Inviscid limit for Stochastic Navier-Stokes Equations under general
initial conditions

Eliseo Luongo!
! Scuola Normale Superiore, Piazza dei Cavalieri,7, 56126 Pisa, Italy
Email: eliseo.luongo@sns.it

May 24, 2024

Abstract

We consider in a smooth and bounded two dimensional domain the convergence in the L? norm, uniformly
in time, of the solution of the stochastic Navier-Stokes equations with additive noise and no-slip boundary
conditions to the solution of the corresponding Euler equations. We prove, under general regularity on the
initial conditions of the Euler equations, that assuming the dissipation of the energy of the solution of the
Navier-Stokes equations in a Kato type boundary layer, then the inviscid limit holds.
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1 Introduction

The study of the inviscid limit for the solutions of the Navier-Stokes equations is a classical topic in fluid mechanics.
The Euler equations have very large classes of weak solutions, including non-dissipative ones [2], but the inviscid limit
can in some cases furnish a selection principle [3]. In the case of domains without boundary several results are available
in the deterministic case, see, for instance [5], [7], [9], [11], [17]. In the case of domains with boundary the difficulty of
the problem changes drastically considering different boundary conditions also in the two dimensional case. Indeed, if we
consider the so called Navier boundary conditions, some results are available both in the deterministic and in the stochastic
case (see for example [4], [13]). The no-slip boundary conditions are more challenging. This is due to the appearance of
the boundary layer. So far, only few results are available in this framework. They can be splitted in two macro-categories:

1. Conditioned results, namely proving that if the solutions of the Navier-Stokes equations have a particular behavior
in the boundary layer, then the inviscid limit holds true. These are the most common kind of results available for
what concern the inviscid limit with no-slip boundary conditions. See for instance [6], [12], [20], [21].

2. Unconditioned results. They are based on strong assumptions about the symmetry of the domain and of the data
[14], [15], or real analytic data [18], or the vanishing of the Eulerian initial vorticity in a neighborhood of the
boundary [16].

The results of this paper go in the first direction. In particular, our goal is to generalize the results of [12] to the stochastic
framework and to not classical solutions of the Euler equations. We consider the stochastic Navier-Stokes equations
with additive noise and no-slip boundary conditions in a smooth, bounded, two dimensional domain, proving that, under
suitable assumptions on the behavior of their solutions in the boundary layer and of the additive noise, we have strong
convergence to the solution of the deterministic Euler equations for vanishing viscosity.

In Section 2 we introduce the mathematical problem, giving some well known results about the well posedness of the
stochastic Navier-Stokes equations with additive noise and the Euler equations, and stating our main theorems. In
Sections 3 and 4 we prove our main theorems. Lastly in Section 5 we add some deterministic results related to Theorem
6 and Theorem 9.

Theorem 8 and Theorem 9 can be seen as introductory results for the analysis of the zero noise-zero viscosity limit
following the idea of [1]. This kind of results are relevant for the analysis of a selection principle for the solutions of the
Euler equations.



2 Main Results

Let D C R? be smooth and bounded, T' > 0 fixed and (R, F, F;,P) a filtered probability space.
Let Z be a separable Hilbert space, denote by L2(]-"t07 Z) the space of square integrable random variables with values in Z,
measurable with respect to F,. Moreover, denote by Cr ([0,7]; Z) the space of continuous adapted processes (X;)
with values in Z such that

te[0,T]

E[sup 1% | < oo
t€[0,T]

and by L% (0,T; Z) the space of progressively measurable processes (X,g)te[0 7 with values in Z such that

. ;
E V | Xe|)2 dt| < oo
0 d

Denote by L? (D; R2) and H* (D; R2) the usual Lebesgue and Sobolev spaces and by HE (D; R2) the closure in W* (D)
of smooth compact support vector valued functions. Set

H={feL*(D;R?, divf=0, f-nlop =0}, V=H(D;R*)NH, D(A)=H>NV.

We denote by (-, -) and ||-|| the inner product and the norm in H respectively. With a slight abuse of notations, sometimes,
we will denote by (-,-) and [|-|| also the inner product and the norm in L* (D;R?) .

Denote by P the projection of L2 (D; ]Rz) on H and define the unbounded linear operator A : D(A) C H — H by the
identity

(Av, w) = (Av, w)
for all v € D(A), w € H. A will be called the Stokes operator. It is well known (see for example [19]) that A generates
an analytic semigroup of negative type on H and moreover V = D ((—A)l/ 2)) )

Let us consider a sequence of real, independent Brownian motions {Wtk};lcvzl adapted to F: and a sequence of functions
{o1}h=1 C D(A). Let us, moreover, assume that uf € L*(Fo, H).

Let us consider the stochastic Navier-Stokes equations below. Some physical motivations for the introduction of this model
can be found in [8].

{du” = —(—vAu” + Vu” - u” 4+ Vp”)dt + vz SN okdWE t€[0,T) (1)

u”(0) = ug.
Definition 1 Given uf € L*(Fo, H), we say that a stochastic process u” is a weak solution of equation (1) if
u” € Cx([0,T]; H) N L=(0,T; V)

and for every ¢ € D(A), we have

N

b(u (s), 6, u” (s)) ds = (ul, 8) + v / (u”(5), Ag) ds +v¥ > (ow, &YWE,

k=1

t
w0 - [
0

for every t € [0,T], P — a.s.
Under previous assumptions on the coefficient o, equation (1) is well posed. Indeed the following theorem holds, see [8].

Theorem 2 If uf € L*(Fo, H), {ox}ao1 C D(A), there ewists a unique weak solution of equation (1). Moreover the
following relations hold:

¢ N

E [[lu”(8)]|°] +2V/ E [|[u”(s)|[V] ds=E [[lug]®] +tv Y _llow]|? (2)

0 k=1

N ) N T

E [supicio,rilu” (DII°] < B [lluglZzpy)] +Tv Y llowl* + Kvz | > E U (u”(s),0n)* ds|, (3)

k=1 k=1 0

2 i 2 2 & 2 1 al k k

[[u” @)l +2V/ VU’ (s)|[12py ds = llug||* +tv > _llow]l +2ﬂz/ (u”(s), or)dWs'. (4)

0 k=1 k=1 0

where K is independent from v.



Equation (2) will be called energy equality in the following, instead equation (4) will be called 1t6 formula

. 9 wi
For our purposes we will need a different relation satisfied by u” that will be clarified by the following lemma
r each ¢ €

Lemma 3 Under the same assumptions of Theorem 2, if u” is a weak solution of equation (1), then fo
C([0,7];V)nC ([0, T]; H)
(0. 0(0)) = (0 (0).6(0)) + [ (0 (5).0u6(s) s

—v / (~A) bur(s), (~A)E (s)) ds + / b(u (), (), u” (5)) ds

N
—l—yé Z(Uk, —v2 Z/ Ok, P Wk ds

k=1

for every t € [0,T], P — a.s.

Proof. Thanks to the regularity of the weak solution u”, by density we have that for each ¢ € V
N

(u”(t), ) */O b(u” (s), 6, u” (5)) ds = (u”(0), ¢) + v? > ok, AW

—v / (~A)Ybur(s), (~A)E ) ds,

for every t € [0,T], P — a.s. Therefore, due to previous relation and the regularity properties of u” and {W*}_, | it exists

a measurable set N C Q such that

1. P(N) =0.
Y(t) and Wy® have continuous trajectories taking values in H and R respectively.

2. For each w € N¢ u
N

3.
(u (8), ) — / b(u” (5), &, u(5)) ds = (w (0), &) + 13 > (o, &)W

4.
sup Hu |l +/ u”(s)||¥ ds+ max  sup |[W{| < Clw,v) < +oo Vw € N,
ke{l,...N} te[0,1)

te[o,T
where C(w,v) is a conbtant possibly depending from w € Q, v >0
Indeed, let ¢(t) € C'([0,T]; H) N C([0,T];

The relation stated in the lemma then holds for each w € N¢
moreover, T = {0 =1ty < t1 < --- < T} be a partition of [0,T]. Thus, using the identities
tit1
(W’ (tis1), @(tit1)) — (u”(tis1), ¢(ts)) = / (u”(tis1), Osp(s)) ds,
t;

tit1
(OuWie s $tien)) — (kWi d(t:)) = / oWk, 0.6(s)) ds,
t

i

we get

7

+ / b (5), b(t), u (5)) ds

7

*/t T (1), 0u0(s) d

L N i
_yz Z/ <0’ka(ti+l)7aS¢(s)> ds
k=171t

0t tin)) = e - [ (-4)

(@1 (i) = (Ou W, 6(1))

_|_
S
M=
/N

Ty ds Vte[0,T), g€V, we N°.

V).

Let,



It implies

o b o065, )

+ [ w000 ds - vt > | vty o000 as

=

EN: ( o Wr, $(T)) — <akWé“,¢(0)>) .

k=1

+v

where s, (s) = t; if s € [t;,ti+1] and s} (s) = ;41 if s € [t;,t;+1]. Taking the limit over a sequence of partitions m; with
size going to zero, we get, thanks to the regularity of u, ¢, {Wk},ivzl and dominated convergence theorem,

" (5), 0.6 ds—u%ZNj "o WE, 0,0(5)) d
0 0

N

+05 37 ((0nWh, (1)) — (W, 6(0)) )

k=1

The assumptions for applying dominated convergence theorem are satisfied for each w € N€. Indeed, thanks to property
2. we have

b (s), 6(s7,), u” (5)) + (u” (s3,), Betr(s)) — w2

M=

(kW 0:6(5))

>
Il

1

N
0 b (s), @), u” () + (u”(5), D:(s)) —vE > (oxWE, 06(s))
k=1
and by property 4.
N
b(u”(5), ¢(sx, ), u”(s)) + (u”(s%,), 0 % > UkW+ ,0s9(s))
k=1

< K(w,v,9) <|uu|$/ + sup, o 7y llu” (B + Z||0k||> € L'(0,7),
k=1

where K (w, v, ¢) is a constant depending from w, v, ¢. The argument applies to a generic ¢ € [0, 7], hence we have the
thesis. m
Let us now consider the Euler equations

O+ Via-a+Vp=f (x,t) € Dx(0,T)

diva =0 (5)
u - n|aD =0
ﬂ(O) = Uo

Definition 4 Given o € H, f € L*(0,T; H) we say that 4 € C(0,T; H) is a weak solution of equation (5) if for every
¢ € C([0,71;V) N CH([0,T]; H)

(u(t), o(t)) = (o, $(0)) +/O (u(s), 0s(s)) d8+/0 b(a(s), ¢(s), u(s)) d8+/0 (f(s),6(s)) ds



for every t € [0,T] and the energy inequality

l[a(t)

2 < Jlao]? +2 / (f(s),a(s)) ds
0
holds.

For what concern the well posedness of the Euler equations the following results hold true, see [10], [13].

Theorem 5 Ifio € C*(D)NH and f € Ci’e([O7 T)x D)NL*(0,T; H), then there exist @,p classical solutions of equation
(5). Moreover, u, Vu, p, Vp € C([0,T] x D), 4 is unique and p is unique up to an arbitrary function of t which can be
added to p.

Theorem 6 If f =0, u is a weak solution of the Euler equations with initial condition uo € H and u is the unique weak
solution of the Euler equations with initial condition Gy € H N C™*(D), then

1w — @) (#)[|* < eIV Ee=0.110) |lug — o,
Calling

_ 1 _ _
O, = {uo € H: 3up € HNC (D), |Juo — @io]| < —e ST“V"“wwvmm}

where U is the solution of the Euler equations with initial condition Go, then for each ug € [, On =: O there exists a
unique u € C([0,T], H) weak solution of the Euler equations with initial condition uo. Moreover the energy equality

[u(®)]1* = Jluol®
holds.

For each ug € O we will say that the sequence {@§" }men approximates uo in the sense of Theorem 6 if ag* € H N C (D)

and

Huo _ ﬁng < iG*STHVﬂm“LOO([O,T]XD)
m

where 4" is the solution of the Euler equations with initial condition @g".
Lastly we introduce some results related to the boundary layer corrector of the solution of the Euler equations, see [12].

Proposition 7 Under the assumptions of Theorem 5:
e it exists a smooth skew-symmetric matriz a such that w = diva on 0D and a =0 on 0D;
o let £ : RT = RT be a smooth function such that £(0) =1, &(r) =0 if r > 1,

z:D =R, 2(x) = &(p/d) with p= dist(x,dD)
and & a parameter which goes to 0 when v goes to 0. Let, moreover, v = div(za). Then,
a—veC(0,T];V)nC([0,T]; H).

{z € D : p(x) <6} is the boundary strip of width & that we denote by I's;

e the following estimates hold true
()| (o) < K, [[0(t)]| < K82, ||ow(t)] < K67,
IVo()]lLoe 0y < K674, [Vo(t)ll2py < K62, [|pVu(t)l| e (p) < K,
1P Vo)l (py < K6, [|pVo(t)] 20y < K62

where the coefficient K depends from 4 and it is independent from t and §.

Now we can state our main theorems. Since the stochastic term in equation (1) goes to 0 as v — 0, we assume that the
external force in the Euler equations is identically 0. Theorem 8 is a generalization of the results in [12] to this stochastic
framework and also the idea of the proof is similar. In Theorem 9 we consider a wilder set of initial conditions.

Theorem 8 Ifiip € C**(D) and under previous assumptions on uf and oy, if
. v — 2
E%E [Huo — 1| ] =0,

then the following conditions are equivalent:



1. lim, o E [SUPte[o,T]HUV - 11“2} =0.
2. u¥(t) — a(t) in L*(Q x D) for each t € [0,T].
3. lim,ov [TE [||vu”(t)\|iz(D)] dt = 0.

. T v
4 limyov [T E [||Vu (t)uzw(rw)} dt = 0.

Theorem 9 Assume ug € O, uff € L*(Fo, H), lim,_ 1o E [lué — uol|*] = 0. Let u be the solution of the Euler equations
with initial condition uo, u™ be the solution of the stochastic Navier-Stokes equations with viscosity v, and initial condition
ug . If

r 2
lim v, =0, lim Vn/o E [||Vu"(t)\|L2(Fw")} dt =0,

n——+oo
then
lim E

n—+oo  |el0,T]

sup [lu™ — u||2:| =0.
Remark 10 Theorem 8 means that if the convergence does not take place, the energy dissipation within the boundary
layer of width cv must remain finite as v — 0. This suggests that something violent must have happened.

Remark 11 Theorem 9 is new also in the deterministic framework, namely taking o, = 0V k =1,...,n. In Section 5
we will prove this result in the deterministic framework for a non-zero external force.

Remark 12 In the following K will denote several constants, possibly changing their value line by line, but depending
only from the solution of the Euler equations and its data, {ox}r—, and T.

3 Proof of Theorem 8

The proof of theorem 8 follows from a preliminary weaker result, namely under the same assumptions

lim sup E [|[u” — UH2] =0.
v—=04c0,1)

This is the analogous of the Kato’s result in this stochastic framework.
Proposition 13 Under the same assumptions of Theorem 8, if
lim E [[luf — o] =
lim E [l — ][*] =0,

then the following conditions are equivalent:
1. lim, 9 SUP;epo, 7 E [||u” - 17,”2] =0.
2. u”(t) — a(t) in L*(Q x D) for each t € [0,T].
3. lim,ov [T E [||vuV(t)\|§2(D>] dt = 0.

4 lim, o [T E [||Vu”(t)\|iz(rw>] dt = 0.

Proof. 1. = 2. and 3. = 4. are obvious. We need only prove that 2. = 3. and 4. = 1.
2. = 3. By the energy equality, for each t =T we have

o Lotz Lprew S
B | [ IV Ol | = 3 11 - 3B (1 DIF] + v Yo
0 k=1

Taking the limsup of this expression and exploiting the fact that under our assumptions it follows that

E [||luf — @o|?] = 0

— 2 . . v 2
Ja()|* < liminf E lu” (7)]]

we get the thesis.



4. = 1. For each time t we have

E [ — @) 0)I°] = E [lu”OI] + la@®)|” — 2E[{u" (#), a(t))]

eeeee

E[luf —a0/1%] -0
< o(1) + 2lluol* + tv Y _[lowll* = 2E [(u” (1), u(t))]
= o(1) + 2]l @ol* + tv Y _lowl|* — 2E [(u” (¢), a(t) — v(t))] — 2E [(u” (¢), v(t))]

k
Then

E [[[(u” —a) (O] < o(1) + 2]|ol* +tv ) _llowl* — 2E [(w” (1), a(t) — v())] — 2B [{u” (1), v(t))]
k

To analyze the second-last term we use the weak formulation satisfied by u” for the test function o — v.
t

—2(u”(t), (u —v)(1)) = —2(u"(0), (u — v)(0)) — 2/ (u”(5), 0s(u — v)(s)) ds+

0

[N

21//0 ((—A)2u”(s), (—A)2 (@ —v)(s)) ds—2/o b(u”(s), (@ —v)(s),u"(s)) ds—

24 S o @ = )OIWE + 28> [ o a = o)(s)WE ds
k=170

k

Taking the expected value of the last expression we obtain

v 2 1
E[||ug —a0 (%] =0, [v(t)||<Ks2

= 2E [(u” (¢), (@ — v)(1))] + 2E [||ug ]

o(1) — 2E [/Otm“(s), (@ — v)(s)) ds} +20F [/Ot((fA) 2

[N
S
AN
—
V)
=
—
\
=
Nl
—~
N
I
<
=
—~
va)
~
Nt
IS8
»

—9E Uot b(u” (s), (@ — v)(s), u”(s)) ds} .
Moreover we have

1
energy eq. |9pv(t)| K63
= 0]

—E [(u”(s), 05 (@ — v)(s))] (1) = E[(u"(s), 0su(s))]

o(1) + E[(u"(s), Vu(s) - u(s))],

Euler eq.

Ks2
Ké2 — 0,

llo(®)]]

IN

9y eq

E [(u* (1), ()] < [o®IE [l @7 " < " Ko@)

IN

t

el b (5) — a(s), 5(s), u” (s) — a(s)) 5| < IVlmcomyensE |

Inserting the relations above in equation (6) we get

l(a — a)(s)? ds} .

S~

E [ll(u” @) ()7] < o(1) + 2laol* — 2E [lug|*] +tv Y _llow|*+
k=1

Wi Vot“—A)%U”(S), (—A)% (@ - v)(s)) ds} +2E Vot b(u” (), v(s), u” () ds} i
25 [ [ 0051 00 ) = (9,00, 5)

N
b(u,a,u”)—b(u” ,u,u)=b(u” —u,u,u” —u
k=1

N

+ Wk Uot<(ﬂ4)%u"(s), (—A)2 (@ —v)(s)) ds}

+2E {/Ot b(u”(s),v(s),u”(s)) ds] —2E [/Ot b(u”(s) — u(s), u(s),u”(s) — u(s)) ds| .



If we call

[N

R(s) = v llowl + 20E [(=A)2u* (s), (—A) (@ = 0)(s)] + Eb(u”(s), v(s), u” ()]
k

we arrive to the integral relation
E [l = a(6)]*] < o(1) +/O (KE [l (w” = a)(s)|*] + R(s)) ds.

If we are able to prove that lim,_,¢ fot R(s) ds = 0, then the thesis follows immediately via Gronwall’s inequality.
The convergence of the term related to oy is obvious. For what concerns the others:

[E [b(u” (5), v(s), u” (s))]] < E{ r |W(S)|p2% dw}
LQ(F(S):|
KOE [HVUV(S)HZH(F(;)] )

P2V v(t)llpoo (py<KS v
é (D) u (5)

p

KélE[

Hardy— Littlewood ineq.
<

’E [V«_A)%UV(S)» (_A)%(ﬁ - U)(S»] ’ <vE [HVUV(S)HN(D)||Vﬁ(5)||L2(D)] +VvE [HV“V(S)||L2(F5)HVU(S)HL‘L’(F(;)]

IV (t) <K§1/2

HLz(D)_ v —1/2 v
KvE [[|[Vu"(s)|| L2(py] + VK6 °E [IVu” (s)ll2(ry)] -
Taking § = cv, we have
v l v v
R(t) < Kv+ KvE [||Vu (s)||L2(D>] +v2KE [HVU (s)||Lz<F5)] + KvE [||Vu (5)H2L2(F5)] .
Exploiting the assumption
T
. v 2
iy [CEIVE O] =0,

previous estimates and energy equality, via Holder inequality we get lim, o fot R(s) ds = 0 and then the thesis.

Corollary 14 Under the same assumptions of Proposition 13, if

T
. v 2
i [ B[V 0] =0,

then
lim E [ sup |lu” — u||2:| = 0.

v—0 te[0,T)

Proof. Preliminarily, note that, starting from equation (3), we have

N N T
v v 1
E [supiepo,rlu” (0)II°] < E [Jlugl?] + Tv Y llowl® + Kvz | > E [/ (u(s), o)? ds}
k=1 k=1 0

N N T 1
<E [Jufl?] + T S Nl + K|S lloxlE [ JRRCl ds}
k=1 k=1

=

N 2
<E[Jufl?] + Tv2 Y ol + K

k=1

N T N
vy llow|l? (/ E [[lug|®] +sv ) llos? d8>
k=1 0 j=1

< K < 4.



Now the proof is similar to the previous one. For each time ¢t we have

I =) I = [lu” O + [a@)lI* — 2(u”(t), a(t))

Ité formula .y N N 1 t v .,
|IUOH2+tVZHUkH2+QZV2 / (" (s), o) dW3 + [[ao|* — 2(u” (t), a(t))

1 _ v
= |ug|® +tVZ||0k|| +2ZV2/ 8), ok)dWE + [[aoll* — 2(u” (8), a(t) — v(t)) — 2(u” (1), v(1))-
Let us rewrite (u”(t), 4(t) — v(t)) thanks to the weak formulation satisfied by u”

—=2(u” (1), u(t) — v(t)) = —2(ug, (u — v)(0)) — 2 /Ot<u”(8)7 05 (u — v)(s)) ds

[N

+21//0 ((fA)%u”(s),(fA) (z —v)(s)) dsz/O b(u”,u —v,u”)(s) ds

N

o2 > low, (@ — )W + 27 E/ (on, (i —v)(s))WE ds.
k=170

k=1

Moreover, thanks to previous relation and the relations below:
—2(u"(s), 0s(@ — v)(s)) = 2(u"(s), Osv(s)) + 2(u”(s), Vu(s) - u(s)),
b(u”, u,u”) —b(u”,u,u) = bu” — u,u,u”’ —a),

we have at time t

I(u” = @) O = (lug|® + |70 — 2(ug, (@ —v)(0))) + (ltl/ZHmell2 +2v? Z/O (u”(s), o%)dW,

N

— %Y {ow, (@— ) () Wi + 20 Z/ o, (1 —v)(s))WE ds)

k=1

+ (2/; bu”(s), v(s), u” (s)) ds—Q/Ot b((u” — @) (s), als), (u” — @) (s)) d )

(—2(u”(t),v(t)) + 2v /(:((—A)%u"(s), (—A)%(ﬂ —v)(s)) ds+2 /(;t(uy(s),asv(s» ds)
— (1) + L) + Is(t) + Li(t).
Thus
E [supiefo,r)[|(u” — u) ()]|*] < E [suprepo, D1 ()] + E [suprepo,r)I2(t)] + E [supieio, i I3(t)] + E [supseiora(t)] -

We will analyze all the terms in the right hand side one by one in order to get the thesis.

E | sup 11() =E [[lug]* + l@ol* — 2(ug, (@ — v)(0))]

te[o,T

< —E [lugll*] + l@oll* + 2E [lug|l|ut — aol] + 2E[|1ag|[lo(0)]]

3 v_ o2
lo@®I<Ks2, :[Huo ao|*]—0 o(1) 4 Ksh.

The analysis of I3 is similar to what we have done in Proposition 13. For this reason, in the computations below, some
details have been omitted.

E [supte[o,T]Ig(t)] < 2E {supte[o,T] /Ot b(u”(s),v(s),u"(s)) ds} + 2E {supte[oyﬂ /Ot b((u” — @) (s),u(s), (u” —a)(s)) ds}
< 9E UOT Ib(u” (), v(s), u” (5))] ds} +9F UT b((w” — ) (s), als), (u” — @) ()| ds}
<e|[ 1PV o 0 ()™ i +E| 16 = D @ a6 o ]
< 2KE UOTHWV(S)HQLZ(FJ) ds} + KE VO 1w’ — @) (3] ds] .



The last term goes to 0 thanks to Proposition 13, the first term goes to 0 thanks to the assumptions choosing & properly.
More details will follow.

Let us analyze all the elements of I» exploiting previous energy equalities and some properties of Brownian motion:

N
E | sup TI/ZHO'kﬂz < Kv
te[0,T) P
N 1 Doob’s ineq. 1
E [supte[o,T]QZV’é’ / ,0k)dW :| < Kv2
k=1
1 N 1 1
E | supieio,m2v2 Z ok, (T — v) ))Wtk:| < Kvz2E [supte[O’T”Wﬂ} < Kv2
k=1

|:sup w2 Z/ ok, (4 — v) ))Wsk ds:| <KV%

te[o,T

It remains only to analyze I4. Some of the estimates below use ideas already presented. For this reason some details have
been omitted.

2WE [ sup]/O (—A)2u”(s), (—A)2 (@ —v)(s)) ds} < WE [/0 K[V (8)] 2y + K6~ |V ()| s2ry) ds

te[0,T

Nl

te[0,T] te(0,T] te(0,T]

)

E[sup <u“<t>,v<t>>} SE[ sup [|u”(8)]| sup ||v<t>||} ssém[ts[up]nu"(tnﬂ < K6

t T 1
B [supicto [ (0(6),0,006)) ds] < 0ol orancon® | [ I 9] as] < Ko,
0 0

In conclusion, if we take 6 = cv, then

E

t€[0,T)

sup [|(uw” — u) <t>||2} <o)+ Ko+ 2m0E | v () e as| + x| S — ) ()P s

T T
+ Kv+vKE {/ IVu” ()l L2y ds} + Kv2E [/ IVu” ()l 2 (r..) ds} .
0 0

It is clear the almost all the terms go to 0 thanks to the assumptions and Proposition 13. We need just to check that

vE [fOTHVu”(s)HLz(D) ds] and V2K [fOTHVu”(s)HLz(FCV) ds] behave properly. The required convergences are satisfied,
indeed:

1 1

T T 2 T 2
JEU IV ()| 22 ds}guT]E U HVu”(s)HZLg(D)dS} _ TR {u/ ||Vu”(s)||2Lz(D>ds} < Kv
0 0 0

[NE

1 T v T v2 % v—0
v2E {/ [Vu HLz(FcV) ds} < KE |:l// [[Vu HLZ(FCU) ds} = 0.
0 0

The computations above complete the proof. m
Theorem 8 follows immediately by Proposition 13 and Corollary 14.
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4 Proof of Theorem 9

Similarly to Section 3, we start with a weaker result with the supremum in time outside the expected value to obtain
the stronger one with the supremum in time inside the expected value. The idea behind both the proofs is simply to
introduce an approximation of ug in the sense of Theorem 6, then

" = wl® < 2fju” — @™ + 2]l — ul?,

where @™ is the solution of the Euler Equations with initial condition @' € H N C*¢(D). Thus, the second term can be
estimate via Theorem 6, the first one is analyzed exploiting techniques similar to the ones of the previous section.

Remark 15 Ifuo € O and {ag’ }men approzimates uo in the sense of Theorem 6, then

1

lluo — ﬂgLH€2T”vﬁm“L°°([(J,T]><D) <
m

e~ TIIVa™ Il Los (jo,17x D)

lluo — ag"[|e*™ 1V " 122 (071D TV ™ || oo (0,7yx D) <

L
m
Lemma 16 Under the same assumptions of Theorem 9

lim  sup E[|(u" —u) ()]*] = 0.
n—=+00 4+c(0,T]

Proof. Let {4g’ }men approximating uo in the sense of Theorem 6 and {@m }men the corresponding solutions of the Euler
equations, then for each ¢, n, m we have

E [Jlu"(t) = u(®)||*] < 2E [[lu"(t) — @™ ()|°] +2[[a™ (t) — u(®)|?

Thm 6 9 n m
< pooc + 2E [||u"(t) — @ (t)HQ] .

We adapt the computations of the proof of Proposition 13 to analyze the second term, hence some explanations will be
omitted. For each m and § > 0 fixed, let us introduce the corrector of the boundary layer v,,. v, satisfies the estimates
of Proposition 7 with respect to a constant depending from m and independent from ¢ and §, namely

1 1
[om (@)oo (p) < Ky om @) < Kmd2, [[0om ()] < Kmd?,

IVom(®)llLoe 0y < Knd ™ [Vom®)ll2) < Kmd ™2, 19V (#)l| oo () < Koms

1
10°Vom ()l (b) < K, [0V 0m ()l 12(py < Kb

For each time ¢ we have
E[|(u" —a™(6)]*] = E [[lu"®)1*] + [|a™ ()|* — 2B [(u" (t),a™ ()]

T TR ) + e Sl + a1 - 2E [ (1), (@™ = vm) ()] + 2E [ (1), v (1))

k
=E [[lug — uol|*] + lluol|® + 2E [(ug — uo,u0)] +tvn Y _llowl* + ||u5" — wol|* + [|uol|?
k
+ 2(ug’ — o, uo) — 2E [(u" (2), 0" (t) — vm (1))] + 2B [(u" (1), vm (1))]

n n 1/2 —m —m
< E [Jlug — uol|*] + 2l|uol|* + 2B [|lug — uol|*] " lluoll + 1@5" — uoll* +2/1a5" — uoll|Juol|

+tvn Y llol® = 2B [(u”, @™ —vm)] + 2E [(u", vm)]
k

1
[lvm ()| < Km 2
<

n n 1/2 —-m —m
E [Jluff — uoll?] + 2ljuoll? + KE [[[uf —uol*]"* + @i — uoll® + Kl|af" — uoll
+ Ky — 2B [{u™(t), (@™ — vm) (£))] + KmdZ.

To analyze the second-last term we use the weak formulation satisfied by u™, taking 4" — v, as test function. We consider
directly the expected value of the weak formulation. Exploiting the relation

E [(ug, ag")] = [luol|* + E [(u§ — w0, ag" — uo)] + E[{ug — uo, uo)] + (w0, 45" — uo),

we get
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—2B [(u" (t), (u™ — vm)(£))] + 2E [[Juo||*] = —2E [(uf — uo, 5" — uo)] — 2E [(uff — uo, uo)]
— 2(uo, 4" — wo) + 2E [{(ug, vm (0))]

_9E V;M(s),a&(am — om)(s)) ds}
+2u,E Vot<(—A)1

™
<
3
—
¥
~
|
b
~—
W=
—
]
3
|
<
3
N>
—~
¥
~
IS
IV
| I

_E Uot W™ (), (@™ — vm)(s), u™ (5)) ds}

1
va(t)\|<SKm52 1/2

2||ug" — uol|E [[lug — uoHQ}
n 1/2 ny2711/2 1
+2[[uol|E [|lug — uol|’] ug |*]" Kmd>

R [/Otw(s),as(am — om)(s) ds}

+ 2||uo|[[|75" — woll + 2E |

+2u,E Vot<(—A)1

M
IS
3
—~
W
~
|
b
N2
wl=
—
]
3
|
<
3
N>
—
©»
~—
ISH
IV
| S

_9E Uot b(u™ (), (@™ — vm)(5), 1™ (5)) ds} .

Moreover

1
energy eq., |0gvm ()| <K 62

—E[(u"(s), 9s@™ (5))] + Kmo?
E[(u"(s), VA" (s) - @™ (5))] + Km0 2.

—E [(u"(5), 05(a™ — vm)(s))]

Eulg‘ eq

Thanks to previous relations and noting that
b(u"(s), a™ (s),u"(s)) — b(u"(s),u™ (s),u"(s)) = b((u" —a™) (s),u™ (s), (u" — ™) (s))
we can continue the estimate of E [||(u™ — @™) (¢)||?]:

1 n _m —m
E[||(u" —a™) (t)|]’] <Emd? + KE [|[ug —uol*] + |la@5* — uol|* + K||@g* — uo|| + Kvn

+ KE [[luf — uol?]"? 12

—9E {/Ot b((u™ —a™) (s),a™(s), (u" —a™)(s)) ds] +92E {/Ot b(u™ (), vm(s), u™ (s)) ds

+2||ag" — uol[E [|lug — uoll’]

t
s [ [t @, b - o)) a
0
1 n _m —m
< Knd¥ + KE [[Juf - uolP] + 18 — woll® + KJla — uoll + Kvn
1/2 1/2

+ KE [[luf — uol”]

+9E Uot b(w" (), vm (3), u" (5)) ds}

+2/|ag" — uo||E [[lug — wuol|”]

1

+ 20,E {/Ot«fA)?u"(s), (—A)Z (@™ — vm)(s)) ds]
+ 2/|Va™ || Lo (0.77x ) E U;H(un —a™) (s)|? ds} .

Arguing as in the proof of Proposition 13 we have

12



1162 ()Vom ()| L oo (py <Km
<

E [/Ot b(u™ (5), v (5), u" (s)) ds] KondE [/OT||W"(S)|@2(F5> ds}

[ [t 6, A @ = o)

Vo™ @) L2y SEmd ™12

T T
IV losoraionn® | [ 190 oo ds] + ks ™2 | [ 190 a5
0 0
Thanks to the relations abobe we can continue the estimate of E [||(u™ — @™) (¢)||*]:
1 n —m =m
E [l —a™) )] < Kmd? + KE [[lug — uol®] + a5" — uo||* + K|[ag" — uol| + Kvn

T
2 | K,.0F [/ IVu™ ()72 (ry) ds}
0

1/2 _
+ KE [luf —uol®]"* + 2/1a" — uol|E [[luf — uol]
T o T
+ ||vﬂmHLoo(0yT;L2(D))VnE [/ ||Vu"||L2(D> dS:| +I/nKm57 / E |:/ ||Vu"(s)||Lz(Fé) d8:|
0 0
t
2T oo | [ "~ ) )17 as].
0
Taking § = cvp, by Gronwall’s inequality and Holder’s inequality we have

suptejo,rE [[|(u" —a™) (6)]°] < (Km%l/z + KE [Jlug — uol|*] + [|a5" — uol|* + K|[ag" — uoll + Kvn

T
+ KE I:Hug - uOHQ} 12 + KnvnE |:/ ‘|vun(5)”i2(ré) d5:|
0

1/2

T
+ IV@™ | oo (0,712 (D)) VVn E {/ VnHVUTL(S)HQLZ(D) ds}
0

1
T 3 .
+Km]E |:Vn/ ||vun(s)||%2(rs> d3:| )eQTHVu HLOO([O.,T]XD).
0

Taking the limsup with respect to n of the expression above for m fixed we have

Remark 15 K
< —e

limsup sup E [ (" — @) ()[17] < KlJag — o>V e ommn “E STVl orxo) ()

n—+oco te€[0,T) m

Coming back to
E [Jla” (1) — wl*] < 5 + 28 [Ilu"(2) — a" (0],

if we fix € > 0 and m such that 21%# < €, then taking the limsup with respect to n of previous expression for m = m
we have

limsup sup E[[lu"(t)— u(t)Hz] <e.
n—+oo te[0,T]

We have the thesis from the arbitrariness of . m

Proof of Theorem 9. Let {4g' }men approximating uo in the sense of Theorem 6 and {@m }men the corresponding
solutions of the Euler equations, then for each t, n, m we have

[u™ () = u(@)|* < 2llu™ () — @™ O +2/|a™ (t) — u(t)]*
< poec + 2[ju”(t) — @™ (1)

We will adapt some computations presented in the proof of Corollary 14 and Lemma 16 to analyze the last term. For this
reason we will omit some explanations. For each m and § > 0 fixed, let us introduce the corrector of the boundary layer

13



Um, it satisfies previous estimates. For each time ¢ we have
(™ —a™) O = [lu" @)1 + @™ () - 2(u" (t), a™ (1))
Ito6 formula "2 N 2 N 1 t " b
31+t S ol 423 [ (o). cyaw
k=1 k=1 0
g * = 2(u™ (#), (@™ = vm) (£)) = 2" (1), vm (1))
Let us rewrite (u"(t), (@™ — vm) (t)) thanks to the weak formulation satisfied by u™
t
—2(u"(t), (@™ = vm) () = —2(ug, (" — vm)(0)) — 2/ (u"(s), 0s(a™ = vm)(s)) ds
0
t t
2u, [0, @ = o)) ds =2 [ 006, @ — ) (51,07 (5)) ds
0 0

- 2M§<% (@™ —vm) ()W + 2\/E§ /Otm, (@™ = vm)(s)) WS ds.
Moreover
—2(u" (), 0s(T™ — vm)(5)) = 2(u"(s), 0sv™ (s)) + 2(u"(s), V@ (s) - u"(s)).
Thanks to the relations above and noting that
b(u"(s), @™ (s),u" (s)) — b(u"(s), @™ (s),u™ (s)) = b((w" —a™) (s),a™(s), (u" —a™) (s))

we have

N N
(" —a™) O = (lug 1 + l1ag" 1> — 2(ug, (@™ = vm)(0)) + (trn Y _llowl? + 2@2/ (u"(s), ox)dW
k=1 k=170

=2 Y (o (@ = ) O)WE 27 Y | (o (@7 — v ()W ds)

2 [ 6 (), on(s) 0 (5)) ds =2 [ (" =) (9,07 (0). (0" =) (5) ds)+
(=200 (1), 00 + 20 [ (=506 (@ =0 ) ) ds+2 [ (0 (6),Devna(s) )
= [ (t) + Io(t) + Is(t) + L(t).

Thus

E [supte[oﬁT]H(un —ua™) (t)HZ] <E [supte[o,T]h (t)] +E [supte[o,T]Ig (t)] +E [supte[o,T]Ig(t)] +E [supte[o’T]L;(t)]

We will analyze all the terms in the right hand side one by one in order to get the thesis.

E

sup h(t)] = E [JlugI* + 175" |* — 2(ug, (@™ — vm)(0))]
t€[0,T]

= —E [|lug|I] + 15" |I* — 2E [(ug, a5 — ut)] + 2E [(uf, vm (0))]
< —E [lluo — ug|I*] — lfuoll* — 2E [{uf — uo,uo)] + [[uoll* + [luo — ag"|*
+ 2(uo, tg" — wo) + 2E [JJug [[[[20" — ug [I] + 2E [[lug [[] [vm (0)|

1
[lom ()| SKm b2
<

1/2 _
E [lluf — uoll®] + KE [Jluf —uoll*]"* + ag" — uol?
m 1 n 1/2
+ K| — uol| + Knd2E [Jug|?]'*.
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The analysis of the others is similar to what we have done before:
t
E [Suptg[O’T]Ig(t)] < 2E |:Supt€[07T]/ b(u"(s),vm(s),u"(s)) d8:|
(0]
t
+2E [supte[O,T] / b((u™ —a™) (s),a™(s), (u™ — a™) (s)) ds}
(0]
T T
< 9E [ [ b0 )0 ) ds] 2R [ | = .07, 0 - @) ) ds}
0
T 2
<9E [ | 182900l ()67' } 2R [ / I — @) () IV () (o ds}
T
< 20,08 | [ 190" @ Eacey 5] + 2190 e oo B [ [ —am as).
0 0

Let us analyze all the elements of I» exploiting previous energy equalities and properties of Brownian motion:

E < Kvp

te[0,T)

N
sup v S o
k=1

Doob’s ineq

E [SuPte 0 T]QZ\/VW./ , 0k AW, :| < K+\/vn

E [supte[o,T]Z\/ZZ@k, (@™ — vm) (t))Wtk

< K\vnllt™ — vl oo 0,702 (0) E [SuPtE[O,T]|Wtk|]

< Kyvnlla™ = vl Lo 0,102 (D))

t€[0,T]

|: sup 2\/l/nZ/ ok, (u— ) (s))WE ds] < K\wal|u™ — vmll Lo 0,702 (D)) -

It remains only to analyze I4. Some of the estimates below use ideas already presented. For this reason some details have
been omitted.

2unE[sup / (—A)2u"(s), (—A) % (@™ — vm)(s)) ds] < 2w,E [/ V™ || e (0,752 (o || V" () | ds]

te[0,T]J0

T
w8 [ [ Ko 9 Ol ]
0

E [ sup <u"(t>,vm<t>>] <E [ sup [lu"(t)]| sup |vm<t>|} < Knd?E [ sup |u"<t>||2} < K63

te[0,T] te[0,T] te[0,T] te[0,T]

=

t
B [supicnr [ 65 0m() ds] < 10000z | [ 1 ()1 ds] < .
0

In conclusion, if we take 6 = cvy,, then by Holder’s inequality

B 1/2 _ _
E { sup [|(u” —a™) ()| <E [lluf — uol®] + KE [||lu§ — uoll*]* + 35" — uoll? + K|[af" — uo]

te[0,T]

+ Kon/Un + Kvn + K\/Un + K\/Un|llim — Vm|| Lo (0, 1,02 (D))
T T
+ 2Kml/n]E |:/ HVU"(S)”iz(FCV ) d8:| + 2||V’am”Loo([0’T]><D)]E [/ ||(u" _ ﬂm) (S)H2 dS
0 " 0
T 1/2
+ V@™ || oo (0,7502 (D)) VYR E [Vn/ ||Vun(5)||i2(p) ds}
0

T 1/2
+2K,E [/0 yn||Vu"(s)H2Lz(Fwn) ds} + Kmn.
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Taking the limsup with respect to n of this expression for m fixed we have

limsupE | sup [(u” — &™) (DI < 15 — ol + Klla" - wol
n——+oo t€(0,T]

+ 2T||Va"™ || o= ([0,1)x D) lim sup ( sup E [||(un — Um) (t)|2])

n—+oco \ te[0,T]

eq. (7) m 5 ™
< lug" = woll” + Klltg" — uol|

—TIVa™| oo ((0,7]x D)

_ K
+ 2T|\Vum\|Loc([07T]XD) Ee

Remark 15 K
25" — wo||* + K |5 — uol| + .

Coming back to
n 2 n —1m
llu" (1) = u(®)]|* < oz T2llu®(t) —a 1.

If we fix € > 0 and m such that K 1
o o m+
2)|ag — uol|® + 2K ||y — uol| + 2———5— <g
m
then considering the expected value of the supremum in time of the previous expression for m = m we have

E | sup fu"(t) - u(t)]

2
< — + 2[E
te[0,T) m

sup [[u”(t) —a” (t)IIQ] :

te[0,T)

From the relations above, taking the limsup with respect to n of the last inequality we have

limsup E

n—-+oo

sup [|u"(t) - u(t)ﬂ <e.
te[0,T)

We have the thesis from the arbitrariness of . ®m

5 A Deterministic Remark

As anticipated in Remark 11, in this section we prove an inviscid limit result in the deterministic framework, analogous
to Theorem 9 for a particular class of external forces. This result extends the setting considered by Kato in [12] and it is
the object of Theorem 19.

Lemma 17 If u is a weak solution of the Euler equations with initial condition uo € H and external force f € L2(0,T; H)
and u is the unique weak solution of the Euler equations with initial condition uo € H N C**(D) and external force
f e L?0,T; H)nC*([0,T] x D), then

(= @) (1) <e*IVellees oo (Huo — ol |?

+2VT1If = Fllezomm (y/2l0 ]2 + ATUF 122 2,50y + /208012 + ATUFI22 1)) )
For each K > 1, calling
Of ={uwo € H, f € L*(0,T;H) : 3uo € HNC (D), f € L*(0,T;H)nC*([0,T] x D),
lluo — @o|| < %eﬂKTHVﬁHLoo([o,T]><D>7 If— f” < %672KT“V"7'HL°°([O,T]XD)}
where @ is the solution of the Euler equations with initial condition Gy and external force f, then for each (uo, f) €

N>t OF =: OK there exists a unique u € C([0,T], H) weak solution of the Euler equations with initial condition ug and
external force f. Moreover the energy equality

lu(®)]I* = lluoll* + 2/0 (£(s),u(s)) ds

holds.
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Proof.

Estimate: For what concern the solution with smooth initial condition and external force, thanks to Theorem 5, u is a classical
solution and the energy equality holds, namely

[a(®))I* = llaoll* + 2/0 (f(s),a(s)) ds < JJaol* + 2/0 1F()llllacs)ll ds

Young’s ineq. T T || 2
< ol 427 [P as v [ O g
0 0 2T

) . i o7
< llaol* + 27117132 0,ro) + 5
Thus

sup [|[a(t)|* < 2l|aoll” + 47| FI 220,70 (8)
t€[0,T]

The same estimate holds for any weak solution of the Euler equations (if it exists) with initial condition up and
external force f thanks to energy inequality and the same computations. Let us consider the weak formulation
satisfied by w using as test function u. For each time ¢ we have

—(ult), (1)) = (0, o) — / (u(s), Ba(s)) ds — / b(u(s), a(s), u(s)) ds — / (f(s),a(s)) ds
= —(uo, o) — / b((u — @) (s), a(s), (u— @) (s)) ds — / (F(s),(s)) ds — / (F(s),u(s)) ds
< —(uo, fi0) + |Vl| o (0,77 1) / (- ) (s)]2 ds — / (f(s),a(s)) ds — / (F(s), u(s)) ds.

Therefore, considering the difference between v and @, we have

lu(t) = a1 = llu()* + 1@ - 2(u(t), a(t))

energy ineq. t

l1ao]* + 2/0 (f(s),a(s)) ds + [[uoll* + 2/0 (F(s),u(s)) ds — 2(u(t), u(t))

weak form. t
a0 = w0l + 2Vl oy | llu= ) (3] ds
(0]
+2/ I — @) SIS = F) ()] ds
0

t
< |luo — @o||* + 2[[Val| L= (jo,7)x D) / 1w — @) (s)]* ds
0

[ull oo 0,78y + |1l oo 0,7 1))

+2VT| f - Fllz2c0,7:mm (

®) t
< Jluo — @oll* + 2[[Vall Lo o,71x ) /O I(u — @) (s)I|* ds

+2VT1f = Fllezomsm (3200l + ATUF 1220 sy + /2l00 ]2 + 4TS 22 0 1)) -

By Grownall’s inequality the thesis follows, namely

I(w —a)(t)]|* < eIV elee om0y (Huo — |

+2VTNF = Flso i (/21000 + AT ooy + /218002 + AT 17120 7,11 )

Existence: Let (uo, f) € é}? and {(a§, f")}nen a sequence which approximates (u, f) in the sense of the lemma, namely
ag € HNCY(D), f € L*(0,T; H)Nn C*<([0,T] x D) and
o — || < Lo KTIVE" lzoeo.r1x )
n

_ 1 _
||f7fn||L2(0’T;H) < ?e 2KTHV’U,””L0°([O,T]XD)’
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where @™ is the solution of the Euler equations with initial condition #§ and external force f™. We will prove
that {@"} is a Cauchy sequence in C'(0,T; H) and the solution of the Euler equations with initial condition uo and
external force f is unique.

Preliminarily, note that if |la — b]|* < «, then [lal|* < 4|b]* + 2a.

For what concern uniqueness, if u! and u? are two solutions of the Euler equations with initial condition uo and
external force f, then at time we have ¢

(' —®) @I < 2[(u" —a") @O +2)|(u* = a") O]

< 4e2t\\Vﬂ"HLoo([o,T]><D) <||u0 - ﬂ(r)LH2

+ VTS = P lleomi (210002 + AT B oy + /215612 + AT 30 7)) )

4 8+ 167
< (1 +2VT (\/2|uO|2 AT f 12200y + \/8||u0|\2 16T f1|220 gy + 3>> :

From the last inequality and the arbitrariness of n the uniqueness of the solution is evident. Lastly, let us consider
la™(t) — @™ (t)||? for n > m. We have

||ﬁn(t) _ ﬁm(t)||2 < eQTHVﬁmHLOO([O,T]xm (Hag — aS”HQ

+2VTIT" = P20,y (/205812 + ATIF B o ey + /205512 + AT B2 1)) )

< 2TIVE" Lo (o, 71x D) (2||ag — uol® + 2||@f" — wol|®

VT = fllzzomm (y/2158 1 + 4TI 2 ey + /2 2+ 4TI 2y o))

+2VTIS = P ez mm (\ 2T N2 + ATUT 20 iy + 2812+ ATIF 1220 7)) )
< K (T ! L
< K (T, luoll, 1£1l 22 0,7:0)) T e )

where K (T, |luoll, | fl| 2(0, 7)) is a constant depending from T, |[uo| and || f||12(o 7 #y- The last inequality implies
existence.

Energy: Let (uo, f) € OK and {(@8, f™)}nen a sequence which approximates (u, f) in the sense of the lemma as described
in the previous step. Then for each n € N

t
—n 2 —n |2 —n m
la" ()" = lluo | +/ (u"(s), f"(s)) ds.
0
. L2007
Exploiting the fact that a™ C([ﬂﬂ) u, f" k (LTXH) f we get easily the thesis.
|

Calling O := 5% for each (uo, f) € O we will say that {(ag", F™)}men approximates (uo, f) in the sense of Lemma 17 if
ag € HNnCY¢(D), f™ ¢ L*(0,T; H) N C**([0,T] x D) and

1

o — ag'|| < = e 2TIVa" Lo ((0,11x D)
m

_ 1 i
If = ™ 20,150) < 2 IV E e o7 2)

where @™ is the solution of the Euler equations with initial condition @5' and external force f™.
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Remark 18 If (uo, f) € O and {(@l', f™)}men approzimates (uo, f) in the sense of Lemma 17, then

= @)@ < 17 a0 (g —

+2VTIf = P lezo,rsmny (210l + AT 120 oy + /2112 + TN B 1)) )

! 8+ 16T
<— (1 +2VT <\/2||u0|2 FATN S 2 0,0y T \/8||u0||2 + 16T f122 0 1a0) + 3))

< K (T7 lluoll, ||f||L2(0,T;H))

m?2 ’

where K (T, |luoll, | || L2 (0,:01)) is a constant depending from T, ||uol| and || f|l12(0,7:m)-

Thanks to Lemma 17 we are able to prove a Kato type inviscid limit result also in the deterministic framework.

Theorem 19 If (uo, f) € O, uy € H, f" € L*(0,T; H),
ETOOHUSL —uol| =0, HEIEOOHJM - f||L2(0,T;H) =0

Let u be the solution of the Euler equations with initial condition wo and external force f, u™ be the solution of the
deterministic Navier-Stokes equations with viscosity vy, initial condition ug and external force f™. If

T
li n — li 'n " 2 =
Jim =0, tim v [V 0, de =0
then
lim  sup [Ju™(t) —u(t)||* = 0.

n—=+00 (0,77
Proof. The proof is an adaptation of previous stochastic arguments, the only novelty is the presence of deterministic
external forces. For this reason we just give details on the new elements.
Let {(ag’, f™)}men approximating (uo, f) in the sense of Lemma 17 and {@m }men the corresponding solutions of the
Euler equations, then for each ¢, n, m we have

1™ (8) = w(®)]* < 2fju™(t) —a™ @) + 2]1a™ () — u(®)]|”
Remark 18 K 2
< ) - a1

For each m and § > 0 fixed, let us introduce the corrector of the boundary layer v.,, it satisfies the estimates described in
Lemma 16. For each time ¢ we have

(™ =a™) O = " O + @™ @) - 2(u” (1), 7™ (¢))

1
energy eq., [|[vm||<Kmd2
<

g — w12 + 2o + K s — woll + 175" — woll® + Kl|ag" — wol
t t

2 [ (e ) ds 2 [ (770,075 ds = 200" = v) + Ko
0 0

To analyze the second-last term we use the weak formulation satisfied by u", taking @™ — v, as test function. Exploiting

the relation

(ug,@g") = lluoll® + (ug —uo, @' — uo) + (ug — o, uo) + (uo, @' — uo),

we get
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lomll<Kmé® . L
< Kllug —uoll + Kllag' — uoll + Kmd>

—2/0 (W™ (5), 0 (@™ — o) (s)) ds

—2(u"(¢), (™ — vm)(t)) + 2[|uo]|*

Moreover
1
—(u"(5), B (@™ — v ) (5)) O OO WL ONSERO _m ) 9.0 (5)) + Kmd®
Buler ety (s), V™ (s) - @™ (s)) — (F™(s), u"(5)) + K2

Thanks to the relations above and noting that
b(u"(s), a™ (s),u" (s)) — b(u"(s), u™ (s),u" (s)) = b((u" —u™) (s),u™ (s), (u" — ™) (s))
we can continue the estimate of ||(u™ — a™) (t)|?:

n —m 2 ”Um(t)”SKméé 1 n 2 —m 2 —m n
(" —a™) @) < Kmnd? + Kljug = uoll” + [[@0" = uoll” + Kl|ag" — uoll + Kljug — uol|

1

+2/0 b (5), vm(s), 1" (5)) ds—|—21/n/0 (= A)3um(s), (—A)E @™ — vm)(s)) ds
+ 29" |1 o 71w / I — ™) (s)]I? ds

+2 / (" = F™) (), (u™ — ™) (s)) ds.

Arguing as we have done in the stochastic case, we have

t . 10° Vom ()l oo (p) <Kmd T L
/ b(u™ (3), vm (5), u" (5)) ds < Ko / IV (8|22 r,) ds
0 0
: ) ) Vo™ ()l 2y <Ko~/ T
vn / (—A) b (s), (~A)E (@™ — o) (s)) ds < V@™ | oo 0,252 Dy / IV (3)] 120y ds
(0] 0

T
+vnKm6*1/2/0 IVu"™(s)llL2(ry) ds.

For what concern the new term, we can estimate it as follows
t t
[ =y ena—ay oy ds< [0 -7 @l - am) )] ds
0 0
<SVTIF™ = 2o,y (1w Lo o,z + 1™ oo 0,730
energy eq. n —m
K (1F" = flle2 50y + 1F™ = Flle2o,mm)) -
Thanks to the relations above we can continue the estimate of ||u™(t) — @™ (t)||*:

1 n —m —m n
[ () = @™ (O)I* < Kmd? + Kllug — uol® + [|@5" — uol|* + K|a5" — uol| + K |lug — uol|

T
+ Km5/ IV ()220, ds + K (1F™ = Fllpzo.rsmy + 1F™ = Fllpzo.r:m))
0
T 1/9 T
2V e (0,122 (0 / IV ()] 120y ds + vaKomd ™ / V" (5)l| 2y ds
0 0

t
+ 2| Va™ | e 0.1 ) / lu™(s) — @™ (s)||? ds.
0
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Taking 6 = cvy, by Gronwall’s inequality and Holder’s inequality we have

suprepo,r[[u” (t) — @ @)[|* < (KmVi/Q + Klug — wol|* + (a5 — uoll* + K|[ag" — uoll + K |ug — uoll

T
Ko [ IV G,y s+ K (17 = Pl + 177 = fliziran)
O n

1/2

T
IV | 07020 K ( | ol o ds)
0

1
T E 51
8 (v [ IV g, @) )1 o,

Taking the limsup with respect to n of this expression for m fixed we have

limsup sup [[u™(t) —a™ (t)* < (K|lag’ — wol| + a5 — woll* + [IF™ = fll2(0,m) €71V Ieoe om0 (9)
n—+oco te[0,T)

<—+

3=

%. (10)

Coming back to
n K n —m
l[u” () = u(®)]|* < 3 T2 (t) —a 1.

If we fix € > 0 and m such that % < €, then taking the limsup with respect to n of previous expression for m = m we
have

limsup sup [u™(t) —u(t)|* <e.
n—s+oo t€[0,T]

We have the thesis from the arbitrariness of . m
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