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Strongly correlated Stokes and anti-Stokes photon pairs
(biphotons) exhibiting very large generation rates and
spectral brightnesses could be attained at extremely low
pump powers and optical depths. This is realized via
spontaneous four-wave mixing in cold atoms with en-
hanced nonlocal (Rydberg) optical nonlinearities and
prepared into a dark state with a large population im-
balance. The scheme works with all light fields on reso-
nance yet with negligible linear absorption and Raman
gain. © 2023 Optica Publishing Group
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Rydberg atoms in highly excited states typically exhibit long4

radiative lifetimes, large electric-dipole moments, and strong5

dipole-dipole interactions (DDIs) [1]. These features, signifi-6

cant for both fundamental interest and potential applications,7

have been well explored to realize quantum gates, quantum8

memories, single-photon devices, quantum simulation, quan-9

tum metrology, etc [2]. Usually manifested as van der Waals10

(vdW) potentials, DDIs offer a promising avenue for the nonlocal11

control of nonlinear optical responses because they can be easily12

modulated by changing atomic densities and/or manipulating13

external fields. Mean-field models are often employed to reduce14

the calculation complexity of Rydberg atoms [3, 4], though a15

many-body approach is needed to account for the inter-particle16

correlations induced by vdW interactions [5–7].17

Photon pairs or biphotons generated from spontaneous four-18

wave mixing (SFWM) processes [8–16] are highly required in19

constructing quantum interfaces between photonic qubits and20

atomic memories [17, 18] due to their narrow bandwidths com-21

parable to or even smaller than atomic natural linewidths [19–22

21]. In the typical double-Λ atomic system, biphotons can be23

efficiently generated via SFWM only if the pump field is far-24

detuned from a corresponding transition to well suppress the25

linear absorption and Raman gain [8–10]. Recently, we found26

however that the pump field could also work on resonance and27

hence be quite weak in generating biphotons [22] as a second28

pump field is introduced for creating a balanced dark state (DS)29

composed of two equally populated ground states [23].30

Considering large nonlocal optical nonlinearities [5–7] that31

might be attained in Rydberg atoms, here we propose a scheme32

for the efficient generation of biphotons by exploiting an imbal-33

anced DS that involves a weakly populated Rydberg state and a34

strongly populated ground state. This DS enables both a large35

suppression of the linear absorption and Raman gain by keeping36

the remaining three states empty, and a great enhancement of37

the SFWM process through nonlocal nonlinear susceptibilities38

that are two-order larger than their local counterparts due to39

vdW interactions. Both effects concur to a four-order enhance-40

ment of the generation rate of Stokes and anti-Stokes photon41

pairs, leading to the spectral brightness per pump power com-42

parable to or larger than that observed in recent state-of-the-art43

experiments [24, 25] with higher optical depths.44

Our set-up consists of a modified double-Λ atomic level con-45

figuration, see Fig. 1(a), with the pump field of frequency (am-46

plitude) ωp (Ep), the coupling field of frequency (amplitude)47

ωc (Ec), and an additional driving field of frequency (ampli-48

tude) ωd (Ed) applied on transitions |1⟩ ↔ |4⟩, |2⟩ ↔ |3⟩, and49

|4⟩ ↔ |5⟩, respectively. The corresponding detunings (Rabi fre-50

quencies) are ∆p = ωp − ω41 (Ωp = µ41Ep/2h̄), ∆c = ωc − ω3251

(Ωc = µ32Ec/2h̄), and ∆d = ωd − ω54 (Ωd = µ54Ed/2h̄) with µij52

being electric dipole moment on transition |i⟩ ↔ |j⟩. A Stokes53

and an anti-Stokes field will be simultaneously generated with54

detunings (Rabi frequencies) ∆s = ωs − ω42 (Ωs = µ42Es/2h̄)55

and ∆as = ωas − ω31 (Ωas = µ31Eas/2h̄) via SFWM [8]. Conser-56

vation of energy enforces δs = ∆p − ∆s and δas = ∆c − ∆as to57

cancel out, making it convenient to adopt two-photon detuning58

δ = δs = −δas as a frequency scale parameter.59

Taking the upmost state |5⟩ as a high Rydberg state, the total60

interaction Hamiltonian is (h̄ = 1)61

Ĥt =−
N

∑
α=1

[(∆p + ∆d)Ŝ
α
55 + ∆pŜα

44 + (δ + ∆c)Ŝα
33

+ δŜα
22 + (ΩcŜα

23 + ΩpŜα
14 + ΩdŜα

45 + ΩasŜα
13

+ ΩsŜα
24 + H.c.)]−

N

∑
β<α

V(dαβ)Ŝα
55 ⊗ Ŝβ

55,

(1)

where Ŝα
ij ≡ |j⟩αα⟨i| denotes the transition (i ̸= j) or projection62

(i = j) operator of the αth atom; V(dαβ) = C6/d6
αβ is the vdW63

potential responsible for the nonlocal interaction between the64
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Fig. 1. Level configuration (a) and excitation geometry (b)
proposed to observe enhanced biphoton generation in a Ryd-
berg gas of 87Rb atoms. Co-propagating pump (ωp) and cou-
pling (ωc) fields generate Stokes (ωs) and anti-Stokes (ωas)
photon pairs in the presence of two-body Rydberg interactions
V(dαβ) that strongly enhance the nonlocal SFWM nonlinear-
ities through a transverse driving (ωd) field. The 87Rb levels
are selected as |1⟩ = |5S1/2, F = 1⟩, |2⟩ = |5S1/2, F = 2⟩,
|3⟩ = |5P1/2, F = 1⟩, |4⟩ = |5P1/2, F = 2⟩, and |5⟩ = |60S1/2⟩.
In our proposal, at most two atoms (yellow filled circles) can
be excited to Rydberg state |5⟩ in each sphere (green dashed
circles) of radius 3Rb (see text) while most atoms (orange filled
circles) remain in ground state |1⟩. Decay rates are taken as
Γ32 = Γ31 = Γ42 = Γ41 = γ and Γ54 = Γ53 = γ′ while the
dephasing rates are γij = ∑k(Γik + Γjk)/2.

αth and βth atoms at distance dαβ and in state |5⟩.65

An accurate description of the linear and nonlinear optical66

responses in the presence of Rydberg excitations requires a many-67

body approach [5–7]. To this purpose, we choose to first take68

the continuous operator Ŝij(r) as an average of the discrete op-69

erator Ŝ(α)
ij over a small volume δV(r) centered at position r70

and then use its expectation value to calculate the (local) one-71

body density matrix element σij(r) = ⟨Ŝij(r)⟩. The same proce-72

dure applies to the (nonlocal) two-body density matrix element73

σij,kl(r, r′) = ⟨Ŝij(r)Ŝkl(r′)⟩, three-body density matrix element74

σij,kl,mn(r, r′, r′′) = ⟨Ŝij(r)Ŝkl(r′)Ŝmn(r′′)⟩, etc. With the help of75

the evolution (Heisenberg) equation i∂tŜij = [Ĥt, Ŝij] + LŜij,76

where L is the Lindblad superoperator describing relevant dis-77

sipation processes, we find that the dynamics of σij(r) depends78

on σij,kl(r, r′) via Vint
ij,kl = Na

∫
d3r′V(|r′ − r|)σij,kl(r, r′). Like-79

wise, the dynamics of σij,kl(r, r′) depends on σij,kl,mn(r, r′, r′′) via80

Vint
ij,kl,mn = Na

∫
d3r′′V(|r′′ − r|)σij,kl,mn(r, r′, r′′), and so on. Here81

dαβ has been replaced by |r′ − r| or |r′′ − r| while Na denotes the82

overall atomic density. Following this procedure, we arrive at a83

hierarchy of coupled equations that can, however, be truncated84

to keep only one-body and two-body density matrix elements.85

Although a similar framework of the many-body approach we86

follow here can be found elsewhere [7], the conditions under87

which a truncation occurs are now briefly discussed.88

It is well known that at most one atom can be excited to89

the Rydberg state |5⟩ within a sphere (blockade volume), as90

shown in Fig. 1(b), whose radius is determined by Rb = [C6(∆2
d +91

γ2
41)

1/2/Ω2
d]

1/6 in the limit of Ωd ≫ Ωp and ∆d + ∆p = 0 [3].92

Hence, it is not necessary to calculate Vint
ij,kl and other vdW in-93

tegrals inside each blockade volume with a very small Ryd-94
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Fig. 2. Atomic populations (a) and dark-state population ratio
(b) versus driving Rabi frequency Ωd with ∆c = ∆p = ∆d = 0,
Ωc = 5γ, Ωp = 0.13γ, and γ = 2.873 MHz. Other parameters
are γ′ = 2.0 kHz, µeg = 2.537 × 10−29 Cm, C6 = 140 GHz µm6,
Na = 1.0 × 1010 cm−3, and L = 1.0 mm.

berg population, i.e. 4
3 πNaR3

bσ55 ≪ 1, nevertheless an inte-95

gration outside the blockade volume is appropriate and rang-96

ing from |r′ − r| = Rb up to |r′ − r| = 3Rb because V(3Rb) =97

V(Rb)/729 is already negligible. In this case, the truncation at98

two-body vdW interactions mentioned above is valid provided99

4
3 πNa(3Rb)

3σ55 < 2 [7] for a moderate density Na.100

Steady-state solutions of the one-body and two-body dy-101

namic equations can be easily attained by setting ∂tσij(r) =102

∂tσij,kl(r, r′) = 0. As we are just interested in the SFWM pro-103

cesses generating very weak Stokes and anti-Stokes fields, it104

is appropriate to adopt the standard perturbation method [5–105

7] that entails the expansion of σij(r) = ∑∞
n=0 σ

(n)
ij (r) and106

σij,kl(r, r′) = ∑∞
n=0 σ

(n)
ij,kl(r, r′) with respect to Ωs and Ωas. For107

our purpose, one-body equations require zero-order and first-108

order solutions but two-body equations require only zero-order109

solutions. These solutions clearly depend on the decay rates γ110

and γ′ as well as dephasings γij (see Fig. 1(a)).111

Zero-order solutions are attained when neither Stokes nor anti-112

Stokes photons are present, whereby our five-level system can be113

regarded as an incoherent combination of the subsystem of three114

levels {|1⟩, |4⟩, |5⟩} and the subsystem of two levels {|2⟩, |3⟩}.115

In the absence of vdW interactions, the former subsystem will116

exhibit a dark state |D⟩ = (Ωd|1⟩ − Ωp|5⟩)/(Ω2
d + Ω2

p)
1/2 [23]117

under two-photon resonance ∆d + ∆p = 0. In the presence of118

vdW interactions, however, populations and coherence in the119

ground and Rydberg states must deviate from those predicted120

by the dark state and take the form121

σ
(0)
11 ≃

Ω2
d

Ω2
p + Ω2

d
+ f (Vint

55,51,Vint
55,15),

σ
(0)
55 ≃

Ω2
p

Ω2
p + Ω2

d
+ g(Vint

55,51,Vint
55,15),

σ
(0)
51 ≃

−ΩdΩp

Ω2
p + Ω2

d
+ h(Vint

55,51,Vint
55,15),

(2)

where f , g, and h denote (small) perturbations due to |Vint
55,51 =122

Vint∗
55,15| ≃ 0.01γ ≪ Ωp,d for the parameters used in our following123

calculations, while the contributions arising from Vint
55,54 = Vint∗

55,45124

have been neglected based on the fact that |σ(0)
55,51(r, r′)| ≫125

|σ(0)
55,14(r, r′)| ≫ |σ(0)

55,54(r, r′)| and σ
(0)
11 ≫ σ

(0)
55 ≫ σ

(0)
44 .126

Numerical calculations reported in Fig. 2(a) show that popu-127

lations are primarily distributed in the ground |1⟩ and Rydberg128
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|5⟩ states, with the other three states almost empty. Small devi-129

ations of the actual atomic state from an ideal dark state, with130

σ
(0)
11 /(σ(0)

11 + σ
(0)
55 ) slightly different from Ω2

d/(Ω2
d + Ω2

p) and131

with departures being more pronounced at smaller Ωd’s, are132

instead shown in Fig. 2(b). These results confirm that the dark133

state is modified just a little by the vdW interactions.134

First-order solutions σ
(1)
31 and σ

(1)
42 answer for the linear ab-135

sorption (gain) and dispersion as well as the nonlinear SFWM136

generation of both Stokes and anti-Stokes fields, respectively.137

They can be attained by taking zero-order solutions σ
(0)
ij into138

steady-state equations of first-order elements σ
(1)
ij . With σ

(1)
31 and139

σ
(1)
42 , we have the Stokes and anti-Stokes polarizations140

P31 = Naµ13σ
(1)
31 =ϵ0χ

(1)
as Eas + ϵ0χ

(3)
as,sEpEcE∗

s ,

P42 = Naµ24σ
(1)
42 =ϵ0χ

(1)
s Es + ϵ0χ

(3)
s,asEpEcE∗

as,
(3)

where χ
(1)
as and χ

(1)
s denote the linear susceptibilities while χ

(3)
as,s141

and χ
(3)
s,as denote the nonlinear susceptibilities. They are func-142

tions of Vint
55,51 = Vint∗

55,15 through zero-order solutions σ
(0)
ij , hence143

can be divided into a local component determined solely by atom-144

field interactions and a nonlocal component depending also on145

vdW interactions, i.e. χ
(1)
as = χ

(1l)
as + χ

(1n)
as , χ

(1)
s = χ

(1l)
s + χ

(1n)
s ,146

χ
(3)
as,s = χ

(3l)
as,s + χ

(3n)
as,s , and χ

(3)
s,as = χ

(3l)
s,as + χ

(3n)
s,as with l and n indi-147

cating ‘local’ and ‘nonlocal’, respectively. Numerical calculations148

(not reported here) confirm that loss for the anti-Stokes photons149

due to linear absorption with Im(χ(1)
as ) > 0 and noise for the150

Stokes photons due to Raman scattering with Im(χ(1)
s ) < 0 are151

negligible even in the presence of vdW interactions because,152

for the used parameters, χ
(1)
as and χ

(1)
s are at least one-order of153

magnitude smaller than χ
(3)
as,sEpEc and χ

(3)
s,asEpEc.154

Then we turn to the nonlinear susceptibilities χ
(3)
as,s and χ

(3)
s,as155

accounting for the correlated generation of Stokes and anti-156

Stokes photon pairs, each of which can be divided into a lo-157

cal and a nonlocal component once again. In the case of158

{γ′, Ωp} ≪ {γ, Ωc,d}, if all light fields work near or on reso-159

nance, the local components become160

χ
(3l)
as,s ≃ K

−iγ51/Ω2
d

(δ + iγe1 + Ωe1)(δ + iγe1 − Ωe1)
,

χ
(3l)
s,as ≃ K

−iγ51/Ω2
d

(δ − iγe2 + Ωe2)(δ − iγe2 − Ωe2)
,

(4)

while the nonlocal components are161

χ
(3n)
as,s ≃ K

−Vint
55,51/ΩdΩp

(δ + iγe1 + Ωe1)(δ + iγe1 − Ωe1)
,

χ
(3n)
s,as ≃ K

−Vint
55,51/ΩdΩp

(δ − iγe2 + Ωe2)(δ − iγe2 − Ωe2)
,

(5)

with Ωe1 = [Ω2
c − (γ21 − γ31)

2/4]1/2, γe1 = (γ21 + γ31)/2,162

Ωe2 = [Ω2
c − (γ42 − γ43)

2/4]1/2, γe2 = (γ42 + γ43)/2, and163

K = Naµ14µ24µ23µ13/4h̄3ϵ0. A direct comparison of Eqs. (4) and164

(5) shows that |χ(3n)
as,s /χ

(3l)
as,s | and |χ(3n)

s,as /χ
(3l)
s,as | scale as (Ωd/Ωp)×165

(|Vint
55,51|/γ51), which is on the order of 102 for the typical pa-166

rameters used here. Numerical calculations (not reported here)167

confirm that χ
(3)
as,s and χ

(3)
s,as exhibit a two-order of magnitude168

enhancement with respect to the corresponding local ones.169
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Fig. 3. Absolute values of wave-mixing function (a) and
phase-mismatch factor (b). Blue-dashed lines are attained with
only local susceptibilities. Parameters are the same as in Fig. 2
except λp ≃ λc ≃ λs ≃ λas ≃ 795.0 nm and Ωd = 1.3γ.
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Fig. 4. Intensity correlation function (a) and biphoton gener-
ation rate (b). Blue-dashed lines are attained with only local
susceptibilities while vertical gray line in (b) refers to the point
where (a) is calculated. Parameters are the same as in Fig. 3.

We consider now the situation where the pump and coupling170

fields co-propagate along the z direction and are transverse to the171

driving field (see Fig. 1(b)). To examine the biphoton generation,172

we express E∗
s → Ê†

s → â†
s and E∗

as → Ê†
as → â†

as [10] in terms of173

annihilation operators âs and âas, respectively, for the Stokes and174

anti-Stokes fields. The effective Hamiltonian that describes the175

generation of Stokes and anti-Stokes photons co-propagating176

(phase matching) along the z direction reads177

ĤI =
ϵ0 A

4

∫ L

0
dz[(χ(3)

as,s + χ
(3)
s,as)EcEp Ê†

s Ê†
as] + H.c., (6)

where A and L are the atomic sample’s cross-section area and178

length. SFWM nonlinear generation [10] (to the first-order) re-179

sults into the following biphoton state,180

|Ψ⟩ = L
∫

dδκ(δ)Φ(δ)â†
s (δ)â†

as(δ)|0s, 0as⟩, (7)

where κ = −i
√

ϖasϖs(χ
(3)
as,s + χ

(3)
s,as)EpEc/2c is the wave-mixing181

function and Φ = exp(−i∆kL/2)sinc(∆kL/2) the complex182

phase-mismatch factor. Note that ϖs = ωp − ω21 (ϖas =183

ωc + ω21) denotes the central frequency of a Stokes (anti-Stokes)184

photon, while ∆k = k∗s + k∗as − kp − kc refers to the wavevector185

mismatch with kj =
√

1 + χj2π/λj. As depicted in Fig. 3(a),186

|κ| is significantly enhanced by two-body Rydberg correlations187

in that |χ(3n)
as,s | and |χ(3n)

s,as | are two-order larger than |χ(3l)
as,s | and188

|χ(3l)
s,as |. We observe from Fig. 3(b), however, that |Φ| depends189

weakly on two-body Rydberg correlations in that |χ(1)
as | and190

|χ(1)
s | remain small even with vdW interactions.191



Letter 4

Next, we examine the intensity correlation function of a192

Stokes and an anti-Stokes photon generated at times ts and tas,193

respectively. This function is proportional to the squared modu-194

lus of a Fourier transform on the product κ × Φ with respect to195

τ = tas − ts as given below196

G(2)(τ) =
L2

4π2

∣∣∣∣∫ dδκ(δ)Φ(δ)ei(ks+kas)Le−iδτ

∣∣∣∣2 , (8)

from which we can calculate the biphoton generation rate197

S =
∫

dτG(2)(τ). Similarly, we can compute the individual198

(photon) generation rates Rj =
L2

2π

∫
dδ f j(δ) |κ(δ)Φ(δ)|2 [9] with199

f j(δ) = e−Imχj(δ)ϖj L/c for j ∈ {s, as}. Fig. 4 shows that val-200

ues of G(2)(τ) over 1010 s−2 and S up to 103 s−1 are possible,201

with the contributions (red-solid) from nonlocal vdW interac-202

tions being nearly four-order of magnitude larger than those203

(blue-dashed) from local ones. The decrease of S with the in-204

crease of Ωd, restricted here by Ωd/Ωp > 9 to ensure both205

σ
(0)
55 /σ

(0)
11 ≲ 0.01 and σ

(0)
11 ≃ 1.0 [cf. Eq. (2)], is primarily due206

to χ
(3n)
s,as ∝ −Vint

55,51/Ωd and χ
(3n)
as,s ∝ −Vint

55,51/Ωd together with207

the implicit dependence of Vint
55,51 on Ωd through σ

(0)
55,51. The208

normalized cross-correlation function g(2)s,as(τ) = G(2)(τ)/RsRas,209

needed to quantify the nonclassical properties, can be computed210

and it is found to violate the Cauchy-Schwarz inequality in ex-211

cess of 104. These results are attained with an optical depth212

OD = 2πLα/λas = 2πLβ/λs ≃ 3.0 (α = Naµ2
13/h̄ϵ0γ31 and213

β = Naµ2
24/h̄ϵ0γ42), much lower than those used in previous214

schemes not involving Rydberg interactions [26–28].215

A practical and important figure of merit is the generated216

spectral brightness per pump power or GSBP = S/PpWb, which217

we compute here for Ωp = 0.13γ, Ωc = 5γ, and Ωd = 1.3γ as218

well as a fixed optical depth OD ≃ 3.0. If Pp = 2πr2
p h̄2Ω2

pϵ0c/µ2
51219

denotes the pump power, with rp being radius of the pump220

beam and Wb ≃ 2γ being the spectral width, i.e. the full width221

at half maximum of a Fourier transform of G(2)(τ), we estimate222

GSBP ≃ 4.5 × 1010 pairs/(s mW MHz) at a power Pp = 4.6 pW223

for a very small beam radius (rp ≃ 1.7 µm) and GSBP ≃ 1.3× 105
224

pairs/(s mW MHz) at a power Pp = 1.6 µW for a larger radius225

(rp ≃ 1.0 mm). The former ought to be compared to values of226

GSBP ≃ 2.0 × 109 pairs/(s mW MHz) as obtained e.g. in [24]227

for the same pump geometry (rp ≃ 1.7 µm) though at densities228

OD = 40 ∼ 80 while the latter compared to values of GSBP ≃229

1.2× 106 pairs/(s mW MHz) as obtained e.g. in [25] for the same230

geometry (rp ≃ 1.0 mm) and at an even larger density OD = 110.231

Note that we may access larger optical densities also within our232

scheme by directly increasing L (Na fixed), which would lead233

to bigger GSBP values. At densities e.g. OD ≃ 15 and the same234

pump powers as in the two cases above, one would anticipate235

GSBP ≃ 5.9 × 1011 pairs/(s mW MHz) and GSBP ≃ 1.7 × 106
236

pairs/(s mW MHz), both corresponding to S ≃ 1.6 × 104 s−1
237

and outdoing the brightnesses in [24, 25].238

The relative ease with which one could control our set-up [12–239

16] would also allow for the development of a practical source of240

entanglement. Through a suitable gating of the photon pairs, viz.241

emission to a specific symmetry choice of the ground hyperfine242

states, and the use of a counter-propagating pump and coupling243

geometry we expect our scheme to be suitable to high-rate gen-244

eration of polarization entanglement with photons (naturally)245

exhibiting linewidths and wavelengths compatible with atomic246

memory and photonic interconnects.247

Our proposal for generating biphotons via SFWM in cold248

atoms hinges on vdW-type Rydberg interactions and benefits249

from an imbalanced dark state. The nonlocal vdW interactions250

lead to a significant enhancement of nonlinear susceptibilities251

hence a four-order of magnitude increase in the generation rate252

of nonclassically correlated Stokes and anti-Stokes photons. Very253

high generated spectral brightness per pump power, in turn, are254

anticipated as all light fields work on resonance.255
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