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A B S T R A C T 

The 21 cm transition from neutral Hydrogen promises to be the best observational probe of the Epoch of Reionization (EoR). 
This has led to the construction of low-frequency radio interferometric arrays, such as the Hydrogen Epoch of Reionization 

Array (HERA), aimed at systematically mapping this emission for the first time. Precision calibration, ho we ver, is a requirement 
in 21 cm radio observations. Due to the spatial compactness of HERA, the array is prone to the effects of mutual coupling, 
which inevitably lead to non-smooth calibration errors that contaminate the data. When unsmooth gains are used in calibration, 
intrinsically spectrally smooth foreground emission begins to contaminate the data in a way that can prohibit a clean detection 

of the cosmological EoR signal. In this paper, we show that the effects of mutual coupling on calibration quality can be reduced 

by applying custom time-domain filters to the data prior to calibration. We find that more robust calibration solutions are derived 

when filtering in this way, which reduces the observed foreground power leakage. Specifically, we find a reduction of foreground 

power leakage by 2 orders of magnitude at k ‖ ≈ 0 . 5 h Mpc −1 . 

Key words: instrumentation: interferometers – methods: data analysis – cosmology: dark ages, reionization, first stars –
cosmology: observations. 
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 I N T RO D U C T I O N  

he detection of the redshifted 21 cm emission line from neutral 
ydrogen during the Epoch of Reionization (EoR) is one of the main
oals of (current and upcoming) low-frequency radio telescopes such 
s the Low Frequency Array (LOFAR; van Haarlem et al. 2013 ), the
urchison Widefield Array (MWA; Tingay et al. 2013 ), the Giant 
etrewave Radio Telescope EoR experiment (GMRT; Paciga et al. 

013 ), the Hydrogen Epoch of Reionization Array (HERA; DeBoer 
t al. 2017 ), and the Square Kilometre Array (SKA; Koopmans 
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t al. 2015 ). The EoR is one of the least constrained areas of
osmology, with several cosmological models predicting different 
eionization scenarios. Thus, more sensitive power spectrum limits 
re still required to discriminate between reionization models. The 
chie vement of sensiti ve po wer spectrum limits will be challenged
y the presence of systematic errors, either caused by instrument 
esponse (e.g. Barry et al. 2016 ; Fagnoni et al. 2020 ; Charles et al.
022 ; Kim et al. 2022 ) or by calibration errors due to the use of
ncomplete sky models during calibration (e.g. Wijnholds, Grobler & 

mirnov 2016 ; Kern et al. 2020a ; Charles et al. 2023 ). 
Measurements of the 21 cm signal are challenged by the presence

f foreground emission from the Galaxy and extragalactic sources, 
hich are orders of magnitude brighter (e.g. Santos, Cooray & Knox
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 

http://orcid.org/0000-0001-9478-5918
http://orcid.org/0000-0003-1680-7936
http://orcid.org/0000-0001-8530-6989
http://orcid.org/0000-0002-4810-666X
mailto:ntsikelelo.charles@gmail.com
https://creativecommons.org/licenses/by/4.0/


3350 N. Charles et al. 

M

2  

e  

fl  

a  

t  

i  

2  

2  

t  

l  

H  

2  

T  

P  

2  

B  

e  

f
 

p  

B  

l  

s  

r  

a  

a  

e  

2  

c  

c  

2
 

i  

i  

w  

e  

d  

a  

d  

s  

f  

p
 

w  

o  

A  

e  

R  

m  

2  

H  

b  

t
 

c  

i  

i  

t  

2  

i  

a  

(  

a  

s  

t  

s  

t  

o  

m  

d  

t  

c
 

a  

w  

a  

c

2

I  

c  

c  

b  

t  

u  

g  

b  

b  

t  

(  

p  

r  

S  

s  

t  

t  

w  

h  

w  

t  

T  

a

2

W  

n  

a  

c  

e  

i  

S

V

w  

∗
 

d  

t  

o  

 

t  

t  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/534/4/3349/7815199 by Scuola N
orm

ale Superiore Biblioteca user on 30 N
ovem

ber 2024
005 ; Bernardi et al. 2009 ; Ali et al. 2015 ). F ortunately, fore ground
mission is spectrally smooth, unlike the 21 cm emission line, which
uctuates rapidly (e.g. Santos et al. 2005 ). The delay spectrum
pproach is a method designed to separate the 21 cm signal from
he foreground emission, making use of interferometric delays to
solate the power spectrum of the 21 cm emission (Parsons et al.
012 ; Liu & Shaw 2020 ). Due to the unsmooth spectral nature of the
1 cm signal, its power spectrum appears at all k modes. In contrast,
he foreground emission, due to its smooth spectral emission, is
imited to a wedge-like region in k -space (Furlanetto, McQuinn &
ernquist 2006 ; Datta, Bowman & Carilli 2010 ; Morales & Wyithe
010 ; Morales et al. 2012 , 2019 ; Parsons et al. 2012 ; Trott, Wayth &
ingay 2012 ; Vedantham, Udaya Shankar & Subrahmanyan 2012 ;
ober et al. 2013 ; Th yag arajan et al. 2013 ; Liu, Parsons & Trott
014a , b ; Barry et al. 2016 ; Patil et al. 2016 ; Ewall-Wice et al. 2017 ;
yrne et al. 2019 , 2021 ; Orosz et al. 2019 ; Dillon et al. 2020 ; Kern
t al. 2020a ). The region in k space where the 21 cm signal is isolated
rom the foreground emission is referred to as the EoR window . 

Ho we ver, the clean separation of the 21 cm signal requires the
recision calibration of interferometric data (DeBoer et al. 2017 ;
erkhout et al. 2024 ). Closely packed radio interferometric arrays,

ike HERA, are prone to effects of mutual coupling, where the sky
ignal incident on an antenna is partially reflected and subsequently
eceived by a nearby antenna. Mutual coupling in a multi-element
rray such as HERA is complex, and it is difficult to fully model
nd characterize its impact directly (e.g. Sutinjo et al. 2015 ; Dillon
t al. 2020 ; Fagnoni et al. 2020 ; Kern et al. 2020a ; Josaitis et al.
022 ). If the effects of mutual coupling are not accounted for during
alibration, they ultimately lead to unsmooth calibration errors, and
ause foreground emission to leak into the EoR window (Orosz et al.
019 ; Kern et al. 2020b ; Josaitis et al. 2022 ). 
To mitigate the spectral structure in the gains introduced due to

naccuracies in calibration, the current HERA calibration pipeline
ncludes the smoothing of antenna gains derived from calibration,
ere a prior on the spectral structure of gains is imposed (Dillon

t al. 2020 ; Kern et al. 2020a ; HERA Collaboration 2022 ). The
isadvantage of this method is that if the intrinsic antenna gains have
 slightly higher spectral structure than the imposed prior, then the
erived gains are erroneous, and thus the uncounted for high-spectral
tructure in the gains can impart unsmooth spectral structure in the
oreground emission, thus leading to an overall leakage of foreground
ower into the EoR window. 
Custom time-domain filters, called fringe rate filters , have been

idely used to partially mitigate these systematics in drift-scan radio
bservations as a post-processing step (Parsons & Backer 2009 ;
li et al. 2015 ; Parsons et al. 2016 ; Kolopanis et al. 2019 ; Kern

t al. 2020a ; HERA Collaboration 2022 , 2023 ; Garsden et al. 2024 ).
ecent works have also explored how these filters can be used to
itigate calibration errors from inaccurate sky models (Charles et al.

023 ), and from antenna displacement errors (Kim et al. 2022 , 2023 ).
o we ver, pre vious works have not explored how these filters could
e used to mitigate mutual coupling systematics in the raw data prior
o calibration in order to impro v e calibration quality. 

In this work, we investigate the prospect of improving HERA’s
alibration pipeline by filtering some of the mutual coupling features
n the data before running calibration, in order to mitigate their
mpact on the reco v ered antenna gain solutions. We aim to do this
hrough the application of fringe rate filters (Parsons & Backer
009 ). We consider two specific kinds of filters: a simple baseline-
ndependent high-pass filter, which we refer to as the notch filter,
nd a baseline-dependent filter, referred to as the main lobe filter
Charles et al. 2023 ; Garsden et al. 2024 ; Rath et al. 2024 ). We
NRAS 534, 3349–3363 (2024) 
ssess the calibration impro v ement by computing the reduced chi-
quared after calibration and by further examining the structure of
he reco v ered gains in Fourier space to assess the amount of residual
pectral structure. Lastly, we show how our technique helps mitigate
he foreground leakage in the EoR window. Note that the exact form
f the adopted main lobe filter is specific to this work: other works
ay use similar kinds of ‘main lobe filters’ but may have slightly

ifferent parametrizations depending on their desired outcome. Note
hat in this paper we only make use of simulated data as a proof of
oncept. 

This paper is divided into three sections, in Section 2, we give
n o v erview of calibration and the simulation set-up, in Section 3 ,
e discuss the application of fringe rate filters before calibration

nd the rele v ant metrics that we use to measure the impro v ement in
alibration, and we conclude in Section 4 . 

 C A L I B R AT I O N  OV ERVI EW  

n this section, we re vie w the mathematics of interferometric gain
alibration and the complications that arise in the presence of mutual
oupling systematics. Throughout the text, we refer to ‘sky-model
ased calibration’ as the standard calibration approach used widely
hroughout radio astronomy, where a single or collection of well-
nderstood point sources are observed to estimate the full, complex
ain solution of the instrument. Next, we refer to ‘redundant cali-
ration’ as a calibration approach that only uses internal consistency
etween redundant baselines (and therefore does not use a model of
he sky) to solve for a sub-component of the complex gain solutions
Liu et al. 2010 ; Dillon et al. 2020 ). Note that, this is consistent with
revious authors, this is only one step of a full calibration pipeline that
equires an ‘absolute calibration’ step (e.g. Byrne et al. 2019 ; Liu &
haw 2020 ; Kern et al. 2020a ), which does require a model of the
ky. Throughout this paper, we will refer to ‘measured visibilities’ as
hose that would be measured by a real instrument (i.e. corrupted with
he gain of the front-end) and ‘uncorrupted visibilities’ as those that
ould be measured by an idealized instrument (i.e. one whose gains
ave been perfectly calibrated out, and is without noise). Lastly,
e will refer to visibilities built from source catalogues to model

he uncorrupted visibilities during calibration as ‘model visibilities’.
his follows the convention of HERA Collaboration ( 2022 ) and other
uthors therein. 

.1 Sky-model based calibration 

hen observing the sky with a radio interferometer, the electromag-
etic waves from celestial sources are measured by two antennas that
re correlated, forming interferometric visibilities. The measured
omplex-valued visibilities are related back to the intrinsic sky
mission and the instrumental response of the antennas via the radio
nterferometer measurement equation (RIME; Hamaker, Bregman &
ault 1996 ; Smirnov 2011 ). 

 

0 
ij ( ν) = 

“
J i ( s , ν)) I ( s , ν) J ∗j ( s , ν) e −2 πı νc b ij ·s d ld m 

n ( s ) 
, (1) 

here V 

0 
ij is the visibility formed between antenna i and j , and

denotes the complex conjugate, J i ( s , ν) denotes Jones terms
escribing the propagation effects along the path from the source
o the i th antenna in the array. I ( s , ν) is the brightness distribution
f the sky, ν is the frequency of the incoming electromagnetic wave,

b ij is a baseline vector connecting antenna i and j , s = [ l, m, n ] T is
he position vector on the celestial sphere with an origin centred at
he target field (phase centre), and ( l, m, n ) are the direction cosines,
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ith n = 

√ 

1 − l 2 − m 

2 . The superscript ‘0’ in V 

0 
ij is used to denote

eroth order visibilities (discussed in Section 2.3 ). Note that in this
aper, we will only consider a single polarization. The Jones terms are 
lassified into two main groups: direction-dependent and direction- 
ndependent. The direction-dependent Jones varies with observing 
irection, these effects include the primary beam E( s , ν) response
f the antenna, which varies across the sky for a fixed pointing.
hilst the direction-independent Jones terms are independent of 

bserving direction. These effects include (not limited to) the band- 
ass response of the antenna B( ν) and gain amplification term G ( ν).
Note that in this paper, equation ( 1 ) assumes a trivial primary beam

esponse in that the signal from the celestial source is completely 
bsorbed by array antennas. Ho we ver, in real observations, a portion
f the signal is reflected due to departure from the conjugate match at
he terminals of antenna feeds. If the array is compact, the reflected
ignal will be absorbed by a neighbouring antenna. This effect, 
nown as mutual coupling , is a known concern for interferometric 
1 cm experiments. More analysis of the upper limits of the power
pectrum cite mutual coupling as one of the unresolved possibilities 
or their excess power (Ali et al. 2015 ; Ewall-Wice et al. 2016 ; HERA
ollaboration 2022 ). 
Recent works have developed semi-analytic approaches to mod- 

lling the complex nature of coupling effects within an inter- 
erometric array. Kern et al. ( 2019 , 2020a ) developed a semi-
nalytic approach for single antenna-pair coupling, which was 
ighly ef fecti v e in suppressing observ ed coupling in HERA Phase
 data (HERA Collaboration 2022 , 2023 ). Future work expanded 
pon this approach for multi-antenna coupling, which showed new 

henomenology that matched the observed systematics in HERA 

hase II data (Josaitis et al. 2022 ; Rath et al. 2024 ). 
In this work, we will consider only first-order, multi-antenna 
utual coupling effects as described in Josaitis et al. ( 2022 ), where

ach antenna in the array absorbs most of the incident signal from the
ource, and some of the signal is reflected and completely absorbed 
y other antennae in the array (i.e. the incident signal is only reflected
nce). If we consider unpolarized radiation from the sky and assume 
hat all beams in the array have identical electromagnetic properties, 
hat is they have the same reflection and absorption coefficients, then 
he first-order visibilities (visibilities with first-order mutual coupling 
ffects) are given by 

 

1 
ij = V 

0 
ij + 

( ∑ 

k �= i 

V 

0 
ik X 

∗
jk + X ik V 

0 
kj 

)
, (2) 

here 

 ik = 

iη0 

4 λ

� 

R | b ij | e 
2 πi νc | b ij | h 

2 
0 E ( b ik ) E 

∗( b ki ) , (3) 

here η0 is the impedance of free space, � is the frequency-dependent 
eflection coefficient, R is the real part of the impedance term, and
( b ki ) denotes direction-dependent effects (primary beam response) 

long the path travelled by the reflected signal from antenna k to
ntenna i (note that primary response is a function of frequency) 
nd h 0 is the maximum of the antennas so-called ef fecti ve height
Josaitis et al. 2022 ; Rath et al. 2024 ). The superscript ‘1’ on V 

1 
ij 

enotes first order visibilities (discussed in Section 2.3 ). Although 
he e xplicit dependenc y of visibilities V 

1 
ij on frequenc y is dropped

n the text, it should be noted that V 

1 
ij is function of frequenc y. F or

 thorough mathematical discussion of first order visibilities used in 
his paper, we advise the reader to consult Rath et al. ( 2024 ). 

In real observations, antennas in an array also impart direction- 
ndependent corruptions to the visibilities, which can be modelled 
sing antenna-based complex gain terms. The corrupted visibilities 
re related to uncorrupted visibilities V ij as 

 

c 
ij = g i V ij g 

∗
j + n ij , (4) 

here V 

c 
ij are the corrupted (or measured) visibilities, g i and g j are

he complex gain terms of antenna i and j , and n ij is the complex
hermal noise generated by the telescope. 

Antenna gain calibration is the process of deriving the direction- 
ndependent gain terms ( g i ) from the data and then correcting the
ata to remo v e their effects. This is commonly done by constructing
 model of the true visibilities and then minimizing a χ2 statistic
Mitchell et al. 2008 ; Salvini & Wijnholds 2014 ) 

2 = 

∑ 

i,j 

| V 

c 
ij − g i g 

∗
j V 

m 

ij | 2 
σ 2 

ij 

, (5) 

here V 

m 

ij are the constructed model visibilities, and σ 2 
ij is the 

ariance of the visibility, and the sum runs o v er all unique antenna
airs. 
The chi-square minimization depends on the accurate modelling 

f the uncorrupted visibilities V ij . It is crucial, therefore, that
he sky model matches the intrinsic sky brightness as closely as
ossible. Unmodelled mutual coupling effects can cause significant 
eviation between uncorrupted visibilities and the model visibilities 
n calibration, leading to calibration errors that can impart spectral 
tructure on smooth foregrounds (Fagnoni et al. 2020 ; Kern et al.
020a ). 

.2 Redundant calibration 

edundant calibration is less reliant on a sky model compared to sky-
ase calibration, to solve for antenna gains, the gains are obtained
y exploiting the internal redundancy of the interferometric array. 
edundant baselines have the same length and orientation and, 

herefore, measure the same Fourier mode of the sky brightness 
istribution. F or e xample, assume we have a single baseline type, A ,
niquely identified via its baseline vector b A . For all antenna pairs
, j that share this baseline vector, the calibration equation, equation
 4 ) from before now becomes 

 

c 
ij = g i V A g 

∗
j + n ij , (6) 

here V A is now a parameter of the model, called the ‘redundant
odel visibility’. This is repeated for all unique baseline types, 

ventually building up an overconstrained system of equations, which 
an be solved via a χ2 minimization (e.g. Liu et al. 2010 ) 

2 = 

∑ 

i,j 

| V 

c 
ij − g i g 

∗
j V A | 2 

σ 2 
ij 

, (7) 

here V A is the corresponding redundant model visibility for the b ij 
aseline vector, i and j are in the set A . Note that in this paper, the χ2 

s both a function of frequency and time. The gain solutions obtained
rom the system of linear equations set-up in the redundant calibration
re not unique; there are at least four degenerate parameters that
eed to be solved for after redundant calibration: the overall gain
mplitude, the model visibility amplitude and the phase gradient 
cross the array in the east–west and north–south orientations (Liu 
t al. 2010 ; Zheng et al. 2014 ; Dillon & Parsons 2016 ; Dillon et al.
018 ; Liu & Shaw 2020 ). These parameters are, in principle, a
unction of polarization, frequency and time and require a sky model
o be constrained. It is in this step that, redundant calibration itself
akes use of a sky model. In this study, we will refer to this step
MNRAS 534, 3349–3363 (2024) 
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n calibration as absolute calibration to differentiate this from sky
alibration or the typical sky-based calibration discussed previously.

In the case of perfect calibration, where the sky model is complete,
odel visibilities only differ from the data by noise. The expectation

alue of chi-square 〈 χ2 〉 is thus two times the degrees of freedom
DoF) for complex data (Dillon et al. 2020 ). The number of DoF,
n general, is given by the difference between the number of data
oints and the number of fitted parameters. If we consider a single
olarization and the case of sky-based calibration, the DoF are given
y the difference between the number of visibilities and the number
f antennas 

oF = 

N ( N − 1) 

2 
− N = N bl − N, (8) 

here N is the number of antennas and N bl is the number of baselines
iven N antennas. If we histogram the χ2 / DoF quantity, it is expected
o follow a theoretical chi-square distribution (Dillon et al. 2020 ). In
he case of redundant calibration, the DoF is given by 

oF = N bl − N ubl − N + 2 , (9) 

here N ubl is the number of unique baselines that have a single
ncorrupted visibility V A , i.e. the number of redundant baseline
roups (Dillon et al. 2020 ). 

.3 Simulation set-up 

n this paper, we simulate sky models composed of diffuse emission
rom, we used PYTHON interface to Global Diffuse Sky Models
 PYGDSM ; de Oliveira-Costa et al. 2008 ) to get the map of diffuse
mission at frequency range used in this paper. We include compact
ource flux density consistent with the GaLactic and Extragalactic
ll-sky Murchison Wide Field Array (GLEAM) catalogue (Hurley-
alker et al. 2017 ), but with no spatial clustering of sources (uni-

ormly distributed) (Franzen et al. 2019 ). We also include bright radio
alaxies (Fornax A, Hydra A, Pictor A, Hercules A, Virgo A, Cygnus
, Cassiopeia A; McKinley et al. 2015 ; Byrne et al. 2022 ), modelled

s compact sources. To simulate mutual coupling effects, we make
se of the mutual coupling simulation formalism from Josaitis et al.
 2022 ) to produce visibility products with first-order mutual coupling
ffects. Their formalism included modelling the first-order antenna–
ntenna coupling in radio interferometers. Specifically, they derive
 semi-analytic model of the interferometric visibility equation ( 2 ),
n which first-order coupling effects are considered. In their model,
ncident radiation enters all interferometric elements in the array, and
hen each element absorbs most of the incident radiation, but some
f the power is then reflected due to departure from the conjugate
atch at the terminals of the antenna feeds. Thus, each element in

he array not only absorbs the incident array from the sky but re-
adiates it across the array, which is subsequently absorbed by other
lements. This simulation only considers the first-order formalism,
nd thus, it only considers the effects of re-radiated radiation being
bsorbed only once by all the array elements. In this paper, we refer
o simulated visibilities containing effects of mutual coupling as first
rder visibilities. And simulated visibilities without effects of mutual
oupling are to as zeroth order visibilities. 

The simulated visibilities span a frequency range of 140 − 190
Hz, with a frequency resolution of 122.07 kHz. We consider

bservations in the Local Sidereal Time (LST) range 0 h − 4 h , with
 time resolution of d t = 58 s. The simulation is done for a HERA
rray consisting of 174 antennas shown in Fig. 1 . Fig. 2 shows the
isibility spectra from 14 m East–West redundant baselines with
first-order visibilities) and without mutual coupling (zeroth order
NRAS 534, 3349–3363 (2024) 
isibilities). The visibility spectra from redundant baselines have a
igher amplitude at low frequency, as expected, due to the brightness
f diffuse emission at low frequencies (Bernardi et al. 2010 ) for both
eroth and first order visibility. Primary beam models containing
he effects of mutual coupling differ from the primary beam model
hat is without mutual coupling (Fagnoni et al. 2020 ). Note that
his is not the primary beam response as described in equation ( 3 )
without coupling), but rather primary beam models that incorporate
he effects of mutual coupling, as described in Fagnoni et al. ( 2020 ).
s a result, the visibility spectra from the 14 m baselines without
utual coupling (solid red line) differ significantly from the visibility

pectra of the same baseline with mutual coupling. Also, notably,
he visibility spectra from 14 m redundant baselines with mutual
oupling deviate from each other, and these deviations are as high as
 per cent across the frequency band. 
We make use of gains that are similar to ones simulated by Charles

t al. ( 2023 ) to create mock raw data. The gain g for the j th antenna
s given by 

 j ( ν) = A j ( ν) e i φj ( ν) , (10) 

here the amplitude A follows a frequency power law 

 j ( ν) = A j 

( ν

150 MHz 

)b j 

, (11) 

nd A j and b j are drawn for each antenna from a Gaussian distri-
ution N ∼ ( ̄x A = 0 . 30 , σA = 0 . 001) and N ∼ ( ̄x b = −2 . 6 , σb =
 . 2), respectively. The phase φi ( ν) is modelled as 

j ( ν) = sin ( w a ν) + cos ( w b ν) , (12) 

here w a and w b are drawn for each antenna from a Gaussian
istribution N ∼ ( ̄x w = 0 . 005 , σw = 0 . 0005). The mean values of
he parameters A and b, as well as their standard deviation σA 

nd σb , are informed by the gain solutions from actual HERA
bserv ations (K ern et al. 2020a ). The mean phase variation w̄ is based
n single antenna phase dependency of actual HERA gains where
he cable delay and geometric phase offset have been remo v ed, and
he variation of the mean phase between antenna stations, i.e. σw , is
hosen to be within 10 per cent. We then add noise to the data, such
hat signal-to-noise ratio (SNR) of the simulated bandwidth ∼ 10 4 ,

utual coupling effects are known to be prominent at this dynamic
ange (Josaitis et al. 2022 ). Note that this SNR is far higher than
n real observations (Dillon et al. 2020 ). We simulate two sets of
aw data products; one includes the effects of mutual coupling, and
he other does not. The latter raw data product is used to verify our
ipeline and serves as a benchmark to quantify the effects of mutual
oupling. 

We sub-divide the band into two sub-bands, which we name low
and and high band, with a frequency range of 140 − 165 and
65 − 190 MHz, respectively. We make use of a sky model that
ontains no mutual coupling effects, i.e. our sky model is composed
f zero-order visibilities only. First, we make use of redundant
alibration to calibrate raw data. The gains from the redundant
alibration step are then applied to the raw data, i.e. the raw data
re partially calibrated. The calibrated visibilities are then further
alibrated using the absolute calibration step. Here, the data are
alibrated using the sky model (zeroth order visibilities), and the
ains reco v ered from this step are combined with those reco v ered
rom the redundant calibration step to make a full set of gains. We
hen apply the full set of gains to calibrate the raw data. To quantify
he robustness of the calibration, we compute the reduced chi-square
rom redundant calibration and absolute calibration steps. 
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Figure 1. Simulated array layout with 174 antennas and 14.6 m spacing between antennas. 

Figure 2. Left : simulated visibility amplitude from 14 m East–West redundant baselines at LST = 0 . 20 h . The red line denotes the visibility spectra from the 
data set without mutual coupling. The different colours denote the visibility spectra from 14 m redundant baselines with mutual coupling. Right : shows the 
percentage deviation of visibility spectra amplitude from the mean visibility spectra amplitude of 14 m redundant baselines with mutual coupling. The black 
line shows the average percentage difference o v er all baselines within the 14 m redundant. The amplitude visibility spectra of the redundant baseline differ from 

each other (and the mean) due to the effects of mutual coupling. 
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.4 Calibration with mutual coupling effects 

ig. 3 shows the reduced chi-square obtained from the redundant 
alibration step for an ideal calibration scenario, i.e. where the 
aw data does not contain the effects of mutual coupling. The 
istogrammed reduced chi-square from the data set without mutual 
oupling, as expected, follows the theoretical χ2 distribution, 
ndicating that model and raw data visibilities only differ by noise, 
nd the reco v ered gains from calibration are perfect (match the true
ains), thus also verifying the calibration pipeline works as expected. 
ig. 4 shows the reco v ered chi-square from the data set with mutual
oupling for both low and high sub-bands. The chi-square is notably
iased to higher values for both sub-bands, but notably significantly 
igher at the low sub-band. The mean value of the reduced chi-square
2 / DoF is 3 . 3 × 10 3 and 1 . 1 × 10 3 for low and high sub-band,
MNRAS 534, 3349–3363 (2024) 
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Figure 3. Histogram of the reduced χ2 for visibility data without mutual 
coupling (blue) for low band, i.e. χ2 / DoF . The dashed line is the theoretical 
reduced χ2 -distribution with k = 2 × DoF , i.e. the chi-square distribution 
DoF, and x = χ2 / DoF . This is a simple demonstration that our calibration 
pipeline works as expected when the effects of mutual coupling are excluded. 
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espectively. This bias is due to differences in visibility products
rom redundant baselines (see Fig. 2 ) caused by the effects of mutual
oupling, since redundant calibration makes no use of the sky model.
iven the mean value of the reduced chi-square, we can also infer

hat the redundant calibration errors are larger at lower frequencies
low band) than at high frequencies. The reason for this is that the
ncreased brightness at lower frequencies of the diffuse emission,
hich couples to the primary beam response, thereby ef fecti vely

nhancing differences in the apparent sky observed by two antennas
n the array. Thus, when redundantly calibrating the data, larger
ifferences are found between the visibility spectra of supposedly
edundant baselines. Fig. 5 further shows that the reduced chi-square
epends upon the looking direction, thus indicating that the
hi-square depends on the brightness of the diffuse emission. 

The right panel of Fig. 4 show the chi-square obtained after the
bsolute calibration step. The mean value of the reco v ered chi-square
2 / DoF from the absolute calibration step is 1 . 6 × 10 6 and 1 . 1 × 10 4 

or both low and high sub-band, respectively. At the low sub-band,
he mean value is at least 10 2 times greater than that obtained from
he redundant calibration step. The increase in chi-square is caused
y the fact in our sky model we do not incorporate the effects of
utual coupling, which are found in the data, thus, the model and

aw visibility products differ significantly (see Fig. 2 ). In addition,
alibration errors in the redundant calibration step are carried through
o the absolute calibration step, and hence, thus calibration errors
ccumulate, and the obtained chi-square is significantly larger in the
bsolute calibration step. We note the reco v ered chi-square values
re large compared to the values ( χ2 / DoF around 1–3) one would
nd in typical HERA observations (e.g. Dillon et al. 2020 ), this is

ust a consequence of the low noise (high SNR) in our simulation
ompared to actual observations. Small differences between model
nd raw data visibilities are ef fecti vely ‘amplified’ by the small
ariance σ 2 ∼ 10 −8 in our simulation, whereas in actual observation
he noise variance is typically σ 2 > 10 −4 . 

 FOURIER  REP RESENTATION  O F  

NTER F ERO METRIC  DATA  

e will now define rele v ant quantities that will be used to quantify the
mpact of mutual coupling in calibration. Interferometric visibilities
NRAS 534, 3349–3363 (2024) 
re a function of frequency ( ν) and time ( t). We refer to the Fourier
ual of frequency as the delay domain, formed by taking a Fourier
ransform of the visibilities across the frequency axis 

˜ 
 ( τ ) = 

∫ 

V ( ν) e −2 πiτνd ν, (13) 

here τ is a delay (in seconds) and ˜ V ( τ ) is the Fourier pair of the
requency. 

We can also define delay-transformed antenna gains to be the
ourier transform of the antenna gains along the frequency axis 

˜  ( τ ) = 

∫ 

g( ν) e −2 πiτνd ν. (14) 

e define the Fourier dual of time as the fringe rate and the fringe-
ate visibility as the Fourier transform of the visibility along the time
xis 

˜ 
 ( f ) = 

∫ 

V ( t ) e −2 πif t d t , (15) 

here f is the fringe rate (in units of Hz). For interferometric
rrays that operate in drift-scan mode, the fringe rate basis also
eparates signals based on their relative motion through the fixed
nterferometric fringes, acting as another form of separation of
ignals on the sky (Parsons & Backer 2009 ; Parsons et al. 2016 ). 

.1 Reco v ered gains from calibration 

ig. 6 shows the gains reco v ered from absolute calibration for both
ow and high sub-band. Let us first consider the gains reco v ered
rom the low-band data set. The reco v ered gains show a pronounced
requency structure in both amplitude and phase, caused by cali-
ration errors resulting from unmodelled mutual coupling effects.
he calibration errors are unsmooth, resulting in excess power at
elays τ > 250 ns (Fig. 7 ). The dynamic range, i.e. the ratio of
he gain amplitude at delay τ = 0 to that of a specific delay τ , of
he gains without mutual coupling at τ = 250 ns, is ∼ 10 5 . Due to
he effects of mutual coupling, this is reduced to ∼ 10 2 . Notably,
he mutual coupling effects lead to excess power in the gains at a
roader range of delays ( τ > 250 ns) compared to calibration errors
rom incomplete sky modelling (200 < τ < 600 ns) (e.g. Kern et al.
020a ; Charles et al. 2023 ). Indeed Josaitis et al. ( 2022 ) also found
hat mutual coupling effects tend to contaminate a wider area of
he EoR window. The reco v ered gains with mutual coupling at the
igher band, ho we v er, hav e comparativ ely less e xcess power, and
he excess power spans a narrower delay range 250 < τ < 2000 ns.
his is due to the reduced brightness of the diffuse emission, within

he high sub-band. The amplitude of the reco v ered gains with mutual
oupling (c yan) hav e on av erage (with respect to frequenc y) a lower
mplitude compared true gains ( g/g R < 1), this means that mutual
oupling visibilities (uncorrupted first order visibilities) have on
verage lower amplitude than model visibilities (uncorrupted zeroth
rder visibilities). Recall that unlike zeroth order visibilities, where
he sky emission incident on the main lobe of the beam is completely
bsorbed, the sky emission is partial absorbed (in the main lobe of
he beam) when mutual coupling effects are considered, thus first
rder visibilities have an overall lower amplitude compared to zeroth
rder visibilities. Also, notably relative phase (phase of g/g R ) is on
verage biased towards high phase, and this is because when the
ignal reflected (a portion of the sky signal in first order visibilities),
t comes through to the neighbouring antenna at different phase i.e.
ear the horizon and not at zenith, as you would have with zeroth
rder visibilities. Hence, there is an o v erall phase difference between
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Figure 4. Left : histogram of the reduced χ2 reco v ered from redundant calibration step for both low sub-band (cyan) and high sub-band (green). Right : same 
but for chi-square in absolute calibration step calibration. 

Figure 5. Reduced chi-square from redundant calibration for the data set 
with mutual coupling as a function of both frequency and LST. All LSTs 
demonstrate poor data-to-model fit after calibration due to the presence of 
mutual coupling. The spike in chi-square at LST = 3 . 3 h is likely driven 
by Fornax A, and at LST = 0 . 5 h driven by the Galactic plane entering the 
primary beam sidelobes. 
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rst and zeroth order visibilities, thus causing an o v erall bias in the
ain phase. 

.2 Application of fringe rate filters 

e propose the use of a fringe rate filter as a way to reduce the
mpact of mutual coupling in calibration. The idea is to filter out
ome mutual coupling effects in the raw data, thus bringing the raw
ata closer to the sky model. We employ a similar approach to that
sed by Charles et al. ( 2023 ) to impro v e calibration. We also apply
ringe rate filtering to both the raw data and the model visibilities in
he same manner for each of the different filters that we use (described
elow). We then apply the derived gains to the unfiltered visibilities,
hus mitigating concerns of a possible cosmological signal loss. 
Note that, for the two filters described below, we apply them to
he data using the DAYENU filtering formalism described in Ewall- 

ice et al. ( 2020 ), which relies on the Discrete Prolate Spheroidal
equences (DPSS; Slepian 1978 ). 

.2.1 Notch filters 

e first consider a symmetric baseline-independent notch filter F ( f )
entred at f = 0 mHz fringe rate, i.e. a high-pass filter, defined as 

 ( f ) = 

{
10 −8 , | f | ≤ f max 

1 , | f | > f max 

}
, (16) 

ith f max = 0 . 25 mHz, we refer to the filter as f 25 . See Fig. 8 for a
isual representation of the notch filter. 

.2.2 Main lobe filters 

e also considered a second type of filter, which we refer to as a ‘main
obe’ filter, because it aims to suppress emission from outside the
rimary beam field of view. In contrast to the baseline-independent 
otch filter, which only filters out emission in a region near f ∼ 0
Hz, the baseline-dependent main lobe filter suppresses the signal 

verywhere except near the peak emission of the sky model in fringe
ate. 

Technically, the main lobe filter is a frequency-dependent filter, 
ut because we operate o v er a relatively small bandwidth (25 MHz
ithin each band), we approximate it as frequency-independent. The 

esponse of the filter within the pre-defined fringe rate bounds is
niform, such that it can be thought of as a top-hat filter. 
The bounds of the baseline-dependent main lobe filter are deter- 
ined by its centre f 0 and its half-width f w . These parameters are

etermined for each baseline by fitting a Gaussian profile G ( f ) to
he model visibilities in fringe rate space 

 ( f ) = A e 
− ( f −f 0 ) 

2 

2 σ2 , (17) 

here A is the amplitude of the Gaussian, σ is its standard deviation,
nd f 0 is its mean. After the fit, we set the main lobe filter centre to
e f 0 and its half-width to be f w = 2 σ , such that the full width of
he main lobe filter is 4 × the fitted Gaussian’s standard deviation.
MNRAS 534, 3349–3363 (2024) 
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Figure 6. Top left panel : amplitude ratio g/g r between the gain g obtained using the data set with mutual coupling and the gain g r obtained from calibrating 
the data set without mutual coupling average of o v er all antennas. Gains reco v ered from the absolute calibration step for both data sets with mutual coupling 
(cyan) and without mutual coupling (red). Top right panel : complex phase φ of the ratio g/g r . Bottom panels : same but for high sub-band. 

Figure 7. Magnitude of Fourier transform of the gains along frequency i.e. 
delay | g( τ ) | for gains reco v ered from absolute calibration step average of over 
all antennas for both data sets with mutual coupling (cyan) and without mutual 
coupling (red) for both low (solid line) and high (dotted line) sub-bands. 

W  

N  

i  

s  

Figure 8. Visibility amplitude of the first-order model visibilities in fringe 
rate space at a frequency ν = 140 MHz for three baselines with an East–
West projection of 43 m (blue), 73 m (orange), and 102 m (green). 
The solid lines outline the amplitude of the simulated visibilities in 
fringe rate space. The colour field regions denote the sky emission in 
fringe rate space that is retained for calibration, when the main lobe 
filter is used. Also shown in grey is the region around zero fringe 
rate, where the sky emission is filtered upon application of the notch 
filter. 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/534/4/3349/7815199 by Scuola N
orm

ale Superiore Biblioteca user on 30 N
ovem

ber 2024
e denote the baseline-dependent main lobe filter as M de (Fig. 8 ).
ote that the fringe rate filters presented in this paper are frequency-

ndependent, and ideally they should be frequency-dependent, as the
ky emission in fringe rate-frequency space is frequency-dependent.
NRAS 534, 3349–3363 (2024) 
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Figure 9. Histogram of the reduced chi-square reco v ered from the absolute 
calibration during the calibration of the data set with mutual coupling with 
no filter (cyan) and where we apply the notch fringe rate filter f 25 before 
calibration green). The reduced χ2 impro v es significantly after using a notch 
filter, in terms of its peak value being closer to one. 
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ut for small bandwidth (the sub-bandwidth considered in this 
aper), the sky emission can be considered frequency-independent. 
hus, the data from the two sub-bands are filtered and calibrated 

ndependently. 

.3 Using the notch filter to impro v e calibration 

n Fig. 5 , we have noted that the reco v ered chi-square is dependent
n the looking direction (LST), we have shown that the chi-square is
oupled to the diffuse emission, that is it is higher when the diffuse
mission is bright. To show the effectiveness of the fringe rate filters
e consider a field where the chi-square is largest (bright diffuse

mission), i.e. we are considering the ‘worst case scenario’. We 
onsider a field centred at an LST range 0 h − 1 h . We first examine
he χ2 obtained after the absolute sky calibration step. The sky 
mission can be separated in fringe space, as different parts of the
ky occupy different fringe rate values, for an array observing in 
racking mode i.e. with the sky emission drifting across the array 
Parsons et al. 2016 ). For a baseline in the HERA array, we note,
specially, that emission originating from the celestial South Pole 
ill occupy fringe rate value zero, as sources at the celestial South
ole do not drift across the array (Parsons et al. 2016 ). Thus, we
xpect these sources to fall on primary beam side lobes. Due to
he unsmooth spectra of the primary beam with mutual coupling 
Fagnoni et al. 2020 ), when this emission couples with primary 
eam response, we expect the resulting calibration errors to be 
nsmooth, as shown in Fig. 6 . Note, ho we ver, that this is only true
or a baseline with a non-zero East–West projection (Parsons et al. 
016 ). Kern et al. ( 2020b ) also showed that mutual coupling effects
ccupy in fringe rate space occupy fringe rate values near zero. 
hus, in this paper, we design fringe rate filters to filter out mutual
oupling effects at zero fringe rate. We employ a baseline cut and
ownweight all baselines during the calibration process that have an 
ast–West projection of less than 30 m, to ensure that all baselines
ave a peak of the main lobe emission (in fringe rate space) at fringe
ate values greater than 0.5 mHz (Beardsley et al. 2016 ; Patil et al.
017 ). 
Fig. 9 shows the chi-square obtained for the low sub-band when 

 notch fringe filter is applied to the data set with mutual coupling
efore calibration. The chi-square has reduced significantly, with a 
ean value of 1 . 7 × 10 3 . This represents a reduction in χ2 of factor
10 3 . This occurs because the filter suppresses some of the mutual

oupling features in the raw data, thus bringing the raw data closer to
he model, leading to a smaller chi-square v alue. A smaller χ2 v alue
s indicative of robust calibration. Thus, we expect the recovered 
ains to impro v e as well. Fig. 10 shows the reco v ered gains after
pplying fringe rate filters. The reco v ered gains have comparatively 
ess frequency structure in both amplitude and phase, and as a result,
he delay transform of the gains has comparatively less excess power 
t delays τ > 250 ns for both the main lobe and notch filter. The
ynamic range is impro v ed by a factor ∼ 10 at delays τ ≈ 250
s for both high and low sub-band, when the notch filter f 25 is
pplied. Ho we v er, the gains reco v ered after applying the main lobe
lter show comparatively less improvement (compared to the notch 
lter), in terms of dynamic range at delays 250 < τ < 1000 ns at low
ub-band. Similarly, at the high sub-band, the notch filter performs 
omparatively better than the main lobe filter over the delay range 
50 < τ < 500 ns. Notably, the gains reco v ered from the notch-
ltered data have a higher noise floor compared to unfiltered data, 
nd this is due to lower SNR as some of the sky signal is suppressed
y the filter, thus reducing the SNR. Ho we ver, the gains reco v ered
hen the main lobe filter is used have a lower noise floor compared to
he notch filter, and this is because the main lobe filter retains most of
he sky signal, and in addition, it also significantly attenuates some of
he noise. Note that the current HERA calibration pipeline includes 
moothing the derived gains, i.e. a prior on the spectral structure of
ains is imposed, and this mitigates the some of effects of mutual
oupling (HERA Collaboration 2022 ). Ho we ver, the adv antage of
sing fringe rate filters is that, if there is real spectral structure in the
ntrinsic antenna gains, say abo v e ∼ 100 ns, then the use of fringe
ate filters has a better chance of finding the true gain response. 

We can see that the notch filter performs better than the main lobe
lter at lower delays τ < 500 ns, given the difference in the dynamic
ange of the reco v ered gains. The main ke y to understanding the
mpro v ed performance of notch filters is to examine closely the
ltering and calibration process. The main key to getting robust 
ains after calibration is to minimize the differences between the 
ky model and raw data visibility products. The main lobe filter is
esigned to retain the main lobe emission in fringe rate, and for a
aseline with an East–West baseline projection greater than 30 m, 
his emission also falls within the main lobe of the primary beam,
ith sidelobe emission occupying fringe rate near zero. Although 

he effects of mutual coupling are smaller in the main lobe of the
rimary beam compared to the sidelobes, there are still significant 
ifferences in the antenna primary beam main lobe, between mutual 
oupling and non-mutual coupling beam models (Fagnoni et al. 2020 ; 
harles et al. 2022 ), and these primary beam differences would
ontribute significantly to calibration errors, even more so when 
right emission falls on the main lobe of the beam (see Fig. 5 ).
nlike the sky emission falling on the sidelobe, the sky emission

alling on the main lobe (with some mutual coupling effects) is
ot significantly attenuated. Thus, it dominates calibration. Mutual 
oupling effects in the main lobe of the beam have a much larger
mpact on the calibration compared to mutual coupling from the 
idelobe of the primary beam, and are typically relatively smooth 
n frequency compared to side lobe mutual coupling effects. Thus, 
e would expect calibration errors due to mutual coupling effects to
e relatively smooth in frequency as compared to mutual coupling 
ffects from the sidelobes. The key goal of the filters is to suppress
MNRAS 534, 3349–3363 (2024) 
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Figure 10. Amplitude of delay transform | g( τ ) | of the reco v ered gains after calibrating the data set with and without mutual coupling. Here, we plot the 
gains reco v ered from calibrating the data set without mutual coupling (red) and with mutual coupling (cyan) without applying filters. We then show gains after 
applying a notch filter f 25 (green) and the main lobe filter (black) for both low (left panel) and high (right panel) sub-band. The significant amount of spectral 
structure seen when calibrating the data set with mutual coupling is heavily suppressed after applying a filter, even more so when the baseline-independent notch 
filter is applied ( f 25 ). 

a  

p  

c  

p  

i  

t  

e  

t  

i  

w
W  

i  

d  

fi
 

s  

t  

t  

t  

e  

fi  

s  

o  

m  

v  

f  

t  

t  

T  

t  

c  

b  

o  

d  

s  

n  

r  

t  

p  

E  

r  

Figure 11. Simulated model visibility products of baseline (3, 42) with 
mutual coupling in fringe rate space, using notch filter f 25 (green) and baseline 
dependent main lobe filter M be (black). 
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 large portion of emission where mutual coupling effects are
ronounced, whilst retaining a good portion of the sky signal that
an be used for calibration. On baselines with short East–West
rojection (main lobe emission is close to f ∼ 0 . 5 mHz), the baseline
ndependent notch filter, filters a portion of the emission that lies in
he main lobe emission, whereas the main lobe filter retains this
mission, which may contain some mutual coupling effects. Note
hat the discussion abo v e of the main lobe filter versus notch filter
s for only baselines that are included in calibration i.e. baselines
ith an East–West projection greater than 30 m. If a larger East–
est cut is implemented then most of the main lobe emission

s far from zero fringe rate, thus there would be no significant
ifference between the performance of the notch filter and main lobe
lter. 
An example of such baseline emission is shown in Fig. 11 . The

houlder emission (emission at fringe rate value f ≈ 0 . 25 mHz) in
he main lobe is filtered out by the notch filter (green), minimizing
he impact of mutual coupling effects in the main lobe emission,
hus bringing the raw data closer to the sky model data, reducing
rrors in calibration. Ho we ver, the baseline-dependent main lobe
lter (black) retains this emission. Fig. 12 shows the visibility
pectra of the main lobe and notch filtered visibility of both zeroth
rder (without mutual coupling, solid line) and first order (with
utual coupling, dotted line) visibilities. The main lobe filtered

isibilities (with and without mutual coupling) deviate significantly
rom each other as the main lobe filter essentially fails to attenuate
he relatively smooth frequency varying unmodelled mutual coupling
erms, which can be seen as the ripples in spectra (black dotted line).
hus, model and raw data visibilities differ significantly, leading

o larger calibration errors. Ho we ver, the notch-filtered visibility
losely match with each other, as ripples in visibility spectra caused
y mutual coupling effects are attenuated significantly, leaving an
 v erall smooth visibility spectra for both filtered and unfiltered. The
ifference between filtered and unfiltered visibility spectra is notably
mall for the notch filter compared to the main lobe filter, thus, the
otch filter would yield smaller calibration errors, leading to more
obust reco v ered gains that can be used to calibrate the data. In order
o achieve the same impro v ement as the notch filter in the calibration,
articularly at the low delays τ < 500 ns, we need to implement a
–W baseline cut larger than 50 m. In Fig. 13 , we show that the

eco v ered gains from calibration using the notch filter have the same
NRAS 534, 3349–3363 (2024) 
ynamic range as gains reco v ered from the main lobe filter, but with
n E–W baseline cut of 50 m. 

.4 For egr ound power spectrum 

n this section, we will introduce the power spectrum as a metric to
ssess the impact of fringe rate filters on calibration. We compute the
er-baseline power spectrum of the visibilities, P ( τ, b), following
he delay approximation (Parsons et al. 2012 ; Liu & Shaw 2020 ) 

 ( τ, b) = | ̃  V b ( τ ) | 2 
(

λ2 

2 k B 

)2 (
D 

2 
c �D c 

B eff 

)(
1 


B eff 

)
, (18) 

here λ is the centre wavelength of observing bandwidth, k B is
he Boltzmann constant, B eff is the ef fecti ve bandwidth, D c is the
omoving distance at the redshift of our measurement, �D c is
omoving distance parallel to the line of sight, 
 is the field-of-
iew solid angle, ˜ V b is the Fourier transformed visibility, and b is
he visibility baseline length. We can map τ to the line-of-sight
osmological Fourier wavevector k ‖ using the relation (Th yag arajan
t al. 2013 ) 

 || = 

2 πν21 H 0 E( z) 

c(1 + z) 2 
τ, (19) 
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Figure 12. Visibility spectra of main lobe filtered data for both zeroth (black 
solid line) and first order visibilities (black dotted line). Green is the same 
but for notch filtered data. Notably, the notch-filtered visibility spectra from 

both zeroth order and first order visibility closely match up compared to the 
main lobe filtered visibilities. 

Figure 13. Delay transform of the gains | g( τ ) | reco v ered for the absolute 
calibration step when the notch filter (green) and main lobe filter (black) 
are used, with a 30 m baseline cut. The other colours show gains reco v ered 
when the main lobe filter is used, ho we ver, the baseline cut is increased to 
50 m (blue). Notably here is that the dynamic range of the gains reco v ered 
through the main lobe filter with a 50 m E–W baseline cut, has the same 
dynamic range (100 < τ < 250 ns) as the notch filter with a 30 m baseline 
cut. 

w  

z  

n
 

i  

a
t
v
d

V

w  

r
c
o
t
t

c
c
d
a  

p
i  

t  

H  

c  

l  

a
t
g  

s
s
f
l  

I  

f
t
n  

c  

d  

o
b  

T
i  

f  

(
e  

e  

n  

a  

c  

v  

u
 

r  

s  

(  

h  

e  

h  

a  

m  

l
H  

(  

n
t  

l  

t  

m  

s  

fi  

a  

r
 

b  

H  

c  

c  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/534/4/3349/7815199 by Scuola N
orm

ale Superiore Biblioteca user on 30 N
ovem

ber 2024
here ν21 = 1420 MHz, H 0 is the Hubble constant, E( z) = [ 
m 

(1 +
) 3 + 
� 

] 1 / 2 , 
m 

is the normalized matter content, and 
� 

is the
ormalized dark energy content. 
In Fig. 14 , we show the residual visibilities obtained after calibrat-

ng simulated raw data with gains reco v ered from the data set with
nd without mutual coupling. The residual visibilities are obtained by 
aking the difference between calibrated visibilities and the model 
isibilities with mutual coupling effects. The residual visibilities 
efined V 

R 
ij 

 

R 
ij = | V 

C 
ij − V 

m 

ij | 2 (20) 

here V 

C 
ij and V 

m 

ij are calibrated and first order model visibilities,
espectively. The rationale behind taking the difference between the 
alibrated visibilities and the first-order model visibilities (instead 
f zeroth order visibilities, which are our model visibilities) is 
hat our measured visibilities/simulated raw data visibilities contain 
he effects of mutual coupling. Thus as an indication of perfect 
alibration, where perfect gains are derived from calibration, the 
alibrated visibilities and first-order model visibilities should only 
iffer by noise, hence the residual visibilities in perfect calibration 
re expected to be noise-dominated. As expected, when the raw data
roducts are without mutual coupling, we get a perfect calibration, 
.e. robust gains are derived from calibration (red line, Fig. 6 ),
he residual visibilities are noise dominated (left panel, Fig. 14 ).
o we ver, when our simulated raw data includes the effects of mutual

oupling, our calibration is not perfect, and the reco v ered gains (c yan
ine, Fig. 6 ), which are subsequently used to calibrate the raw data
re erroneous. Thus calibrated visibilities differ significantly from 

he first-order model visibilities. Additionally, when the reco v ered 
ains are used to calibrate the raw data because of their non-smooth
pectral structure (due to calibration errors) they impart spectral 
tructure on the relatively smooth foreground spectra, some of the 
oreground emission is pushed to higher delays beyond the horizon 
imit (white line). This is most prominent on the shorter baselines.
n the second panel from the left, the residual visibilities have
oreground emission at short baselines beyond the horizon limit, and 
his residual foreground emission extends up to delays of τ ∼ 500 
s. When the notch filter f 25 is applied (third panel from left) before
alibration, more robust gains are used to calibrate the unfiltered raw
ata. We find that the calibrated visibilities closely match the first
rder model visibilities. As a result, the foreground residual emission 
eyond the horizon limit is significantly reduced by a factor of ∼ 10 2 .
he excess residual foreground within the horizon line poses no 

ssue, as this region in delay space is expected to be occupied by
oreground emission. Ho we ver, when the main lobe filter M be is used
right panel), there is comparatively less reduction in the foreground 
mission in residual emission compared to the notch filter. This is
xpected as the gains recovered when the main lobe filter is used are
ot as robust as gains obtained through the use of the notch filter,
nd can therefore cause foreground leakage when they are used to
alibrate the data. Note, we al w ays calibrate the unfiltered raw data
isibilities, thus concerns o v er possible EoR signal loss due to the
se of fringe rate filters are mitigated. 
Fig. 15 further shows the residual power spectrum for 14 m

edundant baselines for both low and high sub-bands i.e. the power
pectrum of the residual visibilities V 

R 
ij , similar to Charles et al.

 2023 ). The foreground residual power is significantly less in the
igh sub-band than in the low sub-band as the foreground residual
mission is reduced to the noise level at k ‖ ∼ 0 . 75 h Mpc −1 in
igh sub-band, but at low sub-band, there is still residual power
t k ‖ > 1 . 5 h Mpc −1 (cyan line). This is again due to the increased
utual coupling effects at the low sub-band. We also note the main

obe filter also suppresses foreground residual emission (black line). 
o we ver, the suppression is not as significant as the notch filter

green line) in both the low and high sub-band. In the low band, the
otch filter suppresses residual foreground by a factor ∼ 10 more 
han the main lobe filter at k ‖ < 0 . 75 h Mpc −1 . Additionally in the
ow sub-band, with the notch filter, the residual emission is reduced
o le vels belo w the noise floor at k ‖ ≈ 0 . 60 h Mpc −1 , whereas for the
ain lobe filter, this only occurs at k ‖ ≈ 0 . 75 h Mpc −1 . In the high

ub-band, the reduction of residual power by the use of the notch
lter is by a factor of ∼ 10 3 larger than that of the main lobe filter
t k ‖ ≈ 0 . 5 h Mpc −1 . Thus, the use of the f 25 notch filter produces
obust gains that significantly reduce the foreground power leakage. 

Lastly, Fig. 16 shows the residual power from 14 m redundant
aselines at an LST centred at 2 h , typically used for calibration of
ERA data (Chapman et al. 2016 ). The sky at this LST has strong

ompact sources and the diffuse component of the sky is colder
ompared to the LST of 0 h . As a result, the error in the calibration
MNRAS 534, 3349–3363 (2024) 
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M

Figure 14. The residual of the squared visibilities in delay space as a function of baseline length at low band. The residuals are average over all baselines of 
equal length. The residual is taken with respect to the noise-free visibility model without mutual coupling. We show residuals in the case where calibration 
assumes raw data visibility products without mutual coupling and is thus perfect, leaving only noise in the residual (first panel from the left) and raw data 
visibility with mutual coupling and no filter (second panel from left), a f 25 notch filtered scenario (third panel from the left), and lastly M de main lobe filtered 
scenario (right panel). The white line marks the horizon limit of the baselines, which bounds the natural extent of foreground emission in the data. 

Figure 15. The residual delay power spectrum of the calibrated raw visibilities with respect to the sky model (noise-free) visibilities, averaged over 14 m 

redundant baselines and, o v er time, inte grations, with LST range [0 h − 1 h ], where diffuse emission is dominating the sky emission. Left : low band at redshift 
z = 8 . 3, where raw data are without mutual coupling (red) and with mutual coupling (cyan), and then having applied the f 25 notch filter (green). Right : same, 
but for the high sub-band at redshift z = 7 . 0. The red-line (no coupling, no filter) essential denotes the noise level. 
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s reduced significantly, as evident by the low reco v ered chi-square
Fig. 5 ). We again note that in this field the use of fringe rate filters
mpro v es the calibration as the foreground residual power is reduced
y 10 2 at k ‖ ≈ 0 . 5 h Mpc −1 . We, ho we ver, note that there is no
ignificant difference in the impro v ement in calibration when either
he main lobe or notch filter is used, particularly at the high sub-band.
here is slightly better performance of the main lobe filter at low
ub-band at k ‖ ≈ 0 . 25 h Mpc −1 . In this field, the diffuse emission
omponent falling on the main lobe is cold, compared to bright
ompact sources, ho we ver, the hot diffuse component still resides
n the side lobes of the primary beam and thus would introduce
alibration errors if the emission is not filtered out (cyan line). When
his emission is filtered through with a notch filter (green line), the
alibration is impro v ed, and ev en more so when the main lobe is
sed, due to more of the emission being filtered. A key point to also
ote here is that whilst fields which are dominated by point sources
re ideal for calibration, these results also show that the presence
f the hot diffuse emission on the horizon can enhance various
ystematic effects such as mutual coupling, and other effects such as
NRAS 534, 3349–3363 (2024) 

o  
he horizon-based aliasing (Barry et al. 2024 ). Therefore, a greater
aution needs to be employed when choosing LSTs for calibration,
nd thus, ideally a calibration field in addition to being dominated
y compact sources, the Galactic plane should also be below the
orizon. 
In summary, both filters have shown effectiveness at reducing

oreground power leakage due to mutual coupling effects, with the
otch filter showing better performance when the diffuse emission
ominates the sky. Both filters were also shown to be effective at
itigating calibration due to the use of an incomplete sky model

uring calibration (Charles et al. 2023 ), especially the main lobe
lter at LST of 2 h . Thus, the main lobe filter can be used to mitigate
oth calibration errors due to incomplete sky modelling and the
ffects of mutual coupling. 

 C O N C L U S I O N  

n this paper, we investigate the prospect of mitigating the effects
f mutual coupling in calibration through the application of fringe
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Figure 16. The residual delay power spectrum of the calibrated raw visibilities with respect to the sky model (noise-free) visibilities, averaged over 14 m 

redundant baselines and, o v er 10 times inte grations at LST centred at 2 h , where compact sources are dominating the sky emission, and the diffuse emission 
relati vely cold. Left : lo w band at redshift z = 8 . 3, where raw data are without mutual coupling (red) and with mutual coupling (cyan), and then having applied 
the f 25 notch filter (green). Right : same, but for the high sub-band at redshift z = 7 . 0. The red-line (no coupling, no filter) essential denotes the noise level. 
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ate filters prior to calibration. We make use of two types of filters;
aseline dependent main lobe filter and baseline independent notch 
lter. The main lobe filter is designed to attenuate all emission that in
ot within the main lobe of the primary beam, whilst the notch filter
s designed to attenuate emission that is near zero fringe rates. For
 baseline in the HERA array with an East–West projection greater 
han 30 m, this emission will typically resides on the sidelobes of the
rimary beam. 
We show that mutual coupling effects lead to non-smooth cali- 

ration errors, which impart spectral structure in gains derived from 

alibration in the delay τ > 250 ns. When these gains are used to
alibrate data, we find significant contamination of the EoR window 

y foreground emission, which is about 4 orders of magnitude at 
 ‖ ≈ 0 . 5 h Mpc −1 at z = 8 . 3 for a 14 m redundant baselines. By
pplying the filters before calibration we find in this paper that the cal- 
bration significantly impro v es, as the reco v ered gains are much more
obust i.e. much closer to the true gains, and when these gains are
sed to calibrate data we observe a significant decline in foreground 
ontamination of EoR window. The foreground contamination is 
educed by at least 2 orders of magnitude at k ‖ ≈ 0 . 5 h Mpc −1 .
n addition, we find that the application of the notch filter leads to
educed calibration errors compared to the main lobe filter. We find 
hat the foreground contamination is an order of magnitude below 

or notch filter compared to the main lobe filter. This is mainly due to
utual coupling effects that are within the main lobe of the primary

eam, to which the main lobe filter retains, thus resulting in erroneous
ains compared to the notch filter, where a portion of this emission is
ltered. 
Although the use of fringe rate filters has shown significant 

mpro v ement in the calibration, we, ho we ver, note that more inves-
igation is still needed, because real observations normally include 
ags, that can potentially affect the filtering of data. When data 
ontaining flags are Fourier transformed along the time axis, we 
xpect there to be ‘spectral leakage’ resulting in the mixing of fringe
ate modes of the sky due to the sidelobe structure introduced by
he null/flags in the data. Thus, flagging on the time axis can reduce
he ef fecti veness of the filter. To reduce the impact of missing data
oints, the data can be inpainted prior to applying the filters thus
reventing the mixing of fringe rate modes of sky prior to filtering
he data. A variety of inpainting techniques for radio data could be
everaged in this effort (e.g. Parsons & Backer 2009 ; Kern & Liu
021 ; Kennedy et al. 2023 ; Pagano et al. 2023 ). 
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