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Abstract
The main goal of this article is to analyze some peculiar features of the global (and
local) minima of α-Brjuno functions Bα where α ∈ (0, 1]. Our starting point is the
result by Balazard–Martin (Fund Math 218(3): 193–224, 2012). https://doi.org/10.

4064/fm218-3-1, who showed that the minimum of B1 is attained at g :=
√
5−1
2 ;

analyzing the scaling properties of B1 near g we shall deduce that all preimages of g
under the Gauss map are also local minima for B1. Next we consider the problem of
characterizing global and local minima of Bα for other values of α: we show that for
α ∈ (g, 1) the global minimum is again attained at g, while for α in a neighbourhood
of 1/2 the function Bα attains its minimum at γ := √

2−1. The fact that the minimum
of Bα is attained when α ranges over a whole interval of parameters is non trivial.
Indeed, we prove that Bα is lower semicontinuous for all rational α, but we also exhibit
an irrational α for which Bα is not lower semicontinuous.
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1 Introduction

Let x ∈ R\Q and let
{
pn
qn

}
n≥0

be the sequence of the convergents of its con-

tinued fraction expansion. A Brjuno number is an irrational number x such that∑∞
n=0

log qn+1
qn

< ∞. Almost all real numbers are Brjuno numbers, since for all Dio-

phantine numbers one has qn+1 = O(qτ+1
n ) for some τ ≥ 0. But some Liouville

numbers also verify the Brjuno condition, e.g.
∑∞

n=0 10
−n!. The importance of Brjuno

numbers comes from the study of one-dimensional analytic small divisor problems. In
the case of germs of holomorphic diffeomorphisms of one complex variable with an
indifferent fixed point, extending a previous result of Siegel [1], Brjuno proved [2] that
all germs with linear part λ = e2π i x are linearizable if x is a Brjuno number. The most
famous results are due to Yoccoz [3], who proved that the Brjuno condition is also
necessary: if x is not a Brjuno number then there exist non-linearizable analytic germs
with linear part λ = e2π i x (indeed one can just take the quadratic polynomial). Similar
results hold for the local conjugacy problem of analytic diffeomorphisms of the circle
[4] and for some complex area-preserving maps [5–7]. In a somewhat different but
closely related context, it is conjectured that the Brjuno conditon is optimal for the
existence of real analytic invariant circles in the standard family [8, 9]. Yoccoz’s work
used a rigorous renormalization technique and the PGL2(Z) action on R\Q plays
an important role: he thus found it convenient to reformulate the Brjuno condition
in terms of an arithmetical function, the Brjuno function, which satisfies a cocycle
equation [10] under this action, see [10, Appendix 5]. The set of Brjuno numbers can
be characterized as the set where the Brjuno function B : R\Q → R∪{+∞} is finite,
thus it is invariant under the action of the modular group PGL(2,Z). Another impor-
tant consequence of Yoccoz’s work is that the Brjuno function gives the size (modulus
L∞ [3], and even continuous [11], functions) of the domain of stability around an
indifferent fixed point of a quadratic polynomial. It conjecturally plays the same role
in many other small divisor problems [9, 12–14].

1.1 ˛-Brjunomaps: old and new results

Let α ∈ [0, 1], ᾱ = max(α, 1 − α) so that 1
2 ≤ ᾱ ≤ 1; let

Iα :=
{ [0, α) α > 1/2

[0, ᾱ] α ≤ 1/2.

Let us consider the one-parameter family of maps1 Aα : Iα → Iα defined by
Aα(0) = 0 and

1 Aα is just the folded version of Ãα : [1 − α, α) → [1 − α, α) (see [15]), namely | Ãα(x)| = Aα(|x |)
where

Ãα =
∣∣∣∣
1

x

∣∣∣∣ − cα(x), with

cα(x) =
[∣∣∣∣

1

x

∣∣∣∣ + 1 − α

]
(cα is the unique integer choice so that Ãα(x) ∈ [α − 1, α[).
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Global and local minima of... 199

Aα(x) =
∣∣∣∣
1

x
−

[
1

x
− α + 1

]∣∣∣∣ , for x 	= 0,

where [x] denotes the integer part of x . The maps in the family (Aα)α∈[0,1] are a quite
natural generalization of the Gauss map, which in fact appears in the family for α = 1.
By the way, when dealing with a value α in parameter space, we shall often code it
using the regular continued fraction expansion, which is the symbolic orbit of α under
the Gauss map A1.

Following [16], one can introduce the (generalized) Brjuno function (see [16–19],
but also [3] where the case α = 1/2 was originally introduced) as follows. If x ∈ R

let us define x0 ∈ Iα as x0 = |x − [x]ᾱ|, where [x]ᾱ = [x + 1 − ᾱ]; the point x0 will
be called the canonical representative of x in Iα . Then we set

xn := An
α(x0), β−1 := 1, βn := x0x1...xn .

Thus we can define

Bα(x) =
{

+∞ x ∈ Q∑∞
j=0 β j−1(x) log(1/x j ) otherwise.

(1.1)

By definition Bα is a 1-periodic function defined on the real line, and it satisfies the
functional equation

Bα(x) = − log(x) + x Bα(Aα(x)) for all x ∈ Iα (1.2)

and more generally,

Bα(x) = B(K )
α (x) + βK (x)Bα(AK+1

α (x)) (K ∈ N, x ∈ Iα), (1.3)

where BK denotes the partial sum associated to the α-continued fraction expansion

B(K )
α (x) =

K∑
j=0

β j−1(x) log(1/A
j
α(x)). (1.4)

The local properties of B1 were studied in [20], where the authors showed that the
Lebesgue points of the Brjuno function B1 are exactly the Brjuno numbers. Addition-
ally, the multifractal analysis of B1 was carried out in [21]. More recently, Balazard
and Martin [22] proved that for α = 1, the Brjuno function is lower semicontinuous
and attains a global minimum.

Theorem 1.1 ([22]) Let g =
√
5−1
2 denote the golden number. Then

min
x∈[0,1] B1(x) = B1(g).
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200 A. Bakhtawar et al.

Fig. 1 The graph of the Brjuno function B1 associated to Gauss map

It is natural to also try to characterize the other local minima of B1. For instance,
numerical evidence suggests that minx∈[0,1/2] B1(x) = B1(g2), and indeed this can
be proven with an elementary computation relying on Theorem 1.1 (see Fig. 1, and
Corollary 4.1 in Sect. 4 for a proof).

Note that both g and g2 are “noble” numbers in the sense of the following definition.

Definition 1.2 Let A1 be the Gauss map, the set of noble numbers N consists of all
inverse images of g under A1:

N = ∪k A
−k
1 (g).

On the basis of numerical evidence, one is naturally led to believe in the following
conjecture.

Conjecture 1.3 Let M denote the set of local minima of B1. Then

M = N .

We will provide a partial answer to this conjecture. The first step in this direction
is to prove that the Brjuno function B1 has a cusp-like minimum at g, namely

Theorem 1.4 There exists c > 0 such that

B1(x) − B1(g) ≥ c|x − g|1/2 for all x ∈ (0, 1).

It is then not too hard to imagine that one can use the functional equation (1.3) to
propagate the cusp-like property of the global minimum to all other noble numbers,
gaining the following result:

Corollary 1.5 Let ν be a noble number. Then ν is a local minimum of B1.

This proves the inclusion N ⊂ M, which establishes one half of the conjecture.
Unfortunately, we still miss an argument to get the other inclusion.
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Fig. 2 (Approximate) behaviour of the minimum point and minimum value as α ranges in [0, 1]; shaded
regions correspond to parameter values for which the numerical evidence is confirmed by our analytical
results. In this figure, γ = √

2 − 1; compare the statement of Theorem 1.7

It is natural to ask what can be said, in general, about the problem of determining
the minimum of Bα for general α < 1. Note that, in this case, even the existence of
a global minimum is a nontrivial issue, since there exist (irrational) values of α for
which the semicontinuity property fails (see Sect. 3.2). And even for rational values
of α, when the minimum of Bα exists (see 3.2), the location (and the value) of the
minimum varies in a strange manner. If we set minx Bα(x) = Bα(rα), numerical
evidence suggests that the functions α �→ rα and α �→ Bα(rα) are almost everywhere
constant (see Fig. 2). Moreover the structure of the connected components of the set
on which these functions are constant seems very complicated, and a general result
still seems out of reach.

However, we can provide some partial results that confirm some of the features
observed numerically. In the first place, we show that we can directly apply Theorem
1.4 to prove that the minimum remains unchanged when α ranges in a left neighbour-
hood of 1. This leads to the following generalization of Theorem 1.1.

Theorem 1.6 For all α ∈ (g, 1], we have that Bα(g) = B1(g) and Bα(x) ≥ B1(x).
Therefore,

min
x∈[0,α] Bα(x) = Bα(g).

For these values of the parameter, g is a cusp-likeminimum for Bα, and this property
propagates by means of the functional equation (see Corollary 5.2).

For parameter values α ≤ g we can prove the following result:

Theorem 1.7 Let2 γ := √
2 − 1 = [0; 2]. There exists γ ∗ ≈ 0.5895... > 1 − γ such

that, for any fixed x, the map α �→ Bα(x) is monotone decreasing for α ∈ (γ, 1/2],
monotone increasing for α ∈ [1/2, γ ∗], and again monotone decreasing for α ∈
[γ ∗, g]. Moreover, for almost every x the monotonicity is strict.

2 γ is sometimes called the “silver number".
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202 A. Bakhtawar et al.

For α = 1/2, we can repeat the argument of Balazard and Martin [20] to show
that minx∈[0,1/2] B1/2(x) = B1/2(γ ) where γ is as defined above; in this case also the
scaling argument works in the same way as for α = 1, and this implies that γ is a
cusp-like minimum and all the preimages of γ under A1/2 are local minima (see Sect.
5.2).

Finally, due to the Theorem 1.7, the same argument as in the proof of Theorem 1.6
implies that minx Bα(x) = Bα(γ ) for all α ∈ (γ, γ ∗).

The structure of the paper is the following: in Sect. 2, we introduce the necessary
notations and we prove some preliminary results. Section3 is devoted to the study of
the lower semicontinuity of the α-Brjuno functions and some other variants of Brjuno
functions. In Sect. 4, we present the proof of Theorem 1.4 while Theorem 1.6 is proved
in Sect. 5.We conclude our paper with a brief discussion of numerical results and some
conjectures.

2 Notations and preliminary results

Given any α ∈ [0, 1], each x ∈ R has a canonical representative x0 ∈ Iα, defined
as x0 = |x − [x]ᾱ|. Let us also define the quantities aα,0 = [x]ᾱ, εα,0(x) =
sign(x − [x]ᾱ). Every x0 ∈ Iα\Q has an infinite α-continued fraction given by the
symbolic orbit of x0 under the iteration of the transformation Aα as follows: for n ≥ 0,
let us set

xn = An
α(x0), an+1 =

[
1

xn
− α + 1

]
, εn+1 := sign(x−1

n − an+1).

Then x−1
n = an+1 + εn+1xn+1 and

x = a0 + ε0x0 = · · · = a0 + ε0

a1 + ε1

a2+···+ εn−1
an+εn xn

= aα,0 + εα,0

aα,1 + εα,1

. . . + εα,n−1

aα,n + εα,n

. . .

. (2.1)

We will denote the infinite α-expansion of x as x = [(a0, ε0); (a1, ε1), · · · , (an, εn),
· · · ]. Note that when α = 1, we recover the standard continued fraction expansion
defined by the iteration of the Gauss map. In that case, since εn = 1 for all n, we
simply omit it, recovering the classical notation of regular continued fractions. When
α = 1/2,we obtain the so called nearest integer continued fraction; in this case an ≥ 2
for all n ≥ 1.

We shall often use the isomorphism between the group of real invertible 2 × 2
matrices and linear fractional transformations. Specifically, we define the action of a
matrix on a real number z as follows:

(
a b
c d

)
· z = az + b

cz + d
.
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Global and local minima of... 203

Identifyingmatrices and fractional transformations is particularly convenient, since the
product of matrices corresponds to the composition of the corresponding fractional
transformations. Note also that, if ϕ denotes the fractional transformation defined
above, we can easily compute its derivative as:

ϕ′(z) = ad − bc

(cz + d)2
.

Thus,ϕ ismonotone increasing or decreasing accordingly to the sign of the determinant
of the corresponding matrix.

With this identification, the map z �→ 1/(a + εz), which is the building block of

α-continued fractions, corresponds to the matrix

(
0 1
ε a

)
which has determinant −ε.

If Sn = ((a0, ε0); (a1, ε1), · · · , (an, εn)) are the first digits of the α-expansion of a
real value x0, with a slight abuse of notation we identify Sn with the product of the
corresponding building blocks and define3

Sn · z =
(

ε0 a0
0 1

) (
0 1

ε1 a1

)
· · ·

(
0 1

εn an

)
· z. (2.2)

It is easy to prove by induction that

Sn · z =
(

εn pn−1 pn
εnqn−1 qn

)
· z,

where the sequences pn and qn are recursively determined by the following relation:

pn = an pn−1 + εn−1 pn−2, qn = anqn−1 + εn−1qn−2,

p−1 = q−2 = 1, p−2 = q−1 = 0.

The rational values pn
qn

= Sn · 0 = [(a0, ε0); (a1, ε1), · · · , (an, εn)] are called the
α-convergents of the value x .

By Binet Formula, we immediately obtain the following identity:

qn pn−1 − pnqn−1 = εndet(Sn) = (−1)nε0 · · · εn−1 ∈ {±1}.

Using (2.1), we easily get

x = Sn · xn = pn + pn−1εnxn
qn + qn−1εnxn

hence xn = −εn
qnx − pn

qn−1x − pn−1
.

3 Note that in this definition the action of the fractional transformation corresponding to the digit of index
zero is different from all the others, and this is the reason why we use a semicolon (rather than a comma) to
separate the digit of index zero from the rest of the expansion. When we consider the expansion of elements
belonging to Iα we will often neglect the digit of index zero (simply omitting the first matrix): there hardly
is any risk of confusion since in this case, the digit of index zero would correspond to the identity matrix.
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204 A. Bakhtawar et al.

Thus for βn = ∏n
i=0 xi we get

βn =
n∏

i=0

Ai
α(x) =

n∏
i=0

xi = (−1)n(ε1 · · · εn−1)(qnx − pn) for n ≥ 0, with β−1 = 1.

(2.3)

The following theorem summarizes the fundamental properties of the quantities βn

we shall need later on:

Proposition 2.1 ([16, 19]) Let η = sup(γ,
√|1 − 2α|). Given α ∈ (0, 1], for all

x ∈ R\Q and for all n ≥ 1 one has

(i) qn+1 > qn > 0;
(ii) pn > 0 when x > 0 and pn < 0 when x < 0;
(iii) |qnx − pn| = 1

qn+1+εn+1qnxn+1
so that 1

1+α
< βnqn+1 < 1

α
;

(iv) if g < α ≤ 1, then βn ≤ ᾱgn;
(v) if 0 < α ≤ g, then βn ≤ ᾱηn;
Note that the map Aα has countably many branches:

Aα(x) =
{

1
x − k for 1

k+α
< x ≤ 1

k ,

k − 1
x for 1

k < x ≤ 1
k+α−1 .

In fact the digits (ai+1, εi+1)determine the position of xi with respect to the partition
determined by the branches of Aα .

A sequence ((a0, ε0); (a1, ε1), · · · ) is called anadmissible sequence if the continued
fraction [(a0, ε0); (a1, ε1), · · · , (an, εn), · · · , ] represents the α-continued fraction
expansion of some irrational number x ∈ Iα. For any n ≥ 1, an admissible
block is defined as the finite truncation of an admissible sequence. Specifically, it
consists of the first n + 1 terms of the admissible sequence expressed as S :=
((a0, ε0); (a1, ε1), · · · , (an, εn)). We will also use the notation |S| = n.

For any n ≥ 1, we define the set Ln as follows

Ln = {[(a0, ε0); (a1, ε1), . . . , (an, εn)] :
S = ((a0, ε0); (a1, ε1), . . . , (an, εn)) is an admissible block}

and let

L =
∞⋃
n=1

Ln .

Given any n ≥ 1 and S ∈ L, we define IS as the n-th cylinder generated by S,
namely the set of all real numbers x ∈ Iα whose α-continued fraction expansion
begins with the string S. Note that, for each admissible block S, the expression S · x
represents the number obtained by appending the string S to the beginning of the α-
continued fraction expansion of x ; we denote this action by ϕS : ϕS(x) := S · x . Then
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Global and local minima of... 205

IS = ϕS(J ) for some interval J ⊂ Iα with non-empty interior. Note that J need not
coincide with Iα , unless all branches of Aα are surjective (which is actually the case
for α ∈ {0, 1/2, 1}).

When x ranges inside a n–cylinder IS , by equation (2.3) the quantities βn, βn−1
are affine functions of x , and xn = βn/βn−1; thus the general term βn−1 log 1

xn
in the

sum (1.1) defining Bα has a form of the type ω(x) = A(x)[log A(x)− log B(x)] with
A, B affine functions of x , and we can easily check that this function is convex on its
domain since its second derivative is always positive (on the domain of ω):

ω′(x) = A′ log A − A′ log B + A′B − B ′A
B

, ω′′(x) = (A′B − B ′A)2

AB2 . (2.4)

If r ∈ Q then the α-expansion of r is finite: indeed to determine the first partial
quotient of r ∈ Q we write r = a0 + ε0r0 with r0 ∈ Iα , we can then compute
iteratively the other partial quotients applying repeatedly the map Aα to r0 : we get a
(finite) sequence of rational values Ak

α(r0) = |pk |
qk

with

|pk | < qk, α − 1 ≤ qk−1

pk−1
− ak < α, 1 ≤ qk = |pk−1| < qk−1.

The last property shows that this algorithm will end in a finite number of steps. Indeed
by finite descent wewill eventually get qk = 1, pk = 0,whichmeans that Ak

α(r0) = 0.
Furthermore, as in the case α = 1, for all α ∈ (0, 1), every r ∈ Q admits exactly

two α continued fraction expansions i.e.

Lemma 2.2 Given r ∈ Q there exist two distinct admissible sequences S, S′ ∈ L such
that S · 0 = r = S′ · 0. Moreover, considering the following maps

ϕS : y �→ S · y and ϕS′ : y �→ S′ · y,

(i) one is orientation preserving and the other is orientation reversing on a right
neighbourhood of zero,

(ii) if y > 0 is sufficiently small, all values of the form S · y (resp. S′ · y) have an
α-expansion starting with S (resp. S′),

(iii) S and S′ can be used to parametrize the corresponding cylinders, i.e. there exist
δ, δ′ > 0 such that

IS = {S · y, 0 < y < δ} IS′ = {S′ · y, 0 < y < δ′}.

Hence r is the separation point between the cylinders IS and IS′ .

2.1 Behaviour of B˛ near rational points

Lemma 2.3 Let p
q ∈ Q, then Bα(x) → ∞ as x → p

q for all α ∈ (0, 1].
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Proof Let S, S′ ∈ L be the two expansions of p
q as in Lemma 2.2 such that p

q =
S ·0 = S′ ·0 and IS ∪ p

q ∪ IS′ is a (punctured) neighbourhood of p
q .Moreover, suppose

x ∈ IS, we can write x = S · y where y > 0. Then

Bα(x) ≥ βn−1(x) log x
−1
n = βn−1(S · y) log y−1. (2.5)

Applying Lagrange intermediate value theorem we can find ξ ∈ (0, y) such that

∣∣∣∣x − p

q

∣∣∣∣ = |S · y − S · 0| =
∣∣∣ϕ ′

S(ξ)

∣∣∣ y ≥ min
ξ∈(0,y)

1

(qn + qn−1εnξ)2
y ≥ 1

4q2n
y.

Therefore

y−1 ≥ |x − p
q |−1

4q2
(2.6)

since qn = q. By using (2.5), (2.6) and the fact that βn−1(S · y) > 1
(α+1)q we obtain

Bα(x) ≥ 1

(α + 1)q
(log |x − p

q
|−1 − log(4q2)) → ∞, as x → p

q
.

The same argument applies on IS′ gaining the same result on the other half neigh-
bourhood of p/q. ��

3 Lower semicontinuity of generalized Brjuno functions

In this section, we will discuss the lower semicontinuity of Bα for different choices
of α, since this property is necessary to repeat the argument of [20] for general Bα.

We will prove that if α is rational, then Bα is lower semi-continuous. We also point
out that the hypothesis α ∈ Q cannot be dropped, since there exist irrational values
α ∈ (1/2, 1) for which Bα is not lower semi-continuous.

Using the lower semicontinuity, we also show that the intermediate value property
holds for Bα when α is rational. This result is not necessary for our main result, but
we believe it has its own interest.

We conclude this section by observing that the semicontinuity property can also be
proved for more general Brjuno functions.

3.1 Lower semicontinuity of B˛ for˛ ∈ (0, 1] ∩ Q

Lemma 3.1 For all α ∈ (0, 1] ∩Q the partial sum BK
α (x) defined in (1.4) is infinitely

differentiable (i.e. smooth) on every K -cylinder.

Proof Let S ∈ LK and δ > 0 as in Lemma 2.2, (iii). Since ϕS : (0, δ)
∼−→ IS is well

defined, it is sufficient to show that BK
α (S · y) is infinitely differentiable in y. For
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Global and local minima of... 207

each j such that 0 ≤ j ≤ K , the term A j
α(x) = (σ j S) · y is smooth in y; here, σ j

denotes a shift map acting on S. Consequently, β j (x) is also smooth in y. The sum∑K
j=0 β j−1(S · y) log(1/(σ j S) · y) is a finite sum of infinitely differentiable functions.

Therefore, it is also smooth in y for y ∈ (0, δ). ��
Proposition 3.2 Let α ∈ Q. Then Bα is lower semi continuous.

Proof Let Dc = {x ∈ R : Bα(x) ≤ c} where c > 0. To show that Bα(x) is lower
semicontinuous we need to show Dc is closed for all c ∈ R. Note that Bα(x) =
supK→∞ BK

α (x) where B(K )
α (x) is defined in (1.4).

Therefore we can rewrite Dc = ⋂
K∈N DK ,c where DK ,c = {x ∈ R : B(K )

α (x) ≤
c}. Thus it is enough to show DK ,c is closed for all c and for all K ∈ N. Indeed if
(xn)n∈N ∈ DK ,c such that xn → x̄ then by Lemma 2.3 x̄ /∈ Q. That implies A j

α is
continuous at x̄ for all 1 ≤ j ≤ K . Hence BK

α is continuous at x̄ and x̄ ∈ IS for some
K -cylinder. Since IS is open and xn → x̄ there exist n0 such that xn ∈ IS for every
n ≥ n0. By the fact that x, x̄ ∈ IS we can write x̄ = S · ȳ, xn = S · yn, with yn → ȳ
for all n ≥ n0. By the continuity of BK

α at x̄ it follows that BK
α (S · yn) → BK

α (S · ȳ)
as n → ∞. Hence BK

α (xn) → BK
α (x̄) and BK

α (x̄) ≤ c which implies x̄ ∈ DK ,c. Thus
DK ,c is closed and consequently Dc is closed. ��

Since Bα is lower semicontinuous and 1-periodic, it can be considered as a function
on the circle (which is compact), hence admits an absolute minimum. Without loss of
generality, we can think that this minimum belongs to the period [α − 1, α), and by
the symmetry on [α − 1, 1 − α] one can find a global minimum on (0, ᾱ).

Corollary 3.3 If α is rational, the Brjuno function Bα has a global minimum on [0, ᾱ].

3.2 Remark on the lower semicontinuity of Brjuno function when˛ is irrational

It is worth pointing out that the hypothesis α ∈ (0, 1] ∩ Q in Proposition 3.2 is not a
technical assumption. Indeed, there exist irrational values of α for which the Brjuno
function Bα is not lower semi-continuous, as shown by the the following example (see
also Fig. 3).

Example 3.4 Suppose α̂ := 1
1+ 1

a+g
where a ≥ 2 is a positive integer. Clearly α̂ ∈

[0, 1]\Q. Then

(i) Bα̂(α̂) = Bα̂(1 − α̂) = log(a + 1 + g) + 1
a+1+g Bα̂(g).

(ii) lim infx→α̂+ Bα̂(x) = Bα̂(α̂).

(iii) lim infx→α̂− Bα̂(x) < Bα̂(α̂).

Proof (i) Clearly, follows from the definition (1.2) and the fact that Aα̂(1 − α̂) = g.
(ii) Suppose x ≥ α̂. Then we can write x = 1

1+ 1
a+g+ε

and 1 − x = 1
a+1+g+ε

where

ε > 0. Therefore

lim inf
x→α̂+ Bα̂ (x) = lim inf

ε→0+

(
log(a + 1 + g + ε) + 1

a + 1 + g + ε
log Bα̂ (g + ε)

)
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1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

2.1

2.2

2.3

α̂0.72 0.725 0.73

Fig. 3 The graph showing lower semicontinuity fails for some irrational α̂; here a=2 and α̂ = 2+g
3+g

= log(a + 1 + g) + 1

a + 1 + g
lim inf

ε→0+ log Bα̂ (g + ε),

and the required results follows since lim infε→0+ log Bα̂(g + ε) = Bα(g).
(iii) Suppose x ≤ α̂ and write x = 1

1+ 1
a+g−ε

where ε > 0. Therefore

lim inf
x→α̂− Bα̂ (x) = lim inf

ε→0−

(
log(a + 1 + g − ε) − log(a + g − ε) + x Bα̂ (

1

a + g − ε
)

)

= lim inf
ε→0− (log(a + 1 + g − ε) − log(a + g − ε)

+x

(
log(a + g − ε) + 1

a + g − ε
Bα̂ (g)

))

= Bα̂ + log(a + g)[−1 + α̂] < Bα̂ (α̂),

the last inequality follows by the fact that log(a + g)[−1 + α̂] < 0.
��

3.3 Intermediate value property for B˛ when˛ ∈ (0, 1] ∩ Q

Exploiting the lower semicontinuity of Bα (which holds when α ∈ Q), one can prove
that it satisfies the intermediate value property, (even if it is not a continuous function).

Proposition 3.5 [Intermediate Value Theorem for Bα] Let α ∈ Q. If Bα(a) = λ,

Bα(b) = ν, then for all ρ between λ and ν there exists ξ ∈ (a, b) such that Bα(ξ) = ρ.

The property is interesting in itself, but before giving a proof of the above propo-
sition, let us state (and prove) the following somewhat surprising consequence:
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Corollary 3.6 Let α ∈ Q ∩ (0, 1). Then the closure of the graph of Bα fills the region
above it:

{
(x, y) ∈ R2 : y = Bα(x)

} =
{
(x, y) ∈ R

2 : y ≥ Bα(x)
}

.

Proof Let Bα(ξ) < +∞, ρ > B(ξ). For any n ∈ N we can pick a rational value r
such that ξ < r < ξ + 1

n , Bα(r) = +∞. This implies there exists ξn ∈ (ξ, ξ + 1
n ),

and Bα(ξn) = ρ, so that (ξn, B(ξn)) → (ξ, ρ) as n → ∞. ��
The fact that the intermediate value property holds is not too surprising, indeed it

holds for the related Brjuno function B̃, defined by

B̃(x) =
∞∑
k=0

log ak+1

qk
,

where x = [a0; a1, a2, · · · , an, an+1, · · · ] is the regular continued fraction expansion
of x (i.e., the one associated to the Gauss map) and pn/qn = [a0; a1, a2, · · · , an] is
the n-th convergent of x (see [14, Lemma 4-(i)] which plays the role of Corollary 3.9).

Let us first provide some useful remarks and a lemma, which will be useful for the
proof of Proposition 3.5 (which takes the last few lines at the end of this section).

Remark 3.7 1. For all α ∈ (0, 1] there is H > 0 such that |Bα(x) − B̃(x)| ≤ H for
all x .

2. If x = [0; a1, a2, · · · , an, an+1, · · · ] then for all N ∈ N there is some K = K (N )

such that

AN
α (x) = [0; b, b′, aK , aK+1, aK+2, ...].

This means that the continued fraction expansion of AN
α (x) coincides with a tail

of the continued fraction of x (except possibly the first two partial quotients).

The proof of the first remark is easy, since it is well known that both Bα − B1 and
B1 − B̃ are bounded functions. The proof of the second remark is easily proved by
induction; indeed, the claim is clearly true for N = 0, and if the claim holds for a
certain integer N we have

AN
α (x) = [0; b, b′, aK , aK+1, aK+2, ...], A1(A

N
α (x)) = [0; b′, aK , aK+1, aK+2, ...].

Thus, if A1(AN
α (x)) ∈ [0, ᾱ) then AN+1

α (x)) = A1(AN
α (x)), otherwise

AN+1
α (x)) = 1 − A1(A

N
α (x)) =

{ [0; 1, b′ − 1, aK , aK+1, aK+2, ...] if b′ > 1
[0; 1 + aK , aK+1, aK+2, ...] if b′ = 1.

In any case, it is immediate to check that and the claim is true for N + 1 as well.
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Lemma 3.8 Let B denote either B̃ or Bα for α ∈ (0, 1] ∩ Q.
Let ξ = [a0; a1, a2, ..., an−1, an, an+1, ...] be such that B(ξ) < +∞ and let ξn =

[a0; a1, a2, ..., an−1, 1 + an, 1, 1, 1, ...]. Then
(i) limn→+∞ ξn = ξ and limn→+∞ B(ξn) = B(ξ);
(ii) for all ε > 0 there exists ξ+ ∈ (ξ, ξ + ε) and ξ− ∈ (ξ − ε, ξ) such that

∣∣B(ξ±) − B(ξ)
∣∣ < ε.

Proof We immediately check that ξn 	= ξ for all n, ξn → ξ as n → +∞ and
sign(ξn − ξ) = (−1)n . It is therefore clear that to prove claim (ii) it is enough to prove
claim (i).

We first prove claim (i) for B = B̃. In this case, it is immediate to check that
qk(ξ) = qk(ξn) for all k ≤ n − 1, hence the first (n − 1) terms of the sums cancel out
and

|B(ξ) − B(ξn)| ≤
∣∣∣∣
log(an) − log(1 + an)

qn−1

∣∣∣∣ +
+∞∑
k=n

log ak+1

qk(ξ)
≤ log 2

qn−1
+

+∞∑
k=n

log ak+1

qk(ξ)
.

Both items on the right in the above formula vanish when n → +∞, proving (i) for
B̃.

To prove (i) for B = Bα we shall check that for all ε > 0 there exists some n̄ such
that |Bα(ξn) − Bα(ξ)| < ε for all n ≥ n̄.

Given any ε > 0 let us first fix N such that βN (x) < ε
4H ∀x (this can be done by

(iv) or (v) of Proposition 2.1), and let us write

|Bα(ξ) − Bα(ξn)| ≤ ∣∣BN
α (ξ) − BN

α (ξn)
∣∣ + ∣∣βN (ξ)Bα(AN+1

α (ξ)) − βN (ξn)Bα(AN+1
α (ξn))

∣∣
≤ ∣∣BN

α (ξ) − BN
α (ξn)

∣∣ + |βN (ξ) − βN (ξn)||Bα(AN+1
α (ξ))|+

+βN (ξn)|Bα(AN+1
α (ξn)) − Bα(AN+1

α (ξ))|.

Since Bα(ξ) < +∞ the point ξ is irrational, and since α ∈ Q there exists a
neighbourhood U of the point ξ such that the truncated Brjuno function BN

α (defined
in (1.4)), βn , and AN+1

α are all continuous on U , hence

∣∣BN
α (ξ) − BN

α (ξn)
∣∣ = o(1)

|βN (ξ) − βN (ξn)| = o(1)
for n → +∞.

On the other hand

|Bα(AN+1
α (ξn)) − Bα(AN+1

α (ξ))| ≤ |Bα(AN+1
α (ξn)) − B̃(AN+1

α (ξn))|
+|B̃(AN+1

α (ξn)) − B̃(AN+1
α (ξ))|+

+|B̃(AN+1
α (ξ)) − Bα(AN+1

α (ξ))|
≤ 2H + |B̃(AN+1

α (ξn)) − B̃(AN+1
α (ξ))|.

Since we are assuming that ξn ∈ U we will have that

AN+1
α (ξ) = [0; b, b′, aK , ..., an−1, an, an+1, ...],
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AN+1
α (ξn) = [0; b, b′, aK , ..., an−1, 1 + an, 1, 1, 1, ...]

and thus, using the fact that property (i) holds for B̃, we get |B̃(AN+1
α (ξn)) −

B̃(AN+1
α (ξ))| = o(1) as n → +∞.

Summing up altogether we deduce that

|Bα(ξ) − Bα(ξn)| ≤ o(1) + ε

4H
(2H + o(1)) for n → +∞

and since the right hand of the above formula tends to ε/2 as n → +∞, we get that
there is n̄ such that |Bα(ξ) − Bα(ξn)| < ε for all n > n̄. ��
Corollary 3.9 Let α ∈ (0, 1]∩Q, ρ > 0 and let V = (ξ0, ξ1) be a nonempty connected
component of the open set Aρ := {x : Bα(x) < ρ}. Then Bα(ξ0) = Bα(ξ1) = ρ.

Proof The set Aρ is open because Bα is lower semicontinuous, thus since V is a
connected component of Aρ then ∂V ∩ Aρ = ∅, and this means that Bα(ξi ) ≤ ρ

(i ∈ {0, 1}). If by contradiction Bα(ξ0) < ρ, then by Lemma 3.8 for all ε > 0 it would
be possible to find ξ+ ∈ (ξ0, ξ0+ε) such that Bα(ξ+) < Bα(ξ0)+ε, and if we choose
0 < ε < ρ − Bα(ξ0) we get that ξ+ ∈ (ξ0, ξ1) but Bα(ξ+) < ρ, a contradiction.
Hence Bα(ξ0) = ρ. The same kind of argument proves that Bα(ξ1) = ρ as well. ��

Now we can easily prove Proposition 3.5: indeed assume that Bα(a) = λ > ν =
Bα(b) and let us fix any ρ ∈ (ν, λ). Then if V = (ξ0, ξ1) is the connected component
of Aρ containing a we have that a < ξ1 < b and B(ξ1) = ρ as claimed. The same
argument works in case λ < ν.

3.4 On the lower semicontinuity of othermore general versions of Brjuno function

Unlike the results of Sect. 4 and the following sections, the argument to prove lower
semicontinuity is quite general and with minor modifications it applies also to other
variants of the Brjuno function.

Let u : (0, 1) → R
+ be a positive C1 function such that limx→0+ u(x) = ∞

and ν ∈ N be fixed. One can then define the following class of generalized Brjuno
functions which includes those studied in [17],

Bα,ν,u(x) =
∞∑
j=0

βν
j−1(x)u(x j ). (3.1)

Definition (3.1) is more general, as for different choices of ν and u it implies
various classical Brjuno functions. For example if we take ν = 1, u(x) = − log(x) it
implies classicalα-Brjuno function as defined in (1.1). For other choices of the singular
behaviour of u at zero, the condition Bα,ν,u < ∞ leads to different Diophantine
conditions. For instance, if we choose u(x) = x−1/σ , where σ > 2, it is not difficult
to check that if B1,1,σ (x) = ∑∞

j=0 β j−1(x)x
−1/σ
j < ∞, then x is a Diophantine

number. For more details regarding the function B1,1,σ we refer the reader to [17, 18].
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Remark 3.10 Let Bα,u,ν(x) be as defined in (3.1). Then Bα,u,ν(x) → ∞ as x → p
q .

The proof is on the similar lines as of Lemma 2.3. Indeed, we have Bα,u,ν(x) =∑∞
j=0 βν

j−1(x)u(x j ) ≥ βν
n−1(x)u(xn) = βν

n−1(S · y)u(y). By using the value of y

from (2.6), we know that y → 0 as x → p
q , and by the definition of u, we have

u(y) → ∞. Consequently Bα,u,ν(x) → ∞. Since ν is fixed positive integer, the term
βν
n−1 ≥ 1

(α+1)νqν
n
becomes smaller and smaller but remains non-zero.

By Remark 3.10 and the fact that the partial sum BK
α,u,ν(x) is smooth on every

K -cylinder, we have the following.

Remark 3.11 The function Bα,u,ν is lower semicontinuous for all α ∈ Q ∩ [0, 1].

4 Scaling properties and local minima of B1

Throughout this section, we will focus on the classical case α = 1. In view of the
result from [22] by Balazard-Martin, it is natural to ask about the minima on other
intervals. For instance using, Theorem 1.1, it is not difficult to prove the following:

Corollary 4.1 minx∈(0,1/2) B1(x) ≥ B1(1 − g) = B1(g2).

The proof of Corollary 4.1 is a routine computation, for completeness, we include
its proof in Sect. 4.2.

Note that both g and g2 are “noble” numbers in the sense of definition 1.2. Specif-
ically a number ν is noble if and only if its regular continued fraction expansion has
the same tail as g:

ν = [0; a1, a2, · · · , an, 1̄].

Equivalently, using the notation introduced by equation (2.2) in Sect. 2, ν is noble if
there exists a sequence S = (a1, ..., an) such that ν = S · g.

4.1 Proof of Theorem 1.4

The proof of Theorem 1.4 relies on some scaling properties of the function B1 near
its absolute minimum g. Lemmas 4.2 and 4.3 will give a precise description of this
scaling property, which is actually quite evident from numerical data (see also Fig. 4).

Let �(x) = 1
1+x , and for all n ≥ 1, let us define the recursive relation:

xn+1 = �(xn) where x0 ∈ (0, 1/2). (4.1)

Note that B1(g) = log 1/g
1−g .

In Lemma 4.2, we prove the scaling property of En := B1(xn) − B1(g), where the

initial value E0 satisfies E0 ≥
(
3 − 1

1−g

)
log 1

g > 0.
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Fig. 4 Graph of (log |x − g|, log(B1(x) − B1(g))) for various values of x including xn = �n(1 − g); the
dots are represented in two different colors accordingly to the sign of x − g

Lemma 4.2

E2n+1 ≥ σE1g2n where σ := exp(−
∞∑
n=1

log(g2
F2n+2

F2n
))

where Fn are Fibonacci numbers with F−1 = 1 and F0 = 0.

Proof Since x1 = 1
1+x0

, x2 = 1+x0
2+x0

, · · · , continuing in this way, (4.1) induces the
recursive relation

xn = Fn + x0Fn−1

Fn+1 + x0Fn
, ∀n ≥ 1 and x0 ∈ (0, 1/2). (4.2)

Using (1.2), we write

B1(�(xn)) = − log(�(xn)) + �(xn)B1(xn) and

B1(�(g)) = − log(�(g)) + �(g)B1(g).

Using (4.1) and the fact that �(g) = g, we have

B1(xn+1) − B1(g) = − log
xn+1

g
+ xn+1[B1(xn) − B1(g)] + B1(g)[xn+1 − g].

Setting En := B1(xn) − B1(g) and δn := xn − g and observing that − log t ≥ 1 − t,
we get

En+1 ≥ xn+1En − lδn+1

where l := 1
g − B1(g) and l > 0. Hence

En+2 ≥ xn+2En+1 − lδn+2 ≥ xn+2xn+1En − l(xn+2δn+1 + δn+2).

Note that

xn+2δn+1 + δn+2 = xn+2(1 + xn+1) − g(1 + xn+2) = 1 − g(1 + xn+2),
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which is positive if and only if xn+2 < g i.e when n is even. Therefore for all n ≥ 1,

E2n+1 ≥ λnE2n−1,

where λn := x2n+1x2n and by using (4.2), we can write

λn = F2n+1 + x0F2n−1

F2n+2 + x0F2n+1
.

Further, for all n ≥ 1, we have the following bounds for λn

F2n
F2n+2

≤ λn ≤ F2n+2

F2n+4
,

i.e. λn ≥ 1/3 and λn → g2 as n → ∞ (exponentially).
In order to obtain the optimal estimate, first note that

E2n+1 = ( n∏
k=1

λk
)E1 with

n∏
k=1

λk = exp(
n∑

k=1

log λk) = exp(n log g2 +
n∑

k=1

log
λk

g2
)

= g2n exp(
n∑

k=1

log
λk

g2
).

The term
∑∞

k=1 log
λk
g2

in last equation is an absolutely convergent series because λk

converges to g2 at an exponential rate.
Therefore, we can write

E2n+1 ≥ σE1g2n where σ := exp

(
−

∞∑
n=1

log

(
g2

F2n+2

F2n

))
. (4.3)

��
The estimate (4.3) implies that B1 has a cusp like minimum at g, namely

B1(x) − B1(g) ≥ c(x − g)1/2 with

(where the value of the exponent 1/2 is obtained by the corresponding estimate and
by comparing with the fact that δn � g2n for any n ≥ 1).

Lemma 4.3

B1(x) − B1(g) ≥ σE1
2

(x − g)1/2 for x > g.
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Proof Define tn := �2n−1( 12 ) = F2n+1
F2n+2

such that t0 := 1, t1 := 2
3 , t2 := 5

8 · · · and

In = �2n−1((0, 1
2 )) = (tn, tn − 1). Observe that

tn − g = F2n+1

F2n+2
− g = g4n+3 1 + g2

1 − g4n+4

and

1 ≤ 1 + g2

1 − g4n+4 ≤ G.

On the other hand, by (4.3) we get x ∈ In �⇒ B1(x) − B1(g) ≥ σE1g2n .
Therefore, if tn ≤ x ≤ tn−1 then

x − g ≤ tn−1 − g ≤ g4n−1G = G2g4n and

B1(x) − B1(g) ≥ σE1g2n = σE1
G

Gg2n .

Hence for all x ∈ In, and for all n ≥ 1

B1(x) − B1(g) ≥ σE1
G

(x − g)1/2.

Since
⋃

n≥1 In = (g, 1),weobtain the required result, with a constantwhich is slightly
better. ��

To complete the proof of Theorem 1.4 we will also include the case when 1/2 <

x < g.

Lemma 4.4

B1(x) − B1(g) ≥ σE1
2

√
g − x for 1/2 < x < g.

Proof Let 1/2 < x < g and write x = �(t) with t ∈ (g, 1). Then by repeating the
same argument used in the proof of last lemma we obtain

B1(�(t)) − B1(�(g)) ≥ (�(t) − �(g))

(
B1(g) − 1

g

)
+ �(t)(B1(t) − B1(g))

≥ �(t)
σE1
G

√
t − g.

Observe that

�(g) − �(t) = �′(ξ)(g − t) for some ξ ∈ (g, t)
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= 1

(1 + ξ)2
(t − g) since �′(ξ) = − 1

(1 + ξ)2
.

Hence
√
t − g = (1 + ξ)

√
g − x for some ξ ∈ (g, t). Thus, we have the inequality

B1(x) − B1(g) ≥ 1 + ξ

1 + t

σE1
G

√
g − x

with t ∈ (g, 1) and ξ ∈ (g, t), so that

1 + ξ

1 + t
≥ 1 + g

1 + t
≥ 1 + g

2
= G

2
.

This implies

B1(x) − B1(g) ≥ σE1
2

√
g − x for 1/2 < x < g,

hence proving the claim. ��
The theorem we just proved is very technical, but has a quite interesting conse-

quence: the property of being a local minimum propagates from g to all other noble
numbers:

Corollary 4.5 Let ν be a noble number. Then ν is a local minimum of B1.

Proof Let ν = S · g with |S| = K , and let us use the map x �→ S · x to parametrize a
neighbourhood of ν. We have then

B1(S · x) − B1(S · g) = B(K )
1 (S · x) − B(K )

1 (S · g) + (S · x)B1(x) + (S · g)B1(g)

≥ B(K )
1 (S · x) − B(K )

1 (S · g) + (S · x − S · g)B1(g)

+ c(S · x)|x − g|1/2.

Let us denote the right hand side of last inequality by φ(x). It is easy to see that there
exists an open neighbourhoodU of g such that φ is continuous onU and differentiable
on U\{g}, and limx→g± φ′(x) = ±∞. Therefore, φ has a minimum at g, which
implies B1 has a local minimum at ν = S · g. ��

4.2 Proof of Corollary 4.1

Proof Sinceby (1.3)wehave B1(x) = ∑K
j=0 β j−1 log(1/A

j
1(x))+βK (x)B1(A

K+1
1 (x))

we get

B1(x) ≥ ϕK (x) for all K ∈ N,

where ϕK (x) :=
K∑
j=0

β j−1 log(1/A
j
1(x)) + βK (x)B1(g). (4.4)
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Fig. 5 The three curves that bound B1 from below, seen at three different level of zoom around the point
(g2, B1(g

2))

Note thatϕK (g2) = B(g2);moreoverϕK is smooth and convexon the K -th cylinder
containing g2 (recall that convexity follows from Eq. (2.4) ). We now examine what
Eq. (4.4) gives for4 K = 0, 1, 3; on the cylinder containing g2 the building blocks of
ϕK will be ω j (x) := β j−1(x) log(1/A

j
1(x)) with 0 ≤ j ≤ 3 where

ω0(x) = − log x for x ∈ (0, 1);
ω1(x) = x[log x − log(1 − 2x)] for x ∈ ( 13 ,

1
2 );

ω2(x) = (2x − 1)
[
log (3x − 1) − log (1 − 2x)

]
for x ∈ ( 13 ,

2
5 );

ω3(x) = (3x − 1)
[
log (3x − 1) − log (2 − 5x)

]
for x ∈ ( 38 ,

2
5 ).

When K = 0 (see Fig. 5 Left, azure line) we have B1(x) ≥ ϕ0(x) for x ∈ [0, 1],
and ϕ0(g2) = B1(g2) with ϕ′

0(g
2) < 0. This implies

ϕ0(x) ≥ B1(g
2) for all x ∈ [0, g2].

When K = 1 (see Fig. 5 Center, orange line) we have B1(x) ≥ ϕ1(x) where x ∈
[1/3, 1/2], and ϕ1(2/5) > B1(g2), with ϕ′

1(
2
5 ) > 0. Therefore, we have

ϕ1(x) ≥ B1(g
2) for all x ∈ [2/5, 1/2].

When K = 3 (see Fig. 5 Right, red line) we have B1(x) ≥ ϕ3(x) where x ∈
[3/8, 2/5] and ϕ3(g2) = B1(g2) with ϕ′

3(g
2) > 0. This implies

ϕ3(x) ≥ B1(g
2) for all x ∈ [g2, 2/5].

Since [0, 1/2] = [0, g2] ∪ [g2, 2/5] ∪ [2/5, 1/2]. We get B1(x) ≥ B1(g2) for all
x ∈ [0, 1/2]. ��
4 Note that we omit the case K = 2 since it turns out to be irrelevant for our purpose.
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5 Minima of B˛ for ˛ < 1

In this section, we explore to what extent the result of [22] can be expanded to Bα

for α < 1. One remarkable feature of this problem is that the minimum of Bα is
constant when the parameter ranges on some parameter intervals, but sometimes it
jumps abruptly. The first occurrence of this phenomenon can be observed in a left
neighbourhood of α = g, but it seems to be a pattern which occurs repeatedly in
parameter space.

5.1 Minima of B˛ when g < ˛ < 1

Here, we prove Theorem 1.6: for any real number α ∈ (g, 1), the minimum of Bα is
attained at g. It all boils down to the following lemma:

Lemma 5.1 For all α ∈ (g, 1),

Bα(x) ≥ B1(x). (5.1)

Indeed, if α ∈ (g, 1) then Bα(g) = B1(g). Using the fact that g is the minimum of
B1, inequality (5.1) implies

Bα(x) ≥ B1(x) ≥ B1(g) for all x .

Therefore, to prove Theorem 1.6 we only need to prove inequality (5.1).

Proof Recall that βk(x) = |xqk − pk |where pk
qk

is the kth α-convergent of x . By using
[16, Lemma 1.8.], we can write

pk = Pn(k) qk = Qn(k),

where Pn
Qn

is the nth convergent of the regular continued fraction of x . Moreover one
has that n(k)−n(k−1) ∈ {1, 2} i.e. either n(k−1) = n(k)−1 or n(k−1) = n(k)−2.
Therefore setting β̃n(x) = |Qnx − Pn| we get βk = β̃n(k).

Bα(x) =
∞∑
k=0

βk−1(x) log(1/A
k
α(x))

=
∞∑
k=0

βk−1(x)[logβk−1(x) − logβk(x)]

=
∞∑
k=0

β̃n(k−1)(x)[log β̃n(k−1)(x) − log β̃n(k)(x)]. (5.2)

Now

β̃n(k−1)(x)[log β̃n(k−1)(x) − log β̃n(k)(x)]

123



Global and local minima of... 219

=
{

β̃n(k)−1(x)[log β̃n(k)−1(x) − log β̃n(k)(x)] if n(k − 1) = n(k) − 1

β̃n(k)−2(x)[log β̃n(k)−2(x) − log β̃n(k)(x)] if n(k − 1) = n(k) − 2.

Further,

β̃n(k)−2(x)[log β̃n(k)−2(x) − log β̃n(k)(x)] = β̃n(k)−2(x)[log β̃n(k)−2(x)

− log β̃n(k)−1 + log β̃n(k)−1 − log β̃n(k)(x)]
≥ β̃n(k)−2(x)[log β̃n(k)−2(x) − log β̃n(k)−1] + β̃n(k)−1(x)[log β̃n(k)−1 − log β̃n(k)(x)],

the second last inequality follows by the fact that β̃n−2 ≥ β̃n−1.

Therefore, (5.2) implies

Bα(x) =
∞∑
k=0

β̃n(k−1)(x)[log β̃n(k−1)(x) − log β̃n(k)(x)]

≥
∞∑
k=1

n(k)−1∑
j=n(k−1)

β̃ j−1(x)[log β̃ j−1(x) − log β̃ j (x)]

=
∞∑
j=0

β̃ j−1(x)[log β̃ j−1(x) − log β̃ j (x)] = B1(x).

��
As a consequence of Theorem 1.6 we get the following

Corollary 5.2 Let g < α < 1. If ν = S · g is a noble number such that

Ak
α(ν) 	= α for all k ≤ |S|.

Then ν is a local cusp-like minimum for Bα . For example ν = g2 is a local minimum
for Bα for all g < α < 1.

The proof of Corollary 5.2 is an immediate consequence of Theorem 1.6 and the
fact that Ak

α is smooth at ν for all k ≤ |S|.

5.2 Local minima for B1/2

In order to prove analogous results for other values of α, it is reasonable to start from
α = 1/2. In this case the absolute minimum will occur at γ = √

2−1 where B1/2 has
a cusp. To prove it, we can adapt the same techniques used in the proofs of Theoremes
1.1 and 1.4.

Throughout this subsection, we will assume α = 1/2, and thus we will focus on
the Brjuno function B1/2 associated with the nearest integer continued fractions.

We will show that the minimum of B1/2 is attained at the silver number γ, see
Fig. 6. Using the symmetry and the translation invariance of B1/2 it is enough to prove
the following:
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Fig. 6 The graphs of B1/2 with a zoom around the global minimum at γ = √
2 − 1

Theorem 5.3 minx∈(0,1/2) B1/2(x) = B1/2(γ ) where γ = √
2 − 1.

The strategy of the proof of Theorem 5.3 closely follows [22] and is based on four
intermediate steps.

Define C := inf x∈[0,1/2] B1/2(x), the first step is a consequence of Proposition 3.2
for α = 1/2.

Step 1 C = B1/2(r) for some r ∈ (0, 1/2).

Step 2 Let r ∈ (0, 1/2). Then for all K ∈ N, we have

C = B1/2(r) ≥ B(K )
1/2 (r)

1 − βK (r)
.

Proof By using (1.3) for α = 1/2 we have

C = B1/2(r) = B(K )
1/2 (r) + βK (r)B1/2(A

K+1
1/2 (r)) ≥ B(K )

1/2 (r) + CβK (r) = B(K )
1/2 (r)

1 − βK (r)
.

��
Step 3 For all K ∈ N, we have

B1/2(γ ) = BK
1/2(γ )

1 − βK
1/2(γ )

.

Proof Using (1.3) now for r = γ we obtain

B1/2(γ ) = BK
1/2(γ ) + βK (γ )B1/2(A

K+1
1/2 (γ )),

since AK+1
1/2 (γ ) = A1/2(γ ) = γ for any K ∈ N therefore the required result follows.

��
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Step 4 Let r ∈ (0, 1/2) such that C = B1/2(r). Then r ≥ γ.

Proof From Step 2 and 3 with K = 0 and by the definition of C, we have

B(0)
1/2(γ )

1 − β0(γ )
= B1/2(γ ) ≥ C = B1/2(r) ≥ B(0)

1/2(r)

1 − β0(r)
.

Thus for 0 < x < 1/2,

B(0)
1/2(x)

1 − β0(x)
= ln 1

x

1 − x
.

Let h(x) = ln 1
x

1−x . Then

h′(x) = −x−1(1 − x) + ln(1/x)

(1 − x)2
.

Since h′(x) < 0 on (0, 1/2), the function h is strictly decreasing on (0, 1/2), hence
γ ≤ r . ��
Proposition 5.4 Let r ∈ (0, 1/2) such that C = B1/2(r). Then r = γ.

Proof We need to show γ > r . From Step 2 and Step 3 with K = 1 and by the
definition of C, we have

B(1)
1/2(γ )

1 − β1(γ )
= B1/2(γ ) ≥ C = B1/2(r) ≥ B(1)

1/2(r)

1 − β1(r).

Note that for 2/5 < x < 1/2, A1/2 = 1
x − 2. Therefore, let

f (x) = ln(1/x)

1 − x A1/2
+

x ln( 1
A1/2(x)

)

1 − x A1/2(x)

= ln(1/x)

2x
+ 1

2
ln

x

1 − 2x
.

Then

f ′(x) = (1 − 2x) ln x + 3x − 1

2x2(1 − 2x)
.

Since (1 − 2x) > 0 for x ≤ 1/2, the sign of f ′(x) depends only on g(x) := (1 −
2x) ln x + 3x − 1. It is easy to see that g is strictly increasing on the interval (0, 1/2]
and consequently f is increasing on (2/5, 1/2] (because g′(x) and f ′(x) are positive
on (2/5,1/2)). Thus γ ≥ r and combining it with the estimate of Step 4, we finally get
γ = r . ��

123



222 A. Bakhtawar et al.

5.2.1 Scaling properties of B1/2

Theorem 5.5 Let γ = √
2 − 1. There exists a constant c > 0 such that

B1/2(x) − B1/2(γ ) ≥ c|x − γ |1/2,

for all x ∈ (0, 1
2 ).

The proof of Theorem 5.5 follows almost exactly on the same line of investigations
as for the case α = 1, with some additional arguments specific to the settings of
α = 1/2, which we will outline for completeness.

Proof Let �(x) = 1
2+x and define the recursive relation

xn+1 = �(xn) where x0 ∈ (0, 2/5).

From (1.2) we have

B1/2(�(xn)) = − log(�(xn)) + �(xn)B(xn)

and

B1/2(�(γ )) = − log(�(γ )) + �(γ )B(γ ).

Note that �(γ ) = γ.

Now

B1/2(xn+1) − B1/2(γ ) = − log
xn+1

γ
+ xn+1[B1/2(xn) − B1/2(γ )] + B1/2(γ )[xn+1 − γ ].

Setting En := B1/2(xn) − B1/2(γ ) and δn := xn − γ and observing that − log t ≥
1 − t we get

En+1 ≥ xn+1En − lδn+1,

where l := 1
γ

− B1/2(γ ) and l > 0. Hence

En+2 ≥ xn+2xn+1En − l(xn+2δn+1 + δn+2).

Note that

xn+2δn+1 + δn+2 = xn+2(1 + xn+1) − γ (1 + xn+2),

= xn+2(2 + xn+1) − γ (2 + xn+2) + γ − xn+2

= 1 − γ (2 + xn+2) + γ − xn+2.

Both these terms 1− γ (2+ xn+2), γ − xn+2 are negative if and only if xn+2 > γ i.e.
if n is odd.
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Therefore for all n ≥ 1,

E2n+1 ≥ x2n+1x2nE2n−1.

Repeating the similar arguments as used for B1, we have

E2n+1 ≥ c3γ
2n for some constant c3. (5.3)

This estimate shows that B1/2 has a cusp like minimum at γ, namely

B1/2(x) − B1/2(γ ) ≥ c|x − γ |τ with

τ = 1
2 where the value of τ is obtained by using the fact that δ2n+1 � γ 4n for any

n ≥ 1 and comparing it with the estimates (5.3). ��

5.3 Minima of B˛ for˛ in a neighbourhood of 1/2

In this section we will prove Theorem 1.7; the core of the proof is contained in the
following lemma.

Lemma 5.6 Let φ(t) := 1+t
2+t and let α, α′ ∈ (γ, g), such that one of the following is

true

(R)
1

2
≤ α′ < α ≤ φ(α′) ≤ g, (L) γ < α < α′ ≤ 1

2
.

Let x ∈ R, let x0 ∈ [0, α] be the representative of x in [0, α], and let xk = Ak
α(x0)

denote the orbit of x0. Then we have the following relation:

Bα(x) − Bα′(x) =
∑
k

βk−1hI (xk), (5.4)

with βk−1 = x0x1...xk−1, h I (y) = h(y)χI (y) where χI is the charateristic function
of the interval

I =
{

[α′, α) in case (R)

(1 − α′, 1 − α] in case (L)

and

h(y) = − log y + log(1 − y) + y log y − (1 − y) log(1 − y) − (2y − 1) log(2y − 1).

Proof Let α, α′ be such that (R) holds and let x be a real number. For now, suppose
that x ∈ [0, α′). In order to compare Bα(x) and Bα′(x), we need to analyze how the
two orbits xk := Ak

α(x) and x ′
k := Ak

α′(x) behave. For k = 0, the two orbits coincide
and they will continue together until the first index k0 for which xk enters the interval
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Fig. 7 Transition diagram

[α′, α), in that case x ′
k0

= 1 − xk0 ∈ (1 − α, 1 − α′] ⊂ ( 1
α+2 ,

1
2 ) (to establish the last

inclusion we use the hypothesis α ≤ φ(α′)). At the following step, we will have

xk0+1 = 2 − 1

xk0
= 2xk0 − 1

xk0
, x ′

k0+1 = 1

x ′
k0

− 2 = 1

1 − xk0
− 2 = 2xk0 − 1

1 − xk0
.

Let us note that

1

xk0+1
− 1

x ′
k0+1

= 1,

and this implies that at the next step, either both x ′
k0+2 and xk0+2 belong to [0, α′)

and x ′
k0+2 = xk0+2, or xk0+2 ∈ [α′, α) and x ′

k0+2 = 1 − xk0+2. Therefore, the pair of
points (xk, x ′

k) at each step is in one of the following three states:

(A) x ′
k = xk, (B) x ′

k = 1 − xk, (C)
1

xk
− 1

x ′
k

= 1,

and all the possible transitions are given by the graph in Fig. 7:
More generally, if the value x ∈ R (and not necessarily in [0, α′) as above), one

can find two values x0 ∈ [0, α] and x ′
0 ∈ [0, α′] such that

Bα(x) = Bα(x0), Bα′(x) = Bα′(x ′
0),

and x ′
0 = x0 ∈ [0, α′) or x0 ∈ [α′, α), x ′

0 = 1 − x0.

This means that the above analysis still holds for general x ∈ R, the only difference
being that the starting state might be (B) rather than (A). In order to compare the values
of two different α-Brjuno functions at the same point, let us call k0, the minimum
index such that the pair (xk0 , x

′
k0

) is in state (B). Using the functional equation, we
then obtain:

Bα(x) = Bα(x0) = Bk0−1
α (x0) + βk0−1Bα(xk0)

Bα′(x) = Bα′(x ′
0) = Bk0−1

α′ (x ′
0) + β ′

k0−1Bα′(x ′
k0

).
(5.5)

Note that if k0 = 0, both equations above are trivial identities. Otherwise, by the
definition of k0, it follows that B

k0−1
α (x0) = Bk0−1

α′ (x ′
0) and βk0−1 = x0...xk0−1 =
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Fig. 8 The graph of Bα − Bα′ for α′ = 0.5 and α = 0.56 with a zoom around (α′, α) = [0.5, 0.56]

x ′
0...x

′
k0−1 = β ′

k0−1. On the other hand, setting y := xk0 ∈ [α′, α) (so that x ′
k0

= 1− y)
we can use the functional equation a couple more times to obtain

Bα(xk0) = log 1
y + yBα(2 − 1

y )

= log 1
y + y[log y

2y−1 + 2y−1
y Bα(xk0+2)]

Bα′(x ′
k0

) = Bα′(1 − y) = log 1
1−y + (1 − y)Bα′( 1

1−y − 2)

= log 1
1−y + (1 − y)[log 1−y

2y−1 + 2y−1
1−y Bα′(x ′

k0+2)].

So, subtracting the Eq. (5.5), and using these two formulas, we get

Bα(x) − Bα′(x) = βk0−1h(xk0) + β[Bα(xk0+2) − Bα′(x ′
k0+2)].

where β = βk0+1 = β ′
k0+1 and

h(y) = log
1

y
+ y log

y

2y − 1
− log

1

1 − y
− (1 − y) log

1 − y

2y − 1

= − log y + log(1 − y) + y log y − (1 − y) log(1 − y) − (2y − 1) log(2y − 1).

Note that the pair (xk0+2, x ′
k0+2) is either in state (A) or in state (B, ) so we can iterate

the same argument and get

Bα(x) − Bα′(x) =
∑
k∈JB

βk−1h(xk) where JB = {k ∈ N (xk, x
′
k) is in state (B)}.

This is the same as formula (5.4) since

k ∈ JB ⇐⇒ xk ∈ [α′, α),

and the claim for case (R) is proved.
The very same argument works in case (L), namely for γ < α < α′ ≤ 1/2. ��

Remark 5.7 Even if we never mentioned it, the proof of Lemma 5.6 relies on the
property of matching, which is a peculiar feature of α-continued fractions. We will
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give a quick overview of this property in the last subsection, but for a complete account
we refer to [23] or also [24] for a viewpoint closer to our focus.

Note that the function h is continuous on [1/2, g], hence it is bounded. Moreover h
is strictly positive for x ∈ (1/2, γ ∗),where γ ∗ ≈ 0.5895... ∈ (1−γ, 3/5). Therefore,
if 1/2 ≤ α′ ≤ α < γ ∗, then Bα(x) ≥ Bα′(x). Since by ergodicity of Aα, the orbit
of almost every x ∈ [0, α) visits the open interval (α′, α), we get that this difference
is actually strictly positive for almost every x . The same argument works also in
the (L) case, giving that for all α, α′ such that γ < α < α′ ≤ 1

2 , the inequality
Bα(x) > Bα′(x) holds for almost every x, see Fig. 8.

The above considerations together with Theoremes 1.7 and 5.3 immediately imply
the following:

Corollary 5.8 The minimum point and value do not change as α ranges over (γ, γ ∗]
i.e.,

min
x

Bα(x) = Bα(γ ) ∀ α ∈ (γ, γ ∗).

Note that our results leave a gap in parameter space: in fact on the interval (γ ∗, g),
we only have some numerical evidence that suggests that both the minimum point and
value do not stay constant.

5.4 Numerical evidence and conjectures

There are quite a few issues which remain open: questions for which we do not yet
have a rigorous answer, but for which we can formulate conjectures based on solid
numerical evidence. We list some of them below.

5.4.1 Is the minimum of B˛ always attained?

We believe the answer is negative. In fact, numerical evidence suggests that
infx Bg(x) = σ0 := −3 log g, and this value is not a minimum, (see Fig. 9, Left).
Indeed, lettingφ(x) = 1+x

2+x , it is easy to check thatφn(g2) ↗ g and Bg(φ
n(g2)) → σ0

as n → ∞; thus σ0 ≥ inf x Bg(x). On the other hand, the numerical evidence5 shows
that inf x Bg(x) = infx∈(1/2,g) Bg(x). However, it is also true that Bg(x) > Bg(φ(x))
for all x ∈ (1/2, g) (see Fig. 9, Right). This last property is an obstruction to the
existence of a minimum in (1/2, g) and is quite delicate to prove.

However, we believe that if α ∈ (γ, g) the minimum is attained.

5.4.2 What is the regularity of the function˛ �→ infx B˛(x) on [1/2, 1]?

From the numerical evidence, the function α �→ infx Bα(x) looks continuous6 on
(γ, g), (even if the minimum point might jump see Fig. 10). However, this function

5 This fact could also be proven analytically.
6 The function looks like a devil’s staircase.

123



Global and local minima of... 227

1

1.5

2

2.5

3

3.5

4

g0 0.25 0.5 0.75 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

g0.5

Bg(x) Bg(x) − Bg(φ(x))

Fig. 9 Left: the graph of Bg . Right: graph of Bg(x) − Bg(φ(x)) on (1/2, g)

γ

0.5

g

B1(g)

−3 log(g)

0.61 0.615 g 0.62

Fig. 10 The graphs of the minimum point and the minimum value, zoomed on a range where they are not
constant

seems to have a big jump at α = g, and also at α = γ . This latter discontinuity seems
to be due to the fact that, in a neighbourhood of γ, min Bα(x) = Bα(γ ), and yet the
value Bα(γ ) changes abruptly when α goes below γ because in this case γ becomes
preperiodic point (i.e. it is not a fixed point any more).

5.4.3 What can we expect from B˛ for˛ < �?

To answer this question, we have to say something more about the matching property
within the family of α-continued fractions (Aα). It is known (see [23]) that parameter
space splits into two sets: a “stable set” and a bifurcation set E, where E is defined
below (see (5.6)).

The bifurcation set is a measure zero closed set which admits the following simple
characterization in terms of the Gauss map:

E = {α ∈ [0, 1] Ak
1(α) ≥ α ∀ k ≥ 0}. (5.6)

The largest element of E is g, the second largest is γ. However, E is not made up of
isolated points. Indeed by the above characterization, it is immediate to see that every
irrational α = [0; a1, a2, a3, ...], with a1 > a j ∀ j > 1 belongs to E .
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The complement of E is a countable union of its connected components which are
open intervals. These open intervals are referred to as “matching” or “synchroniza-
tion”intervals, for a reason that we explain below. Let α < α′ belong to the same
matching interval and let them be not too far from each other, let us consider x ∈ R

and call x0 the canonical representative of x in Iα , x ′
0 the canonical representative

in Iα′ . Consider the two orbits xk = Ak
α(x) and x ′

k = Ak
α′(x); either the two orbits

coincide forever (i.e. they are in state (A), with the notation used in Lemma 5.6) or
they eventually part for a certain index k > 0, which can only happen if x ′

k0
= 1− xk0

(i.e. they enter in state (B)); note that this latter case might occur even for k0 = 0.
The effect of the matching property is that after a fixed number of N iteration of

Aα and N ′ iterations of Aα′ (where the integers N , N ′ depend only on the matching
interval) the pair (xk0+N , x ′

k0+N ′), is again either in state (A) or (B), and βk0+N =
βk0+N ′ .

Note that, in general N and N ′, may be different. Indeed, if α, α′ ∈ (g, 1], when
the two orbits first part they satisfy x ′

k = 1 − xk , but then xk+1 = 1/xk − 1. Hence
1/x ′

k −1/xk+1 = 1. This implies either x ′
k+1 = xk+2 or x ′

k+1 = 1− xk+2, i.e. N ′ = 1,
N = 2. Note that since x ′

k = xkxk+1 it follows that β ′
k = βk+1.

Using this synchronization property, one can prove on every matching interval
an analogue of formula (5.4) obtaining that Bα(x) − Bα′(x) = ∑

k βk−1h(xk)χI (xk),
where χI is the characteristic function of Iα \ Iα′ and h is an analytic function depend-
ing on the interval. We believe that this feature can be useful to exlpain why the graph
of the minimum function looks everywhere constant (see Figs. 2 and 10), and probably
it is also useful to study the continuity. On the basis of the numerical evidence and the
above discussion it is natural to ask the following:

Question 5.9 Let α ∈ [0, 1]\E . Is infx Bα(x) actually a minimum? Is the function
α �→ infx Bα(x) continuous at α0?

However, it is worth noting that when α < γ , characterizing the minimum point of
Bα might be nontrivial, even in the caseswhen the numerical evidence is quite clear. For
instance, when α = 2/5, the numerical evidence suggests that minx Bα(x) = Bα(γ ),
but in this case γ is not a fixed point of Aα (indeed γ is only a eventually periodic point
of Aα). Therefore, one cannot just adapt the method which worked for α = 1, 1/2.
The same issue arises for α = 1/(n + 1) with n > 1; in this case, numerical evidence
suggests that the minimum of Bα is attained at the point r = [0; 1, n−1, 1, n], which
again is not a fixed point of Aα .
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