
Monopole-fermion scattering in a chiral gauge theory

Stefano Bolognesi ,1,2,* Bruno Bucciotti ,3,2,† and Andrea Luzio 3,2,‡

1Department of Physics “E. Fermi,” University of Pisa Largo Pontecorvo, 3, Edificio C, 56127 Pisa, Italy
2INFN, Sezione di Pisa, Largo Pontecorvo, 3, Edificio C, 56127 Pisa, Italy

3Scuola Normale Superiore, Piazza dei Cavalieri, 7, 56127 Pisa, Italy

(Received 18 September 2024; accepted 15 November 2024; published 18 December 2024)

The scattering of electrically charged fermions on magnetic monopole leads to the Callan-Rubakov
effect. We discuss some aspects of this problem for Abelian gauge theories with chiral fermions in a Dirac
monopole background. In some cases, it is possible to embed the theory in a non-Abelian gauge theory
where the monopole is regularized as a ’t Hooft-Polyakov monopole. One theory of this kind is the SUðNÞ
chiral gauge theory with fermions in the representation □□ ⊕

¯
□
□⊕ 8 × □̄, also called the “ψχη” model,

with an extra adjoint scalar that induces the abelianization of the gauge group. We examine this model in
detail and provide a possible solution for the condensates around the monopole, the symmetry preserving
boundary conditions, and discuss the particle scattering problem.
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I. INTRODUCTION

Magnetic monopoles have been rigorously studied for
almost 100 years. Therefore it is somehow surprising that
the problem of scattering massless charged fermions on
magnetic monopoles still leads to an unsolved puzzle. For
certain theories one cannot find, among the low-energy
outgoing states, one that reproduces all the conserved
quantum numbers of the incoming particle. This is some-
times called the unitarity (or missing final state) puzzle. The
class of theories that have this problem includes vectorial
models with multiple flavors of massless Dirac fermions, as
well as the even less explored chiral theories.
The original problem is already present if one considers

the free propagation of a charged Weyl fermion on the
static Dirac monopole background [1]. While an incoming
fermion with nonminimal angular momentum feels a
centrifugal barrier and bounces on the monopole, never
reaching its core, the solution of the Weyl equation with
minimal angular momentum (depending on the fermion
charge) is a purely ingoing or outgoing wave that arrives
straight at the monopole core. This renders the outcome of
the scattering not determined by the low-energy effective
field theory (EFT) alone, as aspects of the UV completion

are relevant. A vast literature focuses on the case in which
the UV completion is a vectorial theory [1–11], and for the
simplest models concrete computations lead to surprising
predictions, such as the presence of a chiral symmetry
breaking condensate around the monopole [1,6,7] (which
we dub as Callan-Rubakov condensate from here on), that
leads to the baryon decay catalysis in some GUT models.
One might expect that considering the UV completion

should also solve the scattering problem. On the contrary,
the concrete computations confirm that in many theories
(e.g., QED with Nf ≥ 4 (Dirac) flavors1) it is impossible to
reproduce the quantum number of the ingoing state with a
state built of outgoing fermionic modes, with the con-
densate failing to break the symmetry group enough to
allow for consistent final scattering states. The S-matrix
applied to an in state gives an out state with fractional
numbers of particles whose physical interpretation is still
not clear. The fractional number in the Nf ¼ 4 case is 1=2
and these states also sometimes called “semitons.” Notably
some of the approaches, starting from Callan’s seminal
works [2–5], provide a putative solution which however
suffers from conceptual problems, so it cannot be fully
accepted.
Despite many recent efforts, a precise and satisfying

description of the outcome of scattering is still lacking, with
many discordant proposals competing to give the correct
solution [12–24].
Many of these analyses do not start from a UV complete

model, but directly from the low-energy effective
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1Once regularized as a SUð2Þ Yang-Mills theory with Nf
(Weyl) flavor of fundamental fermions.
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description. This approach has the advantage that the
details of the models are abstracted away. However, there
is also the risk of trying to solve an impossible problem,
where the effective description does not admit a UV
completion thus it is not guaranteed that a consistent
solution to scattering even exists.
The problem with this approach is possibly more serious

when applied to chiral gauge theories as the solution of the
puzzle might be different, e.g. if the Callan-Rubakov con-
densate breaks a bigger part of the global symmetry group, or
higgses part of theAbelian symmetries. Despite these logical
possibilities, a complete study of the Callan-Rubakov effect
in chiral gauge theories is lacking in the literature.
Within this paper, we will not try to address directly the

unitarity puzzle in a chiral gauge theory. Instead, we aim to
take the preliminary step where, from the UV completion,
one determines the symmetries preserved by the system and
the correct effective boundary condition for the effective
degrees of freedom.
In particular, in the vectorlike examples, the works of

Callan and Rubakov can be summarized and subdivided
into several steps:

(i) First, one starts from a consistent UV complete
model, where the Dirac monopole is realized as a
smooth ’t Hooft-Polyakov monopole.

(ii) Then one works out the IR 4D effective theory, that
describes well the low energy theory far away from
the monopole core.

(iii) Exploiting the rotational symmetry of the Dirac
monopole, one decomposes the 4D degrees of free-
dom into their angular momentum towers of modes.

(iv) One realizes that the higher angular momentum
modes are unimportant in describing the physics of
the lowest angular momentum modes at low energy
and weak electric coupling, as they scatter far away
from the monopole and decouple form the interesting
physics.2 This leads to an effective 1þ 1 dimensional
description where the important degrees of freedom
are the lowest angular momentum modes (“s-wave”
modes) of fermions and the Abelian gauge field.
Importantly the UV completion of the Dirac monop-
ole as a ’t Hooft-Polyakov monopole fixes the
boundary condition of the r ¼ 0 world line.

(v) Then one can compute the Callan-Rubakov conden-
sate that breaks the anomalous symmetries around the
monopole core, allowing for some processes that are
impossible in the bulk, far away from the monop-
ole core.

(vi) Equivalently, in the 2D EFT that describes the
“s-wave” modes, one can bosonize the fermion
fields and integrate away the gauge field, obtaining
a new effective boundary condition that captures all
the dynamics due to the monopole. One is left with a
free fermion theory on R ×Rþ (r > 0), with a fixed
boundary condition on the monopole location r ¼ 0.

We aim to perform a similar analysis in a chiral gauge
theory, giving a more solid base where to start a discussion
on the scattering problem.
In doing so, we notice that by starting from a (possibly

chiral) gauge theory based on a semisimple gauge group, and
breaking it to its Cartan, the low energy theory is necessarily
locally vectorlike,meaning that there exists a suitable basis of
the Cartan such that the spectrum is vectorlike under each
element of the basis individually. This poses a serious
constraint on the space of the chiral IR model we can
consider if we wish to maintain the entire Cartan intact.
Among the models we can study, one of the simplest is an
Abelian quiver theory which can be UV-completed to the
ψχη model: a fully-fledged chiral gauge theory once one
adds an adjoint scalar to Abelianize the SUðNÞ gauge group.
Our main result, for the Abelianized ψχη model, is that

the monopole triggers the formation of a CR condensate
which preserves all symmetries apart from the anomalous
one. The boundary conditions and scattering matrix also
preserve the nonanomalous symmetries. The in single
particle states go into fractional, 1=4 or 1=8, out states,
which we may call “microtons.” The physical interpretation
of the microtons remains an open problem.
The paper is organized as follows. The first part of the

paper serves as a more detailed introduction to the Callan-
Rubakov effect. In particular, in Sec. II we discuss the
physics of fermions with an arbitrary electric charge on a
Dirac monopole background and how the s-wave fermions
scattering is described by a two-dimensional fermion theory,
while in Sec. III we review the basic aspects of the CR effect
invectorial QED. In Sec. IVwegive a generic introduction to
the problem for chiral theories, define the space of locally
vectorlike theories, and present the Abelian quiver theory we
aim to study. Then we turn into the discussion of the CR
effect in our chiral example, following the steps outlined
before: in Sec. Vwe introduce theψχηmodel, describe its IR
4D physics, and check that the model admits heavy ’t Hooft-
Polyakov monopoles in its spectrum; in section Sec. VI we
calculate the Callan-Rubakov condensate and in Sec. VII
discuss the bosonized picture in the ψχη model and the
scattering problem. We conclude in Sec. VIII.

II. CHARGED FERMIONS IN A DIRAC
MONOPOLE BACKGROUND

Let us begin discussing how to set up the Callan-
Rubakov effect in general. It is convenient to consider
three theories

UV3þ1 → IR3þ1 → IR1þ1: ð2:1Þ

2Higher angular momentum modes are coupled to the lowest
angular momentum modes by exchange of higher angular
momentum modes of the gauge field fluctuation and finite size
effect of the monopole core. Nevertheless, these effects should be
small corrections on top of the zero-order solution. For an
analysis of the first effect see [6,7], while we estimate the latter
in Appendix A.
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We are ultimately interested in the scattering of massless
fermions of the IR3þ1 theory on Dirac monopoles. The
UV3þ1 theory provides us a UV completion of the IR3þ1

EFT, where the Dirac monopole is regularized, e.g., as a ’t
Hooft Polyakov monopole. Thus UV3þ1 → IR3þ1 is char-
acterized by an energy scale ΛUV, which is roughly the size
of the monopole. Once one considers IR3þ1 in the presence
of a Dirac monopole, it is convenient to decompose the
low-energy fermions in modes with different angular
momentum. Then, in the αEM ≪ 1 limit, the waves with
different angular momentum decouple: they interact only
via the exchange of photons (suppressed by the αEM) or by
the non-Abelian interactions inside the monopole core,
process suppressed in the ω ≪ ΛUV limit.
In these two limits, one can solve the dynamics of the

mode with higher angular momentum, without any infor-
mation about UV3þ1. On the contrary, the modes of
minimal angular momentum interact with the monopole
core, probing the UV physics. We will thus restrict to them,
and we call IR1þ1 the infrared theory that describes them.
This theory lives on the r > 0 half-line and the monopole
core is seen as a boundary at r ¼ 0.
Finally, we will ignore the well-known infrared divergen-

ces that arise in any unbroken gauge theory. Accounting for
them would require dressing our charges with soft clouds of
massless particles, which is known to be problematic in the
presence of massless gauge charges because a Poincaré
covariant S-matrix is not permitted. First of all, we circum-
vent this problemby computing correlation functions at finite
times. We will also take the point of view that the deep
infrareddynamics takes over at very large times, sowewill be
discussing the “hard” part of the scattering process.
We will now start from the IR3þ1 theory and study the

fermionic modes on top of the monopole background. This
section reviews the decomposition in angular momentum
eigenmodes3 and argues that modes with nonminimal
angular momentum scatter trivially.
Let us take a Dirac monopole with magnetic charge

m∈Z and a left-handed Weyl fermion ψ with charge
q∈Z. We define the parameter

μ ¼ 1

2
jmqj∈ 1

2
Z: ð2:2Þ

The Dirac monopole background is invariant under rota-
tions generated by the deformed angular momentum

L̃ ¼ L −
1

2
mqr̂: ð2:3Þ

Additionally, the Weyl equation on the monopole back-
ground is invariant under

J ¼ L̃þ S; ð2:4Þ

where S is the angular momentum contributed by the spin
of the fermion.
In Appendix B, we explicitly build the spinor monopole

spherical harmonicsΩð1Þ
μ;j;m andΩð2Þ

μ;j;m, which account for all

nonminimal angular momentum modes, and Ωð3Þ
μ;μ−1

2
;m
,

which describes the lowest angular momentum mode.

Notice that Ωð1Þ
μ;j;m, Ω

ð2Þ
μ;j;m, and Ωð3Þ

μ;j;m have a spinor index,
not displayed here, which should not be confused with the
m, which labels the Jz eigenvalue. On the monopole
background, Ai, the spinor monopole harmonics greatly
simplify the Weyl equation

σ̄ið∂i − iqAiÞζðrÞΩð1Þ
μ;j;m ¼ −

�
−

d
dr

−
1

r
þ
el
r

�
ζðrÞΩð2Þ

μ;j;m;

σ̄ið∂i − iqAiÞζðrÞΩð2Þ
μ;j;m ¼ −

�
−

d
dr

−
1

r
−
el
r

�
ζðrÞΩð1Þ

μ;j;m;

σ̄ið∂i − iqAiÞζðrÞΩð3Þ
μ;j;m ¼ −

�
d
dr

þ 1

r

�
ζðrÞΩð3Þ

μ;j;m; ð2:5Þ

where el ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjþ 1

2
Þ2 − μ2

q
.

At this point, we decompose the Weyl fermion as

ψ ¼ 1

r

�
Hmðr; tÞΩð3Þ

μ;μ−1
2
;m
þ

X
j¼μþ1

2
;…

Xj
m¼−j

Fj;mðr; tÞΩð1Þ
μ;j;m

þ iGj;mðr; tÞΩð2Þ
μ;j;m

�
: ð2:6Þ

By plugging this decomposition into the Weyl equation

σ̄μð∂μ − iqAμÞψ ¼ 0 ð2:7Þ

and using the identities (2.5) we have, for the nonminimal
angular momentum modes j ¼ μþ 1

2
;…,

ψ2D
j;m ¼

�
iFm þ Gm

Fm þ iGm

�
;

�
iγμ∂μ −

el
r

�
ψ2D
j;m ¼ 0; ð2:8Þ

where the 2D gamma matrices are defined as in (A1). The
minimal angular momentum j ¼ μ − 1

2
mode of a positively

charged left-handed fermion is purely in-coming

ψ ¼ Hmðtþ rÞ
r

Ωð3Þ
μ;μ−1

2
;m
; ð2:9Þ

i.e. its dynamics is described by a purely left-moving 2D
fermion Hm, obeying

ð∂t − ∂rÞHm ¼ 0: ð2:10Þ

If the electric charge is negative, q < 0, the minimal
angular momentum mode is3See [1], or [11] for a textbook presentation.
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ψ ¼ Hmðt − rÞ
r

ðσ2Ωð3Þ
μ;μ−1=2;mÞ�: ð2:11Þ

This mode is purely outgoing. A positively charged right-
handed fermion is equivalent to a negatively charged left-
handed fermion and is outgoing too. Indeed plugging

ψ ¼ Hmðt − rÞ
r

Ωð3Þ
μ;μ−1=2;m ð2:12Þ

into the Weyl equation and using Eq. (2.5), we can check

ð∂0 þ σið∂i − ijqjAiÞÞ
Hmðt − rÞ

r
Ωð3Þ

μ;μ−1=2;m ¼ 0: ð2:13Þ

Convention: We will denote the 4D spinors as ψL;R,
while their s-wave reduction as ψ l;r.

A. Dynamics in the effective theory

The assumption behind the study of the Callan-Rubakov
effect is that one can focus on the “s-wave” theory, which is
effectively 2D, and throw away all the modes with
j > j0 ¼ μ − 1=2, while the dynamics of j0 must be sup-
plemented by a boundary condition.
We will show this to happen only for the lowest angular

momentum mode, first more physically and then rigor-
ously. Mathematically speaking, the problem is that the
Hamiltonian might admit a nonunique self-adjoint exten-
sion, effectively defining different Hamiltonians and there-
fore different dynamics.
Physically, we would like to argue that higher angular

modes can be dropped because they miss the monopole
core, therefore experiencing the low energy dynamics only.
To make this more concrete, we will now take the higher
mode profiles and estimate what is the probability for the
particle to sit inside the core. We can solve the equations of
motion on the Dirac monopole background, obtaining [see
Eq. (C2) and discussion below]

ψ l;r ¼ Γð1 − elÞe∓iωrð∓ i2ωrÞell2el
−elð�2irωÞ ð2:14Þ

where we picked the only solution which is square
integrable at the origin and normalized it at infinity. At
r≲ 1

Λ ¼ monopole size, we expect the solution to deviate
slightly, but to remain of the same order. The wavefunction
inside the monopole core can then be estimated to be

jψ j ≲ Γð1 − elÞ�2ω
Λ

�el
L2el
−elð0Þ ð2:15Þ

which goes to zero for large Λ. Even considering the
infinity of higher el modes and their multiplicities, the

product Γð1 − elÞL2el
−elð0Þ is always finite and actually

vanishes as ∼el−el, making any sum over el > 0 convergent.
We conclude that the wave function inside the monopole
core becomes arbitrarily small in the ω

Λ → 0 limit even

accounting for all el > 0.
We now sketch the more rigorous argument, referring to

Appendix C for more detailed derivations. To study j > j0,
it is useful to work with a single 2D Dirac fermion as
defined in Eq. (2.8), defining ψ2D ¼ ðψ l;ψ rÞ. Our problem
is defined only for r > 0, so imposing self-adjointness for
the Hamiltonian is nontrivial due to the presence of the
boundary. From the 2D Dirac equation, H is identified as

i∂0ψ ¼ −iγ0γ1∂rψ þ
el
r
γ0ψ ¼ Hψ ð2:16Þ

and the condition of self-adjointness is

ðHψ ;ϕÞ≡ ðψ ;HϕÞ ð2:17Þ

which leads to requiringZ
∞

0

ðψ�
lϕl − ψ�

rϕrÞ0dr¼ 0 ⇒ ðψ�
lϕl − ψ�

rϕrÞjr→0 ¼ 0

ð2:18Þ
where we assume that our energy eigenstates are actually
smoothed out at large r and go to zero sufficiently fast, so
that they truly belong to the Hilbert space.
The problem can thus be set up as follows. Given the two

solutions of the stationary Dirac equation, we can form the
most general linear combination which is square integrable
at the origin. Then we ask if Eq. (2.18) is trivially true or if
it imposes additional conditions on the allowed linear
combinations. We solve this problem in Appendix C,
reporting here the main results.
For minimal angular momentum modes, j ¼ j0, the

dynamics is determined up to a UV-dependent parameter
θ which enters the boundary condition as

ψ l ¼ eiθψ r: ð2:19Þ

Additionally, θ is an energy-independent parameter, so
scale symmetry is preserved by the boundary condition.
On the contrary, the boundary condition in the infrared

theory is always uniquely specified when j > j0 if we
assume the unitarity of scattering on the monopole
background.
Before proceeding, we want to stress that (2.19) is the

unique possibility only in quantum mechanics, once one
identifies ψ as the wave function, the vectorial current
(fermion number)

Jμ ¼
�
ψ̄γ0ψ

ψ̄γ1ψ

�
¼
�
ψ̄ lψ l þ ψ̄ rψ r

ψ̄ lψ l − ψ̄ rψ r

�
ð2:20Þ
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as the probability current, thus unitarity with its conserva-
tion on the boundary.
However, in QFT, where one does not perform such

identification and Uð1ÞV is not a priori preferred, one can
consider other boundary conditions, e.g.

ψ l ¼ eiθψ̄ r ð2:21Þ
which conserves the axial current, but spoils the conserva-
tion of fermion number. We will see that the ’t Hooft-
Polyakov regularization of the monopole, if one does not
integrate away the s-wave gauge fields, prefers (2.19) over
(2.21), while, once one integrates them away and include
their dynamics into the account in an effective boundary
condition, in the presence of multiple fermion families, nor
the axial nor the vectorial current of each fermion species is
conserved by the effective boundary condition.
Higher spin modes play an important role in the mecha-

nism discussed in [19]. We will comment on this later.

III. THE CALLAN-RUBAKOV EFFECT IN QED

In this section, we will introduce the Callan-Rubakov
effect in the simple setup of QED. We will see that the
simplest case with one Dirac fermion is under control,
while adding more fermions is problematic. We will also
highlight the importance of the UV completion in deter-
mining the result of the scattering.
Let us take QED with Nf massless Dirac fermions with

charge q, and consider a single Dirac monopole with
magnetic charge m. The solution to the Dirac equation
for a charge q Dirac fermion is therefore

Ψ ¼
Xμ−1=2

m¼−ðμ−1=2Þ

1

r

 
fðt − signðqmÞrÞΩð3Þ

μ;μ−1=2;m

gðtþ signðqmÞrÞΩð3Þ
μ;μ−1=2;m

!

þ
X

J>μ−1=2
…: ð3:1Þ

From now onwe neglect the higher spin harmonics, and then
focus only on fðt� rÞ and gðt ∓ rÞr. For qm > 0 (qm < 0)
the left-handed part of Ψ is purely outgoing (ingoing), the
right-handed part is purely ingoing (outgoing).
For every 4D Dirac fermion, here for example with

qm ¼ 1, what follows is the table of all left/right-handed
particles/antiparticles of the 2D theory

Uð1Þe 4Dchirality direction

ψþ
L 1 left in

ψþ
R 1 right out

ψ−
L −1 left out

ψ−
R −1 right in

ð3:2Þ

The Dirac monopole has a singularity in the origin and
has infinite mass, so we consider it as a background

electromagnetic state, not a dynamical object. The 3þ 1
Abelian Uð1Þ theory is an effective model, because it is IR
free and has a Landau pole, and also because the monopole
background has a divergence in the core. The dynamics of
ψ (or, equivalently, of Ψ) is not completely fixed by the
equations of motion, because we need to fix the boundary
condition at r ¼ 0. The correct boundary condition to
impose depends, in principle, on the UV completion: as the
fermion enter in the monopole core, it excites internal
degrees of freedom, which react in a model dependent way.
From theUð1Þmodel and the effective 1þ 1 theory we can
search for possible consistent boundary conditions.
We begin by considering Nf ¼ 1. To determine the

correct boundary condition, we can be guided by sym-
metries. In this simple case, there is only a single symmetry
that acts nontrivially: Uð1Þe. One can fix the boundary
condition to preserve Uð1Þe by imposing

ψ ljr¼0 ¼ eiθψ rjr¼0: ð3:3Þ

With this boundary condition electric charge is preserved

ψþ
L þM → ψþ

R þM; ð3:4Þ

but chirality is not.
Notice that here we have implicitly made an assumption:

there are no dyons degenerate to the monopole. If one drop
this assumption one can also consider the alternative
solution,

ψþ
L þM → ψ−

L þDþþ: ð3:5Þ

Only the UV theory can prescribe if there is such a dyonic
state, thus, already here, we see a dependence on the
putative UV phase.
The situation is more interesting with higher Nf, and

thus more symmetries.

A. Embedding in SUð2Þ: the UV completion

To discuss the case when there are more fermions,
symmetry is not enough. To proceed further we must
commit to a specific UV completion of QED. We will put
the fermions on the ’t Hooft-Polyakov monopole back-
ground and determine the low energy effective boundary
condition.
Let us take QED with Nf massless fermions with

minimal charge, q ¼ 1, and consider a single Dirac
monopole with minimal magnetic charge. This theory
can be regularized by considering an SUð2Þ broken to
Uð1Þ by an adjoint scalar, with Nf Weyl fermions in the
fundamental representation. To avoid the Witten anomaly,
this regularization makes sense only if Nf ¼ 2k. This
theory enjoys an SUðNfÞ global symmetry, the Uð1Þ
symmetry being broken to ZNf

by the ABJ anomaly.
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Let us consider the SUð2Þ resolution of the Dirac
monopole into a ’t Hooft-Polyakov monopole. We work
in the hedgehog gauge, where the monopole has profile4

ϕ ¼ vhðrÞ r
a

r
σa; hð0Þ ¼ 0; hðrÞ⟶r→∞

1; ð3:6Þ

Ac ¼ ϵabcrb
1 − kðrÞ

r2
Ta; kð0Þ ¼ 1; kðrÞ⟶r→∞

0: ð3:7Þ

We now repeat the analysis of the previous section, now for
the fermionic modes on top of the non-Abelian monopole.
The background above is invariant under

J ¼ Lþ Sþ T ð3:8Þ

where T represents the SUð2Þ gauge generators.
Let us consider a left-handed Weyl fermion ηiα in

the fundamental5 representation of SUð2Þ. It is useful to
define χ̃αi ¼ ηiα, and χ ¼ χ̃ϵ. Then the gauge transformation
acts as

χ → χ̃UTϵ ¼ χ̃ϵU−1; ϕ → UϕU−1: ð3:9Þ

So one can classify the solutions of the Dirac equation in
the background under the J representations. We want to
focus on the lowest possible representation of J, which for
T ¼ 1

2
, S ¼ 1

2
irrep (fundamental fermions) is J ¼ 0. One

can build a J ¼ 0 combining L ¼ 1, Sþ T ¼ 1 and L ¼ 0,
Sþ T ¼ 0

ηiα ¼ uðr; tÞϵiα þ vðr; tÞ r
a

r
ðσaÞβi ϵβα ð3:10Þ

or, using the matrix notation,

χ ¼ uðr; tÞδþ vðr; tÞ σ
ara

r
: ð3:11Þ

By plugging the j ¼ 0 modes into the Dirac equation one
obtains�
∂tvþ ∂ru − k

r u ¼ 0

∂tuþ ∂rvþ k
r v ¼ 0

i:e:

�
γi∂i − γ5

k
r

��−iu
v

�
¼ 0;

ð3:12Þ

in the nonchiral basis γ0 ¼ σ3, γ1 ¼ −iσ1, γ5 ¼ σ2.
It is important here to note that, for rΛ≲ 1 (Λ ≫ ω),

kðrÞ ∼ 1 so uðrÞ ∼ r, while vðrÞ ∼ 1=r. Thus we are forced
to impose the boundary condition vjr¼0 ¼ 0. With this

caveat on the boundary condition, to study the IR physics
we can drop the γ5 k

r mass term, as kðrÞ → 0 far away from
the monopole core. To make contact with (3.1) it is
convenient to choose a chiral basis (A1) for the Dirac
equation �

χl

χr

�
¼ 1ffiffiffi

2
p
�
i −1
i 1

��−iu
v

�
ð3:13Þ

so that

γi∂iχ ¼ 0; χ ¼
�
χl

χr

�
→ ∂−χl ¼ 0; ∂þχr ¼ 0; ð3:14Þ

supplemented by the boundary condition

χljr¼0 ¼ χrjr¼0: ð3:15Þ

Notice that, in a sense, this boundary condition is the
unique interesting output of this analysis, and the fact that it
confirms the expectation of single particle QM is not trivial.
On the contrary, the fact that the fermion decomposes in an
ingoing and outgoing massless 2D fermion is just a double-
check on the decomposition in Sec. II.
The 4D solution reads

χ ¼ 1ffiffiffiffiffiffi
8π

p
r
χlðrþ tÞ

�
1 −

raσa

r

�
þ 1ffiffiffiffiffiffi

8π
p

r
χrðr − tÞ

�
1þ raσa

r

�
: ð3:16Þ

A radial Uð1Þe gauge transformation eiαðr;tÞr̂·σ transforms
each piece into itself, which is consistent with the charge
assignment

Uð1Þ∶χl → e−iαχl; χr → eiαχr; ð3:17Þ

i.e., χ → eiαγ
5

χ.
Notice that the vectorial boundary condition, (3.15), does

not respect the radial Uð1Þe transformation. Notice that, in
the regular gauge, where the equation above is defined, the
transformation above is singular at r ¼ 0. Indeed it respects
the profile (3.7) only if α ≪ 1 for r ∼ Λ. In other words, one
should restrict to α!r→0

0.

B. Microscopic dynamics

Let us consider a single Weyl fermion, ηiα, in the
fundamental of SUð2Þ, using the same matrix notation
as above. In the vacuum background hΦi ¼ vσ3, the gauge
group is higgsed, SUð2Þ → Uð1Þ, and the left-handedWeyl
fermion decouples into two left-handedWeyl fermions with
q ¼ �1 [notice that ge ¼ gSUð2Þ=2].

4The hðrÞ and kðrÞ profiles are fixed by two differential
equations which are not important for our discussion.

5In this section, let us use a downstairs index for the
fundamental rep of SUð2Þ. One can raise/lower the index with
the ϵ tensor.
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If one performs this calculation in the fixed monopole
background, one finds inconsistencies such as nonconser-
vation of electric charge. The issue is that one cannot forget
that the fermion carries electric charge which, if not the
same in the in and in the out state, must be transferred to the
monopole.6

To correctly take this into account one should consider
electric and magnetic fluctuations on top of the monopole
background,

Aa
0 ¼

ra

er
a0ðr; tÞ; Aa

m ¼ ϵamnrn

r2
ð1− kðrÞÞ þ rnra

er2
a1ðr; tÞ;
ð3:18Þ

parameterized by the functions a0 and a1. One can plug this
expression into the Lagrangian for the gauge field, and
neglecting the core of the monopole (Mmon → ∞) one
obtains

Seff ¼
2π

e2

Z
r2fijfij þ iv̄ðγi∂i þ iγ5aiÞv; ð3:19Þ

with the boundary conditions vðr ¼ 0Þ ¼ 0. This model
can be solved. The trick is to change fermionic variables.
We will discuss this technique in detail when we will apply
it to our model of interest in Sec. VI.

Performing the condensate computation, one notices that
there is a Nfð¼ 2kÞ fermionic condensate around the
monopole,

hϵa1b1ϵα1;β1ψA1
α1;a1ψ

A2

β1;b1
…ϵak;bkϵαk;βkψA1

αk;akψ
A2

βk;bk|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Nf fermions

ϵA1;…ANf i

∝
1

r3=2Nf
ð3:20Þ

which keeps SUðNfÞ unbroken but breaks Uð1ÞA → ZNf
,

realizing the ABJ anomaly.

IV. CHIRAL THEORIES

The examples of Sec. III all dealt with vectorial theories.
The situation is even more fascinating for chiral theories
because a fundamental mismatch between the charges of
the ingoing and outgoing modes arises. It is worthwhile to
give an example presented in Refs. [25,26]. The model has
a single Uð1Þ gauge group with five left-handed fermions
with charges 1; 5;−7;−8, 9. In 4D the theory has vanishing
gravitational and gauge anomalies, ½Uð1Þ� ¼ ½Uð1Þ�3 ¼ 0,
so it is a well-defined 4D chiral gauge theory. Once the
theory is put on the Dirac monopole background, and only
the lowest angular momentum modes are considered, one
can produce the analog of Table (3.2):

Uð1Þe Uð1ÞG1 Uð1ÞG2 Uð1ÞG3 Uð1ÞA SUð2Þrot direction

ψþ1 þ1 þ25 0 0 þ1 1 in

ψþ5 þ5 −1 þ49 0 þ25 5 in

ψ−7 −7 0 −25 þ64 −49 7 out

ψ−8 −8 0 0 −49 −32 8 out

ψþ9 þ9 0 0 0 −109 9 in

ð4:1Þ

Alongside the direction in which each mode travels in
the 2d theory, there are its SUð2ÞJ multiplicity, its charges
under the ABJ-anomaly free symmetries of the 4D theory,
Uð1ÞG1, Uð1ÞG2 and Uð1ÞG3, and under the anomalous
one,7 Uð1ÞA (clearly the particular value of these charges
depends on the basis of the Abelian symmetries one
prefers). As for the standard vectorial case, with the
outgoing fermions alone, it is impossible to construct a

multiparticle state that conserves all the charges of a given,
incoming fermion.
Before trying to solve the hard problemof constructing the

correct scattering states a preliminary step is to determine
which symmetries are preserved by the monopole boundary
condition. The simplest guess, analog to Callan-Rubakov’s
result in the vectorial case, is that Uð1ÞA only gets explicitly
broken. However, this result would be problematic: it has
been noticed that the symmetries participating in a 2-group

structure with the magnetic 1-form symmetry, Uð1Þð1Þm (see
[28] for a gentle introductionon the subject) are brokenby the
monopole8 [14]. Both Uð1ÞG1, Uð1ÞG2 and Uð1ÞG3 form a

2-group with Uð1Þð1Þm , thus all of them are broken to a

6Within the system in this section there are no degenerate
dyons with different electric charge. This is because there are no
Jackiw-Rebbi zero modes. This is a feature of thisUV completion
of QED, which might not hold for other models, so one should
not rule out the possibility of a transfer of charge from the
fermions to the dyons.

7Recently it has been understood that also the ABJ-anomalous
symmetry should be better understood as an accidental non-
invertible symmetry [27]. The magnetic monopole breaks this
accidental symmetry.

8This is because, by reducing to the 2D EFT, the 2-group
structure implies a 2D ’t Hooft anomaly for the symmetry, which is
incompatible with a symmetry preserving boundary condition
[29,30].
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subgroup. Unfortunately, a UV completion for this model is
unknown, thus we cannot proceed as we did in Sec. III, and
verify what happens.
Given a generic IR Uð1Þ theory it is hard, in general, to

provide a UV completion. Let us discuss a partial obstruc-
tion. Consider a theory where the UV gauge group is
SUðNÞ, and suppose that it completely abelianizes to its
Cartan in the IR, leading to an Uð1ÞN−1 theory. Now take a
basis where Uð1Þi is generated by

diagð0;…; 0|fflfflffl{zfflfflffl}
i−1

; 1;−1; 0;…; 0Þ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{N

: ð4:2Þ

This is also the Cartan generator of SUð2Þi, an SUð2Þ that
minimally embeds into SUðNÞ. Decomposing any repre-
sentation of SUðNÞ in the representation of SUð2Þi first,
and then under Uð1Þi, one obtains that for any particle with
charge q, there is another one with charge −q: the theory is
locally vectorlike, i.e., there exists a basis of the Cartan,
such that, considering the charges under each Cartan at a
time, the spectrum is vectorlike.
Notice that a locally vectorlike theory can be chiral.

Indeed, in the rest of the paper, we will analyze a chiral, but
locally vectorlike, theory that descends from a (chiral)
SUðNÞ theory by abelianization.
The situation does not change if one considers a more

general UV completion, where one starts from a semisimple
gaugegroup and abelianizes it to itsCartan. If one embeds a ’t
Hooft Polyakov monopole minimally into the UV gauge
group, the resulting spectrum is always vectorlike under the
Uð1Þ in which the resulting Dirac monopole sits.
Now let us limit ourselves to considering SUðNÞ factors.

A nonminimal monopole can be obtained by embedding the
SUð2Þ generators of the ’t Hooft-Polyakov in the SUðNÞ
algebra nonminimally. For example, to obtain a maximal
embedding one should realize SUð2Þ as its N-dimensional

irrep. Still the leftoverUð1Þ that carries themagnetic field sits
inside an SUð2Þ group, thus the argument above continues to
apply. Moreover, in the case of nonminimal embeddings,
there are light modes of the gauge fields trapped in the
monopole core. For an analysis of thesemodes, and how they
contribute to the CR effect, see [18].
One can evade this obstruction by considering further

breaking of the gauge group, e.g.

SUðNÞ → Uð1ÞN−1 → Uð1Þ: ð4:3Þ

In this case, the spectrum is not (in general) vectorlike for the
resultingUð1Þ. However, this scenario does not simplify our
problem, as the resulting magnetic monopole might have an
internal structure. Because of these facts, wewill take a chiral
but locally vectorlike theory as our main example.
The first paper to discuss the CR effect in a chiral

theory, starting with a well-defined UV completion, was
the Callan one [5] where the GUT monopole SUð5Þ →
SUð3Þ × SUð2Þ ×Uð1Þ was considered. However, the chi-
ral nature of this model is intrinsically related to the non-
Abelian nature of the standard model gauge group. If we
force a breaking pattern with complete abelianization, or
even ifwe consider the theory below theHiggs scale,wehave
a vectorial model.
Here we aim to find a simple chiral Uð1Þ theory, without

leftover non-Abelian factors, which is chiral but locally
vectorlike. One of the simplest example is built with
two Uð1Þ’s and a set of Weyl left-handed fermion with
charges 8 ·ð1;0Þ;8 ·ð−1;1Þ, 8 ·ð−1;0Þ;1 ·ð−2;0Þ;1 ·ð2;−2Þ,
1 · ð2; 0Þ. This is locally vectorial, as already manifested
in this base for the Uð1Þ’s. Being locally vectorial all
anomalies ½Uð1Þ1�, ½Uð1Þ2� and ½Uð1Þ1�3, ½Uð1Þ2�3 are sure
to be vanishing. Moreover, ½Uð1Þ1�½Uð1Þ2�2 and ½Uð1Þ1�2 ×
½Uð1Þ2� vanishes too due to the number of fermions we have
chosen.9

Uð1Þ1 Uð1Þ2 Uð1ÞG1 Uð1ÞA1 Uð1ÞA2 Uð1ÞA3 SUð8Þ
η1 þ1 0 1 0 0 þ4 8

η2 −1 þ1 1 þ1 0 þ4 8

η3 0 −1 1 0 þ1 þ4 8

ψ1 þ2 0 −2 0 0 þ1 1

ψ2 −2 þ2 −2 −4 0 þ1 1

ψ3 0 −2 −2 0 0 þ1 1

ð4:4Þ

9A more general class of theories of this kind is a Uð1Þ1 ×Uð1Þ2 gauge theory with fermions q3 · ðp; 0Þ, q3 · ð−p; pÞ, q3 · ð−p; 0Þ,
p3 · ð−q; 0Þ, p3 · ðq;−qÞ, p3 · ðq; 0Þ, with p and q positive integers. The simple case corresponds to p ¼ 1, q ¼ 2.
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Notice that an interesting feature of this model is
that also the 2-group structure constants of Uð1ÞG1,
given respectively by the Uð1Þ1Uð1Þ2G1 and Uð1Þ2Uð1Þ2G1
anomaly coefficients, vanishes10: Uð1ÞG1 can be unbroken.
In the following, we will study this model, first by

providing a UV completion and then working out the
dynamics of the relevant degrees of freedom to recover the
Callan-Rubakov effect.

V. MONOPOLES AND FERMIONS
IN THE ψχη MODEL

The ψχη model was studied earlier in [31–33] and
more recently in [34–36]. It is an SUðNÞ gauge theory
with left-handed fermion matter fields

ψfijg; χ½ij�; ηAi ; A ¼ 1; 2;…8; ð5:1Þ
a symmetric tensor, an anti-antisymmetric tensor and eight
anti-fundamental multiplets of SUðNÞ, or

ð5:2Þ

The global symmetry group is

Gf ¼
Uð1Þψχ × Ũð1Þ × SUð8Þ

ZN × Z8=N�
: ð5:3Þ

where N� ¼ gcdðN þ 2; N − 2Þ. The Ũð1Þ acts as
ψ ij → e2iαψ ij; χij → e−2iαχij; ηAi → e−iαηAi ; ð5:4Þ

and Uð1Þψχ acts as

ψ ij → ei
N−2
N� βψ ij; χij → e−i

Nþ2
N� βχij; ηAi → ηAi ; ð5:5Þ

while SUð8Þ acts on the η only. The division by ZN is due
to the fact that the color ZN center is shared by a subgroup
of the flavor Uð1Þ groups.
So far we have not introduced any Higgs. The IR fate of

this theory is not known for certain, but we know that the
theory, because of ’t Hooft anomaly matching (one cannot
to write color simple color singlet states that matches all the
’t Hooft symmetries) probably breaks some of the sym-
metries, gauge or/and global. A rather simple possibility
advocated in [34–36] is dynamical abelianization, where it
develops a bilinear condensate,

hψ ijχiki ∼ diagða1; a2;…:; anÞ; ai ≃ Λ3; ð5:6Þ

which breaks both the global and the symmetry groups

SUðNÞc → Uð1ÞN−1; Uð1Þψχ → Z4=N� : ð5:7Þ
This process is dynamical and (if it happens) it happens at
strong coupling.
To have Abelianization while the theory is weakly

coupled, it is useful to deform the ψχη model by adding
an SUðNÞ adjoint scalar (complex or real) Φa

b, which leads
to the theory we will consider. One then can choose the
potential such that the theory abelianizes at high energy,

Φ ¼ diagða1; a2;…; anÞ; jai − ajji≠j ≫ Λ; ð5:8Þ

where Λ is the strong coupling scale of the theory. This vev
breaks SUðNÞ → Uð1ÞN−1.
It also possible to add a Yukawa coupling

yΦa
bψ

fb;cgχ½c;a� ¼
y
2
Φa

bðψfb;cgχ½c;a� − ψfb;cgχ½a;c�Þ: ð5:9Þ

As the theory abelianizes the Yukawa term gaps together
ψ ij for i ≠ j and all χij. In particular,

yΦa
bψ

fb;cgχ½c;a� ¼
y
2
ðaaψfa;cgχ½c;a� − ψfa;cgχ½a;c�Þ

¼ y
2
ðai − ajÞψfijgχ½i;j�: ð5:10Þ

The other fermions, ψ ii and ηAi , i; j ¼ 1;…; N, A ¼ 1;
…; 8, remain massless.
If we chooseΦ complex the Yukawa coupling breaks the

Φ number symmetry and Uð1Þψχ down to the diagonal
subgroup, Uð1Þ0ψχ
ψ ij → ei

N−2
N� βψ ij χij → e−i

Nþ2
N� βχij ηAi → ηAi Φ→ e−i

4
N�βΦ:

ð5:11Þ
In particular, as Φ take the vev, Uð1Þψχ is spontaneously
broken, and the overall phase ofΦ corresponds to the NGB
of the theory. If we choose Φ real there is not any extra Φ
number Uð1Þ symmetry. If we write anyhow the Yukawa
coupling (5.9), we break Uð1Þψχ → Z4=N� spontaneously.
The situation is simpler, as there is no NGB. In the
following, we focus for simplicity on the first one Φ real
[or complexþ Uð1Þψχ breaking potential].
As one integrates out all the massive fermions, namely the

ψ ij with i ≠ j and the χij, and the massive vector bosons,
what remains at low energy is chiralUð1ÞN−1 quiver theory, a
generalization of the one discussed before in (4.4). A
particularly convenient choice of a basis for the gauge group
is Uð1ÞN−1 ¼ Uð1Þ1 ×… ×Uð1Þi ×… × Uð1ÞN−1, where
Uð1Þi is generated by

Q ¼ diagð0;…; 0|fflfflffl{zfflfflffl}
i−1

; 1;−1; 0;…; 0|fflfflffl{zfflfflffl}
N−i−1

Þ: ð5:12Þ

10This fact is not a coincidence: as the UV completion is a
theory with multiple fermion species, there is an ABJ anomaly
free Uð1Þ. Upon abelianization, the fact that there is no 2-group
structure constant for the global symmetries already present in the
UV model is simply a consequence of the absence of
SUðNÞUð1Þ2 anomalies.
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With this choice of basis for Uð1ÞN−1 the kinetic matrix is not diagonal. With this choice the leftover fermions ψ ii and ηAi are
charged only under Uð1Þi−1 and Uð1Þi, so they organizes themselves in a quiver diagram

We want to study the monopoles of the theory and how
they couple to fermions. To be concrete, let us take the
Uð1Þi generator inside SUðNÞ as (5.12) and let us imagine
it embedded in a ’t Hooft-Polyakov monopole for the
SUð2Þ that acts only on the subspace with SUðNÞ index
j ¼ i, iþ 1.

A. JR zero modes

Before we analyze the zero modes of the ψχη model, let
us review how the story goes for a Dirac fermions which
transforms in the fundamental of SUð2Þ and gets a mass
both from a Yukawa coupling [SUð2Þ → Uð1Þ] and from a
Dirac SUð2Þ invariant mass term, within the background of
a ’t Hooft-Polyakov monopole.
Let us take a theory of N SUð2Þ fundamental Dirac

fermions Ψa;A, being a ¼ 1; 2 the SUð2Þ index and A ¼
1;…; N the flavor index, in the background of a ’t Hooft-
Polyakov monopole. We can add a Dirac and a Yukawa
mass terms,

MABΨ̄a;AΨa;A þ yABΦa
bΨ̄a;AΨb;B: ð5:13Þ

Upon breaking SUð2Þ → Uð1Þ, Ψ ¼ diagða;−aÞ, the
SUð2Þ Dirac fermion splits in a Dirac fermion with charge
þ 1

2
under Uð1Þ and a fermion with charge − 1

2
under Uð1Þ.

Their masses are MA � yAa.
In this setting Harvey [37] checked that in the SUð2Þ ’t

Hooft-Polyakov background:
(i) If MA > yAa there are no normalizable zero modes
(ii) If MA < yAa there is a single real zero mode. Let us

call its creation operator aA, a2A ¼ 0.
If among the N Dirac fermions N� satisfy MA < yAa, then
there are N� zero modes. From the quantization of them on
obtains a Clifford algebra (the zero modes creation operator
satisfy faA; aBg ¼ δAB, i.e., they are Γ matrices).
Let us apply the same idea on the ψχη model. As we are

interested only on fermions coupled with Uð1Þi, we care
only about

ψaJ;ψab; χa;J; χa;b; ηAa where a; b ¼ i; iþ 1;

J ¼ 1;…; ǐ; ˇiþ 1;…; N; A ¼ 1;…; 8: ð5:14Þ

Through the Yukawa coupling, ψaJ is gapped together with
χaJ. In particular one can build N − 2 Dirac fermion

Ψa
J ¼

� ψaJ
ξ

ðiσ2Þξ̇βχ̄aJβ

�
for J ¼ 1;…; ǐ; ˇiþ 1;…; N:

ð5:15Þ

Then the Yukawa coupling, in the vacuum gives a mass
term

y
2
ðΨ̄i;J; Ψ̄iþ1;JÞ

�
aJ − ai 0

0 aJ − aiþ1

��
Ψi;J;

Ψiþ1;J

�
: ð5:16Þ

Comparing with the general result, one obtains that the
fermion generate the zero mode only if����aJ − ai þ aiþ1

2

���� < jaiþ1 − aij: ð5:17Þ

Up to a gauge transformation, we can always order the
eigenvalues of Φ such that a1 < a2 < … < aN . Doing so,
it is particularly simple to study the monopole embedded
into the Uð1Þi such that aiþ1 − ai is the smallest difference
between the ajs. In this case, the condition (5.17) is never
fulfilled, so there are no Jackiw-Rebbi zero modes linked to
ψaJ, χaJ fermions.
To completely rule out the existence of JR zero-modes,

all that is left to do is check the nonexistence of time
independent solutions that remain bounded at the origin
and decay at infinity for the remaining 6 fermions, which
obey the matrix equation

R
d
dr

ζ þ BðrÞζ þMðrÞζ̄ ¼ 0 ð5:18Þ

where R� ¼ −R;B� ¼ −B;M� ¼ M. Separating modes in
real and imaginary parts, we get
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i

�
R

R

�
d
dr

�
ζr

ζi

�
¼
�−iBðrÞ −MðrÞ
−MðrÞ −iBðrÞ

��
ζr

ζi

�
:

ð5:19Þ

Inverting the matrix
	R

R



and changing the basis

ζ → ζ0 by a permutation, we can bring the resulting matrix
to block diagonal form. There are four blocks, each of
which is a 3 × 3 matrix AðrÞ up to a sign. The result is

d
dr

ζ0 ¼

0BBB@
A

−A
−A

A

1CCCAζ0;

AðrÞ ¼

0BBBBB@
1
r − yhðrÞffiffi

3
p −

ffiffi
2
3

q
yhðrÞ

− yhðrÞffiffi
3

p −1þ4kðrÞ
3r

ffiffi
2

p ðkðrÞ−1Þ
3r

−
ffiffi
2
3

q
yhðrÞ

ffiffi
2

p ðkðrÞ−1Þ
3r − 2ð2kðrÞþ1Þ

3r

1CCCCCA ð5:20Þ

where we recall that the monopole profile functions kðrÞ,
hðrÞ have the limits

kð0Þ ¼ 1; kð∞Þ ¼ 0;

hð0Þ ¼ 0; hð∞Þ ¼ 1; ð5:21Þ

and we put the size of the monopole to r ¼ 1. We assume
monotonicity of kðrÞ and hðrÞ. The equations to solve are

d
dr

ξ ¼ �AðrÞξ: ð5:22Þ

The eigenvalues of AðrÞ are 1
r ;

1
r ;−

2
r close to the origin,

while they are −y; 0; y at r → ∞. At finite but large
distances, an analysis of the characteristic polynomial
shows that the zero eigenvalue is actually positive and

asymptotic to 2kðrÞ2
r3 . We will now proceed to show that the

regular solutions at small distances cannot match the
solutions regular at large distances, under the assumption
of small Yukawa coupling, so that the yhðrÞ term can be
neglected up to a large scale RIR much larger than the
monopole scale: RIRyhðRIRÞ ∼ 1.

We begin by focusing on the plus sign in Eq. (5.22). A
bounded solution at infinity should align with the eigen-
vector of eigenvalue−1, which is ð ffiffiffi

3
p

; 1;
ffiffiffi
2

p Þ. On the other
hand, neglecting yhðrÞ at r ≪ RIR allows us to solve for ξ1,
getting ξ1ðrÞ ¼ r up to an overall scaling factor which we
set to 1. We trust this solution until r≲ RIR, where the
decaying exponential takes over and ξ1 ≃ RIR. To align
with the eigenvector ð ffiffiffi

3
p

; 1;
ffiffiffi
2

p Þ, we must have ξ2ðRIRÞ ∼
ξ3ðRIRÞ ∼ RIR up to Oð1Þ factors, but this contradicts the
observation that, outside the monopole core [i.e., where
kðrÞ is small], dξ2;3dr < 0 if ξ1;2;3 > 0. Thus ξ2;3 would have to
grow up to RIR but their derivative quickly becomes
negative, contradicting the existence of solutions bounded
everywhere.
We now take the minus sign in Eq. (5.22). This time

solutions bounded at the origin see ξ3 ≃ r2, where again we
fixed an overall factor to 1. ξ1;2 begin with null slope, but
are then driven to positive values by ξ3 > 0. We now want
to argue that if ξ1;2;3 > 0, then they remain always positive.
For ξ3 this can be read off directly from ξ03, which is
positive under our assumptions. For ξ01 we can rewrite the

equation as 1
r ðrξ1Þ0 ¼ yhðrÞffiffi

3
p ðξ2 þ

ffiffiffi
2

p
ξ3Þ > 0, reaching the

same conclusion. Finally, ξ02 is driven up by the terms

proportional to ξ1 and ξ3, while the sign of 1−4kðrÞ
3r ξ2

depends on kðrÞ. However we can determine that ξ2 will
never cross zero by observing that this last term becomes
negligible when ξ2 ≳ 0, and the remaining positive terms
keep ξ02 > 0. We conclude the argument by observing that,
at large r, the eigenvectors of −Awith negative eigenvalues

are ð ffiffiffi
3

p
;−1;−

ffiffiffi
2

p Þ and ð0; ffiffiffi
2

p
;−1Þ [0 is replaced by

ffiffi
6

p
kðrÞ
yr

at large r], which cannot be combined to give a vector with
only positive entries. This implies a mixing with the
exponentially growing solution at infinity, precluding the
existence of regular solutions.

B. CR zero modes

As ψ ij and χij, i ≠ j, get a mass together, the remaining
massless fermions are ψ ii and ηAi . As we are looking at a
monopole for Uð1Þi, we are interested only at the fermions
charged under Uð1Þi: all the rest feel a centrifugal potential
barrier, and, at the lowest order in the coupling constant,
scatter without noticing the monopole. The interesting
fermions are thus:

Uð1Þi Uð1Þ0 Uð1Þi−1 Uð1Þiþ1 Ũð1Þ SUð8Þ SUð2ÞJ 2d − χ

ψ ii 2 2 −2 0 2 ð·Þ 2 left

ψ iþ1;iþ1 −2 2 0 2 2 ð·Þ 2 right

ηAi −1 −1 1 0 −1 □ 1 right

ηAiþ1 1 −1 0 −1 −1 □ 1 left

ð5:23Þ
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Here we have collected the first which these fermions are
charged, Uð1Þi and Uð1Þ0. In particular, it is convenient to
choose as generators of

Uð1Þi∶ diagð0;…; 0|fflfflffl{zfflfflffl}
i−1

; 1;−1; 0;…; 0|fflfflffl{zfflfflffl}
N−i−1

Þ;

Uð1Þ0∶diagð0;…; 0|fflfflffl{zfflfflffl}
i−2

;−1; 1; 1;−1; 0;…; 0|fflfflffl{zfflfflffl}
N−i−2

Þ: ð5:24Þ

With this definition Uð1Þi is orthogonal to Uð1Þ0.
Comparing the coupling constant of SUðNÞ, g, with the
ones of Uð1Þi, ei and e0 of Uð1Þ0, we have at the lowest
order

ei ¼
1

2
gðμbÞ e0 ¼ 1

2
ffiffiffi
2

p gðμbÞ ð5:25Þ

where μb is the approximate scale of the symmetry
breaking.
It is then useful to pack together the 2D fermions to

obtain Dirac ones, in particular

ψm
2D ¼

�
ψ ii;m

ψ iþ1;iþ1;m

�
ηA2D ¼

�
ηAiþ1

ηAi

�
: ð5:26Þ

Notice that the upper component of the 2D Dirac fermions
have the same charge under Uð1Þi, because of the interlock
between charge and 2D chirality (the upper components are
always left-movers, with our choice of 2D γ matrices).
Summarizing, the 2D fermions have the following

charges under Uð1Þi ∼Uð1ÞA and Uð1Þ0 ∼Uð1ÞV :

Uð1ÞA Uð1ÞV SUð2ÞJ SUð8Þη
ψ2D −2 2 j ¼ 1

2
ð·Þ

η2D −1 −1 j ¼ 0 □

ð5:27Þ

As we see, within this subset of fermions, there are some
redundant symmetries: a linear combination ofUð1Þiþ1 and
Uð1Þi−1 acts exactly as Uð1Þi, another one acts as Ũð1Þ.
Clearly, this does not extend to the whole theory, there are
other fermions, ψ iþ2;iþ2, that distinguish between these
symmetries.
As we reviewed in general, the first question to ask is if it

is possible to have boundary conditions on the gauge theory
that respect all the symmetries of the theory. In particular,
we have to impose that

JIxjr¼0 ¼ 0 ð5:28Þ

for I which labels the symmetries. If one restricts to
considering only the Uð1Þ symmetries [i.e. restricting from
SUð8Þ and SOð3Þrot to the Cartan subgroups only] the

boundary conditions can be simply stated in bosonization
language.

C. Gauge fields

These Uð1Þ’s are crucially different in the way they are
embedded into SUðNÞ. Indeed for their fluctuations A we
have

A0 ¼ a0ðrÞr̂ · τ; Ai ¼ a1ðrÞr̂iðr̂ · τÞ; for Uð1ÞA;
Ã0 ¼ ã0ðrÞλ; Ãi ¼ ã1ðrÞr̂iλ; for Uð1ÞV; ð5:29Þ

where τ is the generator of Uð1ÞA, which embeds into
SUðNÞ as r̂ · τ at position i, iþ 1, while λ is the generator
of Uð1ÞV embedded into SUðNÞ as λ ¼ diagð…; 0;
1i−1;−1;−1; 1; 0;…Þ.
Since we are working in regular gauge, we can impose

regularity at the origin. More specifically, the fields should
be smooth enough to allow their derivative to be defined,
which is especially nontrivial given the angle dependence
of r̂ and r̂ · τ. We also assume them to decay to zero at
infinity.
For Uð1ÞA taking the divergence of Ai we get

ð2r a1 þ a01Þr̂ · τ; the value at the origin is independent of
the direction from which we approach r ¼ 0 if a1 ¼ Oðr2Þ.
A0 is discontinuous unless a0ð0Þ ¼ 0, while a00ð0Þ remains
free: indeed ∂iA0 ¼ a0

r τi þ rða0r Þ0r̂iðr̂ · τÞ, but for a0 linear
in r the angle dependent term cancels at r ¼ 0.

For Uð1ÞV ð∇!Ã0Þ2 ¼ λ2ðã00Þ2, so ã00ð0Þ ¼ 0. On the
other hand ã0ð0Þ remains unconstrained. ∂iÃi ¼ ã01 þ ã1 2

r
imposes ã1ð0Þ ¼ 0; conversely ã01ð0Þ finite but free guar-
antees the independence on angles of ∂iÃj ¼ ã01r̂ir̂j þ
ã1
r ðδij − r̂ir̂jÞ at r ¼ 0.

VI. THE RUBAKOV’S CALCULATION
IN THE ψχη MODEL

We aim to perform a calculation similar to the Rubakov
one, with the theory at hand. In 2D we have a two
dimensional Uð1ÞA ×Uð1ÞV theory, where the gauge
fields, a and v, are coupled axially and vectorially with
the 2D fermions (see the charges in (5.27),

Seff2D ¼
Z

drdt
4π

2g2a
r2fijðaÞfijðaÞ þ

4π

2g2v
r2fijðvÞfijðvÞ

þ ψ̄mγið∂i þ 2iγ5ai − 2iviÞψm

þ η̄Aγið∂i þ iγ5ai þ iviÞηA ð6:1Þ

where

fijðaÞ ¼ ∂iaj − ∂jai; fijðvÞ ¼ ∂ivj − ∂jvi: ð6:2Þ

accompanied by the boundary conditions
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a0jr¼0 ¼ 0; ∂ra1jr¼0 ¼ 0; ∂rv0jr¼0 ¼ 0; v1jr¼0 ¼ 0;

ð6:3Þ

and

ψm
l jr¼0 ¼ ψm

r jr¼0; ηAl jr¼0 ¼ ηAr jr¼0: ð6:4Þ

There are a few important observations to make before
we start to compute the correlation functions of this theory.
Being a and v two-dimensional gauge fields, they do not
carry any local degrees of freedom. Nevertheless, including
them in the computation is important to properly reproduce
the Coulombic attraction. The anomaly betweenUð1ÞA and
Uð1ÞV cancelsX

fermions

qA · qV ¼
X
I¼1;2

2 · 2þ
X

A¼1;…8

− 1 · 1 ¼ 0 ð6:5Þ

thus allowing their simultaneous gauging. 2D QED in
general is not conformal because of the dimensional
coupling, but the coupling of this theory, 4π

g2 r
2 does not

introduce any new mass scale: scale invariance is
preserved.
The idea is, as in the Rubakov seminal work, to extract

the vev of an operator O from the two-point Euclidean
correlation function, by using cluster decomposition

lim
t→∞

hŌðr; tÞOðr; 0Þi ¼ hŌihOi: ð6:6Þ

A. Rewrite the effective action

The first step is to rewrite the gauge field, in terms of
scalars,

ai ¼ ϵij∂jρ
a þ ∂iλ

a; vi ¼ ϵij∂jρ
v þ ∂iλ

v: ð6:7Þ

In the form language, this line is simply

a ¼ �dρa þ dλa; v ¼ �dρv þ dλv: ð6:8Þ

Written in this term, the gauge sector of the Lagrangian
reads

Seffgauge ¼
Z

drdt
4π

g2a
ρað□r2□Þρa þ 4π

g2v
ρvð□r2□Þρv ð6:9Þ

while clearly λa and λv drop from the action because of
gauge invariance.
The boundary conditions on the gauge fields become

boundary conditions on the ρ fields

a0jr¼0 ¼ 0; ∂ra1jr¼0 ¼ 0 ⇒ ∂rρ
ajr¼0 ¼ 0; ð6:10Þ

∂rv0jr¼0 ¼ 0; v1jr¼0 ¼ 0 ⇒ ∂0ρ
vjr¼0 ¼ 0; ð6:11Þ

which are essential to determine the correct propagator to
use for the different ρ fields. The upshot is that we should
impose Dirichlet boundary conditions on ρv and Neumann
boundary conditions on ρa.
At this point, it is possible to decouple the scalar and the

fermion sectors through a proper change of variables. In
general one can decouple a fermion χ coupled with a and vZ

χ̄γið∂i − iqaγ5ai − iqvviÞχ ð6:12Þ

with the change of variable

χ ¼ e−qaρ
a−qvγ5ρvχfree; χ̄ ¼ χ̄freeeqaρ

a−qvγ5ρv : ð6:13Þ

Notice that the Dirichlet boundary condition for ρv,
ρvjr¼0 ¼ 0, implies that the vectorial boundary condition
holds for the free fields also

χl ¼ χr ⇒ ðχfreeÞl ¼ ðχfreeÞr: ð6:14Þ

In general, this change of variable has a nontrivial
Jacobian. A way to compute the Jacobians to use the
standard axial and vectorial anomalies

ψ → eiαψ ⇒
iqa
2π

Z
αda ψ → eiνγ

5

ψ ⇒
iqv
2π

Z
νdv

ð6:15Þ

once one performs an axial or vectorial rotation on the
field.11 By plugging α ¼ −iqaρa and ν ¼ −iqvρv, we
obtain

ΔS ¼ 1

π

Z
q2aρadaþ q2vρvdv

¼ 1

2π

Z
ðq2aρað∂iaj − ∂jaiÞ þ ða ↔ vÞÞdxidxj

¼ 1

π

Z
ðq2aρa∂iajϵij þ ða ↔ vÞÞdvol

¼ −
1

π

Z
ðq2aρa□ρa þ ða ↔ vÞÞdvol: ð6:16Þ

Thus, with multiple fermions, the new contribution for the
partition function is

ΔS ¼ −
1

π

Z
Aρa□ρa þ Vρv□ρv; ð6:17Þ

where

11We remind that for our theory the overall Uð1ÞA − Uð1ÞV
anomaly cancels, because of the charge assignments. However
here we are not performing axial and vectorial gauge trans-
formations, but more general ones, so the overall phase does not
vanish.
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A ¼
X

q2a; V ¼
X

q2v: ð6:18Þ

In our theory, Eq. (6.1), we have

A ¼ 2|{z} ·22
ψ

þ 8 · ð1Þ2|fflfflffl{zfflfflffl}
η

¼ 16;

V ¼ 2|{z} ·22
ψ

þ 8 · ð−1Þ2|fflfflfflfflffl{zfflfflfflfflffl}
η

¼ 16; ð6:19Þ

so we get the renewed gauge action

Seffgauge ¼
Z

drdt

�
4π

g2a
ρað□r2□Þρa −A

π
ρa□ρa þ ða↔ vÞ

�
ð6:20Þ

With the change of variable above we have factorized the
computation of any correlation function as the product of a
bosonic times a free fermion computation

Oi ¼ eQ̃i;Aρ
a
eQ̃i;Vρ

v
Oi;free ð6:21Þ

so

hOiOji ¼ heQ̃i;Aρ
a
eQ̃j;Aρ

aiheQ̃i;Vρ
v
eQ̃j;Vρ

vihOi;freeOj;freei:
ð6:22Þ

Here the Q̃A=V are the ones that appear because of the
change of variable. Notice that they do not coincide, in
general, neither with the axial nor with the vectorial
charge of the operators. An operator can be written
schematically as

O ¼ ψa
lψ

b
r ψ̄

ā
lψ̄

b̄
rη

c
lη

d
r η̄

c̄
lη̄

d̄
r ð6:23Þ

where the upper indices are exponents [the actual SUð2ÞJ
and SUð8Þ indices are not shown]. We have (the barred
fermions give the opposite contribution to ρ)

ψl ψ r ηl ηr

Q̃A −2 −2 −1 −1
Q̃V −2 2 1 −1
QA 2 −2 1 −1
QV 2 2 −1 −1

ð6:24Þ

Recollecting we have

Q̃O;A ¼ −2ðaþ bÞ − ðcþ dÞ − ðbarredÞ;
Q̃O;V ¼ −2ða − bÞ − ðc − dÞ − ðbarredÞ: ð6:25Þ

B. Propagators

Here we want to compute the propagators for the bosonic
and fermion fields on the half-plane, each associated with
its proper boundary condition.

1. ρa propagators

The action for the field ρa isZ
drdt

�
4π

g2a
ρað□r2□Þρa −A

π
ρa□ρa

�
; A ¼ 16;

ð6:26Þ

accompanied by the Neumann boundary condition at the
monopole core

∂rρ
ajr¼0 ¼ 0: ð6:27Þ

The propagator is

G ¼ 1	
4π
e2 □r2□ − A

π □


 ¼ −
π

A
1

ð□ −□
r2
k □Þ ð6:28Þ

where k ¼ Ae2

4π2
. by using the formal property

1

A
−
1

B
¼ 1

A
ðB − AÞ 1

B
; ð6:29Þ

with

A ¼ □ and B ¼ □ −
k
r2

; ð6:30Þ

and one has

Geff ¼
π

A

�
□−1 −

�
□ −

k
r2

�
−1
�
: ð6:31Þ

By using

□
−1ðx; yÞ ¼ 1

4π
logðμ2jx − yj2Þ þ analytic ð6:32Þ

and imposing the boundary condition ∂rρjr¼0 ¼ 0 one
obtains

□
−1ðx; yÞ ¼ 1

4π
logðμ2jx − yj2Þ þ 1

4π
logðμ2jx − ȳj2Þ;

ð6:33Þ

where ȳ ¼ ðty;−ryÞ (the inverse of y respect to the
boundary r ¼ 0).
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The green function�
□ −

k
r2

�
−1
ðr1; t1; r2; t2Þ

¼ 1

2π
MdðkÞ

�
1þ ðr1 − r2Þ2 þ ðt1 − t2Þ2

2r1r2

�
; ð6:34Þ

where dðkÞ ¼ 1
2
ð−1� ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4k
p Þ, and MdðkÞðxÞ is the

solution12 of the Legendre differential equation

ð1 − x2ÞM00
d − 2xM0

d þ dðdþ 1ÞMd ¼ 0 ð6:35Þ

which it is regular at x → ∞, while it is singular at x ¼ �1
(x > 1 physically, x → 1 as r1; t1 → r2; t2). The scaling for
ðt1−t2Þ2
r1r2

≫ 1 is Δt−ð1þ
ffiffiffiffiffiffiffiffi
1þ4k

p Þ, therefore this contribution
vanishes respect the logarithmic one of the free propagator.
As we can neglect the contribution fromMd in the Δt →

∞ limit, we obtain

Geff ¼
1

A
logðΔtÞ þ…: ð6:36Þ

2. ρv propagators

The action for the field ρv is identical to the one for ρa,
but now we have Dirichlet boundary conditions,

ρvjr¼0 ¼ 0: ð6:37Þ

As before one can write the propagator as

Geff ¼
π

V

�
□

−1 −
�
□ −

k
r2

�
−1
�
; ð6:38Þ

but now we use the Dirichlet condition for the □
−1 part

□
−1ðx; yÞ ¼ 1

4π
logðμ2jx − yj2Þ − 1

4π
logðμ2jx − ȳj2Þ;

ð6:39Þ

while we are free to use�
□ −

k
r2

�
−1
ðr1; t1; r2; t2Þ

¼ 1

2π
MdðkÞ

�
1þ ðr1 − r2Þ2 þ ðt1 − t2Þ2

2r1r2

�
; ð6:40Þ

as

MdðkÞ

�
1þ ðr1 − r2Þ2 þ ðt1 − t2Þ2

2r1r2

�
∼
�ðr2Þ2 þ ðt1 − t2Þ2

2r1r2

�−d−1
∝ rdþ1

1 → 0: ð6:41Þ

The overall contribution has no logarithmic growth in
this case: e.g., by taking r1 ¼ r2 ¼ R and t1 − t2 ¼ Δt
one gets

□
−1ðx; yÞ ¼ 1

4π
logðμ2Δt2Þ − 1

4π
logðμ2ðΔtþ 2RÞ2Þ

¼ 1

4π
log

�
Δt2

ðΔtþ 2RÞ2
�

¼ 1

4π
log

�
1 − 4

R
Δt

þ…

�
¼ 0 −

1

π

R
Δt

þ oðR=ΔtÞ: ð6:42Þ

3. Free fermion propagators

With our conventions, z ¼ τ þ ir and z̄ ¼ τ − ir. By defining

Gðz; z0Þ ¼
� hψ̄ lðz0Þψ lðzÞi hψ̄ rðz0Þψ lðzÞi
hψ̄ lðz0Þψ rðzÞi hψ̄ rðz0Þψ rðzÞi

�
ð6:43Þ

then �
0 ∂

∂ 0

�� hψ̄ lðz0Þψ lðzÞi hψ̄ rðz0Þψ lðzÞi
hψ̄ lðz0Þψ rðzÞi hψ̄ rðz0Þψ rðzÞi

�
¼
�

0 δ2ðz − z0Þ
δ2ðz − z0Þ 0

�
ð6:44Þ

and � hψ̄ lðz0Þψ lðzÞi hψ̄ rðz0Þψ lðzÞi
hψ̄ lðz0Þψ rðzÞi hψ̄ rðz0Þψ rðzÞi

��
0 ∂0

∂0 0

�T

¼
�

0 δ2ðz − z0Þ
δ2ðz − z0Þ 0

�
ð6:45Þ

12The correct function is totally fixed requiring regularity at z → ∞. MdðzÞ correspond to LegemdreQ[d, 0, 3,z] in Mathematica,
where the argument 3 specify the correct branch structure we need (3 means brunch cut between −∞ and þ1).
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supplemented by the microscopic boundary conditions
(6.4) [and (6.14)], which we repeat here

ψ l ¼ ψ r: ð6:46Þ
Let us consider the slightly more general boundary

condition ψ l ¼ eiθψ r, keeping in mind that, for our system,
we are interested in θ ≪ 1. The Green’s function is
uniquely determined� hψ̄ lðz0Þψ lðzÞi hψ̄ rðz0Þψ lðzÞi
hψ̄ lðz0Þψ rðzÞi hψ̄ rðz0Þψ rðzÞi

�
¼ 1

2π

 
1

z−z0
eiθ
z−z̄0

e−iθ
z̄−z0

1
z̄−z̄0

!
;

ð6:47Þ
as it can be checked explicitly by plugging it into the
differential equations.
It is useful for us to expand the Green’s function for

t − t0 ≫ x; x0. For simplicity, let us take x ¼ x0 ¼ r, then

G¼ 1

2π

�
1

Δt

�
1 eiθ

e−iθ 1

�
þ 2ir
Δt2

�
0 eiθ

e−iθ 0

�
þO

�
1

Δt2

��
:

ð6:48Þ
As the green function determinant expansion for largeΔt

det½G� ∝ 4r2

Δt4
þ… ð6:49Þ

the correlations function involving both the two chiralities
of the same fermion,

hðψ̄ lψ̄ r…Þzðψ lψ r…Þzi ∝ det½G� ð6:50Þ
scales as 1

Δt4, and not as 1
Δt2 as naive dimensional analysis

might suggest. Differently, if two fermions are of different
flavors,

hðψ̄1
l ψ̄

2
r…Þzðψ1

lψ
2
r…Þzi ∝ GllGrr ð6:51Þ

it scales as 1
Δt2, as expected.

C. Operators and condensate in 2D

It is convenient to classify the operators in several
classes, schematically as

O ¼ ðψ I
lψ

I
rÞkðψ I

l=rÞmðηAl ηAr ÞjðηAl=rÞnðψ̄ I
l ψ̄

I
rÞk̄ðψ̄ I

l=rÞm̄

× ðη̄Al η̄Ar Þj̄ðη̄Al=rÞn̄; ð6:52Þ

labeled by eight numbers k; k̄; j; j̄; m; m̄; n; n̄:
(i) The number 0 ≤ k; k̄ ≤ 2 of couples ψ I

lψ
I
r (or ψ̄ I

l ψ̄
I
r)

where both the two chiralities of the same ψ I

fermion are presents. Each of them will contribute
with a factor Δt−4 to the correlation function.

(ii) The number 0 ≤ j; j̄ ≤ 8 of couples ηAl η
A
r (or η̄Al η̄

A
r )

where both the two chiralities of the same ηA fermion

are presents. Again, each of them will contribute with
a factor Δt−4 to the correlation function.

(iii) The numbers 0 ≤ m ≤ 2 − k (0 ≤ m̄ ≤ 2 − k̄) of
times a ψ I (ψ̄ I) appears with only one of its chiralities
in the operator.

(iv) The numbers 0 ≤ n ≤ 8 − j (0 ≤ n̄ ≤ 8 − j̄) of times
a ηA (η̄A) appears with only one of its chiralities in
the operator.

With these eight numbers, it is possible to determine the
scaling of the correlation function for large Δt, as

O ∝ Δtβ; ð6:53Þ
where

β ¼ Q̃2

16
− ð4ðkþ k̄þ jþ j̄Þ þmþ m̄þ nþ n̄Þ; ð6:54Þ

being

Q̃ ¼ 4ðk − k̄Þ þ 2ðj − j̄Þ þ 2ðm − m̄Þ þ ðn − n̄Þ: ð6:55Þ
If β < 0 the operator O does not condense, if β ¼ 0 it
condenses, while any value β > 0 does not satisfy the
cluster property. The task is to search all the value of
k; k̄; j; j̄; m; m̄; n; n̄ that satisfy β ¼ 0.
We can see that β is maximized if one set either k̄ ¼

j̄ ¼ m̄ ¼ n̄ ¼ 0 or k ¼ j ¼ m ¼ n ¼ 0. Then only a small
number (∼100) of cases remain, and we can explore all of
them by exhaustion. The upshot is that β ≤ 0, with β ¼ 0
only for k ¼ j ¼ m ¼ n ¼ 0 (the identity operator), or
k ¼ 2, j ¼ 0, m ¼ 0, n ¼ 8, corresponding schematically
to ψ4η8.
In general, there are many operators of this form. First of

all, it is possible to classify themaccording to theirUð1Þ axial
charge, QA ¼ −8;−6;…; 0;…; 8, which depend on the
number of the left and of the right ηA present in the operator.
Clearly, at the nonperturbative level, only the uncharged
operator can condense as a local operator. Explicitly, the
integration on the λ mode of the gauge field renders any
correlation function of the charged operator vanishing.
What remains is a vector space of 70 operators, V4;4 with

four ηAl and four ηAr

ðψ1
lψ

1
rÞðψ2

lψ
2
rÞηA1

l …ηA4

l ηB1
r …ηB4

r : ð6:56Þ
It is worth noticing that V4;4 does not decompose as a

direct sum of SUð8Þ irreps, as it is not closed under the
SUð8Þ action. However, within V4;4 there is an operator
invariant under SUð8Þ,

ðψ1
lψ

1
rÞðψ2

lψ
2
rÞηA1

l …ηA4

l ηB1
r …ηB4

r ϵA1…B4
: ð6:57Þ

With what we know till now, we cannot say if SUð8Þ is
broken or not. To answer it is necessary to compute
explicitly which subspace of V4;4 does not get a vev, by
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evaluating the combinatorial factor associated with the
fermionic Wick contractions.
From themicroscopic analysis of theboundary conditions,

(6.4) and (6.14), we know that all the θ parameters vanish
in our model, up to corrections due to the finite monopole
core size. However, let us keep momentarily a common
θη1 ¼ … ¼ θη8 , which does not affect the result below.
One can denote an element of a particular basis of V4;4

by providing a permutation σ

Oσ ¼ ψ4ησð1Þ1 …:ησð4Þ4 ησð5Þ2 …:ησð8Þ2 : ð6:58Þ
Clearly this notation is redundant, asOσ ¼ �Oσ0 if ðσÞ−1σ0
acts only by reshuffling the first 1;…; 4 and 5;…; 8 among
each other, separately.
At this point, we can compute

hO†
σ0Oσi ¼ hðψ̄4η̄σ

0ð8Þ
2 …:ησ

0ð5Þ
2 ησ

0ð4Þ
1 …:ησ

0ð1Þ
1 Þx1

× ðψ4ησð1Þ1 …:ησð4Þ4 ησð5Þ2 …:ησð8Þ2 Þx2i: ð6:59Þ
We can rearrange the fermions by paying a sign

ð−1Þjσjð−1Þjσ0jhη̄8iσ0ð8Þ…η̄1iσ0ð1Þη
1
iσð1Þ…η8iσð8Þ i

i1 ¼ … ¼ i4 ¼ 1 i5 ¼ … ¼ i8 ¼ 2: ð6:60Þ
Now, let us call A the number of couples ðiσ0ðaÞ ¼

1; iσðaÞ ¼ 2Þ and B the couples ðiσ0ðaÞ ¼ 2; iσðaÞ ¼ 1Þ. As
there is the same number of left and right fermions both in
the O and in O0, then A ¼ B. But the correlation function
gives a factor e−ðA−BÞiθ, so the phase cancels overall. The
upshot is that

hO†
σ0Oσi ∝ ð−1Þjσjð−1Þjσ0j: ð6:61Þ

This tells us that the unique operator that can condense
can be written as X

σ

ð−1ÞjσjOσ ð6:62Þ

which is the SUð8Þ invariant one,
ψ4ηA1

1 …ηA4

1 ηB1

1 …ηB4

1 ϵA1…A4B1…B4
: ð6:63Þ

Summarizing, by computing the dynamics of the IR
effective theory we confirm that all the global symmetries
of the theory remain unbroken by the condensate. Notice
that this is a nontrivial result, as we might have found a
nonvanishing vev for operators that breaks, e.g. SUð8Þ
or rotations. It is worth noticing that the operator that

condenses has the same structure as the ’t Hooft operator,
which captures the effect of the anomaly in IR.

D. Uplift the condensate in 4D

We have pinned down exactly the operator that con-
denses in the 2D EFT. We have now to uplift the result to
4D, and determine which operators condense. To do so, one
can simply remember that for a positively charged fermion

ψ4D ¼ 1

r
ψm
l Ωμ;μ−1=2;m þ ðj > μ − 1=2Þ; ð6:64Þ

while for a negatively charged particle

ψ4D ¼ 1

r
ψ rðσ2Ω−μ;−μ−1=2;mÞ þ ðj > −μ − 1=2Þ: ð6:65Þ

In our case

ðψ i;iÞ2ðψ i;iÞ2ηA1

iþ1…ηA4

iþ1η
B1

i …ηB4

i ϵA1…A4B1…B4

¼ 1

r12
ψ1=2
l Ω1;1=2;1=2ψ

−1=2
l Ω1;1=2;−1=2ψ

1=2
r ðσ2Ω1;1=2;1=2Þψ−1=2

r

× ðσ2Ω1;1=2;−1=2Þ ·ηA1

1 Ω1=2;0;0…ηA4

1 Ω1=2;0;0η
B1

1

× ðσ2Ω1=2;0;0Þ…ηB4

1 ðσ2Ω1=2;0;0Þ: ð6:66Þ
Here, for simplicity, we have suppressed the Lorentz

index of every monopole spinor spherical harmonics.
Clearly, because of all these Lorentz indices, it is possible
to form many tensors, all of which might condense.
To understand the Lorentz structure, notice
(1) Because of statistics, the ψs ought to be contracted to

form a Lorentz singlet,

ψ i
αψ

i
βϵ

αβψ iþ1
γ ψ iþ1

δ ϵγδ: ð6:67Þ
(2) The condensate is by construction symmetric under

exchange of any of the spinorial indices of the ηis
and of the ηiþ1s. This means

ηA1

fα1…:ηA4

α4g ð6:68Þ
and forms two (2,0) Lorentz representations.

(3) By combining them one obtains

ð2; 0Þ ⊗ ð2; 0Þ ¼ ð0; 0Þ ⊕ ð1; 0Þ ⊕ … ⊕ ð4; 0Þ:
ð6:69Þ

All of these operators condense.
It is not difficult to give an explicit construction to the

first two of these operators and compute the condensates

hOð0;0Þi ¼ hðψ iϵψ iÞðψ iþ1ϵψ iþ1ÞðηA1

i ϵηB2

iþ1Þ…ðηA7

i ϵηB8

iþ1ÞϵA1…B8
i ∝ 1

r18
;

hOð1;0Þi ¼ hðψ iϵψ iÞðψ iþ1ϵψ iþ1ÞðηA1

i σ̄½μσν�ηA2

iþ1Þ…ðηA7

i ϵηA8

iþ1ÞϵA1…B8
i ∝ 1

r18

�
0 ix̂

−ix̂ ϵijkx̂k

�
; ð6:70Þ
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In principle, one can compute the rest of the operators, but
they become more cumbersome to write down explicitly.
It is worth stressing that, even if the condensates have a

nontrivial Lorentz tensor structure, overall it does not break
the rotational symmetry, as it is clear from the explicit
expression of the (1,0) vev.

VII. BOSONIZATION AND SCATTERING
IN THE ψχη MODEL

The theory of a Dirac massless 2D fermion, Ψ ¼
	

χl
χr



,

Ψ̄ ¼ ðχ̄rχ̄lÞ

SD ¼
Z

dx2Ψ̄γi∂iΨ ¼
Z

dx2fχ†l ∂−χl þ χ†r∂þχrg;

∂� ¼ ∂t � ∂x; ð7:1Þ

is equivalent to the theory of a single (massless) real boson
periodic with Φ ∼Φþ 2π

SB ¼ 1

8π

Z
dx2∂iΦ∂

iΦ ð7:2Þ

In particular, as ∂−ψ̄ lψ l ¼ ∂þψ̄ rψ r, one can define the
Uð1Þl and the Uð1Þr currents in the fermionic system

Uð1Þl∶ Jμl ¼
�

χ†l χl

−χ†l χl

�
; ∂μJ

μ
l ¼ 0;

Uð1Þr∶ Jμr ¼
�
χ†rχr

χ†rχr

�
; ∂μJ

μ
r ¼ 0: ð7:3Þ

Then, thanks to the equation of motions for Φ,
∂þ∂−Φ ¼ ∂−∂þΦ ¼ 0, we can define a mapping

χ†l χl ¼ ∂−Φ χ†rχr ¼ ∂þΦ ð7:4Þ

The dynamics of the scattering of the s-wave sector of a
single Dirac fermion can be understood in the bosonized
theory as the boundary condition for the field Φ.
After bosonization we ignore the gauge degrees of

freedom and treat the system as a bunch of free bosons.
We assume that all symmetries apart from the anomalous
one should be preserved. We thus have a set of symmetry-
preserving boundary conditions. The crucial aspect here is

that the chiral theory under consideration is locally vecto-
rial. So once we neglect the gauge fields we can just
perform the bosonization in the usual way, as if it were a
vectorial model. The 2D Dirac fermions (5.26) can be
traded with a 2D compact bosons ϕψ and ϕη with the same
charges of the corresponding fermions with respect to
Uð1ÞA, Uð1ÞV , SUð2ÞJ and SUð8Þη given in (5.27).
We search for symmetry preserving boundary conditions

using the bosonized picture. The conditions that all non-
anomalous symmetries are preserved is thus

Uð1ÞA ⇒ 2
X
I

∂0ϕ
I
ψ þ

X
A

∂0ϕ
A
η ¼ 0;

Uð1ÞV ⇒ 2
X
I

∂1ϕ
I
ψ −

X
A

∂1ϕ
A
η ¼ 0;

SUð2ÞJ ⇒ ∂1ϕ
1
ψ − ∂1ϕ

2
ψ ¼ 0;

SUð8Þη ⇒ ∂1ϕ
1
η ¼ ∂1ϕ

2
η ¼ … ¼ ∂1ϕ

8
η: ð7:5Þ

Clearly, these 10 equations fix totally the dynamics. To
solve it in general it is convenient to consider a generic
solution

ϕI
ψ ¼ gIψðtþ rÞ þ hIψðt − rÞ ϕA

η ¼ gAη ðtþ rÞ þ hAη ðt − rÞ
ð7:6Þ

We have to specify the initial conditions of the scattering
problem. To describe the scattering of some incoming
particles that arrives at the monopole at time t0, we should
impose on the functions g and h that

gIψ=ηðtÞ ¼ hIψ=ηðtÞ ¼ 0 for t < t0; I ¼ 1.::8 ð7:7Þ

By plugging the solutions (7.6) into the boundary con-
ditions, and integrating using (7.7) we obtain

Uð1ÞA ⇒ 2
X
I

gIψ þ
X
A

gAη ¼ −2
X
I

hIψ −
X
A

hAη ;

Uð1ÞV ⇒ 2
X
I

gIψ −
X
A

gAη ¼ 2
X
I

hIψ −
X
A

hAη ;

SUð2ÞJ ⇒ g1ψ − g2ψ ¼ h1ψ − h2ψ ;

SUð8Þη ⇒ g1η − h1η ¼ g2η − h2η ¼…¼ g8η − h8η; ð7:8Þ

or, in matrix form

BOLOGNESI, BUCCIOTTI, and LUZIO PHYS. REV. D 110, 125017 (2024)

125017-18



0BBBBBBBBBBBBBBBBBBB@

2 2 1 1 1 1 1 1 1 1

2 2 −1 −1 −1 −1 −1 −1 −1 −1
1 −1 0 0 0 0 0 0 0 0

0 0 1 −1 0 0 0 0 0 0

0 0 0 1 −1 0 0 0 0 0

0 0 0 0 1 −1 0 0 0 0

0 0 0 0 0 1 −1 0 0 0

0 0 0 0 0 0 1 −1 0 0

0 0 0 0 0 0 0 1 −1 0

0 0 0 0 0 0 0 0 1 −1

1CCCCCCCCCCCCCCCCCCCA
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

A

0BBBBBBBBBBBBBBB@

g1ψ
g2ψ
g1η
g2η
g3η
g4η
g5η
g6η
g7η
g8η

1CCCCCCCCCCCCCCCA
¼

0BBBBBBBBBBBBBBBBBBB@

−2 −2 −1 −1 −1 −1 −1 −1 −1 −1

2 2 −1 −1 −1 −1 −1 −1 −1 −1
1 −1 0 0 0 0 0 0 0 0

0 0 1 −1 0 0 0 0 0 0

0 0 0 1 −1 0 0 0 0 0

0 0 0 0 1 −1 0 0 0 0

0 0 0 0 0 1 −1 0 0 0

0 0 0 0 0 0 1 −1 0 0

0 0 0 0 0 0 0 1 −1 0

0 0 0 0 0 0 0 0 1 −1

1CCCCCCCCCCCCCCCCCCCA
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

B

0BBBBBBBBBBBBBBB@

h1ψ
h2ψ
h1η
h2η
h3η
h4η
h5η
h6η
h7η
h8η

1CCCCCCCCCCCCCCCA
;

ð7:9Þ
which allows to write

h ¼ B−1A g ¼ Sg; ð7:10Þ

where S is the scattering matrix given by

S ¼ B−1A ¼

0BBBBBBBBBBBBBBBBBBB@

1
2

− 1
2

− 1
4

− 1
4

− 1
4

− 1
4

− 1
4

− 1
4

− 1
4

− 1
4

− 1
2

1
2

− 1
4

− 1
4

− 1
4

− 1
4

− 1
4

− 1
4

− 1
4

− 1
4

− 1
4

− 1
4

7
8

− 1
8

− 1
8

− 1
8

− 1
8

− 1
8

− 1
8

− 1
8

− 1
4

− 1
4

− 1
8

7
8

− 1
8

− 1
8

− 1
8

− 1
8

− 1
8

− 1
8

− 1
4

− 1
4

− 1
8

− 1
8

7
8

− 1
8

− 1
8

− 1
8

− 1
8

− 1
8

− 1
4

− 1
4

− 1
8

− 1
8

− 1
8

7
8

− 1
8

− 1
8

− 1
8

− 1
8

− 1
4

− 1
4

− 1
8

− 1
8

− 1
8

− 1
8

7
8

− 1
8

− 1
8

− 1
8

− 1
4

− 1
4

− 1
8

− 1
8

− 1
8

− 1
8

− 1
8

7
8

− 1
8

− 1
8

− 1
4

− 1
4

− 1
8

− 1
8

− 1
8

− 1
8

− 1
8

− 1
8

7
8

− 1
8

− 1
4

− 1
4

− 1
8

− 1
8

− 1
8

− 1
8

− 1
8

− 1
8

− 1
8

7
8

1CCCCCCCCCCCCCCCCCCCA

: ð7:11Þ

From the unitary matrix S one can read the scattering. Here we give some examples
(i) Sending in a single η1iþ1 particle is represented as having a kink in g

gðt < t0Þ ¼ 0 gðt ≫ t0Þ → 1 ð7:12Þ
Using the S matrix we known that for h the kink is

htðt ≫ t0Þ ¼
	
− 1

4
; − 1

4
7
8
; − 1

8
; − 1

8
; − 1

8
; − 1

8
; − 1

8
; − 1

8
; − 1

8



; ð7:13Þ

which is a state with a fractional occupation number.
(ii) Scattering a single ψ i particle (with m ¼ 1=2) we obtain

htðt ≫ t0Þ ¼
	
− 1

2
; − 1

2
1
4
; − 1

4
; − 1

4
; − 1

4
; − 1

4
; − 1

4
; − 1

4
; − 1

4



: ð7:14Þ

This type of fractional kinks, or microtons, as outcome of the scattering process is like the one first observed in [5] in the
context of the GUT standard model monopole.
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In the eigendecomposition of the matrix S there is a
single −1 eigenvalue, relative to the state

gt
− ¼ ð2; 2; 1; 1; 1; 1; 1; 1; 1; 1Þ; Sg− ¼ −g−; ð7:15Þ

while S ¼ 1 on the orthogonal subspace, which we callH0.
Notice that the H0 spans the subspace of states that are
uncharged under Uð1ÞA ¼ Uð1Þi.
The presence of a −1 eigenvalue is related to the

condensate (6.63). Indeed there is a multiparticle scattering
process, entirely in the Fock space, that is directly related to
the condensate. If we take as state the ingoing part of the
condensate, we have

ht ¼
	
1; 1 1; 1; 1; 1; 0; 0; 0; 0



ð7:16Þ

applying the scattering matrix (7.11) we obtain

gt ¼
	
−1; −1 0; 0; 0; 0; −1; −1; −1; −1



:

ð7:17Þ

These are exactly the conjugate of the out states in the
condensate. This is precisely what happens for the simple
case of the CR effect in. Another way of writing this
process is

ψ1
i þ ψ2

i þ η1iþ1 þ η2iþ1 þ η3iþ1 þ η4iþ1 → ψ̄1
iþ1 þ ψ̄2

iþ1

þ ηi
5 þ η6i þ η̄7i þ η̄8i : ð7:18Þ

This concludes the list of elementary scattering processes
which can be readily interpreted in terms of particles: there
are the ones where the in state is neutral under Uð1ÞA, and
the one related to the condensate. The most general process
we can understand can be decomposed into a superposition
(with integer coefficients) of these processes. All other
processes involve fractional charges, as we showed in the
examples (7.13), (7.14).
The problem of fractional out states has been known

since the first paper by Callan about GUT monopoles [5]. It
also appears for vectorial models with multiple flavors. The
GUT problem can be reduced to the SUð2Þ monopole with
4 Weyl fermion doublets. Here the fractional number that
appears is 1

2
, and these fractional hypothetical states are also

called semitons. This problem is still open and currently
debated in the literature. The present work presented a new
chiral model, the ψχη, where the same issue of fraction-
alization appears in the final scattering matrix. We thus
arrived at the same old problem in a new model. Here we
give a brief overview of the possible solutions, with no
ambition for the moment to find a definite answer. Each
proposal has some weak points, or at least some not
completely proven assumptions.

In the original paper [5] it was proposed a sort of density
matrix type interpretation. The fractional number could be a
probabilistic coefficient. This would require some explan-
ation of how a pure in state comes as a mixed state. It may
be entangled with other degrees of freedom. A measure
would project in a certain state in the Fock space of out
particles and this would then break some of the global
symmetries, unless the entanglement also enters into play.
In [8] it was suggested that the out state may be considered
as a vacuum pulse, a sort of excitation around the vacuum
that cannot be interpreted as a multiparticle state in a
Fock space.
A recent idea has been presented in [17], following

earlier work [15,16], see also on a similar line [20]. These
works question the fact that at low energy we can neglect
higher spin excitations. Using the pairwise helicity formal-
ism, they constructed a state made of out multifermions that
preserves all the charges. To construct this state it is
important to include higher angular momentum states,
all entangled with the field angular momentum to have a
total J ¼ 0 state. Usually, higher angular momentum states
are not expected to be relevant in a low-energy scattering
setup because they are kept away from the monopole core
by the centrifugal barrier (see our discussion in Sec. II). The
interaction between opposite charges particles would lower
the energy but, at small coupling, we do not expect to
completely cancel the centrifugal barrier. So these proc-
esses are expected to remain “below the barrier” from
radius RUV up to radius 1=ϵ, where ϵ is the energy of the
incoming particle, thus we expect them to be suppressed at
low energy. Another problem is that this approach does not
explain the scattering if we consider the just 1þ 1 theory.
There must be a solution for the scattering problem even if
we take just the 1þ 1 theory in isolation, so without higher
spin states by definition.
In [18] it was suggested that the missing charge may be

in the form of soft fermionic radiation. The authors of [12],
by using the rotor model, suggest the possibility of excite
the dyonic degrees of freedom, even at low energy. Another
approach that involved the change in the monopole-dyon is
[23]. Here it is suggested that a dyon can be created at
parametrically small energies. This would be the case if the
fermion has JR zero modes and may be an interesting
possibility to explore for those cases we excluded in our
derivation. In [22] they suggested the existence of new
fermionic states mas as solitonic excitations, “pancakes” of
the condensates. This may reflect the fact that going to
higher spin there are multiple possible states with the
correct quantum numbers, but it is not clear how to
compute the scattering probability.
Another recent idea has been presented in [14]. Here it is

suggested that a topological line form after the scattering
and connects the monopole with the out states. This is
somehow in line with the original idea of the vacuum pulse
of [8]. Bosonization gives a definite answer for the out
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scattering state in 1þ 1. It is a state that cannot be
interpreted as a single or multiparticle in the Fock space
and may be a nonlocal excitation. This type of approach is
meant to work also in the isolated 1þ 1 theory. It remains
difficult to interpret the result in terms of what a physical
detector would measure out of a scattering experiment.
To be more precise, the authors of [14] suggest that

we should take the answer from bosonization seriously
and, considering the final state of the fermionic theory
as an exponential of bosonic operators, they split it into
a topological operator connecting the monopole with
elementary outgoing fermions [see for example their
Eqs. (2.17), (2.18)]. The pleasing feature of this approach
is that it interprets the out state as elementary outgoing
fermionic operators, but acting on a “twisted vacuum” that
carries nonzero charge. The split into topological line
and elementary fermionic excitation is uniquely defined
by the condition that the mass dimension of the endpoint
of the topological operator should be the lowest possible,
or equivalently that in radial quantization the energy is
minimized, and the result of the twist operator on the
vacuum can be interpreted as the vacuum of a twisted sector
of the Hilbert space.
Applying their proposal to the ψχη model, we get very

simple results. If we send in a ψ particle, the outcome
(7.14) is to be interpreted as a pure topological line (i.e., the
mass dimension is already minimized). On the contrary, if
we send a η particle in, the resulting (7.13) state is to be
interpreted as an outgoing anti-η of the same flavor,
attached to a twist operator. The twist operator is described
in the bosonized picture by the fractional numbers	
− 1

4
; − 1

4
− 1

8
; − 1

8
; − 1

8
; − 1

8
; − 1

8
; − 1

8
; − 1

8
; − 1

8



:

ð7:19Þ

The line operator acts on the right-moving sector,

ψ iþ1 → e
2πi
4 ψ iþ1; ηAi → e

2πi
8 ηAi ; ð7:20Þ

while it leaves the left-movers, ψ i and ηAiþ1, untouched.
Unsurprisingly, (7.20) is a combination of an SUð8Þ center,
a Z16 ⊂ Uð1Þi and a Z16 ⊂ Ũð1Þ transformations13

e
2πi
8 ∈ SUð8Þ; e−

2πi
16 ∈Uð1Þi; e

2πi
16 ∈ Ũð1Þ: ð7:21Þ

This is natural, as the topological line can end topologi-
cally on the monopole only if it fits on the group preserved
by the monopole boundary condition. There are some

obstacles that still prevent to apply the topological defect
idea to all possible chiral gauge theories, such as (4.1), or to
all monopoles in a given theory such as in the standard
model case [13]. The minimal monopole of the ψηξ model
does not seem to be one of such cases.
There is still no definite answer for this unitarity

problem, which also appears in the ψχη model. In general,
it is quite difficult to have an explanation that works also in
the reduces 1þ 1 model and at the same time can give an
answer to what a physical device would measure after the
scattering.

VIII. CONCLUSION

In this work, we approached the Callan-Rubakov effect
in chiral theories by analyzing in detail an explicit
example. In particular, noticing that for the cases of
vectorlike theories the UV completion has some role in
the explicit computation by Callan and Rubakov, we
identified a subset of all the possible Abelian gauge
theories that can possess a simple interpretation in terms
of the abelianized phase of a UV complete model: the
locally vectorlike models.
Within this class, we found a simple example which is

the IR description of an SUðNÞ chiral gauge theory: the
ψχη model.
Thanks to the locally vectorlike nature of the model, and

the explicit UV completion of the Dirac monopole in terms
of a ’t Hooft-Polyakov monopole, many of the techniques
developed by Callan and Rubakov can be used with little
tweaks. In particular:

(i) The explicit UV completion, and the fact that the
model abelianizes at a perturbative scale, allows us
to understand the IR theory and the magnetic
monopole spectrum. In particular, we can ensure
that there are no Jakiew-Rebbi zero modes on the
background of the monopoles considered here, thus
no degenerate dyons.

(ii) Then, following the example of Rubakov, we com-
puted the Callan-Rubakov condensate around the
monopole in the limit of small monopole and small
electric coupling. This computation allows us to
understand how the symmetry group is broken. We
found that only a single operator condenses, roughly
ψ4η8, breaking only the anomalous symmetries and
leaving the global symmetry group inherited from
the UV completion intact.

(iii) Lastly, with this knowledge, we rewrote the effective
theory that describes the s-wave fermions in terms of
scalars, and here we described the scattering in terms
of an S-matrix, completely determined by the un-
broken symmetries alone. Our final states are com-
posed of purely outgoing s-wave modes.

As for the case of QED with Nf ≥ 4 or higher-charge
fermions, our understanding is not yet satisfactory. The
scattering of a single in fermion leads to an out state with a

13At is, this transformation seems to generate a Z16 group.
However, by applying 8 times this transformations one obtains
the diagonal element of Z2 ×fZ2, where Z2 ⊂ Uð1Þi andfZ2 ⊂ Ũð1Þ, which acts trivially. In other words only Uð1Þi×Ũð1Þ

Z2

acts faithfully.
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fractional number of fermions, called semitons (or better,
microtons), whose interpretation is still very debated.
An analysis similar to ours can be applied to the “locally

vectorial” theories. However, many other chiral theories
such as the one considered in [25,26], and whose prototype
is (4.1), do not fall into this category. A natural further step
in studying the chiral theories would be to try to tackle
these theories by using other classes of UV completions.
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APPENDIX A: CONVENTIONS

In the following we will be using the mostly plus
convention for the metric, ημν ¼ diagð−1; 1; 1; 1Þ, and
the definition γμ; γν ¼ −2ημν. In our conventions, the
Minkowski 2D gamma matrices (in the chiral basis) are

γ0 ¼
�
0 1

1 0

�
; γ1 ¼

�
0 1

−1 0

�
; γ5 ¼ γ0γ1 ¼

�−1 0

0 1

�
; ðA1Þ

so a left-handed 2D fermion γ5ψ l ¼ −ψ l, is left-moving ð∂0 − ∂1Þψ l ¼ 0

In Euclidean signature, we use the representation

γ0 ¼
�
0 1

1 0

�
; γ1 ¼

�
0 −i
i 0

�
; γ5 ¼ γ0γ1 ¼

�−1 0

0 1

�
; ðA2Þ

so the massless 2D Dirac equation reads �
0 ∂

∂ 0

��
ψ l

ψ r

�
¼ 0: ðA3Þ

By continuing a purely left-handed (left-moving) fermion, ψ lðtþ rÞ, to the euclidean slice, t → −iτ, one obtains an
holomorphic fermion ψð−iðτ þ irÞÞ, which is fully consistent with the 2D equation.
It is useful to report here a couple of identities that are used multiple times. In Euclidean signature the vector and the axial

currents

JiV ¼ ψ̄γiψ ¼
�

ψ̄ lψ l þ ψ̄ rψ r

iðψ̄ lψ l − ψ̄ rψ rÞ

�
; JiA ¼ ψ̄γiγ5ψ ¼

� −ψ̄ lψ l þ ψ̄ rψ r

−iðψ̄ lψ l þ ψ̄ rψ rÞ

�
; ðA4Þ

are related

JiV ¼ iϵijJjA; JiA ¼ iϵijJjV: ðA5Þ
Similarly, we define the Minkowski 4D gamma matrices in the chiral basis as

γ0 ¼
�
0 1

1 0

�
; γi ¼

�
0 σi

σ̄i 0

�
; γ5 ¼

�−1 0

0 1

�
: ðA6Þ

APPENDIX B: MONOPOLE SPHERICAL HARMONICS

To exploit spherical symmetry, we would like to decompose the fermion into angular momentum eigenmodes.
However the rotation generator is L̃ and not L, so it is convenient to first define the scalar monopole spherical harmonics,
Yμ;j;mðθ;ϕÞ, with

j ¼ μ; μþ 1;…; and m ¼ −j;−jþ 1;…; j − 1; j; ðB1Þ

such that
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L̃2Yμ;j;mðθ;ϕÞ ¼ jðjþ 1ÞYμ;j;mðθ;ϕÞ; L̃zYμ;j;mðθ;ϕÞ ¼ mYμ;j;mðθ;ϕÞ ðB2Þ

as the ordinary spherical harmonics. An explicit expression for Yμ;j;m is

Yμ;j;mðθ;ϕÞ ¼ Nμ;j;meiϕðμþmÞð1 − cosðθÞÞ−μþm
2 ð1þ cosðθÞÞ−μ−m

2 Pð−m−μ;m−μÞ
jþμ ðcosðθÞÞ ðB3Þ

where Nμ;j;m is a normalization constant.

We introduce the spinor monopole spherical harmonics,

Φð1Þ
μ;j;mðθ;ϕÞ ¼

0B@
ffiffiffiffiffiffiffi
jþm
2j

q
Yμ;j−1

2
;m−1

2
ðθ;ϕÞffiffiffiffiffiffiffi

j−m
2j

q
Yμ;j−1

2
;mþ1

2
ðθ;ϕÞ

1CA; Φð2Þ
μ;j;mðθ;ϕÞ ¼

0B@−
ffiffiffiffiffiffiffiffiffiffiffi
j−mþ1
2jþ2

q
Yμ;jþ1

2
;m−1

2
ðθ;ϕÞffiffiffiffiffiffiffiffiffiffiffi

jþmþ1
2jþ2

q
Yμ;jþ1

2
;mþ1

2
ðθ;ϕÞ

1CA ðB4Þ

which are eigenvectors of J2 and Jz,

J2ΦðiÞ
μ;j;m ¼ jðjþ 1ÞΦðiÞ

μ;j;m; J3ΦðiÞ
μ;j;m ¼ mΦðiÞ

μ;j;m; i ¼ 1; 2 ðB5Þ

Notice that Φð2Þ can be defined for any j ¼ μ − 1
2
; μþ 1

2
;…, while Φð1Þ is only defined for j ¼ μþ 1

2
; μþ 3

2
;….

Then one defines Ωð1Þ
μ;j;m and Ωð2Þ

μ;j;m, with j ¼ μþ 1
2
; μþ 3=2;…, as the following combinations

Ωð1Þ
μ;j;m ¼ 1

2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ

jþ 1
2

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

μ

jþ 1
2

r !
Φð1Þ

μ;j;m −
1

2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ

jþ 1
2

r
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

μ

jþ 1
2

r !
Φð2Þ

μ;j;m;

Ωð2Þ
μ;j;m ¼ 1

2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ

jþ 1
2

r
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

μ

jþ 1
2

r !
Φð1Þ

μ;j;m þ 1

2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ

jþ 1
2

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

μ

jþ 1
2

r !
Φð2Þ

μ;j;m; ðB6Þ

and

Ωð3Þ
μ;μ−1

2
;m

¼ Φð2Þ
μ;μ−1

2
;m
: ðB7Þ

The usefulness of these Ω’s is that they satisfy Eq. (2.5)

APPENDIX C: SELF-ADJOINT EXTENSIONS
OF THE HAMILTONIAN

In this appendix we will solve the time independent
Dirac equation for the 2D fermions defined in Eq. (2.8)
close to the origin r ¼ 0, determining the behavior of the
two solutions. We will impose square integrability at the
origin, and then impose the condition Eq. (2.18).
One can write down second order differential equations

for the two components of ψ2D ¼ ðψ l;ψ rÞ. For ψ l;r one has

1

r

dðrψ 0
l;rÞ

dr
−
�el2

r2
∓ i

ω

r
− ω2

�
ψ l;r ¼ 0: ðC1Þ

An analytic solution is available in terms of generalized
Laguerre polynomials

ψ l;r ¼ e∓iωrrelðc1r−2elL−2elel ð�2irωÞ þ c2L2el
−elð�2irωÞÞ:

ðC2Þ

These functions are not linearly independent when el is an
integer or half-integer, but all the arguments that will follow
are still true by continuity in el.
We now impose square integrability at the origin. We

assume el > 0 and discuss el ≤ 0 at the end. The crucial
observation is that all generalized Laguerre polynomials go
to a constant for small r, so schematically

ψ l;r ∼ c1r−
el þ c2r

el: ðC3Þ

If c1 ≠ 0 we get

ψ l ∼ r−el; Z
0

jψ lj2dr < ∞ → el <
1

2
: ðC4Þ

If instead c1 ¼ 0, ψ l goes to zero at the origin and
integrability is obvious.
Having determined the normalizable states, we now

impose their dynamics to be unitary. To achieve this, we
impose (2.18), starting from the special case ϕ ¼ ψ , from
which we get

ðjψ lðrÞj2 − jψ rðrÞj2Þr→0 ¼ 0: ðC5Þ
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First, if el ≥ 1
2
then c1 ¼ 0 and (C5) is trivially satisfied. Ifel < 1

2
c1, c2 are free and we must more carefully consider

jψ lj2; jψ rj2. Relying on 0 < el < 1
2
we get

jψ lj2 ¼ jc1j2jL−2elel j2r−2el þ ðc1c2L̄−2elel L2el
−el þ c2c1L−2elel L̄2el

−elÞ
þ oð1Þ; ðC6Þ

jψ rj2 ¼ jc1j2jL−2elel j2r−2el − ðc1c2L̄−2el
L L2el

−el þ c2c1L−2elel L̄2el
−elÞ

þ oð1Þ; ðC7Þ

so jψ lj2 − jψ rj2 → 0 if and only if c1c2 ¼ 0. This means
that we actually have two possible phases where the
dynamics is unitary: either c1 ¼ 0 or c2 ¼ 0. Which one
is actually realized depends on the original 4D problem,
and might depend on the UV details. Actually, el < 1=2
will never arise in our model, but we include it for
completeness.
This completes the discussion of the el > 0 case. Ifel ¼ 0, the two chiralities decouple and solutions look like

ψ l ¼ cle−iωr; ψ r ¼ creiωr: ðC8Þ

Substituting ψ l;r into Eq. (C5) we get

jψ lj ¼ jψ rj ⇒ cl ¼ eiθcr; ðC9Þ

which is the well known supplementary condition that we
need to impose for free particles on a half-line. θ comes
from the 4D problem and is UV sensitive. Finally, el < 0

swaps c1 and c2 compared to el > 0, but the conclusions are
the same.
Focusing now on the relevant cases el ≥ 1=2 or el ¼ 0,

we may ask if the full Eq. (2.18) gives any new constraint,
and it is easy to see that there are none for el ≥ 1=2 because
there is no free parameter to control. On the other hand, forel ¼ 0 we obtain that θ must be the same for all frequencies
ω. Indeed we have

ψ l;r ¼ cl;re∓iω1r; cl ¼ eiθ1cr;

ϕl;r ¼ dl;re∓iω2r; dl ¼ eiθ2dr ðC10Þ

and condition (2.18) becomes

c�l dl − c�rdr ¼ 0 ⇒ eiθ1 ¼ eiθ2 : ðC11Þ

Since the choice of phase is independent of ω, scale
symmetry is always preserved.
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