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known as symmetric Theta trees Conjecture, in terms of tiered trees with an inversion 
statistic. In [18], Iraci and Romero prove a combinatorial formula for the same symmetric 
function, in terms of doubly labelled Dyck paths with the area statistic. In this paper, we 
give an explicit bijection between the subsets of the two families of objects when the 
relevant statistic is equal to 0, thus proving the symmetric Theta trees conjecture when 
q = 0.
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1. Introduction

The Theta operators Θ f , for any symmetric function f , are a family of operators on symmetric functions that show 
remarkable combinatorial properties. They were first dfined in [9], and they were instrumental in the formulation and 
proof of the compositional Delta conjecture [10], a rfinement of the famous (rise) Delta conjecture [16]. The Delta conjecture 
is one of many combinatorial expressions tied to the combinatorial theory of Macdonald polynomials, which started with 
the shuffle theorem [15,5] and then inspired a wide variety of results [22,20,6,8,3,4,17].

Tiered trees were first dfined in [11] as a generalisation of intransitive trees [21], which are tiered trees with only two 
levels. The notion is related to spanning trees of inversion graphs and has connections to the abelian sandpile model on such 
graphs [12]; in [7], the authors slightly extend the definition of tiered trees to allow for non-distinct labels. Tiered trees 
naturally arise as counting both absolutely irreducible representations of certain supernova quivers and certain torus orbits 
on partial flag varieties of type A [11,13].

In [7], the authors conjecture a combinatorial formula for the expressions Θeα e1|t=1, for any composition α ⊨ n, in terms 
of tiered trees with an inversion statistic; they also prove the special case α = 1n . We are interested in a similar conjectural 
formula appearing in the same paper, giving a combinatorial interpretation for Ξeα := MΔe1Πe∗

α when t = 1 (the notation 
Ξ is posterior), of which no special cases were known prior to our result. This conjecture, known as symmetric Theta trees 
conjecture, turns out to have a significant tie to the combinatorial theory of Macdonald polynomials.

In [18], the authors formally introduce the Ξ operator, and prove a combinatorial formula for Ξeα |t=1 in terms of certain 
families of Dyck paths, with the classical area statistic. They also show an explicit e-expansion in terms of labelled Dyck 
paths, thus proving e-positivity of Ξeα |t=1, and getting as a corollary the univariate versions of the shuffle theorem, the 
Delta conjecture, and more. Later on, in [2], the authors rfine the result giving a monomial expansion for the expression 
∇∗en = ∑︁

λ⊢n mλ ⊗ Ξeλ when t = 1, which is independently symmetric in two sets of variables, in terms of 2-labelled Dyck 
paths with the area statistic.

Indeed, combining these results, we get that the symmetric Theta trees conjecture also gives a (conjectural) monomial 
expansion for ∇∗en|t=1, which can, in principle, be proved by finding an explicit bijection between tiered trees and 2
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labelled Dyck paths, as long as it maps the number of inversions of the tree to the area of the Dyck path, and preserves the 
associated monomial. It turns out that, even for n = 2, preserving the individual pairs of labels is impossible.

Due to this difficulty, tackling this problem proves harder than expected; however, the bijective approach, if appropriately 
modfied, can still work. In this paper we exhibit an explicit bijection between tiered trees with no inversions and 2-labelled 
Dyck paths with area equal to 0, preserving the X-monomial and sending the Y -monomial to one with the same multiset 
of exponents; since ∇∗en|t=1 is known to be symmetric, this proves the symmetric Theta trees conjecture when q = 0.

This paper is structured as follows: in Section 2, we give the combinatorial definitions that are necessary to state the 
combinatorial expansions we are interested in; in Section 3, we dfine the symmetric function operators we need, and then 
state the relevant combinatorial interpretations of the symmetric function expressions we want to study; in Section 4, we 
state the bijection and give a proof of the symmetric Theta trees conjecture when q = 0.

2. Combinatorial definitions

2.1. Partitions and compositions

It is useful to recall the following definitions.

Definition 2.1. 

• A partition λ ⊢ n is a weakly decreasing sequence of positive integers λ1 ≥ λ2 ≥ · · · ≥ λℓ > 0 such that 
∑︁ℓ

i=1 λi = n.
• A composition α ⊨ n is a sequence of positive integers α1,α2, . . . ,αℓ such that 

∑︁ℓ
i=1 αi = n.

• A weak composition α ⊨w n is a finitely supported function α : N → N such that 
∑︁

i∈N αi = n. We write ℓ(α) for the 
maximum index i such that αi > 0.

We will make use of the following bijection on weak compositions.

Definition 2.2. For β ⊨w n, let s(β) = min{i ∈N | βi ≠ 0} (the first non-zero entry). Dfine rev(β) ⊨w n as

rev(β)i =
{︄

0 if i < s(β) or i > ℓ(β), 

βℓ(β)+s(β)−i if s(β) ≤i ≤ℓ(β). 

The weak composition rev(β) is essentially the reverse of β , supported in the same interval. For example,

rev((0,0,2,0,1,0,0, . . . )) = (0,0,1,0,2,0,0, . . . ).

It is clear that rev(rev(β)) = β , so rev is bijective.

2.2. Tiered trees

In this work, a graph G will be a pair (V , E), with V a finite set of vertices and E ⊆ (︁V
2 
)︁

a set of edges (hence no loops 
nor multiple edges are allowed). We say that i, j ∈ V are neighbours in G if {i, j} ∈ E . We use the habitual notions of paths, 
closed paths, circuits, connected components, distance between two vertices, and so on.

A forest is a graph with no circuits; a tree is a connected forest. Notice that a forest is a union of trees. A rooted tree is a 
tree (V , E) with a distinguished vertex r ∈ V which we call its root; we call a rooted forest a disjoint union of rooted trees.

Remark 2.3. Rooted forests on n vertices are naturally in bijection with rooted trees on n +1 vertices. Indeed, given a rooted 
forest F with vertex set V and edge set E , one can obtain a rooted tree T with vertex set V ∪ {r}, where r is a new vertex 
which is going to be the root of the tree, and edge set E ∪{{r, r1}, . . . , {r, rk}}, where r1, . . . , rk are the roots of the connected 
components of F . Vice versa, given a rooted tree T , we can obtain a rooted forest by removing the root and rooting each 
connected component of the remaining forest at the vertex that used to be connected to the root of T .

Let T be a rooted tree (V , E, r) with root r ∈ V . Given a vertex v ∈ V , we dfine the height of v as the graph distance 
ht(v) between v and r. We dfine the parent of v ≠ r as the unique neighbour p(v) of v such that ht(p(v)) < ht(v), and we 
say that v is a child of p(v). We say that u is a descendant of v (and v is an ancestor of u) if there exists k > 0 such that 
v = pk(u).

Definition 2.4. A tiered rooted forest is a rooted forest F with vertex set V and edge set E , equipped with two functions 
w, lv : V →N+ , called label and level, such that:

1. if {u, v} ∈ E , then w(u) ≠ w(v) and lv(u) ≠ lv(v);
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Fig. 1. A tiered rooted tree T ∈ RTT0((1,3,1,3), (4,2,2)), represented in two ways. On the left, the tree is drawn as in [7]: for each v ∈ V , the label w(v)

is noted inside the vertex, and lv(v) is the height of the horizontal line in which v is placed. We will later find it convenient to represent the trees as done 
on the right, with the ordered pair (w(v), lv(v)) written inside each vertex (the label is first, in red, the level second, in green); note that the height of 
each vertex does not rflect its level. In both representation, one inversion (u, v) is highlighted by a dashed arrow from v to u. Note that w(v) = w(u) = 4, 
lv(v) > lv(u) and v is compatible with p(u). (For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

2. if {u, v} ∈ E , then w(u) < w(v) ⇐⇒ lv(u) < lv(v);
3. if u ≠ v and p(u) = p(v), then (w(u), lv(u)) ≠ (w(v), lv(v)).

A tiered rooted tree is a tree T = (V , E, r) rooted at r ∈ V , with two functions w, lv : V \ {r} →N such that its correspond
ing forest (as per Remark 2.3) is a tiered rooted forest, and such that w(r) = lv(r) = 0.

We dfine RTT0(n) to be the set of tiered rooted trees on n + 1 vertices (including the root). It will be convenient later 
to have a shorthand for the reverse level.

Definition 2.5. Let T be a tiered rooted tree, and let

L = max 
v∈V \{r} lv(v), l = min 

v∈V \{r} lv(v).

For v ∈ V , we set lv′(v) = L + l − lv(v).

Definition 2.6. We dfine the label composition (resp. level composition) of a tiered rooted forest F on n vertices to be the 
weak composition α(F ) ⊨w n (resp. β(F ) ⊨w n) dfined by αi := |w−1(i)| (resp. βi := |lv−1(i)|); that is, αi (resp. βi) is the 
number of vertices with label (resp. level) equal to i.

If T is a tiered rooted tree, we dfine α(T ) := α(F ) (resp. β(T ) := β(F )), where F is the corresponding forest. Let 
RTT0(α,β) := {T ∈ RTT0(n) | α(T ) = α and β(T ) = β}.

Definition 2.7. Let T be a rooted tiered tree. Two vertices u, v are said to be compatible if either lv(u) < lv(v) and w(u) <

w(v), or lv(u) > lv(v) and w(u) > w(v). In this case, we write u ≏ v .

Notice that being compatible is not an equivalence relation, as it is symmetric but not transitive.

Definition 2.8. Let T be a rooted tiered tree. We say that a pair (u, v) of vertices u, v ∈ V \ {r} form an inversion if:

1. v is a descendant of u;
2. v ≏ p(u);
3. either w(v) < w(u), or w(v) = w(u) and lv(v) > lv(u).

We dfine inv(T ) to be the number of inversions of T .

For example, in the tiered rooted tree T in Fig. 1, there are 5 inversions (u, v), whose pairs ((w(u), lv(u)), (w(v), lv(v)))

are ((4,2), (4,3)), ((4,3), (2,2)), ((4,3), (1,1)), ((4,3), (2,1)), and ((2,2), (1,1)). It follows that inv(T ) = 5.
For our purposes, it will be convenient to have a name for the set of trees with no inversions; we set zRTT0(n) := {T ∈

RTT0(n) | inv(T ) = 0} and zRTT0(α,β) := RTT0(α,β) ∩ zRTT0(n).

3 



A. Caraceni and A. Iraci Discrete Mathematics 348 (2025) 114413 

11

24

42

12

34

55

14

35

Fig. 2. A 2-labelled Dyck path in LD2((3,1,2,1,1), (1,2,0,3,2)). 

2.3. Dyck paths

Definition 2.9. A Dyck path of size n is a lattice path π from (0,0) to (n,n), composed of north and east steps only, that lies 
entirely weakly above the diagonal x = y. A 2-labelled Dyck path is Dyck path equipped with two functions πx,πy : [n] →N+
such that the number of east steps of π on the line y = i is at least χ(πx(i + 1) ≤ πx(i)) + χ(πy(i + 1) ≤ πy(i)).

In other words, if we assign labels πx(i) and πy(i) to the north steps of π , then πx and πy are both strictly increasing 
along the columns, and if there is exactly one east step between the ith and (i + 1)th north steps, then at least one between 
πx and πy is strictly increasing at that point.

Let LD2(n) be the set of 2-labelled Dyck paths of size n.

Definition 2.10. We dfine the x-composition (resp. y-composition) of a 2-labelled Dyck path π of size n to be the weak 
composition α(π) ⊨w n (resp. β(π) ⊨w n) given by αi := |π−1

x (i)| (resp. βi := |π−1
y (i)|); that is, αi (resp. βi) is the number 

of labels equal to i appearing among the left (resp. right) labels.

Let LD2(α,β) := {π ∈ LD2(n) | α(π) = α and β(π) = β}.

Definition 2.11. For a Dyck path π , we dfine area(π) to be the number of whole squares between the path and the main 
diagonal.

For example, the path in Fig. 2 has area equal to 7.
For our puroposes, it will be convenient to have a name for the set of 2-labelled Dyck path with area equal to 0, so we 

let zLD2(n) := {π ∈ zLD2(n) | area(π) = 0}, and zLD2(α,β) := LD2(α,β) ∩ zLD2(n).

Remark 2.12. An element of zLD2(n) can be identfied with a pair of sequences (a,b) ∈ (Nn+)2 such that, for i ≤ n − 1, we 
have either ai < ai+1 or bi < bi+1. With a slight abuse of notation, we will sometimes identify the pair of sequences (a,b)

with the sequence of pairs ((ai,bi))i∈[n] .

3. Symmetric functions

The standard reference for Macdonald polynomials is Macdonald’s book [19]. For some reference on modfied Macdonald 
polynomials, plethystic substitution, and Delta operators, we have [14] and [1]. As a reference for Theta and Xi operators, 
we have [9] and [18]. Finally, for the super nabla operator, see [2].

We briefly recall the few definitions we need. Let Λ be the algebra of symmetric functions over Q(q, t). It is generated as 
an algebra by the elementary symmetric functions {en | n ∈N}; the set {˜︁Hμ[X;q, t] | μ ⊢ n,n ∈N} of (modfied) Macdonald 
polynomials is a basis of Λ as a vector space.

Set M = (1 − q)(1 − t), and for any μ dfine

Πμ =
∏︂

c∈μ/(1)

(︂
1 − qa′(c)tl′(c)

)︂
and Bμ =

∑︂
c∈μ 

qa′(μ)tl′(μ),

where a′(c) and l′(c) denote the co-arm and co-leg of the cells of μ (see Fig. 3).

4 
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Fig. 3. Limbs and co-limbs of a cell in a partition. 

We dfine the linear operators Π,Δe1 : Λ → Λ on the basis on Macdonald polynomials by

Π˜︁Hμ = Πμ˜︁Hμ and Δe1
˜︁Hμ := Bμ˜︁Hμ;

then we can dfine Ξ : Λ → Λ as ΞF = MΔe1 Π F [X/M], where the square brackets denote the plethystic substitution. 
Finally, we dfine ∇∗ : Λ → Λ ⊗ Λ by

∇∗˜︁Hμ := ˜︁Hμ ⊗ ˜︁Hμ.

It is convenient to think of Λ ⊗ Λ as the algebra of symmetric functions on two sets of variables X and Y , meaning that 
they are independently symmetric in each set. With this notation, the specialisation of [2, Proposition 5.2] to k = 1 states 
as follows.

Theorem 3.1 ([2, Proposition   5.2]). 

∇∗en|t=1 =
∑︂

π∈LD2(n)

qarea(π)xα(π) yβ(π).

Now, recall the identity [2, Proposition 5.9], stating

∇∗en =
∑︂
λ⊢n 

(Ξeλ) ⊗ mλ.

Let us also recall [7, Conjecture 3].

Conjecture 3.2. 

Ξeβ

⃓⃓
t=1 =

∑︂
T ∈RTT0(β)

qinv(T )xα(T ),

where, in our notation,

RTT0(β) =
⋃︂

α⊨w |β|
RTT0(α,β).

Recall that mλ = ∑︁
λ(β)=λ yβ , where λ(β) is the partition obtained by sorting the parts of β . By multiplying both sides 

of Conjecture 3.2 by yβ and taking the sum over β ⊨w n, we can restate the conjecture as follows.

Conjecture 3.3. 

∇∗en|t=1 =
∑︂

T ∈RTT0(n)

qinv(T )xα(T ) yβ(T ).

In the remainder of the paper, we prove Conjecture 3.3 when q = 0.

5 
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Fig. 4. Above, an example of a tree T ∈ zRTT0(n) for n = 9, represented on the left with each vertex v containing the pair (w(v), lv(v)), and on the right the 
pair (w(v), lv′(v)). The vertices are enumerated in the order v1, v2, . . . , v9 by the exploration from Definition 4.2. Below, the total order of Definition 4.3 as 
it applies to the vertices v1, . . . , vn . On the bottom, the pair of sequences φ(T ) = (a,b), in this case given by ((4,2,2,3,4,1,1,2,3), (2,3,4,3,2,3,4,4,3)); 
the ith circle represented contains the pair (ai,bi) = (w(vn+1−i), lv′(vn+1−i)).

4. The bijection

This section is dedicated to the proof of our main result, which is the following statement.

Theorem 4.1. There exists a bijection φ : zRTT0(n) → zLD2(n) such that α(φ(T )) = α(T ) and β(φ(T )) = rev(β(T )).

As we mentioned in Remark 2.12, we will now identify elements of zLD2(n) with a pairs of sequences with no simulta
neous weak descents.

4.1. From trees to sequences

First, we construct a map φ : zRTT0(n) → (Nn+)2.

Definition 4.2. Given T ∈ zRTT0(n), build φ(T ) by visiting its vertices according to a dept-first exploration, where children 
of a vertex are visited from the largest to the smallest label, and in case of a tie, from the lowest to the highest level 
(remember that two sibling vertices cannot have both the same label and the same level). See Fig. 4 for an example. 
According to this exploration started at the root r of T , enumerate the vertices of the tree as v0 = r, v1, . . . , vn . Finally, let 
φ(T ) = ((w(vn+1−i))i∈[n], (lv′(vn+1−i))i∈[n]), where lv′ is as dfined in Section 2.2.

The following order will be useful.

Definition 4.3. Given T ∈ RTT0(n) and two vertices u, v of T , we say that u ≺ v if:

1. w(u) < w(v); or
2. w(u) = w(v) and lv(u) > lv(v); or
3. w(u) = w(v), lv(u) = lv(v), and u ≠ v is an ancestor of v; or
4. w(u) = w(v), lv(u) = lv(v), u and v belong to different branches, and if pa(u) = pb(v) is their least common ancestor, 

then pb−1(v) ≺ pa−1(u).

We write u ⪯ v to mean that u = v or u ≺ v .
This dfines a total order on the vertices of T , such that the children of a vertex v are explored in reverse order with 

respect to ≺.

Note that, if we land in condition 4, then since pa−1(u) and pb−1(v) are siblings, they must have different labels or be 
in different levels: in other words, they cannot satisfy condition 3 or condition 4, and can be compared according to ≺ by 

6 
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simply checking conditions 1 and 2. Moreover, the last two conditions are equivalent to saying that u is explored before v
in T in Definition 4.2.

Remark 4.4. Compare this order with the one from [7, Definition 3.16]. They are not the same, but the two orders agree on 
each branch of T , and if two vertices belong to different branches, they cannot possibly form an inversion. It follows that 
standardising with respect to this order also preserves inversions, so this is also a reading order on the vertices of T and it 
gives the same fundamental quasisymmetric expansion.

Let us first state and quickly prove a couple of preliminary results.

Lemma 4.5. If v is a descendant of u such that v ≏ p(u), then (u, v) is an inversion if and only if v ≺ u.

Proof. This is clear if (w(u), lv(u)) ≠ (w(v), lv(v)); if instead label and level are both equal, then (u, v) is not an inversion, 
and indeed v is a descendant of u, so u ≺ v and thus v ⊀ u. �
Lemma 4.6. If u ≺ v and u ≏̸ v, then lv(v) ≤ lv(u).

Proof. Since u ≺ v , either we have w(u) < w(v), or w(u) = w(v) and lv(v) ≤ lv(u). In the latter case, we are done. If 
w(u) < w(v), since u ≏̸ v , we cannot have lv(u) < lv(v); thus lv(v) ≤ lv(u), as wanted. �

We can now show that the map from Definition 4.2 is indeed a well-defined map from zRTT0(n) to zLD2(n).

Proposition 4.7. Let φ be as in Definition 4.2. For T ∈ zRTT0(n), if φ(T ) = (a,b), then for i ≤ n − 1 we must have ai < ai+1 or 
bi < bi+1 . In particular, we have

φ : zRTT0(n) → zLD2(n).

Moreover, α(φ(T )) = α(T ) and β(φ(T )) = rev(β(T )).

Proof. Suppose φ(T ) = (a,b). Given i ∈ [n − 1], the pairs (an+1−i,bn+1−i) and (an−i,bn−i) represent the respective label and 
reverse level of two vertices vi and vi+1 of T that are visited one immediately after the other (vi+1 right after vi) by the 
dept-first exploration of T that dfines φ.

We need to either show that w(vi+1) < w(vi), or that lv(vi) < lv(vi+1); if w(vi+1) < w(vi) then we are done, so from 
now on we shall assume w(vi) ≤ w(vi+1) and aim to show that lv(vi) < lv(vi+1). 

Case 1 vi+1 is a descendant of vi . By construction, it must be a child of vi , and therefore such that vi ≏ vi+1. The la
bels of two compatible vertices must be different, so in particular w(vi) < w(vi+1), and since vi ≏ vi+1 it follows that 
lv(vi) < lv(vi+1), as desired. 

Case 2 vi+1 is not a descendant of vi (see Fig. 5). The fact that it is visited immediately after vi implies that it must be a 
child of some ancestor v of vi . Let z be the child of v that is also a weak ancestor of vi ; note that, since z is visited before 
vi+1, we must have vi+1 ≺ z. 

Case 2.1 z = vi . Since vi+1 ≺ z = vi , we must have w(vi+1) ≤ w(vi), so equality holds and lv(vi) < lv(vi+1), as desired.
Case 2.2 z ≠ vi . Since vi+1 ≺ z, we have w(vi) ≤ w(vi+1) ≤ w(z). Let x be the first ancestor of vi such that p(x) is also an 
ancestor of vi+1 and x ≺ vi (if no labelled ancestor is found, let x = r be the root of T ).
Case 2.2.1 x = z. Then w(vi+1) ≤ w(z) = w(x) ≤ w(vi), so since w(vi) ≤ w(vi+1) they must all be equal. By definition, 
lv(vi) ≤ lv(z) < lv(vi+1), as desired.
Case 2.2.2 x = v . Then w(v) ≤ w(vi) ≤ w(vi+1), but v and vi+1 are connected so actually w(v) < w(vi+1) and also lv(v) <

lv(vi+1). Now recall that vi is a descendant of z, and notice that, by definition of x, vi ≺ z. By Lemma 4.5, vi ≏̸ p(z) = v
(otherwise (z, vi) would be an inversion). Now Lemma 4.6 implies lv(vi) ≤ lv(v) < lv(vi+1), as desired.
Case 2.2.3 x is an ancestor of v . Let x′ be the child of x who is an ancestor of vi (it can be v), and x′′ its child with the 
same property (it can be z). The vertex x′′ is an ancestor of vi such that its parent x′ is an ancestor of vi+1, so by definition 
of x we must have vi ≺ x′′ . This implies that vi ≏̸ p(x′′) = x′ , otherwise (x′′, vi) would be an inversion. The same argument 
applies to x′ , so we also have vi ≏̸ x.

Again by definition of x, we have x ≺ vi ≺ x′ , so w(x) ≤ w(x′); but x and x′ are connected, so w(x) < w(x′) and thus 
lv(x) < lv(x′). Now, by Lemma 4.6, we have both lv(x′) ≤ lv(vi) (by looking at vi ≺ x′) and lv(vi) ≤ lv(x) (by looking at x ≺ vi ), 
a contradiction.

We have thus established that φ(T ) is indeed an element of zLD2(n); the fact that α(φ(T )) = α(T ) and β(φ(T )) =
rev(β(T )) is obvious by construction. �
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Fig. 5. A summary of the proof that, in the case where vi+1 is not a child of vi , the inequality w(vi) ≤ w(vi+1) implies lv(vi) < lv(vi+1). A red dashed line 
between two vertices represents the fact that they cannot be compatible; a blue arrow from vertex u to vertex v signfies that u ≺ v .

The time has now come to prove the injectivity of φ.

Proposition 4.8. The map φ : zRTT0(n) → zLD2(n) is injective.

Proof. Let T , T ′ be tiered trees in zRTT0(n) such that φ(T ) = φ(T ′). The dept-first exploration order given by φ induces a 
bijection f between the vertices of T and the vertices of T ′ , and the fact that φ(T ) = φ(T ′) implies that, for each vertex v
of T , w( f (v)) = w(v) and lv′( f (v)) = lv′(v). What we wish to show is that, if we know the labels and levels of the vertices 
of a tree in zRTT0(n), as well as the order in which they are visited by the exploration, the tree structure is uniquely 
determined.

Indeed, suppose we have determined the tree structure of the subtree on vertices visited up to the kth step; let 
v0, v1, . . . , vs be the ancestry line in T of the kth visited vertex, where v0 is the root, vs is the vertex in question and 
vi+1 is a child of vi . All of these vertices have been visited by the exploration up to step k. Now, the vertex v visited at 
step k + 1, which has label w(v) and reverse level lv′(v), must be a child of vi for some i ∈ {0, . . . , s}. We claim we are able 
to uniquely determine its parent p(v).

Suppose that p(v) = vi for some i < s. In this case, vi+1 is a sibling of v that has been explored before v , so v ≺ vi+1. 
Moreover, for all j ≤ i such that v ≺ v j , since v is a descendant of v j , by Lemma 4.5 we must have v ≏̸ p(v j) (or (v j, v)

would be an inversion).
Consider the sets

S = {0 ≤ j < s | v ≺ v j+1} ∪ {s}, S ′ = {0 ≤ j ≤ s | v j ≏ v};
by the above, assuming p(v) = vi , we must have i ∈ S , and of course we must also have i ∈ S ′; we thus have S ∩ S ′ ≠ ∅. 
Now, letting m be the minimum of S ∩ S ′ , we claim that m is the only possible index of p(v). Indeed, if j > m is in S ∩ S ′ , 
then having p(v) = v j would lead to vm+1 and v forming an inversion: we would have m + 1 ≤ j ≤ s, so v would be a 
descendant of vm+1; moreover, we would have v ≺ vm+1 (because m ∈ S \ {s}) as well as vm ≏ v (because m ∈ S ′).

This proves that there is only (at most) one possibility for p(v), as required. �
Finally, in order to show that the map φ is a bijection between zRTT0(n) and zLD2(n), we describe its inverse explicitly.

4.2. The inverse construction: from sequences to trees

We now dfine a map ψ : zLD2(n) → zRTT0(n), which we will show to be a right inverse of φ. Since φ is injective, this 
will imply that ψ is actually the inverse of φ.
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v7

3 3
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v9

Fig. 6. The 7th step in the construction of T = ψ(D), where vertices contain their values for w and lv′: the vertex v7 is being added to the tree T6

on v0, . . . , v6, whose edges are drawn in black. The possible parents of v7 are the vertices in the ancestry line of v6, that is, v6, v5, v4, v0, which we 
have joined to v7 with thin red edges. However, we have v4 ≺∗ v7 (because w(v4) < w(v7)), so p(v7) ≠ v0, and v7 ≏̸ v4 (because w(v7) < w(v4) but 
lv(v7) > lv(v4)). Instead, we have p(v7) = v5, because v7 ≏ v5 and v7 ≺∗ v6. Subsequently added edges are in black, dashed. Note that, if the vertices are 
placed in the order v0, . . . , vn , from right to left, the procedure naturally draws T in a planar way: each step consists in joining vk+1 to a parent on the 
rightmost branch of Tk .

Definition 4.9. Given D = (a,b) ∈ zLD2(n), build a rooted labelled tree T = ψ(D) as follows. The vertices of T are a root 
v0, and v1, . . . , vn , with w(vi) = an+1−i , lv′(vi) = bn+1−i , that is, lv(vi) = L + l − bn+1−i , where L = max1≤i≤n bi and l =
min1≤i≤n bi . Consider the total order on v1, . . . , vn given by vi ≺∗ v j if

1. w(vi) < w(v j); or
2. w(vi) = w(v j) and lv(vi) > lv(v j); or
3. w(vi) = w(v j), lv(vi) = lv(v j), and i < j.

The tree structure is built inductively (see Fig. 6): for k ≥ 0 (such that k < n), the vertices v0, . . . , vk induce a subtree Tk

of T such that vi0 = v0, vi1 , . . . , vis = vk is the ancestral line of vk; given Tk , the tree Tk+1 ⊃ Tk is obtained by setting the 
parent of vk+1 to be vim , where

m = min
(︁{0 ≤ j < s | vk+1 ≏ vi j , vk+1 ≺∗ vi j+1} ∪ {s})︁ .

Clearly, Definition 4.9 does build a tree structure on the vertex set {v0, . . . , vn}, as the minimum is taken in a nonempty 
set at each step. Note, in fact, how the construction is essentially the same as the one described in the proof of Proposi
tion 4.8.

Indeed, the total order introduced in Definition 4.9 is the same as the one from Definition 4.3, which we now prove. 
Here we are committing a slight abuse of notation: we have not yet shown ψ(D) to be in zRTT0(n); however, the order 
from Definition 4.3 can be dfined on any rooted tree with labels w and lv on the vertices.

Lemma 4.10. Given D = (a,b) ∈ zLD2(n), in the labelled tree T = ψ(D) with vertices v0, . . . , vn (numbered as in Definition 4.9) we 
have vi ≺∗ v j if and only if vi ≺ v j , where the latter condition is the one from Definition 4.3.

Proof. First of all, if vi and v j are siblings in T with parent vk , then i < j if and only if v j ≺ vi if and only if v j ≺∗ vi ; in 
other words, the children of any vertex vk are added to T in decreasing order according to both ≺∗ and ≺ by the procedure 
of Definition 4.9.

Indeed, consider the set C = {c < j | p(vc) = vk} and let M = max C , so that v M is the latest child of vk before v j . Since 
vk = p(v j), the vertex vk belongs to the ancestry line of v j−1. But v M also belongs to the ancestry line of v j−1: indeed, it 
belongs to the ancestry line of vl for all l between M and j − 1, as the parent selected for vl cannot be a strict ancestor 
of v M (otherwise we would have an extra child of vk , or vk itself would not be in the ancestry line of v j−1). It follows 
that, since the parent of v j is determined to be vk , we have v j ≺∗ v M . Since j > M , we must have w(v j) < w(v M) or 
w(v j) = w(v M) and lv(v j) > lv(v M), so we also have v j ≺ v M .

Now, suppose i ≠ j are integers in [n]; if w(vi) < w(v j) or w(vi) = w(v j) and lv(vi) > lv(v j), then vi ≺∗ v j and vi ≺ v j .
Assume from now on that w(vi) = w(v j) and lv(vi) = lv(v j). If vi is an ancestor of v j , then i < j, so again we have both 

vi ≺∗ v j and vi ≺ v j . Finally, assume vi and v j belong to different branches, and let pa(vi) = pb(v j) = vk be their least 
common ancestor. Set vi′ = pa−1(vi), v j′ = pb−1(v j); the two vertices vi′ and v j′ are siblings.

If vi ≺ v j , which amounts to v j′ ≺ vi′ , then we must have i′ < j′ . But this implies that i < j′ < j (no descendants vl of 
vi′ can have index l > j′ , as vi′ would not be in the ancestry line of vl−1, and all descendants vl of v j′ have l > j′), so we 
also have vi ≺∗ v j .

In summary, we have shown that vi ≺ v j implies vi ≺∗ v j ; since the orders are total on v1, . . . , vn , this establishes they 
are the same. �

The fact that the image of ψ is a tiered tree and has zero inversions is now rather easy.
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Proposition 4.11. Given D = (a,b) ∈ zLD2(n), the labelled tree T = ψ(D) is in zRTT0(n).

Proof. First of all, we wish to show that for all vertices vi of T other than the root, vi ≏ p(vi). This is clear from 
the construction unless p(vi) = vi−1; however, in the latter case we know that (w(vi), lv′(vi)) = (an+1−i,bn+1−i) and 
(w(p(vi)), lv′(p(vi))) = (an+2−i,bn+2−i). Consider two cases. 

Case 1 vi−1 ≺ vi . Because D ∈ zLD2(n), if an+2−i = w(vi−1) < w(vi) = an+1−i then bn+2−i > bn+1−i and thus lv(vi−1) < lv(vi), 
so indeed vi−1 ≏ vi . If instead an+2−i = w(vi−1) = w(vi) = an+1−i , the fact that vi ≺ vi−1 implies that lv(vi) < lv(vi−1), so 
bn+1−i < bn+2−i , a contradiction. 

Case 2 vi ≺ vi−1. In this case, we know that vi ≏̸ p(vi−1). Consider the ancestry line

v0 = v j0 , v j1 , . . . , v jl = vi−1,

with v js−1 = p(v js ). Let x be the maximum index such that jx = 0 or v jx ≺ vi .
For y > x, by definition we have vi ≺ v j y , so since p(vi) ≠ p(v j y ) we must have vi ≏̸ p(v j y ). If x ≤ l − 2, then this 

condition holds for y = x + 1 and y = x + 2, so in particular vi ≏̸ v jx = p(v jx+1 ) and vi ≏̸ v jx+1 = p(v jx+2 ).
We have v jx ≺ vi ⪯ v jx+1 , but v jx and v jx+1 are connected, so a jx < a jx+1 and b jx > b jx+1 . By Lemma 4.6, we must have 

b jx ≤ bi ≤ b jx+1 , a contradiction.
It follows that x = l − 1, so p(vi−1) = v jl−1 ≺ vi . Again by Lemma 4.6 we get b jl−1 ≤ bi ; but v jl−1 ≺ vi ≺ vi+1 and p(vi−1)

is connected to vi−1, so a jl−1 < ai−1 and b jl−1 > bi−1. In particular, bi−1 < b jl−1 ≤ bi , so vi ≏ vi−1, as desired.
Finally, T has no inversions by construction: since it is a tiered tree, Lemma 4.5 yields that any pair (u, v), where v is a 

descendant of u, cannot form an inversion because either v ≏̸ p(u) or v ⊀ u. �
The fact that ψ : zLD2(n) → zRTT0(n) is the inverse of φ : zRTT0(n) → zLD2(n) is now quite clear.

Lemma 4.12. For D ∈ zLD2(n), φ(ψ(D)) = D.

Proof. Let D = (a,b). It is enough to show that, if T = ψ(D) and vi is the vertex of T corresponding to (an+1−i,bn+1−i), 
then the vertices of T are explored in the order v0 = r, v1, . . . , vn . In other words, it is enough to show that, for any i < j, 
vi comes before v j in the dept-first exploration of Definition 4.2.

This, however, is clear from the construction ψ . If i < j, then either v j is in the tree of descendants of vi , in which case 
it does come after it in the exploration, or it is within the tree of descendants of a sibling vk of vi . Note that it cannot be 
an ancestor of vi , as those correspond to pairs appearing on the right of (an+1−i,bn+1−i) in (a,b). If vk ≺ vi , then vk comes 
after vi in the exploration, and since v j is a descendant of vk so does v j , as desired. If vk ≻ vi instead, then by construction 
all descendants of vk are of the form vh with k < h < i, which contradicts i < j. It follows that vi comes before v j in the 
exploration. �
4.3. Proof of Theorem 4.1

We now have all the ingredients to conclude the proof of Theorem 4.1. For all α,β ⊨w n, the maps φ and ψ restrict to 
maps

φ : zRTT0(α,β) → zLD2(α, rev(β)), ψ : zLD2(α,β) → zRTT0(α, rev(β)),

which are finite sets. Moreover, φ is injective, and (up to replacing β with rev(β) in one of the two maps, and recalling that 
rev is an involution) we have that φ ◦ ψ is the identity, so ψ is also injective. This implies that both maps are bijections, 
which is what we wanted to show.
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