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MARIO P1AzzA Inside Classical Logic: Truth,
MATTEO TESI Contradictions, Fractionality

Abstract.  Fractional semantics provides a multi-valued interpretation of a variety of
logics, governed by purely proof-theoretic principles. This approach employs a method
of systematic decomposition of formulas through a well-disciplined sequent calculus, as-
signing a fractional value that measures the “quantity of identity” (intuitively, “quantity
of truth”) within a sequent. A key consequence of this framework is the breakdown of
the traditional symmetry between truth and contradiction. In this paper, we explore the
ramifications of this novel perspective on classical logic. Specifically, we (i) introduce an
alternative paraconsistent consequence relation, and (ii) show how the gradual character of
contradictions induces a corresponding characterization of tautologies, thereby obtaining
a full-fledged informational refinement of classical logic.

Keywords: Classical logic, Proof theory, Paraconsistency, Contradictions.

1. Introduction

Beginners in logic read in any elementary logic textbook that the propo-
sitional territory of classical logic is split into three regions like Caesar’s
Gaul: tautologies, contingencies, and contradictions. Tautologies invariably
hold true for any truth-value assignment {0, 1} to their atoms; contingencies
become true for some assignments; contradictions are false for any assign-
ment. The idea is that the notion of tautology is the semantic analogue
of theoremhood in mathematics, where there is no theorem more theorem
than another, while contradictions represent an undifferentiated absurdity
that trivializes the underlying reasoning in its integrity.

Classical logic is indeed explosive due to its validation of the principle of
ex falso sequitur quodlibet, expressed by the tautology:

AN-A— B
This implies that the consequence relation is explosive too, as it holds that:

A-AEB
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for any formula B. The principle of ex falso has been justified since the
Medieval epoch (see [15]). Indeed:

FA F-A
+ B
follows from the combination of modus ponens and disjunctive syllogism
(DS). In particular, we have:

_FA
HAB
FAVB  +-A
FB
where RW and V denote the rules of weakening of the succedent and of
introduction of the disjunction, respectively.

It would be desirable to develop a method that introduces a gradation
in the explosiveness of classical logic while preserving some classical fea-
tures (we will clarify this issue). A promising approach to achieving this
goal involves two steps: (a) introducing a distinction between contradic-
tions within a classical landscape, and (b) defining a consequence relation
that accounts for this distinction. Various approaches have been proposed to
establish syntactic criteria for differentiating between formulas in classical
logic, extending beyond contradictions and tautologies.! For instance, in [7]
an isomorphism between formulas is defined, providing a purely syntactic
criterion to establish a kind of propositional identity as in [6]. However, ex-
isting approaches do not address the paraconsistency issues central to this
paper and, moreover, the distinction defined by the isomorphism lacks a
quantitative aspect.

In the present work, the distinction is made effective through what we
have termed fractional semantics [10], which is a novel, constructive, and
purely proof-theoretic interpretation of classical logic assigning rational val-
ues to formulas in the interval [0, 1]. Such semantics allows for fine-grained
distinctions among contradictions while ensuring that tautologies consis-
tently hold the maximum value of 1. This aspect is valuable as it empow-
ers fractional semantics to function as an interpretation for classical logic,
safeguarding the essential concept of theoremhood in mathematics. Fur-
thermore, this approach provides an interpretation for reasoning within the
bounds of classical logic while accommodating nuanced analyses of contra-
dictory statements.

RW

DS

'The problem has a long-standing history, first addressed by Carnap in [3]. For a more
recent discussion, see [4] and [5], among others.
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In the fractional approach, the value of a formula is determined by its
decomposition into initial sequents within a sequent calculus, according to
three fundamental requirements:

e Invertibility of every rule, that is the provability of its conclusion implies
the provability of (each one of) its premise(s).

e Termination of the proof search, i.e. every attempt at finding a derivation
gives either a proof or a refutation.

e Stability, i.e., every derivation of a sequent has the same multiset of
initial sequents.

The value coincides with the ratio between the number of axiomatic initial
sequents and the total number of initial sequents. The resulting decorated

system is GS4. Fractional semantics was first designed for classical logic [10]
and then exported to a wide range of logics, including extensions of classical
logic such as modal logics [11,12], and substructural restrictions like the
multiplicative-additive fragment of linear logic MALL [13].

In this paper, we show how a fractional setting allows for a deeper un-
derstanding of the interplay between classical contradictions and their con-
sequences. In particular, we aim to substantiate the strong intuition that,
given two contradictions with different fractional values, the one with lower
value should possess greater explosive power than the one with the higher
value. Simply put, the key takeaway message is this: the more false the
contradiction, the greater its explosiveness.

The new consequence relation |~ is first examined from a semantic stand-
point, and its properties are thoroughly investigated. Subsequently, we present
a proof-theoretic framework to elucidate its nature. Technically, the con-
struction of a well-behaved sequent calculus, denoted as GS4F, hinges on a
mixed system. Here, the rules for |~ are formulated through those govern-

ing the fractional system GS4 and the calculus for classical propositional
logic GS4. A distinctive aspect of the rules for the calculus GS4F is the
inclusion of ternary rules of inference, where two premises are employed to
disentangle the antecedent from the succedent for the evaluation of their
fractional values.

Our proposal aims to fulfill two key desiderata. On the one hand, it must
accommodate a graded version of paraconsistency. On the other hand, it
should preserve (a form of) classicality. While one reviewer has observed
that GS4F may not straightforwardly qualify as classical in the strictest
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sense,? we assert that classicality in this context specifically refers to the con-

servativity of classically valid formulas over the newly defined consequence
relation (see Theorem 4.10). Moreover, it is important to emphasize that
GS4F retains a core set of classical rules, underscoring its connection with
classical principles despite its novel approach to handling inconsistency. The
rules governing the behaviour of the connectives inside the fractional conse-
quence relation are not classical, but they are defined through derivability
in classical calculi.

The structural properties of GS4F are thoroughly investigated and we
conclude that the new consequence relation is reflexive, right monotonic
and transitive. Hence we obtain a calculus for a subclassical logic which is
defined through a constraint naturally imposed from the fractional inter-
pretation of classical logic. Our calculus therefore showcases the maximal
amount of classicality one may retain while introducing a graded form of
paraconsistency and modifying the rules of the calculus. Therefore this con-
trolled account of paraconsistency (which varies according to the fractional
truth degree of the assumptions) is defined inside classical logic. Paraconsis-
tent phenomena, as induced in classical logic, have been explored through
various avenues, such as the regimentation of classical logic using control
sets [9] or its characterization via refutation systems [14,16]. Avron’s pro-
posal [1,2] aligns conceptually with our present approach. In particular, we
share the perspective that classical logic serves as the primary logic, being
the one (mostly) employed as metalogic for other systems. However, our
approach diverges in that it relies on purely proof-theoretic considerations
to establish the fractional interpretation of classical logic, while Avron’s
methodology introduces matrices for describing the new system.

The introduction of more nuanced perspective on contradictions paves
the way for a method to analyze and obtain an informational refinement
for tautologies. To achieve this, we define an equivalence relation between
contradictions based on their shared values. This, in turn, induces an equiv-
alence relation among classical tautologies, where two tautologies are con-
sidered equivalent if their negations have the same value.

These findings regarding contradictions and tautologies align with com-
monly held intuitions about truth and falsity. It is widely acknowledged that
the explosive nature of contradictions is an undesirable aspect of classical
reasoning. Our proposal resonates with this enduring concern, providing a

?Indeed, as observed by him/her, even the theorems of classical logic can be proved
(whenever formulated in the {A, =} fragment) within an intuitionistic calculus, despite the
two systems being radically different.
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solution rooted in the distinctive framework of fractional semantics. This
approach serves as a foundation for a flexible treatment of falsity and truth,
employing combinatorial, constructive, and proof-theoretic methods without
relying on external semantic structures.

This paper is structured as follows. Section 2 introduces key notions an
terminology that will be employed in the sequel and it recalls the main
features of fractional semantics. In Section 3, we formulate a consequence
relation designed to remain sensitive to contradictions. Section 4 establishes
a syntactic framework for the aforementioned consequence relation. In par-
ticular, a sequent calculus which combines different proof systems is intro-
duced and its structural analysis occupies the central part of the section. In
Section 5, the focus is on the quotient of the set of formulas in propositional
classical logic: we prove that the set of fractional values for tautologies is
dense. Section 6 presents final considerations on our perspective.

2. Preliminaries

We begin by establishing some basic notions that will be used throughout
this paper. In particular, we work with a language containing propositional
atoms and complex formulas are built using the connectives —, A and V.
We use p,q,r,... as metavariables for propositional atomic formulas and
A, B,C, ... as metavariables for compound formulas. The set of formulas is
denoted as .. A multiset is a collection of formulas in which multiplicity
counts and order is irrelevant. We use capital Greek letters as metavariables
for multisets. A sequent is a syntactic object of the shape:

r'-A

where I', A are multisets of formulas.

We start by recalling the rules of the system GS4 which are found in
Figure 1. The unary rules are multiplicative, whereas the binary rules for are
additive and initial sequents are allowed to contain only atomic formulas.
The height of a derivation is defined as usual. The properties of GS4 are
the following:

1. Generalized initial sequents I'; A = A, A are provable.

2. The rules of weakening;:

A LA

Lw — RW

ATFA TFA A

are admissible.
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AXIOMS

axr

pTHADp

LOGICAL RULES

PEAAB PEAA  THEAB .
TFA AvE Y TFA AAB A
ABIEA ATFA  BIFA |
ANBTFA N AVBTFA v
TFA A ATHA
“ATFA TFA A

Figure 1. The GS4 sequent calculus

3. Every rule is height-preserving invertible, in the sense that the deriv-
ability of the conclusion entails the derivability of each of its premises
with no greater derivation height. The rules of contraction:

A ATEA L A A A o
ATEFA 'FAA
are height-preserving admissible.
4. The cut rule:

TFAA  ATFA
ATFA

Cut

is admissible.

Since we are interested in the analysis of any formula of the language, we
add to the calculus initial sequents of the shape:

'-A

where I' and A only contain atomic propositional formulas and no propo-
sitional atom p occurs both in I" and in A. In other words, the resulting
system GS4 thus obtained is trivial, in the sense that it derives any se-
quent. The final step which leads to assign proper measures to formulas
consists in decorating sequents with fractional values. To this end, in [10] a

sequent calculus GS4 (see Figure2) was introduced which determines the
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AXIOMS
rfia Dol Ap
LOGICAL RULES
T2 A A B rE-AA  TE=AB
raavs P2 A A A B fin
n ) ni+ng ’

A BTHA " ATFHEE=A  BTREZA .
ANBTHEA AV BT A
IE-AA . ATH-A

—ATHEA A -A

Figure 2. The GS4 sequent calculus

ratio between tautological and total topsequents for any derivation of a se-
quent. Each initial sequent is decorated with either % or %, unary rules do

not alter the fractional value, whereas binary rules sum the numerators and

the denominators. The essential components of GS4 are the invertibility
of every rule, termination of the proof search, and stability, as previously
defined in the introduction.

We now fix some terminology which will be essential to our subsequent
development.

DEFINITION 2.1. Given a derivation 7, top’(7) represents the multiset of
its complementary, i.e. non valid, initial sequents, while top!(7) denotes the
multiset of its tautological, i.e., valid, initial sequents. The multiset top(m)
is formed by the multiset union of top®(7) and top!(r).

Since the decomposition of a sequent in initial sequents is unique by

stability in the calculus GS4, we will drop the reference to derivations and
simply write top(A).

DEFINITION 2.2. (Fractional evaluation function) Let Q* = [0,1] N Q, i.e.,
Q* is the set of the rational numbers in the closed interval [0, 1]. The evalu-
ation function [[ : ]] . F — Q* is defined as follows: for any logical formula
A,

[4] = #top' (A)

#top(A)

where #X denotes the cardinality of X for any multiset X. The fractional
evaluation naturally extends to a multiset I' of formulas as [\/T'[.
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Given a multiset of formulas I" we will use the notation [[F]] to denote
[[\/ F]] . Note that fractional semantics is, in a sense, conservative over stan-
dard Boolean interpretations. In particular, every classically valid formula
is, by completeness, derivable in GS4 and so its decomposition will lead to
tautological initial sequents.

LEMMA 2.1. If A is derivable in GS4, then [[A]] =1

PROOF. If A is derivable in GS4, then every topmost sequent is tautological.

Hence )
#top'(4) _ #top(4) _
##top(A)  #top(A)
which gives the desired conclusion. [

In the next section, we shall introduce a new consequence relation that
relies on the fractional values assigned by the decomposition procedure in-

duced by the calculus GS4.

3. Decomposing ex falso

Our aim is to define a consequence relation which is sensible to contradic-
tions. In simple terms, we contend that not all contradictions should be
treated uniformly. Depending on the shape of the formula A, the contra-
dictory pair A and —A may not necessarily trivialise a system. Fractional
semantics enables one to introduce a fine grained distinction between con-
tradictions, assigning them values in the set [0,1] N Q.

The underlying intuition behind the new consequence relation is that a
conclusion is permissible only when the fractional value of the premises is less
than or equal to that of the conclusion. This intuition is entirely consistent
with the venerable principle that reasoning should be truth-preserving (when
moving form valid premises to a conclusion). In our setting, what is preserved
is the quantity of identity or, perhaps more intuitively, the “quantity of
truth” conceived as a fractional value.

We recall that the usual argument to establish the validity of the principle
of ex falso quodlibet:

A —-AFB
In a standard sequent calculus for classical logic, the derivability of such a
sequent is given by a simple root-first application of the rules RW and L—
(if explicitly present or built-in the initial sequents with weakened contexts).
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_AFA
_A-Ar
A -AF B

We will show below that ez falso cannot be proved (in general) in the newly
defined system. As opposed to the usual strategy used to block the deriv-
ability of the ex falso principle, we do not give up the admissibility of the
rule of right weakening, or weakening of the conclusion. On the contrary,
we work on the logical rules of the calculus, whose correct application will
depend on the quantity of identity contained in the antecedent.

DEFINITION 3.1. Given multisets I' and A we say that A is a fractional
consequence of T', in symbols '~ A if the following requirements are fulfilled:

1. '+ A is derivable in GS4.
2. [r] < [A]

Unsurprisingly, the above definition is guided by the standard concept
of logical consequence, extended to the framework of fractional semantics.
Indeed, the statement A is a classical consequence of T' if, whenever the
premises are valid, so is the conclusion expresses the preservation of truth
from premises to conclusion. Reasoning analogously in the context of frac-
tional semantics the intended meaning of I' v A is A is a fractional conse-
quence of I' whenever the fractional value of the premisses is less or equal
to that of the conclusion.

Let us first give a look to the newly defined consequence relation. First,
we observe that it is conservative over classical propositional logic.

LEMMA 3.1. IfT' =0, then T |~ A iff T = A.

PRrROOF. We limit ourselves to discussing the right-to-left direction. If I' = (),
then - A holds and so A is derivable in GS4 and so [[A]] =1, s0 [[F]] < [[A]] )
therefore I v A. [

However, when I' is not empty, the two consequence relations strongly
differ. We now propose an analysis of the properties of the consequence
relation.

LEMMA 3.2. |~ is reflezive.

PROOF. Immediate, since A - A is derivable for every A and also [[Aﬂ =
[A]. o

Concerning monotonicity, we need to distinguish two different ways of
adding information. We have two different rules:
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'~ A 'k A
LW
AR A '~AA
We say that a logic is left monotonic if the rule LW is valid in it. The
definition of right monotonicity is symmetric. If a logic is left and right

monotonic, we say that it is monotonic. We first start to observe that in
general fractional values increase with the addition of further information.

RW

LEMMA 3.3. For any multiset of formulas A and any multiset ¥ of atomic
formulas, if A C X, then [[A]] < [[A,E]].

PROOF. The proof is immediate by noting that the total multiset of topse-
quents of a derivation of = A does not increase adding the multiset of
atomic formulas >, whereas the multiset of tautological topsequents may
increase. [

LEMMA 3.4. For any multiset of formulas A and formula A, [[A]] < [[A, A]] .

PROOF. We consider the sequent - A, A. Since every rule is height-preserving
invertible, we can apply the rules in any order without affecting the de-
composition process. We decompose the formula A, obtaining derivations
T1,...,Tn Of the sequents I'y H A, 04,....,I', F A, ©,, where I';, ©; are atomic
for every 1 < i < n. Since for every i we get top!(A) C top!(I'; - A, ©;), we
obtain:

[[A A]] — ZlSiSn#topl(Fi'_Afei) — n-#topl(A)+q — #topl(A) + q
’ n-#top(A) n-#top(A) #top(A) n-#top(A)

Therefore, we conclude [[A]] < [[A,Aﬂ. [ |
An immediate consequence of this result is the following proposition.

PROPOSITION 3.5. If [[A,A]] = g, then [[A]] = ¢ for some ¢ < qiin [0,1]N
Q.

PROOF. Suppose [A = ¢’ and, towards a contradiction, ¢ < ¢’. By Lemma
3.4, we get ¢ = [A] < [A,A] = ¢ < ¢ and thus ¢’ < ¢, which is a
contradiction. ]

LEMMA 3.6. The relation |~ is right monotonic, but not left monotonic.

PROOF. We prove that it is right monotonic. If I' v A then I' = A is deriv-
able and [[F]] < [[A]] Since [[A]] < [[A,A]] for every A, by the transitivity
of < we get the desired conclusion. To show that it is not left monotonic,
consider the case of p |~ p A p which holds and p, gV —¢q p p A p which is not
true. |
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Differently from the bounded supraclassical consequence relation, the
fractional consequence relation is not fully monotonic, but is transitive.

THEOREM 3.7. The rule:

ThAA T,ARA
Tk A

Trs

holds.

PrOOF. Clearly, if ' ~ A, A and T', A |~ A, we get by definition and by the
cut rule which is admissible in GS4 (see Section 2). I' = A. Also, we have:

[T] < [A,A] and [T, A] < [A]
Since [[F]] < [[F, A]] by Lemma 3.4, we get [[Fﬂ < [[A]] which yields the
desired conclusion. [

REMARK 1. The relation |~ is not structural in the sense that it is not
closed under arbitrary substitution of atomic formulas. Indeed, if T' |~ A,
then it might not be the case that I'[B/p] b A[B/p]?. For example:

e I'=[pyd

e A=gq

Consider the substitution [r V —r/p]. It is clear that [(r Vv -r)V ¢] =1 and

[[qﬂ = 0, therefore the consequence relation fails to be structural.

We now take a look into the admissible rules of the system. Specifically, we
show that the newly defined consequence relation behaves well with respect
to disjunctions and negation on the right hand side, but does not with
respect to conjunctions.

PROPOSITION 3.8. The rule:

'k A BA
Tk AVB,A

hov

15 admissible.

PROOF. Indeed, if I' v A, B, A, then I' = A, B, A is derivable and so is
' AV B, A by the rule RV. Furthermore, if HFH < [[A, B, A]], then [[F]] <
[[A, B, A]] = [[A Vv B, A]], which yields the desired conclusion. [ |

3Where, as usual, T'[B/p] denotes the multiset obtained by substituting every occur-
rence of the atomic formula p with the formula B.
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REMARK 2. We would like to highlight that while it was conceivable to
define the consequence relation ' = A and [ AT < [A] (where AT denotes
the conjunction of the formulas in I'), we chose an alternative approach for
two specific reasons. First, the resulting consequence relation would fail to
be transitive, which is arguably a desirable feature for a logical system.
Second, our selected consequence relation establishes a connection between
the truth content of the antecedent and the succedent. In doing so, we find
it preferable to analyze the quantity of identity of the antecedent taken as
a sequent.

We would like to conclude the analysis of the properties of the conse-
quence relation by observing that it validates a form of contraction on the
left, but not on the right of the turnstile.

LEMMA 3.9. If A, AT |~ A, then AT |~ A.

Proor. If A, A,T'~ A, then A, A,T' - A is derivable in GS4 and by contrac-
tion admissibility, we get that A,I' - A is derivable. Next, [[A, A, I’]] < [[A]]
By Proposition 3.5, we have [A,Fﬂ < [[A, A,F]] < [[A]] which gives the de-

sired conclusion. [}

Notice that the |~ consequence relation fails to validate contraction in
the succedent as counterexamples can be found.

A comment on fractional semantics and other possible consequence rela-
tions derived from it is also pertinent. In [10] a family of bounded supra-
classical system, i.e. systems stronger than classical propositional logic, was
defined and proved to be reflexive, monotonic (both right and left), struc-
tural but not transitive. In contrast, the relation |~ is characterized by the
following metalogical properties:

reflexivity;
e right monotonicity;
e transitivity;

e 1o left monotonicity and no structurality.

The following table summarizes the difference between the three consequence
relation (classical, fractional and bounded supraclassical)*:

4A reviewer questioned why we introduced the distinction between left and right mono-
tonicity in this context. We did so to emphasize that the fractional consequence relation
is right monotonic, even though it is paraconsistent.
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CLASSICAL BouNDED FRACTIONAL
Ref v v v
LMon v v X
RMon v v v
Trs v X v
Str v v X

REMARK 3. We would also like to draw a comparison between the present
approach and the literature on relevance logic. Notably, the rejection of
monotonicity stands out as a pivotal aspect in relevant reasoning [15]. In
our setting, for example, the addition of a tautology to the antecedent in-
validates the the consequence unless the fractional value of the succedent is
1. When incorporating tautologies as assumptions, the only permissible out-
come is a tautological conclusion, since the value of truth must not diminish
in transitioning from assumptions to conclusions.

4. Combining Fractional Systems

So far, our investigations have been conducted primarily from a semantic
standpoint. However, it is now desirable to establish a syntactic framework
for the newly introduced consequence relation.

4.1. A Calculus for Fractional Consequence

Specifically, we aim to develop an analytic calculus that aligns with the
semantic characterization provided earlier. To achieve this, we will define a
proof system that incorporates explicit rules for governing the consequence
relation denoted as |~. In brief, the system will integrate the fractional

system GS4 with specific rules designed for the consequence relation. As a
result, we will be working with three types of sequents:

e |~-sequents, denoting derivability w.r.t. fractional consequence;

° I%—sequents, denoting derivability in the decorated system GS4;
e -sequents, interpreting derivability in the system GS4.
The rules of the calculus are given in Figure3. To provide a better under-

standing of the intuitive meaning of the rules, consider — as an example —
the rule v A:
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AXIOMS
—— axr
phpA

rl%Aﬁ F,pIITA,p

LOGICAL RULES

ar

The rules of GS4, plus the rules:

A A B rB-AA TEZAB
n R\/ 1 2 R/\
m mi1+mg
TH-AAVB M= AANB
ABIEA ATHEA  BTREZA .
m my+ma
ANBTHEA AV BT E A
TEAA ATHE-A
SATHEEA THE-A A

FRACTIONAL CONSEQUENCE

m m
ILAVBFA T, AV B A Uk, m < m '~ A,B A v
T, AVBRr A T on2 'k AVBA
m m m m:
T,AABFA [T, AAB A A, i< m2 THAAAB T B2 AABA o, o < ma
TLAABR A T T~ AABA T e
m m:
I,-AFA T, A A o mcm AR A o
I-AR A T Ik -A4,A

STRUCTURAL RULE

I'mA  FrDB A
I,Bhr A

k

£, <52

1 n2

3

Figure 3. The GS4F sequent calculus

'-AJANB ln_lr ln_gA/\BvA A, T M2
'~ AAB,A e

The three-premise rule introduces a non-classical (indeed, sub-classical) turn-
stile |~ and stricto sensu does not qualify as classical. The premises express,
however, a connection with classical logic in the form of classical and frac-
tional derivability. For this reason, the calculus naturally includes rules (and
syntax) to encode derivability in the calculi GS4 and GS4.

We now prove two preliminary lemmata in order to obtain the cut-
elimination result. First, we show a kind of invertibility result, namely we
prove syntactically, basing on the rules of the calculus, that p C . In other
words, we show that given a derivation of I' v A in GS4F we can obtain a
derivation of the sequent I' - A in GS4.

LEMMA 4.1. For every multiset I and A, we have:
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PR A

and the height is preserved.

PRrROOF. We argue by induction on the height of the derivation. If I' v A
is an initial sequent, then it is of the shape p  p, A. Clearly, p - p, A is
derivable in GS4.

If ' A is the conclusion of a unary rule, the proof follows from an
application of the induction hypothesis and, possibly, admissibility of the
rule of weakening in GS4. For instance, if the last rule applied is |V, we
have:

'k A B,A
T AVB,A

bV

and we construct the following derivation:

I'~ A B, A
TFA B, A
TFAVB,A

If the last rule applied is a trinary rule, we simply take the derivation of one
the premises which yields the desired conclusion. [

IH

RV

We now need to prove other properties of our system in order to get
cut-elimination.

THEOREM 4.2. If I v A is derivable then there are rational numbers =+
and =2 such thatl%F and P A and T < M2
ng ni

— no

PROOF. The proof is by induction on the height of the derivations. If ') A is
an initial sequent, then it is of the shape pj~ p, A. In this case the conclusion
is trivial since [[p]] =0< [[p, A]] . If '~ A is the conclusion of a rule, we need
to distinguish cases. If the last rule applied has three premises, by inspection
of the rules, the conclusion is given by the premises of the rule. If the last
rule applied is unary, we use the induction hypothesis. For example,

I'k A B, A

Y
T AVB,A

We apply the induction hypothesis to the premise which gives 7:11 I' and
"2 A, B, A for some 2L < 22 Hence, by the rule RV we get "2 AV B, A.
2 mi mo 2

This gives % < %2, i.e., the desired conclusion. [ |
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We now prove the final preliminary result to syntactic cut-elimination.
Indeed, we show that whenever a sequent is classically derivable and its
components satisfy the fractional restrictions, we can infer the derivability
of the fractional consequence relation.

THEOREM 4.3. The rule:

ma mo
rea Fro AL
F%\/A 1 2

15 admissible.

PROOF. The proof is by induction on the height of the derivation of I' H A
in GS4. If I' - A is an initial sequent, then it is of the shape I'',p = A/, p
where IV and A’ are multisets of atomic formulas. Therefore the conclusion

follows from multiple applications of the rule wf. Supposing IV = ¢1, ..., ¢n,
we have:
0 0
php A e frp A i
qi,pp p, A
: 0 0
QI7"'7Qn—17p+Vp7AI lTpaIv lTpaA/ .
I, php, A

If I' B A is the conclusion of A, the proof follows from an application of
the rule v A. If it is the conclusion of the rule V, then we have:
'FAA B
I'-A,AVB

We observe that [[A,A, B]] = [[A,A \% B]] = %, therefore we proceed as
follows:

Rv

I'-AA B =T = A, A B I
I'~AAB
'~ AAV B

Contraction is not - in general - admissible in GS4F, but we show that
left contraction is admissible and a restricted version of right contraction is
admissible too and useful to show syntactic admissibility of the Trs rule in
the system GS4F.

LEMMA 4.4. The rules:
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RAA%ALCPWA%p
LA A L'~ Ap
are height-preserving admissible in GS4F'.

PRrROOF. By Lemma 4.1, we get the derivability of A, A,I' - A in GS4. By
admissibility of contraction in GS4, we get that A,I' - A is derivable in
GS4. By Theorem 4.2, we get that there are % < 7:22 and [[A A, F]]

Z‘ll < 2 e = [[A]] Since [[A F]] < [A A F]] we can apply Theorem 4.3 to
obtain the desired conclusion.

To prove the admissibility of RC,;, we can reason analogously. We only
add that, although in general it is not true that [[A, A, A]] < [[A, A]], if Ais

atomic we have:

RCqt, p atomic

[A,p,p] = [A, 1]

(because the presence of a double occurrence of an atomic formula does not
alter the number of tautological topsequents in GS4) which allows us to get
the desired conclusion. [

LEMMA 4.5. The following rule:

erlAz
rE2 A

is admissible in GS4.

PRrOOF. The proof is analogous to the one of Proposition 3.5 and thus we
omit the details. m

4.2. Transitivity Elimination in the Mixed System

We are now in the position to show cut (or transitivity) elimination for the
combined system. When we apply the rule Cut we are referring to the rule
admissible in GS4. By @, where @ is a connective, we denote the application
of the invertibility of the rules for the connectives in the calculus GS4.

THEOREM 4.6. The rule Trs can be eliminated in GS4F.

PRrROOF. The proof runs by induction on the sum of the height of the deriva-
tions of the premises of the cut. We distinguish three cases.

The left premise of the cut is an initial sequent. We assume that the cut
formula is principal (otherwise the reduction is trivial) and we have:

prAp  ppp A
ph A

Trs
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We proceed as follows:

p,ph A e
phA

The right premise of the cut is an initial sequent. We have:

~App  pRAp
~Ap
The proof is symmetric to the one of the previous case exploiting the ad-
missibility of the rule RCy;.
The cut formula is principal in both premises of the cut. We distinguish
cases according to the shape of the rule. We discuss the three cases sepa-
rately.

Trs

e The case in which the cut formula is of the shape —A:

AT R A [,-AFA T, -A = A
T —A,A “ATRA
F)f\/A rs

We proceed as follows:

-ArFA AT~ A -
L= inv Y| ’
'EAA T'AFA » 1o low, ™8 < ™1
ut m "3 ™M m
TFA e P A

I~ A

adm

e The cut formula is of the shape AV B.

mi mo
PbAAB - DAVBEA F-T,AVB F=A <
ThAAVE AVB. T~ A
Trs
A
We construct the following derivation:
ThAAVB
I'AAVB r— LAVBEA
TFAAB " T,AFAB [LAVBFA -
IFAB rBra ™ mDAVE L
TFA o P p ’ LN
Flr\aA adm

e The cut formula is of the shape A A B. In this case we have:
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m m: m: m
TFAAAB  FET "2 AAAB o 2 < 22 ILAABFA TST,AANB PBEA Ao, ms < ma
IT~AAAB LANBRA e = oma

Tk A *

We first apply the Theorem 4.2 to the premise AA B,T' |~ A. Since %3 =
[[A A B,I‘]] < % = [[A]] and [[F]] < [[F, AN B]], we proceed as follows:

I-AANB  AABTEA
ut
TFA T A -
FP\JA ?ny — ng

The cut formula is not principal in the last rule applied. If the last rule
applied is a unary rule, then we apply the induction hypothesis and then
the rule again. For instance:

'~ AA B, C oy
'~AABVC A,F}vA,B\/CT
'~ABVC
We construct the following derivation:
AT ABVC
'~ AAB,C AT AB,C
'~ A,B,C Y
'~ABvC
The application of Trs is removed invoking the induction hypothesis on the
sum of the height of the derivation.

If the last rule applied is a ternary inference rule we need to exploit the
invertibility lemmata. We show a concrete case, the other ones are similar
and left to the reader.

rs

Trs

I,-BFAA F-T,-B 2 AA e m
I''-Bh A A T AT, -BR A
I-Bpr A
First, we observe that by Theorem 4.2 applied to the premise A,I', =B |~ A
there are %’ % such that :11 I',-B, A and ,:li A and %" < % Next, we

proceed as follows:

AT,-Bp A
I,-BFA,A A -BTFA C
ut m m
I,-BFA ——TI',-B e A

I,-Bpr A e
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We observe that the cut-elimination result could be streamlined by com-
bining the lemmata and the theorems above.

THEOREM 4.7. Trs is admaissible in GS4F.

PRrROOF. We construct the following derivation:

ThAA ATR A
inv inv T A A AT A
I+ A’ A A’ I'EA Cut % Theorem 4.2 % Theorem 4.2
TFA Ty s A
Theorem 4.3
I~ A ’
where 7 < 2 (which can be checked via a small calculation). |

However, we deem that it is interesting to show the precise dynamic of
the cut-elimination algorithm for a combined system.

Finally, we would like to sketch some examples concerning the paracon-
sistency of the |~-consequence relation. Indeed, a consequence relation is
paraconsistent whenever there is a pair of formulas A and B such that:

A -Alt B

PROPOSITION 4.8. For every atomic formula p and any formula B, the se-
quent p A —p |~ B is derivable in GS4F.

PROOF. It is enough to observe that the sequent p A —p |~ B is provable.
0
pA-ptB  fgpA-p - B
pA-pp B
because % = [[p A ﬂp]] < — [[B]] for any formula B. [

1

Ab

This shows that contradictions which are entirely false, i.e., which do
not contain any true component, validate the ex falso sequitur quodlibet
principle. Indeed, pA—p trivialises the entire system. However, let us consider
the case of the formulas (p A —p) A (pV —p) and ¢V p. The sequent (p A —p) A
(pV—p) F qVp is indeed provable in GS4. However, (pA—p)A(pV-p)pqVp
is not provable in GS4F.

THEOREM 4.9. |~ is a paraconsistent consequence relation.

ProOF. Consider the formulas (pA—p) A (pV—p) and gV p. Let us construct
a putative derivation for the sequent (p A =p) A (pV —p) I~ q V p.
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p'% " P'%p

— R—
0 0 1
p.oppVophap 'T]Z T RA llTp’ P
pA-p,pV-pFq,p oA oV
LA 1 0
(pA=-p)A(pV-p)tqp K (A =p) A (pV-p) F-a,p

(pA=p)AN(pV-p)hqp "

(pA-p)A(pV-p)pqVp

The topmost sequent on the left is clearly derivable in GS4. The application
of the rule Aj~ is not correct, because [[(p A-p)A(pV ﬁp)]] = % is strictly
greater than [[q,p]] =0, hence (p A—=p) A (pV —p) P qVp. [

bov

The fundamental idea behind the new defined consequence relation is
to exploit the nuanced distinctions in contradictions offered by fractional
semantics. When scrutinizing classical logic formulas from a fractional per-
spective, contradictions form a dense set. This prompts a not trivial ques-
tion: how should we logically manage this variability? Bounded supraclas-
sical logic, as introduces in [10], presents a solution by proposing systems
that surpass classical logic in deductive power. These resultant calculi ex-
hibit characteristics such as reflexivity, monotonicity, and structural prop-
erties, albeit lacking transitivity. However, being an extension of classical
logic, they do not filter out the validities of classical logic and, consequently,
prove every instance of the law of ex falso.

In contrast, the fractional consequence relation is not parametrized by a
specific rational value and constitutes a proper subsystem of classical logic.
Indeed, a formula A is deducible from a multiset I' of formulas only if the
fractional value associated with I' is less than that of A. As an immediate
upshot, we observe the breakdown of the ex falso: not every contradiction
trivializes reasoning. This fact arises from the existence of contradictions
whose fractional value is not 0. In fact, for every rational number ¢ € [0,1)N
Q, there exists a contradiction A such that [[A]] = ¢. Consequently, there are
infinitely many cases in which not everything follows from a contradiction.
In the context of relation |~, deduction is conceptualized as a process that
results in conclusions with either equal or greater identity content than the
premises.

Therefore, it is correct to assert that the fractional consequence rela-
tion is properly contained within that of classical logic. To be more precise,
there are sequents that are derivable in classical logic but no longer deriv-
able when we transition to the f~-turnstile. However, a strong connection
persists between this calculus and classical logic. The calculus is not only
built on classical logic rules, but there is also a sense in which the system



M. Piazza, M. Tesi

is comservative over classical logic. Indeed, as noted Lemma 3.1, when the
antecedent I' of the fractional consequence relation is empty, derivability
reverts to the classical one.

THEOREM 4.10. For every formula A, if A is a classical tautology, then |~ A
1s derivable in GS4F'.

PROOF. Since A is a tautology, by completeness theorem, we obtain — A.
Furthermore, I% A. Hence:

Theorem 4.3

A B ka4
~A

5. From Degrees of Falsity to Degrees of Truth

In this section we will apply the methodology of fractional semantics to
offer a new perspective on tautologies and truth in classical logic. As we
have seen, fractional semantics can provide an approach to tame and con-
trol explosivity of classical logic while maintaining some desirable structural
properties. However, we will now see that truth can - in a sense - be given
a degree.

For every tautology A, we have: [[A]] = 1. However, classically, the nega-
tion of any tautology is always a contradiction, i.e. if for every valuation v,
v(A) = 1, then for every valuation v, v(—=A) = 0.

5.1. The (Fractional) Algebra of Tautologies

Let us introduce a relation between formulas based on their fractional eval-
uation.

DEFINITION 5.1. A formula A is oppositely equivalent to a formula B, in
symbols A ~ B, whenever [[—|A]] = [[ﬂB]].

Let us observe the following basic fact.
LEMMA 5.1. If A and B are contradictions, then A ~ B.

PRrROOF. If A and B are contradictions, then = A and =B are tautologies and

so each of their initial sequents in a derivation in GS4 will be tautological,
SO [[ﬁA]] = [[—|B]] and thus A ~ B. |
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On the contrary, if A and B are not contradictions, the relation is not
trivial. In particular, if we deal with tautologies, it can easily be shown that
this is the case.

REMARK 4. There are tautologies A and B such that A +¢ B. Indeed, let us
consider the tautologies pV —p and p VvV —p V (p A —p). We have:

[~(pVv-p)] =0+# [=((pV-p)V(pA-p)] =03

As is evident from the fact that the relation is defined by an equality,
it is an equivalence relation. Indeed, ~ is clearly reflexive, symmetric and
transitive.

In fact, we can now study the quotient of the set of formulas of propo-
sitional classical logic. It can be then shown that just as in the case of
contradiction, the set of fractional values of tautologies can be shown to be
dense.

LEMMA 5.2. For every tautology A and B such that [[—A]] < [[—|B]] there is
a tautology C' such that:

[-A] < [-€] < [-B]
PROOF. Since A and B are tautologies, =A and —B are contradictions.
Therefore, since the set of contradictions is dense with respect to fractional

evaluations [10], we get that there is a contradiction D such that [-A] <
[[Dﬂ < [[—|B]]. We take =D as C' and we get the desired conclusion. [ |

Let us now consider the structure which emerges by taking the quotient
of the tautologies, i.e.:
A= <TAUT/N, N, \/>
we denote its elements, i.e. the equivalence classes, as [A].
PROPOSITION 5.3. A and V are operations on A.

PROOF. Indeed, [A] A [B] = [A A B] is an operator as the conjunction of
tautologies is a tautology too. The same holds for disjunctions. [

LEMMA 5.4. The operations A and V are commutative and associative.
PROOF. The proof is immediate by definition. [ |

The structure A fails to be a lattice, because it does not satisfy the
absorption law.

REMARK 5. A is not a lattice. Indeed, consider the case [A] A ([A] V [B]) =
[AJ]A[AV B] = [AN(AV B)]. Were the absorption law valid, we would have
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[AA (AV B)] = [A], which is equivalent to [-A] = [-(AA (AV B))] =
[-AV (=AA=B)]. In general, [A] < [-AV (=AA=DB)], but the contrary
does not hold, as easy counterexamples can be found.

THEOREM 5.5. The algebra:
A = (TAUT .., min, max)

s a linearly ordered lattice.

PRrROOF. The set TAUT ,_ is linearly ordered by the following binary relation
between equivalence classes [A], [B]:

[A] <. [B] if and only if [-B] < [-A]

Therefore the infimum inf{[A],[B]} and the supremum sup{[A],[B]}
with respect to the relation <. are always defined for any pair of equiva-
lence classes and they coincide with the minimum and maximum fractional
value between [[—\A]] and [[—|B]]7 respectively. [

We leave as an open problem the task of finding other appropriate oper-
ations on the quotient A in order to obtain a lattice.

REMARK 6. A reviewer suggested a more quantitative approach to the issue.
In particular, they proposed directly assigning a value v(T) to any tautology
T as 1 — [[—fl—]]. It is immediate to observe that the equivalence relation
A ~ B could then be defined as v(A) = v(B). Indeed:

A~ B v(A) = v(B) <=1 [~A] =1 - [~B] <= [-4] = [-B]

This suggestion is certainly interesting and does not impact any of the results
in the section. However, we prefer to maintain our abstract approach, as our
objective is to introduce a differentiation and classification of tautologies via
equivalence classes, rather than proposing a method for assigning values to
them. In our view, introducing an additional value assignment to measure
tautologies could conceptually conflict with one of the central principles of
fractional semantics, namely its conservativity over the set of classically valid
formulas.

We believe that the definition of these equivalence classes of tautologies
aligns with the broader objectives of our approach. Specifically, the analysis
of tautologies is conducted inside classical logic utilizing a refined catego-
rization of their associated contradictions through the lenses of fractional
semantics.
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5.2. Computing Degrees of Truth

We have described the algebraic structure which emerges from the equiv-
alence relation on the classes of tautologies. The simplest way to evaluate
the degree of truth of the negation of a tautology consists in decomposing
and evaluating the fractional value according to the rules of the classical
calculus. In particular, let us consider the following toy example. Consider
the pair of formulas p V =p and —(p V —p):

phrp 0 H?)“
mf“ plT ﬂploTﬂp .
prpvat R )
' 5~V —p)

Consider the tautology (p A =p) V (p V —p) (an instance of the ex falso):

paPl%P .
pl%pvp pl%_‘pap RA

2
pEpA-p,p
2
l?p/\_'pap7_'p
2
5 pA=p,pV-p
2
5 (p A=p) V (pV —p)

Its associated contradiction —((p A —p) V (p V —p)) which has the following
decomposition:

=

Rv

RV

1 0
b lT b - lT p .
1 0 0
b, p lT LA p lT -p l? L
1 1
pA-pH pV-rly
T Lv
(PA-p)V(pV-p) by
1
5= ((pA=p)V (pV p)
does not get the fractional value 0, because one of the three initial sequents
determined by the root-first application of the rules is a tautological one
and thus the value is 0.3.
The underlying idea is that pVV—p and (pA—p)V (pV —p) are both tautolo-
gies. However, one may observe that one of the disjunct which contributes
to the tautological character of (p A —=p) V (pV —p) is a contradiction. This is

\
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not reflected from a classical semantic point of view, but emerges whenever
we consider the unique decomposition of the formula in a suitable sequent
calculus. Therefore p V —p can be regarded as a tautology bearing a higher
degree of truth than (p A—p) V (pV —p), because its associated contradiction
has no tautological content at all.

Below is a table presenting examples of tautologies along with the values
of their corresponding contradictions: Clearly, p V —p and p — (¢ — p)

Tautology Contradiction

pV-p [pA-p] =0

p—(¢g—p) [pA(@n-p)] =0
(pV—p)V(pA-p) [(=pApP)V(-pVvp)] =03
pA-p—pA-p [eA=p)A(pV-p)] =03
pA—p— (rA=r)V (g A—q) [(eA=p)A(rvV=r)A(gV—q)] =0,5

are in the same equivalence class, whereas p A —p — (r A —=r) V (¢ A —q) is
not. This reflects the idea that the latter tautology has more contradictory
content.

The common feature between the equivalence relation here defined and
the fractional consequence relation lies in the relevance of the fractional
value of the contradictions:

e With respect to |~, a contradiction with value 0 validates full explos-
itivity, i.e. ex falso sequitur quodlibet. Hence, the higher the fractional
value of the contradiction, the weaker the explosiveness of the fractional
consequence relation.

e With respect to the equivalence relation, we observe that a tautology has
a stronger degree of truth (and is higher in the ordering) if the associated
contradiction has a lower one.

Therefore explosivity and the degree of truth are inversely proportional to
the fractional value of contradictions. The content of this observation is
condensed in the following proposition.

THEOREM 5.6. Gien contradictions A A=A and B N =B such that [[A A
ﬁA]] < [[B A ﬁB]] :

1. If BAN=Bp C, then AN—=Ap C

2. [+(BA-B)] < [(A A ~A)].
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PRrROOF. We discuss the two items separately. Concerning 1., if BA-B~ C,
then [B A ﬁB]] < [[C]] and thus [[A/\ —\A]] < [[Cﬂ , which yields AN-Ap C.
With respect to 2., this immediately follows from the ordering defined on
the quotient set of tautologies. [

6. Conclusion: on (Non-)classical Logic(s)

In this concluding section, we aim to extract insights from the findings pre-
sented herein.

The fractional consequence relation exhibits strongly non-classical fea-
tures. The resulting system is, indeed, both non-monotonic and paraconsis-
tent, albeit to a graded extent. The emergence of these distinctive properties
arises from the interplay between classical logic and fractional semantics.
The fractional consequence relation, while being a constrained version of
its classical counterpart, is shaped through a filtering process dictated by
syntactic and computational considerations inherent to the proof theory of
classical logic. According to this broad picture, paraconsistency phenom-
ena can be also described within a well-discipline semantic and syntactic
framework which maintains a strong connection to classicality.

Our analysis of the mixed system reveals significant aspects. First, the
system is conservative over tautologies, that is every classically derivable
formula is derivable in the fractional system too, as non-classicality comes
into play when dealing with reasoning under assumptions. Second, although
inducing non-monotonic and paraconsistent aspects, all the rules involve
classical systems, retaining the desirable proof theoretic properties of in-
vertibility, analyticity and symmetry characteristic of classical logic. The
formulation of three-premise rules combines classical and fractional deriv-
ability, as the rules of the system GS4F governing the new consequence
relation are defined based on classical rules. Moreover, the underlying cal-
culus preserves classical derivability as an integral part of the system. This
preservation occurs in two distinct ways:

e The calculus GS4F, as a mixed system, incorporates the rules of classical
propositional logic. Consequently, by the subformula property and the
design of its rules, it is immediate to observe that any sequent I' F A
derivable in GS4F is also classically valid.
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e Regarding the fractional consequence relation |~ a strong conservativity
result applies to classical theorems. Specifically, if A is a tautology, it can
be shown that kA is derivable in GS4F.°

In conclusion, our proposal illustrates how classicality can be retained by
introducing controlled paraconsistency to make fine-grained distinctions be-
tween contradictions.® In other words, this approach enables the extraction
of non-classical elements from classical logic by leveraging these distinctions,
thereby achieving a balance between classical reasoning and paraconsistent
flexibility.

The breaking of the symmetry between classical tautologies and contra-
dictions has significant implications for our understanding of tautologies.
FEach classical tautology corresponds to a contradiction obtained by negat-
ing it, enabling the identification of distinct classes of tautologies. These
degrees of truth are determined through an analysis of classical derivability,
anchoring them to classicality. So we claim that the two approaches pre-
sented in this paper illustrate how fractional semantics contributes to an
intensional refinement of classical logic, inducing paraconsistent and non-
monotonic behaviors into the system.
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SFurthermore, this provability extends to the full language of classical propositional
logic without requiring any preprocessing or translation of formulas, unlike in the cases of
classical and intuitionistic logic [8].

6As also pointed out in the introduction, other approaches [7] have introduced criteria
of distinction between propositions maintaining full classicality with respect to the rules
of the calculus.
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