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Abstract

We present a uniform proof-theoretic proof of the G odel-McKinsey-Tarski
embedding for a class of first-order intuitionistic theories. This is achieved by
adapting to the case of modal logic the methods of proof analysis in order to convert
axioms into rules of inference of a suitable sequent calculus. The soundness and the
faithfulness of the embedding are proved by induction on the height of the
derivations in the augmented calculi. Finally, we define an extension of the modal
system for which the result holds with respect to geometric intuitionistic.
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1 Introduction

In 1932 Godel published a short note in which he presented an interpretation of
intuitionistic logic into the modal propositional system S4 [6]. He proved the
soundness by induction on the height of derivation in the axiomatic calculus for
intuitionistic logic and he conjectured that the converse statement held too.

It was only fifteen years later that McKinsey and Tarski proved the
faithfulness of the embedding as well [9], by a semantic argument which exploited
algebraic methods in combination with topological representation theorems by
Stone [15]. The G’ odel-McKinsey-Tarski translation and its equivalent
formulations build a bridge between intuitionistic and modal logics, by interpreting
the modal operator D in terms of provability (in an informal sense).

The Godel-McKinsey-Tarski translation can be used to view intuitionistic
logic from a classical perspective (or better yet, as a fragment of an extension of
classical logic). Further work on the Godel-McKinsey-Tarski translation have
extended the interpretation in more than one direction.
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First, there are several modal logics in which intuitionistic logic can be
soundly and faithfully embedded, for example S4, Grz, GL and also S3 [1].
Second, it was shown how to extend the translation to the setting of first-order
intuitionistic logic [14] and to various intermediate logics [2, 1].

In this paper we take a different route and we study the soundness and the
faithfulness of the embedding with respect to first-order intuitionistic
theories. Previous works in this area focused on specific theories, specifically
on the interpretation of Heyting arithmetic in Peano arithmetic extended with
modal operators [5, 7, 10]. However, a general and uniform approach to the
problem has not been developed yet. We identify a class of theories,
determined by the shape of their axioms, for which the soundness and the
faithfulness of the translation holds.

Proof analysis of first-order theories has obtained considerable results in the
last twenty years. In particular, Negri and von Plato [11] showed how to convert
mathematical axioms into sequent rules while preserving cut-elimination. The
resulting system does not enjoy a full subformula property, but a weaker version
thereof, which often allows a good structural analysis of the theory.

The methods of proof analysis allow us to present a uniform proof of the
soundness and the faithfulness of the Gddel-McKinsey-Tarski embedding for
first-order Horn theories. Furthermore, the proof that we offer is constructive, in
the sense that it avoids appeal to Zorn’s lemma or variants thereof, and it is also
direct. In fact, the methods that we use are purely proof-theoretic and we
explicitly define a proof transformation procedure which enables to obtain a
modal proof from an intuitionistic one and vice versa.

This is interesting because it yields a modal interpretation of many
constructive mathematical theories in terms of (informal) provability and
furthermore it allows to exploit modal systems in order to obtain metalogical
results. In particular, the relevance is both conceptual and technical. From a
conceptual point of view, it allows to look at mathematical intuitionistic
theories as expressing something in terms of provability and it is coherent
with epistemic interpretations of intuitionistic logic.

From a technical point of view, we exploit the embedding result to obtain
a syntactic proof of the disjunction property and of the witness property for
first-order Horn theories which would be harder to obtain working in a
multisuccedent intuitionistic sequent calculus. Another interesting aspect is
that this result connects geometric logic, i.e., a fragment of classical logic
conservative over intuitionistic logic, with the modal embedding. Therefore
we can consider the results here presented as an attempt to unify various
areasoflogic.

Section 2 is devoted to the presentation of the sequent calculus for first order
S4 and to the extension of the methods of proof analysis to such system,
establishing the usual desired structural properties, especially cut admissibility.
The relation with the corresponding axiomatic presentation is investigated in
Section 3. Section 4 discusses Horn theories, which are a subclass of universal
theories and we describe some mathematical examples of theories which are
axiomatized by Horn sentences. In Section 5 and 6 we present the extension of
Godel-McKinsey-Tarski embedding to Horn theories. Such result is obtained by
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two separate (non trivial) lemmas of soundness and faithfulness of the
translation. We exploit the translation in order to give an alternative proof of the
disjunction property and of the witness property for Horn theories. Finally,
Section 7 deals with the extension of the embedding to geometric logic, by
introducing an extension of the modal logic S4. We conclude the paper by
sketching some possible future lines of research.

2 Theories based on S4

The language of first-order modal logic contains:
¢ Individual variables: xo, x1, x2, * * -
« Function symbols (nj = 0): £, ™, "%, - - -
* Predicate symbols (ni = 1): P™,P", P" ;-

¢ The usual connectives A, vV and —, the universal and the existential
quantifiers V and 3, and the unary modal operator D.

Formulas and terms are inductively defined as usual, we use P, Q, R to denote
atomic formulas.

Sequents are syntactic objects of the form I' = A, where I and A are
finite multisets of formulas. DI" is the multisets which contains the formulas
DA forevery AinT.

The degree of a formula is defined as the number of logical symbols
occurring in it. The notations = A, A & Band ¢A abridge A—» 1, (A -

B) A (B— A)and =D—A, respectively. We consider the sequent calculus
G3s4 for the quantified modal logic S4 in Figure 1.

We show that the calculus G3s4 can be extended with rules corresponding
to certain axioms while preserving the structural properties of the original
system.

Definition 2.1. A geometric formula is a sentence of the form: Vx(A - B),
where A and B do not contain =, V and D.

Any geometric formula can be equivalently reformulated as a sentence of the
shape:
Vx(PLA ... A Pm—= dy;M1V ... v y,Mn)



Initial Sequents

- = AXx L
I', P=P A I, L=A
Logical Rules
A B T = A I'=>AA I'= A, B
ANBT =M I'=>A AN B
A T=>A B, I'= A I'=>A,A B
AV BTI=A Lv I = A, A BRY
I'=AA B, I'= A AT = A
A—- BTIl=A L= I'=>A A

DALA T =A
DA, T =>A P

VxA, Alx/f, T = A
VxA,T = A Lv

Alx/yl. T = A

Ele, = A L3, y fresh

DI, I'= A

I, DI = A, DARP

T = A, Alx/y]

L= A VxA RV, y fresh

I = A, dA, Alx/{]
R3

I'= A, dxA

Figure 1: The G3s4 sequent calculus.



withm, n= 0(when m=0,then PL A ... A Pmis T, when n =0, then

dyM1 v ... v 3yaMn is L) and where Mj is a finite conjunction of atomic
formulas Qj1 A. . . A Qjk; and yj are not free in P for every i € {1, ..., m} [12].
The expression Qx, where Q is a quantifier, denotes the string of quantifiers Qxz . .
. ©xn. A geometric theory is a theory whose axioms are all geometric sentences.

Definition 2.2. For every geometric axiom:
VX(PLA ... A Pmn—3y7M1V ... v IyMnp)

its corresponding geometric rule scheme is:

(24|z;|gy3| PT=A (2H|ZQZUCI| P I =A
PTr=A Geom

where P = P, ...;Pn and, for every j, Qj = QTl, ey Qjnj, With Mj= Qj1 A ... A
Qin; - Qj [zj /yj ] denotes the substitution of zj with y; in€ach Qji; and yy do not
occur in the conclusion.

In order to ensure the admissibility of contraction, it may be necessary to add
to the system the following closure condition.
Closure condition. Given a system of geometric rules, for every instance of
the form:

61[721 7LI1-| Pi,....Pn > PPT=A BnFZn 7Ur1-l P... Pno.PPT=A
Pi, ..., Ph—2, P, P, T = A Geom

We need to add its closure under contraction:

OQi[z1/yil, P, ..., Pn—2,PLT=A ...  Qulzn/yYnl,PL,...,Pm—2,P,T=A
P, ..., Ph—2, P,T = A

To give a concrete example, consider the case of a theory L = { R}, where R is
euclidean, i.e. VxXVyVz(xRy A xRz — yRz), and consider the following
instance:

xRy, xRy, yRy, I’ = A
xRy, xRy, I' = A

Euc
In this case the closure condition is:

xRy, yRy, I' = A
ny, r — A Euc c.c.

For further discussion on geometric theories and examples thereof, the
interested reader is referred to [12].

Given a set of geometric axioms T, we denote with G3s4T the sequent
calculus obtained by adding to G3s4 the corresponding geometric rules together
with the rules obtained by the closure condition.




Definition 2.3. The height of derivation is defined as usual as the number of
sequents occurring in one of the maximally long branches.

Remark. Before proceeding, we would like to spend a few words on the
formulation of the rule RD. As it will be clear from the discussion in Section 3,
the rule corresponds in a sense to the modal axiom DA — DDA. The
additional contexts IT and A in the conclusion are used to obtain admissibility
of weakening with preservation of height.

We proceed with the structural analysis of the calculus.

Lemma 2.1. For every variable x and every term ¢, the rule:

I'=A
[[x/t] = Alx/1]

is height-preserving admissible in G3s4T.

Sub[x/t]

Proof. The proof follows the pattern of the corresponding proof in [12]. O

Lemma 2.2. The rules:

I'=A ) I'=A
Alr=A" T=aan

wW

are height-preserving admissible in G3s4T.

Proof. By induction on the height of the derivations, exploiting Lemma 2.1 in
order to avoid possible clashes of variables with respect to the rules L3, RV and
Geom. 0

A rule is invertible if, whenever the conclusion is derivable so is (are) the
premise(s).

Lemma 2.3. Every rule except for RD is height-preserving invertible in
G3s4T.

Proof. The rules LD and Geom are invertible by Lemma 2.2. We limit
ourselves to discuss the case of RV as an example. If n=0, thenT = A, VxA
is an initial sequent and so is I' = A, A[x/{]. If n > 0, we distinguish cases
according to the last rule applied. If the last rule is any rule different from
RD, apply the induction hypothesis to the premise(s) (together with height-
preserving substitution to avoid clashes of variables) and then apply the rule
again. If the last rule is RD, we have:

DI I'=1-H D
DI, "= DB, A, VxA

In this case we apply again the rule RD to obtain DT, T = DB, A, A[x/{].

O]



Lemma 2.4. The rules:

AAT=A = T=2AAA
Al=A - =>AA RC

are height-preserving admissible in G3s4T.

Proof. By simultaneous induction on the height of the derivations.

We discuss the left rule of contraction. If n =0, then A, A, T = A is an
initial sequent and so is A, T' = A. If n > 0, then we distinguish cases according
to the last rule applied. If A is not principal, or if it is principal in LY or LD or is
an active formula in the antecedent of rule RD, apply the induction hypothesis to
the premise(s) and then apply the rule again. If it is principal in a propositional
rule or in L3 we apply invertibility of the corresponding rule by Lemma 2.3 and
then we apply the induction hypothesis. If A is principal in a geometric rule we
distinguish two subcases. If only one A is principal, we apply the induction
hypothesis to the premise and then we apply the rule again. If both A’s are
principal, we exploit the closure condition.

The case of the right rule of contraction is similar, the most significant case
to discuss is that in which the last rule applied is RD:

DILII'=A b
DI, ' = DA, DA, A "

In this case the conclusion follows by applying again the rule to the premise.
O

Theorem 2.5 (Cut admissibility). The rule:

I'=>AA AT =N
ILLI'= AN

Cut

is admissible in G3s4T.

Proof. The proof runs by double induction, with main induction hypothesis on
the degree of the cut formula and secondary induction hypothesis on the sum of
the height of the derivations. We distinguish cases.

1. The left premise is the conclusion of an application of a
geometric rule. If it is a zeroary geometric rule, then the conclusion of the
cut is an instance of the rule again. If it is the conclusion of an n-ary geometric
rule, we have:

I,P Z =2ANA..T,P Z =2A A

Geom

T,P=>AA A,F'=>A'C

T, P= A, A

ut



In this case the cuts are replaced by n cuts of lesser height and the conclusion
is obtained by applying the rule again:

[P, Quzi/yi]l = A A AT = A I, P, Qulzn/uyn]l = A A A= AN
Cut

Cut -

I,T', P, Qulze/yi] = A A T, I, P, Qulzn/unl = A, A

Geom

I, P= A, A
We can assume that no clashes of variables occur by height-preserving
substitution. The n cuts are removed by the secondary induction hypothesis.

2. The right premise of the cut is the conclusion of a geometric
rule. We distinguish two subcases:

2.1. If the cut formula is not principal, we consider two further subsubcases. If
the geometric rule is a zeroary rule, then the conclusion is also an instance
of it. If it is an n-ary rule, we have:

AP Qi[zi/g, "= A ... A, P, Qn[zZn/gnl,T" = A Geom
I'=AA . A, P I"= A
I,PI'=A N cut
We construct the following derivation:

P, Qu[zi/uyi,I,I' = AN -

P, Oann 7Un]; r, = A, A

PTI, I"'=A N

we assume that no clashes of variables occurr due to the admissibility
of substitution with preservation of height.

2.2. If the cut formula is principal we have:

I, P,P,..,Pn, Qi[z1/yi] =2 A I",P1, P,...,Pm, Qnlzn/yn] = A
'=AP [P, P, . Pno N
,0, Py, .., Pmn= A, A ¢

ut

In this case we reason by induction on the height of the left premise of
the cut. If T' = A, P is an initial sequent, then P1 occurs in T'. In this
case, the proof is as follows:

I",P.,Po,..,.Ph= A
I,I', P, .., Pm= A, A

Weak

If ' = A, Piis the conclusion of a rule, then Pp is not principal. We
distinguish cases according to the last rule applied.

Geom

Geom



2.2.1. The cases in which the last rule is a geometric one have been dealt
with in1.

2.2.2. The last rule applied is different from RD. We permute the cut
upwards and we eliminate it by secondary induction hypothesis,
applying height-preserving admissibility of substitution in order to
avoid clashes of variables.

2.2.3. The last rule applied is RD and we have:

Dr», = B -
DI, = A+, DB, Py I[,P, P, . Ph=A
DI, [, T, Py, .., Pa= A", DB, A
In this case the desired result is obtained by applying rule RD to
DI, I = B.

Cut

3. The last rule applied is not a geometric rule in both premises.

3.1

3.2.

. If the cut formula is not principal in the left premise of the cut in a rule

different from RD we permute the cut upwards, we eliminate it by
secondary induction hypothesis and then we apply the rule again. If it is
not principal in RD the conclusion follows by applying again the rule RD
with weakening to the premise. The case in which the cut formula is not
principal in the right premise of the cut is analogous.

If the cut formula is principal in both premises, we discuss only the modal
cases (for the other cases the reader is referred to [19]). The possible
combinations are (RD, RD) and (RD, LD). In the first case we have:

DL.I=A DAADI.I'=B
DI, T = A, DA X DA, DI, ' = A/, DB

D

DI, DIV, I, [ = A, A', DB o
We construct the following derivation:
DILTT=A =D
DI, I'= DA DA, A DI, I"= B ot
C
DI, IT=A A,DI,DI,T,I" = B cut

DI, DI, DI*, LT, I"= B c
Dr,DI-,. 1.1 =B =D
Dr, DI, 1, "= A, A, DB

tr

The topmost cut is removed by secondary induction hypothesis on the sum
of the height of the derivations, whereas the lowermost by main induction
hypothesis on the complexity of the cut formula.

Finally, in the second case we have:



DI I'=A b A DA T =N b
DI, T = A, DA R DA, " = A CL
DI, = A, A ut

The proof is transformed as follows:

DI, "= A,DA A DA T = A cut
DI, T=A ADI, T, T = AN
DIL,DIL, T, IV, T = A A

DI, DL, DT, TV, T = A, A
DI, T, "= A, A

ut

several LD

Ctr

The topmost cut is removed by secondary induction hypothesis on the sum
of the height of the derivations and the lower cut is removed by main
induction hypothesis on the degree of the cut formula.

O]

Let G3s4 @ T denote the sequent calculus obtained by adding every
axiom of the theory T as an initial sequent.

Corollary 2.6. For every geometric theory T:
G3s4 @ T f-= Aifand only if G3s4T f-= A

Proof. The direction from left to right easily follows by showing that every
axiom of T is derivable in G3s4T. For the direction from right to left we
exploit the admissibility of cut and contraction. O

3 Equivalence with axiomatic system

In this section we show that the analytic system here presented is equivalent to
an axiomatic calculus. The calculus QS4 is obtained by adding to an
axiomatizati%nAof_)tIE modal logic S4 the axiom VxA — A[t/x] and the

rule scheme: Gen , where x does not occur free in A. The
) f-rA- VxB ) ) ) ) )
notions of proof and derivation in QS4 are defined as usual in the axiomatic

calculi. The system QS4 is sound and complete with respect to the class of first-
order reflexive and transitive Kripke frames with increasing domains [8]. Indeed,
the reader can easily observet that the converse Barcan formula DVxA —» VxDA
is provable both in the axiomatic system and in the sequent calculus. Within the
sequent calculus it is also easy to check that the Barcan formula is not derivable
(it is sufficient to consider VxDP — DV xP).
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QsS4

Axioms

1.1f-A—- (B— A)

21f-ANB- A

23f(A->B)> (A-> C) > (A> BA Q)
32fB—>AVB

41f(A—-> B) = (A— —B) » 0A)
43fAv-A

523xAe ~Vx—A

12f- (A= (B> Q)= (A=>B = (A=)
22f-ANB-B

31fA-AVB

33f(A=-0C)—->(B=>C) = (AVvB~=0)
42 fA- (—A- B)

5.1VxA - A[t/x]

K f-D(A - B) » (DA »DB)

Tf-DA-> A 4 f-DA -» DDA
Inference Rules
f-A _f-A> B FA
7B W FDA"
Af- - B
FA-VYxB

X not free in A

Given a finite set of geometric axioms T, QS4T is the system obtained by
adding as axioms the formulas in T.

Theorem 3.1. If QSA4T f-A, then G3s4T f-= A.

Proof. The proof is by induction on the height of the derivation. The modal
axioms are easily seen to be provable and so are the classical tautologies. Modus
ponens can be simulated via cut. We discuss the case of the rule Gen, to give an
example:

=2 A—->B
v- A=B

R
. A=VxB
= A > VxB

The axioms are seen to be provable using the geometric rules of G3s4T. O

Lemma 2.3

R—

The other direction is slightly more delicate and it requires to use the
axiomatic calculus.

N\ \% I\
T\heorem 3.2.G3s4T f-I' = A, then QS4f- T'> A,where T
( A) is the conjunction (disjunction) of the formulas in T" (A).

Proof. The proof is by induction on the height of the derivation in the system
G3s4T. The cases of initial sequents and logical rules are routine. We limit
ourselves to discussing the cases of the rule RD and of the geometric rules.
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(RD) We streamline the proof, leaving some details for the reader to fill out.
We first construct the derivation D:

f-D I\F—>DD I\F f-DI\F—>DI\F

adm

£D ' T->DD 'TAD T)>(@D T->DD TA )
| N
£D ' T>DMD TA T)

fD ' T>@MD 'TAD 'T)
MP

I\ I\
The Ieftmoit formula islan instar\ce of the axii)m 4:; f-D ll“\—> D \ r
andf-D "I'->DD TAD ID)->®O TI->DD 1A Dare

I') are
easily seen to be derivable. The expression adm denotes an admissible
rule; Cut is also a step which can easily be shown to be admissible. We
then conclude the proof as follows:

[\ I\ I\ I\ [\ [\ I\ N u|4\
D 'T' -»D AT \ Cut -D T'm T—-A

N\ I\ N\
fD I'-DD T f-DD I'-»DA

I\
N D T—->DA vy
f- IAD T->DAv Aim

where the topmost formulas are instances of modal axioms or obtained
through the induction hypothesis.

(Geom) The cases of geometric axioms is as follows:
PTr=A Geom

The induction hypothesis yields derivations of:

(AN nNn_ N 7/
f- Qilzi/yilhn PA T — A

forie {1, ..., n}. Weproceed as follows:

AV — =32
fF3zi Oin PN T > A
Hence we can get a prc?oif,(\)f. PA D= A adi\
7 (A N I\ 7
f( IZi Q)A PA T'>» A

l<i=n

12



with some propositional passages. Finally, we get the conclusion as follows:
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N_ NV v N v
- PN T—=> AV( 15i5nE|Zi“Qi) N

N\ N_ I\ Vv
f_(\,lsisnazi Q)N PA T'> A

- PN T > A

4 Horn theories and rules

In the second section we have shown how to add rules corresponding to ge-
ometric axioms while preserving the structural properties of the underlying
modal calculus. However, the class of geometric axioms is too large to es-tablish
the soundness of the Godel-McKinsey-Tarski translation. Therefore we focus
our attention on a proper subclass of geometric theories.

Definition 4.1. A Horn theory is a theory whose axioms are of the form
VxX(PLA ... A Ph—= Q)
where P; are atomic for every i and Q is either an atomic formula or L.

Roughly speaking, Horn axioms are are universal closure of implications in
which the succedent is an atomic formula and the antecedent is a con-junction of
atomic formulas.

There are numerous examples of mathematical Horn theories.

¢ Groups Consider the language L = {-, 1,71, =}. The axioms are:
Vxyz(x-(y - 2z) = (x-y) - z) associativity

Vx(x -1 = x) right unit

Vx(1 - x = x) left unit

Vx(x-x~1=1)right inverse

o > w D oe

Vx(x~1-x=1) left inverse

In order to avoid the presence of existential quantifiers we have con-
sidered an equivalent formulation of the theory obtained by expanding the
language, adding the inverse and the unit as a unary and a zeroary
operation symbol, respectively [18]. To obtain commutative groups we add
the axiom

VxVylx=y - y=x)

¢ Rings Consider the language L = {-,+, —,-,=,0,1}. The axioms are:

Addition

1. Vxyz(x+(y+ 2) = (x+y)+ z) associativity

13
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2. Vxy(x+y=y+ x) commutativity
3. Vx(x+ 0= x) unit
4. Vx(x+(—x)=0)inverse
Multiplication
1. Vxyz(x-(y-2) = (xy) - z) associativity
2. Vx(x -1 = x) right unit
3. Vx(1 - x = x) left unit
Distributivity
1. Vxyz(x-(y+2) = (x-y)+ (x- 2)) left distributivity
2. Vxyz((y + 2) - x=(y - x) + (y - 2)) right distributivity
A commutative ring is obtained by adding the axiom Vxy(x - y = y - x).

Once again we considered a suitable formulation of ring theory, by adding
a specific function symbol for the inverse of the sum +.

Irreflexive graphs. Consider the language { R}, where R is a binary
relation symbol. The axioms are:

1. Vx—R(x, x) irreflexivity
2. VxXVy(R(x, y) = R(y, x)) symmetry

Partial orders. Consider the language { €, =}. The axioms are:

1. Vx(x € x)Reflexivity
2. Vxyz(x @y N y @z — x @2) Transitivity
3. Vxy(x @y N y €x— x=y) Antisymmetry

Clearly, also strict orders, i.e. irreflexive and transitive orders can be
treated.

Equivalence relations. Consider the language {~}. The axioms are:

1. Vx(x~ x) reflexivity
2. Vxyz(x ~ y Ny ~ z - x ~ z) transitivity
3. Vxy(x ~ y - y ~ x) symmetry

Lattices. Consider the language {n, LJ, =}. The axioms are dual for
nandLJ:

1. Vxyz(xn (y n z) = (xn y) n z) associativity
2. Vxy(xn y =y n x) commutativity

14



3. Vxy(xn (xLJ y) = x) absorption

Since Horn axioms are a subclass of geometric ones, the rules obtained
from Horn axioms are a particular case of geometric rules: in particular, they
have a single premise (or no premises) and they do not contain variable
restrictions.

Definition 4.2. For every Horn axiom Vx(PL A ... A Pan— Q), the Horn rule
scheme is as follows:

P, ... P Q. 1I'=A
Pl, veey Pn, I'=A

if Q = L, then the rule is zeroary.

Horn

Since Horn rules are a subclass of geometric rules, the results of the
previous section hold with respect to these rules as well.

Corollary 4.1. For every Horn theory T, the calculus G3s4T enjoys ad-
missibility of weakening, contraction and cut.

Proof. Immediate from Theorem 2.5. O

Remark. Notice that intuitionistic Horn theories T with the equality schema,
i.e., VxVy(x =y A A(x) = A(y)) for every formula A, correspond to sequent
calculi extended with the rules corresponding to the axioms in T and with the
Horn rules:

t=t, I'=A fP(s),P(t), t=s,I'= A

|
F=>A ¢ P(),t=s, T=A

see [11] for a proof of the result. This will be contrasted with the case of
modal logic in Section 7 and, specifically, in Lemma 7.4.

5 Soundness of the translation

The language of first-order intuitionistic logic is defined as usual [18]. The
sequent calculus for intuitionistic logic enjoys the formulation displayed in
Figure 2, where sequents are built from multisets of formulas. A few com-
ments to the formulation of G3i are in order. First, we opted for a multi-
succedent version of the system as it is closer to the modal system G3s4 and
this is important in order to establish the faithfulness of the translation.
Second, the principal formula of rule L — is repeated in the left premise and
the rules R = and RV have a context restriction on the premise (otherwise
the rules would be unsound).

From now on we denote by G3iT and G3s4T the extensions of G3i and of
G3s4 by rules corresponding to the Horn theory T, respectively. We summarize
the results of proof analysis for the calculus G3iT.
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Initial Sequents

- AXx EE——

P I'=>AP 1, I'=A

Logical Rules

A BT =A I'=AA ''=A,B
ANBT=a IT'>A,ANB RA
A T=A B, I'= A I'=>A,A B

AV B, T=A Lv

A-> BT =AA B, I =A
A-> BT =A

L —

I=A Av BY

A T'=B
r=>A, A—- B~

Alx/yl, T = A

qAxA T = A L yfresh = A, dxA, Alx/1{]

I'=A,dxA

VxA, Alx/{, T = A

I'= Alx/yl
VXA, T = A Y T

[ = A, VxARV,yfresh

Figure 2: The G3i sequent calculus.

Theorem 5.1. The rules of substitution, weakening and contraction are
height preserving admissible in G3iT. Every rule except for R —» and RV is
height-preserving invertible. The cut rule is admissible.

Proof. See [13]. O

We recall the formulation of the modal translation. The present for-mulation
can be found in [1] and differs from the original from Godel (see [6]).

Definition 5.1. The Godel-McKinsey-Tarski translation is a map from the

language of intuitionistic logic to that of modal logic. It is inductively defined as
follows:

e (P)* =DP, for P atomic.
(L)*=1

o (A#B)* = A*#B*, where € {A,V}
*(A—> B* =D(A* -» B*)

e (AxA)* = AxA*
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o (VxA)* = DVxA*

In this section we will show that every intuitionistic derivation can be
transformed into a derivation in the modal calculus of the translation of the
endsequent. We first prove an auxiliary lemma, see also [19].

Lemma5.2. The sequent = A* & DA* is provable in G3s4.

Proof. One direction, namely DA* = A* immediately follows by an applica-

tion of rule LD. The other direction, i.e., A* = DA*, is proved by induction on
the degree of A.

1. If A is atomic, then DP = DDP is easily derivable by two applications of
RD.

2. IfAis B— C, then D(B* —» C*) = DD(B* —» C*) is easily seen to be
provable; the same argument applies to the universal quantifier.

3. If A is of the form B A C, then we proceed as follows:

“IH
“H c*=Dc* DB*,DC*=D(B* A C*)
B* = DB* DB*, C* = D(B* A C*)
B*,C* = D(B* A C¥) e
LA
B* A C* = D(B* A C¥%)

Cut

The topsequent on the right is easily derivable by applying rule RD
and RA.

4. If Aisof the form BV C, we have:

“LH “H
B* = DB* DB* = D(B* v C*) C*=>DC* DC* = D(B* v _C*)
B*= D(B* v C¥) cut C* = D(B* v C*) o
B*v CF = D(B* v C%) L

The sequents DB* = D(B* v C*) and DC* = D(B* v C*) are derivable
by applying rule RD followed by RV.

5. If A is of the form JxB, then we proceed as follows.

':IH
B*[x/yl=DB*[x/yl __ DB*[x/y] = DIxB*
B*[x/y] = DAxB* cut

AxB* = DIAxB*

17



Once again the topsequent on the right is easily derivable by applying

rule RD and then rule R3.

We finally prove the soundness of the translation by a proof-theoretic
argument based on induction on the height of the derivations. By I'* we denote
the multiset which contains the formulas A* for every formula A inT..

Theorem 5.3 (Soundness). If G3iT f-I' = A, then G3s4T f-I'* = A*.

Proof. The proof is by induction on the height of the derivations in G3iT. If n =
0, the proof is immediate. If n > 0 we distinguish cases according to the rule
applied.

1.

If the last rule applied is a rule whose principal formula is a finite
conjunction, a disjunction or an existential quantifier, then apply the
induction hypothesis to the premises and then apply the rule again.

If the last rule applied is L — or LV, then we apply the induction
hypothesis to the premise, and then we apply the corresponding rule again
(an extra weakening step is required only in the case of L — due to the
repetition of the principal formula in the left premise of the rule). The
desired conclusion follows by an application of rule LD. We give an

example of this qualitative analysis:

A-> BT =AA B, I =A

A-> B, T=A -7
We transform the proof as follows:
B, T* = A*
D(A* - B*)) r* = A*)A* D(A* - B*)) B*, F* = A* Weak
E—

D(A* - B, A* - B* T* = A*
D(A* - B, T* = A*

LD

If the last rule applied is a Horn rule we have:

[P, P, .., P, Q= A
I, Pl, ves Ph=> A

Horn

By applying the induction hypothesis to the premise we obtain a derivation

of the sequent T'*, DP, .., DPa, DQ = A*. We proceed as follows:

18



DP, ..DP. P, .. P.0O=0 ™

DP,..DP_P,...P=0Q Rgom
DPi, ..., DPh= DO '*,DPy,..,DP,,DQ = A*
¥, DPy,.,DP,,DP1,.,DPn, = AF cut

T* DPi, ., DPn = A* c

4. The other cases (R— and RY) are rather routine. In particular, consider
the case of RV, we have:

I' = Alx/y]
[ = VxA(x),A Y

By applying the induction hypothesis we get a derivation of T* =
A*[x/y]. We exploit the fact that, for every A, the sequent A* = DA* is
provable in G3s4T by Lemma 5.2 by invertibility of the rules RA and R
—. Then we complete the transformation as follows:

I* = A*[x/y]
RY
'* = VxA*(x)
Weak

[*,Dr* = v;e*(xg
= X), RD

admissible rule
I'* = DVxA*(x), A*

The rule is admissible via cuts with A* = DA* for every formula A in the
multiset T

O]

Notice that soundness is a delicate passage, which requires the restric-tion of
the class of geometric theories to the smaller class of Horn theories. In particular,
it is necessary to exclude the presence of disjunctions and existential quantifiers
in the succedent.

In fact, try to consider the case of the axiom of trichotomy in linear
orders on the language { <,=}:

VxVylx<yVvVy<xVx=y)

It is easy to observe that its s -translation is not provable in G3s4T, where
T is the theory of linear orders.

Lemma 5.4. The sequent
= DVxDVy(D(x < y) vV D(y < %) vV D(x = y))

is not derivable in G3s4LO0, i.e. the sequent calculus obtained by adding the
rule corresponding to the linearity axiom.
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Proof. If the sequent = DVxDVy(D(x < y) V D(y < x) V D(x = y)), via cuts
we can easily infer the derivability of the sequent = D(x < y), D(y < x), D(x =
y). Itis easy to observe that this sequent is derivable if and only if one among =
X <y, =y <xor = x=y, which is not the case. ]

6 Faithfulness of the translation

A proof of the faithfulness of the embedding for pure logic was presented in
[19]. Furthermore, embedding results of intuitionistic logic into modal logics
have been obtained by exploiting the methodology of labelled sequent calculi
[3, 4]. By adopting labelled system the faithfulness proof follows from a
straightforward induction on the height of derivations in the modal calculus.
Our proof extends these results to first-order Horn theories: we reason by
induction on the height of the derivations and we use the standard cut-free
sequent calculus G3s4T.

In order to prove the faithfulness lemma directly, i.e. by induction on the
height of the derivations in the modal calculus, we need to devise a suitable
strengthening of the induction hypothesis which takes into account the built-
in contraction contained in the left rule for the universal quantifier.

Lemma 6.1 (Faithfulness). Let IT and X be multisets of atomic formulas,
'V a multiset of formulas VxA*, A and A multisets of formulas. Then:

If G3s4T FIL, TV, A* = A*, 3, then G3iT FILTV " ,A = A, X
where 'V~ contains formulas VxA for every VxA* in T'V.

Proof. The proof is by induction on the height of the derivations in G3s4T. If n
= 0, then the proof is immediate. If n > 0, we distinguish cases according to the
last rule applied.

e If the last rule is different from LD or RD, we can simply apply the
induction hypothesis and then the rule again (if necessary, as in the
case of LV, we add an extra step of contraction). In particular, if the
last rule applied is a Horn rule, we apply the induction hypothesis and
then the rule again, because the active formulas of the rule are all
atomic.

e |f the last rule is LD, we have:

IL,TY, A*, DA, A = A*, >
IL,TY, A¥, DA = AY, =

CD

where DA = B* for some formula B. By definition of the *-translation,
B is of the shape VxC, C - D or P, with P atomic. If Bis VxCor P,
we apply the induction hypothesis to the premise and then we apply
height-preserving admissibility of contraction to obtain the desired
conclusion. If B= C = D, we have:
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ILTY, A*, D(C* » DY, C* » D* = AX, S

LD
I,TY, A*, D(C* » D¥) = A*, =
In this case we proceed as follows:
H.FV.A*.D(C*—>D*).C*—>D*=>A*.ZL vs
emma 2.
IL,TY, A*, D(C* > D*) = A* 5, C* IO,TY,A*, D(C* > D*),C* » D* = A3 s
IH emma 2.
ILIY-,A,C> D=A,5,C ) I,I'Y, D*, A*, D(C* » DY) = A* S
I,IY-,A,C->D,C>D=A,z, ¢ LTV, D, A, Co D=°A’ZL|H

ILTY-",A,C> D= A, X

the application of the induction hypothesis (IH) is justified by the fact
that invertibility preserves the height of the derivations.

o If the last rule is RD, then the principal formula is in A* and we
distinguish three subsubcases according to the shape of the principal

formula in A* which can be DP, DVxB* or D(B* — C*) (the three cases
are exhaustive due to the definition of the modal interpretation).

— If it is of the form DP, we have:

— DA A p
I, T, (A7)*, (A)* = A%, DP, = RD

with A* = (A)*, (A)* and (A)* = DA". Now, formulas in A"
can be of three types: atomic formulas, implications and universal
quantifiers. Namely,

A" = Q1,..., On,YXDi (%), ..., VXD (x), Bf = Cf, ..., Bf = C}

with I, j = 0. We apply height-preserving invertibility of L — to
reduce the complexity of the implication formulas. Then we apply the

induction hypothesis to the 2/ derivations thus obtained. To simplify
the explanation and the notation, we assume that there is a single
occurrence for each of the three types of formulas, i.e. n=1=j =1,

the generalization is straightforward. Hence we have A = Q,
VxD*(x), B* - C*.
We proceed as follows:

DA, O,VxD*(x), B¥> C*=> P

Lemma 2.3

DA™, O, ¥xD*() = P, B* DA", QVxD¥*(x), B¥» C*=P
emma 2.
A, Q,VxD(x)= P, B DA™, Q,VxD*(x), C*= P
A”) Q) VXD(X); B-C= P) BNeak A”, Q, VXD()C), C=P o
L—>

A, Q,VxD(x), B—» C= P
A’ =P Ctr

Weak

ILTV ", A= P, A, =
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The contraction step is justified because A = {Q, VxD(x), B =
C}. The applications of the induction hypothesis are justified
because the applications of the invertibility lemma are height-
preserving.

— The cases in which the formula in A* is of the shape D(A* — B*) or
DVxA*(x) are actually similar. In particular, we apply the
invertibility of the right rule for = and V in order to be able to apply
the induction hypothesis and we repeat the procedure described for
the atomic case. We sketch the case of the universal quantifier:

DA, A= Y xB*
IL T, (A7)*, (A)* = A*, DVxB*, =

RD

We apply height-preserving invertibility of RV and we obtain DA,
A = B*[x/y] where y is a fresh variable. Then we apply height-
preserving invertibility of L to the maplicative formula in A~ (if
present) and we can thus apply the induction hypoth-esis. Finally we
conclude the proof by an application of RV and weakening
admissibility to add the missing contexts.

This concludes the proof. O

Combining the faithfulness lemma with the results presented in the previous
section we obtain the embedding result.

Theorem 6.2 (Embedding). Let T be a Horn theory, then:
G3iT f-= Aifand only if G3s4T f-= A*

Proof. From left to right we exploit the soundness theorem and from right to left
we exploit the faithfulness lemma. O

We can exploit the soundness and faithfulness result in order to obtain an
alternative proof of the disjunction property and of the witness property for

Horn theories in a multisuccedent intuitionistic calculus®. Namely, instead of
searching a proof in the multisuccedent intuitionistic system we can solve the
problem by working in the modal calculus.

Theorem 6.3 (Disjunction and witness property). For every Horn theory
T, the following statements hold:

1. If G3IiT f~= A v B, then G3iT f-= A or G3iT f-= B.
2. If G3IT f-= AxA(x), then G3iT f-= A[t/ x] for some term t.

1For similar result in the field of structural proof theory, the reader can consult [11, 20]
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Proof. The proofs are similar and we limit ourselves to discussing the first item.
If G3iT f~= AV B, then by soundness we obtain G3s4T f-= A* v B*. By
invertibility of rule Rv and cuts with A* = DA* and B* = DB*, we get
G3s4T f-= DA*, DB*. The derivation must have the following form:

=>"C
I = DA*, DB* P

.'.TL'
= DA*, DB*
where 1 contains only applications of Horn rules, I' is a multiset of atomic
formulas and C is either A* or B*, depending on the principal formula of RD.
This yields G3s4T f-= A* or G3s4T f-= B*. By faithfulness of the
translation we get the desired conclusion. O

7 Geometric logic and the modal embedding

As we have already observed, the soundness of the modal translation breaks
down in the presence of geometric axioms or, more in general, of axioms
containing disjunctions or existential quantifiers in the succedent.

Indeed, the modal intepretation still holds for pure logic, in the sense
that given an axiom A in first-order geometric logic, we have:

G3i® AfI = A if and only if G3s4 @ A* f-T'* = A*

However, this solution cannot be regarded as satisfactory. In general, the axiom
A is not equivalent over S4 to its *-translation. Therefore we are actually
considering a different theory and not the same theory over a modal base.

A very natural question consists in asking which kind of modal system
is suitable to reach the following result:

G3i®@ AfT = Aifand only if G3? @ A f-T™* = A*

To obtain such system we need to properly extend G3S4 with an infinite set of
sequents (see also [16, 17] for a similar approach in the context of infinitary
propositional logic and with labelled systems). In particular, we require:

P = DP for every atomic first-order formula P

To obtain an analytic system for this logic, we need to slightly modify the rule
governing the modal operator.

rat DI, 1= A

RD*
ra DILITI = A, DA
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In other words we require that the atomic propositional formulas are not removed
by the application of the rule for the modal operator. Let G3s4T" be the system
obtained by replacing the rule RD with the rule RD™.

Lemma 7.1. The rules of substitution, weakening and contraction are height-

preserving admissible in the calculus G3s4T*. Every rule except for RD*is
height-preserving admissible.

Proof. The proofs run by induction and they are minor modifications of the ones
for G3s4T, therefore we omit the details. O

Theorem 7.2. The cut rule is admissible in G3s4T™.

Proof. The proof runs by double induction with main induction hypothesis on the
degree of the cut formula and secondary induction hypothesis on the sum of the
height of the derivations of the premises of the cut.

The new relevant case is the one in which the cut formula is atomic and
principal in an application of the rule RD™ in the right premise of the cut.

P,E};[at, D®’,® = A RD*

I'=A,P P,I1,DO,0 = DA,A
[, 18 DO, & = DA, A, A

The cut cannot be simply permuted upwards as the rule RD* might not be
applicable. Hence, we argue by induction on the left premise of the cut. The case
in which it is an initial sequent is trivial. If it is the conclusion of a rule, then P is
not principal. If the last rule applied is RD* we consider the premise and we
apply the rule again to get the desired conclusion. If the last rule applied is any
other rule, we permute the cut upwards and we apply the rule again.

Cut

Although this section is devoted to a syntactic approach to the issue, W[%

would like to point out that a very natural semantics for the system G3s4T*
emerges by considering first-order Kripke models for modal logic with in-
creasing domains and by imposing a monotonicity condition on atomic for-
mulas.

Lemma 7.3. Let T be a geometric theory. The following statements hold:
1. G3s4T"f-= P->DP

2. There is not a collapse of the modality in G3s4T™, i.e. there is a
formula A such that G3s4T* does not prove = A « DA.

Proof. Item 1. follows from a routine root-first application of the rule R—
and RD*. Notice that the sequent is not provable in G3S4T.

Item 2. follows by noticing that =(P - Q) = D(P — Q) is not derivable.
Suppose towards a contradiction that it is derivable, then by
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invertibility of the rule L— so is = P, D(P — Q). However, the only
applicable rule is RD* which gives = P — Q, an underivable sequent. O

We add a remark concerning equality. As it is well known, equality is
characterized by the addition of the axiom of reflexivity Vx(x = x) and the
axiom schema of replacement, i.e.

VxVy(x=y N Al = Aly))

for every formula A. As it is well-known, in first-order classical (and intu-
itionistic) logic the rules for equality:

t=t, I'=A fP(s),P(t), t=s, I'=A
Fr=A "  p(@,t=sT=>A

can be added to a base sequent calculus while preserving the structural properties
of the base system (see also Section 4). In first-order modal logic the situation is
more complex. Indeed, the addition of equality rules to the system G3s4T does
not allow for the derivability of the sequent t = s, A(f) = A(s) for every formula
A, a quick counterexample is given by the sequent t = s, DP (f) = DP (s).
However, the stronger system G3s4T™ does the trick and we can prove the
following proposition.

Repl

Lemma 7.4. Given any geometric theory T, consider the system G3s4T"*
extended with the rules for equality. The sequent:

t=s, A(t) = A(s)
is derivable.

Proof. The proof is by induction on the degree of the formula A. We limit
ourselves to discussing the case in which the formula A is of the shape DB. In
this case, we have:

“LH
t=s,B(f) = B(s)
t=s, B(f). DB(#) = B(s)
t=s, DB(f) = DB(s) RP
The topmost sequent is derivable by induction on the degree of the formula.
O

Remark. Let us observe that the underivability of the full equality schema in
G3s4T extended with the usual rules for equality does not hinder the modal
interpretation of Horn intuitionistic theories presented in Section 6 in Theorem
6.2. Indeed, G3s4T extended with the rules for equality is not equivalent to
the an axiomatic modal calculus extended with the equality schema, but it is
enough to obtain a sound and faithful interpretation of any Horn intuitionistic
theory with the equality schema.
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Remark. We observe that the equivalence with an axiomatic system can be

established for the system G3s4T". In particular, it is enough to consider the
system obtained by adding to the axiomatic system QS4, possibly ex-tended
with geometric axioms, the set of axioms {f-P— DP | P atomic}. This shows

that the modification of the rule RD* is not arbitrary. We leave the details of
the proof of the equivalence between the two systems to the reader.

The crucial result for G3s4T™ is that for every formula A, we have
Ale A* where lis a light translation thus defined.

Definition 7.1. The light Godel-McKinsey-Tarski translation is a map from the
language of intuitionistic logic to that of modal logic. It is inductively defined as
follows:

e (P)'=P, for P atomic.
° (J_)I =1
e (A#B)'= A'#B', where # € {A, v}

(A—- B)!=D(A'- B
(3xA)' = AxA!

(VxA)'=DVxA

Lemma7.5. G3s4T" f-= Al & A* for every formula A. Proof.

Immediate by induction on the degree of the formula A. O
To complete our investigations, we show the following.

Theorem 7.6. G3s4T* @ Alis equivalent to G3s4T* @ A.

Proof. It is trivial to observe that A = A, so one direction is easily established
via suitable cuts. The converse does not hold in general, so we look at the
structure of the derivations. Suppose we have a derivation employing an axiom

= Alas initial sequent. It will be of the form:
= DVXD(PLA ... A Pm— Ay1Q1 V ... V 37,0n)

This can be simulated as follows:

= yx(BJ A A Pm— Elyg()g \Vi \Yi Elyq()q)
== Bt Inv RV
=PIA...APn—>3y;Q1 V..V Iy,Qn AD*

= D(PLA ... A Pm=3y,Q V...V Iy, Q)
— = RY

= VXD(PLA ... A Pm = 3y Qu V... v TyaOp)

= DVXD(PLA ... A Pn= 3101V ... v 35,0 0
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O

The modal embedding is established for geometric axiomatic extensions by
the following theorem.

Theorem 7.7. For every geometric theory T, G3iT f-I' = A if and only if
G3s4T f-T''= Al

Proof. From left to right we argue by induction on the height of the derivation.
The only new case to check is the one of the geometric rules. If the last rule
applied is a geometric rule, we have:

Qilz/u], PT'=AY .. Qulzn/ynl, P.T' = A

P, T'= Al
Due to the definition of the translation, the atomic formulas are not modi-fied.
Hence we proceed as follows:

Geom

= — - | |
Qu[z1/y1], P,T' = Al » (_?n[Zn/?n],_P,F =A

Oilz/yil,P,T=A .. _ B
P, T=A OQnlzn/ynl, LT=A .

eom

From right to left the strategy follows the pattern detailed in the case of
G3s4T. O

Theorem 7.8. For every geometric theory T, G3iT f-I' = A if and only if
G3s4T fI* = AX,

Proof. We consider the following chain of equivalences. Clearly, G3iT f-I' = A
if and only if G3s4T* £-T' = Al. The latter is equivalent to G3s4T™* fI'* = A¥,
which yields the desired conclusion. O

8 Concluding remarks

We have applied the methods of proof analysis to systems of modal logics and
we have proved an extension of the Godel-McKinsey-Tarski embedding to first-
order Horn theories.

There are various points which might be interesting future lines of re-
search. First, it would be interesting to study a similar approach in terms of
labelled sequent calculi.

Second, it is worth investigating the possibility of extending the approach to
systems with first-order axioms containing modal formulas. For exam-ple,
consider the formula: Vx(P (x) = ¢3yQ(x, y)), which inside a labelled sequent
calculus might be converted into the rule [13]:

a€ D(w), w:P(a), wRo, b € D(0), 0:0O(a, b),T = A
a€ D(w), w:P(a), = A

Geom, 0, b fresh
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with a double variable condition on worlds and elements of the domain. It is
worth considering the scope of such an approach.

Third, in this paper we have applied the methods of proof analysis to a
domain which lies outside of classical and intuitionistic logic. This naturally
poses the intriguing question whether the conversion of axioms into rules can
be obtained also considering as a base calculus another non-classical system.
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