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An Optimization Perspective on Deep Neural Networks

Dario Balboni

Abstract

Despite the impressive performance achieved by Deep Neural Networks in recent years
and their widespread adoption by major companies worldwide, many aspects of their be-
havior remain poorly understood.

A significant body of theory exists for very wide and infinite models, particularly re-
lated to Neural Tangent Kernels, and numerous empirical studies aim to guide practitioners
working with practically relevant models. However, there is a concerning lack of actionable
theoretical results for the types of models commonly deployed in practice.

This thesis positions itself in the gap between pure theory and practice, aiming to de-
rive practical guidelines for practitioners based on a principled approach to neural networks
grounded in optimization theory. This approach leverages the recently rediscovered Polyak—
Lojasiewicz condition, a generalization of strong convexity suited to describing overparam-
eterized models, and recognizes that certain classical results in convex optimization theory
remain applicable to this new setting.

The end result of this thesis is an adaptive learning rate algorithm that requires mini-
mal hyperparameter tuning, performing on par with grid-searched SGD while significantly
reducing computational cost.
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Introduction

Since its inception in the 1950s, the general aim of the field of Artificial Intelligence has been the
creation of systems that behave “intelligently” from a human point-of-view [Gra+18; Sil+16;
Ber+19; MWHNI18; Lit+17; Van+10] and are thus capable of performing complex tasks and
“thinking”.

Recent developments in Deep Supervised Learning are particularly interesting from this stand-
point, as they have shown that machines are capable of performing certain classes of tasks at
human-level performance or higher (e.g., text generation, voice transcription, semantic image
segmentation) [Abi+18], with major consequences for society.

Despite these advancements, many argue that significant differences exist between the ways
humans learn and behave and the supervised learning setting [Zad19; Tav+18], and various
hypotheses have been proposed regarding the optimal approach to creating “general intelligence”
machines.

Proponents of the “Reward is Enough” hypothesis [SSPS21] argue that Reinforcement Learning
is the essential optimization framework we should solve to reach human-level intelligence. Sup-
porting evidence includes similarities in behavior between RNNs trained with RL and known
human neurological patterns, such as the spontaneous emergence of meta-learning RL algo-
rithms on related tasks [Bot+20]!.

)

An alternative hypothesis is the “scaling hypothesis,” which posits that once we find a scalable
architecture, such as self-attention, we can simply train ever larger networks with more varied
data, and more sophisticated behavior will emerge naturally as the easiest way to optimize for
all the task data [Kap+20], i.e., more powerful neural networks are essentially scaled-up versions
of weaker neural networks, in much the same way that human brains look like scaled-up primate

brains [Her12].

It is notable that these two hypotheses, along with standard supervised learning, share a com-
mon requirement: they all need sufficiently general function approximation models and efficient
training algorithms. However, they differ in the specific type of optimization problem that
must be solved: single-level optimization for supervised learning and the scaling hypothesis,
and bi-level optimization for reinforcement learning [Liu+21].

Setting philosophical disputes aside, we believe that the chosen function approximation model
and optimization algorithm warrant more systematic study. In this thesis, we focus specifically

"However, it is important to note that the emergence of meta-learning algorithms can be seen as a consequence
of Hutter Search [Hut02], which can be paraphrased as “one of the shortest algorithms to compute something is
also one of the fastest.” Thus, it becomes “easier” to find a model that generalizes rather than memorizing each
example explicitly when many are given.



on the supervised optimization problem for deep network models. In the rest of the Introduction,
we will discuss the importance of this problem, the main challenges involved, and our proposed
approach.

Deep Networks as Practical Function Approximators. A wide variety of model classes
has been used in Machine Learning as function approximators, from simple models like Random
Forests [Bre01], Linear Models [HK70], and Distance-based Nearest Neighbours [CH67] to more
complex ones such as Support Vector Machines [Cor95], Gaussian Processes [WRO06], Kernel
Methods [SSM98], and Deep Neural Networks [RHW86]. Why should we focus on understanding
Deep Networks?

First, we should note that Deep Networks are particularly effective for certain types of real-
world data, such as text, images, and audio recordings: it is important to remember that simpler
models often perform better for tabular data, and for certain tasks, numerical simulations using
differential equations are more appropriate?.

Second, they intuitively model correlations within data (e.g., through weight sharing in con-
volutional kernels), which are challenging to express as a kernel in the context of Gaussian
Processes or Kernel Methods and simultaneously ensure more efficient data utilization [CBR19]
since multiple patches provide more data to train the same convolutional elements>.

Third, they can be trained incrementally and use a fixed amount of memory irrespective of the
data size, are easily parallelizable, and can be stopped at any time while still yielding a useful
model as output?.

Deep Networks are currently state-of-the-art models for various tasks as mentioned, but their
theoretical understanding is still being developed. Particularly concerning is the lack of gen-
eralization guarantees on the found models [Zha+16; Zha+21], which are needed in sensitive
deployments (and which both Kernel Methods and Gaussian Processes have), and the many
optimization-related confounders affecting the validity of proposed methods: the results of an
approach are fundamentally biased by computational resources and the optimization algorithm
used, all else being equal, yet this is often overlooked in research proposing new methods or
architectures.

A better understanding of Deep Networks in their optimization setting can lead to guarantees
on the reached minima and better comparisons between proposed methods and model improve-
ments. This can also have wide-reaching implications for the speed of model optimization,
impacting many practical deployments, as today’s Al capabilities are severely limited by the
massive energy, hardware, and computation required.

Theoretical Problems of Neural Networks. A major challenge in the theoretical analysis
of Neural Networks is that they are inherently non-convex [ITB16], while classical optimization
theory deals mostly with convex functions [Nes+18]. Thus, a new mathematical framework is
needed to study this type of optimization problem.

2However, some may argue that this limitation could be temporary, and that Deep Networks will eventually
outperform these techniques.

30f course, nothing theoretically excludes this possibility for Kernel Methods or Gaussian Processes.

“In this respect, other models like Kernel Methods are catching up with incremental techniques [RCR15] and
are now capable of training over billions of points [MCRR20].



Another issue arises from initialization procedures (which rely on randomness) and the path
dependence exhibited by optimization algorithms like Stochastic Gradient Descent on overpa-
rameterized models, which can reach different minima depending on the starting point.

Furthermore, the large number of hyperparameters required in a network model (activation
function, number of neurons per layer, number of layers, distribution of the weight initialization,
etc.) complicates a clear mathematical treatment and makes it more challenging to compare
approaches across variations of these settings.

These challenges make a formal mathematical approach unlikely in the near future, and our
treatment of the matter will thus rely on mathematical intuition validated by experiments,
rather than full mathematical rigor, as suggested by Breiman [Bre95]. We will thus work
with locally-optimal algorithms and tuning procedures derived from infinite-width limits that
demonstrate superior performance on practical examples of networks similar to those used in

practice.

Algorithms and Architectures as the Future Scaling Bottleneck. The scaling hy-
pothesis has remained relevant in recent years since the introduction of transformers in 2017
[Vas+17], despite major critiques from prominent researchers. However, we believe that the

scaling hypothesis will eventually reach its limits

, requiring a deeper examination of the architectural biases we introduce in networks and the
types of optimization performed to ensure efficient use of data and to keep training costs low,
especially if we aim to democratize such transformative technology as Al.

Another compelling reason to develop more advanced training algorithms is that they enable
smaller players with limited hardware resources to achieve competitive performance, supporting
the development of Al as a common good.

Impact on Society and the Role of Academia. In this light, the field of artificial in-
telligence has the potential to transform the structure of work in our society within a decade,
following dynamics similar to those of the internet in the 1990s and early 2000s, but possibly
with more profound and faster changes.

This concentration of ownership is problematic for the average person, as these new Al tools,
which enhance productivity for some and potentially displace others, are controlled by a few
large corporations, and all freely released models lag significantly behind the state-of-the-art.

Academia has largely refrained from addressing this imbalance and is instead relinquishing its
role in driving the development of Al as a public good, focusing on research that requires
minimal investment, which, while valuable, primarily benefits private entities equipped with
the hardware infrastructure necessary to maintain their dominance.

One way to counter this trend is for the public sector to invest in larger infrastructure and
to prioritize research aimed at reducing hardware, data, and computational demands to train
foundational models, so that these models can be freely released for everyone to build upon,
rather than allowing large corporations to dictate the uses of this new technology and extract
oligopolistic profits.



Structure of the Thesis. The first part of the thesis presents the necessary background
for this research, while the second part focuses on novel contributions and potential future
directions.

In particular, in Chapter 1 we present the branch of Mean Field Theory, which uses the Central
Limit Theorem to study the behavior of signal propagation inside neural networks at initial-
ization, and which provides a basis for addressing randomness in initialization procedures; in
Chapter 2 we cover the basic theory of Kernel Methods and examine the relations between
Very Wide Deep Neural Networks and Kernel Methods via the Neural Tangent Kernel deriva-
tion, which can be seen as an alternative way to handle randomness through limit theorems; in
Chapter 3 we present the relationship between Deep Neural Networks and optimization theory;
in Chapter 4 we introduce the theory of Polyak—Lojasiewicz functions, a generalization of con-
vexity that underpins our preliminary exploration of alternative mathematical frameworks for
interpreting neural network behavior.

Later, we discuss the author’s contributions: in Chapter 5 we explore a connection between
Deep Neural Networks and Deep Kernel Methods; in Chapter 6 we test the theory of Polyak—
Lojasiewicz functions on real-world models to validate its predictions on convergence, condition-
ing, and generalization of neural models [BB22]; in Chapter 7 we provide the theoretical base
for the soundness of an automatic learning rate tuning algorithm, describe how to appropriately
tune the learning rate in Polyak—Lojasiewicz functions and we derive an efficient adaptive learn-
ing procedure to train DNNs from their local quadratic structure [BB24]; finally, in Chapter 8
we highlight possible future directions for further development of the exposed theory.



Part 1

Prior Art



Overview. In this first part, we present three approaches to analyzing Deep Neural Networks:
in Chapter 1 using Mean Field Theory (MFT), in Chapter 2 we examine the networks infinite-
width limit corresponding to the Neural Tangent Kernel (NTK), and in Chapters 3 and 4 we
explore their optimization behavior via the Polyak—Lojasiewicz (PL) condition. These methods
provide the foundation needed to understand the original contributions in the second part of
the thesis.

Each of these approaches is mathematically rigorous but corresponds to the study of a simplified
version of the network. In MFT, one studies the network by computing expectations and
variances of quantities over random initializations, thereby taking an ensemble view of the
various networks that can arise from a fixed architecture with random initialization. In the
NTK approach, the network is analyzed in the limit where the number of neurons per layer
goes to infinity, reducing the problem to the study of specific Kernel Methods that depend only
on the network architecture. The PL condition, on the other hand, allows for studying individual
networks independently, as well as tracking them throughout the optimization trajectory, but
only within a local neighborhood of the current parameters.

Aim. The general aim of our inquiry is to derive theory-backed insights that can help us
understand Deep Neural Networks in terms of guarantees on learning convergence and the
generalization of the reached minima. In the second part, we conduct a thorough investigation
into the predictions that can be made on realistic networks using the PL condition.

Our more practical goal is to derive a parameter-free optimization algorithm. As mentioned in
the introduction, the validity of a proposed method or model is often obscured by optimization-
related confounding factors when applied to specific tasks, making it extremely difficult to
assess whether one model truly outperforms another. A theoretically-backed, efficient, and
hyperparameter-free optimization algorithm would provide tremendous advantages in this re-
gard and is, in our opinion, currently achievable. As a step in this direction, we introduce in
the second part a learning rate adaptation rule derived from measurable network parameters,
resulting in a learning-rate-free optimization algorithm based on SGD.

Scope. We limit the scope of our research to the standard supervised learning problem with
a well-defined target. However, we note that the techniques we use are typically extendable to
more complex optimization settings, albeit with an increase in theoretical complexity.

Within this scope, we are interested in predictions or guarantees on the convergence of the
learning process and the degree of generalization displayed by the resulting minima, i.e., the ex-
pected accuracy when using the trained networks on new data drawn from the same distribution
as the training data.



Chapter 1

Mean Field Theory

The approach of Mean Field Theory, a traditional physics technique used to tackle high-
dimensional problems in the context of Statistical Mechanics, was initially applied to Fully
Connected Networks by Schoenholz, Gilmer, Ganguli, and Sohl-Dickstein [SGGS17], to Convo-
lutional Networks by Xiao et al. [Xia+18], and later to Recurrent Networks by Chen, Penning-
ton, and Schoenholz [CPS18|. The effectiveness of this theory is highlighted by the fact that
Xiao et al. [Xia+18] successfully trained a CNN with ten thousand layers without employing
any special tricks.

This theory focuses on selecting initialization procedures for neural networks that enhance train-
ing efficiency by improving the propagation of signals during both the forward and backward
passes in deep networks of various architectures. To facilitate better signal propagation within
the network, the approach identifies an optimal set of initialization hyperparameters (mean and
variance of the network weights distribution) that represents a fixed point for the activation
variances as they progress through the layers. This ensures that both the forward and backward

variances neither explode nor vanish.

Consequently, this approach can be regarded as a general solution to the exploding or vanishing
gradient problem [BSF94]. It can be applied to analyze different network architectures with
minimal effort, thereby providing a foundation for initializing new architectures. The method
simplifies the network problem by examining it in terms of ensemble behavior across all possible
random initializations, allowing its conclusions to assist in identifying network ensembles that
perform better on average. However, it is important to note that there may still be atypical
instances that behave unexpectedly, although these cases become increasingly rare as the width
of each layer increases, due to concentration of measure arguments.

The field has been rigorously formalized through a series of papers by Yang [Yan19a; Yan19b;
Yan20a; Yan20c; YL21; YH21; Yan+22; GY22|, which established a framework of tensor pro-
grams. This framework also elucidated the conditions under which the so-called Gradient In-
dependence Assumption holds. This assumption posits that the weights in the forward pass
are independent of the weights in the backward pass, a simplification that has been utilized
in multiple papers to ease calculations. Although this assumption is generally false, it holds
true in many significant architectural cases, and we will explore the underlying concepts in the
concluding section of this chapter.

Finally, it is worth noting that the calculations employed in Mean Field Theory assume that
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the weights are Gaussian distributed for the sake of simplicity. A perturbative theory for these
calculations can be derived by expanding the distributions themselves using an Edgeworth series
expansion at higher orders, as demonstrated by Roberts, Yaida, and Hanin [RYH22].

Overview of Mean Field Theory. Mean Field Theory (MFT) is a widely employed ap-
proximation method in physics, mathematics, and related disciplines, where systems comprising
a large number of interacting components are studied. The central idea of MFT is to simplify
the analysis of complex, many-body problems by replacing the detailed interactions between
individual components with an average or “mean field.” This approach transforms a problem
with many degrees of freedom into a simpler, effectively single-body problem, while retaining
the essential features of the system’s collective behavior.

The theory was initially developed in the context of statistical physics to describe phase transi-
tions and critical phenomena, such as in the Ising model of ferromagnetism. In the Ising model,
for example, spins on a lattice interact with their nearest neighbors, creating a computationally
challenging problem due to the exponential growth of configurations. MFT approximates this
by assuming that each spin interacts with an average magnetization of the system, thereby
reducing the complexity to solving self-consistent equations for the magnetization.

Mathematically, the mean field approximation involves expressing the interaction term in a
system’s Hamiltonian or governing equation as a function of average quantities. For instance,
in the case of the Ising model, the Hamiltonian H is given by:

H = _stisj - hZSi,
(i.9) ¢

where J is the interaction strength, h is the external field, and s; denotes the spin at site 1.
Under MFT, the spin interaction term (s;s;) is replaced by the product of averages (s;)(s;),
leading to a self-consistent equation for the average magnetization m = (s;):

m — tanh (sz+h) 7

kgT

where z is the coordination number (number of nearest neighbors), kp is Boltzmann’s constant,
and T is the temperature.

Beyond statistical physics, MFT has been successfully applied in diverse areas such as population
dynamics, neural networks, and economics. In the context of neural networks, for instance, the
Hopfield model employs MFT to approximate the state of neurons by assuming that the influence
of all other neurons on a given neuron can be replaced by a mean synaptic input. Similarly, in
population dynamics, the Lotka-Volterra equations can be analyzed using mean-field approaches
by considering the average interaction rates between species.

While MFT often provides valuable insights and simplifies otherwise intractable problems, its
accuracy depends on the system under study. It tends to work well in high-dimensional systems
or when fluctuations are negligible, but it may fail near critical points or in systems with strong
correlations where fluctuations play a significant role. Extensions and refinements, such as the
inclusion of fluctuations via renormalization group theory, can address some of these limitations.

Mean Field Theory is thus a versatile and foundational tool that has contributed significantly
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to our understanding of complex systems by providing an intuitive and computationally man-
ageable framework for analyzing collective phenomena.

1.1 Mean Field Theory of Fully Connected Networks

We begin our exploration of Mean Field Theory in the context of Fully Connected Networks,
as introduced by Poole et al. [Poo+16] and Schoenholz, Gilmer, Ganguli, and Sohl-Dickstein
[SGGS17].

Mathematical Setup. Consider a fully connected feedforward neural network with L layers,
where each layer has a width of N;, and let ¢ : R — R denote some nonlinearity. We assume
that the weights and biases are sampled independently from Gaussian distributions:

Wi ~ N (0,00, /Np), b~ N(0,0%).

We define zg as the pre-activations of the I-th layer and y/*!

;" as the activations of that layer,

with the input example a to the network given by y? = T;,q. The signal propagation through
the network is described by:

l 11 14 [+1 [
ad=> Wit +vl, Yt =e(h).
J

Mean Field Treatment. The function computed by the network at initialization is signifi-
cantly influenced by the specific random sample of the weight and bias Gaussian matrices. The
Mean Field approximation involves replacing zf with a Gaussian distribution whose first two
moments match those of zf

Signal Propagation and Covariance. Consider the evolution of two inputs, z;., and :L'Z‘;bl,
as they progress through the network. Since the weights and biases are independent and have
zero mean, the first two moments of the pre-activations in the same layer are:

E[zé;a} = 07 E[zé;azé;b] = ng(sija

where 0;; is the Kronecker delta, and qéb represents the covariance of the pre-activations in the
I-th layer. A recursive relation for qflb can be derived:

Gop = 0121}/¢(u1)¢(u2>D21DZ2 +0i,

2
where u; = \/q(llglzl, Uy = ,/qégl <claglzl +4/1— (ch) 22> , Dz is the measure for a standard

Gaussian distribution, and cib = qéb /7/ q(lwal)b is the correlation between two inputs after [ layers.

'Here a and b are arbitrary indices for the input examples, but i refers to their vector components.
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It is evident that for any choice of 02, ag, and a bounded ¢, the covariances for the same input
converge to a fixed point given by ¢* = limy_,o ¢%,.

Stability Condition of the Fixed Point. The value ¢* = 1 serves as a fixed point of the
recurrence relation, and the condition for its stability depends on

X1 = 8Clab1 = o, /(;5 \/>z2dz
dc Cab

indicating that it is stable if y; < 1 and unstable otherwise. Consequently, xy; = 1 delineates
a critical line that separates a phase where all inputs become asymptotically correlated from
a phase where they become asymptotically decorrelated. Therefore, to ensure optimal signal
propagation within the network, we should choose U?U and cr% such that x; = 1, allowing us to
confidently assert that two samples will remain correlated as they progress through all layers of
the network.

Gradient Propagation and Jacobian Matrix. The backpropagation of gradients for a
given loss E is governed by the two equations:

OFE
oW,

sl -1 1 ol I+1yy/0+1
= 5i¢(zj ), 0= (2) Z 5j sz‘ )
J

where 5l The scale of fluctuations in the gradient of weights within a layer is proportional

6 l
E[(&f) }; however, the §! will not follow a Gaussian distribution even in the limit of large
layer widths.

Nevertheless, we can derive a relation for the variance of the errors, ¢, = E [(55) 2} , by leveraging
the Gaussian distribution of the pre-activations. This derivation requires the assumption that
the weights used during forward propagation are drawn independently from those used in back-
propagation, a condition known as the Gradient Independence Assumption (GIA) [SGGS17],
that we will treat more in depth in Section 1.3. From this, we can establish the equation

ql _ ql+1 Nl+1
aa — Haa
N

Focusing on networks where all layers have the same width, i.e., Nj;1 = Nj, this equation
highlights the critical importance of maintaining x; at exactly one to prevent the gradient from
either exploding or vanishing.

1.2 Dynamical Isometry

We have seen how important it is to keep the mean value of the Jacobian matrix close to one,
as this enables better-conditioned backpropagation of gradients, helps avoid the problems of
gradient explosion or vanishing, and thus leads to faster training dynamics. This means that,
on average, a randomly chosen vector will preserve its norm during backpropagation; however, it
provides no guarantees regarding the worst-case shrinkage or growth of such a vector. A stronger

13



requirement to ensure this is to require that every singular value of the Jacobian remains close
to one. Under this stronger condition, error vectors backpropagate faithfully by preserving their
norm and the angles between any two of them, resulting in better overall conditioning of the
network. The imposition of this additional condition is referred to as Dynamical Isometry.

Mathematical Setup. Using the same notation as in the preceding section, in an L-layer
deep feed-forward neural network, the input-output Jacobian J is given by

o0zF L
J=—=][[p'W
Yo z];[1

where D! is a diagonal matrix with entries ng = ¢'(2)8;;.

It is now clear that the input-output Jacobian J is closely related to the conditioning of the
backpropagation operator that maps output errors to weight matrix updates at a given layer: if
the input-output Jacobian is well-conditioned, then the backpropagation operator will also be
well-conditioned. Thus, the desired condition is that the variance of the eigenvalues of JJ7 is
minimized.

Empirical Results. For deep linear networks, Saxe, McClelland, and Ganguli [SMG13] have
shown that orthogonal weight initialization achieves dynamical isometry, and their learning time
in epochs becomes independent of depth, in stark contrast to what occurs when using Gaussian
weight initialization.

Pennington, Schoenholz, and Ganguli [PSG17] extend the analysis to the case of non-linear
dense networks, demonstrating both theoretically and empirically that controlling the shape of
the entire distribution of a deep network’s Jacobian singular values has a dramatic effect on
learning speed, even for non-linear networks.

We encourage interested readers to consult the cited papers for an in-depth understanding of
the techniques employed, while we shift our focus to address an assumption that has frequently
been made in the Mean Field Theory literature, but which was only proven years later by Yang
[Yan19al.

1.3 The Gradient Independence Assumption

The reader will recall from the Mean Field Theory section that we posited that the elements
of the weight matrices and the biases in neural networks during both the forward and back-
ward phases of the learning algorithm were derived from two independent samples of the same
Gaussian distribution.

This assumption simplifies the mathematical analysis of all network architectures in Mean Field
Theory, enabling researchers to apply classical probabilistic results such as the Central Limit
Theorem and the Law of Large Numbers to derive meaningful insights into neural network
behavior.

Despite its analytical convenience, the Gradient Independence Assumption has notable limi-
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tations. In real-world neural networks, the weights in the forward and backward passes are
certainly not independent. Moreover, factors such as weight sharing in CNNs, recurrent con-
nections in RNNs; and the dependencies introduced during training violate the assumption of
independence. As training progresses, weights become correlated due to the shared optimization
process, and their distributions deviate from the initial Gaussian assumption.

Violating the Gradient Independence Assumption has significant implications for both theo-
retical and practical aspects of neural network analysis. Theoretical predictions based on the
GIA may no longer hold, leading to potential inaccuracies in the expected behavior of signal
propagation and gradient dynamics. This can affect the stability and efficiency of training algo-
rithms, as the assumed conditions for convergence and performance are not met. Fortunately,
the framework of Tensor Programs provides a solid mathematical foundation for the results
obtained under the GIA and can offer precise conditions under which the GIA effectively holds.

Yang Tensor Programs. The Tensor Programs introduced by Yang [Yan19a] provide a uni-
fying framework for analyzing and understanding neural networks of any architecture. Tensor
Programs formalize the computations in neural networks using a series of mathematical oper-
ations represented as sequences of tensors. This framework allows for a rigorous and scalable
analysis of the large width limit of neural networks, extending beyond the simple cases typically
considered in Mean Field Theory and providing structured insights into their behavior that
were previously difficult to obtain.

A Tensor Program T is formally defined as a sequence of lines involving operations between
vectors and matrices, adhering to specific rules, along with dimension annotations, and can
include the following types:

Vecln (G): A vector input x
l:¢gl:=x¢ R™

MatIn (A): A matrix input A

[: Al = A e RM*me

T (A): Transpose of an A-var

i A= (47)T e R = R

MatMul (G): If A¥ and ¢/ have n§ = n/, then an assignment via a linear mapping
l:g:=AFg € R" = R™

or similarly for H-vars
l:gl:= AP e R = RM

where 7,k < [.

e LinComb (G): If n/t = ... = n/k then an assignment via a linear combination of G-vars
that appeared in previous lines:

15



With a, € R,
l gl — a‘ljlgjl + +a§kg]k E Rnl :Rnﬂl

e Nonlin (H): If n/t = ... = n/k then an assignment via some general (possibly nonlinear)
function f!:R*¥ — R, acting coordinate-wise,

L:hl = fl g, ... ¢ € R = R™

Here, (G) denotes those variables referred to as G-vars, and similarly, we have A-vars and H-
vars. Variables introduced by VecIn and MatIn are also called (vector and matrix) input vars.
The initial [ : indicates the line number, and each new variable formed from this line is labeled
with a superscript [. A partial program with n! and unspecified input G- and A-vars is called
a (program) skeleton, typically denoted by Greek letters like 7.

This sequence of operations is capable of representing the entire complexity of the possible com-
putations within a neural network, from the initial input through successive layers of processing
to the final output, both in the forward and backward passes in most common architectural
models.

Gradient Independence Assumption under Tensor Programs. Yang [Yanl9a] proves
the following theorem: in a multilayer perceptron (MLP) with nonlinearities that have poly-
nomially bounded weak derivatives, the GIA leads to the correct Jacobian equation and the
accurate computation of the singular value distribution, provided that the readout layer is
sampled independently from other parameters and has a mean of zero.

The proof is rather convoluted, and we advise the reader to consult the cited paper for details.
However, the general intuition is that by properly formalizing neural networks as Tensor Pro-
grams, Yang is able to induct on the line number of the specifying program, taking the limit for
the dimensions towards infinity, and thus appropriately applying the Central Limit Theorem in
a structured manner for the various specific operations involved in the network program defi-
nition. Crucially, the convergence to Gaussian behavior for the backward pass depends on the
zero-mean distribution of certain output weights, which thereby validates the GIA in typical
cases.

1.4 Extensions of the Techniques

Applications to Other Architectures. The technique elucidated for achieving dynamical
isometry in Fully Connected Networks is not limited to this specific architecture; rather, it
can be extended to a variety of other architectures with minor adjustments. This has been
demonstrated with Convolutional Neural Networks by Xiao et al. [Xia+18], Recurrent Neural
Networks by Chen, Pennington, and Schoenholz [CPS18], and Transformers by Bachlechner,
Majumder, Mao, and McAuley [BMMM] and He et al. [He+23], making it a powerful approach
to address gradient-scaling issues during the training of deep networks.

Impact of the Training Algorithm. The Mean Field treatment of Deep Networks that we
presented only considers the norm of the gradient to tackle a fundamental numerical issue dur-
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ing training, namely vanishing or exploding gradients. While this approach is beneficial when
optimizing with Stochastic Gradient Descent, it remains unclear whether it also aids other opti-
mizers, such as Adam, RMSprop, or second-order methods. Each of these algorithms introduces
unique dynamics into the training process, potentially interacting with the initialization scheme
in unexpected ways. It is essential to extend the analysis to include these alternative optimiza-
tion strategies, ensuring that the advantages of dynamical isometry are preserved regardless
of the chosen optimizer, or to understand how the conditions should be adjusted for various
optimizers.

Challenges in the Treatment of Heterogeneous Architectures. Furthermore, the tech-
niques assume a certain homogeneity in the distribution of weights and activations, which may
not hold uniformly across all layers or architectures. The practical implementation of neu-
ral networks often involves heterogeneous layers that vary in width, activation functions, and
connectivity patterns. Addressing these variations necessitates a more nuanced approach to ini-
tialization, potentially involving layer-wise adjustments to the orthogonal initialization scheme.
Such refinements could ensure that dynamical isometry is maintained even in the presence of
architectural heterogeneity, thereby enhancing the robustness and generality of the initialization
strategies.

Data-Dependent Initialization Methods. Moreover, the exploration of data-dependent
initialization methods could be beneficial; in these methods, the initialization parameters are
adaptively modified based on the input data distribution. This could involve pre-training phases
or iterative adjustment mechanisms that fine-tune the initialization parameters to align more
closely with the empirical characteristics of the data.
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Chapter 2

Neural Tangent Kernels

The introduction of Neural Tangent Kernels by Jacot, Gabriel, and Hongler [JGH18] established
a significant connection between very wide networks and Kernel Methods. This connection has
provided researchers with greater insight into the behavior of large models and has led to the
production of numerous intriguing theoretical papers on related topics, including the extension
of NTKs to various architectures by Yang [Yan20a).

The core idea of this technique involves linearizing the networks concerning their weights at
initialization and examining the behavior as the number of weights approaches infinity with a
specific parameterization. By applying the Central Limit Theorem, the limit can be computed
as an expectation over the random initialization distribution. It can be demonstrated that
the resulting differential equation corresponds to Ridge Regression for a fixed kernel, which is
derived from the tangent vectors of the network function at the current point, thus earning the
name Neural Tangent Kernel.

In this chapter, we will first provide a brief introduction to Kernel Methods and their gener-
alization bounds, and in the final section, we will explain the essence of the theory of Neural
Tangent Kernels.

2.1 Introduction to Kernel Methods

In this section, we present a general introduction to Kernel Methods, highlighting the Repre-
senter Theorem and the Kernel Trick. For a more comprehensive exposition, we recommend
the work by Micchelli and Pontil [MPO05].

Kernel methods are a class of algorithms utilized for pattern analysis, which gained prominence
with the development of Support Vector Machines (SVMs) by Vapnik [Vap95] in 1995. These
methods have been widely applied across various domains, including image recognition, bioin-
formatics, and natural language processing, due to their capability to efficiently handle complex,
nonlinear relationships in data.

These methods transform the input data into a higher-dimensional (sometimes infinite-dimensional)
space using a function, enabling the resolution of complex problems that are not linearly sep-
arable in the original space but can be effectively linearly separated in the higher-dimensional
space. The concept of kernel methods revolves around the use of kernel functions to implicitly
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map data into this higher-dimensional space, making them particularly effective for tasks such
as classification, regression, and clustering.

One notable advantage of kernel methods is their flexibility: they can be applied to various
types of data, including vectors, sequences, and graphs. Furthermore, they can be integrated
with different machine learning algorithms, such as SVMs, principal component analysis (PCA),
and clustering algorithms. Kernel methods also offer a means to incorporate domain-specific
knowledge through the selection of the kernel function, which can be tailored to capture the
specific characteristics of the data.

We now proceed to explain the mathematical setting of Kernel Methods.

Reproducing Kernel Hilbert Spaces (RKHS). A Reproducing Kernel Hilbert Space
(RKHS) is a Hilbert space of functions in which evaluation at each point can be represented as

an inner product. Formally, a Hilbert space H of functions f : X — R defined on a set X is an
RKHS if there exists a function K : X x X — R such that for all x € X and f € H:

flx) = (f, K(z,)n,

where (-, )3 denotes the inner product in the Hilbert space of functions. The function K is
referred to as the reproducing kernel of ‘H, and it satisfies the reproducing property:

K(z,y) = (K(z,-), K(y,))n-

Properties of Kernels. For a function K to qualify as a valid kernel, it must be symmetric
and positive-definite, specifically:
K(z,y) = K(y, z)

and for any set of points {z1,...,2,} C X and for all ¢,...,¢, € R:

non
Z Z cich(mi, Ij) Z 0.

i=1 j=1

These properties ensure that the kernel function can be utilized to define a Hilbert space and a
valid inner product within it, thereby enabling the application of kernel functions as a substitute
for the more abstract formalism of RKHS. Furthermore, the smoothness or regularity conditions
imposed on the function K imply corresponding smoothness or regularity for the functions that
can be represented in the respective RKHS, allowing for precise control over the class of functions
to consider in our data modeling.

Representer Theorem. The Representer Theorem is a fundamental result in the theory
of kernel methods, asserting that the solution to a regularized Empirical Risk Minimization
problem in an RKHS can be expressed as a finite linear combination of kernel functions evaluated
at the training points.
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Theorem Statement. Given n samples (z;,y;) drawn from an unknown distribution D, we

consider the regularized empirical risk minimization problem:

n

i L(xi, yi, f(2i Al fI7
?161731-:1 (i Yi, f(0)) + A fl15

where L is a loss function that is convex in its third argument, X is a regularization parameter,
and H is an RKHS with reproducing kernel K. The solution f can then be expressed as:

f(z) = Z a; K (x;, ),
1=1

where the coeflicients «; € R.

Proof of the Representer Theorem. Consider the optimization problem:

J(f) =" Liwiyi, fx0) + M f13

i=1

Assume that the solution f can be decomposed into components within the span of the kernel
functions evaluated at the training points x; and a part orthogonal to this span:

f=n+rn
fi =ik (i)
=1

115 = Nl + 1715

Since f) is orthogonal to the span of { K (xz;,-)}" , it contributes nothing to the empirical risk
term because f (x;) = 0 for all i. Thus, we have:

J(f) =Y Llwiyyis fi(2) + ALAIF + 1L 1F)-

=1

Minimizing J(f) with respect to f, we observe that adding f, increases the regularization term
without reducing the empirical risk term. Therefore, f must lie entirely within the span of the
kernel functions evaluated at the data points:

flz) = Z a; K (x;, x).
i=1

Significance of the Representer Theorem. The Representer Theorem indicates that for
any convex loss function over the entire RKHS #H, the Empirical Risk Minimization problem
is solved by a function that resides in the span of the basis functions defined by the examples.
Consequently, the minimization process can be conducted within a finite-dimensional subspace
of the full Hilbert space.
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The specific optimization procedure employed may vary, and the choice of loss function will
generally depend on the particular problem being addressed. However, the kernel framework
allows one to define an abstract class of functions for minimization and guarantees a solution
of a specific form, which is computationally efficient given the input examples. Additionally,
it provides generalization guarantees, as will be discussed later; this framework can also be
extended to approximate functions with multidimensional outputs.

Multidimensional output kernel methods extend kernel techniques to vector-valued functions,
enabling the learning of functions that produce multiple outputs. These methods utilize operator-
valued kernels to manage vector-valued functions within an RKHS framework.

Operator-Valued Kernels. An operator-valued kernel K : X x X — L(Y) maps pairs of
inputs to linear operators on the output space Y. For instance, for a vector-valued function
f: X — Y where Y is a Hilbert space, the kernel K can be employed to define:

[(@) =3 K(wia)o;
=1

where «; are elements of Y.

This flexibility facilitates the modeling of complex dependencies among multiple outputs, mak-
ing operator-valued kernels particularly advantageous for multitask learning and structured
output prediction.

The Kernel Trick. Linear algorithms such as Support Vector Machines [Vap95] and Principal
Component Analysis [Hot33] are very well understood and have both efficient algorithms and
clear generalization theories on the obtained models. May of such algorithms rely only on the
computation of inner products between data points, which enables to extend such algorithms
from typical Euclidean Spaces to Hilbert Spaces without much variation, and in turn enables
non-linear applications of these algorithms by considering a mapping function ¢ : X — H from
an input space to a high-dimensional Hilbert Space, on which the linear algorithm itself is
applied.

The kernel trick is a way to operate implicitly in high-dimensional feature spaces without
explicitly mapping the data to those spaces. When the Hilbert Space is an RKHS infact, the
kernel function K (x;,x;) can be used instead of the explicit computation of the inner product

(p(xi), d(x5))n-

This property significantly reduces the computational burden and enables the application of
algorithms to problems where the explicit mapping would be computationally infeasible.

Similarity to Linear Models. The parallels between kernel methods and linear models
imply that many techniques and insights developed for linear models can be extended to ker-
nel methods: regularization techniques, dual formulations, and gradient-based optimization
methods commonly used in linear models can be adapted for kernel methods with minor mod-

ifications.
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2.2 Kernel Methods Generalization Bounds

Mathematical Setting. Let H be a Reproducing Kernel Hilbert Space (RKHS) with kernel
K, and let {(z;,y;)}!"_, be a training set drawn independently and identically distributed (i.i.d.)
from a distribution D. Our goal is to minimize the regularized empirical risk:

n

min — > L, i, £(z0)) + NI

feEH N 4
=1

Introduction to Generalization Bounds. Generalization bounds are crucial in machine
learning as they provide a measure of how well a model trained on a finite dataset will perform
on unseen data. This is important because, in practice, we seek models that not only fit the
training data well but also generalize effectively to new, unseen examples.

These bounds aim to quantify the difference between the empirical risk
1 n
i=1

which represents the average loss on the training set, and the expected risk

R(f) = E(z,y)ND[L(xa Y, f(w))]a

which denotes the expected loss over the entire data distribution. This quantification is achieved
by employing tools from statistical learning theory, such as concentration inequalities.

Form of the Generalization Bounds. A typical generalization bound for the aforemen-
tioned setting considers a confidence level § > 0. It allows us to assert that, given n examples,
with high probability (at least 1 — ¢§), we have

[AER 1
R <R +0 Z
(f) < Ru(f) ( N °¢\35) )
where the RKHS norm of a function f =), a;K(x;,x) is defined as:

113 = e K (s, ;).
i

The bounds in this form highlight a trade-off between the empirical risk and the complexity
term of the function space, which depends on the sample size and the norm of the function in the
RKHS. This is also why Empirical Risk Minimization is typically performed with regularization

over the norm of the resulting function.

Below, we provide a sketch of how one would prove such generalization bounds, but we refer
interested readers to the treatment by Bousquet and Elisseeff [BE02] regarding stability-induced
bounds and to the book by Scholkopf and Smola [SS18] for a broader overview.
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Rademacher Complexity. Before presenting the proof, we need to briefly introduce the
concept of Rademacher complexity by Bartlett and Mendelson [BM02], which measures the
richness or complexity of a hypothesis class of functions H. It is used to bound how well a
hypothesis chosen from this class performs on unseen data. The intuition behind Rademacher
complexity is that it quantifies how likely it is for a hypothesis class to fit random noise, providing
insight into the capacity of the class to generalize.

Formally, for a set of training points S = {z1,...,z,}, the empirical Rademacher complexity
of a class of functions H is defined as:

RH(H): 7 heH T 5

sup — ZUZ T ] ,

where o; are i.i.d. Rademacher random variables taking values £1 with equal probability. The
supremum is attained by a function h that perfectly correlates with the noise o, thus representing
how easily a specific hypothesis class can fit random noise labels.

Proof Sketch. We decompose the generalization error into empirical risk and complexity
terms:

R(f) = Ru(f) = (R(f) = E[Rn(/)]) + (E[Ra(f)] = Bn(f)),

where the expectations are taken with respect to the sampling of the dataset from the unknown
data-generating distribution D. The first term reflects how well the estimated function from n
samples approximates that obtained from the full distribution, thus depending on the complexity
of the estimating function class. The second term is a concentration term that consists of the
difference between the expected empirical risk and the observed empirical risk, indicating how
much the empirical risk calculated on a finite sample deviates from its expectation.

We apply a concentration inequality, such as Bernstein’s or Hoeffding’s, to bound the concen-
tration term E[R,(f)] — Rn(f), and we use the Rademacher complexity R,,(H) of the RKHS to
bound E[R(f) — R,(f)]. In the context of Kernel Methods, the hypothesis space is the RKHS,
and the Rademacher complexity can be controlled by properties of the kernel, leading to a
bound that depends on the norm || f||3 of the function in the RKHS.

By combining the two terms, we obtain a probabilistic bound of the form P (R(f) — R, (f) <€) >
1 — 6, where € depends on the complexity of the hypothesis class and the sample size n. For

kernel methods, this bound typically takes the form e = O (%)

2.3 Neural Tangent Kernels

Finally, we arrive at the introduction of Neural Tangent Kernels by Jacot, Gabriel, and Hongler
[JGH18], which relate randomly initialized Deep Neural Networks in their infinite width limit
to the behavior of Kernel Methods. We will then continue with the methods used to calculate
these Tangent Kernels, the accuracy that can be derived from them, and the strategies to
accelerate the computation of Kernel Methods, which are traditionally hindered by an O(n?)
computational complexity.
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Linearization of Models at Initialization. Neural networks are typically initialized with
parameters drawn from specific random distributions. This random initialization is crucial for
breaking symmetry and ensuring a good starting point for the optimization process. We can
consider feed-forward networks as a single function f : X x © — Y that takes an input « € X,
some parameters 6 € O, and outputs a prediction § € Y.

At initialization, the network’s parameters 6y are sampled from a distribution, often Gaussian,
to ensure proper variance scaling and gradient flow during training. We can approximate the
behavior of the network at initialization by exploiting the Gaussian distribution of weights and
linearizing it in the parameter space around the initial parameters 6y:

f(z;0) = f(x;00) + Vo f(x;60) - (0 —6b).

This approximation becomes particularly powerful for very wide networks, where the central
limit theorem implies that the network’s behavior can be effectively captured by its first-order
dynamics, as shown by Lee et al. [Lee+19]. The linearization essentially transforms the problem
into a linear regression in a high-dimensional parameter space, simplifying the analysis and
understanding of the network’s behavior at the onset of training.

While we do not delve deeply into the treatment of linearization, it is important to keep this in
mind, as it allows us to treat wide networks essentially as linearizations for theoretical analysis.

Neural Tangent Kernel. Define the NTK K(x,2';0) as the inner product of the gradients
of the network outputs with respect to the parameters for two inputs x and 2’

K(xz,2';0) = Vo f(x;0) - Vo f(2';0).

Neural Networks Evolve as Kernel Optimization under Gradient Descent. Let us
denote by 6; € © the specific parameters at time ¢, and define

Z?; = f(xj;Ht).
We aim to minimize the Network Empirical Loss
n
i=0

via gradient descent, which means that we impose

. 0
O := —nveﬁ = _nz xuyu xz§9t)) a;Z (.731,9,5)
and the predictions evolve accordingly to
d ., Oof
a 60 (xjaet) = —WZ 8A xlayzaf(xzvet» (xi’xj;et)v

exactly as they would under gradient descent applied to a Kernel Empirical Minimization Prob-
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lem. The exception here is that the kernel K is variable and depends on 6;, but for very wide
networks, it can be shown that this kernel is effectively constant.

The Tangent Kernel is Constant in Very Wide Networks. Jacot, Gabriel, and Hongler
[JGH18] demonstrate that for neural networks that are sufficiently wide, the Neural Tangent
Kernel remains constant during training by proving that, as the width N of the network layers
increases, the NTK converges to a deterministic limit.

They assume that the weights W are initialized according to a normal distribution with mean
zero and variance inversely proportional to the layer width, W ~ N(0,02 /N), and that the
biases are initialized similarly, b ~ N (0, O'g). This initialization ensures that the variance of the
pre-activations remains stable as the network width increases.

During training, the NTK typically evolves according to the dynamics of the gradient descent
updates. However, as the width N approaches infinity, the fluctuations in the NTK due to
randomness in initialization and training diminish. They are able to show that

lim K(x,2";0;) = K(xz,2';6p)

N—oo
for all training steps t. This implies that during training, the NTK does not change, effec-

tively linearizing the training dynamics and indicating that the learning dynamics for very wide
networks can be fully captured by the initial NTK.

Computational Procedures for NTK Calculation. Once seen how powerful and general
the Kernel Methods are, together with the fact that the initial kernel of very wide neural
networks is deterministic and doesn’t evolve during training, one question immediately emerges:
what happens if we are able to effectively compute the NTKs for very wide networks of a specific
architecture, say CNNs, and try to apply those to classify images? Will these Kernel-based
Methods be as good as conventional fully trained Convolutional Networks?

Arora et al. [Aro+19] showed an efficient procedure to calculate the NTKs from the description
of the neural network itself via dynamic programming, and also provide a non-asymptotic proof
that the NTKs capture the behavior of a fully-trained wide network under weaker conditions
that those that were obtained by Jacot, Gabriel and Hongler.

Leveraging the newly introduced Convolutational NTKs, the work done by Lee et al. [Lee+20)]
went on to check whether finite-width networks work better or worse than infinite-width ones,
with mixed results. We reproduce here verbatim their own words, highly informative on what
they found.

“We conduct a comprehensive empirical study that examines the relationship be-
tween wide neural networks and kernel methods, addressing several open questions
regarding infinitely wide neural networks. Our experimental findings indicate that
while kernel methods outperform fully connected finite-width networks, they fall
short compared to convolutional finite-width networks. Furthermore, neural net-
work Gaussian process (NNGP) kernels frequently surpass neural tangent (NT) ker-
nels in performance. Centered and ensembled finite networks demonstrate reduced
posterior variance, causing them to behave more like infinite networks. However, the
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use of weight decay and large learning rates disrupts the correspondence between
finite and infinite networks.

Additionally, we discover that the NTK parameterization outperforms the standard
parameterization for finite-width networks, while diagonal regularization of kernels
exhibits behavior akin to early stopping. We also note that limitations in floating-
point precision hinder kernel performance beyond a certain dataset size, and that
regularized ZCA whitening enhances accuracy. Interestingly, the performance of
finite networks is influenced by width in a non-monotonic manner, which is not
entirely captured by the double descent phenomenon. Moreover, CNN equivariance
proves beneficial only for narrow networks that are distant from the kernel regime.

Our experiments further motivate an improved layer-wise scaling for weight decay,
which enhances generalization in finite-width networks. Finally, we propose refined
best practices for utilizing NNGP and NT kernels for prediction, including a novel
ensembling technique. By implementing these best practices, we achieve state-of-the-
art results on CIFAR-10 classification for kernels corresponding to each architecture
class we investigated.” — Lee et al. [Lee+20]

NTK as one of the many possible Parameterizations. The NTK parameterization
differs from the standard one by the usage of a % constant in the weight variance, that was
inserted to ensure the existence of a limit for N — co. However, there are other ways to ensure
the existence of that limit by parameterizing in a different way the initialization distributions

of weights so that the limit is always a Kernel, but a different one.

Yang and Hu [YH21] show that the NTK parameterization is not able to learn features in the
limit, and propose simple modifications to the standard parameterization to allow for feature
learning in the infinite-width limit, and show that this new parametrization called uP is able
to outperform both the NTK baselines and finite-width networks, with the latter approaching
the infinite-width feature learning performance as width increases.

Speeding up Kernel Methods. Kernel methods provide a robust theoretical framework for
understanding generalization in machine learning. By transforming neural networks into kernel
methods, we can leverage the rich theory of kernels to gain insights into the behavior of these
models. Unfortunately, classical algorithms to train Kernel Methods suffer from a computation
complexity that is cubic in the number of examples, and thus they have remained relegated to
nice theoretical tools, instead of being effectively used in the very big data regime.

More recently in a series of papers, Rudi, Camoriano, and Rosasco; Rudi, Carratino, and
Rosasco; Meanti, Carratino, Rosasco, and Rudi [RCR15; RCR17; MCRR20| have offered meth-
ods to speed up kernel training, making it feasible to apply kernel methods to large-scale datasets
without loss on the generalization guarantees.

One of the key techniques for accelerating kernel methods is the Nystrom approximation
[RCR15]. This method involves subsampling the kernel matrix to reduce computational com-
plexity. Specifically, the Nystrom method approximates the kernel matrix K = K(X, X) by
selecting a subset Y C X of the data points and computing a low-rank approximation, where
K(X,X)~K(X,Y)K(Y,Y)"K(Y, X), where K(X,Y) is a matrix of kernel evaluations between
the selected subset and the entire dataset, and * denotes the Moore-Penrose pseudoinverse.
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Rudi, Camoriano, and Rosasco [RCR15] provide theoretical results showing that subsampling
methods can achieve the same (optimal) learning error as kernel regularized least squares,
provided the subsampling level is suitably chosen, which are further supported by empirical
results: experiments on benchmark datasets show that subsampling techniques, such as the
Nystrom approximation and leverage score sampling, can achieve state-of-the-art performance
while significantly reducing computational costs. These methods provide a form of computa-
tional regularization, tailoring the computational resources to the generalization properties of
the data at hand.

We refer the interested reader to the papers detailing both the final result of this line of research
in the form of a method for optimal large scale kernels by Rudi, Carratino, and Rosasco [RCR17]
and the techniques used for handling billions of points efficiently by Meanti, Carratino, Rosasco,
and Rudi [MCRR20].
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Chapter 3

DNN and Optimization

3.1 Overview of Optimization Theory

Optimization theory is a vital discipline in mathematics and applied science that focuses on
identifying the best solution from a set of feasible alternatives. This process involves max-
imizing or minimizing an objective function by systematically selecting input values from an
allowable set and calculating the function’s value. In the field of Machine Learning, optimization
algorithms are essential for training models, where the objective function typically represents a
loss or cost that needs to be minimized.

Optimization problems can be categorized based on the characteristics of the objective function
and the constraints involved. These categories include linear and nonlinear problems, convex
and non-convex problems, as well as unconstrained and constrained problems. Each type of
problem has specific optimization algorithms tailored for it, making optimization a diverse and
rich field within mathematics.

Single-Level Optimization. Single-level optimization addresses problems where the objec-
tive function must be minimized. Mathematically, a single-level optimization problem can be
formulated as:
min f(x
min f(z)
subject to gi(x) <0, i=1,...,m

hy@) =0, j=1,....p

where f(x) is the objective function, g;(z) represents the inequality constraints, and h;(z)
denotes the equality constraints. The objective is to find the vector x that minimizes the
objective function while satisfying all constraints. This scenario is typical in supervised learning
for classification tasks.

Bilevel Optimization. Bilevel optimization involves two levels of optimization problems, one
nested within the other, and is frequently employed in game theory to model leader-follower
scenarios. In this context, the leader optimizes their objective while considering the follower’s
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response, resulting in a hierarchical decision-making process.

Mathematically, a bilevel optimization problem can be expressed as:

min max F(z,y)
r€ER” yeR™

subject to g;(z,y) <0, i=1,...,p
h](x7y):07 j:17"'7q

where F'(z,y) is the function that one player aims to minimize, while the other seeks to maximize
it, subject to the constraints g;(x,y) and hj(x,y). This type of problem is relevant in the
optimization processes for Generative Adversarial Networks [Goo+14].

First-Order Algorithms for Non-Convex Functions. First-order optimization algorithms
utilize the gradient of the objective function to direct the search for the optimum. Gradient
Descent is a widely adopted first-order method applicable to both convex and non-convex func-
tions, exhibiting slightly different properties: in the case of convex functions, it is guaranteed to
find the minimum, whereas in non-convex problems, it may become trapped at a saddle point.

The literature on first-order optimization algorithms for both convex and non-convex problems
is extensive. For those interested, we recommend classical texts on convex optimization by Nes-
terov [Nes13] and Boyd and Vandenberghe [BV04], a focused work on non-convex optimization
by Sra, Nowozin, and Wright [SNW11], and a book on online convex optimization by Hazan
et al. [Haz+16]. In the following sections, we will introduce the main notations to assist the
reader in understanding the subsequent material.

Gradient Descent updates the solution x iteratively by moving in the direction opposite to
the gradient of the objective function f(z) according to the rule

Tpy1 = o — aV f(zy),

where « is referred to as the step size or learning rate. The selection of « is crucial, as it
significantly impacts the convergence rate and stability of the algorithm.

Stochastic Gradient Descent (SGD) is a variant of Gradient Descent that employs a random
subset of data points to compute the gradient, enhancing scalability for large datasets. The
update rule for SGD is:

Tpy1 = T — aV fi (T),

where f;, denotes the objective function evaluated at a randomly chosen data point i;. Although
the stochastic nature of SGD may reduce the accuracy of each update, it compensates with
increased speed, as only a single gradient computation for one sample is required. This method
is widely used in training large-scale machine learning models.

Momentum and acceleration techniques improve the performance of first-order algorithms.
Momentum incorporates a fraction of the previous update into the current update, facilitating
faster convergence and reducing oscillations:

Vkt1 = B + aV f(xg)
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Tk+1 = Tk — Vk41

where § is the momentum coefficient. Variations of momentum are referred to as accelerated
methods, such as Nesterov’s Accelerated Gradient (NAG) [Nes83], which provide stronger guar-
antees on faster convergence.

Preconditioning modifies the gradient direction to account for the geometry of the problem,
thereby enhancing convergence. Preconditioned Gradient Descent employs a preconditioner

matrix P:
Ty = ) — aP7IV f ()

to accelerate convergence; this approach is particularly beneficial when one can identify easily
invertible preconditioning matrices that closely approximate the Hessian of the optimization
objective.

Second-Order Algorithms for Convex Functions. Second-order algorithms utilize both
the gradient and the Hessian of the objective function, providing more accurate information
about the curvature. It is crucial that the function is convex, ensuring that its Hessian is
a positive definite matrix. This guarantees that the direction of the update remains in the
half-space that leads to a decrease in the objective function at each step.

Newton’s Method is a well-known second-order technique for convex optimization problems,
characterized by the update rule:

Tp1 = v — Hy(zk) PV f(21)

where H¢(xy) represents the Hessian matrix of f(x) at x;. Newton’s Method achieves quadratic
convergence, making it highly efficient for problems where the Hessian can be easily computed
and inverted.

Quasi-Newton methods approximate the Hessian matrix, which reduces computational costs
while still retaining some advantages of second-order information. Notable quasi-Newton meth-
ods include Davidon-Fletcher-Powell (DFP) [Dav91; FP63], which updates an approximation of
the Hessian inverse using differences in gradients; Broyden-Fletcher-Goldfarb-Shanno (BFGS)
[Bro70b; Bro70a; Fle70; Gol70; Sha70], which refines the Hessian inverse approximation with a
rank-two update; Limited-memory BFGS (L-BFGS) [LN89], which stores only a limited number
of vectors to approximate the Hessian, making it suitable for large-scale problems; and Sym-
metric Rank-One (SR1) [CGT91], which updates the Hessian approximation using a symmetric
rank-one update.

For instance, the update rule for BFGS is:

T T
YKy Hyspsy, Hy
Hjq = H + 5 — k

Yl sk sT Hysp,
where s = xp+1 — 2 and yp = Vf(xp41) — Vf(xgk).

In the final part of this section, we will introduce two lesser-known quasi-Newton methods: the
BHHH algorithm [BHHH74] and Conjugate Gradient Descent [HS+52; FR64], which will be
significant in our subsequent discussions.
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BHHH Algorithm. The BHHH algorithm, named after Berndt, Hall, Hall, and Hausman
[BHHHT4], is a specialized optimization method frequently employed in econometrics for max-
imum likelihood estimation. It is particularly advantageous when the likelihood function is

complex and challenging to maximize using conventional techniques.

The BHHH algorithm iteratively updates parameter estimates by utilizing the outer product of
score vectors. The update rule is given by:

n n

~1
Okt1 = Ok + (Z Si(ek)si(ek)T> > si(Or),

i=1 =1

where s;(0) represents the score vector (the gradient of the log-likelihood) for the i-th obser-
vation at the parameter estimate 6. This method leverages the information matrix to provide
a more accurate update direction, thereby enhancing convergence.

Conjugate Gradient Descent. Conjugate Gradient Descent (CGD) [HS+52; FR64] is a
first-and-a-half-order optimization algorithm designed for solving large-scale linear systems and
quadratic optimization problems. It integrates principles of gradient descent with conjugacy
based on an inner product, enabling efficient navigation of the optimization landscape when
the local quadratic geometry is partially known, without the need for the costly computation

of Hessian inversions.

CGD iteratively refines the solution by considering the direction of the previous step and en-
suring that each new direction is conjugate to the previous ones. The update rule consists of
two key steps: computing the search direction and updating the solution. The search direction
P is defined as:

pr = =V (k) + Brpr—1.

where S is a scalar that ensures conjugacy, and the solution is then updated as

Tpi1l = Tk + Py,

with ay being the step size determined by either a line search or a fixed constant.

The conjugacy condition is analytically resolved, leading to the establishment of a step-size
selection rule, among which the most commonly used are [HZ06]:

1. Exact Line Search: Determines the optimal step size by minimizing the objective func-
tion along the search direction.

2. Fletcher-Reeves: Utilizes the gradient norm ratio

V[ (xr)"V f (1)

P = o )TV far )

3. Polak-Ribiere: Adjusts 8; using

V() (Vf(ze) = Vi(ze1))
V(e )TVf(zr)

Br =

4. Hestenes-Stiefel: Computes §; based on the change in gradients and the previous search
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direction
g = VI (VS (@) = Vi @)
C T (V) — V(ze))

CGD is particularly beneficial for large-scale problems because it requires only matrix-vector
multiplications, thus avoiding the explicit computation and storage of large matrices, which
would be necessary in a full second-order method. This makes it suitable for high-dimensional
optimization challenges in machine learning and scientific computing. The method typically pro-
gresses more significantly than Gradient Descent in each iteration, especially for well-conditioned
problems where there is a substantial difference in curvature across various conjugate directions.

3.2 DNN as an Optimization Problem

Setting and Notation. Consider the typical supervised learning setting, where n examples
(z5,9;) € X x Y are sampled i.i.d. from an unknown probability distribution D € P(X x Y);
a parametric function f: X x © — Y and a loss function £: X x Y x Y — R convex in the
third argument are given; we are interested in the setting of parameters § € © that results in
the smallest possible loss, i.e.

0 = a‘reg:a@linE(m,y)w'D[g(xk7 Yk f(xkv 9))] (31)
S

Since the distribution D is unknown, we will typically rely on the minimization of the structural
risk given by the loss on the empirical examples together with a (usually convex) regularized
R : © — R expressing our preference for certain areas of the parameters:

argmin £(0) := ! Zﬁ(mk,yk, fyk,0)) + R(6). (3.2)
0co -

This makes the supervised training of DNNs a single-level optimization problem, albeit a non-
convex one due to the highly non-linear nature of the neural network f(z;;#). Common choices
for the loss function ¢ include the mean squared error for regression tasks and the cross-entropy
loss for classification tasks.

As previously mentioned, the optimization problem can be approached using some form of
Gradient Descent, where the parameter updates are given by:

0t+1 = Ht - QVQL(Gt),
with « representing the learning rate and VyL(6;) being the gradient of the loss function.
Peculiarities of the Deep Network Optimization Problems. For our later treatment
of supervised learning as an optimization problem, it is essential to notice the peculiarities
of Deep Learning optimization problems with respect to classical convex problems that are

typically studied, as if one wants to develop an algorithm specifically tailored to them, it has
to respect their defining properties.
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The first thing that differentiates Deep Networks from generic convex optimization is the role
of randomness in the initialization of the parameters 6, which allow us to analyze that part
of the network using the Central Limit Theorem (or, more generally, to exploit phenomena of
concentration of measure) and a first-order locally valid linearization of the network function;
the role of randomness isn’t just relagated to the initialization, but can continue throught the
whole training, as we have seen in the treatment of Neural Tangent Kernels in Chapter 2.

On the other hand, the loss function ¢ is convex in the third argument, and one would like
to use the fact that convex functions have a positive definite Hessian to obtain a proper local
approximation to the original minimization problem.

Bilevel Optimization in the Context of GANs. Generative Adversarial Networks (GANs)
[Goo+14] exemplify bilevel optimization in machine learning, where two neural networks—the
generator G and the discriminator D—are trained simultaneously through an adversarial pro-
cess. The objective is to find a Nash equilibrium [Nas50] in a minimax game where G generates
realistic data samples, and D distinguishes between real and fake samples. The optimization
problem for GANs can be formulated as:

m(}n max V(D,G) = Eqppyora(@llog D(@)] + E,p ) [log(1 — D(G(2)))]-

In this setting, the discriminator D aims to maximize its ability to correctly classify real samples
from the data distribution pg,., and fake samples generated by G. Concurrently, the generator
G aims to minimize the discriminator’s ability to make these classifications, effectively trying
to ”fool” the discriminator. This adversarial training process enables GANs to generate highly
realistic samples, making them powerful tools for generative modeling.

The training of GANs typically alternates between updating D and G using gradient-based
optimization methods, such as Stochastic Gradient Descent-Ascent [BGBL23] or Competitive
Gradient Descent by Schéfer and Anandkumar [SA19].

Generative Adversarial Networks (GANs) Goodfellow et al. [Goo+14], have shown remarkable
success in generating high-quality samples across diverse domains. However, standard GANs
often suffer from training instabilities and mode collapse, where the generator fails to capture
the diversity of the data distribution. To address these challenges, Arjovsky, Chintala, and
Bottou [ACB17] proposed the Wasserstein GAN (WGAN), which use the Wasserstein distance
derived from optimal transport problems as a new metric for training the GANs.

The Wasserstein GAN reformulates the min-max optimization of standard GANs into the fol-
lowing form:

mén ngéé]l:)z Eznp, [f(2)] — E.np. [f(G(2))],

where G is the generator, f is the critic (or discriminator), Fy, is the set of 1-Lipschitz functions
(enforced via constraints such as weight clipping), P, is the real data distribution, and P, is the
distribution of generated data. The generator G seeks to minimize the Wasserstein distance,
while the critic f approximates it. For what concerns us it is important to notice that the type
of problem that has to be solved remains the same, namely bilevel min-max optimization.

The Wasserstein distance offers a more principled approach to measuring the discrepancy be-
tween the generator’s output distribution and the true data distribution. Unlike the Jensen-
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Shannon divergence used in standard GANs, the Wasserstein distance provides smoother gra-
dients for the generator during training, even in cases where the distributions have little or no
overlap. This property significantly improves the stability of the training process and mitigates

issues of mode collapse.
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Chapter 4

Polyak—Lojasiewicz Theory

The Polyak—Lojasiewicz (PL) condition was originally introduced by Polyak [Pol63] as a general
condition that ensures linear convergence of first-order optimization methods and was recently
rediscovered in the deep learning community to address the need for convergence proofs of

overparameterized non-convex models.

The line of works that tries to prove convergence to global minima in deep learning started
with the influential work of Du et al. [Du+19], in which they rely on the existence of a descent
direction at almost all points of the optimization landscape for an over-parametrized neural
network in which every layer has more neurons than the amount of samples in the dataset.

This line of works has been followed by the revival of the Polyak—Lojasiewicz condition in more
recent times, which has been used in many theoretical papers to prove convergence results for
machine learning and deep learning models, e.g. in the work of Karimi, Nutini, and Schmidt
[KNS16], and many variants have been introduced to address specific problems like the Proxy-
Polyak—Lojasiewicz inequality by Frei and Gu [FG21] and the PL* condition by Liu, Zhu, and
Belkin [LZB20] in which they relate the Tangent Kernel smallest eigenvalue to the PL coefficient
u, and are able to bound the coefficient from below in a neighbourhood of the initialization.

While theoretical results are important to understand the behavior of networks in the wide-limit
setting, it is the author’s opinion that all theoretical results should be also empirically tested
for their adherence to reality in non-limit setups, and thus to understand whether the theory we
have is sufficient to properly explain the behavior of real models, or if other phenomena occur
that are not currently explainable.

In this Chapter, we will present the theory of Polyak—Lojasiewicz functions under the different
aspects of convergence guarantees, conditioning of the optimization problem, and generalization
results of the found minima, which will prepare the stage for our empirical analysis in Chapter 6
of how well real networks behavior can be explained by the predictions made by the theory of
Polyak-Lojasiewicz functions.

4.1 Convergence

We introduce the background on PL functions that we use throughout the thesis, referring the
reader to Karimi, Nutini, and Schmidt [KNS16] for known convergence results. We remark that
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the presented theory concerning convergence speeds has an analogue in the two-sided PL setting
of [YKH20], thereby extending its possible applications to minimax optimization problems, such
as those present in Generative Adversarial Networks [Goo+14] optimization.

Introduction to the Polyak-Lojasiewicz Condition. The Polyak-Lojasiewicz condition
bridges the gap between strong convexity and general non-convexity: it is particularly useful
because it can ensure convergence even for non-convex functions, making it highly relevant in

the training of neural networks and other machine learning models.

The PL Condition. The PL condition for a differentiable function f : R™ — R is defined by
the existence of a constant p > 0 such that

vreR"  SIVI@IP 2 mf(E) - ) (41)

where f* is the global minimum value of f, and we define the optimality gap {(z) := f(x) — f*.
In this case we say that f is u-PL.

This inequality implies that the norm of the gradient provides an upper bound for the distance
to the optimal function value. Intuitively, the condition ensures that the function does not have
flat regions and that the gradient is sufficiently informative to guide the optimization process
towards a point of global minimum value.

Smoothness. Given a function f : R® — R for an L > 0 we say that f is L-smooth if and
only if for every x,y € R" we have

F(w) < F@)+ (V(a).y—2) + 5y — 2P,

Convergence under the PL Condition. PL functions enjoy the useful property of expo-
nential convergence to a point of minimum value via common first-order otimization methods
[KNS16; CR17; GGGM21]. Additionally, PL functions theory encompasses convex optimiza-
tion because strongly convex functions satisfy the Polyak—Lojasiewicz condition with the same
coefficient [KNS16]. In this thesis we only consider minimization via gradient descent, but the
extension to other algorithms is standard.

Let be given a function f that satisfies the u-PL condition and is L-smooth, then gradient
descent with a fixed step size o converges linearly to a global minimum value point:

Lemma 1 (Convergence speed and radius for PL functions, [KNS16]). Let f : X C R™ — R
be pu-PL and L-smooth. Choose an initial point xg € X and let the sequence of iterates evolve
according to the rule

g =gk — %Vf(xk). (4.2)

Letting v := 1 — &, the optimality gap decreases exponentially following the formula

) = < (rEk) - ). (4.3)
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Moreover, the distance from the initial point is bounded by

2(f(2) —f) 1
k+1_x0H§ ; e (4.4)

7
—||x
L
Proof. We start by evaluating the change in the function value in terms of the L-smoothness:
T L 2
Flar) = flaw) < VF(@r) (@ren = 26) + S llone — 2l

Then by substituting the gradient descent update rule

Tyl — o = —aV f(zk)
in the above equation we get
Lo? La
Fann) = £ < ~alVF ) + 5519w = —a (1 51} Vsl

And using the PL condition ||V f(zx)||? > p(f(zx) — f*) we obtain:

Flansn) = Fo) < ~20 (1= 5 ) (Fan) = ),

which, if a < %, becomes

f(@rg1) = flag) < —ap(f(zr) — f5),

and implies that
f@ps1) = 5 < (1= 20p)(f () — 7).

Linear convergence is thus established. O

Other Convergence Results. Karimi, Nutini, and Schmidt [KNS16] prove linear conver-
gence of various gradient based optimization algorithms for a diverse set of useful problems,
including greedy coordinate descent, sign-based gradient descent, stochastic methods in the
variance-reduced setting, and some proximal gradient methods. Chen, Yao, and Luo [CYL22]
extend the Polyak—Lojasiewicz condition to the minimax optimization setting, and Reddi et al.
[Red+16] analyze stochastic variance reduction methods on Polyak—Lojasiewicz functions.

4.2 Importance of the Lower Polyak—Lojasiewicz Condition

Our interest in the PL condition is motivated by its connections with the minimization algo-
rithms: notice first that Vf(xz) = 0 automatically implies that f(z) = f*, and thus that x is
a global minimum; moreover, the condition naturally arises when studying stochastic gradient

descent on f.
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Infact, consider the equation for stochastic gradient descent on f:
br = —nV f(00), (4.5)

where Vf(6;) is an approximation of the full gradient at that point. If we consider Vf(6;) =
V f1(0:) where I is a random batch of b examples, we certainly have that E;[V f1(6:)] = V f(6;)
and we can observe what happens when we study the logarithmic decrease of the optimality
gap:

d 1 - n V£ (601
E/ [ log £(0 } = =Bl [VF(0) - 0] = — =iV (0) - VF1(60)] = —n =2
at (80| = gy BV oy VIO VIO = g,
which tells us that the PL condition is the minimal one ensuring an exponential convergence
of the optimality gap under continuous stochastic gradient descent since it allows us bound
its mean log decrease from above. This also holds on discrete-time stochastic gradient descent
when assuming an upper condition [KNS16].

4.3 Relations to Deep Networks

In this section, we explore the connection between over-parameterized deep networks and
Polyak—Lojasiewicz functions, following the exposition of Liu, Zhu, and Belkin [LZB20].

Recall the notation of empirical risk minimization problem introduced in Section 3.2. Liu, Zhu,
and Belkin [LZB20] focus on the tangent kernel K (), which is the Gram matrix of the network’s
Jacobian matrix J(#). For a given parameter 6, the Jacobian J(f) is defined as:

J(e) = [vef(xlv 0)7 V@f(:v% 9)7 s ,VQf(ZL‘n, 0)} )
and the tangent kernel K(#) is then given by:

K(©)=JO)TJ(0).

To demonstrate that £(0) satisfies the PL condition, the authors show that the smallest eigen-
value of the tangent kernel K () is bounded away from zero with high probability. This result
is achieved through several key steps.

First, they establish that at initialization, due to the random initialization of parameters, the
tangent kernel is well-conditioned, meaning that its smallest eigenvalue Apin (K (6p)) is positive.
This is a consequence of the randomness in the initialization, which ensures that the gradients
Vof(x;;0) are sufficiently independent.

Next, they demonstrate that as training progresses, the parameters 8 do not drift far from
their initial values. This stability is crucial because it ensures that the well-conditioning of
the tangent kernel is maintained throughout training. Mathematically, they show that for each
step k of gradient descent, ||0; — 6p|| < ¢ for some small §. This is achieved using concentration
inequalities and properties of random matrices.

They then leverage matrix perturbation theory to show that if the initial tangent kernel K (6)
is well-conditioned, the tangent kernel K () at step k remains well-conditioned. Specifically,
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they use the Weyl inequality to bound the change in the smallest eigenvalue:
[ Amin (K (6k)) — Amin (K (60))| < [|K(0k) — K(6o)|[2,

where || - |2 denotes the spectral norm. Given the bounded change in parameters, the pertur-
bation in the tangent kernel is also bounded, ensuring that Ayin(K(0))) remains positive.

Finally, the authors conclude that since the smallest eigenvalue of the tangent kernel remains
positive, the loss function £(#) satisfies the PL condition, ensuring that the gradient descent
algorithm converges linearly to the global minimum.

Limitations. However, the approach has limitations. First, the reliance on over-parameterization
means that the results are most applicable to very large networks. If the network is not suffi-
ciently over-parameterized, the smallest eigenvalue of the tangent kernel may not remain pos-
itive, and the PL condition may not hold. Second, the analysis is probabilistic and relies on
random initialization, which is critical for ensuring the initial well-conditioning of the tangent
kernel. In practical applications, deviations from these assumptions can lead to failures in
finding the global minimum due to specific realizations of the randomness in the initialization.

Furthermore, while the analysis provides significant insights for fully-connected networks, ex-
tending these results to other architectures, such as convolutional or recurrent networks, poses
additional challenges. The intricate dependencies in such networks complicate the application
of the tangent kernel analysis.

4.4 Conditioning

Conditioning is extremely important in general optimization theory, since it provides valuable
information about the speed of convergence to the objective.

Conditioning Number of a Matrix. Let us recall that the conditioning number (M) of a
rectangular matrix M is the ratio between its highest singular value omax (M) = Amax(VMT M)
and its lowest singular value opin (M) = Apin(VMTM).

In the case of Polyak—Lojasiewicz functions, we consider the conditioning of the Jacobian matrix,
which is strictly related to the PL constant of the function, as the below Lemma shows.

Lemma 2 (Convergence and Conditioning, [LZB20, Theorem 4.1]). Let F : § C R™ — R"
be a function and L : R® — R a p-PL and L-smooth function on F(2). Define K(0) =
VE(O)TVF(0), which is a n x n positive semidefinite matriz and let A := mingeq Amin(K(0)),
A = maxgeq Amaz(K(0)). Then h:= Lo F is pA.-PL and LA\*-smooth on Q since

IVRO)* = [[VLE @) KO)VLE®))] (4.6)
> Mp(L(F(0)) — L) = Apa(h(0) — hy).

where L. := mingcpo) £(¢) = mingeq L(F(0)) = h«. The bound on smoothness can be proved
in a similar way by magjorization with \pqe(K(0)).

39



Improvement of Conditioning with Depth. Agarwal, Awasthi, and Kale [AAK20] ex-
plored how the depth of neural networks affects their conditioning and optimization properties.
For the first time, they proved that deeper networks lead to better-conditioned optimization
problems, which facilitates more efficient training. In contrast, earlier studies had to limit the
maximum depth of the networks they examined, as deeper architectures were detrimental to
their theoretical analysis.

The provide results on conditioning at initialization and during training of wide neural networks,
namely that conditioning improves exponentially with the depth of the network. Their results
hold for very wide networks, where the networks’ weights displace from their initialization can
be bounded with O(1/4/m), m being the number of weights in a single layer, and thus when
the Neural Tangent Kernel well-approximates its infinite-width deterministic limit [JGH18].

Intuitively, this occurs because each layer in a neural network transforms the data in a manner
that can only be controlled in terms of the mean, using principles from Mean Field Theory
(Chapter 1). As the depth of the network increases, the transformations become more complex,
but they also lead to a more even distribution of eigenvalues of the tangent kernel matrix,
thereby improving the overall conditioning.

Due to the difficulty of extracting quantitative results for smaller networks from the work of
Agarwal, Awasthi, and Kale [AAK20], we present the ideas of their arguments to give a bit of
context on the qualitative experimental analysis that will be performed in Chapter 6.

Conditioning in Neural Networks. Let X C R? and let n samples z = (z;,y;) ~ D €
P(X xY) be extracted from a distribution D, and let f™ : X x© — R¥ be a function representing
the first m layers of a neural network, which is parametric in the weights § € © C R?. Let us
define the function F™ : @ C R! — R by F™(0) := (f™(21;0),. .., f™(zn;0)).

We are then interested in studying the eigenvalues of the two different Gram matrices

G = (f (@i 0), f" (25:0)), K™= VET(0)'VE(6), (4.9)
which are related with network optimization speed [AAK20], since G™¥ is the kernel matrix
when the neural network is interpreted as a feature extractor and only the last layer is trained;
and K™ is instead connect to the PL constant of the network via Lemma, 2.

The main observation in the proof of Agarwal, Awasthi, and Kale [AAK20] is the following
relation between the entries of two G matrices at different layers:

G0 = 5(Gmif) (4.10)

where ¢ is the dual activation function defined by Daniely, Frostig, and Singer [DFS16] and is
applied entrywise.

This observation allows to control the entries in the G matrices at different layers: off-diagonal
entries converge to zero when iterating, while diagonal entries remain fixed at their initial values;
this observation allows to bound the highest and lowest eigenvalues, and a similar idea applies
to the K matrix via its relations with the deterministic limit of the Neural Tangent Kernel.
More details can be found in Appendix B.1.3.
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Conditioning during Training. Because of Lemma 2, convergence speed is ultimately con-
nected with the minimum eigenvalue of the K matrix encountered during training, and it is
thus interesting to study how conditioning evolves during the optimization trajectory.

Existing theories bound conditioning during training using the distance between weights at
the current time and at the beginning of training, making use of the well-known fact that for
invertible linear operators A and B such that omin(A4)||A — Bl|,, < 1 one has (see [Mal2]):

|omin(A) = omin(B)| < |4 = Bll, < [|A = Bl|p, (4.11)

where ||-[|,, is the operator norm and |[|-[| - is the Frobenius matrix norm.

Equation (4.11) can then be used with A = G"%() and B = G"%©) to obtain the required
bound, as the right hand side can be expanded in terms of distance between weights [LZB20].
Such an approach is essentially pessimistic, as it assumes that conditioning is optimal at the
start and that it degrades during training.

4.5 Generalization results

We have already established the significance of generalization results for a comprehensive theory
and their utility in applications related to Kernel Methods. In this section, we will focus on the
available generalization results for Polyak—FLojasiewicz functions.

The Need for Generalization Bounds. The necessity of having generalization bounds for
deep networks is highlighted by the work of Zhang et al. [Zha+16] in their paper ” Understanding
deep learning requires rethinking generalization.” This study reveals a fundamental issue: neural
networks can achieve zero training loss, meaning they can memorize the entire training set, yet
still generalize effectively to unseen data. This finding is counterintuitive because classical
learning theory, which relies on concepts such as VC dimension and Rademacher complexity,
suggests that highly complex models capable of perfectly fitting the training data should overfit
and perform poorly on new data.

The experiments conducted in the paper demonstrated that neural networks could memorize
random labels while still achieving low test errors, indicating that standard measures of model
complexity do not fully capture a network’s ability to generalize. This discrepancy between
empirical success and theoretical understanding underscores the need for robust generalization
results to ensure that models perform reliably in real-world scenarios.

Generalization Guarantees via Stability. Stability is a concept introduced by Bousquet
and Elisseeff [BE02] that refers to the sensitivity of an algorithm to small changes in the training
set: an algorithm is considered stable if a small perturbation in the training data results in a
small change in the output hypothesis.

The authors introduced the definition of uniform stability, which measures the maximum change
in the algorithm’s output when a single training example is replaced, formally defined as

Sug |L(ASaZ) - L(AS’72)| < B?
S
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where Ag is the algorithm trained on the dataset S, Ags is the algorithm trained on S” (which
differs from S by one example), L is the loss function, and [ is a stability constant. They
demonstrated that if an algorithm is uniformly stable with a small stability constant, it will
generalize well.

Pointwise hypothesis stability is a weaker notion but still sufficient to establish generalization
bounds; defined as
ES[|L(A(S), 2i) — L(A(S-i), z))[] <,

where S_; is the dataset S with the i-th example removed.

Stability and Generalization in Polyak—Lojasiewicz Neural Networks. Charles and
Papailiopoulos [CP18] use the stability framework to analyze neural networks by leveraging
the geometric properties of loss functions satisfying the Polyak-Lojasiewicz condition. They
demonstrate that under the PL condition, various first-order optimization methods exhibit
stability properties that guarantee generalization. More formally:

Lemma 3 (Generalization Bound for PL risk, [CP18, Theorem 3|). Suppose that for every
randomly extracted dataset S of n elements, the empirical risk Rg is pu-PL, and that it is
optimized by gradient descent. Let wg be a point of minimum value towards which gradient
descent is converging, whose existance is guaranteed by PL-ness of the objective, i.e. assume
that |Rs(ws) — Rg(w§)| < ea. Moreover assume that {(x,y, f(x;-)) is G-Lipschitz, then for
any & with probability at least 1 — § we have the estimates

2G? 1 2G?
N 4.12
6ptw = €A 0 + n—1 p ( )

M? + 12MnBpiy
() ~ R(us)] < yf 2 122005

where 0 < £(x,y,y') < M and Rp(w) := Eg ypll(x,y, f(z;w))].

(4.13)

Proof Sketch. They show that if the gradient descent algorithm converges to a global min-
imum, the stability bound can be derived using the geometry of the loss function around the
minima. Under the p-PL condition, they prove that the algorithm’s output changes little when
the training set is perturbed. This is because the gradient’s norm provides a strong measure
of suboptimality, ensuring that as long as the gradient descent steps are small, the output
hypothesis remains close to the optimal solution.
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Part 11

Contributions
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General Picture. The thesis abstract contribution consists in a modular approach to un-
derstanding Deep Neural Networks, clearly delineating the roles of network architecture, ini-
tialization, required generalization bounds, and the optimization algorithm. It also proposes
an optimization-derived hypothesis regarding the correct way to train a network: to incorpo-
rate generalization bounds as regularization within a Structured Risk Minimization framework,
followed by identifying an effective algorithm for the resulting problem.

While this may appear to be an obvious way to structure the network optimization problem,
the literature contains numerous examples where it is unclear if this is the ultimate goal of the
methods presented, and whether they genuinely improve the situation concerning this specific
objective. For instance, we introduced Mean Field Theory techniques in Chapter 1, which
were employed to address variants of the vanishing or exploding gradient problem [BSF94],
without critically assessing whether this approach effectively contributes to solving the network
optimization problem. In this Part, we will observe that the vanishing and exploding gradients
are merely symptoms of poor optimization conditioning, and that focusing on reducing this
conditioning tout court is a more effective overall strategy, with specific effects depending on
whether the chosen optimization algorithm employs some form of preconditioning.

We favor the optimization approach (in contrast to both the Tangent Kernel and Mean Field
approaches) because it is applicable to individual networks, even though we must theoretically
assume certain hypotheses about the model that are only satisfied in ensemble or infinite-width
limit cases. However, these assumptions are necessary only for performing local measurements
on relevant network quantities during the optimization trajectory. Nevertheless, we will illus-
trate the advantages of this approach through a couple of examples presented in this Part; we
want to emphasize that these examples serve as an exploration of the natural consequences of
the approach and are by no means exhaustive. At the end of this Part, we will discuss the
interpretations of the results obtained and other potential future applications of this approach.

Modelling Assumptions. In practical terms, we outline some general assumptions regarding
the weights of the model during training, which serve as a foundation for the theoretical analysis
of network optimization. These assumptions are novel in themselves, provably true in limit
settings, empirically validated on real networks, and provide a robust basis for a first-order
development of the theory. We will demonstrate how these specific assumptions enable us to
study the predictivity of the Polyak—Lojasiewicz Theory on exemplary networks, as well as
derive the optimal local learning rate for use with SGD, which are the applications of the
framework presented in this Part.

Connections with Deep Kernel Methods. In Chapter 5, we expose a theoretical parallel
between Deep Neural Networks and Deep Kernel Methods. This framework allows for proving
new properties of Deep Neural Networks without reference to their internal architecture, which
is directly embedded in the form of the Kernel, thereby facilitating generalized proofs.

Predictivity of the Polyak—Lojasiewicz Theory. In Chapter 6, we assess the predictivity
of the Polyak—Lojasiewicz Theory introduced in the first Part concerning convergence, condi-
tioning, and generalization. This study is motivated by the need to preliminarily understand
whether this specific optimization theory can effectively elucidate the behavior of neural net-
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works during training. The significance of the Polyak—Lojasiewicz condition in the optimization
analysis is underscored by its recovery as the most general inequality that ensures a linear rate of
convergence when Stochastic Gradient Descent is employed, and the empirical results obtained

are promising.

Semidefinite Landscape Approximation and Adaptive Learning Rate Tuning. In
Chapter 7, using our custom modeling assumptions, we derive a positive semidefinite local
quadratic approximation of the Deep Network objective within the context of the Polyak—
Lojasiewicz Theory. This can be viewed as an analogue of the Berndt-Hall-Hall-Haussman
algorithm [BHHH74] for likelihood functions. We justify the choice of assumptions based on
specific network limit cases that can be analyzed mathematically, and we proceed to develop
heuristics for selecting the optimal learning rate by considering the local quadratic approxima-
tion of the objective.

In the same Chapter, we utilize the previously obtained Semidefinite Approximation to create
a new learning algorithm in which the learning rate of SGD is automatically adjusted during
training. This algorithm outperforms a grid search over ten learning rates of SGD while requiring

only twice the computational resources.

Future Research. The potential developments of the proposed theory can be broadly cat-
egorized into two main areas: adaptations of the theory to different optimization problems,
such as bilevel optimization for Generative Adversarial Networks [Goo+14], Continual Learning
[MC89], and Reinforcement Learning [Sut18]; and a deeper exploration toward hyperparameter-
free learning algorithms and strategies for achieving faster convergence by optimizing initializa-
tion methods to reduce conditioning. These topics will be elaborated upon in the final chapter
of this part.
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Chapter 5

Deep Neural Networks relations
with Deep Kernel Methods

Deep neural networks archieved remarkable performances in recent years on a moltitude of tasks
and a substantial research effort is being spent to uncover the fundamental reasons of such
performances. The vast majority of these works lack generality with respect to the network
architectures and results are restricted to feedforward models only. On the other hand more
architectures are used on production systems, and much more are continuously being created
to improve state-of-the-art results.

We argue that this results in duplication of efforts when a known result has to be rederived
for another architecture and in a poorer understanding of the real reasons of success of certain
combinations of architectures and hyperparameters, as well as in theoretical results having much
smaller practical impact because of architecture changes.

In this Chapter we propose a general framework based on Deep Kernel Methods of Bohn,
Rieger, and Griebel [BRG19] for the study of neural networks separatedly from the architectural
constraints, which are instead encoded as properties of the specific kernels. We show that our
framework includes Fully Connected, Convolutional and Recurrent Layers.

We showcase its flexibility by deriving known results of Li, Ding, and Sun [LDS18] on the non
existance of certain suboptimal local minima in wide networks in an architecture-independent
way. We argue that the framework is terser than the single architectures definitions and we
suggest that, via the usage of kernels, it could provide a way to insert prior knowledge into the
network architecture.

5.1 Introduction

Deep Neural Networks have gained widespread adoption and have been shown to be capable
of archieving superhuman performance in a moltitude of tasks, among which object recogni-
tion [CMS12] with multiple applications in the medical area [Lit+17], human face recognition
[MWHN18], game playing, both real time multiplayer [Ber+19] and zero-sum turn-based games
[Sil+16], as well as in performing repetitive surgical tasks [Van+10]. Despite this, their theoret-
ical understanding remains limited [Zha+16] and many branches of research have tried to tackle
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the problem from different angles. Out of these, two frameworks that have helped in obtaining a
more in-depth understanding of neural networks are certainly the Mean Field Theory approach
by Schoenholz, Gilmer, Ganguli, and Sohl-Dickstein [SGGS17]| and Neural Tangent Kernels by
Jacot, Gabriel, and Hongler [JGH18].

Both frameworks focus on the study of wide or infinite neural networks, which theoretical
study seems to be easier, especially for what concerns their training process. Other theoretical
works focus on the analysis of a particular kind of networks, such as Fully Connected Networks
[LDS18], Convolutional Neural Networks [NH18] or ResNets [Du+19]. Due to the very special-
ized proofs, it is usually not clear whether such results also hold for other architectures or not,
and results on recurrent networks are scarce.

This is certainly a problem in critical applications of neural networks, where a greater com-
putational effort for training a wide network may be compensated by the available theoretical
guarantees about training and generalization. However imagine that all available papers only
prove this in the case of Fully Connected Networks, while the application requires Convolutional
or Recurrent Networks. How should the intended “user” of such results proceed, if he has no
results concerning the architecture of interest?

Moreover, from the point of view of the theory itself, a decoupling between network architectures
and other network hyperparameters (width, depth, loss function, etc.) has to be introduced in
order to be able to distinguish results relative to peculiar architectures, such as ResNets, from
results that concern all neural networks under certain hypotheses.

The framework we propose in this Chapter tries to decouple these two aspects in a fairly natural
way by using Concatenated Kernel Methods [BRG19]. We generalize a known result by Li, Ding,
and Sun [LDS18] in this framework to show its flexibility.

Contributions. The contribution of the current work is the proposal of a framework in which
general properties of neural networks can be proven in an architecture-independent way, capable
of unifying also recurrent networks, for which only few results currently exist. Such framework
allows for a better understanding of which properties of networks are due to the architecture
being studied and which are instead more general. By tying finite neural networks to kernel
methods, the framework also suggests how prior knowledge may be injected into neural networks
architectures, even if this is not touched upon in the Chapter.

A second contribution is the proof of a generalization of a result by Li, Ding, and Sun [LDS18]
about the disappearance of bad basins in wide networks. The novelty is that the proof is carried
out in an architecture-independent way, thus effectively proving that the disappearance of bad
basins is just a property of the width of the optimization problem and is not influenced even
by the choice of architecture.

We prove that the set of weights for which the last layer kernel matrix is not of full rank is of

zero measure, which enables us to prove a weak form of globality via an argument of Li, Ding,
and Sun [LDS18].

The Chapter is structured as follows: in Section 5.2 we provide the reader with an introduction
to Deep Kernel Methods, in Section 5.3 we explore the link between the proposed framework
and existing neural network architectures (FCN, CNN, RNN), and set the notation which will
be used troughout the Chapter. Finally Section 5.4 provides a proof in this framework of the
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already cited result of Li, Ding, and Sun [LDS18]. Even if the result is known, we highlight that
the proof itself is technically different and the obtained result holds for all the neural network
architectures that fit in our framework, of which notable examples are FCNs, CNNs and RNNs.

We also want to emphasize that the current work is not based on Neural Tangent Kernels
by Jacot, Gabriel, and Hongler [JGH18], which instead assumes infinite width networks to
represent networks as a single “flat” kernel. Our framework instead preserves network structure
and provides an alternative interpretation of neural networks.

5.2 Deep Kernel Methods

Deep Kernel Methods (DKM), introduced in the work of Bohn, Rieger, and Griebel [BRG19],
basically consist in the concatenation of multiple kernel methods one after the other. We
thereby set the notation that will be used in talking about DKMs and state a representer
theorem for them. We refer the reader to Micchelli and Pontil [MP05] for details on vector-
valued Reproducing Kernel Hilbert Spaces (RKHS).

Let L € N be the number of concatenated kernels, and for [ = 1,. .., L let ' be the I-th RKHS
of functions with finite dimensional domain Z;_; and finite dimensional range Z;. As common
in other works, we will denote by (-, ), the Hilbertian inner product in Z; and by (-, -); the inner
product in the RKHS #/, omitting the { when it is clear from the context. Given dy,...,d; € N
we will restrict ourself to consider the case in which Z; = R% for [ = 0,...,L and we will
denote by e; for i = 1,...,d; the standard base vectors of R%. In this context the associated
kernel function to H' will be K' : Z;_1 x Z_1 — L(Z, Z;), where L(Z;, Z;) is the space of linear
functions from Z; to Z;.

We are also given N observations D = {(zg, yx)}p—y  y C Zo x Z for k= 1,...,N and we
assume that an arbitrary loss function £ : (Zy x Zr, x Zr)N — R is given, and we define the
cost of a function f : Zy — Zy, relative to the loss function £ as C(f) = L((zk, Yk, f(21))k)-

Using a DKM we allow more flexibility in the functions that we want to fit, but still retaining the
more rigid structure imposed by kernel methods. Despite this added flexibility a representer
theorem has been derived by [BRG19], which allows to reduce some kinds of optimization
problems on the functional space to finite-dimensional ones.

Theorem 1 (Representer theorem for Deep Kernel Methods, [BRG19]). Given a DKM and an
arbitrary loss function L as per the above notation, let ¢1,...,¢r : R — R be strictly increasing

functions.

Then for f' € H', any minimizer (f)E, of

2
Hl)

L
L((wi,yi [P0 o f1(wa)i) + Z@(Hfl’
=1
fulfills f' € VE CHE forl=1,..., L where
V! = Span {K’(fl—1 o... o fMxy), Yew | ki =1,... ,dl}
where K' denotes the reproducing kernel of H' and er, 18 the ki-th unit vector.
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The representer theorem basically says that a minima for the loss function £ can be found on
a well-specified linear subspace V!, that depends on the given input points and on previous
layers. The resulting optimization problem is however non-convex and thus its solution seems

unfeasible.

In this Chapter we prove some favorable properties of the loss landscape of a slight variation
of the above minimization problem, where we require that the spaces at each level are actually
fixed before starting the optimization, and assuming that the kernel functions are real analytic.

5.3 Linking DKMs to Neural Networks

In this section, after setting the notation that will be used in Section 5.4, we define the kernels
corresponding to Fully Connected layers, Convolutional Layers and Recurrent Layers. In the
context of the above notation for DKM, we introduce the notion of Parametric Kernel, which
will allow us to consider recurrent networks in this framework. Parametric Kernels are kernels
that simply accept an outside parameter that changes the space of representable functions, be
leaves fixed the space on which the functions operate.

Definition 1 (Parametric Kernel). We will call parametric kernel a function K : U x X X
X — L(Y,Y) where Y is an Hilbert Space such that for every uw € U the resulting function
Ky(x,2'") = K(u,z,2') is a kernel for an appropriate space of functions from X toY. We will
denote H,, the resulting RKHS.

Notation. For fixed functions f' € H!, we will denote by f = flo...ofl: Zy = Zp the
concatenation of all functions, by 20 := z; the points in the dataset, and by zZHl = fL(
their images at every step of the function composition.

We will denote by wﬁ € Z; fori=1,...,p; fixed points that will form the basis of the space on
which the considered functions f! will lie: in other words, the function f!: Z;_; — Z; will be

expressed as f(il,ul ()= Zij ozinlul (wﬁ_l, -Je; where ! € RPi-141 is the vector of the coefficients.

Subscript indices can cause some confusion in the notation because we may use more indexes
to refer to the same dimension of a tensor. To differentiate them a comma is inserted between
the indexes. More formally we define T[(ni,... ,n}ﬂ), (n2,... ,n%Q), ooy (nf, ... ng )] to be the
space of tensors with r dimensions, each of which is indexed with k; indexes of various running

dimensions.

For example we may say A;j g € T[(n,n), (p,q)] to denote that A is a n? x pg matrix and its
indexes have different ranges: i € {1,...,n}, j € {1,...,n}, k € {1,...,p} and r € {1,...,q}.
We will also identify T [n 1] with 7[n", 1] as commonly done with vectors and single-column
matrices.

In the next section we will reason about the loss landscape of a fixed wide DKM, so that we
will assume, unless otherwise specified, that the function spaces H! parameterized by u, the
dataset D, the functional basis space wé and the loss function £ are fixed, while we will treat

l

the function coefficients aéj and the kernel parameters u‘ as variables.

To ease notation we will not specify the dependency on a’s or on u’s of the quantities X ,lw =
(2}, ewn) € T[(N,d;)] which represent basically the coordinates in the space Z; of the points after
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passing through the I-th layer and of H. = (K, (w2 Yej ew) € Tl(pi-1, i), (N, dy)]

’Lj kw )
which represents the product matrix of the embedded points zk_l with respect to the chosen
base w . Notice that it holds X =D ij o/ lHll] klw

We will also denote the loss calculated on the output points as Lp(X %) = L((xk, Yk, 27 )x) where
the 2z are computed accordingly to the above definitions, and with the symbol Az, we will
denote the minor obtained from matrix A by using only the rows ¢ € I and the columns j € J,
where we will use uppercase letters to denote sets.

Finally, we define the cost function in its parametric view C, : RP09 x . x RPL-19L 4 R as
1 L1 Ly — (f 7 _ ¢L
Colat,...;arut, ..o u™) = C(fa;) where f&j = faL,uL °...0fii,

alphas from the parameters of C,, if they are fixed in the current context and we will denote by

1. We will omit some

a the full vector of al,...,a and by u the vector of kernel parameters.

5.3.1 Neural Network Kernels

The connection with Artificial Neural Networks (ANN) arises when we consider each layer
of an ANN as a linear combination of some space transformation over the previous layers,
where the space transformation is induced by the broadcasted non-linear activation function.
In this Section, we introduce the DKM formulation of the main neural layer types, namely fully
connected, convolutional and recurrent.

Definition 2 (Fully-connected Kernel). Given an activation function o : R — R the Kernel to
consider for an FC layer from R® — R? is the following

K(z,a)y = (Z a(w)a(ac;))y (5.1)

i=1

where y € RE.

Remark 1. In considering the above kernel it can be easily shown that the functions that can
be expressed in the related RKHS are the same that can be expressed in a layer of a FCN. To

this aim consider c,r € R such that o(c) # o(r) and define v* € R® by 7; = ;7 + (1 — d45)c
with the usual Kronecker delta.

Considering K(v',z)e; = o(r)o(zk)e; + o(c) > ki 0(xK)ej one can see how these are another
base for the standard base functions of neural networks. This is more evident when o(c) = 0,
so that now K(v',z)e; = o(r)o(zi)e; is a direct multiple of a standard base function.

Definition 3 (Convolutional Kernel). The Kernel for a Convolutional layer applied on inputs
z, 2’ € RYM" where w is the width, h is the height and c is the number of channels being
considered is the following

w h
K(x, ' Jeapy = ZZU Tijy )0 (a—3)(B—j)~ ) | easy
=0 j=0

where a term of the sum is null if any of the inputs evaluated at that index are not defined, and
a€{—w,...,w}, B€{=h,....,h} and vy € {1,...c}.

Notice that the kernel in Definition 3 implements a variation of a single-strided convolution
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with padding between inputs of the same size. To allow for biases terms and restructuring of
the output of such kernel one can apply the following remark.

Remark 2. Since for both the above two kernels we have that Vi K(x,z")e; is a scalar multiple
of e;, one can also select only some output dimensions, for example to adapt to the description
of the exact type of convolution used in real networks.

Their inputs can also be augmented to easily allow for bias terms in what is commonly known
as the bias trick without changing the theory in this Chapter. For expository reasons we stick
to these simpler examples.

To include recurrent kernels we will suppose that X = (R9)T, i.e. that every element of X
is infact a sequence of T' points in RY, and we will write x;; € R? where ¢ € {1,..., N} and
te{l,...,T}.

Definition 4 (Recurrent Kernel). Given o : R — R the activation function, we want to find
a kernel version of the typical RNN recurrence equation hyy1 = o(Wxy + Uhy). To do so we
will first apply a linear FCN kernel to obtain the zy = Wxy part, and after that we will use a
parametric kernel K, where u is a ¢ X ¢ matriz and define

K, (z, z’)ei;t = (Py(2)y - @u(zl);t)ei;t
Oy (2): =024 +uo(zg—1 +u...0(z2+uo(z1))...))

Notice that each element of the output sequence only depends on a finite number of elements
of the input sequence, as this will be used in a later proof to rely on the theory of analytical
functions on finite-dimensional spaces.

5.4 Loss landscape of Wide Deep Kernel Methods

In this section we prove our main theorem about the disappearance of basins in wide networks.
We begin with a motivating lemma, that will show the need to study the rank of kernel matrices
at different layers.

Lemma 4. Suppose that pr,_1 > N and that the last layer kernel matriz H* € T{(pr_1,d;), (N, d;)]
is of full rank at the point . If in addition VCyu(a) = 0, i.e. « is a stationary point of the
parameter loss, then VLp(X*) = 0, i.e. the outputs of the current network are a stationary
point for the point loss.

Proof. Remembering that X kLw = Z o; H via a simple computation we obtain

ij,kw?

dC, oL 8X
0= —r(a)=Y P (xh). —he ZVED Hf o = (HY VLD(XD)),. (5.2)
80%-]- ™ 0X;,

and since H is of full-rank and with more rows than columns, it holds Ker HY = 0 which
implies that VLp(X%) = 0 as desired. O

In the case where the point loss function Lp is convex the above lemma says that a stationary
point of the optimized parameter loss is actually a global minima for the empiric loss of the
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current problem, provided that the network is wide enough. The requirement that the last
layer kernel matrix be full rank motivates the study of full-rank points « in the optimization
landscape.

The notation for the next part of the section will focus on a single RKHS H of functions from
X =R®*to Y =R, and K is the associated parametric kernel of . For the case of parametric
kernels we will assume u to be fixed, i.e. that the stated properties hold Vu € U, but we will state
them without u to ease the notation. We will sometimes assume that K : X x X — L(Y,Y) is
an analytical function, in the sense that for any fixed y € Y the function K(-, )y : X x X =Y
is a real analytic function, in order to use the following lemma:

Lemma 5 (Dichotomy for zero sets of real analytic functions, [Mit15]). Let f : R™ — R a real
analytic function. If f is not identically zero, then its zero set Z; = {z € R™ | f(z) = 0} is of
zero lebesgue measure.

We start by recalling the following definition, given by [MP05] about the linear independence
of points in a kernel space.

Definition 5 (Linear independence of points in a Kernel Space, [MPO05]). For distinct points
Z1, ..., Tm € X we say that the linear functionals Ly, : H — R defined by Ly, f = f(x;) are

linearly indepent if and only if there does not exists c1,...,¢m € Y not all zero such that we
have .
vfPeH Y (e f(x;) =0. (5.3)
i=1

We will say that the points z1,...,z,, are linearly dependent (linearly independent) iff the
corresponding linear functionals L,,,..., Ly, are linearly dependent (linearly independent).

The importance of finding independent points is made explicit by our next lemma (notice that
here the matrix H does not represent the Hessian).

Lemma 6 (Characterization of dependent points). The points x1, ..., Ty, are dependent if and

only if the matriz Hij,s = (K (x;, 2 )e;, €s) is singular.

Proof sketch By using the reproducing property we rewrite Equation (5.3) as

VfeH <ZK(:cj, -)cj,f> =0
=1

and we exploit the fact that the orthogonality relation is equivalently tested only on the subspace
Span {K(x;,-)e; |[i=1,...,m;j =1,...,t}. A detailed proof can be found in Appendix A. [

Given the above relation of dependent points with kernel matrix singularity, we will need to
find at least a set of N independent points to chose them as the base in which functions will be
represented. The following two lemmas provide this guarantee in the case of positive definite
kernels and the previously introduced neural network kernels.

Lemma 7 (Independent points in a positive definite kernel). Let K be a positive definite Kernel
and x1,...,xy be points in X. Then these points are all independent provided that they are
distinct.
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Proof sketch Using Lemma 6 we need to show that the matrix Hjj; s = (K (x;, 2, )ej, es) has
null kernel. K being positive definite implies that H is also a positive definite matrix, thus
having a trivial kernel. A detailed proof can be found in Appendix A O

We will need this preliminar lemma for the proof of independence of points in the case of fully
connected kernels.

Lemma 8. Let J;; = 1 be the ones square matriz n x n and I;; = d;; be the n x n identity
matriz. Then H = BJ + (A — B)I has determinant det H = (A — B)" 1((n — 1)B + A).

Proof. The eigenvalues of J are n with multiplicity 1 and 0 with multiplicity n — 1. Moreover,
JI = IJ and thus the eigenvalues of H are (n — 1)B + A with multiplicity 1 and A — B with
multiplicity n — 1. O

Lemma 9 (Independent points in FCN kernels). The neural network space for X = R® and
Y = R! has s independent points if o(r) # —(s — 1)o(c).

Proof. Consider points 7' already defined in Remark 1. To prove independency of those points
let us define H;j o = (K (7%,7%)ej, €,) and prove that it is invertible. A brief calculation yields

Hijjw = 0ju(0i A + (1 — 6ix) B)

where A = (s — 1)a(c)? + o(r)? and B = (s — 2)o(c)? + 20(c)o(r). Since o(c) # o(r) and
o(r) # —(s —1)o(c) we have A # B and therefore we have that matrix H is invertible because
of the previous Lemma 8. O

Lemma 9 also holds for CNN and RNN kernels. For the proof in the latter two cases the reader
can refer to Appendix A.

We are now ready to state and prove the main lemma, which guarantees that in wide networks
for almost any choice of coefficient at a certain layer, we can assume that the layer matrix is
full-rank.

Lemma 10 (Full-rank matrix with chosen base). Let K : X x X — L(Y,Y) be an analytical
Kernel function, (w1, ...,wp) € XP be a tuple of points with p > N such that at least a subset
of N of them consists of independent points relative to K. Let H € T[(N,s),h] be a fized
full-rank matriz with h > Ns and A € R" any vector, and define the points x, € X by x(A) =

Zw (-rk:a €w)€w = ZM(HA)]%JGM.

Then there exist a set of zero measure © C R" such that given A ¢ © we have

N
<E|51, ..., 0m €Y such that Vij Z (K (wj, zk(A))ej, 0) = 0) = Vk 0, =0
k=1

or equivalently the matriz R;j r,(A) = (K (w;, xx(A))ej, ew) € T((p,t), (N, )] is of full-rank.

Before proving the lemma, let us rephrase its statement to make it more clear: we are saying
that whenever some independent basis points w are chosen, and the previous layer kernel matrix
is full rank, then the current layer kernel matrix is almost always of full rank.
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Proof. We notice first that A — R(A) € T[(p,t), (IV,t)] is a real analytic function of A since K
is analytic. For R(A) to be full-rank we need that it has at least one Nt x Nt minor determinant
that is not zero. To this aim we consider the sum over the determinant of all Nt x Nt minors:

p(A)= > Y (det R(A)1s).

|[|=Nt|J|=Nt

Since the determinant can be expressed as a polinomial in the matrix entries, we obtain that
¢(A) is a real analytic function of A and ¢(A) = 0 iff all Nt x Nt minors of the matrix have
vanishing determinant, which happens iff R(A) is not of full-rank.

By Lemma 5 we know that either the zet Z, = {4 € R" | ¢(A) = 0} is of zero measure (which
would easily imply the statement of the lemma) or otherwise it must be that the function ¢ is
constantly zero.

In the latter case, since the matrix H is full-rank we obtain that the function ¥ : R* — XV
defined by W(A) = (x1(A),...,zn(A)) is surjective. Let now wj,,...w;, be N independent
points from the w’s. Then it must exist A* € R" such that W(A4*) = (wj,,...,w;i,) because of
surjectivity.

Define I = {iy,...,in}, J ={1,...,t}, F={1,...,N}, G ={1,...,t} and consider the matrix
R* := R(A*): since p(A*) = 0 we know that all its Nt x Nt minors have vanishing determinant,
but at the same time det R} ; o = det(K (wi, wr)ej, eg)ij rg # 0 because of Lemma 6, obtaining
a contradiction. d

Using the above lemma we can prove than in a neural network with analytic activation function,
almost every point has a full-rank kernel matrix, provided that every intermediate layer of the
network is large enough:

Theorem 2. Suppose a DKM hasV1 <1< L d; > N, all Kernels K' are analytic functions
and the chosen basis w are such that pp > N forl =1,...,L — 1 and each layer base has at
least N independent points, then for almost every choice (in the lebesque measure sense) of the
coefficients a, the last layer kernel matriz H” is full-rank. Moreover if such point is a stationary
point for the parameter loss C,, then the outputs of the current network are a stationary point
for the point loss.

Proof. The proof proceeds by induction on layers, starting from the first one. For the first
layer it is enough to use Lemma 10 with h = Ns, H = Idys and to recognize that in this case
xp =Y, Apwe, are exactly the initial inputs coordinates.

For the inductive step assume that H' € T[(p;, d;), (N, d;)] is of full rank. Using Lemma 10 with
H = (H")" and A = o! we obtain that for almost all choices of !, the kernel matrix H*! = R
is of full rank.

A subtlety in the above steps is that we implicitly make the choices of the “bad” zero measure
sets ©! sequentially (i.e. depending on previous choices). To be able to say that there exist a
single © C HlL: 1 RPi-19 of zero measure in the whole coefficient space, we need to consider a
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parameter (a!,..., o) “spoiled” whenever just one of those o’ is spoiled, i.e.

L
O = U RPodr 5 5 RPI-2di-1 5 @b RPU1 | x RPL-19L
=1

Fortunately © is of zero measure when considering the lebesgue measure on the product space.
O

Remark 3 (GAN optimization landscape). Let us suppose now that the loss function to be
optimized can be written in the form L((zk, yk, f(zk), 9(f(zk)))) as it is the case in GAN opti-
mization [Goo+14], for both f and g two functions derived by some DKM.

The reader can see that the above proofs still hold in this setting, even though one must be careful
in performing the inductive proof steps first for the layers of f and then for the layers of g, due
to the above mentioned subtlety.

In the context of GANs the optimization problem is not that of minimization, but rather is a
more complexr minimaz optimization, but the fact that such properties of the loss landscape still
hold is another point in favour of the currently proprosed method.

5.4.1 Weak-globality of the loss landscape

A sensible question that may come to mind at this point is if these results are actually useful
or not. Ultimately we are infact interested in first order stationary point of the loss, which are
usually “rare” and thus may all be inside the degenerate set ©. Leveraging on an already known
result of [LDS18] we show how such almost-everywhere characterization are indeed useful to
derive properties about the optimization landscapes.

Definition 6 (PT property, [LDS18]). A function g : R¥ — R is said to have the PT property
if, from almost every point xy there is a descending path towards the global minimum.

Theorem 3 (DKM landscape satisfies the PT property). Suppose all hypothesis of Theorem 2
and that the loss function L is convex in (f(zx))x € ZN. Then the function C, has the PT

property.

Proof. Consider a point a such that the DKM has all the layer kernel matrices full-rank, a
condition that we already proved holds almost everywhere. For this point we have X% = o H’
and H" is full-rank.

Let X(t) € ZV for t € [0,1] be a path from X% to the global minimum G of £, which exists
because of convexity of £. Then the path a(t) = (1—t)al +tV where V is such that G = VH’
(which exists because H' is of full-rank) is a descending path to the global minimum for C,:

Co(a® (1)) = Coa((1 = t)al +1V) < (1 = t)Cu(a®) +tCo (V)

because of Jensen inequality. O

We recall some definitions and results from [LDS18], that show how the previosuly obtained
properties imply easyness of the optimization problem.
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Definition 7 (Set-wise strict local minimum, [LDS18]). We say that a compact subset X C R¥
is a strict local minimum of f : RF — R in the sense of sets if there exists € > 0 such that for
allz € X and y € RF\ X satisfying ||z — y||, < e, it holds that f(z) < f(y).

Definition 8 (Weakly global function, [LDS18]). We say that f : R¥ — R is a weakly global
function if it is continuous and every set-wise strict local minimum contains a (pointwise) global
minimum of f.

The theorem that lets us derive the implied property of weakly global function for all analytic
kernels is the following one, which as we have already seen directly applies to the case of Deep
Kernel Methods because of Theorem 3.

Theorem 4 (PT property implies weakly global, [LDS18]). Let f : R¥ — R be a function with
the PT property. Then f is weakly global.

5.5 Conclusions

There are basically two possible problems in the optimization of a smooth non-convex objective:
suboptimal local minima and non-strict saddle points. We have proven that suboptimal local
minima do not exist in the sense stated by the weakly global property (Definition 8) for a vaste
range of kernels and wide networks, generalizing a result of [LDS18]. The proof was carried out
in an architecture-independent way and by relying only on general properties of the Kernels.

We have shown that our framework can be useful in proving properties that are only dependent
on the basic form of the optimization problem for neural networks, and not upon the specific
choice of architectures. This could help in a more abstract study of neural networks, and could
provide reasons for the success or failure of an architecture for a certain task by analyzing the
associated Kernel.

We have shown how a common approach to the various architectures of neural networks is
archievable, integrating also Recurrent Networks in the study whose optimization properties
have remained almost unstudied to date. Our framework also shows that the optimization of
Deep Kernel Methods has commonalities to that of Neural Networks, and we hope that this
link will be exploited by both literatures.
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Chapter 6

Testing Polyak—Lojasiewicz Theory
on Wide Deep Neural Networks

6.1 Introduction

A staggering aspect about neural networks is that they are seemingly able to overfit the training
sample and yet generalize to unseen data. Similar behaviour has been actually observed in other
learning paradigms in overparameterized settings, such as with linear regression [BLLT20] and
kernel methods [BMM18; TB20], but neural networks are certainly the model characterized by
the most surprising predictive performance on real-world data.

Several recent works [SGGS17; JGH18; Du+19; Yan+20] have attempted to explain the the-
oretical underpinnings of why neural networks learn and generalize. Inspired by the relation
of infinitely wide neural networks with Neural Tangent Kernel [JGH18; Lee+19], much of this
research has focused on developing a theory for very wide networks, i.e. where the number
of parameters m = ©(n®) is polynomially bigger than the number of examples n [DZPS18;
ALS19; LDS18; 0S20] with v > 1, a condition which is not usually satisfied in real-world mod-

els!.

While these theoretical results are being obtained under increasingly milder (and hence
more realistic) overparametrization assumptions, they are typically expressed only in terms of
asymptotic rates, and it is difficult to determine whether these results help in explaining the

success of actually deployed models.

Another line of research focuses on strongly experimental work [Lee+20], which is exclusively
tailored to obtain empirical suggestions for practitioners. Our approach is instead focused
on measuring crucial quantities during training of realistic networks with the aim to inform
theoretical research and to expose points of discrepancy.

The Problem. Neural networks are function approximators usually trained via Empirical
Risk Minimization, but they cannot be understood via classical optimization theory because
they are extremely non-convex [LZB22]. In recent years many researchers have considered

LConsider, for instance, VGG19 which has 144M parameters distributed on 19 layers and was trained on 1.3M
images: already a quadratic polynomial would require an order of 1 trillion parameters per layer for VGG, which
is clearly unattainable for current practice. On the other hand VGG19 is mildly overparameterized, i.e. the
number of parameters per layer is slightly greater than the number of used images.

Y



alternatives to convexity, concentrating on variants of the Polyak—Lojasiewicz (PL) condition
[Pol63] like PL* functions by Liu, Zhu, and Belkin [LZB20] and the Proxy-PL condition by Frei
and Gu [FG21].

For the PL condition many linear convergence results for first-order optimization methods are
known [KNS16; CR17; GGGM21], and the PL coefficient (akin to strong-convexity coefficient)
can be lower bounded in a region nearby the network random initialization [LZB20], thus
providing convergence guarantees if the network weights remain in the vicinity of initial weights,
which is the case for very wide networks. While being a very promising theory, it is currently
not clear if such theorems do hold for smaller networks like those deployed in practice.

Contributions. Our aim is to precisely analyze which points of the current theories fail to
hold empirically when applied to mildly overparameterized networks, i.e. networks in which the
number of weights grows linearly with respect to the number of examples m ~ cn. This work
is, to our knowledge, the first one to perform a detailed empirical analysis of abstract theories
tailored at exposing the uneffectiveness of existing theories in certain areas.

We perform quantitative measures of key local quantities related to conditioning, convergence
and optimization in the PL function theory to check the impact of reducing the networks
width from polynomial in the number of examples to linear. We show how such measures can
characterize the training progress of real neural models on machine vision tasks providing, in
Section 6.3, an empirical analysis that compares the prediction of the theory with the observed
behavior of trained models, which enables us to spot phenomena that aren’t currently fully
explained.

Differences with related works. Our work builds on theories in the area of PL functions and
their applicability to neural networks; in particular we consider a general theory of PL functions
convergence by Liu, Zhu, and Belkin [LZB20], stability bounds by Charles and Papailiopoulos
[CP18] for generalization, and the work by Agarwal, Awasthi, and Kale [AAK20] for the analysis
of conditioning.

Known applications of the theory of Polyak—Lojasiewicz functions to neural networks are only
concerned with the theoretical side. For example, Liu, Zhu, and Belkin [LZB20] deals with
theoretical convergence issues on wide networks and do not consider the interplay between
conditioning and network depth; we focus instead on empirical convergence monitoring and
generalization on mildly overparameterized networks, operating far from the kernel regime, and
on realistic models. Moreover we consider quantitative issues like convergence speed of real
networks which are not addressed by Liu, Zhu, and Belkin [LZB20].

For what concerns the empirical analysis on wide neural networks, Lee et al. [Lee+20] performed
a large-scale experiment to study the performance of finite-width networks compared with their
infinite limits, as predicted by the NTK theory [JGH18]. Our approach differs in that we focus
on adherence of the empirical behavior to the presented theory at the level of single optimization
steps, while [Lee+20] restricts to comparing the final outcomes of the optimization process for

various finite- and infinite-width models, and thus mainly serves to guide empirical practitioners.

The exposed bound in Equation (4.12) gives us a way to quantitatively measure stability on real
neural networks, by locally estimating their Lipschitz coefficient G and their PL constant u as
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detailed in Section 6.2, to produce Figures 6.11 and 6.12 that we will comment in Section 6.3.

Let us briefly comment on the role of the PL constant p and of small-deviations of the model
with respect to its parameters and its inputs as captured by the Lipschitz coefficient G and its
smoothness constant L: as we can see in the definition of v in Lemma 1 a smaller smoothness
constant and a higher PL coefficient are of benefit to fast convergence.

Concerning generalization we notice similarly the importance of a large pu and a small Lipschitz
coefficient in the quantity 2G2/u, which appears twice in Equation (4.12).

We observe moreover that the first term in Equation (4.12) depends on the amount of optimiza-
tion performed by the algorithm, and vanishes for a perfect fitting of the training data, which
suggests a connection between overfitting and generalization for PL models.

6.2 Measure of PL Coefficients.

One of our contributions to this work is to devise an empirical way to most accurately measure
the local PL coefficients. Indeed, the empirical measure of the global PL coefficient (u in
Equation (4.1)) of a function is hard because one has to guarantee that

V£ ()]
Vee X p< —————, 6.1
7)) (o
which essentially requires to know the function f globally.
What we did was instead to measure the local PL coefficients p : X — R defined by
IV £ ()]
we) = ", 6.2
= 5@ - ) 02

where f* = 0 in our case because we know we are in the setting of overparameterized models.
This may at first seem like a rough simplification which could lead to vastly incorrect results;
we thus motivate more in depth this choice.

Indeed, under appropriate smoothness of f, the function p : X — R is itself smooth, and thus it
is at least locally stable. To quantify how much stable this quantity is in a local neighbourhood
of a point, one can leverage the fact that, in our case, the function to minimize is a sum of
independent terms, i.e.

Eonp || Vag(z 2)|?
p(x) = 2K, .plg(z;z)] (03

where f(z) =>2,_; ,9(zi;x). Moreover, it is not hard to devise a convergence theorem akin

to Lemma 1 using local coefficients p(x), which effectively shows their usefulness in predicting
the behavior of the optimization process.

Lemma 11. Consider a function f : X — R which is L-smooth. Then the gradient method
with a step-size of 1/L

Th+1 = Tk — %Vf(xk) (6.4)
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satifies the equation

k—1 ‘
o) = < (ftao) — £ T (1= 272 (65)

=0

which gives a global convergence rate.

Proof. By using the update rule in the L-smoothness condition we get

Flaia) = flog) < 5 IV )P (6.6)

Now by using the local PL inequality we get

Flanen) - F) <~ () - 1) (67

Rearranging and subtracting f* from both sides gives f(zp11) — f* < <1 - ”(f’“)> (f(xr) — 1),
which can be applied recursively to obtain the stated result. O

6.3 Empirical Analysis

In this Section we describe and analyze the performed experiments to check how well real-world
models can be described by the exposed theories. The reader should keep in mind the discussed
theories on PL convergence, conditioning and generalization discussed in Chapter 4.

Experimental Setting. We train several mildly overparameterized Fully Connected Net-
works (FCNs) on random subsets of CIFAR10 [KH+09]2. The networks are initialized with
Gaussian Kaiming initialization [HZRS15] to preserve the variance of activations in the forward
pass; activation functions are normalized according to Agarwal, Awasthi, and Kale [AAK20],
i.e. having zero mean and unitary variance on standardized normal inputs. Input data is nor-
malized to satisfy a scaled requirement of the unitary norm required by Agarwal, Awasthi, and
Kale [AAK20] such that ||z;|| = v/m, where m is the width of the first layer.

Conditioning at Initialization. We consider FCN networks consisting of 30 layers of vary-
ing widths (1000, 2000, 5000), different activation functions (ReLU and Tanh), over multiple
numbers of randomly extracted examples (100, 200, 500, 1000), either renormalizing® after ap-
plication of each layer or not, and averaging on three random seeds. We measure conditioning
of G™Y (Equation (4.9)) at initialization over all layers. The experiment has been run on a
Tesla V100 PCle 16GB GPU.

Figure 6.1 shows that conditioning at initialization effectively decreases exponentially even for
finite-width networks; it is smaller for higher width-examples ratio, and continues to decrease

2Usage of a single dataset to validate the theory has been dictated by the heavy computational requirements
of the experiments. Such a choice should nonetheless not impact the validity of the presented results, because
the tested theories do not contain free parameters to be fitted on the dataset, and experiments are repeated for
multiple random extractions of a subset of the data, thus leaving less chance for an overfit of the results to the
dataset.

3i.e. rescaling each datapoint such that its norm is the square root of the number of neurons in the layer.
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Figure 6.1: Mean log-conditioning of G™ for ReLU FCNs at initialization; colors represent
different examples-width-ratios of the tested networks. We can see the initial linear decrease,
followed by a stagnation phase for the log-conditioning; in the case of non-renormalized net-
works, the conditioning later starts to increase again, possibly due to small-width effects.
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Figure 6.2: Mean log-conditioning of G™? for 500 examples at varying widths (colored differ-
ently); shaded regions denote 95% confidence intervals. We can see that the wider the network,
the lower conditioning is. Again we can notice the same behaviour concerning the difference
between renormalized and non-renormalized networks.
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Figure 6.3: Lowest eigenvalue of G for ReLU networks of different widths with renormaliza-
tion rescaled with \/m according to Section 6.3. Infinite width network line has been obtained
using Lemma 24. We can notice how the rescaled eigenvalues increase a lot in the intermediate
layers, to stabilize at the end at values around one, which is however only reached in the case
of infinite-width networks.
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Figure 6.4: Rescaled highest eigenvalue for ReLLU networks of different widths with renormal-
ization. To make the graph more clear only the mean is reported. Again we can see how the
highest eigenvalue effectively decreaes in the intermediate layers, and later stabilizes; it is inter-
esting to notice the different qualitative curve behaviour in the case of infinite-width networks.
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at each layer when the examples are renormalized; on the other hand, if the examples are not
renormalized, we can find a layer after which conditioning starts to increase again, probably due
to small-width effects in the sampling of gaussian weights that deviate from the distribution
assumptions of Agarwal, Awasthi, and Kale [AAK20]*. Moreover, larger widths allow to reach
a smaller conditioning for the same sample size (Figure 6.2) and also allow for a latter departure
between the normalizing and non-normalizing behavior.

In Figure 6.3 we can see that the lowest eigenvalue (with a rescaling by square root of width
computed accordingly to Section 6.3) effectively increases as it passes through different layers,
also at finite widths. However it is also clear that it produces a marked increase in the first
layers and it stops at farther layers, with higher values for wider networks. Analogously we see
an inverse trend for normalized highest eigenvalue in Figure 6.4. These observations highlight
the need for a more thoughtful conditioning theory for finite-width networks so that useful hints
can be obtained for an optimal tradeoff between computational resources and convergence speed

with respect to network width and normalization layers.

Basing on the adherence between the two behaviours in the initial layers, we speculate that layer
normalization strategies may be removed from those without significant losses in accuracy. We
leave a verification of this claim to future works.

Training Speed and Conditioning. In the second experiment we consider networks of 6
and 9 FCN layers, of width 500, with different activation functions (ReLU, Tanh), and train
them using full-batch gradient descent (without momentum) with mean-squared-error loss and
cross-entropy loss® over 80 epochs, with various learning rates (0.0005, 0.001, 0.005, 0.01) and
different number of randomly sampled examples (50, 100, 250, 500) over three seeds. To have
meaningful results on networks that actually learn, the analysis has been conducted only on
those configurations that have reached accuracy > 12% at the end of training. The experiment
has been run on an A100 SXM4 40GB GPU.

We find that the upper bound on loss decrease given by Lemma 1 matches well the actual loss
decreases at later epochs, while in initial epochs the estimate is too conservative (Figure 6.5).

Figure 6.7 and Figure 6.8 show how for networks trained with cross-entropy loss, conditioning
worsens very slowly during training, while for higher learning rates it initially increases very
rapidly, but then decreases steadily, ending up lower than the start. The reader can see how
pessimistic are current estimates of eigenvalues based on Equation (4.11) during training in
Figure 6.6, in which we can see how the bound degrades significantly, and even becomes vacuous
for an high number of examples. We emphasize the importance for theoretical research to look
at possible explanations for this behaviour, which could greatly simplify the study of neural
networks optimization, as the main theoretical difficulties in providing convergence guarantees
lie in the possibility that the lowest eigenvalue may tend to zero during training.

Practical Conditioning Proxy. Given our findings about conditioning at initialization (Fig-
ure 6.1) and the importance of conditioning for training speed, in principle we would like to

4According to the original paper renormalization shouldn’t have any effect, but they effectively consider
infinite-width networks implicitly in the definition of the dual activation function (see Lemma 23).

SWe include cross-entropy since it is the most common loss for classification networks, even though it is not
a PL function. To make it tractable we report the theory of weakly-PL functions in Appendix B.1.2.
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Figure 6.5: Ratio between predicted training loss (calculated according to the bound in Lemma 1
where the PL and smoothness coefficients are empirically calculated on the network at the
previous epoch using the details in Section 6.2) and measured loss decrease at single epochs
for 6-layers ReLLU networks trained under MSE at different learning rates. We notice how the
initial few epochs the measured loss decrease is bigger than the predicted one, while for the
final epochs the prediction is almost perfect.
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Figure 6.6: Progression of the lowest eigenvalues of G™? for ReLU networks trained with MSE
is in blue; lower bounds obtained using Equation (4.11) are in orange.
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Figure 6.7: Progression of log-conditioning for ReLLU networks trained under Categorical Cross-
Entropy. We notice that, contrary to the expectations, for smaller learning rates the conditioning
increases very slowly, while for higher learning rates it initially increases, then starts to gradually
decrease, meaning that the problem becomes easier to solve the more the network is trained.
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Figure 6.8: Progression of log-conditioning for Tanh networks trained under Categorical Cross-
Entropy. Here we only notice the initial increase followed by a steady decrease.
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avoid training a network that is too deep for its width, which has the drawback of raising the
conditioning from some point onward. Measuring conditioning directly is inefficient, as it re-
quires to solve the eigenvalue problem for very big square matrices, whose size is the product
of the networks width and the number of examples, making it impractical.

As we have already observed in Section 4.4, we expect off-diagonal entries of G™? to go to zero
as the signal propagates throught the layers, hence we propose to measure this proxy informa-
tion instead of measuring eigenvalues directly, as this can be used to bound the highest and
lowest eigenvalues via Gershgorin Circle Theorems, greatly simplifying practical approximated
measurements of conditioning®.

In Figure 6.9 and Figure 6.10 the difference in behaviour between the normalized layers and
the non-normalized ones is extremely evident, and their divergence point aligns perfectly with
the raise in conditioning that we have already observed in Figure 6.1, making these measures
a good proxy even for smaller networks than those observed by Agarwal, Awasthi, and Kale
[AAK20].

Generalization. By measuring the local PL coefficients and estimates of the network Lips-
chitz coefficients, we are able to use Lemma 3 and compute a generalization bound for networks
trained on MSE loss. Figures 6.11 and 6.12 shows the expected marked decrease with increasing

optimization. Despite this, the obtained bounds are vacuous’.

Scaling of the eigenvalues We are interested in understanding the change in conditioning
due to varying the width of the network and the number of examples used to train it. To
this aim we compare the measured eigenvalues to the ones predicted by random matrix theory
[Bhal3; Taol2]. In particular if we treat the matrix F™(0) as a random Gaussian matrix, using

the result of Rudelson and Vershynin [RV09] we would expect that Apax ~ +/width - examples

and Apin ~ Vwidth — y/examples and thus

)\max 1
)\min 1 _ 1
examples width

and this is exactly what we can observe in Figure 6.13, which shows that such relation holds at

K(G™Y) = (6.8)

every layer.

Prediction of training loss with cross-entropy Using Lemma 22 for the cross-entropy

loss and estimating ||z — *|| ~ Qf(x’“ic);f* where G is the Lipschitz constant of the function f,

we obtain the results showed in Figures 6.14 and 6.15.

SA cheaper measure of network conditioning at a certain point in its training trajectory may be useful to stop
training when the expected perfomance gains in terms of loss decrease are not justifyied by their expected costs.
Moreover it could be used in the architecture search paradigm to filter out networks that have worse conditioning
at initialization, as it is indicative of the loss optimization possibilities for that architecture.

"To the authors opinion, this outcome could be due both to the lack of sharpness on generalization estimates
based on stability, as well as by the small number of examples used in each test (more examples per test could
give non-vacuous estimates, even though these would require a lot more memory than what is currently available
on typical GPUs) or by the large number of weights of the FCN architecture, which impact a lot on measures
that depend on Lipschitz constants. We thus find that the results on generalization are inconclusive, and that
more experiments are necessary to understand the reasons behind the vacuousness of the bounds.
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Figure 6.9: Maximum row-sum of the off-diagonal entries of the matrix G™%. Again we notice
the typical decrease which stabilizes for normalized networks, and which starts growing again
for non-normalized networks.
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Figure 6.10: Minimum value of the on-diagonal entries and the maximum value of the off-
diagonal entries of G™? for non-renormalized networks. As it can be seen, there are some
intermediate layers in which the minimum entry on the diagonal is higher than the maximum
off the diagonal, thus empirically validating the theoretical calculations of Agarwal, Awasthi,
and Kale [AAK20]. The condition later inverts, possibly due to finite-width effects.
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Figure 6.11: Generalization bounds for ReLLU networks trained under MSE on logits obtained
using Equation (4.13). All the bounds are vacuous, even if it is interesting to notice that the
bounds effectively decrease with the number of epochs, but not as much as it would be expected
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Figure 6.12: Generalization bounds for ReLLU networks trained under MSE. Here we notice the
same patterns.
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Figure 6.14: Loss prediction ratio for ReLU networks trained with cross-entropy loss.
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We can observe how the prediction accuracy are similar to what we have obtained for the mean-
squared-error loss: our estimates are too conservative for the first epochs, but align well with
successive epochs. Further analyses are needed to perfectly align theoretical predictions with
experimental ones.

Eigenvalues during Training We report in this section all the graphs about the behavior of
the minimum measured eigenvalues of the G™ matrix during training. As it can be seen from
Figures 6.16 to 6.19, they don’t decrease as much as predicted, effectively remaining constant
in the case of MSE loss and also slightly improving over time for cross-entropy loss.

We also report in Figures 6.20 to 6.23 multiple graphs about the lowest predicted eigenvalues
according to Equation (4.11) to show how much those bounds are pessimistic. We can notice
that in multiple cases the bounds even become vacuous after the first epochs of training.

The results presented in Figures 6.20 and 6.21 illustrate the behavior of the lowest eigenvalues
for ReLU and Tanh activation functions when trained under cross-entropy loss. The blue lines
represent the actual lowest eigenvalues obtained during training, while the orange lines depict
the predicted bounds derived from theoretical analysis. Notably, the ReLU networks exhibit
a distinct pattern in their eigenvalue distribution, suggesting a more stable learning process
compared to Tanh networks, which show greater variability. This discrepancy highlights the
influence of activation functions on the convergence properties of neural networks, particularly
in the context of cross-entropy loss.

In contrast, Figures 6.22 and 6.23 focus on the performance of the same activation functions
under mean squared error (MSE) loss. The trends observed in these figures reveal that both
ReLLU and Tanh networks maintain a similar pattern in their lowest eigenvalues, albeit with a
noticeable shift in the predicted bounds. The stability of the ReLLU networks persists, while the
Tanh networks continue to demonstrate fluctuations in their eigenvalue behavior. This suggests
that while MSE loss may provide a different optimization landscape, the inherent characteristics
of the activation functions still play a crucial role in shaping the learning dynamics of the
networks.

6.4 Conclusions

The performed experiments on realistically-sides models have exposed some discrepancies with
the available theories. We expose the most important ones in the authors opinion, and briefly
comment on their possible consequences.

e The different behavior of conditioning with respect to renormalized and non-renormalized
networks (Figure 6.1), contrary to the observations of Agarwal, Awasthi, and Kale [A AK20]
which only seem to hold on very wide networks, as hinted by the role that width plays in
delaying the difference between the two settings (Figure 6.2).

A better understanding of this phenomenon could lead to find optimal network widths
in the trade-off between computational requirements and better loss convergence, as well
as the possibility to remove normalization layers on early layers of the networks, which
doesn’t seem to bring conditioning benefits according to Figure 6.1.
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Figure 6.15: Loss prediction ratio for Tanh networks trained with cross-entropy loss.
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Figure 6.16: Log-conditioning during training for ReLU Networks under MSE Loss.
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Figure 6.17: Log-conditioning during training for Tanh Networks under MSE Loss.
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Figure 6.18: Log-conditioning during training for ReLU Networks under cross-entropy Loss.
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Figure 6.19: Log-conditioning during training for Tanh Networks under cross-entropy Loss.
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Figure 6.20: Actual lowest eigenvalues (in blue) and predicted bounds (in orange) for ReLU
networks trained under cross-entropy loss.
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Figure 6.21: Actual lowest eigenvalues (in blue) and predicted bounds (in orange) for Tanh
networks trained under cross-entropy loss.
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Figure 6.22: Actual lowest eigenvalues (in blue) and predicted bounds (in orange) for ReLU
networks trained under MSE loss.
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e The unexpected finding that conditioning worsens very slowly (and can possibly improve)
during training, as current theories assume pessimistically that it worsens the farther the
networks parameters are from their initialization (Figures 6.6 to 6.8).

If this finding were confirmed by other experiments and theoretical reasons, existing the-
ories would simplify considerably, as convergence guarantees all rely on conditioning not
worsening too much during training.

e The fact that the available generalization bounds give vacuous estimates (Figures 6.11
and 6.12). Stricter generalization bounds could give guarantees to all the settings in
which neural models are deployed in critical tasks, such as in automotive or in clinical
screening.

Ezxtensions to other architectures. Extensions of the presented theories to CNN, ResNets and
Transformers are needed to form a more complete picture of network behavior. Those can
be investigated within the same framework, but require different theoretical calculations in
Lemma 21, Lemma 23 and an adaptation of the results of Agarwal, Awasthi, and Kale [AAK20]
for each architecture, and are thus left to future works.

This work is, to our knowledge, the first that tries to explicitly quantify abstract theories
about the inner working of neural networks, and to compare the bounds obtained with real-
world experiments. We hope that such an approach can provide useful feedback to theoretical
researchers by pointing out aspects that are not yet completely explained.
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Chapter 7

Learning Rate Adaptation in
Polyak—Lojasiewicz Optimization

7.1 Introduction

In this Chapter we theoretically analyze the deep network optimization problem under stochas-
tic gradient descent without momentum, arguing for the relevance of the Polyak—Lojasiewicz
condition and the conditioning of the finite tangent kernel matrix at each point of the opti-
mization process. We do so on a less theoretically strict but more fine-grained approach than
Liu, Zhu, and Belkin [LZB20], by separately considering the convex loss function and the neural
network approximator, and carrying out a local analysis of the loss geometry to provide concrete
algorithms for learning rate adaptation during the optimization.

This analysis allows us to derive theoretically justifyied ways to tune the learning rate during the
optimization process, as well as computationally inexpensive proxies that can be practically used
in the optimization process, thus relieving practitioners from the customary hyperparameter
search on the learning rate.

The theoretical presentation is later followed by an in-depth empirical analysis which verifies the
assumptions made by the theory on realistic deep neural networks, and compares the resulting
optimization algorithm with grid search over various learning rate settings.

We think that such a mixed theoretical-practical approach has great potential in the develop-
ment of practically relevant hyperparameter-free optimization algorithms for neural networks.
The removal of hyperparameters diminishes the ecological impact of training big models by
eliminating the standard hyperparameter search, and a solid theoretical foundation gives the
practitioners stronger guarantees on the optimization level reached by deployed networks.

Overview of the Main Idea. We rely on the study on condition numbers in first-order
optimization algorithms by Guille-Escuret, Girotti, Goujaud, and Mitliagkas [GGGM21], which
identify the optimization conditions amenable to experimental hyperparameter tuning proce-
dures because of their robustness to small perturbations in the objective function; two of them
are important for our aim: PL™(u) NPLT(L) and PL™ (1) N SC*(L).
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Both rely on the lower Polyak—Lojasiewicz condition, a condition introduced by Polyak [Pol63]
which is intimately related to the rate of decrease of the optimality gap in the gradient de-
scent setting; the difference between them is that the first one PL™(u) N PL1(L) is a pair of
continuous (in the Guille-sense) conditions but requires star-convexity of the objective to hold
to provide convergence guarantees, while the second one PL™(x) N SCT(L) is not continuous
(and thus not amenable to reliable hyperparameter tuning procedures) but is able to provide
strong convergence guarantees without additional assumptions. What we are going to show is
that, in the case of deep network models, SCT(L) ~ PL* (L), thus obtaining both convergence
guarantees and the possibility of continuously tuning the learning rate.

To do so, we first characterize the relation of the SCT(Lgc) condition with the norm of the
Hessian of the objective, and distinguish two terms in the Hessian; we show that the second of
these terms is negligible with respect to the first one in typical neural networks optimization
settings, and this allows us to derive a bound Lgc =~ A (0)Amax(VZL(F(6))), which is thus
expected to provide convergence guarantees when used as local hint to set the optimal learning
rate.

We later study the PL™(Lpr) condition in our setting and derive the same bound for it, i.e.
Lpr, = M (0) Amax(V2L(F(6))). The continuity of the PL™ condition and the equality between
the two derived bounds Lpy, = Lgc ensures that we can use the optimal learning rate tuning
procedure derived from the PL™(u) N SCT(L) pair (which already ensures convergence) while
also ensuring the stability of that procedure.

The arguments presented above show a theoretically backed way to perform learning rate tuning
in the context of Deep Neural Network, but we argue that the presented procedure is too
conservative, usually giving too small a learning rate, and thus devise a more optimistic way
of performing learning rate tuning starting from the Hessian approximation that is presented
below, and we compare its empirical performance to SGD with grid search over multiple learning
and to other means of approximating the Hessian, such as Gauss-Newton algorithm.

7.2 Setting and Notation

Let us recall the form of the Deep Network Optimization problem in Equation (3.2):

1L
argmin — Zﬁ(ﬂck,yk, f(yr,0)) + R(6).
oco T

To set some notation, let us define F: © — Y®* C R and £:V®" - R by

F(0) = (5= £ (U 0)) (7.1)
L(spoy ) = % > U@ ye, ) (7.2)
k=1

and define h(0) := L(F(0)), and h;(0) = ﬁ Yoicr Uiy, f(x4,0)).

Notice how this view clearly separates the two functions £ and F' which have completely different
properties: F' can be seen as an overparameterization of the “real” objective function, and is
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randomly initialized and thus amenable to techniques related to statistics and the central limit
theorem, while £ will be assumed convex, i.e. V2£ > 0, and with its minimum in correspondance
with gr = yi, so that it is amenable to classical optimization techniques. In what follows we
will also ignore the regularization term for simplicity of the exposition, although it isn’t hard
to integrate in the theory following the projected Polyak—Lojasiewicz setting in Karimi, Nutini,
and Schmidt [KNS16].

7.3 Condition Numbers in First Order Optimization

We briefly present the work of Guille-Escuret, Girotti, Goujaud, and Mitliagkas [GGGM21] on
the study of continuity in conditions numbers of first-order optimization algorithms and ways to
design robust tunings of their hyperparameters. We start by defining possible conditions that
an objective can satisfy.

Definition 9 (Optimization Conditions). Let p, L > 0. Given a function h : Z C R* = R, we
define hy :=inf,cz h(2) its lower value; £(z) := h(z) — hy the optimality gap at a certain point.
Vz,y € Z we define the conditions:

o Lower PL: h € PL™(n) iff ||VA(z)|3 > pu(h(z) — hs)
o Upper PL: h € PL*(L) iff 1| Vh(z)|]3 < L(h(z) — hs)

e Upper Strong Convezity: h € SCT(L) iff h(y) — h(z) < (Vh(z),y —z) + 5|y — x||3

Guille-Escuret, Girotti, Goujaud, and Mitliagkas introduce the notion of continuity of an opti-
mization condition, defined in term of a star-norm ||-||, on functions; if a condition is continuous
then for two functions f and g which are near in the star-norm, i.e. || f — g||, is small, the relative
first-order optimization algoritm behaves similarly on them, and this allows for hyperparame-
ter tuning procedures that are robust to small perturbations of the considered functions. We
won’t go into the technical details of their findings, and simply restate that PL™ and PL™ are
continuous conditions, while SCT is not.

They provide convergence guarantees for certain pairs of conditions, and relative linear rates
[GGGM21, Table 2]. We are particularly interested in two of them:

e Under SC*(L) N PL™(u), i.e. functions which are L-smooth and u-PL, we have a linear
rate of v = 1— £, as already proved by Karimi, Nutini, and Schmidt [KNS16], but this pair
of conditions is not continuous, and thus not amenable to good hyperparameter tuning.

e Under PL™(L) N PL™ (i) and also assuming star-convexity of the objective with respect

I

17> and the pair of conditions is continuous.

to a minimizer, the linear rate is vy =1 —
In the next Sections we will study how these conditions change under reparameterization, and
we will argue that, in the case of neural networks, we can measure a common bound to the
PLT(L)NPL™ () conditioning and the SC™(L) N PL™(u) one, thus ensuring both convergence
and continuity without additional assumptions.
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7.4 Change of Conditioning under Reparameterization

We now analyze how the optimization conditions change under reparameterization of £ by F'

Let us remark that the upper strong convexity SC* (L) condition is usually named L-smoothness,
and it is equivalent to asking that the operator norm of the Hessian of & is bounded from above
by L, i.e. HVQh(H)HOp < L, so that a study of the relation between the Hessians of h and L is
in order:

h(0)  ~— OF.(0) 0*L(F(0)) OF,(0) OL(F(0)) 9*F,.(6) -3
00:06; ~ 2= 06, OF,0F, 00, 2~ OF, 0Bi06, (7.3)
= VF(O)V2L(F(0)VF(@O)T + VL(F()) - VEF(H). (7.4)

We can distinguish two terms in Equation (7.3): the first one is the kernel-driven term of the
hessian, as the second term vanishes when F is linear like in the case of Kernel Methods; the
second term can be seen as a perturbation of the kernel-driven Hessian induced by the curvature
of the reparameterization function. In the next Section we will argue that the second term is
negligible in multiple settings, and thus we can safely consider just the first part for the learning
rate tuning procedure.

We now derive the formulas for how the PL™ conditions changes under reparameterization. Let
us first define the finite tangent kernel matrix K : © — M(dn x dn) by

K@) =VF@®)VFE(6)T (7.5)
and denote its highest and lowest eigenvalues by A*(0) := Apax (K (0)) and A (6) := Amin (K (6)).

Lemma 12 (Transformations of the PL conditions under reparameterization). Assume that F'
is differentiable and let \* and X\, be the mazximum and minimum eigenvalues of the finite kernel
matriz over the optimization region, i.e.

A i=min A (6),  A*:= max \*(6). .
min A (6) max A"(6) (7.6)

Then £ € PL™(u) => LoF € PL™(\p) and L € PLT(L) = Lo F € PLT(\*L).

Proof. We consider only the first implication as the second one is obtained in the same way via
majorization with the maximum eigenvalue of the kernel matrix:

IVR()|* = H L(F(0))"K(O)VLE®))] (7.7)
min (K(0))[VL(F (0 ))H2 7.8
> )\*M (L(F(0)) = L4) = Aepp (h(6) — hu)
where L, := minccpe) £(0) = mingee L(F(0)) = h. O
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7.5 Negligibility of the Hessian Perturbation Term

In this Section we argue why the second term of the Hessian in Equation (7.3) is negligible in
multiple settings for overparameterized networks with a linear output layer, which allows us to
only consider the kernel-driven term for the tuning procedure.

1. Liu, Zhu, and Belkin [LZB22, Section 4.2] show that for wide networks with linear output
layer the norm of the Hessian in a ball of a certain radius around the random initialization
is on the order of O(1/4/m) where m is the width of the network, while the kernel-driven
term is O(1). Thus the perturbation term is more negligible the wider the network is.

2. During the optimization trajectory, we have lim;_, o, VL(F(6;)) = 0, since the overparam-
eterization of F' ensures that we converge toward an interpolating 6 for which V& §r = yi.
On the other hand we know that VZL(F(6;)) > 0 remains positive semi-definite at the
limit, and we thus can bound the kernel-driven term from below using A.(#). The kernel-
driven term thus becomes more dominant the more the optimization process progresses.

3. At the beginning of the optimization process we expect cancellations to occur in the second
term due to the sum of multiple V2F,(6) weighted with V,L(F(6)), which we expect
to behave randomly. More precisely, suppose that F' has a linear output layer whose
parameters are independent from the parameters of the other layers, and in which each
coordinate is sampled from a distribution which is symmetric around zero (e.g. with i.i.d.
uniform or gaussian entries); suppose moreover that the loss function £ is D-symmetric!,
ie.

VZ) E(r,y)ND[‘C(‘T’ Y, Q)] = E(m,y)N'D [E(SU, Y, *@)]a (710)

and thus by applying (.% it holds that

. oL . oL .

vy E(a},y)ND |:6:l)($7 Y, _y):| = _E(x,y)N'D |:8:l)(x7 Y, y):| . (711)
Then by the symmetry of the randomness distribution in the last layer and its linearity,
it holds that f(z,0) has a symmetric distribution, and thus

oL
E(a,y)~pEgiast [aFM(F (9))] = 0. (7.12)

By the Gradient Independence Assumption, which has been properly formalized in the
limit of infinite networks? by Yang [Yan20b], we can treat V,£(F(0)) independently from
V2F, 1.(0), as the first one uses the outer layer weights in the forward pass, while the second
one uses the outer layer weights in the backward pass, since it is made of derivatives with

!The D-symmetric assumption is typically satisfyied in balanced settings, for example consider a regression
task carried out under the mean squared error loss, with the regression target that is symmetric around zero. In
other cases, for example if the regression target is symmetric around a positive constant ¢, the requirement of
D-symmetry suggests that the loss function is modified accordingly (shifting targets by a positive constant), in
order for the cancellation arguments to carry through.

2 [Yan20b, Condition 1] explicitly requires that the output layer is sampled independently and with zero mean
from all other parameters and it is not used anywhere else in the interior of the network, a condition which we
require in this reasonment.
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respect to the network weights, thus by their independence we have

0% f
96,00,

oL
EglastE(z7y)N’D 7(-7:7 y7 f(.’L', 9)) :

5 (z,0)] =0, (7.13)

i.e. on average over the network initialization and with a big number of examples, we
expect the second term to be negligible also at the network initialization.

The presented arguments are strong hints for the negligibility of the second Hessian term during
the whole optimization trajectory under certain network conditions, that we think can be made
formal by careful quantification of all the arguments we presented; approximating the Hessian
with its kernel-driven term allows us to conclude our argument:

Lemma 13 (Learning Rate Tuning Formula). For a convez loss function £ and an overparam-
eterized neural networks F with a linear output layer satisfying the symmetricity condition, a
very good> local learning rate guaranteeing both convergence and robustness to tuning is:

1
n(0) = 3 X (0) [[V2L(F(0))]

(7.14)

op

Proof. We first observe that for the optimization to progress we only need the condition pair
SCT(L) N PL™(p) to hold locally, and there is no need for global constant, e.g. we don’t need
to have a global upper bound on the Hessian of the objective but only an upper bound for a
large enough region near the current point so that the current step is entirely contained in it.

Observe that, for a convex loss function £, its PL* and SC™ constants are the same, since they
both coincide with the maximum Hessian eigenvalue over a neighbouring region, denoted by (.

By the arguments at the start of the Section we can bound the SC* constant of h by
IV2h()],, = [IVF@O)VZLE@)VEO) |, < - A*(6). (7.15)
By Lemma 12 we can bound the PL* constant of h by the same value:

IVR@O)IF < A O)IVLE@)I* < - A" (6) - £(8). (7.16)

We remind the reader that the optimal learning rate under the PL™(u) N SCT(L) condition
pair is 1/2L [KNS16] and that every learning rate n < 1/L is enough for the optimization to
converge, albeit more slowly.

Thus ¢-A*(0) is a bound both for the SC* and the PL* constant of , and a learning rate tuning
based on it inherits the convergence of the SCT NPL™ pair and the continuity of PLYNPL™. O

The empirical uncertainties related to the performed Hessian approximation, and to the mea-
suring of \*(0) at a single point instead of over a neighbourhood, as well as the estimation errors

3The bounds in the derivation of the learning rate could be made stricter by considering the mean curvature of
V2L instead of the maximum curvature assuming that the backward gradients are isotropically distributed over
all directions; this stronger bound could be useful in the case of weakly-convex losses. On the other hand, the
dependence on A*(#) cannot be improved much, since it is known that for very deep networks the conditioning of
the K () matrix tends to one in the number of layers [AAK20], thus we would have \.(0) ~ A\*() with coinciding
upper and lower estimates for ||[VA(6)]>.
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that stochastic samples of examples introduces in the estimation of the correct SC* constant
shouldn’t prevent convergence because the employed method is still convergent for learning
rates < 1/L as we already remarked?*.

7.6 Learning Rate Tuning and Empirical Proxies

The main advantages of the proposed method with respect to a traditional hyperparameter
optimization are to relieve practictioners from having to guess the initial learning rate and to
train multiple models to see which does better; to adapt the learning rate locally in dependence
of the measured smoothness of the function, which may help in avoiding divergence issues that
occur later on in training, and which have given rise to a plethora of heuristic methods to reduce
the learning rate during training.

In this Section we comment on cheaper proxies that can be used to speed up the computation
of the required A*(f): the experimental measure of A*() can infact be done via iterative power
methods [Hou06] which only need to implicitly compute the matrix-vector product with K(6),
easily implementable using the single VF'(0) with two jacobian-vector products, and thus can
be carried out with a linear amount of additional memory®.

The number of necessary iteration of the power method to obtain convergence to the highest

eigenvalue may however be high enough to render the method too slow for practical purposes®.

A cheaper method relies on Gershgorin Circle Theorems [Ger31] to estimate the highest eigen-
value from the sum of off-diagonal entries of some of the K () matrix columns, thus requiring
a small number of passes on the VF(#) matrix”. We expect this to be a reliable proxy, by the

1Despite these assurances, these assumptions will need to be empirically checked to make sure that the
presented situation do in fact occur in deep networks, and to verify how much the arguments given for the
vanishing of the second Hessian term do hold in practice.

®The iterative power method is a fundamental algorithm used to approximate the dominant eigenvalue (i.e.,
the eigenvalue with the largest magnitude) and its corresponding eigenvector of a square matrix A. The method
works by exploiting the property that repeated multiplication of a matrix by a vector amplifies the component
of the vector in the direction of the eigenvector corresponding to the largest eigenvalue.

To begin, an initial vector v(©® (often chosen randomly or as a vector with all entries equal) is multiplied by
the matrix A: v(**tD = Av(®)  After each iteration, the resulting vector is normalized, typically by dividing by
its norm, to avoid numerical overflow and to stabilize the algorithm. The iteration continues until the sequence
of vectors v(¥) converges to the eigenvector corresponding to the dominant eigenvalue.

Once the dominant eigenvector is approximated, the corresponding eigenvalue can be computed using the
Rayleigh quotient: A\ = "VTT‘L:,", where v is the normalized eigenvector approximation. The method converges
quickly if the matrix A has a unique largest eigenvalue in magnitude and the initial vector has a non-zero
component in the direction of the dominant eigenvector. However, convergence can be slow or fail if the dominant
eigenvalue has multiplicity or is close in magnitude to other eigenvalues.

SHowever, as we expect F(0) (and thus A*(K(0))) to move slowly when updating 6 because of its random-
matrix behavior, one can just reuse the previously found eigenvectors as initialization for the power method,
which should result in a much faster convergence.

"The Gershgorin Circle Theorems provide a method to estimate the location of eigenvalues of a square matrix.
The theorems state that every eigenvalue of a matrix lies within at least one Gershgorin disk, which is defined
for each row (or column) of the matrix. Specifically, for a matrix A = [a;;], the Gershgorin disk corresponding to
the i-th row is centered at a;; (the diagonal entry) with a radius equal to the sum of the absolute values of the
off-diagonal entries in that row, R; = >_,_, |ai;|. Formally, the eigenvalues of A satisfy:

)\GU{zEC:\z—aii|§Ri}.

i=1

This theorem is particularly useful for estimating the dominant eigenvalue of a matrix. When the off-diagonal
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random matrix nature of K (#) and the theoretical fact that, in wide networks with many layers
and normalized input examples, the off-diagonal entries of K () tend to zero in the number of
layers [AAK20], which helps in achieving stronger bounds in Gershgorin Circle Theorems.

In what follow, we discuss a more practical way to perform learning rate tuning: as we have
said, the bounds of Lemma 13 are pessimistic, and could be made to work better by considering
the mean eigenvalue of V2L instead of its operator norm; an alternative way to achieve the
same result is to consider at each step the local approximation of the £ o F' function by its
quadratic Taylor series, with the second term of Equation (7.3) removed, which will give us a
sound way to derive the optimal learning rate at each step.

While this may seem just an exercise in optimization theory, we want to highlight the relevance
of such a procedure in practical setups: in recent years the great improvements in Deep Learning
accuracy have been coupled with huge energy expenses generated by the procedures needed to
train large models [LVL22]: for example, the common practice of employing grid search over
the model hyperparameters is responsible for a multiple-fold increase. Our adaptive learning
rate strategy for SGD is a solid first step toward hyperparameter-free optimization of Deep
Networks without sacrificing performance, as we will see that it is able to outperform SGD with
grid search over learning rates at just twice the cost of a single SGD run.

7.7 Proposed Learning Rate Tuning Method

In Section 7.5 we have motivated why the second term in the Hessian expansion can be safely
ignored and that the approximation V2hg(0) ~ Qs(0) := VFs(0)TV2Ls(Fs(0))VFs(0) is exact
in limit settings®, and sound in typical cases due to the expected cancellations in the second
term; moreover, the approximation is Positive Semi-Definite (PSD)? as V2L(F(0)) is PSD
because of the convexity of L.

The chosen approximation provides a Hessian that doesn’t necessarily vanish as the optimization
progresses, in contrast with the more standard Gauss-Newton method!'®, and enables it to better
follow the local geometry of the optimization problem.

Per-minibatch Computation of the Learning Rate. Consider a random minibatch I C §
and the update equation 6’ = 6 —nVhy(0): we want to search for the n minimizing h(6’), that
we approximate as

argmin h1(0) — nVhi(0)TVhi(0) + %nQVhI(H)TQI(H)VhI(H),
n

__ Vhi(®)TVhi(6)
T Vhi(0)TQr(0)Vhi(0)*

from which the optimal learning rate is 7(f) :

entries are small relative to the diagonal entries, as in the context of K(6) matrices for wide neural networks,
the disks tend to shrink, leading to tighter bounds on the eigenvalues. This makes Gershgorin Circle Theorems
an efficient and memory-light tool for approximating the largest eigenvalue without explicitly computing the full
spectrum of K (0).

8Both on very wide networks (and NTK [JGH18]) and on all networks at empirical convergence.

9Tt is important that the approximation is PSD as this ensures that the taken direction is a descent direction,
and enables the usage of Conjugate Gradient Descent [HZ06] on the objective.

YWhich approximate the Hessian using VL(F(0))TVL(F(0)) instead of V2L(F(6)).
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A difficulty in a direct application of the above formula is the high variance of the obtained

estimates for the learning rate, especially problematic in later optimization phases; we thus

consider an exponentially weighted average between different mini-batches approximations of

the learning rate!!. Let us call 7, the approximation for the k-th minibatch; the proposed

effective rate is

Yoio B log
i B

where 3 € [0,1] is a parameter determining how much earlier estimates are considered!2.

N = €xp

)

For clarity of exposition, Algorithm 1 details the full algorithm pseudo-code.

inputs
Si={(z,y;) e X x Y} ; // Input dataset
b €0 ; // Initial parameter
beN; // Size of the minibatches
B€(0,1)=0.99; // Discount factor in exponential mean
e =1e—10; // Hessian Regularization Parameter

-

nitialization: ¢y < 0.0,s9 < 0.0
for £ <+ 0 to oo do

I <+ Sample(S, b) ; // Sample minibatch from the dataset
G <+ Vhi(6y) ; // Backward pass on the minibatch
v+ VF(0:)TG // Minibatch jacobian-vector product
Q « V2L (Fr(0r)) ; // Minibatch per-example hessian
n+ (GTG)/(vTQu +eGTG) ; // Minibatch LR estimate
Skt1 < Bsi +logn ; // LR estimate update
Cit1 < Ber +1.0 // Denominator update
7} < exp(Sk+1/Ck+1) ; // Effective LR
Ort1 < Ok — NG ; // Parameter update
end

Algorithm 1: ADaptive LEarning Rate SGD

7.8 Experimental Results

To validate the effectiveness of the proposed algorithm, we perform experiments on Convolu-
tional architectures with and without residual connections and on Vision Transformers (ViT)'?
[Dos+20] of different widths and number of layers, different activation functions, and differ-

1 The underlying intuition is that gradient steps become smaller as training progresses, and thereby the local
curvature becomes more stable from one minibatch to the next one, which enables a simple averaging procedure
to aggregate the information contained in multiple mini-batches without a strong need to increase the mini-batch
size.

12YWe need to average the logarithms of n; in the above formulas, since the denominator Vh; (H)TQI(G)VIU (9)
can be arbitrarily near zero, as this better reflects the variations expected in different estimates.

In contrast, in the Gauss-Newton approximation, we average the 7 as they are, since in that case the denom-
inator is with very high probability strictly greater than zero, and the distribution of the learning rates can be
suitably approximated by a Gaussian distribution.

Moreover, we would ideally like to have different 8 — 17, since at the start of the optimization earlier
estimates aren’t much informative due to large steps, while near the optimization end values of 5 ~ 1 are optimal
to ensure full usage of the information contained in each minibatch.

We suggest 5 = 0.99 as a good fixed value ensuring a decent tradeoff between being fast enough at the start
and reach of the best end results; we leave S-autotuning to future research.

13The used networks are trained without momentum nor weight decay as this would prevent a proper compar-
ison; this explains why the obtained results aren’t SOTA.
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ent random seeds, totaling more than one hundred variations'. For each network variation, we
compare: (i) the best result of a cost-intensive grid search over ten SGD learning rates'® ranging
in logarithmic scale from le—5 to 3e—1; (ii) our algorithm (ADLER) with 8 = 0.99,¢ = 1le—10;
and (iii) Gauss-Newton approximation (GN) with 5 = 0.99.

For a fair comparison, we compare ADLER to other first-order algorithms operating over an
efficient approximation of the local geometric structure. We don not compare ADLER with
ADAM, as the latter has both a form of momentum and a preconditioner, which are not con-
sidered by our algorithm.

Models Activation ADLER GN SGD
CNN+ResNet relu 0.399 + 0.026 0.303 £+ 0.034 0.304 + 0.056
CNN+ResNet sigmoid 0.312 £ 0.081 0.357 = 0.062 0.360 + 0.022
CNN+ResNet tanh 0.364 + 0.040 0.337 £ 0.031 0.339 + 0.019

ViT relu 0.268 + 0.007 0.219 4+ 0.033 0.240 + 0.007
ViT sigmoid 0.270 £ 0.004 0.212 £ 0.042 0.231 + 0.039
ViT tanh 0.245 + 0.024 0.213 4+ 0.037 0.238 + 0.023

Table 7.1: Final accuracy for CIFAR100 under different activations and models.

Figure 7.1 and Table 7.1 show that ADLER performs much better than the Gauss-Newton
approximation; moreover, it is on par with SGD grid search for CIFAR10 and achieves a better
performance on CIFAR100. Accuracy performance apart, the method is quite effective in terms
of the optimization of the given objective function, as it can be appreciated from the logarithmic
slope of the training loss compared to the other methods (Figure 7.1).

Infact, the method is so effective at optimization that we see that the test loss starts to in-
crease dramatically after the first ten epochs, while at the same time the accuracy performance
stabilizes (Figure 7.1). We think that this overfitting effect is due to the employment of non-
regularized ERM, and can be mitigated by a policy to increase the mini-batch size in time,
which would allow the method to obtain more accurate geometrical information.

Let us now analyze the way in which the learning rates are varied throughout the learn-
ing epochs: in Figure 7.2 we can observe that they resemble cyclical learning rate strategies
[Smi17]!¢ in the case of ReLU networks; moreover we observe that the learning rates produced
by GN inexorably decrease with time and are generally smaller than either of the other meth-
ods, which hints at the reason underlying its worse overall performance. ADLER achieves a
comparable accuracy to grid-search SGD on CIFAR10', while it shows a marked performance
improvement on the more challenging CIFAR100 dataset (Table 7.1). While this may seem a
contradiction, we think the low performance on CIFAR10 can be due to the fact that on easier
problems the local geometry appears flatter and thus the algorithm takes greater steps; these
steps may sometimes be so big that the local approximation no longer holds. For this reason,
we look forward to integrating a trust-region bound [Yua00] in future extensions of the method.

The full code and the experiment data are available at gitlab.com/dbalboni/ADLER.
15 As our method does not have momentum terms, we only compare against naive SGD.
18Tn which learning rates are increased and decreased cyclically throught training.
"The accuracy of the two methods is less than a standard deviation apart.
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7.9 Conclusions

In this Chapter (1) we have shown the theoretical base that allows learning rate tuning pro-
cedures to be used on Deep Neural Networks without disturbing their convergence properties
based on the Polyak-Lojasiewicz condition; (2) we have presented an algorithm that relieves
practitioners from computational and energy costs of grid search on SGD learning rates, without
loss of predictive performance when optimizing popular convolutional architectures and Vision
Transformers; (3) we have proposed a sound PSD Hessian approximation that can be easily
instantiated in Conjugate Gradient methods, thus enabling to possibly match the performance
of accelerated algorithms, and marked a first step towards the removal of hyperparameters from
optimization procedures in Deep Learning.
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Accuracy of CNN+ResNet relu networks on CIFAR100
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Figure 7.1: FEvolution of ReLLU networks accuracy and training loss on CIFAR100; optimizers
are shown in different colors with shaded 95% confidence intervals.
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Dynamic Learning Rates of CNN+ResNet relu networks on CIFAR10
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Figure 7.2: Evolution of learning rates during optimization: for SGD we plot the one achieving

the best performance at each epoch, while for the purpose of training, it is actually kept fixed
to its grid search value.
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Chapter 8

Conclusions and Future Research

In wrapping up, we addressed fundamental questions about how to understand and optimize
deep neural networks. Beginning with Mean Field Theory (Chapter 1) and Neural Tangent
Kernels (Chapter 2), we developed ways to simplify and interpret the complex behavior of these
models. By viewing Deep Networks from an optimization perspective (Chapter 3) and apply-
ing the Polyak-Lojasiewicz condition (Chapter 4), we gained practical insights into managing
convergence and generalization challenges inherent in non-convex optimization, particularly for
deep networks. This theoretical groundwork laid the foundation for our contributions.

Deep Kernel Networks. In Chapter 5, we established a connection between Deep Neural
Networks and Deep Kernel Methods, demonstrating that convergence proofs for Neural Net-
works do not need to be conducted for each architecture individually by utilizing the framework
of deep kernel methods. We rederived a known result of Li, Ding, and Sun [LDS18] for Deep
Kernel Networks and in more generality.

Testing the Predictions of the Polyak—Lojasiewicz Theory. In Chapter 6, we con-
ducted a comprehensive literature review on the Polyak—Lojasiewicz condition and its potential
applications in modeling Deep Networks, focusing on aspects such as convergence, condition-
ing, and generalization. We also performed experiments to validate the alignment with the
theoretical framework.

The performed experiments on realistically-sides models have exposed some discrepancies with
the available theories. We expose the most important ones in the authors opinion, and briefly

comment on their possible consequences.

e The different behavior of conditioning with respect to renormalized and non-renormalized
networks (Figure 6.1), contrary to the observations of Agarwal, Awasthi, and Kale [A AK20)]
which only seem to hold on very wide networks, as hinted by the role that width plays in
delaying the difference between the two settings (Figure 6.2).

A better understanding of this phenomenon could lead to find optimal network widths
in the trade-off between computational requirements and better loss convergence, as well
as the possibility to remove normalization layers on early layers of the networks, which
doesn’t seem to bring conditioning benefits according to Figure 6.1.
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e The unexpected finding that conditioning worsens very slowly (and can possibly improve)
during training, as current theories assume pessimistically that it worsens the farther the
networks parameters are from their initialization (Figures 6.6 to 6.8).

If this finding were confirmed by other experiments and theoretical reasons, existing the-
ories would simplify considerably, as convergence guarantees all rely on conditioning not
worsening too much during training.

e The fact that the available generalization bounds give vacuous estimates (Figures 6.11
and 6.12). Stricter generalization bounds could give guarantees to all the settings in
which neural models are deployed in critical tasks, such as in automotive or in clinical
screening.

Learning Rate Adaptation in Polyak—Lojasiewicz Function Optimization. In Chap-
ter 7, we first illustrated how learning rate tuning can be effectively applied to Polyak—FLojasiewicz
functions, leveraging the continuity argument of first-order optimization algorithms as discussed
by Guille-Escuret, Girotti, Goujaud, and Mitliagkas [GGGM21]. We derived a robust positive
semi-definite Hessian approximation for deep network models, leading to a novel approach for
dynamically adjusting the learning rate. This approach reduces reliance on preset hyperparam-
eters, and its effectiveness has been corroborated by empirical evidence.

The approach we have taken here can also be expanded for greater efficiency and refined for
other types of optimization, such as generative adversarial networks and reinforcement learning.
In the following sections, we will discuss the limitations of the proposed framework and potential
future research directions.

8.1 Limitations of the Approach

The Polyak—Lojasiewicz condition requires that the objective function satisfies a specific in-
equality, establishing a relationship between the gradient norm and the function value. While
less stringent than strong convexity, this condition is still restrictive for many non-convex func-
tions, particularly in deep learning, where loss landscapes can be highly non-convex and rugged.
This suggests a need to design neural network architectures that better adhere to the Polyak—
Lojasiewicz condition to gain improved convergence guarantees on their training.

Moreover, the Polyak—tLojasiewicz condition serves primarily as a theoretical construct, and
there is limited empirical evidence to suggest that the loss landscapes of deep neural networks
consistently adhere to this condition. Although our studies indicate that overparameterized
neural networks may satisfy the Polyak—FLojasiewicz condition during training, this does not
guarantee complete compliance, highlighting the need for further investigation into the practical
relevance of the Polyak—Lojasiewicz condition in real-world scenarios.

Finally, while the Polyak—Lojasiewicz condition focuses on convergence to a minimum, it does
not address the critical aspect of generalization in neural network training. The relationship
between satisfying the Polyak—Lojasiewicz condition and achieving good generalization remains
ambiguous. As previously noted, the generalization results in the context of the Polyak—
Lojasiewicz condition are notably lacking, presenting a significant challenge that warrants fur-
ther exploration.
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8.2 Future Research Directions

Let us conclude by delineating possible research directions for an extension of this work.

Polyak—Lojasiewicz Conditioning. Future works should consider extending the theory on
conditioning to finite networks, thereby including an estimation of the variance due to ran-
domness in finite-width initialization, a reconsideration of the role of normalization (which is
more useful in finite-width settings), and focus on alternative ways to bound conditioning dur-
ing training, where it does not worsen as much as previously thought, as we have shown in
Chapter 6.

Moreover, we think that the search for better conditioning can provide a principled justifica-
tion to weight initialization strategies that make networks train better, instead of focusing on
Information Propagation in the Mean Field Theory spirit of Chapter 1. Enhanced initialization
could minimize poorly conditioned layers and ensure smoother gradients across layers, reducing
both training time and memory requirements..

Polyak—Lojasiewicz Convergence. For what concerns convergence, the theory exposed in
Chapter 6 has good predictability at later epochs, while in the initial epochs the networks
perform much better than the theoretical predictions. This phenomenon has to be investigated
in more depth, as there could be significant gains from having a better model of how networks
behave in the first training epochs, e.g. to discard models that exhibit worse PL constants
during a neural architecture search.

Polyak—Lojasiewicz Generalization. In contrast with the partial results obtained concern-
ing convergence and conditioning, the tested Polyak—Lojasiewicz generalization theory gives
vacuous bounds. We highlight the need to assess the cause of this behavior and to develop

alternative approaches.

Alternatives to the Polyak—Lojasiewicz condition. We highlight how future theories
should also consider variations of the PL condition like Proxy-PLness [FG21], and the weak-PL
condition [CR17], since multiple useful loss functions only satisfy the latter.

Verifications of the Polyak—Lojasiewicz Theory on other Architectures. In Chapter 6
we verified the predictions of the Polyak—Lojasiewicz theory only on fully connected networks.
Extensions of the presented theories to CNN, ResNets and Transformers are needed to form a
more complete picture of network behavior. Those can be investigated within the same frame-
work, but require different theoretical calculations in Lemma 21, Lemma 23 and an adaptation
of the results of Agarwal, Awasthi, and Kale [AAK20] for each architecture, and are thus left
to future works.

Networks as Riemannian Manifolds with Kernel Structures on the Tangent Space.
Viewing neural networks as Riemannian manifolds, particularly with kernel structures defined
on their tangent spaces, could reveal new insights into the geometric properties of network
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training landscapes. This approach would allow for studying gradients and curvature in the
manifold structure, providing a more nuanced understanding of how network parameters evolve
during training and potentially identifying regions of the parameter space associated with better
generalization.

Preconditioned and Conjugate Gradient Methods for Hyperparameter-Free Train-
ing. Incorporating conjugate gradient techniques with tailored momentum and precondition-
ing terms holds promise for developing hyperparameter-free optimization algorithms. Such
methods could maintain directionality in gradient updates without extensive parameter tuning,
possibly offering faster convergence and reducing manual setup.

ADAM’s [Kinl4] adaptive learning rate mechanism has a natural analogy to Jacobi precondi-
tioning of SGD, effectively rescaling updates based on gradient statistics. This effect is likely
enhanced by the random initialization commonly used in networks today. Formalizing this re-
lationship could clarify the mechanics behind Adam’s performance in non-convex optimization
and lead to new preconditioned variants of SGD that combine the strengths of preconditioning
with those of Conjugate Gradient Descent.
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Appendix A

Proofs of Deep Kernel Methods

Lemma 6 (Characterization of dependent points). The points x1, ...,y are dependent if and
only if the matric Hij,s = (K(x4, z,)ej, es) s singular.

Proof. By the definition of point dependence we have 39, € Y, which we will write as
0k = Y4 Crses Where e, are the basis vectors of Y, such that

VieH Y (flan), ) =0
k

By letting f = K(x;,-)e; in the above equation we obtain ), cksKij ks = 0, which can happen
with c¢gs not all zero iff K is singular.

We know that 305, € Y not all zeros such that Vf = K(z;,-)e; we have >, (f(xx),dx) = 0.
To extend this to all functions, we call H C H the subspace Span {K (z;,)e;}, ; and for every
k we have VfinH f(xr) = (muf)(xr) where mp is the projection on the subspace H (which is
closed since it is of finite dimension) and thus

VieH D (flxr)dk) =Y (muf(r),dk) =0
B

k

which constitutes the thesis. O

Definition 10 (Positive Definite Kernel, [MP05]). We say that a kernel K : X x X — L(Y,Y)

is positive definite if for every x1,...,xm € X and y1,...,ym €Y not all zero we have
m m
DY (K (i, x)yi ;) > 0.
i=1 j=1

Lemma 7 (Independent points in a positive definite kernel). Let K be a positive definite Kernel
and x1,...,xy be points in X. Then these points are all independent provided that they are
distinct.

Proof. Let {x}}, be a set of points. Since the kernel K is positive definite, the matrix H;j =

(K (zi, z1)ej, 1) is also positive definite because {e;},_; ,, is a base of Y. Let a € Ker H be a
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non null vector in its kernel, then we have
0O=a'(Ha)=a'Ha>0

and we obtain a contradiction. O

Lemma 14 (Independent points in CNN Kernels). A Convolutional Kernel (Definition 8) has
at least whe independent points.

Proof. First suppose o = Id is the identity, and consider the points z*¢ defined by az%bvc =
0ia0jp0c for a € {0,...,w}, b € {0,...,h}. By Lemma 6 we must prove the invertibility of the
matrix

Habcopyde frbv = (K (@, 2% )eqp, enGV) :
By simple calculations we obtain

Habcaﬁv,defnﬂu = 5’70(5’yf5(a—a)d6(b—ﬂ)e(5an 5,89 571/

which is block diagonal with respect to ¢, f so that we can just study the invertibility of a single
block where ¢ = f = 7.

We notice that Va,b,d, e we have a unique pair o, 8 such that Hupcagy,defnor 7 0, and precisely
when o =a—dand S =b—e. Sincea—d € {—w,...,w} and b—e € {—h,...,h} we have this
pair in our indices, and thus we can calculate the determinant and prove that the matrix H is
indeed invertible.

Since K is bilinear in its X entries, if we apply an invertible matrix to a set of independent
points they remain independent. More formally let A;jj ¢ be an invertible matrix. The set of
points 29k = Dot Aijkmsta?”t is a set of independent points.

Returning now to the case of a general o, we know that K,(z,2") = K(o(x),o(z")) and thus we
just need to prove that applying o entrywise we are able to obtain a set of independent points.

Consider then the set of points
20 = 0yk0iadpo (1) + (1 = Gyxdiadjp)or(c)

for which we have 2% = Dijk zfjb,: 2% and obviously they are in the image of ¢ applied to a
points with all entries ¢ except for one which is r.

We then just need to prove invertibility of Agpy ijx = 0yk0iadpo (1) + (1 — 0ykiadjp)o(c) which,
modulo a reordering of the indices, is equivalent to B; j = d;j0(r) + (1 — 6;5)0(c), and thus is
invertible by Lemma 8 whenever (whc — 1)o(c) # —o(r).

Notice that if o crosses zero it is much easier to put o(c) = 0, so that most calculations become
straightforward, and otherwise o is bound to be either always positive or always negative so
that for any two chosen points it cannot happen that Ao (c) = —o(r). O

Lemma 15 (Independent points in RNN Kernels). A Recurrent Kernel (Definition 4) has at
least T independent points.
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Proof. Consider ®,(z).; and notice that for fixed t and € RY, and for any z.1,..., 21, there
exist a zy such that ®,(z); = o(2 + uPy(2)4—1) = o(z), namely z; = z — u®,(2).—1. This
observation practically allows us to reduce the case of recurrent networks to the case of fully
connected networks, because we have now decoupled the dependence on time, i.e. for assigned
T1,..., 27 € RY there exists a z € (R?)T such that ®,(2),; = o(x;) foreach t = 1,...,T.

We may now observe that a set of independent points can be found, for fixed u, by finding
points z that correpond to the set of independent points for FCN Kernels in Lemma, 9. ]
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Appendix B

Additional Details to the Tests of
the Polyak—Lojasiewicz Theory

B.1 Additional Theory and Useful Lemmas

In this Appendix we report useful lemmas that complement Chapter 6 about composition of
lipschitz and smoothness constants, the theory of minimization of weakly PL functions, and the
ideas about the theory of conditioning.

B.1.1 Lemmas on Lipschitz and Smoothness constant

In what follows we define the smoothness and lipschitz constant of a function f: X — Y by:

£ (z) = F(@")]| < G|l — | (B.1)
|V f(@) = V()| < Ly||z — 2| (B.2)

Lemma 16 (Smoothness Constant and Composition). Let f : X — Y and g :' Y — Z, and
define h(x) = g(f(x)). Then we have Gy, < G¢Gy and Lj, < G?Lg +GyLy.

Proof. For the smoothness constant we have:

<V MVarw — Varanll + Vg IV e = V (B.4)
< (G}Lg + GyLy)|jx —2'||. (B.5)
The result is on the other hand well-known for the Lipschitz constant. O

Lemma 17. The mean-squared-error loss has G < 2MSFE(xz), L < N, where N is the number
of dimensions. Moreover it is a 1-strongly convex function.
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Proof. Recall that for the mean-squared-error loss we have:

U(z,y) = % > (i — i) (B.6)

ol
02/
— =9 B.8
0xn0Tm nm (B.8)
. ol 2 02/ 2 o s
and thus we obtain that 3 |57~ = 20(z,y), >0, ., m’ = N, and it is a 1l-strongly
convex function because the Hessian is always positive definite and H > I. O

Lemma 18. The cross-entropy loss has L,G < 2 and is a weakly convex function.

Proof. Recall that cross-entropy satifyies

l(z, k) = —xf + log Z e’ (B.9)
J
o ern
k B.1
Oxy, By D K) = ZOnpF > ev (B-10)

o (o k) = Omn€™m (Zj el’j) _ eTmen

A A 2
0xm 0z, (Z] e””j)
(x k)’ < 2, me 8xf§m (z, k:)‘ < 2. Weak convexity

stems from the positivity of the he551an matrix: let us call ¢; =

(B.11)

and one easily obtains that )

then we have seen that

e
H,, = 8$?nz(§a:n (z,k) = Omntn — tptm, and thus we have

u Hu = ZHijuiu] th Zt tjujuj = Ztluf — thuj >0 (B.12)
( J

]
by Cauchy-Schwartz inequality applied to v/%; and \/tu;, since >, ¢; = 1. O

Definition 11 (Matrix Norm). Let A be a square matriz and consider the norm induced by the
p-vector norm:

IIAvH
1Al = (B.13)

por e ol

Definition 12 (Spectral Radius). Let A be an nxn square matriz with eigenvalues Ay, ..., Ay €
C. We define its spectral radius p(A) by

p(A) :==max {,  [\i]} = max {|\i],..., | An]} (B.14)

as the maximum absolute value of its eigenvalues.

Lemma 19 (Matrix Norm Facts). In what follows let p,q € R be an Hélder conjugate pair, i.e.
% + % = 1. Then the matrix norm satisfies the following:
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1. Al = ||AT]]

p—p q—q
2. |1AB|,, < 1All,—, 1 Bll—p
3. p(A) < [|All,-,

4. | All35 = p(A" A)

5. [ Allsersoe = macx; (32, 1451)

Proof. Omitted because they are known facts. For a proof see Bhatia [Bhal3]. O]

Lemma 20 (Interpolation for matrix norms). Let p,q € R be an Hélder conjugated pair, i.e.
% + % = 1. Then it holds:

1Al < 1Al pll Al (B.15)

Proof. Using the facts enumerated in Lemma 19 we get
JAIZ, = p(AT4) < [ ATA]| < [[A7 ], Al = [A]oglAll,ye (B.16)
In particular we notice that ||AH§_>2 < A 51 1A o= 00 O

Lemma 21 (Lipschitz and Smoothness constant for a layer). Let us consider a FCN layer
f(x) = M¢(x) where the activation function ¢ is applied entrywise. Suppose that it receives
inputs whose coordinates are always inside the interval I; then its Lipschits and Smoothness
constants are:

Gf = Umax(M) ’ I?EaIX |¢/(t)‘ (B17)
Ly= %?X\Mij| - max 19" (t)|. (B.18)

Proof. 1t is easy to calculate the layer Lipschitz constant with respect to euclidean norm since it
is a composition of a linear layer M and of the non-linear function ¢, and we obtain the desired
result.

The calculation of the Smoothness constant is more involved, and we start by writing out fully
the layer-defining equations:

flx)i= Z Mijo(z;) (B.19)
T~ My (B.20)
f(x); 7

S = My (z) (B.21)

At this point we can make use of Equation (B.15) to obtain the desired result

V2 f ()i, = \/HV?f(x)iHHlIIVQf(w)illoHoo (B.22)
= |[V?f(a)i|t = 1 (B.23)
= max | My - max |¢" () (B.24)
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where HV2f(:c)iH1H1 = HVQf(x)lH because V2 f(x); is symmetric. O

cO—r00

The above lemmas provide a way to compute the worst expected eigenvalue when the network
weights are trained, using Equation (4.11), since we can now use Lemma 21 to compute the
Lipschitz and Smoothness constants of the layer and Lemma 16 iteratively to bound those of
the whole network.

Being based on iterative estimates, it is obvious that the obtained quantities could be off from
the real Lipschitz and Smoothness constant by quite a bit, and thus also the obtained eigenvalue
and generalization estimates obtained. We leave the question of how to improve those bounds
to future works.

B.1.2 Weakly PL Functions

In Chapter 6 we exposed the theory about strongly PL functions for ease of exposition; in this
Section we instead present the theory of weak PL functions which originated in the work of
Csiba and Richtdrik [CR17], and which is needed to analyze the results of the experiments on
the cross-entropy loss. We expose the main results about weak PL functions, and refer the
interested reader to the cited work.

Definition 13 (Weakly PL function, [CR17]). A function f: X — R is weakly pu-PL on 2 C X
if there z* € X* the set of global minimizer such that

Ve,y € Q@ VI (@)llle =2 = u(f(z) = ) (B.25)
where f* :=mingecq f(x).

It can be easily observed that every weakly convex function is weakly PL with p = 1. Moreover
we have the following lemma on the decrease of the objective during the optimization process:

Lemma 22 (Gradient Descent on Weakly PL functions, [CR17, Lemma 3]). Given an L-
smooth, weakly u-PL function f : X — R and chosen an initial point xg, we let the sequence of
iterates evolve according to the rule:

1
Th+1 = Tk — ZVf(xk) (B26)
Then the optimality gap decreases following the formula
u(f (we) — f*)

a 2L||xy — :U*H2

Fleen) — f* < (1 )(fm) ). (B.27)

Specificities about how the quantities in Equation (B.27) have been measured are discussed in
Section 6.2.

B.1.3 Conditioning Ideas

In this Section we detail the ideas in the work of Agarwal, Awasthi, and Kale [AAK20] that
allow us to obtain bounds on the conditioning of the various network layers.
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In what follows, we will assume that the inputs (z;);_; _, to our neural network are all of
unitary norm and their pairwise product satisfies |z; - ;| <1 — 0. We being by introducing the
definition of the dual activation function, due to Daniely, Frostig, and Singer [DFS16].

Definition 14 (Dual Activation, [DFS16]). Given an activation function o, we define the dual
activation function 6 : [—1,1] = R by

N 1
5(0) = Epx yys, [0(X)o (V)] where 3, = ( o ) (B.28)
Lemma 23 (Dual Activation and Infinite-Width Networks, [DFS16]). & corresponds to the
function that is calculated by freshly initialized networks layers of infinite-width on a given pair
of inputs. In other words, define by
K7 = lim K] (B.29)

t—o00

the NTK deterministic limit, where t is the dimension of the space ©. Then we have that
R+l = &(i{m> (B.30)
where & is applied entrywise.

Lemma 23 gives us an idea about what to expect when depth is increased in a wide neural
network. Infact, when the space of parameters is so large that K Z‘ 0~ KZ-’;L,
a way to know the entries of the K matrix and thus to bound its conditioning.

Lemma 23 gives us

Eigenvalue Bounding Sketch. We begin by exposing a way to give bounds on the smallest
eigenvalue for iterative applications of the dual activation to a given positive definite matrix:

Lemma 24 (Eigenvalue lower bound lemma [AAK20][Lemma 23]). Let H € R™*" a positive-
definite matriz, i.e. H > 01, and all values = 1 on the diagonal. Let f : R — R be an

analytic function whose series expansion in zero has only positive coefficients, and let f[H] be
the application of f to each entry of the matriz. Then f[H| > (f(1) — f(1 —9))I,.

By our assumptions, K% is positive definite with ones on the diagonal, and we can verify that
for all commonly considered activation functions, & is analytic on the real line with non-negative
coefficients in its power series expansion, so that Lemma 24 above applies.

On the other hand, we can bound the highest eigenvalue using Gershgorin circle theorems if
we know how to bound the off-diagonal entries of the K matrix. To this aim we introduce the
definition of distortion, that essentially quantifies how much & acts as a contraction when its
inputs are a bit distant from one.

Definition 15 (Maximal Distortion of Dual Activation, [AAK20]). Given a dual activation
function &, we define its distortion at level § as:

M;s :=sup{a(p) | |p| <1 -6} (B.31)

As the reader can imagine, iteratively applying & to the set of pairwise products of inputs
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D;j = (z;, x) leaves the diagonal terms unchanged since (1) = 1, while it increasingly shrinks
the off-diagonal terms to zero, in an amount that is quantified by its distortion.

It is then clear that any matrix chain such that S+ = 5(S™) essentially converges toward the
identity matrix. Agarwal, Awasthi, and Kale [AAK20] are able to extract the convergence rates
from such reasonments and thereby establish the stronger result of exponential convergence of
both the G and K¢ matrices to conditioning of one. For more details we refer the reader
to the already cited works [AAK20; DFS16].
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