 +cl2) +V1-0b2—22|3), (6.38)

where we impose the parameters «, 3,7, a, b, c to be real and satisfying the normaliza-

tion conditions for the vectors in Eq (6.38). The degradability conditions in Eq. (6.2)

p(1—p) B = P
1 p 2 ’ T—p-
parametrization for the flags, however, because of the symmetry between the bit flip and

imply that o = «a

T and v = ¢ This is not the most general
phase flip error in Eq. , we chose this parametrization. Any set of flags in the form
of Eq. will result in a degradable extension of BB84 channel. Therefore, to get
the best upper bound for the quantum capacity or private capacity of BB84 we should
minimize the coherent information of its flagged channel with respect to three free param-
eters a,b,c. We have compared the result of the optimization with the previous bounds
in Figure The bound in [WW19| by Wang can be reproduced in our framework just
by choosing a =b =1, ¢ =0.

6.6 Flagged generalized amplitude damping

In this section we consider a bound on the quantum capacity of the generalized amplitude
damping channel, which is a model of thermal loss on a qubit, relevant for quantum



Chapter 6. Degradable Flagged Extensions: Discrete Channels 59

0.9

0.8

0.7

0.6

0.5

0.00 0.01 0.02 0.03 0.04
p
Figure 6.3: Bounds on the quantum and private capacity of BB84 channel. @Q; is the
coherent information of BB84 channel. Qgnpin is the upper bound obtained in ,
from Eq. , using the parametrization for the flags in Eq. , for a suitable choice
of the parameters. Qyy is the upper bound obtained in . ss is the upper bound
derived in [Smi0§].
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superconducting processors [CB08|. The generalized amplitude damping channel can be
written as

Aynlpl = N Aol + (1= N) X 0 A, 0 X[g], (6.39)

where A, n is the conventional amplitude damping channel, with Kraus operators
K1 = (J0X0] + I —y[1)X1]) and K3 = \/y |1)(0|. While A,, and X o A, o X are degrad-
able and their quantum capacity can be computed |GF05|, their convex combination is
not, and its quantum capacity is not determined. Previous upper bounds have been
obtained by [RMG18; KSW20; |(GP+09; WW19|. In particular [WW19] used the follow-
ing flagged extension together with approximate degradability to get the tightest bound
available:

Ay ol = N Aylp] © [0)X0] + (1 — N) X o Ay o X[p] ® [1X1], (6.40)

In fact this extension is exactly degradable: the output of a complementary channel
is

Ay n el = N Ay[p] © [0)X0] + (1 — N) X o Ay o X[p] ® [1X1], (6.41)
and if the degrading map of A, is Wy, we have AiN[p] = (W, ®|0}0] + X o W, o
X ® [1)1]) o ./45:]\[[,0]. The quantum capacity of this extension can be evaluated to be
Q(Af;N) < (1=N)I.(Ay,p)+NI.(Xo0Ay0X,p) = Q(Ay). This simple bound introduced
in [KFG22|, and the actual quantum capacity Q(A; ) is very close to it. Moreover, the
structure of the generalized amplitude damping is such that one can get better bounds
from different degradable extensions, where we adapt the argument by [SmiO8| on the
depolarizing channel:

Proposition 6.6.1 (Combining bounds of degradable extensions of generalized

amplitude damping). For any collection of degradable extensions .Azxt’l, 1=1,...,1, for
ext,:

5 ),

any yo the quantum capacity of Ay, N is upper bounded by the convex hull of Q(Ayo N
i=1,...,1, as functions of the variable N.

Proof. For any Ni, Ny such that N =gN; 4+ (1 —¢)Na, 1 = N =1—gN; + (1 —q)Ny =
q(1 = Ny)+ (1 —q)(1 — Na), we have

Ayn[p] = a(N1 Ay[p]+ (1= N1) X o Ay o X[p]) + (1 —q) (N2 Ay[p] + (1= N2) X 0 Ay 0 X[p])
(6.42)

If Azxﬁ,f and Azx]i,g are degradable extensions of A, n, and A, n, respectively, then
q.AZx]i}f ® [0X0] + (1 — Q)AZ%Z ® [1)(1] is a degradable extension of A, x with quantum
capacity less than qQ(Azx]@f) +(1— q)Q(AZx]@g ).
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O

In addition to the extension proposed by [WW19|, we find two other degradable exten-
sions using the results of this paper. The first is obtained observing that the following
set is also a good choice of Kraus operators

Ar= /N1 = N)(v/1—y+1)(0Y0] + [1(1)) = V'N(1 = N) (V1 -y + 1)1
Az = /(1= N)y [1)(0]

Az = ((1=N) = Ny1-9)[0)X0] + (1 = N)y/1 -y — N)[1)1

As = /Ny|oX1|

We notice that A; is a rescaled unitary operator, therefore we can directly apply the
bound of Eq. (6.13) with (1 —p) = N(1 — N)(v/T =y + 1)2. This bound is applicable
if N(1 — N)(/T—y+1)?2 > 1/2. Moreover, at N = 1/2, the generalized amplitude
damping becomes a Pauli channel:

Cl-y2+V1-y 1-y/2-4/1

Ayos(p) = . p+ T 2pZ + L(YpY + XpX)  (6.47)

6.43
6.44
6.45

(
(
(
(6.46

)
)
)
)

and we get a more refined bound Qgmin (y) [KFG22|, using the techniques of the previous
sections, in particular with the same flag structure of BB84 Eq. . Putting all
together, we observe that the bound by [WW19| remains the best one at high y, but at
low y it is beaten by the following bound allowed by the convex hull argument:

Qeonv(Ys N) = 2N Qmin (y) + (1 —2N)Q(Ay) (6.48)

and using the full convex hull bound does not give substantial improvements. We plot
the results in Figure [6.4]

6.7 Discussion

In the examples we provided we did not try to numerically optimize in the whole parame-
ter region allowed by the sufficient conditions for degradability. Indeed, the minimization
of the upper bound is not a convex optimization problem and would require brute force
search, but there are already many parameters for Pauli channels and d = 2, n = 1.
However, we stress the fact that the family of upper bounds for the quantum and pri-
vate capacity of a channel A is even larger in principle, as one can consider the flagged
extension of A®*: a degradable flagged extension of A gives also a degradable flagged
extension of A®* but the converse is not true. We tried to search for a better upper
bound of the quantum capacity of the depolarizing channel with two uses, by restricting
brute force search to certain parametrizations of the flags, but the attempts we made did
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Figure 6.4: Bounds on the quantum capacity of the generalized amplitude damping, for
three values of N. @)y is the lower bound given by the coherent information of one use
of the generalized amplitude damping (see also lower bounds from |BL20|, which give
improvements mildly visible at this scale). Qcony is the upper bound from Eq.
introduced in , Qw is the upper bound obtained by Wang , @pp and
Qg are obtained in [KSW20| respectively from data-processing and Rains information.
Previous upper bounds [RMG18; |GP 09| are worse and not plotted.
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not show anything better than the £ = 1 bound. It is desirable to further investigate if
k = 1 gives already the best upper bound or a phenomenon similar to superadditivity
shows up for flagged extensions. Moreover, the extensions we obtained are explicitly
dependent on the Kraus representation chosen, which is not unique. We did not find a
way to identify an optimal choice of Kraus operators. Since for any channel the number
of Kraus operators can be increased arbitrarily by a suitable isometry, it is conceivable
that one needs to look at an unbounded space of flags to optimize the upper bound of
degradable extensions. As a side note, we point out that the mixed flags extensions as
considered in [FKG20| can be treated in the formalism of this paper, just by splitting
the Kraus operators into Kraus operators with proper probabilities.

6.8 Conclusions

We have introduced a method to construct degradable extension of quantum channels
which can be written as the convex sum of other channels. This method is of general
applicability, and we showed that it gives state-of-the-art upper bounds on the quantum
and private capacity of two important Pauli channels, the depolarizing channel and the
BB84 channel, and of the generalized amplitude damping channel. By virtue of its sim-
plicity, we believe it can be used with success for many other channels too. The method
could in principle give better bounds by considering different Kraus representations and
flagged extensions of several uses of a channel, and it would be interesting to study its
limitations.



Chapter 7

Degradable Extensions: Gaussian
Channels

7.1 Preface

The material presented in this chapter is mostly based on

e Marco Fanizza, Farzad Kianvash, and Vittorio Giovannetti. “Estimating Quantum
and Private Capacities of Gaussian Channels via Degradable Extensions”. In: Phys.
Rev. Lett. 127 (21 2021), p. 210501. DOI: |10.1103/PhysRevLett.127.210501

Here, we present upper bounds on the quantum and private capacity of single-mode,
phase-insentitive Bosonic Gaussian Channels based on degradable extensions. Our find-
ings are state-of-the-art in the following parameter regions: low temperature and high
transmissivity for the thermal attenuator, low temperature for additive Gaussian noise,
high temperature and intermediate amplification for the thermal amplifier.

7.2 Introduction

After discussing degradable extension of discrete channels in the previous section, we
bring our attention to Gaussian quantum channels. We consider realistic single-mode
noise models for communication across free space or optical fiber: thermal attenuators,
thermal amplifiers and additive Gaussian noise |[CD94; HG12; Wee+12; [Serl7|. As we
have seen in Chapter [1.4] these channels are known as phase-insensitive, single-mode
Bosonic Gaussian Channels, and can be understood as unitary interactions with a single-
mode thermal environment mediated by Hamiltonians which are quadratic in the oper-
ators fields of the model. The quantum and private capacities of these type of channels
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have been extensively studied |Pir+17; WTB17; Sha+18; RMG18; NAJ19; Lim+19b;
NPJ20], but they are still unknown. Interesting variations are Gaussian interaction with
general environment |Lim+19a; Lam+-20|, and environmental assisted communication

[OMW22].

In [FKG21|, we found new state-of-the-art upper bounds on the quantum and private
capacity of thermal attenuators, amplifiers and additive Gaussian noise, using degradable
extensions. As discussed in Chapter an established strategy to find upper bounds for
quantum and private capacity is to exploit (approximately) degradable channels which
reduce to the channel of interest after pre and/or post-processing. These are so called
degradable extensions for which the quantum capcity is additive, and can be calcu-
lated.

In particular, to upper bound the quantum capacity of the additive Gaussian noise, we in-
troduced a flagged extension of the additive Gaussian noise which is degradable [FKG21].
As we have seen in the previous chapter, in discrete variable quantum information,
degradable flagged extensions offer the best known upper bounds to several important
channels [WFD19; [ KFG22|. In [FKG21|, we extended this approach to continuous vari-
able systems. In particular, we were inspired by the sufficient conditions of degradability
of finite-dimensional flagged channels introduced in |[KFG22|. The upper bound is state-
of-the-art in the low temperature regime. Using this upper bound and data-processing,
we also bounded the quantum capacity of thermal amplifier, obtaining a state-of-the-art
bound in the high temperature regime, for intermediate amplification values. We also
improved the construction in [RMG18| based on weak degradability to find a noisier
degradable extension of the thermal attenuator, and show that it gives the best upper
bound in the low noise regime, for low temperature and high transmissivity.

In the following, we first present the flagged extension of the additive Gaussian noise and
the extension of the thermal attenuator. In both cases, we compute their quantum and
private capacities, and compare the new available bounds.

7.3 Upper bounds for the Additive GGaussian Noise

Additive Gaussian noise Ag (see Eq. 4.40)) is known to have zero capacity in the high
temperature regime (i.e. for 1/ > 0.5) [Hol19]. In particular in [NAJ19|, the following
upper bound is computed using data-processing:

Q(Ap) < Qnas(B) = max{logy(8 — 1),0}, (7.1)

and correctly gives Q(Ag) = 0for 1/8 > 0.5. In the low temperature instead we only have
a lower bound for Q(Ag) given by the coherent information for one use of the channel,
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evaluated on an infinite temperature state, i.e.

Q(Ag) > Qr(Ag) := max{log, f —1/1In2,0} , (7.2)

and the inequality,

Q(Ap) < Qpros(f) =1logy f—1/In2+1/(FIn2), (7.3)

which follows from an upper bound for the generic two-way quantum capac-
ity |[Pir+17].

Generalizing the procedure introduced in [KFG22| we present an improved upper bound
considering the following flagged extension of Ag, i.e.

:277

era “ByTr ) AP
A5l = o [ are 5 DDl fonkin (74)
where setting r := (z,p), |¢r) are product of displaced squeezed states defined by

|pr) = D(O,—p/Z) 18/2) ® ﬁ(07x/2) 18/2) , (7.5)

with |3/2) being a single-mode squeezed vacuum with mean values T = 0 and covariance

2/8 0
0 B/2

notice that the intuition for choosing the flags states as in ([7.5) comes from a result

matrix o = ( ) As explicitly shown in Appendix A% is degradable: here we

by the same authors on finite dimensional channels [KFG22|. Indeed there we proved
that if {\/EUZ}Zzln are unitary Kraus operators of a CPTP map N and {|i)}i=1,..n
is an orthonormal basis for flags, sufficient conditions for the degradability of N¢[p] :=
Z?:l pZUZpA[AJzT ® |¢i) (¢pi| are the following

(i'|6i) VPilUs = (il i) /o Uil Vi, i (7.6)

If we can use a continuous set of flags, replacing the orthonormal basis for the flag space
withe the (two-mode) pseudo-eigenbasis {|x1,x2) }x, x,er Of the position operators of the
ancillary modes, applying this result to Ag we get

_B.T. ~ ~ _ BT s A A
<733,77p/}¢1‘>e 15 Dy Dy= (yz,yp|¢p) e 1" ¥ Dp Dy, (7.7)

for all v’ = (', p),r = (z,p) € R? with v a suitable rescaling factor to determine. With
the choice (|7.5)) of the flags we have explictly

2,2 2,72 i v —iz!
<’V¢L",w’|¢r>:\/%e‘ﬁW A 2 (7.8)

which satisfies the condition (7.7) with v = 1. Exploiting the degradability of Aj and
the fact that it is gauge-covariant (in a generalized sense that we specify in , the
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capacity of this map, using Theorem[£.4.2] can be easily computed leading to the following
inequality

Q(Ag) < Q(AG) = logy B —1/In2 + 2h (\/1 n 1/B2) , (7.9)

with h(z) := x;rl log, (“‘1) 51 log, (%‘1) (see Appendix [C| for details). As shown in

Fig. upper bound. ( . is better than ([7.3)) where Q(Ag) is supposed to be non-zero,
ie. for1/5 <0.5.

7.4 Upper bounds for the thermal amplifier

Invoking data-processing inequality [Will7|, we can use Eq. to upper bound the
quantum capacity thermal amplifier ®,  (a similar argument could also be invoked for
the thermal attenuator &, y but the result we get is worst than the bounds reported in the
next section). As a matter of fact any thermal amplifier can be written as a composition
of a zero temperature amplifier and an additive Gaussian noise i.e. ®,n = A1 0o Py
with k = (¢ — 1) N. Therefore we get i

Q(P,n) < QA1) < Qi (9, N) = Qi () == Q(AT) (7.10)
Q(®yn) < QA1) < QXN (9, N) == Qnaa(k) , (7.11)
The bound of Eq. (7.11)) comes directly to the data-processing decompositions, but to
our knowledge it was not explicitly pointed out before our work [FKG21|, being implicit
in Proposition 12.65 of [Hol19]. It is the best bound at high g for any N, and it gives zero
quantum capacity for the lowest g. The bound in Eq. (7.10), in the high temperature

regime N > 5 and for intermediate values of g is provably better than the previous best
bound reported in |[Pir+17]:

QP ) < Q?E?)B(% N):= 10g2<

A comparison between these function is reported in Fig. together with the lower

gN+1

1)~ h(2N +1). (7.12)

bound given by the coherent information for one use of the channel, evaluated on an
infinite energy thermal state,

Q(PyN) > QiiP(g,N) = max{logg(%) h(2N +1),0} . (7.13)

low

7.5 Upper bounds for the thermal attenuator

To deal with the quantum capacity of the channel &, n introduced in chapter , we
construct a degradable extension of such map. We first define the passive unitary oper-
ator

W”] = [777AE®U77A/E/ 9 (714)
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Figure 7.1: Quantum capacity region for the Additive Gaussian noise Ag: comparison of

the upper bound Q(Ag) of Eq. (7.9) in [FKG21| with Qpros in Eq. (7.3) [Pir+17] and
Qnas(B) in Eq. (7.1) [NAJ19]. QL(Ap) is the lower bound of Eq. (7.2).
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Figure 7.2: Quantum capacity region for the thermal amplifier channel ®, y: comparison
between the upper bound Q;rf;%(g, N) of Eq (]7 10) in [FKG21| with QP og(g, N) of

Eq. and Qf(&% g,N) in Eq. NAJ19| for N =10. QP (g, N) is the
lower bound of Eq (7
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where U nap and U na g are beam splitters transformations acting respectively on the
pair of modes A, E and A’, E'. We introduce hence the channel

fn,N[pAA’] = TrEE'[Wn(PAA’ ® ’T><T|E'E’)WTH7 (715)
and define the extension of &, n as
Eynlpal = Fyn(pa @ |0)0] 4)- (7.16)

The map F;, v is manifestly Gaussian, and its action on the first and second moments
is

QLN NG® (7.17)
f
o o =no+ (1 - oy (7.18)

With the Stinespring representation in Eq. ((7.15) the complementary channel can now
computed as .7}77, N = Fi_y,n. Simple algebra shows that if n > 1/2 then

FoN =Fi_gnN = Fi—n)/m,N°FnN , (7.19)

implying that in such regime F, x (and thus ton ~) is degradable. The quantum capacity
of 5; n can be thus calculated by evaluating the coherent information of the channel
leading to (see Appendix

Q(EyN) < QFka(n, N) = Q(&7 v) =

10g2(1fn) +h(1—=n)2N+1)+n) —h(n2N+1)+1—-1n). (7.20)

Once more this upper bound should be compared with previous upper bounds. At low
noise, that is at low IV and high 7, the best upper bound available is once more an upper
bound for the generic two-way quantum capacity [Pir4-17]:

QEyn) < QFLop(n, N) = —logy((L —n)n™) — h(2N + 1) . (7.21)

Other bounds come from data processing [RMG18; [Sha+18; [NAJ19|, the best in the low
noise regime being:

Q(&yN) < Q(E-N(1-n)0) = 10g2$7 (7.22)
which implies that for

N> 2=t

> 50 0 (7.23)
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Figure 7.3: Thermal attenuator: ratio between the upper bounds

Q(Ey-na-n0) [RMGI18], Q¥ op(n, N) [Pir117], Qg (n, N) [FKG21], and Qr(&,n)

for N = 0.05.



Chapter 7. Degradable Ezxtensions: Gaussian Channels 72

the quantum capacity is zero.
A lower bound on Q(&, n) is given by the coherent information for one use of the channel,
evaluated on an infinite temperature state,

Q(Ey.n) = Qigy(n, N) == max{logy (1) — (2N +1),0}. (7.24)

A comparison between all these curves is reported in Fig. [7.3] showing that while our
inequality performs worse than for low 7, it gives an improvement with
respect to for high n. We finally remark that in our construction the choice of
|0X0] 4 in the definition Eq. of the extended attenuator is not necessarily optimal.
Other Gaussian states could be chosen and the analysis could be done in the same way. In
particular, the extension F, n ® Z[pa ® |7'X7'| 4/ g], with |7’) being a two mode squeezed
state with some average energy, gives a slightly better upper bound (optimizing over the
single parameter in |7’) states), not noticeable on the plot in Fig. [7.3]

7.6 Conclusion and Remarks

The bounds we found in |[FKG21| complement the bounds in |Pir+17; Sha+18;
RMG18; NAJ19|. They have been determined using degradable extensions and data-
processing. Our contribution in |[FKG21| extends the applicability of this technique,
which now gives the best upper bounds at low noise for a large collection of channels
of physical interest. In particular, the flagged extension of the Additive Gaussian
noise nicely generalizes the construction of flagged extensions to infinite dimensional
channels, improving the upper bound on the quantum capacity by a considerable margin.

We mention also that the presented results could be easily applied also for the case of
energy constrained quantum capacity.



Chapter 8

Improving Bounds for Thermal
Attenuator Using Decomposition

Rules.

8.1 Abstract

We present new upper bounds on the quantum capacity of thermal attenuator using data
processing inequalities. We write thermal attenuator as a composition of thermal atten-
uator and thermal amplifier (decomposition rules), and improve the previously known
upper bounds using data processing inequalities. In addition, we show that any upper
bound on the capacity of thermal attenuator should have a specific symmetry, otherwise
one can construct a better upper bound using the decomposition rules.

8.2 Introduction

An established strategy to upper bound the quantum and private capacity is using data
processing inequalities. One can obtain upper bounds for the quantum capacity of a chan-
nel by decomposing it to another channels for which the capacities are already known
(or already upper bounded) [SSO8; |Sut+17; Ouyl14; LLS18c; LDS18; RMG18; [Sha+18;
FKG20; KFG22; WFD19; FKG21; [INAJ19|. In this article, we use this method to im-
prove the previous bounds in [RMG18} Pir+17; NAJ19; FKG21| for the quantum and
private capacity of thermal attenuator, and we have two main results.

First, we introduce a set of decomposition rules for thermal attenuator, and by using
our previous uppers bound in [FKG21| and data processing inequality, we get an upper
bound for each decomposition rule. By optimizing over this set of upper bounds, we find

73



Chapter 8. Improving Bounds for Thermal Attenuator Using Decomposition Rules. T4

the optimal bound. This is mainly presented in Theorems [8.:4.1] and [8:4.2]

Second, by studying the decomposition rules from a more general prospective, we find a
structure for the phase space of the parameters of thermal attenuator. More precisely,
for a given thermal attenuator, we find regions in the phase space of the parameters
of thermal attenuator where the quantum capacity is higher or lower than the quan-
tum capacity of the given channel. This structure (higher and lower capacity regions)
can be used to improve any given lower or upper bound. This is mainly presented in

Theorem [R.5.11

First, in Sec. B:3] we review the decomposition rules for thermal attenuator. Then, in
Sec. 77, we review state-of-the-art upper bounds for quantum capacity of Gaussian chan-
nels. In section combine our previous result in [FKG21| with decomposition rules to
find the optimal upper bound for thermal attenuator. In Sec. we find a structure of
the phase space of the parameters of thermal attenuator by studying the decomposition
rules. Finally in Sec. we conclude by suggesting problems that can be studied in the
future.

8.3 Decomposition rules

Using the definitions of thermal attenuator and thermal amplifier in chapter. |4l one can
show that for n,7" € [0,1],g > 1, N, N2, N1 > 0 any lossy thermal channel &, x can be
expressed as

5777]\7 = 87117]\[1 ©) (I)g,NQ y (81)
if the condition holds

(1=7)CN1+1)+(n—7n)2N2+1) =
(I-m@2N+1),

Cl= (8.2)
ng=mn,
or equivalently as
EnN =Py N, o0&y Ny, (8.3)
if instead the parameters fulfil the constraint
(g—=1DE2N2+1) +(g—n)(2N1 +1) =
Co — (I—-n)(2N +1), (8.4)

/

ng=n,

Later, we use Eq. [8.IB-3|to improve previous upper bounds on thermal attenuator.
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Figure 8.1: Each region with different colour indicates which result is the best upper
bound for the quantum capacity of thermal attenuator. Purple region is where the
quantum capacity is zero (one of the upper bounds is equal to zero). Light blue is where
the result in [RMG18; NAJ19| is the best upper bound, dark blue is for [Pir+17|, and
green area is where our previous result in is best upper bound.
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Figure 8.2: The updated version of Fig. [3.1 after considering Q% (C1) and Qpp(C1).
The yellow and orange regions are where Q% (C1) and Qpr(C1) are strictly lower
than the other bounds (note that in the green and light blue regions, Q% (C1) is equal
to Qi and Q(E,— N(1—n),0); and our analysis does not improve the bounds).
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Figure 8.3: The comparison between state of the art upper bounds on the capacity of
thermal attenuator for N = 10. The light blue, green, and dark blue lines represent
the the results presented in [RMG18; NAJ19|, [FKG21|, and |Pir+17|, respectively. The
purple line is a lower bound, and the orange line is the result of the optimization in

Qpka(C1).
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Figure 8.4: Comparison between different upper bounds on the quantum capacity of
thermal attenuator for N = 0.1. The green and light blue lines show the results in
[FKG21] and [RMG18; NAJ19], respectively. The purple line is the lower bound, and
the yellow line is Q¥t-(C1). We did not present the result in here as it is
outperformed by the other bounds in this region.
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8.4 Combining upper bound in [FKG21] with decomposi-
tion rules

In this section, by using the general decomposition rules in Eq. and previous upper

bounds in [FKG21| , we introduce a new bound for thermal attenuator. Then, compare it

to the previous upper bounds for thermal attenuator. This method naturally reproduces

the upper bounds for thermal attenuator found in [FKG21| and [RMG18; NAJ19| too.

Applying the data-processing inequality to Eq. and Eq. introduced above we can
establish the following upper bounds

Q(&yn) < min{  Qfka(C1), @pke(CL),
QFka(C2), Qpre(C2)}
where for j = 1,2 we have
Qi (CJ) = min Qs (0, M) )
QF(CJ) = min Q3 (g = D) 88)

where, for fixed n € [0,1] and N > 0, the minimization has to be performed over the set
of the parameters 1’ € [0,1],g > 1, N3, N; > 0 such that the condition Cj holds true.

Theorem 8.4.1 (evaluation of Q¥ (C1)). given any n and N

i = Ny), N 8.9
@Qrkc(C1) leen[lonN] QFKG(%pt( 1), V1) - (8.9)
with
N +1
Remark. Observe that for Ny = N we get the bound in [FKG21] i.e.
Mkahp(N),N) = Qi (n,N) while for N1 = 0 we have the bound infRMG1S8;
NAJ19] i.e. Q¥ (Mo (0),0) = Q(E)—Nna—n)0)- The minimum value of

Q¥kc(Mopt(N1), N1) can be attained for values which are in the interior of [0,N] so
Q¥L(C1) is potentially an improvement of the two. In Fig. the yellow region is
where Q%% (C1) outperforms the other bounds. In Fig. we did the optimization to
evaluate Q¥ (C1) numerically and presented a comparison between this upper bound

and and other bounds.

Proof. The first condition of C1 can be written as

(1—1)Y N1+ No+1)=(1—=n)(N+Na+1). (8.11)
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Considering that in order to have g > 1 we have to impose 1’ € [0, 7], this implies that
the constraint can be fulfilled only taking N; < N, a condition that we shall enforce in
the following. Notice that (8.11]) imposes

N+ No+1
N1+ N2 +1

N —-—N;
= (1-— 1+ —
( 77)<+N1+N2+1>

< min{(l —n) <1 + ]val_j\;l) ,1}

. N+1
= mm{(l—n)NlH, } )

-7 = (1-n)

(8.12)

with the upper bound being achievable by setting No > 0 sufficiently small. With
this choice we get the lowest possible value of 1 for fixed n, N and N’. Therefore,
remembering that Q¢ (n, N) is non decreasing in 7 for fixed N, we can conclude that

on C1 the optimal value of 1’ is now

) = 1-min {1
= max{l—(l—n)]]\\fflill, } , (8.13)
so that
Qfka(CL) = min Qi (N0). M) (5.14)
O

Theorem 8.4.2 (Evaluation of Q% (C1)). Given anyn and N for which the Q(E, n)

1s potentially greater than zero i.e. N < %, we have

ampcn - ap (0N .15)

Remark. In Fig. the orange region is where Q¥ (C2) outperforms the other bounds.
In Fig. [8-3 we presented a comparison between this upper bound and and other bounds.

Proof. As in the previous case solutions of the constraint are only possible for Ny < N,
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1" <n. Doing some algebra one can rewrite the first condition in Eq. (8.4) as
(L —n)(N — N1)N;

p=lg-N = N T S (NS W)
— :l;n(N—Nl)N;N_QA
_ 1;77(N—N1) <1+ NiA) (8.16)

with A := WV# We note that the only relevant case is where (1 —n)N —n <0,
because for (1 —n)N —n > 0 we already know that the quantum capacity is zero (see
the zero capacity condition in . Therefore, A < 0, and x as a function of No
is monotonically increasing, spanning for k = 0 (a value obtained for Ny = 0) to its
maximum value (attained for Ng — 00)

1 —
K/ma:c(Nl) = Tn(N—Nl)
1-n)N
< Kmaz = ﬂ , (8.17)
n
where K4, being achieved for the minimum value of N7 in the domain. Accordingly we
can write
Qpra(Cl) = min  QEs(x) . (8.18)
KE[0,Amax])

We can distinguish two cases depending whether or not Kpax = (L=mN

is larger or smaller
than kg (point where Q;n;?@(m) reaches its minimal value). For kpax < ko we get

Q%ﬁ%(cﬂ = Q;prG(”maX) =
(1—n)N
= Qrrc ( ' (8.19)
n
However, for kmax > ko we already know that the quantum capacity is zero, because

Ko > % (see the zero capacity condition in .
O

We can evaluate Q&% (C2) and QFrn(C2) too, however there is no region in which

these two bounds outperform the other bounds. For the details see the supplementary
materials

8.5 Lower and higher capacity regions

The composition rules of Bosonic Gaussian Channels allows us to draw some useful
relations that can help in strengthening the upper and lower bounds on their capacities.
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We start with a theorem determining regions in the parameter space where the capacity is
guaranteed to be smaller than the capacity of a given point, and with a similar argument
we determine regions where the quantum capacity is greater than the given point. Then,
given a lower or upper bound, we construct new bounds utilizing the structure of the
parameter space of thermal attenuator.

Theorem 8.5.1 (lower and higher capacity region). For any n and N
Q&) = QEy ) V(' ,N') € Ry (8.20)
with

Rynv: = {0, N):of <n,N' > NSD ) u
{0, N) : >0, N' > NWP ()}

where Né?ﬁf) (') and Né?]:]np) (') are defined as

(att) o 1—n n
o = (5 (:%)

Néiz]:[np) ) = n — 771‘1‘_(;,_ nN ' (8.21)
Similarly, for the higher capacity region
QENN) <QEynN) Y ,N')eSyn. (8.22)
with
Spv: = {0 N) i =0, N' < N ()} U

{(n.N):f <0, N' < N%P ()} .

Proof. We present the proof for the lower capacity region and the proof for the higher
capacity region is similar.
We remind that given two thermal channels &, y, &, n; We have that

5772,N2 OcpN = gn’,N’ ) (8.23)

is also a thermal channel with

no= e, (8.24)
1— N + (1 —ny)N: 1—
1 —nm2 L —nm2




Chapter 8. Improving Bounds for Thermal Attenuator Using Decomposition Rules. 83

and we can invoke the pipeline inequality to write Q(&, n) > Q(&y nv). Equivalently
this can be formalized as

Q€)= QEyn) Y. N') e RUY (8.26)
where
R(att) __ {( "Nl < N’ >N(att) / 8.97
aN = (LN < N =N () (8.27)
with
(att), 1 . 1-n n
Nn’N (n') = ; N ) (8.28)

To extend the inequality (8.26]) we now use the concatenation of thermal attenuators and
amplifier. In particular we remind that

EnNo@gnm=Ey N, (8.29)
with
n o= gn=>n, (8.30)
1—n)(2N +1 —1)(2M + 1
N — (1—=n)2N +1)+n(g—1)(2M + )_1/2
2(1—17)
/ —_ —_ J—
_ ot =N nlg =) .
1—7 2(1—17)
n—n+(1-nN
= : 8.31
- 1—-7 ( )
Hence we can conclude that
QUEN) = QEyn) Vi, N') € RV, (8.32)
where
RN = {6 N o =0 N = NS0} (8.33)
and

/
n—n+Qd-nN
Ny =

(8.34)

Sumarizing we arrive to the following conclusion

QEyN) > Q(EyN) Y ,N')eRynN, (8.35)
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with R, y union of the regions RES;\?) and R;?;Vnp), ie.

Ryn =R ORI (8.36)
represented by the grey area of Fig. i.e. the region whose boundaries are defined by
the curves

N = {(77’, Ny <o, N' = N (n’))} , (8.37)
el = {0 N s = 0, N = NP G} (5.39)

With a similar argument one can find the higher capacity region (yellow region in Fig. |8.5))
with the following boundaries

eyt = {(n’, Ny >0, N' = N (n’))} : (8.39)
Cgﬁlﬁp’_) = {(77/7]\7/) ' <n,N' = Né?ﬁp)(n’))} ) (8.40)
0

Here, we present some observations about Theorem [8:5.1}

Remark. Notice that simple geometric considerations imply that the inequality in
imposes that Q(E, n) must be a decreasing function in n for fited N and more generally
that Q(Epn) = Q(Ey nv) for all ' < m, N' > N. For an independent derivation of
the latter inequalities take no = 1, No = N + AN with AN > 0 and observe that now
N = N + n?%j;,)AN can be made arbitrarily larger by choosing AN sufficiently big.
Notice also that reversing the order of the composition will lead us to determine that
Q&yN) = Q&) for all f < n and N > (11__7’77,) N: this result however is less

performant than since channels €,y N+ that fulfil the latter also fulfil the former.

Remark. Observe that reversing the ordering of the concatenation in we get an
inequality which is provably less performant than : indeed this case we have that

Q(EyN) = Q(&y . N1) can be shown to hold for all W' > n and N' > w =

W , a condition that is already implied by (8.32). The points (', N') with
N = W are represented in Fig. by the green curve of the plot. This is

the same case for the higher capacity region too, more precisely changing the order in

Eq. does not result to any advantage.

Remark. Notice that for n = 0.5, N =0, we get

QEyn) Y .N')=0eR"H . (8.41)
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where we used the fact that Q(Ey=05,8=0) = 0. Note that by construction it follows

that Ry—o05 N—0 = R;a:ng?g N—o» because R;a:tg)ﬁ N—o b8 formed only by points on the N

axis which are inside Rf}i%_pg’ N—o- 1t turns out that the zero capacity region R(()C.L%p )
sponds to the zero capacity region identified by the [RMG 18] bound. In the supplementary

materials[C 3, we presented a more detailed analysis for the zero capacity region.

corre-

Corollary 8.5.1 (Monotonic behaviour along the curves). for any n1 < 12 and

Ny = Néfﬁ)(m), Ny = Né?ﬁf)(ng) we can write
Q(SWLNI) < Q(&DJ\@) . (8-42)
Similarly, for any m < ng and N1 = Né:l;\?p) (m), No = Néfl;\?p) (n2) we can write
Q(gm,Nl) > Q(&?z,NQ) : (8'43)
Proof. Note that (n1, N1) € Ri;t?\)b C Ry, N, because 11 < 12 and
1—mn M
N(ltt — N
772,N2(771) ( 2 ) 2(1 — 771)
1—n m
= N
NG
N () = N 8.44
o (m) =Ny . (8.44)

As (m, N1) € Ry, N,, using Theorem we conclude that Q(&,, n,) < Q(Ep,Ns) -

(amp)

Similarly for the second part of the theorem, we can show that (12, N2) € R, "\’ C
Ry, Ny, because 1y < 2 and

Ny () = Nyy™ (ne) = N . (8.45)
Therefore, Q(E,,.n,) = Q(EnoNs) - O

Corollary 8.5.2 (stable bounds). Suppose that the functions Q) (n, N), Q=) (n, N)
are respectively upper and lower bounds for Q(E, n), i.e.

QP (1, N) > Q(&,n) > Q) (n, N) . (8.46)

One can construct new functions as

) ,N) = min (+) ' N’
Q (/r’ ) (n’?N/)ES’!],NQ </r] )
< QMmN (8.47)
) ,N) = max =) ' N’
ANy = max QN

> QO N) . (8.48)
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Figure 8.5: Given any point (1, N) the region R, n represents the set of channels whose
capacity must be smaller than or equal to Q(&, n); similarly the region S, y represents
the set of channels whose capacity must be greater than or equal to Q(&, n). Arrows
in the picture show the direction where Q(&, n) has to decrease (or at most remain
constant). For the point in the white region our composition rules cannot be used to
determine a specific capacity ordering with respect to Q(&, n). The green line in the
plot represent the point identified by the curve (', N') with N/ = W
by using the concatenation rule : as mentioned in the text these points are inside

the regions R, y and S, n; as for the point associated with the curve (7', Nsvnjf,p(n’)) the

obtained

capacity reduces when moving South-to-North. In the example we set n = 0.6, N = 0.1.
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These functions still bound Q(Ey n) , and potentially can improve Q) (n,N), Q(_)(n, N),
1.e.

QM (n,N) > Q(&yn) > Q7 (0, N) . (8.49)

We say that an upper (lower) bound Q) (n, N) (Q7)(n, N)) is stable under concatena-
tion if it coincide with, its improved version Q) (n, N) (Q)(n, N)).

Remark. It is clear that good bounds must be stable (if not we can always define a new
one that is stronger). In the supplementary materials we showed that Q% (n, N) is stable.

low
However, for the other bounds the stability is not straightforward. In the next section we

study the stability of Q3% (C1) and QEru(C1).

8.6 Question: are the bounds of Sec. stable?

It is worth observing that the bounds derived in Sec. [8:4 are connected with the plane de-
composition analyzed here. In particular we notice that Q% (C1) have being obtained
by considering the points (n’, N') on the curve C(amp ) (the one that delimit S, n for
7’ < n), bounding their capacities (and hence Q%&EG(U, N)) via Q&% (7', N') and then
taking the minimum, i.e.

Qikc(Cl)=  min  Qkc(,N'). (8.50)

(' NDeCir)

Qrre(C1) on the other hand has been obtained by considering again the points of
Céa;\,np ) and using Q;Iﬁ%(g, M) to bound the capacity of the amplifier terms ®, s that
according to Eq. ( are needed to move them to (7, N) (hence indirectly bounding

Q(&y.N) as well),

Qpka(Cl) = min  Qrei(g, M) . (8.51)
(n/,N’)EC(amp’ )

Q¥ (C2) and QL (C2) are defined analoguosly by using points of the curve g,.N (amp, =)
that connects (1, N) via the concatenation rule that has reverse ordering with respect

o E20)

QFka(C2) = min Qe N'), (8.52)
(nlle)egg"l}’vnpv*)
Qrre(C2) = min Qi (9, M) - (8.53)

(NG ™)

amp7 )

One can find a closed expression for g as follows

gflizjfvnpﬁ) —
n—n+n(1-nN
{(77’, N')n' <n,N'> n( _(77,) ) (8.54)
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(in Fig. it is represented by the lowest part of the green curve).

From the above analysis it is clear that in principle none of the bounds Q;?%(Cl),
Q¥ (C1), Qpra(C2), and Q#EL(C2) are guaranteed to be stable. Indeed they have
being obtained by only taking a minimization over a (tiny) portion of S, n. There is
hence a chance that their extension on S, y will give better results. The situation however
is slightly more complex than what it seems at first view.

Consider fist the extensions of Q% (C1) and Q%% (C2) which coincide by construc-
tion,

QFkc(Cl) = Qfka(C2) =  min  Qkc(r,N'). (8.55)

(n',N")€Sy,N
Now we remind that for fixed N’, the function Q% (1, N') is monotonically decreasing
in 7. Hence the minimum in Eq. (8.55) is attained on the left-most boundary of S, n,
(att +) and C(amp,—)
N

i.e. on the curves C . Therefore we can write

QFkc(C1) = nin o )Q%t}t(c;(/ )
(n',N"ec, P ue T
~ min {Q#ka(C1), Qi (CL) } - (8.56)

where in the second passage we split the domain, use Eq. (8.50) and introduce the
definition

QGO = min Qi V) (3.57)
(W’,N’)GCW’N’

Now I strongly suspect (have not checked) that Q&% (n', N') reaches it minimum on

(n,N) (which is also included in Céaﬁp ’_)) so that the above expression reduces to
it (C1) = QL (C1), i.e. there is no gain.

Here, we analyse the stability of QEg4(C1) and Q%??é( 2) in the region where the

quantum capacity is potentially greater than zero N < In this regime, we combine

(1 n)’
Corollary [8.5.2] and Eq. [8.15] [C.13] to write
. 1—n)N'
anp = min amp 7( 8.58
Qrra(C1) o N, Qrral o ) (8.58)
e = min e (1 —n)N). 8.59
G2 = | min Q11N (5.59)

We note that for < Ko, Q?;n;(pg( ) is decreasing in , which is indeed the case. Because,
given that N < ( n) one can show (1 —7/)N’ < w < ko for any (n',N’) € Sp n
(1—n)N’

Therefore, to solve the minimization problems we should simply maximize and
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N(amp) ( n )

0.20 -

N/ : R;7 ,N

0.15

0.10

0.05-

0.4 0.5

Figure 8.6: A generic point A = (1, N') in the interior of S, x can be moved to (1, N) via
the action of one amplifier map ® plus an extra attenuator £. Depending on the ordering
of the operations we can select different routes. For instance the routes A — D — (1, N)
and A — F — (1, N) correspond to a transformation of the form Eo€40® and PoEofy

respectively.



Chapter 8. Improving Bounds for Thermal Attenuator Using Decomposition Rules. 90

(1 — /)N’ which are increasing functions in N’ for a fixed 7’. Therefore, to find their
maximum on S; ;y we can reduce the maximizations to the borders of S, v, so

. (1—n)N’
Q;rlrg()}( 1):= . (gtllg T (@ <77, (8.60)
(n',N"ec, 'y ue 'y
Qrra(C2) = min QU (1 —n)N') . (8.61)

(77'7N')€C,(ﬁ]t\?’+> Ucy(:]?\?fmﬁ)

(att,+)

For the minimizations on C , using Eq. [8.21] we write

(11 )NY () _(1-pN

= ; (8.62)
"(1—-n)N
(1= )N ) = TN (5.63)
n
For the first equation, the optimization is trivial.
For the second one, ' = 1 is where the function reaches its maximum, so
m . m (1 - ’I’]/)N/
ampey = i ot (Y
(' .N")€C,"\’ U
= min( o) Q;KG (1=n")N') . (8.64)
(', N")eC,’y
The minimization on C@""%) is also simple. Using Eq. again, we can write
(1= )NYP () n—(1-nN
p =l-—, (8.65)
n n
(L= )N ) = o = (= (L= m)N) (8.66)

As (n—(1—=n)N) > 0 (simply because N < %), both of the functions are increasing
in i/, therefore they reach their maximum for the maximum possible value of 7’ i.e. n’ =17
(note that in C(*™P~) we always have i/ <7 ), and we get

. am 1—n )N’ am
min Qrrc <(,)> = QFka(C1) (8.67)
(' N yecl ) U
min  Quiy (1-7)N') = Qpra(C2). (8.68)

(n’,N’)GCéﬁLﬁp’ )
Putting everything together we get
Qrka(Cl) = Qpia:(C2) = Qpki(C1). (8.69)

This means that Q;ﬁ%(Cl) is stable and using Corollary [8.5.2 we can improve
Qrka(C1).
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8.7 Conclusion

We have determined new upper bounds for the quantum and private capacity of ther-
mal attenuator by studying the decomposition rules. The new bounds out perform the
previous results for different values of the parameters of thermal attenuator. Also, we
introduced a structure for the phase space of the parameters of thermal attenuator. This
structure potentially can be used to improve any given lower or upper bound. A relevant
problem could be applying this structure to improve the upper bounds in [Pir+17|. In
addition, one could do a similar analysis for the thermal amplifier.



Chapter 9

Conclusions

In this thesis, we mainly focused on the long standing open problem of quantum
Shannon theory, namely the estimation of the quantum capacities of quantum channels.
We presented the previous bounds, and our contributions to the literature. Mostly, We
made use of degradable extensions as the principal technique to do so. To design the
degradable extensions, we introduced ancillary systems which give some information
about the action of the original channels. In most cases, such ancillary systems can be
interpreted as some non orthogonal quantum flags which make the extensions degradable.

In the thesis, after discussing some preliminaries in the first four chapters, we studied
the impossibility of undoing a mixing process with some given side information, and
found the optimal machines to do so, in Chapter [} Then, in Chapter [0, we introduced
an important technique, flagged channels, to design degradable extensions which is of
a vast applicability. In Chapter [7] we generalized the flagged extension technique to
Continuous variable systems, and bounded the capacities of some important Gaussian
channels. Finally in Chapter [§ we improved the bounds for the capacities of Thermal
attenuator found in Chapter |8 using information processing inequalities in their general
form.

As the final remark, we recap the main results and possible future works.

9.1 Chapter [} Degradable Flagged Extensions: Discrete
Channels

We introduced a technique to design degradable extensions, flagged channels, of impor-
tant qudit channels. Our technique is quite general, and we applied it to important
qudit channels with unknown quantum capacity, namely Pauli channels and generalized

92
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amplitude damping, and improved the previous upper bounds on their quantum
capacity. In the following we present the some possible future works

e Our degradable extension highly depends on the Kraus representation that we
choose for the original channel. It would be interesting to use this degree of freedom
i.e. choosing different Kraus representations, to improve the bounds.

e One can also design degradable extensions for many uses of the channel of interest.
This could potentially result to a better bound, and bring us closer to the value of

quantum capacity.

9.2 Chapter [} Degradable Extension: Gaussian chan-
nels

We extended the technique introduced in Chapter [6] to Gaussian channels, and designed
degradable extensions for important Gaussian channels, namely thermal attenuator, ther-
mal amplifier, and additive Gaussian noise. By computing the quantum capacity of the
degradable extensions, we managed to improve the previous upper bounds on the quan-
tum capacity of the aforementioned channels. As some possible future work

e One can study the energy constrained quantum capacity and bound this quantity
using the same techniques.

e Designing other degradable extensions can be always helpful to improve the bounds.
For instance, our degradable extension of thermal attenuator has some degrees of
freedom that can be used to improve the bound.

9.3 Chapter [8 Improving Bounds for Thermal Attenuator
Using Decomposition Rules

We used decomposition rules in its most general form to improve the previous bounds on
the quantum capacity of thermal attenuator. In addition, we showed that any bound on
the quantum capacity should follow some certain symmetries, otherwise one can construct
a better upper bound using decomposition rules. We propose some future works as
follows

e The same analysis can be done for thermal amplifier and one may be able to improve
the bounds for this channel too.

e One can also generalize the analysis to the energy constrained case, and find better
bounds for the energy constrained quantum capacity.



Appendix A

Appendix of Optimal Subtracting
Machine

Supplemental material is organised as following. First, we provide explicit derivation of
the decomposition of the main text. Then using we derive the fidelity
of the main text. Third, we present an explicit derivation of Eq. of the main
text. Then we analyze the application of the decomposition of the main text
to the case where ny = ns = 1, and in the following section we do the same for the
case n; = 2,no = 1. Analytical optimisation is also done for the case ny = 2,= oo.
Then, we present the derivation of an upper bound for the average fidelity of the UQS
realised via measurement and prepare strategies. Finally, we apply the method of Cirac
et al. [CEM99| for case n; = 2 and arbitrary ns.

A.1 Covariant Channel Characterisation

Here the calculations to derive the characterisation for covariant are presented. Intro-
ducing a Kraus decomposition for A in Eq.(5.14]) of the main text we get

Af -] :Z/dMU UMkUT@@N[,..]U@NM]ZUT , (A.1)
k

with M) the associated Kraus operators. Accordingly we can express the matrix ele-

ment ([5.16))

(3,8| Ac(lg,m, g) (5, m, g'])

L= O S [awnFoy o, o)
k

/ /
rr! 1l

i’ ki'g' 179
<D), ()M} DU, (A.2)
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where

D], (U) = (,LglU®N |j,l',g) . M= (3,r| Mi|jl.g) . (A.3)

We can write the multiplication of two Wigner matrices in the following form
DD, (UT) = (=17 (5.8 U[5.r) (G, —m, g| UV |5, =1, )
= (_1>l—m <1/27 S’ ® <.7a —-m g‘ U®N+1 ‘1/2 7“) ® ‘.77 _lag>
- l
= O ) O O T Dl (U) (A

J-3<a<i+3

where C/ M — (J M|jm) ® |j’'m') are the Clebsch-Gordan coefficients. Exploiting

Jm,g’' m/

this we can hence rewrite Eq. (A.2)) in the following form

(5,5 el m, g) (5, m' g ) |5 8) = ZZZZ lm“’—m’/duu e

ror’ LU q,q
q kggrqd =l ~q S’—m’
xXDg_ — l(U)M C1 o C, P

q T’” g’
XDT‘/—Z/,SI—’H’L/(U )Ml’,r’ .

Remembering that following identity of Wigner matrices (Peter-Weyl theorem, see
[Knal0])

) y 1
/dMU D, (U)D;, (U)" = mfsj,j"sm,m"gl,l’ (A-6)
the integral in (A.5|) can hence be simplified to
l m+l'—m/
<2a5‘A |J7m g> <] m,g‘ ZZZZ 2]_|_1 5s—m,s’—m’6r—l7r’—l’
ror! LU g

q s—m ~qg s'—m q r—I
J—m 585 5T
!

x M »chq - MT“ . (A7)

1 r.j =l Ur
Introducing then the variable p := r — [ = v’ — I, we can rewrite the above identity

as

'r’ m-r'—m/

(1/2, 5] Ac(|g,m, g) (5',m/ g ) [1/2,6) = ZZZZ 2] T e

rr!
NTe: Bader s'—=m’ ~q p

. 1 /3y 7 1 .
*5:.7 -m 58, ) -—m  5Tr)p-T

]Lk,jlyg'

k7
XMTT]ngq v p—r! r—pr! (AS)
which, defining the row vectors V,ig of components
1 ki
E : 7 P 59
(k7p) 2] _|_ 1 (_1)TC% T’,jp*T‘ MT,T_p ’ (Ag)

(A.5)
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and their associated scalar products
Wq]gg —vJ (vl ) T—qug k,p) [ . g,(k,p)} , (A.10)

allows us to finally express Eq. (A.8) as in Eq. (5.16) of the main text

(308l Ac [

j—m ls’j’ —m
q€Q; i

A.2 Fidelity calculation for arbitrary n;,n, and numerical
optimisation
Using Eq. of the main text the average fidelity can be expressed as
+ ®ny t ®n2
Fuuons(he) = (1A [ duy (1) (14 @ =V I 11VT) ™ 0 (V1 (V) )
(A.12)

Knowing that €2, 5, is invariant under any permutation on the first n; qubits, we can
write

Fana() = 5 (AT, [ (oIt 1+ =)V 1) 11VT) ™

o (vinyavh) " mp (A13)

where II, is a permutation on the first n; qubits, and o runs over all the elements of the
symmetric group Sy, , and |Sy, | is the number of elements of symmetric group. Then we
can write

Fuvnal8e) = 7 (11 A ZZ(T”) (=)™ 1L, 1) (P @ Ay T 1) (A14)

k=0 o

where Ay, := [ duy [V |1) (1] VT]®*. Defining By, we carry on the calculation

Be = IN{1* ® Ay (A15)
5m+s m/+s’ Nk mts Nk g .
= 70 2 C 5
m;N B 1O n Oty ng (1T
N —k —ny N—k-ny | _|n ny
®' 7m>< 9 ,m X 2 $><2,S .

Note that here we do not need to sum over any multiplicity index for the states

w, m> and |7, s>, because Ay _j is supported on the completely symmetric sub-

space of N—k qubits, therefore it is also supported on the tensor product of the completely

j,m,g><j',m’,g’H ‘%73,>:(_1)m_m/5sfm,5’fm Z 0757S_m i S_m/ W;;g(All)
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symmetric subspaces of N — k — ny and ng qubits, which have multiplicity 1. Writing
the first n; qubits in the total angular momentum basis we get

B, - Omets,m/+s' C% m+s CNT m'ts’ g smo o b/
k - N k N—k—no no N—k—no ; mg kk N—k—ng kk N—k—n
—k+1 ——2m s som, g S5, m 55—

Joa st
m,s,m’,s sJ15J1

k k
gt (ot g et o) (50

2 2

here the multiplicity index k indicates that we first wrote the k qubits in the total angular

momentum basis then we summed it up with ’N_I;_"Q , m> <N_];_”2 , m’. Schur’s lemma
implies
1 . . . .
S ZHO' |jlama k> <]1/,m/,k"Hl :Zf|jlamagj1><]17mlvgj1’6j1,j1’7 (A]-?)
| n1| o 95 #gjl

where g;, is the index for the multiplicity of j; and runs over all the possible values for

a certain jq, and #g;, = ("1‘(;11))!%‘11422“)' Using Eq. (A.17) in Eq. (A.14]) we get
2 2

= 1 ni k, _ni—k 5m+s,m’+s’ N;k m+s N2—
Founa(Ae) = (1l AC[ 2. T (k > A=)y T Ot e OnZi
m,S,m/,S/,jl,k,gjl
)k W b k k na
le 5 +tm le 5tm . T m, g; . o m,’ ‘ ‘*,S><
§§7N—’€2—"2m gg’N—’;—M m! 1 2+ i J1 2+ 9 | @ 2

B 1 ni _ k nl_k5m+s,m’+s’
L I I )

m,s,m’,s’,jl 7j7j/7k79j1

o é—&-m o é—i—m’ Ji o Eimts g E4mits

]m.

Using the Eq. (5.16)) of the main text we get

1 n1 _ (5 1L N—k 4
Foins (Ae) = E . < L > (1- P)kpm * ]Glt&;:_:i CNzk—ngm Sn2
2

m, 5§

N—k ok ok .k gk
Oz m/+s’ Jj1  5+m ok 5 +m’ Jj  s+mts 3 SH+m/4s
Nk N—k— N—k— ok n ok n
"2 m!, B2 5 gg, 2 m gg, o2 m/ Jig4+m, s jig4m!, 22 s

k—1 1 o

k=1_ g ..
’]

] !
J =5 —m/—s’ 4:951-951 °

(A.19)

(A.16)

(A.18)
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The dependence of the coefficients of Wg on the multiplicity index gj, is only

9J17911
through j;. So, we can define
J:3' ni k. nq—kOmsm/+s N5E  mts Nok ol s
Cqm(p) = Z k (1 =p)"p N — k+1cumgscmmlgs/
m,s,m’ s’k 2 2 2
1< b b
o Etm Cj1 Em/ J o Etmts i E4m/+s g Elom—s g
N—k— N—k— -k .k R
b Mok O St O, 22O, 22 0 O34 homes O3

and write the fidelity as

Fnl,nz(Ac) = Z 7j1 Z #g qgjl,gjl 5 (A21)

j,j/7j1,q
Because 2y, n, is symmetric on the first n; qubits, we can always choose A. to be
symmetric on the first n; qubits, therefore

1
Adlp] = o ST AT TS (A.22)
S| 5
Using (A.17)) we derive
Y 1 v
JsJ — Jr
Wq:gjl 19351 - #gjl ZWq7g;_17g;1 ’ (A23)
J1
therefore
JoJ 3.’ g
@951.95, 0,95, :95, vy]l’gﬂl ) (A.24)
so defining W;’jl = #51131 g, Wi, .95, then we get
Funih) = 3 CHOWE a2
.]7.] jl’q

Now, the number of parameters i.e. W; ]Jl, scale polynomially with n; and no because
the multiplicity index is fixed to be j; and the number of different j; is O(ny). Without
using the characterisation of covariant channels and writing €2,,, », in the proper form, the
number of parameters grows exponentially in n; and ns. This exponential reduction of
parameters makes the numerical optimisation feasible. In fact, this optimisation problem
is exactly a semidefinite programming optimisation. To show this we first briefly review
the semidefinite programming and then we define the parameters in the program.
A general semidefinite program can be defined as any mathematical program of the form
[Sin96|
max Fryno(X) = Tr[CTX] (A.26)
subject to Tr[DJX] >b,, k=1,.,m, and X >0
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where S is the space of all real n X n matrices. C' and Dy are n X n real matrices, and
by are real numbers and X > 0 means that X is semidefinite.

In our problem, Cé’;l( ) are the matrix elements of C' which are all real since C’;:i (p) is the
combination of the Clebsch-Gordan coefficients. Our constraints are equality Constraints
each of which can be obtained from two inequalities. The matrix elements of X are Wg i
and the elements of Dy and by can be read from the coefficients in Eq. (5.23]) of the main
text.

To prove that our problem is a semidifinite program we should show that X is positive-
semidefinite. X is positive-semidefinite if and only if there exists a set of vectors like {v;}

such that 2, , = v,.0,. In the definition of W' in Eq. (A.10), we have

49,9
N e
Wigjl,gjl T V?],gjl (ng,gjl) ) (AQ?)
and using Eq. (A.24) we get
V1 MY R M
Waia = Vo~ (Va)' (A.28)

So, X > 0 and our problem is a semidefinite program.
Note that in our maximisation problem the parameters in general can be complex num-
bers. However, the matrix elements of C' are the contraction of Clebsch-Gordan coefﬁ—
cients which are all real, therefore without loss of generality we can assume that W

q,J1
are real.

A.3 Derivation of Eq. (4.23)

Here we give explicit derivation of the constraint of the main text. The starting
point to observe that by explicit substitution of Eq. (13) into Eq. (14) of the main text

Z D T T Wiy = ity (A.29)
1
5 q

we get

Using then the following symmetry property of Clebsch-Gordan coefficients

JM _ (_1)—m1 [ 2J41 ~j2—m2
Ch mi,jama T (-1) 2j2+10j1 ma.J —M > (A.30)

we can observe that

2¢+1 ” 2q+1 2q—|—1
s—m q sm_ j m ] m

’.7 —-m 2 37.7 - $,qMmM—s

2j + 1 sam—s 25 + 1/

s= i2 s:i%
where II,,, is the projector on the the j, = m eigenspace. It follows hence that (A.29) is
automatically fulfilled for j # j/, while for ;7 = j/ instead it gives Eq. of the main

5;6A.31)
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text
% i’g,g’ g=j+1 - % g,g,g’ g=j—3 = Og,g' - (A.32)
Using the definition of Wg;ll = #;h > . ngg;l,g ;, and summing the equations (A.32
we get
Wil e Wil =1 a3)

A.4 Application of the formalism to the case ny = ny =1
For n; = ng =1, Eq. (5.13]) of the main text explicitly yields
Q=1 =p) 1) M@ I/2+ pAs. (A.34)

Notice that the term As is invariant under rotations hence it gets mapped by A. into a
multiple of the identity operator: specifically noticing that Tr[As] = 1 we have A;[As] =
[duy UA[A2)UT = I/2 which implies (1| Ac[A2] [1) = 1/2. On the contrary the first
contribution to € 1 admits the following decomposition

11,0) +[0,0) (1,0] + (0,0
V2 V2 ’
11
212
r.h.s. appear states of the total angular momentum basis of two spin % (no multiplicity
being present). Using Eq. (5.16) of the main text and the table of Clebsch-Gordan

coefficients we can then write
2 2 5 2 1
AL eI = Z|vhu| +2|vip| +35[v

+\}§ Re{vcl)/2 : (vi/Q)T} , (A.36)

where we dropped the index g since here is no multiplicity in total angular momentum
basis of two qubits. Similarly the constraints (5.23]) of the main text becomes

M (eI =1,1)(, 1]+ (A.35)

where without loss of generality we identified |1) with the vector |5, 5), and where in the

‘ 2

4 1 2 2 1 2 0 2
g‘v3/2’ +§’v1/2‘ —1, 2’v1/2’ —1. (A.37)

Exploiting this we observe that fidelity of Fj ;(A) for a generic map must fulfil the
constraint

p 1—p|2 2 5 2 1 2

Fa) < 2*2{J@ﬂ\+ﬁﬁﬂ\+ﬁﬂﬂ

+\}§‘V(1)/2HV}/2H <1-p/2, (A.38)
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the first inequality being obtained by forcing v(l] /2 and v} /2 to be collinear, while the

second following directly from |D By comparing this with the lower bound F,gnz};) >
1 —p(d—1)/d discussed in the main text for the qubit case (i.e. d = 2) this allows us to
recover the identity (5.10]) of the main text, i.e.

™ =1-p/2, (A.39)

)

the bound being achived by employing the DN strategy.

A.5 Details of the Calculation for ny =2, ny =1

Here we present detailed calculation to derive Eq. (18) of the main text. Using the
Eq. (A.19) we can write the fidelity as

2 5(1=p)B+5p) Wik 2+ (1-p) (33+23p)W 22 p(1—p) WP P sp(1-p) W
BaA) = B+ 72 T 12
(1-p) B+p) W75/ (6=p)(1=p)Wy 5224+ (1=p) (6-5p) W, ;P12
02 T 36 , (A.40)
using the definition of I/qu’j1 = #;h Zgjl Wg:g;1 95 and the definition of WJ:; p in
Eq. (A.10) we can write
1/2 3/2||. 1/2
Foa(A) = % N 5(1—p)(3+5p) ‘vm‘ +(1-p)(33+23p) ‘vn‘ n p(l—p ‘VOQ‘ +25p (1-p )v ’ n (1-p) 3+p)‘v11Hv11‘
(6-p)(1-p) |vi/L | +(1-p)(6-5p)| vy /S
(i sl o
with constraints:
3/2 3/2 1/2 1/2
+3|v vy +|v
bt | e o
where ¢ = 1,2. Using the constraints we eliminate ‘vg/f Vé/; vé/f) Eq. (A.41
becomes
1— 1/2 1-p) (3+p) 3/2 (1=p)(3+) 3/2||.1/2 1-p) (67 1/2
() = it L SUAME | 0cwosa | nomonlvil] aonolel

1/2

The coeflicients of ’vl 5 3/2

Vi ‘ are positive everywhere, so to maximise the fidelity we

. . 1212 9
put their maximum values |vi’y| =

2
3/2
=2 v ‘

1,1

4 -
= 3, obtaining

\/5(1*1))(3+p) V1/2 (1*17)(6*717) 172
A 51—4p(7— 1,1 Vi1
FQ 1( ) 54§ p) 93 ‘ ‘ 18 ‘ ‘

)

(A.44)
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This last expression has to be maximise with respect to ’Vi/ 12‘ considering that, according

to the constraint (A.42) such variable has to belong to the interval [0,/2/3]. For the
case p < g we take the derivative and put it equal to zero obtaining

‘ y 2’ - (A.45)

which belongs to the allowed interval only when p < 3/8. Accordingly for these values
of p we can use Eq. (A.45) obtaining

max 51—4p(7— 1 3
F{T™) = S=4piop) . (CnEher (A.46)

For the case 1 > p > 3/8 (which incidentally also includes 1 > p > 6/7), instead the

maximum for (A.43)) is always maximised for the maximum allowed value of ‘v}/ 12 , 1.e.
‘v}/f‘ = yleldlng
max 1—p)(51+ 23 _ 2
F2(71a ) — ( p)(54 + p) + p(13 p) + %7 (A47)

which together with (A.46|) gives us (18) of the main text.

A.6 Casen; =2, nyg =00

As we argued in the text,

P = mae [ d 0 A5 W] 19) = | me [ dao (1AL =) 19) (0] + 1) ()]0

AeCPTP AeCPTP
(A.48)
(max)

This equality is consistent since Fn1 does not depend on |¢) by virtue of the invari-
ance property of the Haar measure, and therefore one can set |¢) = |0) without loss of
generality. In this case the optimal A is not covariant, since it depends on |0) (0], but
we can still find the maximum fidelity through the standard Kraus representation of A.
For ng = 2, there is no need to distinguish between equivalent representations and the

(k)

matrix elements M of a set of Kraus operators for A, M, satisfy

S,7,m
(35| Allg,m Ly =S u® u®, (A.49)
k
1/2 1/2
Z <%’5 Allg,m) <j m‘ Z Z S)mMSj m = 5j7j’5m,m’~ (A.50)

s=—1/2 s=—1/2 k
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The integral in (A.48) can be written as

/duU (WAL= p) [&) (@] +p0) (O] [¢) =

1 1
= 5 i (55D} WA |10 (o] @ 50) (B ID2, 0)]3.5),
s,8", l,m,l",m’ 2% ’2
3 3 Y il
- Z /d'uUpmlx Plim,r, ’Di (UT)DQ/ l(U) Z Ms,j,lerMS/,j’,l’er/C]’l I CJ I v
s,8', L,m,l"m 278 $59 k.75’ 2,,2,m 2: :27
(A.51)
where
1 1 1 1
pg?x(p)l,m,l’,m’ = <D21 (U)D% (UT) + 5[ 15 1) <D2 1 (U)D% (UT) + 611 15 ’ 1) :
Ly 3m 2 ™2 ) g 2 ™2
(A.52)
After performing the integrations the result is
[ i 1AL =) 9} (01 + p10) (0)) ) =
1— 1— 8(1—p)—5(1—p)?
_ . p)2k|M(k1) |2+P( p)2k|M§k) 24 (1-p) =51 -p)° P Py
L ,0 6 bE ,0 12 351,
4(1—p) =301 —p)° K 2, (1— p)? k) 2, (1—p) (k 2
Yk M 72 M Y| M
+ 2 | %11|+ 1 | %1 1‘4‘ D k| %,7 |“+
(1-p)(1+p) ) 2, 1-p s D
. IVLIM — M —
(1-p)? (k) ) (1- )(1 +p) ®) 30
4+ L ¥, Re[M’ M + VTP TP s Re[M A.53
62 e Rel %,1,0 —%,17—1] 62 K Rel —%,1,0 %1 1] ( )

Using the constraints (5.23)) and the positivity and magnitude of the coefficients most of
the optimal parameter choices can be found:

S| M 1)00’ =1, SMP 2=0,  wmP 2=1,
2

2:0, PR
SelM®) 2=o0, S M 1) =1, mMP 2=o.
—5.1,1 —5.1,-1 51,1

Moreover, using the Cauchy-Schwartz inequality

k) k
L T EYO T PN) DT SNy DOTEE ot
27’ 2 2’7 k 27 2’7
k k k k k
|Re[M<£1OMiil}|g Z|M(£10|2 Z|Mi)“|2: 1—Z|Mi)0|2, (A.54)
7277 2’7 k 7277 k) 27’ k 277
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one is left with the maximisation of a function of the variable ¢t := />, |M gki O|2:
204
1-p)(1 1— 1-p? (1-pQ
(1 —p)( +p)(1_tz>+ P, A=p)7,  A-p)+p) 170 (A.55)

6v/2 6 6v2 6v/2

The solution and the maximal value of the fidelity can be analytically determined, but

they are quite cumbersome and we do not report them: instead we present the numerical
plot in Fig. of the main text.

A.7 Upper Bound on Measurement and Prepare Proto-
cols

We have already observed that in the limit of large ny and ns, MP protocols allows for
optimal average fidelity. But what happens for finite number of copies? To answer this
question we introduce an upper bound on the average fidelity attainable with MP proto-
cols. Indeed, invoking once more the fact that for characterizing optimal performances
one can restrict the analysis to transformations which are symmetric under the permu-
tation of the first ny qubits. Using Eq. , the associated fidelity can be written
as

Foy g (AMF) := ) (7}?> (1-p)pm* / dpr (| AMT(19) (9| @ Av—t) [¢) , (A.56)

k=0

AMP

where now is the optimal MP channel. Then, we can get the following upper bound

by using an optimal MP for each independent part of the whole state

P ) < 30 (W) -t (A57)

k=0

x / dpuey (6] AMP () (9]%F @ Aw_i) [1),

where AMP is the optimal MP choice for |¢)) (1|®*. Using the known result for tomogra-
phy of pure states [MP95| we can then derive the following inequality

Fryna (AMT) < 3001 (11)%(1 —p)pmh, (A.58)

where ]]:—j;% is the average fidelity in the optimal tomography of & > 0 copies of a pure

state. Notice that the right-hand-side quantity does not depend explicitly on ng, and
that for n; = 2 reduces to the function (19) of the main text which we reported in

Fig. .1
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A.8 Performance of the Cirac, Ekert, Macchiavello (CEM)
protocol as a subtracting machine

Here we show that a direct application of the method of Ref. [CEM99| to solve our
problem for m; = 2 and arbitrary ns leads to the same average fidelity as the DN
strategy, being hence sub-optimal for our purposes.

The method presented in Ref. [CEM99| does not assume the possibility of operating
on the noise signal, therefore the average fidelity one can achieve in this case does not
depend on me. For case n; = 2, it consists of two steps first performing an orthogonal
measurement on the system that discriminate the completely symmetric from the anti-
symmetric subspace of two qubits, and then tracing out on of the qubits. Adopting this
procedure from Eq. of the main text we get

Fi2y = / dpudpy (| ATMSE (p)] [v) (A.59)

= / dppdpy (] ASM[(1 = p)? [) (|22 + p? |9) (6]%% + p(1 — p) ([¥) (V]| @ |9) (¢]
+1) (] @ [¥) ()] [¥) - (A.60)

Taking the integral on ¢ and using the fact that the method |[CEM99) is also covariant
we can carry on the calculation

2
S = (=P + B duo (1AM (1 = p)() (Wl @ 5+ 5 9 10) (0] 1)

2
p CEM I I p
= (1-p*+ - t{0jA Mp(1 - p)(|0) (0] @ 5 +5@10) (0))]10) =1 £A561)
where in the last inequality we use the fact that, as anticipated, AFM consists in per-
forming the measurements on the symmetric and antisymmetric subspace. We notice
hence that FCE:%[ exactly coincides with the fidelity one would get by simply adopting

ni

the DN strategy, i.e. FnClEzl\él = F}l)ll’\]ng which is clearly not optimal in our case.



Appendix B

Appendix of degradable extension:
(Gaussian channels

This chapter is organized as follows. First, we prove that the flagged extension of Gaus-
sian additive noise defined in Eq. is actually Gaussian, then in the next next section
we show that is degradable. In the final section, we calculate the coherent information
of additive Gaussian and extended attenuator noise noise defined in Eq. [7.4] and

respectively

B.1 Proof of Gaussianity of flagged additive Gaussian
noise

In this section we review the class of Gaussian channels known as classical mixing chan-
nels, then show that flagged additive Gaussian noise is a classical mixing channel.

For any n x n square matrix Y > 0 with eigenvalues Ay, ..., Ay, let us indicate the support
of Y as S(Y), det4+ Y = [];.\. o0 Ai; and pseudoinverse of Y as Y©!. Classical mixing
channels have the form:

efrTYelr
Ay 0| := / dr .
2 sy A /et Y

Channels of this type are Gaussian and the action on the first and second moments

DypD} . (B.1)

is
— Ay o Ay r_
r—rTr =T, c—Vi=0+Y. (B.2)

By direct comparison with Eq. of the main text it follows that the flagged additive
Gaussian noise of Ag is a classical mixing channel applied to the state p @ |3/2)3/2| ®

106
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|B8/2) /2| with the matrix Y equal to

2 1

5 0000 -3

0 20 % o0 o0

0 00 00 0

1o Lo Lo o0 |° B3
5 Y 25

0 00 00 0

1 1
L oo 0 0 &4

and thus Gaussian.

B.2 Degradability of flagged additive noise channel

Here we prove the degradability of the channel A%. We define the unitary operator
U@ : Ly(R?) — Ly(R?)

U@ ap(ay, m9) = (21, 20 + 21) (B.4)

and U®) : [5(R?) — Ly(R?)

UP) s (2, 0) — (21, m)e 172 (B.5)
We define the pure states of two modes |C7) and |C2) with wave functions respec-
tively
I2 LT T 272
Ya,p(21,22) = |/ 96_6%_1%_5% ,
T
_ B sz gz B
Py (a1, 22) = 9. AT i, (B.6)
We also note that the wave function of a displaced squeezed state ]_A)(O’m) |B) with z € R
is
B e
Ypa(a') = e P T (B.7)
™

Note hence that
(Wl ® (Cilxp @ (Cal s USATOEI (2, 2p)] =

B At At At At —2(@% +22)
_’/%/RZ daxedap (] Df, o Dlous (/21 Dl oy (812150 Dl o, me 1058 fax ap)
(B.8)
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It follows that

. 1
AS[[Ne] = Trxpl ;AU Y14 ® [CINCix pr @ [CaXCal o US, U]
_ B —B(%

2
@ D(0,—;cp/2) |B/2><5/2|X/ ﬁgo7_xp/2) ® D(O,acX/Q) |B/2><5/2‘P/ bgo7xx/2) :

2%) f all
dexd:rp D(acx xp)pD(a:X,xp)

The wave function of UI(DI&U( ’)AUPAUXA [V) 4 ®|C1) x pr ®|C2) pxs 18

2 2 2
/ _BEX IX“”P’ _B%Pp  EPTXI  pTx) . . .
2ﬁ e B 1 IB B 4 +1 3 B 2 w(xA_}_xX_{_l,X,)e’L(xA wx/)l'p+le:EP/
™

(B.9)

2 2 2
/B _ zX? zXzP/ X’ _ IP,'ZPZX/, ZP/ .
= ﬁ,27€ ﬁ 1 B ﬁTl 1 ﬁ74 w($A+1'X+.TX/)€ZIA(xP+mPl) )
T

(B.10)

Since this wave function is symmetric under exchange X <+ X', P < P’, defining the
map

WX’P’A—LX’P’[ ] = TrA[U](D/ZLlU)((/)A/)X’P’AU)(() TU}_{ZLT] (Bll)

we have that

Wxiprasxpr o Ag 4, xipralp) = TrXPA[Ugj)AU)((%)AUgLU)(?’)A
pa @ |CLNCilx pr ® [Co)Col pr (TR0, U0,

= Trrp Al 08, UL U 54 @ [CLNChlx pr @ [Co)Col pr (UL U, 0B 08))" ] =
(B.12)

Thus AZ’C is degradable.

B.3 Computing the Coherent information of extended chan-
nels

In this section, we calculate the coherent information of the flagged additive Gaussian
noise Aj (see Eq. ) and the extended thermal attenuator & v (see Eq. [7.16)). The
von Neumann entropy of a Gaussian state can be computed from its covariance matrix
o. In particular, we need to compute the symplectic eigenvalues v, ...,v, of o. In
particular, these eigenvalues can be obtained from the eigenvalues of the matrix iQo,
which correspond to vy, —v1, ..., vy, —,. The Von Neumann entropy of a state p with
covariance matrix o is then

5) = > h(vn) (B.13)
=1
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with
h(zx) := mTHlogQ (:’“"7“) — %1 log, (%) . (B.14)

For flagged additive Gaussian noise channel Aeﬁ and extended thermal attenuator 5;7 N
gaussian states maximize the coherent information since the channels are degradable and
admit a Gaussian degrading map, satisfying the conditions of Theorem The de-
grading map is explicitly Gaussian for the extended thermal attenuator; in the case of
the flagged additive Gaussian noise the degrading map we present in the next section is
not explicitly Gaussian, but its complementary is Gaussian. Since any Gaussian channel
admit a Stinespring representation with a Gaussian unitary, there exists a Gaussian di-
lation of the complementary of the degrading map. By the properties of the Stinespring
representation, the Stinespring dilation of the degrading map is isometric to a Gaus-
sian isometry, with the connecting isometry acting trivially on the systems associated
with the output of the complementary of the degrading map. This is enough to apply
Theorem An explicit Gaussian degrading map will be presented elsewhere.

If in addition the channel is gauge-covariant, the maximization can be restricted to
gauge-invariant states [4.4.2] In our case, both the thermal attenuator and the flagged
additive noise satisfy a generalized gauge-covariance property. Defining the Gaus-
sian unitary on one mode R(f) acting on # = (Z,p) as the rotation matrix R(#) :=

cosf sinf
—sinf cosf
RO)ER(0) = R(O)F, (B.15)
we have
AG[R(0)pR(0)1] = R (0)AG[A)1R ()T, (B.16)

with R’(@) being a three mode Gaussian unitary acting on t = (Z1,p1, T2, P2, L3, P3)
as

R(0)FR'(0)" = R'(0)%, (B.17)

with
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cosf sinf 0 0 0 0

—sinf cos6 0 0 0 0

0 0 cos 0 0 sin 6 0
R () := . B.18
(9) 0 0 0 cos 0 sin 6 ( )

0 0 —sin@ 0 cos 0 0

0 0 0 —siné 0 cos
In a similar way,

< N[R(O)PR(0)T] = R"(0)E N (IR (0)T, (B.19)

with R”(Q) being a two mode Gaussian unitary acting on t = (&1, p1, T2, p2) as

R"(O)FR"(0)" = R"(0)F, (B.20)
with
cos@ sinf 0 0
—sinf cos6 0 0
"y .= M B.21
7(6) 0 0 cos) —sind ( )
0 0 sinf cos@

Adapting the argument in for gauge-covariant channels, Eq. (B.16)),(B.19)), together

with the concavity of the coherent information of degradable channels, imply that the
maximum of the coherent information is attained on gauge-invariant Gaussian states,
which coincides with thermal states for channels with one mode as input. Moreover, since
A% oDg = Dgo A% and 5;, Nﬁs =D /s © 5;7 N+ by concavity and unitarily invariance of
the coherent information we have that higher energy thermal states have higher coherent
information.

Thus, to compute the coherent information of the flagged additive noise we have to
find the covariance matrix oy of AZ[pn] and the covariance matrix o}, of (Af ®
Dlpar)){{par|] where ppr is the thermal state with average photon number M and
lpar)) is its purification, which can be taken to be the two-mode squeezed state |7)

(see Eq. [4.25)).
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We obtain
2M+1+% 0 0 0 0 —%
0 2M+1+% 0 % 0 0
0 0 2 0 0 0
_ 3
o = . 5 (B.22)
0 3 0 5435 0 0
0 0 0 0 % 0
1 B 1
—% 0 0 0 0 5+33
2M +1+ 3 0 0 0 0 -5 2MM+1)
0 2M+1+% 0 % 0 0 0
0 0 % 0 0 0 0
1 B 1
o 0 3 0 5+45 0 0 0
M 2
0 0 0 0 2 0 0
-1 0 0 0 0 S+ 0
2/M(M + 1) 0 0 0 0 0 oM +1
0 —2¢/M(M+1) 0 0 0 0 0

(B.23)

The eigenvalues of iQ2ay; are

L9 + O(1), ivl/B—F’BQ—FO(l/M), ivlgﬁerO(l/M), (B.24)

while the eigenvalues if iQo”, are

VM +0(1), izi\/ﬂﬂ)(l), +1,  +1. (B.25)

ﬂm e

Therefore we have

Q(Aj) = lim S(Aj[poum]) = S((AG @ D)[[7)7[5]) = logz f —1/log2 + 2h 4?/32 '
M—o0
(B.26)

To compute the coherent information of the extended thermal attenuator 57‘; N Wwe have
to find the covariance matrix oy of &) ~1om] and the covariance matrix o/, of the
complementary channel 52’10\[[[3]\/1] = &7, ylpum] where py is again the thermal state
with average photon number M. We obtain

n(2M+1)+(1—n)n(2N+1) 0 (1-n)2y/N(N+1) 0
o = 0 n2M+1)+(1—n)(2N+1) 0 —(1=m)2¢/N(N+1)
(1-m)2¢/N(N+1) 0 n+(1-n)(2N+1) 0
0 —(1-n)2y/N(N+1) 0 n+(1—n)(2N+1)

(B.27)

|
N
OOOOOSO
=
_l’_
=

2M +1
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while 7, is obtained from the above expression by exchanging 7 — 1—n. The eigenvalues
if iQo s are hence

+nM + O(1), tn+(1—-nE2N+1)+0(1/M), (B.28)
while the eigenvalues if Qo are
+(1—n)M + O(1), +((1—n)+n2N+1))+0(1/M) . (B.29)
Therefore we have
QE;N) = lim S(Enlpn) — S(E,vlou)

= —logy (2;) +hln+ (1= n)(2N +1)) = h((1 — 1) + (2N +1)).



Appendix C

Appendix of degradable extension:
(Gaussian channels

This chapter is organized as follows. First, we present the calculations for the evaluation
of Q& +(C2) and Q;ﬁ%(c2). Then, we apply the decomposition rules technique to
the zero capacity region. Finally, we show that the lower bounds are stable under the
symmetry imposed by the decomposition rules.

C.1 Evaluation of Q§%;(C2) and Qprn(C2)

Evaluation of Q¥+ (C2):~ It goes without mentioning that by construction this term is
guaranteed to be not larger than Q¥t(n, N) (indeed Q¥E (7', N1) reach this value on
C2 for y’ = n and N; = N). Observe now that the first equation of C2 can be casted in

the equivalent form
(g—DVa+ N1 +1) =1 =n)(N—-DN), (C.1)

which shows that in order to guarantee that g > 1 imposes to focus only on the domain
N; < N (hence from now on we only focus on this regime). Notice also that expressing

g in terms of ' we can rewrite the above constraint as

B No+1+MN B (_ (1 —n)(N —M)
= TNy ¥ 19N +(1—mN No+1+nN; + (1 —n)N

) . (©2)

which by construction ensures that 7’ < n (and 7’ > 0). Notice then that for fixed N
the function Q¥E(n, N) is increasing in n and nullifies for n = 1/2 (being negative for
n < 1/2 and positive otherwise). Therefore, for fixed Ny < N, the minimum value of

113
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Q¥ (', N1) on C2 is always attained by using as Ny the value that minimize 7/, i.e
Ny = 0 (remember that we are bound to use Ny > 0), obtaining

1+ N
14+nNy+(1—n)N "~

Mopt(N1) = 1) (C.3)

Hence we can now write

Qi (C2) : —Nlm[lgl Q¥ia (Mopr(N1), N1) (C.4)

This is a single letter formula that we can try to compute analytically. By plotting the
function Qq (M)p¢(N1), N1) in terms of Ny for fixed values of  and N we observe that it
has two possible behaviours: either is increasing in Np (this happens for instance for high
values of 1) or it is decreasing (this happens typically for lower values of n). Accordingly
we can conclude that the minimum over Nj is obtained at the extreme of its domain,
i.e either for Ny = N or for Ny = 0. In the first case we get 7),,,(N1 = N) = 71 so that
Qe (Mhopt(N1), N1) reduces to the old bound Q% (7, N). In the second case instead

we get 1),,,(N1 = 0) = n/(1+4 (1 —n)N) which leads to

(C.5)

QFkc (opt (N1 = 0), N1 = 0) = Qffka(n, N) := max {0,log2 (I_mT(INJrl)} :

Accordingly we can claim

QFka(C2) = min {QFke (1, N), QFka (. N)} - (C.6)
It turns out that there are indeed values of n and N for which Q%,(C2) is an im-

provement with respect to Q¢ (n, N) (and also with respect to PLOB). Unfortunately

however Q%tf(G (n, N) is always less performant than the one in RMG!! Observe also that
from above expression it follows that Q¢ (C2) (and hence Q(&, n)) is identically null
for

U] 2n—1
—_— =1 << N-= )
(1=n)(N+1) 1—n

(C.7)

(remember that on our analysis we can restrict ourselves to the case n > 1/2 — see footnote
1 in the previous pages). Exploiting then the fact that Q(&, n) is not decreasing in 7,
this can also be used to show

QEN) =0  for N >3 (C.8)

Remark: the bound Q%tf(G(n,N) is always less performant than the one in RMG!!!
att

Therefore we can exclude that Qi (C2) does not buy nothing new to the analysis. In
particular we notice that the zero capacity condition imposed by RMG reads

QEN) =0 for N> ZEL o)
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which tmplies @ that is therefore a weaker result.

Evaluation of Qpe(C2):~ As in the previous case we can restrict the analysis to Ny €
[0, N] and 1’ € [0,7] (the other regimes being incompatible with the constraint). From

(C.10) we get
(1 =n)(N — N1)Ny

" (9= DN No+ Ny +1
N1 +1
= 1-n(N-N)|1l—-——"——]), C.10
= = ) (1 ) (©10)
so that
. (1 —n)(N — N1)N;

R )

Notice that for fixed 1, N, k is always upper bounded by
K < Kmaz = (1 —=n)N | (C.12)

a value that we can always attain setting Ny = 0 and taking the limit No — 00, g — 1
while forcing (g — 1)N2 = (1 —n)N.

Again for the regime in which the capacity is potentially positive i.e. N < %, one
can show that (1 —n)N < kg. Therefore in this regime, Qpy(; reaches its minimum value
in Kpee and we write

Qrka(C2) = Qpge((l—n)N) (C.13)

amp

Remark: this appears to be a good bound but we shall see that Qpke(C1) is an
improvement of it.

C.2 Zero capacity region

First of all given R an arbitrary region in the parameter space we define its extension R
as the set

R={(',N):3(n,N)e R st. (f,N)eR,n}. (C.14)

Of course since (1, N) € R, y it follows that R C R; in case R = R we say that R is
stable.
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Now let Ry a set of the parameter space where we know for sure that the capacity @ is
ZEr0:

QEn)=0  V(n,N)eR. (C.15)

Then by construction it follows that the capacity also nullifies on the extension of Ry,
ie.

QEw)=0  V(n,N)eR. (C.16)

From the above definition we can then conclude that if Ri'** is the largest zero-capacity

region of the problem, i.e. Q(&,n) = 0, if and only if (n, N) € RF™, then R§*™ has
to be stable (i.e. R = RMaX)  In other words, a necessary condition for a set to
be the largest zero-capacity region is to be stable; it turns out that the zero-capacity
region identified by the RMG bound (i.e. the set Ré?gn,op )) fulfils such condition: it is
hence a good candidate for Ry'®*. Unfortunately this is not the only one: as a matter of
fact another good candidate for Ry'®* is the region one identifies if the g-capacity is not
superadditive and Gaussian optimize. Suppose in fact that Q(&, n) is not super-additive

and it is optimized over Gaussian inputs. Then we can write
Q) = Q™ (Enn) =
max{0,10g2(1 i )—h(2N+1)} : (C.17)

with Qggaus) (&p,n) the maximal single-use coherent information computed on Gaussian
inputs. Accordingly for n > 0.5 the zero-capacity region will be hence associated with
points (7, N') such that

1

log2(1 ) <h(2N +1), (C.18)
that is the region with
1
n< 1+ e—h(2N+1)log2 ~ (Clg)

If this is correct then this region must be stable, i.e. for all (n, N) fullfiling (C.19)) we
must have

1
/
S 1+ e—h(2N’+1)log2

V(n',N') € Ryn , (C.20)

or equivalently we must have that the following equations holds true
1
/

<
T 1 4 ¢ h@N (n)+1) log 2
1

- V0, N') € Ry - C.22
' 1 4 e N () +1) log 2 (', N') € By v (C.22)

V(n',N') € R, v , (C.21)

It turns out that these identities are indeed both satisfied.
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C.3 The stability of the lower bounds

Analogous considerations apply to lower bounds as well. Remember that the quantum

capacity is known for N = 0, i.e.

Q€0 = Q1(60) = max {0.1oea( )} (©23)

which for n > 1/2 is a monotonically increasing function. Remember also that for (7, V)

generic we can write

Q(EyN) > QL (n, N) := max {o, logs( ) — h(2N + 1)} . (C.24)

n
I—n

Now for fixed 7 let us consider the point on the curve

Cyi= {Of N 0 =, N' = NS ) } (C:25)
with
am 77/ -n
Né,o p)(n/) =1 R (C.26)

Using the monotonicity property of corollary [8.5.1] we can claim that
Q(gn,O) 2 Q(En’,N’) Z Qila‘(f\‘fv(n/a N/) ) V(U/a N/) € CT] ) (C27)

where in the last inequality we employed (C.24)). Unfortunately the above inequality
doesn’t buy you anything since it is always fulfilled.
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