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ABSTRACT: Massless spinning correlators in cosmology are extremely complicated. In contrast,
the scattering amplitudes of massless particles with spin are very simple. We propose that
the reason for the unreasonable complexity of these correlators lies in the use of inconvenient
kinematic variables. For example, in de Sitter space, consistency with unitarity and the
background isometries imply that the correlators must be conformally covariant and also
conserved. However, the commonly used kinematic variables for correlators do not make
all of these properties manifest. In this paper, we introduce twistor space as a powerful
way to satisfy all kinematic constraints. We show that conformal correlators of conserved
currents can be written as twistor integrals, where the conservation condition translates
into holomorphicity of the integrand. The functional form of the twistor-space correlators
is very simple and easily bootstrapped. For the case of two- and three-point functions, we
verify explicitly that this reproduces known results in embedding space. We also perform
a half-Fourier transform of the twistor-space correlators to obtain their counterparts in
momentum space. We conclude that twistors provide a promising new avenue to study
conformal correlation functions that exposes their hidden simplicity.
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1 Introduction

Many exciting advances in theoretical physics had their beginnings in a significant improvement
in the foundations of the subject. For example, the recent renaissance of the conformal
bootstrap [1] can be traced to a better understanding of its kinematic building blocks, such as
three-point functions [2-6] and conformal blocks [7-9], which has been essential for harnessing
the full power of conformal symmetry. With kinematics under much better control, many
interesting dynamical questions became answerable through a powerful mix of numerical
and analytical techniques [10].



Similarly, the S-matrix bootstrap was powered in its revival by an improved understanding
of the kinematics of scattering amplitudes [11]. In particular, the three-point amplitudes
of massless particles reveal their essential features only in spinor helicity variables [12, 13].
From these three-point building blocks, all consistent theories of long-range interactions can
then be derived by demanding proper factorization of the amplitudes at four points [14, 15].
Moreover, as the kinematic constraints were made more obvious, the kinematic data started
inhabiting mathematical spaces called positive geometries [16, 17]. This has led to entirely
different ways of conceptualizing what scattering amplitudes are by thinking of them as
volumes of these geometries.

These two subjects — conformal field theory and scattering amplitudes — come together
in primordial cosmology. First, all cosmological correlators contain singularities when the
total energy of a graph (or subgraph) vanishes and the residues of these singularities are the
corresponding flat-space amplitudes [18, 19]. Second, in the case of slow-roll inflation with
weak interactions, these correlators inherit an approximate conformal symmetry from the
isometries of the de Sitter spacetime. It is therefore natural to expect that the tools and
perspectives developed in conformal field theory and for scattering amplitudes are relevant
in the cosmological context [20].

In contrast to conformal field theory and scattering amplitudes, however, the foundations
of primordial cosmology aren’t yet fully developed. A particularly embarrassing fact is that
the correlators of spinning fields in de Sitter space are still poorly understood. Even for
three-point correlators, there is currently no presentation that makes all of their symmetries
evident and the kinematically allowed structures “inevitable”. The problem gets worse at
higher points, where one finds an explosion of complexity for gluon and graviton correlators
(see e.g. [21-24]). As we will argue in this paper, the reason for the unreasonable complexity
of spinning correlators lies in an inconvenient choice of kinematic variables. Moreover, we
will show that formulating these correlators using the language of twistors exposes their
hidden simplicity.

The natural habitat of cosmological correlators is Fourier space. The reasons that
cosmologists like to work in Fourier space are that first, the distinct Fourier modes of
perturbations, I%, evolve independently at linear order, and second, the homogeneity of
the background spacetime implies three-dimensional momentum conservation, >, l;, = 0.
Another advantage of Fourier space is that current conservation is easy to implement as a
transversality condition on polarization vectors. However, an important drawback of working
in Fourier space is that conformal symmetry is hard to enforce, taking the form of a partial
differential equation — the conformal Ward identity [25].

Conformal field theories are therefore often expressed in the so-called embedding space
(introduced by Dirac [26] in 1936 and reinvigorated in [6]). This starts from the observation
that the conformal algebra on R? is isomorphic to the algebra of Lorentz transformations
on RV, By defining a suitable embedding of R? into R14*1 (see figure 1), the d-dimensional
conformal transformations (which are nonlinear and complicated) can be uplifted to (d + 2)-
dimensional Lorentz transformations (which are linear and simple). However, while conformal
symmetry becomes much simpler to enforce in embedding space, current conservation is now
harder to implement [6]. In practice, one first has to define the space of conformally-invariant
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Figure 1. Outline of the different kinematic spaces discussed in this paper. The natural arena in
cosmology is Fourier space, but conformal symmetry is hard to implement there. In conformal field
theory, we therefore prefer to work in embedding space, but current conservation is then a nontrivial
constraint. In this paper, we study conformal correlators of conserved currents in twistor space, in
which all kinematic constraints can be made manifest.

structures and then impose a differential constraint to select the sub-space of conserved
correlators. This two-step procedure is conceptually unsatisfying. It would be much nicer if
we could write down an expression for the correlator that from the start makes both conformal
symmetry and current conservation manifest. In this paper, we will show that this can be
achieved in twistor space' (see [30, 31] for important prior work).

First, we will introduce embedding-space spinors A4 [32, 33] and then define twistor
coordinates as a specific linear combination of these spinors Z4 = waAaA. This allows us to
write an integral representation for correlators that automatically ensures both conformal
symmetry and current conservation. Conserved correlators in twistor space are holomorphic
functions of the coordinates ZlA (for each field i) whose precise form is easily bootstrapped.
For the case of two- and three-point functions, we verify explicitly that this reproduces known
results in embedding space. Unlike in embedding space, however, current conservation is part
of the ansatz and doesn’t have to be imposed by hand as an additional constraint.

As a simple illustration of the power of these ideas, consider the three-point function

of gravitons in twistor space:

(T(Z0)T(Z2)T(Zs))* = / degj exp (i cijZi- Z; | (craeaen) ™, (1.1)

4,3
where Z; are the twistor coordinates and c;; are Schwinger parameters. The choice of —
or + in the exponent corresponds to Einstein gravity and higher-derivative R? interactions,

'We would like to thank Mariana Carrillo Gonzalez for first suggesting to us the connection between
conformal correlators and (mini) twistor space [27—29].



respectively. Note that the Schwinger-parameterized correlator, Ai(cij) = (c1aca3c31) %2,
is remarkably simple.

Following [34-37], we also perform half-Fourier transforms of our twistor-space results to
connect them to the corresponding correlators in momentum space. Interestingly, this half-
Fourier transform is somewhat subtle, and requires careful analytic continuation to Euclidean
momenta. These computations will demonstrate that our correlators are indeed correct, and
hopefully convince the reader that the first presentation, in terms of twistors, is much simpler.

Twistors are extremely useful variables for scattering amplitudes in flat space [35-37],
making the four-dimensional conformal symmetry of gauge-theory amplitudes manifest. Our
proposed usage of twistors here is more primitive — we are simply trying to make all the
constraints from (Anti-)de Sitter isometries manifest. In that sense, twistors in (A)dS are more
akin to flat-space spinor helicity variables. Their usage will therefore be more widely applicable
than in flat space, which relies to some extent in additional symmetries beyond Poincaré.

Although, in this paper, we only showcase the power of twistors for two- and three-point
functions, the simplicity and inevitability of our results suggests that we have much to look
forward to. For example, a natural next goal is to obtain four-point functions from consistent
factorization, thus simplifying the known expressions in momentum space and bootstrapping
them from basic principles. We furthermore believe that we will then be geared up to find
cosmological recursion relations that are as simple as those of flat space. Finally, we are
optimistic that, within twistor space, we are coming closer to an all-multiplicity formula for
gluon correlators in de Sitter space like the Parke-Taylor formula for gluon amplitudes in
flat space. We will pursue these avenues in future work.

Outline. The outline of the paper is as follows: in section 2, we review the embedding-
space formalism for conformal field theories, focusing especially on the challenge of finding
conformal correlators of conserved currents. As a bridge to our new formulation in twistor
space, we also introduce a representation of the embedding-space positions in terms of spinor
variables [32, 33]. In section 3, we introduce twistor coordinates as a linear combination of
the embedding-space spinors and present an integral representation for spinning correlators in
(A)dS where current conservation is made manifest as holomorphicity of the integrand. For
the case of two- and three-point functions, we confirm explicitly that our twistor-space results
reproduce the known answers in embedding space. In section 4, we perform a half-Fourier
transform of the twistor-space correlators to obtain their counterparts in momentum space.
Finally, we summarize our conclusions in section 5.

A number of appendices contain technical details: in appendix A, we show how the
twistor-space correlators transform under parity and time reversal. In appendix B, we
explicitly compute the twistor integrals introduced in section 3.4, proving that this leads to
the known results in embedding space. Lastly, in appendix C, we discuss the half-Fourier

transforms and the dispersive integrals appearing in section 4.2.

Notation. Throughout the paper, we use natural units, » = ¢ = 1, and the mostly plus
convention for the metric. Positions on the spatial boundary are denoted by z*, with
uw=1,---,d for Euclidean positions and 4 =0,1,--- ,d — 1 for Lorentzian positions. Their
conjugate momenta are k*. The corresponding positions in embedding space are PM | with



M=1,2,---,d+2for Rb* and M =0,1,--- ,d+1 for R>¢. We use EM for the polarization
vectors in embedding space. For d = 3, we will work with CFTs in Lorentzian signature,
whose embedding space is R?3, with the metric given by nyn = diag(—1,1,1,1,—1). We
define spinor variables for the embedding-space position P via

Pa=PM(Tu) = e Agalf (1.2)

where (T'ys) 2 are the Gamma matrices defined in (2.23), a,b = 1,2 are little group indices and
A,B=1,---,4 are spinor indices. The latter are raised and lowered by the anti-symmetric
matrix Q4p defined in (2.24), while the former are raised and lowered by the Levi-Civita
symbol €? (with €!2 = e3; = 1). All indices are raised and lowered with the left-multiplication
convention, VA = Q4BV5 and V4 = QupV 7P, and similarly for the little group indices a, b.
Furthermore, we will denote contractions of the spinor indices A, B as

U-V=UAVy and U-M-V=U"MVz, (1.3)

with the understanding that they are always contracted from upper left to lower right. The
polarization vector EM can be written as

By = @u) PEM = 1,008 — 118 (1.4)

where T 4 obeys PABTB =0 and Y*4 is defined as a spinor that satisfies T*’APAB = TB,

Coordinates in twistor (Z4) and dual twistor space (W4) can be written as
74 = waAjf and Wy =7"g 4, (1.5)

where ZAP AB =0and P ABWB = 0. Twistor integrals have the projective measure DZ =
D7 = drn®rbey, and similarly for DW = Dx.

2 Spinning correlators in embedding space

In inflationary cosmology, we are interested in the correlations of fluctuations living on the
future boundary of an approximate de Sitter spacetime. If the bulk interactions aren’t too
strong, these correlations inherit a conformal symmetry from the isometries of the spacetime.
This makes the study of conformal field theories (CFTs) of interest to cosmologists.

In this section, we introduce embedding space as a powerful way to make conformal
symmetry manifest. We also describe the challenge of imposing current conservation for
massless spinning fields within this formalism.

2.1 Review of embedding space

We will begin with a lightning review of the embedding-space approach to conformal field
theories. Experts should skip this section, while novices can find more details in [38].



Figure 2. Graphical illustration of the fact that Lorentz transformations on the projective null cone
become conformal transformations on the Euclidean section.

Projective null cone. It is a well-known fact that the conformal algebra on d-dimensional
Euclidean space, R?, is isomorphic to the algebra of Lorentz transformations on (d + 2)-
dimensional Minkowski space, R1¥*1. This suggests that it should be possible to find a suitable
embedding of R? into R“*1 so that the Lorentz transformations in the higher-dimensional
space become conformal transformations on the lower-dimensional slice.

We define the coordinates on the higher-dimensional space RU4! as PM | with M =
1,---,d+1,d + 2 and a metric given by n™¥ = diag(1,---,1,—1). Under a Lorentz
transformation, these spacetime coordinates transform as PM — LMy PN. We also define
a projective null cone in the embedding space as

P?=0, (2.1)

PM ~ ppPM (2.2)

where p is a rescaling parameter. The Fuclidean section is then defined by the constraint
(P*, PT,P7) = (2", 1,2%), (2.3)

where P* = P42 4 P+l are lightcone coordinates and z#, with © = 1,...,d, are the
coordinates on R%. In figure 2, we illustrate the action of a Lorentz transformation on an
infinitesimal interval dx. At first, it looks like this transformation moves the interval off
the Euclidean section, but, under the identification (2.2), we get the new interval dz’ on
the section. It can also be shown that the constraint (2.3) is designed in such a way that
the combined Lorentz transformation and rescaling becomes a conformal transformation
on the Euclidean slice [38] .

Tensors in embedding space. Consider symmetric, traceless and transverse tensors
Ow,...ms defined on the projective null cone. Contracting the tensor components with
auxiliary null polarization vectors EM | we can write these tensors in index-free notation,

O (P,E) = Oy (P) EMr - EMs | (2.4)

where EM satisfies E2 = P - E = 0. Under rescalings of the embedding-space coordinates
and the polarization vectors, we have

09 (pP,aE) = p~2a* 0¥)(P,E), (2.5)

where A and S are the dimension and spin of the field, respectively.



Conformal correlators. Conformal correlators in embedding space are simply the most
general Lorentz-invariant expressions with the correct scaling behavior according to (2.5). It
is convenient to define the following (parity-even) conformally-invariant structures

Pij =-F- Pj,
Hij = =2((Ei - B)(P, - Py) = (B - Py)(E; - P, (2.6)
Vi = Eis PP P) = (Ei- P)(F; - P)

by By
which serve as the basic building blocks for conformal correlators. For instance, the two-point
function of a spin-S field is
H,)

(5) (S)y _
<Ol 02 >_(P12)A+S,

(2.7)
where we have dropped an overall normalization constant. The subscript on Ofs) denotes both
the type of the field and its position, i.e. Ol(s) = Oz(S)(PiM). Equation (2.7) is the only object
that can be constructed out of Pjo and Hyo that has the appropriate rescaling covariance (2.5)
for each field. Similarly, the three-point function of two scalars and a spin-S field is
VEJ)S

Pl(QAl+A27A3*S)/2P2(3A2+A37A1+S)/2P3(1A3+A17A2+S)/2 )

(010,08 = (2.8)

where we defined V; = V; j;, for {i,j,k} a cyclic permutation of {1,2,3}, and dropped an
overall constant factor.

There are also examples where more than one structure is consistent with conformal
invariance. For instance, the three-point function of identical spin-2 tensors is
VEVEVE

. H12V1V2V32 + cyclic

1

0P ooy = cnFn, with F, = H2,V2 + cyclic ,
< 1 2 3 > (P12P23P31)1+A/2 ngl ni'n n 1273 + cy

HioH3V1 V3 + cyclic

HisHo3Hsq

(2.9)
which has five allowed structures that can be combined with arbitrary weights ¢,. As we
increase the spin of the fields, the number of allowed structures also increases. For example,
the correlator of two identical spin-2 fields and a spin-4 field, <O§2)O§2)O§4)>, has 10 allowed
structures [6].

Let us also mention that in dimension d = 3 (which is the case of interest in the present
work), the building blocks in (2.6) satisfy the relation

—2H1yHy3Hsy = (ViHas + VaHsy + VaHyy + 2V1VaV3)? (2.10)

which implies that the last structure in (2.9) is not independent from the others. In this

case, there are therefore only 4 independent structures for (052)09)05(,)2)) and 9 independent

structures for (052)09)0&4)) [39].



Current conservation. Correlators of conserved tensors must satisfy an additional kinematic

constraint, which in position space reads
O JHtm=hs = 0. (2.11)

As long as the scaling dimension of the conserved current takes the value A = S+ d — 2,
this conservation condition can be uplifted to embedding space as [6]

0 1
—Dp,, J =0, where Dy = (+E

oN o 1. &
e - 'aE) (2.12)

9EM ~2PMPE oE

To impose conservation for a certain correlator, we then deduce the linear combinations of
the conformally-invariant structures that are compatible with the conservation condition.

Let us specialize to the case d = 3, where a conserved spin-S current has dimension
A = S+ 1. As an example, consider the case of a conserved spin-1 current. The parity-
preserving three-point function is [2, 40, 41]

aViVaVs + co(ViHas + VoHiz + V3Hig)

Ja gb gey _ pabe :
(JiJaJ3) = | (P1o P13 Py3)3/2

(2.13)

where @, b, & are color indices and f‘ii’fE are the structure constants. We see that there are two
independent structures for this correlator that are compatible with both conformal symmetry
and current conservation.? In the bulk, these two structures are associated to the Yang-Mills
three-point vertex (¢; = ¢2) and a higher-derivative cubic term F? (¢; = 5eg) [42].

The (parity-even) three-point function of a conserved spin-2 tensor (like the stress tensor)
can be any linear combination of the four structures in (2.9) that satisfies the conservation
condition (2.12). This reduces the space of allowed structures from four to two:

(6V12H§,3 + 16V2 Vs H3y Hig + 4Hos ViV Vs + CYCHC) — VPRV

TWVILT: 2.14
< 142 3>GR X (P12P23P31)5/2 | ( )
T T T (2‘/121'[22,3 — 16VoV3Hs1 Hig — 52H23V12V2V3 + Cyclic) _ 147V12V22V32 -
< 142 3>W3 X (P12P23P31)5/2 | ( | )

In the bulk, these two structures are associated to the three-point vertex of Einstein gravity
and a higher-derivative Weyl-cubed term W3, respectively.

Conceptually, it is somewhat unsatisfying to first write down the larger space of
conformally-invariant structures and then find the specific linear combination(s) corresponding
to conserved correlators. It would be nicer if we could write down directly the structures
where both conformal invariance and conservation are made manifest from the start. In this
paper, we will show that this is possible in twistor space.

2.2 Spinor variables in embedding space

Spinor helicity variables are a powerful way to describe the on-shell kinematics of scattering
amplitudes of massless particles in four dimensions; see [12, 13] for a review. This starts with

2In addition, there is one parity-violating structure that we have not displayed.



the observation that on-shell massless particles satisfy p? = 0, so that their four-momenta
can be written as

Pac = Pu(0")aa = Aala (2.16)

where we contract p, with the Pauli matrices (o#) aB = (1,0%) aB with one index lowered by
€ap and A\, and )\, are two-component spinors. Notice that (2.16) is invariant under the
little group transformation Ay — tAq and Mg — ¢~ 'X\4. Given two particles i and j, we
define their “angle” and “square” brackets

(ij) = € Niadjp, [if] =" Niak; 5, (2.17)
where €*? is the Levi-Civita symbol (with €2 = +1). These are the Lorentz-invariant and
little group-covariant building blocks of the spinor helicity formalism, meaning that any
function of the 4d kinematics can be written in terms of these brackets.

Since the embedding-space coordinates PM € RM4+1 satisfy P2 = 0, it is natural to
wonder if a spinor helicity formalism can be applied here as well. There are two impor-
tant differences compared to the use of this formalism for flat-space amplitudes: first, the
embedding-space coordinates of boundary (A)dS correlators do not satisfy the analog of
momentum conservation, i.e. P; + P» 4+ --- + Py # 0. Second, the little group that leaves
the position vector PM invariant is slightly larger than the little group in 4d momentum
space. This is because a rescaling of the spinors that amounts to the rescaling PM — pPM
does not change the corresponding physical position z* on the Euclidean slice, and hence
these rescalings belong to the little group.

Of course, these spinor variables depend on the specific dimension d of the CFT. We will
first present these variables for d = 2 and then consider the case of primary interest d = 3.

d = 2. For two-dimensional CFTs, the embedding space is four-dimensional Minkowski
space. We can therefore write the embedding-space position PM in the same way as in (2.16):

Pas = Pu(0M)as = Aalg (2.18)

where A, and A4 are two-component spinors, and we defined (04)§ = (ao)g = 53. As
in (2.17), we can define spinor brackets as the basic building blocks for conformal correlators.
Notice that the transformations

Aa — rAa s ]\d g ’F[\d , (219)

change the embedding-space position as PM — r7PM  where r is a complex parameter. Since
PM ~ pPM  this leaves the position z* invariant and thus is also a little group transformation.
Unlike in the 4d flat-space case (2.16), the little group now has two independent parameters.
We can fix the little group by taking

Ao = (—0,1), Ay =(1,w), (2.20)

1 2 1

where w = 2! +i2? and w = 2! — iz? are determined by the physical position (z!,2?) after

projecting (2.18) to the Euclidean section (2.3).



It is straightforward to check that a field O with scaling dimension A = h + h and
planar spin S = h — h (which may be positive or negative in 2d CFTs [43]) transforms
under little group transformations as

oMby p=2hz=2hy(hh) (2.21)
in terms of the holomorphic and anti-holomorphic conformal dimensions (h, h) [43].

d = 3. In inflationary cosmology, we are interested in three-dimensional Euclidean CFTs
in R3, with a five-dimensional embedding space R'*. To perform the calculations that are
the core of this work, we will instead often consider the closely related Lorentzian CFTs
in RY2, whose embedding space is R%3.

Let us start by introducing some conventions. The metric of the embedding space R?? is
nMN = diag(—1,1,1,1,—1), with M, N = 0,1,2,3,4, and the Poincaré section is

(P*, Pt P7) = (2, 1,27), (2.22)

where = 0,1,2 is the index of 2* € R?, 22 = Nt x”, and P+ = P*+ P3. Moreover,

we take the I-matrices of R*3 to be explicitly real [32]:

010 0 0 -1 0 0 -10 0 0
-100 0 10 0 0 0100
T B: T B: T B:
(O)A 000 —1 ) (I)A 0 0 0 —1 ; (2)A 00—-10 ;
0010 0 0 -1 0 0001
0 00—1 0001
0010 0 0-10
r;) 2= ry) 2= . 2.2
() 0100 | Twi 0100 (2.23)
-100 0 10 0 0

The spinor indices A, B = 1,2, 3,4 are raised and lowered by the following anti-symmetric

matrix
0 010
0 001
Oan = _0AB _ 2.24
AB 1000 ) ( )
0 -100
with the left-multiplication convention
UA =040 and Uy = QupUP. (2.25)

Notice that the I'-matrices with lowered indices, (I')sp = Qpc(I'™) £, are then anti-
symmetric and Q-traceless. We will denote contractions of the spinor indices A, B by

U-V=UAV, and U-M-V=U"MLVz, (2.26)

with the understanding that they are always contracted from upper left to lower right.

,10,



Using these conventions, we can define spinor variables for 3d CFTs as [32]?
Py =PY(Tw) F =N AL (2.27)

where a,b = 1,2 are little group indices which are raised and lowered by €®. The reality
condition for these spinors is that their components are all real. Since the I'-matrices are
traceless, the spinors must satisfy the constraint A“’AAQ, 4 = 0. This implies that* A, - A, = 0,
and that the two spinors A, 4 belong to the kernel of P:

PPN =0. (2.28)
In fact, Aj 4 and A 4 form a two-dimensional basis of ker(JP). Notice that the transformation
ALV PALY (2.29)

with » > 0 and V,® a real matrix satisfying det(V) = 1, does not change the position

ot = (20,21, 2%) € R12 obtained after projecting PM to the Poincaré section (2.22). Hence,

they are little group transformations® that amount simply to a change of basis of the space
ker(/). We can fix the little group by writing

01 —z2 —0 — g1
AL = 2.30
4 (10—9004—371 —z? )’ (2:30)

which corresponds via (2.27) to the Poincaré section of the embedding space.
Furthermore, the polarization vectors EM satisfy E? = E - P = 0 and the equivalence
relation Fy; ~ Epr + cPyy. These properties are manifestly satisfied if we write

By = Cu) £EM = 14158 - 1378, (2.31)

where Y 4 is an element of ker(/?) and thus can be written as a linear combination of the
A2 spinors:

Ta=e"ANga. (2.32)
The dual spinor Y4 is defined as the mapping
r+Ap Ll =18, (2.33)

It is easy to see that Y*4 is defined up to the equivalence relation YT*4 ~ T*4 4 U4, where
Uy € ker(P), so that UAPAB = 0. This equivalence relation for 1A implies Ep; ~ Ep+cPay
for the polarization vector.

3These spinor variables are similar to the spinor helicity variables for five-dimensional flat space, which
were introduced recently in [33].

“Note that the 2 x 2 matrix A, - Ap is antisymmetric, and thus can be written as A, - Ap = ceqp, with
c=A%-Aq/2. Hence, if A - Aq =0, then A, - Ay = 0.

5Note that the little group and the spacetime symmetry group commute because they act on different indices.
In general, they are related through the so-called Howe duality, which maps their respective irreps [44, 45].
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Finally, we notice that a spin-S field J(P, E) in embedding space can be written in
terms of the spinors A7 and Y4 as

J(P,E) = J(A2,YB) = ev .. 25 ], o (A, (2.34)

where we used that the field is an homogeneous function of e? of degree 2.5. We also defined the
coefficients Jg,...qpg (AZ) in this expansion, which constitute the components of a symmetric
tensor with 25 little group indices that only depends on AZ. We further observe that the
conservation condition (2.12) for this tensor can be written as [32]

g O

A AR
Although there is now a free index M, this equation is equivalent to imposing A =S5 + 1
together with (2.12).

Oty 74925 =0, with 9y = AG(TM) (2.35)

2.3 Conservation and holomorphicity

We would like to make manifest that a correlator of conserved tensors satisfies the differential
conservation condition (2.12). We will first study the simpler case of d = 2, where conservation
arises from holomorphicity, and then discuss the challenge of generalizing this to d = 3.

d = 2. Like for three-point scattering amplitudes [12, 13], we can bootstrap three-point
correlators in 2d CFTs by proposing a power-law ansatz in terms of spinor brackets

A123
(12)n3[12]7s(23)m1[23]71 (31)72[31]72 -

Since there is no momentum conservation, we must consider both angle and square brackets.

(010203) = (2.36)

Moreover, we have a bigger little group to exploit. Indeed, imposing the little group
covariance (2.21) for each of the three fields, we find

As an example, consider the case of a conserved tensor T. In 2d CFTs, a conserved tensor of
planar spin S must satisfy A = |S|, and the conformal weights can either be (h, k) = (|S],0)
or (h,h) = (0,|S]) depending on the sign of S = h — h. Thus, the conserved tensor separates
into a holomorphic component T(w) (with h = 0) and an anti-holomorphic component
T(w) (with h = 0), which are separately conserved, i.e. they satisfy 9T = 0 and 9T = 0.
Evaluating (2.36) for either (h,h) = (|S|,0) or (h,h) = (0,]S]), we find
const.
{2y (23)m {31y
const.
[12]7s (23] [31]7=

where the exponents are n; = n; = |S;|4+|Sk|—|Si|. These correlators are either holomorphic or

(WT>T3) = (2.38)

(NTT3) = (2.39)

anti-holomorphic in the sense that they depend only on angle or square brackets, respectively.
After projecting to the Poincaré slice using (2.20), this translates into holomorphicity or
anti-holomorphicity in physical position space, because the correlators will depend only
on w; or w;, respectively. We thus conclude that for 2d CFTs conservation is intimately
connected to holomorphicity, and that we can make conservation manifest by taking our
correlators to be holomorphic.
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d = 3. How does this generalize to 3d CFTs? Making conservation manifest is not as trivial
as before, because the correlator cannot depend on only one of the two spinors A, with a = 1, 2.
Instead, it will always depend on both. A quick way to see this is to note that the product

4P = —Tr(PiPj) = —Af - Ajp A - Aig (2.40)

does not factorize into the product of two spinor brackets as in the 2d case, where 2P;; =
(17)]i7]. We can also see this explicitly by writing the structures in (2.6) in terms of the spinors

1

Hij = —5(T;- T;)?, (2.41)
1

Vijk = En P Pe Yy, (2.42)

together with (2.40) for P;;. Consider, for example, the three-point function (JyJ2J3) of
spin-1 currents in (2.13) written completely in terms of these variables. It can easily be seen
that the result depends on both spinors A‘f1 and A‘24, and hence cannot be holomorphic in
the same sense as for d = 2. However, something special must happen for this correlator
to be conserved: there should be an analog of holomorphicity for 3d CFTs that is not as
trivial as in the d = 2 case. We will learn in the next section that this hidden holomorphicity
can be exposed by writing our correlators in twistor space.

3 Conserved currents in twistor space

As we have seen in the previous section, working in embedding space makes the conformal
symmetries of the boundary correlators easy to implement. However, for massless particles,
the challenge is to find a kinematic description that also propagates the right number of
degrees of freedom, corresponding conserved to currents in the boundary theory. In embedding
space, this conservation must be imposed by hand as an additional differential constraint.

We will show, in this section, that current conservation instead trivializes when we

interpret linear combinations of the embedding-space spinors as points in twistor space.

3.1 Discovering twistor space

We will trace out a natural route that unavoidably leads us to twistors as the right variables
for describing conserved currents in conformal field theory. For readers familiar with twistor
space, most of this section will be introductory and can safely be skipped. However, for
non-experts, we will try to give a fresh take on twistors, which connects them more easily with
other kinematic spaces that are more familiar to cosmologists, holographers and bootstrappers.

Holomorphicity. In section 2.3, we described how conservation in 2d CFTs is related to
holomorphicity. Our challenge is to find a similar holomorphicity property for 3d CFTs. As
we will see, this will automatically lead us to twistors!

To get some intuition, we first consider the simpler case of massless fields in flat space.
As is well known, the generic solution to the free scalar equation in two dimensions is given
by holomorphic functions F(z). Depending on the meaning of the complex variable z, the

5See [30, 31] for important prior work.
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solution can be interpreted as solving the Laplace or wave equation. Remarkably, there
exists a 3d analogue of this elegant construction [27]: given the three coordinates (zg,x1, z2),
a generic solution of the Klein-Gordon equation, (=92, + 02, + 92,)F = 0, is a function
F(Z) that only depends on the variable

Z =x9+ x18in ¢ + x9 COS (3.1)

where ¢ is an arbitrary angle. The function F'(Z) is holomorphic in the sense that it depends
on the coordinates x, only through the linear combination in (3.1). There is one price to
pay though: the introduction of the parameter ¢. To get a solution that depends only on
the coordinates, we have to integrate over ¢ as

fw)=3 [ deF(2), (32

where F(Z) may also have an explicit dependence on ¢ that we ignore. This formula can
be made more projective-looking by writing

To+xT1 —T2

flzy) = /DW F(Tral“alﬂrb)y where  xqp = < ) and Dr = dr’1Cepe .

— X9 o — T1

(3.3)
The two components of 7@ are real, and we are therefore integrating over the projective space
RP! of lines in R? that pass through the origin. In order for the integral to be invariant under
the rescaling 7 — rz®, the integrand F'(Z) must be a homogeneous function of degree —1,
i.e. F(rZ) =r"'F(Z). Parameterizing 7® = r(1,tan(¢/2)) and integrating o over the interval
(—m,7), after modding out the scale r, we recover the result (3.2).” As explained in [27], the
integral in (3.3) is a so-called Penrose transform that defines a map from mini-twistor space
(i.e. the space of null planes in R%? defined by Z = const) to coordinate space.

Integral transform. We now return to our problem of interest. As we explained in
section 2.3, the correlators of conserved currents in a 3d CFT always depend on both
embedding-space spinors A‘f and A’Q“, and hence it cannot be holomorphic in the same
sense as for d = 2.

Taking into account the lessons we have just learned about holomorphicity in 3d, we
consider a function F(Z4) that depends on the spinors A2 only through a specific linear
combination

ZA = noAd (3.4)

In order for the spinors Z4 to satisfy the same reality condition as the embedding-space spinors
AZ (i.e. for their components to be purely real), the coefficients 7@ must be real as in (3.3). We
erase the arbitrariness in the choice of 7% by integrating over it, using the projective measure
D1 = drn’re, as in (3.3). For a conserved spin-S current, the resulting integral transform is

Jaiaz-azs (Af) — /Dﬂ' TN o2 L. ﬂaQSF(T('aA:?) , (35>

A related integral representation for the Green function of the Laplace equation was found by Whittaker
more than 120 years ago [46].
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Figure 3. Illustration of the map between embedding space and twistor space defined by the
relation (3.6).

where we considered the tensor with explicit little group indices as in (2.34). To match
the indices on both sides, we have included 25 factors of #® in the integrand. Note that
there is no explicit dependence of F' on 7% because it would not be consistent with the
little group covariance of the current. As we will prove in the following section, the integral
representation in (3.5) makes conservation manifest simply because the integrand F(Z4)
is holomorphic, in the sense that it depends only on the linear combination in (3.4). This
is precisely what we wanted to achieve in section 2.3: any tensor written as (3.5) will
automatically be a conserved current!

In order for the integral over m, to be well-defined projectively, the function F(Z4)
must be a homogeneous function of degree —2(S + 1), i.e. F(rZ4) = =25V (Z4). Since
7% ~ P, we see that the dimension of the field is therefore fixed to be A = S + 1. This is
really nice. Requiring the integral transform (3.5) to be well-defined has fixed the conformal
scaling weight of the field to be precisely that of a conserved current.®

Twistors. Let us digress briefly to explain why the space parameterized by the coordinates
ZA in (3.4) is twistor space.

We first recall that the spinors A7 satisfy the constraint (2.28), i.e. P ABA(L B = 0, which
defines a natural two-dimensional subspace associated to a given embedding-space position
PM_ namely that spanned by the two spinors Ag‘. This constraint implies that the spinors
Z4 also satisfy

PLzA =0, (3.6)

i.e. they live in the kernel of (the transpose of) P AB. Equation (3.6) defines a map between
the null positions PM in embedding space and the spinors Z4. It is non-local because it maps
one position PM to a whole two-dimensional subspace of spinors. After modding out the scale
of these spinors, this subspace becomes a projective one-dimensional subspace, which can
be pictorially represented as a line (see figure 3). The map in (3.6) can also be interpreted
as the so-called “incidence relation” between position space and twistor space [47], which in
turn allows us to identify the spinor Z4 as a twistor, and the integral (3.5) as a “Penrose
transform”. Indeed, splitting Z4 into two-component spinors, Z4 = (A%, j14), and projecting

8For spinning correlators, there is one more subtlety associated to the choice of helicity — the formula
in (3.5) is for self-dual currents. This is best dealt with in Z language, before committing to a parametrization
as in (3.4). We postpone the discussion of helicities to the next subsection.
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PM to the Poincaré slice (2.22), the relation (3.6) becomes

ro+xT —I
e = Taa\®, where Zoq = ( 0 ! 2 ) , (3.7)
—Ty Xy — ]
which is the usual incidence relation described in the twistor literature [47].°
The inner product between two twistors is defined as
Zi- Zj = Z{\QupZ} (3.8)

where Q4p was defined in (2.24). Importantly, this inner product is invariant under a
transformation by the real symplectic group Sp(4, R) — the double cover of SO(2,3) — since

Z{ > ZP My

(3.9)
QAB — MACQCDMBD = QAB .

Moreover, the reality condition of the twistors ZZ-A is preserved under this map as well. Note
that SO(2,3) is precisely the conformal group of the 3d Lorentzian boundary, and also
the isometry group of the 4d bulk spacetime. The latter can be either Lorentzian AdS,
or dSe 2, with signature (2,2), as both can be embedded in R*3. Hence, the tensor Qap
can be interpreted as the “infinity twistor”, which is the only element in twistor theory
that breaks the bulk conformal symmetry into the isometry group of the four-dimensional
spacetime [36, 47-49].

Correlators as twistor integrals. So far, we have explained how to trivialize conservation
for a single current by writing it in terms of an integral of the form (3.5). However, our
observables of interest are correlators of conserved currents defined at multiple points. We
can make conservation manifest for each current in a n-point correlator by considering a
function F(Z#) = F(Z{,---,Z) that depends on each of the embedding-space spinors
Af}a only through the combinations

Z{ = mfAf, . (3.10)

As before, we must integrate over the n arbitrary parameters 7 to obtain a Penrose-like
integral representation of the correlator. For example, we can write the three-point function
of a conserved spin-1 current as

(J4192 (A)JO152 () JE12 (Ag)) — / Dy w72 / Dy ni 2 / Dy nSin F(Z4). (3.11)

Finally, conformal symmetry in the 3d position space is automatically satisfied if the integrand
depends on the twistors only through their inner products, F'(Z; - Z;), and we can bootstrap
this function by imposing how it scales with respect to each twistor ZZ-A.

9Note that every twistor Z4 is mapped through (3.6) to all positions PM on the null cone of embedding
space that satisfy such a relation. After projecting to the Poincaré slice, it is easy to show that this forms a
null line in the Lorentzian position space R2. Hence, a field written in twistor space will be localized along
null lines in R*?, which seems like a potentially useful language for light-ray operators. We will comment on

this connection in section 5.
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The upshot of this discussion is that the natural language to describe correlators, with
all of their kinematic requirements made manifest, is that of holomorphic functions in twistor
space! Every point in embedding space defines a pair of spinors, from which one can build
an associated twistor. The resulting holomorphic functions satisfy stringent constraints,
essentially from scaling, and can be bootstrapped very easily (at least for two- and three-point
functions). The twistor formulas are extremely simple, essentially distributional. In the rest of
this section, we will provide more details about the Penrose transform and build the conformal
correlators of conserved currents. We will also compute the twistor integrals for various
examples, to demonstrate that they reproduce the well-known formulas in the literature.

3.2 Currents as twistor integrals

In the previous subsection, we presented the twistor integral (3.5) describing a conserved
spin-S current. It will also be convenient to write this in index-free form [30, 31]:

J(P,Y*) =8 / DZ(Y* - 25 F(ZP), (3.12)

where T* .- Z = —T:Z\ZA, and the factor i—° was introduced for later convenience. Let us
explain the elements in this formula in a bit more detail:

o First, we are integrating Z4 over the line in twistor space defined by JP ABZA = 0. Due
to the projective equivalence on twistors Z4 ~ rZ4, we take the measure DZ to be
projective. Given the parameterization in (3.4), we have!'®

DZ = Dr = dr®n’eyy . (3.13)
By expanding 7 = r(u® +wv?) in a basis normalized as v®u, = 1, this can be written as
DZ = rdwv®n, = r’dw, (3.14)

where we notice explicitly that there is no integral over the scale r. In order for the
whole integral (3.12) also to be independent of this scale, we require the integrand to
be a homogeneous function scaling as

F(rzt =r=2572F(24). (3.15)

This puts an important constraint on the functional form of the integrand. Regarding
the precise contour of integration of the dw integral, we observe that it depends on
the signature of the three-dimensional position space. This is clearly understood for
the case of a Lorentzian position space R"2, where the twistors are purely real and
thus we have to integrate w over the real line, or equivalently Z over the real projective
space of twistors, such that P ABZ A = (. This is the reason why we choose to work in a
three-dimensional position space with Lorentzian signature.

0B quivalently, the measure can also be defined without choosing a specific parameterization such that
P*PDz = 74dzB — 7Bdz* [31).
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« Second, the factor (Y* - Z)* contains the 25 spinors Y% that correspond to the S
physical polarization vectors, related to the gauge-redundant EM through (2.31). It is
easy to check that (2.33), together with (2.27) and (2.32), implies T* - Z = e®n,. The
integral (3.12) can therefore be written as

T(Ag,e®) = i~S / Dr ()25 F(n@AB) . (3.16)

Notice that the scaling of F(Z*) in (3.15) implies that the current scales as r—2(5+1)
when we rescale A2 s rAZ4. Hence, the current J must have scaling dimension

A=5+1, (3.17)

to admit an integral representation like (3.16). This is precisely the scaling dimension
of a conserved current of spin S [6]. Moreover, we can also check that this current
is automatically conserved by showing that it vanishes after acting on it with the
conservation operator (2.35):

aM Jal--~a25(A ) _ Z_SAA (FM) B D,n.,n-alﬂ-aQ WQ2S£LF(Z)
ajaz a) — (a1 A 8Aa2),B 8ZC
= z’SAfl(FM)AB/DWTr“W“?-‘-W“QS(—Waz)agBF(Z)
=0, (3.18)

where we used the chain rule in the first line and 7%?m,, = e“2b27ra27rb2 = 0 in the last
step.

Finally, let us mention that there is an alternative integral representation where we
integrate instead over the dual twistor space:

J(P,Y*) = is/DW (’r* : a‘zv)zs F(Wpg). (3.19)

Here, the integral is defined over the line given by PABWB = 0. Note that (3.19) is of the
same form as (3.12) with Y* - Z replaced by T* - Oy . In order for the integral not to depend
on the scale of the dual twistor coordinate, the integrand must scale as

F(rvy) = r?572F(W,). (3.20)

We can translate this dual integral representation to the form (3.12) by expressing the
integrand in terms of its Fourier transform

d‘z
(2m)?
Plugging this into (3.19) gives precisely the twistor representation (3.12) of J, where the

integrand F(Z4) is the Fourier transform of F(W,); cf. (B.31) in appendix B. This also
implies that (3.19) is indeed manifestly conserved.

F(W4) = / GZW p(74Y. (3.21)
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3.3 Spinning correlators in twistor space

We have learned that conservation can be made manifest for a current in 3d CFTs by
expressing it as an integral over twistors like (3.12) or (3.19). Hence, we can trivialize the
conservation condition for n-point correlators of conserved currents by writing them in terms
of n integrals over twistors, one for each external point:

Wity gy = T [ Dz,(5 - 2 | F(ZP). (3.22)
=1
_n B 25j

(Jidy---Jp) = Hisj/DWj (T;-aw> F(W; 4). (3.23)
j=1 J

As explained below (3.11), the conformal symmetry of the correlators can be made manifest
if we take the integrand to only depend on products between twistors contracted with the
infinity twistor Qp:'"

F(Zl.A) =F(Z;-Zj), where Z;-Z;= ZiAQABZJB- (3.24)

Similarly, we take F(Wi,A) to depend only on the inner products W; - W; = — @AQABW]',B.

Of course, we can also consider a mixed ansatz where some integrals are over twistors Z4
and others are over dual twistors W 4. For instance, for a three-point function, we may choose
to represent the first field with a dual twistor and the remaining ones with twistors, which
gives a twistor correlator of the form F(W1, Zy, Z3). As in [36], we will refer to the different
choices as choices of a basis. Notice that we can always translate integrals over dual twistors
to integrals over twistors and vice versa by Fourier transforming the integrand as in (3.21),
and hence we can change the basis by applying the corresponding Fourier transformations.
In particular, we will see that all parity-even conserved structures at three points can be
written either in the form (3.22) or in the form (3.23) with an integrand that only depends
on the inner products Z; - Zj, or W - Wy, respectively (i.e. with no four-dimensional Dirac
deltas like those in Footnote 11).

3.4 Bootstrapping three-point functions

In this section, we will bootstrap the two- and three-point functions of conserved currents
in twistor space. More specifically, we will derive the integrands F(Z; - Z;) and F(W; - W;)
in (3.22) and (3.23) for n = 2 and n = 3.

Two-point functions. We begin with a brief discussion of the two-point function F(Z; - Z3)
in twistor space. Since it depends only on the inner product Zp - Zs, it must scale in
the same way with respect to Z; and Z3, which implies that the spins must be equal
S1 = Sy = S. Moreover, in order for the twistor integral (3.22), with n = 2, to be invariant
under any positive or negative rescalings, the integrand must be F' «x (Z; - Zg)*23*2. For
later convenience, we normalize F' as

d , 25+2(98 + 1)1 1
F(Zy-Z3) = c12 Cfgﬂsign(cl?)eﬂcmzl'22 = 25+1)

" Four-dimensional Dirac deltas like & (4>(Zj cj ZJ-A) are also invariant under conformal transformations, but
do not depend only on products between twistors.
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where the integral over cj2 was computed using equation (7.6) of [37]. Ignoring an overall
constant, we show in appendix B.2 that the twistor integral (3.22) then gives

1 HY,
O( )
(Zy - Z5)25+2 P122$+1

() [ D2 (X720 [ D2 (13- 2% (3.26)
which agrees with the known two-point function (2.7) in embedding space.

Finally, note that there is a way to represent the two-point function (3.26) as an integral
of the form (3.23) by Fourier transforming the integrand with respect to Z; and Zy:'?

n 21 igow, [ 422 izw sign(ciz) W1 -W:
F(W7-Ws) = 141 W "2 (Zy - Zy) d e tc12Wi-Wa
(W1 - Wa) /(27r)2e /(27r) 1 2o o</ 1ot 251 ,
(3.27)

where the integral over ¢ has been computed in (7.7) of [37]. The twistor integral (3.23),
with n = 2, then gives the same result as in (3.26).

Three-point functions. Next, we turn the case of three-point functions in twistor space.
First, we try a power-law ansatz for F' of the form

1 1 1
(Zy - Zo)sHl (Zy - Zz)ymtl (Zs - Zy)natl

F(Z;- Z;) =i (3.28)

where the 757 factor, with Sp = 51 + So + 53, was introduced for later convenience, and the
exponents are fixed by demanding that the projective integrals are invariant under rescalings:

ny = S + 53— 51,
ng = S1+ 53— 52, (3.29)
n3 =51+ 59 —S3.

However, as we prove in appendix A, the correlator (3.22) obtained from this ansatz for F'
is odd under PT (i.e. parity composed with time reversal). This is inconsistent with the
CPT theorem, since the charge conjugation operator C doesn’t affect the conserved currents.
Hence, the ansatz (3.28) will not give us the expected correlators.

Instead, we will consider the following ansatz for the integrand

F(Z;- Z;) = %76z, - Z5)6lm)(Zy - Z3)6In2)( 25 - 2y) (3.30)
where we define
dn
~ ——6() ifn>0,
§l(z) = i_"/ @e_i“’"c” _Jde (3.31)
Lo 2T 1

R In[=1 _
2] = 1)!51gn(x):n ifn<-1.

—In] _

12We use the principal value prescription to write the factor ¢” in the integrand when n < —1, i.e. ¢
(¢ +ie)~I" 4 (¢ —ie)~I") /2.
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The powers n; in (3.30) are constrained to be the same as in (3.29). It is easy to check
that, for all n € Z, the functions 6™ (z) satisfy'?

d

@ sl () = glnt1]

dx6 (x) =0 (x), (3.32)
1

5™ (pa) = sign(p) prs s (z). (3.33)

We prove in appendix A that the integral (3.22) obtained from the integrand (3.30) is even
under PT, as expected. In this way, we have been able to bootstrap the integrand for
the ansatz (3.22) at three points to be (3.30) after imposing conformal invariance, scaling
covariance, and that it should be even under PT.!*

Following a similar logic, we find that the integrand of the ansatz (3.23) with dual
twistors is

F(W; - W) = i 5mslmel (W - W) sl (W - wig)ol—m2l (W - W) (3.34)

where the powers n; are again the same as in (3.29). Note that, for equal spins S = 1, the
result is a product of three sign factors. Amusingly, the three-point amplitude in Yang-Mills
theory can also be expressed in twistor space as a product of three sign factors [36], albeit
with a different infinity twistor. A similar correspondence holds between the correlator (3.34)
for equal spins S = 2 and the three-point twistor amplitude in Einstein gravity, which are
both given by a product of absolute values. The only difference is again in the infinity twistor
because it can discern between flat space and (A)dS.

Using the integral representation of the delta function (3.31), the integrands (3.30)
and (3.34) can also be expressed as

d3ci; . .
F(Zi- Z;) = / (27(;;3 exp (—ic12Z1 - Za + cyclic) A(cyj) , (3.35)
~ dgcij . : A
F(W; - W) = / n)? exp (—ic12W1 - Wa + cyclic) A(cij) , (3.36)
where
7, n V03 1
Alcij) = ariepzest = Aley) (3.37)

We see that the results take a particularly simple form in terms of the Schwinger parameters c;;.
For identical currents, with spin S, we have

A(Cij) = (012623631)5 = /Nl(i) . (3.38)

13To prove equation (3.32), for n = —m < —2, we assume that the distributions are being integrated against

m—1

a test function g(z) that satisfies 2™ "g(z) — 0 when x — 0 (we can achieve this by assuming that g(z)
doesn’t diverge when = — 0).

Mnterestingly, the twistor correlator F(Z; - Z;) is distributional at three points, which is not the case at
two points. Indeed, unlike for n = 3, the power-law ansatz (3.25) is even under PT for n = 2. Moreover, at
two points, a distributional ansatz like 6251 (Z; - Zy) doesn’t even yield a sensible twistor integral (3.22) as

it wouldn’t be invariant under rescalings with negative numbers.
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We will soon show that A(c;;) arises from the leading interactions (i.e. YM and GR for
S =1 and S = 2), while A(c;;) corresponds to higher-derivative interactions (i.e. the
higher-curvature interactions F? and W3 for S = 1 and S = 2).1%

We see that, in terms of the Schwinger parameters, the three-point gravity (S = 2)
correlators are the square of the gauge-theory (S = 1) correlators. Although this double-copy
structure looks rather trivial in twistor space, it does not work like this for correlators in
embedding space or in momentum space, meaning that we do not get the gravity correlator by
squaring the corresponding gauge-theory correlator [50]. The fact that this actually works for
the twistor correlators written in Schwinger parameters is just an example of their simplicity
compared to their counterparts in embedding and momentum space.

Notice that despite the similarity of the Schwinger-parametrized formulas A(c;;) and
A(cij), the presence of Schwinger parameters in the denominator for A(c;;) is associated to
correlators that come from the leading interactions in the bulk (YM or GR). This is precisely
analogous to what happens for three-point scattering amplitudes in flat space expressed in
spinor helicity variables: despite being purely holomorphic/anti-holomorphic, they only have
denominators for the cases of Yang-Mills or GR, thus signalizing a (very mild) breaking of
holomorphicity. These denominators are the avatar of the pending challenge of building
higher-point functions, showcasing the “non-local” nature of the few consistent four-particle
amplitudes of massless particles.

kkk

In appendix B, we explicitly compute the three-point twistor integrals (3.22) and (3.23)
with the integrands given by (3.30) and (3.34), respectively, and verify that this leads to
known results in embedding space.'® In the following, we present selected results for conformal
scalars O, spin-1 currents J and spin-2 currents 7. We will omit irrelevant numerical factors,
so all correlators should be seen as proportional to the explicit Penrose transform.

o (JOO): we first consider the three-point function of two conformal scalars and a spin-1
current. For both twistor integrals (3.22) and (3.23), we obtain the expected structure
pL/2

<J10203> = <j10203> X ﬁm , (3.39)
P12 P31

which is the unique structure allowed by conformal symmetry.

e (JJO): similarly, for the three-point function of two spin-1 currents and a conformal
scalar, we get
ViVe — Hyo

(J17203) = (J11203) x — 5575
P12/ P23/ P31/

(3.40)

5Tn [22], these were called “minimal coupling” and “non-minimal coupling”, respectively.

16T he computations will be performed for totally spacelike configurations, i.e. all pairs of points are spacelike
separated. The restriction to such configurations is because Wightman functions are holomorphic in this region
(see Footnote 8 in [51], as well as [52, 53]). We can then analytically continue them to Euclidean signature,
yielding the Euclidean correlators of interest. This procedure of analytic continuation consists of starting with
a totally spacelike configuration (say, take them all at the time z? = 0), and giving imaginary parts to the
time coordinates ¥ = —ie;, with e > -+ > €, (see section 2.5 of [54]).
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which is the unique structure allowed by conformal symmetry and conservation.
e (JJJ): next, we consider the case of three identical spin-1 currents. The twistor
integral (3.22) gives

(5ViVaVa + ViHag + VaHsy + Vs Hi2)
(PyaPy3 P31/

<J1J2J3> X s (3.41)

which is proportional to the known result for the three-point function arising from a
higher-derivative cubic term F3 [2, 40, 41].

The twistor integral (3.23) instead gives

A (ViVaVs + ViHaz + VaHsy + Vs Hi2)
(P1aPy3 P31)3/2 ’

(3.42)

which is proportional to the three-point function arising from the Yang-Mills vertex.

e (T'TT): finally, we consider the case of three identical spin-2 currents. The twistor
integral (3.22) gives

(2V2HZ 3 — 16VaVy Hay i — 52HagV2VaVs + cyclic) — 14TV2VEV

(P1oPy3 Ps1)5/2 ’
(3.43)

(I1T7T3)

which is proportional to the known result (2.15) for the three-point function arising
from a higher-derivative cubic term W3.

The twistor integral (3.23) instead gives

6V Hj 5 + 16VaV3Hay Hig + 4HaViEVa Vs + CyChC) — VPRV

(P1oPa3 Py1)%/2 ’
(3.44)

<T1T2T3> XX (

which is proportional to the GR correlator (2.14).

We have therefore confirmed that these twistor integrals reproduce known three-point corre-
lators involving conserved currents in embedding space. We found that the “product-form”
twistor integral (3.22) gives the structure arising from higher-derivative interactions in the
bulk (F? for spin 1 and W3 for spin 2), while the “derivative-form” twistor integral (3.23)
give the structure corresponding to the leading (minimal coupling) interactions in the bulk
(Yang-Mills for spin 1 and GR for spin 2). We stress that this formalism gives directly the con-
served structures without first having to construct the larger space of conformally-invariant
structures that may or may not be conserved.

4 Back to momentum space

In previous work [19, 21, 22|, some of us studied spinning correlators in Fourier space. The
complexity of the results was somewhat unsatisfying, especially when compared to the
dramatically simpler results for scattering amplitudes. In this section, we will relate our
twistor-space correlators to these results in Fourier space via a half-Fourier transform [35].
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4.1 Spinning correlators in Fourier space

We begin with a quick review of the two- and three-point functions of conserved currents in
Fourier space [19, 55, 56]. As for massless scattering amplitudes, it is convenient to introduce

spinor helicity variables vial”

kaa = ku(o"u)ad = Aaa, (41)

where k, = (||, k) contains the three-momentum k and its energy k = |k|, which is contracted
with the Pauli matrices with one lowered index (0#)q4 = (—€, —0,i12,04)aa- Unlike in four-
dimensional Minkowski space, the symmetry group is just given by spatial rotations SO(3).
This implies that we can contract dotted and undotted indices with a tensor 7o = B , such
that 7%k af = 2k, which in turn allows us to trade any dotted index for an undotted index.
In particular, we can define \, = 7, \4, and work only with spinors \,, A\, with undotted
indices. Furthermore, we define the spinor brackets as (ij) = 650‘)\2/\%, (ij) = 650‘5\2;\% and
(ij) = 65“)\35\2. Notice that, unlike for amplitudes, we can have mixed brackets between
holomorphic and anti-holomorphic spinors.

To find the correlators of conserved currents in a CFT, we simultaneously solve the
conformal Ward identity and the Ward-Takahashi identity of current conservation [19, 21].
For reference, we now present the results for the two- and three-point functions of identical
spin-S currents.

o The two-point function of spin-S currents is [21]

(ST (12
(kle)S—l E2S—1 )

(4.2)

where E = k; + ks is the total energy, which is taken to be positive. The two-point
function for mixed helicites vanishes.

e Next, we present the three-point functions of spin-S currents. We first consider the
contributions from higher-derivative interactions. For equal helicities, the corresponding
three-point function is [21]

— 4.
(k‘lk‘Qk’g)S*l E3 ( 3)

==\ ;=3\ /5T S
uﬁ@@v_(um@wag
- 12 )
where E = kq + ko + k3 is the sum of the external energies. For future convenience, the
correlator was normalized in such a way that it has scaling dimension 2. Correlators
with mixed helicities vanish, (J; J5 J57) = 0. For spins S = 1 and 2, the result reduces
to the three-point functions arising from F3 and W3 interactions, respectively.

o For the leading interactions, the all-plus three-point function of a spin-S current is

(4.4)

JEIFIE) ((A2@EDEY fisss (k)
(kikoks)S—1 k1koks (krkaks)S—1

"There have been other proposals for defining spinor helicity variables in (A)dS, see [45, 57-60].
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where F = T((11) +(22) + (33)) and fisss) (ki) are form factors that were derived in [21].
For spins S = 1 and 2, the result reduces to the three-point functions arising from
Yang-Mills theory and Einstein gravity, respectively, with the form factors given by

fry (ki) = %7 (4.5)
(k) = ) (1.6

where Q(k;) = E3 — E(kiks + koks + ksk1) — k1koks is a fairly non-trivial numerator.
Indeed, these form factors get more complicated for larger spin. Correlators with
negative helicities can be obtained from the expression (4.4) by interchanging barred
and unbarred spinors, which changes some signs in £ [22].

These results at two and three points might not look so bad, but the complexity explodes
at higher points [21, 22, 61-65]. Moreover, using these kinematic variables in momentum
space, the different Feynman diagrams are still treated independently and there is no simple
unified way to represent the physical correlators (without breaking them into unphysical
(gauge-dependent) parts). This is morally wrong, since it hasn’t absorbed the lesson of the
amplitudes program that real simplicity arises only in physical on-shell amplitudes. Our
hope (which we realized at three points) is that twistor space is the right arena to expose
the hidden simplicity of spinning correlators in cosmology.

4.2 Transforms of twistor correlators

In [34-37], scattering amplitudes in four-dimensional momentum space were mapped to
twistor space by performing a so-called half-Fourier transform. In the following, we will
explain how to obtain the results (4.3) and (4.4) in Fourier space from an analogous (inverse)
half-Fourier transform of our twistor correlators.

To define the half-Fourier transform that maps objects from twistor space to momentum
space, we first write the twistor coordinates ZZ»A in terms of two-component spinors

A&
ZA=| " ). 4.7
</~Lz‘,a> 4.7

The half-Fourier transform with respect to p; is then defined as
g ) = / 2 exp(id; - i) f(Z2), (4.8)

where the spinors \; and ); are identified with the spinor helicity variables in momentum space,
and we use the same convention as (1.3) for contractions of the spinor indices, v - u = v%u,.

Analogously, to define the half-Fourier transform that maps objects in dual twistor space
to momentum space, we first write the dual twistor as

Wia= (“) , (4.9)
Ad
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and then define the transform with respect to fi; as
G0 ) = / 2 exp(—iNi - i) F(Wia). (4.10)

This can be deduced by composing the map (4.8) between momentum and twistor space
with the map (3.21) between twistor and dual twistor space.

Let us make some important observations. First, in order for these maps to make sense
as Fourier transforms, we need the spinors \;, \i, Wi, fi; to be real and independent [35].
In the case of four-dimensional scattering amplitudes in flat space, this reality condition
corresponds to the so-called split signature with a spacetime R??2, while for our boundary
correlators it corresponds to a physical position space R with Lorentzian signature. More
explicitly, this amounts to a Wick rotation of the three-momenta in (4.1) as k= (k) ik k?),
that must be spacelike, so that the matrix in (4.1) is purely real. Second, the inverse map
simplifies substantially the generator of special conformal transformations (SCT), as it maps
a second-order differential operator in momentum space to a first-order operator in twistor
space [35]. For scattering amplitudes, this operator generates conformal transformations
on the four-dimensional flat space that are not necessarily a symmetry of the amplitudes.
On the other hand, for our boundary correlators, the operator that generates SCTs on the
three-dimensional boundary,

82

is a symmetry of the theory. Finally, we notice that this operator acts more naturally on spin-S
conserved currents normalized as J/kS~! [19], as well as on the half-Fourier transforms (4.8)
or (4.10). Thus, we must normalize the correlators as in (4.3) or (4.4) before comparing to
the half-Fourier transforms of the twistor correlators.

Two-point functions.

In section 3.4, we found that the two-point functions of conserved spin-S currents in twistor
space must be given by (3.25). We can map this two-point twistor correlator to momentum
space via the half-Fourier transform (4.8). Indeed, we prove in appendix C.1 that this yields

2 2 i\ o) 7o 1(12)%
H/d e | B2y 25) = (2m)*5O) (Fy + Ba) § s (4.12)
j=1

which is proportional to the known two-point function (4.2) after stripping off the momentum-
conserving delta function.
Higher-derivative interactions.

In section 3.4, we bootstrapped the three-point functions of conserved spin-S currents in
twistor space. Using a product ansatz, we found

d3c;; . .
F(Z;-Zj) = / (27T)]3 exp (—ic12Z1 - Za + cyclic) A(cyj) , (4.13)
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where A(cij) = (c1a¢o3c31)®. This twistor correlator has been mapped via (3.22) to the
three-point structures in embedding space arising from higher-derivative interactions in the
bulk. Let us now map it to momentum space via the half-Fourier transform (4.8).

In appendix C, we show that the half-Fourier transform applied to (4.13) yields

3
G(\iy \i) = [H / d* i exp(il; - ui)] F(Zj- Zy) = 20)%6®) (k1 + ko + k3) g(\i, M), (4.14)
i=1
where the result after stripping off the momentum-conserving delta function is

_1 <<1§><§3><gi>>5 : (4.15)

cij=(ij)/E 4

We see that this is proportional to the all-plus three-point function of spin-S currents in (4.3)
coming from higher-derivative interactions.

Leading interactions.

In section 3.4, we also bootstrapped a second three-point correlator using a derivative-ansatz
in dual twistor space:

~ d3c;j . N
F(W;-W;) = / (27(;)33 exp (—ic12W1 - Wa + cyclic) A(cij) , (4.16)

where fl(ci]-) = (c12¢93¢31) ™. This twistor correlator has been mapped via (3.23) to the
three-point structures in embedding space that arise from the leading interactions (i.e. YM
and GR for spins S = 1 and S = 2, respectively).

Performing the same analysis as before, the half-Fourier transform (4.10) applied to (4.16)
gives

3
G(hi M) = lH / d*fis exp(—i; - mﬂ F(W;-Wi) = (2m)*6®) (k1 +katks) §(hi, A), - (4.17)
i=1
where the result after stripping off the momentum-conserving delta function is
1 (12)(23) (31) ’
cij=(ij)/E 4 (E — le)(E — ng)(E — 2k3) '

In the second equality, we used that (ij)/E = (E—2k;)/(ij), with {i, j, 1} a cyclic permutation

G N) = A(Zij>

(4.18)

of {1,2,3}, which is valid on the support of three-point kinematics [21]. Extracting the same
factor from g(\;, A;) as in (4.4), we can identify the associated form factor as

f ] (k1koks)?5 !
fisss)(ki) = 4 (E(E — 2k1)(E — 2k9)(E — 2k3))S

(4.19)

It turns out that this result is proportional to the discontinuity of the form factor fisgs)(ki)
defined in (4.4):

fisss) (ki) o< Disck%Discngisckgf[Sss}(ki) ) (4.20)

which we checked explicitly up to spin 6.
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We can derive the actual form factor figgg)(ki) of the momentum-space correlator (4.4)
by performing the following dispersive integral [66, 67]

fisss( [H 57 /oo w,dwl;] fisss)(w;) - (4.21)

In appendix C, we confirm explicitly that the correct form factors (4.4) are obtained from this
integral with the integrand (4.19). It is rather remarkable how these complex form factors arise
from the transformation of the extremely simple twistor correlators A(c;;) = (c1aca3c31) 7.

We believe that the discontinuity arises from the half-Fourier transform because we
evaluate the correlators for Lorentzian kinematics restricted to some specific domain of
spacelike momenta. This analytic continuation, though understood in position space at two
points (see e.g. [68]), is more challenging in momentum space [69, 70]. The results of this
paper at three points suggest that the analytic continuation procedure in position space
explained in Footnote 16 correspond to a dispersive integral in momentum space, which gives
the correlator from its discontinuity. It would be interesting to develop this direction further.
Finally, since discontinuities in momentum space obey simple cutting rules [71-74], they
might even allow us to obtain higher-point twistor correlators from lower-point correlators
via the half-Fourier transform.

5 Conclusions and outlook

In 1986, Parke and Taylor discovered a remarkable formula describing the scattering of n
gluons in the maximally helicity violating configuration [75]:

(12)*
(12)(23) -+ {(n = L)n)(n1) "’

where the brackets (ij) represent the momenta of the external particles in terms of spinor

A(17273T...nT) =

(5.1)

helicity variables [13]. At the time, this result was a stunning simplification of a very complex
computation using Feynman diagrams, but subsequently it was shown that the Parke-Taylor
formula can be bootstrapped from basic physical consistency requirements, avoiding the
crippling complexity of Feynman diagrams. This started a revolution in our understanding
of scattering amplitudes, with new on-shell methods allowing more direct computations of
amplitudes, which then exposed hidden symmetries [76] and new geometrical objects [16]
underlying the physics of particle scattering.

Cosmology has not yet had its Parke-Taylor moment, meaning that the analog of a
formula like (5.1) has not been discovered. Part of the problem is that, in the cosmological
context, we don’t have kinematic variables that describe the sum of Feynman diagrams as a
unified physical object. Instead, cosmological correlators are still described in terms of their
separation into Feynman diagrams, even for gauge theory and gravity where the individual
diagrams themselves aren’t even physical. This is against the spirit of the on-shell description
of scattering amplitudes, so it isn’t surprising that explicit results for gluon and graviton
correlators in (A)dS are very complicated (see e.g. [21-24, 77]).

Although this paper has not yet realized the dream of a Parke-Taylor-like formula for
spinning correlators in cosmology, it provides a new avenue towards finding such a structure.
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In particular, we believe that twistors are the right kinematic variables to expose the hidden
simplicity of spinning correlators. Using twistors has allowed us to write integral expressions
for these correlators that make both conformal symmetry and current conservation manifest.
At the two- and three-point level, the kinematic constraints completely fix the correlators
and we have shown that our results in twistor space are consistent with known results in
momentum space and embedding space, but arguably they are simpler.

There are a few natural next steps to take in this adventure of using twistors in cosmology:

o First of all, it is important to ask how the twistor representation of spinning correlators
can be extended to higher points. While two- and three-point functions are completely
fixed by kinematics, determining higher-point functions requires additional dynamical
input. For CFTs, these additional constraints come from consistency of the OPE, while
for scattering amplitudes one imposes consistent factorization on all poles. Already
at four points, these constraints impose severe restrictions on the space of consistent
theories [14, 15]. It will be interesting to explore how the space of consistent cosmological
correlators is constrained by similar considerations.

e For scattering amplitudes, the construction of higher-point amplitudes can be made
systematic through the use of powerful recursion relations [78]. It would be nice to find
a similar recursive method for our correlators in twistor space. Indeed, in [36, 37], it was
shown that BCFW recursion relations for amplitudes also have a natural representation
in twistor space. It will be interesting to see how these insights translate to the
cosmological context.

o Finally, we would like to return to the ambitious goal of deriving (or guessing) a
Parke-Taylor-like formula for all-multiplicity gluon correlators in de Sitter space. While
until recently finding such a formula seemed like a distant dream, the simplicity of our
twistor-based approach makes us optimistic that this is now within reach.

In addition, the work initiated in this paper may also have fruitful new applications to the
study of conformal field theories:

e While we focused on 3d CFTs, presumably twistors will play a similar role for CFTs
in higher dimensions. Of course, since spinors are different for each dimension [79],
the twistor formalism will also be dimension-dependent. In particular, it should be
possible to develop an analogous formalism for 4d CF'Ts, where we can use the spinor
helicity variables of 6d flat space [80] to define embedding-space spinors [81]. This
could be applied to N' = 4 SYM, and it would be interesting to explore how this twistor
formalism can be translated to the gravity side of the (A)dSs/CFTy conjecture [82-85],
and how it compares to twistors in (A)dSs [86].

¢ In Footnote 9, we speculated about an intriguing connection between twistor space and
light-ray operators'® in quantum field theory. This seems worth exploring further. In

18] jight-ray operators are powerful tools to investigate QFTs, as they are simpler than local operators, and
yield information that local probes might not be able to access. They have been central to recent developments,
see for example [87-90]. They have also played a key role in various attempts to derive Einstein gravity from
CFT through holographic duality [91-94], and have far-reaching positivity properties [95-98].
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particular, a light-ray operator in Minkowski space, which is non-local, gets mapped to
a point in twistor space, and vice versa. This suggests that light-ray operators could be
studied as local operators in twistor space, and this seems like a fruitful mindset, where
we could harness the power of CFT techniques for local operators.

e It would be very interesting to generalize the twistor formalism to CFT correlators
involving both conserved currents and non-conserved tensors. This is analogous to the
extension of spinor helicity variables to amplitudes with both massive and massless
particles [99-101]. Since there is no holomorphicity requirement for non-conserved
tensors, we expect these mixed correlators to be described by integrals where only the
twistors of the conserved currents are integrated over.!?

Much of the revival of twistor methods has come from the study of scattering amplitudes. It is

therefore also natural to use our twistor-formulation of cosmological correlators to make closer

connections with some of the remarkable structures that have been found for amplitudes:

¢ One interesting structure lurking inside scattering amplitudes are double-copy relations
between gauge-theory and gravity amplitudes [102]. For cosmological correlators,
however, the double copy is not as straightforward when formulated in momentum or
position space [103-107], even at low number of points [50]. It would be interesting to
investigate whether twistor space makes the double copy more manifest. As we have
shown, at three points, the twistor double copy requires just squaring the Schwinger
parametrization of the correlator. We would like to explore if this simple structure still
holds at higher points.

o Finally, twistor space can potentially allow us to interpret cosmological correlators
as volumes of positive geometries in kinematic space, as it happens for scattering
amplitudes. In fact, writing amplitudes in twistor space was instrumental to relate them
with Grassmanians and positive geometries [108]. In searching for such geometries, an
important first step is to elucidate the “best kinematic description” of the observables,
and then search for a geometry in this kinematic space. So far, most of the structures
found for cosmological correlators either refer to a single diagram or to the combinatorics
of the sum of diagrams in scalar theories [109-113]. Twistors open up the possibility of
studying spinning theories in cosmology, combining all diagrams in rigid formulas, and
thus making the search for positive geometries feasible.

We will pursue these ideas in future work.

9For instance, an ansatz for the three-point function of a conserved spin-S current and two scalars with
arbitrary scaling dimensions Az and Ag is

1 *
(10203) % —x—zry /D21 (Y7-20%° 65 (21 Py Py 20), (5:2)
23

where we integrate only over the twistor Z{* of the conserved current. Notice that this ansatz only makes sense
if the scaling dimensions of the scalars coincide Ay = Az = A, otherwise it vanishes [38]. It is straightforward
to compute this integral using (B.23) and show that it gives the known tensor structure V;Z for this correlator.
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A Discrete symmetries

In section 3.4, we proposed a power-law ansatz for twistor correlators at three points:
1 1 1

(Z1 - Zo)rsHL (Zy - Zz)mtY (Zg - Zy)m2 L

where S = 51 + So + S3 and ny, = S; + 55 — Sy, for {i, 7, k} a cyclic permutation of {1,2,3}.

In this appendix, we will show that the correlators obtained from this ansatz are odd under

F(Z;- Z;) =i (A1)

PT (i.e. parity composed with time reversal), which is inconsistent with the CPT theorem.
We will also demonstrate that the ansatz (3.30),

F(Z;- Z;) = 76l ( 7, - Z5)6lm)(Zy - Z3)6In2)( 25 - 2y) (A.2)
gives the correct PT-even correlators.

A.1 Time reversal and parity

We will first study the action of parity and time reversal on the embedding-space spinors AZ.
We begin by noting that the PT operator acts on the 3d Lorentzian positions as

(2%, 2, 2?) — 3 = (=2 2!, —2?), (A.3)
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flipping the sign of one spatial and one temporal component. Hence, this operation may
be written in terms of the spinors on the Poincaré slice as

Raal@?) = Aaa@) = (00, (V) | Anp(a?), <al>$z(j’ 3) (A4)

where we defined I'j5) = I's - I'g to avoid clutter, which is symmetric (once we lower its
indices) and squares to the identity. In (A.4), we are acting on both the little group and the
spinor indices. Moreover, performing a little group transformation, A, 4 = MabAb7 4, where
M,> €GL(2,R), we find that the PT operator acts on a generic slice as

B
Aaa + ¢ (F[zo])A Ay, (A.5)

where the matrix ¢, = (Mo M) satisfies det(q) = —1, Tr(q) = 0, ¢,°¢,° = 65 and

a
Qba = qap- This induces the following transformation for the embedding-space position

B a
Pa =NAaah"® — (Dpg - P-Tpg)d (A.6)
Writing 2 = PMT');, this becomes
PM y (—P° P! P2 P3 PY, (A7)

which is precisely as expected, because it reduces to (A.3) after projecting to the Poincaré slice.

Furthermore, the PT operator acts on the embedding-space polarization vector EM in
the same way as on PM | i.e. just by flipping the signs of E° and E2.2° Like in (A.6), this
transformation can also be written as

E— INNE E- I'ag) - (A.9)
We also need to understand how this operator acts on the spinors in (2.31):
Bl =1,008 1578 (A.10)

where T4 = e*A, 4. Recalling that PT acts on A, 4 as (A.4), we can take e — ebqb“, SO
that the transformation of T4 does not depend on the choice of the slice encoded in ¢,*:

Ta (T )B'r (A.11)
[201) , 1B- .
To preserve the relation T4 = P ABT*B, PT must act on the dual spinor T% as

T - (r[zo])AB Ty, (A.12)

20After projecting to the Poincaré slice, EM reads [6]
(E*, ET E7) = (¢",0,2z,€e"), (A.8)

where e = (%, €', €?) is the polarization vector in position space, and thus the PT transformation simply flips
the signs of € and €2 as in (A.3).
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ignoring possible gauge transformations Y3 ~ Y5 + c?Ap p. Recalling the definition (A.10),
we notice that the transformation law implied by (A.11) and (A.12) differs from the expected
law (A.9) by a minus sign. To fix this, we must add one minus sign per polarization vector EM
which gives a factor (—1)° after assuming that S is integer. In this way, the embedding-space
polarization vector EM transforms as it should under PT.

We conclude that the PT operation corresponds to the transformations (A.4), (A.11)
and (A.12) for the spinors Ag 4, Y4 and Y%, respectively, together with multiplying the
spin-S field by a factor (—1)°. If we apply this to a correlator with multiple fields, the sign

S1+S2++8

factor will become (—1) », where S; are the spins of each field.

A.2 Penrose transforms

Next, we consider the effect of PT on a Penrose transform. Given the considerations of the
previous subsection, the composition of parity and time reversal acts on a twistor Z4 as
A

A ~
A apA a, baB B
7%= Aa = dq Ab (_F[2O}>B =7 (P[ZO])B y (A13)
where we defined Z8 = # AP with 7% = —7%,>. We can use this to derive the transformation
for the Penrose transform (3.12):
J(A YY) =i™S / DZ(Y* - 2)F(Z4) . (A.14)
First, note that the product T* - Z = —ZAT’;‘ transforms as
Y Z v —(Z-Tpg) - (Lo Y)=-2-T*=T"- 2. (A.15)

We can easily change variables from DZ = D7 to D7 = DZ in the Penrose transform, where
the Jacobian is trivial since |det(—q)| = 1. Hence, PT acts on (A.14) as

J(A,T*) i_S/DZ(T*-Z)QS (~1)SF ((Z - Tg)?). (A.16)

where we included the (—1)° factor of the transformation law, assumed that S is integer,
and renamed Z as Z.

Similarly, we can determine the effect of PT on the Penrose transform (3.19) in dual
twistor space:

- 9 \2°%
J(A, T —‘S/DW<T*-> FW). AT
(A1) =i o) Fva) (A7)
We first recall that the dual twistor transforms as
B .

Wa=m"Agu — (rw)A W, (A.18)
where we again defined Wg = ﬁbAlL B, with 70 = —w“qab. The differential operator Y™ - Oy
then transforms as

B I(Tipg - W
oW OW 4 A O - W)a OWp  O(Lpg - W)a

9 e 9 (A.19)

oWpg ow
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Hence, PT acts on the dual Penrose transform (A.17) as

J(A,T*) z’S/DW (T*-(;V)V)QS (—D)°F ((F[zo] 'W)A)7 (A.20)

where we performed the same steps as in (A.16).

A.3 Twistor correlators

Finally, let us impose that the n-point correlator coming from a Penrose transform like (3.22)
is even under PT. Together with (A.16), this implies that the corresponding twistor correlator
must satisfy

(~1)S 5 (2 Tpg)*) = F(Z7). (A.21)
Notice first that the inner products of the twistors transform as

Zi Zj = Z{QupZP — —7;- Z;, (A.22)

A B
after using that (F[QO])C QaB (I‘[QO])D = —Qc¢p. Assuming that the twistor correlators

depend only on inner products, the requirement (A.21) then becomes
(—1)S T TIp (7, 7)) = F(Zi - Zj) . (A.23)

The two-point twistor correlator (3.25) is then trivially PT-even. For the three-point functions,
the power-law ansatz (A.1) does not satisfy this constraint, while the ansatz with delta
functions in (A.2) does because 6" (—z) = (—1)"6!"(z). We thus conclude that the power-
law and delta function ansétze are odd and even under PT, respectively. The same is
true for a three-point ansatz F(W; - W;) in dual twistor space: it must be a product of
delta functions rather than power laws in order to be invariant under the composition of
parity and time reversal.

B Computing the twistor integrals

In this appendix, we explicitly perform the twistor integrals introduced in section 3.4, showing
that this leads to the known results in embedding space.

B.1 Preliminaries

We will start by quoting — and proving — some preliminary results that will be very helpful
in our computations of the twistor integrals of interest.

Integral of delta function. The integral of the Dirac delta distribution §(Z - U) against
a test function f(Z4) gives

[ pz6z-v)1(2%) = 12 (B.1)

Z=pU’

where the right-hand side is evaluated at Z4 = PABU B-
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Proof. We start by parameterizing the twistor coordinate as Z4 = 7raAj14. The left-hand side
of (B.1) then becomes

[ P28z 0)5(2%) = [ Drs(xeca) Fx). (B2)

where we defined &, = AAUy, such that Z - U = 7%, and f(7%) = f(x®A2). Tt is further
convenient to write 7% as
7 =r(u +wv?), (B.3)

where the basis is normalized as v*u, = 1 and the integral measure is DZ = r?dw. Since the
projective integral will not depend on the overall scale, we may take » = 1 and choose the
basis {u®,v®} such that &, = v*¢, # 0,. The integrand (B.2) is then not singular in the ray
7% = rv® missing in this parameterization. Defining &, = u%¢,, we have % = u?*§, — £, 0°
and the integral becomes

[ b+ ) Fut ) = [ dira(en+ o) flu+ v /)
= f~( Yy — Euv®) = f(ga) ) (B'4>

where, in the first line, we changed variables to & = wé,, and, in the second line, we used
that f(7%/r) = |r|f(x®). The result is equal to the right-hand side of (B.1):

F(€7) = FE°AL) = F(AZ(A"-U) = F(P-U), (B.5)
which completes the proof. ]

Integral of derivatives of delta function. The integral of the n-th derivative of the Dirac
delta distribution 6/™(Z - U), with n > 0, against a test function f(Z4) gives

/DZ(S (Z-U)f(ZC) = ((V_lg;(v 852>"f(20)

, (B.6)
Z=p-U

where V4 is a reference spinor satisfying VAP 4 = 0and V-U # 0, and the result is
evaluated at Z¢ = PCDU p after applying the derivatives with respect to Z4.

Proof. To compute twistor integrals involving derivatives of delta functions like 6" (Z - U),
we first need to understand how to integrate by parts. Consider an integral of the form

C
I _/DZ—azAh (29, (B.7)

where ZAP AB = 0. Contracting the free index with PBA, we get

PBAIA—/DZPBAagA (Z€) = /(ZBdZA ZAdZB)agAh( )

:/(ZBd(h(Z)) dz"® <ZA82A> h(ZC)>, (B.8)
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where we used the expression for the measure in Footnote 10. Recalling that h(rZ¢) =
= h(ZC) for the integral (B.7) to be projectively invariant, we can show that this vanishes

PP, — / (22d(h(2)) + dz"h(2°)) = /d(th(ZC)) —0, (B.9)

because the integration region, isomorphic to RPl has no boundary.?! This has a simple
corollary: let V4 be a spinor satisfying VAP & = 0. Writing VA = PABVB, for some dual
spinor V5, we thus get

VAIA:/DZVA nZzC) = VBPAB/DZ—h(ZC) VPP =0, (B.10)

0Z4 0zZ4

where we used (B.9) in the last step. This means that we can perform integrations by parts

as
/DZf(ZC) 0 —h(z%) = /DZh (ZV - 0 — (29 (B.11)
07z 07z ' '
Notice also that we can write a derivative of a function h'(Z - U) as
Wz ) = —v. Lz, (B.12)
(V-U) 0z '

where V4 is a reference spinor. If we further assume that V4 satisfies VAP AB =0, we can
integrate h/(Z - U) by parts as
1 0

/DZh’ Z-U)f(z% = /DZhZ U)(V U)V 57 (z9). (B.13)

This implies that we can easily perform integrals with derivatives of delta functions as

/DZ6[”](Z LU f(29) = (VU)n/DZé(Z -U) (v ;ny(zc). (B.14)

Using (B.1) to perform the last integral, we then obtain the right-hand side of (B.6). O

An example. The following integral will later be useful

Vi Zo\"
V1-23> 5(Zs - Py - 7o), (B.15)

/DZ1 W2y - 22)6" (23 - 71) = <

. . e B . . .
where V] is a reference spinor satisfying VlAPL 4 =0, and n is an arbitrary integer.

Proof. To prove (B.15), we consider separately the cases where n is positive or negative: if
n > 0, we can perform the integral over Z; using the distribution §"l(Z3 - Z;) as in (B.6),
while, if n < 0, we do the integral by using (5[_”](Z1 - Z3). In both cases, we end up with

211t can be proven explicitly that the boundary term vanishes by parameterizing Z A= o (w)A;“, where we
further expand 7%(w) = u® + wv® in a basis chosen such that h(7®) = h(Z*(x?)) isn’t singular for 7 = v°.
This allows (B.9) to be written as a linear combination of two integrals fjooo dwd.,h and ffooo dwd,, (wh),
with h = h(u® + wv®). Tt is then straightforward to show that both of them vanish due to the scaling of
l~1(r7r‘l) = rilﬁ(ﬂ'“), implying that the boundary term (B.9) vanishes.
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the right-hand side of (B.15), which does not actually depend on the choice of the reference
spinor Vi 4 € ker(/;). This can be proven by noticing that we are in the support of the delta
function on the right-hand side, where

Zy-Pr-Zo=(Z3 Ma)(A] - Z2) =0, (B.16)
which immediately implies that the spinors in parenthesis are linearly dependent:
A~ Zo=mx123M1,4 Z3, (B.17)

for some factor z123. Contracting this equation with another spinor —Ai 4, We may write
it as
P1-Zo =193 73, (B.18)

and hence the factor depends on x1 23(P1, Z2, Z3). Furthermore, contracting (B.17) with a
certain v{, the equation only depends on Vi = v{A;,, and assuming V; - Z3 # 0, we can

isolate x1 23 as
Vi- 2y

Vi-Z3’
at the expense of introducing an arbitrary vector V; 4 € ker(JP;). However, we see explicitly
from the definition (B.17) that the factor x; 23 doesn’t depend on the choice of V; on the
support of the delta function that sets Zs - Py - Zo = 0. O

1,23 = (B.19)

Whittaker integrals. The scalar Whittaker integral is
2
/DZ(S(Z Y- Z) = L’ (B.20)
Tr(PY PY)
where Yap = Y4 is a symmetric and real matrix, the argument of the delta function is
Z-Y  -Z=—-Z4 452", and we assume that Tr(PY PY) > 0.

Proof. The integral (B.20) can be performed by parameterizing the twistor as Z4 () = 7%AZ
and expanding 7 = r(u® 4+ wv®) in a basis as in (B.3). The measure is DZ = r?dw, and
we can take r = 1 because there is no dependence on the overall scale. Let us define
Yab = Mg Y - Ay, such that Z-Y - Z = n%g,n?, which is also symmetric and real. We consider
a basis {u®, v%} that satisfies y,, = v yapv® # 0, so that the integrand is not singular in the
ray 7 = rv® that is missing in this parameterization 7%(w). Further defining 4, = u®yapu’
and Yup = uYapv® = viygpul, the integral on the left-hand side of (B.20) reads

= @2(w)
1 1
dwd Yuu + 2Yuow + yvvw2 = /dw (6 w—wy)+
f dws ) PAOR R P
2

5(w—w_)>

(B.21)

G (w-)|

= vl
where we defined the quadratic polynomial in the argument of the delta function as g2(w),

and its roots as w+. Moreover, we used, in the second line, that |gy(w+)| = /A4, where A,
is the discriminant of the quadratic polynomial in the argument of the delta function

Ay = 492, — Wuulor = —20apy®™ = 2(A° Y - A)(AP - Y - A,) = 2Te(PYPY).  (B.22)
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Since we assumed that Tr(PY PY) > 0, the discriminant A, is positive and thus the roots
wy are real — otherwise the integral (B.21) would vanish. Hence, we can substitute (B.22)
into (B.21), and therefore arrive to the right-hand side of (B.20). O

The spinning Whittaker integral is
/DZ(T’{ 7Y (Tis- 2)58) (7Y - 2)

2 | 1
= (Tr(PYP\}C))@SH)/Q (Tng < Tog_1Tog + contractions) , (B.23)

where T:’A are elements of the dual vector space ker(J?)* and we defined the contraction
TiTjETf-P-Y-P-T;-‘. (B.24)

On the right-hand side of (B.23), we sum over all (25 — 1)!! inequivalent contractions. As
in (B.20), we assume that the real and symmetric matrix Yap satisfies Tr(PY PY) > 0.

Proof. Let T* be an element of the dual vector space ker(J?)*. Applying the operator
0 0

R = -ThiTh— B.25
to the integral (B.20), we then get
T*-P-Y-P-T*)

DZ(C* - 2252 -Y - Z) = /3 : B.26
Jpacr 2 Y2 =P g v (020

Furthermore, if we apply this operator S times, it is easy to show by induction that

T*.p.y.p.r*)s

DZ(Y* - 25852 .y - 7) = Va(2s — ' B.27
[ PzCrt - 2687y 2) = VaS — ) e e (B2

where §[5/(X) is the S-th derivative of the delta function and (2S5 —1)!! is the double factorial
(i.e. the product of all odd natural numbers less or equal than 25 — 1). Defining Y A4z 49

TP Y PY =05 T (P Y Py A2 =1, 4 T, VA (B.28)

we easily deduce the integral with explicit indices to be

V2 : )
DzZzA4 ... z4s5l8l (7. v . 7) = 95 _ 1)y (A1dz | yrA2s_14z25)
/ ( ) (Tr(PYPY))(2S+1)/2( )
\/5 % A1A2 ¥, A2571A2S
C (Te(PY PY))25+1)/2 (Y Y + perm) )
(B.29)
In the last step, we noticed that, since ¥4 = Y24, there are precisely (25 — 1)!! inequivalent

permutations of the indices of the tensor Y4142...y42s-1425 and we are summing over
these inequivalent permutations. For example, for S = 2, we have

3”}7(A1A2y~'A3A4) — VArAzy Az Ag + yA1Azy A2 Ay + yA1Asy AzAs
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This is the same combinatorial problem as in Wick’s theorem, when we ask how many
inequivalent contractions we have to consider to compute the 2S-point function (¢; - - - ¢a2g)
of a free theory. Thus, after contracting the free indices of (B.29) with different spinors Y7 A
we obtain precisely (B.23), where the contractions

ﬁ ~
Y=Y XAV =1 Py P-T5, (B.30)
appear due to the inequivalent permutations of the indices on the right-hand side of (B.29). [

Relation between Penrose transforms. The “product-based” Penrose transform is
related to the “derivative-based” Penrose transform as

iS/DW (T* : aiv)w F(W,) = rS/DZ (T 2)* F(Zz4), (B.31)

where F(W,4) is the Fourier transform of F(Z4).

Proof. The Fourier transform of the function F(Z4) is

d*z
(2m)2

The left-hand side of (B.31) can then be written as

P(Wa) = / G2V (74 (B.32)

iS/DW <T* : a>25 F(W. ):iS/DW/M (—ix* . 2/)* 2 W (24
oW A (2)2

—i5 [ D'z [ae e 2% Fez?) [ pwers
(2m)? ’
(B.33)

where, in the first line, we applied the W derivatives to e*? "W while, in the second line, we
changed variables to Z'4 = tZ4, with Z* being a projective spinor. We further used that the
measure in these new variables is d*Z' = D3Z A dt|t|?, where D3Z is the natural projective

measure in RP? [36]. Recalling also that F(tZ4) = t=272F(Z4), we obtain

# [ow (T* | a>25 Fva) =i [ D70 2) B(2%) ( / DW / dt\t\eitz-w) .
ow (2m)?
(B.34)
To evaluate the integral in the parenthesis, we write W4 = 7*A, 4 and DW = Dm. Redefining
7'% = t7%, so that D7 A dt|t| = d*n’, we then get

Dw ; >
Sl I A 2/4 i Zha — §2)(7 . A,). B.
/ (2m)?2 / e (271')26 ( ) (B.35)
Consider now a basis {u®,v*} normalized as v*u, = 1. Let us parameterize

2w, X x0) = 727w, X x0) = 7 (AL + A + A = xaASY), (B.36)
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where AZ’A is a spinor satisfying AZ’AP AB = AP. We also defined A2 = u®AZ}, and similarly
for A2, A4 and A%4. These four spinors form a basis in which we expand our twistor
in (B.36). Thus, the measure can be written as

d*Z' = D3Z Ndr|r|? = Jdw A dyy A dx, Adr, (B.37)

where the Jacobian is

8Z/A

J=l|det | ——
(8(raWaXu7Xv)

) | = rf* [eaponp AU AT ALOALT) (B.38)

It is straightforward to check that the contraction in the previous equation can be written as
eaBODAGATATONGY = —(Ay- A (G- AG) + (A~ M) (Ay- AY) — (A - AY)(Ay-AY). (B.39)

Furthermore, notice that AZ’AP AB = Af implies A} - Ay = €, and thus A} - A, = A Ay, =1
and A} -A, = A} - A, = 0. Recalling also the constraint A, - A, = 0, we can write the Jacobian
as

J = 1r* [eanen A AT ATOALP | = [rP (A - AD)(Ay - A7)| = [ (B.40)

Plugging this into (B.37) yields the projective measure written in this parameterization as
D3Z = dw A dxu A dxe (B.41)
while the delta function in (B.35) becomes
0N(Z - Aa) = 8P (oA} - A = Xl - Aa) = 8P (—xutta + Xuva) = 6(x0)8(xu) . (B42)

The latter simply trivializes the integrals over dy,dy, in (B.41), leaving only the dw integral
as

D328 (Z - A,) =dw=Dr=DZ, (B.43)

where we further recalled that this is precisely the measure DZ = D used in (3.14) after
parameterizing Z4 = 7%AZ, with 7 = r(u® 4 wv?®), and modding out the scale r. Coming
back to (B.34), we can put everything together to obtain

z‘S/DW (T* : ffv)V)QS F(Wy) = er/DZ (T*- 2)* F(z4), (B.44)

which concludes the proof. O

B.2 Twistor integrals

We will now compute the twistor integrals (3.23) and (3.22) at two and three points for any
integer or half-integer spins .S;, whose sum Sy = S; + S2 + S3 is an integer for the three-point
case. While the integrand (3.25) at two points yields the usual two-point correlator of a
conserved tensor, the integrands (3.34) and (3.30) at three points will give the three-point
correlators for the leading and higher-derivative interactions in the bulk, respectively.
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Two-point functions. We first consider the twistor integral (3.22), with n = 2 and F
(Zl . 22)72372:

1
(J1Jo) o /D21 (T3 21)25/D22 (T5 - Z9)*°

(Zl . Z2)25+2 :

We wish to show that this gives the known two-point function (2.7) in embedding space.

(B.45)

First, we write the integrand of the Z5 integral as

0 d ,
i (05 Z)*° F(2y - Z5) = <T§ : ) /2|C pleTic1221 22 (B.46)
07, 2
It is convenient to choose the reference spinor Y3 to be
Py
T = , B.47
2= op Py (B.47)
so that T;APLE = 0. Following (B.11), we then integrate the Z; derivatives by parts:
a 25 dC]_2 )
= | DZ,(Y*. Z 25'/l)Z ( x. > —tic1221-Z2
(J12) / 1 (Y1 - 2Z1) 2\ Y2 57, 5 lc12]e

dclg —ic1971-Z5 * 0 25 * 28
= /DZl/DZg/ cizle 2" (Y- 21)
07,

(/DZl/DZQ/dC”|c yeile'ZQ) (29)! (f]ji) , (B.48)

where we recalled our choice (B.47) for T35, and used that T; = Py Y1 and R;; =7, - 7.

It then only remains to compute the integral in the parenthesis in (B.48), which we
define as 27w ly. We combine the projective measure DZ, with the integral over cio to get the
non-projective measure DZs A deislcia] = d2Zs. Recalling the parameterization Zé“ = 7rl2’A‘247b,
the integral over d?>Zy = d%my then becomes

d . d? .

- / D762, .Ag,b) . (B.49)
Further using Z{! = n¢A{ o> the remaining integral over DZ; = Dm; can be written as
Iy = / D 0P (w814 - App) = ——— / Dr16® (x9), (B.50)
|2P12|

where we performed a change of variables in the delta function, using
1 1
det(A1,q - Aayp) = §eab66d(1\1,a A2 ) (Arp - Aog) = §T1"(P1 - Py) = —2P1s. (B.51)
Since the factor [ D8 (7§) is just an overall kinematic-independent constant,?? we can
plug this back into (B.48) to obtain the expected result:

28 S
R12 x H12
25+1 25+1 7

P12 P12

(J1J2) (B.52)

where we assumed Pja > 0 (see Footnote 16).

- /d%a@(ﬁﬂ) = (/ D7r6(2>(7ra)> (/ |Cit|) (B.53)

22Notice that
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Leading interactions. To simplify the computation of the integral (3.23), for n = 3, we
will consider the twistor integral of the Fourier transform Fhs(Wy, Zo, Z3) of F(W;) in (3.34)
with respect to Wy and W3. As proved in the box below (B.31), this coincides with the
integral (3.23) of interest:

3 g \*
7R\ S x
= [Q/ o (155,

0
oW,

F(Wi,A)

25 }
/ DW1DZyDZs (T* ) (5 - Z2)*52 (Y5 - Z3)*53 Fos. (B.54)

The twistor integral in the second line is simpler than that in the first line because is has less
derivatives. It is straightforward to show that the function Fgg(Wl, Zy, Z3) is given by

~ d* . 4t
F23(W1, Zo, ZS) = / W eszz-Wz / W3 eszs WSF(W)

(2m)? (2m)?
—/d4 e WQ/éCSJ emte2WiWos@) (74 4 s Wit — ey W) A(ey)
m

dgc;j ! ;] . g 107
= (271')3 exp (_1012Z2 - Wy — ZCQ3Z3 - Ay — ’chlZ3 . Wl) A (CZJ) , (B55)

where in the last line we changed variables to c¢h3 = 1/ca3, ¢|o = ¢31/c23 and ¢4 = c12/cos,
and defined

! ST
A(d) = Alcij(cy) = 2 (B.56)

'ng In3
127 C31

Plugging this into the second line of (B.54), we get

0
oWy
x 802l Zy - W) STV (Zy - Z5)81 8l (25 - W) (B.57)

251
(J1JaJ3) = / DW1DZyDZs (’r* ) (T - Z9)*%2 (75 - Z3)*2

and using the generalized Leibniz rule to apply the 257 derivatives to the integrand, we find

251
o ) , ) 251\, . -
(Jid2d3) = /DZ3 (13- Z3)2S3/DZZ (Y3 Z2)*2 % ( k1>(_rl - Zp)P (=Y Zs)P
k=0

x o197)(Z3 . Zz)/DVVl(S[n?’*k}(Zz W)l M (Zg ) (B.58)

where we wrote the non-projective measure as d*r = Dr A dt|t|. Since the integral [ dt/|t| along the real
line diverges, the projective integral f D7T16(2)(7rf) should technically vanish. However, it has been argued
in [31] that the projective and non-projective integrals differ by an overall factor like f dt/|t| that can be
treated as finite. Hence, the projective integral should be a non-vanishing constant given this prescription,
which can then be safely ignored. In any case, this factor is an overall constant that can be absorbed in the
normalization of the two-point function, as it does not depend on the kinematic variables.
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To compute the integral over DWW in the last line, we use the identity (B.15). This gives
(1 Jod3) = / DZs (Y5 - Z3)*5 / DZs (Y3 - Z2)*2 8157)(Z5 - Zy)

251 —n3+k
251 * 251—k * k(_il'ZQ) 3
X —Y7 - Zo)* (=TT - Z —_— 0(Zs - P1-Z2),
kEO:( . >( 1 2) T Z) (Zs- Py~ 2Z2)

(B.59)

where we introduced a reference spinor Vi, such that P, - V; = 0. With the help of the
identity (B.1), we then perform the integral over Zs:

(J1JaJs) = (2P12) ™" /DZ3 (Y5 Z3)*5% (Y5 Py - Py - Z3)*2 815725 - Py Py - Z3)

251
25 . _ %

XD < k1>(—T1 Py Py Z5)P TR (2P0 - Zs)F (B.60)

k=0
where the factors of 2P come from
.7 ) ) .z

N2z _ b P = 2P, - Py =2P,. (B.61)

Vi-Zs Zo=Py-P1-Z3 Vi-Zs

As expected, the result does not depend on the choice of V. From the anti-commutation
relations between the I'™ matrices, we easily deduce the anti-commutator {Pl, Pg} = —2Ps.
Hence, writing the last line in (B.60) as

251
> (251> (Y3 Py Pr- 25)"9 M (2P0 YT - Z5)" = (Y5 (< Py - Py 4+ (P, o)) - 23)™

k=0 k
= (Y1 Py Py Z3)°" (B.62)

and recalling from (2.33) that Y; = P; - T}, we get

(JidoJs) = (2P12) "3 (—1)5" /DZS (T5 - Z5)2% (Yo - Py - Z3)° (X1 - Py - Z5) ™
x ST Zy . Py - Py - Z3) (B.63)

where the sign factor (—1)T appeared because we changed the sign of the argument of the
delta function, using (3.33). Notice that we have kept the dual spinors Y generic (without
fixing its gauge redundancy) and now we can see explicitly that (jl j2j3> is invariant under a
gauge transformation Y} — Y} + U;, for any U; € ker(P;), as both T; = P; - Y7 and Y} - Z;,
with Z; € ker(J;), are invariant under this transformation.

Finally, we use (B.23) to perform the last integral over Z3, with Yap = (PlPQ)(AB) being
the symmetric part of the matrix (/1 Py)ap, or equivalently Yap = [P, P2]an/2. This yields

s s 2(2P;5) "3 (—1)5T
(J1Jad3) = \[((2A1)2()25T+(1)/2) (Z contractions) , (B.64)
where we defined
2A = Tr(P3Y P3Y) = Te(Ps P P3P Py) = 16P1aPogPsy . (B.65)
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Since we are restricting to totally spacelike point configurations with Pj; > 0 (recall Foot-
note 16), the quantity A is positive, and thus we are able to compute the integral over Z3
following (B.23). In the formula (B.64), we need to sum over all the (257 — 1)!! contractions
between the 25; factors of Y;, for each ¢ = 1,2,3. The most general contraction is

[— mi 1 ma2 1 ms3 1 T12 1 723 1 731
sz.—(”rl“rl) (Tng) <T3T3> (YlTQ) (Tng) (T3T1> ; (B.66)

where 0 < m; < [S;] and the exponents r;; are given by

Tij = Si —m; + Sj —mj; — (Sk - mk) ) (B67)

for {i,j,k} a cyclic permutation of {1,2,3}, so that there are always 2S; factors of T,
in (B.66). We further require that r;; > 0, imposing stricter bounds on the possible values
of m;. It is then a straightforward combinatorial exercise to determine the number c¢,,, of
contractions of the form of (B.66):

(251)1(252)!(2S5)!

Cmi = 2mitma+mam, Imalmglriglraslrsy! ' (B.68>
Using this, the precise formula for the twistor integral (B.54) is
_ S1] [S2] Ss]
L VAP (-
<J1J2J3> = (2A)5T+1/2 Z cm;Cm, » (B'69>
m1=0mo=0m3=0
where configurations with 7;; < 0 don’t contribute, because ¢, o 1/r;;! = 0. Using

P3-T5 = Y3 and the definition (B.24), we can compute all contractions appearing in (B.66):

TTT1:(Tl'Pz)'Pg'P1'P2'P3'(P2'T1)=16P223P12V1,
T?TQZ(Tz'P1)'P3'P1'P2'P3'(P1'T2)216P321P12Vz,
ErzzTa'PyPQ'TB,:‘leVBH
TTTQZEIH:(T2'P1)'P3'P1'P2'P3'(Pz'Tl):ARlz,
T?Tsz(Tz'Pﬁ'P3'P1'P2'T3:4P12P31323,
T?T1:T3‘P1‘P2‘P3’(P2~T1):4P23P12R317

where we defined R;; = T; - T; and recalled (2.42) to write the result in terms of R;; and
Vi. Notice that for 3d CFTs these structures are related by [40]

(B.70)

Ri2Ro3R31 = VIR%, + VoR2, + V3R2, — 4V1 VLV (B.71)

Hence, we can compute the final result of this twistor integral by writing each individual
contraction in (B.69) in terms of the structures R;; and V; in (B.70), and then using (B.71)
to replace RisRs3R31 whenever it appears. This procedure yields the final expression for
our twistor integral without any redundancies, which can easily be evaluated for specific
spins as we do in section 3.4.
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Higher-derivative interactions. Next, we compute the twistor integral (3.22), for n = 3:

ssl(zy - Z2y)6M (2, - )02V (Z5 - Zy),  (B.72)

(J1J2J3) = [ﬁ /DZj (r; : Zj)2sj

with the integrand given by (3.30). Let us assume, without loss of generality, that S} <
So < S3, which implies ny > 0. Hence, we can integrate over DZ; by using the distribution
6n2l(Zy - Zy) as in (B.6):

1

(T JaJs) = / DZs (Y5 - 72)2% / D2y (7% - 7)%5 612y - Z)———
(‘/’1 . Z3)n2

9 \"
8 (VI | azl) (CT1 - 202 62, - 7))

B.73
T=PyZ5 ( )
where V; 4 is an arbitrary spinor of ker(/?;). For convenience, we choose V; = Y1, so that the
operator V; - 0z, = Y1 - 0z, does not hit the contraction Y7 - Z;, simply because T7-T1; = 0.
This derivative therefore acts only on 6["3](Z1 - Z3), yielding

(J1Jods) = / DZs (15 - Z2) / DZs (Y% 7)%%2 81m)(Zy - Z5) (X1 - Z3)™
x (Y1 - Zo)™2 62575 . Py - Zy), (B.74)
where we used that T; = P; - T¥. We can subsequently integrate over DZs by using

625(Z3 - Py - Z) as in (B.6). Choosing Vo = Yo as the arbitrary spinor, so that the
derivative operator Yg - 0z, does not act on the contraction Y35 - Zs, we get

<J1J2J3> _ /DZg (T§ . 23)2S3 (Tl . Z3)n3 (TQ X Pl . ZS)Q(SQ—Sl)

, (B.75)

9 251
X (T2 : ) (001 25)" 6111(2, - 23))
Zo=Po-P1-Z3

0723

where we recalled that Yo = P, - T3 to simplify the first line. The derivative in the second
line can then be computed with the generalized Leibniz rule as

min{251,n2}
B 251\ (n2)! k na—k
s =3 (7 g o

> /DZ3 (Tl . 23)251—k (TQ . 23)2517]6 (T; . Z3)2$3 (TQ . Pl . 23)2(32—51)
x ST =K(Z5 Py Py Z3), (B.76)

where we used that Y1-Zy = —2P;5Y-Z3 after evaluating in Zo = Py-PP1-Z3, and reordered the
terms for convenience. Finally, we perform the last integral over Z3 using (B.23), which yields

min{251,n2} na—k
_ 251\ (n2)! K V2(—2P12)"™ .
(J1JaJs) = kEZO < . >(712—]€)!(T1 -T9) (QA)FT—k+172 ( E contractlons) .

(B.77)
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Let us recall that Y = [P, PP5]/2 is the symmetric part of PP, Py, and that A, defined in (B.65),
is positive because we only consider totally spacelike point configurations with F;; > 0.

In the previous formula, we need to sum over all contractions between the factors of
Y1, Yo, T3 and Y) = P, - To. Since

—
YoYo =Ty P Ps-P1- Py P3-To=4P;3P5 (Yo P5-T3) =0, (B.78)

the most general (non-vanishing) contraction is

— mi s — \Mms s — ms mb s r12
Cmi,mé,r12:<rlrl> <T2T2> <T3T3> (T2T2) <T1T2>

[ 23 [ 31 [ 7"'12 [ 7’/23

Notice that the exponents of the first line satisfy 0 < my,ma < [S1 — k/2], 0 < mg < [Ss],
0 <mh <|S2—51],and 0 < rip < r'%* = min{2S; — k — 2my, 251 — k — 2mo}, while the
exponents of the second line are given by

B.80
B.81
B.82
B.83

r235251—k—2m2—r12,
_ /
T3] = N2 —mg +mg —m1 + My,

(B.80)
(B.81)
o3 = ni —my —mg — (251 — k —my —ma) + 112, ( )
(B.83)

/A— /
Tl =Ng — My +m3—k—mj —mg — 12,

so that there are always 257 — k factors of T1 and Y9, 2S5 factors of T3, and 2(Ss — S1)
factors of Y% in (B.79). We further require that the exponents in the second line of (B.79)
are non-negative, imposing stricter bounds on the allowed values of my, ma, mg, mb, r12. It
is a straightforward combinatorial exercise to determine the number of contractions of the
form of (B.79):

_ (251 — k))*(253)!(2(S2 — S1))! , (B.84)

/
2m1+m2+m3+m2m1 !TTLQ!mg!mIQ!Tlnggg!T;gl !7“,12!7‘/23!

/
Cmmmgﬂ”u

Hence, we can write down a precise formula for the result of this twistor integral:

min{2S1,n2} —k
251 (TLQ)' k (_P12)n2
(J1JpJ5) = ];) < . )M(Tl'n) 2955 457K 11/2

[S1—k/2) [S1—k/2] [S3] [S2—S1] r15™~
X Z Z Z Z Z szwm'gfm Cmi,mg,rm ’ (B'85>

m1=0 ma=0 m3=0 m,=0 r12=0

where the configurations for which one exponent in the second line of (B.79) is a negative
integer don’t contribute, because Cmgmbra = 0-
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Using P3 - T4 = T3, we can compute each individual contraction in (B.79) as

—
Y3Ys =T3Py Py Y3 =4P15Vs,

Y31 =T1Y3="1-P3-P1-Py-Y3=—2P3 (Y1 -Py-T3),
YoY3="3Yo="T3- PPy P3-To=—-2P3(Y3- P, T2),

YY1 =T -Ps- PPy Ps- Y1 =—8P3PsiV1,

Yoo ="To P3P Py Ps-To=—8Pp3PsVs, (B.86)
1Yo ="1 P3P Py P3-To=4Py3Ps1 Ry,

—

ToXy =Yg - Py-Pg-Pr- Py Py P1- Yo =16P5 PaVa,

—
YoYs ="y Py P3-P1- Py T3 =4P12Ps1 Ros,

—
YY1 ="To - P- Py Pr- Py P3- Y1 =4PaPs (Yo Py -T1),

where we used R;; = T; - T and (2.42) to express the results in terms of the structures R;;
and V;. Note that the contractions in (B.86) are different from those defined in (B.70) even
though we denote them in the same way. Besides the structures R;; and V;, there is also the
parity-odd structure Y} - P; - T, in these contractions, where {1, j, k} is a cyclic permutation
of {1,2,3}. It can be written in terms of the usual parity-odd structure in 3d CFTs [6] as

1
€(Ej, B, P1, P2, P3) = ZRjk(Tk P Y5). (B.87)

Note that the product of two parity-odd structures can always be written in terms of parity
even structures as [40]

2P, Py
(Tp-Pi 1)) = Pfjk’“ (B2 — 4V W), (B.88)
(Y Py T (X Py - Yi) = 2P (2ViRij — RjxRis) - (B.89)

Hence, we can compute the final result of this twistor integral by writing each individual
contraction in (B.85) in terms of the corresponding structures R;;, V; or (Yg - P; - T;).
Subsequently, we can use (B.88) and (B.89) to replace the product of two parity-odd structures
every time they appear, and use (B.71) to replace the structure RjsRo3R31 every time it
appears. As before, this procedure gets rid of redundancies, and we can easily evaluate the
final result for specific spins as we do in section 3.4.

C Fourier transforms and dispersive integrals

In this appendix, we provide details of the half-Fourier transforms and dispersive integrals
discussed in section 4.2.
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C.1 Half-Fourier transform

In order to compute the half-Fourier transform of the twistor correlators F(Z; - Z;), we first
need to express the products Z; - Z; in terms of the spinors \;, y; used in (4.7). Notice that
the twistors are contracted with the tensor

QAB:< 0 Taﬂ), (C.1)

775‘5‘ 0
where TQB = 5a5. The inner products between twistors can therefore be written as
Zi Zj = Z{QupZP = N - iy — Nj - i, (C.2)
where g = Tﬁdud and v - u = v%ug.

Two-point functions. We will now show that the half-Fourier transform (4.8) of the twistor
space two-point function F(Z; - Z3) given by (3.25) yields, up to an overall constant, the
known two-point function in momentum space; cf. (4.2).

Substituting (3.25) into the half-Fourier transform, we obtain

2 .
7=1

where we used (C.2) and changed variables from p; to fijo by using A - Wi = N - [

F(Zy-Z) / de126@ (XS +¢1908) 0P (MG — 1228 25 H sign(er9) , (C.3)

The integrals over pf simply give the product of the two delta functions. Expanding
A = a1 A§ + b2 and NS = b\ + a)S, with the coefficients given by a1 = (12)/(12),
by = —2k1/(12), by = 2ko/(12), and ag = (12)/(12), we can write these delta functions as

- - 1
SO + c1208)6P (NS — c12A8) = Wé(al)é(ag)é(bl + bg)d(c12 — ba) . (C.4)

Performing the same expansion, it is straightforward to show that the three-dimensional
delta function of momentum conservation can be written as

1 3 (1. 7 4 « 2 ay B
46()(k1+k2):/dE5()(—Ee ﬁ+i§:1)\i)\i> =

|<12>|36(a1)5(a2)5(b1 +0b2). (C.5)

Comparing (C.4) to (C.5), we can express the half-Fourier transform (C.3) as

2 )
IT [ ansen
j=1

Hence, the integral over c¢i5 can be easily computed by evaluating the integrand for

ci2 =by = <21];2> = <1E2> = <g> ) (C.7)

L1 _
F(Z - 2) o 69 (k1 + o) 7112 / de1od(cra — bo) S sign(cra) . (C.6)

where we defined £ = ki + ko = 2ko and used that momentum conservation implies the
last equality. We therefore obtain

2 )
[T [ e
7j=1

5\28

F(Zl . ZQ) X 5(3) (El —+ EQ) 1 <1
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where the sign of E is simply +1 provided we take FE to be positive. We have therefore
verified that the half-Fourier transform of our twistor integral yields the correct result (4.2)
in momentum space.

Three-point functions. Next, wecompute the half-Fourier transform (4.8) of the twistor
space three-point function F(Z; - Z3) given by (4.13). Substituting (C.2) into (4.13), we
can write this half-Fourier transform as

3
G, hi)= [H/dQMz‘eXP(iS\i'ui)] F(Zj-Zy) (C.9)
=1

=(2n)? / dPei; 0P (A 1208 —e3105) 0@ (MG +a3AG —c12AF) 8D (MG e AF —ca3AS) A(ci),

where we changed variables from p; o to [i; o by using S\i TS A - 1;, and noticed that the
Fourier transforms of the exponential in (4.13) with respect to ji; yield the product of delta
functions. Defining r;; = (ki)/{jk), this product can be written as

SOV AG + 1908 — e3103) 0P (A + e23AF — c12AF)6P (A + 310§ — 23)S) (C.10)
1

- mé(ml +7r12)0(r13 + 1r31)0(r32 + 1r23) X 6(c12 — r12)0(c23 — 123)0(Cc31 — 731) 5

which can be derived by expanding \; as a linear combination of Aj and Ay, for {i,j,k}
a cyclic permutation of {1,2,3}, and performing some changes of variables.?? Employing
similar manipulations, we find that the factors on the right-hand side of (C.10) that do not
involve ¢;; yield precisely the momentum-conserving delta function

(5(7“21 + 7“12)5(7“13 + 7“31)5(7’32 + 7“23) / 4 3 -
= [ dE & >< — Be*P ¢ /\?)\f)
(12)(23)(31)] ;

1 .. L
= 1(5(3) (k1 + k2 + k3) . (C.12)
The remaining delta functions in (C.10) trivialize the integral over d3c;j, as we only need
to evaluate its integrand at
(ki) _ (ig)
Cij =Tij = 757 = ) C.13
J J < j /C) E ( )

where we used that we are in the support of three-point kinematics (see equation (C.35)
in [21]). Putting everything together, we identify the result of (C.9) as
A(cij)

G(/\i, 5\2) = (27r)35(3) (El + Eg + Eg)g()\,;, 5\,) ,  where g()\i, S\Z) = 1

, (C.14)

cig=(1j)/ E
with A(c;;) given by (3.37) for any spins S, S2, S3. An analogous computation gives (4.17)
for the half-Fourier transform of F(W; - W;).

ZWe further used that, after expanding the argument of 8 (u®) in a certain basis, u® = a1 + a2vg, the
delta function becomes

8P W) = 6@ (a1vf + azvs) = 6@ ((v?, v3) (“l)> _ (a1)d(az), (C.11)

= 1)
as |v1 - v2]

where v - v2 = v?ugea@ is the determinant of the 2 x 2 matrix (v{,v%).
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C.2 Dispersive integrals

In section 4.2, we showed that the half-Fourier transform of the correlator (4.16) leads to
the discontinuity of the momentum-space form factor (4.20). In the following, we derive the
actual form factor (4.4) by performing a dispersive integral of this discontinuity.

Complex analysis. We start with some general preliminaries. First, notice that in order for
the propagators to obey adequate boundary conditions in the early-time limit n — —oo, we
need the complexified energy k = |E| to satisfy Im(k) < 0. Suppose that we have a function
f(k) which is analytic in the lower half-plane, i.e. for k = e, with 6 € (—x,0). Viewed as
a function of z = k2, i.e. f(k%) = f(k), it has a branch cut on the positive real axis. The
discontinuity along this branch cut is defined as

Discy2 f(k?) = f(k* 4 ie) — f(k* —ie). (C.15)
Since the function f(z) is analytic everywhere except on the branch cut, we can write

[0 PR Gy S I L ) (C.16)

2mi Jo, 2 — 2 2ni Jo 2 —z

where the contour C', encircles z counter-clockwise. To obtain the result in the second equality,
we have deformed the contour of integration as in figure 4, and assumed that the integral
over the large arc vanishes. Changing variables to w? = 2’ and k? = z, we then get

1 [ wdw
2y _ . 2
If Disc,2 f(w?) is an odd function of w — which is the case for the discontinuity of the form
factor in (4.19)—the integrand is an even function of w and we can extend the integration
to the entire real axis

FR2) = /OO 90 e (). (C.18)

27 oo w2 — K2

To compute this integral, we close the contour in the lower half-plane, and write it as a sum
of residues of the poles wp, with Im(wp) < 0.

Einstein form factor. We will now use this reasoning to recover the form factor (4.6) of
the Einstein correlator from its discontinuity (4.20). Using (4.19) for S = 2, the dispersive
integral (C.18) implies

3 3
1 o0 widwi 1 (wlwgwg)
ki) o |T] =— / - , (Ca19
Jiz22) (ki) [1;[1 201 J oo w2 — k?] 1 (BB, — 200) (B — 200)(By— 22 (O
= JE[222] (%’)

where E, = wy + w2 + ws. The factors E,, and (E,, — 2w;) in the denominator are defined
through the principal value prescription

1 1 1 1
EZ 2 <(Ew Tiep ' (B - z’e>2> | (20

w
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Im(z") Im(z)

Figure 4. Deformation of the integration contour used in (C.16).

which is inherited from the same prescription for the Schwinger parameters in the twistor
correlator (see Footnote 12). Considering that each k; has a small negative imaginary part,
it is straightforward to compute the integral over w3 by summing over the residues of the
five poles w3 p € {k3, w1 &+ wy — i€} in the lower half-plane:

1 oo w3dw3 ~ w3 5
rg(wi,wa, k3) = Tm/ 7162 [222] Wy Z Resyy= =ws,p {prm] (Wj)
w3, p
_ (wiwaks)?
8(k3 + w1 — w2)?(k3 — w1 +w2)?(—k3 + w1 + wo)? (k3 + wy + wy)?

(C.21)

Analogously, we can compute the integral over wo by adding up the residues of the three
poles wy p € {ko, k3 + w1, k3 — w1} with negative imaginary part:

1 [ wadw w
ro3(wi, ko, k3) = -— / 22 s (wi,wa, ks) = — Y Resuy—uwy p [M%(MW%%)]
5 — k3

2
271 oow2 ks o p

. wy (kZQ —+ 4]{12]6'3 —+ k‘g’ — UJ%)
256(ka + kg — w1)? (k2 + k3 + w1)?

Finally, the last integral over w; is evaluated by summing the residues at wy p € {k1, k2 +k3}:

(C.22)

1 o0 wldwl w1
fro001 (ki) o< — / ro3(wi, k2, k3) = Resy,—w [7’23(w1,k27k3)]
[222] 271 J oo 07 — K2 g; L w2 - k2
Q(k;)
p— '2
512E2° (C 3>

where the function Q(k;) was defined below (4.6). This is precisely the form factor (4.6)
for the three-point function in Einstein gravity.

C.3 Mixed-helicity correlators

So far, we have only derived equal-helicity three-point correlators. It is thus natural to ask
how to recover the results for mixed-helicity correlators.
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Recall that, in the “product-based” integrals like (3.12), we take the spinor to be a
twistor Z4, while, in the “derivative-based” integrals like (3.19), we use the dual twistor
W4. However, this is an arbitrary choice, because we can change variables from Wy
to Z4 = QABWj5 in the derivative-based integral, without changing the result of (3.19).
Similarly, the product-based integral (3.12) does not change if we change variables from ZA
to W4 = QupZPB. However, the result of the half-Fourier transform does change, because
the map depends on whether the spinor is a twistor Z4 or a dual twistor W4: it is given
by (4.8) or (4.10), respectively. Indeed, we will show that the choice determines the helicities
of the resulting half-Fourier transforms.

Relations between transforms. We will first derive the relation between the half-Fourier
transform of F(W,) in dual twistor space and the transform of F(Q45Z%) in twistor space.
Writing Z8 = ()\5,;1,5), and using (C.1), we have

QupZP = — pja ; (C.24)
Tﬂa)\ﬂ

where fi, = —Tag pg- The half-Fourier transform of F(Q4pZ") then reads
G N) = / P P QupZB) = / PiieME(Qp25) (C.25)

where we changed of variables from p 4 10 fiq and recal}ed the deﬁflition Ao = TaB A 5 We
further assumed that the spin S is an integer, so that F'(—W,4) = F(W,), otherwise there
would be an extra factor of (—1)% coming from the scaling in (3.20). The right-hand side
of (C.25) coincides precisely with the half-Fourier transform of F(Wy4), given by (4.10), after

exchanging A\, < A,. To be explicit, the relation between these two transforms is
/d% M E(QupZB) =T U e EW)| (C.26)

where the operator 7' exchanges Ao ¢ A. Similarly, the half-Fourier transform of F (QABW )
can be obtained by applying this operator to the half-Fourier transform of F(Z4).

While the half-Fourier transforms of F(Z4) and F(W,) have both positive helicity, the
transforms of F(QABWpg) and F(QapZ”) have negative helicity. This is simply because
the operator T flips the helicity in momentum space.

Mixed-helicities correlators. Using the operators Ti, for each field i, we can now derive
the results for mixed-helicity correlators from our previous results for the all-plus correlators.

As an example, let us consider the correlators of identical spin-S currents. We can obtain
the half-Fourier transform of F(QapZ¥, W 4, W3 4) by applying the operator 1) to the
result for the half-Fourier transform of F(WLA, Wa 4, W3 4). Since Ty maps ki, = (ki, El) —
(—k1, El), it flips only the sign of the energy ki, while keeping the three-momentum Ky fixed.
It does not change the delta function of momentum conservation, and we can therefore apply
this operator directly to the result (4.18) after stripping this delta function:

. s
G-ty X)) = Thg(hi, \o) = L <E(E<122>li:)))(>§1—> 2k3)> : (C.27)
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The definition of the form factor associated to a given correlator depends on the helicity
configuration, as we need to exchange barred and unbarred spinors in the corresponding
prefactor. In particular, the form factor f[g:g;} (ki) associated to (C.27) is

i <<1i><23><31><E - 2k1>>5 (f[sEsE(’fﬁ (C.28)

g— )\Z', )\i = .
g ++( ) ]{71]{?2]{33 klekg)S—l

Using this definition, we find that the form factor coincides precisely with that associated
to the all-plus result in (4.19), i.e. f[g,;;](kz) = flsss)(ki)-

Interestingly, the result of the half-Fourier transform §(\;, A;) in (4.15) can be obtained
by combining the correlators (4.4) with different helicities as

S SN O\ D R A :

Aiy Ai) X e+ | T oy 1

G0 i) o ST T\ (e lghgys—1 T Yelie
(I T3 J3)
(kikoks)S—1

(Jr o J3)

(naka)S 1" (C.29)

+ <T1T2 + cyclic) + T1T2T3
where we have applied appropriate factors of T to change negative helicities to positive
helicities. We interpret the combination on the right-hand side as a discontinuity of the
momentum-space correlators. A similar formula exists also for §_ 1 (A, \;).

Finally, we can find the half-Fourier transform of F(Q45 Wi, Z{‘, Zé“) by applying T
to the result for the half-Fourier transform of F(Z{', Z4', Z4"). After stripping off the delta
function of momentum conservation, and using the result (4.15), this gives

=\ 25\ /5 S
g__H_()\Z-,S\Z-) = Tlg()\i,j\i) = i <m> . (0.30)

Although the momentum-space correlator with mixed helicities vanishes, (J; J5 J5) = 0,
the result of this half-Fourier transform is non-zero, g_ 4 (A, Ai) # 0. We can interpret this
by thinking of g_ as a discontinuity of the momentum correlators as in (C.29), which
combines all possible helicity configurations. Since the correlator (J;J2J3) does not vanish
for all-plus and all-minus configurations, there is no reason for g_, to vanish.
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