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Abstract

In the last decades, the synergy between astronomical observations and laboratory
studies (increasingly based on the interplay of experiment and theory) has led to the
discovery of an ever-increasing number of molecules in many astrophysical sources,
with the astronomical spectra becoming more and more detailed. This suggests that
a rich chemistry is taking place in all stages of the life cycle of a star. However, in
space, harsh physical conditions pose severe constraints to the chemical processes
it hosts, which greatly differ from those occurring in terrestrial environments. For
instance, in the interstellar medium, molecular energy level populations are rarely
at the local thermodynamic equilibrium (LTE) because the density is usually so
low (∼ 102 − 106 cm−3) that collisions compete with radiative processes (Kłos and
Lique, 2017). Under such conditions, deriving molecular abundances from spectral
lines requires the knowledge of the collisional rate coefficients of the molecule under
consideration for the most abundant perturbing species. The nature of the latter
depends on the investigated astronomical environment. For instance, in interstellar
clouds, the most important perturbers are molecular hydrogen (H2), atomic hydro-
gen and He, the latter being also used as an approximation of H2 (Roueff and Lique,
2013). Differently, if one aims to constrain molecular abundances in cometary co-
mas, collisional excitation is generally dominated by H2O (and/or electrons) and,
for comets at large heliocentric distances, by CO (Bockelée-Morvan et al., 2004). In
planetary atmospheres, the molecular composition is not standard and is, instead,
very system-specific; in the thermosphere of Titan, for example, N2 and CH4 are the
most abundant collisional partners (Rezac et al., 2013). Given the extreme condi-
tions of those environments, which are difficult to be reproduced in the laboratory,
the knowledge of the collisional rate coefficients strongly relies on theoretical cal-
culations. However, pressure-broadening measurements are frequently employed to
provide an experimental validation of the computational procedure (Meuwly and
Hutson, 1999).

During my PhD, I have mainly focused my research on the theoretical and ex-



vi

perimental determination of the relevant collisional parameters of molecules of as-
trochemical interest. The aim of this research is to support new astronomical inves-
tigations and gain more information regarding gas densities, molecular abundances
and excitation temperatures via radiative transfer models. Going into detail, this
thesis will describe the various steps required to retrieve the collisional coefficients
and derive non-LTE molecular column densities. First, an accurate characterization
of the interaction potential for the collisional system is needed. This is accomplished
by fitting the potential to an expansion over angular functions on top of a grid of
interaction energies computed by means of highly accurate ab initio calculations. In
this respect, the good performance of explicitly correlated coupled-cluster methods
for mapping the short- and long- range multi-dimensional interaction potential en-
ergy surface is pointed out. Having characterized the potential, in order to ensure
the right balance between accuracy and efficiency of the scattering calculations, pre-
liminary tests on the influence of the rotational basis of each collider on the value of
the collisional cross sections are carried out. Indeed, this allows to apply proper ap-
proximations to the potential in order to decrease the computational effort while not
significantly affecting the accuracy. Subsequently, a validation of the methodology
employed is performed by exploiting the computational-experimental comparison for
the bound state spectroscopic parameters and/or pressure broadening coefficients.
The latter, moreover, may be very helpful in the determination of accurate rest
transition frequencies in support of astronomical surveys. Then, the standard time-
independent coupled scattering equations are solved using the MOLSCAT program
(Hutson and Green, 1994), thus providing the collisional (de-) excitation rate coef-
ficients. The last step is the solution of radiative transfer equations (RADEX code;
van der Tak et al. 2007) to model astrophysical observations and derive molecular
column densities.

With the purpose of contributing to each step of the collisional framework,
the systems investigated in this thesis are: HCO+/He, HC17O+/H2, HC

18O+/Ar,
PO+/H2, HCN/N2 and HC3N/N2. Each of them provides insights into one or more
specific parts of the collisional procedure summarized above, with a special focus
on their relevance to astrophysical applications. Moreover, these systems are in-
tended to range over various astrophysical conditions that may be found in space,
from the interstellar medium to Titan’s atmosphere, thereby broadening the range
of application of the outlined research protocol.
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1Chapter

Introduction

Our perception and knowledge of the universe have experienced an extensive trans-
formation over the past decades. In contrast with the prevailing scientific thought
over 50 years ago, the space revealed itself in a new guise: a chemically fertile place
where molecules are ubiquitous and reach high degree of complexity, from a di-
mensional point of view (to date, molecules containing up to 70 atoms have been
detected; Müller et al. (2005)) but also in terms of variety of atoms and functional
groups. The exploration of chemical diversity through the universe led scientists to
define the concept of chemical evolution, which came from the recognition that the
stages over the entire life cycle of stars can be defined by the composition where they
are formed (Suzuki et al., 1992; Yamamoto, 2017). This makes chemical composi-
tions excellent tracers to diagnose the evolutionary stage and the physical properties
of astronomical sources. Moreover, the detection of complex organic and potentially
prebiotic molecules, such as amino acids, in meteorites and other astronomical en-
vironments, has further stimulated the debate on the origin of the building blocks
of life in the universe. As a consequence, the adoption of a chemical approach in as-
tronomy has become increasingly important, thus giving birth to a rapidly growing
research field: astrochemistry, which studies the birth and evolution of our universe
from a molecular point of view.

One of the major aims of astrochemistry is to understand the chemical evolution
of astronomical objects, starting from an accurate census of their molecular content
(Woon, 2004; McGuire, 2022). In this regard, the strong synergism between labora-
tory spectroscopy and radioastronomy permitted in the last years to identify a large
number of molecules in space, and in particular in the interstellar medium (ISM),
i.e., the rarefied matter consisting of gas and dust that exists between stars within
a galaxy. Most of these molecules have been detected by means of radio obser-
vations of their rotational spectral lines, which can be considered actual molecular
fingerprints. Nevertheless, there are still many features that remain unassigned in ra-
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dioastronomical surveys. Indeed, molecular identifications can only be accomplished
if the molecular spectra are known with great accuracy, this requiring a thorough
experimental laboratory work. Since the analysis of a rotational spectrum can be
extremely complex and, if not adequately supported, can lead to misleading results,
quantum chemistry plays a very important role in guiding experimental studies.

In space, moreover, molecular energy level populations are rarely at the local
thermodynamic equilibrium (LTE) because the density is usually so low that col-
lisions compete with radiative processes (Kłos and Lique, 2017). Under such con-
ditions, the interpretation of observed interstellar spectra in terms of molecular
abundances requires the knowledge of collisional rate coefficients of the molecules
involved due to the most abundant perturbing species.

In the last decades, the application of molecular beams and laser techniques
has begun to provide very detailed information about collisions (e.g., van Dishoeck
1997; Yang et al. 2010, 2011; Chefdeville et al. 2012 and Brouard et al. 2014).
The deflection of a molecule’s trajectory due to molecular beams experiments is
up to now one of the most sensitive probes of the interaction potential (the reader
is referred to Bergeat et al. 2020 and Besemer et al. 2022 for some illustrative
applications). However, the experimental setups able to probe collision dynamics for
astrophysical applications are still scarce. To overcome this limitation, state-of-art
quantum chemistry techniques are a reliable means to directly estimate collisional
rate coefficients. As a matter of fact, computational approaches employing advanced
treatments of both electronic and nuclear motions can support the experiments
providing results with comparable accuracy (Lique et al., 2010b). Furthermore, the
interplay of experiment and theory provides a means of reciprocal validation. For
example, experimental measurement of the pressure broadening and pressure shift
coefficients can be used to verify the computational accuracy.

Having retrieved the information related to the chemical composition and abun-
dance of a given astronomical object, the next step is the investigation of its chemical
reactivity, which means to understand how the detected molecules were formed and
how can further react. This also represents an important step toward the determi-
nation of the physical conditions and evolutionary stage of the astronomical object
under consideration. However, the extreme conditions of the ISM put severe con-
straints on the chemical reactions that can occur, thus requiring the study of possible
reaction mechanisms from both thermochemical and kinetic points of view. This in-
formation together with reaction networks connecting all detected molecules then
feed astrochemical models that, in principle, should be able to describe the chemical
evolution of the astrochemical object under consideration.

To sum up, it all boils down to three main astrochemical questions: what
molecules are present in the universe? What is their abundance? How could they be
formed and how can they further evolve? The answers to these questions can only
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Figure 1.1: Main research lines involved in astrochemistry. The images were taken from Rivilla
et al. (2022a); Melli et al. (2021); Asensio et al. (2022); Tonolo et al. (2022); Alessandrini et al.
(2021); Tonolo et al. (2020); Caselli and Ceccarelli (2012).

be obtained by putting together many pieces, each bringing precise and precious in-
formation, of a giant puzzle that covers different research fields, from the macroscale
of astrophysical investigations to the atomistic view of molecular spectroscopy and
quantum chemistry, to proceed with chemical reactivity and its modeling, and to
conclude with a flavor of biology and geology when moving towards planets. In or-
der to provide a glimpse of this complex picture, a schematic summary of the main
research lines involved in the field of astrochemistry is presented in Figure 1.1. To-
gether with the high interdisciplinary nature they entail, such investigations require
to range over extremely diverse physical conditions, from the dense environments of
the hot ionized medium or in the inner midplanes of protoplanetary disks, to the
cold and rarefied conditions of molecular clouds.

In this Chapter, I will present the framework of the research projects I have
carried out during my Ph.D., which aim to bring a contribution to current frontiers
in astrochemistry. In § 1.1 more details about the discovery of the molecular wealth
in the ISM are provided, while in § 1.2 the focus is the role of chemical complexity
to trace the evolutionary stages of the life cycle of stars. Finally, a glimpse into
the characteristics of Titan’s atmosphere, whose relevance lies on the fact that it is
considered a primordial Earth, is provided in § 1.3.
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1.1 Molecules in Space

Most of the baryonic mass of our galaxy, i.e., the Milky Way, is located in stars.
However, 10% of this matter resides in the ISM, both in the form of gas and dust
particles. In these environments, the discovery of molecules is quite recent. Indeed,
in the early 1900s, the ISM was considered nearly an empty space, allowing only the
presence of rarefied atoms stemming from the Big Bang and stellar nucleosynthesis.
Despite the discovery of the interstellar gas (Hartmann, 1979) and dust (Trumpler,
1930), the conditions of such environments were considered too hostile to allow for
any kind of chemical reactivity and complexity. This belief was not undermined
even by the detection of the first diatomic molecules such as CH, CN and CH+

(McKellar, 1940; Douglas and Herzberg, 1941). For about 20 years the interest
on molecules waned, and no new species other than these first few diatoms were
discovered. When, in 1955, C. H. Townes proposed for the first time to use the
microwave radiation to investigate the presence of molecules in the ISM, he did
not receive much attention from the scientific community (Townes, 1957). Only
in the late 1960s, with the onset of radioastronomy — which shed light on the Big
Bang model by recording the cosmic microwave background (CMB) radiation — the
identification of the first polyatomic molecules in the ISM challenged all the previous
convictions. The first molecules discovered were ammonia (NH3) in 1968 (Cheung
et al., 1969a), water (H2O) (Cheung et al., 1969b) and formaldehyde (H2CO), the
first organic molecule (Snyder et al., 1969), in 1969. In 1975, methyl formate was
detected as well, thus leading to the definition of complex organic molecules (COM)
(Herbst and van Dishoeck, 2009) which are molecules containing more than 5 atoms
and at least one carbon. The detection of new molecules proceeded with a constant
pace until 2020 (McGuire, 2022), with a steep increase in the last three years when
more than 80 new molecules were discovered, i.e., nearly 1/4 of the molecular species
detected so far. Indeed, more than 300 molecules have been identified in the ISM
and circumstellar shells (Müller et al., 2005), including molecules of interest from a
prebiotic point of view such as glycolaldehyde, the basic unit for sugars formation
(Hollis et al., 2000), propylene oxide, the first chiral molecule (McGuire et al., 2016),
and very recently also glycolamide (Rivilla et al., 2023), an isomer of glycine, the
simplest amino acid.

1.2 Chemical Evolution: Tracing the Life Cycle of Stars

As already mentioned, molecular complexity and the life cycle of a star, which
evolves from a dying star to the formation of a new star and planetary systems
passing through the diffuse and molecular clouds evolutionary stage, proceed hand
in hand, leading to the concept of chemical evolution. At its first stage, the pres-
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ence of interstellar UV radiation, which is able to deeply penetrate the cloud, forms
hot/warm ionized medium where the particles are both diffuse and ionized by molec-
ular photodissociation (McKee and Ostriker, 1977; Yamamoto, 2017). In this phase,
only simple molecules are observed and the dominant form of gas-phase carbon is
C+. Triggered by a perturbation such as gravitational instability, the cloud starts to
collapse and protons recombine with electrons forming diffuse clouds, where atomic
and molecular hydrogen coexist. At this stage, carbon is present in its neutral form,
and its hydrogenated compounds (CH, CH2) react with oxygen to form CO. Since
CO is a very stable molecule, it no longer reacts in the gas phase. However, dur-
ing the C → CO conversion, various organic unsaturated molecules are produced
by gas-phase reactions, such as simple carbon-chain molecules. In the late stage of
the C → CO conversion, the increasing abundance of N2 molecule produces also
simple nitrogen-containing species. As the temperature decreases and the density
increases, hydrogen molecules become the dominant form of hydrogen (the cloud
being shielded by UV radiation) and the cloud is referred to as a molecular cloud.
Here, the depletion of molecules, i.e., the abundance reduction of a given molecule
in the gas phase due to its adsorption on dust grains, becomes significant. This has
a huge impact on molecular compositions: for example, the depletion of CO from
the gas phase extends the lifetime of N2H

+ and H +
3 (the reaction with CO being

their major destruction route). Moreover, grain-surface reactions start to impact on
the chemical networks, thus supporting the release of saturated organic molecules,
which are mainly formed on dust grains.

At this point, the increase in density within the cloud undergoes the influence
of gravitational contraction, causing matter to accumulate toward the center of the
nebula to form the so called pre-stellar cores. During this phase, hydrogenation re-
actions govern the molecular kinetics, leading to the formation of molecules such as
water (H2O), formaldehyde (H2CO), or methanol (CH3OH). From the gravitational
contraction of molecular cloud cores, protostars are born, and the rise in tempera-
ture triggers violent ejections and molecular outflows, creating envelopes around the
future star. These envelopes are characterized by high chemical complexity because
of the energy supplied by the protostellar shocks, and tend to dissipate energy to
form the so-called protoplanetary disks. Subsequently, interstellar dust begins to
aggregate into planetesimals (the seeds of future planets), comets, and asteroids. In
the meanwhile, the protostars evolve into main-sequence stars, which, in their late
stages, show considerable mass loss and release gas and dust into the ISM. Massive
stars (i.e., stars with a mass higher than 8 times the solar mass, M�), at the end
of their lives, return in the ISM a considerable mass through supernova explosions.
It winds up a dog chasing its own tail: interstellar matter circulates through and
defines the entire life cycle of stars to be subsequently released back into space and
providing the primordial elements of new stellar and planetary systems.



6 Chapter 1. Introduction

An immediate implication emerging from this evolutionary cycle is that, besides
studying chemical complexity, molecules play a great diagnostic role. The most
representative example is provided by CO and its isotopologues as chemical ther-
mometers for the interstellar gas (the reader is referred to Yamamoto (2017) for more
details and Peng et al. (2012) for a practical example). HCO+ and CCS have often
been used as tracers of molecular ionization (Wootten et al., 1979; Caselli et al.,
1998) and magnetic field (see Koley (2022) and references therein), respectively,
whereas the N2H

+ and CO ratio governs the degree of depletion into dust grains
(Bergin et al., 2001; Aikawa et al., 2001). In addition, major diagnostic importance
is attributed to those molecules that could play a role in terms of “abiogenesis”,
namely, the formation of prebiotic species from abiotic systems (Pearce et al., 2017;
Puzzarini, 2022). In this regard, the chemistry involving the carbon, hydrogen, oxy-
gen, nitrogen, phosphorus, and sulfur atoms (CHONPS), i.e., the elements found
in all living systems (Öberg and Bergin, 2021; Bergner et al., 2022), acquires a par-
ticular relevance. Among them, P-bearing molecules deserve a special mention in
the search of the constituent elements of life: while phosphorus abundance in living
organisms is relatively high (Fagerbakke et al., 1996), its actual observed abundance
in space is several orders of magnitude lower (Chantzos et al., 2020). This discor-
dance, which is very high compared with that of the other elements, may be caused
by an observational gap. For this reason, research activities targeting new detections
of P-bearing species in the ISM, together with the investigation of their molecular
abundances and chemical pathways, deserve a special attention.

1.3 Titan: an Alien, yet Familiar World

One of the current frontiers of astrochemistry, besides drawing an accurate picture
of our universe and its evolutionary processes, lies in the investigation of which
processes occurred in the formation of the terrestrial environments, with a special
focus on the origin of life. However, despite the efforts of several experiments to
simulate the terrestrial primordial stages — first of all, the well-known Miller–Urey
experiment (Miller, 1953) — it is impossible to properly model in a laboratory
all the processes that may have been concurred to the early Earth chemistry. In
this context, the study of objects similar to the primitive Earth takes a particular
relevance. This would provide important insights into the initial conditions of the
terrestrial evolutionary processes and the chemical networks that occurred in the
first abiogenetic phenomena. A particularly suitable environment for this type of
investigations is Titan, the largest moon of Saturn. As far as we know, Titan is the
only celestial body in our solar system, in addition to Earth, with a nitrogen-rich
atmosphere. Moreover, it is characterized by a manifest seasonality and its pressure
and temperature conditions allow for an active “methanological” cycle, with many
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features reminiscent of the hydrological terrestrial one being found: methane and
ethane form clouds and precipitate onto the surface to produce lakes, where an icy
crust is found and forms a mosaic of surface features (from mountains peaks to sand
dunes), and even possibly erupts as a slurry of ammonia in cryovolcanoes (Cable
et al., 2012).

The first information about Titan’s atmosphere was retrieved from the data col-
lected by the Voyager 1 and Voyager 2 space probes, which revealed a chemically
dense and reactive atmosphere, mainly composed of N2 (∼ 97%) and CH4 (∼ 2%)
(Tyler et al., 1981; Smith et al., 1982). Subsequently, the Cassini-Huygens mission
(Matson et al., 2002; Brown et al., 2009) further emphasized the role of Titan’s
atmosphere as a chemical factory: it discovered a wealth of reactive molecules that,
thanks to both endogenous and exogenous energy sources (e.g., the radiation from
the Sun and energetic particles from Saturn’s magnetosphere), promote intense ionic
and radicalic reactivity leading to a high chemical complexity. The result is the for-
mation of large organic molecules. Among their precursors, the HCN, HNC and
HC3N linear nitriles play a strong diagnostic role of the physical characteristics of
Titan’s atmosphere, because they show vertical gradients from their primary forma-
tion site in the upper atmosphere to condensation below 80 km of altitude (Thelen
et al., 2019). However, due to the rapidly decreasing density, non-LTE effects can
become important, resulting in unreliable abundance retrievals if not adequately as-
sisted by collisional investigations (Cordiner et al., 2018). The formation of gaseous
hydrocarbons and nitriles can further proceed by means of ionization and poly-
merization processes, thus forming aerosol particles (which are responsible for the
typical Titan’s haze) that can grow to form aggregates that subsequently fall on the
surface (Cable et al., 2012).

1.4 Principal Aim of this Thesis

The purpose of this thesis work is to identify a general protocol for the collisional
characterization of molecular systems of astrochemical interest. In particular, special
attention will be paid on the derivation of reliable collisional data that would support
the astrophysical modeling of ionic and neutral species in the ISM and Titan’s
atmosphere.

This thesis is organized as follow. In Chapter 2, the theoretical background
will be presented, with a particular focus on spectroscopy and collision dynamics.
An in-depth description of the computational strategies will be provided in Chap-
ter 3. Chapter 4 will delve into the details of pressure broadening experiments, from
the description of the instrument employed to the experimental procedure and the
subsequent analysis. In Chapter 5, the theory behind astrophysical modeling by
means of radiative transfer calculations will be outlined. Finally, in Chapter 6, the
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adopted protocols and the outcomes obtained on six different collisional systems of
astrophysical interest will be reported, while in Chapter 7 the final conclusions will
be drawn.

During the four years of my Ph.D. I have also devoted my attention to research
topics, still pertaining the astrochemical framework, which, however, fall outside the
collision dynamics investigations which are the foundations of this thesis. A brief
description of some of them will be provided in Appendix B.



2Chapter

Theoretical Background

2.1 Astronomical Spectroscopy

The knowledge we have gained so far about composition, distributions and kine-
matics of matter throughout the astronomical sources of the universe, relies in large
part on the information brought to the observer by the electromagnetic radiation
collected by telescopes, with a small contribution being given by carriers such as
meteorites, cosmic ray particles or material samples collected by space probes. Each
region of the electromagnetic spectrum provides a different viewpoint to observe the
space. Indeed, in the microwave (MW), infrared (IR), or visible (Vis) and ultraviolet
(UV) regions, the (de-)excitation transitions are related to a rotational, vibrational
or electronic motion, respectively. In the last decades, the vast majority of molecu-
lar detections in the gas phase has been accomplished using radioastronomy in the
cm, mm and sub-mm wavelenght ranges. Nevertheless, the birth of radioastronomy
is quite recent: after World War II, new receivers were instrumental in opening up
the radio window in the Earth atmosphere’s (roughly, from 15 MHz to a high fre-
quency cut-off at about 1300 GHz). Indeed, the atmosphere surrounding the Earth
is transparent to radio and MW radiation as long as none of its constituents is
able to absorb it to a noticeable extent. Prior to radioastronomy, observations were
restricted to measurements from the near UV to the near IR, in correspondence
of the optical window (Fig. 2.1). To overcome this limitation, observational facil-
ities developed new strategies involving baloons, high-flying aircrafts or satellites.
Examples are provided by the Hubble Space Telescope (HST), the Far Ultraviolet
Spectroscopic Explorer (FUSE), the Infrared Space Observatory (ISO) satellite, the
Herschel, Spitzer and James Webb (JWST) space telescopes (Gardner et al., 2006),
the latter launched in December 2021. With the dawn of radioastronomy, instead,
astronomers got the opportunity to look at the universe directly from the ground. In
the last decades and in particular in the very last years, observational breakthroughs
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Figure 2.1: Transmission of the Earth’s atmosphere for electromagnetic radiation. The orange
trace indicates the altitude at which the radiation is attenuated by a factor of 1/2 (Figure adapted
from Fig. 1.1 in (Rohlfs and Wilson, 2013)).

have been obtained owing to the rapid technological advances. Radiotelescopes have
become very powerful tools due to unprecedented resolution and sensitivity of the
Atacama Large Millimeter/submillimeter Array (ALMA), whose working frequency
range is 35−950GHz (Wootten and Thompson, 2009), the accuracy and versatility of
the Green Bank Telescope (GBT) covering the 0.1−100GHz range (Prestage et al.,
2009; White et al., 2022), and the high technology instruments of the radiotelescope
(40m diameter) in the Yebes Observatory, which covers the 2 − 90GHz frequency
range (Tercero et al., 2021; López-Pérez et al., 2021). Radioastronomical facilities
permit the observation of pure rotational transitions of molecules, from which the
molecular abundances and excitation temperatures∗ can be retrieved. This infor-
mation is strictly related to the environments in which rotational transitions are
observed, bringing important hints on the model of the targeted astronomical ob-
ject. In detail, molecules are identified by means of transitions between energy levels
due to the absorption or emission of a photon. This modifies the electromagnetic
spectrum in the same way as the touch of human fingers affects surfaces: they leave
impressions, as fingerprints, which are detailed and unique evidences of the main
character of the modification. Indeed, the rotational features are extremely sensi-

∗The reader is referred to ¶ 2.1.2 for a detailed definition of the excitation temperature.
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tive to the molecular structure, and even allow for discriminating among the isotopic
species of the same molecule. The only constraint is that rotational transitions are
observed only if the molecule has a nonzero dipole moment (the reason for this will
be clear from the treatment in the next section). In radioastronomy, we usually refer
to emission because this is the most common way in which radiation is collected.
In fact, rotational transitions involve very low energies and can thus occur even in
very cold regions of the ISM. Higher-energy transitions (vibrational and electronic),
on the other hand, are generally observed in absorption. For electronic transitions,
in particular, absorption is the only possible observational option. The difference
between emission and absorption lies in the way the spectra are recorded. Emission
spectra are collected directly from the astronomical object and represent a convolu-
tion of all the emissions due to all molecules there present, without any directional
constraint. On the contrary, absorption spectra require a setup similar to the one
of a spectrometer: a source of radiation, which usually is a nearby star emitting in
the continuum, a sample cell, which is the astronomical object itself, and a detector
which is the telescope. These three elements should be along the line of sight of the
telescope.

In the following, we will outline the theoretical framework embedding the deriva-
tion of the spectroscopical and collisional data required to interpret radioastronomi-
cal spectra. Their astrophysical applications, in terms of the derivation of molecular
abundances, will be instead provided in Chapter 5.

2.1.1 Interaction of Radiation with Matter

With the only exception of the blackbody radiation, which only depends on the
temperature of the emitting source, matter at non-zero temperature emits an elec-
tromagnetic radiation that contains a wealth of information regarding its composi-
tion, structure and density. This kind of emission is called thermal radiation. This
implies that the accuracy of information we can infer from the spectral lines of in-
terstellar clouds is strictly related to how good we are in describing the thermal
radiation from its atoms and molecules. For the sake of simplicity, let us consider a
two-level system, with a fundamental level l (lower) and an excited level u (upper),
separated by the energy E = Eu − El, with gl and gu being their degeneracies,
respectively. When an electromagnetic wave and a molecule “collide”, different phe-
nomena can occur: radiative interaction, transmission or scattering (see Fig. 2.2). If
the electromagnetic wave has a resonant frequency (i.e., it corresponds to the energy
difference E), then radiative interaction might occur. The processes belonging to
this category are: the spontaneous emission, stimulated emission and absorption of
a photon, whose probability per unit time are represented by Aul, Bul Jν and Blu Jν ,
respectively. Aij and Bij are the Einstein coefficients for the spontaneous emission
and for the induced emission/absorption between the levels i and j, respectively. Jν
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Figure 2.2: Processes involved in the distribution of population in a two-level system.

represents the mean intensity of the radiation for the solid angle of incidence:

Jν =
1

4π

∫
IνdΩ . (2.1)

If we assume that the radiation cames directly from the source without having
been affected by any cloud’s emission or absorption process, Jν corresponds to the
intensity of the radiation at ν frequency, which can be approximated as a blackbody
Bν with a temperature Tb:

Jν → Bν(Tb) =
2hν3

c2

1

exp (hν/kBTb)− 1
, (2.2)

where h denotes the Planck constant, c the speed of light and kB the Boltzmann
constant. The units of Bν(Tb) are erg s−1 cm−2 Hz−1 sr−1 . For most of the cases,
Bν(Tb) corresponds to the CMB radiation, for which Tb = 2.73K.

The Einstein Aul coefficient governs spontaneous processes that are independent
of the radiation energy, and is given by:

Au` =
64π4ν3

u`Su`µ
2

3hc3gu
, (2.3)

with Su` being the line strenght (see Gordy et al. 1984 and Chapter 5 for more
details) and µ the dipole moment of the molecule. The Bul and Blu Einstein coeffi-
cients are related to each other and are proportional to the Einstein Aul coefficient
via the following equations:

glBlu = guBul , (2.4)

Bul =
c2

2hν3
ul

Aul . (2.5)
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Moreover, collisional excitation and de-excitation of the target molecule with the
perturbing gas of the surrounding environment can affect the population of the
levels and depend on the composition and density of the cloud. The rate coefficients
for collisional excitation and de-excitation processes are denoted as Clu and Cul,
respectively, and are related to the density of the gas (ρ), its mean relative velocity
with respect to the target molecule (< v >) and to the cross section for the collisional
de-excitation, σul:

Cul(T ) = ρ σul < v >= ρ kul(T ) , (2.6)

where kul(T ) is the collisional rate coefficient for the u → l transition. From the
principle of detailed balance, they also must satisfy the relation:

glClu = guCul exp

(
− hν

kBTk

)
, (2.7)

where Tk is the kinetic temperature of the perturbing gas.
The population distribution between rotational levels is defined from the balance

of excitation and de-excitation by collisional and radiative processes:

dnl
dt

= −BluJνnl +BulJνnu + Aulnu − Clunl + Culnu , (2.8)

where nl and nu are the number of molecules in level l and u per unit volume,
respectively. Using the relations (2.4) and (2.5), Eq. (2.8) becomes:

dnl
dt

= −
Aul

(
gu
gl
nl − nu

)
exp

(
hν
kBTb

)
− 1

+ Aulnu + Cul

{
nu −

gu
gl
nl exp

(
− hν

kBTk

)}
. (2.9)

Since in the steady state dnl
dt

= 0 and nl + nu is constant, we hence obtain:

nugl
nlgu

=
Aul

{
exp

(
hν
kBTb

)
− 1
}−1

+ Cul exp
(
− hν
kBTk

)
Aul exp

(
hν
kBTb

){
exp

(
hν
kBTb

)
− 1
}−1

+ Cul

. (2.10)

This is the general form of the statistical equilibrium equation. Its resolution is
mandatory in order to interpret the radioastronomical spectra in terms of abun-
dances of molecules and to extract information about the physical parameters of
the astronomical object (the reader is referred to Chapter 5 for more details). The
same discussion can be easily extended to multilevel systems, where a set of rate
equations similar to Eq. (2.10) is solved to determine level populations.
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2.1.2 Beyond LTE approximation: the Role of Collisions in Space

Eq. (2.10) shows that we need information from both radiative and collisional pro-
cesses in order to derive the population distribution. In detail, radiative information
is governed by the radiation temperature (Tb), while collisional information is deter-
mined by the kinetic temperature of the surrounding gas (Tk). In order to derive the
population distribution at one formal temperature, the excitation temperature Tex is
defined: it represents the balanced mean between Tb and Tk and permits to describe
the population between the levels with a distribution analogue to the Boltzmann
one. Its value depends on the surrounding environment, on the molecular system
and on the kind of transition. We can thus adjust Eq. (2.10) as:

nugl
nlgu

= exp

(
− hν

kBTex

)
. (2.11)

When Tex, Tb and Tk are greater than hν
kB

, we have

Tex = Tk
TbAul + hν

kB
Cul

TkAul + hν
kB
Cul

. (2.12)

At high densities of perturbing gas, Tex ∼ Tk. In such situations, the system is
at LTE. This means that the collisions are sufficiently frequent in comparison with
radiation probabilities to thermalize the system with the surrounding gas. In such
conditions, Cul >> Aul and Eq. (2.10) thus simplifies to:

nug`
n`gu

∼= exp

(
− hν

kBTk

)
. (2.13)

This limiting case is always fulfilled in the conditions of the terrestrial environments,
where the density of the atmosphere guarantees thermodynamic equilibrium. If the
collisions are less frequent, cooling by radiation processes becomes more and more
important, reaching the opposite limiting case: the level population is thermalized
by the CMB radiation and Tex = 2.73K. In this case, Eq. (2.10) can be approximated
to:

nug`
n`gu

∼= exp

(
− hν

kBTb

)
. (2.14)

For intermediate densities, the level population is determined by the balance between
collisional and radiative processes. In this respect, three different cases can be
distinghished: the most common one is the so-called subthermal condition, where
Tb < Tex < Tk and Tex steadily increases as density increases (see left side of Fig. 2.3).
In some cases, however, specific conditions may cause an inversion of the population
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Figure 2.3: Three different phenomena that can occur from radiative equilibrium to LTE con-
ditions by increasing the perturber density. From the left to the right side: subthermal, MASER
and ANTI-MASER conditions. Figure taken from the lecture’s slides of Prof. Alexandre Faure
during the “Laboratory Astrophysics: Tracking the Evolution of Cosmic Matter towards Molecular
Complexity” Winter School (Les Houches, 5-10 February 2023).

between levels, this occurs whenever the left-hand side of Eq. (2.10) is greater than
unity. In these cases, the population of the upper energy level (nu) is greater than
the factor (gu/gl)nl, thus leading to a negative Tex. This phenomenum is known as
microwave amplification of stimulated emission of radiation (MASER), and results
in very bright line emission because of its exponential amplification (central image
of Fig. 2.3). Finally, deviation from LTE could also enhance absorption. This is the
case of ANTI-MASER, also denoted as “cosmic-refrigerators”, where Tex is less than
2.73K but never reaches negative values (right side of Fig. 2.3). For an accurate
description of these last peculiar situations, the reader is referred to Chapter 14 of
Rohlfs and Wilson (2013).

For a line to be detectable, the gas density must be sufficiently high to per-
mit emission between the levels. This means that collisions need to be sufficiently
frequent to maintain a certain population in the upper level against de-excitation
radiative phenomena. The minimum density of the perturbing gas in order to guar-
antee such population balance is called critical density, ncru→l, and is defined as:

ncru→l =
βu→l ∗ Au→l∑

l ku→l(T )
with 0 < βu→l < 1 , (2.15)

where the βu→l escape probability coefficient measures the optical thickness of the
u→ l transition, which corresponds to how easily the emitted radiation can be
partially reabsorbed by the cloud, i.e., the radiation trapping effect. βu→l is an
approximate correction but it represents a good descriptor for radiative transfer
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applications. For an optically thin line†, βu→l = 1.
Since the Einstein Aul coefficient is proportional to the third power of the fre-

quency and the square of the transition dipole moment (see Eq. (2.3)), different
molecules and frequency ranges can be used to trace different density conditions of
a cloud. For example, the emission of the lowest rotational transition of CO occurs
in sparse regions and it is useful to delineate the large-scale structure of molecular
clouds (Liszt and Lucas, 1998; Dame et al., 2001; Goldsmith et al., 2008; Bolatto
et al., 2013).

In astrophysical media, the presence of extremely different densities avoids LTE
condition to represent a reliable approximation to predict molecular abundances.
In these environments, the role of collisional (de-)excitation processes to trace the
different conditions is clearly crucial (for illustrative examples, the reader is referred
to Lique et al. (2006); Daniel et al. (2006); Maret et al. (2009); Sarrasin et al.
(2010); Daniel et al. (2012); Lanza et al. (2014)). Indeed, their efficiency relies on
the composition of the medium and is strictly related to the density of the main
perturbers and to the excitation temperature.

The first excitation studies of astrophysical molecules date back to 1970s, with
the advent of radioastronomy (Townes and Cheung, 1969; Green and Thaddeus,
1974; Augustin and Miller, 1974). However, the limited computational resources
forced to employ very approximate and scarcely accurate models. Only in the early
2000s, the progress made in terms of new theoretical methods and the availability of
more powerful computational resources led to a breakthrough in terms of collisional
data. In this context, the improvement of experimental techniques to benchmark
theoretical approaches acquires a central importance. Although it is still difficult in
laboratory to measure collisional properties in astrophysically relevant conditions,
experimental results represent the best way to validate the computational procedure.
For example, a stringent test for the accuracy of the potential employed in the scat-
tering calculations is provided by pressure broadening measurements (Meuwly and
Hutson, 1999). These experiments are line measurements in controlled pressure and
temperature conditions and lead to the derivation of collisional line broadening and
line shift coefficients, which are related to the real and imaginary parts of the colli-
sional cross sections (see Eqs. (2.95) and (2.96) in ¶ 2.2.4). Moreover, the advances
in experimental methods involving molecular beams and laser-based detection tech-
niques permitted in the last decades to measure the relative state-to-state cross
sections as a function of the collisional energy (Schewe et al., 2015) and also to
observe interference effects in inelastic molecular collisions at low energy (Chefdev-
ille et al., 2012; Bergeat et al., 2015; de Jongh et al., 2020). In concert with the
advances made by molecular beam experiments, the use of the CRESU (Cinétique
de Réaction en Ecoulment Supersonique Uniforme) apparatus, coupled with a tun-

†The reader is referred to Chapter 5 for the definition and explaination of the optical depth.
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able pulsed IR pump laser to perform double resonance (DR) experiments (Rowe
et al., 1984; Rowe and Marquette, 1987; Sims et al., 1994), pushed the comparison
of absolute scale direct experimental measurements and theoretical calculations to
the limit. With this technique, Labiad et al. (2022) directly measured the absolute
state-to-state rate coefficients for rotational energy transfer of CO in collision with
H2 at very low temperatures (5− 20K).

To summarize, significant progresses have been made in computing and measur-
ing collisional rate coefficients down to the quantum regime. The accurate knowl-
edge of these data is indeed crucial for modeling abundances and extracting many
physical parameters of the astrophysical targets, such as the gas density, Tk, Tex,
the ionization rate, etc. . While experimental studies are still primarily focused on
small and light species, theoretical studies are now able to deal with a larger vari-
ety of collisional systems of ever-increasing complexity. However, the comparison of
theoretical results with the available experimental data contributed to benchmark
the computational accuracies that could be achieved: for modern calculations, the
typical deviations on the values of state-to-state rate coefficients are around 20%
for biatomic and triatomic species, (Carty et al., 2004; Lique et al., 2010b; Yang
et al., 2010), this ensuring high confidence on radiative transfer calculations and
providing robust determinations of molecular abundances and physical properties of
the astronomical environments. However, as the system size increases or stronger
interactions are involved, the limited computational resources often require to use
approximate methods such as time-dependent approaches (Pechukas, 1969), quasi-
classical trajectories (Blais and Truhlar, 1976; Truhlar and Muckerman, 1979) or
statistical approximations (Pechukas, 1976). Another way to ease the computa-
tional effort is to template the H2 collider with He, since both of them are expected
to similarly interact with the target species. Even if it is a crude approximation,
it represents up-to-date the best way to obtain reliable data in a computationally
undemanding manner for medium-sized molecules (Schöier et al., 2005; Lique et al.,
2008). Given these premises, the need for further improvements thus emerges, aim-
ing at reducing the computational effort without compromising the accuracy. For
instance, a promising perspective in this direction can be provided by combining
accurate calculations with extrapolation laws or machine learning techniques (see,
e.g., Meuwly 2021).

Nowadays, the available computed and experimental information is collected
in collisional databases that are in constant growth: the most commonly used to
interpret astrophysical spectra are the LAMDA (Schöier et al., 2010; van der Tak
et al., 2020), BASECOL (Dubernet et al., 2024) and EMAA (https://emaa.osug.
fr) databases. Nevertheless, there is still room for improvement. Indeed, only
very few molecules among those observed in space have been characterized from a
collisional point of view. In addition, there is a lack of collisional data for perturbers

https://emaa.osug.fr
https://emaa.osug.fr
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that are not those of the ISM (which generally are H2 and He). This prevents any
reliable modeling of the molecular abundances and physical characteristics.

Finally, the detection of many molecular isotopologues sheds light on the inves-
tigation of the different evolutionary stages of our universe, thus exploiting the role
of the so-called “isotopic anomalies” to link pristine small Solar System bodies and
the first phases of the Sun formation (Caselli and Ceccarelli, 2012), and allows to
model abundances of their thicker isotopic species (Yamamoto, 2017). However, up
to a few years ago, all the abundance estimates for a given isotopologue were based
on the collisional rate coefficients of the parent species. In some cases, this has been
demonstated to be a unreliable approximation, in particular whenever the mass dif-
ference has an important effect (Wiesenfeld et al., 2011; Dumouchel et al., 2012;
Faure et al., 2012; Bergeat et al., 2022). The same applies to hyperfine structures,
which, despite their major diagnostic value for astrophysics, have been poorly re-
solved with respect to their collisional (de-)excitation. For these reasons, numerous
efforts are currently devoted to collect highly accurate collisional data for the largest
number of species.

2.2 Derivation of the Collisional Coefficients

The fundamental molecular data needed to interpret a non-LTE spectrum are: en-
ergy levels, radiative rates and collisional rate coefficients. While the first two can be
inferred from spectroscopic measurements, the retrieval of collisional rate coefficients
requires accurate quantum calculations. An overview of the current methodology
for their derivation is outlined in this section. The starting point in this direction
is a proper description of the molecular system, which is based on the best possible
theoretical treatment as a result of the compromise between completeness and sim-
plification. In this regard, the construction of the Hamiltonian and the formulation
of the corresponding Schrödinger equation are presented in ¶ 2.2.1. ¶ 2.2.2 reports
the solution of the ro-vibrational problem to derive the spectroscopic parameters of
the target molecules as isolated entities. Then, the first step in the determination
of the collisional coefficients is the calculation of the interaction potential between
the molecular partners, i.e., the target molecule and the colliding perturber, the
procedure being described in ¶ 2.2.3. The potential obtained is then introduced in
quantum scattering calculations, which solve the nuclear problem and determine the
collisional cross sections, the latter providing the bases for the derivation of several
collisional properties, as outlined in ¶ 2.2.4.
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2.2.1 Description of the Molecular System

In a microscopic scale, the energetics and motion of a molecular system are described
by the non-relativistic time-independent Schrödinger equation, which, in shorthand
operator form, is written as:

Ĥψ(r,R) = Eψ(r,R) . (2.16)

ψ(r,R) denotes the eigenstates of the system which depend on its electronic (r) and
nuclear (R) coordinates. The molecular Hamiltonian operator (Ĥ) describes all the
interactions that occur between the eigenstates of the system. Finally, E represents
the corresponding eigenvalues which provide the energy levels of the system. When
external fields are not present, Ĥ is given by the sum of five operators representing
the electronic and nuclear contributions to kinetic and potential energies:

Ĥ = T̂n(R) + T̂e(r) + V̂nn(R) + V̂ee(r) + V̂en(r,R) . (2.17)

In detail, these terms are defined as:

Kinetic


Nuclear→ T̂n(R) = −

∑
k

~2

mk

∇2
k ;

Electronic→ T̂e(r) = −
∑
i

~2

me

∇2
i ;

Potential



Repulsive nucleus-nucleus→ V̂nn(R) = +
∑
k<l

e2ZkZl
Rkl

;

Repulsive electron-electron→ V̂ee(r) = +
∑
i<j

e2

rij
;

Attractive electron-nucleus→ V̂en(r,R) = −
∑
i

∑
k

e2Zk
rik

.

(2.18)

me and e are the mass and the charge of the electron, respectively, and mk and Zk
are the mass and the charge of the kth nucleus, respectively. The Laplacian operator
∇2
p corresponds to ∂2

∂p2
= ∂2

∂X2 + ∂2

∂Y 2 + ∂2

∂Z2 , with {X, Y, Z} being the coordinates
of each particle p. rik represents the distance between the ith electron and the kth

nucleus, rij that between the ith and jth electrons and Rkl that between the kth and
lth nuclei.

In most cases, the resolution of Eq. (2.16) requires the Born–Oppenheimer (BO)
approximation to be applied. This approximation is based on the very small electron-
to-proton mass ratio (∼ 5.4× 10−4), which permits to assume that, for any change
in the nuclei configuration, the electrons are sufficiently fast to immediately adjust
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their position. In mathematical terms, this means that the wave function can be
factorized as:

ψ(r,R) = ψe(r,R)ψn(R) , (2.19)

where ψe(r,R) is the electronic wave function, which depends only parametrically
on R, and ψn(R) is the nuclear wave function. This allows for the separation of the
problem into an electronic and a nuclear part. The first one entails the solution of
the so-called electronic Schrödinger equation:

[T̂e(r) + V̂nn(R) + V̂en(r, R) + V̂ee(r)]ψe(r,R) = Ee(R)ψe(r,R) . (2.20)

The eigenvalues Ee(R) are parametrically dependent on the nuclei position and
define the potential energy surface (PES), a hypersurface which is function of the
3N − 6 internal coordinates of the molecule (3N − 5 in the linear case), where N is
the number of atoms. Noteworthy, differences in mass of the nuclei do not affect the
solution of the electronic Schrödinger equation. This means that the dynamics for
different isotopologues takes places on the same PES, the only information about
the isotope mass being contained in the T̂n(R) kinetic term. Having solved the
electronic problem and built the PES (Ee(R)), one can proceed with solving the
nuclear Schrödinger equation:

[T̂n(R) + Ee(R)]ψn(R) = E ψn(R) . (2.21)

At this point, we need to make a preliminary distinction. If the PES refers to
the different sets of nuclear arrangements of an isolated molecule, its employment
to solve the nuclear Schrödinger equation leads to retrieve the rotational and vi-
brational energy levels (see the discussion in ¶ 2.2.2). When studying a collisional
problem, though, we are interested to the relative motions of the colliding particles
and to the collisional energies. In this case, we will refer to the “collisional PES” or
interaction potential. For an accurate characterization of the latter, careful consid-
erations on the choice of internal coordinates and an appropriate grid of points to
map the potential (¶ 2.2.3) are required.

For the resolution of a collisional scattering problem we therefore need the in-
formation that can be obtained from both the PES of the isolated colliders and the
PES defined by their interaction. Solving the nuclear Schrödinger equation on the
former allows us to obtain the vibrational and rotational states involved for each
collider as an isolated entity. The solution of the nuclear problem for the collisional
PES, on the other hand, provides a means to derive the transition cross sections
between the different states of the target system due to collisions with the perturber
molecule.
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2.2.2 Elements of Rotational and Vibrational Spectroscopy

As already mentioned, the first step for describing the dynamics of a collisional
system is the knowledge of the energies involved, and thus the ro-vibrational levels
of the two isolated partners. This requires the solution of the nuclear Schrödinger
equation on the molecular PES, for which an overview is presented in this subsection.
However, for a more detailed treatment, we refer the reader to Papousek and Aliev
(1982), Gordy et al. (1984), and Zare and Harter (1988).

To derive the ro-vibrational Hamiltonian operator for a polyatomic system, it is
useful to adopt a body-fixed (BF) reference system that satisfies Eckart’s conditions
(Eckart, 1935). Within this coordinate frame, the kinetic energy can be decomposed
into three independent terms: a vibrational term, depending only on the masses of
the nuclei and on their displacement from their equilibrium configuration; a Coriolis
energy term, describing the ro-vibrational interaction; a pure rotational energy term,
defined as:

Tr =
1

2
ω>Iω , (2.22)

where ω is the angular velocity vector and I is the instantaneous moment of inertia
tensor, whose elements are:

Iαβ =
∑
k

mk

[
(Rk)

2 δαβ − (Rk)α (Rk)β

]
. (2.23)

α and β denote the coordinates relative to the BF frame. Moreover, it is useful to
introduce the dimensionless coordinates qs = ω

1/2
s Qs, where Qs is the s-th normal

coordinate associated to the harmonic wavenumber ωs and permits to move from
the 3N space domain of the cartesian coordinates to the 3N − 6 (3N − 5 if lin-
ear) molecular domain of independent normal coordinates. The advantage of this
transformation is that the Kinetic Energy and Potential Energies expressed in such
coordinates do not have mixed terms. While we report only the final result, the
reader is referred to Papousek and Aliev (1982) for a detailed derivation of the ro-
vibrational nuclear Hamiltonian. The latter, also denoted as Watson Hamiltonian,
is given by:

Ĥ =
1

2

∑
α,β

(
Ĵα − π̂α

)
µαβ

(
Ĵβ − π̂β

)
+

1

2

∑
s

ωs p̂
2
s+

+ V̂(q)− 1

8

∑
α

µαα .

(2.24)

Here, the energetic contributions are expressed in terms of momenta. Ĵα is the
projection of the total angular momentum (J) along the α axis, while π̂α is the
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projected vibrational angular momentum on the α axis. µαβ are the components of
the inverse of the effective inertia tensor I ′, defined as:

I ′αβ = Iαβ −
∑
stu

ζαsuζ
β
tuQsQt , (2.25)

where ζαst is the Coriolis coupling constant, which couples Qs and Qt via rotation
about α. The p̂s operator in the second term of the right-hand side of Eq. (2.24)
is the dimensionless vibrational momentum conjugate to qs. The third term on the
right-hand side represents the potential energy as a function of the dimensionless
normal coordinates of the system. Finally, the last term on the right-hand side of
Eq. (2.24) is denoted as the Watson term. It derives from the normal coordinate
representation and is a mass-dependent contribution to the potential (Papousek and
Aliev, 1982).

Expanding the Ro-Vibrational Hamiltonian

Starting from the Watson Hamiltonian, the ro-vibrational energy levels of a target
molecule can be retrieved from the resolution of the associated Schrödinger equation.
However, an exact formulation of the inverse inertia tensor µ and of the potential
as a function of q is usually unknown. Therefore, they are both expanded as Taylor
series with respect to the normal coordinates qs:

µαβ = µ
(e)
αβ +

∑
s

(
∂µαβ
∂qs

)
e

qs +
1

2

∑
st

(
∂2µαβ
∂qs∂qt

)
e

qsqt + · · · (2.26)

V̂(q) =
1

2

∑
s

ωsq
2
s +

1

6

∑
s,t,u

k′stuqsqtqu +
1

24

∑
st,uv

k′stuvqsqtquqv + ... (2.27)

where µ(e)
αβ =

δαβ

I
(e)
α

and ωs =
(
∂2V
∂q2s

)
e
, k′stu =

(
∂3V

∂qs∂qt∂qu

)
e
and k′stuv =

(
∂4V

∂qs∂qt∂qu∂qv

)
e

are, respectively, the harmonic, cubic and quartic force constants in a normal mode
representation. By introducing Eqs. (2.26) and (2.27) in Eq. (2.24), the ro-
vibrational Hamiltonian can be recasted as a series of terms Ĥm,n based on the
powers m for the vibrational operators (coordinates q and linear moments p̂) and
n for the rotational operators (Ĵ):

Ĥ =
∑
m,n

Ĥm,n . (2.28)

Starting from this block-diagonal effective Hamiltonian, the terms required for the
correct description of the system under consideration are selected.
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Vibrational Hamiltonian

By considering only the first purely vibrational terms of the expansion in Eq. (2.28),
one has:

Ĥ20 =
1

2

∑
s

ωs
(
p̂2
s + q2

s

)
,

Ĥ30 =
1

6

∑
s,t,u

k′stuqsqtqu ,

Ĥ40 =
1

24

∑
s,t,u,v

k′stuvqsqtquqv ,

... .

(2.29)

Ĥ20 is the Hamiltonian of the harmonic oscillator, followed by the cubic and quar-
tic potential terms, respectively, which describe the anharmonicity of molecular
vibrations. The solution of the nuclear problem within the vibrational terms of
the Hamiltonian leads to the vibrational levels of a molecular system and the so-
called zero-point vibrational energy (ZPE) contribution, i.e., the minimum energy
contribution that all molecules undergo in their fundamental state. For a detailed
treatment, the reader is referred, for example, to Barone (2004, 2005) and Yu and
Bowman (2015).

The Principal Inertia System

Before solving the nuclear problem for the rigid rotor and semi-rigid rotor starting
from the Hamiltonian in Eq. (2.28), it is convenient to define the Principal Inertia
System representation in the BF frame, whose definition starts from assuming the
molecular equilibrium configuration (Qs = 0 for each s normal coordinate). In this
case, both the inertia tensor and its inverse (µ) can be represented by diagonalizable
matrices. Diagonalization “rotates” the axis of the molecule-fixed system into the
axes of the Principal System of Inertia (a, b, c). In this representation, the diagonal
elements of µ tensor are the inverse of the components of the inertia tensor along
the a, b, c axes:

µ =

 1/I
(e)
a 0 0

0 1/I
(e)
b 0

0 0 1/I
(e)
c

 , (2.30)

with, by convention, Ia ≤ Ib ≤ Ic.
The values of the three principal moments of inertia allow a classification of the

molecules based on the rotational symmetry:

Spherical top rotors: Ia = Ib = Ic.

Linear rotors: Ia = 0, Ib = Ic.
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Symmetric top rotors: Molecules containing a Cn>2 symmetry axis.

• Prolate → Ia < Ib = Ic.

• Oblate → Ia = Ib < Ic.

Asymmetric top rotors: Ia 6= Ib 6= Ic.

Rigid Rotor Approximation

For collisional studies, the rigid rotor formulation of the molecular Hamiltonian is
often employed. This means to consider only the first purely rotational term of the
expansion of the ro-vibrational Hamiltonian of Eq. (2.28):

Ĥ02 =
∑
α

B(e)
α Ĵ2

α = A(e)Ĵ2
a +B(e)Ĵ2

b + C(e)Ĵ2
c , (2.31)

where B(e)
α is defined as the inverse of the corresponding α component of the moment

of inertia ( 1

2I
(e)
α

‡) and takes the denomination of A(e), B(e) and C(e) for α = a, b, c,
respectively.

Let us now focus on the linear rigid rotor, which is the symmetry of most of the
target molecules considered in this thesis. In such a case, the Hamiltonian simplifies
to:

Ĥ = B(e)Ĵ2, with Ĵ2 = Ĵ2
b + Ĵ2

c . (2.32)

In the Principal System of Inertia, Ĥ commutes with Ĵ2 and thus they have a com-
mon set of eigenfunctions (Zare and Harter, 1988), denoted as |JM〉§. J quantizes
the total angular momentum andM , which assumes the values from −J to J , quan-
tizes its projection along the Z axis in the Space Fixed (SF) reference system. In
such representation, Ĥ is diagonal and its eigenvalues correspond to B(e) multiplied
for the eigenvalues of Ĵ2 in the same basis. Therefore, the total energy results to be:

EJ = B(e)J(J + 1) . (2.33)

Semi-Rigid Rotor Approximation

Within the rigid rotor approximation, the coupling between the vibrational and ro-
tational motions is neglected. Therefore, this approximation does not consider any
deviation of nuclei from their equilibrium position due to vibrations. If the system
is instead considered non-rigid, the effects of vibration and centrifugal distortion

‡We use the atomic unit system, in which the electronic mass (me), charge (e) and the reduced
Planck’s constant (~) are measuring units equal to 1.

§In the following, the Dirac notation will be adopted. This is a simplified way to describe a
state of the system by reporting only the quantum numbers instead of expliciting the wave function.
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should be taken into account. To accomplish this, one can resort to perturbation
theory to solve the ro-vibrational problem. This implies a first-order contact trans-
formation, which is a similarity transformation that converts the Hamiltonian in
order to remove off-diagonal terms from the first order of its expansion (Eq. (2.28)).
This transformation allows the inclusion of the “semi-rigid” contributions into the
rotational Hamiltonian.

Focusing on the linear molecule, within the semi-rigid rotor approximation, the
effects of centrifugal distortion reflect the deformation of the molecular structure
due to the rotation itself and can be described by the Ĥdist Hamiltonian (Watson,
1977; Aliev and Watson, 1985):

Ĥdist = Ĥ04 + Ĥ06 = −D(Ĵ2
α)2 +H(Ĵ2

α)3 , (2.34)

where D and H are the quartic and sextic centrifugal distortion constants, respec-
tively. We hence obtain the following correction to rotational energy:

Edist = −DJ2(J + 1)2 +HJ3(J + 1)3 . (2.35)

To describe the effect of molecular vibration, the terms of the vibration-rotation
Hamiltonian that need to be incorporated in the Hamiltonian are Ĥ22, Ĥ42, Ĥ24,
etc. . For rotational constants, second-order perturbation treatment leads to the
following expression:

Bβ
v = Bβ

e −
∑
s

αβs

(
vs +

1

2

)
+
∑
s,t

γβst

(
vs +

1

2

)(
vt +

1

2

)
+ ... , (2.36)

where β refers to a generic inertial axis, the sums run over the vibrational normal
modes s and t, αβs denotes the vibration-rotation interaction constant arising from
the Ĥ22 term, while γβst are higher order terms for the vibration-rotation interaction.

Nuclear Quadrupole Coupling

The presence of one or more nuclei with a nuclear spin ≥ 1 leads to interactions
that split the rotational levels into multiple components (see, for example, Fig. 2.4).
The effect on the rotational spectrum is the so-called hyperfine structure¶. When
a nucleus has a nuclear spin I ≥ 1, its charge distribution is not spherical and is
thus characterized by a non-vanishing electric quadrupole moment. The interaction
between the nuclear quadrupole moment and the electric field at the corresponding

¶Hyperfine splitting can be caused also by other electric and magnetic interactions such as
the nuclear spin-rotation coupling. For the purposes of this thesis, only the nuclear quadrupole
coupling interaction is considered because it produces by far the largest effect on the rotational
spectrum.
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Figure 2.4: Hyperfine splitting of the first two rotational levels of HC17O+ induced by the
nuclear quadrupole coupling of the 17O nucleus (I = 5/2).

nucleus then occurs. In terms of momenta, this interaction determines the coupling
between the nuclear spin momentum I and the rotational angular momentum J,
thus leading to the total angular momentum F. This requires the definition of a
new quantum number F , which can assume the values from |I − J | to I + J .

To account for the nuclear quadrupole coupling, the additional contribution ĤQ

needs to be incorporated in the Hamiltonian:

Ĥ = Ĥrot + ĤQ , (2.37)

where
ĤQ =

eQqJ
2J(2J − 1)(2I − 1)I

[
3(I · J)2 +

3

2
I · J− I2J2

]
. (2.38)

eQ is the nuclear quadrupole moment, which is a tabulated value that depends on
the distribution of the charge density over the nuclear volume. The coefficient qJ
is the expectation value of the SF component of the electric-field gradient tensor
q at the same nucleus averaged over the rotational motion. In the case of a linear
molecule, we have:

qJ = −q J

2J + 3
, (2.39)
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In the |IJF 〉 basis, the eigenvalues of ĤQ are:

EQ =
eQqJ

2J(2J − 1)(2I − 1)I

[
3

4
C(C + 1)− J(J + 1)I(I + 1)

]
, (2.40)

with
C = F (F + 1)− J(J + 1)− I(I + 1) . (2.41)

In the linear molecule case, this expression reduces to:

EQ = −eQq
3
4
C(C + 1)− I(I + 1)J(J + 1)

2(2J − 1)(2J + 3)I(2I − 1)
. (2.42)

Interaction of radiation with a rotating molecule

When a molecule interacts with the radiation field, this interaction is expressed by
Ĥint:

Ĥint = −µ̂ · E , (2.43)

where µ̂ is the electric dipole moment which mediates the interaction between the
molecule and the electric field E of the radiation. The transition probability of
a molecule thus depends on both the radiation electric field and on the effect of
the dipole moment operator on the initial state i, leading to the final state f : in
bracket notation, the transition probability is expressed by 〈i|µ̂|f〉, which is denoted
as transition moment (see Bauder 2011 for further details). The matrix elements of
the transition moment 〈i|µ̂|f〉 determine whether a transition can take place or not:
when it is null the transition is prohibited, otherwise the transition is allowed and
the value of 〈i|µ̂|f〉 contributes to the intensity of the transition.

In the case of a linear molecule, in absence of electric or magnetic interactions,
the |i〉 and |f〉 states are associated to the {J,M} and {J ′,M ′} quantic numbers
and the molecular dipole moment (µ) is always directed along the principal inertial
axis coincident with the molecular one. The projection of the latter along the e

propagation direction of the radiation gives rise to the following expression:

〈JM |µe|J ′M ′〉 = (−1)M [(2J + 1) (2J ′ + 1)]
1/2

(
J 1 J ′

−M 0 M ′

)
µ , (2.44)

where (: : :) are the Wigner 3j–symbols, a more symmetrical form of the Clebsch–
Gordan coefficients‖, which appear in the coupling of two angular momenta (Zare
and Harter, 1988). In order to be non zero, the transition moment needs to satisfy
the triangular conditions: −M + 0 + M = 0 and |J + 1| ≥ J ′ ≥ |J − 1|. Starting

‖See the next subsection for further details.
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from these, the selection rules of a linear molecule are directly inferred:

∆J = ±1 ;

∆M = 0 .
(2.45)

The transition moment for the J → J + 1 transition thus becomes:

〈JM |µe| J + 1M〉 = µ

[
(J +M + 1)(J −M + 1)

(2J + 1)(2J + 3)

]1/2

. (2.46)

When a nuclear quadrupole coupling occurs, the selection rules for the F quantum
number should also be considered:

∆F = 0, ±1 . (2.47)

2.2.3 Interaction Potential

In order to solve the nuclear Schrödinger equation for a scattering problem, an
accurate characterization of the interaction potential between the collisional partners
is needed. This requirement is usually fulfilled by mapping the collisional PES and
describing it with a suitable functional form.

First of all, the coordinates to describe the geometry of the collisional complex
and the degrees of freedom to be varied in order to fully map the interaction PES
are chosen. A first assumption in this regard is to consider the two colliders as rigid
bodies. This approximation is known as the rigid-body (RB) hypothesis, which
is usually well met in the non-reactive low-temperature conditions typical of the
astrophysical media. Indeed, in such conditions, it can be assumed that there is not
enough external energy to significantly populate vibrationally excited states of the
two scatterers. This approximation, however, should always be verified, especially
when molecules exhibit large amplitude vibrational motions∗∗, which require low
energies to be excited. Moreover, the coordinates used to describe the geometry of
the collision complex should be appropriate for the calculation of the elements of the
scattering matrix, which depend on the symmetry of the colliding rotors. Usually,
BF frame Jacobi coordinates are employed. For the systems of interest to this thesis,
these are the R distance between the center of mass of the target molecule and the
collider, the θ angle between the molecular axis and the R vector, and, if required,
other angles that describe the orientation of the collider in and out the plane defined
by the target molecular axis and R. In Fig. 2.5, two examples are depicted: a linear
molecule-atom system and the interaction between two linear molecules. For non-

∗∗Molecular vibrations whose displacement vectors are of the same order of magnitude of the
molecular parameters. Among them, those commonly encountered in rotational spectroscopy are
the internal rotation of the methyl group -CH3 and the inversion of the amino group -NH2.
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Figure 2.5: Jacobi internal coordinates defining the geometries of linear-atom and linear-linear
rotors collisional systems.

reactive collisions, the interaction PES between the collision partners is usually
governed by weak van der Waals interactions. In order to describe the interaction
potential, the adopted procedure is to identify a grid of points that can suitably
map the PES behavior and to compute the electronic energy in correspondence of
them. This implies the use of ab initio methods to solve the electronic Schrödinger
equation. For a detailed description of the computational methodologies employed
to derive the electronic energies for each point of the grid, the reader is referred to
Chapter 3.

For each set of Jacobi coordinates, the interaction energy (Eint) is determined as
follows:

Eint = EAB − (EA + EB) , (2.48)

where EAB is the molecular complex energy, while EA and EB are the energies
of the two fragments. Each interaction energy has also to be augmented for the
counterpoise (CP) correction in order to balance out the energy overestimation given
by the basis set superposition error (BSSE). The BSSE is due to the overlap of the
basis sets of the isolated colliders, which results in an “artificial” improved estimate
of the interaction energy. This means that the energy of the isolated colliders and
that of the collisional system are no longer comparable. Once the CP correction
is incorporated, the comparison of these energies becomes meaningful. The CP
correction is commonly computed by means of the formula proposed by Boys and
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Bernardi (1970):
∆ECP = (EAB

A − EA
A) + (EAB

B − EB
B), (2.49)

where EAB
X is the energy of the isolated collider calculated in the same basis functions

used for the entire collisional system and EX
X is the energy of the isolated collider

computed with its own basis set (X = A,B). The selection of the grid points to
map the collisional PES aims to cover with a dense mesh the portion of potential
where the largest anisotropy effects are expected, e.g., in proximity of the potential
well. This is accomplished by chemical intuition, but also from the comparison with
similar systems.

The next step is to build an analytic representation of the computed interaction
energies. The functional form of the potential should be able to describe all the
interaction forces that can occur in the collisional process. Accordingly, the inter-
action potential can be divided in three parts: the short-range region, where the
Coulombic repulsion between electrons causes the potential to be strongly repulsive;
a middle-range region, where attractive and repulsive forces equilibrate; the long-
range region, where the potential is only attractive. Particular attention should be
paid to the inner and outer ranges of the potential. In the inner range, the radial
grid should sample regions where the repulsive potential energy is higher than the
expected highest collision energy at which scattering calculations will be carried
out. In the outer part, all the long-range interaction effects should be appropriately
incorporated, which are the electrostatic, the induction and dispersion components.
In order to accurately describe the potential at large R distances, a switching func-
tion that connects the fitted coefficients at small R values with an extrapolated
radial R−n dependence at large R values is often introduced. The resulting radial
coefficients vλ(R)†† can be thus fitted to a functional form as:

vλ(R) = e−a
λ
1R
(
aλ2 + aλ3R + aλ4R

2 + aλ5R
3
)

+

− 1

2
[1 + tanhR/Rref]

(
Cλ

4

R4
+
Cλ

6

R6
+
Cλ

8

R8
+
Cλ

10

R10

)
, (2.50)

where Cλ
n denotes the coefficients of the R−n terms and aλn describes the short-

range exponential dependence of the potential with respect to the first powers of
R. The hyperbolic tangent factor provides a smooth transition between the short-
range region (0 < R < Rref), where computed PES points are available, and the
long-range extrapolated domain (R > Rref). This formula is particularly suited to
describe charged collisional systems, where the long-range parts of the potential are
characterized by a sizable electrostatic and induction contribution that scales with
the interparticle distance as R−4 and is proportional to the square of the charge of

††The radial coefficients define the dependence of the potential as a function of the R distance.
For each set of Jacobi angles, a proper expression for these coefficients must be then introduced.
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the ion and to the static electric dipole polarizability of the collider.
Finally, the obtained radial coefficients need to be expressed as an expansion

over the angular functions. This requires properly chosen expressions that depend
on the symmetry of the two colliders. For the systems addressed in this thesis, the
formulas that have been employed are reported in the following. For an interaction
system formed by a linear rigid rotor and an atom, the potential can be defined as:

V (R, θ) =
∑
λ

vλ(R)Pλ (cos θ) , (2.51)

where Pλ (cos θ) is a Legendre polynomial and vλ(R) are the radial coefficients of
Eq. (2.50) (Lique and Faure, 2019). For an interaction between two linear rigid
rotors (Green, 1975; Wernli et al., 2007), the potential is written as:

V (R, θ, θ′, φ) =
∑
l1l2µ

vl1l2µ(R)sl1l2µ (θ, θ′, φ) , (2.52)

where vλ(R) = vl1l2µ(R) and the l1, l2 and µ indices are associated with the rota-
tional angular moments of the target molecule (j1), of the collider (j2), and with
their vector sum, respectively. The sl1l2µ coefficients are defined as products of spher-
ical harmonics (Ylim(θ, φ)) and the Clebsch-Gordan vector-coupling coefficients (see
Green 1975; Brown et al. 2003; Edmonds 2016 for further details):

sl1l2µ(θ, θ′, φ) =

(
2l1 + 1

4π

)1/2 [
〈l10l20|l1l2µ0〉Pl10(θ)Pl20(θ′)

+
∑
m

(−1)m2〈l1ml2 −m|l1l2µ0〉Pl1m(θ)Pl2m(θ′) cos(mφ)

]
,

(2.53)

where m is associated with the projection of µ along the Z axis of the SF reference
system and Plim(θ) = Ylim(θ, φ)e−imφ. The l2 index reflects the anisotropy of the
potential with respect to the orientation of the collider. If the collider is homonu-
clear, e.g., H2 or N2, l2 is forced to be even. In this cases, the potential does not
show large variations with respect to the orientation of the collider. Thus, a good
approximation is to neglect the terms with l2 > 2 in the basis expansion (Faure
et al., 2005; Wernli et al., 2006). Accordingly, the only basis functions that describe
the dependence of the potential on the relative orientations of H2 are the Y00, Y20,
Y21 and Y22 spherical harmonics. This significantly reduces the computational effort,
since, at fixed R and θ values, the dependence of the potential on the orientation
of the collider can be entirely described from the knowledge of only four orienta-
tions {θ′, φ}. Hence, by choosing five sets of {θ′, φ} orientations it will be possible
both to fully describe the dependence of the potential on them and to have an over-
determined system to test the accuracy of the l2 truncation. Usually, the chosen
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orientations are those selected by Wernli et al. (2007) for the HC3N-H2 system:

x→
(
θ′ =

π

2
, φ = 0

)
; (2.54a)

y →
(
θ′ =

π

2
, φ =

π

2

)
; (2.54b)

z → (θ′ = 0, φ = 0) ; (2.54c)

a→
(
θ′ = arccos

(
1√
3

)
, φ =

π

4

)
; (2.54d)

b→
(
θ′ = π − arccos

(
1√
3

)
, φ =

π

4

)
. (2.54e)

In order to introduce the analytical dependence over {θ′, φ}, Eq. (2.52) can be
expressed as the product of two terms, which depend on the {R, θ} and {θ′, φ}
couples of Jacobi coordinates:

V (R, θ, θ′, φ) =
∑
l2,µ≥0

Cl2µ(R, θ)tl2µ (θ′, φ) , (2.55)

where

Cl2µ(R, θ) =

(∑
l1

vl1l2µ(R)Pl1(θ)

)
and

tl2µ (θ′, φ) = Yl2−µ (θ′, φ) + (−1)µYl2µ (θ′, φ) .

(2.56)

Within the l2 ≤ 2 approximation of the potential, only four (l2, µ) terms are taken
in account: (0,0),(2,0),(2,1) and (2,2). By separately fitting the five orientations
of Eq. (2.54), a system of five equations and four variables has to be solved. The
five 2D potentials are denoted by the following coordinates, V (R, θ, x), V (R, θ, y),
V (R, θ, z), V (R, θ, a), V (R, θ, b) and can be defined as:

Vi(R, θ) =
4∑
j=1

TijCj, i = 1, . . . , 5 , (2.57)

where Tij denotes the matrix elements defined by the tl2µ(i) components, with i

denoting each orientation:

T =
1√
π



1 −
√

5
2

0 1
2

√
15
2

1 −
√

5
2

0 −1
2

√
15
2

1
√

5 0 0

1 0 −
√

5
6

0

1 0
√

5
6

0


. (2.58)
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Cl2µ(R, θ) can be thus expressed as a combination of the 2D potentials:

C00 =

√
π

7
[2 (V (R, θ, a) + V (R, θ, b)) +

+ (V (R, θ, x) + V (R, θ, y) + V (R, θ, z))] ,︸ ︷︷ ︸√
π Vav(R,θ)

(2.59)

C20 =

√
π

5
[V (R, θ, z)− Vav(R, θ)] , (2.60)

C21 =

√
3π

10
[V (R, θ, a)− V (R, θ, b)] , (2.61)

C22 =

√
2π

15
[V (R, θ, x)− V (R, θ, y)] . (2.62)

Hence, the global 4D potential can be introduced via the following equation:

V (R, θ, θ′, φ) = 2
√
π Vav(R, θ)Y00(θ′, φ)

+2

√
π

5
[V (R, θ, z)− Vav(R, θ)] Y20(θ′, φ)+

+

√
3π

10
[V (R, θ, a)− V (R, θ, b)] [Y2−1(θ′, φ)− Y21(θ′, φ)]+

+

√
2π

15
[V (R, θ, x)− V (R, θ, y)] [Y2−2(θ′, φ) + Y22(θ′, φ)] ,

(2.63)

which, as a function of the θ′ and φ coordinates, assumes the following form (Wernli
et al., 2006):

V (R, θ, θ′,φ) = Vav(R, θ)+

+
1

2
[V (R, θ, z)− Vav(R, θ)]

(
3 cos2 θ′ − 1

)
+

+
3

2
[V (R, θ, a)− V (R, θ, b)] sin θ′ cos θ′ cosφ+

+
1

2
[V (R, θ, x)− V (R, θ, y)] sin2 θ′ cos (2φ) .

(2.64)

2.2.4 Dynamics of the nuclei

In ¶ 2.2.2, the resolution of the nuclear Schrödinger equation for the Watson Hamil-
tonian to derive the energy of the ro-vibrational levels for an isolated molecule has
been introduced. Moving to a colliding system, the ro-vibrational Hamiltonian is
not only given by the Hamiltonian of the two isolated colliders, but instead, it also
takes into account the interaction potential and kinetics of the entire collisional



34 Chapter 2. Theoretical Background

system. The quantum mechanical treatment of molecular collision theory was first
introduced by Arthurs and Dalgarno (1960) and has been extensively developed in
the last decades. Here, a brief overview of the main theoretical aspects is provided.
For a more detailed account and for the resolution of the algebraic steps, the reader
is referred to Drake (2006) and Flower (2007).

As mentioned in the previous subsection, the interaction potential of a collisional
system V (R,θ) can be obtained by solving the electronic Schrödinger equation for
a suitable grid of points. The functional form used for describing the resulting PES
has been introduced as well. Here, we recall that the gradients of the PES (i.e., first
derivatives of the energy with respect to the chosen nuclear coordinates) describe
the forces acting on the system and that the potential vanishes at infinite distances
(limR→∞ V (R,θ) = 0). We also recall that we work in a BF reference frame and
that the {R,θ} coordinates denote the Jacobi coordinates of the system, i.e., the R
distance and the relative orientations between the colliders, and, beyond the rigid
rotor approximation, they also include their internal degrees of freedom. For a linear
rigid rotor + atom system, θ corresponds to the θ angle of Eq. (2.51), while for a
linear rigid rotor + linear rigid rotor system, it is composed by the three {θ, θ′, φ}
coordinates (Eq. (2.52)).

The kinetic energy operator of the collisional system is expressed by the sum of
the Laplacian operators of the two colliders (see Eq. (2.18)), here denoted as A and
B:

T̂ (RA,RB) = −∇
2
RA

2mA

− ∇
2
RB

2mB

, (2.65)

where RA and RB are the internal coordinates of A and B in the SF system. Resort-
ing to the relative motion of the particles, this expression becomes (Flower, 2007;
Lique and Faure, 2019):

T̂ (Rc.o.m.,R) = −∇
2
Rc.o.m.

2M
− ∇

2
R

2µ
, (2.66)

where M = mA + mB and µ = (mAmB)/(mA + mB) are the total and reduced
masses of the system, respectively. R describes the relative position of the two
colliders and Rc.o.m. = (mARA + mBRB)/M the position of the center of mass of
the A+B system. In this SF frame, the translational motion of the entire system is
decoupled from the internal motion and can thus be neglected for the description
of the collisional process. Moreover, the term describing the kinetic energy of the
relative motion between A and B can be split into a radial part that depends only
on the R distance, and an angular kinetic term:

− ∇
2
R

2µ
= − 1

2µ

∂2

∂R2
+
L̂2

2µR2
. (2.67)
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The operator L̂ is the angular momentum that refers to the relative motion between
the two colliders and is associated to the L quantum number. Hence, the scattering
Hamiltonian assumes the following form:

Ĥ = − 1

2µ

∂2

∂R2
+
L̂2

2µR2
+ ĤA + ĤB + V (R,θ) , (2.68)

where ĤA and ĤB are the ro-vibrational Hamiltonian operators of the colliders A
and B, seen as isolated entities.

Figure 2.6: SF and BF coordinates for the collision between the A atom and the B rigid linear
rotor. In the BF frame, the orientation of A with respect to B is defined by the {R,θ} Jacobi
coordinates, where θ = θ. In the SF frame, the A and B scatterers are defined by the {R} and
{r} coordinates, respectively. α denotes the orientation of the BF z axis with respect to the SF
{X,Y, Z} frame.

In the following, the collision between a structureless atom A and a closed-shell
linear rigid rotor molecule B (Fig. 2.6) is considered. This simplifies the compre-
hension of the physics of the system while avoiding cumbersome notation in the
formulation of the quantum mechanical equations. For deviations due to the inter-
nal structure of A and/or to the open-shell character of the colliders, the reader is
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referred to Alexander (1982a,b), Flower (2007) and references therein. In the system
under consideration R is the distance between the A atom and the center of mass of
B, θ = θ is the angle defining the orientation of A with respect to the molecular axis
of B (see Fig. 2.6), and ĤB = Bĵ2

B (Eq. (2.32)). As a convention, in the following
part of this Chapter, lower-case letters refer to the operators of the isolated colliders,
while for the entire system upper-case letters are employed.

In absence of external fields, the nuclear Schrödinger equation for the linear
rotor-atom system thus becomes:(

− 1

2µ

∂2

∂R2
+
L̂2

2µR2
+Bĵ2

B + V (R, θ)

)
Ψ(R,r) = EΨ(R,r) , (2.69)

where R = R,α, with α denoting the orientation of the BF z axis (Fig. 2.6) with
respect to the SF {X, Y, Z} frame, and r denotes the coordinates of B in the SF
frame. The rotational degrees of freedom of the system are represented by the total
angular momentum J = jB + L and its projection along the Z axis M = mB + mL

quantum numbers. During the collision, the values of J and M are conserved,
together with the parity (p) of the eigenfunctions representing the A+B system.
The latter is related to the inversion symmetry operation of the coordinates of
all the nuclei with respect to the origin of the SF frame. Indeed, Ψ(r,R) is an
eigenfunction not only of Ĵ2 and Ĵz, with eigenvalues J(J + 1) and M , respectively,
but also of the inversion operator, with eigenvalue denoted by the parity, p = ±1,
of the wave function (the reader is referred to Flower 2007 for more details). The
full scattering wave function Ψ(R, r) for a given set of {p, J,M} quantum numbers
can be expanded over the remaining degrees of freedom as:

ΨpJM(r,R) =
1

R

∑
jBL

F pJM
jBL

(R)YpJMjBL
(r,α) . (2.70)

Within this expansion, for each (jBL; pJM) channel, the total wave function is
divided in a F pJM

jBL
(R) radial part, that only depends on R, and in an angular part

YpJMjBL
(r,α), formed by a product of spherical harmonics Y :

YpJMjBL
(r,α) =

∑
mBmL

CjBLJ
mBmLM

YjBmB(r)YLmL(α) , (2.71)

where CjBLJ
mBmLM

are the Clebsch–Gordan coefficients and are related to the Wigner
3j–symbol through:

CjBLJ
mBmLM

= (−1)jB−L+M(2J + 1)
1
2

(
jB L J

mB mL −M

)
. (2.72)
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Consequently, it is possible to solve the Schrödinger equation on the YpJMjBL
(r,α)

angular part, and then introduce the radial dependence by numerical propagation
of R on a grid. Although the BF frame represents a more natural choice because the
interaction potential is expressed within this coordinate system, the use of the SF co-
ordinates in the definition of YpJMjBL

(r,α) is employed because it avoids the inclusion
of the Coriolis terms in the evaluation of the centrifugal interaction embodied by the
relative angular momentum L̂. Indeed, the YpJMjBL

(r,α) functions form a complete
orthonormal basis set for the motion in these coordinates and are eigenfunctions of
the L̂2 and ĵ2

B operators:

ĵ2
B YpJMjBL

(r,α) = jB(jB + 1)YpJMjBL
(r,α) ;

L̂2 YpJMjBL
(r,α) = L(L+ 1)YpJMjBL

(r,α) .
(2.73)

The Schrödinger equation, written in the (Ĥ − E)Ψ(R,r) = 0 form, thus becomes:[
Bĵ2

B −
1

2µR

∂2

∂R2
R +

L̂2

2µR2
+ V (R, θ)− E

]
Ψ(R,r) = 0 . (2.74)

By introducing the expansion of the total wave function given in Eq. (2.70) and
projecting the result into a Yp′J ′M ′

j′BL
′ (r,α) basis function, we finally obtain:

[
d2

dR2
− L(L+ 1)

R2
+ k2

jB

]
F pJM
jBL

(R) = 2µ
∑

j′BL
′p′J ′M ′

F p′J ′M ′

j′BL
′ (R)

∫
Y∗ pJMjBL

(r,α)V (R, θ)Yp′J ′M ′

j′BL
′ (r,α) drdα ,

(2.75)

where
k2
jB

= 2µ[E −BjB(jB + 1)] . (2.76)

Eq. (2.75) represents a set of ordinary differential equations, also denoted as cou-
pled equations, which involve second-order derivatives with respect to R and which
are linear in the function of the radial coordinate F pJM

jBL
(R). A loop over each set

of {pJM} blocks leads to the resolution of the scattering problem. To this aim,
powerful numerical techniques have been developed. In this thesis work, those in-
corporated in the MOLSCAT package of programs (Hutson and Green, 1994) have
been employed.

In order to evaluate the matrix elements on the right-hand side of Eq. (2.75),
we need to express the potential as a function of the SF coordinates. For an atom
plus a linear rigid rotor system, V (R, θ) is defined as an expansion in terms of the
Legendre polynomials Pλ (see Eq. (2.51)). The angular dependence of the potential
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can be thus evaluated as a linear combination of spherical harmonics by exploiting
the spherical harmonic addition theorem (Rose, 1995):

Pλ(cos θ) =
4π

2λ+ 1

λ∑
ν=−λ

Yλν(r)Y
∗
λν(α) . (2.77)

This theorem converts from the dependence of the potential on the θ BF coordinate
to the dependence on the SF {r,α} ones, thus permitting the resolution of the
integral of Eq. (2.75). By applying the composition relations for spherical harmonics
(Rose, 1995) and employing further algebraic steps (see Flower 2007 for a detailed
description), Eq. (2.75) can be written as:[

d2

dR2
− L(L+ 1)

R2
+ k2

jB

]
F pJ
jBL

(R) = 2µ
∑
j′BL

′λ

vλ(R)fJλ (jBLj
′
BL
′)F pJ

j′BL
′(R) , (2.78)

where fJλ (jBL, j
′
BL
′) are the Percival–Seaton coefficients (Percival and Seaton, 1957),

which depend on the 3j– ((: : :) matrices) and 6j– ( {: : :} matrix) symbols of Wigner:

fJλ (jBL, j
′
BL
′) = (−1)jB+j′B−J

[(2jB + 1)(2L+ 1) (2j′B + 1) (2L′ + 1)]
1
2

(2λ+ 1)(
jB j′B λ

0 0 0

)
×
(
L L′ λ

0 0 0

)
× (−1)jB+L+j′B+L′

{
jB L J

L′ j′B λ

}
.

(2.79)

At this point, the set of coupled equations can be solved by propagation of Fl(R),
where l represents a |jB, L,mB,mL, p, J,M〉 channel. Despite only some of the chan-
nels are open, i.e., energetically accessible for a given collision energy, it is required
to include several closed channels in order to accurately solve the scattering prob-
lem, particularly for transitions involving states whose energies approach the limit
of accessibility. The propagation can occur either directly on Fl(R) or on its loga-
rithmic derivative Fl(R)′/Fl(R)‡‡, the latter being numerically more stable. It starts
from the classically forbidden region at short range, where the boundary condition
limR→0 Fl(R) = 0 is fulfilled, and proceeds up to a distance at long range beyond
which the interaction potential may be neglected. At long distances, Fl(R) is thus
matched to an analytic function that shapes the asymptotic boundary conditions in
the R→∞ limit:

lim
R→∞

Fl(R) = k
1
2R [jl(kR)Al − nl(kR)Bl] , (2.80)

where jl(kR) and nl(kR) are the spherical Bessel functions (Abramowitz and Ste-
gun, 1965). For each chosen channel l, a set of Al and Bl coefficients is retrieved.

‡‡ f ′(x)
f(x) = d

dx ln f(x) for a given f(x) function.
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The matrices containing these solution vectors for each l channel are the A and B

matrices, from which the reactance (K) and the scattering (S) matrices are derived:

K = BA−1 , (2.81)

S = (I + iK)−1(I− iK) , (2.82)

with I being the identity matrix. The S–matrix connects an initial state l with
an outgoing scattered state l′ and represents the final outcome of the quantum
scattering calculations. Experimental observables that describe completed collisions
(inelastic cross sections, pressure broadening cross sections, hyperfine cross sections,
...) can be written in terms of the elements of the S–matrix. This is diagonal in J ,
reflecting the conservation of the total angular momentum during the collision, and
is independent of M .

Inelastic Cross Sections and State-to-State Rate Coefficients

From the S–matrix elements, the cross sections from an initial jB to a final j′B state
of the B molecule at a given collision energy Ec can be computed:

σjB→j′B(Ec) =
π

k2
jB

∑
p,J,M

2J + 1

2jB + 1

∑
l,l′

∣∣∣δjBj′B δll′ − S pJM
ll′

∣∣∣2 . (2.83)

Ideally, one should perform the sum over J up to an infinite value in order to
include all possible contributions in the expansion. In practice, one needs to find
the appropriate truncation limit in the J sum in order to discard only negligible
contributions to the cross section value and to keep the sum finite. This truncation
limit depends on the molecular system and is usually chosen in order to have the
inelastic cross sections converged within 0.005Å2. This value allows for achieving a
good compromise between the desired accuracy and the computational cost. Starting
from the inelastic cross sections, the collisional state-to-state rate coefficients are
straightforwardly derived by thermal averaging over the collision energy:

kjB→j′B(Tk) =

(
8

πµk3
BT

3
k

)1/2

×
∫ ∞

0

σjB→j′B (Ec)Ec exp (−Ec/kBTk) dEc ,

(2.84)

where Tk is the kinetic temperature for which the Boltzmann distribution of par-
ticle velocities holds. These rate coefficients represent the information needed for
the radiative transfer problem to model astronomical spectra and derive molecular
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abundances. To solve the integral in Eq. (2.84), one should have at disposal an infi-
nite number of cross sections for each Ec value. Due to limitations in computational
resources, one needs to find the best possible approximation of the integral by choos-
ing an energy range which is well suited for the targeted astrophysical applications
and with a sufficiently fine grid to account for all the resonances that can affect cross
sections values. Once the transition rate from jB to j′B is known, the inverse j′B to
jB rate can be easily retrieved by means of the detailed balance principle:

kjB→j′B(T ) =
gjB
gj′B

kjB→j′B(T )e−∆E/kBTk , (2.85)

where ∆E = EjB − Ej′B .

Decoupling Approximations

The exact resolution of scattering equations implies to consider all the coupled
channels involved in the collision. This is known as close coupled approach (CC),
and it is feasible only when collisions involve small species at low collisional energy.
In fact, the required CPU time is directly proportional to the number of coupled
channels, thus making calculations above a few hundred of cm−1 for heavy molecules
computationally inaccessible. In such cases, it is necessary to resort to approximate
methods like the coupled states (CS) approximation or the infinite order sudden
(IOS) approximation.

The CS approximation (McGuire and Kouri, 1974) neglects the Coriolis coupling
between the total angular momentum and the rotational momentum of the target
molecule, which is included in the L̂ operator of Eq. (2.68). Hence, within the CS
approach, fewer states are coupled, thus decreasing the computational time of a
factor between 3 and 10 compared to CC. Moreover, this approximation is expected
to be relatively accurate, with discrepancies with respect to the CC results of, in
the worst case, 20%. The larger deviations will correspond to the resonant regime
of the cross sections, at very low collisional energies.

The IOS approximation (Pack, 1974) ignores the rotation of the colliders in the
assumption that the collision time among them is much faster than the rotation
time. Each orientation of the colliders is hence decoupled from the others. The
IOS approximation, while providing good performances for heavy molecules at high
collisional energies, can lead to physically unsound results for collisions at low energy,
where the rotation of the colliders can significantly affect the magnitude of the cross
sections.
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Quasiclassical Trajectory Method

When collisional calculations involve high temperatures (T > 2000K), it becomes
necessary to further reduce computational cost. In such scenarios, a commonly
employed alternative is the quasiclassical trajectory (QCT) method (Mandy and
Martin, 1993; Martin and Mandy, 1995; Lepp et al., 1995), which integrates classical
mechanics for treating the scattering process alongside Monte Carlo sampling of the
initial conditions. This substantially decreases the computational cost of scattering
calculations and offers a valuable option for computing state-to-state rate coefficients
at high temperatures. However, in the case of cold collisions, which constitute the
main focus of this thesis, this approach fails to provide sufficiently accurate results.
Hence, it was not further considered. For more details regarding this method, the
reader is referred to Truhlar and Muckerman (1979); Bonnet and Rayez (1997); Aoiz
et al. (2006).

Hyperfine Resolved Rate Coefficients

When the rotational levels of a molecule are split because of a hyperfine interaction,
which is —in the present context— the nuclear quadrupole coupling, the dynamics
of collisional (de-)excitations for hyperfine components needs to be solved as well.

In a full quantum close-coupling approach, an additional contribution (due to
quadrupole coupling) to the molecular Hamiltonian needs to be added, and this in-
troduces in the S–matrix the dependence on the F quantum number (see ¶ 2.2.2).
However, this considerably increases the computational cost of the dynamic prob-
lem. A common approximation, known as the recoupling approach, ignores in a first
stage the quadrupolar coupling contribution. Indeed, the hyperfine splitting energies
are tipically much lower than the rotational and collisional energies. This enables
a separation between the two degrees of freedom in the resolution of the scatter-
ing close-coupled equations. The spin-wave functions are subsequently incorporated
in the rotational ones by means of a formula developed by Alexander and Dagdi-
gian (1985). In detail, the inelastic cross-sections associated with a jBF → j′BF

′

transition are obtained from the rotational scattering matrix elements SJ(jBl; j
′
Bl
′)

(nuclear-spin free) derived from the close-coupling calculations:

T J (jBl; j
′
Bl
′) = 1− SJ(jBl; j

′
Bl
′) , (2.86)

where T J (jBl; j
′
Bl
′) are the T -matrix elements, which are linked to the so-called ten-

sor of opacities PK (jB → j′B) (see Alexander and Davis 1983 for a detailed deriva-
tion of the latter) via:

PK (jB → j′B) =
1

2K + 1

∑
ll′

∣∣TK (jBl; j
′
Bl
′)
∣∣2 , (2.87)
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where
TK (jBl; j

′
Bl
′) = (−1)−jB−l

′
(2K + 1)

∑
J

(−1)J (2J + 1)

×
{

l′ j′B J

jB l K

}
T J (jBl; j

′
Bl
′) .

(2.88)

From the opacity tensor elements PK (jB → j′B), the recoupled inelastic cross sec-
tions (σREC

jBF→j′BF ′) are obtained as:

σREC
jBF→j′BF ′ =

π

k2
jBF

(2F ′ + 1)
∑
K

{
jB j′B K

F ′ F I

}2

PK (jB → j′B) . (2.89)

Having computed the inelastic cross sections σREC
jBF→j′BF ′ , the corresponding rate co-

efficients are straightforwardly derived at a given temperature T by averaging over
collision energy (Ec):̇

kjBF→j′BF ′(T ) =

(
8

πµk3
BT

3

)1/2 ∫ ∞
0

σREC
jBF→j′BF ′ Ec e−Ec/kBT dEc . (2.90)

The recoupling approximation, albeit not exact, is commonly considered as the
“reference” approach (Faure and Lique, 2012) because it is extremely accurate in
predicting the hyperfine-resolved rate coefficients. However, it requires to store all
the elements of the spin-free S–matrix and to compute the opacity tensor between
the rotational levels, this implying a significant computational effort.

In order to further reduce the computational cost, the NG approximation (Neufeld
and Green, 1994) is commonly applied. The latter is based on the IOS assumption,
which ignores the rotational energy spacing with respect to the collision energy. The
inelastic rotational rate coefficients kIOSjB→j′B

(T ) can be thus directly derived from the
rotational excitation rate coefficients involving the fundamental jB = 0 state (Corey
and McCourt, 1983):

kIOSjBF→j′BF ′(T ) = (2jB + 1)(2j′B + 1)(2F ′ + 1)
∑
L

(
j′B jB L

0 0 0

)2

×
{
jB j′B L

F ′ F I

}2

kIOS0→L(T ) .

(2.91)

Within this approach, propensity rules are properly included through the Wigner
coefficients. In order to assure a good behavior at temperatures well below the
potential well, a scaling procedure is finally employed:

kjBF→j′BF ′(T ) =
kIOS
jBF→j′BF ′(T )

kIOS
jB→j′B

(T )
kCC
jB→j′B

(T ) . (2.92)
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This exploits the assumption of the following equality with the close-coupled rota-
tional rate coefficients: ∑

F ′

kjBF→j′BF ′(T ) = kCC
jB→j′B

(T ) . (2.93)

Another simple alternative approach that is widely used for astrophysical appli-
cations (see Guilloteau and Baudry 1981; Keto and Rybicki 2010) is the statistical
method denoted as Mj-randomizing limit or proportional approach (RAN, Alexan-
der and Dagdigian, 1985). This method assumes a statistical reorientation of the
quantum number F ′ after the collision, thus neglecting any dependence on the initial
conditions of the system. This allows to express the jBF → j′BF

′ hyperfine-resolved
rate coefficients from the corresponding pure rotational one jB → j′B through

kjBF→j′BF ′(T ) =
(2F ′ + 1)

(2j′B + 1)(2I + 1)
kjB→jB(T ) . (2.94)

The RAN approximation performs well at low temperatures, where statistical effects
have a preponderant impact on the rate coefficients. However, it does not include
in its formulation the effect of the propensity rules, which becomes increasingly
prominent at high temperatures.

Bound States

If all the asymptotic channels are closed for a given energy, the two colliders will
form a stable bound complex having a geometry which corresponds to the bottom
of the potential well. If this bound state complex is stable, then it allows for ex-
perimental spectroscopic characterization, thus providing a means to validate the
accuracy of the computed potential. This is accomplished by performing bound
states calculations which provide the rotational energy levels for the bound state
complex. Bound state calculations are carried out using the BOUND routine (Hut-
son and Green, 1994) and are formulated as a set of coupled differential equations
similar to those encountered in scattering theory. The difference between the two
cases is in the boundary conditions that must be applied. Indeed, the bound-state
Fl(R) radial function approaches zero in the classically forbidden regions at both
short range, R → 0, and long range, R → ∞. The coupled equations that satisfy
this boundary condition at both ends exist only at specific energies, which are the
eigenvalues of the total Hamiltonian of Eq. (2.68) and represent the energies levels
of the bound complex.
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Pressure Broadening and Shift Coefficients

Among the observables that reflect the collisional behavior of a molecular system,
the pressure broadening and pressure shift coefficients play a crucial role. These
coefficients are associated with collisional perturbations affecting transitions between
the rotational levels of a molecule, and their magnitude depends on the pressure of
the surrounding environment. They manifest as line broadening and shifting in
frequency of the observed spectral lines. For a more detailed treatment of these
effects, the reader is referred to § 4.2. By performing scattering calculations for
the upper and lower states of a spectroscopic transition, line shape cross sections
for its broadening and shifting effects due to collisions can be derived. Indeed,
the integration of the inelastic cross sections over the entire distribution of thermal
energy leads to an average value σ̄, whose real and imaginary part are the pressure
broadening (γ) and pressure shift (s) coefficients, respectively:

σ̄ =
1

(kT )2

∫ ∞
0

Ee−E/kTσ(E)dE , (2.95)

γ − is = npν̄σ̄ =
56.6915√

µT
σ̄ , (2.96)

where ν̄ = (8kBT/πµ)1/2 is the mean velocity of the colliders and np represents the
density of the gas. In terms of units, γ and s are expressed in cm−3 atm−1, σ̄ in Å2,
µ (reduced mass of the system) in amu and T in Kelvin.
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Computational Details

As anticipated in Chapter 2, the characterization of the collisional behavior of a
molecular system starts from the resolution of the electronic Schrödinger equation of
both the isolated colliders and the global colliding system, whose eigenvalues define
the PES of each molecule and the interaction potential between them, respectively.
However, for many-electrons systems, the electronic Schrödinger equation is not
exactly solvable, and this forces us to rely on approximate approaches.

The main sources of error in quantum-chemical calculations depend on the ap-
proximations introduced in the level of theory exploited, this being defined as the
combination of the method used for the description of the wave function and the
basis set employed for its construction. To better detail: first, in order to build the
wave function, we need to describe the molecular orbitals (MOs) as mathematical
functions that adhere to the antisymmetry property of the Pauli principle (Pauli,
1925). This is often fulfilled by a linear combination of atomic orbitals (AOs), which
are functions whose number and form is defined by the computational basis set. Ide-
ally, these AOs should be infinite in order to correctly describe the MOs and their
truncation introduces the first main source of error, denoted as basis-set truncation
error (BSE). The MOs are then used to obtain the multi-electron wave function. In
some cases, the multi-electron wave function is defined as a linear combination of
Slater determinants∗ describing possible electronic configurations. Another way out
is represented by density functional theory (DFT), where the electronic energy is no
longer computed using the “wave function picture”, but instead it is determined as
a function of the electronic density.

The second error source is the so-called N-electron error, i.e., the error due to
the truncation of the electronic excitation orders incorporated in the wave function.

∗A Slater determinant is a linear combination of ψn(i) spin-orbitals, which are functions of the
spatial orbital and the spin function coordinates of the i-th electron, multiplied for an antisym-
metrizer factor (see Shavitt and Bartlett 2009 for further details).
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The vectorial sum of the BSE and the N-electron error leads to the apparent error
affecting the level of theory considered. Figure 3.1 provides a graphical represen-
tation of how the BSE and N-electron errors combine to give the apparent error.
It is there noted that only when the two errors are null, then the exact solution is
obtained. The choice of the computational level of theory must thus find the best
compromise between accuracy and computational cost, which often depends on the
size of the system under consideration and the type of application.

Figure 3.1: Errors in quantum-chemical calculations with respect to the exact solution of the
electronic Schrödinger equation.

This Chapter is organized as follows. In § 3.1, the methods employed in this
thesis for the treatment of electronic correlation term are presented, while the basis
sets used to define the MOs are outlined in § 3.2.

3.1 Quantum-Chemical Methods

Over the years, a large variety of methods has been developed with the aim of
obtaining approximate solutions of the electronic Schrödinger equation. The first
introduced was the Hartree–Fock Self-Consistent Field (HF-SCF) method (Hartree
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and Black, 1933; Hartree et al., 1939), which is an independent-electron model that
considers each electron as surrounded by a mean repulsive potential due to the pres-
ence of the other electrons. In the HF-SCF theory, for each i electron, the Hamil-
tonian is written as the sum of mono- (ĥi) and pseudomono- (Ĵij, K̂ij) electronic
operators:

F̂i = ĥi +

Nelec∑
j

(
Ĵij − K̂ij

)
, (3.1)

where the ĥi operator accounts for the kinetic energy of the i-th electron and its
potential interaction with the nuclei; Ĵij and K̂ij are the Coulomb and Exchange op-
erators, respectively, they provide the mean-field description of the electron-electron
repulsion, and incorporate the MOs (ψi, ψj) in their definition through:

Ĵij |ψj(2)〉 = 〈ψi(1) |ĝ12|ψi(1)ψj(2)〉 ,
K̂ij |ψj(2)〉 = 〈ψi(1) |ĝ12|ψj(1)ψi(2)〉 . (3.2)

Here, ĝij is a two-electron operator which represents the electron-electron repulsion
contribution.

The operator F̂i of Eq. (3.1), denoted as the Fock operator, thus depends on the
MOs. This means that, in order to have a proper description of F̂i, the variational
principle within the so-called self-consistent field (SCF) procedure is exploited. In
detail, an initial guess of the wave function (ΨHF), represented as one Slater deter-
minant, is iteratively refined in order to minimize the energy and the procedure is
stopped once the convergence criterium is met (see Roothaan 1951 and Jensen 2017
for further details).

In the HF method, since the electron-electron interaction is described by means
of an average interaction of one electron with all the other electrons, istantaneous
interactions are neglected and thus correlation effects are not incorporated. Indeed,
electronic correlation energy is, by definition, the difference between the total en-
ergy of the system and the HF-SCF energy in the limit of an infinite basis set.
The electronic correlation term impacts only for the 1% to, at most, 10% of the
total value of the energy; however, HF theory is not able to provide quantitative,
or even semi-quantitative, results. In order to incorporate correlation energy in
quantum-chemical calculations, many different strategies have been developed. In
the following subsection, the main aspects of the correlated method employed in
this thesis will be outlined.
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3.1.1 Coupled Cluster Theory

Since its formulation in the late 1960s (Čížek, 1966, 1969), Coupled Cluster (CC)
theory has represented a major breakthrough for the solution of the electronic
Schrödinger equation and is currently one of the most reliable approaches to ac-
curately derive the molecular properties of a system. CC methodologies aim to
correct ΨHF, taken as the reference wave function Ψ0, with the inclusion of electron
excitation from single to infinite order, thus involving all the unoccupied molecular
orbitals (Jensen, 2017). This is accomplished by introducing an excitation operator,
the cluster operator (T̂ ), that generates all the excited Slater determinants for each
mth excitation order, where m is the number of excited electrons:

|Ψ〉 = exp(T̂ ) |Ψ0〉 =

(
1 + T̂ +

T̂ 2

2!
+
T̂ 3

3!
+ . . .

)
|Ψ0〉 , (3.3)

where:
T̂ = T̂1 + T̂2 + T̂3 + · · ·+ T̂Nel , (3.4)

T̂m =
1

(m!)2

∑
i,j,k,...a,b,c,...

tabc...ijk...a
+ib+j . . . . (3.5)

In Eq. (3.5) the second quantisation formalism† is adopted to account for electronic
excitations: p+ represents the creation operator, responsible for the “creation” of
an electron in a virtual orbital (indicated by a, b, c . . .), while p is the annihilation
operator, which destroys an electron in an occupied orbital (indicated by i, j, k . . .).
The cluster amplitudes, tabc...ijk..., are the weighting factors in the cluster operator. The
CC function (Ψ) is thus obtained by incorporating Eqs. (3.4) and (3.5) into Eq. (3.3).
At this point, the Schrödinger equation to obtain the CC correlation energy is solved
by projecting Ψ onto Ψ0:〈

Ψ0

∣∣∣Ĥ∣∣∣Ψ〉 =
〈

Ψ0

∣∣∣Ĥ exp(T̂ )
∣∣∣Ψ0

〉
. (3.6)

Since the Hamiltonian operator is formed by only one and two-electron terms (see
Eq. (3.24) in Jensen 2017), CC correlation energy is completely determined by the
singles and doubles amplitudes and two-electron integrals over MOs:

ECC = E0 +
∑

i<j,a<b

(tabij + tai t
b
j − tbitaj ) (〈φiφj | φaφb〉 − 〈φiφj | φbφa〉) = E . (3.7)

In Eq. (3.7), however, single- and double-excitation amplitudes are coupled with
higher-order excitations via amplitude equations. To retrieve the contribution of

†The reader is referred to Shavitt and Bartlett (2009) for a detailed treatment of this formalism.
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Table 3.1: Computational cost of CC methods.

Scaling methods

N4 HF-SCF
N6 CCD, CCSD
N7 CCSD(T)
N8 CCSDT

higher-order excitations to the energy, the amplitude equations need to be solved.
This leads in principle to the exact solution of the electronic problem, being the
full CC wave function comprehensive of all the possible excited determinants for
the system. However, this is unfeasible, and thus the cluster operator needs to
be restricted to certain classes of excitations. Such truncation in the CC wave
function has a great impact on the accuracy of the CC method. For instance,
the first improvement over HF is given by the inclusion of the T̂ = T̂2 cluster
operator, leading to the CCD method, while the additional inclusion of the single
excitations, T̂ = T̂1 + T̂2, leads to the improved CCSD model, still mantaining a
similar computational effort. The addition of higher-order excitations (T̂3, T̂4, T̂5, ...)
further improves the accuracy of the method (CCSDT, CCSDTQ, CCSDTQ5, ...,
respectively), but requires a more demanding computational effort. This results
in computationally unfeasible calculations for medium-sized molecules already at
the CCSDT level because of the large number of determinants incorporated in the
wave function. A possible way out in this regard is offered by the CCSD(T) method,
which keeps the computational cost affordable by incorporating triple excitations by
means of a perturbative treatment. In detail, the CCSD amplitudes are employed
to compute the contribution of the triples via fourth order perturbation theory and
adding also a fifth order perturbation term to account for the coupling between
singles and triples (Jensen, 2017).

The computational cost of quantum-chemical methods is typically identified by
the so-called “N scaling” factor, which denotes how the computational effort in-
creases as the size of the basis set (N) enlarges; the corresponding classification is
provided in Table 3.1 for the CC methods. This table also reflects the accuracy
order.

Given its inverse relationship with the number of excitations considered, the
N-electron error is considered quite small already at the CCSD(T) level of theory,
which offers the best compromise between accuracy and computational cost for the
characterization of small/medium-sized systems. However, in analogy to all the oth-
ers correlated methods, CCSD(T) exhibits a very slow convergence to the complete
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basis limit (CBS)‡. To get accurate results, it is therefore frequently required to
increase the number of basis functions used to describe MOs, thus leading to a con-
siderable increase in computational cost. The slow convergence of CC methods is
mainly due to the manner in which the orbitals, used for computation, describe the
electronic cusp, i.e., the trend of the wave function for interelectronic distances ap-
proaching to zero. To enhance the description of the electronic cusp, a bi-electronic
distance dependence can be explicitly included in the electronic wave function. This
contribution improves the performance of the wave function for small interelectronic
separations and greatly reduces the computational cost without resorting to large
basis sets. The methods that introduce this contribution are the so-called explic-
itly correlated methods, which differ in the functional form used to introduce the
bi-electronic distance. For example, if a linear form is used (Ψ ∼ r12), the methods
are denoted as R12, while, if a Slater-type form is used (see Eq. (3.8)), the methods
are denoted as F12 (Adler et al., 2007; Peterson et al., 2008; Knizia et al., 2009).

F (r12) = −1

γ
e−γr12 ≈

∑
cie
−αr212 . (3.8)

Here, the exponential correlation factor, denoted by the γ correlation coefficient,
is fitted to a combination of i (typically six) Gaussian functions, defined by the α
parameter.

Among CC-F12 methods, the CCSD(T)-F12 one has been widely used as a
reference method for the purpose of this thesis. The latter incorporates a pertur-
bative treatment of triple excitations (T) to initial CCSD-F12 calculation and has
been demonstrated to be very suitable to map the short- and long-range multi-
dimensional collisional PESs (see Lique et al. 2010a; Ajili et al. 2013 and references
therein).

One limitation of standard CCSD(T) and explicitly-correlated CCSD(T)-F12
methods is that they are based on a single-reference wave function (thus not incor-
porating static electron correlation). For CC methods, it is possible to check the
suitability of a single-reference wave function from the single-excitation amplitudes.
A widely used tool is the T1-diagnostics, defined as:

T1 =

√
(tai )

2 +
(
tbj
)2

+ · · ·+ (tck)
2 + · · ·

√
Nel

, (3.9)

where the numerator is the norm of the tai vector and Nel the number of electrons.
If T1 is larger than 0.02 for closed-shell and than 0.04 for open-shell molecules, then
the reference wave function is very likely not well described by a single configuration.

‡The reader is referred to the § 3.2 for further details about CBS convergence.
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If static correlation is non-negligible, a single-determinant description is not able to
adequately describe the system under consideration. In such cases, one has to resort
to multi-reference approaches such as the multi-configuration self-consistent field
(MCSCF, Grein and Chang 1971; Werner and Knowles 1985; Knowles and Werner
1985) or multi-reference configuration interaction (MRCI, Whitten and Hackmeyer
1969; Kahn et al. 1974; Shavitt 1998) methods. The systems of interest to this
thesis do not exhibit strong non-dynamical correlation effects, thus the use of multi-
reference methods could have been avoided.

3.2 Basis Sets

As previously mentioned, the resolution of the electronic Schrödinger equation re-
quires an initial guess of the wave function. As a first step toward its construction,
it is necessary to define mathematical functions able to describe the atomic orbitals.
The linear combination of these, in fact, leads to the MOs, which are the building
blocks for the construction of the wave function.

There are two main types of basis functions commonly used to describe atomic
orbitals: Slater Type Orbitals (STO) and Gaussian Type Orbitals (GTO). Slater
type orbitals exhibit a nucleus-electron distance (r) dependence that mimics that of
hydrogen-atom orbitals. Their functional form is:

χζ,n,l,m(r, θ, ϕ) = NYl,m(θ, ϕ)rn−1e−ζr , (3.10)

where ζ, n and l,m are the radial and angular coefficients, respectively, N is a nor-
malization constant and Yl,m(θ, ϕ) are spherical harmonic functions. STO func-
tionals accurately describe the shape of atomic orbitals, but the calculation of
their multi-centre two-electron integrals (which enter in the Ĵij and K̂ij terms, see
Eq. (3.2)) cannot be performed analitically. One way to ease the computational
effort is offered by Gaussian-type functions, which have the following form:

χζ,n,l,m(r, θ, ϕ) = NYl,m(θ, ϕ)r2n−2−le−ζr
2

. (3.11)

The advantage of the latter is the analytical resolution of the integrals mentioned
above. However, Gaussian functions fail in reproducing the radial behavior with the
same accuracy as Slater-type functions. This is clearly evident in Figure 3.2. Here,
for a 1s-type orbital, the radial behavior of a STO function is depicted in orange,
while that of a GTO function is shown in blue. The dependence on −r2 in the
exponential of GTO functions fails indeed in reproducing the orbital “cusp” (discon-
tinuous derivative) for r = 0, which is instead well described by the dependence on
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−r in the exponential of STO functions. Moreover, the GTO function decreases too
rapidly as the distance r increases.

To summarize, STO functions better predict the radial behavior. However, hav-
ing at disposal an analytical resolution of the bi-electronic integrals with GTO func-
tions is a tool that cannot be overlooked. For this reason, linear combinations of
several GTO functions, denoted as primitive functions, whose coefficients are opti-
mized to better simulate the Slater-type pattern, are often considered. The resulting
functions are called contracted GTO (cGTO) functions. For example, the radial de-
pendence of a 1s-type orbital can be already reasonably reproduced by means of a
linear combination of three primitive GTO functions, forming the so-called STO-3G
contracted function (black curve in Figure 3.2).

Figure 3.2: Comparison of the radial part of the STO, GTO and STO-3G basis functions for
the 1s-type orbital.

The basis sets employed in this thesis belong to the series developed by Dunning
and coworkers (Dunning Jr, 1989) and are denoted by the acronym: cc-pVnZ, where
cc stands for “correlation-consistent”, which means that the basis set has been opti-
mized for being used with correlated methods. The size of the basis set is denoted
in terms of the number of basis functions used to describe one valence orbital. This
is indicated by the VnZ part of the acronym, which specifies that n basis functions
describe each valence orbital. Each core orbital, instead, is represented by a sin-



3.2. Basis Sets 53

gle cGTO. Finally, the term p indicates that the basis also includes polarization
functions, which have a quantum number l greater than the largest value of valence
orbitals. Quite often, this type of basis sets is not flexible enough to correctly de-
scribe the electron density in regions far from the maximum (Kendall et al., 1992).
It is therefore necessary to add the contribution of diffuse functions, which have very
small radial exponents (i.e., loose functions) and are therefore more diffuse at long
range. The addition of diffuse functions in the basis set is denoted by the prefix
“aug-”.

As already discussed, there are two main sources of error in quantum calculations:
the first is caused by the incompleteness of the basis set, the second by the truncation
of the wave function model. As regards the former, one can resort to extrapolation
formulas to estimate the CBS limit, which is the limit of an infinite basis set.

The convergence behavior to the CBS limit is strictly dependent on the form
of the basis set and on the considered property. For example, a hierarchical series
shows a monotonic convergence behavior: as the size of the basis set increases, the
computed generic property tends to the best obtainable value given the method
chosen. At the CBS limit, the deviation from the exact solution depends solely
on the N-electron error and is denoted as the intrinsic error (see Fig. 3.3). This
means that, by choosing an appropriate mathematical expression, it is possible to
extrapolate the value of a given property to the CBS limit starting from the results

Figure 3.3: Monotonic convergence of a generic property with respect to the size of the basis
set.
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obtained for a set of finite basis sets. Moreover, the convergence rate also depends
on the applied method. For example, methods that include electron correlation
treatment are typically slower to converge than the HF-SCF method. We will focus
only on the estimation of the CBS value for energy, but similar arguments can be
formulated for all properties of a molecular system, such as the structural parameters
or dipole moment.

A large variety of extrapolative formulas have been proposed in the literature.
For the HF energy, the most commonly used approach exploits the Feller’s extrap-
olative formula (Feller, 1993), which requires the HF energy computed with three
basis sets belonging to a hierarchical series

E∞HF = En
HF −Be−Cn , (3.12)

where B, C and E∞HF represent the parameters to be determined and n is the cardinal
number of the basis set. For the extrapolation of the correlation energy, Ecorr, the
two-point extrapolative formula developed by Helgaker and coworkers (Helgaker
et al., 1997) is often employed:

∆E∞corr =
n3En

corr − (n− 1)3En−1
corr

n3 − (n− 1)3
. (3.13)

The results from these two formulas are then combined to obtain the total energy
extrapolated to the CBS limit:

E∞tot = E∞HF + ∆E∞corr . (3.14)

There are also extrapolative formulas that are directly applied on the total energy,
such as the one developed by Peterson et al. (1994). This is a three-point mixed
Gaussian-exponential formula:

En = E∞tot + αe−(n−1) + βe−(n−1)2 , (3.15)

with α, β and E∞tot being the parameters to determine.
The extrapolation of the basis set greatly improves the accuracy of a computa-

tional calculation, with the only error left over being the intrinsic error due to the
choice of method employed.
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Experimental Measurements

Along with their ab initio counterpart, several experimental techniques have been
devised to study the collisional behavior of molecular systems. However, the di-
rect derivation of the collisional rate coefficients under the physical conditions of
the ISM still remains a challenging task, thus being far from enabling systematic
investigations (Smith, 2011).

The experimental methodologies that came the closest to satisfy these require-
ments are double resonance (DR) techniques. They exploit pump-probe measure-
ments: a radiation perturbs the rotational thermal distribution of the sample popula-
tion and another one measures its temporal evolution until the thermodynamic equi-
librium is achieved through collisional processes (Daly and Oka, 1970; Brechignac
et al., 1980; Messer and De Lucia, 1984). The breaktrough of this technique has
been accomplished once coupled with a tunable pulsed IR pump laser to populate a
rotational level of an otherwise unpopulated vibrational state. This approach, em-
ployed in combination with the CRESU apparatus, allows for the direct derivation
of state-to-state collisional rate coefficients down to few K (Orr, 1995; James et al.,
1998; Carty et al., 2004). Crossed-molecular-beam experiments, conversely, do not
lead to the derivation of the absolute rate coefficients, but they can measure the
relative state-to-state cross sections. This is achieved by monitoring the population
distribution of a molecular beam from a single initial state and after collision with
a beam composed by the perturbing gas. In detail, the sample molecular popula-
tion is initially collimated to the fundamental state via supersonic jet cooling. This
beam of molecules is then crossed with a second beam, composed of the collisional
partner, and afterwards the final distribution of the population is measured by laser-
induced fluorescence or resonance-enhanced multiphoton ionization (van Dishoeck,
1997; Yang et al., 2010, 2011; Chefdeville et al., 2012).

Rotational energy transfer processes can also be investigated by pressure broad-
ening experiments (De Lucia and Green, 1988). These procedures do not provide



56 Chapter 4. Experimental Measurements

either direct or indirect measurements of the state-to-state rate coefficients, but
they lead to estimates of average quantities (pressure broadening and pressure shift
coefficients) which are related to the scattering S–matrix. In terms of astrophysical
interest, the results of pressure broadening experiments play an important role to
validate the theoretical results and the employed approximations. An interesting
side product of this approach is the ability to provide reliable laboratory data for
the stable molecules that compose planetary atmospheres. In such environments,
the impact of the main perturbing gas on the molecular population of the minor
atmosphere component is poorly known, and the data needed to retrieve molecular
abundances are far from being complete, especially at high temperatures. Even in
these conditions, the large vertical gradients in abundance through the atmosphere
force non-LTE effects to be investigated as well. Moreover, laboratory measure-
ments acquire a special importance when the target or the perturber species are
difficult to treat from a computational point of view because of a complex internal
energy level structure. For these reasons, the N2-rich atmosphere of Titan repre-
sents an interesting test case for experimental validation via pressure broadening
experiments. On one hand, both the coupling between the different rotational levels
of N2 and the influence of para-N2(j = 1) have a strong impact on the dynamics,
thus burdening the calculations from a computational point of view; on the other
hand, N2 is a cheap and stable gas to be treated in laboratory experiments. The
study of N2 broadening behavior of molecules present in Titan can thus provide a
useful support to the data retrieval from planetary atmosphere’s observations.

Given its support to the computational investigation for some collisional sys-
tems of interest for this PhD thesis, the main aspects related to pressure broadening
measurements are presented in this Chapter. In § 4.1, the experimental setup is de-
scribed, which consists in the frequency-modulated mm-/submm-wave (FM-mmW)
spectrometer of the Rotational and Computational Spectroscopy Lab at the De-
partment of Chemistry “Giacomo Ciamician” (University of Bologna). In § 4.2, the
details regarding the acquisition of the data, their analysis and their use to validate
the theoretical calculation are provided.

4.1 Frequency-Modulated Millimeter-wave Spectrometer

The block diagram of the FM-mmW spectrometer is depicted in Figure 4.1. This
instrument can operate in the frequency range between 75 GHz and 1.6 THz, and
it is able to measure transition frequencies with an accuracy of a few tens of kHz.
The microwave radiation sources are several Gunn diodes, covering the 75-134 GHz
frequency range, which can be coupled with a series of active and passive frequency
multipliers to reach frequencies up to 1.6 THz. In order to achieve frequency stabi-
lization, the Gunn diode radiation is phase-locked to an external rubidium frequency



4.2. Line shape and Pressure Broadening Experiments 57

Figure 4.1: Block diagram of the FM-mmW spectrometer at the Rotational and
Computational Spectroscopy Lab (University of Bologna). Image taken from the web-
site of the Rotational and Computational Spectroscopy Lab: https://site.unibo.it/
rotational-computational-spectroscopy/en/facilities .

standard. In detail, the Gunn output is mixed with the signal generated by a 2-18
GHz synthesizer referenced to an external rubidium frequency standard; their differ-
ence (set at 75 MHz) enters the phase-lock loop (PLL), which provides continuous
stabilization to the Gunn output frequency. The absorption cell is a 3m long Pyrex
tube, 5 cm in diameter, equipped with two cylindrical hollow electrodes at both ends.
To improve the signal/noise ratio, the frequency modulation technique is used. This
is obtained by sine-wave modulating (f = 16.67 kHz) the 75MHz reference signal.
The output signal, detected by Schottky barrier diode, is subsequently demodulated
by a Lock-in amplifier tuned at twice the modulation frequency (2f), so that the
recorded spectrum is the second derivative of the natural profile. For further details
regarding the instrumentation, the reader is referred to Melosso et al. (2019a,b).

4.2 Line shape and Pressure Broadening Experiments

Since the early 1900s, the investigation of spectral line shapes has received a wide
experimental and theoretical interest (Birnbaum, 1967). Overall, the main aim was
to minimize the factors responsible for line broadening, thus improving the spectral
resolution and enabling more accurate and detailed analysis of molecular spectra.
Over the years, the examination of line shapes assumed a strategic importance
for either practical applications, e.g., the design of gaseous molecular lasers and
radiative transfer modeling of terrestrial and extra-terrestrial atmospheres, but also
to study the physical relaxation phenomena responsible for the shape itself (Rabitz,
1974).

https://site.unibo.it/rotational-computational-spectroscopy/en/facilities
https://site.unibo.it/rotational-computational-spectroscopy/en/facilities
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In ordinary experimental conditions, the mutual interactions between the parti-
cles of the sample and with the surrounding gas cause perturbations to molecular
energy levels. The absorption is thus distributed over a range of frequencies, causing
modifications on the line shape of the corresponding transition, which vary according
to the type and degree of perturbation (Gordy et al., 1984).

In the following, we will describe the main contributions affecting the line shapes
in a microwave experiment, and the information that can be extracted from them.
To do so, the line shape function (φν) needs to be introduced. The starting point is
the Beer law (Beer, 1852), which states that the variation in intensity, from an initial
I0 value to a final I one, of electromagnetic radiation collimated at a frequency v,
and transmitted through a slab of gas of length L, can be defined in terms of the
so-called absorption coefficient, αν :

, I(ν)/I0(ν) = exp (−ανL) . (4.1)

The line shape function is defined as:

φ(ν) =
αν∫

line ανdν
, (4.2)

and must satisfy the normalization condition:
∫∞
−∞ φ(ν)dν = 1 . In principle, the

exact knowledge of the line shape of an experimental line allows for the determination
of the absolute absorption coefficients of the investigated system (Rabitz, 1974;
Pickett, 1980a). However, the exact form of φ(ν) is unknown. We thus have to
resort to a model that, by accounting for the main factors that affect the line shape,
defines a mathematical function that provides the best approximation of φ(ν). This
procedure is also denoted as line profile analysis. Once the function that best models
the experimental line is identified, two key parameters can be directly inferred from
spectroscopic measurements (as depicted in Figure 4.2): the resonant frequency (ν0)
of the transition and its full width at the half maximum (FWHM), denoted as ∆ν.

In the microwave domain, line widths can vary from few kilohertz to few mega-
hertz and depend on three factors: natural broadening, Doppler effect and pressure
broadening. For a rigorous treatment, the reader is referred to Anderson (1949);
Townes and Schawlow (1975); Gordy et al. (1984) and Brown et al. (2003). In the
following, the main theoretical foundations are provided.

Natural line width is determined by the Heisenberg uncertainty principle leading
to a finite lifetime of the upper state (u). If we assume a molecular system as
completely isolated from radiation fields and colliding particles, the lifetime τ of the
state u is given by the inverse of the Einstein coefficient for spontaneous emission,
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Figure 4.2: Derivation of the resonant frequency (ν0) and line width (∆ν) of an experimental
transition from its line shape function, φ(ν).

Aui. The line width is related to the probability of spontaneous emission to a lower
state i as follows:

∆νn =
∆E

h
≈ 1

2π(τ)
≈ 1

2π

∑
i

Aui . (4.3)

Since Aui depends on the third power of the transition frequency, in the mm-wave
energy range, the natural line width of a rotational line is tipically of the order of
tens of µHz and it has a negligible effect with respect to other broadening factors.
For this reason, the natural line width is usually not taken in account when modeling
the line profile in the microwave region.

A more relevant contribution to the line width is due to the Doppler effect. This
is caused by the different velocities of the molecules due to thermal motions. Indeed,
the frequency of the radiation absorbed by a molecule depends on its relative velocity
component along the propagation direction of the radiation. Different velocities lead
to slightly different absorbed frequencies, with the corresponding Doppler shifts
contributing to the total line shape function. The Doppler line width (∆νd) thus
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depends on the temperature (T ) and on the mass (m) of the system:

∆νd = 2 · ν0

c

√
2 ln 2 · kBT

m︸ ︷︷ ︸
Γd

, (4.4)

where ν0 is the resonant absorption frequency of the molecule at rest and Γd is
the Doppler half-width. In thermal equilibrium conditions, the velocity distribu-
tion of the molecules follows the Maxwell–Boltzmann distribution. Hence, the line
shape that defines the Doppler contribution can be modeled by a Gaussian function
expressed in terms of Γd (orange function depicted in Figure 4.3):

φd (ν) = φd(ν0) · exp

[
−2 ln 2

(
ν − ν0

Γd

)2
]
, (4.5)

with

φd(ν0) =

√
ln 2√
π

1

Γd
. (4.6)

Figure 4.3: Gaussian and Lorentzian functions employed to model the line broadening due to
Doppler and collisional broadening effects, respectively.
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The most important source of broadening in microwave experiments is pressure
broadening. Since 1930 (Margenau, 1930), it has been known that pressure in a
microwave experiment can have a large impact on both the shape and the resonant
frequency of the observed transition. Both these effects, i.e., pressure broadening
and pressure shift, respectively, arise from collisions between molecules: the pressure
broadening is caused by collisional energies exchanges that shorten the lifetime of
the initial and final states of the transition; the pressure shift, conversely, appears
when the collisional rate is sufficiently high to perturbate both the lower and upper
state energy levels of the molecular system, thus leading to an observed shift of
the line-center. The first theory that accounted for the spectral distribution caused
by collisions was developed by Lorentz (1905). Within this theory, collisions are
assumed to be strong enough to destroy the coherence of the energy states. In
the case of rotating molecules, this assumption implies that the orientation of the
molecules after each collision has no relationship with their orientation before colli-
sion. Subsequently, Debye (1934) considered the case of molecules with a non-zero
dipole moment, which causes the molecular orientation to be not completely random
after each collision, but redistributed to minimize the interactions with the radia-
tion electric field. About a decade later, van Vleck and Weisskopf (1945) somewhat
merged the Lorentz and Debye theories by developing a general expression for the
line shape function, which assumed the following form:

φc(ν, ν0) =
1

π


Γ︷ ︸︸ ︷

∆νc/2

(ν − ν0)2 + (∆νc/2)2︸ ︷︷ ︸
Γ2︸ ︷︷ ︸

Lorentzian function

+

Γ︷ ︸︸ ︷
∆νc/2

(ν + ν0)2 + (∆νc/2)2︸ ︷︷ ︸
Γ2


, (4.7)

where ∆νc and Γ denote the collisional line width and the corresponding half-width,
respectively. Since collisions lead to finite lifetime, the expression of the line width
is given by:

∆νc =
1

2π τcoll
, (4.8)

with τ being in the present case the time between two collisions (τcoll). It is worth
to remark that, for a molecular sample, the time elapsing between collisions is in-
versely proportional to the pressure to which it is subjected. This implies a linear
proportionality between the pressure and the collisional line width.

At low pressures, τcoll is sufficiently low so that ∆νc � ν0. In this case, the first
term in Eq. (4.7) dominates and can be safely considered as the only contribution
to the line shape. This permits to reduce Eq. (4.7) to the one obtained by Lorentz,
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which is therefore referred to as the Lorentzian function (blue curve depicted in
Figure 4.3). This approximation is commonly adopted in the analysis of microwave
and millimeter-wave measurements, where the sample pressure is usually in the
0.75 − 150mTorr (1 − 200µBar) range. As pressure increases, however, the line
shape analysis needs to take into account the general expression of Eq. (4.7) because
the function tends to be increasingly asymmetric.

In the rotational spectroscopy domain, pressure and Doppler effects have compa-
rable importance, with pressure broadening effect being dominant at high pressures
and low frequencies. On the other hand, given the direct proportionality between
∆νd and ν0, the Doppler contribution has a greater influence at higher frequencies.
Hence, in order to guarantee a reliable line shape analysis of rotational transitions,
both Doppler and collisional broadening effects need to be simultaneously taken in
account. A widely adopted function that is well-suited for this purpose is the Voigt
function (Herbert, 1974), which is defined as the convolution of a Gaussian and a
Lorentzian function:

φV (ν) = φd(ν) ∗ φc(ν) =

∫ ∞
−∞

φd(u)φc(ν − u)du . (4.9)

By making φd(u) and φc(ν − u) explicit, the Voigt shape function assumes the
following form:

φV (ν) =

√
ln 2√
πΓd

[
a

π

∫ ∞
−∞

exp (−y2)

a2 + (w − y)2
dy

]
, (4.10)

where
a = 2

√
ln 2∆νc/Γd ;

w = 4
√

ln 2 (ν − ν0) /Γd ;

y = 4δ
√

ln 2/Γd , with δ = u− u0 .

(4.11)

Although the integral of this profile cannot be evaluated analitically, many avail-
able computational procedures have been developed in order to make this function
suitable to fit the line shape, e.g., the ones proposed by Humlíček, Josef (1979) and
Letchworth and Benner (2007).

Despite the good performance of the Voigt function to model line broadening
effects, the mean thermal velocity approximation can lead, in some cases, to sys-
tematic errors in the derivation of the line shape parameters (see, e.g., Lisak and
Hodges 2008; Kochanov 2012; Hartmann et al. 2021). In such cases, a correlated
model, which includes additional fitting parameters, needs to be adopted. In the
past years, many efforts have been made to develop the best correlated line shape
model, with several examples being available in the literature (see, for example,
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Table 4.1: Summary of the described line profiles model in terms of the number of
parameters (N) required to characterize the line shape.

Profile name
Parameters

N

Doppler 1 Γd

Lorentz 1 Γ

Voigt 2 Γd ,Γ
qSDVP 3 Γd ,Γ ,Γ2

those presented in Dicke 1953; Berman 1972; Hess 1972; Ciuryło et al. 2002; Tran
et al. 2009; Hartmann et al. 2013; May et al. 2013; Tennyson et al. 2014; Fortney
et al. 2019). In the following, only the model employed in this thesis work to analyze
the line shapes obtained by pressure broadening experiments will be detailed. This
is the quadratic speed-dependent Voigt profile (qSDVP) (Berman, 1972; Ward et al.,
1974; Pickett, 1980b; Pine, 1994; Rohart et al., 1994), which introduces a quadratic
speed dependency of the relaxation rates by means of the Γ2 additional parameter
in the formulation of the line width:

Γ′ (va) = Γ + Γ2

[
(va/va)2 − 3/2

]
. (4.12)

Here, va is the relative speed between the active molecule and the perturber, and va

represents its mean value over the thermal distribution of all the perturber velocities
(Pine, 1994; Tennyson et al., 2014).

To summarize, different models have been proposed, each of which accounts for
different contributions to the line shape analysis. A comparison of their different
degree of complexity in terms of the number of parameters is reported in Table 4.1.

A final remark is warranted in regards of the techniques employed to record the
rotational spectra. The source frequency modulation, coupled with second harmonic
detection (2f), is a technique that allows to significantly increase the signal-to-noise
ratio of the absorption signals (see § 4.1), but it modifies the line profiles that are
actually recorded (Karplus, 1948). The modulated line shape function, φ(ν)M , is
indeed a convolution of φ(ν) with a periodic function which depends on twice the
modulation frequency, νM (Puzzarini et al., 2002; Colmont et al., 2005):

φ(ν)M = φ(ν) ∗ F (2νM) . (4.13)

The modulated shape function φ(ν)M is the second derivative of the actual absorp-
tion profile. Since there is no analytical formulation of φ(ν)M , several numerical
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Figure 4.4: Line shape analysis, employing the qSDVP model, of the J = 2 − 1 transition
of HC18O+ broadened by Ar. The transition has been recorded at 85K by discharging 3mTorr
of C18O, 1mTorr of H2 and increasing quantities (6-20mTorr) of Ar. Anomalous glow discharge
conditions were manteined: ∆V=2500V, i=12mA, longitudinal magnetic field B ∼ 250G. At the
bottom of the figure, residuals (i.e., the observed-calculated differences) are also reported.

methods have been developed to incorporate the modulation contribution into the
line shape model (see, for example, Dore 2003).

In the context of this thesis, line profile analysis has been conducted to determine
the pressure broadening and pressure shift coefficients for some rotational transi-
tions. The retrieval of these coefficients has allowed for the validation of theoretical
calculations through comparison with their computed counterparts. Furthermore,
it permitted to improve the precision of the corresponding rest frequency in sup-
port of radioastronomical investigations. To evaluate pressure broadening effects,
spectroscopic measurements must be conducted under controlled pressure and tem-
perature conditions. In detail, a rotational transition of the target is recorded at
increasing pressures of the perturbing gas. Then, each line profile is modeled with
a function that takes into account all the contributions that affect its shape. In this
thesis, the correlated qSDVP model has been consistently used, with ν0, Γ and Γ2

being adjusted in the line shape least square fitting. To give an example, Figure 4.4
shows the results of this analysis for the J = 2 − 1 transition of HC18O+ recorded
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at different pressures of the Ar buffer gas (Bizzocchi et al., 2024). It can be seen
that flat and featureless residuals (bottom part of Figure 4.4) were obtained for all
pressures, thus validating the suitability of the adopted qSDVP model.

For each set of measurements, a linear regression of the collisional line width (Γ)
vs pressure (Pperturber) is performed, from which the pressure broadening coefficient
γ is directly retrieved:

Γ = γ × Pperturber + Γ0 , (4.14)

where Γ0 is the line width due to target itself. Analogously, the pressure shift
coefficient (s) is obtained by fitting the shifts ν − ν0 as a function of the perturbing
gas pressure, according to the following expression:

ν − ν0 = s× Pperturber . (4.15)

The results of the two fits obtained for the measurements on the J = 2−1 transition
of HC18O+ at different pressures of Ar are shown in Figure 4.5.

Figure 4.5: Set of measurements for the Ar-broadening of the J = 2− 1 transition of HC18O+.
Left panel: linear fit of the collisional half-width against the pressure of Ar. Right panel: linear
fit of the frequency shifts against the pressure of Ar. In both panels, three times the uncertainties
retrieved from line profile analysis are shown.
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Astrophysical Modeling

Interpreting a radioastronomical spectrum requires to deal with both the radiative
transfer problem and statistical equilibrium equations. This requires the availability
of fundamental molecular data, i.e., the spectroscopic constants, which define the
energy of the molecular levels, and the collisional state-to-state coefficients, which
define the population distribution among energy levels. The derivation of these
latter parameters has been described in Chapter 2. In this Chapter, the approach
used to derive molecular abundances from radioastronomical observations of spectral
lines is detailed.

5.1 Derivation of Molecular Abundances

All the information that can be derived from spectral line observations comes from
the variation in intensity of an electromagnetic wave with a frequency ν that travels
through an interstellar cloud. In this environment, the intensity of the radiation
might vary due to absorption and emission processes by the surrounding atoms and
molecules. The understanding of these phenomena permits to derive the molecu-
lar abundances, expressed in terms of column densities (given in units of cm−2).
This quantity represents the corresponding molecular volume density (cm−3) inte-
grated over the line of sight. In the following sections the formal derivation of this
information is presented.

5.1.1 Radiative Transfer

If the beam of the radio telescope is sufficiently large, it is possible to assume that the
radiation it collects travels in straight lines (beam diameter� λ). In this conditions,
the infinitesimal variation in intensity dIν for an infinitesimal propagation of the
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radiation along the direction of propagation dx is:

dIν = −ανIνdx+ jνdx . (5.1)

The first term on the right-hand side of Eq. (5.1) describes the absorption process
which reduces the radiation intensity, and is defined by the absorption coefficient αν .
The second term describes the enhancement in intensity given by emission processes
by means of the emissivity coefficient jν . The ratio between jν and αν denotes
the so-called source function Sν , whose physical meaning is to measure how many
photons are removed and replaced by new photons by the surrounding environment:

Sν =
jν
αν

=
nlAlu

nuBul − nlBlu

. (5.2)

We now introduce the optical depth, which depends on both the absorption coeffi-
cient and the physical thickness of the cloud (L). Thus, it describes the degree to
which the cloud prevents light from passing through it:

τν = ανL . (5.3)

Hence, dτν = ανdx and the radiative transfer equation can be rewritten as:

dIν
dτ

= −Iν + Sν . (5.4)

The solution of Eq. (5.4) requires the introduction of some boundary conditions:
outside the borders of the cloud, the radiation does not experience any molecular
absorption or emission phenomena, and thus the source radiation is expected to
coincide with the radiation of a blackbody at the temperature of the CMB radiation
(Bν (Tb)).

Assuming that the cloud is physically and chemically homogeneous (with con-
stant Sν inside its borders), the intensity of the radiation along the propagation
direction is thus given by:

Iν = Sν + exp (−τν) [Bν (Tb)− Sν ] . (5.5)

We now assume that the cloud is enclosed by a blackbody at temperature Tk.
After sufficient time, this cloud will establish a thermal equilibrium with the black-
body, in which emission and absorption are balanced, i.e., the Kirchhoff’s law of
thermal radiation applies. Hence, Sν = Bν(Tk) and the radiation intensity assumes
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the following form:

Iν = Bν(Tk) + exp (−τν) [Bν (Tb)−Bν(Tk)] . (5.6)

Tipically, radio observations are performed through “switching”, which is the com-
parison of the signal received from the target cloud against a reference point outside
the cloud, where only the effect of CMB contributes to the radiation intensity. This
allows for the cancellation of instrumental errors and measurement fluctuations due
to atmospheric effects. The actual observed intensity thus results to be:

∆Iν = [Bν(Tk)−Bν (Tb)] {1− exp (−τν)} . (5.7)

Finally, this expression is commonly represented by a temperature scale. Indeed,
by defining the intensity as a temperature at which a blackbody emits the same
intensity, one obtains:

Tant =
hν

kB

{
1

exp (hν/kBTk)− 1
− 1

exp (hν/kBTb)− 1

}
{1− exp (−τν)} . (5.8)

The antenna temperature (Tant) is the actual quantity observed during radioastro-
nomical observations. At radio to mm regimes, the Rayleigh–Jeans approximation
can be safely adopted, since hν/kBTk � 1, hence Eq. (5.8) becomes:

Tant = (Tk − Tb) {1− exp (−τν)} . (5.9)

The equality in Eq. (5.9) provides a direct relationship between the intensity
measured by radio telescope (Tant) and the optical depth, which contains all the
relevant information about molecular abundances. However, it is based on a number
of assumptions which are not always valid. For example, it assumes an homogeneous
cloud model with a low optical depth. In many instances, one has to resort to a
more complex model to describe the variation of the source function Sν throughout
the entire region of the targeted astronomical object (see, e.g., Keto et al. 2004;
Brinch and Hogerheijde 2010).

5.1.2 Statistical Equilibrium

Having solved the radiative transfer differential equation, which unveils the depen-
dence of the radiation intensity on the optical depth, we need to express τν as a
function of the cloud physical properties we want to investigate. This is possible
by exploiting the statistical equilibrium equations presented in Chapter 2, ¶ 2.1.1
(Eq. (2.10)). Hence, considering a two-level system as the one represented in Fig. 2.2,
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the Einstein B coefficients play a role in the definition of the αν coefficient:

αν =
hν

4π
φ(ν) (nlBlu − nuBul) . (5.10)

Here, φ(ν) is the line profile function (see Eq. (4.2) of § 4.2). Using the relations of
Eqs. (2.4) and (2.5), and by exploiting the definition of Tex to describe the population
between the levels, the absorption coefficient takes the form:

αul =
c2nu

8πν2
ul∆ν

{
exp

(
hνul
kBTex

)
− 1

}
Aul , (5.11)

where the line profile function has been approximated to a square wave with a line
width of ∆ν (see Fig. 5.1), thus being φ(ν) = 1

∆ν
.

Figure 5.1: Line profile function commonly employed for astrophysical purposes in the derivation
of molecular abundances.

Under LTE conditions, Tex = Tk and the total number of molecules n is related
to nu via the partition function Q(Tk)

∗. By expliciting the line width in terms of
velocity rather than frequency (∆v = ∆ν

νul
c) and by introducing the definition of the

column density (N = nL) as the product of the total number of molecules and the
physical thickness of the cloud (L), we finally obtain an expression for the optical

∗In detail, nu = gu
Q(Tk)

n e−Eu/kTk . The partition function is given by Q(Tk) =
∑
i gie

−Ei/kTk ,
where the summation is taken over all the i energy levels, with degeneracy gi (the reader is referred
to Gordy et al. (1984); Yamamoto (2017) for more details).
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depth as:

τul =
8π3Sulµ

2

3h∆vQ(Tk)

{
exp

(
hνul
kBTk

)
− 1

}
exp

(
− Eu
kBTk

)
N . (5.12)

Under these conditions, the observation of a single transition and the measure of its
antenna temperature gives direct access to the column density of the molecule via
Eqs. (5.9) and (5.12), if Tk is known. Conversely, the information on the number of
total molecules, and thus the molecular abundance, requires the knowledge of the
optical depth L.

5.1.3 Derivation of non-LTE Abundances

The approach illustrated in the previous subsection is suitable whenever the cloud
under consideration can be considered as a uniform portion of homogeneous gas
fulfilling LTE approximation. Such assumption implies that the energy levels of
the target molecule are populated according to the Boltzmann distribution with
a characteristic Tex, which is considered equal to Tk. This condition is met at
high densities, when collisions represent the dominant mechanism determining the
de-excitation. At low densities, radiative decay competes with collisions, so that
generally it results Tex < Tk. Still, the fact that a single temperature governs
the population of the entire energy level manifold, allows for the use of the usual
LTE-based approaches (e.g., the rotational diagram method, Goldsmith and Langer
1999).

In the general case, the assumption of a Boltzmann distribution for the molec-
ular levels no longer holds throughout the cloud as both collisional and radiative
processes contribute to the distribution of the population among the levels. Dif-
ferent portions of gas thus experience different radiation intensities. In this case,
the radiative transfer relation, Eq. (5.4), cannot be reduced to the simple analytic
equality between τ and N of Eq. (5.12), but it becomes a strongly coupled problem
that can only be solved by numerical analysis.

These methods, denoted as non-LTE modelings, require molecular collision data
as input, in addition to spectroscopic data. Their increasing complexity is compen-
sated by the advantage that they not only provide the column density as output,
but also the kinetic temperature (Tk), and the volume density (ρ) of the gas can be
constrained, in principle, from multi-line observations. In the following, the main
features of such approach are synthetically described.

From the definitions provided in ¶ 5.1.1, the emissivity and absorption coeffi-
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cients can be written as:

jv =
hν0

4π
nuAulφ(v) , (5.13)

αv =
hν0

4π
(nlBlu − nuBul)φ(v) , (5.14)

with φ(v) being the line shape function expressed in velocity units. φ(v) is usually
described by a Gaussian function because of the Doppler line broadening due to the
turbulent velocity field:

φ(v) =
2
√

ln 2√
π

c

ν0∆v
exp

(
−4 ln 2

c2

ν2
0

(v − v0)2

∆v2

)
, (5.15)

where (v − v0) is the difference between the velocity of the gas and the systemic
velocity of the source†, and ∆v is the line FWHM expressed in velocity units. If
an internal cloud motion is present, the line profile is angle-dependent and the
projection of the local velocity vector onto the photon propagation direction enters
the term (v − v0).

When αv and jv are known at each position in the source, the velocity-dependent
distribution of the emission in the sky (the observable quantity in radioastronomy)
is obtained by ray tracing, i.e., by integrating the local mean radiation intensity, Iv,
over all solid angles (as already discussed in ¶ 2.1.1):

Jv =
1

4π

∫
Iv Ω , (5.16)

where Iv comes from the solution of Eq. (5.4) along the ray propagation direction
under consideration, s,

Iv = Iv(0)e−τv +

∫ τv

0

Sv(τ
′
v)e
−(τv−τ ′v) τ ′v , (5.17)

where τv ≡ αv s, Iv is the radiation emerging from the considered portion of gas,
and Iv(0) is the background radiation impinging on the medium. In practice, the
integration of Eqs. (5.16) and (5.17) does not extend to infinity, but is restricted to
the cloud edges where the radiation field is set equal to the CMB.

As said above, both collisions and radiation determine the level populations
through the equation of statistical equilibrium:

nl

[∑
u<l

Alu +
∑
u6=l

(BluJv + Clu)

]
=
∑
u>l

nuAul +
∑
u6=l

nu (BulJv + Cul) , (5.18)

†The systemic velocity measures the relative motion of an astronomical object with respect to
the observer in the local system of rest. Usually is referred to as vLSR.
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where Cul are the macroscopic collisional rate coeffi for the u → l transition which
depend on the gas density (ρ) and the state-to-state collisional rate coefficients
through:

Cul = ku→lngas . (5.19)

For a given set of spectroscopic and collisional coefficients (Aul, Bul, Cul), Eq. (5.18)
can be easily solved (e.g., through matrix inversion) for each position in the source
in which the radiation field Jv is known. However, since Jv contains contributions
from the CMB, and the spectral line term itself depends on the level populations
through Eqs. (5.12), (5.13), and (5.14), the problem must be tackled by an iterative
approach.

It is customary to start from an initial guess for the level populations of the
target molecule; from these, the source function Sv is computed via Eqs. (5.13)
and (5.14). Then, Iv and Jv are derived through Eqs. (5.17) and (5.16); statistical
equilibrium is solved via Eq. (5.18), and a new level population set is obtained.
This yields, in turn, an update value for Jv, after which the populations are again
computed. The cycle is repeated until the radiation field and the populations are
converged to a consistent solution. The approach is depicted in the block diagram
shown in Figure 5.2.

The practical implementation of this loop requires the discretization of the source
into a number of elementary cells, each characterized by homogeneous properties
(ρ(H2), Tex, vturb, ...). It is also assumed that the material in each cell is in “quasi”-

Figure 5.2: Flow diagram of the molecular radiative transfer problem.
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LTE conditions, i.e., the molecular excitation can be represented by a single temper-
ature (Tex). Well defined source models are based on a grid that is sufficiently fine
to consider these assumptions valid. A discrete source model also leads to transform
the integral of Eq. (5.16) into a summation over a finite set of integration points to
evaluate Jv. This can be obtained as the sum of the emissions received in a given cell
from each of the other cells the ray propagates to, weighted with the corresponding
subtended solid angle.

The combination of radiative transfer and statistical equilibrium problems can
be synthetically formalized by defining the so-called Λ operator, which acts on the
source function Sv, which in turn depends on the level population and then also on
Jv itself:

Jv = Λ[Sv(Jv)] . (5.20)

Given that the source model is gridded, Λ can be seen as a matrix whose elements
describe the radiative coupling between any given cell pair, i.e., Λij gives information
on how the radiation field in cell i depends on the excitation in the cell j. Iteratively,
one has to solve:

Jv = Λ[S†v(Jv)] , (5.21)

in such a way that the updated value of Jv is obtained by operating Λ on the previous
source function S†v (and thus on the previous populations).

Various numerical approaches are used to efficiently solve Eq. (5.21): some imple-
mentations involve the use of a carefully chosen fixed set of directions for rays to be
summed up in Eqs. (5.16) and (5.17); these are called Λ-iteration codes (e.g., MOL-
LIE; see Keto and Rybicki 2010). More general tools adopt Monte Carlo methods
to obtain good approximations of Jv without too much fine-tuning; among these, we
find RADEX (van der Tak et al., 2007) and LIME (Brinch and Hogerheijde, 2010).

In principle, non-LTE modelings can be used to constrain all the physical param-
eters of the investigated astronomical object. This procedure, however, requires ac-
curate information by multi-line observations and is thus feasible only for molecules
that are highly abundant and easy to observe via radioastronomical investigations.
Moreover, as the number of parameters to be optimized increases, more complexity
is added to the numerical method, which hence suffers for a slower convergence. For
these reasons, it is customary to employ an a priori defined source model, starting
from which the molecular abundances are optimized and all other parameters are
kept fixed. The source model is often derived from observations of highly abundant
molecules in the target astronomical object or it is built from theoretical magneto-
hydrodynamic modelings based on other observational constraints.

As a final remark, all non-LTE modelings require the knowledge of molecular
collisional data, which indeed are mandatory to fully solve the statistical equilibrium
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equation expressed in Eq. (5.11). This stresses the need of complete datasets of
collisional rate coefficients in order derive the non-LTE molecular abundances of an
astronomical object.
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Results and Discussion

During my PhD, I focused my attention on the investigation of six different colli-
sional systems: HCO+/He (Tonolo et al., 2021), HC17O+/H2 (Tonolo et al., 2022),
HC18O+/Ar, PO+/H2 (Tonolo et al., 2024), HCN/N2 and HC3N/N2. As described
in this Chapter, each of them provides a specific piece of information, targeting
some critical steps of the non-LTE analysis framework. While the corresponding
results are presented and discussed in this Chapter, the mathematical treatment of
these steps has been detailed in the previous ones. First of all, the choice of the
investigated molecules and their astrochemical relevance is motivated (§ 6.1). Sub-
sequently, in § 6.2, the procedure employed to characterize the interaction potential
and its validation in terms of accuracy obtainable is described. § 6.3 reports an
application on the fundamental role played by the interplay between theory and ex-
periment in minimizing the uncertainties in transition-frequency measurements. In
§ 6.4, the derivation of the collisional rate coefficients and the accuracy required to
provide suitable datasets in support of astrophysical modeling is presented. Finally,
the use of collisional coefficients for the derivation of molecular column densities and
gas densities in the diverse conditions of astrophysical media is outlined in § 6.5.

6.1 The Rationale behind the Selection of the Collisional
Systems

The selection process of the collisional systems investigated in this thesis work
has followed some general guidelines. First of all, the molecular targets must be
molecules that not only have been detected in space, but also play an important
role as tracers of the evolutionary stage and physical characteristics of the astro-
nomical objects where they were observed. The choice of the proper collisional
partner relied on the information we were seeking. For example, the HCO+/He
system was selected as an appropriate test case to identify a general procedure to
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build the interaction potential. Hence, the lack of internal degrees of freedom of He
provided a simple way to benchmark and validate the performance of the computa-
tional strategy without additional constraints on the collider. Moreover, He is the
second most abundant perturber in the ISM. Thus, it can represent a reasonable
compromise to inspect the collisional behavior of interstellar species. In other cases,
such as HC18O+, the goal was to provide some theoretical parameters that could be
directly compared with the experimental findings. In this case, a collisional part-
ner that would reproduce the experimental conditions (Ar) was chosen. Finally, for
some systems, the main purpose was to provide the first dataset of rotational (de-
)excitation collisional coefficients. Since their derivation requires high accuracies in
order to meet the astrophysical needs, the most abundant perturber was consistently
chosen. Therefore, concerning species of interest in the ISM (HC17O+ and PO+), H2

was selected, while for studies on the Titan atmosphere, HCN and HC3N being the
target species, N2 was chosen as collider. In the following, the individual choice of
the collisional targets and their role as tracers of astrophysical interest is discussed
in more detail.

6.1.1 Why Ions?

As already outlined in Chapter 1, the degree of molecular ionization of an astrophys-
ical object represents an astronomical fingerprint of its evolutionary stage. Indeed,
it depends on the molecular density of the cloud and its exposure to UV and cosmic-
ray radiation. Moreover, because of the extreme conditions of interstellar clouds,
ions play a prominent role in chemical reactivity (Herbst, 2005); indeed, reactions
occurring in the gas-phase need to be exothermic and without any activation energy,
and these conditions require highly reactive species like ions (Herbst and Klemperer,
1973; Snow and Bierbaum, 2008).

Going into details, in diffuse clouds and/or the periphery of molecular clouds,
where the interstellar UV radiation can well penetrate, the ionization degree∗ is as
high as ∼ 10−4 (Le Petit et al., 2004). With the increase in density and the subse-
quent formation of dense molecular clouds, it starts to decrease until being entirely
determined by the rate of cosmic-ray ionization, i.e., ∼ 10−7 (Caselli et al., 1998).
At this stage, the HCO+ and H +

3 ions are the dominant carriers of positive charge
(Herbst and Klemperer, 1973); their main destruction route occurs by dissociative
recombination, making their abundance closely related to the electron density of the
studied region (Wootten et al., 1979). The H +

3 and HCO+ ions also contribute to
the dissociation of molecules through proton transfer and subsequent electron re-
combination (Yamamoto, 2017). They thus play a major role both in the interstellar
chemistry and dynamics of the interstellar gas, and provide much information on the

∗We define ionization degree, x(e) = n(e)/n(H2), with n(e) and n(H2) being the electron and
H2 densities, respectively (Caselli et al., 2002).
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characteristics of the sources responsible for their ionization (Guélin et al., 1982b;
Jørgensen et al., 2004).

HCO+ is the most abundant ion in dense molecular clouds (Herbst, 2005). HCO+

was detected for the first time in 1970 (Buhl and Snyder, 1970). However, its
identification was confirmed only five years later, when the first characterization of
its rotational spectrum was accomplished (Woods et al., 1975). Later on, it has
been widespreadly observed and has been found abundant toward a large number
of objects with different physical characteristics (Snyder et al., 1976; Langer et al.,
1978; Welch et al., 1981): from diffuse clouds (Scappini et al., 2000; Liszt et al., 2004)
to star forming regions (Purcell et al., 2006) and protoplanetary nebulae (Contreras
and Sahai, 2004), passing through photodissociation and photon-dominated regions
(Owl et al., 2000; Savage and Ziurys, 2004), giant molecular clouds (Snyder et al.,
1977) and dense cores (see Lattanzi et al. 2007 for a more exhaustive list of recent
detections).

Many investigations on the HCO+ ion have been carried out in the last years,
both from a computational and experimental point of view. In the framework of
collisional studies, the first computed set of state-to-state rate coefficients dates back
to 1984 and regards collisions of HCO+ with He (Monteiro, 1985). In 2008, a re-
finment of the HCO+ + He collisional PES was performed by Buffa et al. (2008),
who derived the corresponding pressure broadening and pressure shift coefficients,
and compared them with the experimental values. These latter were obtained for
three rotational lines of HCO+ at 88K. In 2009, starting from the same potential,
the state-to-state rate coefficients were also retrieved (Buffa et al., 2009). About ten
years later, Salomon et al. (2019) measured the rotational parameters associated
with the ground state of the HCO+–He bound system by means of double resonance
experiments. Recently, the theoretical investigations were also extended to colli-
sions with para- (Yazidi et al., 2014) and ortho-H2 (Massó and Wiesenfeld, 2014;
Denis-Alpizar et al., 2020), with the rotational de-excitation rate coefficients being
accurately determined.

Ion chemistry is also well suited to investigate the cosmic distribution of still
poorly explored chemical elements. Moreover, this type of analysis can provide
new hints on the degree of chemical depletion onto interstellar grains and on the
gas-grain chemical networks through the diverse evolutionary stages of molecular
clouds. In this regard, ions of elements such as S, N, P assume a prominent role.
These elements typically undergo strong depletion on interstellar grains and dust
particles (Herbst, 2005), which affects all the evolutionary stages of star formation
and is particularly relevant in dense cloud regions (Stantcheva and Herbst, 2004).
For this reason, the study of their reactivity and the degree of complexity they
can reach represents a challenging and still unexplored topic. The release of these
elements in the gas phase usually occurs in the presence of shocks and ionization
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sources such as cosmic rays. This happens for instance in the warm regions near
the center of protostars or in shocked regions in which jets of material are strongly
blown out, thus developing shock waves that heat up molecules and sputter many
species from the grains (Flower and Pineau des Forêts, 2003). The detection of
SO+, NO+ and PO+ (Turner, 1992; Cernicharo et al., 2014; Rivilla et al., 2022b)
significantly contributed to the knowledge of the reactive networks involving these
elements. Indeed, their formation is strictly connected to the abundance of S+, N+

and P+, respectively. In fact, the X+ + OH → XO+ + H reaction, with X= S, N,
P, is considered their main formation route (Herbst and Leung, 1989; Rivilla et al.,
2022b). In a recently published paper, Rivilla et al. (2022b) compared the column
densities of SO+, NO+ and PO+ with respect to both the cosmic abundances of
their isolated elements and their neutral counterparts toward the G+0.693-0.027
molecular cloud. These results indicated that, in the ISM, P is more efficiently
ionized than N and S, probably due to a higher cosmic-ray ionization rate (Heays
et al., 2017). Given the still poorly constrained chemistry of phosphorus in the ISM,
this outcome stresses the predominant role that P-bearing ions such as P+ and PO+

can play in the chemical networks of P with respect to the chemistries of N and S.

6.1.2 Why Phosphorus?

Phosphorus, along with carbon, hydrogen, oxygen, nitrogen and sulfur, plays a
crucial role in abiogenesis (Rivilla et al., 2016; Pearce et al., 2017; Öberg and Bergin,
2021; Bergner et al., 2022). Indeed, it is an ubiquitous element on Earth and is
relatively abundant in living organisms (Fagerbakke et al., 1996) because it is a key
component of many biomolecules, especially when combined with oxygen atoms (it
represents a building block to form phosphates, PO –

3 ). Out of Earth, P-bearing
compounds have been found in various environments such as planetary atmospheres
(Bregman et al., 1975; Ridgway et al., 1976), meteorites (Pasek and Lauretta, 2005;
Schwartz, 2006), comets (Altwegg et al., 2016; Rivilla et al., 2020), circumstellar
envelopes of evolved stars (Agúndez et al., 2007; Tenenbaum et al., 2007; Halfen
et al., 2008; Agúndez et al., 2014; Rivilla et al., 2020), and even in Enceladus’s
ocean (Postberg et al., 2023), the latter offering insights into the origin of life on
Jupiter’s moons. However, despite extensive searches, only few P-bearing molecules
have been identified in the ISM, showing limited distributions (Chantzos et al.,
2020). As mentioned in the previous section, this might be related to its depletion
onto interstellar grains (Lebouteiller and Ferlet, 2005). The first P-bearing species
detected in the ISM were PN (Ziurys, 1987; Turner and Bally, 1987) and the CP
radical (Guélin et al., 1990), followed by HCP (Agúndez et al., 2007), PO (Lefloch
et al., 2016; Rivilla et al., 2016, 2018; Bergner et al., 2019), C2P (Halfen et al., 2008),
PH3 (Agúndez et al., 2014) and, more recently, PO+ (Rivilla et al., 2022b). Despite
the lack of observational data, some studies on P-reactivity (Viana et al., 2009; de la
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Concepción et al., 2021; Alessandrini et al., 2021; Baptista and De Almeida, 2023)
and chemical modeling (Fontani et al., 2016; Rivilla et al., 2016; Lefloch et al., 2016;
Jiménez-Serra et al., 2018; Chantzos et al., 2020; Rivilla et al., 2022b) have been
carried out, but the understanding of P chemistry in the ISM still remains somewhat
limited. Clearly, there is the need of further astrochemical investigations, including
detections of new P-bearing species and accurate determination of their abundances.
Regarding the latter issue, the extreme conditions of the ISM environments prevent
from the LTE approximation to be valid, thus pointing out the need of collisional
rate coefficients to properly describe the molecular excitation of P-bearing molecules.
However, a list of accurate collisional data for such molecules is still far from being
complete.

To sum up, the need for a comprehensive study of P chemistry in space clearly
emerges; in particular, the detection of P-bearing species, the determination of their
abundances and the investigation of their collisional behavior with the most abun-
dant perturber in the ISM deserve specific efforts. In this regard, the recent detection
of PO+ in the G+0.693-0.027 molecular cloud (Rivilla et al., 2022b) triggered a colli-
sional investigation of this ion in order to support the interpretation and modeling of
the present and future observations in the ISM. The G+0.693-0.027 cloud is located
in the SgrB2 region at the galactic center, where other P-bearing species have been
previously identified (Rivilla et al., 2018). This molecular cloud is characterized by
a relatively low H2 gas density (1 × 104 cm−3; Zeng et al. 2020), thus making LTE
conditions far from being fulfilled. In more details, molecules are not thermalized at
the kinetic temperature of the cloud (50−120K ; Zeng et al. 2018), but they reach a
“quasi-thermalization” at an excitation temperature (Tex) that is significantly lower
than Tk (see detailed explaination of this effect in Goldsmith and Langer 1999). In
absence of collisional data, the LTE approach is used, giving typical Tex in the range
of 5−20K (see Zeng et al. 2018). Except for a recent study concerning its collisional
behavior with He (Chahal and Dhilip Kumar, 2023), to the best of our knowledge,
no thorough investigation of the collisional excitation of PO+ has been carried out.
Since for molecular hydrides and ions He does not represent a suitable template of
collisions with H2 (Roueff and Lique, 2013), new collisional data able to test the
suitability of the LTE approximation to model the transitions detected are therefore
needed.

6.1.3 Why Isotopologues?

As already mentioned in Chapter 5, the optical depth of a rotational transition is
proportional to its column density, its line strength and to the square of its dipole
moment. This means that for abundant species characterized by large dipole mo-
ment, such as HCN or HCO+, the optical depth can often be much higher than unity.
In these cases, the line is defined as optically thick. In such a case, the photons emit-
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ted in the interior of the cloud are completely reabsorbed within the cloud, and the
intensity is determined by the surface temperature. That is, within the line profile,
the cloud behaves like a blackbody at the excitation temperature of the molecule.
Consequently, the column density cannot be retrieved. In these cases, a common
observational way out is to combine observations of the thick lines due to the main
isotopic species with those of their thinner equivalents. This is usually accomplished
by observing the transitions of the corresponding rare isotopologues. Hence, for the
abundant interstellar molecules, several isotopologues have been detected in space
and their transitions have a crucial importance for modeling purposes. In the ab-
sence of collisional data for the isotopologues of interest, a commonly employed
strategy is to use the collisional rate coefficients of the parent species to estimate
their abundance. However, this approximation resulted to be questionable in some
cases, in particular, when the mass difference is considerable, such as in the case
of H/D substitution (e.g., Dumouchel et al. 2012). In order to achieve high accu-
racies, hence, specific dynamic calculations for each different isotopologue are thus
reccomended (Wiesenfeld et al., 2011; Faure et al., 2012; Dumouchel et al., 2012).

Given the prominent role of HCO+ as a tracer of high-density regions, this strat-
egy is commonly employed in order to decrease the optical opacity of its transitions
and obtain reliable determinations of its molecular abundance from the observed
emissions. Indeed, the low-J transitions of HCO+ are often found to be optically
thick and line trapping effects from the surrounding gas could challenge the identi-
fication of the density to which these lines are sensitive. In these cases, the thinner
emissions originated from the corresponding lines of the less abundant isotopologues
are typically modeled. However, since H13CO+ (∼ 1%) is still optically thick in many
sources, one has often to resort to species containing heavy isotopes of oxygen such
as HC18O+ (∼ 0.2%) and HC17O+ (∼ 0.04%). These rare variants play a major di-
agnostic role, thus making their accurate spectroscopic characterization a strategic
requisite for astrochemical modeling (Jimenez-Donaire et al., 2017).

Given these premises, many efforts have been made to retrieve the collisional
coefficients of some isotopologues of HCO+ (see, e.g., Pagani et al. 2012, Denis-
Alpizar et al. 2020 and references therein). However, in spite of several spectroscopic
studies and astrophysical detections (Guélin et al., 1982a; Plummer et al., 1983; Dore
et al., 2001), to the best of our knowledge, a thorough study of the collision physics
of the HC17O+−H2 system has not been carried out yet.

Moreover, the need of precise measurements of the rotational transitions for the
rare isotopologues of HCO+ can face some limitations in laboratory experiments.
Indeed, the low-J transitions of molecular ions exhibit a large sensitivity to pressure
effects inside the cell. To retrieve accurate rest frequencies, experimental inves-
tigation of the pressure-broadening and, above all, pressure-shift effects needs to
be performed, with calculations playing a crucial role to support it (the reader is
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referred to § 6.3 for further details).

6.1.4 Why Titan Atmosphere?

Titan hosts a dense and dynamical atmosphere, where a huge variety of hydrocar-
bons and nitrile species are produced from the chemical activation of N2 and CH4

due to UV radiation as well as energetic particles from the magnetosphere of Sat-
urn. These species often show vertical density gradients from their formation in
the upper atmosphere to their condensation below 80 km from the ground (Bézard,
2014; Vuitton et al., 2014; Hörst, 2017; Thelen et al., 2018). This causes signifi-
cant departures from LTE condition starting from altitudes of a few hundreds of
km (Yelle, 1991; Rezac et al., 2013; Cordiner et al., 2018). To reliably investigate
the chemistry and dynamics of Titan’s atomosphere, hence, the knowledge of the
collisional coefficients of the leading species with the most abundant perturbing gas,
i.e., molecular nitrogen (N2), is required.

Up to now, very limited collisional characterizations targeting the molecular
species present in Titan’s atmosphere have been carried out. In order to fill this
gap, the first step is an accurate investigation of the most abundant species in this
medium, such as HCN and HC3N. These molecules result from the very first steps
of the chemistry starting in the upper atmosphere from N2 and are potential prebi-
otic molecules (Bézard, 2014; Vuitton et al., 2014; Thelen et al., 2018). Therefore,
they might have some relevance in understanding the origin of life. As mentioned
in § 1.3, Titan is a good proxy of the early Earth and provides the opportunity
to test the endogeneous synthesis theory for the origin of life (Cable et al., 2012;
Cordiner et al., 2014). Because of their large dipole moment (2.7D for HCN and
3.7D for HC3N), they need rather high densities to be thermalized, thus demanding
a thorough investigation of their collisional behavior.

HCN and HC3N were discovered by Voyager 1 Ultraviolet Spectrometer (UVS)
and Infrared Spectrometer (IRIS) observations during the spacecraft’s flyby of Titan
in 1980 (Broadfoot et al., 1981; Hanel et al., 1981; Kunde et al., 1981). They were
subsequently observed by the Cassini-Huygens mission (Matson et al., 2002; Brown
et al., 2009), by ground-based observations performed with IRAM 30m (Marten
et al., 2002) and, more recently, with ALMA (Cordiner et al., 2014). Since that
time, a large number of models have been developed to derive their formation and
destruction processes as well as their distribution among different regions of Titan’s
atmosphere (see Gurwell 2004; Coustenis et al. 2007; Molter et al. 2016 and ref-
erences therein). Regarding HCN, different pressure broadening experiments have
been carried out (e.g., Smith et al. 1984; Pine 1993; Schmidt et al. 1993; Smith et al.
2008; Yang et al. 2008), but measurements for rotational transitions involving levels
with J < 5 are still lacking. Moreover, to date, no dataset for the (de-)excitation col-
lisional coefficients with N2 has been retrieved so far. The same applies to HC3N, for
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which only few pressure broadening measurements with N2 in the millimeter-wave
range (Rohart, 1993; Colmont et al., 2007) have been performed so far.

6.2 Construction and Validation of the Interaction Potential

Generally speaking, the starting point of any collisional analysis is the investiga-
tion of the intermolecular PES of the system. For any application, the interaction
potential needs to be exhaustively sampled and evaluated.

First, a suitable set of internal Jacobi coordinates has to be properly chosen
in order to well describe the collisional system. In all the applications presented in
this thesis, the two fragments were considered as rigid bodies. This approximation is
based on the assumption that the lowest vibrational mode of each isolated collider is
high enough in energy to be irrilevant under the non-reactive low-temperature condi-
tions addressed. The HCO+ ion was thus held fixed to its experimentally determined
equilibrium geometry: rC-H = 1.0920 Å and rC-O = 1.1056Å (Dore et al., 2003).
The same has been applied for PO+, by considering rP-O = 1.4250Å (Petrmichl
et al., 1991). For HCN: rC-H = 1.0606Å and rC-N = 1.1533Å were used (Piccardo
et al., 2015); for HC3N: rC1-H = 1.0624Å , rC1-C2 = 1.2058Å , rC2-C3 = 1.3764Å and

Figure 6.1: Jacobi internal coordinates of the systems targeted in this thesis. On the top,
starting from the left side, the HCO+/He, HC17O+/H2 and HC18O+/Ar systems are depicted. On
the bottom, from the left to the right, the PO+/H2, HCN/N2 and HC3N/N2 ones are illustrated.
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rC3-N = 1.1605Å . Regarding the H2 collider, the bond length of rH-H = 0.7667Å
was employed, which corresponds to the vibrationally averaged value on its vibra-
tional ground state (Jankowski and Szalewicz, 1998). This is considered the best
approximation when colliding with other species (e.g., Yazidi et al. 2014). Finally,
for N2, the experimentally determined equilibrium distance, rN-N = 1.09768Å , was
employed (Huber, 1979). In Figure 6.1, the Jacobi coordinates considered for each
investigated system are depicted, which correspond to the {R, θ} coordinates for
the linear molecule - atom systems, and {R, θ, θ′, φ} for the linear molecule - linear
molecule ones.

For each set of Jacobi coordinates, the interaction energy has been evaluated as
explained in ¶ 2.2.3. Worth to mention is that, within the BO approximation, the
interaction energy does not depend on the chosen isotopologue for either the target
or the collider species. This means that, from the PES of a parent species, those of
all its isotopologues can also be easily derived, the only difference being the shift of
the Jacobi coordinates for the displacement of the center of mass. To investigate the
HC17O+/H2 and HC18O+/Ar systems, the collisional PESs of their parent species
have been investigated. This permitted to test the accuracy of our methodology by
comparing the results with previous studies (Massó and Wiesenfeld, 2014; Yazidi
et al., 2014).

In the following subsection, a preliminary benchmark on the performance of ab
initio calculations for the HCO+ + He collisional system is outlined. This work
allowed us to validate the level of accuracy to be used for all the other systems.
Next, the construction of the potential will be discussed in detail, with special focus
on the employed approximations and to the applicability of the results.

6.2.1 Ab Initio Calculations

The wealth of collisional data for HCO+, already summarized in ¶ 6.1.1, makes
this species suitable to benchmark the performance of different levels of theory
for the description of its interaction potential. In particular, the computational-
experimental comparison offered by the HCO+ + He system is well suited for such a
purpose. Hence, different computational methods and basis sets have been used for
computing the interaction energy for a set of 25 geometries, with the aim of finding
the best compromise between accuracy and computational cost. In particular, the
latter should be such to allow the extension towards larger systems. The results
are reported in Table 6.1: the method employed in all computations is CCSD(T)
(Watts et al., 1993), which has been used in the standard formulation as well as in the
explicitly-correlated F12 version. As already detailed in Chapter 3, F12 calculations
are suitable to map the short and long-range regions of the collisional PES (Kendall
et al., 1992; Adler et al., 2007; Peterson et al., 2008; Knizia et al., 2009; Lique
et al., 2010a; Ajili et al., 2013). These methods have been used in conjunction with
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Table 6.1: CP-corrected interaction energies (cm−1) for different geometries of the HCO+

and He collisional system.

Geometry

CCSD(T) CCSD(T)-F12a

Peterson CBS Extrap.a Feller+Helgaker CBS Extrap.b
aug-QZc aug-TZd jun-TZe

R θ augf jung aug jun

2.0 0.0 16670.07 16674.57 17812.85 17689.38 16763.42 16717.49 16752.53

3.5 0.0 −66.41 −61.07 −8.77 −24.23 −61.02 −69.90 −60.37

5.0 0.0 −15.40 −16.70 −8.41 −8.83 −15.66 −15.64 −14.17

7.5 0.0 −0.90 −2.20 −0.73 −0.68 −2.91 −2.90 −2.36

10.0 0.0 1.30 −0.01 0.80 0.82 −0.93 −0.97 −0.78

2.0 45.0 6313.38 6315.28 7348.92 7220.16 6370.79 6340.73 6379.80

3.5 45.0 −70.39 −66.35 −26.91 −39.02 −69.54 −71.53 −61.78

5.0 45.0 −14.09 −16.70 −9.72 −10.01 −16.13 −16.03 −14.10

7.5 45.0 −0.90 −2.20 −0.96 −0.84 −3.08 −3.11 −2.52

10.0 45.0 1.30 −0.01 0.74 0.70 −0.99 −1.04 −0.83

2.0 90.0 2139.73 2139.50 2741.54 2634.35 2177.23 2152.64 2196.11

3.5 90.0 −91.50 −85.25 −59.17 −66.54 −89.72 −91.22 −81.39

5.0 90.0 −18.49 −18.90 −15.30 −14.50 −20.46 −20.26 −18.10

7.5 90.0 −4.40 −5.70 −1.87 −1.52 −3.84 −3.82 −3.19

10.0 90.0 1.30 −2.20 0.57 0.52 −1.19 −1.23 −1.00

2.0 135.0 9549.84 9543.82 10301.07 10195.37 9623.74 9578.38 9620.42

3.5 135.0 −178.60 −171.79 −123.26 −138.63 −171.77 −174.03 −158.42

5.0 135.0 −33.90 −32.09 −29.97 −28.07 −35.98 −35.93 −32.66

7.5 135.0 −3.10 −4.40 −3.60 −3.02 −5.52 −5.48 −4.72

10.0 135.0 −2.20 −2.20 0.16 0.25 −1.55 −1.58 −1.31

2.0 180.0 191024.32 191019.68 193450.01 193365.57 191419.52 191286.67 191318.90

3.5 180.0 −269.65 −271.98 −126.56 −155.74 −265.64 −268.54 −250.38

5.0 180.0 −60.70 −50.55 −49.50 −48.73 −58.24 −58.93 −53.99

7.5 180.0 −5.29 −7.90 −5.01 −4.28 −6.97 −6.84 −6.03

10.0 180.0 −2.20 −2.20 −0.17 0.00 −1.80 −1.80 −1.53

CPU time h 9000 7400 8500 4300 8500 2600 1700

aExtrapolation to the CBS limit of the fc-CCSD(T) energies performed with the Peterson
three-points extrapolation formula with n =T, Q, 5.

bExtrapolation of the HF-SCF energy performed with the three-point formula by Feller (n =T,
Q, 5), combined with extrapolation of the fc-CCSD(T) correlation energy using the two-point
(n =T, Q) formula by Helgaker and coworkers.

caug-cc-pVQZ basis set.
daug-cc-pVTZ basis set.
ejun-cc-pVTZ basis set.
faug-cc-pVnZ basis sets.
gjun-cc-pVnZ basis sets.
hMean CPU time (s) needed to compute one point of the energy grid (rounded values).

two correlation-consistent basis sets (Dunning Jr, 1989): the fully augmented aug-
cc-pVnZ basis sets and the partially-augmented jun-cc-pVnZ sets (Kendall et al.,
1992; Woon and Dunning Jr, 1993; Papajak et al., 2011). Indeed, sufficiently flexible
basis sets are needed for the correct description of the behavior in the regions far
from the electronic density maximum. In combination with CCSD(T)-F12, the
jun-cc-pVTZ and aug-cc-pVTZ basis sets have been tested. Instead, both basis
sets, with n=T, Q and 5, have been considered in conjunction with CCSD(T) in
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order to perform the extrapolation to the CBS limit. Two different schemes have
been employed for such a task. In one case, the total energy was retrieved as the
sum of the HF-SCF energy extrapolated to the CBS limit by means of the Feller
exponential formula (Eq. (3.12), with n =T,Q,5, Feller 1993) and the CCSD(T)
correlation energy extrapolated to CBS using the Helgaker and co-workers formula
(Eq. (3.13), with n =T, Q, Helgaker et al. 1997). The second scheme leads to the
total energy extrapolated to the CBS limit by applying the mixed exponential and
Gaussian formula by Peterson et al. to the CCSD(T) electronic energy (Eq. (3.15),
with n =T, Q, 5, Peterson et al. 1994). The latter was considered as the “reference”
approach for this benchmark test, the aim being to achieve similar accuracy at a
reduced computational cost. A first remark from the inspection of Table 6.1 is the
poor performance of the Feller–Helgaker composite scheme, which fails to predict the
energy trend with the same accuracy of the Peterson’s scheme, with only a slight
reduction in terms of computational cost. Nevertheless, this benchmark shows a
remarkably good performance of the CCSD(T)-F12 method with respect to the
results obtained via the computationally expensive extrapolation scheme: overall,
the energy differences are always smaller than 2.5 cm−1, with a mean relative error
of ∼ 5% in the short range. F12 methods in combination with triple-ζ quality
basis set perform even better than the conventional CCSD(T) model in conjunction
with the aug-cc-pVQZ basis set. Moreover, a remarkable feature is the similar
behavior of partially and fully augmented basis sets in describing the energetics
of the system. However, in the long range regions, where dispersive interactions
are stronger, the discrepancies among them are more prominent. To sum up, the
main outcome of this benchmark test is the good performances of the CCSD(T)-F12
method in combination with the aug-cc-pVTZ basis set, which indeed offered the
best compromise between accuracy and computational cost. The performances of
this approach were also validated by comparing the computed bound-state rotational
parameters and pressure broadening and shift coefficients with their experimental
counterparts (detailed in ¶ 6.2.5 and ¶ 6.2.6).

On the basis of this benchmark test, all the calculations of the systems inves-
tigated in this thesis were performed at the CCSD(T)-F12/aug-cc-pVnZ level of
theory, with n=T,Q purposely chosen on the basis of the accuracy to achieve and
the dimension of the system. For the calculations carried out for the PO+ target,
moreover, for the P atom, additional d functions have been incorporated in the basis
set (thus, leading to the aug-cc-pV(n+d)Z set). A summary of the level of theories
employed for each collisional system is outlined in Table 6.2, where further informa-
tion regarding the construction of the grid of points is also reported. Each grid of ab
initio energies was chosen in order to have a denser mesh in the R coordinate near
the most anisotropic parts of the potential (e.g., in proximity of the potential wells)
and to be coarser in the regions where the energy slightly depends on the system
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Table 6.2: Details for the computation of the interaction potential. For each collisional
system, the employed level of theory (third column), total number of grid points (fourth
column), range of distances in the R Jacobi coordinate (fifth column) and number of
selected θ angles (sixth column) are reported.

Target Collider Level of Theory ntot R range n(θ)

HCO+ He CCSD(T)-F12/aug-cc-pVTZ 390 2− 10Å 13
HCO+ H2 CCSD(T)-F12/aug-cc-pVQZ 3375 2− 10Å 25
HCO+ Ar CCSD(T)-F12/aug-cc-pVQZ 390 2− 12Å 13
PO+ H2 CCSD(T)-F12/aug-cc-pV(Q+d)Z 3250 2− 12Å 25
HCN N2 CCSD(T)-F12/aug-cc-pVTZ 3345 2− 12Å 25
HC3N N2 CCSD(T)-F12/aug-cc-pVTZ 3415 2− 15Å 25

geometry. The θ angles were instead always chosen in order to have equally spaced
values from 0 to 180 degrees. When the H2 or N2 colliders were considered, only
5 orientations in the {θ′, φ} coordinates with respect to the target molecule have
been taken into account. This approximation was found to be appropriate for all
the systems, since the dependence of the potential on the orientations of the collider
is rather weak.

6.2.2 The Interaction Potential

For the solution of the nuclear Schrödinger equation by means of close coupling
equations, the interaction potential has to be expressed as an expansion over angular
functions. As already reported in Chapter 2, the potential of a linear rigid rotor
+ atom and linear rigid rotor + linear rigid rotor systems can be described by the
expressions reported in Eq. (2.51) and Eq. (2.52), respectively. Here, the accuracy
of the expansion, which is expressed in terms of Legendre polynomials or spherical
harmonics, depends on the choice of the angles that better map the orientation of
the collider with respect to the target molecule. The number of the terms considered
for the expansion (λ) governs the magnitude of the inelastic rotational transitions
because they allow for changes of the molecular angular momentum by ∆j = ±λ.
They thus need to be carefully chosen. Moreover, in order to accurately reproduce
the computed energies, the analytic potential fit should show deviations smaller than
1.5% across the entire grid.

In the cases of linear rigid rotor + atom (HCO+/He and HCO+/Ar) systems,
2D global potentials over the R and θ coordinates were derived and are depicted
in Figure 6.2. Regarding the former (left side of Figure 6.2), the potential showed
a global minimum with the He atom collinear with HCO+ at R = 3.6Å , with
a resulting energy of −279.78 cm−1. For HCO+ colliding with Ar (right side of
Figure 6.2), instead, the global minimum was found at R = 3.8Å and interaction
energy of −1620.07 cm−1. The increasing in size of the collider, indeed, does not
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Figure 6.2: Contour plots for the HCO+ interaction PESs with He and Ar atoms. The geometries
of the global minima of the two potentials are shown. Energies are in cm−1.

affect in a significant way the behavior of the potential with respect to the R and
θ coordinates, but has a huge impact on the magnitude of the interaction, which is
almost 6 times greater in terms of energy for HCO+ + Ar with respect to HCO+ +

He. This difference can be explained by the larger polarizability of Ar with respect
to He, which increases the interaction between the electron clouds of the target and
that of the collider.

In Figures 6.3, 6.4, 6.5 and 6.6, the energy plots for each orientation of the
investigated systems are depicted. As regards the HCO+ + H2 potential, each
2D cut revealed a minimum at θ = 180 degrees, wherein the hydrogen molecule
approaches the hydrogen side of HCO+. Moreover, the potential presents a rather
deep well when the H2 fragment is perpendicularly oriented with respect to the
plane containing HCO+ and the H2 center of mass (θ′ = π/2, φ = π/2, middle
panel on the left side of Figure 6.3) and R ∼ 3.44Å. This is in accordance with
the findings of the benchmark study performed by Massó and Wiesenfeld (2014)
at different levels of theory. As concerns the PO+ and H2 collisional system, the
potential (Figure 6.4) exhibits a minimum at R ∼ 2.8Åand θ ∼ 112.5 degrees for
each orientation, with the H2 slightly leaning toward the phosphorus side of PO+.
The behavior of this potential is consistent with the topology found by Chahal and
Dhilip Kumar (2023) for PO+ interacting with He. However, the magnitude of the
interaction with H2 is almost seven times larger, this already casting some doubts
on the suitability of using He to simulate the collisional behavior of H2 in the ISM.
Indeed, for the {θ′ = 90, φ = 0} orientation, which corresponds to the global (and
unique) minimum of the potential in the case of H2, the energy is −1234.12 cm−1,
while for the interaction with He the minimum is located at −181.97 cm−1. For
these collisional systems, only minor anisotropy of the potential with respect to
the orientation of the collider ({θ′, φ} coordinates) is apparent, thus validating the
choice of excluding the basis terms with l2 > 2 in the angular expansion of the PES.
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Figure 6.3: Contour plots of the HCO+ – H2 interaction PES for five different orientations as
a function of R and θ. Energies are in cm−1.

Different is the situation for HCN and HC3N colliding with N2 (Figures 6.5 and
6.6, respectively), which instead exhibit a marked anisotropy with respect to the
{θ′, φ} orientations. The internal structure of N2, in fact, significantly impacts on
the interaction of the collider with the target molecule. In the case of HC3N + N2,
this is even more evident, thus limiting to some extent the accuracy of the fit of the
potential, which indeed shows several oscillations. We therefore expect that for the
latter two systems the truncation of the expansion at the l2 < 2 terms might lead to
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Figure 6.4: Contour plots of the PO+ – H2 interaction PES for five different orientations as a
function of R and θ. Energies are in cm−1.

the loss of some collisional information. For this reason, we tested the reliability of
these potentials by comparing the associated pressure broadening coefficients with
the experimental counterpart (as presented in ¶ 6.2.6). The potential of HCN with
N2 exhibits a global minimum when the nitrogen molecule is aligned with HCN on
the hydrogen side. Indeed, the resulting van der Waals interaction greatly stabilizes
the complex, whose energy at R = 4.7Å is−432.33 cm−1. For the other orientations,
conversely, the interaction is weaker, reaching maximum values of about −204 cm−1

when the nitrogen is oriented perpendicular to the HCN molecular axis and on the
side of the nitrogen atom. A similar pattern is found for the HC3N + N2 potential:
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Figure 6.5: Contour plots of the HCN – N2 interaction PES for five different orientations as a
function of R and θ. Energies are in cm−1.

the global minimum, with Eint = −384.34 cm−1, was found at R = 6.0Å and with
N2 aligned with the HC3N molecular axis from the hydrogen side, while the second
minimum in terms of interaction strength is formed when N2 approaches the nitrogen
side of HC3N perpendicularly with respect to its molecular axis. Finally, for all the
systems here considered, starting from the information for the five orientations, the
4D potential was obtained by introducing the functional dependence on the {θ′, φ}
angles using the expression in Eq. (2.64).

To fit the linear rotor + linear rotor potentials, the l2 > 2 truncation approxi-
mation was taken in account†. This approximation, indeed, was already found to be

†The reader is referred to ¶ 2.2.3 for more details about this truncation.
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Figure 6.6: Contour plots of the HC3N – N2 interaction PES for five different orientations as a
function of R and θ. Energies are in cm−1.

appropriate for similar systems (Faure et al., 2005; Wernli et al., 2006) and notice-
ably simplified the construction of the potential: only five different orientations over
the {θ′, φ} coordinates were chosen and, for each of them, the computed energies
were fitted to a 2D potential over R and θ.

6.2.3 The Spherical Approximation

The 4D potentials built in the previous subsection allowed us to fully include the
rotational structure of H2 and N2 in the scattering calculations. In order to reduce
the computational effort, tests have been performed to evaluate the impact of the
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coupling between j = 0‡ and j > 0 rotational states of H2 and N2. These tests
rely on the comparison of the cross sections computed at a fixed energy using the
global 4D potential and the 2D potential, where the latter has been obtained by
averaging the energies for the five different orientations considered (Vav of Eq. (2.59))
and subsequently fitting the results to the 2D expansion given in Eq. (2.51). The
use of the 2D averaged potential, also denoted as spherical approximation, retains
only the leading term l2 = µ = 0 in the expansion of the potential expressed by
Eq. (2.52). This is equivalent to treat the H2 and N2 colliders as structureless
species and simplify the potential to the interaction of a linear rigid body with a
sphere (Lique et al., 2008; Dumouchel et al., 2011). This formulation significantly
reduces the cost of the collision dynamics calculations and has already been found
to be successful, especially with ions (e.g., Spielfiedel et al. 2015; Balança et al.
2020; Cabrera-González et al. 2020). Its validity has thus been verified for all the
four systems considered. As regards the HC17O+ + H2 system, the values of the

Table 6.3: Computed cross sections, at E = 50 cm−1, for HC17O+−H2(j = 0) colli-
sions obtained from the 2D spherically averaged potential and the full 4D potential which
includes the coupling with the j = 2 rotational level of H2.

j′ → j
Cross sections / Å2 % Deviation

4D 2D
1 → 0 58.14 53.41 −8.86

2 → 0 52.59 50.31 −4.54

3 → 0 46.12 44.00 −4.84

4 → 0 27.26 30.28 9.98

5 → 0 16.81 15.74 −6.80

2 → 1 59.78 60.87 1.80

3 → 1 48.43 53.18 8.92

4 → 1 36.70 35.19 −4.30

5 → 1 17.09 18.77 8.93

3 → 2 55.24 52.95 −4.32

4 → 2 45.75 41.75 −9.56

5 → 2 20.39 21.02 3.01

4 → 3 56.79 51.02 −11.31

5 → 3 24.43 23.19 −5.35

5 → 4 40.04 35.63 −12.39

Average absolute % deviation 6.99

j(H2) = 0 partial cross sections, computed at 50 cm−1 and using the reduced 2D
potential, were compared with those obtained using the global 4D potential and
accounting for the j(H2) = 0, 2 coupling effect. The results, reported in Table 6.3,

‡Unlike the commonly used spectroscopic notation, throughout this Chapter, we adopt the
lower-case letter j to label the rotational quantum number of the isolated collider, while for the
entire collisional system, the upper-case letter J is employed.
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show an average relative absolute deviation of ∼ 7 % and a maximum discrepancy
of ∼ 12.4 %.

Table 6.4: Computed cross sections, at E = 150 cm−1, for PO+−H2(j = 0) collisions ob-
tained from the 2D spherically averaged potential and the full 4D potential which includes
the coupling with the j = 2 rotational level of H2.

j′ → j
Cross sections / Å2 % Deviation

2D 4D 2D/4D
1 → 0 33.10 30.46 −8.68

2 → 0 17.43 19.16 9.02

3 → 0 9.32 8.48 −9.88

4 → 0 12.64 11.89 −6.29

5 → 0 11.43 11.68 2.10

6 → 0 10.55 11.76 10.30

2 → 1 26.61 24.55 −8.42

3 → 1 16.84 15.16 −11.08

4 → 1 11.75 12.82 8.38

5 → 1 11.57 11.19 −3.42

6 → 1 13.28 14.05 5.45

3 → 2 26.06 30.57 14.73

4 → 2 15.67 14.23 −10.14

5 → 2 12.61 12.92 2.39

6 → 2 12.77 13.55 5.76

4 → 3 27.30 28.84 5.32

5 → 3 14.64 14.90 1.77

6 → 3 13.89 12.39 −12.11

5 → 4 27.51 26.88 −2.34

6 → 5 15.64 14.98 −4.44

Average absolute % deviation 7.10

The same analysis has been performed for the PO+ + H2 system, which showed
a similar behavior (Table 6.4), with an average relative absolute error of ∼ 7 %

and a maximum discrepancy of ∼ 14.7 %. These deviations fall within the required
accuracy range for astrophysical applications and thus validate the results derived
using the spherical average potential approximation. The 2D formulation of the
potential was thus applied to the entire energy grid.

To check the validity of the spherical approximation also for the N2 collider,
Table 6.5 compares the 4D and 2D cross sections obtained at 20 cm−1 for the HCN–
N2 collisional system. As a consequence of the greater molecular mass, which is
reflected in the value of the rotational constants, the N2 molecule is characterized
by rotational levels that are much closer to each other than those of H2, which have
thus a greater influence when energy exchanges are involved. This is mirrored in the
comparison of the cross sections: the incorporation of j(N2) = 2 in the rotational
basis leads to an average deviation of about 28% and a maximum discrepancy as
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Table 6.5: Computed cross sections, at E = 20 cm−1, for HCN−N2(j = 0) collisions ob-
tained from the 2D spherically averaged potential and the full 4D potential which includes
the coupling with the j = 2 rotational level of N2.

j′ → j
Cross sections / Å2 % Deviation

2D 4D 2D/4D
1 → 0 69.25 90.94 31.33

2 → 0 41.39 48.45 17.06

3 → 0 12.83 8.29 −35.38

0 → 1 27.09 35.57 31.33

2 → 1 60.17 50.87 −15.46

3 → 1 18.39 9.88 −46.31

0 → 2 14.87 17.41 17.06

1 → 2 55.28 46.74 −15.46

3 → 2 24.34 18.44 −24.24

0 → 3 16.21 10.47 −35.38

1 → 3 59.40 31.89 −46.31

2 → 3 85.55 64.81 −24.24

Average absolute % deviation 28.29

large as ∼ 46%. Such discrepancies, however, still fall within the limit of reliability
for the spherical approximation because they lead to variations in the cross sections
values within a factor of 2. We expect that this will translate into discrepancies
on the state-to-state rate coefficients of about 20% . On the other hand, the com-
putational gain provided by the spherical approximation is remarkable. For the
astrophysical applications we seek — in particular if such data would provide the
first collisional set of observational data for the Titan’s atmosphere — the spherical
approximation hence guarantees the right balance between accuracy, reproducibility
and computational effort. This assumption, moreover, has been supported by the
validation of the potential based on pressure broadening experiments, which will be
described in ¶ 6.2.6. Given the similarity in the topology of the interaction potential,
the same considerations are also expected to apply to HC3N as molecular target.
Consequently, the final calculations of all these systems were thus performed using
the 2D averaged potential.

In Figure 6.7, the 2D averaged potentials for the systems are depicted. In passing
we note that a spherical average of the HCO+ and H2 potential was also performed
by Yazidi et al. (2014). This permits a comparison of the topology they obtained
with ours§, which points out a good agreement. Indeed, both potentials present a
global minimum at R = 3.6Å and θ = 180 degrees and are highly anisotropic with
respect to the θ angle. However, the potential computed by Yazidi et al. (2014)

§We recall the reader that, within the BO approximation, the interaction electronic energy of
the fragments does not depend on the chosen isotopologue for both the target and the collider
species. The potential for HCO+ and HC17O+ is thus the same, the only difference being the shift
of the Jacobi internal coordinates due to the variation of the center of mass.
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Figure 6.7: Contour plot of the averaged potential Vav over the five orientations for the linear
rotor – linear rotor collisional systems considered in this thesis work (upper panels: on the left side
the HCO+ and H2 system, on the right side the HCN and N2 system; bottom panels: on the left
side the PO+ and H2 system, on the right side the HC3N and N2 system).

accounted only for three orientations of H2 and adopted a lower level of theory.
Our computed PES, hence, represents the most accurate description to date of a
spherical potential for the HCO+ and H2 system.

6.2.4 Ortho- and Para-States of the Collider

In certain circumstances, collisions with the j = 1 state the collider can also have
an impact on scattering calculations. This is the case of the region where PO+ was
detected. Indeed, despite the low density regime, the kinetic temperature of the
G+0.693-0.027 molecular cloud can reach 140K, thus leading to ortho-H2 of (which
is less stable than the para-species by∼120 cm−1) to be also significantly populated¶.

¶We recall the reader that the homonuclearity of H2 and N2 leads to the existence of two
distinct molecular forms: para and ortho. This distinction arises from the nuclear spin statistics.
In detail: in the case of the H2 molecule, nuclei are fermions (I(H) = 1/2) so that the Fermi–
Dirac statistics forces the total wave function to be antisymmetric under the exchange of nuclei.
In the electronic and vibrational ground states, this requirement is met by a combination of the
even rotational states (j = 0, 2, 4, . . . ) with the (2I + 1)I = 1 odd spin states, and of the odd
rotational states (j = 1, 3, 5, . . . ) with the (2I + 1)(I + 1) = 3 even spin states. Conversely, in the
case of N2, nuclei are bosons (I(14N) = 1) and the total wave function should be symmetric with
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Table 6.6: Comparison of the computed cross sections of PO+, at E = 150 cm−1, ac-
counting for collisions with para-H2 (j = 0) and ortho-H2 (j = 1).

j′ → j
Cross sections / Å2 % Deviation
j=0 j=1 o-/p-

1 → 0 33.10 33.84 −2.19

2 → 0 17.43 20.46 −14.81

3 → 0 9.32 10.88 −14.35

4 → 0 12.64 14.39 −12.17

5 → 0 11.43 12.56 −9.02

6 → 0 10.55 12.26 −13.95

2 → 1 26.61 29.11 −8.57

3 → 1 16.84 19.70 −14.52

4 → 1 11.75 13.16 −10.72

5 → 1 11.57 13.92 −16.87

6 → 1 13.28 17.37 −23.56

3 → 2 26.06 27.96 −6.79

4 → 2 15.67 18.19 −13.87

5 → 2 12.61 14.26 −11.54

6 → 2 12.77 17.02 −24.93

4 → 3 27.30 31.06 −12.10

5 → 3 14.64 16.36 −10.54

6 → 3 13.89 16.93 −17.98

5 → 4 27.51 29.77 −7.59

6 → 5 15.64 17.08 −8.44

Average absolute % deviation 12.73

In such conditions, a proper evaluation on the impact of the j(H2) = 1 state on the
value of the cross sections is deserved. This was performed by comparing the cross
sections of the PO+ and H2 system accounting for collisions with para-H2 (j = 0)

and ortho-H2 (j = 1) at 150 cm−1. The results, shown in Table 6.6, point out a
mean average deviation of ∼ 13% and a maximum discrepancy of ∼ 24.93%. For
the astrophysical purposes of this research, we do not expect such deviations to
induce large discrepancies in the rate coefficients between collisions with ortho- and
para-H2. This result, in accordance with the outcomes reported for other ions (Kłos
and Lique, 2011; Walker et al., 2017; Lara-Moreno et al., 2019; Dagdigian, 2019;
Desrousseaux et al., 2019), justified the approximation of considering only para-
H2 in the rotational basis of scattering calculations. Moving to the HCN target,
the deviations for the cross sections for ortho- and para-N2 are more pronounced.

respect to their exchange according to the Bose–Einstein statistics. Hence, even rotational states
(j = 0, 2, 4, . . . ) combine with the (2I+1)(I+1) = 6 even spin states and the odd rotational states
(j = 1, 3, 5, . . . ) with the (2I + 1)I = 3 odd spin ones. The higher multiplicity states (odd j for
H2 and even j for N2) are referred to as the ortho-states; the lower multiplicity ones (even j for
H2 and odd j for N2) are the para-states. The reader is referred to Gordy et al. (1984) for further
details.
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Nevertheless, as shown in Table 6.7, at 35 cm−1, the average relative deviation of
the cross sections is about 54%. Hence, para-N2 (j = 1) has a strong impact on the

Table 6.7: Comparison of the computed cross sections of HCN, at E = 35 cm−1, account-
ing for collisions with ortho-N2 (j = 0) and para-N2 (j = 1).

j′ → j
Cross sections / Å2 % Deviation
j=0 j=1 o-/p-

1 → 0 44.13 84.13 90.64

2 → 0 50.72 95.49 88.27

3 → 0 27.76 35.62 28.31

4 → 0 9.17 4.30 −53.13

2 → 1 40.70 83.88 106.10

3 → 1 36.48 38.88 6.58

4 → 1 12.44 6.95 −44.16

3 → 2 36.94 53.18 43.97

4 → 2 23.78 10.63 −55.29

4 → 3 20.91 15.61 −25.33

Average absolute % deviation 54.18

cross sections value. However, this differently reflects in the prediction of thermally
averaged quantities as the macroscopic pressure broadening coefficients, leading to
much smaller discrepancies (as will be detailed in ¶ 6.2.6). This validated the use of
only ortho-N2 (j = 0) in the rotational basis of scattering calculations. By assuming
a similar behavior for HC3N, the use of only the ortho-state of N2 has been supported
by validation using the outcomes of pressure broadening experiments.

6.2.5 Bound State Calculations

A way to test the accuracy of the interaction potential is offered by the comparison
with the available experimental data. In this respect, HCO+ + He is the most suit-
able system because it has already been extensively investigated in laboratory. For
example, bound state energy calculations can be exploited for validating the HCO+

+ He interaction potential because the experimental counterpart is available. In-
deed, Salomon et al. (2019) measured the rotational transitions of the He−HCO+

van der Waals complex using double resonance spectroscopy in a ion trap apparatus.
In order to compare the experimental results, bound state calculations have been
performed (see ¶ 2.2.4 for more details). The computed and experimental rotational
transitions together with the corresponding spectroscopic parameters are gathered in
Table 6.8. For bound states calculations, the reduced mass of the collisional system
was set to 3.5172 amu, while the rotational energies of HCO+ have been obtained
from its experimental rotational parameters (Cazzoli et al., 2012): B = 1.4875 cm−1,
D = 2.76× 10−6 cm−1, and H = 2.58× 10−12 cm−1. The rotational basis of HCO+

considered its first 19 j states and the coupled equations were solved with R varying
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Table 6.8: Rotational transitions (MHz) and spectroscopic parameters of the He−HCO+

van der Waals complex in the vibrational ground state.

J ′ → J Computeda Experimentalb % Deviation

0 1 17381.45707 17395.1112 0.08
1 2 34755.08955 34782.5930 0.08
2 3 52104.04912 52154.8930 0.10
3 4 69454.38773 69504.5481 0.07
4 5 86754.36121 86824.3164 0.08
5 6 104023.1563 104107.0922 0.08
6 7 121235.5004 121345.9633 0.09
7 8 138402.6059 138534.1142 0.09
8 9 155532.4171 155664.8274 0.09
9 10 172563.4768 172731.3559 0.10
10 11 189540.7237 189726.8475 0.10
11 12 206444.7613 206644.3117 0.10
12 13 223231.2502 223476.4892 0.11
13 14 239966.9244 240215.7559 0.10
14 15 256559.9273 256853.9714 0.11
15 16 273065.8015 273382.4879 0.12

Bc 8691.18(59) 8698.1947(16) 0.08
D 0.3221(79) 0.318741(46) 1.07
H × 105 6.7(41) 10.03(6) 33.00
L× 107 −0.92(70) −2.681(39) 65.67

aObtained from bound state calculations.
bFrom Salomon et al. (2019). Centrifugal distortion constants higher in order than L are not

reported.
cNumbers in parentheses are 1σ errors in units of the last quoted digit.

from 2 to 6Å and in the energy range between 0 and −300 cm−1. The numerical
propagation of the radial part of the wave function‖ has been performed by means of
the Manopoulos diabatic modified log-derivative (LDMD) propagator (Manolopou-
los, 1986). The latter propagates the log-derivative matrix of the wave function with
equally spaced steps of size optimized to a value of 0.05 Å. From the inspection of
Table 6.8, it is noted that the experimental and computed transition frequencies
on average agree well within 0.1%. By fitting these latter using a semi-rigid lin-
ear molecule Hamiltonian, we derived the B rotational constant of the HCO+−He
complex and its centrifugal corrections up to the optic term (D,H,L); they are
also reported in Table 6.8 (bottom part, left column). The comparison with the
corresponding experimentally derived values shows that the rotational constant B
agrees within 0.1%. Moving to the centrifugal distortion constants, it is observed a
worsening in the agreement: from about 1% for the quartic term to ∼66% for the

‖For more details, the reader is referred to ¶ 2.2.4.
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octic parameter. However, it has to be noted that these, in particular H and L, are
extremely small terms and that the trend is correctly reproduced. In conclusion, the
computed rotational parameters of He−HCO+ compared quite well with the corre-
sponding experimental values. This points out the reliability of the calculations and
somewhat validates the potential.

6.2.6 Pressure Broadening

Another way to validate the interaction potential is provided by pressure broadening
measurements. As already discussed in ¶ 2.2.4, pressure broadening and pressure
shift coefficients can be computed from the S–matrix, which is the main outcome
of scattering calculations. These coefficients are not directly linked with the state-
to-state inelastic rate coefficients, but they derive from the same matrix, whose
accuracy, in turn, depends on the quality of the description of the collisional poten-
tial. While the optimization of the parameters required for scattering calculations
will be detailed in § 6.4, we recall here that the computation of the corresponding
cross sections requires S–matrix elements involving both the initial and final states
of the considered transition. The coupled equations thus need to be solved in terms
of the kinetic energy instead of the total energy. The real and imaginary parts of the

Figure 6.8: Energy dependence of the real and imaginary parts of the computed cross sections
for the six-lowest rotational transitions of HCO+ perturbed by collisions with He.
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computed cross sections for a pair of upper and lower states describe the pressure
broadening and pressure shift, respectively, of the corresponding transition.

Given the availability of literature data, the first system considered for such a
comparison is HCO+/He. Indeed, pressure broadening and shift coefficients were
computed by Buffa et al. (2008) for the six-lowest rotational transitions, with ex-
perimental counterparts being also measured. For validation purposes, we thus
computed these quantities by solving the scattering equations using the potential
described above. In Figure 6.8, the trend of the real and imaginary parts of the
cross sections over the energy distribution for the six lowest transitions of HCO+

perturbed by collisions with He is reported. In these plots, irregular oscillations are
clearly visible for all the studied transitions, in particular in the lower energy ranges
for the transitions involving low lying states. These oscillations become particularly
pronounced for the imaginary parts of the cross sections, thus highlighting the need
to cover a wide range of energies in order to have reliable results for the estimate of
the pressure broadening and shift coefficients. By averaging the real and imaginary
parts of the cross sections over the energy range considered, the pressure broaden-
ing and pressure shift coefficients, respectively, are obtained. The resulting values
are reported in Table 6.9, where a comparison with the experimental and previously
computed results is also provided. First of all, a discrepancy with the coefficients de-
rived by Buffa et al. (2008) (last column of Table 6.9) is noted: these latter appear
systematically smaller than our computed values. However, both the coefficients
derived in Buffa et al. (2008) and ours present a rather good agreement with the
experimental values. Moreover, it can be noted that the coefficients presented by
Buffa et al. (2008) and those recomputed by us from the cross sections reported in

Table 6.9: Measured and calculated pressure broadening and shift parameters for the six
lowest rotational transitions of HCO+ perturbed by He at 88 K.

j′ ← j′′ Frequency Parameter Exp. Values This work Recomputed valuesa Buffa et al. (2008)
[MHz] [MHz/Torr] [MHz/Torr] [MHz/Torr] [MHz/Torr]

1 ← 0 89188.5261 broadening 14.377 13.987 13.76
shift 0.172 0.156 0.154

2 ← 1 178375.0642 broadening 13.580 13.225 13.01
shift 0.153 0.169 0.168

3 ← 2 267557.6263 broadening 13.238 12.841 12.64
shift 0.134 0.142 0.134

4 ← 3 356734.2246 broadening 12.39(29) 12.857 12.479 12.27
shift 0.328(19) 0.206 0.233 0.229

5 ← 4 445902.8713 broadening 12.42(22) 12.520 12.158 11.95
shift 0.427(29) 0.302 0.319 0.312

6 ← 5 535061.5791 broadening 12.13(29) 12.260 11.920 11.72
shift 0.497(17) 0.343 0.367 0.364

aRecomputed values from the cross sections taken from Table 2 of Buffa et al. (2008).
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Figure 6.9: Line shape analysis of the j = 1− 0 transition of HCN at different pressures of N2.
At the bottom of the figure, residuals (i.e., the observed-calculated differences) are also shown.

that paper do not coincide (the last two columns on the right of Table 6.9). This
discrepancy is probably attributable to a slightly different temperature considered
in the thermal averaging of the cross sections. As regards pressure shift coefficients,
although our computed values present a good agreement with the ones computed
by Buffa et al. (2008), they show the largest deviations when compared to exper-
iment. This was somehow expected, since pressure shift measurements are rather
delicate and thus affected by significant uncertainties. Generally speaking, a good
agreement between our computed data and those experimentally measured can be
surely affirmed.

Other systems of interest to validate the collisional PES by means of pressure
broadening experiments are those involving HCN or HC3N colliding with N2. Indeed,
as discussed above, in order to reduce the computational cost, approximations have
been introduced in the description of the rotational basis of N2. Hence, for quantum
scattering calculations, only the j = 0 state of N2 was taken into account. As
regards the experimental measurements, spectral recordings were conducted at a
temperature of about 295K and around 88 and 91GHz. Here, the j = 1−0 rotational
transition of HCN and the j = 9− 10 rotational transition of HC3N lie. These two
transitions, indeed, fall in the center of the 3-mm band easily accessible to the
FM-mmW spectrometer employed for the measurements, thus ensuring the optimal
instrumental sensitivity. This resulted in a high signal-to-noise ratio, as shown in
Figures 6.9 and 6.10. Moreover, this frequency range was not covered by previous
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Figure 6.10: Line shape analysis of the j = 10 − 9 transition of HC3N at different pressures
of N2. At the bottom of the figure, residuals (i.e., the observed-calculated differences) are also
displayed.

pressure broadening studies for these collisional systems. Finally, the j = 1 − 0

rotational transition of HCN exhibits a well-resolved hyperfine structure and this
considerably simplifies its line profile analysis. The sample of HCN was prepared
from mandelonitrile, which in gas phase is completely dissociated into benzaldehyde
and HCN. Benzaldehyde was then condensed by flowing the mandelonitrile vapors
through a 273.15K bath. Subsequently, the purified HCN gas was collected in a trap
kept at liquid nitrogen temperature. Its vapors at about 253K were eventually used
for the measurements. These were carried out as following: 0.4mTorr of the absorber
was first introduced into the cell; then, few series of measurements were carried out
at increasing values of the perturber pressure. The gas pressure was found to be
stable well within 0.2mTorr. Differently, the low stability of HC3N forced us to carry
out the measurements in flow conditions to avoid the decomposition of the absorber.
The HC3N sample was prepared by the group of Professor Jean-Claude Guillemin at
the Rennes Institute of Chemical Sciences, following the synthetic route described
by Miller and Lemmon (1967), and thus via dehydratation of propiolamide with
P4O10 at 498K under vacuum conditions and subsequent distillations to remove
the volatile side products (mainly NH3). For each spectral recording, the line profile
was modeled using the qSDVP model, and exploiting the proFFiT line analysis code
(Dore, 2003). The results of these analyses are illustrated in Figures 6.9 and 6.10
for HCN and HC3N, respectively. Overall, both fits show very small residuals for
all pressures, thereby supporting the choice of the model for the line profile. For
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the j = 1 − 0 of HCN, the effect of the nuclear quadrupole coupling (due to 14N)
is such that the three hyperfine components are well separated, as clearly evident
in Figure 6.9. In terms of pressure broadening, however, the cross sections for each
hyperfine feature (within the recoupling approximation) are the same as that for
the spin-free case. This is due to the orthogonality properties of the 6j-symbols
that causes the off-diagonal cross sections to vanish (see Green 1988 for further
details). The three components of the hyperfine structure thus share the same
pressure dependent parameters. Instead, for the j = 10− 9 transition of HC3N, the
hyperfine structure is not resolved as this collapses at high values of j.
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Figure 6.11: Linear fit of the Lorentzian half-width of the F = 2 − 1 hyperfine component of
the j = 1− 0 transition of HCN against the pressure of N2. Error bars represent 3σ uncertainties.

From the line shape analysis we retrieved the center frequency ν0, the Lorentzian
half width Γ and the quadratic speed dependent parameter Γ2

∗∗. Figures 6.11 and
6.12 show the trend of Γ vs. pressure for both the j = 1 − 0 transition of HCN
and the j = 10 − 9 transition of HC3N, respectively. Through linear regression,
the experimental pressure broadening (γ) and shift (s) coefficients were obtained
according to the expressions in Eqs. (4.14) and (4.15) in § 4.2. The pressure broad-
ening coefficients of the j = 1− 0 transition of HCN and the j = 10− 9 transition
of HC3N compare well with their corresponding theoretical computed counterparts,
with deviations of 9% and 1%, respectively (see Table 6.10). The quality of the
agreement is satisfactory, considering that our calculations involve the spherical po-
tential approximation (see ¶ 6.2.3 for more details), which holds less strictly at the
experimental temperatures than for colder environments. For both HCN and HC3N,

∗∗The reader is referred to § 4.2 for the definition and physical meaning of these parameters.
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Figure 6.12: Linear fit of the Lorentzian half-width of the j = 10 − 9 transition of HC3N
against the pressure of N2. Error bars represent 3σ uncertainties.

a very small pressure-dependence of the line transition frequency is observed. In de-
tail, the pressure shift coefficient for the j = 1− 0 transition of HCN turned out to
be extremely small and barely determined in our experiment; a tentative fit yielded
s = −1.3(6) × 10−4 MHzTorr−1. The pressure shift coefficient for the j = 10 − 9

transition of HC3N resulted very small too: s = −0.15(1) × 10−3 MHzTorr−1. In
the pressure range explored by our measurements, the collision shift is very small
(∼15 kHz at 100mTorr for the j = 10 − 9 transition of HC3N) and cannot be reli-
ably inferred due to the presence of comparable if not larger systematic uncertainties.
Hence, the comparison with the theoretically computed values was not deemed to
be meaningful. Although they would need to be supported by comparisons for other
transitions, these results provide an initial validation of the assumptions made for
both systems in the construction of the potential.

Table 6.10: Comparison of computed-experimental pressure broadening coefficients for
the j = 1− 0 transition of HCN and the j = 10− 9 transition of HC3N at 295K.

Target j′ ← j Computed Experimental % Deviation
[MHz/Torr] [MHz/Torr]

HCN 1 ← 0 5.71 6.23(19)a 9
HC3N 10 ← 9 6.77 6.702(91) 1

aConstrained to be equal for all the three hyperfine components.
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6.3 Accurate Rest Frequencies

The knowledge of accurate rest frequencies is of great importance for astronomical
identifications and modeling of molecular lines. This implies that, from the labora-
tory side, very precise measurements of these transitions are carried out. One source
of systematic error that should be carefully checked is the frequency shift due to col-
lisions between the target molecule and foreign gases. This becomes particularly
important when spectral measurements of ions are concerned, as their production
requires a buffer gas inside the cell, whose pressure cannot be kept arbitrarily low
(see e.g., Buffa et al., 2006, 2008, 2010).

Here, the procedure adopted to carry out precise frequency measurements for
the HC18O+ ion is described. In detail, pressure broadening experiments have been
performed for its j = 1 ← 0 and j = 2 ← 1 transitions, for which we expect the
largest collisional effects. For these two lines, the pressure broadening and shift
coefficients were determined by performing several spectral recordings at increasing
Ar gas buffer pressure (see below). The experiments have been perfomed using the
CASAC (Center for Astrochemical Studies Absorption Cell) spectrometer located
at the Max-Planck-Institut für extraterrestrische Physik in Garching. An accurate

Figure 6.13: Line shape analysis of the j = 1 − 0 transition of HC18O+ broadened by Ar and
employing the qSDVP model, at various pressures of the buffer gas of Ar. At the bottom of the
figure, residuals (i.e., the observed-calculated differences) are also reported.
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Figure 6.14: Set of measurements for the Ar-broadening of the j = 1−0 transition of HC18O+.
Left panel: linear fit of the collisional half-width against the pressure of Ar. Right panel: linear
fit of the frequency shifts against the pressure of Ar. In both panels, three times the uncertainties
retrieved from line profile analysis are shown.

description of the apparatus is given in Bizzocchi et al. (2017). The formyl ion was
produced by applying a DC glow-discharge inside the absorption cell (a 3m long,
5 cm in diameter Pyrex tube), that hosts two stainless steel, cylindrical hollow elec-
trodes separated by 2m. HC18O+ was generated in the plasma negative column of
a mixture of 3mTorr of C18O, 1mTorr of H2 and 6–20mTorr of Ar. The plasma
region is cooled at ∼ 85K by liquid nitrogen circulation. Typical discharge condi-
tions were: current ∼ 10 − 15mA and voltage = 2.5 kV. A ∼ 250G magnetic field
was applied coaxially to the plasma to improve the ion production in the extended
negative column.

For each recorded spectrum, line width and central line frequency were retrieved
by employing the qSDVP model using the proFFiT line analysis code (Dore, 2003).
The results of this analysis are illustrated in Figures 6.13 and 4.4, which show exper-
imental and modeled spectral traces for the j = 1 ← 0 and j = 2 ← 1 transitions,
respectively. Flat and featureless residuals were obtained for all pressures. For each
set of measurements, linear regression analyses of the collisional line width and the
center frequency against the pressure of Ar have been performed (see Figures 6.14
and 4.5), from which the pressure broadening and shift coefficients were directly

Table 6.11: Comparison of the computed-experimental pressure broadening and pressure
shift coefficients for the two lowest rotational transitions HC18O+ perturbed by Ar at
T= 98K.

Transition
Broadening / MHz Torr−1 Shift / MHz Torr−1

Exp. Theor. Exp. Theor.

1− 0 20.44(60) 20.513 3.38(18) 2.073
2− 1 16.3(13) 17.643 0.826(57) 0.534
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Table 6.12: Observed transition frequencies and fit residuals of the rotational transitions
of HC18O+ up to 1.2THz together with the corresponding spectroscopic constants.

j + 1 j observed a obs.-calc. σ
(MHz) (kHz) (kHz)

1 0 85 162.2288 0.6 5.0
2 1 170 322.6390 −4.0 5.0
3 2 255 479.4336 2.4 10.0
4 3 340 630.7850 5.6 10.0
5 4 425 774.8705 −4.0 10.0
6 5 510 909.9110 7.4 10.0
7 6 596 034.0531 −0.8 10.0
8 7 681 145.5113 −1.4 10.0
9 8 766 242.4674 −0.6 10.0
10 9 851 323.1064 −1.1 10.0
11 10 936 385.6214 1.5 10.0
12 11 1 021 428.19251 −1.2 10.0
13 12 1 106 449.02011 1.8 20.0
14 13 1 191 446.28361 0.4 20.0

rmsb= 3.1 kHz

Constant Valuec Correlation matrix

B / MHz 42 581.26521(26) 1.000
D / kHz 75.5573(27) −0.8918 1.000
H / mHz 53.9(87) 0.7635 −0.9629 1.000

aMeasurements from Bizzocchi et al. (2024).
bRoot-mean-square error of the residuals.
cStandard errors are reported in parentheses in units of the last quoted digit.

retrieved according to Eqs. (4.14) and (4.15) of § 4.2. The results are collected in
Table 6.11, where the theoretically computed values are also reported. It can be
noted that the discrepancies for the pressure broadening values fall within the ex-
perimental uncertainty. The comparison of the experimental and computed pressure
shift values shows larger deviations, but they still exhibit the same sign and order of
magnitude, indeed agreeing within 40%. The overall good agreement between exper-
imentally and theoretically computed parameters also provides a validation of the
computational approach. The extrapolation to zero pressure of the linear regressions
shown in the rightmost panels of Figures 6.14 and 4.5 provides the “unperturbed”
line position, in which the contribution due to the collisional shift is removed. The
corrected line center positions were then analyzed together with all the available ro-
tational transitions for HC18O+, that extends up to 1.2THz (Bizzocchi et al., 2024).
The experimental frequencies were fitted using a standard semi-rigid linear rotor
Hamiltonian, with the rotational constants B, the quartic centrifugal distorsion D,
and the sextic distrifugal distorsion H as adjustable paramenters. Their resulting
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values, together with the standard uncertainties, are reported in Table 6.12.
This investigation provided very accurate rest frequencies for the HC18O+ molecule

up to THz regime. The observed-calculated deviations, also given in Table 6.12, are
indeed remarkably small, reaching an agreement of a few parts over 109.

6.4 Derivation of (De-)Excitation Rate Coefficients

Moving to dynamics calculations that employ the interaction potentials described
in the previous sections, collisional rate coefficients are determined by solving the
standard time-independent coupled scattering equations†† with the MOLSCAT pro-
gram (Hutson and Green, 1994), as explained in ¶ 2.2.4. Full quantum calculations
were performed by purposely choosing the energy range and propagation limits: the
conditions are listed in Table 6.13 and have been chosen on the basis of the molec-
ular targets and the surrounding environment. The total energy interval (second

Table 6.13: Selected energy range, propagation parameters, rotational basis and reduced
mass for each targeted collisional system.

System Etot / cm−1 Propagation Limits / Å jmax(target) µ

HCO+−He 2−500 2−85 32 3.5172

HC17O+−H2 2−500 2.5−50 31 1.8709

HC18O+−Ar 2−500 2.5−110 45 17.4598

PO+−H2 2−1200 1.8−50 50 1.9327

HCN−N2 2−1000 2−70 50 13.7498

HC3N−N2 2−1000 2−50 50 18.5589

column of Table 6.13) was selected based on the kinetic temperature of the targeted
astrophysical environment. Under the typical conditions of the ISM, where the tem-
peratures is usually below ∼100K, an energy range up to 500 cm−1 is sufficient to
ensure convergence in the calculation of cross sections. However, for kinetic tem-
peratures higher than 100K, the upper limit of this interval has to be extended.
For all systems, the total energy range was sampled with narrow steps at low ener-
gies (0.1 − 0.2 cm−1) which were gradually increased as energy raised. This choice
stems from the irregular trends exhibited by cross sections at low kinetic energies, as
depicted for instance in Figures 6.15 and 6.16, thus requiring a careful fit for this in-
terval. On the contrary, as the kinetic energy increases, cross sections show smoother
patterns and tend to converge to a constant value. For the resolution of the nuclear
Schrödinger equation, the radial dependence of the wave function needs also to be

††The mathematical derivation and physical meaning of coupled equations are detailed in ¶ 2.2.4.
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Figure 6.15: Variation of some de-excitation cross sections of the HCO+ and He system in the
2− 500 cm−1 energy range.

Figure 6.16: Variation of some de-excitation cross sections of the PO+ and H2 system in the
2− 1200 cm−1 energy range.

modeled by numerical propagation. In this regard, the LDMD/AIRY hybrid prop-
agator (Alexander, 1984; Manolopoulos, 1986; Alexander and Manolopoulos, 1987)
was employed, as it provides the best balance between computational efficiency and
accuracy. Indeed, LDMD/AIRY allows for dealing with the short- and long-range
propagation according to the potential requirements: in the short range of R, where
the largest energy gradients are found, it exploits the narrowest propagation steps
(provided by the LDMD propagator); for long R distances, where a broader yet
smoother energy range needs to be covered, AIRY, which employs the loosest prop-
agation steps, is adopted. The switching point between the two propagators was
selected to ensure a convergence within 1.5% for the inelastic cross sections. The
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same procedure has been also applied to the choice of the propagation limits (third
column of Table 6.13). The cut-off of the rotational basis of the target molecule was
adjusted to ensure the convergence of the inelastic cross sections. It has been opti-
mized for different energy ranges, while the maximum extension at the highest total
energy considered is reported in the fourth column of Table 6.13. The choice of the
rotational basis of H2 and N2 instead followed the remarks outlined in ¶ 6.2.3. The
maximum value of the total angular momentum was chosen as the one that allowed
for the convergence of the inelastic cross sections within 0.005Å . In the last col-
umn of Table 6.13, the reduced masses for each system are also reported, while the
rotational energies have been computed from the experimental ground-state spec-
troscopic constants of each collider (rotational and quartic centrifugal distortion
constants are collected in Table 6.14 together with the corresponding references to
literature). Finally, the maximum value of the total momentum J = j + l employed

Table 6.14: Rotational parameters employed to compute the energy levels for scattering
calculations.

Molecule B0/cm−1 D0/cm−1 Reference

HCO+ 1.4875 2.76× 10−6 Cazzoli et al. 2012
HC17O+a 1.4529 2.63× 10−6 Dore et al. 2001
HC18O+ 1.4204 2.52× 10−6 Bizzocchi et al. 2024
PO+ 0.7870 9.79× 10−6 Petrmichl et al. 1991
HCN 1.4782 2.91× 10−6 Thorwirth et al. 2003
HC3N 0.1517 2.00× 10−8 Tamassia et al. 2022
H2 60.853 4.71× 10−2 Huber 1979
N2 1.9982 5.76× 10−6 Huber 1979

aThe energies of the hyperfine levels due to 17O required for recoupling calculations have been
taken from Bizzocchi et al. (2024).

in the calculations was chosen in order to allow for the convergence of the inelastic
cross sections within 0.005Å.

From the derived S–matrix elements, a full list of collisional cross sections from
an initial j to a final j′ state of each system was retrieved in the selected energy
range. It is worth to mention that, among the systems investigated in this thesis,
a comprehensive dataset of the collisional cross sections for HC3N + N2 is not
available yet. As a future perspective, a complete collisional dataset will be obtained
by exploiting the procedure adopted for the HCN and N2 collisional system. For
illustrative purposes, the energy dependence of inelastic cross sections for some
transitions of the HCO+−He and PO+−H2 systems are depicted in Figures 6.15
and 6.16, respectively. As expected, inelastic cross sections decrease as the collision
energy increases and oscillations due to resonance effects are more prominent in the
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low-energy limit range for all the transitions.
Starting from the inelastic cross sections, the (de-)excitation rate coefficients

are straightforwardly derived by thermal averaging over the collision energy (see
Eq. (2.84) in ¶ 2.2.4). While a complete list of the computed state-to-state rate
coefficients for each system is reported in the Appendix A, in the following some
considerations regarding their trends, propensity rules and comparison with previous
results (when available) is outlined.

Table 6.15: Transition rate coefficients for the HCO+ and He system at 10 K. Units are
10−10 cm3 s−1.

j → j′ This work Buffa et al. (2009) Monteiro (1985)

0 → 1 2.322 2.200 1.984
0 → 2 0.866 0.857 0.739
0 → 3 0.149 0.143 0.137
0 → 4 0.022 0.021 0.014
1 → 2 1.162 1.152 1.099
1 → 3 0.275 0.266 0.195
1 → 4 0.030 0.032 0.025
2 → 3 0.643 0.657 0.566
2 → 4 0.104 0.097 0.084
3 → 4 0.390 0.405 0.310

Figure 6.17: Variation of some de-excitation rate coefficients of the HCO+ and He system in
the 5− 100K temperature range.
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The first system addressed is HCO+ + He, which enables the comparison with
two previous works (Monteiro, 1985; Buffa et al., 2008). The results are reported in
Table 6.15 and a general good agreement is noted. The absolute maximum deviation
with respect to the most recent results (Buffa et al., 2008) is only 0.1 × 10−10 cm3

s−1. The rate coefficients for the j = (1, 2, 3) → 0 and j = (2, 3, 4) → 1 transitions
up to 100K are depicted in Figure 6.17. Here, the temperature dependence of
the rate coefficients appears to follow an inversely proportional behavior. However,
such a dependence reduces as ∆j increases, becoming hardly discernible for ∆j = 3.
Moreover, in the high temperature range, all the rate coefficients become almost
independent of the temperature.

Moving to the HC17O+ and HC18O+ targets, full close-coupling calculations were
performed on the interaction potential shifted for the 16O→17O/18O isotopic substi-
tution. In the case of the 17O-bearing variant, the hyperfine splitting of rotational
lines needs to be introduced: the 17O nuclear spin (I = 5/2) couples with the molec-
ular rotational angular momentum j through electric quadrupole interaction. Since
the hyperfine structure can be a precious source of information for astrophysical
purposes, hyperfine state-to-state rate coefficients were computed using recoupling
techniques (which are detailed in ¶ 2.2.4). In Table 6.16, the hyperfine solved rate
coefficients obtained for the first two rotational transitions at 10, 30 and 50K are
presented. Also in this case, a strong variation in the rate coefficients at very low
temperature is apparent, while starting from 30K some of them already converge
to a single value. This trend is evident also in Figures 6.18 and 6.19, which depict
the variation of some de-excitation rate coefficients with temperature. In detail,

Table 6.16: Hyperfine resolved (de-)excitation rate coefficients of the two lowest rotational
levels of HC17O+ for collisions with H2 at T = 10, 30 and 50 K. Units are 10−10 cm3 s−1.

j, F → j′, F ′
Rate coefficients / 10−10 cm3 s−1

10K 30K 50K

1, 1.5 → 0, 2.5 1.85 1.54 1.45

0, 2.5 → 1, 1.5 0.81 0.89 0.89

1, 2.5 → 0, 2.5 1.85 1.54 1.45

0, 2.5 → 1, 2.5 1.22 1.34 1.34

1, 2.5 → 1, 1.5 1.09 0.75 0.60

1, 1.5 → 1, 2.5 1.63 1.13 0.91

1, 2.5 → 1, 3.5 2.45 1.73 1.41

1, 3.5 → 1, 2.5 1.83 1.29 1.06

1, 3.5 → 0, 2.5 1.85 1.54 1.45

0, 2.5 → 1, 3.5 1.63 1.78 1.78

1, 3.5 → 1, 1.5 1.37 0.98 0.81

1, 1.5 → 1, 3.5 2.73 1.95 1.62
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Figure 6.18: Temperature variation of the hyperfine resolved HC17O+ – H2 rate coefficients for
some transitions involving the same final hyperfine state.

Figure 6.18 shows the trend of the inelastic rate coefficients involving the same fi-
nal hyperfine state, whereas in Figure 6.19 the quasi-elastic rate coefficients for the
j = 1 and j = 2 rotational levels are reported. From both figures, a propensity for
the transitions involving the final hyperfine level (F ′) with the highest multiplicity
and for those involving ∆F = ∆j when F ′ ≥ I and −∆F = ∆j when F ′ < I, is
clearly evident.

The last example here considered is the PO+ and H2 collisional system, for which
the temperature dependence of some rate coefficients is reported in Figure 6.20
(j′ → 0, j′ → 1 in the left panel and ∆j = 1 in the right panel). Even in this case,
the depicted propensity for the transitions involving ∆j = 1, which decreases by
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Figure 6.19: Temperature variation of the hyperfine resolved HC17O+ – H2 quasi-elastic rate
coefficients of the j = 1, 2 rotational levels.

Figure 6.20: Variation of some rotational de-excitation rate coefficients as a function of tem-
perature for the PO+ and H2 collisional system.

enlarging the value of ∆j, is clear. Interestingly, the propensity toward transitions
involving j levels with the highest multiplicity may reverse at low temperatures
(T < 50K). This behavior differs from those derived for the previous two systems.
However, the same pattern has already been found for the isoelectronic species
NO+ perturbed by para-H2 (Cabrera-González et al., 2020), which also presents
a good agreement in the absolute values of the rate coefficients. The PO+ and
H2 system also represents a good test case for verifying the suitability of using
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He to simulate the behavior of para-H2. Hence, the mass scaled rate coefficients
previously computed for the PO+ and He system (Chahal and Dhilip Kumar, 2023)
have been compared with our results. Figure 6.21 shows the trends as function
of temperature for some of them, where our computed results for the PO+ and
H2 system are reported as solid lines, while for the mass-scaled results by Chahal
and Dhilip Kumar (2023) for the PO+ and He system, dashed lines are employed.
It is noted that the two sets of rate coefficients exhibit different behaviors at all

Figure 6.21: Comparison of some rotational de-excitation rate coefficients: mass-scaled results
from Chahal and Dhilip Kumar (2023), dashed lines, vs this thesis (PO++H2), solid lines.

temperatures. Below 50K, divergent propensity rules are noted. Moreover, the
PO+ and He rate coefficients greatly underestimate the values obtained with H2, in
several cases leading to discrepancies up to one order of magnitude. This outcome
confirms what was already found for other ions (Yazidi et al., 2014; Denis-Alpizar
and Rubayo-Soneira, 2019; Bop, 2019; Cabrera-González et al., 2020), that is a
pronounced inaccuracy of He as a template of the H2 perturber because of the
different behaviors of the long-range part of the potential for the ion−He and ion−H2

interactions.
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6.4.1 Isotope Effect

As already mentioned in Chapter 1, a commonly employed assumption is to infer
rate coefficients of an isotopic variant starting from those of its parent species. In
order to test the reliability of this approximation, the impact of isotopic substitution
on the values of the computed rate coefficients is here assessed. In detail, the values
of the cross sections computed at 50 cm−1 for the HCO+ and HC17O+ target species
were compared. The results, reported in Table 6.17, show significant discrepancies,
with an average deviation of about 20%. Moreover, the variation between the two

Table 6.17: Computed cross-sections, at E = 50 cm−1, for the HC17O+/HCO+ and
H2(j = 0) collisions.

j → j′
Cross sections / Å2 % Deviation

HC17O+ HCO+

1 → 0 53.41 64.96 21.62

2 → 0 50.31 55.34 10.00

3 → 0 44.00 47.18 7.24

4 → 0 30.28 41.16 35.90

5 → 0 15.74 20.49 30.20

2 → 1 60.87 60.25 −1.03

3 → 1 53.18 49.24 −7.40

4 → 1 35.19 40.20 14.22

5 → 1 18.77 18.88 0.59

3 → 2 52.95 64.27 21.39

4 → 2 41.75 51.14 22.47

5 → 2 21.02 23.86 13.47

4 → 3 51.02 61.93 21.38

5 → 3 23.19 37.58 62.02

5 → 4 35.63 47.33 32.85

Average absolute % deviation 20.12

sets of cross sections does not present any systematic pattern. Hence, retrieving
the collisional coefficients of HC17O+ perturbed by H2 by simply scaling those of
HCO+ and H2 does not represent a reliable approach and would instead lead to
misleading results in radiative transfer modeling of HC17O+ emission lines. We also
expect a similar behavior for the HC18O+ isotopologue, since it features an even
more pronounced shift of the center of mass with respect to the parent species.
This test therefore points out the need of collisional data for isotopologues for their
accurate astrophysical modeling.

6.4.2 Hyperfine Structure

As already mentioned in ¶ 2.2.4, in order to avoid the computational effort required
for the recoupling approach, which indeed needs to store the spin-free elements of
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Figure 6.22: Comparison between HC17O+−H2 recoupling hyperfine rate coefficients and those
obtained using the RAN (top panels) and NG (bottom panels) approximations at 10 K (left panels)
and 100 K (right panels). In each panel, the dashed lines delimit the region where the rate
coefficients differ by less than a factor of 3.

the S–matrix and compute the opacity tensor between the rotational levels, ap-
proximations are frequently employed. Among them, the randomizing (RAN) and
Neufeld & Green (NG, Neufeld and Green, 1994) strategies are the most commonly
used. In order to assess the impact of these approximations on radiative transfer
modeling, the outcomes of these three different methodologies are here compared for
the HC17O+ and H2 system. Albeit being approximate, the recoupling approach is
considered almost exact (Lique and Faure, 2019) and has thus been used as the “ref-
erence” method in such comparison. The results are shown in Figure 6.22: while the
RAN approximation performs better at low temperatures, the NG approach better
approximates the collisional behavior at 100K. Indeed, at 10K, the collisions are
slower and tend to stabilize a long lifetime HC17O+− H2 complex in the potential
well. In such conditions, the population of the energy levels evolves toward a ran-
domized distribution according to the statistical weight of the final states (F ′) and
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the assumption of neglecting rotational energy spacings compared to the collision
energy effects (distinctive of the NG approximation) is no longer valid. Conversely,
at high temperatures, the influence of the propensity rules given by the Wigner
coefficients becomes increasingly prominent, thus making the NG approximation a
viable alternative. Since the purpose of this work was to provide accurate results
spanning a suitable temperature range to support future astrophysical modeling of
HC17O+ in the ISM, the bias exhibited by the RAN and NG approximate meth-
ods with respect to the recoupling approach cannot be overlooked. The recoupling
approach thus appears as the most reliable methodology to compute the hyperfine
resolved rate coefficients for this collisional system.

6.5 Astrophysical Modeling

Once the state-to-state collisional rate coefficients are derived, it is possible to simu-
late the non-LTE behavior under the typical conditions of the ISM. This is achieved
by means of radiative transfer calculations. Such investigations can be used either
to simulate the already observed molecular transitions and refine the model of the
targeted astrophysical object, or to predict the collisional behavior of the target
molecule in sources where it has not yet been identified, thereby guiding future
observations.

An illustrative application in this regard is provided by the investigation per-
formed for PO+ in collision with H2, whose aim was to support the interpretation of
recent and future observations in the ISM. Indeed, the derived dataset of collisional
rate coefficients for this system enabled to simulate the low-j rotational lines of
PO+ at different astrophysical conditions, beyond the LTE approximation, includ-
ing those of the molecular cloud where it has been recently observed (Rivilla et al.,
2022b). From these simulations, different properties were extracted, including the
relative excitation temperatures, the gas density and the molecular column density.

A spectral survey of the G+0.693-0.027 molecular cloud (Rivilla et al., 2022b) led
to the observation of four different rotational transitions of PO+, although only the
j = 1−0 and j = 2−1 lines were not contaminated by other species. For this reason,
some caution needs to be paid in modeling the distribution of the population among
the rotational levels because of the very limited information. Radiative transfer
calculations were performed using the RADEX code (van der Tak et al., 2007) for
the derivation of the distribution of the population. The 19 lowest rotational states
of PO+ were considered, for which the energy levels, transition frequencies and the
corresponding Einstein A coefficients‡‡ were employed. The collisional information
involved 374 transitions among the lowest 19 rotational levels and a temperature
range from 5K to 200K. Since the structure and dynamics of the G+0.693-0.027

‡‡To derive the A coefficients, a PO+ dipole moment of 3.13D (Rivilla et al., 2022b) was used.
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molecular cloud are not well constrained, the source geometry was approximated to
a static sphere of uniform density. Moreover, the background temperature (TCMB)
was set at 2.73K and the line width at 18 km/s, in accordance with astronomical
observations (Rivilla et al., 2022b). As a preliminary test, the variation of the (j =

1− 0)/(j = 2− 1) intensity ratio as a function of both the kinetic temperature (Tk)
and the density of hydrogen (n(H2)) was examined. The outcome of this analysis
is shown in Figure 6.23, where the isocurve corresponding to the observed intensity
ratio (0.64) is marked in red. Here, the weak constraint of the Tk on n(H2) is

Figure 6.23: Contour plot of the variation of the j = 1− 0/j = 2− 1 intensity ratio with
respect to Tk (x axis) and n(H2) (y axis). The isocurve of the intensity ratio observed by
Rivilla et al. (2022b) is highlighted in red.

evident, in particular for Tk > 100K. This small dependence of Tk on the density
of hydrogen has the effect to ease the estimate of the gas density of G+0.693-
0.027, irrespective of the possible inaccuracies of Tk ∼ 150K. The resulting density
is n(H2) ∼ 1.5 × 104 cm−3, a value in good agreement with the previous estimate
by Zeng et al. (2020) of ∼ 1 × 104 cm−3. In Figure 6.24, the line intensity trends
for the two transitions, at 150K, as a function of n(H2) and the column density
(N) are depicted. From their analysis and the previously derived value of the gas
density, the molecular column density is thus retrieved: N ∼ 3.7× 1011 cm−2, which
is ∼ 60% (a factor of ∼ 1.7) lower than that retrieved from LTE assumption (Rivilla
et al., 2022b). In fact, the LTE model tends to underestimate the population of
the higher-energy levels, therefore requiring a higher column density to reproduce
the observed intensities. As a consequence, the ionization rate, governed by the
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Figure 6.24: Contour plot of the variation of the j = 1 − 0 and j = 2 − 1 intensities
with respect to the column density (x axis) and n(H2) (y axis). The isocurves of the two
intensities observed by Rivilla et al. (2022b) are highlighted in red.

N(PO+)/N(PO) ratio, decreases with respect to the previously predicted value.
The results of our analysis can be also exploited in future observations of the PO+

Figure 6.25: Variation of excitation temperature as a function of n(H2) for the first two
transitions of PO+ at Tk = 20, 50 and 150K.

ion in different astrophysical sources. Therefore, a wider range of densities and
kinetic temperatures was investigated, whose results are presented in Figure 6.25.
Here, the trend of the Tex of the j = 1− 0 and j = 2− 1 transitions as function of
n(H2) for three different values of Tk is reported. It can be seen that, for densities
around 105 cm−3, maser phenomena are predicted because of an inversion of the
population between the levels. Interestingly, even at Tk = 150K, densities of H2 up
to 107 cm−3 are still inadequate to thermalize the first two rotational transitions of
PO+. This could have strong implications on the predictions of the line intensities
of this ion for all possible types of environment (from diffuse clouds to hot cores),
and points out the importance of collisional data for a reliable radiative modeling.
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Conclusions and Perspectives

In the last decades, the advances in the field of radioastronomy have brought a
substantial amount of spectral data to the scientific community. The accurate in-
terpretation of these data to derive the chemical and physical properties of the
observed media represents a focal point for astrochemical studies. In this regard,
the availability of fundamental molecular data that accurately describe the ongoing
processes at the microscopic scale is essential. Specifically, understanding the col-
lisional behavior of the observed molecules with the most abundant perturbers in
their surrounding environment plays a crucial role.

This thesis work presents and validates an accurate yet affordable computa-
tional procedure for the characterization of the collisional properties of astrochemi-
cal molecules and subsequent modeling of their spectroscopic transitions in terms of
abundance. Particular attention is directed to ensure the applicability and versatil-
ity of this procedure across a wide range of astrochemical environments. This has
led to three publications, i.e., Tonolo et al. (2021, 2022, 2024), two articles in prepa-
ration regarding the HC18O+/Ar and HCN/N2 systems and one ongoing project for
HC3N perturbed by N2.

This computational procedure consists of four main steps. The first one is the
investigation of the collisional PES, which exploits the excellent performances of
explicitly correlated coupled cluster methods to describe interaction energies. In
this regard, the HCO+ and He collisional system provided an excellent test case to
benchmark different level of theories using previously computed results and avail-
able experimental data. The computed rotational frequencies of the correspond-
ing lowest-lying bound state compared well with their experimental counterparts
(Salomon et al., 2019), with deviations always lower than 0.12%. The computed
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pressure broadening coefficients, moreover, showed a good agreement with the pre-
viously experimentally measured values for the j = 4← 3, j = 5← 4 and j = 6← 5

rotational lines (Buffa et al., 2008).
The second step consists of expressing the potential as an expansion over angu-

lar functions. This requires to resort to some approximations to reduce the com-
putational cost of scattering calculations. This applies, in particular, to systems
involving a collisional partner with a rotational structure such as H2 and N2. In
these cases, the effects due to the coupling between the different rotational states
of the collider on the inelastic cross sections need to be preliminary assessed. This
brings important hints on the feasibility of neglecting the j > 0 rotational states of
the collider (the so-called “spherical approximation”). The reduced computational
cost of this approximation, if properly validated, permits to extend this procedure
to larger molecular systems and to a wide range of astrochemical conditions. The
impact of the j > 0 rotational levels of H2 resulted to be considerably weak in inter-
actions with HC17O+ and PO+ (the inclusion of the j = 2 state of H2 led to average
deviations of ∼ 7% in the values of the cross sections, while the cross sections of
para-H2 and ortho-H2 agreed within ∼ 12% on average). Conversely, the rotational
structure of N2 affects much more the energy involved in collisions with HCN and
HC3N. In detail, the values of the inelastic cross section showed average deviations
of ∼ 30% between the j = 0 and j = 0, 2 states of N2 and of ∼ 55% between its
ortho- and para-states.

The third step is the solution of the close-coupling scattering equations in a
range of energies that allows to derive the corresponding collisional parameters in
the conditions of interest. For example, the pressure broadening and pressure shift
parameters can be computed, and can be subsequently used to infer the quality
of the potential (as performed for the HCO+/He, HCN/N2 and HC3N/N2 systems)
and to refine the molecular rest frequencies (as in the case of the HC18O+ molecule).
Given the considerations presented above, particular attention was paid to test the
spherical potential approximation for the HCN and HC3N molecules perturbed by
N2. Our theoretically computed values of the pressure broadening coefficients for
the j = 1−0 transition of HCN and the j = 10−9 transition of HC3N compare well
with their experimental counterparts (pressure broadening experiments). They show
deviations of 9% and 1%, respectively. These results validated the spherical approx-
imation of the potential for these systems. In fact, while impacting significantly on
the inelastic cross-section values, the influence of this approximation on thermally
averaged quantities as the macroscopic pressure broadening coefficients are compar-
atively small. To enhance the feasibility of the spherical approximation, additional
pressure broadening measurements for other transitions of HCN and HC3N are cur-
rently under development. The theoretical-experimental comparison of the derived
coefficients would thus support the applicability of this strategy also to other target
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molecules. Indeed, in addition to a substantial reduction in terms of computational
cost, this approximation provided reliable data to attempt the non-LTE modeling
of molecular abundances in the Titan’s atmosphere.

From the scattering calculations, the inelastic state-to-state rate coefficients are
also obtained. If the rotational spectrum of the target molecular system presents
a hyperfine structure due to nuclear quadruple coupling, recoupling techniques rep-
resent a viable route to decouple the effect of the nuclear spin from the angular
dynamics of collisions. This approach leads to the corresponding hyperfine-resolved
state-to-state rate coefficients.

The last step consists in using the collisional rate coefficients to model the rota-
tional transitions observed in interstellar environments and planetary atmospheres,
by means of radiative transfer calculations. Specifically, this thesis highlights the
need of collisional parameters to model the astrophysical environments whose con-
ditions deviate from the LTE assumption. For example, the computed collisional
dataset for the PO+/H2 system helped to improve the derivation of the abundance
of PO+ in the G+0.693-0.027 molecular cloud, thus suggesting the need of extending
this approach to a large number of molecular systems and astronomical objects.

Future perspectives of this thesis work concern the extension of collisional calcu-
lations to a wider range of molecules, including heavier ions (e.g., HCCS+, H2COH+,
H2C3H

+, H2NCO
+), longer carbon-chains such as HC7N, or medium-sized COMs.

Among the latter, a molecular system that might serve as a good candidate for the
computation of collisional rate coefficients is ethanimine (CH3CHNH). The first de-
tection of ethanimine in space dates back to 2013 (Loomis et al., 2013), when both
its isomers were identified toward the star-forming region Sagittarius B2. However,
this molecule showed a clear non-LTE behavior, thus hampering the retrieval of its
reliable abundance. The same issue is showed by methylamine (CH3NH2; Bøgelund
et al. 2019) and could be a general feature for molecules with similar moieties, such as
N-methyl methanimine (CH3NCH2). Moreover, additional studies could be directed
to investigate environments different from those considered in this thesis work, such
as cometary comas. In these cases, other collisional partners need to be taken in
account, e.g., CO or H2O. The limited amount of collisional data for such systems
highlights the need for dedicated theoretical studies. Further investigations in this
direction will also help to refine our methodology, with the goal of expanding its
domain of application.
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Appendix A: Full List of Computed Rate Coefficients

HCO+ and He collisional system:

Table 1: Integrated rate coefficients j → j′ from 5 to 100 K. Units are 10−10 cm3 s−1.

j → j′
Temperature / K

5 10 15 20 25 30 35 40 45 50

1 → 0 1.368 1.188 1.104 1.056 1.026 1.006 0.992 0.983 0.977 0.972

2 → 0 0.687 0.625 0.577 0.542 0.516 0.495 0.477 0.462 0.448 0.436

2 → 1 1.670 1.641 1.594 1.556 1.527 1.504 1.487 1.473 1.463 1.456

3 → 0 0.278 0.277 0.266 0.254 0.243 0.234 0.226 0.220 0.215 0.210

3 → 1 1.030 1.002 0.966 0.929 0.895 0.865 0.838 0.814 0.792 0.773

3 → 2 1.683 1.659 1.635 1.618 1.606 1.598 1.593 1.591 1.592 1.594

4 → 0 0.185 0.177 0.169 0.162 0.155 0.150 0.145 0.140 0.137 0.133

4 → 1 0.466 0.475 0.479 0.479 0.477 0.475 0.474 0.472 0.471 0.471

4 → 2 1.177 1.161 1.128 1.095 1.065 1.039 1.015 0.993 0.973 0.955

4 → 3 1.711 1.680 1.648 1.628 1.616 1.610 1.609 1.609 1.612 1.617

5 → 0 0.146 0.139 0.138 0.138 0.139 0.140 0.141 0.141 0.142 0.142

5 → 1 0.412 0.388 0.373 0.364 0.356 0.350 0.344 0.338 0.333 0.328

5 → 2 0.675 0.665 0.660 0.658 0.657 0.656 0.654 0.653 0.652 0.650

5 → 3 1.122 1.143 1.139 1.125 1.109 1.091 1.073 1.055 1.039 1.023

5 → 4 1.767 1.714 1.653 1.608 1.579 1.561 1.550 1.546 1.545 1.547

j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100

1 → 0 0.970 0.968 0.967 0.967 0.967 0.968 0.968 0.969 0.970 0.971

2 → 0 0.425 0.416 0.407 0.398 0.391 0.384 0.378 0.372 0.367 0.362

2 → 1 1.450 1.446 1.444 1.443 1.443 1.444 1.446 1.448 1.450 1.454

3 → 0 0.207 0.204 0.202 0.200 0.199 0.198 0.198 0.198 0.198 0.198

3 → 1 0.756 0.740 0.727 0.714 0.703 0.693 0.684 0.676 0.669 0.663

3 → 2 1.597 1.601 1.606 1.612 1.618 1.625 1.632 1.639 1.647 1.654

4 → 0 0.131 0.128 0.126 0.124 0.123 0.122 0.121 0.120 0.119 0.118

4 → 1 0.471 0.471 0.472 0.473 0.474 0.476 0.477 0.479 0.481 0.482

4 → 2 0.939 0.924 0.911 0.898 0.887 0.877 0.868 0.859 0.851 0.844

4 → 3 1.622 1.628 1.635 1.642 1.650 1.658 1.666 1.674 1.682 1.690

5 → 0 0.142 0.143 0.143 0.143 0.143 0.143 0.143 0.143 0.143 0.143

5 → 1 0.324 0.320 0.316 0.313 0.310 0.307 0.304 0.302 0.300 0.298

5 → 2 0.649 0.648 0.648 0.647 0.646 0.646 0.646 0.646 0.645 0.645

5 → 3 1.008 0.994 0.981 0.969 0.958 0.948 0.939 0.930 0.922 0.915

5 → 4 1.550 1.556 1.562 1.570 1.577 1.586 1.594 1.603 1.612 1.621
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HC17O+ and H2 collisional system:

Table 2: Integrated rate coefficients j → j′ from 5 to 50 K. Units are 10−10 cm3 s−1.

j → j′
Temperature / K

5 10 15 20 25 30 35 40 45 50
1 1.5 → 0 2.5 2.069 1.851 1.724 1.639 1.579 1.536 1.504 1.481 1.464 1.452
1 2.5 → 0 2.5 2.069 1.851 1.724 1.639 1.579 1.536 1.504 1.481 1.464 1.452
1 2.5 → 1 1.5 1.253 1.086 0.964 0.877 0.809 0.754 0.708 0.669 0.635 0.605
1 2.5 → 1 3.5 2.787 2.445 2.182 1.990 1.843 1.725 1.627 1.544 1.472 1.409
1 3.5 → 0 2.5 2.069 1.851 1.724 1.639 1.579 1.536 1.504 1.481 1.464 1.452
1 3.5 → 1 1.5 1.540 1.366 1.223 1.118 1.039 0.975 0.923 0.879 0.841 0.809
2 0.5 → 0 2.5 1.248 1.126 1.056 1.002 0.958 0.919 0.885 0.855 0.829 0.805
2 0.5 → 1 1.5 0.981 0.961 0.974 0.998 1.026 1.055 1.084 1.112 1.139 1.165
2 0.5 → 1 2.5 0.834 0.801 0.740 0.686 0.641 0.603 0.571 0.543 0.518 0.495
2 0.5 → 1 3.5 1.604 1.363 1.213 1.107 1.026 0.963 0.911 0.868 0.832 0.800
2 1.5 → 0 2.5 1.248 1.126 1.056 1.002 0.958 0.919 0.885 0.855 0.829 0.805
2 1.5 → 1 1.5 0.854 0.833 0.830 0.836 0.847 0.859 0.873 0.887 0.901 0.914
2 1.5 → 1 2.5 1.037 0.974 0.919 0.878 0.847 0.824 0.805 0.790 0.777 0.767
2 1.5 → 1 3.5 1.529 1.318 1.178 1.077 1.000 0.939 0.888 0.846 0.810 0.779
2 1.5 → 2 0.5 0.435 0.392 0.363 0.342 0.325 0.312 0.300 0.291 0.282 0.274
2 1.5 → 2 4.5 1.486 1.396 1.279 1.177 1.092 1.021 0.962 0.913 0.871 0.835
2 2.5 → 0 2.5 1.248 1.126 1.056 1.002 0.958 0.919 0.885 0.855 0.829 0.805
2 2.5 → 1 1.5 0.704 0.677 0.651 0.633 0.620 0.611 0.605 0.601 0.597 0.595
2 2.5 → 1 2.5 1.255 1.160 1.109 1.080 1.064 1.055 1.050 1.049 1.049 1.051
2 2.5 → 1 3.5 1.451 1.285 1.165 1.077 1.009 0.955 0.910 0.873 0.841 0.813
2 2.5 → 2 0.5 0.519 0.450 0.399 0.364 0.338 0.318 0.302 0.289 0.279 0.270
2 2.5 → 2 1.5 0.735 0.674 0.626 0.587 0.555 0.528 0.505 0.484 0.466 0.450
2 2.5 → 2 4.5 1.671 1.535 1.400 1.288 1.198 1.123 1.061 1.008 0.962 0.923
2 3.5 → 0 2.5 1.248 1.126 1.056 1.002 0.958 0.919 0.885 0.855 0.829 0.805
2 3.5 → 1 1.5 0.644 0.587 0.534 0.492 0.458 0.431 0.407 0.388 0.370 0.355
2 3.5 → 1 2.5 1.327 1.209 1.152 1.121 1.104 1.095 1.092 1.091 1.093 1.096
2 3.5 → 1 3.5 1.442 1.327 1.240 1.177 1.131 1.095 1.067 1.044 1.025 1.009
2 3.5 → 2 0.5 0.322 0.299 0.276 0.257 0.240 0.226 0.214 0.203 0.193 0.184
2 3.5 → 2 1.5 0.790 0.708 0.639 0.586 0.544 0.511 0.484 0.461 0.442 0.426
2 3.5 → 2 2.5 1.173 1.057 0.959 0.883 0.825 0.779 0.741 0.710 0.683 0.661
2 3.5 → 2 4.5 1.950 1.756 1.594 1.470 1.372 1.292 1.227 1.171 1.123 1.082
2 4.5 → 0 2.5 1.248 1.126 1.056 1.002 0.958 0.919 0.885 0.855 0.829 0.805
2 4.5 → 1 1.5 0.802 0.682 0.607 0.553 0.513 0.481 0.456 0.434 0.416 0.400
2 4.5 → 1 2.5 1.015 0.909 0.823 0.757 0.704 0.662 0.626 0.596 0.570 0.547
2 4.5 → 1 3.5 1.603 1.534 1.497 1.481 1.476 1.478 1.484 1.493 1.503 1.513
2 4.5 → 2 0.5 1.957 0.891 0.591 0.452 0.372 0.320 0.284 0.256 0.236 0.219
3 0.5 → 0 2.5 0.848 0.724 0.644 0.588 0.546 0.513 0.487 0.465 0.447 0.431
3 0.5 → 1 1.5 0.905 0.819 0.764 0.728 0.702 0.682 0.665 0.650 0.636 0.625
3 0.5 → 1 2.5 0.529 0.502 0.476 0.453 0.432 0.414 0.397 0.382 0.368 0.356
3 0.5 → 1 3.5 1.025 0.853 0.746 0.675 0.626 0.588 0.559 0.535 0.515 0.498
3 0.5 → 2 0.5 0.409 0.437 0.472 0.509 0.545 0.581 0.616 0.650 0.683 0.714
3 0.5 → 2 1.5 0.548 0.544 0.541 0.540 0.540 0.541 0.542 0.542 0.543 0.543
3 0.5 → 2 2.5 0.791 0.747 0.691 0.643 0.602 0.569 0.541 0.518 0.497 0.480
3 0.5 → 2 3.5 0.739 0.735 0.694 0.652 0.616 0.585 0.559 0.535 0.515 0.497
3 0.5 → 2 4.5 1.238 1.083 0.966 0.877 0.808 0.754 0.711 0.676 0.648 0.624
3 1.5 → 0 2.5 0.848 0.724 0.644 0.588 0.546 0.513 0.487 0.465 0.447 0.431
3 1.5 → 1 1.5 0.789 0.717 0.670 0.639 0.615 0.596 0.581 0.567 0.554 0.543
3 1.5 → 1 2.5 0.679 0.623 0.582 0.550 0.525 0.503 0.484 0.467 0.453 0.440
3 1.5 → 1 3.5 0.990 0.834 0.734 0.668 0.620 0.584 0.555 0.532 0.512 0.496
3 1.5 → 2 0.5 0.314 0.322 0.331 0.342 0.353 0.364 0.375 0.385 0.395 0.404
3 1.5 → 2 1.5 0.633 0.635 0.640 0.647 0.658 0.672 0.686 0.701 0.717 0.733
3 1.5 → 2 2.5 0.711 0.697 0.669 0.644 0.623 0.606 0.592 0.579 0.569 0.559
3 1.5 → 2 3.5 0.882 0.838 0.776 0.722 0.676 0.639 0.608 0.581 0.559 0.539
3 1.5 → 2 4.5 1.185 1.056 0.949 0.867 0.802 0.750 0.709 0.675 0.647 0.624
3 1.5 → 3 0.5 0.342 0.326 0.307 0.293 0.282 0.273 0.266 0.260 0.255 0.250
3 1.5 → 3 5.5 0.898 0.913 0.868 0.819 0.776 0.739 0.707 0.680 0.655 0.633
3 2.5 → 0 2.5 0.848 0.724 0.644 0.588 0.546 0.513 0.487 0.465 0.447 0.431
3 2.5 → 1 1.5 0.630 0.576 0.539 0.513 0.493 0.476 0.462 0.449 0.438 0.428
3 2.5 → 1 2.5 0.870 0.777 0.715 0.672 0.640 0.614 0.593 0.574 0.559 0.544
3 2.5 → 1 3.5 0.958 0.821 0.732 0.672 0.628 0.593 0.565 0.542 0.523 0.506
3 2.5 → 2 0.5 0.257 0.247 0.234 0.223 0.213 0.205 0.198 0.191 0.186 0.180
3 2.5 → 2 1.5 0.576 0.580 0.581 0.584 0.590 0.598 0.608 0.619 0.631 0.642
3 2.5 → 2 2.5 0.743 0.746 0.742 0.741 0.743 0.747 0.752 0.759 0.766 0.774
3 2.5 → 2 3.5 1.011 0.936 0.864 0.806 0.760 0.723 0.692 0.667 0.646 0.628
3 2.5 → 2 4.5 1.136 1.037 0.944 0.868 0.807 0.758 0.718 0.685 0.657 0.634
3 2.5 → 3 0.5 0.250 0.241 0.230 0.219 0.209 0.201 0.193 0.187 0.182 0.177
3 2.5 → 3 1.5 0.499 0.493 0.475 0.456 0.439 0.425 0.412 0.401 0.392 0.383
3 2.5 → 3 5.5 0.828 0.887 0.862 0.824 0.788 0.755 0.726 0.700 0.677 0.656
3 3.5 → 0 2.5 0.848 0.724 0.644 0.588 0.546 0.513 0.487 0.465 0.447 0.431
3 3.5 → 1 1.5 0.480 0.439 0.409 0.386 0.368 0.353 0.340 0.329 0.319 0.310
3 3.5 → 1 2.5 1.013 0.889 0.810 0.758 0.721 0.692 0.668 0.649 0.632 0.617
3 3.5 → 1 3.5 0.964 0.846 0.767 0.713 0.671 0.638 0.611 0.588 0.569 0.551
3 3.5 → 2 0.5 0.243 0.231 0.214 0.198 0.185 0.174 0.165 0.158 0.151 0.146
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j → j′
Temperature / K

5 10 15 20 25 30 35 40 45 50
3 3.5 → 2 1.5 0.429 0.418 0.398 0.380 0.364 0.350 0.338 0.327 0.316 0.307
3 3.5 → 2 2.5 0.847 0.831 0.820 0.816 0.819 0.826 0.837 0.850 0.864 0.879
3 3.5 → 2 3.5 1.077 1.010 0.959 0.922 0.897 0.878 0.865 0.856 0.850 0.846
3 3.5 → 2 4.5 1.128 1.056 0.974 0.905 0.848 0.802 0.764 0.732 0.705 0.681
3 3.5 → 3 0.5 0.171 0.178 0.176 0.171 0.165 0.158 0.153 0.147 0.142 0.138
3 3.5 → 3 1.5 0.391 0.386 0.370 0.354 0.339 0.326 0.315 0.305 0.296 0.288
3 3.5 → 3 2.5 0.659 0.644 0.613 0.584 0.561 0.541 0.524 0.510 0.497 0.486
3 3.5 → 3 4.5 1.059 1.042 0.989 0.938 0.894 0.858 0.826 0.799 0.776 0.755
3 3.5 → 3 5.5 0.956 0.972 0.940 0.900 0.861 0.827 0.796 0.768 0.744 0.721
3 4.5 → 0 2.5 0.848 0.724 0.644 0.588 0.546 0.513 0.487 0.465 0.447 0.431
3 4.5 → 1 1.5 0.414 0.365 0.332 0.308 0.289 0.274 0.261 0.250 0.241 0.232
3 4.5 → 1 2.5 0.984 0.857 0.777 0.724 0.687 0.658 0.634 0.615 0.598 0.584
3 4.5 → 1 3.5 1.061 0.952 0.878 0.825 0.785 0.752 0.725 0.701 0.681 0.663
3 4.5 → 2 0.5 0.184 0.181 0.170 0.160 0.151 0.143 0.136 0.131 0.126 0.121
3 4.5 → 2 1.5 0.477 0.441 0.403 0.371 0.345 0.324 0.307 0.293 0.281 0.270
3 4.5 → 2 2.5 0.763 0.698 0.642 0.597 0.561 0.532 0.508 0.488 0.470 0.455
3 4.5 → 2 3.5 1.100 1.075 1.062 1.059 1.064 1.075 1.089 1.106 1.125 1.144
3 4.5 → 2 4.5 1.200 1.151 1.088 1.034 0.991 0.956 0.928 0.904 0.885 0.868
3 4.5 → 3 0.5 0.142 0.143 0.139 0.134 0.129 0.124 0.121 0.117 0.114 0.111
3 4.5 → 3 1.5 0.310 0.318 0.309 0.297 0.284 0.273 0.263 0.254 0.246 0.238
3 4.5 → 3 2.5 0.540 0.545 0.524 0.500 0.477 0.456 0.438 0.422 0.407 0.394
3 4.5 → 3 5.5 1.158 1.157 1.116 1.069 1.025 0.987 0.952 0.922 0.894 0.870
3 5.5 → 0 2.5 0.848 0.724 0.644 0.588 0.546 0.513 0.487 0.465 0.447 0.431
3 5.5 → 1 1.5 0.519 0.431 0.376 0.340 0.315 0.296 0.281 0.269 0.259 0.250
3 5.5 → 1 2.5 0.623 0.550 0.499 0.462 0.434 0.411 0.392 0.376 0.362 0.349
3 5.5 → 1 3.5 1.316 1.193 1.111 1.055 1.012 0.977 0.947 0.922 0.899 0.879
3 5.5 → 2 0.5 0.252 0.219 0.195 0.177 0.162 0.151 0.143 0.136 0.130 0.125
3 5.5 → 2 1.5 0.464 0.416 0.375 0.343 0.318 0.298 0.281 0.268 0.257 0.248
3 5.5 → 2 2.5 0.665 0.617 0.565 0.521 0.486 0.457 0.433 0.413 0.397 0.382
3 5.5 → 2 3.5 0.918 0.871 0.810 0.756 0.712 0.675 0.644 0.618 0.595 0.574
3 5.5 → 2 4.5 1.424 1.424 1.420 1.424 1.434 1.449 1.467 1.487 1.507 1.528
3 5.5 → 3 0.5 0.152 0.154 0.146 0.137 0.130 0.123 0.117 0.112 0.108 0.104
4 1.5 → 0 2.5 0.557 0.528 0.494 0.462 0.434 0.411 0.391 0.374 0.360 0.348
4 1.5 → 1 1.5 0.410 0.394 0.373 0.355 0.339 0.327 0.316 0.308 0.301 0.295
4 1.5 → 1 2.5 0.377 0.390 0.379 0.363 0.347 0.332 0.318 0.306 0.295 0.285
4 1.5 → 1 3.5 0.746 0.661 0.597 0.550 0.514 0.486 0.464 0.447 0.433 0.421
4 1.5 → 2 0.5 0.404 0.386 0.375 0.365 0.357 0.350 0.344 0.338 0.334 0.330
4 1.5 → 2 1.5 0.525 0.479 0.449 0.426 0.409 0.395 0.383 0.373 0.365 0.357
4 1.5 → 2 2.5 0.586 0.541 0.505 0.475 0.449 0.427 0.408 0.392 0.378 0.366
4 1.5 → 2 3.5 0.523 0.531 0.515 0.493 0.473 0.454 0.437 0.421 0.408 0.395
4 1.5 → 2 4.5 0.817 0.733 0.672 0.625 0.588 0.558 0.532 0.510 0.490 0.472
4 1.5 → 3 0.5 0.342 0.354 0.382 0.413 0.444 0.474 0.503 0.531 0.558 0.584
4 1.5 → 3 1.5 0.505 0.519 0.527 0.535 0.541 0.548 0.555 0.561 0.568 0.575
4 1.5 → 3 2.5 0.507 0.505 0.496 0.484 0.471 0.459 0.447 0.437 0.428 0.420
4 1.5 → 3 3.5 0.587 0.554 0.527 0.503 0.481 0.462 0.445 0.430 0.417 0.406
4 1.5 → 3 4.5 0.654 0.596 0.549 0.512 0.482 0.457 0.437 0.419 0.404 0.391
4 1.5 → 3 5.5 0.874 0.799 0.740 0.694 0.657 0.627 0.601 0.578 0.558 0.539
4 1.5 → 4 6.5 0.467 0.551 0.553 0.534 0.511 0.488 0.467 0.447 0.430 0.414
4 2.5 → 0 2.5 0.557 0.528 0.494 0.462 0.434 0.411 0.391 0.374 0.360 0.348
4 2.5 → 1 1.5 0.365 0.357 0.340 0.323 0.309 0.297 0.287 0.279 0.272 0.266
4 2.5 → 1 2.5 0.456 0.448 0.426 0.404 0.384 0.368 0.353 0.341 0.330 0.320
4 2.5 → 1 3.5 0.711 0.641 0.584 0.541 0.507 0.480 0.459 0.441 0.427 0.415
4 2.5 → 2 0.5 0.272 0.249 0.234 0.223 0.215 0.208 0.202 0.197 0.192 0.189
4 2.5 → 2 1.5 0.560 0.531 0.509 0.489 0.472 0.458 0.445 0.434 0.425 0.417
4 2.5 → 2 2.5 0.583 0.553 0.524 0.500 0.479 0.462 0.447 0.434 0.422 0.412
4 2.5 → 2 3.5 0.659 0.620 0.582 0.549 0.521 0.496 0.475 0.457 0.441 0.426
4 2.5 → 2 4.5 0.781 0.718 0.665 0.623 0.589 0.560 0.535 0.513 0.494 0.477
4 2.5 → 3 0.5 0.223 0.228 0.224 0.219 0.213 0.207 0.202 0.197 0.192 0.188
4 2.5 → 3 1.5 0.443 0.448 0.473 0.500 0.527 0.553 0.579 0.604 0.628 0.652
4 2.5 → 3 2.5 0.631 0.625 0.623 0.622 0.622 0.624 0.627 0.630 0.635 0.639
4 2.5 → 3 3.5 0.605 0.583 0.559 0.537 0.517 0.499 0.484 0.471 0.458 0.448
4 2.5 → 3 4.5 0.717 0.666 0.625 0.591 0.562 0.537 0.516 0.498 0.481 0.467
4 2.5 → 3 5.5 0.850 0.776 0.718 0.672 0.636 0.606 0.580 0.558 0.538 0.520
4 2.5 → 4 1.5 0.489 0.434 0.406 0.391 0.381 0.373 0.366 0.361 0.356 0.351
4 2.5 → 4 6.5 0.501 0.574 0.574 0.555 0.533 0.511 0.491 0.472 0.455 0.439
4 3.5 → 0 2.5 0.557 0.528 0.494 0.462 0.434 0.411 0.391 0.374 0.360 0.348
4 3.5 → 1 1.5 0.321 0.317 0.303 0.289 0.276 0.264 0.255 0.246 0.239 0.233
4 3.5 → 1 2.5 0.537 0.506 0.473 0.445 0.422 0.403 0.387 0.375 0.364 0.355
4 3.5 → 1 3.5 0.675 0.622 0.574 0.534 0.503 0.477 0.457 0.439 0.425 0.413
4 3.5 → 2 0.5 0.195 0.177 0.163 0.152 0.143 0.136 0.130 0.125 0.120 0.117
4 3.5 → 2 1.5 0.457 0.438 0.420 0.403 0.388 0.376 0.365 0.355 0.347 0.339
4 3.5 → 2 2.5 0.655 0.628 0.603 0.580 0.560 0.543 0.528 0.515 0.504 0.493
4 3.5 → 2 3.5 0.780 0.708 0.655 0.614 0.582 0.554 0.531 0.512 0.494 0.479
4 3.5 → 2 4.5 0.767 0.720 0.675 0.635 0.602 0.574 0.550 0.528 0.509 0.492
4 3.5 → 3 0.5 0.146 0.143 0.139 0.135 0.130 0.126 0.122 0.118 0.115 0.112
4 3.5 → 3 1.5 0.382 0.376 0.363 0.350 0.338 0.327 0.317 0.308 0.300 0.293
4 3.5 → 3 2.5 0.588 0.580 0.597 0.619 0.642 0.666 0.691 0.715 0.740 0.764
4 3.5 → 3 3.5 0.743 0.726 0.711 0.700 0.692 0.687 0.683 0.681 0.680 0.680
4 3.5 → 3 4.5 0.773 0.734 0.700 0.669 0.642 0.618 0.598 0.579 0.563 0.548
4 3.5 → 3 5.5 0.837 0.767 0.712 0.668 0.632 0.602 0.577 0.555 0.536 0.518
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(continued)

j → j′
Temperature / K

5 10 15 20 25 30 35 40 45 50
4 3.5 → 4 1.5 0.305 0.292 0.282 0.274 0.267 0.261 0.254 0.249 0.243 0.238
4 3.5 → 4 2.5 0.561 0.513 0.483 0.464 0.451 0.440 0.431 0.423 0.416 0.409
4 3.5 → 4 6.5 0.566 0.621 0.617 0.598 0.576 0.555 0.535 0.516 0.499 0.484
4 4.5 → 0 2.5 0.557 0.528 0.494 0.462 0.434 0.411 0.391 0.374 0.360 0.348
4 4.5 → 1 1.5 0.293 0.289 0.275 0.261 0.248 0.237 0.228 0.219 0.212 0.206
4 4.5 → 1 2.5 0.589 0.542 0.501 0.468 0.443 0.423 0.407 0.394 0.383 0.375
4 4.5 → 1 3.5 0.650 0.614 0.574 0.538 0.509 0.485 0.464 0.447 0.433 0.421
4 4.5 → 2 0.5 0.163 0.157 0.149 0.141 0.134 0.127 0.122 0.117 0.112 0.109
4 4.5 → 2 1.5 0.317 0.298 0.279 0.263 0.250 0.239 0.230 0.222 0.215 0.209
4 4.5 → 2 2.5 0.695 0.654 0.622 0.595 0.572 0.552 0.535 0.521 0.508 0.496
4 4.5 → 2 3.5 0.875 0.799 0.747 0.707 0.675 0.648 0.626 0.607 0.590 0.576
4 4.5 → 2 4.5 0.806 0.763 0.718 0.679 0.645 0.616 0.590 0.568 0.549 0.531
4 4.5 → 3 0.5 0.145 0.135 0.128 0.121 0.115 0.110 0.106 0.102 0.099 0.097
4 4.5 → 3 1.5 0.274 0.259 0.246 0.234 0.224 0.215 0.206 0.199 0.193 0.187
4 4.5 → 3 2.5 0.509 0.494 0.472 0.452 0.434 0.419 0.405 0.392 0.381 0.371
4 4.5 → 3 3.5 0.808 0.790 0.801 0.820 0.841 0.864 0.888 0.912 0.936 0.960
4 4.5 → 3 4.5 0.879 0.853 0.829 0.808 0.791 0.777 0.766 0.756 0.748 0.740
4 4.5 → 3 5.5 0.853 0.794 0.746 0.705 0.671 0.642 0.617 0.595 0.576 0.559
4 4.5 → 4 1.5 0.221 0.223 0.218 0.211 0.205 0.199 0.193 0.188 0.183 0.178
4 4.5 → 4 2.5 0.367 0.365 0.356 0.346 0.336 0.327 0.319 0.311 0.303 0.296
4 4.5 → 4 3.5 0.621 0.587 0.560 0.539 0.522 0.509 0.496 0.486 0.476 0.467
4 4.5 → 4 5.5 0.834 0.810 0.778 0.752 0.728 0.708 0.689 0.673 0.658 0.644
4 4.5 → 4 6.5 0.685 0.714 0.702 0.681 0.659 0.638 0.618 0.599 0.582 0.566
4 5.5 → 0 2.5 0.557 0.528 0.494 0.462 0.434 0.411 0.391 0.374 0.360 0.348
4 5.5 → 1 1.5 0.306 0.289 0.270 0.253 0.238 0.226 0.216 0.208 0.201 0.194
4 5.5 → 1 2.5 0.575 0.527 0.486 0.454 0.429 0.409 0.393 0.380 0.369 0.360
4 5.5 → 1 3.5 0.652 0.629 0.594 0.561 0.533 0.509 0.490 0.473 0.459 0.446
4 5.5 → 2 0.5 0.121 0.124 0.121 0.116 0.111 0.107 0.103 0.100 0.097 0.094
4 5.5 → 2 1.5 0.330 0.307 0.287 0.270 0.255 0.242 0.231 0.221 0.213 0.205
4 5.5 → 2 2.5 0.548 0.489 0.447 0.416 0.391 0.371 0.354 0.340 0.327 0.316
4 5.5 → 2 3.5 0.911 0.862 0.822 0.789 0.761 0.737 0.716 0.698 0.682 0.667
4 5.5 → 2 4.5 0.945 0.888 0.838 0.795 0.758 0.726 0.700 0.676 0.656 0.638
4 5.5 → 3 0.5 0.128 0.116 0.106 0.098 0.092 0.087 0.083 0.080 0.077 0.074
4 5.5 → 3 1.5 0.281 0.258 0.240 0.226 0.214 0.204 0.195 0.188 0.182 0.176
4 5.5 → 3 2.5 0.441 0.414 0.392 0.372 0.355 0.341 0.328 0.317 0.307 0.298
4 5.5 → 3 3.5 0.657 0.633 0.605 0.579 0.556 0.536 0.518 0.502 0.487 0.474
4 5.5 → 3 4.5 1.008 0.987 0.994 1.010 1.031 1.054 1.078 1.103 1.128 1.153
4 5.5 → 3 5.5 0.954 0.918 0.885 0.855 0.828 0.805 0.785 0.767 0.752 0.739
4 5.5 → 4 1.5 0.165 0.179 0.177 0.172 0.167 0.161 0.156 0.151 0.146 0.142
4 5.5 → 4 2.5 0.277 0.294 0.289 0.280 0.270 0.261 0.252 0.244 0.237 0.230
4 5.5 → 4 6.5 0.948 0.922 0.890 0.862 0.838 0.815 0.795 0.776 0.758 0.742
4 6.5 → 0 2.5 0.557 0.528 0.494 0.462 0.434 0.411 0.391 0.374 0.360 0.348
4 6.5 → 1 1.5 0.385 0.338 0.304 0.279 0.260 0.246 0.235 0.226 0.219 0.213
4 6.5 → 1 2.5 0.446 0.426 0.400 0.375 0.354 0.337 0.322 0.309 0.298 0.289
4 6.5 → 1 3.5 0.700 0.681 0.647 0.614 0.585 0.562 0.542 0.525 0.511 0.499
4 6.5 → 2 0.5 0.170 0.150 0.136 0.126 0.118 0.112 0.107 0.102 0.098 0.094
4 6.5 → 2 1.5 0.308 0.283 0.262 0.246 0.232 0.221 0.211 0.203 0.195 0.188
4 6.5 → 2 2.5 0.445 0.423 0.399 0.377 0.358 0.342 0.327 0.315 0.303 0.293
4 6.5 → 2 3.5 0.653 0.615 0.578 0.545 0.516 0.492 0.471 0.453 0.437 0.422
4 6.5 → 2 4.5 1.279 1.199 1.139 1.091 1.051 1.017 0.988 0.963 0.942 0.923
4 6.5 → 3 0.5 0.148 0.135 0.125 0.117 0.111 0.106 0.102 0.098 0.095 0.091
4 6.5 → 3 1.5 0.286 0.261 0.241 0.226 0.214 0.204 0.195 0.188 0.181 0.175
4 6.5 → 3 2.5 0.418 0.382 0.353 0.331 0.312 0.297 0.285 0.274 0.264 0.255
4 6.5 → 3 3.5 0.557 0.514 0.479 0.451 0.428 0.408 0.392 0.377 0.364 0.353
4 6.5 → 3 4.5 0.758 0.723 0.690 0.659 0.631 0.606 0.585 0.566 0.549 0.534
4 6.5 → 3 5.5 1.303 1.311 1.333 1.357 1.380 1.404 1.429 1.455 1.480 1.506
5 2.5 → 0 2.5 0.330 0.342 0.337 0.328 0.318 0.310 0.302 0.295 0.289 0.284
5 2.5 → 1 1.5 0.303 0.289 0.274 0.263 0.253 0.245 0.238 0.232 0.227 0.223
5 2.5 → 1 2.5 0.291 0.298 0.292 0.283 0.275 0.267 0.260 0.253 0.246 0.240
5 2.5 → 1 3.5 0.559 0.540 0.507 0.476 0.449 0.426 0.406 0.389 0.373 0.359
5 2.5 → 2 0.5 0.204 0.189 0.176 0.167 0.160 0.155 0.152 0.149 0.146 0.145
5 2.5 → 2 1.5 0.277 0.278 0.268 0.257 0.248 0.240 0.233 0.227 0.222 0.218
5 2.5 → 2 2.5 0.325 0.333 0.326 0.316 0.305 0.296 0.287 0.279 0.273 0.267
5 2.5 → 2 3.5 0.305 0.325 0.322 0.314 0.305 0.297 0.289 0.282 0.275 0.269
5 2.5 → 2 4.5 0.612 0.582 0.547 0.517 0.493 0.471 0.452 0.435 0.420 0.406
5 2.5 → 3 0.5 0.367 0.337 0.315 0.302 0.294 0.289 0.285 0.282 0.280 0.279
5 2.5 → 3 1.5 0.467 0.443 0.422 0.407 0.395 0.385 0.377 0.370 0.365 0.360
5 2.5 → 3 2.5 0.455 0.441 0.426 0.412 0.398 0.385 0.374 0.364 0.355 0.346
5 2.5 → 3 3.5 0.502 0.484 0.462 0.441 0.422 0.405 0.390 0.376 0.363 0.352
5 2.5 → 3 4.5 0.481 0.477 0.456 0.434 0.414 0.395 0.379 0.363 0.350 0.337
5 2.5 → 3 5.5 0.574 0.529 0.488 0.454 0.426 0.402 0.381 0.362 0.347 0.333
5 2.5 → 4 1.5 0.521 0.562 0.588 0.617 0.648 0.681 0.713 0.745 0.776 0.806
5 2.5 → 4 2.5 0.496 0.512 0.516 0.517 0.518 0.519 0.519 0.520 0.520 0.521
5 2.5 → 4 3.5 0.419 0.426 0.425 0.422 0.418 0.413 0.407 0.401 0.396 0.390
5 2.5 → 4 4.5 0.459 0.451 0.439 0.428 0.418 0.407 0.398 0.388 0.379 0.370
5 2.5 → 4 5.5 0.435 0.435 0.418 0.400 0.384 0.369 0.355 0.342 0.331 0.320
5 2.5 → 4 6.5 0.377 0.365 0.345 0.327 0.310 0.296 0.283 0.272 0.262 0.253
5 2.5 → 5 7.5 0.194 0.255 0.275 0.281 0.281 0.278 0.274 0.270 0.266 0.263
5 3.5 → 0 2.5 0.330 0.342 0.337 0.328 0.318 0.310 0.302 0.295 0.289 0.284
5 3.5 → 1 1.5 0.268 0.259 0.248 0.239 0.230 0.223 0.217 0.212 0.207 0.203
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j → j′
Temperature / K

5 10 15 20 25 30 35 40 45 50
5 3.5 → 1 2.5 0.354 0.351 0.337 0.324 0.311 0.301 0.291 0.282 0.274 0.267
5 3.5 → 1 3.5 0.531 0.517 0.487 0.460 0.436 0.415 0.396 0.380 0.366 0.352
5 3.5 → 2 0.5 0.133 0.134 0.130 0.125 0.121 0.117 0.113 0.111 0.108 0.106
5 3.5 → 2 1.5 0.297 0.286 0.272 0.260 0.251 0.243 0.236 0.231 0.227 0.223
5 3.5 → 2 2.5 0.318 0.326 0.317 0.307 0.297 0.288 0.280 0.273 0.267 0.261
5 3.5 → 2 3.5 0.422 0.424 0.410 0.395 0.380 0.367 0.355 0.344 0.335 0.326
5 3.5 → 2 4.5 0.553 0.536 0.509 0.485 0.464 0.445 0.429 0.414 0.400 0.388
5 3.5 → 3 0.5 0.159 0.157 0.153 0.148 0.144 0.139 0.135 0.131 0.128 0.125
5 3.5 → 3 1.5 0.469 0.435 0.410 0.394 0.382 0.374 0.366 0.361 0.356 0.351
5 3.5 → 3 2.5 0.583 0.550 0.520 0.498 0.480 0.465 0.453 0.443 0.434 0.426
5 3.5 → 3 3.5 0.497 0.489 0.472 0.455 0.439 0.423 0.410 0.397 0.386 0.376
5 3.5 → 3 4.5 0.564 0.536 0.507 0.480 0.456 0.436 0.417 0.401 0.386 0.373
5 3.5 → 3 5.5 0.561 0.537 0.504 0.473 0.447 0.423 0.403 0.385 0.369 0.355
5 3.5 → 4 1.5 0.299 0.304 0.303 0.300 0.295 0.290 0.285 0.280 0.275 0.270
5 3.5 → 4 2.5 0.496 0.534 0.560 0.589 0.621 0.653 0.685 0.717 0.748 0.777
5 3.5 → 4 3.5 0.586 0.592 0.588 0.584 0.581 0.578 0.575 0.573 0.571 0.570
5 3.5 → 4 4.5 0.439 0.451 0.446 0.438 0.430 0.421 0.413 0.404 0.397 0.389
5 3.5 → 4 5.5 0.463 0.453 0.437 0.423 0.410 0.398 0.387 0.376 0.366 0.357
5 3.5 → 4 6.5 0.424 0.416 0.396 0.377 0.360 0.344 0.330 0.318 0.306 0.296
5 3.5 → 5 2.5 0.461 0.466 0.453 0.440 0.430 0.421 0.414 0.407 0.402 0.397
5 3.5 → 5 7.5 0.232 0.292 0.311 0.315 0.314 0.310 0.305 0.299 0.294 0.289
5 4.5 → 0 2.5 0.330 0.342 0.337 0.328 0.318 0.310 0.302 0.295 0.289 0.284
5 4.5 → 1 1.5 0.236 0.233 0.225 0.217 0.209 0.203 0.197 0.192 0.187 0.183
5 4.5 → 1 2.5 0.413 0.399 0.378 0.360 0.344 0.330 0.318 0.308 0.299 0.291
5 4.5 → 1 3.5 0.504 0.494 0.469 0.445 0.424 0.405 0.389 0.374 0.361 0.349
5 4.5 → 2 0.5 0.102 0.107 0.106 0.103 0.100 0.096 0.093 0.091 0.089 0.087
5 4.5 → 2 1.5 0.235 0.234 0.226 0.218 0.211 0.204 0.199 0.194 0.190 0.187
5 4.5 → 2 2.5 0.374 0.366 0.350 0.335 0.323 0.312 0.304 0.296 0.290 0.284
5 4.5 → 2 3.5 0.503 0.493 0.471 0.450 0.431 0.415 0.400 0.388 0.376 0.367
5 4.5 → 2 4.5 0.509 0.506 0.486 0.466 0.448 0.432 0.417 0.404 0.392 0.381
5 4.5 → 3 0.5 0.126 0.123 0.119 0.115 0.111 0.107 0.103 0.100 0.097 0.094
5 4.5 → 3 1.5 0.285 0.278 0.267 0.255 0.245 0.236 0.227 0.220 0.213 0.207
5 4.5 → 3 2.5 0.572 0.537 0.507 0.486 0.471 0.458 0.448 0.440 0.433 0.426
5 4.5 → 3 3.5 0.644 0.611 0.579 0.553 0.532 0.515 0.500 0.487 0.476 0.466
5 4.5 → 3 4.5 0.617 0.583 0.552 0.525 0.501 0.480 0.461 0.445 0.430 0.417
5 4.5 → 3 5.5 0.603 0.578 0.546 0.516 0.489 0.466 0.445 0.426 0.410 0.395
5 4.5 → 4 1.5 0.189 0.192 0.191 0.190 0.188 0.186 0.183 0.181 0.178 0.175
5 4.5 → 4 2.5 0.406 0.404 0.396 0.386 0.376 0.367 0.358 0.349 0.341 0.333
5 4.5 → 4 3.5 0.542 0.585 0.609 0.636 0.666 0.696 0.727 0.757 0.788 0.817
5 4.5 → 4 4.5 0.600 0.609 0.603 0.597 0.591 0.586 0.581 0.577 0.574 0.571
5 4.5 → 4 5.5 0.480 0.478 0.468 0.458 0.448 0.438 0.429 0.420 0.411 0.403
5 4.5 → 4 6.5 0.489 0.482 0.464 0.445 0.427 0.411 0.397 0.383 0.371 0.360
5 4.5 → 5 2.5 0.281 0.298 0.297 0.292 0.288 0.283 0.278 0.273 0.268 0.263
5 4.5 → 5 3.5 0.462 0.479 0.471 0.459 0.448 0.438 0.430 0.422 0.416 0.410
5 4.5 → 5 6.5 0.430 0.476 0.482 0.479 0.473 0.466 0.459 0.451 0.443 0.436
5 4.5 → 5 7.5 0.306 0.367 0.383 0.385 0.382 0.376 0.369 0.362 0.355 0.348
5 5.5 → 0 2.5 0.330 0.342 0.337 0.328 0.318 0.310 0.302 0.295 0.289 0.284
5 5.5 → 1 1.5 0.221 0.221 0.213 0.205 0.197 0.190 0.184 0.178 0.173 0.168
5 5.5 → 1 2.5 0.438 0.422 0.399 0.378 0.360 0.345 0.332 0.321 0.311 0.302
5 5.5 → 1 3.5 0.488 0.481 0.459 0.438 0.419 0.402 0.388 0.374 0.363 0.352
5 5.5 → 2 0.5 0.090 0.093 0.092 0.089 0.087 0.084 0.082 0.080 0.078 0.076
5 5.5 → 2 1.5 0.176 0.187 0.184 0.179 0.173 0.167 0.162 0.158 0.153 0.149
5 5.5 → 2 2.5 0.414 0.396 0.374 0.357 0.342 0.330 0.320 0.311 0.303 0.297
5 5.5 → 2 3.5 0.543 0.525 0.497 0.474 0.454 0.437 0.422 0.409 0.398 0.388
5 5.5 → 2 4.5 0.500 0.506 0.490 0.473 0.456 0.440 0.427 0.414 0.403 0.393
5 5.5 → 3 0.5 0.121 0.116 0.110 0.104 0.099 0.094 0.090 0.087 0.084 0.081
5 5.5 → 3 1.5 0.213 0.210 0.203 0.195 0.187 0.180 0.174 0.168 0.162 0.157
5 5.5 → 3 2.5 0.365 0.357 0.343 0.328 0.315 0.302 0.291 0.281 0.272 0.264
5 5.5 → 3 3.5 0.757 0.697 0.650 0.618 0.594 0.576 0.561 0.549 0.538 0.529
5 5.5 → 3 4.5 0.723 0.685 0.649 0.620 0.595 0.574 0.556 0.540 0.526 0.514
5 5.5 → 3 5.5 0.669 0.646 0.616 0.586 0.559 0.535 0.513 0.494 0.477 0.461
5 5.5 → 4 1.5 0.181 0.178 0.172 0.167 0.162 0.158 0.154 0.150 0.146 0.142
5 5.5 → 4 2.5 0.238 0.245 0.242 0.237 0.232 0.227 0.223 0.218 0.214 0.209
5 5.5 → 4 3.5 0.442 0.443 0.433 0.422 0.411 0.400 0.389 0.379 0.370 0.362
5 5.5 → 4 4.5 0.658 0.692 0.713 0.737 0.765 0.795 0.826 0.856 0.886 0.916
5 5.5 → 4 5.5 0.616 0.627 0.622 0.614 0.607 0.600 0.593 0.587 0.582 0.578
5 5.5 → 4 6.5 0.570 0.566 0.551 0.534 0.519 0.504 0.490 0.477 0.465 0.454
5 5.5 → 5 2.5 0.184 0.207 0.211 0.210 0.207 0.203 0.199 0.195 0.191 0.187
5 5.5 → 5 3.5 0.284 0.304 0.305 0.301 0.297 0.292 0.287 0.282 0.277 0.272
5 5.5 → 5 4.5 0.475 0.499 0.493 0.482 0.471 0.462 0.454 0.446 0.440 0.434
5 5.5 → 5 6.5 0.596 0.629 0.624 0.613 0.601 0.590 0.580 0.571 0.563 0.556
5 5.5 → 5 7.5 0.439 0.497 0.508 0.506 0.500 0.492 0.482 0.473 0.463 0.454
5 6.5 → 0 2.5 0.330 0.342 0.337 0.328 0.318 0.310 0.302 0.295 0.289 0.284
5 6.5 → 1 1.5 0.232 0.231 0.221 0.211 0.201 0.193 0.185 0.178 0.172 0.166
5 6.5 → 1 2.5 0.427 0.411 0.388 0.367 0.349 0.334 0.321 0.310 0.300 0.291
5 6.5 → 1 3.5 0.492 0.484 0.463 0.444 0.427 0.411 0.398 0.386 0.375 0.365
5 6.5 → 2 0.5 0.074 0.078 0.077 0.074 0.072 0.070 0.068 0.066 0.065 0.063
5 6.5 → 2 1.5 0.218 0.214 0.206 0.197 0.189 0.182 0.176 0.171 0.166 0.161
5 6.5 → 2 2.5 0.349 0.346 0.333 0.318 0.305 0.293 0.282 0.273 0.264 0.256
5 6.5 → 2 3.5 0.535 0.514 0.486 0.463 0.445 0.429 0.416 0.405 0.395 0.387
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j → j′
Temperature / K

5 10 15 20 25 30 35 40 45 50
5 6.5 → 2 4.5 0.547 0.554 0.537 0.518 0.500 0.484 0.470 0.457 0.446 0.436
5 6.5 → 3 0.5 0.087 0.087 0.083 0.080 0.076 0.072 0.069 0.067 0.064 0.062
5 6.5 → 3 1.5 0.209 0.200 0.188 0.178 0.169 0.160 0.153 0.147 0.141 0.136
5 6.5 → 3 2.5 0.339 0.319 0.300 0.284 0.270 0.257 0.246 0.237 0.228 0.220
5 6.5 → 3 3.5 0.474 0.455 0.434 0.414 0.396 0.379 0.365 0.352 0.340 0.330
5 6.5 → 3 4.5 0.919 0.860 0.807 0.770 0.742 0.720 0.702 0.687 0.674 0.663
5 6.5 → 3 5.5 0.819 0.790 0.756 0.725 0.697 0.672 0.649 0.629 0.612 0.595
5 6.5 → 4 1.5 0.140 0.140 0.135 0.129 0.123 0.118 0.114 0.109 0.106 0.102
5 6.5 → 4 2.5 0.227 0.222 0.213 0.205 0.198 0.192 0.186 0.180 0.175 0.171
5 6.5 → 4 3.5 0.301 0.298 0.291 0.284 0.277 0.271 0.265 0.259 0.253 0.248
5 6.5 → 4 4.5 0.474 0.478 0.469 0.459 0.448 0.437 0.426 0.416 0.407 0.398
5 6.5 → 4 5.5 0.839 0.880 0.899 0.921 0.946 0.973 1.001 1.030 1.059 1.087
5 6.5 → 4 6.5 0.726 0.733 0.724 0.714 0.704 0.694 0.683 0.673 0.664 0.655
5 6.5 → 5 2.5 0.109 0.131 0.138 0.138 0.137 0.135 0.132 0.130 0.127 0.124
5 6.5 → 5 3.5 0.193 0.224 0.231 0.231 0.229 0.225 0.221 0.217 0.213 0.208
5 6.5 → 5 7.5 0.702 0.747 0.745 0.733 0.720 0.707 0.694 0.682 0.670 0.659
5 7.5 → 0 2.5 0.330 0.342 0.337 0.328 0.318 0.310 0.302 0.295 0.289 0.284
5 7.5 → 1 1.5 0.292 0.281 0.262 0.245 0.231 0.219 0.208 0.198 0.190 0.183
5 7.5 → 1 2.5 0.323 0.329 0.318 0.305 0.292 0.281 0.270 0.261 0.252 0.244
5 7.5 → 1 3.5 0.527 0.512 0.490 0.470 0.453 0.438 0.425 0.414 0.404 0.395
5 7.5 → 2 0.5 0.135 0.126 0.117 0.110 0.105 0.100 0.096 0.092 0.089 0.085
5 7.5 → 2 1.5 0.226 0.217 0.205 0.195 0.186 0.179 0.172 0.166 0.160 0.155
5 7.5 → 2 2.5 0.292 0.291 0.280 0.269 0.259 0.250 0.242 0.234 0.227 0.221
5 7.5 → 2 3.5 0.380 0.392 0.384 0.372 0.360 0.348 0.337 0.328 0.319 0.312
5 7.5 → 2 4.5 0.692 0.680 0.651 0.625 0.602 0.583 0.566 0.553 0.541 0.532
5 7.5 → 3 0.5 0.097 0.088 0.080 0.074 0.070 0.065 0.062 0.059 0.056 0.054
5 7.5 → 3 1.5 0.188 0.175 0.163 0.152 0.142 0.134 0.128 0.122 0.116 0.112
5 7.5 → 3 2.5 0.287 0.274 0.257 0.242 0.229 0.217 0.207 0.198 0.190 0.182
5 7.5 → 3 3.5 0.416 0.401 0.381 0.361 0.343 0.327 0.313 0.301 0.290 0.279
5 7.5 → 3 4.5 0.602 0.585 0.561 0.538 0.515 0.495 0.476 0.460 0.445 0.431
5 7.5 → 3 5.5 1.257 1.187 1.128 1.084 1.050 1.022 1.000 0.980 0.963 0.948
5 7.5 → 4 1.5 0.106 0.102 0.096 0.091 0.086 0.082 0.079 0.075 0.073 0.070
5 7.5 → 4 2.5 0.176 0.172 0.164 0.155 0.148 0.141 0.135 0.130 0.125 0.121
5 7.5 → 4 3.5 0.271 0.267 0.256 0.245 0.234 0.225 0.217 0.209 0.202 0.196
5 7.5 → 4 4.5 0.392 0.389 0.377 0.365 0.353 0.342 0.333 0.323 0.315 0.307
5 7.5 → 4 5.5 0.590 0.593 0.583 0.572 0.560 0.548 0.536 0.525 0.514 0.504
5 7.5 → 4 6.5 1.173 1.229 1.257 1.285 1.315 1.345 1.376 1.405 1.435 1.463
6 3.5 → 0 2.5 0.299 0.287 0.280 0.273 0.266 0.258 0.251 0.243 0.236 0.230
6 3.5 → 1 1.5 0.234 0.227 0.220 0.215 0.211 0.209 0.207 0.205 0.204 0.203
6 3.5 → 1 2.5 0.209 0.212 0.210 0.209 0.206 0.203 0.200 0.196 0.193 0.189
6 3.5 → 1 3.5 0.520 0.470 0.429 0.398 0.375 0.356 0.339 0.325 0.313 0.302
6 3.5 → 2 0.5 0.233 0.195 0.174 0.160 0.151 0.143 0.138 0.133 0.129 0.126
6 3.5 → 2 1.5 0.285 0.258 0.241 0.229 0.219 0.212 0.206 0.200 0.196 0.192
6 3.5 → 2 2.5 0.318 0.304 0.291 0.280 0.271 0.262 0.254 0.247 0.240 0.234
6 3.5 → 2 3.5 0.278 0.282 0.276 0.269 0.261 0.252 0.244 0.237 0.230 0.223
6 3.5 → 2 4.5 0.465 0.430 0.386 0.350 0.323 0.302 0.285 0.271 0.259 0.249
6 3.5 → 3 0.5 0.230 0.215 0.199 0.186 0.176 0.168 0.161 0.156 0.152 0.148
6 3.5 → 3 1.5 0.301 0.291 0.278 0.268 0.258 0.251 0.244 0.239 0.234 0.230
6 3.5 → 3 2.5 0.289 0.290 0.287 0.283 0.279 0.274 0.270 0.265 0.261 0.258
6 3.5 → 3 3.5 0.406 0.365 0.343 0.328 0.316 0.306 0.297 0.289 0.281 0.275
6 3.5 → 3 4.5 0.398 0.365 0.342 0.323 0.308 0.294 0.282 0.272 0.262 0.253
6 3.5 → 3 5.5 0.369 0.333 0.302 0.279 0.261 0.246 0.233 0.223 0.214 0.206
6 3.5 → 4 1.5 0.663 0.586 0.546 0.522 0.505 0.492 0.483 0.476 0.470 0.465
6 3.5 → 4 2.5 0.543 0.487 0.458 0.441 0.429 0.419 0.411 0.405 0.399 0.393
6 3.5 → 4 3.5 0.468 0.430 0.407 0.392 0.380 0.370 0.360 0.352 0.344 0.337
6 3.5 → 4 4.5 0.427 0.406 0.385 0.368 0.353 0.340 0.329 0.318 0.309 0.300
6 3.5 → 4 5.5 0.353 0.344 0.327 0.310 0.295 0.283 0.271 0.262 0.253 0.245
6 3.5 → 4 6.5 0.351 0.335 0.315 0.298 0.283 0.271 0.260 0.251 0.244 0.238
6 3.5 → 5 2.5 1.011 0.912 0.865 0.848 0.849 0.861 0.880 0.902 0.927 0.953
6 3.5 → 5 3.5 0.623 0.586 0.559 0.542 0.532 0.525 0.520 0.516 0.513 0.511
6 3.5 → 5 4.5 0.526 0.489 0.460 0.439 0.424 0.412 0.402 0.393 0.385 0.378
6 3.5 → 5 5.5 0.445 0.412 0.384 0.362 0.346 0.332 0.320 0.310 0.301 0.293
6 3.5 → 5 6.5 0.327 0.317 0.300 0.286 0.273 0.262 0.253 0.244 0.237 0.230
6 3.5 → 5 7.5 0.322 0.301 0.285 0.272 0.261 0.251 0.242 0.235 0.228 0.223
6 3.5 → 6 8.5 0.108 0.168 0.194 0.206 0.213 0.217 0.219 0.221 0.222 0.222
6 4.5 → 0 2.5 0.299 0.287 0.280 0.273 0.266 0.258 0.251 0.243 0.236 0.230
6 4.5 → 1 1.5 0.200 0.196 0.191 0.188 0.185 0.182 0.180 0.178 0.177 0.175
6 4.5 → 1 2.5 0.287 0.277 0.266 0.258 0.251 0.245 0.240 0.235 0.230 0.226
6 4.5 → 1 3.5 0.476 0.435 0.402 0.376 0.357 0.340 0.326 0.314 0.303 0.294
6 4.5 → 2 0.5 0.125 0.116 0.110 0.105 0.102 0.099 0.096 0.094 0.092 0.090
6 4.5 → 2 1.5 0.326 0.286 0.262 0.245 0.232 0.222 0.214 0.206 0.200 0.194
6 4.5 → 2 2.5 0.314 0.294 0.279 0.267 0.257 0.248 0.241 0.234 0.228 0.222
6 4.5 → 2 3.5 0.384 0.366 0.343 0.325 0.310 0.297 0.285 0.275 0.266 0.258
6 4.5 → 2 4.5 0.432 0.408 0.374 0.346 0.324 0.306 0.291 0.278 0.267 0.257
6 4.5 → 3 0.5 0.094 0.096 0.097 0.096 0.096 0.095 0.094 0.093 0.092 0.091
6 4.5 → 3 1.5 0.286 0.274 0.260 0.247 0.237 0.229 0.222 0.216 0.211 0.207
6 4.5 → 3 2.5 0.457 0.407 0.375 0.351 0.333 0.319 0.307 0.297 0.289 0.281
6 4.5 → 3 3.5 0.320 0.326 0.322 0.315 0.307 0.300 0.293 0.287 0.281 0.275
6 4.5 → 3 4.5 0.429 0.386 0.358 0.339 0.324 0.312 0.301 0.292 0.283 0.276
6 4.5 → 3 5.5 0.407 0.370 0.340 0.317 0.299 0.283 0.270 0.259 0.249 0.240
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(continued)

j → j′
Temperature / K

5 10 15 20 25 30 35 40 45 50
6 4.5 → 4 1.5 0.277 0.250 0.237 0.229 0.223 0.219 0.215 0.211 0.207 0.204
6 4.5 → 4 2.5 0.671 0.601 0.561 0.535 0.516 0.501 0.490 0.480 0.472 0.465
6 4.5 → 4 3.5 0.581 0.530 0.499 0.478 0.462 0.449 0.438 0.429 0.422 0.415
6 4.5 → 4 4.5 0.460 0.427 0.404 0.387 0.375 0.364 0.354 0.345 0.337 0.330
6 4.5 → 4 5.5 0.442 0.419 0.396 0.378 0.362 0.349 0.337 0.326 0.317 0.308
6 4.5 → 4 6.5 0.375 0.361 0.341 0.323 0.307 0.294 0.283 0.273 0.264 0.257
6 4.5 → 5 2.5 0.412 0.391 0.374 0.362 0.353 0.346 0.340 0.335 0.330 0.326
6 4.5 → 5 3.5 0.959 0.854 0.801 0.780 0.777 0.786 0.802 0.821 0.844 0.867
6 4.5 → 5 4.5 0.607 0.570 0.543 0.526 0.514 0.506 0.501 0.497 0.494 0.491
6 4.5 → 5 5.5 0.481 0.459 0.436 0.420 0.407 0.396 0.387 0.379 0.372 0.365
6 4.5 → 5 6.5 0.451 0.416 0.388 0.367 0.350 0.337 0.325 0.315 0.306 0.298
6 4.5 → 5 7.5 0.344 0.327 0.310 0.296 0.283 0.272 0.262 0.254 0.247 0.240
6 4.5 → 6 3.5 0.410 0.433 0.433 0.430 0.425 0.421 0.417 0.413 0.409 0.406
6 4.5 → 6 8.5 0.128 0.193 0.220 0.231 0.236 0.237 0.237 0.236 0.235 0.234
6 5.5 → 0 2.5 0.299 0.287 0.280 0.273 0.266 0.258 0.251 0.243 0.236 0.230
6 5.5 → 1 1.5 0.176 0.173 0.169 0.166 0.163 0.160 0.158 0.155 0.153 0.151
6 5.5 → 1 2.5 0.353 0.331 0.313 0.299 0.288 0.279 0.272 0.266 0.260 0.255
6 5.5 → 1 3.5 0.434 0.404 0.378 0.358 0.342 0.328 0.316 0.306 0.297 0.288
6 5.5 → 2 0.5 0.093 0.092 0.089 0.087 0.084 0.082 0.080 0.078 0.076 0.074
6 5.5 → 2 1.5 0.230 0.212 0.199 0.190 0.182 0.175 0.169 0.164 0.160 0.155
6 5.5 → 2 2.5 0.383 0.343 0.315 0.295 0.280 0.268 0.257 0.248 0.241 0.234
6 5.5 → 2 3.5 0.454 0.418 0.384 0.359 0.339 0.323 0.310 0.299 0.289 0.281
6 5.5 → 2 4.5 0.422 0.405 0.379 0.357 0.339 0.323 0.309 0.297 0.287 0.278
6 5.5 → 3 0.5 0.075 0.077 0.077 0.077 0.076 0.076 0.075 0.074 0.073 0.072
6 5.5 → 3 1.5 0.231 0.205 0.192 0.183 0.177 0.171 0.166 0.162 0.158 0.154
6 5.5 → 3 2.5 0.354 0.342 0.324 0.308 0.295 0.283 0.273 0.265 0.258 0.252
6 5.5 → 3 3.5 0.469 0.432 0.403 0.380 0.362 0.347 0.334 0.324 0.314 0.307
6 5.5 → 3 4.5 0.404 0.384 0.365 0.351 0.340 0.329 0.320 0.312 0.305 0.299
6 5.5 → 3 5.5 0.461 0.419 0.389 0.367 0.348 0.333 0.319 0.307 0.297 0.287
6 5.5 → 4 1.5 0.206 0.191 0.181 0.174 0.168 0.163 0.159 0.154 0.150 0.147
6 5.5 → 4 2.5 0.327 0.303 0.287 0.276 0.267 0.260 0.254 0.248 0.243 0.238
6 5.5 → 4 3.5 0.708 0.638 0.596 0.567 0.546 0.530 0.517 0.507 0.498 0.491
6 5.5 → 4 4.5 0.614 0.561 0.527 0.505 0.487 0.474 0.462 0.453 0.445 0.438
6 5.5 → 4 5.5 0.516 0.479 0.452 0.433 0.417 0.404 0.393 0.383 0.374 0.366
6 5.5 → 4 6.5 0.434 0.418 0.396 0.376 0.359 0.344 0.331 0.320 0.310 0.301
6 5.5 → 5 2.5 0.301 0.279 0.261 0.249 0.240 0.232 0.226 0.221 0.216 0.211
6 5.5 → 5 3.5 0.416 0.397 0.379 0.366 0.355 0.347 0.339 0.333 0.327 0.322
6 5.5 → 5 4.5 0.953 0.855 0.806 0.786 0.785 0.794 0.810 0.830 0.853 0.877
6 5.5 → 5 5.5 0.630 0.592 0.564 0.546 0.534 0.525 0.519 0.515 0.511 0.508
6 5.5 → 5 6.5 0.538 0.500 0.471 0.450 0.434 0.421 0.410 0.400 0.392 0.384
6 5.5 → 5 7.5 0.416 0.394 0.371 0.352 0.337 0.323 0.312 0.302 0.293 0.285
6 5.5 → 6 3.5 0.212 0.258 0.268 0.269 0.267 0.264 0.261 0.257 0.253 0.249
6 5.5 → 6 4.5 0.389 0.408 0.409 0.407 0.404 0.401 0.397 0.394 0.391 0.388
6 5.5 → 6 7.5 0.289 0.363 0.385 0.391 0.392 0.390 0.387 0.383 0.379 0.375
6 5.5 → 6 8.5 0.174 0.248 0.275 0.285 0.288 0.287 0.285 0.282 0.278 0.275
6 6.5 → 0 2.5 0.299 0.287 0.280 0.273 0.266 0.258 0.251 0.243 0.236 0.230
6 6.5 → 1 1.5 0.173 0.168 0.161 0.156 0.152 0.148 0.145 0.141 0.138 0.135
6 6.5 → 1 2.5 0.387 0.359 0.335 0.318 0.305 0.295 0.286 0.279 0.273 0.267
6 6.5 → 1 3.5 0.403 0.382 0.362 0.347 0.335 0.325 0.315 0.307 0.300 0.293
6 6.5 → 2 0.5 0.087 0.085 0.082 0.079 0.076 0.073 0.071 0.068 0.066 0.064
6 6.5 → 2 1.5 0.142 0.144 0.142 0.138 0.134 0.131 0.127 0.124 0.120 0.118
6 6.5 → 2 2.5 0.401 0.357 0.324 0.300 0.282 0.268 0.256 0.247 0.238 0.231
6 6.5 → 2 3.5 0.504 0.452 0.411 0.382 0.359 0.342 0.327 0.315 0.305 0.296
6 6.5 → 2 4.5 0.447 0.430 0.408 0.389 0.372 0.358 0.345 0.333 0.323 0.313
6 6.5 → 3 0.5 0.117 0.097 0.087 0.081 0.076 0.072 0.069 0.067 0.064 0.062
6 6.5 → 3 1.5 0.129 0.133 0.133 0.131 0.128 0.126 0.123 0.121 0.118 0.116
6 6.5 → 3 2.5 0.254 0.241 0.231 0.223 0.215 0.209 0.203 0.198 0.194 0.190
6 6.5 → 3 3.5 0.507 0.460 0.422 0.394 0.372 0.355 0.340 0.329 0.319 0.310
6 6.5 → 3 4.5 0.472 0.453 0.430 0.411 0.395 0.381 0.369 0.359 0.351 0.343
6 6.5 → 3 5.5 0.516 0.475 0.447 0.426 0.409 0.395 0.382 0.370 0.359 0.350
6 6.5 → 4 1.5 0.156 0.150 0.142 0.135 0.130 0.125 0.120 0.116 0.112 0.109
6 6.5 → 4 2.5 0.241 0.226 0.214 0.205 0.198 0.191 0.186 0.180 0.176 0.171
6 6.5 → 4 3.5 0.378 0.349 0.330 0.317 0.307 0.299 0.291 0.285 0.279 0.273
6 6.5 → 4 4.5 0.830 0.748 0.698 0.665 0.640 0.621 0.605 0.593 0.583 0.575
6 6.5 → 4 5.5 0.658 0.601 0.565 0.542 0.524 0.509 0.497 0.487 0.478 0.470
6 6.5 → 4 6.5 0.543 0.515 0.488 0.466 0.447 0.431 0.417 0.404 0.392 0.382
6 6.5 → 5 2.5 0.212 0.197 0.183 0.172 0.164 0.157 0.152 0.147 0.142 0.138
6 6.5 → 5 3.5 0.304 0.289 0.274 0.263 0.254 0.247 0.241 0.236 0.231 0.226
6 6.5 → 5 4.5 0.455 0.433 0.414 0.400 0.389 0.379 0.371 0.364 0.358 0.352
6 6.5 → 5 5.5 1.060 0.947 0.891 0.867 0.863 0.871 0.886 0.905 0.927 0.951
6 6.5 → 5 6.5 0.670 0.633 0.605 0.586 0.572 0.563 0.555 0.549 0.544 0.540
6 6.5 → 5 7.5 0.552 0.517 0.486 0.461 0.442 0.426 0.413 0.401 0.390 0.381
6 6.5 → 6 3.5 0.121 0.160 0.172 0.175 0.175 0.173 0.171 0.168 0.165 0.163
6 6.5 → 6 4.5 0.202 0.253 0.267 0.270 0.270 0.267 0.264 0.261 0.258 0.255
6 6.5 → 6 5.5 0.396 0.421 0.425 0.425 0.423 0.421 0.418 0.416 0.413 0.411
6 6.5 → 6 7.5 0.472 0.519 0.529 0.530 0.528 0.525 0.521 0.518 0.514 0.511
6 6.5 → 6 8.5 0.275 0.359 0.386 0.393 0.393 0.389 0.385 0.379 0.374 0.368
6 7.5 → 0 2.5 0.299 0.287 0.280 0.273 0.266 0.258 0.251 0.243 0.236 0.230
6 7.5 → 1 1.5 0.203 0.189 0.177 0.168 0.160 0.154 0.148 0.143 0.138 0.134
6 7.5 → 1 2.5 0.369 0.342 0.320 0.303 0.290 0.279 0.271 0.263 0.257 0.251

(continued)
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(continued)

j → j′
Temperature / K

5 10 15 20 25 30 35 40 45 50
6 7.5 → 1 3.5 0.391 0.377 0.362 0.351 0.342 0.334 0.327 0.320 0.314 0.309
6 7.5 → 2 0.5 0.060 0.061 0.059 0.057 0.055 0.053 0.051 0.049 0.048 0.046
6 7.5 → 2 1.5 0.192 0.181 0.167 0.156 0.147 0.140 0.134 0.128 0.123 0.119
6 7.5 → 2 2.5 0.277 0.265 0.248 0.233 0.221 0.211 0.203 0.196 0.190 0.184
6 7.5 → 2 3.5 0.520 0.462 0.420 0.390 0.367 0.349 0.334 0.322 0.311 0.302
6 7.5 → 2 4.5 0.533 0.501 0.474 0.452 0.434 0.418 0.404 0.392 0.381 0.370
6 7.5 → 3 0.5 0.066 0.063 0.060 0.057 0.054 0.051 0.049 0.047 0.045 0.044
6 7.5 → 3 1.5 0.175 0.151 0.137 0.128 0.120 0.114 0.109 0.105 0.101 0.098
6 7.5 → 3 2.5 0.233 0.213 0.199 0.189 0.182 0.175 0.169 0.164 0.160 0.156
6 7.5 → 3 3.5 0.286 0.282 0.274 0.266 0.259 0.253 0.247 0.241 0.236 0.232
6 7.5 → 3 4.5 0.638 0.587 0.543 0.508 0.480 0.458 0.439 0.424 0.411 0.400
6 7.5 → 3 5.5 0.596 0.563 0.538 0.519 0.502 0.487 0.474 0.463 0.452 0.443
6 7.5 → 4 1.5 0.107 0.105 0.100 0.094 0.090 0.086 0.082 0.079 0.077 0.074
6 7.5 → 4 2.5 0.202 0.193 0.183 0.174 0.166 0.159 0.153 0.148 0.143 0.139
6 7.5 → 4 3.5 0.310 0.290 0.274 0.262 0.252 0.243 0.236 0.229 0.223 0.217
6 7.5 → 4 4.5 0.446 0.412 0.389 0.374 0.362 0.351 0.343 0.335 0.328 0.322
6 7.5 → 4 5.5 0.980 0.886 0.828 0.789 0.760 0.738 0.720 0.705 0.694 0.684
6 7.5 → 4 6.5 0.761 0.703 0.664 0.637 0.616 0.598 0.582 0.568 0.555 0.543
6 7.5 → 5 2.5 0.133 0.130 0.123 0.117 0.112 0.108 0.104 0.100 0.097 0.095
6 7.5 → 5 3.5 0.246 0.227 0.211 0.200 0.191 0.183 0.176 0.171 0.166 0.161
6 7.5 → 5 4.5 0.368 0.341 0.320 0.305 0.294 0.285 0.277 0.270 0.263 0.258
6 7.5 → 5 5.5 0.515 0.491 0.470 0.454 0.441 0.431 0.422 0.414 0.407 0.400
6 7.5 → 5 6.5 1.189 1.077 1.019 0.994 0.988 0.995 1.010 1.030 1.052 1.076
6 7.5 → 5 7.5 0.803 0.751 0.709 0.680 0.658 0.642 0.628 0.616 0.606 0.597
6 7.5 → 6 3.5 0.067 0.099 0.111 0.116 0.117 0.117 0.115 0.114 0.112 0.111
6 7.5 → 6 4.5 0.125 0.169 0.184 0.189 0.190 0.189 0.188 0.186 0.185 0.183
6 7.5 → 6 8.5 0.512 0.593 0.611 0.613 0.609 0.602 0.595 0.588 0.581 0.573
6 8.5 → 0 2.5 0.299 0.287 0.280 0.273 0.266 0.258 0.251 0.243 0.236 0.230
6 8.5 → 1 1.5 0.281 0.251 0.227 0.210 0.196 0.186 0.177 0.169 0.162 0.157
6 8.5 → 1 2.5 0.274 0.260 0.247 0.236 0.227 0.219 0.212 0.205 0.199 0.193
6 8.5 → 1 3.5 0.408 0.398 0.385 0.376 0.369 0.363 0.357 0.353 0.349 0.345
6 8.5 → 2 0.5 0.103 0.093 0.081 0.073 0.066 0.061 0.057 0.054 0.052 0.050
6 8.5 → 2 1.5 0.172 0.161 0.146 0.134 0.124 0.116 0.110 0.105 0.101 0.097
6 8.5 → 2 2.5 0.241 0.233 0.218 0.205 0.195 0.186 0.178 0.171 0.165 0.159
6 8.5 → 2 3.5 0.333 0.329 0.317 0.306 0.295 0.285 0.276 0.268 0.260 0.252
6 8.5 → 2 4.5 0.733 0.654 0.605 0.570 0.544 0.523 0.506 0.490 0.477 0.466
6 8.5 → 3 0.5 0.059 0.053 0.047 0.043 0.040 0.038 0.036 0.034 0.033 0.032
6 8.5 → 3 1.5 0.122 0.111 0.101 0.093 0.088 0.083 0.079 0.075 0.072 0.070
6 8.5 → 3 2.5 0.211 0.191 0.175 0.163 0.154 0.146 0.140 0.134 0.129 0.124
6 8.5 → 3 3.5 0.326 0.295 0.274 0.259 0.246 0.236 0.227 0.218 0.211 0.205
6 8.5 → 3 4.5 0.437 0.411 0.394 0.381 0.370 0.360 0.351 0.343 0.335 0.327
6 8.5 → 3 5.5 0.839 0.798 0.759 0.726 0.699 0.676 0.657 0.641 0.627 0.615
6 8.5 → 4 1.5 0.099 0.094 0.088 0.083 0.079 0.076 0.073 0.071 0.069 0.067
6 8.5 → 4 2.5 0.153 0.147 0.138 0.131 0.125 0.119 0.115 0.111 0.108 0.105
6 8.5 → 4 3.5 0.229 0.222 0.210 0.199 0.190 0.181 0.174 0.168 0.163 0.158
6 8.5 → 4 4.5 0.354 0.339 0.321 0.306 0.293 0.281 0.271 0.262 0.254 0.247
6 8.5 → 4 5.5 0.572 0.533 0.505 0.485 0.468 0.454 0.441 0.429 0.419 0.409
6 8.5 → 4 6.5 1.399 1.254 1.175 1.126 1.091 1.063 1.041 1.023 1.007 0.993
6 8.5 → 5 2.5 0.120 0.112 0.106 0.101 0.097 0.094 0.091 0.088 0.085 0.083
6 8.5 → 5 3.5 0.167 0.159 0.151 0.144 0.138 0.133 0.128 0.124 0.121 0.117
6 8.5 → 5 4.5 0.249 0.236 0.223 0.211 0.202 0.194 0.187 0.181 0.175 0.171
6 8.5 → 5 5.5 0.396 0.371 0.348 0.330 0.316 0.304 0.294 0.286 0.278 0.271
6 8.5 → 5 6.5 0.658 0.618 0.583 0.557 0.538 0.523 0.509 0.498 0.487 0.477
6 8.5 → 5 7.5 1.663 1.521 1.442 1.405 1.393 1.396 1.408 1.425 1.446 1.468

Table 3: Integrated rate coefficients j → j′ from 55 to 100 K. Units are 10−10 cm3 s−1.

j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100
1 1.5 → 0 2.5 1.444 1.438 1.435 1.433 1.434 1.436 1.441 1.447 1.455 1.464
1 2.5 → 0 2.5 1.444 1.438 1.435 1.433 1.434 1.436 1.441 1.447 1.455 1.464
1 2.5 → 1 1.5 0.578 0.554 0.532 0.513 0.495 0.478 0.463 0.449 0.437 0.425
1 2.5 → 1 3.5 1.354 1.305 1.260 1.220 1.184 1.150 1.120 1.091 1.065 1.041
1 3.5 → 0 2.5 1.444 1.438 1.435 1.433 1.434 1.436 1.441 1.447 1.455 1.464
1 3.5 → 1 1.5 0.780 0.755 0.732 0.712 0.693 0.676 0.661 0.646 0.633 0.621
2 0.5 → 0 2.5 0.783 0.763 0.745 0.729 0.714 0.700 0.687 0.675 0.664 0.654
2 0.5 → 1 1.5 1.190 1.215 1.239 1.262 1.286 1.310 1.334 1.360 1.387 1.416
2 0.5 → 1 2.5 0.475 0.456 0.439 0.424 0.409 0.396 0.384 0.372 0.361 0.351
2 0.5 → 1 3.5 0.773 0.749 0.728 0.709 0.692 0.676 0.661 0.647 0.633 0.619
2 1.5 → 0 2.5 0.783 0.763 0.745 0.729 0.714 0.700 0.687 0.675 0.664 0.654
2 1.5 → 1 1.5 0.928 0.941 0.955 0.968 0.982 0.996 1.010 1.025 1.042 1.059
2 1.5 → 1 2.5 0.758 0.751 0.745 0.739 0.735 0.731 0.727 0.725 0.722 0.720
2 1.5 → 1 3.5 0.751 0.727 0.706 0.687 0.670 0.654 0.639 0.626 0.613 0.600
2 1.5 → 2 0.5 0.267 0.260 0.254 0.249 0.244 0.239 0.234 0.230 0.226 0.222
2 1.5 → 2 4.5 0.803 0.775 0.751 0.729 0.709 0.691 0.675 0.660 0.647 0.634
2 2.5 → 0 2.5 0.783 0.763 0.745 0.729 0.714 0.700 0.687 0.675 0.664 0.654
2 2.5 → 1 1.5 0.594 0.593 0.592 0.592 0.593 0.593 0.594 0.595 0.596 0.597
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(continued)

j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100
2 2.5 → 1 2.5 1.055 1.059 1.063 1.069 1.075 1.081 1.088 1.095 1.102 1.110
2 2.5 → 1 3.5 0.789 0.768 0.749 0.732 0.717 0.704 0.691 0.680 0.670 0.661
2 2.5 → 2 0.5 0.262 0.255 0.249 0.243 0.238 0.234 0.230 0.226 0.222 0.219
2 2.5 → 2 1.5 0.435 0.421 0.409 0.397 0.386 0.376 0.367 0.358 0.350 0.342
2 2.5 → 2 4.5 0.888 0.858 0.831 0.806 0.784 0.763 0.745 0.727 0.712 0.697
2 3.5 → 0 2.5 0.783 0.763 0.745 0.729 0.714 0.700 0.687 0.675 0.664 0.654
2 3.5 → 1 1.5 0.341 0.329 0.318 0.308 0.299 0.291 0.283 0.276 0.269 0.263
2 3.5 → 1 2.5 1.100 1.106 1.112 1.119 1.126 1.134 1.142 1.150 1.159 1.167
2 3.5 → 1 3.5 0.996 0.984 0.975 0.967 0.960 0.954 0.948 0.944 0.940 0.937
2 3.5 → 2 0.5 0.176 0.169 0.163 0.157 0.152 0.147 0.142 0.138 0.134 0.130
2 3.5 → 2 1.5 0.411 0.398 0.387 0.376 0.367 0.359 0.351 0.344 0.337 0.331
2 3.5 → 2 2.5 0.641 0.623 0.607 0.593 0.580 0.569 0.558 0.548 0.539 0.530
2 3.5 → 2 4.5 1.045 1.012 0.983 0.956 0.932 0.910 0.889 0.870 0.852 0.836
2 4.5 → 0 2.5 0.783 0.763 0.745 0.729 0.714 0.700 0.687 0.675 0.664 0.654
2 4.5 → 1 1.5 0.387 0.375 0.364 0.355 0.347 0.339 0.333 0.327 0.321 0.316
2 4.5 → 1 2.5 0.526 0.508 0.492 0.477 0.463 0.451 0.440 0.430 0.420 0.411
2 4.5 → 1 3.5 1.525 1.537 1.550 1.564 1.578 1.593 1.610 1.628 1.647 1.669
2 4.5 → 2 0.5 0.205 0.194 0.185 0.177 0.170 0.164 0.159 0.154 0.150 0.146
3 0.5 → 0 2.5 0.418 0.406 0.396 0.388 0.380 0.374 0.368 0.362 0.358 0.353
3 0.5 → 1 1.5 0.614 0.604 0.596 0.588 0.581 0.574 0.568 0.562 0.557 0.553
3 0.5 → 1 2.5 0.345 0.334 0.325 0.316 0.307 0.300 0.292 0.286 0.279 0.273
3 0.5 → 1 3.5 0.484 0.472 0.461 0.451 0.442 0.435 0.428 0.421 0.415 0.409
3 0.5 → 2 0.5 0.744 0.773 0.801 0.828 0.854 0.880 0.905 0.930 0.956 0.981
3 0.5 → 2 1.5 0.543 0.544 0.544 0.544 0.544 0.544 0.544 0.544 0.544 0.544
3 0.5 → 2 2.5 0.465 0.451 0.439 0.428 0.419 0.410 0.402 0.395 0.389 0.383
3 0.5 → 2 3.5 0.480 0.465 0.451 0.438 0.426 0.415 0.404 0.394 0.385 0.376
3 0.5 → 2 4.5 0.605 0.589 0.575 0.563 0.553 0.543 0.535 0.528 0.521 0.515
3 1.5 → 0 2.5 0.418 0.406 0.396 0.388 0.380 0.374 0.368 0.362 0.358 0.353
3 1.5 → 1 1.5 0.533 0.524 0.516 0.509 0.502 0.495 0.490 0.484 0.479 0.475
3 1.5 → 1 2.5 0.428 0.417 0.407 0.398 0.390 0.382 0.375 0.368 0.362 0.356
3 1.5 → 1 3.5 0.481 0.469 0.458 0.448 0.439 0.431 0.423 0.416 0.410 0.404
3 1.5 → 2 0.5 0.414 0.422 0.431 0.439 0.446 0.454 0.461 0.467 0.474 0.480
3 1.5 → 2 1.5 0.748 0.763 0.778 0.793 0.807 0.821 0.835 0.848 0.860 0.872
3 1.5 → 2 2.5 0.550 0.543 0.536 0.529 0.523 0.518 0.513 0.508 0.504 0.500
3 1.5 → 2 3.5 0.521 0.506 0.492 0.479 0.467 0.457 0.447 0.438 0.430 0.423
3 1.5 → 2 4.5 0.604 0.587 0.573 0.560 0.549 0.539 0.530 0.522 0.515 0.508
3 1.5 → 3 0.5 0.247 0.243 0.241 0.238 0.236 0.234 0.232 0.230 0.228 0.227
3 1.5 → 3 5.5 0.613 0.594 0.577 0.561 0.546 0.533 0.520 0.507 0.496 0.485
3 2.5 → 0 2.5 0.418 0.406 0.396 0.388 0.380 0.374 0.368 0.362 0.358 0.353
3 2.5 → 1 1.5 0.419 0.411 0.404 0.397 0.390 0.385 0.379 0.374 0.370 0.365
3 2.5 → 1 2.5 0.532 0.521 0.510 0.501 0.493 0.485 0.478 0.471 0.465 0.459
3 2.5 → 1 3.5 0.491 0.478 0.467 0.457 0.447 0.439 0.431 0.424 0.417 0.410
3 2.5 → 2 0.5 0.175 0.171 0.166 0.162 0.159 0.155 0.152 0.149 0.146 0.143
3 2.5 → 2 1.5 0.654 0.666 0.678 0.690 0.701 0.712 0.723 0.733 0.743 0.753
3 2.5 → 2 2.5 0.781 0.789 0.797 0.804 0.811 0.818 0.825 0.832 0.838 0.844
3 2.5 → 2 3.5 0.613 0.599 0.588 0.577 0.568 0.560 0.553 0.546 0.540 0.534
3 2.5 → 2 4.5 0.613 0.596 0.580 0.567 0.554 0.543 0.533 0.524 0.515 0.507
3 2.5 → 3 0.5 0.172 0.168 0.165 0.162 0.159 0.156 0.154 0.151 0.149 0.147
3 2.5 → 3 1.5 0.375 0.368 0.362 0.356 0.351 0.346 0.342 0.338 0.334 0.330
3 2.5 → 3 5.5 0.636 0.619 0.602 0.586 0.572 0.558 0.545 0.533 0.521 0.510
3 3.5 → 0 2.5 0.418 0.406 0.396 0.388 0.380 0.374 0.368 0.362 0.358 0.353
3 3.5 → 1 1.5 0.302 0.295 0.288 0.282 0.277 0.271 0.267 0.262 0.258 0.254
3 3.5 → 1 2.5 0.604 0.592 0.582 0.573 0.564 0.557 0.550 0.543 0.537 0.532
3 3.5 → 1 3.5 0.536 0.523 0.511 0.499 0.489 0.480 0.472 0.464 0.456 0.449
3 3.5 → 2 0.5 0.141 0.136 0.132 0.129 0.126 0.123 0.121 0.119 0.117 0.115
3 3.5 → 2 1.5 0.298 0.290 0.282 0.275 0.268 0.262 0.256 0.250 0.245 0.239
3 3.5 → 2 2.5 0.894 0.910 0.926 0.941 0.956 0.971 0.986 1.000 1.014 1.028
3 3.5 → 2 3.5 0.843 0.842 0.842 0.842 0.843 0.845 0.847 0.849 0.851 0.853
3 3.5 → 2 4.5 0.661 0.643 0.627 0.612 0.599 0.587 0.576 0.566 0.557 0.548
3 3.5 → 3 0.5 0.134 0.130 0.127 0.123 0.120 0.118 0.115 0.113 0.110 0.108
3 3.5 → 3 1.5 0.281 0.275 0.268 0.263 0.258 0.253 0.248 0.244 0.240 0.236
3 3.5 → 3 2.5 0.476 0.467 0.459 0.451 0.444 0.437 0.431 0.425 0.420 0.415
3 3.5 → 3 4.5 0.736 0.719 0.704 0.690 0.677 0.665 0.654 0.643 0.634 0.625
3 3.5 → 3 5.5 0.701 0.682 0.664 0.648 0.633 0.618 0.605 0.592 0.580 0.569
3 4.5 → 0 2.5 0.418 0.406 0.396 0.388 0.380 0.374 0.368 0.362 0.358 0.353
3 4.5 → 1 1.5 0.225 0.219 0.213 0.207 0.202 0.198 0.193 0.190 0.186 0.182
3 4.5 → 1 2.5 0.571 0.560 0.550 0.541 0.533 0.525 0.518 0.512 0.507 0.501
3 4.5 → 1 3.5 0.646 0.632 0.618 0.606 0.595 0.585 0.576 0.567 0.559 0.551
3 4.5 → 2 0.5 0.117 0.114 0.110 0.107 0.104 0.101 0.099 0.097 0.094 0.092
3 4.5 → 2 1.5 0.262 0.254 0.247 0.241 0.236 0.231 0.227 0.223 0.219 0.216
3 4.5 → 2 2.5 0.442 0.430 0.420 0.410 0.402 0.394 0.387 0.380 0.374 0.368
3 4.5 → 2 3.5 1.163 1.183 1.203 1.222 1.242 1.262 1.282 1.303 1.324 1.346
3 4.5 → 2 4.5 0.854 0.841 0.830 0.820 0.812 0.804 0.797 0.791 0.785 0.780
3 4.5 → 3 0.5 0.108 0.106 0.103 0.101 0.098 0.096 0.094 0.092 0.090 0.089
3 4.5 → 3 1.5 0.231 0.225 0.219 0.214 0.208 0.204 0.199 0.195 0.191 0.187
3 4.5 → 3 2.5 0.382 0.372 0.362 0.353 0.345 0.337 0.330 0.323 0.317 0.311
3 4.5 → 3 5.5 0.847 0.827 0.808 0.791 0.775 0.760 0.746 0.733 0.721 0.709
3 5.5 → 0 2.5 0.418 0.406 0.396 0.388 0.380 0.374 0.368 0.362 0.358 0.353
3 5.5 → 1 1.5 0.243 0.237 0.231 0.227 0.222 0.218 0.215 0.212 0.209 0.206
3 5.5 → 1 2.5 0.338 0.329 0.320 0.312 0.305 0.298 0.291 0.286 0.280 0.275
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(continued)

j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100
3 5.5 → 1 3.5 0.861 0.844 0.829 0.816 0.803 0.792 0.781 0.771 0.762 0.754
3 5.5 → 2 0.5 0.121 0.118 0.115 0.113 0.111 0.109 0.108 0.106 0.105 0.104
3 5.5 → 2 1.5 0.240 0.233 0.228 0.222 0.218 0.214 0.210 0.207 0.204 0.201
3 5.5 → 2 2.5 0.370 0.359 0.349 0.341 0.333 0.326 0.320 0.314 0.308 0.303
3 5.5 → 2 3.5 0.556 0.540 0.526 0.512 0.500 0.489 0.479 0.470 0.461 0.453
3 5.5 → 2 4.5 1.549 1.570 1.591 1.612 1.633 1.654 1.675 1.696 1.718 1.741
3 5.5 → 3 0.5 0.101 0.097 0.094 0.092 0.089 0.087 0.085 0.083 0.081 0.079
4 1.5 → 0 2.5 0.337 0.327 0.319 0.311 0.304 0.298 0.292 0.287 0.282 0.277
4 1.5 → 1 1.5 0.290 0.287 0.283 0.281 0.278 0.277 0.275 0.274 0.274 0.273
4 1.5 → 1 2.5 0.276 0.267 0.260 0.253 0.246 0.240 0.235 0.229 0.224 0.220
4 1.5 → 1 3.5 0.411 0.403 0.396 0.390 0.385 0.380 0.376 0.372 0.369 0.365
4 1.5 → 2 0.5 0.326 0.323 0.320 0.318 0.316 0.315 0.313 0.312 0.311 0.310
4 1.5 → 2 1.5 0.351 0.345 0.340 0.335 0.331 0.327 0.324 0.320 0.317 0.315
4 1.5 → 2 2.5 0.355 0.345 0.337 0.329 0.321 0.315 0.308 0.303 0.297 0.293
4 1.5 → 2 3.5 0.384 0.373 0.364 0.354 0.346 0.338 0.330 0.323 0.316 0.309
4 1.5 → 2 4.5 0.456 0.441 0.428 0.416 0.404 0.394 0.384 0.374 0.366 0.358
4 1.5 → 3 0.5 0.609 0.633 0.656 0.679 0.700 0.721 0.740 0.759 0.778 0.795
4 1.5 → 3 1.5 0.581 0.588 0.594 0.600 0.607 0.612 0.618 0.624 0.629 0.635
4 1.5 → 3 2.5 0.412 0.406 0.399 0.394 0.389 0.384 0.380 0.376 0.372 0.368
4 1.5 → 3 3.5 0.396 0.387 0.379 0.372 0.365 0.359 0.354 0.348 0.344 0.339
4 1.5 → 3 4.5 0.379 0.369 0.359 0.351 0.342 0.335 0.328 0.321 0.315 0.309
4 1.5 → 3 5.5 0.522 0.506 0.491 0.477 0.464 0.452 0.441 0.430 0.420 0.410
4 1.5 → 4 6.5 0.400 0.388 0.376 0.366 0.357 0.348 0.341 0.334 0.328 0.322
4 2.5 → 0 2.5 0.337 0.327 0.319 0.311 0.304 0.298 0.292 0.287 0.282 0.277
4 2.5 → 1 1.5 0.261 0.256 0.253 0.249 0.247 0.244 0.242 0.240 0.239 0.238
4 2.5 → 1 2.5 0.312 0.304 0.298 0.292 0.286 0.281 0.277 0.273 0.269 0.265
4 2.5 → 1 3.5 0.405 0.396 0.389 0.382 0.377 0.372 0.367 0.363 0.359 0.355
4 2.5 → 2 0.5 0.185 0.182 0.180 0.177 0.175 0.173 0.172 0.170 0.168 0.167
4 2.5 → 2 1.5 0.409 0.403 0.397 0.392 0.388 0.384 0.380 0.377 0.374 0.371
4 2.5 → 2 2.5 0.403 0.395 0.387 0.380 0.374 0.368 0.362 0.357 0.352 0.348
4 2.5 → 2 3.5 0.413 0.401 0.391 0.381 0.372 0.363 0.355 0.348 0.341 0.334
4 2.5 → 2 4.5 0.461 0.447 0.434 0.421 0.410 0.400 0.390 0.381 0.372 0.364
4 2.5 → 3 0.5 0.184 0.180 0.177 0.174 0.171 0.168 0.165 0.162 0.160 0.158
4 2.5 → 3 1.5 0.675 0.697 0.719 0.740 0.760 0.780 0.799 0.817 0.835 0.852
4 2.5 → 3 2.5 0.644 0.649 0.655 0.660 0.665 0.671 0.676 0.681 0.686 0.691
4 2.5 → 3 3.5 0.438 0.429 0.421 0.414 0.408 0.401 0.396 0.390 0.385 0.380
4 2.5 → 3 4.5 0.454 0.442 0.432 0.422 0.413 0.404 0.396 0.389 0.382 0.376
4 2.5 → 3 5.5 0.504 0.489 0.475 0.462 0.450 0.438 0.428 0.418 0.408 0.399
4 2.5 → 4 1.5 0.347 0.344 0.340 0.337 0.334 0.332 0.329 0.327 0.325 0.323
4 2.5 → 4 6.5 0.425 0.412 0.400 0.389 0.379 0.370 0.362 0.354 0.347 0.340
4 3.5 → 0 2.5 0.337 0.327 0.319 0.311 0.304 0.298 0.292 0.287 0.282 0.277
4 3.5 → 1 1.5 0.228 0.223 0.218 0.215 0.211 0.208 0.206 0.203 0.201 0.199
4 3.5 → 1 2.5 0.347 0.341 0.335 0.330 0.326 0.322 0.319 0.316 0.313 0.311
4 3.5 → 1 3.5 0.403 0.394 0.386 0.379 0.372 0.367 0.362 0.357 0.352 0.348
4 3.5 → 2 0.5 0.113 0.110 0.107 0.105 0.102 0.100 0.098 0.096 0.094 0.093
4 3.5 → 2 1.5 0.333 0.327 0.321 0.316 0.312 0.308 0.304 0.301 0.298 0.295
4 3.5 → 2 2.5 0.484 0.476 0.468 0.462 0.455 0.450 0.444 0.439 0.435 0.431
4 3.5 → 2 3.5 0.466 0.453 0.442 0.432 0.423 0.414 0.406 0.399 0.392 0.386
4 3.5 → 2 4.5 0.476 0.462 0.449 0.437 0.426 0.415 0.405 0.396 0.387 0.379
4 3.5 → 3 0.5 0.109 0.107 0.104 0.102 0.101 0.099 0.097 0.096 0.095 0.093
4 3.5 → 3 1.5 0.286 0.280 0.275 0.270 0.265 0.261 0.256 0.252 0.249 0.245
4 3.5 → 3 2.5 0.787 0.810 0.832 0.853 0.874 0.894 0.913 0.932 0.950 0.968
4 3.5 → 3 3.5 0.680 0.680 0.681 0.683 0.684 0.685 0.687 0.689 0.691 0.692
4 3.5 → 3 4.5 0.534 0.522 0.511 0.500 0.491 0.482 0.473 0.465 0.458 0.451
4 3.5 → 3 5.5 0.503 0.489 0.476 0.463 0.452 0.442 0.432 0.423 0.414 0.406
4 3.5 → 4 1.5 0.233 0.229 0.224 0.220 0.216 0.213 0.209 0.206 0.203 0.200
4 3.5 → 4 2.5 0.404 0.398 0.393 0.389 0.384 0.380 0.377 0.373 0.370 0.367
4 3.5 → 4 6.5 0.469 0.456 0.444 0.432 0.421 0.411 0.402 0.393 0.385 0.377
4 4.5 → 0 2.5 0.337 0.327 0.319 0.311 0.304 0.298 0.292 0.287 0.282 0.277
4 4.5 → 1 1.5 0.200 0.195 0.190 0.186 0.182 0.179 0.176 0.173 0.170 0.168
4 4.5 → 1 2.5 0.368 0.362 0.357 0.352 0.349 0.346 0.343 0.341 0.339 0.338
4 4.5 → 1 3.5 0.410 0.401 0.392 0.385 0.378 0.372 0.367 0.362 0.357 0.353
4 4.5 → 2 0.5 0.105 0.102 0.099 0.097 0.094 0.092 0.090 0.088 0.086 0.085
4 4.5 → 2 1.5 0.203 0.198 0.193 0.188 0.184 0.180 0.176 0.173 0.169 0.166
4 4.5 → 2 2.5 0.486 0.477 0.469 0.461 0.455 0.449 0.443 0.438 0.433 0.429
4 4.5 → 2 3.5 0.562 0.551 0.540 0.530 0.521 0.513 0.506 0.499 0.492 0.486
4 4.5 → 2 4.5 0.516 0.501 0.488 0.476 0.465 0.454 0.444 0.435 0.426 0.418
4 4.5 → 3 0.5 0.094 0.092 0.090 0.088 0.087 0.086 0.084 0.083 0.082 0.081
4 4.5 → 3 1.5 0.182 0.178 0.174 0.170 0.166 0.163 0.160 0.158 0.155 0.152
4 4.5 → 3 2.5 0.362 0.353 0.345 0.338 0.331 0.325 0.319 0.313 0.308 0.302
4 4.5 → 3 3.5 0.983 1.006 1.028 1.050 1.071 1.092 1.111 1.131 1.149 1.167
4 4.5 → 3 4.5 0.734 0.728 0.724 0.719 0.715 0.712 0.709 0.706 0.703 0.701
4 4.5 → 3 5.5 0.544 0.530 0.518 0.506 0.496 0.486 0.477 0.468 0.460 0.453
4 4.5 → 4 1.5 0.174 0.169 0.165 0.162 0.158 0.155 0.152 0.149 0.146 0.143
4 4.5 → 4 2.5 0.289 0.283 0.277 0.271 0.266 0.261 0.256 0.251 0.247 0.243
4 4.5 → 4 3.5 0.460 0.452 0.446 0.440 0.434 0.429 0.424 0.419 0.415 0.411
4 4.5 → 4 5.5 0.632 0.620 0.610 0.600 0.591 0.583 0.576 0.569 0.562 0.556
4 4.5 → 4 6.5 0.551 0.537 0.524 0.511 0.500 0.489 0.478 0.469 0.460 0.451
4 5.5 → 0 2.5 0.337 0.327 0.319 0.311 0.304 0.298 0.292 0.287 0.282 0.277
4 5.5 → 1 1.5 0.189 0.184 0.180 0.176 0.172 0.169 0.166 0.163 0.160 0.158
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(continued)

j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100
4 5.5 → 1 2.5 0.353 0.347 0.342 0.338 0.334 0.331 0.328 0.325 0.323 0.321
4 5.5 → 1 3.5 0.435 0.426 0.418 0.410 0.404 0.398 0.392 0.387 0.383 0.379
4 5.5 → 2 0.5 0.091 0.089 0.086 0.084 0.082 0.080 0.078 0.076 0.075 0.073
4 5.5 → 2 1.5 0.199 0.193 0.187 0.182 0.177 0.173 0.169 0.165 0.161 0.158
4 5.5 → 2 2.5 0.306 0.297 0.289 0.282 0.275 0.268 0.262 0.257 0.251 0.247
4 5.5 → 2 3.5 0.655 0.643 0.633 0.624 0.615 0.607 0.600 0.594 0.588 0.582
4 5.5 → 2 4.5 0.621 0.607 0.593 0.581 0.570 0.560 0.550 0.541 0.533 0.525
4 5.5 → 3 0.5 0.072 0.070 0.068 0.066 0.064 0.063 0.062 0.060 0.059 0.058
4 5.5 → 3 1.5 0.171 0.167 0.162 0.159 0.155 0.152 0.149 0.146 0.143 0.141
4 5.5 → 3 2.5 0.290 0.282 0.275 0.269 0.263 0.258 0.253 0.248 0.243 0.239
4 5.5 → 3 3.5 0.461 0.450 0.439 0.430 0.420 0.412 0.404 0.396 0.389 0.382
4 5.5 → 3 4.5 1.178 1.202 1.226 1.248 1.271 1.293 1.314 1.334 1.354 1.373
4 5.5 → 3 5.5 0.728 0.718 0.709 0.700 0.693 0.686 0.680 0.674 0.669 0.664
4 5.5 → 4 1.5 0.138 0.134 0.130 0.127 0.123 0.120 0.117 0.114 0.112 0.109
4 5.5 → 4 2.5 0.224 0.218 0.212 0.207 0.202 0.198 0.193 0.189 0.186 0.182
4 5.5 → 4 6.5 0.726 0.712 0.698 0.685 0.674 0.662 0.652 0.642 0.632 0.623
4 6.5 → 0 2.5 0.337 0.327 0.319 0.311 0.304 0.298 0.292 0.287 0.282 0.277
4 6.5 → 1 1.5 0.208 0.205 0.201 0.199 0.196 0.194 0.192 0.190 0.189 0.187
4 6.5 → 1 2.5 0.280 0.273 0.266 0.260 0.255 0.250 0.245 0.241 0.236 0.233
4 6.5 → 1 3.5 0.488 0.479 0.471 0.465 0.459 0.453 0.449 0.445 0.441 0.438
4 6.5 → 2 0.5 0.091 0.088 0.085 0.083 0.080 0.078 0.076 0.074 0.072 0.071
4 6.5 → 2 1.5 0.182 0.176 0.171 0.166 0.162 0.158 0.154 0.150 0.147 0.143
4 6.5 → 2 2.5 0.284 0.276 0.268 0.261 0.254 0.248 0.242 0.236 0.231 0.226
4 6.5 → 2 3.5 0.410 0.398 0.387 0.377 0.368 0.360 0.352 0.345 0.338 0.331
4 6.5 → 2 4.5 0.906 0.891 0.878 0.866 0.855 0.845 0.836 0.828 0.821 0.814
4 6.5 → 3 0.5 0.088 0.086 0.083 0.081 0.078 0.076 0.074 0.072 0.070 0.068
4 6.5 → 3 1.5 0.169 0.164 0.159 0.155 0.151 0.147 0.143 0.139 0.136 0.133
4 6.5 → 3 2.5 0.247 0.240 0.234 0.227 0.222 0.216 0.211 0.207 0.202 0.198
4 6.5 → 3 3.5 0.343 0.334 0.326 0.318 0.311 0.305 0.298 0.293 0.287 0.282
4 6.5 → 3 4.5 0.520 0.508 0.497 0.487 0.477 0.469 0.460 0.453 0.446 0.439
4 6.5 → 3 5.5 1.531 1.556 1.580 1.604 1.628 1.650 1.673 1.694 1.715 1.735
5 2.5 → 0 2.5 0.280 0.275 0.272 0.268 0.265 0.262 0.259 0.256 0.254 0.251
5 2.5 → 1 1.5 0.219 0.216 0.213 0.210 0.208 0.205 0.203 0.201 0.200 0.198
5 2.5 → 1 2.5 0.234 0.228 0.223 0.218 0.213 0.208 0.204 0.199 0.195 0.191
5 2.5 → 1 3.5 0.346 0.335 0.324 0.314 0.306 0.297 0.289 0.282 0.275 0.269
5 2.5 → 2 0.5 0.143 0.142 0.142 0.141 0.141 0.141 0.142 0.142 0.143 0.143
5 2.5 → 2 1.5 0.214 0.211 0.208 0.206 0.204 0.202 0.201 0.199 0.198 0.197
5 2.5 → 2 2.5 0.262 0.257 0.254 0.250 0.247 0.244 0.241 0.239 0.236 0.234
5 2.5 → 2 3.5 0.263 0.258 0.253 0.248 0.243 0.239 0.235 0.231 0.227 0.224
5 2.5 → 2 4.5 0.393 0.380 0.369 0.359 0.349 0.340 0.331 0.323 0.315 0.308
5 2.5 → 3 0.5 0.277 0.276 0.276 0.275 0.275 0.275 0.275 0.275 0.275 0.275
5 2.5 → 3 1.5 0.355 0.351 0.348 0.345 0.342 0.340 0.337 0.335 0.334 0.332
5 2.5 → 3 2.5 0.339 0.332 0.325 0.320 0.314 0.309 0.304 0.300 0.296 0.292
5 2.5 → 3 3.5 0.341 0.332 0.323 0.315 0.307 0.300 0.293 0.287 0.281 0.275
5 2.5 → 3 4.5 0.326 0.315 0.305 0.296 0.288 0.280 0.273 0.266 0.260 0.254
5 2.5 → 3 5.5 0.321 0.310 0.300 0.292 0.284 0.277 0.271 0.265 0.260 0.256
5 2.5 → 4 1.5 0.836 0.864 0.892 0.919 0.945 0.970 0.995 1.018 1.041 1.063
5 2.5 → 4 2.5 0.521 0.522 0.523 0.524 0.525 0.526 0.527 0.529 0.530 0.531
5 2.5 → 4 3.5 0.385 0.380 0.375 0.370 0.366 0.362 0.358 0.354 0.350 0.346
5 2.5 → 4 4.5 0.362 0.354 0.346 0.339 0.333 0.326 0.320 0.314 0.309 0.303
5 2.5 → 4 5.5 0.311 0.302 0.294 0.286 0.279 0.272 0.266 0.260 0.255 0.249
5 2.5 → 4 6.5 0.245 0.238 0.232 0.226 0.221 0.216 0.212 0.208 0.204 0.201
5 2.5 → 5 7.5 0.260 0.257 0.255 0.253 0.251 0.250 0.249 0.248 0.248 0.248
5 3.5 → 0 2.5 0.280 0.275 0.272 0.268 0.265 0.262 0.259 0.256 0.254 0.251
5 3.5 → 1 1.5 0.199 0.195 0.192 0.189 0.187 0.184 0.182 0.179 0.177 0.175
5 3.5 → 1 2.5 0.261 0.254 0.249 0.243 0.238 0.233 0.229 0.225 0.220 0.217
5 3.5 → 1 3.5 0.341 0.330 0.320 0.311 0.302 0.294 0.287 0.280 0.273 0.267
5 3.5 → 2 0.5 0.104 0.103 0.101 0.100 0.099 0.098 0.097 0.096 0.095 0.095
5 3.5 → 2 1.5 0.220 0.218 0.216 0.215 0.214 0.213 0.212 0.212 0.211 0.211
5 3.5 → 2 2.5 0.257 0.252 0.248 0.245 0.242 0.239 0.236 0.233 0.231 0.229
5 3.5 → 2 3.5 0.319 0.312 0.306 0.300 0.294 0.289 0.284 0.280 0.275 0.271
5 3.5 → 2 4.5 0.376 0.365 0.355 0.346 0.337 0.329 0.321 0.314 0.307 0.301
5 3.5 → 3 0.5 0.122 0.120 0.118 0.116 0.114 0.112 0.110 0.108 0.107 0.106
5 3.5 → 3 1.5 0.348 0.344 0.342 0.339 0.337 0.335 0.333 0.332 0.330 0.329
5 3.5 → 3 2.5 0.419 0.412 0.407 0.401 0.397 0.392 0.389 0.385 0.382 0.379
5 3.5 → 3 3.5 0.367 0.358 0.351 0.343 0.337 0.331 0.325 0.320 0.315 0.310
5 3.5 → 3 4.5 0.361 0.351 0.341 0.332 0.324 0.316 0.309 0.302 0.296 0.290
5 3.5 → 3 5.5 0.343 0.331 0.321 0.312 0.304 0.296 0.289 0.283 0.277 0.271
5 3.5 → 4 1.5 0.266 0.262 0.258 0.254 0.251 0.247 0.244 0.241 0.239 0.236
5 3.5 → 4 2.5 0.806 0.834 0.861 0.887 0.913 0.937 0.960 0.983 1.005 1.026
5 3.5 → 4 3.5 0.569 0.568 0.568 0.567 0.567 0.568 0.568 0.568 0.569 0.569
5 3.5 → 4 4.5 0.383 0.376 0.370 0.365 0.360 0.355 0.350 0.346 0.342 0.338
5 3.5 → 4 5.5 0.348 0.340 0.333 0.326 0.319 0.313 0.307 0.301 0.296 0.291
5 3.5 → 4 6.5 0.287 0.279 0.272 0.265 0.258 0.253 0.247 0.242 0.238 0.233
5 3.5 → 5 2.5 0.392 0.388 0.384 0.381 0.378 0.375 0.372 0.369 0.367 0.364
5 3.5 → 5 7.5 0.285 0.280 0.276 0.273 0.270 0.267 0.264 0.262 0.260 0.258
5 4.5 → 0 2.5 0.280 0.275 0.272 0.268 0.265 0.262 0.259 0.256 0.254 0.251
5 4.5 → 1 1.5 0.178 0.175 0.171 0.168 0.165 0.162 0.159 0.157 0.154 0.152
5 4.5 → 1 2.5 0.283 0.277 0.270 0.265 0.260 0.255 0.250 0.246 0.242 0.238
5 4.5 → 1 3.5 0.338 0.328 0.319 0.310 0.302 0.294 0.287 0.281 0.274 0.268
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(continued)

j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100
5 4.5 → 2 0.5 0.085 0.083 0.082 0.080 0.079 0.078 0.077 0.076 0.075 0.074
5 4.5 → 2 1.5 0.184 0.181 0.179 0.177 0.175 0.174 0.172 0.171 0.170 0.169
5 4.5 → 2 2.5 0.279 0.275 0.271 0.268 0.265 0.262 0.260 0.258 0.256 0.254
5 4.5 → 2 3.5 0.358 0.350 0.342 0.336 0.330 0.324 0.319 0.314 0.309 0.305
5 4.5 → 2 4.5 0.370 0.361 0.352 0.344 0.336 0.329 0.322 0.316 0.310 0.304
5 4.5 → 3 0.5 0.092 0.090 0.087 0.085 0.083 0.082 0.080 0.078 0.077 0.075
5 4.5 → 3 1.5 0.202 0.197 0.192 0.188 0.184 0.180 0.177 0.174 0.170 0.168
5 4.5 → 3 2.5 0.421 0.416 0.411 0.407 0.404 0.401 0.398 0.396 0.393 0.391
5 4.5 → 3 3.5 0.457 0.450 0.443 0.436 0.431 0.425 0.421 0.416 0.412 0.409
5 4.5 → 3 4.5 0.406 0.395 0.386 0.377 0.369 0.362 0.356 0.350 0.344 0.339
5 4.5 → 3 5.5 0.381 0.369 0.358 0.348 0.338 0.330 0.322 0.315 0.308 0.301
5 4.5 → 4 1.5 0.173 0.170 0.168 0.166 0.164 0.162 0.160 0.158 0.156 0.154
5 4.5 → 4 2.5 0.326 0.319 0.312 0.306 0.301 0.295 0.290 0.286 0.281 0.277
5 4.5 → 4 3.5 0.845 0.873 0.900 0.926 0.951 0.976 0.999 1.022 1.044 1.065
5 4.5 → 4 4.5 0.569 0.567 0.566 0.565 0.564 0.564 0.563 0.563 0.563 0.564
5 4.5 → 4 5.5 0.396 0.389 0.383 0.377 0.371 0.366 0.361 0.356 0.352 0.348
5 4.5 → 4 6.5 0.350 0.341 0.332 0.324 0.317 0.310 0.303 0.297 0.291 0.286
5 4.5 → 5 2.5 0.259 0.254 0.249 0.245 0.241 0.237 0.233 0.229 0.226 0.222
5 4.5 → 5 3.5 0.405 0.400 0.396 0.393 0.389 0.386 0.383 0.381 0.378 0.376
5 4.5 → 5 6.5 0.429 0.422 0.415 0.409 0.403 0.398 0.393 0.388 0.384 0.380
5 4.5 → 5 7.5 0.341 0.335 0.329 0.323 0.318 0.313 0.308 0.304 0.300 0.296
5 5.5 → 0 2.5 0.280 0.275 0.272 0.268 0.265 0.262 0.259 0.256 0.254 0.251
5 5.5 → 1 1.5 0.164 0.160 0.156 0.152 0.149 0.145 0.142 0.139 0.136 0.133
5 5.5 → 1 2.5 0.294 0.287 0.280 0.274 0.269 0.264 0.259 0.255 0.251 0.247
5 5.5 → 1 3.5 0.342 0.333 0.324 0.316 0.309 0.302 0.295 0.289 0.283 0.278
5 5.5 → 2 0.5 0.075 0.074 0.072 0.071 0.070 0.069 0.068 0.067 0.066 0.065
5 5.5 → 2 1.5 0.146 0.142 0.139 0.136 0.133 0.130 0.128 0.125 0.123 0.121
5 5.5 → 2 2.5 0.291 0.286 0.281 0.277 0.274 0.271 0.268 0.266 0.264 0.262
5 5.5 → 2 3.5 0.380 0.372 0.365 0.358 0.353 0.347 0.343 0.338 0.334 0.331
5 5.5 → 2 4.5 0.384 0.375 0.368 0.360 0.354 0.348 0.342 0.336 0.331 0.326
5 5.5 → 3 0.5 0.078 0.076 0.074 0.071 0.069 0.068 0.066 0.064 0.063 0.061
5 5.5 → 3 1.5 0.153 0.148 0.145 0.141 0.137 0.134 0.131 0.128 0.126 0.123
5 5.5 → 3 2.5 0.257 0.251 0.245 0.239 0.234 0.229 0.225 0.221 0.217 0.213
5 5.5 → 3 3.5 0.522 0.515 0.509 0.504 0.499 0.495 0.492 0.489 0.486 0.484
5 5.5 → 3 4.5 0.503 0.493 0.484 0.477 0.470 0.463 0.457 0.452 0.447 0.443
5 5.5 → 3 5.5 0.447 0.434 0.422 0.411 0.401 0.391 0.383 0.374 0.367 0.360
5 5.5 → 4 1.5 0.139 0.136 0.133 0.130 0.127 0.124 0.122 0.119 0.117 0.115
5 5.5 → 4 2.5 0.206 0.202 0.198 0.195 0.192 0.189 0.187 0.184 0.182 0.179
5 5.5 → 4 3.5 0.354 0.346 0.340 0.333 0.327 0.322 0.317 0.312 0.307 0.303
5 5.5 → 4 4.5 0.944 0.972 0.999 1.026 1.052 1.077 1.101 1.124 1.147 1.169
5 5.5 → 4 5.5 0.574 0.570 0.567 0.565 0.563 0.561 0.559 0.558 0.557 0.556
5 5.5 → 4 6.5 0.443 0.433 0.424 0.415 0.407 0.399 0.392 0.385 0.379 0.373
5 5.5 → 5 2.5 0.183 0.179 0.175 0.172 0.168 0.165 0.162 0.159 0.156 0.153
5 5.5 → 5 3.5 0.268 0.263 0.259 0.255 0.251 0.247 0.243 0.239 0.236 0.233
5 5.5 → 5 4.5 0.429 0.425 0.421 0.417 0.414 0.411 0.408 0.406 0.404 0.402
5 5.5 → 5 6.5 0.549 0.543 0.537 0.532 0.528 0.523 0.520 0.516 0.513 0.510
5 5.5 → 5 7.5 0.445 0.436 0.428 0.420 0.413 0.405 0.399 0.392 0.386 0.380
5 6.5 → 0 2.5 0.280 0.275 0.272 0.268 0.265 0.262 0.259 0.256 0.254 0.251
5 6.5 → 1 1.5 0.161 0.156 0.151 0.147 0.143 0.139 0.136 0.132 0.129 0.126
5 6.5 → 1 2.5 0.283 0.275 0.269 0.263 0.257 0.252 0.247 0.242 0.238 0.234
5 6.5 → 1 3.5 0.356 0.348 0.340 0.333 0.326 0.320 0.314 0.308 0.303 0.298
5 6.5 → 2 0.5 0.061 0.060 0.058 0.057 0.055 0.054 0.053 0.051 0.050 0.049
5 6.5 → 2 1.5 0.157 0.154 0.150 0.147 0.144 0.142 0.139 0.137 0.134 0.132
5 6.5 → 2 2.5 0.249 0.243 0.237 0.231 0.226 0.221 0.216 0.212 0.208 0.204
5 6.5 → 2 3.5 0.379 0.373 0.367 0.362 0.357 0.353 0.349 0.346 0.343 0.341
5 6.5 → 2 4.5 0.428 0.420 0.413 0.407 0.401 0.396 0.391 0.386 0.382 0.378
5 6.5 → 3 0.5 0.059 0.057 0.055 0.054 0.052 0.050 0.049 0.048 0.046 0.045
5 6.5 → 3 1.5 0.131 0.127 0.123 0.120 0.116 0.113 0.111 0.108 0.106 0.103
5 6.5 → 3 2.5 0.213 0.207 0.201 0.196 0.191 0.187 0.183 0.179 0.176 0.172
5 6.5 → 3 3.5 0.321 0.312 0.305 0.298 0.292 0.286 0.280 0.276 0.271 0.267
5 6.5 → 3 4.5 0.653 0.645 0.638 0.631 0.625 0.620 0.615 0.611 0.608 0.604
5 6.5 → 3 5.5 0.581 0.567 0.555 0.544 0.533 0.524 0.515 0.506 0.499 0.491
5 6.5 → 4 1.5 0.099 0.096 0.093 0.090 0.088 0.085 0.083 0.081 0.079 0.077
5 6.5 → 4 2.5 0.166 0.162 0.158 0.155 0.151 0.148 0.145 0.142 0.139 0.137
5 6.5 → 4 3.5 0.243 0.238 0.234 0.230 0.226 0.223 0.220 0.216 0.213 0.210
5 6.5 → 4 4.5 0.390 0.383 0.376 0.370 0.364 0.359 0.353 0.349 0.344 0.340
5 6.5 → 4 5.5 1.115 1.142 1.169 1.195 1.220 1.245 1.269 1.293 1.316 1.338
5 6.5 → 4 6.5 0.646 0.639 0.631 0.624 0.618 0.612 0.606 0.601 0.596 0.591
5 6.5 → 5 2.5 0.122 0.119 0.117 0.114 0.112 0.110 0.108 0.106 0.105 0.103
5 6.5 → 5 3.5 0.205 0.201 0.197 0.194 0.191 0.188 0.185 0.182 0.180 0.177
5 6.5 → 5 7.5 0.648 0.637 0.627 0.618 0.609 0.600 0.592 0.584 0.577 0.570
5 7.5 → 0 2.5 0.280 0.275 0.272 0.268 0.265 0.262 0.259 0.256 0.254 0.251
5 7.5 → 1 1.5 0.176 0.170 0.165 0.160 0.155 0.151 0.147 0.143 0.140 0.136
5 7.5 → 1 2.5 0.236 0.229 0.223 0.217 0.211 0.205 0.200 0.195 0.191 0.186
5 7.5 → 1 3.5 0.386 0.379 0.372 0.366 0.360 0.354 0.349 0.344 0.340 0.336
5 7.5 → 2 0.5 0.082 0.080 0.077 0.075 0.073 0.071 0.069 0.067 0.066 0.064
5 7.5 → 2 1.5 0.150 0.145 0.141 0.137 0.134 0.130 0.127 0.124 0.121 0.118
5 7.5 → 2 2.5 0.215 0.210 0.205 0.200 0.196 0.192 0.188 0.184 0.180 0.177
5 7.5 → 2 3.5 0.305 0.298 0.292 0.287 0.282 0.277 0.272 0.268 0.264 0.260
5 7.5 → 2 4.5 0.523 0.517 0.511 0.506 0.501 0.498 0.495 0.492 0.490 0.488
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(continued)

j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100
5 7.5 → 3 0.5 0.052 0.050 0.048 0.047 0.046 0.044 0.043 0.042 0.041 0.041
5 7.5 → 3 1.5 0.108 0.104 0.101 0.098 0.095 0.093 0.091 0.089 0.087 0.086
5 7.5 → 3 2.5 0.176 0.170 0.165 0.160 0.156 0.152 0.148 0.145 0.141 0.138
5 7.5 → 3 3.5 0.270 0.262 0.254 0.247 0.240 0.234 0.228 0.223 0.218 0.213
5 7.5 → 3 4.5 0.419 0.407 0.397 0.387 0.378 0.369 0.361 0.354 0.347 0.341
5 7.5 → 3 5.5 0.935 0.924 0.913 0.904 0.896 0.888 0.881 0.875 0.870 0.865
5 7.5 → 4 1.5 0.068 0.066 0.064 0.063 0.061 0.060 0.059 0.058 0.057 0.056
5 7.5 → 4 2.5 0.117 0.114 0.111 0.108 0.105 0.103 0.101 0.099 0.097 0.095
5 7.5 → 4 3.5 0.190 0.185 0.180 0.176 0.171 0.167 0.164 0.160 0.157 0.154
5 7.5 → 4 4.5 0.299 0.292 0.285 0.279 0.274 0.268 0.263 0.258 0.253 0.249
5 7.5 → 4 5.5 0.494 0.484 0.476 0.468 0.460 0.452 0.445 0.439 0.432 0.426
5 7.5 → 4 6.5 1.491 1.519 1.546 1.572 1.597 1.622 1.646 1.670 1.692 1.714
6 3.5 → 0 2.5 0.223 0.217 0.212 0.206 0.201 0.196 0.192 0.187 0.183 0.179
6 3.5 → 1 1.5 0.202 0.201 0.201 0.200 0.200 0.199 0.199 0.198 0.198 0.197
6 3.5 → 1 2.5 0.186 0.182 0.179 0.175 0.172 0.169 0.166 0.163 0.160 0.158
6 3.5 → 1 3.5 0.292 0.282 0.274 0.266 0.258 0.251 0.245 0.239 0.233 0.228
6 3.5 → 2 0.5 0.123 0.121 0.119 0.117 0.116 0.114 0.113 0.112 0.111 0.110
6 3.5 → 2 1.5 0.188 0.185 0.181 0.179 0.176 0.173 0.171 0.169 0.167 0.165
6 3.5 → 2 2.5 0.228 0.222 0.217 0.212 0.207 0.203 0.199 0.195 0.191 0.187
6 3.5 → 2 3.5 0.217 0.211 0.205 0.200 0.195 0.190 0.186 0.181 0.177 0.174
6 3.5 → 2 4.5 0.240 0.232 0.226 0.220 0.215 0.210 0.206 0.202 0.199 0.196
6 3.5 → 3 0.5 0.146 0.143 0.142 0.141 0.140 0.139 0.139 0.139 0.139 0.139
6 3.5 → 3 1.5 0.227 0.224 0.222 0.220 0.218 0.217 0.216 0.215 0.214 0.213
6 3.5 → 3 2.5 0.254 0.251 0.248 0.246 0.243 0.241 0.238 0.236 0.234 0.232
6 3.5 → 3 3.5 0.268 0.262 0.257 0.252 0.247 0.242 0.238 0.234 0.230 0.226
6 3.5 → 3 4.5 0.245 0.238 0.231 0.225 0.220 0.214 0.209 0.205 0.200 0.196
6 3.5 → 3 5.5 0.199 0.193 0.188 0.183 0.178 0.175 0.171 0.168 0.165 0.163
6 3.5 → 4 1.5 0.462 0.459 0.457 0.455 0.454 0.453 0.452 0.452 0.452 0.452
6 3.5 → 4 2.5 0.388 0.384 0.380 0.376 0.372 0.369 0.366 0.363 0.361 0.358
6 3.5 → 4 3.5 0.330 0.323 0.317 0.312 0.306 0.301 0.296 0.291 0.287 0.282
6 3.5 → 4 4.5 0.292 0.285 0.278 0.271 0.265 0.260 0.254 0.249 0.244 0.240
6 3.5 → 4 5.5 0.238 0.231 0.225 0.220 0.215 0.210 0.206 0.202 0.199 0.195
6 3.5 → 4 6.5 0.233 0.229 0.226 0.223 0.221 0.219 0.218 0.217 0.216 0.215
6 3.5 → 5 2.5 0.979 1.006 1.033 1.059 1.085 1.111 1.136 1.161 1.185 1.208
6 3.5 → 5 3.5 0.509 0.507 0.506 0.504 0.503 0.502 0.501 0.500 0.499 0.498
6 3.5 → 5 4.5 0.371 0.365 0.359 0.353 0.347 0.342 0.337 0.332 0.327 0.323
6 3.5 → 5 5.5 0.285 0.278 0.272 0.266 0.260 0.255 0.249 0.245 0.240 0.236
6 3.5 → 5 6.5 0.224 0.218 0.213 0.208 0.204 0.200 0.196 0.192 0.189 0.186
6 3.5 → 5 7.5 0.218 0.213 0.209 0.206 0.203 0.200 0.197 0.195 0.193 0.191
6 3.5 → 6 8.5 0.223 0.223 0.224 0.224 0.224 0.224 0.224 0.224 0.225 0.225
6 4.5 → 0 2.5 0.223 0.217 0.212 0.206 0.201 0.196 0.192 0.187 0.183 0.179
6 4.5 → 1 1.5 0.174 0.173 0.172 0.171 0.170 0.168 0.167 0.166 0.165 0.164
6 4.5 → 1 2.5 0.222 0.219 0.215 0.212 0.209 0.206 0.203 0.200 0.197 0.195
6 4.5 → 1 3.5 0.285 0.276 0.269 0.261 0.254 0.248 0.242 0.236 0.231 0.225
6 4.5 → 2 0.5 0.088 0.086 0.085 0.083 0.082 0.081 0.080 0.079 0.078 0.077
6 4.5 → 2 1.5 0.189 0.185 0.181 0.177 0.174 0.171 0.168 0.165 0.163 0.161
6 4.5 → 2 2.5 0.217 0.213 0.209 0.205 0.201 0.198 0.195 0.192 0.189 0.186
6 4.5 → 2 3.5 0.251 0.244 0.238 0.232 0.227 0.222 0.218 0.213 0.209 0.205
6 4.5 → 2 4.5 0.249 0.241 0.234 0.228 0.223 0.218 0.213 0.209 0.205 0.202
6 4.5 → 3 0.5 0.090 0.089 0.088 0.088 0.087 0.086 0.085 0.084 0.083 0.081
6 4.5 → 3 1.5 0.203 0.200 0.197 0.195 0.193 0.192 0.191 0.190 0.189 0.188
6 4.5 → 3 2.5 0.275 0.270 0.265 0.261 0.257 0.254 0.251 0.248 0.246 0.244
6 4.5 → 3 3.5 0.270 0.266 0.262 0.258 0.255 0.252 0.249 0.246 0.243 0.241
6 4.5 → 3 4.5 0.269 0.262 0.256 0.251 0.246 0.241 0.237 0.232 0.229 0.225
6 4.5 → 3 5.5 0.232 0.225 0.219 0.213 0.208 0.204 0.199 0.195 0.192 0.188
6 4.5 → 4 1.5 0.201 0.198 0.195 0.192 0.189 0.187 0.184 0.182 0.180 0.177
6 4.5 → 4 2.5 0.460 0.455 0.451 0.447 0.445 0.442 0.440 0.438 0.437 0.436
6 4.5 → 4 3.5 0.409 0.404 0.399 0.395 0.391 0.388 0.384 0.381 0.378 0.376
6 4.5 → 4 4.5 0.323 0.317 0.311 0.306 0.301 0.296 0.291 0.287 0.283 0.279
6 4.5 → 4 5.5 0.300 0.294 0.287 0.282 0.276 0.272 0.267 0.263 0.260 0.256
6 4.5 → 4 6.5 0.250 0.245 0.240 0.236 0.233 0.229 0.227 0.224 0.222 0.220
6 4.5 → 5 2.5 0.321 0.317 0.314 0.310 0.306 0.303 0.299 0.296 0.293 0.290
6 4.5 → 5 3.5 0.891 0.916 0.941 0.965 0.990 1.013 1.037 1.060 1.083 1.105
6 4.5 → 5 4.5 0.490 0.489 0.488 0.487 0.487 0.487 0.487 0.487 0.487 0.487
6 4.5 → 5 5.5 0.359 0.353 0.347 0.342 0.337 0.333 0.328 0.324 0.320 0.316
6 4.5 → 5 6.5 0.291 0.284 0.278 0.272 0.267 0.262 0.257 0.253 0.249 0.245
6 4.5 → 5 7.5 0.234 0.229 0.224 0.220 0.216 0.212 0.209 0.206 0.203 0.200
6 4.5 → 6 3.5 0.402 0.399 0.396 0.393 0.390 0.387 0.384 0.382 0.379 0.377
6 4.5 → 6 8.5 0.232 0.231 0.229 0.228 0.227 0.226 0.225 0.224 0.223 0.222
6 5.5 → 0 2.5 0.223 0.217 0.212 0.206 0.201 0.196 0.192 0.187 0.183 0.179
6 5.5 → 1 1.5 0.149 0.147 0.145 0.143 0.142 0.140 0.138 0.137 0.135 0.133
6 5.5 → 1 2.5 0.251 0.247 0.243 0.240 0.237 0.234 0.231 0.228 0.225 0.223
6 5.5 → 1 3.5 0.280 0.273 0.266 0.259 0.253 0.247 0.242 0.237 0.232 0.227
6 5.5 → 2 0.5 0.072 0.070 0.069 0.067 0.065 0.064 0.062 0.061 0.059 0.058
6 5.5 → 2 1.5 0.152 0.148 0.145 0.142 0.139 0.137 0.134 0.132 0.130 0.128
6 5.5 → 2 2.5 0.228 0.223 0.219 0.214 0.210 0.207 0.204 0.201 0.198 0.196
6 5.5 → 2 3.5 0.273 0.267 0.261 0.255 0.250 0.245 0.241 0.237 0.233 0.230
6 5.5 → 2 4.5 0.269 0.261 0.254 0.248 0.242 0.236 0.231 0.227 0.222 0.218
6 5.5 → 3 0.5 0.071 0.070 0.068 0.067 0.066 0.065 0.064 0.063 0.062 0.061
6 5.5 → 3 1.5 0.151 0.148 0.145 0.143 0.140 0.138 0.136 0.134 0.132 0.130
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(continued)

j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100
6 5.5 → 3 2.5 0.247 0.242 0.238 0.235 0.232 0.230 0.228 0.227 0.225 0.224
6 5.5 → 3 3.5 0.300 0.294 0.289 0.285 0.281 0.278 0.275 0.272 0.270 0.267
6 5.5 → 3 4.5 0.293 0.288 0.283 0.279 0.275 0.271 0.268 0.264 0.261 0.258
6 5.5 → 3 5.5 0.279 0.271 0.264 0.257 0.251 0.246 0.241 0.236 0.231 0.227
6 5.5 → 4 1.5 0.143 0.140 0.137 0.134 0.131 0.128 0.126 0.123 0.121 0.119
6 5.5 → 4 2.5 0.234 0.230 0.226 0.222 0.219 0.216 0.213 0.210 0.208 0.205
6 5.5 → 4 3.5 0.484 0.479 0.475 0.471 0.468 0.466 0.463 0.462 0.460 0.459
6 5.5 → 4 4.5 0.431 0.426 0.421 0.417 0.413 0.410 0.407 0.404 0.401 0.399
6 5.5 → 4 5.5 0.358 0.352 0.345 0.340 0.335 0.330 0.326 0.321 0.318 0.314
6 5.5 → 4 6.5 0.293 0.286 0.279 0.274 0.268 0.263 0.259 0.255 0.251 0.248
6 5.5 → 5 2.5 0.207 0.203 0.200 0.196 0.193 0.190 0.186 0.183 0.181 0.178
6 5.5 → 5 3.5 0.317 0.312 0.308 0.303 0.299 0.296 0.292 0.289 0.285 0.282
6 5.5 → 5 4.5 0.902 0.927 0.952 0.977 1.002 1.026 1.050 1.074 1.097 1.120
6 5.5 → 5 5.5 0.506 0.505 0.504 0.503 0.502 0.502 0.501 0.501 0.501 0.501
6 5.5 → 5 6.5 0.377 0.370 0.364 0.358 0.353 0.348 0.343 0.338 0.334 0.330
6 5.5 → 5 7.5 0.277 0.271 0.265 0.259 0.254 0.249 0.245 0.240 0.236 0.233
6 5.5 → 6 3.5 0.245 0.242 0.238 0.234 0.231 0.228 0.224 0.221 0.218 0.215
6 5.5 → 6 4.5 0.386 0.383 0.381 0.379 0.377 0.375 0.374 0.372 0.371 0.369
6 5.5 → 6 7.5 0.371 0.368 0.364 0.360 0.356 0.353 0.349 0.346 0.343 0.339
6 5.5 → 6 8.5 0.272 0.268 0.265 0.262 0.259 0.256 0.254 0.251 0.249 0.247
6 6.5 → 0 2.5 0.223 0.217 0.212 0.206 0.201 0.196 0.192 0.187 0.183 0.179
6 6.5 → 1 1.5 0.132 0.129 0.126 0.123 0.121 0.119 0.116 0.114 0.112 0.110
6 6.5 → 1 2.5 0.263 0.258 0.254 0.250 0.247 0.244 0.241 0.238 0.235 0.232
6 6.5 → 1 3.5 0.286 0.280 0.274 0.269 0.264 0.259 0.254 0.250 0.245 0.241
6 6.5 → 2 0.5 0.062 0.060 0.058 0.056 0.055 0.053 0.052 0.050 0.049 0.048
6 6.5 → 2 1.5 0.115 0.112 0.110 0.107 0.105 0.103 0.101 0.099 0.098 0.096
6 6.5 → 2 2.5 0.224 0.219 0.214 0.209 0.205 0.201 0.198 0.195 0.192 0.189
6 6.5 → 2 3.5 0.289 0.282 0.276 0.271 0.266 0.262 0.258 0.254 0.251 0.248
6 6.5 → 2 4.5 0.305 0.297 0.289 0.282 0.276 0.270 0.264 0.259 0.254 0.249
6 6.5 → 3 0.5 0.060 0.058 0.057 0.055 0.054 0.052 0.051 0.050 0.048 0.047
6 6.5 → 3 1.5 0.113 0.111 0.109 0.107 0.105 0.103 0.101 0.099 0.098 0.096
6 6.5 → 3 2.5 0.186 0.182 0.179 0.176 0.173 0.171 0.168 0.166 0.164 0.162
6 6.5 → 3 3.5 0.303 0.298 0.293 0.288 0.285 0.282 0.279 0.277 0.275 0.273
6 6.5 → 3 4.5 0.336 0.331 0.326 0.321 0.318 0.314 0.311 0.308 0.306 0.304
6 6.5 → 3 5.5 0.341 0.333 0.326 0.319 0.312 0.306 0.301 0.296 0.291 0.286
6 6.5 → 4 1.5 0.106 0.103 0.100 0.097 0.095 0.093 0.090 0.088 0.086 0.084
6 6.5 → 4 2.5 0.167 0.163 0.159 0.156 0.153 0.150 0.147 0.144 0.141 0.139
6 6.5 → 4 3.5 0.269 0.264 0.260 0.256 0.253 0.250 0.247 0.244 0.241 0.239
6 6.5 → 4 4.5 0.568 0.562 0.558 0.554 0.551 0.549 0.547 0.545 0.544 0.544
6 6.5 → 4 5.5 0.463 0.457 0.451 0.446 0.442 0.437 0.434 0.430 0.427 0.424
6 6.5 → 4 6.5 0.372 0.363 0.355 0.348 0.341 0.334 0.328 0.322 0.317 0.312
6 6.5 → 5 2.5 0.134 0.131 0.128 0.125 0.122 0.120 0.117 0.115 0.113 0.110
6 6.5 → 5 3.5 0.222 0.218 0.214 0.211 0.207 0.204 0.201 0.198 0.195 0.192
6 6.5 → 5 4.5 0.346 0.341 0.336 0.332 0.328 0.324 0.320 0.317 0.313 0.310
6 6.5 → 5 5.5 0.976 1.002 1.027 1.052 1.078 1.103 1.127 1.151 1.175 1.198
6 6.5 → 5 6.5 0.536 0.533 0.530 0.528 0.525 0.523 0.522 0.520 0.518 0.517
6 6.5 → 5 7.5 0.372 0.364 0.357 0.349 0.343 0.337 0.331 0.325 0.320 0.315
6 6.5 → 6 3.5 0.160 0.157 0.155 0.152 0.150 0.148 0.146 0.144 0.142 0.140
6 6.5 → 6 4.5 0.251 0.248 0.245 0.241 0.238 0.235 0.232 0.229 0.226 0.223
6 6.5 → 6 5.5 0.409 0.407 0.405 0.403 0.402 0.400 0.399 0.397 0.396 0.395
6 6.5 → 6 7.5 0.507 0.504 0.501 0.498 0.495 0.492 0.490 0.487 0.484 0.482
6 6.5 → 6 8.5 0.363 0.357 0.352 0.347 0.342 0.338 0.333 0.329 0.325 0.321
6 7.5 → 0 2.5 0.223 0.217 0.212 0.206 0.201 0.196 0.192 0.187 0.183 0.179
6 7.5 → 1 1.5 0.130 0.126 0.123 0.119 0.116 0.113 0.110 0.107 0.104 0.101
6 7.5 → 1 2.5 0.246 0.241 0.236 0.232 0.228 0.225 0.221 0.218 0.215 0.212
6 7.5 → 1 3.5 0.304 0.299 0.294 0.290 0.286 0.282 0.279 0.275 0.272 0.268
6 7.5 → 2 0.5 0.045 0.043 0.042 0.041 0.040 0.039 0.038 0.037 0.036 0.035
6 7.5 → 2 1.5 0.115 0.111 0.108 0.105 0.102 0.099 0.097 0.095 0.092 0.090
6 7.5 → 2 2.5 0.179 0.175 0.171 0.167 0.163 0.160 0.157 0.154 0.152 0.149
6 7.5 → 2 3.5 0.294 0.287 0.281 0.275 0.270 0.266 0.262 0.258 0.255 0.251
6 7.5 → 2 4.5 0.361 0.353 0.345 0.337 0.331 0.324 0.318 0.313 0.307 0.302
6 7.5 → 3 0.5 0.042 0.041 0.040 0.038 0.037 0.036 0.035 0.034 0.033 0.032
6 7.5 → 3 1.5 0.094 0.091 0.089 0.086 0.084 0.082 0.079 0.077 0.076 0.074
6 7.5 → 3 2.5 0.152 0.149 0.145 0.143 0.140 0.137 0.135 0.133 0.131 0.129
6 7.5 → 3 3.5 0.227 0.224 0.220 0.217 0.214 0.211 0.208 0.206 0.204 0.201
6 7.5 → 3 4.5 0.391 0.383 0.376 0.371 0.366 0.362 0.358 0.355 0.353 0.351
6 7.5 → 3 5.5 0.434 0.426 0.419 0.412 0.406 0.401 0.395 0.390 0.386 0.381
6 7.5 → 4 1.5 0.072 0.070 0.068 0.066 0.065 0.063 0.062 0.061 0.059 0.058
6 7.5 → 4 2.5 0.136 0.132 0.129 0.127 0.124 0.122 0.120 0.118 0.117 0.115
6 7.5 → 4 3.5 0.212 0.208 0.203 0.200 0.196 0.193 0.190 0.187 0.185 0.183
6 7.5 → 4 4.5 0.316 0.311 0.306 0.301 0.297 0.293 0.290 0.287 0.283 0.280
6 7.5 → 4 5.5 0.676 0.669 0.663 0.659 0.655 0.652 0.649 0.647 0.645 0.644
6 7.5 → 4 6.5 0.532 0.522 0.513 0.504 0.496 0.489 0.482 0.475 0.469 0.463
6 7.5 → 5 2.5 0.092 0.090 0.088 0.086 0.084 0.082 0.080 0.079 0.077 0.076
6 7.5 → 5 3.5 0.157 0.153 0.150 0.147 0.144 0.141 0.139 0.136 0.134 0.132
6 7.5 → 5 4.5 0.253 0.248 0.243 0.239 0.235 0.232 0.228 0.225 0.222 0.219
6 7.5 → 5 5.5 0.394 0.388 0.383 0.378 0.374 0.369 0.365 0.361 0.357 0.353
6 7.5 → 5 6.5 1.102 1.127 1.153 1.179 1.205 1.231 1.256 1.281 1.305 1.329
6 7.5 → 5 7.5 0.588 0.581 0.573 0.567 0.560 0.554 0.549 0.543 0.538 0.533
6 7.5 → 6 3.5 0.109 0.108 0.106 0.105 0.103 0.102 0.101 0.100 0.099 0.098

(continued)
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(continued)

j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100
6 7.5 → 6 4.5 0.181 0.179 0.177 0.175 0.173 0.172 0.170 0.169 0.167 0.166
6 7.5 → 6 8.5 0.566 0.559 0.553 0.547 0.540 0.534 0.529 0.523 0.518 0.513
6 8.5 → 0 2.5 0.223 0.217 0.212 0.206 0.201 0.196 0.192 0.187 0.183 0.179
6 8.5 → 1 1.5 0.151 0.146 0.142 0.137 0.134 0.130 0.126 0.123 0.120 0.117
6 8.5 → 1 2.5 0.187 0.182 0.177 0.172 0.168 0.164 0.160 0.156 0.152 0.148
6 8.5 → 1 3.5 0.341 0.338 0.335 0.333 0.330 0.327 0.325 0.322 0.320 0.318
6 8.5 → 2 0.5 0.048 0.046 0.045 0.044 0.043 0.042 0.041 0.041 0.040 0.039
6 8.5 → 2 1.5 0.093 0.090 0.088 0.085 0.083 0.081 0.080 0.078 0.077 0.075
6 8.5 → 2 2.5 0.154 0.149 0.145 0.141 0.137 0.133 0.130 0.127 0.124 0.121
6 8.5 → 2 3.5 0.246 0.239 0.233 0.228 0.222 0.217 0.213 0.208 0.204 0.200
6 8.5 → 2 4.5 0.455 0.446 0.438 0.430 0.423 0.416 0.410 0.405 0.399 0.395
6 8.5 → 3 0.5 0.030 0.029 0.029 0.028 0.027 0.027 0.026 0.025 0.025 0.024
6 8.5 → 3 1.5 0.067 0.065 0.063 0.061 0.060 0.058 0.057 0.055 0.054 0.053
6 8.5 → 3 2.5 0.120 0.116 0.112 0.109 0.106 0.103 0.101 0.098 0.096 0.094
6 8.5 → 3 3.5 0.199 0.193 0.188 0.184 0.179 0.175 0.171 0.168 0.165 0.161
6 8.5 → 3 4.5 0.321 0.314 0.308 0.303 0.298 0.293 0.288 0.283 0.279 0.275
6 8.5 → 3 5.5 0.605 0.597 0.589 0.583 0.578 0.573 0.569 0.565 0.562 0.560
6 8.5 → 4 1.5 0.066 0.065 0.064 0.063 0.062 0.062 0.061 0.061 0.061 0.060
6 8.5 → 4 2.5 0.102 0.100 0.098 0.096 0.095 0.093 0.092 0.091 0.090 0.089
6 8.5 → 4 3.5 0.154 0.150 0.147 0.144 0.141 0.139 0.136 0.135 0.133 0.131
6 8.5 → 4 4.5 0.240 0.234 0.229 0.224 0.219 0.214 0.210 0.207 0.203 0.200
6 8.5 → 4 5.5 0.400 0.391 0.383 0.376 0.368 0.362 0.355 0.349 0.344 0.338
6 8.5 → 4 6.5 0.981 0.971 0.962 0.954 0.947 0.941 0.935 0.930 0.925 0.921
6 8.5 → 5 2.5 0.081 0.080 0.078 0.077 0.075 0.074 0.073 0.072 0.071 0.070
6 8.5 → 5 3.5 0.114 0.112 0.109 0.107 0.105 0.103 0.102 0.100 0.098 0.097
6 8.5 → 5 4.5 0.166 0.162 0.159 0.155 0.152 0.149 0.147 0.144 0.142 0.139
6 8.5 → 5 5.5 0.264 0.258 0.253 0.247 0.243 0.238 0.234 0.230 0.226 0.222
6 8.5 → 5 6.5 0.468 0.460 0.452 0.445 0.438 0.431 0.424 0.418 0.412 0.407
6 8.5 → 5 7.5 1.492 1.516 1.540 1.565 1.589 1.613 1.637 1.660 1.683 1.705
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HC18O+ and Ar collisional system:

Table 4: Integrated rate coefficients j → j′ from 5 to 100 K. Units are 10−10 cm3 s−1.

j → j′
Temperature / K

5 10 15 20 25 30 35 40 45 50

1 → 0 2.117 2.699 2.857 3.028 3.227 3.437 3.647 3.849 4.040 4.217

2 → 0 1.329 1.236 1.153 1.099 1.070 1.061 1.065 1.079 1.099 1.123

2 → 1 5.560 5.240 4.887 4.651 4.512 4.442 4.421 4.434 4.470 4.523

3 → 0 0.750 0.793 0.792 0.785 0.778 0.772 0.768 0.766 0.765 0.766

3 → 1 3.611 3.543 3.349 3.172 3.026 2.910 2.818 2.747 2.691 2.648

3 → 2 5.755 5.719 5.462 5.220 5.025 4.878 4.770 4.696 4.648 4.622

4 → 0 0.542 0.543 0.529 0.515 0.502 0.491 0.482 0.475 0.469 0.464

4 → 1 2.594 2.529 2.399 2.275 2.167 2.076 1.999 1.936 1.892 1.883

4 → 2 4.088 4.041 3.870 3.696 3.541 3.408 3.295 3.201 3.122 3.057

4 → 3 5.435 5.503 5.346 5.162 4.993 4.848 4.730 4.636 4.562 4.507

5 → 0 0.298 0.304 0.302 0.298 0.293 0.288 0.284 0.280 0.276 0.273

5 → 1 1.649 1.651 1.601 1.544 1.489 1.440 1.395 1.356 1.321 1.290

5 → 2 3.010 2.991 2.903 2.804 2.707 2.619 2.539 2.468 2.404 2.348

5 → 3 3.685 3.723 3.655 3.565 3.475 3.391 3.313 3.243 3.181 3.125

5 → 4 5.450 5.428 5.295 5.140 4.989 4.852 4.731 4.627 4.538 4.465

j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100

1 → 0 4.382 4.534 4.674 4.803 4.922 5.032 5.133 5.225 5.310 5.387

2 → 0 1.149 1.177 1.204 1.232 1.259 1.286 1.311 1.335 1.358 1.380

2 → 1 4.588 4.660 4.738 4.820 4.904 4.989 5.074 5.157 5.239 5.319

3 → 0 0.768 0.770 0.773 0.777 0.781 0.786 0.790 0.795 0.799 0.803

3 → 1 2.616 2.592 2.576 2.566 2.564 2.567 2.576 2.591 2.611 2.637

3 → 2 4.613 4.618 4.633 4.658 4.689 4.725 4.765 4.808 4.853 4.898

4 → 0 0.460 0.457 0.454 0.452 0.451 0.450 0.449 0.449 0.449 0.449

4 → 1 1.947 2.149 2.580 3.349 4.577 6.383 8.875 12.140 16.250 21.230

4 → 2 3.002 2.956 2.919 2.887 2.861 2.840 2.822 2.807 2.794 2.784

4 → 3 4.465 4.435 4.412 4.393 4.375 4.354 4.328 4.295 4.251 4.196

5 → 0 0.270 0.268 0.265 0.264 0.262 0.261 0.259 0.258 0.258 0.257

5 → 1 1.262 1.237 1.215 1.196 1.178 1.162 1.148 1.135 1.123 1.112

5 → 2 2.298 2.253 2.214 2.178 2.147 2.118 2.093 2.070 2.048 2.029

5 → 3 3.077 3.033 2.996 2.962 2.933 2.908 2.885 2.865 2.847 2.831

5 → 4 4.405 4.357 4.319 4.291 4.270 4.256 4.247 4.244 4.244 4.246
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PO+ and H2 collisional system:

Table 5: Integrated rate coefficients j → j′ from 5 to 50 K. Units are 10−10 cm3 s−1.

j → j′
Temperature / K

5 10 15 20 25 30 35 40 45 50
1 → 0 1.766 1.626 1.544 1.492 1.460 1.440 1.429 1.424 1.423 1.424
2 → 0 1.631 1.375 1.203 1.082 0.993 0.924 0.870 0.825 0.788 0.758
2 → 1 4.029 3.343 2.994 2.788 2.652 2.558 2.490 2.439 2.401 2.372
3 → 0 0.704 0.627 0.577 0.537 0.505 0.478 0.454 0.434 0.416 0.400
3 → 1 3.318 2.868 2.532 2.287 2.101 1.956 1.839 1.744 1.665 1.598
3 → 2 4.165 3.811 3.550 3.366 3.232 3.132 3.054 2.994 2.945 2.907
4 → 0 0.713 0.641 0.578 0.528 0.489 0.457 0.431 0.409 0.391 0.374
4 → 1 1.752 1.660 1.552 1.454 1.370 1.297 1.233 1.177 1.127 1.083
4 → 2 3.436 3.097 2.844 2.645 2.484 2.351 2.239 2.144 2.062 1.991
4 → 3 3.818 3.595 3.441 3.326 3.239 3.173 3.121 3.081 3.049 3.024
5 → 0 0.457 0.436 0.411 0.390 0.370 0.353 0.338 0.324 0.312 0.301
5 → 1 1.357 1.276 1.199 1.131 1.071 1.019 0.973 0.933 0.898 0.866
5 → 2 2.167 2.049 1.918 1.806 1.712 1.632 1.564 1.504 1.451 1.404
5 → 3 3.422 3.167 2.952 2.777 2.633 2.511 2.408 2.318 2.241 2.173
5 → 4 3.455 3.379 3.304 3.242 3.193 3.155 3.124 3.099 3.080 3.064
6 → 0 0.311 0.313 0.302 0.288 0.273 0.260 0.248 0.238 0.229 0.220
6 → 1 0.954 0.952 0.922 0.885 0.849 0.816 0.787 0.760 0.737 0.715
6 → 2 1.719 1.644 1.563 1.485 1.415 1.353 1.298 1.248 1.204 1.165
6 → 3 2.248 2.149 2.052 1.967 1.893 1.828 1.769 1.715 1.666 1.621
6 → 4 3.280 3.103 2.942 2.802 2.681 2.577 2.486 2.407 2.337 2.276
6 → 5 3.110 3.044 2.990 2.955 2.933 2.920 2.911 2.907 2.905 2.905
7 → 0 0.232 0.222 0.218 0.214 0.211 0.207 0.204 0.201 0.198 0.195
7 → 1 0.752 0.738 0.709 0.679 0.649 0.622 0.597 0.574 0.554 0.535
7 → 2 1.363 1.343 1.303 1.260 1.218 1.179 1.142 1.109 1.078 1.049
7 → 3 1.912 1.808 1.715 1.634 1.564 1.503 1.449 1.400 1.357 1.318
7 → 4 2.370 2.242 2.140 2.057 1.985 1.921 1.864 1.811 1.763 1.718
7 → 5 3.077 2.942 2.815 2.705 2.611 2.530 2.461 2.400 2.346 2.299
7 → 6 2.630 2.637 2.631 2.626 2.625 2.628 2.634 2.643 2.653 2.664
8 → 0 0.196 0.189 0.181 0.172 0.164 0.157 0.151 0.145 0.141 0.136
8 → 1 0.714 0.704 0.682 0.660 0.641 0.624 0.608 0.594 0.580 0.567
8 → 2 1.019 0.970 0.926 0.887 0.852 0.821 0.793 0.768 0.745 0.725
8 → 3 1.598 1.559 1.512 1.465 1.419 1.376 1.336 1.298 1.263 1.230
8 → 4 1.935 1.845 1.773 1.714 1.661 1.614 1.571 1.531 1.495 1.461
8 → 5 2.066 2.033 1.968 1.906 1.851 1.800 1.754 1.712 1.673 1.637
8 → 6 2.704 2.712 2.676 2.625 2.573 2.522 2.475 2.431 2.391 2.354
8 → 7 2.331 2.314 2.307 2.312 2.326 2.344 2.366 2.390 2.414 2.439
9 → 0 0.213 0.210 0.206 0.202 0.197 0.193 0.189 0.184 0.179 0.175
9 → 1 0.467 0.460 0.445 0.429 0.413 0.399 0.386 0.374 0.364 0.355
9 → 2 0.974 0.951 0.924 0.899 0.876 0.854 0.834 0.814 0.794 0.776
9 → 3 1.112 1.072 1.041 1.014 0.989 0.966 0.944 0.924 0.905 0.888
9 → 4 1.634 1.572 1.512 1.458 1.410 1.368 1.330 1.296 1.264 1.235
9 → 5 1.919 1.923 1.887 1.843 1.800 1.758 1.719 1.682 1.647 1.615
9 → 6 1.833 1.814 1.788 1.758 1.727 1.696 1.666 1.637 1.609 1.583
9 → 7 2.606 2.613 2.592 2.556 2.516 2.475 2.436 2.398 2.363 2.331
9 → 8 2.107 2.106 2.112 2.127 2.149 2.176 2.204 2.234 2.265 2.296
10 → 0 0.125 0.123 0.118 0.113 0.109 0.106 0.104 0.102 0.100 0.099
10 → 1 0.612 0.576 0.549 0.527 0.508 0.491 0.474 0.459 0.444 0.431
10 → 2 0.630 0.625 0.610 0.594 0.580 0.567 0.555 0.544 0.535 0.527
10 → 3 1.003 0.986 0.964 0.945 0.927 0.909 0.892 0.876 0.859 0.843
10 → 4 1.272 1.278 1.258 1.233 1.207 1.182 1.159 1.136 1.115 1.094
10 → 5 1.469 1.458 1.428 1.395 1.363 1.333 1.306 1.280 1.256 1.234
10 → 6 1.968 1.995 1.967 1.926 1.883 1.840 1.798 1.759 1.722 1.688
10 → 7 1.634 1.654 1.647 1.634 1.617 1.599 1.580 1.561 1.543 1.524
10 → 8 2.379 2.419 2.408 2.382 2.351 2.318 2.286 2.255 2.227 2.200
10 → 9 1.771 1.829 1.866 1.904 1.944 1.984 2.024 2.063 2.102 2.139
11 → 0 0.185 0.167 0.155 0.146 0.138 0.132 0.126 0.121 0.116 0.112
11 → 1 0.330 0.321 0.314 0.308 0.303 0.298 0.295 0.292 0.289 0.287
11 → 2 0.791 0.748 0.711 0.680 0.653 0.629 0.607 0.587 0.569 0.552
11 → 3 0.889 0.882 0.865 0.845 0.825 0.806 0.789 0.773 0.759 0.746
11 → 4 1.079 1.056 1.032 1.009 0.989 0.970 0.952 0.935 0.919 0.903
11 → 5 1.451 1.420 1.384 1.347 1.313 1.280 1.251 1.223 1.198 1.174
11 → 6 1.429 1.397 1.371 1.347 1.326 1.307 1.288 1.271 1.254 1.238
11 → 7 1.886 1.901 1.882 1.851 1.816 1.780 1.746 1.712 1.680 1.650
11 → 8 1.562 1.534 1.531 1.527 1.521 1.512 1.502 1.490 1.478 1.466
11 → 9 2.237 2.236 2.232 2.219 2.202 2.183 2.163 2.143 2.124 2.106
11 → 10 1.606 1.616 1.652 1.696 1.744 1.792 1.839 1.885 1.929 1.973
12 → 0 0.085 0.090 0.094 0.096 0.097 0.098 0.098 0.098 0.098 0.098
12 → 1 0.385 0.353 0.332 0.315 0.300 0.287 0.275 0.264 0.255 0.246
12 → 2 0.556 0.560 0.557 0.551 0.543 0.536 0.528 0.521 0.514 0.508
12 → 3 0.736 0.755 0.748 0.734 0.717 0.700 0.683 0.667 0.651 0.636
12 → 4 0.994 0.992 0.977 0.957 0.935 0.913 0.892 0.873 0.855 0.839
12 → 5 1.050 1.033 1.022 1.012 1.001 0.990 0.979 0.967 0.956 0.944
12 → 6 1.396 1.382 1.356 1.325 1.293 1.262 1.234 1.207 1.182 1.160

(continued)
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(continued)

j → j′
Temperature / K

5 10 15 20 25 30 35 40 45 50
12 → 7 1.354 1.334 1.319 1.303 1.287 1.271 1.255 1.241 1.227 1.213
12 → 8 1.787 1.806 1.794 1.771 1.744 1.716 1.688 1.661 1.635 1.610
12 → 9 1.475 1.453 1.444 1.440 1.438 1.435 1.431 1.425 1.419 1.412
12 → 10 2.099 2.128 2.132 2.126 2.114 2.101 2.087 2.073 2.059 2.046
12 → 11 1.462 1.491 1.529 1.575 1.623 1.672 1.720 1.767 1.813 1.858
13 → 0 0.067 0.065 0.064 0.063 0.061 0.060 0.059 0.058 0.057 0.055
13 → 1 0.321 0.331 0.336 0.339 0.340 0.338 0.336 0.333 0.329 0.326
13 → 2 0.418 0.417 0.405 0.392 0.379 0.368 0.357 0.348 0.339 0.330
13 → 3 0.662 0.679 0.674 0.665 0.654 0.644 0.633 0.624 0.615 0.606
13 → 4 0.738 0.781 0.782 0.772 0.759 0.744 0.729 0.714 0.700 0.686
13 → 5 0.889 0.953 0.960 0.951 0.935 0.917 0.900 0.884 0.868 0.854
13 → 6 0.945 1.010 1.024 1.025 1.020 1.013 1.004 0.994 0.984 0.973
13 → 7 1.257 1.323 1.330 1.318 1.298 1.275 1.252 1.229 1.207 1.186
13 → 8 1.244 1.269 1.264 1.255 1.244 1.233 1.223 1.212 1.202 1.191
13 → 9 1.678 1.738 1.735 1.719 1.699 1.678 1.655 1.633 1.611 1.590
13 → 10 1.288 1.357 1.381 1.392 1.396 1.397 1.396 1.393 1.389 1.384
13 → 11 1.859 1.953 1.980 1.988 1.988 1.985 1.979 1.973 1.966 1.958
13 → 12 1.254 1.345 1.392 1.437 1.483 1.531 1.579 1.628 1.676 1.723
14 → 0 0.056 0.099 0.116 0.123 0.125 0.124 0.123 0.121 0.118 0.116
14 → 1 0.069 0.119 0.139 0.146 0.148 0.148 0.147 0.145 0.143 0.141
14 → 2 0.233 0.369 0.416 0.436 0.445 0.447 0.447 0.444 0.441 0.437
14 → 3 0.220 0.350 0.390 0.404 0.407 0.406 0.403 0.398 0.393 0.387
14 → 4 0.327 0.517 0.579 0.604 0.615 0.619 0.619 0.617 0.615 0.612
14 → 5 0.355 0.590 0.680 0.719 0.735 0.739 0.737 0.732 0.724 0.715
14 → 6 0.421 0.693 0.793 0.835 0.852 0.858 0.857 0.853 0.847 0.841
14 → 7 0.438 0.728 0.848 0.908 0.939 0.957 0.965 0.968 0.967 0.964
14 → 8 0.604 0.972 1.099 1.151 1.171 1.176 1.173 1.166 1.156 1.145
14 → 9 0.575 0.922 1.042 1.094 1.120 1.133 1.140 1.142 1.142 1.140
14 → 10 0.762 1.245 1.418 1.490 1.521 1.533 1.533 1.528 1.519 1.509
14 → 11 0.553 0.917 1.071 1.152 1.201 1.233 1.254 1.269 1.278 1.285
14 → 12 0.868 1.415 1.619 1.713 1.763 1.792 1.809 1.820 1.827 1.831
14 → 13 0.545 0.921 1.089 1.193 1.272 1.340 1.402 1.461 1.517 1.570
15 → 0 0.061 0.063 0.059 0.054 0.051 0.048 0.046 0.045 0.044 0.043
15 → 1 0.365 0.351 0.337 0.326 0.315 0.305 0.296 0.288 0.280 0.274
15 → 2 0.262 0.258 0.250 0.244 0.239 0.234 0.230 0.226 0.222 0.218
15 → 3 0.576 0.577 0.569 0.562 0.554 0.546 0.538 0.531 0.523 0.517
15 → 4 0.509 0.519 0.515 0.509 0.501 0.493 0.484 0.476 0.467 0.459
15 → 5 0.746 0.747 0.735 0.724 0.716 0.708 0.700 0.694 0.687 0.681
15 → 6 0.791 0.824 0.833 0.832 0.827 0.818 0.807 0.796 0.784 0.772
15 → 7 0.964 0.992 0.988 0.979 0.968 0.956 0.944 0.932 0.920 0.910
15 → 8 1.016 1.052 1.057 1.058 1.057 1.053 1.048 1.042 1.034 1.026
15 → 9 1.209 1.279 1.283 1.275 1.261 1.245 1.229 1.212 1.196 1.180
15 → 10 1.103 1.181 1.195 1.196 1.192 1.188 1.183 1.177 1.172 1.167
15 → 11 1.443 1.565 1.595 1.599 1.592 1.579 1.564 1.547 1.531 1.514
15 → 12 1.094 1.166 1.193 1.211 1.225 1.235 1.244 1.250 1.255 1.258
15 → 13 1.621 1.772 1.818 1.835 1.840 1.840 1.838 1.835 1.832 1.828
15 → 14 0.961 1.080 1.147 1.201 1.252 1.302 1.353 1.404 1.454 1.504
16 → 0 0.114 0.103 0.093 0.086 0.082 0.078 0.075 0.072 0.070 0.068
16 → 1 0.152 0.145 0.138 0.133 0.130 0.127 0.125 0.122 0.120 0.118
16 → 2 0.474 0.458 0.439 0.424 0.410 0.397 0.386 0.376 0.366 0.358
16 → 3 0.322 0.320 0.314 0.308 0.302 0.296 0.291 0.286 0.282 0.277
16 → 4 0.688 0.688 0.674 0.660 0.648 0.637 0.626 0.616 0.607 0.599
16 → 5 0.570 0.562 0.551 0.542 0.534 0.526 0.518 0.509 0.501 0.494
16 → 6 0.866 0.851 0.828 0.810 0.796 0.783 0.773 0.763 0.755 0.747
16 → 7 0.877 0.884 0.879 0.872 0.863 0.852 0.841 0.830 0.818 0.806
16 → 8 1.034 1.036 1.018 1.001 0.985 0.971 0.957 0.945 0.933 0.922
16 → 9 0.953 1.008 1.028 1.038 1.043 1.044 1.042 1.039 1.034 1.028
16 → 10 1.120 1.186 1.206 1.210 1.206 1.198 1.187 1.175 1.162 1.150
16 → 11 1.032 1.089 1.106 1.116 1.122 1.126 1.128 1.129 1.129 1.128
16 → 12 1.421 1.515 1.539 1.543 1.538 1.528 1.516 1.502 1.487 1.472
16 → 13 0.994 1.065 1.100 1.124 1.142 1.157 1.169 1.180 1.188 1.195
16 → 14 1.619 1.734 1.776 1.792 1.798 1.797 1.795 1.791 1.788 1.784
16 → 15 0.906 0.997 1.059 1.111 1.162 1.212 1.262 1.312 1.362 1.412
17 → 0 0.015 0.026 0.032 0.035 0.038 0.039 0.040 0.040 0.040 0.040
17 → 1 0.092 0.144 0.159 0.162 0.161 0.159 0.156 0.152 0.149 0.146
17 → 2 0.096 0.154 0.174 0.181 0.183 0.182 0.181 0.179 0.176 0.174
17 → 3 0.290 0.427 0.462 0.470 0.468 0.463 0.456 0.448 0.441 0.434
17 → 4 0.197 0.295 0.322 0.329 0.330 0.328 0.325 0.322 0.318 0.314
17 → 5 0.404 0.599 0.656 0.675 0.680 0.679 0.675 0.669 0.662 0.655
17 → 6 0.313 0.461 0.503 0.518 0.522 0.522 0.520 0.516 0.511 0.505
17 → 7 0.457 0.682 0.748 0.771 0.778 0.778 0.775 0.771 0.766 0.761
17 → 8 0.433 0.653 0.729 0.762 0.777 0.784 0.785 0.784 0.780 0.775
17 → 9 0.506 0.770 0.857 0.891 0.904 0.907 0.906 0.902 0.896 0.890
17 → 10 0.484 0.755 0.859 0.911 0.942 0.960 0.972 0.978 0.981 0.982
17 → 11 0.554 0.856 0.972 1.028 1.058 1.074 1.081 1.083 1.081 1.078
17 → 12 0.523 0.812 0.922 0.979 1.013 1.036 1.052 1.064 1.072 1.078
17 → 13 0.721 1.121 1.274 1.346 1.382 1.399 1.405 1.406 1.402 1.397
17 → 14 0.487 0.784 0.913 0.985 1.031 1.064 1.088 1.107 1.123 1.135
17 → 15 0.811 1.262 1.445 1.538 1.590 1.621 1.640 1.652 1.661 1.666
17 → 16 0.465 0.750 0.880 0.964 1.032 1.092 1.149 1.204 1.257 1.309

(continued)
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(continued)

j → j′
Temperature / K

5 10 15 20 25 30 35 40 45 50
18 → 0 0.041 0.046 0.046 0.044 0.042 0.040 0.038 0.037 0.036 0.035
18 → 1 0.112 0.109 0.106 0.104 0.103 0.102 0.101 0.101 0.100 0.099
18 → 2 0.291 0.277 0.266 0.258 0.252 0.247 0.242 0.237 0.233 0.229
18 → 3 0.242 0.243 0.241 0.239 0.238 0.235 0.233 0.230 0.228 0.225
18 → 4 0.665 0.655 0.633 0.614 0.597 0.580 0.566 0.552 0.540 0.528
18 → 5 0.399 0.408 0.403 0.396 0.388 0.381 0.374 0.367 0.361 0.356
18 → 6 0.825 0.841 0.831 0.816 0.800 0.784 0.769 0.755 0.742 0.730
18 → 7 0.607 0.607 0.595 0.583 0.573 0.564 0.555 0.547 0.539 0.531
18 → 8 0.911 0.916 0.898 0.879 0.861 0.846 0.832 0.819 0.808 0.799
18 → 9 0.794 0.817 0.818 0.816 0.811 0.806 0.800 0.793 0.785 0.777
18 → 10 0.978 0.998 0.992 0.981 0.968 0.955 0.942 0.930 0.919 0.908
18 → 11 0.877 0.934 0.956 0.968 0.976 0.980 0.983 0.984 0.983 0.981
18 → 12 1.051 1.080 1.089 1.094 1.095 1.094 1.090 1.086 1.080 1.073
18 → 13 0.920 0.974 0.999 1.017 1.031 1.042 1.050 1.057 1.062 1.065
18 → 14 1.336 1.403 1.428 1.440 1.445 1.444 1.439 1.433 1.424 1.415
18 → 15 0.882 0.941 0.984 1.020 1.048 1.071 1.089 1.104 1.116 1.126
18 → 16 1.642 1.683 1.693 1.699 1.702 1.703 1.702 1.700 1.697 1.695
18 → 17 0.863 0.934 0.980 1.019 1.059 1.100 1.143 1.188 1.233 1.279
19 → 0 0.025 0.034 0.038 0.041 0.042 0.042 0.042 0.042 0.041 0.040
19 → 1 0.122 0.125 0.118 0.113 0.109 0.107 0.105 0.104 0.103 0.102
19 → 2 0.179 0.175 0.165 0.159 0.156 0.154 0.153 0.152 0.150 0.149
19 → 3 0.423 0.399 0.370 0.350 0.336 0.325 0.317 0.310 0.304 0.298
19 → 4 0.308 0.309 0.297 0.288 0.282 0.277 0.273 0.269 0.266 0.263
19 → 5 0.791 0.769 0.728 0.695 0.669 0.646 0.627 0.611 0.596 0.582
19 → 6 0.435 0.443 0.432 0.422 0.413 0.405 0.398 0.392 0.385 0.380
19 → 7 0.882 0.897 0.876 0.855 0.835 0.817 0.801 0.785 0.771 0.757
19 → 8 0.628 0.630 0.610 0.593 0.580 0.570 0.560 0.551 0.542 0.535
19 → 9 1.011 0.999 0.960 0.929 0.904 0.883 0.865 0.850 0.836 0.824
19 → 10 0.835 0.847 0.832 0.820 0.812 0.804 0.797 0.790 0.783 0.775
19 → 11 1.080 1.074 1.038 1.010 0.987 0.968 0.952 0.937 0.924 0.913
19 → 12 0.944 0.976 0.976 0.978 0.982 0.985 0.986 0.987 0.986 0.983
19 → 13 1.114 1.111 1.090 1.079 1.073 1.068 1.063 1.058 1.053 1.047
19 → 14 1.028 1.046 1.036 1.032 1.032 1.035 1.038 1.040 1.043 1.045
19 → 15 1.436 1.467 1.446 1.431 1.420 1.410 1.402 1.393 1.384 1.375
19 → 16 0.996 1.023 1.026 1.034 1.045 1.057 1.068 1.079 1.088 1.097
19 → 17 1.799 1.805 1.773 1.752 1.737 1.725 1.716 1.708 1.701 1.695
19 → 18 0.939 0.986 1.005 1.029 1.058 1.092 1.128 1.167 1.208 1.249

Table 6: Integrated rate coefficients j → j′ from 55 to 100 K. Units are 10−10 cm3 s−1.

j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100
1 → 0 1.428 1.433 1.440 1.447 1.455 1.464 1.473 1.482 1.492 1.502
2 → 0 0.732 0.710 0.691 0.675 0.661 0.649 0.638 0.629 0.621 0.614
2 → 1 2.349 2.332 2.319 2.310 2.303 2.299 2.297 2.297 2.298 2.300
3 → 0 0.386 0.373 0.361 0.351 0.342 0.333 0.325 0.318 0.312 0.306
3 → 1 1.541 1.492 1.449 1.412 1.379 1.351 1.325 1.302 1.281 1.262
3 → 2 2.876 2.850 2.830 2.814 2.801 2.791 2.783 2.778 2.775 2.773
4 → 0 0.360 0.348 0.337 0.327 0.318 0.310 0.303 0.296 0.290 0.284
4 → 1 1.044 1.009 0.977 0.948 0.922 0.898 0.876 0.856 0.837 0.820
4 → 2 1.929 1.874 1.826 1.782 1.744 1.709 1.677 1.649 1.623 1.599
4 → 3 3.004 2.988 2.976 2.967 2.961 2.956 2.953 2.952 2.953 2.954
5 → 0 0.291 0.282 0.274 0.266 0.260 0.253 0.248 0.242 0.237 0.233
5 → 1 0.837 0.811 0.788 0.766 0.746 0.728 0.711 0.696 0.681 0.667
5 → 2 1.361 1.323 1.288 1.257 1.227 1.200 1.176 1.153 1.132 1.112
5 → 3 2.112 2.059 2.011 1.969 1.930 1.896 1.864 1.835 1.809 1.785
5 → 4 3.053 3.043 3.037 3.032 3.029 3.028 3.028 3.029 3.031 3.034
6 → 0 0.213 0.206 0.199 0.193 0.188 0.183 0.179 0.175 0.171 0.167
6 → 1 0.696 0.678 0.662 0.647 0.633 0.620 0.608 0.597 0.586 0.576
6 → 2 1.129 1.096 1.066 1.039 1.014 0.991 0.970 0.950 0.931 0.914
6 → 3 1.579 1.541 1.505 1.472 1.441 1.412 1.385 1.360 1.336 1.314
6 → 4 2.221 2.172 2.129 2.089 2.054 2.022 1.993 1.967 1.943 1.921
6 → 5 2.907 2.909 2.913 2.918 2.923 2.930 2.936 2.944 2.951 2.960
7 → 0 0.192 0.189 0.186 0.183 0.180 0.178 0.175 0.172 0.170 0.167
7 → 1 0.519 0.503 0.489 0.477 0.465 0.454 0.444 0.435 0.426 0.418
7 → 2 1.023 0.998 0.975 0.953 0.933 0.913 0.895 0.878 0.862 0.847
7 → 3 1.283 1.251 1.222 1.195 1.170 1.147 1.126 1.107 1.089 1.072
7 → 4 1.677 1.638 1.602 1.568 1.536 1.506 1.478 1.452 1.427 1.404
7 → 5 2.256 2.218 2.184 2.153 2.124 2.099 2.075 2.053 2.033 2.015
7 → 6 2.676 2.689 2.702 2.716 2.730 2.745 2.759 2.774 2.789 2.804
8 → 0 0.132 0.129 0.126 0.123 0.121 0.119 0.117 0.115 0.113 0.111
8 → 1 0.554 0.542 0.531 0.520 0.509 0.499 0.489 0.480 0.471 0.462
8 → 2 0.706 0.690 0.674 0.661 0.648 0.636 0.625 0.615 0.606 0.597
8 → 3 1.200 1.171 1.144 1.119 1.095 1.072 1.051 1.031 1.012 0.994
8 → 4 1.431 1.402 1.376 1.351 1.328 1.307 1.287 1.268 1.251 1.234
8 → 5 1.603 1.571 1.542 1.514 1.487 1.463 1.440 1.418 1.397 1.378
8 → 6 2.321 2.290 2.261 2.235 2.210 2.188 2.167 2.147 2.129 2.112

(continued)



148

(continued)

j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100
8 → 7 2.464 2.489 2.514 2.538 2.562 2.586 2.609 2.632 2.654 2.676
9 → 0 0.171 0.166 0.162 0.158 0.155 0.151 0.147 0.144 0.141 0.138
9 → 1 0.347 0.340 0.334 0.328 0.323 0.318 0.314 0.310 0.307 0.304
9 → 2 0.758 0.741 0.725 0.709 0.694 0.680 0.666 0.653 0.640 0.628
9 → 3 0.872 0.856 0.842 0.829 0.817 0.806 0.795 0.785 0.775 0.766
9 → 4 1.208 1.183 1.159 1.136 1.115 1.095 1.076 1.058 1.041 1.025
9 → 5 1.585 1.557 1.530 1.506 1.482 1.460 1.440 1.420 1.402 1.384
9 → 6 1.557 1.534 1.511 1.489 1.469 1.449 1.431 1.413 1.397 1.381
9 → 7 2.300 2.272 2.245 2.220 2.198 2.176 2.156 2.138 2.120 2.104
9 → 8 2.326 2.356 2.385 2.414 2.443 2.470 2.498 2.524 2.551 2.576
10 → 0 0.098 0.097 0.096 0.095 0.095 0.094 0.093 0.093 0.092 0.092
10 → 1 0.418 0.406 0.395 0.384 0.374 0.364 0.355 0.346 0.338 0.330
10 → 2 0.519 0.513 0.506 0.501 0.496 0.491 0.486 0.482 0.478 0.475
10 → 3 0.827 0.811 0.796 0.781 0.767 0.753 0.740 0.727 0.715 0.703
10 → 4 1.076 1.058 1.041 1.025 1.010 0.996 0.983 0.970 0.958 0.946
10 → 5 1.212 1.192 1.173 1.155 1.138 1.121 1.105 1.090 1.075 1.061
10 → 6 1.655 1.625 1.596 1.569 1.544 1.520 1.497 1.476 1.456 1.437
10 → 7 1.506 1.489 1.472 1.456 1.440 1.425 1.411 1.397 1.384 1.371
10 → 8 2.175 2.152 2.130 2.110 2.091 2.074 2.058 2.043 2.029 2.016
10 → 9 2.176 2.212 2.247 2.280 2.313 2.345 2.377 2.407 2.437 2.466
11 → 0 0.109 0.105 0.102 0.099 0.096 0.093 0.091 0.088 0.086 0.084
11 → 1 0.285 0.283 0.281 0.279 0.278 0.276 0.275 0.274 0.272 0.271
11 → 2 0.536 0.522 0.508 0.495 0.482 0.471 0.460 0.449 0.439 0.430
11 → 3 0.734 0.723 0.713 0.704 0.695 0.687 0.680 0.673 0.666 0.659
11 → 4 0.888 0.874 0.860 0.846 0.833 0.820 0.807 0.795 0.783 0.772
11 → 5 1.152 1.131 1.112 1.095 1.078 1.062 1.047 1.033 1.020 1.008
11 → 6 1.222 1.207 1.192 1.177 1.163 1.149 1.136 1.123 1.110 1.098
11 → 7 1.621 1.594 1.569 1.544 1.522 1.500 1.480 1.461 1.443 1.425
11 → 8 1.453 1.441 1.428 1.416 1.404 1.393 1.382 1.371 1.360 1.350
11 → 9 2.088 2.072 2.056 2.042 2.028 2.015 2.003 1.992 1.982 1.972
11 → 10 2.014 2.055 2.094 2.132 2.169 2.205 2.240 2.274 2.307 2.339
12 → 0 0.098 0.097 0.097 0.096 0.096 0.095 0.095 0.094 0.094 0.093
12 → 1 0.238 0.230 0.224 0.217 0.211 0.206 0.201 0.196 0.191 0.187
12 → 2 0.502 0.497 0.491 0.486 0.481 0.477 0.472 0.468 0.464 0.460
12 → 3 0.621 0.607 0.594 0.581 0.568 0.557 0.545 0.535 0.524 0.515
12 → 4 0.824 0.810 0.798 0.786 0.776 0.766 0.757 0.748 0.740 0.733
12 → 5 0.932 0.920 0.908 0.896 0.884 0.872 0.861 0.850 0.839 0.828
12 → 6 1.139 1.119 1.101 1.085 1.069 1.054 1.040 1.028 1.015 1.004
12 → 7 1.200 1.187 1.175 1.163 1.151 1.139 1.128 1.117 1.106 1.095
12 → 8 1.586 1.563 1.541 1.521 1.501 1.482 1.465 1.448 1.432 1.416
12 → 9 1.405 1.397 1.388 1.380 1.372 1.363 1.355 1.347 1.338 1.331
12 → 10 2.032 2.020 2.008 1.997 1.986 1.976 1.966 1.957 1.949 1.940
12 → 11 1.902 1.944 1.986 2.026 2.066 2.104 2.141 2.177 2.213 2.247
13 → 0 0.054 0.053 0.052 0.051 0.050 0.049 0.048 0.047 0.046 0.045
13 → 1 0.322 0.318 0.314 0.310 0.307 0.303 0.299 0.296 0.293 0.290
13 → 2 0.322 0.315 0.308 0.301 0.295 0.289 0.283 0.278 0.273 0.268
13 → 3 0.599 0.591 0.584 0.578 0.572 0.566 0.561 0.556 0.551 0.546
13 → 4 0.672 0.659 0.646 0.634 0.623 0.612 0.601 0.591 0.581 0.571
13 → 5 0.841 0.829 0.818 0.807 0.798 0.789 0.781 0.773 0.766 0.759
13 → 6 0.962 0.951 0.940 0.928 0.917 0.906 0.895 0.884 0.873 0.863
13 → 7 1.167 1.148 1.131 1.115 1.100 1.086 1.073 1.061 1.049 1.038
13 → 8 1.181 1.171 1.161 1.152 1.142 1.132 1.123 1.114 1.105 1.096
13 → 9 1.570 1.550 1.531 1.513 1.495 1.479 1.463 1.447 1.433 1.419
13 → 10 1.379 1.373 1.367 1.360 1.354 1.347 1.341 1.334 1.328 1.322
13 → 11 1.951 1.943 1.936 1.929 1.921 1.915 1.908 1.902 1.896 1.890
13 → 12 1.769 1.814 1.858 1.901 1.943 1.984 2.023 2.062 2.099 2.136
14 → 0 0.114 0.111 0.109 0.107 0.105 0.103 0.102 0.100 0.098 0.097
14 → 1 0.139 0.137 0.135 0.133 0.131 0.129 0.127 0.126 0.124 0.123
14 → 2 0.433 0.428 0.424 0.419 0.415 0.410 0.406 0.402 0.398 0.394
14 → 3 0.381 0.375 0.369 0.363 0.357 0.352 0.346 0.341 0.336 0.331
14 → 4 0.608 0.604 0.601 0.597 0.593 0.589 0.586 0.582 0.579 0.575
14 → 5 0.705 0.695 0.684 0.674 0.664 0.653 0.643 0.634 0.624 0.615
14 → 6 0.834 0.827 0.820 0.813 0.807 0.800 0.794 0.789 0.783 0.778
14 → 7 0.959 0.953 0.945 0.937 0.929 0.920 0.911 0.902 0.893 0.883
14 → 8 1.134 1.122 1.111 1.099 1.088 1.078 1.067 1.057 1.048 1.039
14 → 9 1.136 1.132 1.127 1.122 1.116 1.110 1.104 1.098 1.091 1.085
14 → 10 1.497 1.485 1.472 1.459 1.446 1.434 1.421 1.409 1.397 1.386
14 → 11 1.289 1.291 1.292 1.292 1.291 1.290 1.288 1.285 1.282 1.280
14 → 12 1.833 1.834 1.833 1.832 1.831 1.829 1.826 1.824 1.821 1.819
14 → 13 1.622 1.672 1.720 1.767 1.812 1.856 1.898 1.940 1.980 2.019
15 → 0 0.042 0.041 0.041 0.040 0.040 0.039 0.039 0.039 0.038 0.038
15 → 1 0.267 0.262 0.256 0.251 0.247 0.243 0.239 0.235 0.231 0.228
15 → 2 0.215 0.212 0.209 0.206 0.203 0.200 0.198 0.195 0.193 0.191
15 → 3 0.510 0.503 0.497 0.492 0.486 0.481 0.476 0.471 0.466 0.461
15 → 4 0.451 0.443 0.436 0.428 0.421 0.415 0.408 0.402 0.396 0.390
15 → 5 0.676 0.671 0.666 0.661 0.657 0.652 0.648 0.644 0.640 0.636
15 → 6 0.760 0.748 0.736 0.724 0.713 0.701 0.690 0.680 0.670 0.659
15 → 7 0.899 0.890 0.881 0.872 0.864 0.856 0.849 0.842 0.836 0.830
15 → 8 1.018 1.008 0.999 0.989 0.979 0.969 0.959 0.949 0.939 0.929
15 → 9 1.165 1.150 1.137 1.123 1.111 1.099 1.087 1.076 1.066 1.056

(continued)
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(continued)

j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100
15 → 10 1.161 1.155 1.149 1.143 1.137 1.131 1.124 1.118 1.112 1.105
15 → 11 1.497 1.481 1.466 1.451 1.436 1.422 1.409 1.396 1.383 1.371
15 → 12 1.261 1.263 1.263 1.264 1.263 1.263 1.261 1.260 1.258 1.256
15 → 13 1.825 1.821 1.817 1.813 1.809 1.805 1.802 1.798 1.795 1.791
15 → 14 1.552 1.600 1.647 1.693 1.737 1.781 1.823 1.864 1.904 1.944
16 → 0 0.066 0.064 0.063 0.061 0.060 0.059 0.058 0.057 0.056 0.055
16 → 1 0.116 0.115 0.113 0.112 0.110 0.109 0.108 0.107 0.105 0.104
16 → 2 0.350 0.343 0.337 0.331 0.325 0.320 0.316 0.311 0.307 0.303
16 → 3 0.273 0.269 0.265 0.262 0.258 0.255 0.251 0.248 0.245 0.242
16 → 4 0.590 0.583 0.575 0.569 0.562 0.556 0.550 0.544 0.539 0.534
16 → 5 0.486 0.478 0.471 0.463 0.456 0.449 0.443 0.436 0.430 0.424
16 → 6 0.740 0.733 0.727 0.721 0.716 0.710 0.705 0.700 0.695 0.691
16 → 7 0.793 0.781 0.770 0.758 0.747 0.736 0.725 0.714 0.704 0.694
16 → 8 0.912 0.902 0.893 0.884 0.876 0.869 0.861 0.854 0.848 0.842
16 → 9 1.021 1.014 1.005 0.997 0.988 0.979 0.970 0.961 0.952 0.942
16 → 10 1.137 1.125 1.113 1.101 1.090 1.079 1.069 1.059 1.050 1.040
16 → 11 1.127 1.124 1.122 1.118 1.115 1.111 1.106 1.102 1.097 1.092
16 → 12 1.458 1.443 1.429 1.416 1.403 1.390 1.378 1.366 1.354 1.343
16 → 13 1.201 1.206 1.210 1.212 1.215 1.216 1.217 1.218 1.218 1.218
16 → 14 1.780 1.776 1.773 1.769 1.766 1.763 1.759 1.756 1.754 1.751
16 → 15 1.461 1.509 1.556 1.602 1.647 1.690 1.733 1.775 1.816 1.855
17 → 0 0.040 0.039 0.039 0.038 0.038 0.037 0.037 0.036 0.036 0.035
17 → 1 0.143 0.141 0.139 0.137 0.135 0.133 0.131 0.130 0.129 0.128
17 → 2 0.172 0.170 0.167 0.165 0.164 0.162 0.160 0.158 0.157 0.155
17 → 3 0.427 0.420 0.414 0.408 0.402 0.397 0.392 0.387 0.382 0.378
17 → 4 0.311 0.307 0.303 0.300 0.296 0.292 0.289 0.286 0.282 0.279
17 → 5 0.648 0.641 0.634 0.627 0.620 0.614 0.608 0.602 0.596 0.590
17 → 6 0.500 0.494 0.488 0.482 0.476 0.470 0.464 0.458 0.452 0.447
17 → 7 0.756 0.750 0.745 0.740 0.735 0.730 0.725 0.720 0.716 0.711
17 → 8 0.768 0.761 0.754 0.746 0.737 0.729 0.721 0.712 0.704 0.695
17 → 9 0.884 0.877 0.871 0.865 0.859 0.853 0.847 0.841 0.836 0.831
17 → 10 0.980 0.977 0.973 0.968 0.962 0.956 0.949 0.942 0.935 0.927
17 → 11 1.073 1.067 1.060 1.053 1.046 1.038 1.031 1.023 1.016 1.009
17 → 12 1.082 1.084 1.085 1.085 1.084 1.083 1.081 1.078 1.075 1.072
17 → 13 1.389 1.381 1.372 1.363 1.354 1.344 1.335 1.326 1.316 1.307
17 → 14 1.145 1.153 1.160 1.166 1.170 1.174 1.177 1.180 1.182 1.183
17 → 15 1.670 1.672 1.674 1.675 1.676 1.676 1.677 1.677 1.677 1.676
17 → 16 1.360 1.409 1.457 1.504 1.550 1.595 1.639 1.682 1.723 1.764
18 → 0 0.034 0.033 0.033 0.032 0.032 0.032 0.031 0.031 0.031 0.031
18 → 1 0.098 0.097 0.097 0.096 0.095 0.094 0.093 0.092 0.091 0.090
18 → 2 0.225 0.222 0.219 0.216 0.213 0.211 0.208 0.206 0.204 0.202
18 → 3 0.222 0.220 0.217 0.215 0.212 0.210 0.207 0.205 0.203 0.201
18 → 4 0.518 0.508 0.499 0.491 0.483 0.475 0.469 0.462 0.456 0.450
18 → 5 0.350 0.345 0.340 0.336 0.331 0.327 0.323 0.319 0.316 0.312
18 → 6 0.718 0.707 0.697 0.687 0.678 0.669 0.661 0.653 0.646 0.638
18 → 7 0.524 0.517 0.510 0.503 0.497 0.491 0.485 0.479 0.473 0.467
18 → 8 0.789 0.781 0.773 0.766 0.760 0.753 0.747 0.741 0.736 0.731
18 → 9 0.769 0.761 0.753 0.745 0.736 0.728 0.719 0.711 0.703 0.695
18 → 10 0.898 0.889 0.880 0.872 0.864 0.857 0.850 0.844 0.838 0.832
18 → 11 0.978 0.973 0.969 0.963 0.957 0.951 0.944 0.937 0.930 0.922
18 → 12 1.066 1.059 1.052 1.044 1.037 1.029 1.021 1.014 1.006 0.999
18 → 13 1.068 1.069 1.070 1.070 1.069 1.068 1.066 1.064 1.062 1.059
18 → 14 1.405 1.395 1.384 1.373 1.363 1.352 1.342 1.332 1.322 1.312
18 → 15 1.135 1.142 1.148 1.153 1.158 1.161 1.164 1.167 1.169 1.171
18 → 16 1.692 1.689 1.687 1.684 1.682 1.679 1.677 1.675 1.673 1.672
18 → 17 1.324 1.370 1.414 1.458 1.502 1.545 1.587 1.628 1.668 1.708
19 → 0 0.039 0.038 0.037 0.036 0.035 0.034 0.034 0.033 0.032 0.031
19 → 1 0.102 0.101 0.100 0.100 0.099 0.098 0.098 0.097 0.097 0.096
19 → 2 0.148 0.146 0.145 0.143 0.142 0.140 0.139 0.137 0.136 0.134
19 → 3 0.293 0.289 0.285 0.281 0.277 0.274 0.271 0.268 0.265 0.263
19 → 4 0.260 0.257 0.254 0.251 0.248 0.246 0.243 0.241 0.238 0.236
19 → 5 0.570 0.559 0.548 0.539 0.530 0.521 0.513 0.506 0.499 0.492
19 → 6 0.374 0.369 0.365 0.360 0.356 0.352 0.348 0.344 0.340 0.337
19 → 7 0.745 0.733 0.722 0.712 0.702 0.693 0.684 0.676 0.668 0.660
19 → 8 0.527 0.520 0.513 0.507 0.500 0.494 0.488 0.482 0.477 0.472
19 → 9 0.813 0.803 0.794 0.786 0.778 0.770 0.763 0.757 0.750 0.744
19 → 10 0.767 0.759 0.751 0.742 0.734 0.726 0.718 0.710 0.702 0.694
19 → 11 0.902 0.892 0.883 0.875 0.867 0.860 0.853 0.846 0.840 0.834
19 → 12 0.980 0.976 0.971 0.966 0.960 0.954 0.947 0.941 0.934 0.926
19 → 13 1.041 1.034 1.028 1.021 1.014 1.008 1.001 0.994 0.987 0.980
19 → 14 1.046 1.047 1.047 1.047 1.047 1.046 1.045 1.043 1.041 1.039
19 → 15 1.366 1.357 1.347 1.338 1.329 1.320 1.310 1.301 1.292 1.283
19 → 16 1.104 1.111 1.117 1.122 1.127 1.131 1.134 1.138 1.140 1.143
19 → 17 1.689 1.685 1.680 1.677 1.673 1.670 1.668 1.665 1.663 1.661
19 → 18 1.292 1.334 1.376 1.418 1.460 1.501 1.541 1.582 1.621 1.660
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Table 7: Integrated rate coefficients j → j′ from 105 to 150 K. Units are 10−10 cm3 s−1.

j → j′
Temperature / K

105 110 115 120 125 130 135 140 145 150
1 → 0 1.512 1.523 1.534 1.544 1.555 1.566 1.577 1.588 1.599 1.610
2 → 0 0.607 0.602 0.597 0.592 0.588 0.585 0.582 0.579 0.576 0.574
2 → 1 2.304 2.309 2.315 2.322 2.329 2.337 2.346 2.355 2.364 2.375
3 → 0 0.300 0.295 0.291 0.287 0.283 0.280 0.277 0.274 0.271 0.269
3 → 1 1.246 1.230 1.216 1.204 1.192 1.181 1.171 1.162 1.153 1.145
3 → 2 2.773 2.774 2.777 2.780 2.784 2.790 2.796 2.803 2.810 2.818
4 → 0 0.278 0.273 0.269 0.264 0.260 0.256 0.253 0.249 0.246 0.243
4 → 1 0.805 0.790 0.777 0.765 0.754 0.743 0.734 0.725 0.716 0.708
4 → 2 1.577 1.557 1.538 1.521 1.505 1.491 1.477 1.464 1.452 1.441
4 → 3 2.957 2.960 2.965 2.970 2.976 2.983 2.990 2.998 3.006 3.015
5 → 0 0.229 0.225 0.221 0.217 0.214 0.211 0.208 0.206 0.203 0.201
5 → 1 0.655 0.643 0.632 0.621 0.611 0.602 0.593 0.584 0.576 0.568
5 → 2 1.093 1.076 1.060 1.046 1.032 1.019 1.006 0.995 0.984 0.974
5 → 3 1.763 1.743 1.724 1.707 1.691 1.676 1.662 1.649 1.637 1.626
5 → 4 3.038 3.043 3.048 3.054 3.061 3.068 3.076 3.084 3.092 3.101
6 → 0 0.164 0.160 0.157 0.155 0.152 0.150 0.147 0.145 0.143 0.141
6 → 1 0.567 0.558 0.550 0.542 0.535 0.528 0.521 0.515 0.509 0.503
6 → 2 0.898 0.883 0.869 0.856 0.843 0.831 0.820 0.809 0.799 0.790
6 → 3 1.293 1.273 1.255 1.237 1.221 1.205 1.191 1.177 1.164 1.151
6 → 4 1.900 1.882 1.864 1.848 1.833 1.820 1.807 1.795 1.783 1.773
6 → 5 2.968 2.977 2.987 2.997 3.007 3.017 3.028 3.039 3.050 3.061
7 → 0 0.165 0.163 0.160 0.158 0.156 0.154 0.152 0.150 0.148 0.146
7 → 1 0.411 0.404 0.398 0.392 0.386 0.381 0.376 0.371 0.366 0.362
7 → 2 0.832 0.819 0.805 0.793 0.781 0.770 0.759 0.749 0.739 0.729
7 → 3 1.056 1.041 1.027 1.014 1.002 0.990 0.979 0.968 0.958 0.948
7 → 4 1.382 1.361 1.342 1.323 1.306 1.289 1.274 1.259 1.245 1.231
7 → 5 1.997 1.982 1.967 1.953 1.940 1.928 1.916 1.905 1.895 1.886
7 → 6 2.819 2.834 2.850 2.865 2.881 2.896 2.912 2.927 2.943 2.959
8 → 0 0.110 0.109 0.107 0.106 0.105 0.104 0.103 0.102 0.101 0.100
8 → 1 0.454 0.446 0.438 0.431 0.424 0.417 0.410 0.404 0.398 0.392
8 → 2 0.589 0.582 0.575 0.568 0.562 0.556 0.550 0.545 0.540 0.535
8 → 3 0.976 0.960 0.944 0.929 0.915 0.901 0.888 0.876 0.864 0.853
8 → 4 1.219 1.204 1.190 1.176 1.164 1.152 1.140 1.129 1.118 1.108
8 → 5 1.359 1.342 1.325 1.310 1.295 1.281 1.268 1.256 1.244 1.232
8 → 6 2.096 2.081 2.067 2.054 2.041 2.029 2.018 2.007 1.997 1.988
8 → 7 2.698 2.720 2.741 2.762 2.783 2.803 2.824 2.844 2.864 2.883
9 → 0 0.135 0.132 0.129 0.127 0.124 0.122 0.119 0.117 0.115 0.113
9 → 1 0.301 0.298 0.295 0.293 0.291 0.289 0.287 0.285 0.283 0.281
9 → 2 0.616 0.605 0.594 0.584 0.574 0.564 0.555 0.546 0.538 0.530
9 → 3 0.758 0.750 0.742 0.735 0.728 0.721 0.715 0.709 0.703 0.697
9 → 4 1.009 0.995 0.981 0.967 0.954 0.942 0.930 0.919 0.908 0.897
9 → 5 1.367 1.351 1.336 1.322 1.308 1.295 1.282 1.270 1.258 1.247
9 → 6 1.366 1.352 1.338 1.325 1.313 1.301 1.290 1.280 1.270 1.260
9 → 7 2.089 2.074 2.061 2.048 2.036 2.025 2.015 2.005 1.995 1.986
9 → 8 2.602 2.627 2.651 2.675 2.699 2.722 2.745 2.767 2.790 2.812
10 → 0 0.091 0.091 0.091 0.090 0.090 0.089 0.089 0.088 0.088 0.088
10 → 1 0.323 0.315 0.309 0.302 0.296 0.290 0.284 0.278 0.273 0.268
10 → 2 0.471 0.468 0.465 0.462 0.459 0.456 0.453 0.451 0.448 0.446
10 → 3 0.691 0.680 0.669 0.659 0.649 0.639 0.630 0.620 0.612 0.603
10 → 4 0.936 0.925 0.915 0.906 0.897 0.888 0.880 0.872 0.864 0.857
10 → 5 1.048 1.035 1.023 1.011 0.999 0.988 0.978 0.967 0.957 0.948
10 → 6 1.419 1.402 1.386 1.371 1.356 1.342 1.329 1.316 1.303 1.292
10 → 7 1.359 1.348 1.337 1.326 1.316 1.307 1.297 1.288 1.280 1.272
10 → 8 2.004 1.992 1.982 1.972 1.962 1.954 1.945 1.937 1.930 1.923
10 → 9 2.494 2.522 2.550 2.576 2.603 2.628 2.654 2.678 2.703 2.727
11 → 0 0.082 0.080 0.078 0.076 0.074 0.072 0.071 0.069 0.068 0.066
11 → 1 0.269 0.268 0.267 0.266 0.264 0.263 0.262 0.260 0.259 0.258
11 → 2 0.421 0.412 0.404 0.396 0.389 0.382 0.375 0.369 0.362 0.356
11 → 3 0.653 0.648 0.642 0.637 0.632 0.627 0.622 0.618 0.613 0.609
11 → 4 0.761 0.750 0.740 0.730 0.720 0.710 0.701 0.692 0.684 0.675
11 → 5 0.996 0.985 0.974 0.964 0.954 0.945 0.936 0.927 0.919 0.911
11 → 6 1.086 1.075 1.064 1.053 1.043 1.033 1.023 1.013 1.004 0.995
11 → 7 1.409 1.393 1.378 1.364 1.350 1.337 1.325 1.313 1.301 1.290
11 → 8 1.340 1.331 1.322 1.313 1.305 1.297 1.289 1.281 1.274 1.267
11 → 9 1.963 1.954 1.946 1.938 1.931 1.924 1.917 1.911 1.905 1.900
11 → 10 2.371 2.402 2.432 2.461 2.490 2.518 2.546 2.573 2.599 2.625
12 → 0 0.092 0.092 0.091 0.090 0.090 0.089 0.089 0.088 0.087 0.086
12 → 1 0.183 0.179 0.176 0.172 0.169 0.166 0.162 0.160 0.157 0.154
12 → 2 0.456 0.452 0.449 0.445 0.442 0.438 0.435 0.431 0.428 0.424
12 → 3 0.505 0.496 0.488 0.479 0.472 0.464 0.457 0.450 0.443 0.437
12 → 4 0.726 0.719 0.713 0.707 0.701 0.695 0.690 0.685 0.680 0.676
12 → 5 0.818 0.808 0.798 0.788 0.779 0.770 0.761 0.752 0.743 0.735
12 → 6 0.993 0.983 0.973 0.964 0.955 0.946 0.938 0.930 0.923 0.916
12 → 7 1.085 1.075 1.065 1.056 1.047 1.038 1.029 1.020 1.012 1.003
12 → 8 1.402 1.388 1.375 1.362 1.350 1.338 1.327 1.316 1.305 1.295
12 → 9 1.323 1.315 1.308 1.301 1.294 1.288 1.281 1.275 1.269 1.264
12 → 10 1.933 1.926 1.919 1.913 1.907 1.901 1.896 1.890 1.885 1.881

(continued)
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(continued)

j → j′
Temperature / K

105 110 115 120 125 130 135 140 145 150
12 → 11 2.281 2.313 2.346 2.377 2.408 2.438 2.467 2.496 2.524 2.552
13 → 0 0.045 0.044 0.043 0.043 0.042 0.041 0.041 0.040 0.040 0.039
13 → 1 0.287 0.283 0.281 0.278 0.275 0.272 0.269 0.267 0.264 0.262
13 → 2 0.263 0.259 0.255 0.250 0.246 0.243 0.239 0.235 0.232 0.228
13 → 3 0.541 0.537 0.533 0.529 0.525 0.521 0.517 0.513 0.509 0.505
13 → 4 0.562 0.553 0.545 0.536 0.528 0.520 0.513 0.505 0.498 0.491
13 → 5 0.752 0.746 0.740 0.735 0.729 0.724 0.719 0.714 0.709 0.704
13 → 6 0.853 0.843 0.833 0.823 0.814 0.805 0.796 0.788 0.779 0.771
13 → 7 1.027 1.017 1.008 0.999 0.990 0.981 0.973 0.965 0.957 0.949
13 → 8 1.087 1.078 1.070 1.061 1.053 1.045 1.037 1.029 1.021 1.013
13 → 9 1.405 1.392 1.380 1.368 1.356 1.345 1.335 1.324 1.314 1.305
13 → 10 1.316 1.310 1.304 1.298 1.293 1.288 1.282 1.278 1.273 1.268
13 → 11 1.884 1.879 1.874 1.869 1.865 1.860 1.856 1.853 1.849 1.846
13 → 12 2.172 2.207 2.241 2.274 2.307 2.339 2.370 2.401 2.431 2.460
14 → 0 0.096 0.094 0.093 0.092 0.091 0.090 0.089 0.088 0.087 0.087
14 → 1 0.121 0.120 0.119 0.117 0.116 0.115 0.114 0.113 0.112 0.111
14 → 2 0.390 0.386 0.383 0.379 0.376 0.372 0.369 0.365 0.362 0.358
14 → 3 0.327 0.322 0.317 0.313 0.309 0.305 0.301 0.297 0.293 0.289
14 → 4 0.572 0.568 0.565 0.562 0.559 0.556 0.552 0.549 0.546 0.543
14 → 5 0.606 0.597 0.588 0.580 0.571 0.563 0.555 0.547 0.539 0.532
14 → 6 0.773 0.768 0.763 0.759 0.754 0.750 0.746 0.741 0.737 0.733
14 → 7 0.874 0.865 0.856 0.847 0.837 0.828 0.819 0.810 0.801 0.791
14 → 8 1.030 1.021 1.013 1.005 0.997 0.989 0.981 0.974 0.966 0.959
14 → 9 1.078 1.071 1.065 1.058 1.051 1.044 1.038 1.031 1.024 1.017
14 → 10 1.374 1.363 1.352 1.341 1.331 1.320 1.309 1.299 1.288 1.277
14 → 11 1.277 1.274 1.271 1.267 1.264 1.261 1.258 1.255 1.252 1.249
14 → 12 1.816 1.813 1.811 1.808 1.805 1.803 1.800 1.798 1.795 1.792
14 → 13 2.057 2.094 2.130 2.165 2.200 2.233 2.266 2.298 2.329 2.360
15 → 0 0.037 0.037 0.037 0.036 0.036 0.035 0.035 0.035 0.034 0.034
15 → 1 0.225 0.222 0.219 0.216 0.213 0.211 0.208 0.206 0.203 0.201
15 → 2 0.188 0.186 0.184 0.182 0.181 0.179 0.177 0.175 0.173 0.172
15 → 3 0.457 0.453 0.449 0.445 0.441 0.437 0.433 0.429 0.425 0.421
15 → 4 0.384 0.378 0.373 0.368 0.362 0.357 0.352 0.347 0.342 0.338
15 → 5 0.633 0.629 0.626 0.622 0.619 0.615 0.611 0.608 0.604 0.600
15 → 6 0.650 0.640 0.631 0.622 0.613 0.604 0.595 0.586 0.577 0.568
15 → 7 0.824 0.818 0.812 0.807 0.802 0.796 0.791 0.786 0.781 0.776
15 → 8 0.919 0.909 0.899 0.889 0.880 0.870 0.860 0.850 0.840 0.829
15 → 9 1.046 1.037 1.028 1.019 1.010 1.002 0.993 0.985 0.976 0.968
15 → 10 1.098 1.092 1.085 1.079 1.072 1.065 1.058 1.051 1.044 1.037
15 → 11 1.359 1.348 1.336 1.325 1.314 1.304 1.293 1.282 1.271 1.260
15 → 12 1.254 1.252 1.250 1.247 1.244 1.242 1.238 1.235 1.232 1.228
15 → 13 1.788 1.785 1.782 1.779 1.776 1.773 1.770 1.767 1.764 1.761
15 → 14 1.982 2.019 2.056 2.092 2.127 2.161 2.194 2.227 2.259 2.291
16 → 0 0.054 0.054 0.053 0.053 0.052 0.052 0.051 0.051 0.051 0.051
16 → 1 0.103 0.102 0.102 0.101 0.100 0.099 0.098 0.098 0.097 0.097
16 → 2 0.299 0.296 0.292 0.289 0.286 0.283 0.280 0.277 0.274 0.271
16 → 3 0.239 0.237 0.234 0.231 0.229 0.226 0.224 0.221 0.219 0.216
16 → 4 0.529 0.524 0.519 0.514 0.510 0.506 0.501 0.497 0.493 0.488
16 → 5 0.418 0.412 0.406 0.401 0.395 0.390 0.384 0.379 0.373 0.368
16 → 6 0.686 0.682 0.678 0.674 0.670 0.665 0.661 0.657 0.653 0.649
16 → 7 0.684 0.674 0.665 0.655 0.646 0.637 0.628 0.618 0.609 0.599
16 → 8 0.835 0.830 0.824 0.818 0.813 0.807 0.801 0.796 0.790 0.785
16 → 9 0.933 0.924 0.914 0.905 0.895 0.886 0.876 0.866 0.856 0.845
16 → 10 1.031 1.022 1.014 1.005 0.997 0.989 0.981 0.973 0.964 0.956
16 → 11 1.087 1.081 1.076 1.070 1.065 1.059 1.053 1.047 1.040 1.034
16 → 12 1.332 1.322 1.311 1.301 1.291 1.281 1.271 1.261 1.251 1.241
16 → 13 1.218 1.217 1.217 1.216 1.214 1.213 1.211 1.209 1.207 1.205
16 → 14 1.748 1.745 1.742 1.739 1.736 1.732 1.729 1.725 1.721 1.716
16 → 15 1.894 1.932 1.970 2.006 2.042 2.077 2.111 2.145 2.178 2.211
17 → 0 0.035 0.034 0.033 0.033 0.032 0.031 0.030 0.029 0.027 0.026
17 → 1 0.126 0.125 0.124 0.124 0.123 0.122 0.122 0.121 0.121 0.120
17 → 2 0.154 0.153 0.151 0.150 0.149 0.148 0.147 0.146 0.146 0.145
17 → 3 0.374 0.370 0.366 0.362 0.359 0.355 0.352 0.348 0.345 0.342
17 → 4 0.276 0.273 0.270 0.267 0.264 0.261 0.257 0.254 0.251 0.248
17 → 5 0.585 0.579 0.574 0.569 0.564 0.559 0.554 0.550 0.545 0.540
17 → 6 0.441 0.435 0.430 0.425 0.419 0.414 0.408 0.403 0.397 0.391
17 → 7 0.707 0.702 0.698 0.694 0.689 0.685 0.681 0.676 0.672 0.667
17 → 8 0.687 0.679 0.670 0.662 0.653 0.645 0.636 0.627 0.617 0.608
17 → 9 0.825 0.820 0.815 0.811 0.806 0.801 0.796 0.792 0.787 0.782
17 → 10 0.919 0.911 0.903 0.895 0.886 0.878 0.869 0.859 0.849 0.839
17 → 11 1.001 0.994 0.987 0.980 0.972 0.965 0.957 0.949 0.941 0.933
17 → 12 1.068 1.065 1.060 1.056 1.051 1.047 1.042 1.036 1.031 1.025
17 → 13 1.298 1.289 1.280 1.271 1.262 1.253 1.244 1.235 1.225 1.215
17 → 14 1.184 1.185 1.186 1.186 1.186 1.185 1.184 1.183 1.182 1.180
17 → 15 1.676 1.675 1.675 1.674 1.672 1.671 1.669 1.667 1.664 1.661
17 → 16 1.804 1.843 1.882 1.920 1.957 1.993 2.029 2.065 2.100 2.135
18 → 0 0.031 0.031 0.031 0.031 0.031 0.031 0.032 0.032 0.033 0.033
18 → 1 0.089 0.088 0.087 0.085 0.084 0.083 0.082 0.081 0.079 0.078
18 → 2 0.200 0.199 0.197 0.196 0.194 0.193 0.192 0.191 0.190 0.189
18 → 3 0.199 0.196 0.195 0.193 0.191 0.189 0.187 0.185 0.184 0.182

(continued)
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(continued)

j → j′
Temperature / K

105 110 115 120 125 130 135 140 145 150
18 → 4 0.445 0.440 0.435 0.430 0.425 0.421 0.416 0.412 0.407 0.403
18 → 5 0.309 0.305 0.302 0.299 0.296 0.293 0.290 0.287 0.284 0.281
18 → 6 0.631 0.625 0.618 0.612 0.605 0.599 0.593 0.587 0.580 0.574
18 → 7 0.461 0.456 0.451 0.445 0.440 0.434 0.429 0.423 0.418 0.412
18 → 8 0.725 0.721 0.716 0.711 0.706 0.702 0.697 0.692 0.688 0.683
18 → 9 0.687 0.678 0.670 0.662 0.654 0.645 0.636 0.627 0.618 0.608
18 → 10 0.826 0.821 0.815 0.810 0.805 0.799 0.794 0.789 0.783 0.778
18 → 11 0.914 0.907 0.898 0.890 0.881 0.872 0.863 0.853 0.842 0.831
18 → 12 0.992 0.984 0.976 0.969 0.961 0.952 0.943 0.934 0.924 0.914
18 → 13 1.056 1.053 1.049 1.046 1.042 1.038 1.033 1.029 1.024 1.019
18 → 14 1.302 1.292 1.282 1.272 1.262 1.251 1.240 1.229 1.217 1.205
18 → 15 1.172 1.173 1.174 1.175 1.175 1.175 1.175 1.174 1.173 1.172
18 → 16 1.670 1.668 1.666 1.664 1.661 1.659 1.656 1.653 1.649 1.645
18 → 17 1.746 1.784 1.821 1.858 1.893 1.928 1.962 1.995 2.028 2.059
19 → 0 0.030 0.029 0.027 0.026 0.024 0.022 0.020 0.018 0.015 0.011
19 → 1 0.095 0.095 0.094 0.093 0.092 0.091 0.090 0.089 0.087 0.086
19 → 2 0.133 0.132 0.130 0.129 0.127 0.126 0.125 0.124 0.122 0.121
19 → 3 0.260 0.258 0.255 0.253 0.251 0.249 0.246 0.244 0.242 0.240
19 → 4 0.233 0.231 0.229 0.227 0.225 0.222 0.220 0.218 0.216 0.214
19 → 5 0.486 0.480 0.474 0.468 0.462 0.456 0.451 0.445 0.439 0.433
19 → 6 0.333 0.330 0.327 0.324 0.321 0.319 0.316 0.314 0.311 0.309
19 → 7 0.653 0.646 0.639 0.632 0.625 0.619 0.612 0.606 0.599 0.592
19 → 8 0.466 0.461 0.456 0.451 0.447 0.442 0.437 0.433 0.428 0.423
19 → 9 0.738 0.732 0.727 0.721 0.715 0.709 0.703 0.697 0.691 0.684
19 → 10 0.686 0.678 0.670 0.662 0.654 0.646 0.637 0.628 0.619 0.610
19 → 11 0.828 0.822 0.816 0.810 0.804 0.798 0.791 0.785 0.778 0.770
19 → 12 0.919 0.911 0.903 0.895 0.887 0.878 0.869 0.859 0.849 0.838
19 → 13 0.973 0.966 0.959 0.951 0.943 0.935 0.926 0.916 0.905 0.894
19 → 14 1.037 1.034 1.032 1.029 1.026 1.022 1.019 1.015 1.011 1.007
19 → 15 1.274 1.264 1.254 1.244 1.234 1.223 1.211 1.199 1.185 1.171
19 → 16 1.144 1.146 1.147 1.148 1.148 1.148 1.147 1.146 1.144 1.141
19 → 17 1.659 1.656 1.654 1.651 1.648 1.645 1.641 1.637 1.632 1.627
19 → 18 1.699 1.737 1.775 1.813 1.850 1.887 1.924 1.961 1.998 2.035

Table 8: Integrated rate coefficients j → j′ from 155 to 200 K. Units are 10−10 cm3 s−1.

j → j′
Temperature / K

155 160 165 170 175 180 185 190 195 200
1 → 0 1.622 1.633 1.644 1.655 1.666 1.677 1.688 1.698 1.709 1.720
2 → 0 0.572 0.570 0.569 0.567 0.566 0.564 0.563 0.562 0.561 0.561
2 → 1 2.385 2.396 2.406 2.418 2.429 2.440 2.452 2.464 2.475 2.487
3 → 0 0.267 0.265 0.263 0.261 0.260 0.258 0.257 0.256 0.255 0.254
3 → 1 1.138 1.131 1.125 1.118 1.113 1.107 1.102 1.098 1.093 1.089
3 → 2 2.826 2.835 2.844 2.854 2.864 2.874 2.884 2.895 2.906 2.916
4 → 0 0.240 0.237 0.234 0.232 0.229 0.227 0.224 0.222 0.220 0.218
4 → 1 0.701 0.695 0.688 0.682 0.677 0.672 0.667 0.663 0.658 0.654
4 → 2 1.430 1.420 1.411 1.402 1.394 1.386 1.379 1.372 1.365 1.358
4 → 3 3.024 3.033 3.042 3.052 3.062 3.072 3.083 3.093 3.103 3.113
5 → 0 0.198 0.196 0.194 0.192 0.190 0.189 0.187 0.185 0.184 0.182
5 → 1 0.561 0.554 0.547 0.541 0.534 0.528 0.523 0.517 0.512 0.507
5 → 2 0.965 0.956 0.947 0.939 0.932 0.925 0.918 0.912 0.905 0.900
5 → 3 1.615 1.605 1.595 1.587 1.578 1.570 1.563 1.555 1.549 1.542
5 → 4 3.111 3.120 3.130 3.140 3.150 3.160 3.170 3.181 3.191 3.202
6 → 0 0.139 0.137 0.135 0.134 0.132 0.130 0.129 0.127 0.126 0.125
6 → 1 0.497 0.492 0.487 0.482 0.477 0.472 0.468 0.463 0.459 0.455
6 → 2 0.781 0.772 0.763 0.755 0.748 0.740 0.733 0.726 0.719 0.713
6 → 3 1.140 1.129 1.118 1.108 1.098 1.089 1.081 1.072 1.064 1.057
6 → 4 1.763 1.753 1.744 1.736 1.728 1.721 1.713 1.706 1.700 1.694
6 → 5 3.073 3.085 3.096 3.108 3.120 3.132 3.144 3.156 3.168 3.180
7 → 0 0.145 0.143 0.141 0.139 0.138 0.136 0.134 0.132 0.131 0.129
7 → 1 0.358 0.354 0.350 0.347 0.343 0.340 0.337 0.334 0.332 0.329
7 → 2 0.720 0.711 0.703 0.695 0.687 0.680 0.672 0.665 0.658 0.652
7 → 3 0.939 0.930 0.922 0.914 0.906 0.899 0.892 0.885 0.878 0.871
7 → 4 1.219 1.207 1.195 1.184 1.174 1.164 1.154 1.145 1.136 1.127
7 → 5 1.877 1.868 1.860 1.852 1.845 1.838 1.831 1.824 1.818 1.812
7 → 6 2.974 2.990 3.005 3.021 3.036 3.051 3.067 3.082 3.096 3.111
8 → 0 0.100 0.099 0.098 0.097 0.096 0.096 0.095 0.094 0.093 0.093
8 → 1 0.387 0.381 0.376 0.371 0.366 0.362 0.357 0.353 0.349 0.345
8 → 2 0.531 0.526 0.522 0.518 0.514 0.510 0.507 0.504 0.500 0.497
8 → 3 0.842 0.831 0.821 0.811 0.802 0.793 0.784 0.776 0.767 0.759
8 → 4 1.098 1.089 1.080 1.071 1.062 1.054 1.046 1.039 1.031 1.024
8 → 5 1.222 1.211 1.201 1.192 1.183 1.174 1.166 1.158 1.150 1.143
8 → 6 1.979 1.970 1.962 1.954 1.946 1.939 1.932 1.926 1.919 1.913
8 → 7 2.903 2.922 2.941 2.960 2.979 2.997 3.015 3.033 3.050 3.067
9 → 0 0.111 0.109 0.107 0.105 0.103 0.101 0.100 0.098 0.096 0.094
9 → 1 0.279 0.278 0.276 0.275 0.273 0.272 0.271 0.269 0.268 0.267
9 → 2 0.522 0.515 0.507 0.500 0.493 0.487 0.480 0.474 0.468 0.463

(continued)
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(continued)

j → j′
Temperature / K

155 160 165 170 175 180 185 190 195 200
9 → 3 0.692 0.687 0.682 0.677 0.672 0.668 0.663 0.659 0.655 0.651
9 → 4 0.887 0.877 0.868 0.859 0.850 0.842 0.834 0.826 0.818 0.810
9 → 5 1.236 1.225 1.215 1.205 1.195 1.186 1.177 1.168 1.159 1.151
9 → 6 1.251 1.243 1.234 1.226 1.219 1.211 1.204 1.197 1.191 1.184
9 → 7 1.978 1.969 1.962 1.954 1.947 1.941 1.934 1.928 1.923 1.917
9 → 8 2.833 2.854 2.875 2.896 2.916 2.935 2.955 2.974 2.992 3.010
10 → 0 0.087 0.087 0.086 0.086 0.085 0.084 0.084 0.083 0.082 0.081
10 → 1 0.263 0.258 0.253 0.249 0.244 0.240 0.235 0.231 0.227 0.222
10 → 2 0.443 0.441 0.438 0.436 0.434 0.431 0.429 0.427 0.425 0.422
10 → 3 0.595 0.587 0.579 0.571 0.563 0.556 0.549 0.541 0.534 0.527
10 → 4 0.850 0.843 0.836 0.830 0.824 0.818 0.812 0.806 0.801 0.795
10 → 5 0.938 0.929 0.920 0.911 0.902 0.894 0.885 0.877 0.869 0.861
10 → 6 1.280 1.269 1.259 1.249 1.239 1.229 1.220 1.211 1.203 1.194
10 → 7 1.264 1.256 1.248 1.241 1.234 1.227 1.220 1.213 1.206 1.199
10 → 8 1.917 1.910 1.904 1.899 1.893 1.888 1.883 1.879 1.874 1.870
10 → 9 2.750 2.773 2.796 2.818 2.840 2.862 2.883 2.903 2.923 2.943
11 → 0 0.064 0.063 0.061 0.059 0.058 0.056 0.054 0.053 0.051 0.049
11 → 1 0.256 0.255 0.253 0.251 0.250 0.248 0.246 0.244 0.242 0.240
11 → 2 0.350 0.345 0.339 0.334 0.328 0.323 0.318 0.313 0.309 0.304
11 → 3 0.605 0.600 0.596 0.592 0.588 0.584 0.581 0.577 0.573 0.569
11 → 4 0.667 0.659 0.651 0.643 0.635 0.628 0.620 0.613 0.605 0.598
11 → 5 0.903 0.896 0.888 0.881 0.874 0.867 0.860 0.853 0.847 0.840
11 → 6 0.986 0.977 0.969 0.960 0.952 0.944 0.936 0.928 0.921 0.913
11 → 7 1.279 1.268 1.257 1.247 1.237 1.227 1.218 1.208 1.198 1.189
11 → 8 1.260 1.254 1.247 1.241 1.234 1.228 1.222 1.216 1.209 1.203
11 → 9 1.894 1.889 1.884 1.879 1.874 1.869 1.864 1.859 1.855 1.850
11 → 10 2.651 2.676 2.700 2.724 2.748 2.771 2.793 2.815 2.836 2.857
12 → 0 0.086 0.085 0.084 0.083 0.083 0.082 0.081 0.080 0.079 0.078
12 → 1 0.151 0.148 0.146 0.143 0.141 0.138 0.135 0.133 0.130 0.127
12 → 2 0.421 0.417 0.413 0.409 0.405 0.401 0.396 0.392 0.387 0.382
12 → 3 0.430 0.425 0.419 0.413 0.408 0.403 0.398 0.393 0.388 0.383
12 → 4 0.671 0.667 0.662 0.658 0.654 0.650 0.646 0.643 0.639 0.635
12 → 5 0.727 0.719 0.711 0.703 0.696 0.688 0.681 0.673 0.666 0.659
12 → 6 0.909 0.902 0.895 0.889 0.882 0.876 0.870 0.864 0.858 0.852
12 → 7 0.995 0.987 0.980 0.972 0.964 0.957 0.949 0.942 0.935 0.927
12 → 8 1.285 1.276 1.267 1.257 1.249 1.240 1.232 1.223 1.215 1.207
12 → 9 1.258 1.253 1.247 1.242 1.237 1.232 1.227 1.222 1.218 1.213
12 → 10 1.876 1.872 1.867 1.863 1.859 1.855 1.851 1.847 1.843 1.839
12 → 11 2.579 2.605 2.631 2.657 2.682 2.706 2.730 2.753 2.775 2.797
13 → 0 0.039 0.038 0.038 0.037 0.037 0.037 0.036 0.036 0.035 0.035
13 → 1 0.259 0.256 0.254 0.251 0.248 0.246 0.243 0.240 0.237 0.235
13 → 2 0.224 0.221 0.217 0.214 0.210 0.206 0.203 0.199 0.195 0.191
13 → 3 0.501 0.497 0.493 0.489 0.485 0.481 0.476 0.472 0.467 0.462
13 → 4 0.484 0.477 0.470 0.462 0.455 0.448 0.441 0.434 0.427 0.419
13 → 5 0.699 0.694 0.689 0.684 0.678 0.673 0.668 0.662 0.656 0.651
13 → 6 0.763 0.755 0.748 0.740 0.733 0.726 0.719 0.712 0.705 0.698
13 → 7 0.941 0.933 0.925 0.918 0.910 0.902 0.893 0.885 0.876 0.868
13 → 8 1.005 0.997 0.989 0.980 0.972 0.964 0.955 0.947 0.938 0.929
13 → 9 1.295 1.286 1.277 1.268 1.260 1.251 1.243 1.235 1.227 1.219
13 → 10 1.264 1.259 1.255 1.251 1.247 1.243 1.239 1.236 1.232 1.229
13 → 11 1.842 1.839 1.836 1.834 1.831 1.829 1.827 1.825 1.823 1.821
13 → 12 2.489 2.518 2.545 2.572 2.599 2.625 2.650 2.675 2.700 2.724
14 → 0 0.086 0.086 0.085 0.085 0.084 0.084 0.084 0.084 0.084 0.084
14 → 1 0.110 0.109 0.109 0.108 0.107 0.107 0.106 0.105 0.105 0.105
14 → 2 0.355 0.352 0.348 0.345 0.341 0.338 0.334 0.330 0.326 0.322
14 → 3 0.285 0.282 0.278 0.274 0.270 0.266 0.263 0.259 0.255 0.251
14 → 4 0.540 0.536 0.533 0.529 0.525 0.521 0.518 0.513 0.509 0.505
14 → 5 0.524 0.516 0.508 0.500 0.491 0.483 0.474 0.466 0.457 0.448
14 → 6 0.728 0.724 0.719 0.715 0.710 0.705 0.700 0.694 0.689 0.683
14 → 7 0.782 0.772 0.762 0.752 0.741 0.730 0.719 0.708 0.696 0.684
14 → 8 0.951 0.943 0.935 0.927 0.919 0.911 0.902 0.893 0.884 0.874
14 → 9 1.010 1.003 0.996 0.988 0.981 0.973 0.965 0.957 0.949 0.940
14 → 10 1.266 1.255 1.243 1.231 1.219 1.206 1.193 1.179 1.164 1.150
14 → 11 1.246 1.244 1.241 1.238 1.236 1.233 1.231 1.228 1.226 1.223
14 → 12 1.790 1.787 1.785 1.782 1.780 1.777 1.775 1.772 1.769 1.766
14 → 13 2.389 2.418 2.446 2.474 2.501 2.527 2.552 2.577 2.601 2.624
15 → 0 0.033 0.032 0.032 0.031 0.030 0.029 0.028 0.027 0.026 0.025
15 → 1 0.198 0.196 0.193 0.191 0.188 0.186 0.183 0.180 0.177 0.174
15 → 2 0.170 0.168 0.166 0.165 0.163 0.161 0.160 0.158 0.156 0.154
15 → 3 0.417 0.413 0.409 0.405 0.400 0.396 0.391 0.387 0.382 0.377
15 → 4 0.333 0.328 0.322 0.317 0.312 0.307 0.301 0.295 0.289 0.283
15 → 5 0.596 0.592 0.588 0.584 0.579 0.574 0.569 0.564 0.559 0.553
15 → 6 0.559 0.549 0.540 0.530 0.520 0.509 0.499 0.488 0.476 0.464
15 → 7 0.770 0.765 0.759 0.754 0.748 0.742 0.735 0.729 0.722 0.715
15 → 8 0.819 0.808 0.796 0.785 0.773 0.760 0.747 0.733 0.719 0.705
15 → 9 0.959 0.950 0.941 0.932 0.922 0.912 0.902 0.891 0.880 0.869
15 → 10 1.030 1.022 1.014 1.006 0.998 0.989 0.980 0.971 0.961 0.951
15 → 11 1.249 1.238 1.226 1.214 1.202 1.189 1.175 1.162 1.147 1.132
15 → 12 1.224 1.220 1.215 1.210 1.205 1.199 1.193 1.187 1.180 1.172
15 → 13 1.758 1.755 1.752 1.749 1.746 1.742 1.739 1.735 1.731 1.727

(continued)
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(continued)

j → j′
Temperature / K

155 160 165 170 175 180 185 190 195 200
15 → 14 2.321 2.352 2.381 2.410 2.439 2.467 2.494 2.521 2.548 2.573
16 → 0 0.051 0.051 0.051 0.051 0.051 0.051 0.052 0.052 0.052 0.053
16 → 1 0.096 0.096 0.095 0.095 0.095 0.094 0.094 0.094 0.094 0.094
16 → 2 0.269 0.266 0.263 0.260 0.257 0.254 0.251 0.248 0.245 0.242
16 → 3 0.214 0.211 0.209 0.206 0.203 0.201 0.198 0.195 0.192 0.189
16 → 4 0.484 0.479 0.475 0.470 0.465 0.461 0.456 0.450 0.445 0.440
16 → 5 0.362 0.357 0.351 0.345 0.339 0.332 0.326 0.319 0.312 0.304
16 → 6 0.644 0.640 0.635 0.630 0.625 0.620 0.615 0.609 0.603 0.597
16 → 7 0.590 0.579 0.569 0.559 0.547 0.536 0.524 0.512 0.499 0.486
16 → 8 0.779 0.773 0.766 0.760 0.753 0.746 0.739 0.731 0.724 0.715
16 → 9 0.834 0.823 0.811 0.799 0.786 0.773 0.759 0.745 0.730 0.714
16 → 10 0.947 0.938 0.929 0.919 0.910 0.899 0.889 0.878 0.866 0.855
16 → 11 1.027 1.020 1.012 1.005 0.997 0.989 0.980 0.971 0.962 0.952
16 → 12 1.231 1.220 1.209 1.198 1.186 1.175 1.162 1.149 1.136 1.122
16 → 13 1.202 1.199 1.196 1.192 1.188 1.184 1.179 1.174 1.169 1.163
16 → 14 1.711 1.705 1.698 1.692 1.684 1.676 1.666 1.657 1.646 1.634
16 → 15 2.243 2.275 2.306 2.337 2.367 2.397 2.427 2.456 2.485 2.513
17 → 1 0.120 0.120 0.120 0.120 0.120 0.120 0.121 0.121 0.121 0.122
17 → 2 0.145 0.144 0.144 0.144 0.144 0.145 0.145 0.146 0.147 0.148
17 → 3 0.338 0.335 0.332 0.328 0.325 0.321 0.318 0.314 0.310 0.306
17 → 4 0.244 0.240 0.237 0.233 0.229 0.224 0.220 0.215 0.210 0.205
17 → 5 0.535 0.530 0.525 0.520 0.514 0.509 0.503 0.498 0.492 0.486
17 → 6 0.385 0.379 0.372 0.365 0.358 0.351 0.343 0.335 0.327 0.318
17 → 7 0.663 0.658 0.653 0.648 0.643 0.637 0.632 0.626 0.620 0.613
17 → 8 0.598 0.587 0.576 0.565 0.553 0.540 0.527 0.513 0.499 0.484
17 → 9 0.777 0.772 0.767 0.762 0.757 0.751 0.745 0.740 0.734 0.727
17 → 10 0.829 0.817 0.805 0.793 0.780 0.766 0.752 0.737 0.721 0.704
17 → 11 0.924 0.915 0.905 0.895 0.885 0.874 0.862 0.850 0.837 0.824
17 → 12 1.019 1.013 1.006 0.999 0.992 0.984 0.976 0.968 0.959 0.950
17 → 13 1.205 1.194 1.183 1.172 1.160 1.147 1.134 1.121 1.107 1.092
17 → 14 1.178 1.176 1.173 1.170 1.167 1.163 1.159 1.154 1.149 1.143
17 → 15 1.657 1.653 1.648 1.643 1.637 1.630 1.622 1.614 1.604 1.594
17 → 16 2.169 2.203 2.237 2.271 2.304 2.338 2.371 2.404 2.437 2.470
18 → 0 0.034 0.035 0.036 0.037 0.038 0.040 0.041 0.043 0.045 0.047
18 → 1 0.076 0.075 0.073 0.071 0.069 0.067 0.065 0.062 0.060 0.057
18 → 2 0.188 0.187 0.186 0.185 0.184 0.183 0.183 0.182 0.181 0.181
18 → 3 0.180 0.179 0.177 0.176 0.174 0.173 0.171 0.170 0.168 0.167
18 → 4 0.399 0.394 0.390 0.386 0.381 0.376 0.372 0.367 0.362 0.357
18 → 5 0.278 0.275 0.272 0.269 0.267 0.264 0.261 0.258 0.254 0.251
18 → 6 0.567 0.561 0.554 0.547 0.540 0.532 0.524 0.516 0.508 0.499
18 → 7 0.406 0.400 0.394 0.387 0.380 0.373 0.366 0.358 0.350 0.341
18 → 8 0.678 0.673 0.668 0.663 0.658 0.653 0.647 0.642 0.636 0.630
18 → 9 0.598 0.588 0.577 0.565 0.552 0.539 0.526 0.511 0.496 0.480
18 → 10 0.772 0.766 0.760 0.753 0.746 0.739 0.732 0.725 0.717 0.708
18 → 11 0.819 0.806 0.793 0.778 0.763 0.747 0.730 0.712 0.693 0.673
18 → 12 0.903 0.891 0.878 0.864 0.849 0.834 0.817 0.799 0.780 0.760
18 → 13 1.014 1.009 1.004 0.998 0.992 0.985 0.979 0.972 0.965 0.958
18 → 14 1.192 1.178 1.163 1.147 1.131 1.113 1.095 1.075 1.054 1.032
18 → 15 1.171 1.169 1.167 1.165 1.162 1.159 1.156 1.153 1.149 1.144
18 → 16 1.640 1.634 1.628 1.621 1.614 1.605 1.596 1.586 1.575 1.563
18 → 17 2.090 2.121 2.150 2.179 2.207 2.234 2.260 2.286 2.311 2.335
19 → 1 0.084 0.082 0.080 0.077 0.074 0.071 0.068 0.064 0.061 0.056
19 → 2 0.120 0.119 0.118 0.117 0.115 0.114 0.113 0.112 0.111 0.110
19 → 3 0.238 0.235 0.233 0.230 0.228 0.225 0.222 0.219 0.216 0.213
19 → 4 0.212 0.210 0.208 0.206 0.204 0.202 0.200 0.198 0.196 0.194
19 → 5 0.427 0.421 0.415 0.408 0.401 0.394 0.387 0.379 0.371 0.362
19 → 6 0.307 0.305 0.303 0.301 0.299 0.297 0.296 0.294 0.292 0.291
19 → 7 0.585 0.578 0.571 0.564 0.557 0.549 0.541 0.532 0.524 0.515
19 → 8 0.419 0.414 0.409 0.405 0.400 0.395 0.390 0.384 0.379 0.374
19 → 9 0.677 0.670 0.662 0.655 0.646 0.637 0.628 0.618 0.608 0.597
19 → 10 0.600 0.589 0.578 0.567 0.555 0.542 0.528 0.514 0.499 0.484
19 → 11 0.762 0.754 0.745 0.736 0.725 0.715 0.703 0.691 0.678 0.665
19 → 12 0.827 0.815 0.803 0.789 0.775 0.760 0.744 0.727 0.710 0.691
19 → 13 0.882 0.868 0.854 0.838 0.821 0.803 0.784 0.763 0.741 0.718
19 → 14 1.003 0.999 0.994 0.989 0.984 0.979 0.974 0.968 0.962 0.956
19 → 15 1.156 1.139 1.121 1.102 1.081 1.059 1.035 1.010 0.983 0.954
19 → 16 1.138 1.135 1.131 1.126 1.120 1.113 1.106 1.098 1.089 1.080
19 → 17 1.620 1.613 1.605 1.596 1.586 1.575 1.563 1.549 1.535 1.519
19 → 18 2.072 2.110 2.147 2.185 2.224 2.263 2.302 2.341 2.382 2.422
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HCN and N2 collisional system:

Table 9: Integrated rate coefficients j → j′ from 5 to 50 K. Units are 10−10 cm3 s−1.

j → j′
Temperature / K

5 10 15 20 25 30 35 40 45 50
1 0.0 → 0 1.0 0.579 0.773 0.851 0.889 0.909 0.921 0.929 0.935 0.941 0.948
1 0.0 → 1 1.0 0.530 0.617 0.650 0.675 0.694 0.709 0.718 0.725 0.730 0.733
1 0.0 → 1 2.0 1.272 1.543 1.604 1.623 1.634 1.645 1.658 1.677 1.701 1.731
1 1.0 → 0 1.0 0.579 0.773 0.851 0.889 0.909 0.921 0.929 0.935 0.941 0.948
1 2.0 → 0 1.0 0.579 0.773 0.851 0.889 0.909 0.921 0.929 0.935 0.941 0.948
1 2.0 → 1 1.0 0.705 0.849 0.884 0.899 0.909 0.917 0.926 0.936 0.948 0.962
2 1.0 → 0 1.0 0.227 0.332 0.413 0.477 0.527 0.568 0.604 0.634 0.662 0.688
2 1.0 → 1 0.0 0.248 0.254 0.254 0.257 0.265 0.274 0.286 0.299 0.314 0.331
2 1.0 → 1 1.0 0.353 0.411 0.430 0.441 0.451 0.461 0.473 0.487 0.503 0.521
2 1.0 → 1 2.0 0.535 0.635 0.657 0.656 0.648 0.639 0.633 0.629 0.630 0.633
2 1.0 → 2 2.0 0.672 0.856 0.950 1.012 1.061 1.103 1.139 1.173 1.206 1.237
2 1.0 → 2 3.0 0.670 0.800 0.836 0.847 0.850 0.852 0.853 0.856 0.860 0.867
2 2.0 → 0 1.0 0.227 0.332 0.413 0.477 0.527 0.568 0.604 0.634 0.662 0.688
2 2.0 → 1 0.0 0.074 0.098 0.107 0.110 0.112 0.114 0.115 0.117 0.119 0.121
2 2.0 → 1 1.0 0.509 0.550 0.557 0.562 0.569 0.579 0.592 0.609 0.629 0.652
2 2.0 → 1 2.0 0.553 0.651 0.677 0.683 0.682 0.682 0.685 0.690 0.699 0.711
2 3.0 → 0 1.0 0.227 0.332 0.413 0.477 0.527 0.568 0.604 0.634 0.662 0.688
2 3.0 → 1 0.0 0.111 0.131 0.134 0.133 0.131 0.129 0.127 0.125 0.125 0.125
2 3.0 → 1 1.0 0.297 0.359 0.376 0.377 0.374 0.371 0.368 0.368 0.369 0.372
2 3.0 → 1 2.0 0.728 0.810 0.831 0.844 0.858 0.875 0.897 0.923 0.953 0.988
2 3.0 → 2 2.0 0.564 0.698 0.754 0.786 0.809 0.828 0.845 0.861 0.877 0.894
3 2.0 → 0 1.0 0.159 0.210 0.233 0.243 0.249 0.255 0.261 0.269 0.278 0.289
3 2.0 → 1 0.0 0.092 0.138 0.169 0.192 0.212 0.229 0.247 0.265 0.285 0.305
3 2.0 → 1 1.0 0.170 0.243 0.291 0.327 0.358 0.385 0.413 0.442 0.474 0.509
3 2.0 → 1 2.0 0.289 0.371 0.419 0.451 0.476 0.498 0.521 0.548 0.580 0.618
3 2.0 → 2 1.0 0.232 0.295 0.332 0.359 0.383 0.407 0.433 0.462 0.494 0.529
3 2.0 → 2 2.0 0.270 0.353 0.389 0.404 0.411 0.417 0.423 0.434 0.450 0.472
3 2.0 → 2 3.0 0.336 0.423 0.449 0.452 0.445 0.437 0.431 0.431 0.439 0.456
3 2.0 → 3 3.0 0.701 0.896 1.013 1.087 1.138 1.182 1.245 1.353 1.529 1.787
3 2.0 → 3 4.0 0.457 0.586 0.628 0.640 0.641 0.645 0.672 0.738 0.861 1.047
3 3.0 → 0 1.0 0.159 0.210 0.233 0.243 0.249 0.255 0.261 0.269 0.278 0.289
3 3.0 → 1 0.0 0.039 0.052 0.061 0.067 0.073 0.078 0.083 0.088 0.095 0.102
3 3.0 → 1 1.0 0.226 0.316 0.375 0.417 0.451 0.483 0.514 0.548 0.585 0.626
3 3.0 → 1 2.0 0.287 0.384 0.444 0.487 0.521 0.552 0.584 0.619 0.659 0.704
3 3.0 → 2 1.0 0.153 0.202 0.221 0.228 0.230 0.230 0.232 0.235 0.242 0.253
3 3.0 → 2 2.0 0.328 0.411 0.453 0.478 0.499 0.520 0.544 0.572 0.606 0.646
3 3.0 → 2 3.0 0.357 0.459 0.497 0.509 0.511 0.510 0.512 0.519 0.535 0.559
3 4.0 → 0 1.0 0.159 0.210 0.233 0.243 0.249 0.255 0.261 0.269 0.278 0.289
3 4.0 → 1 0.0 0.062 0.078 0.087 0.092 0.097 0.100 0.104 0.109 0.115 0.123
3 4.0 → 1 1.0 0.159 0.204 0.231 0.249 0.263 0.276 0.289 0.304 0.323 0.344
3 4.0 → 1 2.0 0.331 0.470 0.562 0.630 0.685 0.736 0.787 0.842 0.901 0.965
3 4.0 → 2 1.0 0.143 0.179 0.190 0.190 0.187 0.183 0.180 0.180 0.183 0.190
3 4.0 → 2 2.0 0.247 0.317 0.342 0.348 0.347 0.344 0.343 0.346 0.354 0.369
3 4.0 → 2 3.0 0.448 0.575 0.638 0.676 0.705 0.733 0.765 0.802 0.846 0.899
3 4.0 → 3 3.0 0.550 0.703 0.784 0.829 0.858 0.885 0.929 1.012 1.153 1.361
4 3.0 → 0 1.0 0.091 0.163 0.208 0.239 0.262 0.281 0.298 0.316 0.336 0.358
4 3.0 → 1 0.0 0.056 0.079 0.091 0.099 0.104 0.109 0.115 0.123 0.134 0.147
4 3.0 → 1 1.0 0.119 0.164 0.181 0.188 0.192 0.197 0.203 0.214 0.229 0.249
4 3.0 → 1 2.0 0.149 0.194 0.215 0.225 0.231 0.237 0.250 0.272 0.304 0.347
4 3.0 → 2 1.0 0.337 0.511 0.625 0.704 0.761 0.806 0.843 0.876 0.908 0.940
4 3.0 → 2 2.0 0.275 0.419 0.509 0.565 0.601 0.627 0.648 0.669 0.693 0.720
4 3.0 → 2 3.0 0.203 0.296 0.346 0.375 0.393 0.407 0.423 0.443 0.470 0.505
4 3.0 → 3 2.0 0.232 0.311 0.355 0.391 0.426 0.466 0.516 0.581 0.663 0.761
4 3.0 → 3 3.0 0.214 0.280 0.312 0.328 0.339 0.353 0.378 0.421 0.484 0.568
4 3.0 → 3 4.0 0.287 0.343 0.361 0.364 0.361 0.364 0.383 0.428 0.502 0.605
4 3.0 → 4 4.0 0.523 0.687 0.779 0.835 0.874 0.907 0.948 1.005 1.084 1.186
4 3.0 → 4 5.0 0.239 0.306 0.332 0.343 0.350 0.367 0.407 0.484 0.604 0.767
4 4.0 → 0 1.0 0.091 0.163 0.208 0.239 0.262 0.281 0.298 0.316 0.336 0.358
4 4.0 → 1 0.0 0.030 0.040 0.042 0.041 0.040 0.040 0.040 0.040 0.042 0.045
4 4.0 → 1 1.0 0.125 0.172 0.196 0.210 0.220 0.230 0.243 0.262 0.290 0.324
4 4.0 → 1 2.0 0.169 0.226 0.250 0.260 0.267 0.273 0.285 0.306 0.335 0.374
4 4.0 → 2 1.0 0.130 0.199 0.241 0.266 0.280 0.290 0.298 0.307 0.317 0.330
4 4.0 → 2 2.0 0.384 0.575 0.698 0.781 0.843 0.891 0.934 0.975 1.017 1.061
4 4.0 → 2 3.0 0.300 0.450 0.541 0.597 0.632 0.658 0.681 0.706 0.737 0.773
4 4.0 → 3 2.0 0.147 0.193 0.214 0.224 0.230 0.238 0.254 0.282 0.325 0.382
4 4.0 → 3 3.0 0.306 0.388 0.429 0.460 0.490 0.527 0.579 0.652 0.750 0.871
4 4.0 → 3 4.0 0.280 0.354 0.385 0.398 0.406 0.418 0.445 0.496 0.574 0.680
4 5.0 → 0 1.0 0.091 0.163 0.208 0.239 0.262 0.281 0.298 0.316 0.336 0.358
4 5.0 → 1 0.0 0.028 0.036 0.041 0.043 0.045 0.046 0.049 0.055 0.062 0.073
4 5.0 → 1 1.0 0.087 0.113 0.123 0.127 0.129 0.131 0.137 0.147 0.163 0.184
4 5.0 → 1 2.0 0.209 0.288 0.323 0.342 0.353 0.365 0.382 0.407 0.442 0.486
4 5.0 → 2 1.0 0.079 0.113 0.132 0.142 0.148 0.153 0.159 0.168 0.179 0.194
4 5.0 → 2 2.0 0.177 0.265 0.317 0.346 0.364 0.377 0.389 0.403 0.422 0.445
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j → j′
Temperature / K

5 10 15 20 25 30 35 40 45 50
4 5.0 → 2 3.0 0.559 0.846 1.032 1.156 1.243 1.310 1.365 1.417 1.470 1.525
4 5.0 → 3 2.0 0.160 0.190 0.200 0.201 0.199 0.200 0.211 0.235 0.276 0.333
4 5.0 → 3 3.0 0.213 0.269 0.291 0.300 0.305 0.312 0.331 0.368 0.427 0.508
4 5.0 → 3 4.0 0.360 0.475 0.537 0.581 0.622 0.670 0.735 0.826 0.945 1.092
4 5.0 → 4 4.0 0.405 0.530 0.596 0.636 0.662 0.688 0.726 0.786 0.872 0.985
5 4.0 → 0 1.0 0.055 0.095 0.120 0.136 0.146 0.153 0.158 0.165 0.173 0.183
5 4.0 → 1 0.0 0.056 0.103 0.137 0.161 0.179 0.192 0.203 0.212 0.220 0.227
5 4.0 → 1 1.0 0.094 0.170 0.222 0.257 0.282 0.301 0.316 0.329 0.342 0.354
5 4.0 → 1 2.0 0.101 0.172 0.215 0.242 0.260 0.275 0.289 0.304 0.320 0.337
5 4.0 → 2 1.0 0.129 0.163 0.189 0.209 0.223 0.235 0.245 0.256 0.269 0.284
5 4.0 → 2 2.0 0.114 0.155 0.179 0.193 0.202 0.208 0.214 0.222 0.233 0.246
5 4.0 → 2 3.0 0.113 0.165 0.195 0.211 0.219 0.224 0.230 0.238 0.249 0.264
5 4.0 → 3 2.0 0.653 0.889 1.047 1.158 1.241 1.309 1.376 1.452 1.545 1.657
5 4.0 → 3 3.0 0.257 0.374 0.450 0.501 0.536 0.568 0.612 0.681 0.782 0.918
5 4.0 → 3 4.0 0.109 0.170 0.207 0.230 0.247 0.272 0.319 0.405 0.539 0.723
5 4.0 → 4 3.0 0.183 0.266 0.326 0.375 0.419 0.463 0.511 0.568 0.634 0.711
5 4.0 → 4 4.0 0.160 0.215 0.246 0.264 0.276 0.288 0.307 0.340 0.390 0.455
5 4.0 → 4 5.0 0.170 0.235 0.267 0.282 0.290 0.298 0.314 0.344 0.390 0.453
5 4.0 → 5 5.0 0.356 0.442 0.497 0.538 0.571 0.602 0.640 0.693 0.766 0.861
5 4.0 → 5 6.0 0.111 0.143 0.160 0.170 0.179 0.190 0.214 0.257 0.325 0.419
5 5.0 → 0 1.0 0.055 0.095 0.120 0.136 0.146 0.153 0.158 0.165 0.173 0.183
5 5.0 → 1 0.0 0.015 0.026 0.032 0.035 0.038 0.039 0.040 0.042 0.043 0.045
5 5.0 → 1 1.0 0.111 0.201 0.263 0.305 0.336 0.360 0.380 0.397 0.414 0.431
5 5.0 → 1 2.0 0.124 0.218 0.279 0.320 0.348 0.370 0.388 0.406 0.424 0.443
5 5.0 → 2 1.0 0.053 0.076 0.087 0.093 0.096 0.098 0.100 0.103 0.107 0.114
5 5.0 → 2 2.0 0.164 0.214 0.250 0.276 0.294 0.308 0.321 0.335 0.352 0.372
5 5.0 → 2 3.0 0.139 0.194 0.226 0.244 0.254 0.262 0.269 0.279 0.292 0.309
5 5.0 → 3 2.0 0.131 0.198 0.241 0.269 0.287 0.306 0.333 0.380 0.450 0.545
5 5.0 → 3 3.0 0.641 0.871 1.023 1.131 1.213 1.285 1.362 1.460 1.586 1.744
5 5.0 → 3 4.0 0.247 0.364 0.440 0.488 0.523 0.559 0.612 0.699 0.831 1.009
5 5.0 → 4 3.0 0.122 0.164 0.186 0.198 0.206 0.214 0.228 0.252 0.289 0.339
5 5.0 → 4 4.0 0.204 0.298 0.364 0.414 0.458 0.501 0.549 0.608 0.678 0.758
5 5.0 → 4 5.0 0.187 0.254 0.290 0.309 0.321 0.334 0.355 0.392 0.447 0.522
5 6.0 → 0 1.0 0.055 0.095 0.120 0.136 0.146 0.153 0.158 0.165 0.173 0.183
5 6.0 → 1 0.0 0.019 0.032 0.040 0.045 0.048 0.051 0.053 0.056 0.060 0.063
5 6.0 → 1 1.0 0.053 0.089 0.110 0.122 0.131 0.138 0.144 0.151 0.159 0.168
5 6.0 → 1 2.0 0.179 0.324 0.424 0.493 0.543 0.580 0.611 0.638 0.663 0.687
5 6.0 → 2 1.0 0.046 0.068 0.081 0.088 0.092 0.094 0.096 0.099 0.104 0.111
5 6.0 → 2 2.0 0.084 0.121 0.141 0.151 0.156 0.160 0.163 0.169 0.177 0.187
5 6.0 → 2 3.0 0.226 0.294 0.341 0.374 0.396 0.413 0.430 0.448 0.470 0.497
5 6.0 → 3 2.0 0.053 0.083 0.101 0.112 0.121 0.134 0.160 0.208 0.283 0.385
5 6.0 → 3 3.0 0.142 0.217 0.264 0.294 0.315 0.338 0.376 0.441 0.542 0.679
5 6.0 → 3 4.0 0.824 1.133 1.339 1.482 1.588 1.677 1.771 1.889 2.042 2.234
5 6.0 → 4 3.0 0.107 0.149 0.169 0.179 0.184 0.189 0.199 0.218 0.247 0.287
5 6.0 → 4 4.0 0.150 0.204 0.232 0.247 0.255 0.264 0.280 0.309 0.354 0.414
5 6.0 → 4 5.0 0.254 0.363 0.438 0.496 0.546 0.595 0.653 0.725 0.814 0.919
5 6.0 → 5 5.0 0.276 0.344 0.387 0.418 0.443 0.467 0.500 0.548 0.616 0.706
6 5.0 → 0 1.0 0.058 0.102 0.130 0.149 0.163 0.174 0.183 0.192 0.201 0.211
6 5.0 → 1 0.0 0.021 0.046 0.063 0.075 0.083 0.089 0.095 0.100 0.105 0.111
6 5.0 → 1 1.0 0.040 0.076 0.101 0.117 0.128 0.137 0.147 0.159 0.172 0.187
6 5.0 → 1 2.0 0.081 0.131 0.161 0.178 0.190 0.200 0.215 0.234 0.257 0.284
6 5.0 → 2 1.0 0.202 0.304 0.385 0.447 0.494 0.531 0.562 0.590 0.615 0.638
6 5.0 → 2 2.0 0.145 0.217 0.266 0.302 0.327 0.348 0.367 0.386 0.405 0.426
6 5.0 → 2 3.0 0.087 0.133 0.162 0.181 0.195 0.208 0.222 0.239 0.260 0.283
6 5.0 → 3 2.0 0.153 0.198 0.236 0.266 0.291 0.319 0.356 0.407 0.473 0.551
6 5.0 → 3 3.0 0.091 0.136 0.165 0.185 0.201 0.222 0.258 0.312 0.384 0.473
6 5.0 → 3 4.0 0.119 0.172 0.205 0.224 0.239 0.260 0.297 0.355 0.433 0.529
6 5.0 → 4 3.0 0.767 1.049 1.257 1.410 1.527 1.624 1.714 1.803 1.894 1.987
6 5.0 → 4 4.0 0.238 0.316 0.372 0.412 0.443 0.476 0.519 0.575 0.644 0.723
6 5.0 → 4 5.0 0.079 0.113 0.132 0.146 0.162 0.191 0.242 0.318 0.417 0.534
6 5.0 → 5 4.0 0.185 0.266 0.331 0.383 0.428 0.472 0.519 0.575 0.639 0.711
6 5.0 → 5 5.0 0.131 0.185 0.217 0.236 0.250 0.264 0.286 0.320 0.367 0.427
6 5.0 → 5 6.0 0.146 0.196 0.226 0.244 0.256 0.271 0.293 0.329 0.379 0.442
6 5.0 → 6 6.0 0.205 0.277 0.324 0.360 0.391 0.424 0.464 0.515 0.577 0.648
6 5.0 → 6 7.0 0.048 0.070 0.083 0.092 0.100 0.114 0.138 0.174 0.223 0.283
6 6.0 → 0 1.0 0.058 0.102 0.130 0.149 0.163 0.174 0.183 0.192 0.201 0.211
6 6.0 → 1 0.0 0.008 0.011 0.013 0.013 0.014 0.015 0.017 0.020 0.023 0.028
6 6.0 → 1 1.0 0.060 0.112 0.149 0.172 0.187 0.200 0.212 0.226 0.241 0.258
6 6.0 → 1 2.0 0.075 0.129 0.164 0.186 0.200 0.213 0.228 0.247 0.270 0.296
6 6.0 → 2 1.0 0.054 0.080 0.095 0.105 0.112 0.117 0.122 0.129 0.137 0.147
6 6.0 → 2 2.0 0.227 0.344 0.435 0.505 0.559 0.603 0.640 0.674 0.707 0.739
6 6.0 → 2 3.0 0.154 0.230 0.282 0.319 0.345 0.367 0.389 0.411 0.436 0.462
6 6.0 → 3 2.0 0.053 0.082 0.101 0.113 0.122 0.136 0.160 0.196 0.246 0.307
6 6.0 → 3 3.0 0.193 0.250 0.295 0.329 0.357 0.388 0.432 0.493 0.572 0.665
6 6.0 → 3 4.0 0.118 0.174 0.210 0.232 0.251 0.277 0.319 0.384 0.472 0.580
6 6.0 → 4 3.0 0.143 0.189 0.220 0.242 0.260 0.281 0.310 0.351 0.402 0.461
6 6.0 → 4 4.0 0.716 0.989 1.188 1.334 1.450 1.552 1.654 1.763 1.882 2.009
6 6.0 → 4 5.0 0.224 0.300 0.354 0.391 0.422 0.459 0.511 0.582 0.671 0.774
6 6.0 → 5 4.0 0.105 0.148 0.173 0.188 0.198 0.209 0.226 0.253 0.291 0.339
6 6.0 → 5 5.0 0.205 0.287 0.353 0.406 0.452 0.497 0.547 0.606 0.676 0.755
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j → j′
Temperature / K

5 10 15 20 25 30 35 40 45 50
6 6.0 → 5 6.0 0.152 0.212 0.247 0.269 0.284 0.300 0.325 0.364 0.418 0.487
6 7.0 → 0 1.0 0.058 0.102 0.130 0.149 0.163 0.174 0.183 0.192 0.201 0.211
6 7.0 → 1 0.0 0.019 0.030 0.037 0.041 0.043 0.045 0.048 0.052 0.057 0.063
6 7.0 → 1 1.0 0.043 0.066 0.079 0.086 0.091 0.096 0.104 0.115 0.128 0.143
6 7.0 → 1 2.0 0.081 0.157 0.210 0.244 0.267 0.286 0.304 0.326 0.350 0.376
6 7.0 → 2 1.0 0.031 0.047 0.058 0.065 0.070 0.074 0.080 0.087 0.096 0.106
6 7.0 → 2 2.0 0.074 0.110 0.132 0.146 0.156 0.164 0.174 0.185 0.199 0.215
6 7.0 → 2 3.0 0.330 0.496 0.623 0.718 0.790 0.848 0.897 0.942 0.985 1.026
6 7.0 → 3 2.0 0.067 0.097 0.114 0.125 0.133 0.144 0.165 0.196 0.239 0.291
6 7.0 → 3 3.0 0.081 0.122 0.148 0.164 0.176 0.195 0.226 0.275 0.341 0.422
6 7.0 → 3 4.0 0.216 0.287 0.343 0.385 0.421 0.462 0.521 0.603 0.710 0.839
6 7.0 → 4 3.0 0.044 0.064 0.075 0.083 0.092 0.110 0.143 0.191 0.255 0.330
6 7.0 → 4 4.0 0.144 0.192 0.224 0.247 0.267 0.292 0.331 0.386 0.457 0.540
6 7.0 → 4 5.0 0.895 1.223 1.462 1.638 1.774 1.889 2.001 2.118 2.243 2.374
6 7.0 → 5 4.0 0.101 0.135 0.156 0.168 0.177 0.187 0.202 0.227 0.261 0.305
6 7.0 → 5 5.0 0.127 0.176 0.205 0.223 0.235 0.248 0.268 0.300 0.345 0.402
6 7.0 → 5 6.0 0.234 0.335 0.412 0.472 0.523 0.572 0.628 0.696 0.778 0.873
6 7.0 → 6 6.0 0.161 0.219 0.257 0.285 0.310 0.338 0.373 0.419 0.475 0.541

Table 10: Integrated rate coefficients j → j′ from 55 to 100 K. Units are 10−10 cm3 s−1.

j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100
1 0.0 → 0 1.0 0.954 0.961 0.969 0.976 0.984 0.992 1.000 1.008 1.016 1.024
1 0.0 → 1 1.0 0.736 0.739 0.742 0.744 0.747 0.750 0.753 0.756 0.759 0.761
1 0.0 → 1 2.0 1.766 1.807 1.851 1.898 1.947 1.996 2.046 2.095 2.143 2.190
1 1.0 → 0 1.0 0.954 0.961 0.969 0.976 0.984 0.992 1.000 1.008 1.016 1.024
1 2.0 → 0 1.0 0.954 0.961 0.969 0.976 0.984 0.992 1.000 1.008 1.016 1.024
1 2.0 → 1 1.0 0.979 0.998 1.018 1.040 1.063 1.086 1.109 1.132 1.154 1.176
2 1.0 → 0 1.0 0.713 0.736 0.759 0.782 0.804 0.826 0.847 0.867 0.887 0.906
2 1.0 → 1 0.0 0.348 0.366 0.384 0.403 0.422 0.440 0.459 0.476 0.493 0.510
2 1.0 → 1 1.0 0.539 0.559 0.579 0.599 0.619 0.638 0.657 0.675 0.693 0.709
2 1.0 → 1 2.0 0.641 0.650 0.662 0.676 0.690 0.705 0.719 0.734 0.748 0.762
2 1.0 → 2 2.0 1.269 1.300 1.331 1.361 1.391 1.420 1.448 1.475 1.500 1.524
2 1.0 → 2 3.0 0.875 0.884 0.895 0.907 0.919 0.931 0.943 0.955 0.967 0.978
2 2.0 → 0 1.0 0.713 0.736 0.759 0.782 0.804 0.826 0.847 0.867 0.887 0.906
2 2.0 → 1 0.0 0.124 0.126 0.129 0.132 0.134 0.137 0.139 0.142 0.144 0.145
2 2.0 → 1 1.0 0.677 0.704 0.733 0.763 0.792 0.822 0.851 0.880 0.907 0.933
2 2.0 → 1 2.0 0.726 0.744 0.763 0.783 0.804 0.824 0.845 0.864 0.884 0.902
2 3.0 → 0 1.0 0.713 0.736 0.759 0.782 0.804 0.826 0.847 0.867 0.887 0.906
2 3.0 → 1 0.0 0.126 0.128 0.130 0.133 0.135 0.138 0.141 0.144 0.147 0.149
2 3.0 → 1 1.0 0.376 0.382 0.389 0.397 0.405 0.413 0.421 0.429 0.437 0.444
2 3.0 → 1 2.0 1.025 1.065 1.106 1.148 1.190 1.232 1.273 1.313 1.351 1.387
2 3.0 → 2 2.0 0.911 0.929 0.947 0.965 0.983 1.001 1.018 1.035 1.050 1.066
3 2.0 → 0 1.0 0.302 0.317 0.334 0.351 0.370 0.388 0.407 0.425 0.443 0.460
3 2.0 → 1 0.0 0.327 0.349 0.372 0.395 0.418 0.440 0.461 0.482 0.502 0.521
3 2.0 → 1 1.0 0.546 0.585 0.625 0.666 0.706 0.744 0.782 0.818 0.851 0.883
3 2.0 → 1 2.0 0.661 0.707 0.756 0.807 0.857 0.906 0.954 0.999 1.042 1.082
3 2.0 → 2 1.0 0.566 0.606 0.647 0.689 0.732 0.774 0.815 0.856 0.895 0.932
3 2.0 → 2 2.0 0.500 0.533 0.570 0.610 0.652 0.694 0.737 0.779 0.819 0.858
3 2.0 → 2 3.0 0.482 0.515 0.554 0.598 0.645 0.693 0.742 0.790 0.837 0.882
3 2.0 → 3 3.0 2.129 2.549 3.035 3.573 4.147 4.742 5.345 5.945 6.533 7.103
3 2.0 → 3 4.0 1.298 1.607 1.965 2.360 2.779 3.213 3.652 4.087 4.513 4.924
3 3.0 → 0 1.0 0.302 0.317 0.334 0.351 0.370 0.388 0.407 0.425 0.443 0.460
3 3.0 → 1 0.0 0.110 0.118 0.127 0.135 0.144 0.152 0.160 0.168 0.175 0.181
3 3.0 → 1 1.0 0.670 0.716 0.764 0.812 0.860 0.907 0.952 0.996 1.037 1.076
3 3.0 → 1 2.0 0.754 0.808 0.863 0.920 0.977 1.032 1.085 1.135 1.183 1.228
3 3.0 → 2 1.0 0.267 0.284 0.304 0.326 0.349 0.372 0.396 0.419 0.441 0.463
3 3.0 → 2 2.0 0.690 0.739 0.791 0.846 0.901 0.957 1.012 1.066 1.118 1.168
3 3.0 → 2 3.0 0.591 0.631 0.676 0.726 0.779 0.833 0.887 0.940 0.992 1.042
3 4.0 → 0 1.0 0.302 0.317 0.334 0.351 0.370 0.388 0.407 0.425 0.443 0.460
3 4.0 → 1 0.0 0.131 0.140 0.150 0.159 0.169 0.179 0.189 0.198 0.206 0.214
3 4.0 → 1 1.0 0.368 0.395 0.423 0.451 0.479 0.507 0.534 0.559 0.583 0.605
3 4.0 → 1 2.0 1.035 1.107 1.182 1.257 1.332 1.404 1.475 1.542 1.606 1.666
3 4.0 → 2 1.0 0.200 0.214 0.231 0.249 0.269 0.289 0.310 0.330 0.350 0.369
3 4.0 → 2 2.0 0.389 0.415 0.446 0.479 0.515 0.551 0.588 0.624 0.659 0.693
3 4.0 → 2 3.0 0.958 1.024 1.095 1.169 1.245 1.321 1.396 1.470 1.541 1.610
3 4.0 → 3 3.0 1.639 1.981 2.376 2.813 3.278 3.761 4.249 4.735 5.211 5.671
4 3.0 → 0 1.0 0.383 0.411 0.440 0.472 0.504 0.536 0.567 0.598 0.628 0.656
4 3.0 → 1 0.0 0.162 0.179 0.197 0.215 0.233 0.250 0.267 0.283 0.298 0.312
4 3.0 → 1 1.0 0.272 0.298 0.326 0.355 0.384 0.412 0.439 0.465 0.490 0.512
4 3.0 → 1 2.0 0.399 0.457 0.518 0.582 0.645 0.707 0.767 0.823 0.875 0.924
4 3.0 → 2 1.0 0.972 1.004 1.037 1.070 1.103 1.134 1.165 1.194 1.222 1.249
4 3.0 → 2 2.0 0.750 0.783 0.819 0.856 0.893 0.930 0.966 1.001 1.034 1.065
4 3.0 → 2 3.0 0.546 0.592 0.642 0.694 0.746 0.798 0.848 0.896 0.942 0.984
4 3.0 → 3 2.0 0.872 0.995 1.124 1.256 1.390 1.521 1.648 1.770 1.886 1.995
4 3.0 → 3 3.0 0.669 0.784 0.908 1.037 1.166 1.295 1.419 1.537 1.649 1.754
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j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100
4 3.0 → 3 4.0 0.732 0.880 1.040 1.208 1.379 1.548 1.712 1.869 2.017 2.156
4 3.0 → 4 4.0 1.306 1.441 1.586 1.736 1.887 2.036 2.181 2.318 2.448 2.569
4 3.0 → 4 5.0 0.968 1.200 1.452 1.717 1.987 2.255 2.517 2.769 3.008 3.232
4 4.0 → 0 1.0 0.383 0.411 0.440 0.472 0.504 0.536 0.567 0.598 0.628 0.656
4 4.0 → 1 0.0 0.048 0.052 0.056 0.060 0.065 0.070 0.074 0.078 0.082 0.086
4 4.0 → 1 1.0 0.365 0.409 0.457 0.505 0.554 0.601 0.646 0.689 0.729 0.766
4 4.0 → 1 2.0 0.421 0.473 0.528 0.586 0.643 0.699 0.753 0.804 0.852 0.896
4 4.0 → 2 1.0 0.346 0.363 0.382 0.402 0.422 0.442 0.462 0.481 0.500 0.517
4 4.0 → 2 2.0 1.108 1.156 1.205 1.255 1.304 1.353 1.399 1.444 1.487 1.527
4 4.0 → 2 3.0 0.815 0.861 0.911 0.963 1.015 1.067 1.117 1.165 1.211 1.254
4 4.0 → 3 2.0 0.452 0.531 0.617 0.706 0.796 0.885 0.971 1.053 1.131 1.203
4 4.0 → 3 3.0 1.013 1.170 1.339 1.512 1.687 1.860 2.028 2.189 2.342 2.486
4 4.0 → 3 4.0 0.809 0.957 1.116 1.283 1.451 1.618 1.779 1.933 2.079 2.215
4 5.0 → 0 1.0 0.383 0.411 0.440 0.472 0.504 0.536 0.567 0.598 0.628 0.656
4 5.0 → 1 0.0 0.085 0.098 0.113 0.128 0.143 0.157 0.171 0.184 0.197 0.208
4 5.0 → 1 1.0 0.210 0.239 0.271 0.303 0.335 0.367 0.397 0.426 0.453 0.478
4 5.0 → 1 2.0 0.538 0.596 0.658 0.721 0.784 0.845 0.905 0.961 1.014 1.062
4 5.0 → 2 1.0 0.212 0.232 0.254 0.276 0.299 0.321 0.343 0.363 0.383 0.401
4 5.0 → 2 2.0 0.472 0.503 0.537 0.572 0.608 0.643 0.678 0.711 0.742 0.772
4 5.0 → 2 3.0 1.584 1.645 1.708 1.772 1.835 1.898 1.958 2.017 2.072 2.125
4 5.0 → 3 2.0 0.404 0.486 0.575 0.669 0.764 0.858 0.949 1.037 1.119 1.197
4 5.0 → 3 3.0 0.606 0.718 0.840 0.968 1.096 1.224 1.347 1.465 1.577 1.681
4 5.0 → 3 4.0 1.264 1.454 1.656 1.865 2.074 2.281 2.482 2.674 2.856 3.027
4 5.0 → 4 4.0 1.121 1.276 1.443 1.617 1.793 1.968 2.137 2.299 2.453 2.596
5 4.0 → 0 1.0 0.194 0.208 0.223 0.239 0.255 0.271 0.287 0.302 0.317 0.330
5 4.0 → 1 0.0 0.234 0.240 0.245 0.251 0.255 0.260 0.263 0.267 0.270 0.273
5 4.0 → 1 1.0 0.366 0.378 0.390 0.401 0.411 0.421 0.429 0.438 0.445 0.451
5 4.0 → 1 2.0 0.356 0.376 0.396 0.416 0.435 0.454 0.471 0.488 0.503 0.517
5 4.0 → 2 1.0 0.301 0.320 0.341 0.362 0.383 0.404 0.425 0.445 0.464 0.481
5 4.0 → 2 2.0 0.263 0.281 0.302 0.323 0.344 0.366 0.387 0.407 0.426 0.444
5 4.0 → 2 3.0 0.283 0.305 0.328 0.353 0.378 0.403 0.427 0.451 0.473 0.493
5 4.0 → 3 2.0 1.787 1.932 2.087 2.250 2.414 2.577 2.737 2.890 3.036 3.173
5 4.0 → 3 3.0 1.086 1.280 1.492 1.717 1.947 2.176 2.401 2.618 2.824 3.018
5 4.0 → 3 4.0 0.951 1.217 1.509 1.817 2.133 2.449 2.759 3.058 3.343 3.611
5 4.0 → 4 3.0 0.796 0.887 0.982 1.078 1.175 1.270 1.361 1.449 1.533 1.612
5 4.0 → 4 4.0 0.536 0.628 0.729 0.834 0.941 1.047 1.150 1.249 1.343 1.431
5 4.0 → 4 5.0 0.531 0.621 0.718 0.819 0.922 1.024 1.123 1.217 1.306 1.389
5 4.0 → 5 5.0 0.977 1.108 1.252 1.403 1.558 1.712 1.862 2.008 2.146 2.276
5 4.0 → 5 6.0 0.535 0.671 0.820 0.979 1.141 1.304 1.464 1.618 1.765 1.904
5 5.0 → 0 1.0 0.194 0.208 0.223 0.239 0.255 0.271 0.287 0.302 0.317 0.330
5 5.0 → 1 0.0 0.048 0.050 0.053 0.055 0.058 0.061 0.063 0.065 0.067 0.069
5 5.0 → 1 1.0 0.446 0.462 0.477 0.491 0.504 0.517 0.528 0.539 0.548 0.557
5 5.0 → 1 2.0 0.462 0.482 0.502 0.521 0.539 0.557 0.573 0.588 0.602 0.615
5 5.0 → 2 1.0 0.122 0.131 0.141 0.152 0.163 0.173 0.184 0.194 0.204 0.213
5 5.0 → 2 2.0 0.395 0.421 0.449 0.478 0.507 0.536 0.564 0.591 0.617 0.641
5 5.0 → 2 3.0 0.330 0.354 0.380 0.408 0.436 0.464 0.491 0.517 0.541 0.565
5 5.0 → 3 2.0 0.664 0.801 0.953 1.113 1.277 1.441 1.602 1.757 1.905 2.043
5 5.0 → 3 3.0 1.931 2.142 2.371 2.610 2.853 3.095 3.331 3.559 3.776 3.980
5 5.0 → 3 4.0 1.229 1.485 1.765 2.061 2.364 2.667 2.964 3.250 3.523 3.780
5 5.0 → 4 3.0 0.401 0.472 0.550 0.631 0.713 0.795 0.875 0.952 1.024 1.092
5 5.0 → 4 4.0 0.848 0.945 1.046 1.148 1.251 1.351 1.448 1.540 1.628 1.710
5 5.0 → 4 5.0 0.614 0.719 0.833 0.952 1.074 1.194 1.311 1.423 1.529 1.629
5 6.0 → 0 1.0 0.194 0.208 0.223 0.239 0.255 0.271 0.287 0.302 0.317 0.330
5 6.0 → 1 0.0 0.068 0.072 0.076 0.081 0.085 0.089 0.093 0.096 0.100 0.103
5 6.0 → 1 1.0 0.178 0.189 0.199 0.210 0.221 0.231 0.241 0.250 0.259 0.266
5 6.0 → 1 2.0 0.710 0.733 0.755 0.776 0.795 0.813 0.830 0.845 0.859 0.871
5 6.0 → 2 1.0 0.119 0.128 0.138 0.148 0.159 0.169 0.179 0.189 0.198 0.207
5 6.0 → 2 2.0 0.201 0.216 0.233 0.250 0.268 0.286 0.303 0.320 0.336 0.350
5 6.0 → 2 3.0 0.528 0.563 0.600 0.639 0.678 0.718 0.756 0.793 0.828 0.861
5 6.0 → 3 2.0 0.513 0.661 0.824 0.997 1.173 1.350 1.523 1.690 1.849 1.999
5 6.0 → 3 3.0 0.850 1.048 1.267 1.497 1.734 1.970 2.201 2.425 2.637 2.838
5 6.0 → 3 4.0 2.461 2.719 2.998 3.290 3.587 3.883 4.173 4.452 4.717 4.966
5 6.0 → 4 3.0 0.336 0.392 0.454 0.518 0.583 0.647 0.709 0.768 0.824 0.877
5 6.0 → 4 4.0 0.488 0.573 0.665 0.762 0.861 0.959 1.054 1.145 1.231 1.312
5 6.0 → 4 5.0 1.039 1.171 1.309 1.452 1.594 1.735 1.871 2.002 2.126 2.243
5 6.0 → 5 5.0 0.816 0.943 1.081 1.227 1.377 1.526 1.672 1.812 1.947 2.073
6 5.0 → 0 1.0 0.222 0.234 0.246 0.258 0.269 0.280 0.291 0.301 0.310 0.319
6 5.0 → 1 0.0 0.116 0.122 0.127 0.132 0.136 0.140 0.144 0.147 0.150 0.152
6 5.0 → 1 1.0 0.203 0.218 0.234 0.248 0.262 0.274 0.285 0.295 0.304 0.312
6 5.0 → 1 2.0 0.313 0.343 0.372 0.401 0.427 0.452 0.474 0.494 0.512 0.528
6 5.0 → 2 1.0 0.660 0.680 0.699 0.716 0.732 0.746 0.759 0.770 0.780 0.788
6 5.0 → 2 2.0 0.448 0.469 0.490 0.511 0.530 0.548 0.565 0.580 0.594 0.606
6 5.0 → 2 3.0 0.309 0.336 0.363 0.390 0.416 0.440 0.463 0.485 0.504 0.522
6 5.0 → 3 2.0 0.638 0.732 0.828 0.923 1.017 1.106 1.189 1.267 1.338 1.403
6 5.0 → 3 3.0 0.573 0.681 0.792 0.903 1.011 1.114 1.211 1.300 1.382 1.456
6 5.0 → 3 4.0 0.637 0.752 0.871 0.988 1.102 1.210 1.311 1.405 1.490 1.567
6 5.0 → 4 3.0 2.081 2.175 2.266 2.353 2.435 2.512 2.582 2.647 2.705 2.758
6 5.0 → 4 4.0 0.810 0.899 0.989 1.076 1.160 1.238 1.310 1.376 1.435 1.488
6 5.0 → 4 5.0 0.663 0.798 0.935 1.068 1.195 1.315 1.426 1.528 1.619 1.702
6 5.0 → 5 4.0 0.791 0.875 0.961 1.048 1.134 1.218 1.298 1.374 1.445 1.512

(continued)
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(continued)

j → j′
Temperature / K

55 60 65 70 75 80 85 90 95 100
6 5.0 → 5 5.0 0.497 0.574 0.655 0.737 0.818 0.897 0.972 1.043 1.108 1.168
6 5.0 → 5 6.0 0.516 0.597 0.682 0.769 0.854 0.936 1.015 1.088 1.156 1.218
6 5.0 → 6 6.0 0.727 0.809 0.893 0.976 1.056 1.133 1.205 1.272 1.334 1.390
6 5.0 → 6 7.0 0.352 0.427 0.504 0.581 0.657 0.730 0.799 0.864 0.923 0.978
6 6.0 → 0 1.0 0.222 0.234 0.246 0.258 0.269 0.280 0.291 0.301 0.310 0.319
6 6.0 → 1 0.0 0.033 0.038 0.043 0.048 0.052 0.056 0.060 0.064 0.067 0.070
6 6.0 → 1 1.0 0.275 0.293 0.310 0.327 0.342 0.356 0.368 0.380 0.389 0.398
6 6.0 → 1 2.0 0.324 0.352 0.379 0.406 0.431 0.454 0.475 0.494 0.510 0.525
6 6.0 → 2 1.0 0.157 0.168 0.179 0.189 0.200 0.210 0.219 0.228 0.235 0.242
6 6.0 → 2 2.0 0.769 0.798 0.826 0.852 0.876 0.898 0.918 0.936 0.952 0.966
6 6.0 → 2 3.0 0.490 0.519 0.548 0.576 0.602 0.627 0.650 0.672 0.691 0.708
6 6.0 → 3 2.0 0.377 0.452 0.529 0.605 0.680 0.751 0.818 0.880 0.937 0.988
6 6.0 → 3 3.0 0.770 0.882 0.996 1.110 1.220 1.325 1.424 1.515 1.598 1.674
6 6.0 → 3 4.0 0.701 0.832 0.966 1.099 1.229 1.353 1.469 1.576 1.674 1.763
6 6.0 → 4 3.0 0.526 0.594 0.662 0.729 0.793 0.852 0.907 0.958 1.003 1.043
6 6.0 → 4 4.0 2.141 2.273 2.404 2.530 2.650 2.762 2.865 2.959 3.045 3.122
6 6.0 → 4 5.0 0.887 1.004 1.122 1.238 1.348 1.451 1.546 1.633 1.712 1.782
6 6.0 → 5 4.0 0.395 0.458 0.524 0.590 0.656 0.720 0.781 0.838 0.891 0.939
6 6.0 → 5 5.0 0.841 0.933 1.027 1.122 1.215 1.306 1.393 1.475 1.553 1.625
6 6.0 → 5 6.0 0.567 0.655 0.748 0.842 0.935 1.025 1.111 1.191 1.265 1.334
6 7.0 → 0 1.0 0.222 0.234 0.246 0.258 0.269 0.280 0.291 0.301 0.310 0.319
6 7.0 → 1 0.0 0.069 0.075 0.082 0.088 0.093 0.099 0.103 0.108 0.111 0.115
6 7.0 → 1 1.0 0.160 0.178 0.195 0.211 0.227 0.242 0.255 0.267 0.277 0.286
6 7.0 → 1 2.0 0.403 0.430 0.456 0.482 0.505 0.526 0.546 0.563 0.578 0.591
6 7.0 → 2 1.0 0.117 0.128 0.140 0.151 0.162 0.173 0.183 0.192 0.201 0.208
6 7.0 → 2 2.0 0.233 0.251 0.270 0.289 0.306 0.323 0.339 0.354 0.367 0.380
6 7.0 → 2 3.0 1.067 1.106 1.143 1.177 1.209 1.239 1.265 1.289 1.310 1.328
6 7.0 → 3 2.0 0.350 0.412 0.477 0.541 0.602 0.661 0.716 0.766 0.813 0.854
6 7.0 → 3 3.0 0.514 0.613 0.714 0.815 0.913 1.007 1.094 1.175 1.250 1.317
6 7.0 → 3 4.0 0.985 1.140 1.300 1.459 1.614 1.762 1.900 2.029 2.148 2.255
6 7.0 → 4 3.0 0.413 0.501 0.588 0.674 0.757 0.834 0.905 0.971 1.030 1.083
6 7.0 → 4 4.0 0.631 0.726 0.822 0.915 1.004 1.088 1.166 1.236 1.300 1.357
6 7.0 → 4 5.0 2.510 2.646 2.779 2.908 3.030 3.143 3.248 3.344 3.430 3.508
6 7.0 → 5 4.0 0.356 0.412 0.471 0.531 0.590 0.646 0.701 0.751 0.798 0.841
6 7.0 → 5 5.0 0.470 0.544 0.621 0.701 0.779 0.855 0.927 0.994 1.057 1.114
6 7.0 → 5 6.0 0.978 1.090 1.206 1.323 1.438 1.550 1.658 1.759 1.855 1.944
6 7.0 → 6 6.0 0.615 0.692 0.772 0.850 0.927 1.000 1.069 1.133 1.192 1.246



160

Appendix B: Side Projects

During my Ph.D. I was involved in parallel projects that fall outside the main fo-
cus of this thesis. These covered additional aspects of the astrochemical picture
presented in Figure 1.1 of Chapter 1. More specifically, two different fields have
been considered, both showcasing the role of quantum chemistry for astrochemical
investigations: (i) the computational characterization of the rotational spectra for
molecules of astrochemical interest, from the accurate determination of their equi-
librium geometries to the prediction of their rotational frequencies; (ii) the charac-
terization of reactive potential energy surfaces for gas-phase processes occurring in
the interstellar medium. A brief description of these investigations is given in the
following, along with the publications they have resulted with.

Determination of molecular structures

As already mentioned in Chapter 1, quantum chemistry plays a fundamental role in
the search of new molecules in space, the starting point being the accurate determi-
nation of their rotational parameters. Hence, given the direct link of the molecular
structure with rotational constants, the computational characterization of rotational
spectra needs to start with an accurate structural determination. The accurate
knowledge of the molecular rotational parameters, moreover, has a crucial role to
support the laboratory assignment of rotational spectra. This, in turn, represents a
key ingredient for most of the astronomical investigations, since rotational spectral
lines can be considered as actual fingerprints of a molecule. However, molecular
identifications can only be accomplished if the molecular spectra are known with
great accuracy. This implies in many cases very accurate structures determinations.
The latter require a very high-level quantum chemical treatment, e.g., exploiting
composite schemes rooted in the coupled cluster theory. However, for large-sized
molecules, the computational cost might be unaffordable. In these cases, cheaper
yet accurate approaches need to be defined.

In order to bring a contribution in this direction, we tested and validated a new
approach (Melli et al., 2021), denoted as the “LEGO bricks” model. This approach
is rooted in the idea that a molecular system can be seen as formed by different
fragments (i.e., the “LEGO bricks”), whose accurate semi-experimental (SE) equi-
librium geometries are available (Piccardo et al., 2015; Penocchio et al., 2015). To
join together the different “LEGO bricks”, this approach relied on: (i) the tem-
plate molecule approach (TM) (Piccardo et al., 2015) in order to account, at the
rev-DSD-PBEP86-D3/jun-cc-pVTZ level, for the changes occurring when moving
from the smaller fragment to the larger molecular system; (ii) the linear regres-
sion model (LR) to correct the inter-fragment parameters (Penocchio et al., 2015,
2016). The molecular systems considered for benchmarking the resulting structure,
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denoted as TM-SE_LR, are those obtained from addition/elimination reactions of
nucleophilic unsaturated radicals (e.g., CN, C2H, and phenyl) to alkenes, imines,
and aldehydes. The TM-SE_LR scheme has thus been validated by comparison
with their semi-experimental equilibrium structures (when available) and rotational
constants. All DFT calculations were performed with the Gaussian software (Frisch
et al., 2016). The main outcome of this study is the reliability, robustness and accu-
racy of this novel approach, showing an accuracy of about 0.001Å for bond lengths
and 0.1◦ for angles and an average relative deviation with respect to the accurate
semi-experimental equilibrium rotational constants of ∼ 0.2%.
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ABSTRACT: The accurate determination of equilibrium struc-
tures for isolated molecules plays a central role in the evaluation
and interpretation of stereoelectronic, thermodynamic, and
spectroscopic properties. For small semi-rigid systems, state-of-
the-art quantum-chemical computations can rival the most
sophisticated experimental results. For larger molecules, cheaper
yet accurate approaches need to be defined. The double-hybrid
rev-DSD-PBEP86 functional already delivers remarkable results
that can be further improved by means of a “Lego brick” model.
This is based on the idea that a molecular system can be seen as
formed by different fragments (the “Lego bricks”), whose accurate
semi-experimental (SE) equilibrium geometries are available. The
template molecule (TM) approach can be used to account for the
modifications occurring when going from the isolated fragment to the molecular system under investigation, with the linear
regression (LR) model employed to correct the linkage between the different fragments. The resulting TM-SE_LR approach has
been tested with respect to available SE equilibrium structures and rotational constants. Indeed, the latter parameters
straightforwardly depend on the equilibrium geometry of the system under consideration. The main outcome of our study is the
reliability, robustness, and accuracy of this novel approach. The molecular systems considered for benchmarking the TM-SE_LR
scheme are those formally issued from addition/elimination reactions of nucleophilic unsaturated radicals (e.g., CN, C2H, and
phenyl) to alkenes, imines, and aldehydes, whose rotational spectra have been investigated, but accurate structural determinations
are not yet available.

■ INTRODUCTION

The accurate determination of molecular structures is one of
the main aims in many areas of chemistry. In physical
chemistry, the prediction and interpretation of structural
properties and dynamic behavior of molecules are a
prerequisite for a deeper understanding of their stability and
chemical reactivity.1−10 In the field of molecular spectroscopy,
there is a strong relationship between the experimental
outcomes and the structure of the molecular system.11−14

Therefore, computational spectroscopy investigations often
start from structural determinations. In particular, in rotational
spectroscopy, the equilibrium geometry provides the major
contribution to the leading terms of this technique, the
rotational constants.2,6,11 While it is seldom straightforward to
derive the molecular structure from experimental information,
with quantum chemistry being often required to either support
or complement such determinations, state-of-the-art computa-
tional methodologies are able to provide very accurate
equilibrium structures.6,7,15,16 Indeed, in the absence of strong
non-dynamical correlation effects, composite schemes rooted
in the coupled-cluster model are currently able to evaluate

structural parameters with an accuracy of 0.001 Å and 0.1° for
bond lengths and angles, respectively.6,17−23 However, despite
the improvement in hardware and software technologies24,25

and the increasing availability of composite schemes at reduced
computational costs (e.g., the so-called “cheap” scheme and its
variants),22,26 accurate geometry optimizations are still out of
range for large molecular systems due to the extremely
unfavorable scaling of accurate quantum-chemical methods
with the number of degrees of freedom.
A viable route is offered by the interplay of the experiment

and theory in the field of rotational spectroscopy (see, e.g., refs
6,27−32). Within the so-called semi-experimental (SE)
approach,6,33 equilibrium structural parameters are derived
from a least-squares fit of the SE equilibrium rotational
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constants (Be
SE) for different isotopologues. The Be

SE values are
obtained by correcting the experimental vibrational ground-
state rotational constantsa (B0

exp) for computed vibrational
contributions (ΔBvib

calc)33

= − ΔB B Be
SE

0
exp

vib
calc

(1)

The accuracy of this approach is well established,27 and its
application led to the definition of a database of SE equilibrium
structures of small- to medium-sized semi-rigid molecules
(hereafter denoted as the SE database).29,30

The main drawback of the SE approach is the number of
experimental data required for a complete structural character-
ization. The greater the molecule is, the larger the number of
isotopologues to be investigated becomes. Furthermore, even if
the number of available B0

exp constants exceeds that of the
geometrical parameters to be determined, a balanced fit
requires data for the isotopic substitutions involving all
nuclei.14 This becomes exceedingly difficult when the
molecular size and topological complexity increase. If the
number of available isotopically substituted species is not
sufficient to allow a robust evaluation of all structural
parameters, the lack of information can affect both the quality
of the fit and their accuracy and reliability. In these cases, to
avoid biased results, some geometrical parameters (i.e., those
whose “experimental information” is missing) are kept fixed in
the fitting procedure, usually relying on computational
determinations. However, if the level of theory employed is
not sufficiently high, the results of the fit and their accuracy
might be unsatisfactory.6 In this respect, powerful way-outs are
offered by the template molecule (TM)30 and/or linear
regression (LR) approaches.29

The TM approach has been introduced to extend the size of
molecular systems amenable to accurate molecular structure
determinations. It is based on the idea that, if an accurate
equilibrium geometry is available (either experimentally or
computationally) for a smaller molecule identical to one of the
system’s moieties, it can be used to provide the corresponding
geometrical parameters of the system under study, corrected
by the differences between predictions calculated for the
moieties and the system. Alternatively, the LR approach can be
employed to improve the computed geometries. Indeed, within
this approach, a given structural parameter is corrected by a
term previously obtained from the linear regression of the fit of
semi-experimental values versus the computed counterparts (at
the level of theory considered) for a large set of molecules. The
LR corrections are available for the most common bond
distances and angles and have been collected in a database
(hereafter denoted as the LR database) for several combina-
tions of density functionals and basis sets.29,30,34

The idea presented in this work is to combine the TM and
SE approaches, also relying on the contribution of LR
corrections, with the aim of obtaining highly accurate
equilibrium structures at a very reduced computational cost.
The so-called TM-SE approach is based on identifying, in the
molecule under study, fragments whose structures are available
in the SE database mentioned above and using them to
accurately determine its equilibrium geometry, possibly
employing the LR approach for inter-fragment parameters
(thus leading to the TM-SE_LR approach).
Among the different classes of molecular systems whose

accurate structures are not yet available, one cannot overlook
those issued from addition/elimination reactions of nucleo-
philic unsaturated radicals (e.g., CN, C2H, and phenyl) to

alkenes, imines, and aldehydes. As a matter of fact, addition of
free radicals to double bonds has been studied at length
because of its interest in several fields ranging from organic
synthesis to atmospheric chemistry and astrochemistry (see
refs 35−38 and references therein). In particular, the products
of addition/elimination of free radicals to alkenes and
aldehydes are well known, but accurate structures of some of
them are not yet available. The situation is even more involved
for imines, whichdespite their low-stability under normal
terrestrial conditionsplay a central role in several processes,
leading to the formation of the so-called complex organic
molecules in the inter- and circumstellar medium (see refs
38−41 and references therein). Overall, all products of the
reactions mentioned above can be seen as formed by two well-
defined moieties formally linked by a single bond between two
sp2 and/or sp carbon atoms. Among the possible products, we
have chosen the systems forming a suitable playground for
testing the proposed TM-SE and TM-SE_LR approaches.
In the next section, the methodology is described with all

details. Then, once the set of molecular systems has been
introduced, the results are reported, and the validation of our
approach is discussed. Examples of applications demonstrating
the approach’s possible extension to larger systems are also
provided. Finally, concluding remarks summarize the main
outcomes of this work.

■ METHODOLOGY
The TM-SE(_LR) approach where, for a given molecule,
suitable molecular fragments are seen as “Lego bricks” is set up
as follows:

• For the “Lego bricks”, we resort to the TM approach,
whichas mentioned in the Introductionis based on
identifying, within the molecule, “known” fragments that
belong to a smaller system for which a highly accurate
equilibrium geometry is available. These fragments are
the TMs and are used to determine accurately the
corresponding structural parameters of the larger
molecular systems (re(lms))

= + Δ‐r r r(lms) (lms) (TM)e e
low cost

e (2)

where Δre(TM) is defined as

Δ = − ‐r r r(TM) (TM) (TM)e e
accu

e
low cost

(3)

re
low‑cost is the geometrical parameter of interest calculated
at the same level of theory for both the molecule under
consideration (lms) and the TM, the level depending on
the size of the molecule to be characterized (usually a
method rooted in density functional theory, DFT). A
recent benchmark study42 showed that the double-
hybrid rev-DSD-PBEP86 functional43 in conjunction
with the jun-cc-pVTZ basis set44,45 already provides
rather accurate structures. Hereafter, this level of theory,
shortly denoted as revDSD, will be employed for the
re
low‑cost(lms) and re

low‑cost(TM) of eqs 2 and 3,
respectively.

• Once we have the “Lego bricks”, we need to put them
together, the arising question being how to connect
them. For this task, whenever possible, we resort to the
LR approach for improving the accuracy of DFT
determinations of the inter-fragment parameters. For
them, the LR approach replaces the Δre(TM) correction
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in eq 2 with an estimate (Δre(LR)) based on a linear
regression model

Δ = +‐r Ar B(LR)e e
low cost

(4)

Therefore, the corrected parameter is given by

= + +‐r A r B(lms) (1 )e e
low cost

(5)

The A and B coefficients only depend on the atomic
numbers of the involved atoms and were obtained by a
statistical analysis of a large number of molecules. In the
present context, we employ the corrective factor for the C−C
(A = −0.0067 and B = 0.0069) bond length evaluated using
the revDSD model and obtained from a study employing
nearly 100 semi-experimental values.
If only step 1 is retained, with the linkage parameters thus

kept fixed at the revDSD level, the TM-SE model is defined.

The TM-SE approach is so denoted because the TMs are taken
from the SE database mentioned in the Introduction. The
combination of the steps 1 and 2 leads instead to the so-called
TM-SE_LR approach. While in the following, we demonstrate
the accuracy of the equilibrium structures “built” using the
TM-SE and TM-SE_LR models, here, we note that if this
approach is used to support a rotational spectroscopy study,
once the latter is completed, the SE approach can be employed
to refine the revDSD or LR linkage parameters, which are
usually the most sensitive structural parameters.
A graphical representation of the TM-SE_LR approach is

provided in Figure 1a. The example considered in this figure is
formyl cyanide. In this molecule, two molecular fragments can
be envisaged: the CN and HCO moieties. DFT geometry
optimizations are carried out for formyl cyanide and for the
TMs, namely, HCN and formaldehyde. The data available in
the SE database are then used to correct the structural

Figure 1. (a) Graphical description of the TM-SE_LR approach. (b) Definition of the linkage angle.

Figure 2. Dataset: molecules grouped according to their moieties, “Lego” bricks.
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parameters of the CN and HCO moieties of formyl cyanide
(see eqs 2 and 3). Finally, the DFT C−C bond distance
connecting the two “Lego bricks” is corrected using the scaling
factors available in the LR database.
To test the accuracy of the equilibrium structures derived

using the TM-SE(_LR) approach, one can compare them with
SE equilibrium geometries already available in the literature.
However, this is not the best option, the TM-SE approach
being designed for those cases in which the standard SE
approach cannot be applied. Since rotational constants are
strongly connected to molecular structures and they are
experimentally determined with great accuracy,2,6,11,27 they are
the perfect means for our test. According to eq 1, to move from
the ground-state to the equilibrium rotational constants and
vice versa, we need the vibrational corrections, ΔBvib. In the
framework of vibrational perturbation theory to the second
order (VPT2),46 these are expressed as

∑ αΔ = −B
1
2

i

r
r
i

vib (6)

where the αr
i constants are the vibration−rotation interaction

constants, i denotes the inertial axis, and the sum runs over all r
vibrational modes. The evaluation of the αr

i values requires
anharmonic force field calculations,14,23,27,28,32 whichin the
present workhave been carried out using the global-hybrid
B3LYP functional47,48 in conjunction with the partially
augmented double-ζ jun-cc-pVDZ basis set. Hereafter, this
level of theory is shortly referred to as B3. Although revDSD
spectroscopic parameters are usually more accurate than the
B3 counterparts,42 the ΔBvib contributions benefit from a
fortuitous but quite general error compensation, which allows
the use of cheaper B3 computations.
All DFT calculations incorporate the D3 scheme49 for the

treatment of dispersion effects combined with the Becke-

Johnson (BJ) damping function.50 Throughout this work, all
computations have been performed using the Gaussian16 suite
of programs.51

Dataset. Before reporting and discussing the results, we
need to introduce and describe the dataset employed in our
study. The targeted molecules are listed in Figure 2 and have
been selected following two main criteria: (1) the rotational
constants of the main isotopic species are available and (2)
each molecule can be envisaged as formed by two fragments,
whose SE equilibrium structures are available. Going into
detail, the dataset is composed of 16 species (21 molecules if
isomers are considered) that result from the combination of
seven fragments, namely, methanimine (CH2NH), form-
aldehyde (H2CO), hydrogen cyanide (HCN), acetylene
(C2H2), ethene (C2H4), acetonitrile (CH3CN), and benzene
(C6H6). The SE equilibrium structures of all these fragments
are available in the SE database,29,30 the only exception being
methanimine and acetonitrile, whose SE equilibrium geo-
metries are taken from refs 52 and 53, respectively. The SE
equilibrium geometries employed in this work are collected in
Table S1.
The structural patterns of the chosen molecules allow their

classification into four distinct and partially overlapping
ensembles, depicted in Figure 2, which shows (also highlighted
by different colors) the “Lego bricks” within the selected
molecules. The ensemble of imines, that is, species containing
the −C=NH terminal group (in yellow in Figure 2), consists of
four molecules: propargylimine (PGIM), phenylmethanimine
(PMI), cyanomethanimine (CMI), and allylimine (AIM). The
orientation of the H atom of the −CNH moiety with respect
to the other fragments of the molecule leads to the Z (cis) and
E (trans) isomers. In this study, all the eight structures have
been considered, the experimental rotational constants being
retrieved from the reference list provided in Table 1. By
replacing the imine moiety with the aldehydic −HC=O group,

Table 1. Reference Studies Reporting the Experimental Ground-State Rotational Constants (B0
exp) and Available SE

Equilibrium Structures (re
SE) for the Dataset Molecules
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we obtain four molecules characterized well from an
experimental point of view (see Table 1), namely,
benzaldehyde (BAL), propriolaldehyde (PA), acrolein (ACR;
both the cis and trans isomers), and cyanoformaldehyde (CF).
The connection of two aldehydic fragments also leads to the
formation of glyoxal (GL; only trans). They all have been
collected in the red ensemble in Figure 2. Four molecules,
namely, styrene (STY), vinylacetylene (VAC), 1,3-butadiene
(BD; only the trans form), and vinyl cyanide (VC), have been
selected to incorporate the vinyl −CHCH2 group in the
studied set of molecules, this being the light-blue set. Finally,
three molecules containing the cyano −CN group, namely,
benzonitrile (BN), malononitrile (MN), and propalgylcyanide
(PGCN), have also been considered. The nitrile color code is
green.
With the exception of MN and PGCN, all molecules

present, as a linkage bond, a single CC bond connecting two
unsaturated systems, and thus, non-negligible conjugation
effects are expected. Therefore, the selected molecules provide

a challenging test suite to validate the TM-SE model and,
especially, the TM-SE_LR approach. Some molecular species
present a certain degree of flexibility, which is another
challenging aspect for our strategy. In particular, the two
non-conjugated molecules, that is, MN and PGCN, should be
good test cases with their C−C−C frame.
In Table 1, together with the list of the reference studies for

the selected molecules, the references for the available SE
equilibrium structures are also reported.

■ RESULTS AND DISCUSSION

Let us start our discussion by comparing the molecular
structures issued from the TM-SE and TM-SE_LR approaches
with the SE equilibrium geometries (re

SE) available in the
literature for VAC, VC, trans-acrolein (t-ACR), cis-acrolein (c-
ACR), trans-1,3-butadiene (t-BD), trans-glyoxal (t-GL), and Z-
propargylimine (Z-PGIM). The re

SE structures of t-ACR and c-
ACR have been taken from ref 56 and those of t-GL have been
taken from ref 70; they are also available in the SE database29

Figure 3. Molecular structures (bond lengths in angstrom and angles in degrees) of vinylacetylene (a), vinyl cyanide (b), trans-acrolein (c), cis-
acrolein (d), trans-1,3-butadiene (e), trans-glyoxal (f), and Z-propargylimine (g). The TM-SE values are in black (for the C−C linkage bond, the
TM-SE_LR value is also reported); SE parameters (errors are available in the Supporting Information, Table S2) are in blue (the asterisk denotes
parameters kept fixed at the TM-SE value; the number of decimal places depends on the accuracy; see Table S2).
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together with the re
SE of t-BD. Those of VC and VAC were

evaluated in ref 31 and that of Z-PGIM has been purposely
determined in this work using the data from refs 54 and 71.
For Z-PGIM, the availability, in addition to the rotational
constants of the parent isotopologues, of the data for the three
13C isotopic species and two deuterated variants (at the −NH
and −CCH sites) has enabled a reliable, even if partial,
determination of the SE equilibrium structure.
Figure 3 shows the molecular structures of the seven test

cases, also providing the comparison between the TM-SE_LR
and SE equilibrium geometries. These are also collected in
Table S2 of the Supporting Information together with the
uncertainties affecting the re

SE structures and the revDSD
structural parameters. The fragments employed in the TM-SE
are evident: ethylene and acetylene for VAC, ethylene and
hydrogen cyanide for VC, ethylene and formaldehyde for t-
ACR and c-ACR, ethylene for t-BD, formaldehyde for t-GL,
and methanimine and acetylene for Z-PGIM. Their revDSD
and SE structural parameters are collected in Table S1 of the
Supporting Information. From Figure 3, a very good
agreement between the TM-SE(_LR) and re

SE geometries is
apparent. It is noted that the deviations are in the order of
0.001 Å for bond lengths and 0.1° for angles. There are only a
very few exceptions showing discrepancies larger than 0.001 Å
(but always within 2 mÅ), and these can be ascribed to
conjugative effects. While the revDSD level already provides
good results (deviations in the order of +0.003 Å for bond

lengths and |0.2|° for angles; see Table S2 of the Supporting
Information), the improvement provided by the TM-SE
approach is apparent. The only somewhat uncertain compar-
ison concerns Z-PGIM, for which the experimental data are
not sufficient for a complete structural determination. At this
point, it is interesting to check how the small discrepancies
observed in the structural parameters reflect on the rotational
constants, the results being reported in Table 2. Indeed,
rotational constants are extremely sensitive to the molecular
structure. In fact, variations of 0.001 Å in the bond distances
and 0.1° in valence angles can lead to changes up to ±50 MHz
for the A constant and ±15 MHz for B and C. This issue is
very important because the first application we have in mind is
the prediction of the rotational spectra of “unknown”
molecules with a very good accuracy at a limited computa-
tional cost.
In Table 2, the equilibrium rotational constants straightfor-

wardly derived from the re
SE structures are denoted as SE(re

SE).
For comparison purposes, those derived from the experimental
ground-state rotational constants corrected for the vibrational
contributions at the B3 level are also reported, these being
denoted as SE(Be

SE)-B3. For VAC, VC, t-ACR, c-ACR, and t-
GL, the SE(Be

SE) values obtained using vibrational corrections
at the fc-CCSD(T)/cc-pVTZ44 level available in the
literature30,31 are also given (SE(Be

SE)-CC). CCSD(T)72

denotes the coupled-cluster single and double approximation
augmented by a perturbative treatment of triples, and fc stands

Table 2. Comparison of Computed Equilibrium Rotational Constants (in MHz) with the SE Counterparts for Vinylacetylene,
Vinyl Cyanide, trans-Acrolein, cis-Acrolein, trans-1,3-Butadiene, trans-Glyoxal, and Z-Propargyliminea

revDSD TM-SE TM-SE_LR TM-SE_LR + corrb SE(re
SE) SE(Be

SE)-B3c SE(Be
SE)-CCd

vinylacetylene

Ae 50611.7 (+0.39%) 50741.1 (+0.65%) 50751.6 (+0.67%) 50552.9 (+0.28%) 50413.9 50602.3 (+188.4) 50425.4 (+11.5)

Be 4730.2 (−0.59%) 4738.2 (−0.42%) 4745.9 (−0.26%) 4752.6 (−0.12%) 4758.2 4759.4 (+1.2) 4758.0 (−0.2)
Ce 4325.9 (−0.50%) 4333.5 (−0.33%) 4340.1 (−0.18%) 4344.2 (−0.08%) 4347.8 4350.1 (+2.3) 4347.6 (−0.2)
vinyl cyanide

Ae 50115.1 (+0.35%) 50250.1 (+0.62%) 50262.7 (+0.64%) 50071.7 (+0.27%) 49939.0 49893.3 (−45.6) 49943.9 (+4.9)

Be 4955.5 (−0.64%) 4967.0 (−0.41%) 4975.5 (−0.24%) 4982.8 (−0.09%) 4987.3 4986.5 (−0.8) 4987.3 (+0.0)

Ce 4509.6 (−0.55%) 4520.2 (−0.31%) 4527.4 (−0.15%) 4531.9 (−0.06%) 4534.4 4533.3 (−1.1) 4534.5 (+0.1)

trans-acrolein

Ae 47786.8 (−0.15%) 47934.4 (+0.15%) 47996.9 (+0.28%) 47899.1 (+0.08%) 47860.9 47857.9 (−2.1) 47836.7 (−23.3)
Be 4660.4 (−0.58%) 4667.9 (−0.42%) 4675.5 (−0.26%) 4680.3 (−0.16%) 4687.8 4685.0 (−2.8) 4688.2 (+0.4)

Ce 4246.3 (−0.55%) 4253.7 (−0.37%) 4260.5 (−0.21%) 4263.7 (−0.14%) 4269.6 4267.9 (−1.7) 4270.2 (+0.6)

cis-acrolein

Ae 22938.3 (+0.19%) 23009.8 (+0.50%) 23010.0 (+0.50%) 22971.9 (−0.10%) 22895.7 22896.4 (+0.7) 22892.8 (−2.9)
Be 6228.5 (−1.12%) 6235.5 (−1.01%) 6250.2 (−0.78%) 6263.0 (−0.57%) 6299.1 6295.8 (−3.2) 6303.3 (+4.2)

Ce 4898.4 (−0.83%) 4906.0 (−0.69%) 4915.1 (−0.50%) 4921.3 (−0.38%) 4940.0 4939.4 (−0.6) 4943.4 (+3.4)

trans-1,3-butadiene

Ae 42069.0 (−0.10%) 42190.6 (+0.19%) 42239.2 (+0.30%) 42123.9 (+0.03%) 42111.2 42127.1 (+16.0)

Be 4441.7 (−0.46%) 4445.0 (−0.38%) 4451.8 (−0.23%) 4459.7 (−0.05%) 4462.1 4460.6 (−1.4)
Ce 4017.5 (−0.42%) 4021.3 (−0.33%) 4027.3 (−0.18%) 4032.7 (−0.05%) 4034.6 4034.3 (−0.3)
trans-glyoxal

Ae 55888.5 (−0.51%) 56092.7 (−0.15%) 56183.9 (+0.01%) 55973.2 (−0.36%) 56177.3 55955.7 (−221.6) 56007.1 (−170.2)
Be 4781.5 (−0.80%) 4792.6 (−0.57%) 4802.1 (−0.37%) 4811.6 (−0.17%) 4819.9 4821.0 (+1.1) 4819.9 (0.0)

Ce 4404.7 (−0.68%) 4415.4 (−0.53%) 4423.9 (−0.34%) 4430.7 (−0.19%) 4439.1 4439.0 (−0.1) 4439.0 (−0.1)
Z-propargylimine

Ae 54707.3 (−0.57%) 54894.9 (−0.23%) 54904.5 (−0.21%) 54690.0 (−0.61%) 55022.9 55040.7 (+17.8)

Be 4850.0 (−0.68%) 4858.9 (−0.50%) 4867.2 (−0.33%) 4873.9 (−0.19%) 4883.4 4883.2 (−0.2)
Ce 4455.1 (−0.68%) 4463.8 (−0.48%) 4470.8 (−0.33%) 4475.1 (−0.23%) 4485.5 4484.2 (−1.3)

aThe relative differences with respect to SE(re
SE) are reported within parentheses. bCorrection of −0.2° on the linkage angle. Referring to Figure 1b,

the minus sign denotes a lowering of the linkage angle. cSE(Be
SE) using vibrational corrections at the B3 level. The difference SE(Be

SE) − SE(re
SE) is

reported within parentheses. dSE(Be
SE) using vibrational corrections at the fc-CCSD(T)/cc-pVTZ level [from ref 31 for VAC and VC, from ref 56

for ACR (trans and cis), and from ref 70 for t-GL]. The difference SE(Be
SE) − SE(re

SE) is reported within parentheses.
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for the frozen-core approximation. The comparison between
these two sets of SE Be constants is crucial because for the
other molecules of the dataset, the performance of the TM-
SE(_LR) approach will be based on the latter type of SE Be
values. In principle, the two routes should lead to equivalent
results. However, we note that vibrational corrections at the
CCSD(T) level tend to provide a better agreement, with the
average discrepancy being, in relative terms, ∼0.04%. When B3
vibrational corrections are considered, the differences are a bit
larger, but the mean deviation is still as low as 0.06%. We note
a few large discrepancies from the SE(re

SE) values, all for the A
constant. When considering the B3 vibrational corrections, the
largest deviations are 0.37% for VAC and 0.40% for t-GL. In
the case of CCSD(T) vibrational corrections, the only outlier
is observed for t-GL, the deviation being 0.30%. If we exclude
these data, the relative averaged discrepancies from SE(re

SE)
reduce to 0.02% for CCSD(T) and 0.03% for B3. This
comparison provides a quantification of the systematic error
affecting our analysis. Conservatively, we consider that the SE
equilibrium rotational constants employed in the analysis of
the dataset (i.e., those obtained with B3 vibrational
corrections) are affected by a systematic uncertainty well
within 0.1%. At this point, the accuracy of the SE equilibrium
structure deserves a note. While the limited accuracy of the B3
vibrational corrections affects, even if marginally, the derived
SE equilibrium rotational constants, the effects are entirely
negligible on the structural determination, as demonstrated
well by the literature on this topic; for example, see refs 27 and
30.
Before discussing the results of Table 2, it should be pointed

out that the accuracy reached by the TM-SE and TM-SE_LR
models can only be approached by applying expensive accurate
composite schemes based on coupled-cluster theory.2,5,73,74 An
example is provided by the experimental investigation on the
rotational spectrum of propargylimine, which also led to its
detection in the interstellar medium.54 In that work, the
spectroscopic study was supported by quantum-chemical
calculations, with equilibrium rotational constants obtained
by means of the so-called “CCSD(T)/CBS + CV” composite
scheme,19,20 whose accuracy has been tested in refs 2 and 73.
This composite scheme exploits the CCSD(T) method

extrapolated to the complete basis set (CBS) limit (within
the fc approximation) and incorporates the core-valence (CV)
correlation correction. The CCSD(T)/CBS + CV Be constants
are 54525.7, 4876.6, and 4476.3 MHz, which deviate from the
SE counterparts by 0.90, 0.14, and 0.21%, respectively, to be
compared with those issuing from the TM-SE_LR model,
which differ instead by 0.21, 0.33, and 0.33% (see Table 2).
Another example is provided by ACR, which points out how
accurate the CCSD(T)/CBS + CV composite scheme can be.
In ref 56, this approach was employed in the geometry
optimization of t- and c-ACR. The corresponding equilibrium
rotational constants (22915.2, 6301.4, and 4942.3 MHz for c-
ACR and 47870.0, 4689.3, and 4270.9 MHz for t-ACR) were
found to deviate, on average, by only 0.04% from the SE(re

SE)
values.
From the comparisons of Table 2, we note thatfor all test

casesthe deviations are small at all the levels considered,
with an overall improvement when moving from revDSD to
TM-SE. A further improvement is noted by resorting to the
TM-SE_LR approach. In more detail, the absolute mean
deviations from the SE(re

SE) values are 0.5% at the revDSD
level, 0.4% for TM-SE, and 0.3% for TM-SE_LR. In several
cases, as already noted in the comparison between SE(re

SE) and
SE(Be

SE) and well-known in the literature (see, e.g., ref 74), the
agreement for the A constant is the most critical among the
three rotational constants. Indeed, it worsens when moving
from the revDSD level to the TM-SE approach, with the LR
corrections being unable to improve this discrepancy. An
inspection of the revDSD, SE, and TM-SE structures revealed
that this is caused by very small structural modifications, and in
detail, it seems to be due to missing LR corrections for linkage
angles (see Figure 1b for the definition). Actually, the LR
terms are available for angles, but the inter-fragment angles
tend to behave differently. They somewhat resemble the inter-
molecular angles in non-covalent complexes. While this might
be a sort of limitation in predicting the rotational constants and
the corresponding spectrum of an “unknown” molecule with
high accuracy, once the latter is assigned and analyzed, the
experimental rotational constants of just one isotopic species
are sufficient to effectively correct the linkage parameters and
lead to an equilibrium structure of great accuracy. For example,

Figure 4. Comparison between the experimental spectrum (Exp.) and different simulations (revDSD, TM-SE_LR, and “cheap” scheme from ref
58) for both isomers of PMI. The 41,4 ← 31,3 transition of E-PMI (left panel) and the 40,4 ← 30,3 transition of Z-PMI (right panel) have been chosen
as examples ( ← ′ ′ ′J JK K K K, ,a c a c

).

The Journal of Physical Chemistry A pubs.acs.org/JPCA Article

https://doi.org/10.1021/acs.jpca.1c07828
J. Phys. Chem. A 2021, 125, 9904−9916

9910



169

if we consider Z-CMI and refine the revDSD linkage
parameters (the C−C distance and the corresponding angle)
using the experimental rotational constants of the main
isotopic species (the only ones investigated so far), the
discrepancies with respect to the SE Be

SE values reduce to
−0.02, 0.001, and 0.002% for A, B, and C, respectively, with
these being −0.21, −0.49, and −0.47%, respectively, at the
TM-SE level (see Table S3). Even if we only fit the C−C
linkage bond, the resulting discrepancies are extremely good:
−0.15, 0.006, and 0.004%, respectively.
For the seven molecules under consideration, tests have

been carried out in order to understand if a systematic
corrective term can be applied to the linkage angle (see Figure
1b). The outcome of these tests (see the fourth column of
Table 2) suggests that indeed, a lowering of 0.2° improves the
agreement of the TM-SE_LR rotational constants with respect
to the SE ones, with the only exception of the A rotational
constant of t-GL and Z-PGIM. Such an improvement leads to
a reduction in the absolute mean deviation to 0.2%.
Interestingly, for Z-PGIM, an additional correction (−0.002
Å) to the C−C LR corrective term leads to an improvement
for all rotational constants: 54911.6 MHz (−0.20%), 4873.3
MHz (−0.21%), and 4476.1 MHz (−0.21%). These results
seem to suggest that the LR correction is not entirely able to
recover conjugative effects due to double and triple bonds
connected to the C−C single linkage. Such a limitation is also
expected for c-ACR, for which the deviations on B and C are
rather significant for all levels of theory, for example, from
−1.12% for B at the revDSD level to −0.78% for TM-SE_LR.
While the additional corrective term works well for all imines,
we anticipate that the “−0.2° correction” extended to the
entire dataset works fine only for the molecules containing the
vinyl frame (see Table S3).
As mentioned in the Methodology section, the TM-SE and

TM-SE_LR approaches have been extended to the dataset
introduced above. The results are collected in Table S3 of the
Supporting Information, where the revDSD, TM-SE, and TM-
SE_LR equilibrium rotational constants are compared with the
SE(Be

SE) constants obtained from the experimental ground-
state rotational constants (B0

exp) and the B3 vibrational
corrections. The B0

exp constants and the corresponding ΔBvib
B3

corrections are reported in Table S3, which also collects the
TM-SE_LR + corr results, evaluated as explained and
addressed above.

From the inspection of Table S3, results in line with those of
Table 2 are noted. In almost all cases, the revDSD level
provides relative deviations with respect to the Be

SE values
within 1%. The use of the TM-SE approach improves the
agreement in almost all cases, with an average relative deviation
of 0.3%. A further improvement is noted once the LR
corrections are considered (TM-SE_LR approach), the
average relative deviation reducing to 0.2%. Based on the
accuracy of the SE equilibrium rotational constants discussed
above, the relative error of the TM-SE_LR rotational constants
can beon averageas low as 0.1%. Such a good agreement
on the SE Be constants implies that the TM-SE_LR structures
are highly accurate, which means average deviations smaller
than 0.001 Å for bond lengths and 0.1° for angles. Finally, we
note that the more rigid the molecule is, the better the TM-SE
approach works, as demonstratedfor exampleby phenyl-
methanimine and benzonitrile.

Rotational Spectrum of Phenylmethanimine. As
mentioned above, the TM-SE approach is particularly accurate
for rigid molecular systems. To demonstrate this outcome, we
applied it to the simulation of the rotational spectrum of E- and
Z-PMI. For this purpose, the ground-state rotational constants
have been predicted by adding the B3 vibrational corrections
to the revDSD and TM-SE_LR equilibrium values (according
to eq 1). To complete the set of the required spectroscopic
parameters, namely, the quartic centrifugal-distortion and
nitrogen quadrupole-coupling constants, we refer to the
computational results reported in ref 58.
The comparison is shown in Figure 4 by means of two

selected rotational transitions, one for E-PGIM and one for Z-
PGIM. It is apparent that the TM-SE_LR approach leads to a
significant improvement with respect to the starting revDSD
level; indeed, the error associated to the transition frequency
decreases by about three times. For the sake of completeness,
the prediction based on the “cheap” composite scheme (from
ref 58: “best theo” column of Table 1) has also been
considered. It is noted that the latter (green stick spectra in
Figure 4) is the most accurate; however, such a good
agreement comes at the price of a much greater computational
cost. In fact, the “cheap” composite scheme22 is based on the
CCSD(T) method. Furthermore, for the specific case of
PGIM, the latter approach showed an extraordinarily good
agreement. Therefore, this example confirms that the TM-
SE_LR approach is able to provide a remarkable accuracy in
rotational spectral predictions, without increasing the compu-

Figure 5. Structural parameters of 3-phenyl-2-propynenitrile obtained with the TM-SE and TM-SR_LR approaches. The two values in parentheses
refer to LR-corrected C−C bond distances. All bond lengths are in Å, and angles are in degrees.

The Journal of Physical Chemistry A pubs.acs.org/JPCA Article

https://doi.org/10.1021/acs.jpca.1c07828
J. Phys. Chem. A 2021, 125, 9904−9916

9911



170

tational effort with respect to revDSD. It is thus more than
suitable for guiding and supporting experimental studies.
Structure of 3-Phenyl-2-propynenitrile and Its Iso-

mers. During the preparation of this manuscript, we became
aware of the spectroscopic characterization of 3-phenyl-2-
propynenitrile (PPN).75 Sinceas noted abovethe TM-SE
approach works extremely well for rather rigid molecules, we
decided to apply it to the structural determination of PPN and
its isomers, thus providing an example of extension of the TM-
SE approach to a larger system. For PPN, the resulting
structure is shown in Figure 5, with the corresponding
rotational constants being collected in Table 3. To build the
PPN molecule, three fragments have been actually employed in
the TM-SE approach: the phenyl moiety from benzene, the
−CC− group from acetylene, and the −CN frame from
HCN. Within the TM-SE_LR approach, the LR correction has
been applied to the two C−C linkage bonds. All details can be
found in Table S4 of the Supporting Information.
From the inspection of Table 3, it is evident thatas

expectedthe TM-SE approach is able to predict accurate
equilibrium rotational constants, which in turn means an
accurate equilibrium structure. In particular, the results for the
TM-SE_LR model are really impressive. Indeed, we note that
going from revDSD to TM-SE leads to a reduction in the
average relative error from 0.4 to 0.1%. Then, incorporation of
the LR corrections further decreases the average relative
deviation to 0.01%. In view of such a good performance, the
TM-SE approach can be used to predict with great accuracy
the rotational constants of different isomers of PPN: o-, m-,
and p-cyanoethynylbenzene (CEB; see Table 4). Based on the
analysis carried out in this manuscript andin particularfor
PPN, we expect that the equilibrium rotational constants
issued from the TM-SE_LR approach have a relative accuracy
well within 0.05%. Using the ground-state rotational constants
of Table 4, the rotational spectra of o-, m-, and p-CEB have

been simulated and are shown in Figure 6. For all the three
molecules, the a-type transitions are the most intense and
reach the maximum intensity in the millimeter-wave region,
between 170 and 220 GHz. In this frequency region, the
accuracy of the predicted rotational transitions is expected to
range between 200 and 400 MHz, also accounting for the
uncertainties affecting the computed centrifugal distortion
constants (which are required for spectral predictions).

■ CONCLUSIONS
A benchmark study based on the availability of accurate semi-
experimental equilibrium rotational constants for 21 molecular
species allowed us to demonstrate the reliability, robustness,
and accuracy of a “Lego brick” approach, the so-called TM-SE
approach. For the selected molecules, each species has been
seen as formed by two fragments, the “Lego bricks”, for which
accurate semi-experimental structures are available. Account-
ing, at the rev-DSD-PBEP86-D3/jun-cc-pVTZ level, for the
modifications taking place when moving from the isolated
fragments to the molecular species of interest leads to the
definition of the TM-SE equilibrium structure. A further
improvement has been obtained by correcting the inter-
fragment parameters with the linear regression corrective terms
available for rev-DSD-PBEP86-D3/jun-cc-pVTZ. The resulting
structure has been denoted as TM-SE_LR. For the TM-SE and
TM-SE_LR equilibrium rotational constants, the average
relative deviation with respect to accurate semi-experimental
equilibrium rotational constants has been found to be ∼0.3
and ∼0.2%, respectively. According to the thorough inves-
tigation of the equilibrium geometries of 7 from the 21
molecules, these discrepancies reflect structural differences of
about 0.001 Å for bond lengths and 0.1° for angles.
In conclusion, since the only quantum-chemical calculations

required by the TM-SE and TM-SE_LR models are geometry
optimizations at the rev-DSD-PBEP86-D3/jun-cc-pVTZ level,

Table 3. Comparison between Computed Equilibrium Rotational Constants (in MHz) and the SE Counterparts for 3-Phenyl-
2-propynenitrilea

Be

revDSD TM-SE TM-SE_LR SEb B0
exp [ΔBvib

B3]

A 5681.4 (−0.35%) 5703.0 (+0.01%) 5702.0 (+0.01%) 5701.4 5659.722(15) [41.6]
B 568.5 (−0.41%) 569.9 (−0.16%) 570.7 (−0.02%) 570.8 569.582206(39) [1.2]
C 516.8 (−0.41%) 518.1 (−0.15%) 518.8 (−0.01%) 518.9 517.404488(37) [1.5]

aThe relative differences with respect to SE(Be
SE) are reported in parentheses. bGround-state rotational constants from ref 75 corrected for

vibrational corrections at the B3 level.

Table 4. Prediction of Rotational Constants (in MHz) of o-, m-, and p-cyanoethynylbenzene

Be (revDSD) Be (TM-SE) Be (TM-SE_LR) ΔBvib B0 (TM-SE_LR)a

o-CEB
A 2025.1 2031.0 2033.00 4.66 2028.34
B 1330.2 1334.0 1335.48 6.11 1329.37
C 802.9 805.1 806.01 3.23 802.78
m-CEB
A 2707.1 2715.4 2717.55 10.44 2707.11
B 906.6 909.0 910.16 3.47 906.69
C 679.1 681.0 681.81 2.80 679.01
p-CEB
A 5673.0 5693.2 5693.19 45.85 5647.34
B 708.5 710.3 711.29 2.19 709.10
C 629.9 631.5 632.29 2.31 629.98

aBe(TM-SE_LR) constants augmented by B3 vibrational corrections.
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they are low-cost approaches able to provide an accuracy close
to that of the most sophisticated composite approaches based
on the coupled-cluster ansatz. Therefore, they are very
promising tools for the accurate structural characterizations
of medium- to large-sized molecular systems, such as the
building blocks of biological molecules. Interestingly, test
computations on a reduced dataset showed that the application
of the TM-SE approach to B3-optimized geometries nearly
doubles the relative deviations from the semi-experimental
equilibrium rotational constants, thus implying a limited
worsening in the structural parameters with respect to the
models discussed above.
Finally, the TM-SE(_LR) approach is also suited well for

unstable species of medium to large dimensions, which are of
current interest in many different fields, ranging from
astrochemistry to biochemistry, and whose structures can be
hardly determined by experiments. Furthermore, our test on 3-
phenyl-2-propynenitrile points out that the TM-SE(_LR)
approach can be reliably extended to more than two “Lego
bricks”, while the availability of LR corrections for bond
lengths other than the C−C bond ones opens to its application
to a wider range of molecular species.

■ ASSOCIATED CONTENT
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Table S1. Template molecules: revDSD and semi-
experimental equilibrium structures. Table S2: compar-
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corresponding vibrational corrections for the molecules
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Figure 6. Simulation of the rotational spectrum of o- (top-left panel), m- (top-right panel), and p-CEB (bottom panel). The red and blue sticks
represent the a- and b-type transitions, respectively.
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Computational Spectroscopy

Despite the great increase in the last few years of new molecular detections in the
ISM, a significant number of features in radioastronomical spectra still remains
unassigned. To fill this gap, a huge laboratory effort is required, which is increasingly
based on integrated experimental and computational strategies. To support the
spectral assignments, computed spectra play a crucial role, especially when the
species of interest is unstable and produced inside the spectrometer cell via, e.g.,
electric discharge or pyrolysis (see as an example Melli et al., 2022).

In this respect, a significant example is provided by the recent characterization
of (Z)-1,2-ethenediol. This compound is the enol form of glycolaldehyde and thus
represents a key intermediate in the formose reaction. Since no rotational charac-
terization of its spectrum was available, we decided to fill this gap, the first step
being the accurate computational investigation of its rotational parameters.

A preliminary investigation of the conformational PES of (Z)-1,2-ethenediol
was carried out by means of the double-hybrid B2PLYP (Grimme, 2006) density
functional (also including the D3 correction for empirical dispersions by Grimme,
Grimme et al. 2010, employing the Becke- Johnson damping function, Grimme et al.
2011) in conjunction with the aug-cc-pVTZ basis set (Kendall et al., 1992). For the
energetics, zero-point energy (ZPE) corrections have also been taken into account
at the same level of theory within the harmonic approximation. This analysis pro-
vided an energetic characterization of the possible conformers of (Z)-1,2-ethenediol,
among which the most stable one was identified. The latter turned out to be the
only possible observable species under the experimental conditions and was hence the
only one considered for accurate spectroscopic investigation. The geometry of (Z)-
1,2-ethenediol has been optimized by means of the so-called CCSD(T)/CBS+CV
“gradient” composite scheme (Heckert et al., 2005, 2006; Barone et al., 2013), with
the following energy gradient being minimized:

dECBS+CV

dx
=
dECBS

HF

dx
+
d∆ECBS

CCSD(T)

dx
+
d∆ECV
dx

. (1)

Here, the first term on the right-hand side is the extrapolation of the HF-SCF en-
ergy to the CBS limit using the three-point expression by Feller (Feller, 1993), in
combination with the cc-pVnZ basis sets, with n =T,Q,5. The second term is the
extrapolation to the CBS limit of the CCSD(T) correlation energy obtained with the
2-point n−3 formula by Helgaker et al. (Helgaker et al., 1997) and employing the cc-
pVTZ and cc-pVQZ basis sets. The last term is the core-valence contribution which
is obtained as the difference between frozen-core and all-electron energies computed
at the CCSD(T)/cc-pCVTZ level. From CCSD(T)/CBS+CV equilibrium structure,
the equilibrium rotational constants were straightforwardly derived. Then, the vi-
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brational corrections to these latter, as well as the quartic and sextic centrifugal
distortion constants, have been obtained from anharmonic force field calculations at
the fc-MP2/cc-pVTZ level of theory. All calculations were performed by employing
the CFOUR package (Stanton et al.).

Supported by the theoretical simulation relying on the computed rotational pa-
rameters, the first experimental characterization of the rotational spectrum of (Z)-
1,2-ethenediol was then performed (Melosso et al., 2022). It is worthwhile noting
that the experimental findings resulted in excellent agreement with the outcomes
of high-level quantum-chemical calculations. Shortly after, thanks to the spectro-
scopic catalog obtained from the experimental characterization, the first detection
of (Z)-1,2-ethenediol in the G+0.693-0.027 molecular cloud was carried out (Rivilla
et al., 2022a).
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Gas-phase identification of (Z)-1,2-ethenediol, a
key prebiotic intermediate in the formose
reaction†

Mattia Melosso, *ab Luca Bizzocchi,ac Houda Gazzeh,de Francesca Tonolo, ac

Jean-Claude Guillemin, d Silvia Alessandrini, ac Vı́ctor M. Rivilla,fg

Luca Dore, a Vincenzo Barone c and Cristina Puzzarini *a

Prebiotic sugars are thought to be formed on primitive Earth by the

formose reaction. However, their formation is not fully understood

and it is plausible that key intermediates could have formed in

extraterrestrial environments and subsequently delivered on early

Earth by cometary bodies. 1,2-Ethenediol, the enol form of glyco-

laldehyde, represents a highly reactive intermediate of the formose

reaction and is likely detectable in the interstellar medium. Here, we

report the identification and first characterization of (Z)-1,2-

ethenediol by means of rotational spectroscopy. The title com-

pound has been produced in the gas phase by flash vacuum

pyrolysis of bis-exo-5-norbornene-2,3-diol at 750 8C, through a

retro-Diels–Alder reaction. The spectral analysis was guided by

high-level quantum-chemical calculations, which predicted spec-

troscopic parameters in very good agreement with the experiment.

Our study provides accurate spectral data to be used for searches of

(Z)-1,2-ethenediol in the interstellar space.

The origin of life from simple raw materials, i.e. abiogenesis, is
still a hot, highly debated topic involving many research fields.
While a general and robust solution to this problem is still
sought, it is nowadays widely accepted that abiogenesis was not
a smooth process, but more likely a dynamic scenario involving
a number of successive steps and occurring across different
geological eras and environments.1 Indeed, none of the main
accredited theories for the origin of life, i.e. primordial soup,

hydrothermal vents, and extraterrestrial origin of biological
building blocks, is able to fully explain how bio-relevant mole-
cules could have formed and survived in hostile conditions,
although each of them provides unique pieces to complete the
overall puzzle. In this context, the extraterrestrial formation
(and the subsequent delivery on Earth) of the main building
blocks of life, such as amino acids and sugars, is increasingly
recognized as an important pathway.2

One of the most important routes towards the synthesis of
prebiotic species starting from simple organic material is the
formose reaction, which is thought to be responsible for the
formation of simple carbohydrates, such as ribose, on early
Earth environments.3 The formose reaction uses formaldehyde
(H2CO, 1) as starting material and proceeds through aldol,
reverse-aldol, and isomerization reactions, eventually forming
glycolaldehyde (HOCH2CHO, 2), glyceraldehyde, and a number
of four, five, and six-carbon atoms sugars.4–6 This process,
firstly discovered by Butlerov in 1861,6 leads to the formation
of fundamental biological units found in RNA and cofactors
(e.g., ATP and NADH). However, the formose reaction exhibits
some limits in aqueous solution,1 thereby reducing its possible
role for the sugar formation on early Earth conditions.

Conversely, it is conceivable that formose-like reactions
might have played an important role in the gas-phase and
dust-grain surface chemistry occurring in the interstellar med-
ium (ISM).7 The discovery of an enantiomeric excess of L-amino
acids in the Murchison meteorite8 and then in many carbonac-
eous chondrites further supports this hypothesis, as L-amino
acids are found to act as catalyst in the formose reaction, thus
promoting the formation of sugars belonging to the D-series.9

These findings seem to suggest that an enantiomeric imbal-
ance has possibly emerged elsewhere and could have then been
transferred to Earth by meteoritic and cometary bombardment.
Therefore, it is not unrealistic to think that prebiotic molecules
formed in the ISM could have played a role in setting the stage
of life on early Earth. This hypothesis is also supported by the
detection of interstellar glycolaldehyde10 and many other
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complex, bio-relevant species in molecular clouds, star-forming
regions, and Solar-type protostars.11–15 Such observations demon-
strate the existence of formation mechanisms of organic molecules
compatible with the harsh conditions of the ISM (T = 10–100 K,
number densities E 104 cm�3), whose detailed comprehension still
requires a huge effort and, in particular, the identification of key
intermediate species linking small organic species to bio-relevant
molecules. Hydroxymethylene (HCOH, 3) is a prototypical short-
lived species involved in sugar formation in non-aqueous conditions
that escaped detection for a long time.16 It is thought to be
responsible for an efficient initiation of formose-like reactions,17

especially at low temperatures such as those found in the ISM. In a
similar manner, 1,2-ethenediol (HO–CHQCH–OH, 4) has been
suggested being deeply involved in the process of sugar formation
in the ISM, e.g. by producing glyceraldehyde through its reaction
with formaldehyde.18

Diol 4, the higher energy and highly reactive enol of 2, has
been recently identified in an experiment simulating methanol-
bearing interstellar ice-analogues exposed to ionizing
radiation.18 Similarly to other prebiotic species,19–21 4 can be
formed on the icy mantles of interstellar dust grains before
being released into the gas phase through thermal desorption
or energetic processes, such as strong UV irradiation. This
suggests that 4 is likely present in the interstellar medium.
However, its detection is currently not possible, because its
rotational spectrum is unknown to date. Indeed, it should be
noted that the 90% of our astrochemical inventory has been
discovered through the observation of rotational transitions.22

Compared to other techniques, e.g., electronic or vibrational
spectroscopy, which are more suitable for the identification of
functional groups, rotational spectroscopy allows for distin-
guishing among different isotopologues, structural isomers,
and even conformers. In this context, it is noteworthy that both
1 and 2, as well as two additional C2H4O2 isomers (acetic acid
and methyl formate), have been identified in space thanks to
the observation of their spectroscopic signatures,10,23,24 as it
has been the case for halogenated,25 aromatic,26,27 or chiral
molecules.28

Here, in order to enable a step forward in the understanding
of sugar formation in the ISM, we report the gas-phase synth-
esis of the Z isomer of 4 via flash vacuum pyrolysis (FVP) of bis-
exo-5-norbornene-2,3-diol (C7H10O2, 5, see Scheme 1) and its
spectroscopic characterization. The synthesis is based on the
general retro-Diels–Alder reaction proposed by Turecek.29 The Z
isomer of 4 (hereafter Z-4) has been characterized via measure-
ments of its spectrum using a frequency-modulation
submillimeter-spectrometer and its comparison with simula-
tions based on high-level quantum-chemical calculations (see
ESI† for details).

The spectrum, recorded between 80–125 GHz and 240–375
GHz during the FVP of 5 at 750 1C, revealed absorptions due to
the by-product cyclopentadiene (c-C5H6, 6) and the more stable
tautomeric form 2.30 However, the most intense features
detected in the spectrum (Fig. 1) do not belong to any of these
or other known molecules, while they match very well the
spectral patterns predicted for the Z-(syn,anti) form of 4.‡

With the help of theoretical predictions (based on coupled-
cluster theory§) and using the SPCAT31 subroutine of the
CALPGM suite, the signals around 257 GHz could be unam-
biguously assigned to the strongest ma-allowed transitions of
Z-4 (ma = 1.96 D), shifted with respect to predictions by only
0.1%. This first assignment has been used to refine the spectral
predictions, in order to reduce the discrepancy between the
computed and observed spectra and to facilitate the interpreta-
tion of the subsequent measurements. In addition, we found
that a mild heating of 5 decreases the intensity of the interfer-
ing lines produced by 2. Under the best conditions, the Z-4 to 2
abundance ratio is about 6 : 1.

The identification of Z-4 was further confirmed by the
presence of a tiny splitting in most of the absorption features.
These splittings are a clear evidence of a tunneling motion
occurring within the molecular frame, as expected in view of
the similarity of Z-4 with ethylene glycol (HO–(CH2)2–OH, 7).32

In particular, the –OH moieties undergo a concerted large
amplitude tunneling motion between two equivalent positions
of Z-(syn,anti)-4, thus splitting each rotational energy level into
two. As a consequence, the transitions allowed by the dipole

Scheme 1 (Z)-1,2-Ethenediol (Z-4) and cyclopentadiene (6) generated in
the flash vacuum pyrolysis of bis-exo-5-norbornene-1,2-diol (5). Other
molecules of interest are reported for the sake of clarity: formaldehyde (1),
glycolaldehyde (2), hydroxymethylene (3), and ethylene glycol (7).

Fig. 1 Portion of the millimeter-wave spectrum around 257 GHz. The
experimental spectrum (black trace) is compared with the spectral simula-
tion of glycolaldehyde (2, blue trace), cyclopentadiene (6, green trace), and
the computational guess obtained for 1,2-ethenediol (Z-4, orange trace).
The intensities of the simulated spectra have been adjusted in order to
match roughly the experimental spectrum.
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moment component oriented along the exchange axis must
occur between the two inversion states and show a 10 : 6
intensity ratio obeying to spin-statistics (Fig. 2, see also Section 2
in the ESI†). On the other hand, moderately intense b-type transi-
tions (mb = 0.62 D) take place within the inversion states.

In agreement with the results of Kleimeier et al.,18 our
computed equilibrium geometry of Z-4 indicates a non-planar
structure (the CQC–O–H dihedral angle being about 251),
which should result in a moderate dipole moment component
along the c-axis of the molecule (mc = 0.97 D). However, no mc-
allowed transitions could be observed in the spectrum. While
this fact may appear puzzling at first, the experimental evidence
is explained by the very low barrier to planarity (E 0.2 kJ mol�1

at the B2PLYP-D3/aug-cc-pVTZ level of theory; see ESI† for
details), ruled by the motion of a single H atom. Hence, in
the ground vibrational state the molecule is effectively planar,
as confirmed by its inertia defect, whose value is close to zero
and slightly negative (see Table 1), a clear sign of near planarity
together with the low frequency out-of-plane motion.33

From the analysis of the spectrum, more than 1100 transi-
tions have been assigned to Z-4 and analysed with an effective
Hamiltonian that accounts for centrifugal distortion as well as
tunneling effects. The optimized spectroscopic constants are in
excellent agreement with the corresponding computed values
(Table 1). This, together with the observed tunneling splittings,
provides strong evidence for the correct identification of Z-4
and for its structure and internal dynamics. The small energy
difference between the two inversion substates is a clear hint of
a high-barrier separating the two identical conformations of
Z-(syn,anti)-4. In the aGg0 form of 7, this energy difference is
four orders of magnitude larger,34 because the single C–C bond
lowers the barrier height considerably.

The accurate spectroscopic characterization of Z-4 now
permits its search in the ISM. The observation of 4 would shed
light on how formose-like reactions can proceed under inter-
stellar conditions, whether following the mechanism proposed
by Ricardo et al.35 or a different pathway,5 and can provide
additional insights on sugar formation in extraterrestrial
environments.

Being the highly energetic tautomeric form of 2, the diol 4
can promote chemical reactions when no external energetic
sources are available, as it is the case at very low temperatures.
This opens up reaction channels that otherwise would be
closed and expands the horizon of sugars formation in the
ISM. With both 1 and 2 already detected in different astronom-
ical environments,10,23,36,37 the presence of 4 in the interstellar
medium appears more than plausible. The interest in 4 is,
however, not limited to prebiotic and interstellar chemistry;
enols are also key intermediates of tropospheric acids via keto-
enol photo-tautomerization mechanisms38 and of hydrocarbon
oxidation processes,39 thus widening the number of applica-
tions for which our gas-phase spectroscopic identification is
invaluable.

From another point of view, this work demonstrates the feasi-
bility of producing 4 directly in the gas phase through the retro-
Diels–Alder reaction of 5, thereby allowing its spectroscopic char-
acterization. Although the coupling of FVP with high-resolution
spectroscopic techniques has been widely employed in the past for
the study of enols,40,41 carbenes,42,43 and other unstable species,44–46

this is the first time that an enediol is observed directly in the gas
phase by rotational spectroscopy. The analysis of the spectrum,
supported by quantum-chemical calculations, has revealed a
vibrationally-averaged planar structure of Z-(syn,anti)-4, which
undergoes a large amplitude tunneling motion that exchanges the
position of the two hydroxyl groups. The experimental findings are
in excellent agreement with results issuing from high-level
quantum-chemical calculations. In view of the important informa-
tion that can be retrieved from the spectroscopic characterization in
an isolated environment, and the concrete possibility to search for
the title molecule in the ISM, we are currently extending the
approach presented here to a number of highly reactive species
not yet observed in the gas phase.

This study was supported by Bologna University (RFO funds) and
the Italian Space Agency (ASI; ‘Life in Space’ project, N. 2019-3-U.0).

Fig. 2 Tunneling splittings recorded for two low-frequency transitions of
Z-4. The observed ratio is 10 : 6 in accordance with spin-statistics.

Table 1 Comparison of experimental and quantum-chemical spectro-
scopic parameters of (Z)-1,2-ethenediol

Constant Unit Valuea Theoryb Constant Unit Valuea

A MHz 19507.2(2) 19 597.9 E* MHz 0.361(3)
B MHz 6312.1(2) 6298.6 E*J kHz 0.12(1)
C MHz 4772.4533(2) 4766.8 E*K kHz 0.75(5)
DJ kHz 6.9479(4) 7.21 E*JJ Hz 0.10(1)
DJK kHz �36.977(6) �39.15 E*JK Hz 0.7(1)
DK kHz 103.10(1) 107.88 E*KK Hz 1.6(2)
d1 kHz �2.2929(2) �2.35 Fab MHz �218(6)
d2 kHz �0.15145(4) �0.15 D u Å2 �0.078
HJ mHz 3.1(1) �0.26
HJK mHz 112.7(5) 171
HKJ mHz �1378.(5) �1660
HK mHz 3490 3490
h1 mHz 2.9(1) 1.74
h2 mHz 1.080 1.080
h3 mHz 0.243 0.243
LKKJ mHz 0.074(6)

a Numbers in parentheses represent the error in the unit of the last
quoted digit. When the error is not reported, the parameter is kept fixed
to the corresponding computed value. b See ESI for details about the
level of theory employed.
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‡ Diol 4 can exist in two different stereoisomeric forms, namely E and Z,
with the latter being more stable by about 20 kJ mol�1.47 The Z isomer
possesses two configurations, the preferred (syn, anti) form and the
higher energetic (anti, anti) conformer.
§ Equilibrium rotational constants obtained using the CCSD(T)/
CBS+CV composite scheme (see ESI†) and augmented by vibrational
corrections computed at the fc-MP2/cc-pVTZ level of theory; quartic and
sextic centrifugal distortion constants obtained from anharmonic force
field calculations at the fc-MP2/cc-pVTZ level.
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Reactive PESs

Quantum chemistry represents nowadays a very accurate and reliable means to study
the reactivity of the ISM, and therefore the formation routes of the molecules there
present. The discovery of various molecules, also showing some degrees of com-
plexity, in interstellar clouds has raised many questions about how they could be
formed and the chemical processes that can occur despite the harsh conditions of
the ISM, which are difficult to be reproduced in experimental laboratories. The
starting point for the study of the reactivity of the species present in the ISM is
the analysis of the reactive PES of interest and therefore the characterization of the
stationary points both from a structural and energetic point of view. This type of
studies requires the application of an integrated approach, employing different levels
of theory, that combines accuracy and efficiency (Vazart et al., 2016). A prelimi-
nary evaluation of the full reactive PES is performed at an affordable computational
cost. The characterization of the most favored paths is then improved by employ-
ing a double hybrid functional in conjunction with a triple-ζ quality basis set to
obtain molecular geometries, at which accurate energies are evaluated by means
of a CCSD(T)-based composite scheme, accounting for extrapolation to the com-
plete basis set limit and core-valence correlation (the jun-Cheap model; Alessandrini
et al. 2019). The obtained energies are then combined with anharmonic zero–point
energy corrections evaluated at the same level of theory as molecular geometries
(Mills, 1972; Hoy et al., 1972; Barone, 2005). DFT calculations are carried out with
the Gaussian software (Frisch et al., 2016), while for those based on CCSD(T) the
CFOUR program (Stanton et al.) is employed.

A representative example of the application of this general strategy is provided
by the investigation of the reactivity of methanimine (CH2NH) with the CP radical
(X2Σ+) in the ISM (Alessandrini et al., 2021). Both molecules were detected in
the carbon-rich circumstellar shell IRC+10216 and thus represent two good can-
didates to unveil more details regarding possible chemical networks of this region.
Moreover, the CH2NH + CP reaction is particularly promising because it fits into a
general mechanism involving CH2NH with small radicals, among which we find the
isoelectronic CCH and CN radicals (Vazart et al., 2015; Lupi et al., 2020).

An accurate investigation of the reactive CH2NH + CP PES revealed the pres-
ence of submerged formation pathways for three main reaction products, namely
E- and Z-2-phosphanylidyneethan-1-imine (HNCHCP) and N-(phosphaneylidyne-
methyl)methanimine (CH2NCP). Despite the proof of concept of their feasible for-
mation in the gas phase from an energetic point of view, the laboratory synthesis
of species like HNCHCP and CH2NCP is particularly complex. In order to provide
a useful support to future experimental measurements and astrophysical investiga-
tion, the accurate computational characterization of their rotational spectra was
also carried out.
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ABSTRACT
Phosphorus is of particular interest in astrochemistry because it is a biogenic element together with hydrogen, carbon, nitrogen, oxygen,
and sulfur. However, the chemical evolution of such element in the interstellar medium (ISM) is still far from an accurate character-
ization, with the chemistry of P-bearing molecules being poorly understood. To provide a contribution in this direction, we have car-
ried out an accurate investigation of the potential energy surface for the reaction between the CP radical and methanimine (CH2NH),
two species already detected in the ISM. In analogy to similar systems, i.e., CH2NH + X, with X = OH, CN, and CCH, this reaction
can occur—from an energetic point of view—under the harsh conditions of the ISM. Furthermore, since the major products of the
aforementioned reaction, namely, E- and Z-2-phosphanylidyneethan-1-imine (HN=CHCP) and N-(phosphaneylidynemethyl)methanimine
(H2C=NCP), have not been spectroscopically characterized yet, some effort has been made for filling this gap by means of accurate
computational approaches.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0038072., s

I. INTRODUCTION

Phosphorus is an essential constituent of life on Earth due
to the important roles played by its compounds in living systems.
Therefore, it is considered a biogenic element together with hydro-
gen, carbon, nitrogen, oxygen, and sulfur.1 While phosphorus is
ubiquitous on our planet, the elemental abundance of gaseous P
in the interstellar medium (ISM), i.e., due to P-bearing molecules,
is still unclear, the reasons being its low cosmic abundance
(∼2.8 × 10−7 with respect to hydrogen1–3) and the poor comprehen-
sion of its chemistry.1,4,5 Concerning the former issue, phosphorus
can only be formed by stars having a mass 15 times greater than the
solar mass, thus a small subgroup of astronomical objects.1 Further-
more, the nuclear processes involved in the production of atomic
phosphorus lead to a yield of only 2.5%.1,3 Another important con-
sideration is related to the high condensation temperature of atomic

phosphorus, which results in what is, probably, a high depletion
of such an element onto dust grains, thus reducing the possibil-
ity of gas-phase reactions involving atomic phosphorus to form
P-containing species.4

Nonetheless, some small P-bearing molecules have been
detected in the ISM, and this apparent lack might be due to
phosphorus molecules not yet discovered.6 In chronological order,
the first molecule observed in molecular clouds was PN,7,8 fol-
lowed a few years later by the CP radical (X2Σ+).9 The latter is
probably formed from photodissociation processes of the HCP
molecule, also detected in the ISM, in 2007.10 Indeed, the lat-
ter species is considered the “ferry” carrying phosphorus from
the condensed state to the gas phase, via photodesorption. More
recently, searches for PH3, CCP, and the PO molecules have been
proven successful,11–13 with the latter being also the only species
identified in space containing the P–O bond, whose relevance is

J. Chem. Phys. 154, 054306 (2021); doi: 10.1063/5.0038072 154, 054306-1
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correlated with its role in biochemistry. Tentative detections of other
P-bearing species, such as, e.g., PH2CN and CH3PH2, turned out to
be unsuccessful.14

The CP and CCP radicals have been detected, up to date,
only in the carbon-rich circumstellar shell IRC+10216.9,12 Circum-
stellar envelopes of evolved stars are among the most remarkable
chemical laboratories in the universe. Therefore, they are excel-
lent bench tests to understand chemical synthesis in space. Among
the molecules that might react with these radicals, a plausible and
interesting species is methanimine (CH2NH) whose presence in
IRC+10216 was confirmed by Tenenbaum et al.15 In this respect,
this work aims at investigating the reaction between the CP radi-
cal and methanimine, which is particularly promising in view of the
fact that the reaction involving the isoelectronic CN radical is the
only formation route available so far for the production of E- and
Z-cyanomethanimine (HNCHCN) in the gas phase.16,17 Further-
more, it has been recently demonstrated that the reaction between
methanimine and the CCH radical leads to the formation of propar-
gylimine,18 a newly detected species in the ISM,19 and it has been
suggested that the reaction of CH2NH with small radicals is a general
mechanism for the production of complex imines.18 Among the suc-
cessful reaction of methanimine, that with the OH radical20 should
also be mentioned.

In analogy with the works previously cited, the expected prod-
ucts of the CP+CH2NH reaction are E- and Z-2-phosphanylidy-
neethan-1-imine (HN = CHCP) and N-(phosphaneylidynemethyl)
methanimine (H2C = NCP). In the present study, an accurate rota-
tional spectroscopic characterization of these species has also been
carried out, with our spectral simulations providing a useful sup-
port to experimental measurements. The accurate knowledge of the
experimental rotational spectra is, indeed, the mandatory require-
ment for astronomical searches.3,21

This paper is organized as follows. In Sec. II, the computational
methodologies employed for the accurate investigation of the poten-
tial energy surface (PES) of the reactive system as well as those used
for the computational spectroscopic investigations are outlined. In
Sec. III, the reactive PES is discussed in view of drawing the most
important energetic considerations. Subsequently, the results of the
spectroscopic characterization for the products will be reported,
together with the corresponding spectral simulations. In the last
section, the conclusions are drawn.

II. COMPUTATIONAL METHODS
The reactive PES of the CP + CH2NH system has been explored

employing the double-hybrid B2PLYP functional,22 including the
D3 dispersion correction,23,24 and using the partially augmented
jun-cc-pVTZ basis set with an additional d function on second-
row atoms, namely, the jun-cc-pV(T+d)Z basis set25–28 (available
on the basis set exchange website29–31). The nature of the station-
ary points located on the reactive PES has been confirmed by Hes-
sian evaluations at the same level of theory, which also provide the
corresponding harmonic zero-point vibrational energy (ZPE) cor-
rections. To ensure the correct linking of the reaction pathways,
each transition state (TS) has been connected to the correspond-
ing minima by means of the intrinsic reaction coordinate (IRC)
analysis.32

To improve the quality of the CP+CH2NH reactive PES, the
next step was the refinement of the electronic energies, which
have been computed using the junChS composite scheme.33 This
approach starts from a single-point energy calculation employ-
ing the CCSD(T) method (coupled cluster singles and dou-
bles with a perturbative treatment of triples)34 in conjunction
with the jun-cc-pV(T+d)Z basis set and within the frozen-core
approximation (fc). This leading term [E(CC/junTZ)] is then cor-
rected by incorporating two terms, thus relying on the additivity
approximation:

1. The extrapolation to the complete basis set (CBS) limit.
This contribution (ΔE∞MP2) is obtained as described in
Eq. (1), with second-order Møller–Plesset perturbation the-
ory35 (MP2) being used in fc energy calculations in con-
junction with the jun-cc-pV(T+d)Z and jun-cc-pV(Q+d)Z
basis sets. The total fc-MP2 energies are then extrapolated
to the CBS limit by employing the n−3 formula by Helgaker
et al.36 The effective contribution is obtained by subtracting
the fc-MP2/jun-cc-pV(T+d)Z energy from the extrapolated
value,

ΔE∞MP2 = 43Ejun(Q+d)Z
MP2 − 33Ejun(T+d)Z

MP2

43 − 33 − Ejun(T+d)Z
MP2 . (1)

2. The core-valence (CV) correlation contribution. This term,
denoted as ΔECV

MP2, accounts for the correlation of core elec-
trons. It is computed as the energy difference between all-
electron (ae) and fc-MP2 computations, both performed
with the polarized-weighted core valence triple-ζ basis set
(cc-pwCVTZ).37

Overall, the total junChS electronic energy is given by:

E(junChS) = E(CC/junTZ) + ΔE∞MP2 + ΔECV
MP2. (2)

To avoid spin-contamination of higher electronic spin-states,
the junChS approach was evaluated using the restricted open-shell
Hartree–Fock wave function (ROHF) for both the CCSD(T)38,39 and
MP240,41 methods, as pointed out in Ref. 42. In contrast, B2PLYP-D3
energies have been computed using the unrestricted version of the
reference wave function (UHF) in view of the fact that density func-
tional theory (DFT) is less affected by spin-contamination.43 While
the accuracy of the junChS model has been demonstrated for the
interaction energy of noncovalent complexes, this is its first appli-
cation to reaction energies. For this reason, its accuracy has been
checked by evaluating a small portion of the PES using an HEAT-
like protocol, which is described in detail in Refs. 42 and 44–48.
According to Ref. 42, the cc-pVnZ basis sets25,27 have been employed
to compute the extrapolation to the CBS limit of the Hartree–Fock
self-consistent field (HF-SCF; with n = T, Q, and 5) and fc-CCSD(T)
correlation (n = T and Q) energies. The contribution due to the
correlation of inner electrons has been included at the CCSD(T)/cc-
pCVTZ37,49 level. However, to reach the “sub-kJ accuracy,” other
additive terms have also been considered: (i) the full account of
triple excitations at the CCSDT/cc-pVTZ level of theory;50,51 (ii) the
contribution of quadruple excitations by means of the CCSDT(Q)
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method52–54 in conjunction with the cc-pVDZ basis set; (iii) the
scalar relativistic correction (the mass–velocity and Darwin terms)
using perturbative techniques,55,56 computed at the CCSD(T)/aug-
cc-pCVDZ level; (iv) the diagonal Born–Oppenheimer correction
(DBOC) computed at the HF-SCF level57 in conjunction with the
aug-cc-pVDZ basis set.27,58

The energetic investigation of the CP+CH2NH reactive PES
has been complemented by the spectroscopic characterization of
the three major products, namely, E- and Z-HN=CHCP and
H2C=NCP. To accurately simulate their rotational spectra, the rota-
tional and centrifugal distortion constants should be computed at
the highest possible level of theory.59 Since equilibrium rotational
constants (Be) are straightforwardly derived from the equilibrium
structure, an accurate geometry optimization has been carried out.
In detail, the fc-CCSD(T)/CBS(Q,5)+CV/(wCVTZ) “gradient” com-
posite scheme60,61 has been exploited, with the following energy
gradient thus being minimized:

dECBS+CV

dx
= dECBS

HF

dx
+
dΔECBS

CCSD(T)

dx
+
dΔECV
dx

, (3)

where the first term on the right-hand side is the extrapolation of
the HF-SCF energy to the CBS limit using the three-point expres-
sion by Feller62 in combination with the cc-pV(n+d)Z basis sets,
with n = T, Q, and 5. The second term is the extrapolation to
the CBS limit of the CCSD(T) correlation energy obtained with
the n−3 formula, previously introduced for the junChS model, and

employing the cc-pV(Q+d)Z and cc-pV(5+d)Z sets. The last term
is the CV contribution, which is computed at the CCSD(T)/cc-
pwCVTZ level. Further details can be found in Refs. 60,
61, and 63. To move from equilibrium to the vibrational
ground state, vibrational corrections to the equilibrium rota-
tional constants have to be included.59,64 Within second-order
vibrational perturbation theory (VPT2),65,66 these corrections
require the knowledge of the vibration–rotation interaction con-
stants, which, in turn, involve anharmonic force field compu-
tations (full cubic and semi-diagonal quartic force constants).
These have been carried out at the B2PLYP-D3/jun-cc-pV(T+d)Z
level.

The other parameters needed for a reliable simulation of the
rotational spectrum are as follows:

1. the quartic centrifugal-distortion constants, which have been
obtained from a harmonic force field computed at the ae-
CCSD(T)/cc-pwCVQZ level of theory.

2. the electric dipole moment components, which have been
obtained by combining the equilibrium values at the
ae-CCSD(T)/pwCVQZ level with the vibrational corrections at
the B2PLYP-D3/jun-cc-pV(T+d)Z level.

All DFT computations together with the single-point energy
calculations within the junChS scheme have been carried out using
the Gaussian suite of program,67 while geometry optimizations
and force-field evaluations involving the CCSD(T) method have

FIG. 1. CP + CH2NH reaction pathways: junChS relative energies (black) and their harmonic ZPE-corrected (blue) counterparts.
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been performed employing the CFOUR quantum chemical program
package.68,69

III. RESULTS
A. The reactive PES of the CP + CH2NH system

The severe conditions of the interstellar clouds, namely, low
temperatures (10 K–100 K) and low number density (10 cm−3–107

cm−3), pose tight constraints on reactivity, thus allowing only reac-
tions that can occur without overcoming activation barriers, with the
only exception due to tunneling effects. For this reason, we focused
on reaction pathways presenting only submerged barriers. Based on
previous studies,17,18 the nucleophilic attacks of the C-end of the
CP radical on both the carbon and nitrogen sides of methanimine
have been considered. The resulting reaction paths are depicted in
Fig. 1, which also shows the structures of all the stationary points
identified.

The strong nucleophilicity of the CP radical leads to three
barrierless entrance channels:

1. The CP attack to the methanimine C-end. This forms two iso-
mers of pre-reactive complexes MIN1, MIN1e, and MIN1z,
which can be easily interconverted through TSi because of the
low isomerization barrier (∼10 kJ mol−1).

2. The CP attack to the methanimine N-end. This leads to the
formation of a planar pre-reactive complex, MIN4.

3. The CP attack to the π-system of the imine double bond.
This leads to the formation of a stable cyclic adduct (MIN3),
which links the left (N-end) and right (C-end) portions of
the reactive PES through barriers of the order of 50 kJ mol−1

–60 kJ mol−1.

Despite the weaker electrophilic character of nitrogen com-
pared to the carbon atom of methanimine, the MIN4 intermediate
is the most stable pre-reactive complex from an energetic point of
view, analogously to what occurs in the reactions of methanimine
with CN or CCH.17,18 This might be attributed to the stabilizing
effect of electronic delocalization. However, the crucial intercon-
version barriers between the first intermediates, i.e., MIN4, MIN3,
and MIN1e/z, are slightly different from those obtained for the
CCH radical.18 The intermediates MIN4 and MIN1 (both the E
and Z isomers) evolve into the products CH2NCP and HNCHCP
(both the E and Z isomers), respectively, by elimination of a hydro-
gen atom. The elimination mechanism can occur in two different
ways: either through a path (depicted in black in Fig. 1), involv-
ing only one transition state at high energy (TS6, TS1e, and TS1z),
but still submerged with respect to reactants, or through a two-
step path (depicted in blue in Fig. 1), which involves the formation
of the most stable intermediates (MIN5 and MIN2) of the entire
PES.

Table I shows the B2PLYP-D3/jun-cc-pV(T+d)Z and junChS
relative energies, together with the ZPE-corrected counterparts, for

TABLE I. Relative electronic energies (kJ mol−1) of the stationary points for the CP + CH2NH reaction.

B2PLYP-D3/jun-cc-pV(T+d)Z junChS

Energy ZPE correcteda Energy ZPE correcteda

Reactants 0.00 0.00 0.00 0.00
MIN1z −201.48 −196.38 −180.59 −175.49
TSi −189.85 −184.06 −169.57 −163.79
MIN1e −196.65 −190.57 −176.29 −170.22
TS1e −42.40 −54.73 −24.24 −36.58
TS1z −47.15 −58.82 −29.46 −41.12
TS2z −79.03 −80.38 −59.62 −60.98
TS2e −69.92 −71.80 −51.19 −53.08
MIN2 −326.45 −315.89 −303.66 −293.10
TS3e −60.41 −72.16 −38.18 −49.92
TS3z −64.43 −75.96 −42.45 −54.00
E-HNCHCP + H −73.10 −90.17 −46.67 −63.74
Z-HNCHCP + H −68.14 −85.71 −51.41 −68.97
TS5 −147.84 −143.05 −129.44 −124.62
MIN3 −214.53 −201.92 −197.30 −184.75
TS4 −152.28 −144.29 −138.47 −130.48
MIN4 −241.05 −234.78 −215.36 −209.02
TS6 −36.00 −48.47 −5.68 −18.26
TS7 −58.84 −63.19 −34.76 −39.19
MIN5 −321.65 −311.06 −293.22 −282.53
TS8 −50.70 −65.57 −27.29 −42.04
CH2NCP + H −58.87 −78.08 −30.77 −49.96

aHarmonic ZPE corrections at the B2PLYP-D3/jun-cc-pV(T+d)Z level.
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all stationary points of the reactive PES. While the junChS model
does not change the trends resulting from DFT calculations, it
reduces the relative energies by about 14 kJ mol−1– 30 kJ mol−1.
In particular, the largest change occurs for TS6, which increases
the relative energy by about 30 kJ mol−1, thus approaching the
energy of the reactants (albeit being still submerged). Overall,
we can note that the reaction barriers are approximately left
unchanged.

As mentioned in Sec. II, to validate the accuracy of the junChS
approach, the path Reactants → MIN1 (both the E and Z iso-
mers) → TS1 (both the E and Z isomers) → HNCHCP (both the
E and Z isomers) has been re-investigated employing the HEAT-
like protocol42,44–48 on top of B2PLYP-D3/jun-cc-pV(T+d)Z geome-
tries. The comparison between junChS and HEAT-like energies
is reported in Table II and shows a maximum absolute deviation
of ∼0.8 kJ mol−1 and an average absolute deviation of ∼0.6 kJ
mol−1. Therefore, it has been confirmed that the approach adopted
for this investigation has the required accuracy for reactive PES
investigation.

B. Spectroscopic characterization of E/Z -HNCHCP
and CH2NCP

As mentioned in the Introduction, the identification of new
molecules in astronomical environments is driven by the observa-
tion of their rotational transitions,70 which are unambiguous fin-
gerprints. With only few exceptions,71–73 experimental rotational
transition frequencies are required for the assignment of the spectra
collected by using radio-telescopes and/or interferometers. How-
ever, whenever there is a complete lack of information, computed
spectra are the mandatory starting point for experiment in the lab-
oratory, especially if the species of interest is unstable and pro-
duced inside the spectrometer cell via, e.g., electric discharge or
pyrolysis.

The laboratory synthesis of species-like HNCHCP and
CH2NCP is not feasible, and their production in situ is challeng-
ing. Indeed, a suitable precursor for pyrolysis needs to be envis-
aged, which, according to the works on propargylimine19 and
cyanomethanimine,74 should be a substituted N-containing phos-
phine or a P-bearing amine. In view of the complexity of the exper-
imental investigation, the accurate computational characterization
of rotational spectra of HNCHCP and CH2NCP is particularly
important.

TABLE II. Relative electronic energies (kJ mol−1) for the CH2NH + CP→ MIN1e/z→ TS1e/z→ E/Z-HNCHCP + H path.

junChS HEAT-like |ΔE|a

MIN1z −180.59 −179.86 0.73
MIN1e −176.29 −175.50 0.79
TS1e −24.24 −24.67 0.43
TS1z −29.46 −29.90 0.44
Z-HNCHCP + H −51.41 −51.12 0.29
E-HNCHCP + H −46.67 −45.86 0.81

aAbsolute junChS-HEAT-like energy difference.

Table III collects the spectroscopic parameters computed with
the protocol described in Sec. II. According to Ref. 63, the expected
accuracy of the vibrational ground-state rotational constants is∼0.06%, while the uncertainty affecting the quartic centrifugal-
distortion constants is about one order of magnitude greater.75,76

Figure 2 depicts the simulation of the rotational spectra of the Z
and E isomers of HNCHCP, at a temperature of 100 K, based on the
spectroscopic parameters of Table III. Figure 2 shows that, while the
maximum of intensity is around 180 GHz for both species, the larger
dipole moment components of the E isomer result in a more intense
spectrum. Since the uncertainties on the computed parameters prop-
agate by increasing the rotational quantum number J (denoting the
lowest rotational level involved in the transition), the most accurate
estimates are obtained for rotational transitions with low J values,
which usually lie at low frequencies. For this reason, Fig. 2 also shows
a zoomed-in view of the rotational spectra in the 30 GHz–100 GHz
frequency range, with the different Ka-components of each transi-
tion being evident. It has to be noted that, for both isomers, a- and
b-type transitions are observable; however, the μb component of the
dipole moment is rather small, in particular for the Z-HNCHCP
species. As a consequence, the b-type spectrum ofZ-HNCHCP is not
discernible in Fig. 2; for the E isomer, instead, this type of transitions
becomes well visible at frequencies greater than 250 GHz (darker red
lines). In Fig. 3, the rotational spectrum for CH2NCP, simulated at
T = 100 K, is shown in the 0 GHz–500 GHz frequency range. Both
a- and b-type transitions are evident, and the maximum of intensity
is above 500 GHz. However, at such frequencies, the predictions are
less accurate, and higher frequencies have thus not been considered.

TABLE III. Rotational spectroscopic parameters (MHz, if not otherwise stated) of
E-/Z-HNCHCP and CH2NCP (Watson’s S reduction and Ir representation).

Parametera Z-HNCHCP E-HNCHCP CH2NCP

Ae 50 319.38 58 098.90 61 454.73
Be 2 846.04 2 796.71 2 997.13
Ce 2 693.69 2 668.27 2 857.76
ΔAvib 272.77 52.49 1 372.17
ΔBvib −11.55 −6.82 −17.25
ΔCvib −12.34 −8.66 −16.54
A0 50 592.15 58 151.39 62 826.90
B0 2 834.49 2 789.89 2 979.88
C0 2 681.35 2 659.61 2 841.22
DJ 0.65 × 10−3 0.54 × 10−3 0.63 × 10−3

DJK −0.056 −0.066 −0.080
DK 3.9 6.2 7.7
d1 −0.90 × 10−4 −0.70 × 10−4 −0.88 × 10−4

d2 −0.47 × 10−5 −0.32 × 10−5 −0.45 × 10−5

|μa|/D 1.58 1.90 1.68
|μb|/D 0.06 0.37 1.39
|μc|/D 0.00 0.00 0.00

aEquilibrium rotational constants at the fc-CCSD(T)/CBS(Q,5)+CV/(wCVTZ) level.
Anharmonic corrections (ΔBvib ’s) at the B2PLYP-D3/jun-cc-pV(T+d)Z level. Quar-
tic centrifugal distortion constants at the ae-CCSD(T)/cc-pwCVQZ level. Equilibrium
dipole moment components (in debye) at the ae-CCSD(T)/cc-pwCVQZ level corrected
for vibrational contributions at the B2PLYP-D3/jun-cc-pV(T+d)Z level.
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FIG. 2. Left panel: Simulated rotational spectra of Z- and E-HNCHCP, blue and red lines, respectively, up to 400 GHz. Right panel: A zoomed-in view of the rotational spectra
between 30 GHz and 100 GHz. Intensity in nm2 MHz.

FIG. 3. Simulated rotational spectrum of CH2NCP in the 0 GHz–500 GHz
frequency range. Intensity in nm2 MHz.

A good candidate for the observation in the case of CH2NCP is the
transition JKa ,Kc = 21,2 ← 11,1, which is predicted at 11 503.8 MHz
with an error, according to estimates addressed above, of only 5.4
MHz.

IV. CONCLUSIONS
In analogy to the addition of the CN and CCH radicals to

methanimine, the CP radical is expected to lead to reaction paths
that are “open” (i.e., energetically accessible) under the harsh con-
ditions of the ISM. Interestingly, the reactive CP + CH2NH PES
is, in any detail, analogous to that of the CN + CH2NH and CCH
+ CH2NH systems, thus supporting the idea of a general mech-
anism for the formation of complex imines in interstellar clouds.
Furthermore, the present work is the first application of the new
junChS model for energetic studies of reactive PESs. The compar-
ison with the results issuing from an extremely accurate HEAT-
like approach pointed out to a great accuracy and suitability for
energy evaluations of reactive systems, despite its limited compu-
tational cost. Finally, this work has been complemented by the spec-
troscopic characterization of the major reaction products, namely,

E-/Z-HNCHCP and CH2NCP, with a methodology at the state of
the art, able to predict rotational transitions with accuracy better
than 0.2%.
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