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ABSTRACT. We prove a result that can be seen as an analogue of the Pdlya-
Carlson theorem for multivariate D-finite power series with coefficients in Q.
In the special case that the coefficients are algebraic integers, our main result
says that if

F($17...,l‘m):Zf(n17...7’l’l/m)$?1"‘x%"

is a D-finite power series in m variables with algebraic integer coefficients and
if the logarithmic Weil height of f(ni,...,nm) is o(n1 + -+ + nm ), then F is
a rational function and, up to scalar multiplication, every irreducible factor of
the denominator of F' has the form 1 — (z‘lh ... xzd™ where ¢ is a root of unity
and q1,...,qm are nonnegative integers, not all of which are zero.

1. INTRODUCTION

In this paper, we continue the investigation, which was begun in the earlier
papers [BNZ20, BNZ23], of how height restrictions on D-finite power series can
force such series to be rational. We let N denote the set of positive integers and let

No := NU{0}. For m € N, we consider the ring K[[z1,...,Z,,]] of power series in

m variables over a field K of characteristic 0. Let n = (n1,...,n,) € NJ* and let

x = (21,...,Zm) be the vector of the indeterminates x1,...,x,. We write x™ to

denote the monomial 2] ...z having the total degree ||n|| :=ni+ -+ ny,. We
Hllnll

also write to denote the operator

Xn

FARNNAT
0z U\ Oz,

on K[[z1,...,%m]]. A power series F(x) € K|[x]] is said to be D-finite (over K (x)
9lnll
Xl’l
vector space over K (x). When using an uppercase letter to denote a power series,
we typically use the corresponding lowercase letter to denote its coefficients, for

or simply over K) if all the derivatives for n € N§* span a finite-dimensional
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example:

F)= 3 fn)xn € Kix]
neNg
with f : N — K. If F(x) € Q[[x]] is D-finite, there exists a number field
containing all the coefficients of I since all coefficients can be recursively generated
by finitely many initial values in Q (see remarks 3.10 in [Lip89)).

Univariate D-finite series include many important classes of functions, includ-
ing algebraic power series, hypergeometric series, exponential functions, and many
generating functions that arise in algebraic combinatorics (see [Sta80, Sta99]). Mul-
tivariate D-finite series were introduced by Lipshitz [Lip89] and have again played
an important role. In particular, Lipshitz proved that diagonals of multivariate D-
finite series are univariate D-finite series and Christol’s conjecture [Chr87, Chr90]
asserts that all globally bounded G-functions can be obtained as diagonals of mul-
tivariate rational power series.

In the first paper in this series [BNZ20], we proved a rationality theorem of
sorts: if F(x) € Q[[x]] is D-finite and h(f(n)) = o(log|n|) as ||n|| — oo then F is
necessarily a rational function, with its denominator of a special form, and where
the coefficients f(n) form a finite set. This improves earlier results of van der
Poorten-Shparlinski [vdPS96] and Bell-Chen [BC17]. In the second paper [BNZ23],
this result was refined in the univariate case. Here h is the absolute logarithmic
Weil height and we refer the reader to §2 and to the book [BG06] for more details on
heights. In the special case when the coefficients of F' are integers, one can interpret
this as saying that if log |f(n)|/log ||[n|| — O then F is necessarily rational.

If, however, one puts additional arithmetical constraints on the coefficients, one
can sometimes obtain analogous rationality theorems that are significantly stronger.
A key example of this comes from the Pdlya-Carlson theorem [P6122, Car21], which
shows that if G(z) = Y g(n)z™ is an integer power series in one variable then if
h(g(n)) = o(log n) (equivalently, G(z) has radius of convergence 1), then G(z) is
either rational or admits the unit circle as a natural boundary. In particular, if G
is D-finite with integer coeflicients and has radius of convergence at least 1, then it
is necessarily rational, as D-finite power series have only finitely many singularities.
On the other hand, an integrality condition on the coefficients is essential in this
result; for example, for k£ € N, the univariate irrational D-finite series

ka $3k

k k
log(l+z") == 5 + 3
has coefficients whose heights grow logarithmically in n.
In this paper, we extend the results from [BNZ20] under the weaker condition
that h(f(n)) = o(||n||) but with arithmetical constraints on the coefficients. For
a € Q, we use den(a) to denote its denominator: this is the smallest d € N such

that da is an algebraic integer. We prove the following result.

Theorem 1.1. Let m € N and let F(x) = Z f(n)x™ € Q[[x]] be a D-finite
neNg
power series in m variables with algebraic coefficients. For N € Ny, put:

hy = max{h(f(n)): ||n|| < N} and dy =lem{den(f(n)): |n| < N}.
Suppose that hy = o(N) and logdy = o(N) as N — oo then the following hold:

(a) F is a rational function;
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(b) up to scalar multiplication, every irreducible factor of the denominator of
F has the form:
1-—¢x"
where ¢ is a root of unity and n € Nj* \ {0}.

Remark 1.2. Consider the earlier transcendental example:
log(1 + z¥) :xk—x—+x——~-~::2anx"

where £ € N. Put dy = lem{den(a,) : n < N} then by the Prime Number
Theorem, logdy ~ N/k as N — oco. Since k can be arbitrarily large, the condition
logdy = o(N) in Theorem 1.1 is optimal.

Corollary 1.3. Let K be a number field and let S be a finite set of places of K
containing all the archimedean ones. Let m € N and let

Fl)= 3 fo)x" ¢ K[|
neNg
be a D-finite power series in m variables with S-integer coefficients. Suppose that
h(f(n)) = o(||n||) as ||n|| = oo then F is a rational function with denominator of
the form given in Theorem 1.1(b).

We note, in fact, that one can view Corollary 1.3 as being a multivariate version
of the Pélya-Carlson theorem for D-finite series. In particular, if one takes K = Q
and S to be the archimedean place then it says that if F(x) € Z[[z1,...,z,]] is a
D-finite power series in m variables that converges in the open unit polydisc then
F is a rational function with denominator of the form given in Theorem 1.1(b). In
general, there do exist multivariate analogues of the Pdlya-Carlson theorem (see,
for example, Straube [Str87]), but they necessarily impose significantly stronger
conditions on the region of convergence than in the univariate case. For example,
the bivariate series ) x™y™ is irrational and converges on the unit polydisc. For
this reason, an additional assumption, such as D-finiteness, is necessary for showing
that convergence on the polydisc is sufficient to obtain rationality.

For a tuple (ay,...,an,) of algebraic numbers, we let H(as,. .., ay,,) denote the
height of the affine point (a1, ..., ) € A™(Q); in other words,
(1) H(aq,...,am) = H([ag -+t a2 1]).
We then let
(2) hag,...,an) =log H(aq, ..., ap).

One can reinterpret the main result of [BNZ20] as saying that if

Fx)= ) f(n)x" € Q[x]
nEN(’)“
is D-finite and h(f(n) : |n|| < N) = o(log N) then h(f(n) : |n| < N) = O(1).
This suggests, in a certain sense, that the function log N is a “boundary” function
for the growth of A(f(n) : |n|| < N): if this latter quantity is much smaller
than log N as N — oo then it falls into the next level given in the above-stated
dichotomy; namely it is O(1).
It follows from Theorem 1.1 that a linear function in N is the level right above
the function log N for the growth of A(f(n) : |n|| < N):
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Corollary 1.4. Let m € N and let F(x Z f(m)x™ € Q[[x]] be a D-finite
neNg
power series in m variables with algebraic coefficients. If h(f(n) : |n|| < N) =

o(N) as N — oo then h(f(n): |n|| < N)=0O(logN) as N — oo.

One can regard Corollary 1.4 and the discussion before it as variants of results
and problems discussed in [BNZ23, Section 4]. It is expected that the next level
above the linear function in N is the function Nlog N: if h(f(n) : |n|| < N) =

o(Nlog N) then h(f(n): |n| < N)= O(N). However even the univariate case of
this remains a long standing open problem in the theory of Siegel E-functions (see
[Sie29], [Beu08, pp. 11-12], [FR22, Section 2.1] and [BNZ23, Section 4] for more
details).

The paper [BNZ20] has motivated several results in both number theory and dy-
namics, and it is our hope that this paper will similarly motivate results where one
imposes additional arithmetical constraints. In arithmetic dynamics, this work
motivated a height gap conjecture in work of Bell, Hu, Ghioca, and Satriano
[BHS20, BGS21] concerning the quantity limsup,, . h(f(®"(z)))/logn, where
®: X --» X and f: X --» P! are rational maps on quasi-projective varieties
defined over Q and = € X (Q) is such that the forward orbit of z under ® is well de-
fined and avoids the indeterminacy locus of f. It would be interesting if there were
an arithmetic-dynamical height gap result analogous to that of Corollary 1.4, which
holds for maps under the additional constraint that {f(®"™(x)): n > 0} now takes
values in a ring of S-integers of a number field, where S is a finite set of places that
includes all archimedean ones. In the theory of Mahler functions, Adamczewski,
Bell, and Smertnig [ABS23] provide a complete classification of the possible height
growth of the coefficients of a Mahler function. In fact, one can show from the recur-
rences satisfied by Mahler functions that their coefficients lie in a finitely generated
ring and hence these results are close in spirit to the arithmetical constraints we
consider in this paper. We note that [BNZ20], together with earlier work of Perelli
and Zannier [PZ84, Zan96], motivated [BN21], in which a function field analogue
of a conjecture of Ruzsa is established and, in part, helped to inspire Dimitrov’s
spectacular solution [Dim] of the Schinzel-Zassenhauss conjecture from the 1960s.
More recently, the paper [BNZ23] motivates a more general criterion for the uni-
variate Pdlya-Carlson dichotomy [BGNS23] with applications to the Artin-Mazur
zeta function in certain algebraic dynamical systems [BC18, BGNS23, BCH].

The outline of this paper is as follows. In §2 we give the basic background on
heights and show how the corollaries stated in the introduction quickly follow from
Theorem 1.1 and in §3 we prove our main result.

2. SOME PRELIMINARY RESULTS AND PROOF OF THE COROLLARIES

In this section, we give a brief overview of the height machinery for later use and
we prove Corollary 1.3 and Corollary 1.4 under the assumption that Theorem 1.1
holds. In addition we prove the univariate case of Theorem 1.1.

For a number field K, we let M® denote the set of archimedean places (equiv-
alence classes of archimedean absolute values) of K and we let MY denote the set
of finite places. We write Mx = M3 U MY. For every place w € Mk, let K,
denote the completion of K with respect to w and we let d(w) denote the quantity
[K, : Q,] where v is the restriction of w to Q. We now follow the treatment given
in [BG06, Chapter 1]: for every w € Mg with restriction v on Q, we may always
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take | - |, to be either the ordinary Euclidean absolute value or the p-adic absolute
value for some prime p. We can then normalize | - |, by defining

|zlw = | Nk, jq, (@) .

Let m € Nand P € P"(Q), let K be a number field such that P has a representative
u = (ug,...,uy) € K™\ {0} and define:
H(P) = max |w;w-

0<i<m
weEMgk

Define h(P) = log(H(P)).

For a € Q, we write H(a) = H([o : 1]) and h(a) = log(H(a)). More gener-
ally, for a tuple (aq,...,q,,) of algebraic numbers, we define H (a1, ..., q,) and
h(ai,...,an) as in Equations (1) and (2).

Proof of Corollary 1.3 assuming Theorem 1.1. We assume the notation appearing
in the statement of Corollary 1.3. For every a € K, we have that den(a) divides

[T 19 = ] max{lalf=¥ 13

veEMY, |al,>1 veMY,
For N € Ny, put
dy = lem{den(f(n)): [n| < N} and hy = max{h(f(n)): |n|| < N}.
We have that dy divides

[T meax{max{]f@m)[f¥ 1} : |n| < N}

veM?,

= H max{max{|f(n)|f*¥ 1} : ||n| < N}

veMENS
< exp([K : Q]|S|hn) = ™)

since each f(n) is an S-integer and hy = o(N). Therefore the power series F(x)
satisfies the conditions in Theorem 1.1 and we finish the proof. O

Proof of Corollary 1.4 assuming Theorem 1.1. For N € Ny, let hy and dy be as
in the statement of Theorem 1.1. By elementary estimates as in the above proof of
Corollary 1.3, we have that the property h(f(n): |n|| < N) =0o(N) as N = o©
implies the property that hy = o(IN) and logdy = o(IN) as N — co. Therefore F’
is a rational function of the form:

A(x)

@) T Goom) (1 Goom)

where A(x) € Q[x], k € Ny, ¢; is a root of unity, and n; € NJ* \ {0} for 1 <i < k.

Let K be a number field containing the coefficients of A and all the (;’s. There
exists a positive constant C' such that when expanding (3) into a power series in x,
we can express f(n) for n # 0 as a sum of at most C||n||* many terms from a finite
set. Therefore the f(n)’s have bounded denominators and for every v € My we
have | f(n)|, = O(|n||¥) as ||n|| — oco. This implies h(f(n): |n|| < N) = O(log N)
as N — oo. O

We conclude this section with a proof of Theorem 1.1 in the case of univariate
power series using well-known techniques.
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Proposition 2.1. Let F(z Z f(n)z™ € Q[[z]] be a univariate D-finite power

series. For N € Ny, let hy and dN be as in Theorem 1.1. Suppose that hy = o(N)
and logdy = o(N) as N — co. Then F is a rational function and all of its finite
poles are roots of unity.

Proof. Let K be a number field such that F(zx) € K[z]. Consider the Hankel
determinant:

ao al PR an

a a PR a
A, i=det | ! 2 el

Ay, an+1 e a2n

for n > 0. The given condition hy = o(N) implies that F is convergent in the open
unit disc |z|, < 1 of K, for every v € M. Since F is D-finite, it can be extended
analytically beyond the open unit disc |z|, < 1 for every v € M. By Polya’s
inequality [BNZ23, Section 2], there exists r < 1 such that

IT 1auk <

veEMg?

for all large n. Together with the condition logdy = o(N), we have that d5.T' A, is
an algebraic integer and its norm is less than 1 when n is large. Therefore A, =0
when n is large. Kronecker’s criterion [BNZ23, Section 2] implies that F' is rational.
The assertion on the poles of F' follows from [BNZ20, Proposition 3.6]. O

3. PROOF OF THEOREM 1.1

In this section, we give a proof of our main result. We henceforth let T denote
the unit circle. The following lemma is an easy corollary of Proposition 2.3 (iii)
in [Lip89], whose proof was not given. For the sake of completeness, we provide the
detailed proof of this lemma.

Lemma 3.1. Let m € N, let K be a field of characteristic zero, and let F(x) =
Zf n)x" € K[[x]] be a D-finite power series in m variables. Then:

(a) Ifag,...,am—1 € K then F(xq,...,%m_1, ZZ}I ;) € K[[z1,. ..y Tm_1]]
is D-finite.
(b) If B1,...,Bm € K then F(fit,...,Bmt) € K[[t] is D-finite.

Proof. Let G(z1,...,2m—1) = F(x1,...,Tm_1, 27;1 a;x;). By symmetry, it suf-
fices to show that {D;lG: i > 0} is linearly dependent over K (1, ..., 2Zm_1), where
D, is the operator given by partial differentiation with respect to z;. For n > 0
we have:

(4) DI'G = Z (;) ~pi DR
j=0

(z1,@2,.. ;114 +Um 1T m—1)
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n
Let G, = Z (n) ay /Dl DIF for n > 0. Since F' is D-finite, we have a linear
j=0
dependence of the form

N
(5) ZPi(:El,...,wm)Gi(wh...,xm):0
=0

for some N > 0, with Py,..., Py € K[z1,...,%y], not all of which are 0. Further-

more, we may assume without loss of generality that Py, ..., Py have no non-trivial
m—1

common factor and hence xz,, — Z a;x; does not divide all of Py,...,P,. Let
i=1

Qj(ml, N 7.58.,”_1) = Pj(ml, ey T —1, Z:i_ll ozixi) for ] = 0, ‘e ,N then at least

one of the @;’s is nonzero. Then by (4) and (5) we have the non-trivial linear

dependence relation:

N .
> Qi(xr, ... 2m-1)Di G =0.
=0

This proves part (a) of the lemma.

We prove part (b) by induction on m. When m = 1, the result is immediate. We
consider m > 2 and suppose that the statement is valid for power series in fewer
than m variables. The case §; = --- = 3, = 0 is trivial, so without loss of generality
we may assume that 81 # 0. By part (a), we have F(z1,...,2Zm—1,(Bm/B1)x1) is a
D-finite power series in m — 1 variables. Then making the substitution x; — §;t for
i=1,...,m — 1 and using the induction hypothesis gives the desired result. ([

Lemma 3.2. Letm, K, F, and f be as in Lemma 3.1. Then the univariate series
G(t) := F(z1t,...,xmt) € K(x1,...,2m)[[t] is D-finite over K(x1,...,%m).

Proof. We consider the auxiliary indeterminates yi, ..., ym, and note that F(x) €
K(y1,...,ym)[[x]] is D-finite over K(y1,...,Ym). Then Lemma 3.1(b) for 8; = y;
implies that F(yit,...,ymt) € K(y1,...,ym)[[t]] is D-finite over K (y1,...,Ym). By
replacing the y;’s by the z;’s, we have the desired result. O

Lemma 3.3. Let m, F =) f(n)x", hy, and dy be as in the statement of The-
orem 1.1. If hy = o(N) and logdn = o(N), then there exist positive constants Cy
and Cy such that the following hold.

(a) For any archimedean absolute value | - |, we have |f(n)| < C1|n||“? when
|n|| is large.

(b) For every (ai,...,qm) € T™ and for every positive integer n, the coeffi-
cient of t" in F(ait,...,amt) has modulus at most C1n2.

Proof. Let o1 and o9 be the pair of complex conjugate embeddings defining | - |.
Since F is D-finite, the series o;(F) := Z o;(f(n))x™ for i = 1,2 are so. Therefore

the Hadamard product

G(x) =) |f(m)Px
is also D-finite [Lip89]. The univariate series

G(t,...,t) = Zg(n)t”
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is D-finite and satisfies:
o h(g(n)) = o(n); and
e loglem{den(g(n)): n < N} = o(N) thanks to the assumption on hy and
dy for the original series F'.

By Proposition 2.1, G(t,...,t) is a rational function and its poles are roots of
unity. Therefore, along suitable arithmetic progressions, we can express the g(n)’s
as polynomials in n and this implies

Z [f(n1, ) = g(n) < n®

N1t ng=n

for some positive constant C3. Therefore |f(ni,...,nm,)| < n®/2. Hence if
(a1,..., ) € T™, the coefficient of " in F(aqt,...,amnt) has modulus at most

Z |f(n1,,nm)\ < n"L_l"FCs/Q.

N1t AN, =n

The result follows. ]

Lemma 3.4. Let m, F = Zf(n)x“, hy, and dy be as in the statement of

Theorem 1.1. If hxy = o(N) and logdy = o(N), then for every tuple of roots of
unity (C1,...,Cm), the univariate series F((it, ..., nt) is a rational function and
all of its finite poles are roots of unity.

Proof. Write F((it,...,(mt) = Y. a,t™. This is D-finite by Lemma 3.1. Since the
(;’s are roots of unity, from Lemma 3.3 and its proof, there exist positive constants
Cf{ and C} such that for any archimedean absolute value | - | of K and sufficiently
large n, we have:

lem{den(a;) : i <n} < d, and |a,| < CinC.
Therefore max{h(a;) : i < n} = o(n) and log lem{den(a;) : ¢ < n} <logd, =

o(n) as m — oco. Proposition 2.1 yields the desired result. O

We now prove a key specialization lemma.

Lemma 3.5. Let E be a subfield of C and let F(xy,...,Tm) € El[x1,...,2m,]] be
D-finite. Suppose that there exist positive constants C7 and Csy such that for all
(a1,...,ap,) € T™ and for all n > 1, the coefficient of t™ in F(aqt,...,ant) is at

most C1n®? in modulus. Then there exists a nonzero polynomial W (z1, ..., Tm,t) €
Elz1,...,Zm,t] such that whenever (ay,...,an) € T™ is such that F(ait, ..., amnt)
is a rational function, the series W(ay,...,qm,t)F(aqt,...,ant) has radius of

convergence strictly greater than 1.

Proof. Let G(t) = F(z1t,...,xmt) € Elzy,...,2n][[t]]. By Lemma 3.2, G is D-
finite over E(x1,...,x,,). Hence there exists a linear dependence relation:

M
Z $4(T1, oy Ty ) GO () = 0,
d=0

with sg,...,sr € E[z1,...,%m,t] and sp, # 0.
Let (a1,...,am) € T™ such that A(t) := F(at,...,ant) is a rational function.
First consider the case when s, (a1, ..., an, t) is a nonzero polynomial in C[¢]. Then
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we have the relation ;
Z sa(ar, ..., am, t)AD () = 0.
d=0

Thanks to this relation, we have that if A(¢) has a pole at ¢ = «, then the
leading polynomial sy (aq,...,qm,t) has a zero at ¢ = «a. By the given up-
per bounds on the modulus of the coefficients of A(t), we have that A(t) con-
verges on the open unit disc and every pole o € T has order at most |Ca| + 1.
Therefore sz(au,...,om, 1)L A(t) has radius of convergence greater than 1.
The case when sp(ai,...,an,t) is the zero polynomial is obvious: the product
sp(ar, ..., o, t)LC21 T A(t) is identically zero. We now take W (zy,...,2m,t) =
sp(x1,. .., 2, t)21F1 and finish the proof. O

Corollary 3.6. Let m, F = Zf(n)x“, hyn, and dy be as in the statement of
Theorem 1.1. If hy = o(N) and logdy = o(N), then there exists a nonzero
polynomial W(x1,...,2m,t) € Q[x1,...,2m,t] such that for every tuple of roots of
unity (o1, ..., o), the series W(aa, ..., am,t)F(ait,. .., ant) is a polynomial.

Proof. Lemma 3.4 and its proof give that for every ((1,...,(n) € T™, the power
series F'((1t,...,(nt) represents a rational function and the coefficient of "™ has
archimedean absolute value bounded from above by C{ncé. Hence F satisfies the
conditions in Lemma 3.5 and so there exists a polynomial W (z1,...,Zm,,t) as in
the conclusion of the statement of Lemma 3.5. Then for every tuple (aq,...,am)
of roots of unity, A(t) :== W(ay,...,qm,t)F(ait,...,an,t) is a rational function
without any poles in the closed unit disc. Since the coefficient of t" in A(t) has
height o(n), the only possible finite poles of A(t) are roots of unity. Therefore A(t)
must be a polynomial. O

Lemma 3.7. Let P(xy,...,2m,t) € Q[z1,...,Tm,t] be nonzero and let X be a
Zariski dense subset of C™ consisting of m-tuples of roots of unity. Then there
exist a positive constant C' and a Zariski dense subset Y of X such that every
(Ctye ey Cmy) €Y X Q with P(Cy, ..., Cm, ) = 0 satisfies h(a) < C.

Proof. Write
d
P(o1,. . T t) = Y Py, am)t,
j=0

with Py # 0. Let Y be the set of ((1,...,(n) € X such that Py((y,...,¢(m) # 0.
We have an explicit upper bound on the height of every zero ¢t = a of

d
PGty Cmot) = Y Pi(Crs o Gt
j=0

in terms of d and max; h(P;(C1, ..., Gm)), see [BGO6, Theorem 1.6.13]. Since the ¢;’s
are roots of unity, we have a uniform upper bound for max; h(P;(¢1,...,¢m)). O

We can now prove the rationality part of our main result.
Proof of Theorem 1.1(a). Let W(x1,...,%m,t) be as in the conclusion of Corol-
lary 3.6. Write:

Zgjtj =G) = W(wy, .. xm, ) F(z1t, . 2mt) € Qloy, ..., 20][[H]]
=0
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with g; € Q[z1,...,2,] for every j. By Lemma 3.2, G is D-finite over Q(z1, . .., Z,).
Hence we have a relation:

L
Z $a(T1, .oy T, t)G(d) (t)=0
d=0

where L € Ny, each s4 € @[xl, .., Zm], and sy, # 0. This gives rise to a non-trivial
linear recurrence relation (with polynomial coefficients) among the coefficients g,,’s
of G:

(6) Pr(x1,. .y Zmyn)gner + -+ Po(x1, ..., Tm,n)gn =0

for n > C where C,R € Ny, Pyo,...,Pr € Q[x1,...,2m,0], and PyPr # 0. Let
X C C™ be the set of tuples of roots of unity. By Lemma 3.7, there exists Y C X
that is Zariski dense in C™ and a positive constant C; such that n < C; whenever
Py(wi, ..., wm,n) =0 with n € Ny and (w1, ...,wm) € V.

Given (wiq,...,wm) € Y, since G(t) is a polynomial after the specialization at
(1, Tm) = (W1, ...,wn), we have g,(w1,...,wy) = 0 for all sufficiently large
n. Let N := N(wy,...,wn) be the largest index n such that g, (wi,...,wn) # 0 if
such an n exists; otherwise let N := N(w1,...,ws) := —1. Suppose N > C then
(6) implies that Py(wi,...,wm,N) =0, hence N < (4.

We have proved that for every n > max{C,C1}, gn(wi,...,wm) = 0 for every
(Wi,...,wm) € Y. Since Y is Zariski dense in C™, we have g, = 0 for n >
max{C, C1}. Consequently

W (1, ..., 2m, t)F(z1t, ..., 2mt) € Q[z1, ..., 250, 1]

Since W is nonzero, there exists a nonzero A € Q such that W(z1,...,2m,,A) is a
nonzero polynomial in Q[z1,...,2,,]. Then we replace x; by x;/X to have that

Az, xm) =Wz /A 2m /N A) € Q... 2] \ {0}

and

Az, .., zm)F(x1, .. 2m) € Qe ..., 2.
This finishes the proof. U

We now prove a result that will quickly give us part (b) of Theorem 1.1.
Theorem 3.8. Let m € N and let F(x) = Y. f(n)x® € Q[[x]] be the power series

representation of a rational function. For N € Ny, put:

hy = max{h(f(n)): [n] < N}.
If hy = o(N) then up to scalar multiplication every irreducible factor of the de-
nominator of F has the form 1 — (x™ where ¢ is a root of unity and n € NJ* \ {0}.

Proof. The case m = 1 is given in [BNZ20, Proposition 3.6] and we will use
this case repeatedly by considering F(wit,...,wnt) € Q[[t]] for appropriate tuples
(w1, ... ,wm) of roots of unity as in the earlier arguments.

Since the condition on hy remains valid when we replace F' by its product with
a polynomial, we may assume that F' = A/B where A, B € Q[z1,...,2,], B is
irreducible, and B is not a factor of A. We explain why B(0,...,0) # 0: this is
proved in [Ges81] and we give a short alternative proof that is essentially the same
as the one in [BNZ20, Section 3.2]. Suppose otherwise B(0,...,0) = 0, then we
have A(0,...,0) = 0 from A = BF. Let O be the local ring of A™ at (0,...,0).
Since B t A, every irreducible component containing (0,...,0) of the zero locus
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of the ideal (A, B) has dimension at most m — 2. Hence dimO/(4,B) < m — 2.
On the other hand, the formal completion of O/(A, B) at the maximal ideal is
Q[[x1, -+, 2m]]/(A, B) = Q[[x1,...,2m]]/(B) which has dimension m — 1 [AM69,
Corollary 11.18]. Then [AM69, Corollary 11.19] yields a contradiction.

Without loss of generality, assume B(0,...,0) = 1. Let K be a number field and
let S be a finite set of places of K containing M7° such that the coefficients of A
and B are S-integers in K. Then it follows that the coefficients of F' are S-integers.

Let (w1, ...,wy) be an n-tuple of roots of unity, and let
o0
Z ent™ = Fwit, ... ,wnt).
n=0

Then it follows that h(c,) = o(n) by using similar estimates as before: for every
place v of K(wy,...,wn) lying above a place in Mg \ S we have |¢,|, < 1 and
for every place w of K(wi,...,w,) lying above a place in S we have |c, |, = (™)
thanks to the given condition hy = o(N). Therefore F(wit,...,wn,t) is a rational
function and every root of its denominator is a root of unity.

Write B=1+ By + --- 4+ By with d € N, B; is the homogeneous part of degree
i for 1 <i¢<d, and By # 0. Then we have:
(7) B(xit, ..., xmt) = 1+ tBy(x1,. .., &) + -+t Bg(x1, ..., ).
First we show that B(z1t,...,z,t) is irreducible in Q[zy,. .., Zm,,t]. Suppose oth-
erwise B(z1t,...,r,t) = PQ for non-constant P,Q € Q[z1,...,Zm,t]. Then there
must be s € {1,...,m} such that deg, (P) > 0; otherwise P € Q[t] has azeroy € Q,
which gives that B(yx1,...,v,,) is identically zero contradicting B(0,...,0) = 1.
Similarly, deg, (Q) > 0 for some j € {1,...,m} as well. Consequently, there exists
a nonzero A € Q such that P(zy,...,2m,A) and Q(z1,. .., Zm, A) are non-constant
polynomials in Q[z1,...,%,,]. Replacing z; by z;/\ for every i, we have the non-
trivial factorization

B(x1,...,xm) = Pl /X .., xm /A N)Q(z1 /N, .y [N AN)

contradicting the irreducibility of B(z1,...,2my) in Q[1, ..., Tm].

We have that B(z1t,...,z,t) is not a factor of A(x1t,...,2,t) in the poly-
nomial ring Q[z1,...,%m,t]; otherwise we can specialize t = 1 and have that
B(z1,...,7,) is a factor of A(xy,...,7m,) in Q[zy,...,2,]. Hence there exist

A, BeQlxi,...,2m,t] and G € Q[z1,...,2m], with G # 0, such that:

(8)  Axit,...,zmt)A(z1, ..., Tm,t) + B(zat, ..., xnt)B(x1, ..., 2m,t) = G.

Let Z C C™*! be the zero locus of B(x1t,...,x,t) and let 7 denote the projec-
tion from Z to the (z1,...,x,,) coordinates. By Equation (7), 7 surjects onto the
complement of the zero set of the polynomials By, ..., By in C™.

Let U denote the Zariski open set of C™ defined by ByG # 0. By the above
remarks, U is contained in the image of 7. We now let V = 7=}(U) C Z and let
X be the Zariski dense subset of U consisting of tuples of roots of unity. Since the
induced map V' — U is a surjective finite morphism, 7=1(X’) is dense V. For each
(Wi, wm,0) € 7 1(X), we have the following:

e B(wit,...,wnt) is a polynomial of degree d since Bg(w1, . ..,ws) # 0, and
0 is a root of this polynomial,
Awit, ..., wnt)

o Flwit,...,wpt) = Bl o)
2000 m

, and
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e the polynomials A(wit,...,wn,t) and B(wit,...,wn,t) do not have a com-
mon root thanks to (8) and the fact that G(wy, ..., wn) # 0.
Therefore B(wit,...,wnt) is the denominator of F(wit,...,wn,t). Then it follows

that the root 6 must be a root of unity.

We have proved that every point in 77 1(X) is a tuple of roots of unity. Since
7~ 1(X) is Zariski dense in the hypersurface Z, it follows that Z is a torsion coset
of GM*1, see [BG06, Chapter 3] or [BNZ20, Section 3.2]. Then we use (7) and
[BG06, Chapter 3] to conclude that the defining polynomial B(z1t,...,xm,t) of 2
must have the form 1 — (tFa} .- a%m for some root of unity ¢, k € {1,...,d}
and (ni,...,nm,) € N§* with ny + -+ + n,,, = k. Consequently, B(z1,...,%m) =
1 —a}t---zlm and this finishes the proof. O

m

Proof of Theorem 1.1(b). This immediately follows from Theorem 1.1(a) and The-
orem 3.8. g
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