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Abstract

By employing a suitable multiplicative It6 noise with radial structure and with more
than linear growth, we show the existence of a unique, global-in-time, strong solution
for the stochastic Euler equations in two and three dimensions. More generally, we
consider a class of stochastic partial differential equations (SPDEs) with a superlinear
growth drift and suitable nonlinear, multiplicative It noise, with the stochastic Euler
equations as a special case within this class. We prove that the addition of such a
noise effectively prevents blow-ups in the solution of these SPDEs.
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1 Introduction

In this paper, we consider the incompressible Euler equations in a d-dimensional
bounded domain (d = 2, 3) perturbed by a nonlinear, multiplicative It6 noise:

du + Plu - Vuldt = o(u)dWy, (1.1)

where u(t,z,w) € R? is an unknown velocity field, P denotes the Leray projector, W
is a one-dimensional Brownian motion, and o is an appropriate coefficient exhibiting
superlinear growth, for instance, o(u) = ||u||éﬁtf u. Our primary result establishes the
global-in-time existence of smooth solutions. Notably, for d = 3, this result is generally
unknown without noise, and counterexamples exist in several function spaces (see

examples below). Thus, the incorporation of noise in our model averts potential blow-ups.
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No blow-up by nonlinear It6 noise for the Euler equations

Moreover, we provide a broad framework to ensure the absence of blow-ups in the
solutions of hyperbolic-type SPDEs.

Deterministic and stochastic Euler equations: The deterministic Euler equations
describe the motion of an incompressible, non-viscous fluid. Local well-posedness has
been established in Holder spaces C"™“, where m > 1 is an integer and 0 < a < 1
(see [70, 541), as well as in Sobolev spaces WP, with s > d/p+ 1, 1 < p < oo, and the
spatial dimension d > 2 (see [36, 63]). In two-dimensional cases, global well-posedness
has been observed in Holder spaces ([86]) and Sobolev spaces W' ([61, Theorem 6.1]).
However, in three dimensions, the global existence of smooth solutions continues to be an
open problem. Remarkable recent advancements have revealed solutions exhibiting blow-
up phenomena for closely related problems. In their groundbreaking work [17], Bourgain
and Li proved that the 3D Euler equations are ill-posed in C™(R%) and C™~ 11 (R4) for
all integers m > 1. They later expanded this conclusion in [16, 18] to encompass
the borderline spaces W7+1:?(R) and Besov spaces By’ (R¢) for any 1 < p < oo,
1 < ¢ < co. Elgindi presented an example of explosive vorticity of the C'**(R%)-solution
for some o > 0 in [37]. Chen and Hou proved in [24] blow-ups for smooth solutions of
the 3D Euler equations in the axisymmetric case, with no-flow boundary conditions in
the radial variable and periodic boundary conditions in the height variable; see also the
work [74] by Luo and Hou showing numerical evidence of blow-up in the axisymmetric
case.

Although in our paper we focus on spatially smooth solutions, we briefly recall that
irregular solutions can give rise to anomalous dissipation and non-uniqueness in both
the Euler and Navier-Stokes equations. Notable works in this direction include (among
many others) those by De Lellis and Székelyhidi [33] and Isett [60] on the 3D Euler
equations, Vishik’s works on the 2D Euler equations [84, 85], as well as Albritton, Brué,
and Colombo’s work on the forced 3D Navier-Stokes equations [3].

Concerning the stochastic case, the study of the stochastic Euler equations began
with the two-dimensional case, yielding global existence and global well-posedness
results across various function spaces, see [13, 14, 20, 21, 52, 67, 76] and references
therein. In three-dimensional cases, among other papers, Kim [68] derived a local strong
H*(IR3)-solution under additive noise conditions, provided s > 5/2. Glatt-Holtz and Vicol
[52] showed local well-posedness results for the 3D stochastic Euler equations driven by
a wide range of multiplicative noise. They proved that the solution is global with high
probability when the multiplicative noise is linear. Euler equations with transport noise
have also been studied, including, among others, Brzezniak, Flandoli, and Maurelli’s
work on the 2D case [19], and Crisan, Flandoli, and Holm’s work on the 3D case [28].
We briefly mention that a lot of works have been devoted to stochastic Navier-Stokes
equations (e.g. [45, 56, 15, 40]).

Regularization and prevention of blow-up by noise in finite dimensions: The
lack of a global well-posedness result in the deterministic 3D Euler equations has lead
to the question of whether noise can restore well-posedness. This concept is known as
regularization by noise. A well-understood example in this regard is the case of ODEs
with non-smooth drifts, where the addition of an additive noise can bring well-posedness,
see for example the works by Krylov and Rockner [69], Fedrizzi and Flandoli [38],
Catellier and Gubinelli [22], among many others. This regularization result for ODEs
can be translated into a regularization effect, by transport noise, for linear transport
equations with non-smooth drift, see the seminal work [41] by Flandoli, Gubinelli, and
Priola. A motivation behind these works is that velocity fields arising from fluid models
are often irregular, hence a linear transport equation with a non-smooth drift is an
appropriate initial model for possible regularization phenomena in fluid dynamics.

Here, we delve into another regularization effect of noise, considering ODEs whose
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drifts have superlinear growth, and investigating whether suitable noise can prevent
solutions from blowing up. For finite-dimensional SDEs, no-blow-up criteria and results,
as well as stabilization by noise results, are known since at least the works of Khasminskii.
For example, for linear systems, a linear multiplicative It6 noise can provide a damping
effect which turns unstable equilibria into stable ones, see e.g. the example at the end
of [64, Section 5.3] and the stabilization criterion in [66]. A multiplicative It6 noise with
superlinear growth can enhance this damping effect, suppressing blow-up for ODEs,
as long as the growth of the diffusion coefficient is strong enough with respect to the
growth of the drift. This has been shown in several works, for example Appleby, Mao,
and Rodkina [5], Gard [48] (see also the Khasminskii’s no blow-up criterion in [65]). For
Stratonovich noise, a no blow-up result for ODEs also holds but with multidimensional
noise and suitably chosen superlinear growth coefficient, see Maurelli [75]. A classical
method to show these no blow-up results is the Lyapunov function method (see again the
book [64]): one studies the evolution of a concave function V, such as |a:\1/2 or log |z|,
of the norm of the solution X to the SDE and exploits the negative contribution in the
second order term (hence coming from the noise) in the It6 formula for V(X). Let us
also mention another class of no blow-up results, where the ODE may explode along
“rare” directions, and the noise, which might be simply additive, prevents blow-ups by
steering the solution away from these explosive directions. Examples include the works
by Scheutzow [79], Herzog and Mattingly [57], Athreya, Kolba, and Mattingly [7]. Finally
we recall the celebrated stabilization result [6] on stabilization of linear system by linear
Stratonovich noise, which exploits Lyapunov exponents and tools from ergodic theory
and whose stabilization mechanism is based on random rotations rather than damping.

No blow-up by noise in infinite dimension: Here we consider the problem
of no blow-up by noise for Euler equations and more generally for hyperbolic-type
SPDEs. Our work goes in the direction of extending the finite-dimensional results with
multiplicative superlinear It6 noise to the infinite-dimensional setting. We show that,
with full probability, this kind of noise prevents solutions to certain SPDEs from blowing-
up. Our approach is based on Lyapunov function, as from the finite-dimensional case,
together with tools from the monotone settings for SPDEs (see e.g. [72]). Let us recall
some related literature on the problem. Concerning linear noise, the damping effect
of a large linear multiplicative It6 noise has been used to show no blow-up with high
probability for SPDEs, in particular for 3D Euler equations, by Glatt-Holtz and Vicol
[52], and for nonlinear Schrodinger equation, by Barbu, Rockner and Zhang [10]. Most
of the works on SPDEs with superlinear noise are more recent, we cite some of them
without claim of completeness. Alonso-Oran, Miao, and Tang in [4] used the Lyapunov
function method to establish a no-blow-up result for a one-dimensional transport-type
PDE with a nonlinear diffusion coefficient. While finalizing our paper, we became aware
of the papers [77] and [83]. Ren, Tang, and Wang employed Lyapunov fucntions in [77]
for SPDEs characterized by a (possibly irregular and distribution-dependent) drift with
superlinear growth and apply it to certain transport-type SPDEs. To our knowledge, the
paper [83] by Tang and Wang gives the most general setting and the one most closely
related to ours. The authors revisited the Lyapunov function criterion from [77] and
extended its application to a broad class of singular SPDESs, including the stochastic
Euler and Navier-Stokes equations. They specifically noted that “a fast enough growth
of the noise coefficient will kill the growth of other terms so that the non-explosion is
ensured”. With respect to the Euler equations, they derived a no-blow-up condition for
the growth of the diffusion coefficient, which has similarities with our conclusions; see
Remarks 4.5 and 5.4 for more details. Finally, we mention the work [23] by Cerrai, which
shows stabilization by nonlinear multiplicative I1t6 noise for another class of SPDEs,
namely stochastic reaction-diffusion equations with multiplicative noise.
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Other approaches to no blow-up in infinite dimension: Although here we focus
on the superlinear noise case, there are other relevant approaches to regularization
and no blow-up by noise, which we can roughly classify as follows: a) transport noise
for non-smooth drifts, b) anomalous dissipation with transport-type, non-smooth-like
noise, and c) noise multiplying the “driving term” of the PDE under investigation. We
mention a limited number of works for each class above, without claim of completeness.
Concerning (a), Fedrizzi and Flandoli [39] proved that transport noise preserves the
Sobolev regularity for the linear transport equations with a large class of non-smooth
drifts. Concerning (b), Galeati [47] showed that, when taking a sequence of transport
noises whose covariance matrices concentrate on the diagonal, anomalous dissipation
emerges in the limit. Flandoli, Galeati, and Luo [42, 43] utilized this mechanism for
several PDEs, including the 2D Euler equations, exploiting the extra dissipation. In
particular, Flandoli and Luo [46] demonstrated no blow-up with high probability for the
3D Navier-Stokes equations perturbed by a suitable transport noise.

Finally, concerning (c), we distinguish two cases. In one case, the noise multiplies the
linear term of a dispersive PDE (modulated dispersive PDE): this approach has been used
by Debussche and Tsutsumi in [35], Chouk and Gubinelli in [25], Chouk, Gubinelli, Li, Li
and Oh in [27] to show well-posedness for nonlinear Schrodinger equation, KdV equation
and other dispersive PDEs. In the other case, the noise multiplies the nonlinearity
driving the PDE: this approach has been used by Gess and Souganidis in [50] and Chouk
and Gess in [26] for scalar conservation laws, as well as by Gassiat and Gess in [49] for
Hamilton-Jacobi equations.

We also mention briefly another type of regularization, based on invariant measures,
for (deterministic and stochastic) Euler equations: see e.g. [2] and, more recently, [44],
[53].

Finally, we highlight that there are situations where noise neither regularizes the
system nor prevents blow-ups. For instance, in the finite-dimensional case, Scheutzow
demonstrated a 2D example in [79] where the solution becomes explosive when the
dynamic system is perturbed by additive white noise, in which case the noise enhances
the blow-up. In infinite-dimensional settings, de Bouard and Debussche showed in [31]
and in [32] that the additive and multiplicative noise, white in time and correlated in
space, can enhance blow-up, for example extending blow-up to every initial condition
or accelerating blow-up. Hofmanovd, R. Zhu, and X. Zhu showed in [59], using con-
vex integration techniques, that stochastic 3D Navier-Stokes equations perturbed by
additive, linear, or nonlinear noise do not have unique solution laws. Furthermore,
Hofmanovd, Lange, and Pappalettera demonstrated in [58] that the 3D Euler equations,
when perturbed by transport Stratonovich noise, have more than one probabilistically
strong solution, making the equations ill-posed in Holder spaces.

Main result and idea of the proof: Informally, our key results can be expressed in
the following manner (see Theorems 5.2, 4.4, and 4.6 for precise statements). Concerning
Euler equations, we show:

i) On a smooth, bounded two or three-dimensional domain D, the stochastic incom-
pressible Euler equations (1.1) with

() = (1 + [ulfy10 () ?u (1.2)

have a unique global-in-time strong solution in H*(D), provided that s > d/2 + 2,
up € H*T1(D), and B > 1/2, ¢ > 0 or 3 = 1/2 with a sufficiently large c.

The above result is a consequence of a no-blow-up result for general SPDEs, which
we also show in this paper:
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ii) Let £y CC Ey — E_; be dense embeddings of separable Hilbert spaces, with
FE1 CC Ey being compact. Consider the SDE

dX; = b(Xy)dt 4+ o(Xy)dWy, (1.3)
and assume that informally, on a suitable dense set in F1,

(b(x),z)p, < g(@)l|z)%,
o(x) = f(z)z on {g > G},
|f(z)]* > 2g(z) — K on {g > G},

for suitable real-valued functions f and g and constants G and K. Then, for
every initial condition Xy in F, the SDE (1.3) admits a weak, global in time
solution in Fy. Furthermore, if b and o satisfy respectively a local monotonicity-
type condition and a local Lipschitz-type condition, the solution also possesses
pathwise uniqueness.

As mentioned above, our strategy to avoid blow-up for (1.3) is based on finding a
suitable Lyapunov function and applying a compactness argument. Precisely, we take a
Galerkin approximation (X"),, of our SPDE and show morally that, with the choice of
o as in the main result, V(z) = log||z|| g, is a Lyapunov function for X", uniformly in n,
thus getting a uniform, global in time bound on the F; norm of X". The key computation
to show the Lyapunov function property for V(z) = log ||z| g, is morally the following
one (we call £ the generator of the SDE):

(b(2), ) B,

%,

LV)(z) = +

(o(2), DV (2)o (@) < gla) — 3|f@)P < 5

1
2

Then by a classical argument, using a stochastic Aubin-Lions lemma, we show that
the family (X™),, is tight in C([0,T]; Ey) and that any limit point converges weakly to a
solution to the SPDE (1.3). Along the way, we provide a general (though classical) lemma
for the convergence of stochastic integrals, in the spirit of [34], which might be of its
own interest. Finally we show a strong uniqueness result and apply our general result to
the case of Euler equations.

We remark that our focus here is on global well-posedness by superlinear noise,
rather than on local well-posedness. Some assumptions could be weakened (see Remark
5.3 for the Euler equations) by a finer analysis.

Motivated by the Wong-Zakai principle, one may ask if an analogous no blow-up
result holds with Stratonovich integral in place of It6 integral. The answer with a
one-dimensional radial noise as here is negative: our noise fails to prevent blow-up
when integrated in the Stratonovich sense, even in one dimension, see the SDE (6.1)
and more in general Proposition 6.1. However, several months after the conclusion
of this paper, the first author demonstrated in [8] that a no blow-up result, similar to
the one presented here, can be obtained also for a Stratonovich perturbation with a
higher-dimensional diffusion coefficient, inspired by the one introduced in [75]; more
precisely, in the Stratonovich case at least two independent noises are needed (see
Remark 6.2).

Organization of the paper: Our paper is organized as follows. In Section 2,
we present our assumptions and main result in the general setting for equation (1.3).
Section 3 is dedicated to verifying that log ||z|| g, serves as a Lyapunov function for the
approximate (Galerkin) SPDE models, which we use to establish the global existence and
non-explosion of approximate solutions. We also demonstrate that the set of approximate
solutions is precompact. In Section 4, we prove that any limit point of approximate

EJP 30 (2025), paper 81. https://www.imstat.org/ejp
Page 5/29


https://doi.org/10.1214/25-EJP1316
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

No blow-up by nonlinear It6 noise for the Euler equations

solutions is a global weak solution to the original SPDE, and under certain Lipschitz-type
conditions, we establish pathwise uniqueness for the weak solution. In Section 5, we
apply the results of the general framework to the two and three-dimensional stochastic
incompressible Euler equations, thereby concluding the global existence of a unique
strong solution. Lastly, in Section 6, we consider briefly the case of Stratonovich noise in
place of It0 noise.

2 Assumptions and main results

In this section we describe the setting, the assumptions and our main result on an
abstract PDE. We work mostly in the monotone and variational setting for SPDEs, see for
example [72], in particular concerning Gelfand triple and monotonicity-type assumptions;
the main difference from [72] is that we do not have here a coercive linear operator. Let
F1, Ey, and E_; be separable Hilbert spaces such that F; is compactly embedded in E,
and Fj is continuously embedded in £, i.e.,

FEi CC Ey— Efl,

and let (2, A, (F;)¢, P) be a filtered probability space satisfying the standard assumption.
We address the stochastic differential equation

dXt = b(Xt)dt + O'(Xt)th, (21)

where b, o are Borel functions from Ey to F_; and W is a one-dimensional Brownian
motion on (2, A, (), P). For every E;-valued random variable X that is independent
of W, we give the notions of weak solution and strong solution.

Definition 2.1. A weak solution to the equation (2.1) is an object (0, A, (Fi)¢, P, (W),
(Xt):), such that (2, A, (F;):,P) is a filtered probability space satisfying the standard
assumption, W is a one-dimensional Brownian motion on (2, A, (F;):, P), and we have

* (Xt): is (Ft):-progressively measurable (with values in E;) and has continuous
paths in Ey, P-a.s.;

» P-a.s., t — b(X;) is a locally integrable E_-valued function on [0, 00) and ¢t — o(X)
is a locally square-integrable E_;-valued function on [0, c0);

* the following identity holds in E_; PP-a.s.:

t t
Xt:X0+/ b(XT)err/ o(X,)dW,, Vt>0.
0 0

When (F;); is the Brownian filtration (the smallest filtration satisfying the standard
assumption and making X, Fo-measurable and W a Brownian motion), we say that the
solution is strong.

Remark 2.2. We assume b, ¢ to be E_; rather than Ey-valued to include fluid dynamic
models whose drifts depend on the spatial gradient of X;.

In the remaining section, we summarize the assumptions needed for the main theo-
rems.

Assumption 2.3. For separable Hilbert spaces E_1, Ey, E introduced at the beginning,
the compact embedding Fy CC Ey and the continuous embedding Ey — E_; are both
dense. Moreover, there exist § € (0,1) and M > 0 such that ||v| g, < M||11H1E:9Hv||‘?&1 for
allv € Ey.

To employ an approximation argument, we exploit the Galerkin projections with
respect to a vector basis specified by the following conditions.
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Assumption 2.4. There is a sequence of elements {e, } e+ in E1 whose span is dense
in E_,. Moreover, there is C > 0 such that for every x € E; and everyn ¢ IN*,

Mzl < Cllzlle,,

where 11, is the orthogonal projector from E_; to E™ and E™ = span{ey,...e,}.

Remark 2.5. Assumption 2.4 is not strictly required. Indeed, using Assumption 2.3, one
can always proceed as in the proof of Lemma 5.6 (see below) to construct a basis of £_;
that is made of F/; elements and is orthogonal in terms of both scalar products. (In this
situation, we can choose C' = 1.) The reason why we impose Assumption 2.4 is that the
choice of {e,, },en+ also enters Assumptions 2.7 and 2.8.

Remark 2.6. Combining Assumptions 2.3 and 2.4, one can show that
I,z — z||g_, - 0asn — oo, forallxz € E_;.
Now we introduce
bp(z) =1,b(x), on(x) =I,0(x), =€ E". (2.2)

To state the assumptions on the drift b, the initial condition X,, and the noise
coefficient o, we denote the open ball centered at the origin with radius R by Br and
the complement by Bf%. If there is a need to emphasize the underlying topology, we
write Bry and B = H \ Br (i.e., Bryy is a subset of H and the radius of the ball is
measured in the H-norm, and Bf ,, is the complement of Bp;3 in ). The closure of the
ball is denoted by Bg or Br.3.

We say that a function f : H# — K, with H, K being separable Hilbert spaces, is
bounded on balls if sup .5, ., [If(#)|lx < oo for every R > 0. We use a V b for max{a, b}.

Assumption 2.7. We assume that:

a) b: Ey — E_; is continuous and bounded on balls.
b) There exist R > 1 and a non-negative Borel function g : E4 — R, which is bounded
on balls, such that

(bn(2),2)E, < g(z)||z||}, foreveryx € E" N Bf.p, and everyn € NN.

c) The projected drift b, : E™ — E™ is locally Lipschitz for every n € IN.
d) The initial condition X, belongs to F;.
e) There exists an increasing function k : R — R, such that

(b(@) = b(y), 2 —y)p_, < k(lzlp, Vyllz) e —yll_, foralle,y € Eo.

Condition (2.7)-(e) is known as local monotonicity condition and has been introduced
in[71].

Assumption 2.8. We assume that:

a) o: Fy — E_1 is continuous and bounded on balls.
b) There exist a Borel function f : E; — R which is bounded on balls and positive
constants G, L such that

o(x) = f(z)x for every x € By p, N{g > G},
lo(@)l|z, < Lllzllz,  forevery x € By p N{g < G},

where g, R are the function and constant introduced in Assumption 2.7-(b).
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c) There exists a non-negative constant K such that
|f(2)]? > 2g(x) — K forevery x € B N{g > G}.

d) The projected noise coefficient o, : E™ — E™ is locally Lipschitz for every n € N.
e) There exists an increasing function h : R — R, such that

lo(z) —o@Wllz_, <hlzlz Vyle)lz —yle., forall z,y e E.

Below is our first main result of this paper, which follows immediately from Theo-
rems 4.4 and 4.6 in Section 4.

Theorem 2.9. Under Assumptions 2.3, 2.4, 2.7 and 2.8, there exists a unique global-in-
time, strong solution to (2.1) with the initial condition X.

Remark 2.10. Actually, as we will see in Theorem 4.4, the monotonicity-type Assump-
tions 2.7-(e) and 2.8-(e) are only needed for uniqueness and not for global-in-time weak
existence.

Remark 2.11. We emphasize that the main focus of the current paper is showing that
a superlinear noise can provide global existence for some SPDEs and especially for
3D Euler equations. In particular, we do not focus our attention in optimizing certain
assumptions, as for instance the regularity on the initial condition, see also Remark 5.3.

3 Precompactness of approximate solutions

In this section, we construct global approximate solutions. The main trick in our
argument is the use of log ||z|| g, as a Lyapunov function. We show that the approximate
solutions are uniformly bounded in E; with a large probability. With this bound, we can
then establish the tightness for the set of approximate solutions’ probability distributions.

Consider the following finite-dimensional Galerkin approximations on E™ to the
SDE (2.1),

dX] = bp(XP)dt + op(X])dWr, 3.1)
Xy =11, Xo. ’

where b,,, 0, are defined in (2.2) and X, € FE;. Since b,,0, are locally Lipschitz (by
Assumptions 2.7-(c) and 2.8-(d)), the local existence of a unique solution X;* to (3.1) is a
classical result.

Let R be the radius introduced in Assumption 2.7-(b), and let a € (0,log(2R)). We
introduce a radially symmetric C? Lyapunov function V : E; — R such that

V(Z‘) Vo € Ela
V(x) Vz € Br.g,,
V(z) =log|z|e,, Va € Bjpp,-

v

a,
a,

We also ask V' to be non-decreasing along any ray from the origin. Explicit computations
show that for all z € B3p g,

x
%,

1
D*V(x) = — (Id AL ) .
/1%, 1%,

VV(x) =

Now, we state a key lemma of this section. It proves the global-in-time existence of
X™ and provides a uniform Lyapunov-type bound for X" in probability, with respect to
the C([0,T); E1)-topology. Here, T is an arbitrarily prescribed positive number.
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Lemma 3.1. The unique local solution X™ to (3.1) exists globally on [0,T]. Moreover,
for every € > 0, there exists C. > 0 such that

sup P ( sup || X{g, > C€> <e. (3.2)
n te[0,T]

Proof of Lemma 3.1. For ease of applying It6’s lemma, we endow the FE,-space with
the Fj-scalar product for every n € IN. By the It6 formula, V(X™) has the following
stochastic differential up to the maximal existence time of the process X",

AV (X]) = L,V(XP)dt + (VV(X]), 0 (X]))dW. (3.3)

Above, L,, denotes the generator of this SDE. To be specific,
1
Lo (V) (@) = (VV(@),b(2)) + 5 {on(x), D*V (2)on ().

We now show that £, (V) is globally bounded in E", uniformly in n € IN. First, note
that V is constant in Bg.g, and so £,(V)(z) =0 for all z € Bg.g,. Next, we consider z in
E" such that R < ||z||g, < 2R. By the radial symmetry and the non-decreasing property
of V, VV(z) = w(||z||g,)z/||x|| s, for some C! function w : Ry — R,. Therefore, for
x € E" with R < ||z||g, < 2R, we have

w(||z| g, 1
£,V @ = 208, 0) ) 4 Lo (2). D2V (@) (@)
]| 2, 2
L 1DV ()|l [ f ()2 [|=|Z if v € {g(z) > G}
< w(lz) 5 )g@ el + { ) oz it
1DV (@) [lon ()] 5, if z € {g(z) <G}
1
< w(|z]lm)g@)z] s + SID*V (@) |2, max (1f(2)*, L?)
Due to the continuity of w, D?V and the boundedness of f, g on E;-balls, the right side

of the above inequality is uniformly bounded in n. Lastly, we consider x € B3 N E™.
In this case, we have

Onl@) )ps  1 ), D2V ()on(@)) < g(x) + L (on(@), DV (@)on(a)).
||r’1UHE1 2 2

Ly, (V)(z) =
If g(x) > G, then by Assumption 2.8-(c) we get

£.(V) (@) < (o) — @) < -

If g(z) < G, then by Assumption 2.8-(b) (and Assumption 2.4) instead we get

1 1
Lo (V) (2) < G+ S ID* V(@) |lon()llE, < G+ 5C°L*

Combining all cases, we conclude that £, (V) is bounded in E,, uniformly in n. Since
0 < a <V, there must be a positive constant ¢ such that

L, (V)<cV. (3.4)

This bound implies the global existence of the approximate solutions X" for every n € IN
(see [64, Theorem 3.5]).
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To prove (3.2), we employ a similar argument as in [64, Theorem 3.5]. Let M > a,
and let 7}, be the stopping time when V(X/') first hits M. We integrate both sides of
(3.3) over the interval [0,t A 7], take the expected value, and apply (3.4). We obtain

BV (X0, )] = EV(X) + E | L)) ds

tAT
gE[V(Xg)]HE/ V(X" ds, L€ (0,T).
0

Applying Gronwall’s lemma and Assumption 2.4, we arrive at
E[V(Xfr )] < B[V (Xg)]e” < B[V(Cxo)le,

which by the Markov inequality implies

E[V(Czo))eT
Pl sup V(X)) > M | =P (V(Xppmn)> M) < ————F0u. (3.5)
<tE[O,T] ( t ) ) ( ( TA ]M) ) M
Then, for any ¢ > 0, we obtain (3.2) choosing a sufficiently large value for M. O

The next result provides a uniform bound in probability for X™ in C%([0,T]; E_1)
with a € (0,1/2). Here, C%([0, T]; E_1) refers to the Holder spaces defined by the norm

1£@t) = f(s)le_,
[fllcoar sy = flcE_) + [flecoar ) = sup [f(E)e_, + —
t€[0,T) t,s€]0,T];t#s |t — s

Lemma 3.2. Let a € (0,1/2). For every € > 0, there exists a positive constant C, such
that
sup P (|| X"||co.o(p_,) = C:) <e. (3.6)
n

For the proof, we recall the Sobolev embedding W#» < C%®, where 1 < p < oo and
a < B — 1/p. More precisely, we may apply e.g. [29, Theorem B.1.5], getting

Ife — fsllz_,
176) = F@IE, < Cli— s/ / / o dst
and conclude that

I1fe = fsll_,
[fleo.aie_y) < Clflwsmm_y —C’/ / |t_s|1+ﬁp dsdt (3.7)

for a continuous function f: [0,7] - F_;, 1 <p<oo,and a < 5 —1/p.

Proof of Lemma 3.2. Take € > 0. By (3.2) and the continuous embedding from F; to F_1,
there exists ¢. > 0 such that

sup P (||X"||C(E71) > cg) <e.

Then, it suffices to establish a uniform bound in probability for the semi-norm [X"]zo,a (E_1)-
For M > 0, we introduce the stopping time

= inf {t > 0| |X}||p, > M},

which is the first exit time of X™ from the open ball B),g,, and the event

= { s 1301, > )
te[0,T]
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Clearly, A%, 2 {7}, < T'}. Moreover, sup, P(A%},) < ¢ provided that M is a sufficiently
large number (see (3.2)). For such an M, we have

P (X ooy > a) <P (437, [X"oneqe ) > a) + P (A7)

1 p
<]P<[X"Mn} >a>+5<EHX_“W] ]+s,
M]C0e(E_y) aP M]CO0a(E_y)

whenever a > 0 and p > 0. It remains to show that
E|([x5] (3.8)
< 00, .
Slrle /\TM CO’“(E_l) oo

as (3.8) implies that sup, P ([X"]co.(p_,) > a.) < 2¢ for some a. > 0, concluding the
proof.
For this purpose, we use the equations (3.1) and obtain

p p

+Cp

E_,

b
E_,

t t
[ bz ar [ oz aw,

n
HXt/\T - Xs/\ﬂ\}l

p
1§Cp

where s,t € [0,T]. Recall that b,, = I1,,b. Hence, the drift term can be bounded as follows,

If p > 1, the stochastic integral can be addressed using the Burkholder-Davis-Gundy
inequality,

p

P
< |t—sl” sup ‘

r/\‘rM)
E_, r€l0,T]

P
b (X7 H <|t—sf? Hb
n( r/\TM) B, | S| reSE(l)pT]

t
| b dr

E_,

t p t 9 5
E ’/ 0 (XIps ) AW, <C,E (/ (X" o )H dr)
s E,l s M E71
<Colt—s|2E | sup |jon (X" A?L)Hp <Cylt—s|2E | sup H (X an) ’p .
= ¥p +€[0,7] AT E_ — P +€[0,7] TATY E .

Due to the continuous embedding of F; into E, and the boundedness on balls of b and
o from Ej into £_; (by Assumptions 2.7-(a) and 2.8-(a)), there exist positive constants
My, M, depending on M such that

sup Hb T'/\T )

p
’ < My, sup HU(XTf an )
r€[0,T] By

for every n € IN. Therefore,

p
2
[HXU\T 7X.?/\%XI B :| < OP1T7M|t75|p/ )
1

and therefore,

E Xn T E” t/\T - s/\f'M”Zl)ﬂ,l ds dt
|:[ /\T" ]Wﬁ 1) ‘t _ S|1+ﬁp S

SC’,,,T,M/ / |t—s|(1/zfﬁ)p71dsdt.
o Jo

The right side of the above inequality is uniformly bounded with respect to n when
B < 1/2. Given a € (0,1/2), we can always choose 3, p so that 8 < 1/2, 1 < p < oo, and
a < B — 1/p, then the inequality above and the Sobolev embedding (3.7) imply (3.8),
completing the proof of the lemma. O
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Recall the Aubin-Lions-Simon theorem, which claims that L>°([0, T']; E4) "W ([0, T7;
E_,) is compactly embedded in C([0,T]; Ey) under the Assumption 2.3 when « € (0,1)
(see [81, Corollary 9]). Idenfitying functions in W*>°([0, T]; E_,) with their continuous
modifications, we have

L>([0,T); E;) nC%([0,T); E_y) cC C([0,T); Ep).

Then, the family of the laws of X™ is tight in C([0,T]; Fy) by Lemmas 3.1 and 3.2,
and then the set of coupled laws of {(X™, W)},en is tight in the product Polish space
C ([0,T]; Ep) x C([0,T];R), as a consequence of the tightness of the two components.
Applying Prokhorov’s theorem, we conclude that {(X", W)},en is a precompact set in
the topology of weak convergence.

4 Global solution and pathwise uniqueness

In this section, we identify a weak cluster point of {(X",W)},cn as a martingale
solution to (2.1). Let us take a weakly convergent subsequence and still denote it
by {(X™, W)},en for brevity. By t the Skorokhod theorem (see e.g. [30, Theorem 2.4]),
there exist a probability space (Q A,P) and C ([0, T]; E) x C ([0,T7; R)-valued random
variables {(X", W"™)}nen, (X, W) living in this probability space, such that (X", W") is
distributed the same as (X", W") for every n € IN, and the sequence (X", W") converges

o (X, W) in C ([0,T]; Eo) x C ([0, T];R) P-a.s..

For technicalities, we denote the filtration generated by X, W, and P-null sets by
(Qt),e (0,7), and we define ]—'t = Os>tgs, a filtration satisfying the standard assumption.

The filtrations (G )te[o,7) and (Fpr )tefo, 1) for X", W" are defined similarly. With regard

to W, W", and {(X", W")},en, we have the next two (standard and technical) lemmas,
whose proofs are postponed to the Appendix.

Lemma 4.1. For everyn € N, W™ is an (j':gl)te[O,T] -adapted Brownian motion, and the
limit process W is an (Ft)telo,r)-adapted Brownian motion.

Lemma 4.2. For everyn € N, (, A, (F1*),,P, X", W™") is a weak solution of (3.1).

We aim to show that (X, ), the P-a.s. limit of {(X™, W")},cn, is a global weak solu-
tion of the limit model (2.1). This requires us to study the convergence for the stochastic
integrals. The literature offers several classical arguments on this topic, beginning with
the foundational work of Skorokhod [82, Theorem on p. 32] and followed by numerous
variants (see, for instance, [55, Lemma 5.2], [73, Lemma 3.2] and [12, Section 4.3.5]).
Without claiming novelty, we present here an infinite-dimensional convergence lemma
inspired by [34, Lemma 2.1] and useful for future reference. Compared to [34, Lemma
2.1], we refine their proof to establish the convergence of stochastic integrals in a
stronger topology, specifically convergence in probability with respect to the supremum
norm in time, rather than the L?-in-time norm. Given the classical nature of this result,
we postpone its proof to the appendix.

Let 4, H be two separable Hilbert spaces and {ej }rcw be a complete orthonormal
basis of . We use L(4,H) for the set of bounded linear operators from { to H and
denote by

Lo(8h, H) = {G €LOLH) ) ||Gexl3 < oo}
k>1
the space of Hilbert-Schmidt operators from il to H. We endow Lo (4, ) with its Borel
o-algebra and the elements in Ly (§l, H) with the norm

1/2

Gl = (DGekn%) . YG € Ly H).

k>1
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When there is no risk of confusion, we abbreviate G, = Gej. Besides, let {Wj}ien,
{W}ken be sequences of independent Brownian motions on a probability space (2, A, P).
Then, W =3~ -, Wyey, defines a cylindrical Wiener process over i, and W" = 3, -, W}'e;,
are cylindrical Wiener processes over 4. Note that W and W™ are adapted to the aug-
mentation of their respective natural filtrations, say (F;)cjo,r] and (F{')iejo,r]. Within
this context, we claim the following convergence.

Lemma 4.3. Suppose that W = >, ., Wie, and W" = >, , W/'e;, are cylindrical
Wiener processes overl, adapted with respect to the filtrations (F;)¢c(o,r) and (F;")iejo,1]
respectively. Also suppose that P-a.s., G is an (]—"t)te[07T] -progressively measurable
process in L*([0,T]; Ly(4,H)) and {G"}nen are (F}')icjo,r)-Progressively measurable
processes in L*([0, T); Lo (s, H)) for alln € N. Asn — oo, if

Wit — W)y, in probability in C([0, T]; R) for all k € N, (4.1a)
G" — G in probability in L*([0,T]; Lo (84, H)), (4.1b)
then
sup / G dWw" — / GdWH — 0 in probability. (4.2)
t€(0,T] H

Theorem 4.4 (Global Existence). Under the Assumptions 2.3, 2.4, 2.7-(a,b,c,d), and
2.8-(a,b,c,d), there exists a global-in-time, weak solution to (2.1) with initial condition
distributed as Xj.

Proof of Theorem 4.4. We have proved that on a common probability space (Q A, IP)
there exist random variables {(X™, W")},en and (X, W) such that, P-a.s., (X", W")
converges to (X, W) in C ([0, T]; E) x C ([0, T}; R) and satisfies

t t
XP =X+ bn()”(g)ds+/ on (XM dWr, Yt e [0,T). (4.3)
0 0

By the continuous embedding from Ey to E_;, | X — Xy||z_, — O atall ¢ in [0, 7] P-a.s.
as n — oo. Let us analyze the integral terms in (4.3). Concerning the deterministic
integral, we have

/Ot b (X™)ds — /Ot b(X,)ds

/HHbX" CLb(X, E ds+/HHb ~p(X)
/Hb b(X)| ds+/ Hnnb(f(s)—b()?s)
1 0

Using the continuity and boundedness on balls of b (see Assumption 2.7), we may apply
the dominated convergence theorem and conclude that the last two integrals in the
above inequality converge to zero IP-a.s., then as n — oo,

/ (X7 ds—)/ J)ds in E_; P-as.

For the stochastic integral term in (4.3), we apply Lemma 4.3. Then, it is enough to

show that
t
|
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as n — oo, which can be proved similarly as for the deterministic integral, via the
following splitting,

and using the continuity and boundedness on balls of ¢ (see Assumption 2.8). Therefore,
by passing n to infinity along a subsequence, we have that

2

rul(X2) = 0% ~

<2 Hnna(fc”) oK)
-1

: )

42 Hnna(f(s) —o(Xy)

E_

t t
/ o (X)W — / o(X)dW, inE, Pas.
0 0

Gathering all terms and passing to the P-a.s. limit in E_1 in the equation (4.3), we obtain
that, for every t,

t t
j(t:)”(ﬁ/ b()zs)dsju/ o(X,)dW, P-as.
0 0

By the continuity of X-paths, the above equality holds for allt € [0,T]in a P-full measure

set that does not depend on ¢. Hence, ((NZ, A, (]?t)te[oﬂ,]P, X, W) is a weak solution to
(2.1), ending the proof. O

Remark 4.5. In [83], the authors employed also a Lyapunov-type function to prove the
global existence of a maximal solution, but, differently from here, they construct the
maximal solution as a strong limit of approximate solutions. The existence of these
approximate solutions is based on a regularization method that avoids the compact
embedding E; CC Ej but requires the drift and the noise coefficient to be (asymptot-
ically) quasi-monotonic, a property not assumed in our paper. While they proposed a
non-explosion criterion for a general framework ([83, Theorems 2.1 and 3.1]), here we
identify an explicit radial structure for the noise, with only one Brownian motion, and
an explicit no blow-up condition for the ¢ in the SDE (in [77, Example 1.1], a different
example of noise is proposed; in [4] and [78] two examples with a one-dimensional
Brownian motion are also used but for a one-dimensional transport equation and a
Camassa-Holm-type equation). Moreover, our no blow-up condition Assumption 2.8-(c)
(i.e. |f(z)]?> > 2g(x) — K) needs to hold only where the drift is large (that is where g is
large), so that the noise intensity does not need to be large.

Theorem 4.6 (Pathwise Uniqueness). Under Assumptions 2.3, 2.4, 2.7, and 2.8, the
pathwise uniqueness holds for the SDE (2.1). That is, if X(*) and X?) are two solutions
to (2.1) on the same filtered probability space (12, A, (F:):, P) with respect to the same
Brownian motion W, with the same initial condition X, then

P{x" = x® vte0,T]} =1.

Proof of Theorem 4.6. Suppose that XV, X are two solutions to (2.1) with X(()l) =
X{? = X,. Then, the difference process Y := X(1) — X satisfies the following equality
in Efl,

Y, = / (XD — X)) + / (o(XD) — o(XP)dW,, Vi€ [0,7].
0 0

Let M > 0 and 7}, be the first exit time of X from Bjs.p,, where i = 1,2. Denote
™™ = Tis A Thy- Applying the It6 formula to ||Y;[|3_| over the interval [0, 5], we obtain

) tATM L ) tATM L 9 )
Yireu e, = 2/0 <Y, b(XV) = b(XP) >p_, d7”+/0 lo (X)) = o (X5, dr

tATM
+2/ <Y, o(XW)—o(XP) >, dW,, Vtel0,T).
0
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Within the interval [0, 75|, we may use Assumption 2.7-(e) on the drift function and claim
that

<Y, 0(X) = (X)) > 5, < R(IXD 5 VIXP ) 1Yo lE, < CullYellE,

for some positive constant C); depending on M. (Here and in what follows, we denote the
constant coefficient in inequalities by C, with implicit dependence indicated if needed;
we allow C' to change from line to line.) Similarly, by Assumption 2.8-(e) on the diffusion
coefficient, we have

lo (X)) = o (X%, < P2UXD s, VIXP5) Y5, < CullYelE, .

Then, by the Burkholder-Davis-Gundy inequality, we conclude that for any p € [2, 00),

E sup ||)/3/\7'1M|2Ep1‘|
s€0,t]
tATM p tATM 2 %
< Cuple (/0 ||Y7,||J29_1 dr) +CpE (/0 o(xM) — J(XT(Q))HB1 ||YT||2E_1 dr)
tATM p tATM %
<amB|([ i ar) |+ s | ([ b, o)
0 0

tATM 5 t
< CurplE [/ 1Yol %, dT] < CM,T,p/ I
0 0

sup ||Yenry, ||2E;‘Dl‘| dr.
s€[0,r]

Applying Gronwall’s lemma, we arrive at

2
E| sup Vi, | =0.

s€[0,tATM]

Since both X" and X live in C([0,T]; Fy) (see Definition 2.1), then, P-a.s., 73, — T
and 73, - T as M — oo, and then Y; = 0 at all ¢ € [0, 7] P-a.s.. This ends the proof. [
5 The stochastic Euler equations

In this section, we address the stochastic Euler equation on a d-dimensional smooth
(i.e. of class C'*°), bounded, and simply connected domain D, with d = 2, 3:

du + (u - V)udt + Vpdt = o(u)dW; on D, (5.1a)
divu=0o0n D, (5.1b)
uw-n=0ondD. (5.1¢)

Here, u : [0,T] x D x  — R is the velocity field, p : [0,T] x D x Q — R is the pressure
field, and W is a one-dimensional Brownian motion on a filtered probability space
(Q, A, (F:):, P) satisfying the standard assumption. Besides, n is the outer normal on
0D, and the equation, u - n = 0, encodes the slip boundary condition. Both « and p are
unknown functions, whereas the noise coefficient o will be specified later.

Let s € IN. We define the following (standard) function spaces

H* (D) ={ue H*(D) |divu=0on Dand u-n=0o0ndD},

where H*(D) refers to the set of functions whose weak derivatives up to order-s belong to
L?(D). We endow #?*(D) with the H*(D)-scalar product. Note that #*(D) is a separable
Hilbert space for every positive integer s, as it is a closed subspace of the separable
Hilbert space H*®(D). With this notation, now we introduce o.
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Assumption 5.1. The diffusion coefficient o : H*(D) — H*~(D) has the form of

o(u) = c(1+ ullfy1.0 ()" u

for some $ > 1/2 and ¢ > 0. If § = 1/2, we assume additionally that ¢ > \/2C for a
specified constant C (See (5.5) below, note that C depends only on D and s, but not on
the initial condition).

Under the Assumption 5.1 and the incompressibility condition (5.1b), we can recover
the pressure function p out of (5.1). Clearly, p solves

—Ap =div ((u-V)u) on D.

Recall the Leray projector P, which is the orthogonal projection of L?(D) onto its closed
subspace H’(D). Equivalently, for every v € L?(D), we have Pv = v — Qu, where
Qu = —Vw, and w is uniquely defined up to an additive constant by the elliptic Neumann
problem

—Aw =divv on D,
ow

%:’U'nonaD.

Hence, applying P to (5.1a), we can eliminate the pressure gradient and interpret the
stochastic Euler equations (5.1) as a stochastic evolution equation of type-(2.1) on H*(D)
with s € N,

du = b(u)dt + o(u)dWs,
where o(u) was defined in Assumption 5.1, and
b(u) = —Pl(u- V)ul.

The main result of this section is the following:

Theorem 5.2. Let s € N and s > d/2 + 2. Under the Assumption 5.1, the stochastic
Euler equations (5.1) have a unique, global-in-time, strong solution in H*(D) for every
initial condition ug in H**t1(D).

Remark 5.3. One may note that the initial condition is required to be in the smaller
space H*T1(D) rather than #*(D), and that we assume s > d/2+2 rather than s > d/2+1.
We expect that these assumptions could be weakened by a finer analysis. In fact, [52]
show local well-posedness with general diffusion coefficients, with finer assumptions on
the initial condition and on s. However, their result does not apply here, since the noise
o(u) = c(1+ |Jull3. .y ))ﬁ/Qu does not satisfy the assumptions of [52, Theorem 4.3].

Remark 5.4. [83, Theorem 4.1] provides a non-explosion criterion for the stochastic
Euler equations. Here, we identify a radial noise with a one-dimensional Bronwian motion
and with the explicit diffusion coefficient (1.2) avoiding explosion in Euler equations.
Moreover, by requiring the no blow-up condition (Assumption 2.8-(c)) only where the
drift is large, we can include 8 > 1/2 in the construction (1.2) without requiring the
diffusion intensity c in (1.2) to be large. This is a situation not discussed in [83] (the
noise intensity is allowed not to be large in [4] and [78] but for different SPDESs).

To prepare for the proof, we first verify a few (classical and standard) conditions.

Lemma 5.5. Let s € IN and s > 1. Then, H*"'(D) is compactly embedded in H*(D), and
H?*(D) is continuously embedded in H*~'(D). Both embeddings are dense. Moreover,
there exist 6 € (0,1) and C' > 0 such that

0]z (D) < CHUHH +1(D)||v||§{5*1(D)> Vv e H5+1(D)-
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Proof of Lemma 5.5. First, the embeddings from #**!(D) into H*(D) and H*(D) into
Hs‘l(D) are continuous (by the definition of the space norms) and dense, because the
Leray projection P : H" (D) — H"(D) is continuous for every positive integer r (see [52,
inequality (2.9)]) and H**'(D) — H*(D) — H* '(D) are dense embeddings (see [1,
Theorem 3.17]). The compact embedding from H*™(D) to H*(D) follows from the
Rellich-Kondrachov theorem (see e.g. [1, Theorem 6.3]) and the fact that divergence-
free and slip boundary conditions are preserved in H?-limits. Finally, the interpolation
formula comes from [1, Theorem 5.2]. O

Lemma 5.6. Let s € N and s > 1. Then, H*"!(D) has an orthonormal basis {ey}rew,
consisting of elements in H*"!(D). Moreover, {ex}rew, is also orthogonal in H*T'(D).

Proof of Lemma 5.6. We assert the following variational result: For any w € Hs‘l(D),
there is a unique element ®(w) in H**!(D) satisfying

(®(w),v) get1 = (w,v) o1 forall v € H*TH(D). (5.2)

By the Cauchy-Schwartz inequality and the continuous embedding from #**1(D) to
H*~1(D), the linear functional L,,(v) := (w,v) .1 is continuous in H**!(D). Meanwhile,
the scalar product a(u,v) := (u,v) .+ defines a bilinear form on H**1(D) x H*+1(D)
which is clearly coercive and continuous. Then, we may apply the Lax-Milgram theorem
and conclude the existence of a unique element in H*T1(D), say ®(w), such that (5.2)
holds. Moreover, ® : H*~}(D) — H*T1(D) is injective, linear, and bounded. Given
the compact embedding H#**1(D) cc H#*~!(D), the mapping ® is actually compact on
H*~1(D). Since

(@(w), v) o1 = (D(w), ®(v)) ro+r = (W, B(V)) o1, Vv,w € HTH(D),

then & is also self-adjoint. By the spectral theorem, there exists an orthonormal basis
{ex}renw, of H*71(D) that are eigenfunctions of ®. The basis vectors belong to H**!(D)
as well, and they are orthogonal with respect to both H°~! and H**! scalar products
(since they are eigenfunctions of ®). Then, Assumption 2.4 holds with C = 1 and
E™ = span{ey, ..., ep}. O

Remark 5.7. It follows from [51, Theorem 4.1] that {ej }ren, actually live in H5+2(D).
Next, we recall a few classical estimates (see also [52]). Let m be an integer satisfying
m > d/2. Then,

¢ (The Moser Estimate) ||uv| gm < C(||ullpe||v]gm + ||u]lg=||v] L),
* (The Sobolev Embedding) ||u||z= < Cllu||g= and |Jul|wi.~ < Clul

Hmt1.
Hence, for all integers m such that m > d/2, we infer
[(u - V)ollem < C(llullzes vl gmsr + Jullzmllvlwre) < Cllullgma (ol gme (5.3)
whenever u,v € H™T1(D). If m > d/2 + 1, then by [52, Lemma 2.1 (c)],
(Pl(w-V)ol,0)pm < Cllullwroe vl zm + [Jull zaml|vllwree )0l g, (5.4)

when v € H™(D) and v € H™1(D). Note that (5.4) is a result of the commutator
estimates.

Proof of Theorem 5.2. Given Lemmas 5.5 and 5.6, we are left to verify Assumptions 2.7-2.8

to apply the main result Theorem 2.9 to the stochastic Euler equations (5.1).
Assumption 2.7-(a) follows from the continuity of the Leray projector, the esti-

mate (5.3) and a simple triangle inequality. Exploiting the orthogonality of {ej}ren,
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in both (-, -)g+—1 and (-, -) gs+1-scalar products and applying (5.4) with m = s+ 1 and
Remark 5.7, we obtain for every u € E™ that

(b (), u) o1 = (ILP(u - V), u) garr = (P(u- Vu),u)gerr < Cllullwioe |[ul/ %o
Hence, Assumption 2.7-(b) is met with
g(u) = C~'||UHW1‘oo(D). (5.5)

Assumption 2.7-(c) holds since b,, is quadratic, and Assumption 2.7-(d) is ensured by the
hypothesis. Utilizing (5.3), (5.4), and the Sobolev embeddings, we have

(Plv-Vv—w-Vuw],v —w)gs—1
= (Plv-V(v—w)],v —w)g:—1 + (Pl(v —w) - Vw],v — w) gs—1

< Ollvllwrello = wllge—r + [0l ze-1llv = wllwr)lv — wll e

+ C(lo —wl o< lwll s + llv —w

< Cllvllas—r + llwllae)

Lol [[o = ] e

v = wlFes,

which fulfils Assumption 2.7-(e) if s > d/2 + 2.
Besides, by our choice of o(u) in Assumption 5.1, o(u) = f(u)u for all u € H*T1(D)
with

F(u) = e(1+ [[ullfyr o p))*".

The function f is clearly bounded on H**!(D)-balls by the Sobolev embedding. Moreover,
for the g(u) in (5.5),

s o mWW)ﬁ < lg(u)| if g =1,
lf(u)|”=c (1+C‘2 > Cg‘g(u)‘zﬁ/éaﬁ i£5> L,

Then, Assumption 2.8-(c) holds with K = 0 and a sufficiently large number G if 8 > 1/2,
or with K = 0 and an arbitrary positive number G if 3 = 1/2 and ¢? > 2C. Given such a
prescribed G, Assumption 2.8-(b) is satisfied with L = ¢(1 + G2/C?)#/2. Assumption 2.8-
(e) also holds. That is because the function s — (1 + sQ)ﬁ/ 2 is infinitely differentiable, the
space H*~1(D) is continuously embedded into W!°°(D), and then

lo(v) — o (w)] e

N[
[N}
N[®

< e+ olliyre) ? o —wllzr +elwllmes [T+ [0ll)* = 1+ [wlfe)

< h(llvlles Vllwlas) lv = wllge-r,  Yo,w € 7 (D),
(5.6)

for an increasing function i : R — R,;. Assumption 2.8-(a) follows immediately from
(5.6), and Assumption 2.8-(d) is a consequence of Assumption 2.8-(e) and the equivalence
of H*~!, H®, and H*"'-norms on each finite-dimensional space E" = span{ey, ..., €, }.
This completes the proof. By Theorems 4.4 and 4.6 in Section 4, the stochastic Euler
equations (5.1) have a unique, global-in-time, strong solution in H*(D) if the initial
condition ug € H*T(D) for s > d/2 + 2. O

6 The case of Stratonovich noise

In this Section we consider briefly possible no blow-up effects by Stratonovich noise.
We show that a one-dimensional Stratonovich noise with radial diffusion coefficient does
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not avoid blow-up (actually, it can induce blow-up). In Remarks 6.2 and 6.3, we recall
positive examples from the work [8] in the Stratonovich case with a more complex noise.
It is natural to ask whether Theorem 2.9 still holds when the It6 integration is
replaced by the Stratonovich one. Unfortunately, as the following example suggests,
counterexamples arise even in one dimension, where the nonlinear diffusion itself can
cause blow-up.
Let X; € R be a solution of

dX; = X} o dW;. (6.1)

By converting the SDE in It6 form, X; solves dX; = X} dt + X? dW;, which admits an
explicit solution that exhibits blow-up [9, Exercise 9.23].

The next result shows that the above counterexample is not special: in dimension 1, a
one-dimensional Stratonovich noise cannot prevent blow-up, actually it induces blow-up.
This result is a slight modification of [75, Proposition 5.1] (in fact inspired by [80]), which
can be generalized to higher, possibly infinite dimension, see the discussion after the
proof below.

Consider the SDE on R:

dX = b(X)dt + o(X) o dW, (6.2)

where b : R —+ R and ¢ : R — R are given functions and W is a one-dimensional
Brownian motion.

Proposition 6.1. Assume that b : R — R is locally Lipschitz, 0 : R — R is C' with
locally Lipschitz derivative, and W is a one-dimensional Brownian motion (on a filtered
probability space with standard assumption). Assume that, for some ¢ > 0, o(z) > ¢ for
every x > 0. Assume also at least one of the following:

 Explosive drift: b(z) > 0 for x > 0 and

oo 1
——dz < 0.
/o b(z)

* Superlinear diffusion:

/Oooa(lx)dx<oo7 /Oooi(a(j)cz)dm<oo,

where b~ (z) = max{—b(x),0}.

Then for every xo > 0, the solution X to (6.2) with initial condition xy blows up in finite
time with positive probability.

Note that, in the explosive drift case, the solution to the ODE Z = b(Z) blows up in
finite time.

Proof. We define the transformation

|
<I>(:E):/ dz’, 0<z< oo
0o o)
By It6 formula, Y = ®(X) solves the transformed SDE

dY = A(Y)dt + dW, with A(y) =
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up to the exit time S of ¥ from (0, ®(c0)). Blow-up for X coincides with the event
{S < 0, Ys = ®(c0)}. By Feller’s test, in the version for example of [62, Theorem 5.29,
Proposition 5.22 and Problem 5.27], the latter event has positive probability provided

that
P(c0) px T
/ / exp <—2/ A(z) dz) dydz < oo. (6.3)
0 0 y

We consider first the case of explosive drift. In this case, if $(c0) < oo, then (6.3) is
clearly satisfied since A is positive; if ®(co) = oo, then by [80, Corollary 2]

2/ / exp(—Z/ Az dz) dyda:ﬁ/ —dyz/ —dy < o0,
0 0 y =) o Aly) o b(y)

so (6.3) is satisfied. Hence blow-up holds in the case of explosive drift.
Now we consider the case of superlinear diffusion. In this case ®(c0) < oo by
assumption and, for 0 < y < x < ®(00),

—2 /I A(z)dz = —2/¢1(z) b= 4, < 2/000 I;_(Sg dz < 00

O

Hence (6.3) is satisfied and blow-up holds also in the case of superlinear diffusion. The
proof is complete. O

The result above can be generalized to SDEs in higher, possibly infinite dimension,
with a one-dimensional Stratonovich noise and with a diffusion coefficient whose radial
component depends only on the norm of the solution; we just give a sketch of the
argument. Namely, one can consider an SDE on R¢ or on a Hilbert space H of the form

dX = b(X)dt + o(X) o dW

and study the evolution of the norm | X||. If, for example, outside a ball we have
b(x) - z/||z|| = braa(||z]]) and o(z) - 2/||z|| = orea(||z||) for suitable functions b,.4, ored, We
can compare || X|| with the solution R to

dR = b,-ad(R) dt + a'rad(R) o dW

and apply Proposition 6.1 to show that, for suitable (but quite general) b,,4 and o,..q4, R
and hence X blow up in finite time with positive probability.

Remark 6.2. We may ask whether other forms of Stratonovich noises can prevent solu-
tions to SPDEs from blowing up. The result is positive in some cases: as demonstrated by
the first author in [8] some months after the completion of this manuscript, a no blow-up
result can also be obtained in the Stratonovich framework by employing a different
diffusion coefficient and requiring the noise to be at least two dimensional.

Remark 6.3. A further question is whether there are noises that avoid blow-up both
with It6 and Stratonovich integration. So far, we are not aware of positive examples.
Indeed, the strategy used in [8] for Stratonovich case does not easily go through in the
It0 case, so it is unclear whether the same no blow-up result in [8] works also with It
noise. We leave this question for future investigation.

A Appendix

Proof of Lemma 4.1. Since W™ has the same prolzability law as W, it is a Brownian
motion with respect to its natural filtration. Then, W};* is G;*-measurable for all ¢ € [0, T7.
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Moreover, since (X", W") has the same law as (X", W), the independence of W, — W,
from o{X”, W, | r < s} implies the independence of W;* — W" from G” whenever s < .
Hence, W" is a (QNf)te[oﬁT]-adapted Brownian motion.

As the almost sure limit of a sequence of Brownian motions, W is also a Brownian
motion. Certainly, W, is G;-measurable for every t € [0, T] because a{W | s <t} CG.
Note that Wt W" is independent of all tuples (Ws"l, X&s WS';, 2)with 0 < 51 <
.. < s < s < t. Passing to the a.s. limit, we conclude that Wt W is independent of
o{X,,W, | r < s} and (G,),<s. Hence, W is a (,C';t)te[oj]-adapted Brownian motion.

For the extension of the results from GQ, Qs to F 4 ]:'5, we resort to the argument for
proving [11, Proposition 2.5]. O

Proof of Lemma 4.2. 1t is equivalent to verify that, for every ¢ € [0,7], the random
variable

t t
Zr = X7 — X — [ bo(X")ds — / o (X1 V7
0 0

is equal to zero P-a.s.. We denote by Z}* the corresponding random variable when X", W
are present in place of X™, W™. Since Z{ = 0 almost everywhere in [0, 7] x 2, we turn to
prove that Z} and Z]" have the same probability law at all ¢ € [0, T].

As a first step, we show that the discretized processes of Z* and Z are distributed
the same. We introduce

= X~ XD — Z/ )L jo,7n) (5) ds—Z/ V0,70 (s) AW,
mN _Xn XSL Z/ ]l[OTn) dS— Z/ [(]‘rf},,)(s)dWSa

where tY = it/N with i € {0,..., N} and the stopping times 77, 7" are defined as follows,
7= inf {t € 0,7) ¢ |X0 5, > m} =it {te[0,7] ¢ | X0]|s, > m)

for every m € N. Clearly, Q N and Q" N are Borel function respectively of ()~( n W")
and of (X™, W) (as random varlables in C ([0, T]; Eo) x C ([0,T];R)). Since (X", W") and
(X™, W) have the same law as random variables in C ([0, T]; Ey) x C ([0, T]; R), then Q™"
is distributed the same as Q" N for every positive integer m and N.

In the remaining part of the proof, we show that both Q?’N and Q;"N have an almost-
sure limit as we pass N — oo along some subsequence and then pass m — oo; The limits
are Z! and Z] respectively, and consequently, Z;* and Z} have the same distribution.

Indeed, we may employ the It6 isometry and conclude that

2

B )L () AW, — / 0 (X7 () Lo 7 (5) 1V,

E_,

/Hzlltgv,tfv+ (s)on(X) = on(X" )]} 1 [OT,")()d].

Recall Assumption 2.4 and Assumption 2. 8 (a), which infers the continuity and bound-
edness of o, on the Ej-ball defined by 7;;. Hence, for every s € [0,¢ A 7,;] and every
w e,

I Z Ly on ) (8)0n (X)) = on(X"(s)|| ;. — 0,
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as N — oo, and this norm of difference is uniformly bounded in 2 x [0,7] and for all N.
Therefore, by the dominated convergence theorem,

et A t
A /N (X)L jg,0 (5) AW, — T = / 0 (X7 ()L 0.0 (5) WV,
i=0 ‘i ’ 0

in L2 (Q; E_;) as N — co. For the drift term, we resort to Assumption 2.7 (a) and the
dominated convergence theorem, concluding that

N—-1 til\jrl t
> /tN b (X5 ) Lj0,7p,) () ds — /0 b (X™(8))L{g,rn ) (5) ds
=0 i

E_y

t N-—1
g/o 1> Lpn g (8)ba(X]5) — b (X"(5))|| g, To,rm ) (5) ds — 0, P-as.
1=0

as N — oo. By extracting a subsequence of Q;”’N, say Q;”’N’“, we have 77Nk — ™
PP-a.s., and thus,

t t
N :Xt”—Xg—/ bn (X" (5)) 10,7 ) () ds—/ on(X"(8)) Lo, 7ny(s) dW,, TP-a.s.
0 0

lim
k—o0

Note that lim,, ,o 7t = T due to Lemma 3.1 and the continuous embedding from F; to
Ey. Then,

lim lim Q""" =Z', P-as.
m—00 k—o00

Applying a similar argument to QTN , we also obtain Zt” as a P-almost sure limit
of QT’N for every t € [0,T]. Since the almost sure convergence implies convergence
in distribution, we conclude that Z* and Z;* have the same law, which completes the
proof. O

Proof of Lemma 4.3. For convenience, we denote
t t
" (t) ::/ G"adw",  I(t) ::/ Gaw;
0

0
N t N t
0 ;:Z/O Grawr, In() ::Z/O G dWi,
k=1 k=1

and split the difference 7" — 7 as follows,
I"—-I=T"-I3)+ (Zp —In)+ (INn - TI). (A.1)

Recall that for any positive numbers a, b and progressively measurable process ® that
lives in L%([0,T); Lo (4, H)) P-a.s., we have

i b T
P ( sup / O dW|| > a> << +P / 1®al|7, 3y ds > b ), (A.2)
tefo0,7] I|Jo H a 0 ’

(see e.g. [30, Proposition 4.31]'). Take € > 0 and J > 0. Exploiting the inequality (A.2)

1n [30], integrands are assumed to be predictable, but this is not a restriction since every progressively
measurable process which is P-a.s. in L ([0, T]; L2 (&, 1)) has a predictable version, see e.g. the argument in
[Kunita, Stochastic flows and stochastic differential equations, page 60].
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with a = ¢ and b = 6¢? for Z" — I}, we obtain
o0 T
P( sup [Z"(t) — Iy >c | <o+P| D / |G I3, dt > 8€?
te[0,T] o1 /0
T 2 > T 2
n 2 oe 2 oe
<5+]P</0 16"~ G g dt > = | 4R [ S /0 Gl e > )

k=N+1
Since G € L?([0,T); L2(4,H)) P-a.s., there is a sufficiently large N independent of n,
such that the last term in the above inequality is smaller than §/2. Hence,

n n 36 r n 2 562
P sup |IT°(0) = TR (0)lly > ) < 5 +P 0 I6" = Gl dt > = | -

t€[0,T]

By the assumption G" — G in L?([0, T]; L2(41,H)) as n — oo in probability, we can choose
n1, depending on § and ¢, such that, for every n > ny, the last term in the above inequality
is smaller than §/2. Hence, for every n > n;, we arrive at

P ( sup || Z(t) — T (t)|5, > s> < 26. (A.3)
t€[0,T]

Proceeding similarly for 7 — Z and choosing a large enough N, we obtain

oo T
P ( sup [|Z(t) —In(t)|ly > E) <6+P ( Z / HGkHiL dt > 552> < 26. (A.4)
t€l0,T] k=N+170

With such large N, now we estimate I3, — Zy in the splitting (A.1). Note that
1% — Iy is a finite sum of stochastic integrals with respect to different Brownian motions
W, W, which we expect to handle by exploiting an integration by parts formula and
the convergence of W™ to W in C([0,T]). For this reason, we introduce a smoothing
operator R, for every p > 0,

1/t t—s 1
R,® (t) = ;/0 exp <_ ; )@(s) ds, @ e LY((0,T],H). (A.5)

The operators R, are approximations of identity (though with a nonsmooth function),
hence the following properties hold (see e.g. [12, estimates (4.19)], and [1, Theorem
2.29] for a similar proof),

IRo®lL2(j0,77:20) < 19l 2210, 17370+

(A.6)
||Rp(b — (I)HL2([O7T];H) — 0 as pP— 0.

We split 73, — I as follows:
N t N t t
) - TInt) =Y / (G —R,GPAWy + 3 ( / R,GRdW] — / Rkade>
k=170 k=1 70 0
N t
+ Z/ (Rp,Gr — Gi)dWy, =: Ay (t) + As(t) + As(t).
k=170

For the term A;, we employ the inequality (A.2) with a = ¢, b = d¢? and the operator
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properties (A.6), obtaining

T N
IP( sup ||A1(t)|lx > E) <6+P </ Z G — RpGZ||3_[dS > 662>
0

te[0,T] =1

T N 5 T N 52
<5+P /0 ZHG” Gk||Hdt>T +P / Z||Gk—RGk||Hdt> 5

k=1 k=1

T N 5 552
4P /0 }:HRGk R, GLIE dt > °c-
n 2 582
<5+211></0 21:||G Gk||Hdt>>+]P< }:narnpaknﬂdm? .

0 k=1

Since |R,Gr — Gill2(0,77;%) — 0 (as p — 0) P-a.s. for every k € IN, the convergence is
also in probability. Hence, there exists a small p > 0 which depends on N (but not on n),
such that, for every n, the last term in the above inequality is smaller than . We arrive
at

T N 5e2
]P( sup | Ax(6)]|a >5> <25+ 2P (/ S IGE = Gull3de > )
0

te[0,T] =1

By the assumption (4.1b), we can choose n,, depending on § and ¢, such that the last
term in the above inequality is smaller than § whenever n > n,. Hence, for every n > no,
we have

IP( sup |41 (¢)||n > €> < 46.
te[0,T]

Proceeding similarly for A3, we conclude that for a sufficiently small p > 0 which depends
on N,

T N
IP( sup ||As(t)|ln > 5) <o+P < Z |Gk — RkaHi ds > 652> < 24.

€l0,7) Ut

We are left to deal with the term A,. For every k, since R,Gy and R,G}; have trajectories
in W2([0,7]; H) P-a.s., the integration by parts formula below holds without a stochastic
correction: applying the It6 formula (e.g. [30, Theorem 4.32]) to R,G dW},, we obtain

/tRka AWy, = R,Gi(t)Wi(1) —/tj (RyGr(r))|  Wils) ds
0 o ar

r=s

:R,)Gk(t)Wk(t)+% /O R, Gr(s)Wi(s) ds—% /0 Gr(5)Wik(s) ds,

and similarly for fot R,GRdW]. Thus, we have

N

() =D (R,GROWE () — RGr(t)Wi(t —72/ (GR(s)WP(s) — Gr(s)Wi(s)) ds

k=1
1oL
;Z/RGWMH)RGMMMDM:MM+@NH&w)
Let us analyze these three terms. By the Cauchy-Schwartz inequality,

t
1 _t=s
RO = | [ T aas
o P H
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Then, we have for Ay;

N
P sup IAn(lc> §) < X ( sw RORGE - GOl > o )

t€[0.7] = \iefo,7) 6N

#30P( s V)~ WO IR, Gul0lh > i)

- te[0,T]

N 1/2
ep

< P({ sup |W/Q(t G" G > >

_];1 (tE[O ]| k@)l H[Q(OT]H)

1/2
ep
+ IP( sup |W, Grll 12 > >
kzl te[OT]| k() = WeOlIGkll 220,190 > 5

Note that (4.1a) implies, for every k, that sup,¢cjo ) [W}!(t) — Wi(t)| — 0 in probability
and that {sup,c 7] |W}'(t)|}nen is uniformly bounded in probability; similarly, (4.1b)
implies, for every k, that |G} — Gi||r2(j0,77;2) — 0 in probability. Hence, we can choose
ng, depending on ¢ and ¢ (as well as N and p which have been already fixed), such that
each addend on the right-hand side is smaller than §/N. Hence, for every n > ns, we get

€

IP( sup |[A21(®)|lx > ) < 29.
te[0,T) 3

For As3, we use (A.6) and get

P( sup [[Aza(®)]e > Z]P sup W2 [ IR = G (o)l ds > 22
( o) =, o | ;

te[0,T) t€[0,T

) - s S P
+; (sup Wy () Wk(t>|/0 IR,Gr(s)l,, ds > GN)

te[0,T]

N
P|{ sup |[W](t T'/? G — Gy, > >
<> ([ W2 | lisomnn > oo

N
£p
+ ]P( sup |W, Wi ()| T2 |G ) >).
kzl o, T]| k:( ) k( )| H k”LQ([O,T],’H) 6N

By the same argument as above, we can find n4, depending on ¢, §, N, and p, such that
each addend on the right-hand side of the above inequality is smaller than §/N. Hence,
for every integer n > n4, we get

€
IP( sup || Aa3(t)|l% > 3) < 26.
te[0,T]

We can deal with Aj,(¢) in the same way. Then, there is n; € IN such that

g
P( s JAn(Ol > §) <2

t€[0,T)

whenever n > ns. Putting all estimates together, we conclude that, for every integer n
that is greater than ng := max{ni,n2, n3, n4,ns},

P ( sup ||Z"(t) —Z(t)[l5 > 55) < 169.
t€[0,T]
By the arbitrariness of € and ¢, the lemma is proved. O
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