SCUOLA
NORMALE
SUPERIORE

Classe di Scienze

Corso di perfezionamento in
Metodi Computazionali e Modelli Matematici per le Scienze
e la Finanza

XXXVI ciclo

Advances in polynomial and rational Krylov
methods for matrix functions with applications

Settore Scientifico Disciplinare MAT/08

Candidato

dr. Igor Simunec

Supervisore Co-supervisore

Prof. Michele Benzi Prof. Leonardo Robol

Anno accademico 2023-2024






Abstract

In this thesis we explore the use of polynomial and rational Krylov subspace methods for the compu-
tation of the action of a matrix function f(A) on a vector b, a crucial linear algebra task in numerous
applications, focusing on both theoretical analysis and algorithmic aspects.

We establish a priori and a posteriori bounds for the error in the approximation of f(A)b and
b” f(A)b with polynomial and rational Krylov subspace methods, by exploiting integral representations
of the function f. We also consider the use of rational Krylov methods for approximating the action of
a generalized matrix function on a vector, extending previous approaches based on the Golub-Kahan
bidiagonalization and providing a convergence analysis for this approach, which directly generalizes the
established theory of rational Krylov methods for standard matrix functions.

We then develop a low-memory method for the computation of f(A)b for a Hermitian matrix A,
by combining an outer Lanczos method with an inner rational Krylov subspace, which is used to
compress the outer basis. The inner subspace is generated using small projected matrices, and it is
thus inexpensive to construct compared to the cost of the outer iteration.

Next, we employ a rational Krylov method to solve a fractional diffusion equation on a graph, whose
solution is given as f(A)b, where A is the Laplacian of the graph and f is a function with a branch
cut on (—o0,0]. We introduce techniques to cheaply remove the eigenvalue 0 of the graph Laplacian,
which causes delays in the convergence of Krylov subspace methods.

We then consider two applications of Krylov subspace methods in the context of the approximation
of tr(f(A)) with stochastic trace estimators or probing methods. We first address the problem of
approximating the von Neumann entropy of a symmetric positive semidefinite matrix A, defined as
S(A) =tr(—Alog A), and we analyze in detail the convergence of the probing method, providing both
theoretical error bounds and heuristic estimates. Next, we analyze the problem of identifying gaps in
the spectrum of a symmetric matrix A, by computing traces of spectral projectors with a combination
of a stochastic trace estimator and the Lanczos method. We give a rigorous analysis of the proposed
algorithm to maximize its efficiency and provide guarantees on its results.
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Chapter 1

Introduction

Given a square matrix A and a function f defined on the spectrum of A, the computation of the matrix
function f(A) is a crucial problem in numerical linear algebra [96], which finds applications in several
fields, ranging from engineering and physics to data science and machine learning. Notable examples of
matrix functions include the matrix exponential f(A) = exp(A), the matrix logarithm f(A4) = log(A),
the matrix sign function f(A) = sign(A4), and the matrix fractional powers f(A) = A%, with « € (0, 1).

In many applications, it is not necessary to compute the whole matrix function f(A), but rather its
action on a given vector b, i.e., the product f(A)b or the quadratic form b7 f(A)b. Direct methods for
the computation of the whole matrix function f(A), such as diagonalization, can be computationally
prohibitive for large-scale problems. Using these methods may even be unfeasible in terms of storage
costs when A is sparse, as the matrix function f(A) is generally a dense matrix. As a result, there is
an incentive to compute or approximate f(A)b or b’ f(A)b directly without first forming f(A) itself.
Popular techniques for approximating these quantities are polynomial and rational Krylov subspace
methods [59, 79,90, 119]. These methods extract an approximation from a Krylov subspace, which
is generated by computing matrix-vector products with A in the polynomial case or solving shifted
linear systems with A in the rational case. The accuracy of approximations to f(A)b and b’ f(A)b
obtained through polynomial and rational Krylov subspaces is strongly linked to polynomial and,
respectively, rational approximations of the scalar function f, so studying these approximations is
crucial for understanding the convergence properties of Krylov subspace methods.

Polynomial and rational Krylov methods exhibit significantly different properties, and determining
which one is the better approach heavily depends on the specific problem at hand. Each iteration of
a polynomial Krylov method is relatively cheap, since it only involves a single matrix-vector product
with A. However, the method may require many iterations to converge, especially when f has singu-
larities near the spectrum of A, for instance if f(z) = z='/2 and A has eigenvalues close to 0. On the
other hand, each iteration of a rational Krylov method requires the solution of a linear system with
a shifted matrix A — £I, where £ is one of the poles of the rational Krylov subspace. This operation
can be significantly more expensive than a matrix-vector product, depending on the structure of A.
Nevertheless, if the poles are selected carefully, a rational Krylov method can converge in a much
smaller number of iterations, potentially also outperforming a polynomial Krylov method in terms of
execution time. The structure of the matrix A is essential in determining the difference in cost between
polynomial and rational Krylov iterations, while the properties of the function f and the location of
the eigenvalues of A are critical factors for establishing whether a rational Krylov iteration can offer a
substantial improvement in convergence speed over a polynomial iteration.

In this thesis we concentrate on analyzing polynomial and rational Krylov subspace methods for
computing f(A)b from both a theoretical and algorithmic perspective, and we explore their use in
conjunction with trace estimators for the approximation of tr(f(A)) in specific applications. The thesis
can be broadly divided into two main parts. In the first part, ranging from Chapter 2 to Chapter 6,
we examine in detail various properties of polynomial and rational Krylov subspace methods, and we
employ them to obtain new theoretical insights and algorithmic advancements aimed at improving
the existing methods. In the second part, from Chapter 7 to Chapter 9, we combine Krylov subspace
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methods with stochastic trace estimators [98,117] and probing techniques [77] to approximate tr(f(A)),
focusing on two specific problems: the computation of the von Neumann entropy and the detection
of gaps in the spectrum of A. We provide an in-depth analysis tailored to these applications, which
exploits the particular properties of the problems and leads to the development of efficient algorithms.

The rest of this thesis is structured as follows. In Chapter 2, we introduce some notation and we
review basic concepts that will be used throughout the thesis. In particular, we present some integral
expressions for functions, such as Cauchy-Stieltjes and Laplace-Stieltjes integral representations, which
will be useful in the analysis of Krylov subspace methods. We then provide a few equivalent definitions
of a matrix function and we introduce generalized matrix functions [94], defined using the singular value
decomposition instead of the eigenvalue decomposition. Krylov subspace methods for the approximation
of generalized matrix functions will be the topic of Chapter 4. We conclude Chapter 2 by defining
polynomial and rational Krylov subspaces and the corresponding approximations to f(A)b, and by
discussing some of their fundamental properties which will serve as the building blocks for the rest of
the thesis.

In Chapter 3 we establish bounds for the error in the approximation of f(A)b and b’ f(A)b using a
rational Krylov method, by following two distinct approaches. First, we review a posteriori error bounds
for f(A)b from [89] obtained by using the Cauchy integral formula and the residue theorem, and we
extend these bounds to quadratic forms b f(A)b. Then, we derive both a priori and a posteriori error
bounds for f(A)b by exploiting an integral representation of the function f. This second approach
generalizes the one used in [40] for the Lanczos method to the rational Krylov case, and involves
overcoming some additional challenges that are not present in the polynomial case. Both techniques in
this chapter rely on key properties of rational Krylov subspaces, such as the relations between rational
Arnoldi decompositions and Krylov subspaces associated with shifted matrices, and the link between
approximate solutions to shifted linear systems extracted from the same rational Krylov subspace.
While these properties are well known for polynomial Krylov subspaces, not all of them are known
in the rational context. Our analysis identifies some parallels between the polynomial and rational
settings. Most of these results have been published in [143].

In Chapter 4 we introduce and analyze rational Krylov methods for approximating the action of a
generalized matrix function on a vector. Previous literature has explored polynomial approximation
methods, such as those based on the Golub-Kahan bidiagonalization [5] and on Chebyshev polyno-
mial interpolation [6]. Here we extend the approach based on the Golub-Kahan bidiagonalization to
the rational Krylov case, and we provide a convergence analysis of the resulting method that is a di-
rect generalization of the established theory for rational Krylov methods applied to standard matrix
functions. In addition, we obtain a short-term recurrence for updating the rational Krylov basis, by
exploiting the quasiseparable structure of the projected matrix. We have published these results in [37].

In Chapter 5 we develop a new low-memory method for the computation of f(A)b for a Hermitian
matrix A. This method combines an outer (polynomial or rational) Lanczos iteration with an inner
rational Krylov subspace, which is used to compress the outer basis and reduce memory usage. The
inner subspace is generated using a projected matrix of small size and its construction does not involve
any operation with A, which makes it cheap compared to the cost of the outer iteration. In order to
make the compression beneficial, the outer Krylov method should require many iteration to converge,
and each iteration should be relatively cheap. Thus, suitable choices for the outer iteration are the
polynomial Lanczos method, or alternatively the extended or shift-and-invert Krylov method, which
use a small number of repeated poles. The resulting low-memory algorithm closely replicates the
convergence of the outer Krylov subspace method, with an error that depends on the poles used in the
inner rational Krylov subspace and is typically negligible. The method exhibits favorable performance
when compared against several low-memory Krylov subspace methods from the literature. The contents
of this chapter have appeared in the preprint [38].

In Chapter 6 we employ a rational Krylov method to solve a fractional diffusion equation on a
graph, whose solution is expressed as f(A)b, where f(z) = exp(—tz®), with ¢ > 0 and « € (0,1).
In this setting, the matrix A is the Laplacian associated with the graph, which is a singular M-
matrix. Since the function f has a branch cut on (—oo, 0], convergence issues may arise with Krylov
subspace methods. To deal with this challenge, we introduce techniques to remove the singularity of
the graph Laplacian by utilizing the knowledge of the right and left eigenvectors of A associated with



the eigenvalue 0, thus improving the convergence rate of Krylov subspace methods for a negligible
cost. This approach is applicable also for other problems where a known eigenvalue of A is close to
a singularity of f; for instance, we apply the same technique in Chapter 8 for computing the von
Neumann entropy of a network. The contents of this chapter have been published in [23].

Chapter 7 provides a brief introduction to numerical methods for estimating the trace of f(A),
which will be employed in the subsequent chapters alongside Krylov subspace methods. We begin by
discussing stochastic trace estimators that approximate the trace using random sample vectors, such as
Hutchinson’s estimator [98], as well as more advanced variants such as Hutch++ [117,129], that also
integrate low-rank approximation. We also introduce probing methods [77], that exploit the sparsity
structure of A to construct specific probing vectors which are then used to approximate the trace. Both
approaches approximate the trace as a sum of a certain number of quadratic forms x! f(A)z;, which
can be efficiently approximated using a Krylov subspace method.

In Chapter 8 we address the problem of approximating the von Neumann entropy [153] of a sym-
metric positive semidefinite matrix A, which is defined as S(A) = tr(—Alog A) and plays an important
role in quantum mechanics and network science [11,32,105]. By exploiting an integral expression of
the function f(z) = zlogz, we analyze the convergence of the probing method in this specific setting
and we provide both theoretical bounds and heuristic estimates to predict its error. We also discuss
implementation details for the Krylov subspace method used in the computation of quadratic forms,
including the selection of poles and stopping criteria. The resulting probing algorithm is tested on
several problems and compared with an adaptive implementation of Hutch++. Our experiments high-
light advantages and disadvantages of both approaches, showing that each method performs better in
different situations. These findings have been published in [21].

In Chapter 9 we employ Hutchinson’s stochastic trace estimator in combination with the Lanczos
algorithm to identify gaps in the spectrum of a real symmetric matrix A, by computing traces of
spectral projectors associated with sections of the spectrum of A. This approach has been used in the
literature for related tasks, such as estimating the number of eigenvalues of A within a given interval or
approximating spectral densities [55,109]. A closely related problem is determining the gap between two
consecutive eigenvalues of A, such as between A;(A) and Ag11(A), assuming that the eigenvalues \;(A)
are sorted in increasing order. Rather than focusing on finding the gap between two specific eigenvalues,
we approach the problem from a broader perspective, and we aim to identify all gaps in the spectrum
of A that are wider than a certain threshold. This shift in viewpoint allows for a rigorous theoretical
analysis of the proposed algorithm, and enables us to determine the optimal parameters that maximize
its efficiency. All the candidate gaps identified by the algorithm are certified to be actual gaps in the
spectrum of A with high probability, and with an appropriate choice of the parameters we are able to
detect all gaps with width above a certain threshold. We demonstrate the effectiveness of the resulting
algorithm through several numerical experiments. The contents of this chapter will be included in a
preprint that is currently in preparation [20].

Finally, Chapter 10 summarizes the results presented in this thesis, and provides concluding remarks
and an outlook on potential directions for future research.
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Chapter 2

Background

In this chapter we review some basic material concerning matrix functions and their computation by
means of Krylov subspace methods. Throughout this work, we will frequently cite literature for defi-
nitions and theoretical results. These references are meant simply as a guide to where the information
can be located, and they should not necessarily be interpreted as attributing the original results to the
cited authors.

2.1 Notation and basic definitions

Let us begin by establishing some notation that we are going to use throughout this thesis and recalling
some basic definitions. We use uppercase letters to denote matrices, and bold lowercase letters to
denote vectors. Given a vector v € C", we will sometimes denote its entries by v;, for j = 1,...,n.
We will denote by I,, the n x n identity matrix, and by 1, and 0,, vectors of all ones and all zeros of
length n, respectively. We are going to omit the subscripts if they can be inferred without ambiguity.
The vectors of the canonical basis of C™ or R" will be denoted by e;, for j = 1,...,n. We denote
by ||v||2 the Euclidean norm of a vector v, and by ||Al|2 the induced matrix norm, also called spectral
norm. Recall that |A||2 coincides with the largest singular value of A, and when A is Hermitian it
coincides with the modulus of its largest eigenvalue.

Given a matrix A € C"*", we denote its transpose by A’ its conjugate transpose by AH and its
Moore-Penrose pseudoinverse by Af. We denote the eigenvalue spectrum of A by A(A) and the set of
its singular values by 3(A4). The field of values (or numerical range) of A is given by

W(A) := {x Az : |x|, = 1}.

We recall that W(A) is a convex and compact subset of the complex plane that contains the convex hull
of A(A). If A is normal, that is, if AT A = AA” then W(A) coincides with the convex hull of A(A).

We denote by C the extended complex plane C U {oo}, and similarly by R the extended real
line R U {co}. Given a compact set £ C C and a function f : E — C, we write || f||gz to denote the
supremum norm of f on E. The set of polynomials (with either real or complex coefficients depending
on the context) with degree at most m is denoted by II,,,. For a given polynomial ¢, we denote by II,,, /¢
the set of rational functions with denominator ¢, that is,

Oy /q={r=p/q: pecll,}.

For an invertible matrix A € C**" and two vectors u,v € C" such that 1 + v A~ u # 0, the
Sherman-Morrison formula provides an expression for the inverse of the rank-one update A + uv®,
which is given by
Aty A1

Hy—1 _ 41 _
(A+uwv”)" =A T ol A Tu"

(2.1.1)
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2.2 Functions with integral expressions

On multiple occasions, we will rely on an integral expression of a function f to derive certain theoretical
results. In this section, we provide a brief introduction to the integral representations that will be
employed in the following chapters.

We start by recalling that if the function f is analytic in a neighborhood of a point a € C, it can
be written using the Cauchy integral formula as

1 (2) dz,

21 Jp 2z —a

fla) =

where I' is a simple closed curve that winds counterclockwise around a, contained in the region where f
is analytic.

The following definition introduces the class of Laplace-Stieltjes functions; see, for instance, [114,
Definition 1].

Definition 2.2.1. A function f : (0,00) — R is a Laplace-Stieltjes function if it can be expressed in
the form

o= [ et du(t),

where (4 is a positive measure on [0, c0).

The class of Laplace-Stieltjes functions coincides with the class of completely monotonic functions
[135, Definition 1.3], i.e., infinitely differentiable functions defined on (0, c0) such that

(—D)FfF(z) >0 Vz>0 and k>0. (2.2.1)

The equivalence between these two classes of functions is known as Bernstein’s theorem [135, Theo-
rem 1.4]. Examples of Laplace-Stieltjes functions are

[e'e] . o) . ta—l
e_Z:/ e *dt and z_o‘:/ e F——dt, ae€(0,1).
1 0 L)
A class of functions which is closely related to completely monotonic functions is the class of Bern-
stein functions, that consists of all functions f : (0,00) — R of class C*° such that

f(z)>0 and (=) 1k (z) >0, Vk>1 and Vz>0. (2.2.2)

A nonnegative function f : (0,00) — R is a Bernstein function if and only if its derivative f' is a
completely monotonic function. The fractional power f(z) = 2%, for a € (0,1), is an example of a
Bernstein function. Certain compositions of Bernstein functions and completely monotonic functions
are completely monotonic [135, Theorem 3.7]. For instance, if f is a positive Bernstein function,
then the function g(z) = e~*f (#) is completely monotonic for all ¢ > 0. In particular, by considering
the Bernstein function f(z) = 2%, with a € (0,1), we obtain that g(z) = exp(—tz®) is completely
monotonic, or equivalently Laplace-Stieltjes. This fact will be useful in Chapter 6 for solving fractional
diffusion equations on a graph.

We next introduce Cauchy-Stieltjes functions, which are a subclass of Laplace-Stieltjes functions;
see, for instance, [24, Definition 3.1].

Definition 2.2.2. A function f : C\ (—o0,0] — C is a Cauchy-Stieltjes function if it can be expressed

in the form o 1
— du(t),
)= | u(t)

t+ 2

where p is a positive measure on [0, co).

Some examples of Cauchy-Stieltjes functions are

i <t log(1 < 1
Lo — sm(om) / dt, ac (0, 1)7 and M = / dt.
m o t+z z 1
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Cauchy-Stieljes functions are also completely monotonic, so they are a subset of Laplace-Stieltjes func-
tions. This can be also seen directly, by observing that

o0 1 o0 o0 (o] o0
dul(t :/ / e 52 dsdp(t :/ e_sz(/ e Stdu t)ds,
| =[] = 0 (t)

where v(s) := [;° e~*!dpu(t) is the density of the measure associated with the Laplace-Stieltjes repre-
sentation. Cauchy-Stieltjes functions are also known as Stieltjes functions [24].

Markov functions [10] are a slightly more general class of functions that are closely related to
Cauchy-Stieltjes functions.

Definition 2.2.3. Given —co0 < a < f < 00, a function f : C\ [a, ] — C is a Markov function if it

can be expressed in the form
foa
£6) = [ )

z—t

where p is a positive measure with support contained in [«, 3].

A Markov function is analytic in C\ [a, 8]. A Cauchy-Stieltjes function is also a Markov function
with [«, 8] = (=00, 0].
We refer the reader to [135] for further detail on the classes of functions introduced in this section.

2.3 Matrix functions

This section introduces the definition of a matrix function and reviews some basic properties of matrix
functions that will be useful throughout this thesis. The contents of this section are mainly based
on [96, Chapter 1].

Given a square matrix A € C"*™ and a scalar function f, there are three classical ways to define
a matrix function f(A) € C**™. The first way to define f(A) is through its Jordan canonical form.
Recall that any matrix A can be expressed as

A=2J771, J = diag(Jy, ..., Jp),

where Z is nonsingular and J is the Jordan canonical form of A, which is a block diagonal matrix with

blocks
A 1

Jk: _ Jk(/\k) _ )\k c (kaxmk7

1
Ak

with my +--- +m, = n. The matrix J(Ax) is a Jordan block associated with the eigenvalue Ag. The
index n(A) of an eigenvalue A € A(A) is defined as the largest size of a Jordan block associated with A.
Recall that a matrix is diagonalizable if and only if all of its eigenvalues have index 1. We say that a
function is defined on the spectrum of A if all the values

FON), §=0,....,n(0\) =1, XeA(A)

exist [96, Definition 1.1]. When the matrix A is diagonalizable, this definition simply requires that the
values f(\) are defined for all A € A(A). When f is defined on the spectrum of A according to the
definition above, we can define f(A) via the Jordan canonical form of A as follows.

Definition 2.3.1 (|96, Definition 1.2]). Let A € C"*" have a Jordan canonical form A = ZJZ~! and
let f be defined on the spectrum of A. Then

fA)=Zf())Z" = Zdiag(f(Je(M)))Z ",
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where
f(mkfl) (Ak)
(my — 1)!

f(Jk(\r)) = fw) - : € CmEXmi

F (k)
f(Ak)
When A is diagonalizable, the Jordan canonical form simplifies to the eigenvalue decomposition
A= ZAZ71 with A = diag()\y,. .., \n), and Definition 2.3.1 reduces to

fLA)=ZfM)Z7  F(A) = diag(f(M), -, F(An))-
A matrix function can be alternatively defined by using polynomial interpolation.

Definition 2.3.2 ([96, Definition 1.4]). Let f be defined on the spectrum of A. Then f(A) := p(A),
where p is the unique polynomial of smallest degree that satisfies the Hermite interpolation conditions

PPN =fI0),  G=1...,n0) -1, AeA).
The polynomial p is called the Hermite interpolating polynomial.

The above definition is equivalent to Definition 2.3.1, following from the fact that for any poly-
nomial p the matrix p(A) is completely determined by the values of p on the spectrum of A. In
particular, this implies that if two polynomials p and ¢ take the same values on the spectrum of A, then
p(A) = g(A), and hence in Definition 2.3.2 we can equivalently take as p any polynomial that satisfies
the Hermite interpolation conditions, not necessarily the one of smallest degree.

An elegant definition of a matrix function can be given via a generalization of the Cauchy integral
formula to the matrix case. Unlike the previous definitions, this one requires f to be analytic in a
neighbourhood of A(A), but it is frequently useful for proving certain theoretical results.

Definition 2.3.3 ([96, Definition 1.11]). Let f be analytic on and inside a closed contour I' that winds
around A(A) exactly once. Then

f(A) =

= — I—-A)tdz.
e RICICERRE S

This definition is equivalent to Definitions 2.3.1 and 2.3.2 when f is analytic in an open set that
contains A(A); see [96, Theorem 1.12] and [97, Theorem 6.2.28].

The matrix function f(A) can be defined similarly to Definition 2.3.3 also for other integral repre-
sentations of f, such as in the case of Cauchy-Stieltjes functions. Given a Cauchy-Stieltjes function f

with integral representation

f<z>/O°° L), zeC\ (—o00,

t+z
assuming that A has no eigenvalues in the set (—o0, 0], we have
F(A) = / (A+tD)~" dut). (2.3.1)
0

This identity can be proved by first showing that it holds for Jordan blocks, which can be done with a
direct comparison of the entries of the right- and left-hand side using an integral representation of the
derivatives of a Cauchy-Stieltjes function (see for example [24, Section 3]).

A significant result for the theory of matrix functions is Crouzeix’s theorem [47], which links the
spectral norm of f(A) with the uniform norm of f over the numerical range of the matrix A.

Theorem 2.3.4. Assume that f is analytic in a neighbourhood of W(A). Then
£ (A2 < Cll fllways C<1+V2,

This result was originally proved in [47] with a constant C' = 11.08, which was later improved in [49]
to C =1+ /2. If A is normal, we have || f(A)||2 < || f|lw(a), recalling that in this case W(A) coincides
with the convex hull of A(A). A conjecture by Crouzeix states that the inequality || f(A)[l2 < C| f|lw(a)
holds with C' = 2 for any matrix A.
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2.4 Generalized matrix functions

Generalized matrix functions (GMFs) are an extension of the notion of matrix functions based on the
singular value decomposition (SVD) instead of the spectral decomposition. They were introduced for
the first time in [94], with the purpose of extending the definition of matrix functions to rectangular
matrices.

Let A € C™*™ be a possibly rectangular matrix, and let A = ULV H be its SVD, where U € C™*™
and V € C™*" are unitary and ¥ € R"™*"™ is defined as

5 o ifi=j5<r
“77710  otherwise,

where r < min{m, n} is the rank of A and oy > 02 > --- > 0, > 0 are the nonzero singular values of A.
A generalized matrix function of A is defined as follows.

Definition 2.4.1. Given a function f defined on the set {01, ..., 0.}, the generalized matrix function
of f applied on A is denoted by f°(A) and is defined as

) =ufEvh,

where
floy) ifi=j<r
()i = .
0 otherwise.
Observe that a GMF can be expressed in terms of the compact SVD of the matrix A, that is
A=U,%,VH where U, € C™*" and V € C"*" have orthonormal columns and ¥,. = diag(cy,...,0,) €
R"™*". In this case, we have

fO(A) = Urf(zr)‘/rH

Since the definition of a GMF only depends on the values of f on the (positive) nonzero singular values
of A, we can always assume that f is an odd function, and in particular that f(0) = 0.

Generalized matrix functions have become an active area of research only in recent years. For
instance, theoretical aspects of GMFs have been investigated in [3,18,125], while efficient numerical
methods have been developed in [5,6]. For some applications of generalized matrix functions, we direct
the reader to [3,5,6] and the references therein. GMFs have also been recently considered in the context
of quantum algorithms [107]. Generalized matrix functions are going to be the focus of Chapter 4, in
which we analyze the use of rational Krylov subspace methods for the approximation of f°(A)b.

2.5 Krylov subspace methods

The computation of the matrix function f(A) is usually a computationally demanding problem, since
f(A) is in general a dense matrix even when the starting matrix A is sparse, and hence most algorithms
require O(n?) arithmetic operations [96]. For very large and sparse A, the computation of f(A) is
extremely expensive and potentially even unfeasible due to storage limitations. On the other hand, in
many situations of practical interest it is enough to compute the action of f(A) on a given vector b € C",
i.e., the product f(A)b. In this case, it is possible to compute or approximate f(A)b without first
computing f(A), which can lead to significant savings in terms of both computational and storage costs.
In this section we introduce Krylov subspace methods, which are a fundamental tool for computing
approximations to f(A)b.

2.5.1 Polynomial Krylov subspaces

We start by introducing polynomial Krylov subspaces, which are widely used for computing approximate
solutions to linear algebra problems, from linear systems and eigenvalue problems to matrix functions
and matrix equations.
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Algorithm 2.1 Arnoldi algorithm

Input: A C"*™" be C", meN.

Output: V,,;; € C**("™+1) orthonormal basis of K,y 1(A,b), H,, € C?D>X™ ypper Hessenberg,
satisfying the Arnoldi relation (2.5.1).

1 v1 = b/| bl

2: for j=1,...,mdo
3: w; = A’Uj

4: fori=1,...,5 do
5: hi’j = ’Uszj-

6: w; = w; — hi7j’l)i
7 end for

8 hjri; = [lwl2

9: if thrl,j =0 then
10: stop

11: end if

122 v = w;/hjt
13: end for

Definition 2.5.1. Given a matrix A € C"*™ and a vector b € C", the m-th polynomial Krylov
subspace associated with A and b is defined as

Ko (A, b) :=span{b, Ab, ..., A" b} = {p(A)b : p € I,,_1}.

The subspaces K;(A,b), j = 1,...,m form a nested sequence of strictly increasing dimension,
provided that m is smaller than the invariance index M of the Krylov subspace, i.e., the smallest
integer such that KCpr(A,b) = Kpr41(A,b). The invariance index M coincides with the degree of the
minimal polynomial of b with respect to A, that is, the monic polynomial 1 of smallest degree such
that ¥ (A)b = 0, see for example [134, Proposition 6.1]. For simplicity, throughout this thesis we are
going to assume that m < M so that we always have dim C,,, (4, b) = m.

An orthonormal basis V;,, = [v1 ... vy] of K,,,(A,b) can be computed using the Arnoldi algo-
rithm [134, Algorithm 6.1], which begins by setting v1 = b/||b||2 and iteratively constructs the other
basis vectors by multiplying the last computed basis vector by A and orthogonalizing against all pre-
vious ones. This procedure is described in Algorithm 2.1. In addition to the basis V41 of the Krylov
subspace, the Arnoldi algorithm additionally computes an (m + 1) x m upper Hessenberg matrix H,,
that contains the coefficients used in the orthogonalization of the basis vectors, which together with
Vin+1 satisfies the Arnoldi relation

AV, = Vi H,,. (2.5.1)

In the following, we are going to denote by H,, the m xm leading principal block of H,,, which coincides
with the orthogonal projection of A onto the Krylov subspace K,,(4,b), that is H,, = V.2 AV,,. This
follows immediately from (2.5.1).

The Arnoldi algorithm breaks down at step j (i.e., the condition at line 9 of Algorithm 2.1 is fulfilled)
if and only if the invariance index of the Krylov subspace is j, see for instance [134, Proposition 6.6].
Such a breakdown occurs when we have found an invariant subspace of A, so it is usually called a lucky
breakdown.

The polynomial Krylov subspace K., (A4, b) can be used to approximate f(A)b with the Arnoldi
approximation

F(Ab = fr = Vo f(Hp)VED = ||b]|2 Vi f (H o e (2.5.2)

The use of this approximation can be motivated by Definition 2.3.2. Indeed, it turns out that f,, =
Pm—1(A)b, where p,,,_1 is the Hermite interpolation polynomial of the function f at the eigenvalues
of Hy,, also known as Ritz values associated with KC,,,(A,b) [96, Theorem 13.5]. Recalling that f(A)
coincides with p(A), where p is the Hermite interpolation polynomial of f at the eigenvalues of A,
approximating f(A)b with f,, can be interpreted as approximating the polynomial p with the lower-
degree polynomial p,, 1.
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The interpretation of (2.5.2) in terms of polynomial approximations of f is also useful to understand
the magnitude of the error f(A)b — f,,. First of all, the approximation (2.5.2) is exact when f is a
polynomial of degree at most m — 1.

Lemma 2.5.2 (|96, Lemma 13.4]). Let V,, and H,, be as in (2.5.1). Then, for any polynomial p with
degp < m — 1 we have
p(A)b = ||bH2‘/mp(H7n)el-

Using Lemma 2.5.2 one can prove the following theorem, which links the error in the Arnoldi
appoximation of f(A)b with the error of the polynomial approximation of the scalar function f in the
uniform norm.

Theorem 2.5.3 ([10, Proposition 3.1]). Let f,, be the Arnoldi approximation (2.5.2) to f(A). Then,
if f is analytic in a neighborhood of W(A), we have

A)b — <2 i —
(A = Full2 < 2C1)2 min [ = pllwca.

with C =2+ 1. If A is normal, the same result holds with C' = 1.

Proof. The main tool for the proof is the exactness property of (2.5.2) on polynomials of degree up to
m — 1, given in Lemma 2.5.2. For any polynomial p with degp < m — 1, we have

F(Ab — [[bll2Vin f (Hm)er = f(A)b — p(A)b + [|b]|2Vinp(Him)er — [[b]l2Vin f(Him )ex,
so we get

1£(A)b = [|bll2Vin f(Him)exll2 < [1bll2 (£ (A) = p(A)ll2 + [l (Him) — p(Hin)ll2)-

If f is analytic on W(A), by Crouzeix’s theorem we have

1F(A) =p(Al2 < ClIf =pllway  and  [|f(Hm) = p(Hm)l2 < CIIf = pllwa,,),
with C' = 1 + /2. Using also W(H,,) C W(A), we conclude

1F(A)b = [[bll2 Vi f (Hm)ex[la < 2CB]12[f = pllwca)-

The thesis is obtained by taking the minimum over all polynomials p with degp < m — 1.
When A is normal, the same result follows with C' = 1 by taking an eigenvalue decomposition
A =UAU" and observing that for any function g defined on the spectrum of A we have

Ally = [lg(A)|| = .
lg(A)ll2 = llg(A)]l2 Ag}\aﬁ)lg(k)l O

In the proof of Theorem 2.5.3 we used the property W(H,,) € W(A). Note that when A is
not normal, the eigenvalues of H,, are not necessarily contained in the convex hull of the spectrum
of A. In particular, this implies that a function f that is defined on the spectrum of A but not on
the whole numerical range W(A) may not be defined on the spectrum of H,,. This situation may
happen, for instance, when computing the square root of a non-Hermitian matrix A with eigenvalues
contained in the right-half plane. If some eigenvalues of A are close to the origin, it is likely that W(A)
intersects (—oo, 0], where the square root has a branch cut.

Remark 2.5.4. If follows from the proof of Theorem 2.5.3 that when A is normal we also have the
stronger bound

1F(A)b = Fmll2 < |bll2 main (If = pllacay + If = pllac,.))-

Depending on the distribution of the eigenvalues of A, this bound can be significantly more accurate
than the one in Theorem 2.5.3, because it takes into account more detailed information on the spectrum
such as the presence of isolated eigenvalues.
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In the Hermitian case, the Arnoldi algorithm simplifies to the Lanczos algorithm [134, Algo-
rithm 6.15], which can be used to construct an orthonormal basis V;,, by means of a three-term re-
currence. In each iteration of the Lanczos algorithm, the next basis vector v;; is obtained by orthogo-
nalizing Av; against the two previous basis vectors v;_; and v;. The constructed basis is orthonormal
in exact arithmetic, although there may be loss of orthogonality when finite precision is used, see for
instance [88, Section 10.3] and the references therein. The three-term recurrence significantly reduces
the computational cost of orthogonalization, and allows us to construct the basis V,,, without the need
to keep in memory all the previous basis vectors. This feature is exploited in several low-memory
algorithms, such as the conjugate gradient algorithm for solving linear systems [134] and the two-pass
Lanczos method for computing f(A)b [31]. We are going to focus in more detail on low-memory meth-
ods for the computation of f(A)b in Chapter 5, where we develop a memory efficient method by using
an inner rational Krylov subspace to compress the Lanczos basis.

2.5.2 Rational Krylov subspaces

Similarly to how polynomial Krylov subspaces are related to polynomials in the matrix A, we can define
a rational Krylov subspace in terms of rational functions in the matrix A.

Definition 2.5.5. Given a sequence of poles &,, = {&1,...,&m-1} € C\ A(A), the rational Krylov
subspace associated with A and b with poles &,, is defined as

Qm(Aa ba ém) = Qm—l(A)_le(A? b) = {qm—l(A)_lp(A)b 1 pE Hm—l}a

where
m—1

gm—1(2) = H (z — g])
€700

We are going to refer to ¢,,—1 as the denominator polynomial associated with Q,,(4, b, ,,).

Note that Definition 2.5.5 also allows for infinite poles, and if all poles in &, are equal to co, then
we have ¢,,—1 = 1 and the rational Krylov subspace Q,,(4,b,&,,) reduces to the polynomial Krylov
subspace K,,(A,b) as a special case. When the list of poles &,, is clear from the context, we will
sometimes omit it from the definition of the rational Krylov subspace, and simply write Q,,(A,b) :=
OQm (A, b, &,,) without explicitly referencing the poles.

Rational Krylov subspaces constructed using the same sequence of poles are nested as long as
m < M, where M denotes the invariance index of IC,,, (A, b), that is, if £ = {&1,...,&-1} for j <m
we have

span{b} = Ql(A,b, 51) C QQ(A,b, 52) c---C Qm(A, b, gm), (253)

see for instance [89, Lemma 4.3]. An orthonormal basis V;,, of Q,,,(A, b, &,,) can be constructed with the
rational Arnoldi algorithm [89, Algorithm 1], introduced by Ruhe in [133] in the context of eigenvalue
problems. The rational Arnoldi algorithm is described in Algorithm 2.2.

The matrices V;,4+1 and H,, computed by Algorithm 2.2 satisfy the rational Arnoldi relation

AVm+1Km - m+1ﬂm; (254)
with the upper Hessenberg matrix
1 _
, &'
K, = B +H,, e clmtl)xm (2.5.5)
1 ¢
0O -+ 0 m

where we are using the convention 1/co = 0. In particular, when all poles are infinite we have K, =

[é?ﬁ] and we recover the Arnoldi relation (2.5.1) for K, (A4, b). Similarly to the polynomial Krylov case,
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Algorithm 2.2 Rational Arnoldi algorithm

Input: A€ C™" beC",meN, &1 =[£1,...,&m] CC\A(A).
Output: V,,; € C**("+1) orthonormal basis of Om+1(4,b,&41), H,, € Cm+xm ypper Hessen-
berg, satisfying the rational Arnoldi relation (2.5.4).

1 vy = b/||b]2

2: for j=1,...,mdo

3: w; = (I —A/&) 1 Av; > here we use the convention A/oco =0
4: fori=1,...,jdo
5: hi’j = vszj

6: w; = w; — hi7j'l)i
7 end for

8  hjriy = [lwl2

9: if hj+1,j =0 then
10: stop

11: end if

122 v = wj/hyt
13: end for

we are going to denote by H,, and K,, the m x m leading principal blocks of H,, and K, respectively.
The upper Hessenberg matrices H,, and K, both have full rank m, see for instance [89, Lemma 5.6].

Further details on rational Arnoldi decompositions can be found in [26].

Remark 2.5.6. The rational Arnoldi implementation in Algorithm 2.2 does not allow for poles equal
to zero. However, this is not a limitation in practice, because one can still construct V,,, by choosing a
nonzero scalar o that does not coincide with any of the poles and running Algorithm 2.2 to generate
a basis of Q,,(A—ol,b,[{; — a};"’:_ll), which is the same subspace as Q,,(4, b, £,,) but does not have
any poles at zero. We mention in addition that the w; at line 3 of Algorithm 2.2 is not guaranteed to
expand the rational Krylov subspace, i.e., it may in principle happen that w; € Q;(A,b) and hence the
algorithm would break down at line 10. In contrast with the (polynomial) Arnoldi algorithm, this is
not a lucky breakdown, in the sense that it does not imply that Q;(A,b) is an invariant subspace for A.
However, such a breakdown is quite unlikely to happen in practice, so it is rarely an issue and hence in
this thesis we simply focus on using the implementation described in Algorithm 2.2. The algorithm can
be modified to ensure that the subspace is expanded at each iteration by changing how w; is defined
in line 3; we refer for instance to [27, Section 2| for more details.

Denoting by A,, := V.2 AV, the projection of A onto the subspace Q,,(A,b,&,,), we can approxi-
mate f(A)b vith the rational Arnoldi approximation

FAb = f = Vi f(An)V.E ey = ||b]2VE f(An)er. (2.5.6)

Each iteration of the rational Arnoldi algorithm requires the solution of a shifted linear system with
the matrix A — &;1 for one of the poles &;. One iteration can thus be significantly more expensive than
a polynomial Krylov iteration, but the convergence of (2.5.6) to f(A)b can be much faster than (2.5.2)
provided that the poles are chosen well. When spectral information of A is available, the poles for the
rational Krylov subspace can be chosen by exploiting rational approximations of f on the spectrum or
field of values of A [10,90]. Greedy adaptive strategies have also been proposed in the literature, see
for instance [60]. Some specific sequences of poles lead to special cases of the rational Krylov subspace
Om (A, b, &,,): if all the poles in &, are equal to £ € C\ o(A), then Q,,(A,b,&,,) is a shift-and-invert
Krylov subspace,

Qm(A7b7 gm) = Icm((-[ - A/g)_lvb)a

which was first investigated for the computation of matrix functions in [119,151]. If the poles alternate
between 0 and oo, we obtain the extended Krylov subspace, introduced in [59], which is of the form

QQm (Av bv 6) = AimK2m (A, b) = ]sz (A, Aimb)
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When linear systems can be solved with a direct method, note that using the same pole & multiple
times allows us to reuse the factorization of A — &I without recomputing it, thereby reducing the cost
of subsequent linear system solves.

In contrast with the polynomial Krylov case, the projected matrix A,, is not computed while
running Algorithm 2.2, and it requires performing some additional computations. However, we can
easily recover A,, from H,, and K, if we assume that &,, = co. Indeed, if &,, = co then the last row
of K, is zero and hence K, is invertible, so we have the reduced Arnoldi decomposition

AV Ko = Vi H,,. (2.5.7)

Multiplying (2.5.7) by V.2 on the left and by K,! on the right we obtain

Ap=VHIAV, =H,K.!.

Note that although H,, and K,, depend on &, in their last column, the basis V;,, does not, since &,, is
only involved in the computation of v,,11. This means that we can use the approach described above
to compute the projected matrix A,, even if &, # oo, by temporarily pretending that &,, = oo to
compute A,, as HmKn_ll, and then using the actual &,, to compute v,,41 and the last columns of H,,
and K, satisfying (2.5.4).

Similarly to the polynomial case, the approximation (2.5.6) to f(A)b is closely related to the approxi-
mation of f with rational functions. The following exactness property is a generalization of Lemma 2.5.2
to the rational case.

Lemma 2.5.7 ([90, Lemma 3.1]). Let V,,, and A4,, as in (2.5.6), and let ¢,,—1 be the denominator
polynomial of the associated rational Krylov subspace. Then, for any rational function of the form
r = p/qm-1 with degp < m — 1 we have

r(A)b = ||b]|2Vinr(Am)er.

With Lemma 2.5.7 one can prove the following theorem that bounds the error f(A)b — f,, in the
rational Krylov case.

Theorem 2.5.8 (|90, Corollary 3.4]). Let f,, be the rational Arnoldi approximation (2.5.6) to f(A)b,
and let ¢,,—1 be the denominator polynomial of the rational Krylov subspace. Then, if f is analytic in
a neighborhood of W(A), we have

1£(A)b = fmll2 < 2C||blla min || f = g;,%1pllw(a),
pEllym 1

with C = /24 1. If A is normal, the same result holds with C' = 1.

Proof. The proof is essentially the same as the one of Theorem 2.5.3, using the exactness result of
Lemma 2.5.7 in place of Lemma 2.5.2. See also the proof of [90, Corollary 3.4]. O

When A is Hermitian and the poles &,,11 are real we can construct a basis V,,11 of the ratio-
nal Krylov subspace Q,,(A,b,&,,) with a short-term recurrence by employing the rational Lanczos
algorithm (Algorithm 2.3, see also [53], [89, Section 5.2] and [128] for additional details), which also
computes the tridiagonal matrices

a; B
ﬂl . 60_1

H, = . . and K, = - + H
‘- T Bmfl 1

-1
ﬂm—l O 0O ... 0 gm

(2.5.8)

m>

where &y := oo, with the convention that the inverse of an infinite pole equals zero. Together with V;,, 41,
the matrices H,, and K, satisfy the rational Arnoldi relation

AVm+1Km - m+1ﬂm .
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Algorithm 2.3 Rational Lanczos

Input: A€ C"™" be C" &pir = {517 o &m) CR\A(A)
Output: V41 € (C"X(WH) Qlyeeey Oy P1y- .- B €R

L §g=o00, &= OO 50—0 v =0

2 w=(I—-A/&) ! > with the convention A/oo =0
3: v1 = w/||w||2

4: for j=1,...,m do

5: [vj11, 4, 8] = Algorithm 2.4(A, v;_1,v;,&5-2,&-1,&5, B5-1)

6: end for

T Vm+1 = ['vl, - 7’Um+1}

Algorithm 2.4 Single iteration of rational Lanczos

Input: A € C"*"™ vy, vy € C™ &, &1,& € E\A(A),Bl eR
Output: vz € C", as, [ € R

L w=A(vyg+v161/&) —vif > with the convention 81 /oo =0
2: s=(I—A/&)vs > with the convention A/oco =0
3: [w7 3] = (I - A/§2)_1[w7 3]
4 g = (wHvy) /(s vy)
5. w =W — SQ
6
7

+ Pa = [lwlly

=w/B2

Note that the key difference between (2.5.8) and (2.5.5) is in the definition of the matrix K, where
the diagonal factor and H,, are in reversed order.

Another important difference with respect to rational Arnoldi is that in each iteration of the rational
Lanczos algorithm we need to solve a linear system in which the right-hand side has two columns instead
of one (see line 3 of Algorithm 2.4). However, if the linear systems are solved with a direct method,
this does not represent a significant increase in computational cost with respect to a linear system with
a single right-hand side, since the matrix factorization has to be computed only once. Moreover, it has
been observed that short-term recurrences can produce a numerical loss of orthogonality in the columns
of V,,, in finite precision arithmetic; see [88, Section 10.3| and [128] for more details.

We are going to employ several other properties of rational Krylov subspaces throughout this thesis.
For ease of exposition, we will introduce each property in the chapter where it is first applied.

2.5.3 Pole selection for rational Krylov subspaces

In this section we briefly introduce some pole selection strategies for rational Krylov subspaces that we
will employ in the following chapters.

The authors of [114] consider the case of a positive definite Hermitian matrix A with spectrum in
[a,b] and a Cauchy-Stieltjes or Laplace-Stieltjes function f, and relate the error for the computation
of f(A)b with a rational Krylov method to the third Zolotarev problem in approximation theory. The
solution to this problem is known explicitly and it can be used to find poles on (—o0,0) that provide in
some sense an optimal convergence rate for the rational Krylov method for the two classes of functions.
The optimal poles for Laplace-Stieltjes functions satisfy the following convergence bound.

Theorem 2.5.9 ([114, Corollary 3|). Let f be a Laplace-Stieljes function and A a Hermitian positive
definite matrix with A(A) C [a,b]. Then the approximation f,, from (2.5.6) with the optimal poles
from [114, Theorem 3] is such that

1£(A)b = finllz < 8YF(0F)|[b]2p"

where

2.23 + 2 log | 4¢ b and e 7T2
= 2. - — =exp| ——F—].
7 . a P P log(4b/a)
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Remark 2.5.10. We mention that the authors of [114] use a slightly different definition of a rational
Krylov subspace, in which the vector b is not included, so the rational functions associated with a
subspace of dimension m have denominator of degree m instead of m—1, and the bound in Theorem 2.5.9
holds when this alternative definition is used. However, we are mainly interested in the asymptotic
convergence rate of a related equidistributed sequence of poles (which we discuss below), so we can use
this result regardless.

The optimal Zolotarev poles used in Theorem 2.5.9 are not nested: indeed, the poles for the optimal
approximant of degree m + 1 are usually completely different from those of the optimal approximant of
degree m. Thus, these poles cannot be used to construct the Krylov subspace incrementally, and they
are useful in practice only if one fixes in advance the number of iterations to perform, for instance by
relying on an a priori error bound. This drawback can be overcome by constructing a nested sequence
of poles that is equidistributed according to the limit measure identified by the optimal poles, which
can be done with the method of equidistributed sequences described in [114, Section 3.5]. These poles
have the same asymptotic convergence rate as the optimal Zolotarev poles and are usually better for
practical purposes. Knowledge of a positive interval [a,b] that contains A(A) is needed to compute
these poles. However, the integral expression of the Cauchy-Stieltjes or Laplace-Stieltjes function is
used only for the theoretical analysis, and it is not explicitly required to compute the poles.

When f is a Cauchy-Stieltjes function, an optimal sequence of poles and an associated error bound
are given in [114, Corollary 4]. The pole selection strategy described in [114] for Cauchy-Stieltjes
functions is a special case of the one introduced in [10, Section 6] for Markov functions, where the
authors consider the more general problem of rational approximation in the non-Hermitian case. The
pole sequence and the associated error bound are given in [10, Theorem 6.6]. These poles are also
related to the third Zolotarev problem, and they are defined in terms of Jacobi elliptic functions; we
refer to the proof of [10, Theorem 6.6] for additional details.

2.5.4 Approximation of quadratic forms

When computing approximations to quadratic forms involving f(A) for a Hermitian matrix A, polyno-
mial and rational Krylov subspace methods have a faster convergence compared to the approximation
of f(A)b. Here we focus directly on the rational case, as the polynomial one can be obtained as a
special case. Similarly to (2.5.6), we can approximate the quadratic form b f(A)b with

b f(A)b ~ = bV, f(A)VED = ||b]|2e f(An)er. (2.5.9)

It is immediately clear from (2.5.9) that only the projected matrix A,, is needed to compute v,,, while
the basis V,, is not explicitly required. This means that one can construct the basis V,, with the
rational Lanczos algorithm by exploiting a short-term recurrence and keeping in storage only the last
three basis vectors at any given time, without requiring a second pass to recompute the basis V,,, as in
the case of f(A)b; see for instance [128].

The approximation (2.5.9) is exact on rational functions with a degree that is roughly doubled with
respect to the dimension of the Krylov subspace, as shown in the following lemma.

Lemma 2.5.11. Let A be Hermitian, and let V;,, be the basis of Q,,(A,b,&,,) constructed by Algo-
rithm 2.2. Let A,, = VZZAV,,, and let g,,_1 be the denominator polynomial of the associated rational

Krylov subspace. Then, for any rational function r = p/q?, , with degp < 2m — 1 we have
b r(A)b = [|b]3e{ r(Am)er
Proof. See for instance [90, Remark 3.2] or [128, Proposition 3.1]. O

The exactness result of Lemma 2.5.11 leads to the following error bound, which can be proved
similarly to Theorem 2.5.8.

Proposition 2.5.12. Let A be Hermitian, and let v, be the rational Arnoldi approximation (2.5.9)
to b f(A)b, and let q,,_1 be the denominator polynomial of the rational Krylov subspace. Then we
have

67 F(A)b — 4| < ||b||§p€1glin (If = a2 apllacay + I = dm21pllacan)) -

m—1
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The approximation (2.5.9) can be also interpreted in terms of rational Gauss quadrature rules, see
for instance [2,130].



18

CHAPTER 2. BACKGROUND



Chapter 3

Error bounds for rational Krylov
methods

In applications it is often essential to have bounds or estimates on the error of the approximation
of f(A)b with a Krylov subspace method, in order to either predict the number of iterations needed
to reach a given accuracy or to have a reliable stopping criterion. A simple way to estimate the error
If/(A)b — fiull2 is to simply approximate it with ||fin+1 — fmll2, which can be easily evaluated by
running the Krylov subspace method for one additional iteration. This error estimate is often quite
reliable as a stopping criterion, but it does not provide any theoretical guarantee on the error and it
may sometimes significantly underestimate it, especially when convergence is slow or stagnating for a
few iterations. In the literature there have been several papers devoted to developing a priori and a
posteriori error bounds and estimates, both in the polynomial [40,78,80] and in the rational Krylov
setting [10,114,120].

In this chapter we present some error bounds for the approximation of f(A)b with rational Krylov
methods, obtained by exploiting an integral representation of the function f. In Section 3.2 we review
a bound for the approximation of f(A)b that was given in [89, Section 6.6.2|, and we extend it to
the quadratic form b f(A)b in the case of Hermitian A in Section 3.2.1. In Section 3.3 we obtain an
integral expression for the error in the approximation of f(A)b by exploiting an integral expression of f,
which we then use to derive both a priori and a posteriori bounds when A is Hermitian. To obtain these
bounds we first need to analyze the relation between rational Krylov subspaces associated to shifted
matrices A — zI. The contents of this chapter are based in part on [21] and [143].

3.1 Krylov subspaces associated with shifted matrices

In this section we give some results on Krylov subspaces associated to shifted matrices and their relation
to the approximate solutions of shifted linear systems, which are going to be useful in the derivation of
the error bounds later in this chapter. Unless explicitly stated, we do not assume that the matrix A is
Hermitian.

3.1.1 Polynomial Krylov subspaces

Let us start by recalling some basic facts regarding shifted polynomial Krylov subspaces and the solution
of shifted linear systems using the full orthogonalization method (FOM) [134], which will serve as an
introduction to the next part, in which we will consider rational Krylov subspaces.

Recall that after m iterations FOM constructs a basis V,,, € C™"*" of the polynomial Krylov sub-
space K, (A, b) and approximates the solution to the linear system Ax = b with

T, = VmA;nlel||b||2, where A,,, = Vni[AVm.

This is equivalent to imposing that the residual r,, = b — Ax,, is orthogonal to the basis V;,,. The
residual 7, can be elegantly expressed in terms of the characteristic polynomial of A,,. If we denote

19
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by xm the characteristic polynomial of A,,, that is x,,(A) = det(A] — A,,), by [127, eq. (3.8)] we have

1
Ty = ) Xm (A)b. (3.1.1)

Moreover, since 7, € K,,4+1(4,b) and r,, L K,,,(A,b), the residual 7, is proportional to the next basis
vector v, 41 (see, e.g., [134, Proposition 6.7]).

A similar argument can be used for the solution of a shifted linear system (A — zI)x(z) = b, for
any z € C. Due to the shift invariance of polynomial Krylov subspaces, i.e. K,,,(4 — zI,b) = K,,,(A, b),
after m iterations of FOM applied to the shifted system we have constructed the same basis V,,, as
in the case of the linear system Ax = b, and therefore the approximate solution to the shifted linear
system is given by

X (2) = Vin(AZ) " ter||bll2, where A? := V(A - 2I)V,, = A,, — 21

The residual can be expressed using (3.1.1) with AZ, in place of A,,, yielding

rm(z) =b— (A — ZI)SCm(Z) =

fn A —zI)b,
(@) m A==

where

Xo(A) == det( AT — AZ) = xm(A + 2).

With simple algebraic manipulations, the above expression can be rewritten as

__ 1 _ xm(0)
Tm(2) = Yo (2) Xm(A)b

rm(0). (3.1.2)

In other words, the residuals of shifted linear systems are all collinear, and they are proportional
t0 V41, the next vector in the Krylov basis. The constant in (3.1.2) can be written explicitly in terms
of the eigenvalues of the projected matrix A,,. These facts are well known in the literature, see for
instance [141, Proposition 2.1] and [150, Lemma 5].

3.1.2 Rational Krylov subspaces

The results that we present in this section have strong similarities with the ones presented in Sec-
tion 3.1.1 for the case of shifted polynomial Krylov subspaces and FOM. Let us consider the family of
shifted linear systems

(A—zI)x =b, z e C.

In analogy to FOM and to the matrix function approximation (2.5.6), we can extract from the rational
Krylov subspace Q,,(A,b,&,,) the approximate linear system solution

X (2) = Vi (A — 2I) " teq||b]|2. (3.1.3)

Let us introduce the notation
resy,(z) :=b— (A — z[)xn,(2),

. (3.1.4)
err,,(2) := (A — zI)” ‘res,,(2),
which are the residual and error of the shifted linear system, respectively.

Lemma 3.1.1. Assuming that K, is nonsingular, the shifted linear system residual res,,(z) can be
written as

res,(2) = —(I — VisV.E) (st md — kms1.mA)vmirel KoY (A — 21) " Yeq||bl|2, (3.1.5)

where Ry, q1,m and ky,41,m are the last subdiagonal elements of H,, and K, respectively.

Doms
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Proof. Let us consider the rational Arnoldi decomposition
AVerle - m+lﬂm

obtained after m iterations of the rational Arnoldi algorithm. We can write this relation more explicitly
as

AV Ky + A1 kt.mel, = Vi Hyy + Vs 1 hin1 mel . (3.1.6)

The ratios of corresponding subdiagonal elements of H,, and K, are the poles &;,...,&, of the

rational Krylov subspace; this follows from the definitions of H,, and K, given in Section 2.5.2, see

also [89, Section 5.1] and [26]. In particular, hm+17mk7;i1’m = &m, 80 kmt1,m = 0 when &, = co. For
all z € C we have

(A= 2DV = Vi (Hn Kb — 21) + (hing1.m I — ks 1.mA)Om el Kb (3.1.7)

Recalling that A,, = V.H AV,,, we see from (3.1.6) that

m m

Ap = Hpn Kb = k1 mV.E Avyy el K1
and combining with (3.1.7) we get for A,, the identity
(A= 2DV = Vo (A, — 2I) + (hsr,mI = kms1,m(I = Vi VEDNA) vpgel K
= V(A — 2I) + (I = Vil VED (hyi1 i d — kms1.m A)vpgrel KoL (3.1.8)

where we used the fact that v,,41 L range(V,,) for the last equality. Using (3.1.8), the residual res,, (z)
can be written as

resy(2) = —(I =V V.Y (hinsimI — kmy1.mA)vmy1eL KoL (A — 21) 7 teq b2,
concluding the proof. O

This shows that the residuals res,,(z) are collinear for all z € C. In particular, when &,, = co we
have kp+1.m = 0 and (3.1.5) simplifies to

res,,(z) = —hm+177,Lv7,L+1e?nK;1(An, - zl)flel||b||2, (3.1.9)

i.e., the residuals are collinear to the next basis vector v,,11, as in the polynomial case discussed
Section 3.1.1. The identity (3.1.9) has been used in past literature, see for instance [89, Section 6.6.2]
and [21, Section 4.3].

The residual res,,(z) can be also linked to the characteristic polynomial x,,(A) = det(AI — A,,).
For simplicity, let us focus first on the case z = 0, and let us use the notation res,, := res,,(0) and
similarly x,,, := x,,,(0). The residual res,, is orthogonal to Q,, (A, b) because of the factor (I —V,,V,2)
in (3.1.5); recalling that &, = hm+t1.m/km+1,m, we also see that res,, belongs to the subspace

(I =&, A)Qmi1(A,b) = gim—1(A) ' Kims1(A,b) D Q1 (A, b).

If we denote by xm(A\) = det(A — A,;,) the characteristic polynomial of A,,, by [89, Lemma 4.5] we
have
Xm(A)mel(A)_lb 1 Qm(A7 b)a

and moreover X, (A)gm—1(A4)71b € ¢m_1(A) " Km11(A4,b). The vectors Xm(A)gm—1(A)~1b and res,,
belong to the same subspace of dimension m+ 1 which contains Q,,(A, b), and they are both orthogonal
to 9, (A4, b), so they must be collinear, i.e., there exists a constant o € C such that

res,, = axm(A)gm_1(A)"'b.
The value of the constant o can be determined by looking at the constant terms in the identity

mel(A)b - mel(A)AXm = aXm(A)b7
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which gives us
gm-1(0) = axm(0).
As a consequence, we have the following elegant expression for the residual with z = 0,
dm—1 (0)
Xm (0)

This result can now be easily generalized to all z € C. Consider the shifted linear system (A—zI)x =
b, which has the approximate solution

res,,(0) = X (A)gm—1(A)"1b. (3.1.10)

xm(2) = Vm(Afn)_lelang, where A7 = VWI;I(A — 2DV = A —

Recall that the subspace Q,,(4, b, &,,) coincides with the subspace Q,,(A—zI,b, [, — ] 1) in which
the poles have been shifted by z. The denominator polynomial associated to this ratlonal Krylov
subspace is therefore

G ( H = 2) = am-1(A + 2),
and the characteristic polynomial xZ, of the projected matrix AZ, is
X2 (A) = det(M — AZ) = xim(A + 2).

If we write the residual res,,(z) = b — (A — 2I)x,» (%) using (3.1.10) with A replaced by A — zI, we get

q'rznfl(o) z z —1
resy(2) = — - xm(A—20)q,_1(A—2I)""b
gm-1(2) -1
= —Xm(A)gm-1(A)""b
Xm( ) m( ) 3 1( )
gm-1(2) xm(0)
= res,,(0). 3.1.11
4 () O (3141
Letting 9§m) with j = 1,...,m denote the eigenvalues of A,,, we also obtain the following explicit
expression for the shifted residual:
m— m a(m)
res,,(2) = pm(2)res,(0), where ¢, (2 H H (m) .
i1 =1 —z

3.2 A posteriori error bounds via the residue theorem

In this section we obtain some a posteriori error bounds for analytic functions, derived by exploiting
the Cauchy integral formula and the residue theorem. We first review an error bound given in [89, Sec-
tion 6.6.2] for the rational Krylov approximation of f(A)b, and we then extend it to the approximation
of the quadratic form b f(A)b in Section 3.2.1, modifying it in order to account for the faster conver-
gence rate for quadratic forms in the case of Hermitian A.

Recall that after m iterations of the rational Arnoldi algorithm we have the rational Arnoldi relation

AVm+1Km = m+1ﬂm 5

where range(Vin4+1) = Qm+1(A4,b,&n+1) and K, H, are (m+1) x m upper Hessenberg matrices with
full rank m. Let us focus on the situation when &, = co: in this case the last row of K, is zero, and
the Arnoldi relation simplifies to

AVme == VmHm + vm+1hm+1,me?n7
where hpy1, me is the last row of H,,. Since K, is nonsingular, we can rewrite the above identity as

AVm = VmAm + vm+1hm+1,me K 1 Where Am = V'niIAVm = HmK';Ll

m m
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Remark 3.2.1. The assumption that &,, = oo gives us a simpler rational Arnoldi relation and hence
it allows us to derive the error bound more easily. Such an assumption is not restrictive, since the
value of £, does not have any impact on V,,, and A,,, but only on v,,4+1 and the last column of H,,
and K. We will discuss in Section 3.2.2 some techniques that can be used to compute the bound for
all m, without having to set the corresponding poles &,, = co.

Assuming that f is analytic in a neighbourhood of the spectrum of A and denoting by I" a contour
that surrounds A(A), by the Cauchy integral formula we have

f(A)b 27r2/f Yzl — A)"tbdz.

If I also encloses the eigenvalues of the projected matrix A,,, we also have

b
o= 101V s (Amler = 512 [ 1)V T = ) e
i
and by combining the two above identities we obtain the following expression for the error
fAb— fr, = 3 / F(2)(2I — A) " 'res,,(2)dz, (3.2.1)
™

where we recognize res,,(z) as the residual of the shifted linear system (A — zI)x = b associated with
the approximate solution x,,(2) extracted from the rational Krylov subspace Q,,(A4, b). It follows from
(3.1.9) that

res;, (z) = ||bll2@m (2)Vm1, with ¢ (2) = hmt1.me;, K (zI — Am)_lel. (3.2.2)

Following [89, Section 6.6.2], we assume that A,, is diagonalizable and we denote its spectral decom-
position by A,, = X, D, X1, with D,,, = diag(6s,...,0,,). Defining the vectors

o =[oq,...,cm] = hni1mel K1 X, and B=151,....0m" =X e,

we have

- 1
om(z) = " (2 = D,,)B = Z;aaﬂjﬁ
p

Plugging this expression for ¢,,(z) into (3.2.1), we obtain

f( )b .fm— Hb”2 ]6]/ f ) 1’Um+1 dz

= [l Zajﬁj (F(A) = FOID)(A=0,D) v,

where the second equality follows from the residue theorem [95, Theorem 4.7a]. The expression in the
sum is a matrix function of A, with the function

JO =6 . Ly

= a;f; z =0
j=1

f’(Qj) ifz:9j,

where the expression for z = ; is obtained by taking the limit z — 6; in the one for z # ¢;. Summa-
rizing, we have written the error in the approximation of f(A)b as

f(A)b - fm = ||bH2G7rL(A)vm+1-

This error expression holds for a general matrix A. If we assume that A is Hermitian, we obtain the
following upper and lower a posteriori bounds on the error, which correspond to [89, eq. (6.15)].
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Theorem 3.2.2. Assuming that A is a Hermitian matrix with spectrum contained in the interval [a, b],
we have

[blle_min, |Gy (2)] < 1(4) = Foull < b2 max Grn(2). (323

If we do not assume that A is Hermitian, we still have the upper bound

£ = Full (L4 V) olls_max [Gn(2)].

However, this general bound is more difficult to evaluate compared to (3.2.3) since the numerical
range W(A) is hard to compute in general, and it may even provide no meaningful information on
convergence when f has singularities contained in W(A).

3.2.1 Error bounds for quadratic forms

In this section we obtain a refined a posteriori error bound for the quadratic form b f(A)b in the
case of a Hermitian matrix A, that accounts for the faster convergence rate predicted, e.g., by Propo-
sition 2.5.12. The contents of this section are partially based on [21, Section 4.3].

When A is Hermitian, we have

b (21 — A)res,,(2) = resy, (2)7 (2] — A)"'res,,(2) — xm(2)Pres,,(2)

=res,, (2)7 (21 — A)"'res,,(2),

where we exploited the fact that x,,(z) € Q,,(A,b) L res,,(z). By using this property in conjunction
with (3.2.1), we can write the error for the quadratic form b f(A)b as

b f(A)b — 1y, = 2%” / f(z)res, (2)H (21 — A)"res,,(2)dz
r (3.2.4)

1 _
= 5. 2 m m—+1 - m+1 )
3Bl | FE)em (ol (1 = A) o dz

where 1, = b¥ f,, is as defined in (2.5.9) and ¢,,,(2) is as defined in (3.2.2). We can now follow the same
steps used in the derivation of the bound for f(A)b to bound the integral in (3.2.4). Since A is Hermitian,
it has a spectral decomposition A,, = U,,D,,U with U,, unitary and D,,, = diag(f1,...,0,,), and the
vectors a and (3 are given by

ol =lay,...,an] = hm+17meﬁK;1Um and B=1B1,....0m"  =U ey,

so that we have

pm(z) =Yy —.
Jj=1
and
2 - 2 2 1 - 1
pm(2) :Zaj i _94)2—#2201]@% 0.
=1 ! j=1
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where we defined v; = Z ozgﬂg
Li L]

. By plugging this expression into (3.2.4) we get

B¢ 10— ) = 5.5 / FEom 2P0l (5] = A) Moy ds
- Z 277@ z‘]i(ze)j)Q m+1(ZI A) Um+1 dz

2ZO‘JﬂJ%2m/ flz m+1 (2] = A) w1 dz
Z 2ol (A)ff(f)j)f)(A*@jI)’zff'(9j)(A*9jI)’1)vm+1

+2 Z B0l (F(A) = FO,)1)(A — 0,1) v,

Jj=1

where for the last equality we again used the residue theorem [95, Theorem 4.7a].

Let us define
_i o252 <f(z)_9f§2j) _z’fee))JJ 0B Jw if 2 £ 0,

j=1 27(05) + 20857 1 (6;) if z =0,

where the expression for z = 0; is obtained by taking the limit for z — 6; in the definition for z # 0;.
We have written the error in the approximation of b f(A)b as

be( )b — by = ||bH2Um+1gm(A)vm+17

and this expression immediately leads to the following a posteriori bound for the quadratic form error.

(3.2.5)

Theorem 3.2.3. Let A be a Hermitian matrix with A(A) C [a, b]. Using the same notation as above,
we have

Bl min 9, (2)] < 1B £(A)b = ] < B3 ma lon(2)] (3:26)
Remark 3.2.4. We are mainly interested in the upper bound in (3.2.6) to have a reliable stopping
criterion for the rational Krylov method, although the lower bound can also be of interest. Under certain
assumptions, it is also possible to obtain upper and lower bounds for the quadratic form b f(A)b using
pairs of rational Gauss quadrature rules, such as Gauss and Gauss-Radau quadrature rules. We refer
to [2] for more details.

Example 3.2.1. In this example we test the accuracy of the lower and upper bounds given in (3.2.6)
for the approximation of b f(A)b with a rational Krylov method, using the poles for Cauchy-Stieltjes
functions described in Section 2.5.3. We consider a 2000 x 2000 real symmetric matrix A with logspaced
eigenvalues in the interval ¥ = [1072,10%], a random vector b and the functions fi(z) = zlog(z) and
f2(z) = y/z. The upper and lower bounds are computed numerically by evaluating g,, on a discretization
of the interval [Amin, Amax]. In addition to the lower and upper bounds, we also consider a heuristic
estimate of the error given by the geometric mean of the upper and lower bound in (3.2.6), i.e

_ 2 3
esty = [[bll3, /minlg. (=) max|gm (2)] (3.27)

We also include a simple error estimate obtained as a difference of consecutive iterates, |bf f(A)b —
Um| = |¥m+t1 — ¥m|. The results are shown in Figure 3.1. Both the upper and lower bounds from
Theorem 3.2.3 match the shape of the convergence curve quite well. Quite surprisingly, the geometric
mean of the bounds gives a very accurate estimate for the error, even in the case when the bounds
themselves are less accurate. On the other hand, the consecutive difference error estimate often under-
estimates the error, especially when convergence is stagnating for a few iterations (this is particularly
evident in the left plot of Figure 3.1).
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Figure 3.1 — Accuracy of error bounds and estimates for the relative error in the computation of b f(A)b
with a rational Krylov method, where A is a 2000 x 2000 matrix with logspaced eigenvalues in the
interval [1073,10%]. Left: f(z) = zlogz. Right: f(z) = /2.

Remark 3.2.5. We do not have a rigorous explanation for the accuracy of the estimate based on the
geometric mean of the bounds in (3.2.6), but from further experiments it seems to be very accurate also
for other functions. Unfortunately, if the spectral interval X is only known approximately, the bounds
become less tight and the geometric mean estimate usually ends up underestimating the actual error
by one or two orders of magnitude.

3.2.2 Computation of the bounds

Recall that the a posteriori bounds in (3.2.6) hold after the m-th iteration only if &, = co. In a
practical scenario, i.e., when using the bounds as a stopping criterion for a rational Krylov method, it
is desirable to evaluate the bounds after each iteration, without being forced to set the corresponding
pole to co. As anticipated in Remark 3.2.1, we provide here two approaches to evaluate the bounds
in (3.2.6) even when &, # co.

One way to avoid setting poles to oo, proposed in [89, Section 6.1], is to use an auxiliary basis

vector Voo, which is initialized as vl = Awv; at the beginning of the rational Arnoldi algorithm, and
maintained orthonormal to the basis vectors {v1,...,v;} at each iteration j, at the cost of only one

additional orthogonalization per iteration. The basis [V 'ugf-))] is an orthonormal basis of the rational
Krylov subspace Q;11(A,b) with poles {&1,...,{j_1,00}, and it is associated to the auxiliary Arnoldi
decomposition

AV;K; = [V; vQ]H,

7]’

where K je; = ey and the last column of E j contains the orthogonalization coefficients for 17(()2). This

decomposition can be used to compute the bound (3.2.6) since the last row of K ; 1s zero by construction.

Remark 3.2.6. We point out that if {; = oo for some j, then the approach described above will not
work from iteration j + 1 onward, since Av; € Q;;1(A,b) and therefore v = 0 after orthogo-
nalization. This is easily fixed by switching to a different auxiliary vector at iteration j + 1, such as
Voo = Avj41, or by setting directly at the start ve, = A1y, where ¢ is the number of poles at co

used to construct the rational Krylov subspace.

In our experience, the technique described above can be sometimes subject to instability due to
a large condition number of the matrix K;. Therefore we also propose another approach, which is
inspired by the methods for moving the poles of a rational Krylov subspace presented in [26, Section 4].
The idea is to add a pole at co at the beginning of the pole sequence, and reorder the poles at each
iteration in order to always have the last pole equal to cc.



3.3. A PRIORI AND A POSTERIORI BOUNDS VIA AN INTEGRAL EXPRESSION 27

First of all, we recall how to swap poles in a rational Arnoldi decomposition. This procedure is a
special case of the algorithm described in [26], but we still describe it in some detail for completeness.
Recall that the poles of a rational Krylov subspace are the ratios of the entries below the main diagonals
of H; and K, i.e., we have ; = hj11;/kjy1;. In other words, the poles {&1, ..., ¢;} are the eigenvalues

of the upper triangular pencil (PAI]-, I/(\'j), where we denote by PAI]- the bottom j x j block of H;, and

similarly for K j- So we can obtain a transformation that swaps two adjacent poles in the same way as
orthogonal transformations that reorder eigenvalues in a generalized Schur form [102]. Let U; and W
be j X j unitary matrices such that the pencil U JH (ﬁ s K ;)W is still in upper triangular form and has the
last two eigenvalues in reversed order; the matrices U; and W; only involve 2 x 2 rotations, and they can
be computed and applied cheaply as described in [102]. Defining ﬁj = blkdiag(1,U;) € CUTVXG+1),
we have the new rational Arnoldi decomposition

A‘7j+IKj = ~j+1ﬁj;

where _ R B R ~ R

Vigi =Vinl;,  K;=U'K,W; and H,=UH,W;.
This decomposition has the same poles as AV 1 K ;i = Vj+1H;, with the difference that the last two
poles &;_1 and &; are now swapped. In particular, if £;_; = oo, the last pole of the new decomposition
is now oo, and hence the last row of K ; 1s equal to zero.

Given the pole sequence {£1,&s,. .. }, let us consider the rational Krylov subspace associated to the
modified pole sequence {00, &1, &s, ... }. Clearly, after the first iteration both pole sequences identify the
same subspace Q1(A,b) = span{b}, but the last (and first) pole of the modified sequence is 0o, so the
last row of K is zero and we can use the decomposition AV} Ky = VoH, to compute the bound (3.2.6).
After the second iteration, if £ # oo, we can swap the poles & and oo with the procedure outlined
above to obtain the decomposition AV5Ky = V3H, associated to the poles {£1, 00}, where again the
last row of K, is equal to zero (for simplicity we still use the notation K; instead of K ;, and similarly
for V; and H;). If & = oo, there is no need to swap poles and we can proceed to the next iteration.

By repeating the same procedure to swap the last two poles at each iteration, we can ensure that
after j iterations we have a decomposition AV;K; = Vj,1H ;, associated to the poles {1,...,&;—1,00}
in this order, so that the last row of K ; is equal to zero and it can be used to compute the bound (3.2.6).
Remark 3.2.7. Note that V; is a basis of Q;(A,b), which is the same subspace that we would have
obtained if we had run the rational Arnoldi algorithm with poles {¢1,...,§;—1}; so the method de-
scribed in this section actually computes the approximation 1; and the bound associated to the poles
{&,...,&-1}, and not to the modified pole sequence {c0,&1,...,&;_2}. The initial pole at oo is only
added to enable the computation of the bound and it is never used in the actual approximation.

3.3 A priori and a posteriori bounds via an integral expression

The authors of [40] analyze the error of the Lanczos method for functions of Hermitian matrices, and
by means of the Cauchy integral formula they derive an expression for the error that can be used to
obtain both a priori and a posteriori error bounds. In this section we follow a similar approach to
obtain an integral expression for the error in the approximation of f(A)b by means of a rational Krylov
method, and we then use it to derive both a priori and a posteriori bounds in the case of a Hermitian
matrix A, for functions that have a certain integral representation. The results that we obtain can be
interpreted as a generalization to the rational Krylov case of the ones presented in [40]. The contents
of this section are primarily based on [143].

Given an open set S C C, we consider the class of functions f : & — C that admit the integral
expression

f(z) = / (z— 2) V(). (3.3.1)

for a suitable contour I' C C and measure du(z). The representation (3.3.1) reduces to the Cauchy

integral formula when f is analytic, du(z) = (z)dz, T is a simple closed curve and S is the

ot
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interior of I', and to the Cauchy-Stieltjes integral representation when I' = (—00,0], S = C\I" and du(z)
is a positive measure (see Definition 2.2.2). Rational approximations of Cauchy-Stieltjes (and more
generally, Markov) functions have been investigated for instance in [8,10].

Similarly to (3.2.1), by using the matrix version of the integral representation (3.3.1) of f we can
write the error in the rational Krylov approximation of f(A)b in the form

F(AYb = f = /

(A=2I)""0 — Vi (A — z[)flvrfb) du(z) = / err,,(z)du(z), (3.3.2)
r r

where err,,(z) denotes the error in the solution of the shifted linear system (A — zI)x = b using the
rational Krylov subspace Q,,(A,b), see (3.1.4).

Following a similar approach as the one used in [40] to bound the error for the Lanczos method, we
are going to rewrite (3.3.2) in terms of res,,(w) and err,,(w), for a given w € C. For w and z € C, it
is easy to derive from (3.1.11) the identity

Qm—l(z) X'm(w) Qm—l(z)
res,,(z) = . res,,(w) = ——— det(hy . (Am)) res, (w), 3.3.3
(2) @) () (w) PR (hw,=(Am)) (w) (3.3.3)
t —
where we used the notation h,, ,(t) = tJ’ borrowed from [40]. In the following, we are also going
—z

to use the notation k. (t) := (t — 2)~!

)L
We can use the identity (3.3.3) to replace res,,(z) with res,,(w) for any w and z € C. A similar
relation can be obtained for err,,(z) and err,,(w), indeed we have

err,,(z) = (A — zI)*lresm(z)
_ mel(z) . X’m(w) — _1res w
C gm—1(w)  Xm(2) S ) (3:3-4)
_ m-1(2) e err, (w
B mel(w) det (hw,z(Am)) hw,z(A) m( )

By comparing (3.3.3) with (3.1.5) we also obtain the following explicit expression for the scalar coefli-
cient in (3.3.3),

tm-1(2) Xm(w) _ €, K5 (Am —21)""es

Gm-1(w)  Xm(2) €L K (Apn —wl)"ter
The identities (3.3.3) and (3.3.4) can be used to prove the following theorem, which gives us an ex-
pression for the error in the approximation of f(A)b in terms of the error or residual of shifted linear
systems.

Theorem 3.3.1. Assume that f has the integral representation (3.3.1), and let f,,, be the approxi-
mation (2.5.6) to f(A)b from the rational Krylov subspace Q,,(A,b,&,,), with denominator polyno-
mial gp,—1. Let D= {&1,...,&m—1} UA(A)UA(A,,) and let w be a measurable function w : T' — C\ D.
We have

= 7qm_1(z) e err,,(w(z z
f(A)b —fm = /1_\ Qm—l(w(z)) det (hw(Z),z(Am>) hw(Z)yz(A> m( ( )) dﬂ( )

= [ ) res,, (w(z .
N A Gm—1(w(z2)) det (hw(z),z(Am)) k.(A) m(w(2)) dp(2).

(3.3.5)

Proof. In (3.3.2), for each z € T replace err,,(z) with the expression in (3.3.4) using w = w(z) to
obtain the first identity in (3.3.5). The second identity is then easily obtained by recalling the definition
of k. O

Remark 3.3.2. An identity similar to the one in Theorem 3.3.1 has been given in [40, Corollary 2.5]
for the error of the approximation of f(A)b with the Lanczos method, using the Cauchy integral
representation of f. Indeed, Theorem 3.3.1 reduces to [40, Corollary 2.5 by taking ¢,,—1(2) = 1, du(z) =

1
——f(2)dz and a constant w(z) = w. Apart from the factors that involve the denominator g,,—1 of
2w
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the rational Krylov subspace, an important difference from the result in [40] is the use of a function w(z)
instead of a constant parameter w. This modification, which might appear minor at a quick glance,
turns out to be a crucial element for dealing with the rational Krylov case. We are going to thoroughly
discuss this point in Section 3.3.1.

Although it is not practically feasible to evaluate the error expression in (3.3.5) directly since it
depends explicitly on the matrix A, it can be employed to derive bounds for the error that are easily
computable. The following corollary is a simple consequence of Theorem 3.3.1, and it is the analogue
of [40, Theorem 2.6] for rational Krylov instead of Lanczos. We denote the eigenvalues of A, by A;(4Am),
fori=1,...,m.

Corollary 3.3.3. With the same hypothesis of Theorem 3.3.1, assume further that A is Hermitian
and that for some compact sets Sp,S1,...,Sn C R\ T we have A(A) C Sy, and N\, (4,,) € S; for
all i =1,...,m. Then we have the inequalities

1£(A)B = full2 < qq’”ﬁ thw(z),zns lexzm(w(=)2 lduz)|
and
1708~ il < [ |20 Tl ks s () s

Proof. Since the eigenvalues of A are Contamed in Sy, we have
[ (z),=(A) |2 = )\g}\a(ﬁ)‘hw(z),z()‘” < Pwz),z llso -

Similarly, we have

m

|det (hap(z),-(Am)) | = H’hw(z),z()‘j(Am))| < H”hw(z),z s,
Jj=1 j=1

By applying the above inequalities to the first identity in Theorem 3.3.1, we obtain

17040 = Full < | M\wdet( woe(Am))] - [uoey = (A) 2 exm (w(2)) 2 [dpa(2)]
< M\ ).zl so - Huhw(z -lIs, - llexzm (w(2))lz [du(2)]-

j=1

The second inequality follows with the same argument, using the error expression in terms of res,, (w(z))
from Theorem 3.3.1. O

Observe that if we use a constant function w(z) = w in Corollary 3.3.3 the bounds are simpli-
fied, since the terms |lerr,,(w)||2 and ||res,,(w)|2 no longer depend on z and thus can be bounded
independently from the integral term.

Corollary 3.3.3 can be interpreted as either an a priori or an a posteriori bound, depending on the
choices for the sets S;. For example, we can casily obtain an a priori bound by taking S; = [a,b] D A(A)
for 5 = 0,1,...,m. On the other hand, once A,, has been computed and its eigenvalues are known,
we can obtain an a posteriori bound by taking Sy = [a,b] and S; = {\;(Am)}, for j =1,...,m. The
two following corollaries are restatements of Corollary 3.3.3 in the a priori and a posteriori setting,
respectively, using the choices described above for the sets S, j =0,...,m.

Corollary 3.3.4. Under the assumptions of Theorem 3.3.1, if A is Hermitian with A(A) C [a,]
contained in the interior of I', we have the a priori bounds

[£(A)b = fmll2 <

qn(fm<u5<>>>’ Ve I lerem(w(2))lz ldu(z)|

and

dm—-1\Z m
1F(Ab = Fullz < / \ 1(2) \ Voo 212 el - Izesm(t() 2 1du(2)].

Gm—1(w(2))
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Corollary 3.3.5. Under the assumptions of Theorem 3.3.1, if A is Hermitian with A(A) C [a,b]
contained in the interior of I', we have the a posteriori bounds

w(z),zllfap] - [lerTm(w(2))]l2 [dp(2)]

1£(A)b — Fnlla < /

T

dni()  xm(w(E)|
@) xXm(2) ‘ I

and

1F(A)b = Funlla < /

r

_1(z w(z
At XD - e (w(e)le o)

If additional a priori information on the spectrum of A is available, it can be incorporated in the
sets S; in order to get more precise bounds. For example, assume that in addition to the spectral
interval [a, b] we know that all except for 10 eigenvalues of A are contained in the smaller interval [a, ],
with a < ¢ < b. Then, by the Cauchy interlacing theorem [88, Theorem 8.1.7] we can conclude that at
most 10 eigenvalues of A,, are not inside the interval [a, ¢], so we can take S; = [a,b] for j =1,...,10
and S; = [a, ] for j = 11,...,m. This kind of choice for the sets S; exploits more spectral information
of the matrix compared to the bounds in Corollary 3.3.4, so it would result in more refined bounds that
are able to better capture the convergence behavior of rational Krylov methods.

Remark 3.3.6. Although the error expressions in Theorem 3.3.1 hold for a general matrix A, we have
assumed that A is Hermitian to obtain Corollary 3.3.3. While it is possible in principle to obtain bounds
for non-Hermitian matrices by bounding the factors in (3.3.5) in terms of the field of values of A, such
a bound would not be particularly useful in practice, since it is difficult to determine the field of values
of a general matrix. Moreover, the optimization approach described in Sections 3.3.1 and 3.3.2 may
fail to produce accurate bounds in the non-Hermitian case.

3.3.1 Bound discussion

The error bounds in Corollaries 3.3.4 and 3.3.5 depend on several parameters, such as the curve I" and
the function w(z), and on the choice between |lerr,,(w(z))||2 and [|res, (w(z))]2.

Since the factors ||hy,z||ja,p) and ||k.[(4,5 diverge when z approaches the interval [a, b], when using
the Cauchy integral formula it is a good idea to take I' as far as possible from the spectrum of A.
For example, for a function such as f(z) = y/z with a growth behavior of o(|z|) for |z| — oo, we can
choose I' as a large circular arc centered in the origin joined with a keyhole contour around the negative
real line to avoid the branch cut of f. Since |f(z)/z] = o(1) as |z| — oo, the integral on the large
circular arc in (3.3.5) vanishes as the radius goes to infinity, so by taking the limit we can consider the
contour I' = (—00, 0]. See [40, Section 3.1] for further discussion on the choice of T.

Regarding the choice between the bound in terms of |err,,(w(z))||2 and the one in terms of
lres,, (w(z))||2, it is clear that for an a posteriori bound it makes more sense to use the residual
norm, since it can be computed quite cheaply once the Krylov basis is available, while the formula-
tion with the error norm requires the exact solution of the linear system, which is significantly more
expensive to obtain and therefore impractical.

On the other hand, for an a priori bound neither res,,(w(z)) nor err,,(w(z)) are available because
the Krylov basis has not been constructed yet, so in a realistic scenario they have to be bounded
using an a priori bound for the linear system error or residual. Which formulation gives the better
bound would depend on the quality of the bound for the linear system error or residual, but numerical
experiments seem to indicate that the formulation based on the error is usually more accurate.

The same can be observed for a posteriori bounds as well: the bound in Corollary 3.3.5 with the
exact error is sharper than the bound with the exact residual. A possible explanation for this fact is
that the inequality

Vs (Aexz ()2 < el - lexzm(w)]la

is tighter than
I(A = zI) " respm(w)ll2 < [[k: a0 - resm(w)ll2,

especially when w can be freely chosen (note that the left-hand sides in the two inequalities above
are equal). However, this observation is only meaningful for a priori bounds, because in practice one
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would always use the residual formulation for an a posteriori bound, since the exact residual norm is
cheap to compute when the rational Krylov basis is available. We will discuss the computation of the
a posteriori bound in detail in Section 3.3.3.

A crucial factor for the effective use of the bounds in Corollaries 3.3.4 and 3.3.5 is the choice of the
function w(z). The simplest option (and the cheapest one to evaluate) is to use a constant function
w(z) = w, similarly to [40], since with this choice we only have to compute or bound the residual (or
error) of a single shifted linear system. This turns out to be the most convenient choice for a posteriori
bounds, but it often gives underwhelming results when used to obtain a priori bounds, and it may
even cause the bounds to diverge (see Section 3.4.1 for an example); in this setting, using a general
function w(z) is much more effective.

To have a better understanding of this phenomenon, let us focus on the first bound in Corollary 3.3.4,
and let us look at each factor in the integrand separately:

e the factor |¢m—1(2)/qm—1(w)| = H;n:711|(z — &)/ (w —&;)| is large when w is closer to the set of
poles {{;}; compared to z, and small when w is farther than z from the poles;

e the factor |hy .
otherwise;

|EZJE]1 is small when w is closer than z to the spectral interval [a,b], and large

e the factor ||err,,(w)]2 is large when w is close to [a, b], and small when w is close to the poles or
when w has a large modulus.

A consequence of the different behavior of the factors and their dependence on z is that the value of
the parameter w that minimizes the integrand can be significantly different for different values of z,
so it is difficult to find a single w that makes the integrand small for all z € I'. This is illustrated in
Figures 3.2 and 3.3 with a simple example where the spectrum of the matrix A is contained in [0.2, 4]
and the rational Krylov subspace has four poles, for z = —4 and z = —0.3 and w that varies in the
complex square [—5,5] x [—5i,5i]. Note that the poles factors in Figures 3.2 and 3.3 only differ by a
constant multiplicative factor, and that the linear system error factors are exactly the same. However,
due to the different behavior of the h,, , factor in the two cases, the full integrands (on the bottom
right in Figures 3.2 and 3.3) look significantly different.

The values of ||k - ||ja,p) in Figures 3.2 and 3.3 are computed using Lemma 3.3.7, which generalizes
[40, Lemma 3.1] to the case of complex w and real z. We mention that this result can also be generalized
to the case of both w and z complex with a similar proof, but the statement is less elegant in that case.

Lemma 3.3.7. Let [a,b] CR, z € R\ [a,b] and w € C. Define

B |w|? — 2 Re(w)

A= Re(w) — 2

and let I

P S ()] = ’ mfw)‘ if \* € [a, b)],

0 otherwise.
We have .
a—w —w
hw zll[a,b] = s |7 by h*p.
1w,z max{ a—z 'b—z }

Proof. The proof is similar to the proof of [40, Lemma 3.1]. For any A € R, we have

A —wl?

A—2z

(A — Re(w))? + Im(w)?
(A —2)2 ’

HO) = 00 = |

and
dH  2(A— Re(w))(A — 2)* — 2(A — 2)((A — Re(w))* + Im(w)Q).

dax (A —2)
It follows that % = 0 only for A = A*, so the only possible maxima of hy, .(\) in [a,b] are for A = a,

A=band A = \*, if A* € [a,b]. Finally, with some simple algebraic manipulations it can be shown
that |hy »(AF)| = [Im(w)/(w — 2)]. O
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Figure 3.2 — Behavior of the different factors in the first a priori bound in Corollary 3.3.4 for w €
[—5,5] x [—54, 5], for z = —4.
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Figure 3.3 — Behavior of the different factors in the first a priori bound in Corollary 3.3.4 for w €
[-5,5] x [-54, 5], for z = —0.3.



3.3. A PRIORI AND A POSTERIORI BOUNDS VIA AN INTEGRAL EXPRESSION 33

We can see from Figures 3.2 and 3.3 that the values of w for which the integrand is smallest are close
to z. Indeed, it turns out that the bounds in Corollary 3.3.3 are minimized precisely when w(z) = z.

Proposition 3.3.8. Under the same assumptions of Corollary 3.3.3, the bounds in Corollary 3.3.3 are
minimized for w(z) = z.

Proof. Let us consider the first bound in Corollary 3.3.3. For w(z) = z, we have h, ,(t) = 1 for all ¢t # z,
so the bound becomes simply

1F(A)b — full2 < / lerzm(2)ll2 [du(2)].

Now, consider any function w(z) that satisfies the assumptions in Theorem 3.3.1 and recall (3.3.4),
which implies that

_ | _na(2) .lde . err,,(w(z
ozt = | L . e () .o (4) et (D e

Using the assumptions of Corollary 3.3.3, we can bound

|det( H w(z),z

and
”hw(Z),Z(A)errm(w(Z))||2 < ”hw(Z),ZHSO . ”errm(w('z))HQ-

If we plug these inequalities in the expression for ||err,,(z)||2, we obtain

1F(A)b — full2 < / lexzom(2)]l2 |du(z)]

dm— 1(2)
r| gm-1(w(z))

<

w(z),z th(Z),ZHSo ) ||errm(w(z))|\2 |dﬂ(z)|7

which coincides with the first bound in Corollary 3.3.3. Since this inequality holds for any admissible
function w(z), we have shown that the bound with w(z) = z is smaller than the bound obtained using
any other function w(z), and thus the function w(z) = z must be a minimizer for the right-hand side
of the first bound in Corollary 3.3.3.

The same can be proved for the second bound in Corollary 3.3.3, by observing that for w(z) = 2
the bound simplifies to

1F(A)b = fmll2 < /FIIkzllso llres(2)ll2 [du(2)|

and then using the same strategy, recalling the identity

Ireso)ll = |22 e (4 )] - Ires(u) =

Although using w(z) = z is not very practical because it would require the computation of the
residual or error norm of a different shifted linear system for each point used in the discretization of
the integral, the result of Proposition 3.3.8 provides some theoretical insight regarding the choice of the
function w(z). In the following sections we discuss practical ways to choose the function w(z) in order
to approximately minimize the bounds, both in the a priori and a posteriori setting.

3.3.2 A priori bounds

Let us consider the first a priori bound in Corollary 3.3.4. For any z € T, an ideal choice for w(z) would
be one that minimizes the integrand in the bound, i.e.,

1
w(z) = argmin ( Nha, Z|
weC\D |Gm—1(w)]

JJerrm(w >|2) |
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Algorithm 3.1 A priori error bound for f(A)b

Input: Hermitian matrix A € C"*", vector b € C", real interval [a, b] such that A(A) C [a, b], function
f with integral representation (3.3.1), poles {&1,...,&m-1} C C.
Output: a priori bound &,,, > 0 such that || f(A)b— fiull2 < em, with f,,, defined in (2.5.6) using poles
{61, &m}
1: Choose a discrete set W C C\ [a,b] U {&1,...,&n—1} (e.g., take W to be a discretization of T').
2: For all w € W, compute ¢, (w) such that ||err,, (w)| < ¢m(w) (e.g., using Theorem 3.3.14).
3: Choose a quadrature formula for the integral over I', with quadrature nodes Z C T'.

1
4: For all z € Z, compute w(z) = argmin < Nhw,» ?241;]1 . gpm(w)>, using [40, Lemma 3.1]
weW |qm*1(w)| 7
or Lemma 3.3.7 to evaluate ||l [|[q,p)-

5: Using the chosen quadrature formula, compute

qm* (Z) m
e[| S e 5 - e 0() (o)

gm—1(w(z))
where we have dropped the factors that do not depend on w, and the set D is the one defined in
Theorem 3.3.1. We have seen in Proposition 3.3.8 that the bound is minimized by taking w(z) = z.
However, in practice we do not have access to ||err,,(w)|2 a priori, so we must instead rely on an a
priori bound for the linear system error of the form |lerr,,(w)|l2 < ¢m(w), and then select

w(2) = argmin i %(uo) | (3.3.6)

|2
weC\D <|Qm1(w)|

In general, the choice w(z) = z is not going to be the minimizer of (3.3.6), but we may heuristically
expect that choosing w(z) near z gets us close to the optimum. The optimization problem can be
approximately solved numerically by replacing C \ D with a finite set W of candidates for w, and by
finding for each z the value of w € W that minimizes the function on the right-hand side. The a priori
bound is summed up in Algorithm 3.1. An a priori bound for the linear system error norm is given in
Section 3.3.5 below.

Note that in a practical implementation of the bounds, the integral will be approximately evaluated
using a quadrature formula, so the number of values of z € T" for which we have to find the best w € W
will be finite. For each quadrature node z, the minimization over the set W requires the computation
of ||huw,2|[a,5 for all w € W, which can be done efficiently using [40, Lemma 3.1] if w is real, or with
Lemma 3.3.7 if z is real. Additionally, for each w € W we have to compute ¢,,—1(w) and @, (w).
Although these computations may significantly increase the cost of quadrature if the cardinality of W
is large, it is important to note that their cost is independent of the matrix dimension n, and therefore
it eventually becomes negligible compared to the cost of constructing the Krylov basis as the size of A
increases.

A possible choice for the set VW is a discretization of the integration contour I', which ensures that
for each z € T there exists a w € W that is quite close. Alternatively, one could decide to use a
different set W, for each z € I', for instance by taking a small number of points in the neighborhood
of z, or even a single point, such as the w € W that is closest to z. However, this kind of choice heavily
relies on the heuristic that the optimum of (3.3.6) is attained for w close to z, which is not always
true. For example, this heuristic may fail when the upper bound |lerr,,(w)|l2 < ¢m(w) significantly
overestimates the error norm only for certain values of w.

3.3.3 A posteriori bounds

Let us consider now the a posteriori bounds. We focus on the second bound in Corollary 3.3.5, since
the formulation with the linear system residual is the most likely to be useful in practice. In this case,
the best choice for the function w(z) would be one that minimizes the integrand in the bound, i.e.,

w(z) = argmin D ()l

[lresm(w)ll2,
weC\D |Gm—1(w)]
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Algorithm 3.2 A posteriori error bound for f(A)b

Input: Hermitian matrix A € C"*" vector b € C", real interval [a,b] such that A(A) C [a,b],
function f with integral representation (3.3.1), V;, orthonormal basis of Q,,(A,b, &,,) with poles
{517 <. 75771—1} cC A, = VWI;IAVm

Output: a posteriori bound &, > 0 such that || f(A)b — fmll2 < em, with f,,, defined in (2.5.6) using
poles {&1,...&m—1}-

1: Choose any w € C\ [a,b] U {&1,...,&m—1}
2: Compute [|res,,(w)||2 = b — (A — wl)V,, (A — wl) " Leq| bl
3: Choose a quadrature formula for the integral over I', and use it compute

Em z/ gm-1(2)  Xm(w)
r

gm-1(w)  xXm(2)
where again we have only included the terms that depend on w. However, it follows from (3.3.3) that
the quantity res,,(w) - Xm(w) ¢gm_1(w)~! is constant in w, so any value of w can be used to evaluate
the bound and would give the same result obtained by taking w(z) = z, which minimizes the bound
by Proposition 3.3.8. The most efficient choice is then to use a single w for all z € I'. Note that with
the choice w(z) = z, the bound can be rewritten in the simple form

NEzllap - lresm(w)ll2 [du(2)].

1F(A)b = fml S/FII(A—ZI)_lllz-||resm(2)||2|du(3)|,

which can be easily obtained directly from (3.3.2). The advantage of the formulation with w(z) = w is
that the corresponding bound can be evaluated by computing the residual of a single linear system.

The residual-based a posteriori bound is summarized in Algorithm 3.2. Evaluating the a posteriori
bound after m Krylov iterations requires the computation of the residual

resp(w) =b— (A —whz,(w) =b— (A —wl)V,, (A, — wI)7161||bH2.

Note that it is likely that an eigendecomposition of A,, has already been computed for the evaluation
of f(Am), so the m x m linear system (A,, — wl) te; can be solved with just O(m?) cost, with no
need to compute a factorization of the matrix A,, —wlI. Hence we can compute x,,(w) for O(mn) cost,
and we can obtain res,,(w) with one additional matrix-vector multiplication with A. Alternatively, if
we can keep in memory the matrix AV,, (whose columns are often computed anyway in the rational
Arnoldi algorithm), we can entirely avoid additional matrix-vector multiplications with A and cheaply
compute res,,(w) for a cost of O(mn). In contrast, the first bound in Corollary 3.3.5 formulated in
terms of linear system errors is significantly more expensive to compute, since in that case taking w
constant is not equivalent to taking w(z) = z and hence optimization of w(z) is beneficial, and the
exact solution of several shifted linear systems is required to compute the corresponding error norms.

3.3.4 Error bounds for quadratic forms

In this section we adapt the statement of Theorem 3.3.1 to the case of quadratic forms with f(A) in
the case of Hermitian A, and we show that it leads to improved bounds similarly to Section 3.2.1. Let
us denote by 1, = b f,, the approximation (2.5.9) to b f(A)b from the rational Krylov subspace
Om(A,b,&,). From (3.3.2) we immediately have the identity

b f(A)b — by, = / b err,,(z) du(z2).
r

We can write b = (A — 2I)x,(2) + res,,(z), and since A is Hermitian we have

b err,,(2) = 2 (2)7 (A — 2I)err,,(2) + res,,(2)err,,(2)
= x,,(2)"res,, (2) + res,,(2)7err,,(2)

= res,,(2)7err,,(2),
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where in the last equality we used the fact that res,,(2) L Q. (4,b), 5o x,,(2)7res,(z) = 0; see
Lemma 3.1.1. The error for the approximation of b f(A)b is therefore given by

b f(A)b — 1y, = / res,,(z)ferr,,(2) du(2). (3.3.7)

r
Combining this error expression with (3.3.3) leads to the following theorem, which is the equivalent of
Theorem 3.3.1 for quadratic forms.

Theorem 3.3.9. Assume that A is Hermitian and that f has the integral representation (3.3.1), and
denote by 1,,, the approximation (2.5.9) to b f(A)b from the rational Krylov subspace Q,, (A4, b, &),
with denominator polynomial ¢, 1. Let D = {&1,...,&mn—1} UA(A)UA(A,,) and let w be a measurable
function w : T' — C\ D. We have

H - = M € 2res wlz H res wlz z
0 100 =t = [ (B et (40) ) s b (e () d()

= Me 2res w(z))H err,, (w(z z
= [ (G et (40) ) e (0(2) B (Aerrn () ).
Proof. In (3.3.7), use err,,(2) = (A—zI)"'res,,(z) and use (3.3.3) to replace res,,(z) with res,,(w).

O

The following corollary can be derived from the two error expressions in Theorem 3.3.9 with a proof
similar to the one of Corollary 3.3.3.

Corollary 3.3.10. With the same hypothesis as in Theorem 3.3.9, assume that for some compact sets
So, S1,-++,Sm C R\ T we have A(A) C Sy, and )\»(A )€ S, foralli=1,...,m. Then we have

dm— 1(2)

T @) Ik llsy - llresm (w(2))I13 [dp(2)]

167 F(A)b — |2 < /

w(2),z

and similarly
167 F(A)b — a2 < / G (2) [du(2)],

where

i “lresm(w(z))ll2 - lerrm(w(z))ll2-

Gute) | )

Gm—1(w(2))

Note that the first bound in Corollary 3.3.10 has the same structure as the second one in Corol-
lary 3.3.3, with the difference that several of the factors are squared. This is in line with the fact that
the error ||bY f(A)b — 1,,||2 is related to the error in the approximation of f with rational functions
of type (2m — 1,2m — 2), instead of type (m — 1,m — 1), so we can expect to have roughly twice the
convergence rate compared to the error || f(A4)b — fm|l2 (see Proposition 2.5.12). A similar result has
been obtained in [40, Section 6] for the Lanczos method.

Corollary 3.3.10 can be specialized by choosing different sets S; to obtain a priori and a posteriori
bounds. This is formalized in the following two corollaries.

Corollary 3.3.11. Under the assumptions of Theorem 3.3.9, we have the a priori bounds

dm—1 Z)
rlqm-1 w(z

157 f(A)b — Ynll2 < ‘ Py, larty 1oz llia - resm(w(2))I13 [du(2)]

and
7 54 =l < [ Hnl) (o)
where )
qm—1(2) s 2m+1
Hy(2) = ‘qm () [T 7wy, 177 - llresm(w(2)) |12 - [lerrm (w(2))]2.

Jj=1
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Corollary 3.3.12. Under the assumptions of Theorem 3.3.9, we have the a posteriori bound

ano1(2)  Xm(w(2) [
gm-1(w(z)) X (2)
Remark 3.3.13. With the same arguments used in the proof of Proposition 3.3.8, it can be shown
that the bounds in Corollary 3.3.10 are minimized by taking w(z) = z, and with this choice the bounds
have much simpler expressions that can be derived directly from (3.3.7). From these expressions, it
is easy to see that for w(z) = z the second bound in Corollary 3.3.11 is always sharper than the first
one, because of the inequality [lerr,,(2)|l2 < [|kz|l{a,p)llresm(2)]l2- In the experiments of Section 3.4
we observe this also when w(z) is an approximate minimizer of the integrand, assuming that the exact
linear system error and residual norms are known. On the other hand, when using a priori bounds on
the linear system error and residual norms, which bound is better depends on the linear system bounds
that we use. In particular, if we have an a priori bound on the linear system residual and we use it to
obtain a bound on the error via (3.3.8), then the first bound in Corollary 3.3.11 is always sharper than
the second one, because of the inequality ||k ||(a.5) < Pw,zll[a,5] [|Fwll[a,5]-

167 F(A)b — ]2 < /

T

Nezlla - llresm (w())3 [du(2)]-

Let us briefly discuss how to select the function w(z). In the case of a priori bounds, similarly to the
case of f(A)b, we should select w(z) as a minimizer of the integrand evaluated at z, where in practice
lresm (w)]|2 is replaced by an a priori bound of the form @, (w) > ||res,(w)|2, and |err,,(w)||2 is
replaced by @, (w) > |lexr,, (w)|]2. In the end, we obtain

. 1 o ﬂ
w(z) = argmin | ———————— - [|hy 2|lT051 - Pm(w
) weC\D (%n_lhuMZ .l (w)

for the first bound in Corollary 3.3.11, and

w(z) = argmin W5 o (0)Fnw))

weC\D <Qm—1(w)|2

for the second bound. In practice, the minimization problem can be solved approximately by taking w
in a finite set VW, which can be chosen for example as a discretization of I', similarly to the case of
bounds for f(A)b.

When considering a posteriori bounds the situation is simpler, since by (3.3.3) for any w € C\ D

we have
Qm—l(w) Xm(z)
so we can choose w(z) = w for any fixed w and obtain the same bound.

) resy,(w) = resn(2),

3.3.5 An a priori bound for the linear system residual

In this section we present an a priori bound on the residual of a shifted linear system, which can be
used to bound ||res,,(w(z))||2 and |err,,(w(z))||2 in Corollaries 3.3.4 and 3.3.11. Assume that A is
Hermitian and consider the shifted linear system

(A—wl)x =1b, w e R.
This linear system coincides with a Sylvester equation in which one of the coefficient matrices is 1 x 1,
AX — XB =bc,

where X = x € C"*!, B=w € R*! and ¢ = 1 € R. As a consequence, the residual norm ||res,,(w)]|2
of the shifted linear system can be bounded by using the bounds developed in [7] for the residual of
Sylvester equations solved using the rational Krylov subspaces Q,,(4,b,&,,) and Q; (B, ¢). Since B
and c are scalars, a Krylov subspace of dimension 1 generated with B¥ and ¢ coincides with the whole
space, and the approximate solution of the Sylvester equation obtained using the method from [7]
coincides with the rational Krylov approximation to the solution of a shifted linear system described
in Section 3.1.2. The theorem that follows is obtained by specializing [7, Theorem 2.3] to the case of
a shifted linear system with a Hermitian matrix A. The notation in the statement of the theorem is
changed from [7] in order to match the notation used in the rest of this chapter.
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Theorem 3.3.14 (|7, Theorem 2.3]). Assume that A is Hermitian with spectrum contained in the
interval [Amin, Amax], and let the set of poles {&1,...,&m—_1} be closed under complex conjugation. For
any w € R\ [Amin, Amax) U {&1, -+, &mn—1}, we have

[resm(w)ll2 < [[bll2 (4 + ¢) ym,

where

c=2V2\/ka(A — wl)

and

b

z = )\max
¢(2) .

)\min

p(w)/ (&) ~ 1
() /o)) + 1

Proof. We show that this theorem follows by applying the second part of [7, Theorem 2.3] to the linear
system (A—wl)x = b, interpreted as a Sylvester equation. In this proof we use some notation from [7].

Note that in our setting we have B = w € R, so the size of the Krylov subspace associated to B is
n = 1, and the corresponding pole is zp,1 = 0o. On the other hand, the poles {z4 1,...,24.m} used for
the rational Krylov subspace associated to A are given by {00, &1, ..., &n—1}, where the pole at infinity
appears because of the slightly different definition of a rational Krylov subspace given in [7]: namely,
the vector b is included in the subspace only if one of the poles is co; the definition used in [7] coincides
with Definition 5.2.1, which we are going to use in Chapter 5.

The numerical range of B is W(B) = {w}, so we have up 1 =0 (see [7, eq. (2.10)]) and

TBA S i P =0
We have
maX{|Amin - w|; |)\max - w|}
= 2 2 = 2 2\/ A - I =:
@ \[\/minﬂ)\min_w|a|>\max_w|} \[ KQ( v ) ©
and
m—1
QD(U/) -1 ‘ @(w)/(p(gj) -1 ‘ z— /\max
VA.B = uam(w) = ’ : T =y, p(2) =
p(w) +1 ]1;[1 pw)/e(&) +1 %z = Amin

where the first factor in v, corresponds to the pole at infinity (we refer to the statement of [7, Theo-
rem 2.3| for the original definitions of ¢z and v, g).

Denoting by Xﬁm the approximate solution to the Sylvester equation as defined in [7, eq. (1.6)],
observe that the Sylvester equation residual [|AXS , — X5 B — be||p from [7] corresponds to the
shifted linear system residual ||res,,(w)||2 in our setting. Hence, by [7, Theorem 2.3] we can conclude
that

|resy, (w)|l2 < [|bll2 (4 max{va,g +vB,4a} + 3 (Ya,B +7B,4))
= ||bll2 (4 + c3) Y- O

Remark 3.3.15. The original statement of [7, Theorem 2.3] holds also for non-Hermitian matrices, by
using the numerical ranges of A and B and the associated Green functions. The main assumption on
the matrices A and B is that W(A) N W(B) = (), which in our setting corresponds to w ¢ W(A). Here
we prefer to consider only the Hermitian case, since it is difficult to compute the numerical range of a
general matrix in practice.

Remark 3.3.16. The bound on the residual norm ||res,,(w)|2 also provides a bound for the error
norm ||err,,(w)||2 via the inequality

lerty, (w)l|2 < [[(A—wl) ™2 - resm(w)]2 (3.3.8)
< maX{P\min . w|—17 ‘)\max _ w|—1} . Hresm(w)H2- 3.

The right-hand side of the inequality (3.3.8) can be used in (3.3.6) as the function ¢, (w).
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Figure 3.4 — A priori and a posteriori error bounds for A=1/2b for different choices of w, where A is a
real symmetric 1000 x 1000 matrix with logspaced eigenvalues in [1071, 10].

3.4 Numerical experiments

In this section we include some experiments that demonstrate the accuracy of the error bounds derived
in this chapter for the approximation of f(A)b and b f(A)b when the function f is either Cauchy-
Stieltjes or analytic in a neighborhood of the spectrum of A. We use the functions f(z) = 271/2 and
f(z) =log(142)/z with the Cauchy-Stieltjes formulations given below Definition 2.2.2; and the function
f(2) = 2/? with the Cauchy integral formula on the contour I' = (—o0, 0], obtained as a limit according
to the discussion at the start of Section 3.3.1. In all experiments, the poles used to construct the
rational Krylov subspace are the asymptotically optimal poles for Cauchy-Stieltjes functions described
in Section 2.5.3. In our implementation, we assume that the smallest and largest eigenvalues of A are
known exactly. Note that an interval [a, b] D A(A) is required both to compute the poles and to evaluate
the a priori and a posteriori bounds. If no spectral information on A is available, it is still possible to
compute estimates of the extremal eigenvalues of A by using the matrix A,, computed while running
the rational Krylov method, and use them to estimate the a posteriori bounds. The integrals required
for the evaluation of the bounds are computed numerically using the MATLAB integral function.

3.4.1 Comparison between bounds with and without optimization

We first conduct a simple experiment to show that the optimization of the parameter w discussed in
Section 3.3.2 is fundamental for the applicability of a priori bounds. We consider the computation
of A=1/2b, for a 1000 x 1000 real symmetric matrix A with logspaced eigenvalues in the interval
[1071,10%], and we compare the error with the residual-based a posteriori bound from Corollary 3.3.5
with w = 0 (a posteriori bound, w = 0) , and the error-based a priori bounds from Corollary 3.3.4
for some fixed values of w (a priori bound, w = 0, —1, 20) and with the optimization described in
Algorithm 3.1, where W contains 50 logspaced points in [~10*, ~107%] (a priori bound, optimized
w). The linear system error norms in the a priori bounds are bounded using (3.3.8) and Theorem 3.3.14.
The results are depicted in Figure 3.4. The dotted lines are a priori bounds obtained using 500 different
values of w in R\ [1071,10!]. It turns out that in this case none of the a priori bounds without
optimization converge, and they give no useful information, with several of them quickly diverging.
On the other hand, the bound obtained by optimizing w for each z € I" used to evaluate the integral
correctly captures the convergence behavior, although it is off by a couple of orders of magnitude. The
a posteriori bound requires no optimization, confirming the discussion in Section 3.3.3.
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Figure 3.5 — Comparison of optimized a priori error bounds with different sets W for f(A)b, where A is
a 1000 x 1000 real symmetric matrix with logspaced eigenvalues in [1072,10%]. Left: f(z) = log(1+2z)/z.

Right: f(z) = /2.

In the next experiment we compare the impact of the cardinality of the set W on the quality
of the optimized bounds. We consider the computation of f(A)b, where f(z) = log(l + z)/z or
f(z) = /z, Ais a 1000 x 1000 real symmetric matrix with logspaced eigenvalues in [1072,10%] and b
is a random vector. We compare the a priori bound from Algorithm 3.1 with different cardinalities of
the set W, both with ¢,,(w) given by the linear system error bound from Theorem 3.3.14 (a priori
bound, |W| = 25,50, 100, bounded error) and with the exact linear system errors (a priori bound,
|W| = 25,50, 100, exact error). In all cases, the set W is chosen as a discretization of [—105, —1079]
with logspaced points. We also make a comparison with the first a posteriori bound form Corollary 3.3.5
using w(z) = z and the exact linear system error norms (a posteriori bound, w(z) = z, exact
error), which by Proposition 3.3.8 is the best bound that can be obtained using the approach that we
consider in this work, but it requires to compute or bound the error norm of a linear system for each
point used in the discretization of the integral. The results are shown in Figure 3.5. For both functions,
we see that the a priori bound with |W| = 100 and exact error norms is very close to the a posteriori
bound with w(z) = z. Both bounds are also quite close to the exact error. The bounds with [W| = 50
are also only slightly worse than the ones with |[W| = 100.

3.4.2 Bounds for matrix-vector products

We compare the following bounds for the error in the computation of f(A)b:

e the residual-based a posteriori bound from Algorithm 3.2 with w = 0 (a posteriori bound,
fixed w, exact residual),

e the error-based a priori bound from Algorithm 3.1 with optimized w and linear system error
bounded with (3.3.8) and Theorem 3.3.14 (a priori bound, optimized w, bounded error),

e the error-based a posteriori bound from Corollary 3.3.5 with optimized w and exact linear system
error (a posteriori bound, optimized w, exact error),

e the error-based a priori bound from Algorithm 3.1 with optimized w and exact linear system error
(a priori bound, optimized w, exact error),

e the a priori bound from [114, Corollary 4] for Cauchy-Stieltjes functions (a priori bound slope,
[114, Corollary 4]),

e a simple error estimate based on the difference of consecutive approximations (consecutive
differences), i.e., we approximate || f(A)b — fill2 = | fm — Fm+1ll2-
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Figure 3.6 — A priori and a posteriori error bounds for f(A)b, where A is the 2146 x 2146 real symmetric
matrix Nasa/nasa2146. Left: f(z) =log(l + z)/z. Right: f(z) = /=

Recall that the poles used in [114, Corollary 4] are not nested, so they are not convenient for the
construction of a rational Krylov subspace. Instead, we use a nested sequence of poles based on an
equidistributed sequence, as we mentioned in Section 2.5.3 (see also [114, Section 3.5]); this pole se-
quence is guaranteed to have the same asymptotic rate of convergence as predicted by [114, Corollary 4],
but the actual bound on the error may not be satisfied. The error estimate based on consecutive dif-
ferences requires running the method for an additional iteration to be computed, and although it is
usually quite reliable it may underestimate the true error when convergence is slow or stagnating; this
behavior might be undesirable in situations in which a guarantee on the error bound is required. Note
that the third and especially the fourth bound cannot be used in a practical setting, but they can
provide interesting theoretical insight. Recall that the residual-based a posteriori bound is independent
of the choice of w, so we can simply take w = 0 (see Section 3.3.3), but the error-based a posteriori
bound does not have this property and hence benefits from the optimization of w, similarly to the a
priori bounds. For all optimized bounds, we use as W a discretization of [—103Apax(A), —1073Apin(A)]
with 100 logspaced points.

The results for the two functions f(z) = log(1+ z)/z and f(z) = \/z are shown in Figure 3.6, using
as A the symmetric positive definite matrix Nasa/nasa2146 of size 2146 x 2146 from the SuiteSparse
Matrix Collection [51] and as b a random vector. We notice that the a priori and a posteriori bounds
that use the exact error are slightly better than the residual-based a posteriori bound, and they almost
overlap with each other. By comparing the a priori bounds that use the exact linear system error with
the ones that use the bound in Theorem 3.3.14, we can conclude that most of the overestimation in the
a priori error bounds for f(A)b comes from the overestimation of the linear system error when combin-
ing (3.3.8) with Theorem 3.3.14. Indeed, if we had access to the exact linear system errors in advance,
we would be able to obtain a priori the fourth bound in Figure 3.6, which captures the convergence
behavior very well. Although this scenario is clearly not realistic, an interesting consequence of this
observation is that any improvement to a priori bounds for the linear system error would automatically
lead to an equal improvement in the a priori bounds for f(A)b of Corollary 3.3.4, with the limit case of
an exact linear system error yielding a bound for f(A)b that is quite close to the true error. The a priori
bound [114, Corollary 4] correctly predicts the convergence rate of the rational Krylov approximation
for f(z) = log(1 + z)/z and it is more accurate than the a priori bound with bounded linear system
error from Algorithm 3.1, although as we discussed above it might not be reliable as an upper bound
because we are using the nested pole sequence from [114, Section 3.5]. Note that this bound does
not hold for the function f(z) = /z since it is not Cauchy-Stieltjes, but it is still able to predict the
convergence rate quite well, due to the fact that f(z) = z-2=%/2 and g(z) = 2~'/? is Cauchy-Stieltjes.
The error estimates based on consecutive differences are usually quite accurate, but they sometimes
underestimate the error; this is especially noticeable for the function f(z) =log(1+ z)/z.
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Figure 3.7 — A priori and a posteriori error bounds for b f(A)b, where A is the 2146 x 2146 real
symmetric matrix Nasa/nasa2146. Left: f(z) =log(1 + z)/z. Right: f(z) = /2.

3.4.3 Bounds for quadratic forms
We compare the following bounds for the error in the computation of the quadratic form b f(A)b:

e the a posteriori bound from Corollary 3.3.12 with w = 0, using the exact linear system residual
(a posteriori bound, fixed w, exact residual),

e the first a priori bound from Corollary 3.3.11 with optimized w and linear system residual bounded
using Theorem 3.3.14 (a priori bound, optimized w, bounded residual),

e the first a priori bound from Corollary 3.3.11 with optimized w and exact linear system residual
(a priori bound, optimized w, exact residual),

e the second a priori bound from Corollary 3.3.11 with optimized w and exact linear system error
and residual (a priori bound, optimized w, exact residual + error),

e a simple error estimate based on the difference of consecutive approximations (consecutive
differences), i.e., we approximate |b f(A)b — Y| = |Vm — Ymi1-

As in the previous experiment, for all optimized bounds we use as the set W a discretization of
[—103A\pax(A), =103 Apin(A)] with 100 logspaced points. Recall that the second bound in Corol-
lary 3.3.11 with ||res,,(w)||2 bounded with Theorem 3.3.14 and ||err,,(w)||2 bounded using (3.3.8) is
always less accurate than the first one (see Remark 3.3.13), so we omit it from our experiments.

The results for the two functions f(z) = log(1 + 2)/z and f(z) = /z are shown in Figure 3.7,
where we also include the error for f(A)b for comparison. We can notice that the convergence for
the quadratic form b f(A)b is roughly twice as fast as the convergence for the matrix-vector product
with f(A). Similarly to the case of the bounds for f(A)b, the a priori bound with exact linear system
residual is significantly better than the bound that uses Theorem 3.3.14. Moreover, the a priori bound
that uses both the exact residual and the exact error is even more accurate; this is in agreement with
the observations in Remark 3.3.13, where we show that for the best possible choice of w, i.e. w(z) = z,
the bound in Corollary 3.3.11 that uses both the error and the residual is more accurate than the bound
that only uses |res,,(z)|l2. The error estimate based on consecutive differences is very accurate for
f(2) = v/z, but it occasionally underestimates the error for f(z) = log(1l + z)/z.

3.4.4 Comparison with Lanczos setting

In this section we replicate the experiment in [40, Figure 4b| to show that the optimization of w can
also lead to improvements for the error bounds in the polynomial Krylov (Lanczos) setting.

We consider the computation of A'/2b, where A is a 1000 x 1000 real symmetric matrix with
uniformly spaced eigenvalues in [1072,102], using a polynomial Krylov method. The a priori and a pos-
teriori bounds used in [40] can be obtained as a special case of the error-based bounds in Corollaries 3.3.4
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Figure 3.8 — Comparison of error bounds for A'/2b in the Lanczos case, where A is a 1000 x 1000 real
symmetric matrix with linearly spaced eigenvalues in [1072,102], with and without optimization of w.

and 3.3.5, by taking ¢,,—1(z) = 1 and fixing w = 0. They are respectively denoted by a priori bound,
fixed w, exact error and a posteriori bound, fixed w, exact error in Figure 3.8. We com-
pare these bounds with the ones obtained by optimizing w as described in Section 3.3.2, which we label
as a priori bound, optimized w, exact error and a posteriori bound, optimized w, exact
error. In particular, the optimized a priori bound coincides with the one given in Algorithm 3.1 when
all the poles £; = co. Note that since we are using |lerr,,(w)|2 instead of ||res,,(w)||2 in the a posteri-
ori bound, the discussion in Section 3.3.3 does not apply and the bound can be improved by optimizing
the choice of w. Similarly to [40], we assume that the error norms |lerr,,(w)||2 are known exactly. This
assumption allows us to theoretically investigate the error bounds by eliminating any dependence on
possibly inaccurate bounds on the linear system error norms, although it is not realistic in a practical
scenario.

The results of the comparison are shown in Figure 3.8, where the optimized bounds are computed
using as set W a discretization of [~10°, —10~°] with 25 logspaced points. We can see that optimizing w
gives significant improvements, especially for the a priori bound; the optimized a posteriori bound is
practically overlapping with the error curve. If the number of points in W is increased to 100, the
accuracy of the optimized a priori bound increases, and it becomes essentially indistinguishable from
the optimized a posteriori bound. It should be mentioned that the plots in [40, Figure 4| consider the
A-norm of the error, while here we consider the 2-norm, so the error curves shown in Figure 3.8 are
slightly different from the ones in [40].
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Chapter 4

Computation of generalized matrix
functions with rational Krylov
methods

Similarly to the case of standard matrix functions, in many applications in which generalized matrix
functions (GMFs, see Definition 2.4.1) are involved, it is often required to compute the action of a GMF
on a vector [4,5], and hence it is preferable to use a method that avoids the computation of the whole
GMF by means of an SVD. This problem was recently investigated in [5, 6], using methods based on
the Golub-Kahan bidiagonalization in [5] and on Chebyshev polynomial interpolation in [6].

In this chapter we propose a generalization of the method proposed in [5], using the interpretation
of the Golub-Kahan bidiagonalization in terms of Krylov subspaces. Indeed, performing k steps of the
Golub-Kahan bidiagonalization of a matrix A with starting vector b is equivalent to the simultaneous
computation of orthonormal bases of the polynomial Krylov subspaces K (A A, b) and Ky (AAH, Ab).
By replacing the polynomial Krylov subspaces with the corresponding rational Krylov subspaces, we
obtain a rational Krylov method for the computation of the action of a GMF on a vector, which includes
the method proposed in [5] as a special case. As one could expect by analogy with the case of standard
matrix functions, in the case of non-analytic functions and functions of low regularity these rational
Krylov methods converge faster than those based on the Golub-Kahan bidiagonalization. However,
their increased effectiveness comes at the cost of having to solve a linear system at each iteration, while
the methods discussed in [5,6] only require matrix-vector products.

The Golub-Kahan bidiagonalization of a matrix can be computed with a short-term recurrence,
which relies on the fact that the projected matrix is bidiagonal. This structure is unfortunately not
preserved in the rational case that we consider here. However, we are still able to construct a short-term
recurrence to update the rational Krylov bases and the projected matrix in Section 4.2.3, using the fact
that the projected matrix is a quasiseparable matrix [69, 148|.

In Section 4.3 we also prove some error bounds that link the error of the method from [5] based on the
Golub-Kahan bidiagonalization and the rational methods introduced in this chapter with, respectively,
the error of uniform polynomial and rational approximation of the function f on an iterval that contains
the singular values of A. These bounds are a direct generalization of the bounds for standard matrix
functions, and they can be proved with the same techniques. Although the connection of GMFs to
standard matrix functions is well known, to the best of our knowledge these error bounds for the
approximation of GMFs have never appeared in previous literature. The contents of this chapter have
been published in [37].

4.1 Properties of generalized matrix functions

We start by introducing some properties of generalized matrix functions that will be required in the
sections that follow. A discussion of additional properties of generalized matrix functions can be found
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in [5]. Let A € C™*™ be a possibly rectangular matrix, and let oy > o9 > --- > o, be its nonzero
singular values, where r = rank(A4). Recall that f°(A4) = Uf°(3)VH, where ULV is an SVD of A
(see Definition 2.4.1).

Remark 4.1.1 ([6, Theorem 2.1]). If p is a polynomial that interpolates f in oy,..., 0., it is easy to
see that we have f°(A) = p®(A). Moreover, since o; > 0 for ¢ = 1,...,7, we can always take p as an
odd polynomial, i.e., p(z) = q(2?)z for some polynomial q.

The following lemma gives some conditions under which a GMF coincides with a standard matrix
function.

Lemma 4.1.2 (|5, Remark 5]). Let S € C"*™ be a Hermitian matrix and let f be defined on the
singular values of S. If S is positive definite, or S is positive semidefinite and f(0) = 0, we have

Proof. Since S is Hermitian positive semidefinite there exist U € C™"*" unitary and % diagonal with non-
negative diagonal entries such that S = UXU¥. Assuming that the diagonal entries of ¥ are ordered
in a non-decreasing way, such a decomposition is both an SVD and an eigenvalue decomposition, and
hence we have

Sy =ue@Uu? and  f(S)=UfX)UH.

If we assume that either f(0) = 0 or S is positive definite, we have f(X) = f°(X) and so it follows that
f(8) = r2(5). H

The results that follow give us expressions of f°(A) in terms of A and A” when f is either a
polynomial or a rational function, which will be useful to derive Krylov subspace methods for the
approximation of f°(A)b.

Proposition 4.1.3. Let p be an odd polynomial, i.e., such that we can write p(z) = q(22)z for some
polynomial g. Then, for any matrix A € C"™*" we have

P°(4) = q(AA") A = Aq(A" 4).

Proof. This proof can be found in [6, Section 2.2|. Let A = USV# be an SVD of A, and notice that
AAT = UX2UH is an eigendecomposition of AAM. From the definition of a matrix function we have

QAATA = UqEH U USVE = Uq(z?) 2V = Up(z)VH.

Since p(0) = 0, we have Up(X)V# = p°(A) and we conclude that p°(A) = g(AAT)A. The equivalence
with A” A can be proved in the same way. O

Corollary 4.1.4. Let r be a rational function with an odd numerator and an even denominator, i.e.,
r(z) = q(2?)71p(2?)z for some polynomials p and ¢, such that the singular values of A and 0 are not
roots of g. Then we have

r°(A) = q(AAT) T Ip(AAT) A = Ag(AT A)~ p(AT A).

Proof. The proof is essentially the same as that of Proposition 4.1.3. Let A = UXVH be an SVD
of A. Then we have AAH” = UX2UH | and more generally s(AA?) = Us(%2)U* for any polynomial s.
Since 0 is not a root of ¢, we have r(0) = 0 and hence by Lemma 4.1.2 we have

r(A) = Ur*(R)VH = Ur(S)VH = Uq(2?) " p(=?) 2V .

Note that ¢(%2)~! is well defined because the singular values of A are not roots of ¢. Now, multiplying
by UPU = I we obtain

r°(A) = Ug(EH) ' UHUp(B)\UHUSVH = (AAT) " Ip(AAT)A.

The second identity can be obtained in a similar way. O
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The following proposition gives a formulation of the above results for general functions. See also |5,
Theorem 10] for an alternative formulation of the same identity.

Proposition 4.1.5. Let A € C™*™ and let f be a function defined on the nonzero singular values

of A. Defining g(z) = f(\/2)/+/z for z # 0, we have
Fo(A) = g°(AAT) A = Ag° (AT A).

Moreover, if lin%) f(2)/z =0, we can define g(0) = 0. Then g(AA™) and g(A* A) are well defined, and
z—

we have

Fo(A) = g(AAT)A = Ag(A" A).

Proof. Let p(z) = q(2?)z be an odd polynomial that interpolates f in the nonzero singular values of A.
From Proposition 4.1.3 and Remark 4.1.1 we have

Fo(A) = p°(A) = q(AAT) A = Aq(A™ A).

Since p interpolates f in the nonzero singular values of A, we have that ¢ interpolates g in the squares
of the nonzero singular values of A, which are the nonzero singular values of AA” and A7 A. Hence
°(AAT) = g°(AAH) and ¢° (AT A) = g°(AH A). If g(0) = 0, by Lemma 4.1.2 we also have g®(A7 A) =
g(AH A) and g°(AAH) = g(AAH). O

Remark 4.1.6. If AAH is positive definite, by Lemma 4.1.2 we have that f°(A) = g(AAT)A without
the assumption lin%) f(2)/z =0, and similarly if A¥ A is positive definite we have f°(A) = Ag(A A).
z—

Note that we could also artificially define g(0) = 0 without any assumptions on f, since the definition
of a GMF only depends on the nonzero singular values of the matrix. However, this would cause g to
be discontinuous at 0 and it would not be very useful in practice.

The following proposition links f°(A) with f°(A#), which will be useful when A is rectangular. The
more general statement in Proposition 4.1.7 can be seen as a generalization of [5, Proposition 7(iv)]
and [94, Theorem 4(d)].

Proposition 4.1.7. Let A € C™*™ and let f be a function defined on the nonzero singular values
of A. Then

Fo(4) = (AN fo(AM)A.

More generally, assume that f(z) = g(z)h(z)k(z), where g, h, k are functions defined on the nonzero
singular values of A. Then

Fo(A) = g°(A)h*(AT)k°(A).

Proof. We directly prove the generalized version, since the first statement simply follows by taking
g(2) = 271, h(z) = f(2) and k(z) = 2. Let A have the singular value decomposition A = ULV, We
have
(AR (A (A) = Ug*(2)VHEVR (SH\UHUE () VH
=Ug*(D)h*(B) "k (D)V T
=Uf VT = fo(A),

where we used that ¢g°(X)h®(X)Hk°(X) = f°(X), which can be verified directly. O

Remark 4.1.8. The same proof of Proposition 4.1.7 can be used to show that, if f(z)g(z) = h(2)k(z),
then

Fo(AT)g®(A) = h°(AT)k (A).
In particular we have AH f°(A) = fo(AH)A.
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4.2 Krylov subspace methods for GMFs

The computation of f°(A)b by using an SVD of A can be unfeasible if the size of A is large. A possible
way to approximate the product of a generalized matrix function with a vector is to use two rectangular
matrices with orthonormal columns to project the matrix A onto a smaller space and then compute the
generalized matrix function of this projected matrix: let k < n and let Uy, V;, € C*** with orthonormal
columns and By, = UH AV}, € C**¥, then we can approximate

fe(A)b ~ Uy f°(By) Vb, (4.2.1)
where the matrix f°(By) can be computed with a singular value decomposition.

In Section 4.2.1 we describe how to compute such a projected matrix using the Golub-Kahan bidiag-
onalization, which is equivalent to using a polynomial Krylov method on the matrices A7 A and AA.
This strategy corresponds to the “third approach” discussed in [5, Section 5.4]; the numerical results
of [5] indicate that (4.2.1) is often a more effective approximation compared with the other approaches
that they propose, which are based on Gauss and Gauss-Radau quadrature formulas. In Section 4.2.2
we generalize this approach to the rational Krylov case and we show in Section 4.2.3 that a short-term
recurrence like the one of the Golub-Kahan bidiagonalization can be obtained also in the rational case.

4.2.1 Golub-Kahan bidiagonalization

The Golub-Kahan bidiagonalization is a method for the computation of a truncated SVD that was
introduced for the first time in 1965 [86].

Theorem 4.2.1. Let A € C™*", with m > n. There exist unitary matrices P € C™*™ Q € C"*"
such that

_Otl ﬂl 0 T
0 ax B
PIAQ=B=|: 0 apn-1 Bna
0 0 Qp,
0 0
L0 ... . L 0 |

Moreover the first column of @ can be chosen almost! arbitrarily.

The proof of Theorem 4.2.1 is constructive and it is usually called Householder bidiagonalization
process. It can be found in [88, Section 5.4].

In the case of large matrices the full bidiagonalization is too expensive. The goal of the Golub-Kahan
bidiagonalization is to extract good approximations of singular values and singular vectors before the full
bidiagonalization is completed. Denote by p; and g; the columns of P and @, respectively. By stopping
the bidiagonalization process after k steps, we obtain the matrices P, = [p;1 ... pi], @k = [q1 .- - qx] and

_051 ﬂl 0 . 0
0 ar B
Bk: - : : . 0 ’
: 0 op—1 Br-1
L 0 0 o |

1In order to avoid breakdowns, the first column of @ must be chosen as a unit vector qi, such that K, (A A, q1) has

dimension n.
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such that
AQy = P By,

AHPk = QkB,f —+ skez,

where s, = Bka—H- In particular we have P,fIAQk = Bj. The columns of Py, Q and the entries of By,
can be computed using the short-term recurrences

Aqj = a;p; + Bi—1Pj-1, Jj=>2,

PR , (4.2.2)
AV p; = a;q; + Biqiq1, j>1.

Note that one can choose ay and S to be real and positive, see [88, Section 10.4.1]. It can be shown
that

Span{qlv .o »Qk} = ,Ck(AHAv ql)v
Span{p17 e apk} = Ick(AAHa Aq1)7

thus the convergence of the Golub-Kahan bidiagonalization follows from the convergence of the Lanczos
method applied on A7 A and AA. For a given k, we can approximate A with Py B,Q¥, and hence we
can compute an approximation of the SVD of A by computing the SVD of By. For further information
on the Golub-Kahan bidiagonalization we refer to [88, Chapter 10].

The vector f°(A)b can be approximated by the expression

2= Puf°(Br)QFb = ||b||oPuf°(Br)er € Ki(AAT, Ab). (4.2.3)

We refer to this approximation as a polynomial Krylov method for GMFs.

4.2.2 Rational Krylov methods for GMFs

We have seen that the Golub-Kahan bidiagonalization computes orthonormal bases for the polynomial
Krylov subspaces (A" A, b) and K (AA™, Ab). By analogy with that approach, in this section we
propose to compute an approximation to f°(A)b using the rational Krylov subspaces

Qk (AHA7 b7 £k) and Qk (AAH7 Aba gk)a

for a given sequence of poles {;};>1.

Assume that we have constructed two matrices with orthonormal columns P, and Qg, such that
range(Py,) = Q) (AAY, Ab) and range(Qy) = Qr(AT A, b). Then, defining By, = P AQy, by analogy
with the polynomial Krylov approach we can introduce the vector

fR = Puf(Br)Qi'b = ||bll2Prf* (B )ex, (4.2.4)

which is an approximation to f®(A)b from the rational Krylov subspace Qy(AAH, Ab).

First of all, notice that it is sufficient to compute only one of the two rational Krylov subspaces:
indeed, since we have AQy (A7 A, b) = Qi (AAH | Ab), we can compute an orthonormal basis of the sub-
space Qp(AAM Ab) by simply orthonormalizing the columns of AQj. This is equivalent to computing
a QR decomposition AQy = Wy Ry, where Wy has orthonormal columns and Ry is upper triangular,
so we can set P, = Wj. Moreover, we have

By, = PP AQ, = WHW,R,, = Ry,

i.e., with the QR decomposition we also recover the matrix By without the need to project A explicitly.
The basis Q. of the subspace Qr (A A, b) can be computed by applying the rational Arnoldi algorithm
(Algorithm 2.2) to the matrix A¥ A with initial vector b. The procedure to compute the approximation
(4.2.4) is summarized in Algorithm 4.1.
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Algorithm 4.1 Rational Krylov approximation of f°(A)b

Input: A € R™*™ b e R", function f, poles {&1,...,&—1}-

Output: f € Qi(AAM, Ab, &) such that f2 ~ f°(A)b, given by (4.2.4).

: Compute an orthonormal basis Qy of Qy(AH A, b, &) with the rational Arnoldi algorithm.
: Compute the QR decomposition Py B = AQy.

: Compute f°(By) via an SVD of Bj.

: Compute ff = ||b||2Pkf°(Bk)e.

S W N

4.2.3 Short-term recurrence for rational Golub-Kahan algorithm

In the Golub-Kahan bidiagonalization (without reorthogonalization), we can compute the last column
of Py, Qr and By just by knowing the two previous columns of P, and @, by means of the ex-
pressions (4.2.2). This short-term recurrence is possible because of the bidiagonal structure of the
matrix By, that is unfortunately not preserved when we perform a rational Krylov method.

In this section we show that if a rational Krylov method is used then By, is a quasiseparable matrix
(see Definition 4.2.3). This structure extends the bidiagonal form that is obtained during the Golub-
Kahan bidiagonalization. Using this structure, we build a short-term recurrence that allows us to
update the matrices P, and By while avoiding the full orthogonalization related to the computation of
the QR factorization of the matrix AQy.

We note that rank structures of rational Krylov matrices have been extensively investigated in
the literature, see for instance [34,69,128,148], and they have been exploited in [110,111]. Structured
projected matrices that lead to short-term recurrences have also appeared in the context of biorthogonal
rational Krylov methods [149]. In the following, we use a MATLAB-like notation A(i : j,h : k) to denote
the submatrix of A associated with row indices from i to j, and column indices from h to k.

Definition 4.2.2 ([152, Definition 1.21]). A matrix S € C"*" is called a semiseparable matrix if all
the submatrices extracted from the lower and upper triangular part of the matrix have rank at most
one, that is

rank S(i:m,1:4) <1 and rank S(1:4,7:n) <1,

for every ¢ = 1,...,n. Moreover, S is called a generator representable semiseparable matrix [152,
Definition 1.23] if the lower and upper triangular parts of the matrix are derived from a rank 1 matrix,
that is

tril(S) = tril(uv?) and triu(S) = triu(pg™),

for some u, v, p,q € C", where tril(A) and triu(A) extract respectively the lower and upper triangular
part of a matrix A.

Definition 4.2.3 ([152, Definition 1.24]). A matrix S € C"*" is called a quasiseparable matrix if all
the submatrices extracted from the strictly lower and strictly upper triangular part of the matrix are
of rank at most 1, that is

rank S(i+1:n,1:4) <1 and rankS(1:4,i4+1:n)<1,
for every i =1,...,n.

The following theorem from [152, Section 1.5.2] gives us a complete characterization of invertible
semiseparable matrices.

Theorem 4.2.4. The inverse of an invertible tridiagonal matrix is a semiseparable matrix, and vice
versa. Moreover, the inverse of an invertible irreducible tridiagonal matrix is a generator representable
semiseparable matrix and vice versa.

Proof. See the proofs of [152, Theorem 1.38] and [152, Corollary 1.39]. O
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Recall that when A is Hermitian and the poles &;y1 are real, we can compute an orthonormal
basis Qrt+1 of Qr11(A4, b, Ek+1) that satisfies a rational Arnoldi relation with H, and K, tridiagonal
using the rational Lanczos algorithm (see Section 2.5.2). Specifically, we have

AQk+1 Ky, = Qr+1Hy, with K = [élk%] + Dy H,y, (4.2.5)
where D;, = diag(0,&;,...,&. ") and H), is a (k+ 1) x k full rank tridiagonal irreducible Hermitian
matrix, with the convention that 1/00 = 0.

Starting form (4.2.5), we are going to prove that the projection of A onto the Krylov subspace (i.e.,
the matrix QkH " 1AQp 1) is the sum of a diagonal matrix and a semiseparable matrix. A similar result
has been proved in [69, Theorem 1]|. This fact will be exploited to obtain a short-term recurrence for

the computation of By and Pj.

Theorem 4.2.5. Let A € C"*™ be a Hermitian matrix and let Qi € C***+1) be the orthonormal
basis of Qi41(A,b, &k 1) generated by the rational Lanczos algorithm, with real poles {&1,...,&}
different from 0 and co. Then we have

Jrs1 = Q1 AQri1 = S + Dy,
where 5k = diag(0,&1,...,&) and S is a Hermitian generator representable semiseparable matrix.

Proof. Let us assume that the rational Lanczos algorithm is run for one additional iteration using the
pole &;+1 = oo. Then, from (4.2.5) we obtain the relation

AQut2 Ky ) = Quy2H g, (4.2.6)

where K, | and H, _, are tridiagonal and the last row of K, is zero. Hence, multiplying (4.2.6) on
the left by QkH+1 we get
Je+1 = Hk+1Kk__&1-

We can assume that the first row of Ji 1 has at least one nonzero off-diagonal entry. Indeed, this is
true if & is such that Q41 is an invariant subspace of A, i.e., if AQr+1 = Qr+1Jk+1, since the first
column of Q1 is not an eigenvector of A. So the assumption is satisfied provided that we take k large
enough, and if we prove the statement in this case, then it also follows for smaller k because leading
principal blocks of a generator representable semiseparable matrix still have the same property.

Let us define Dy = diag(y,&1,...,&k), for v € C. Since the first row of Jii1 has at least one
nonzero off-diagonal entry, it can be noticed that Jxi11 — Dy, is a Hermitian generator representable
semiseparable matrix if and only if Jy 1 — lA)k is so. Moreover, taking v # h1,; and v # 0 we have that
Je+1 — ﬁk is invertible and its inverse can be computed as follows:

—1

~ \—1 ~ ~
(HkHK,;jl _ Dk) - (—Dk(KkH _ D,;1Hk+1)K,;+11) -
= — K1 (Kpq1 — ﬁ;;lHk+1)71ﬁ];1~
Since Kj11 = Ij4+1 + Dy Hy11 where Dy = diag(0,&;,...,&. "), we have
~ \ 1 ~ ~
(Hk+1K;;:1 - Dk) = —Kpy1(Ips1 + (Dx — DY Hyyr) 7D}
1 ~_
= _Kk—i-l(lk-‘rl — ;elelTHk_H)*le 1
1 ~_
= —Kiy1(Iyp1 + ————erel Hp1)D) b =
v —hi1

= — (K1 + Kiii(erel ) Hyi1)Dy

Y= h171

The third equality follows from the Sherman-Morrison formula (2.1.1), using the fact that v # hq 1.
This also shows that the matrix Ji41 — Dy is indeed invertible. From the expression that we obtained,



52 CHAPTER 4. COMPUTATION OF GENERALIZED MATRIX FUNCTIONS

we deduce that the inverse of J 11 — ﬁk is an irreducible tridiagonal matrix since K11 and Hg41 have
such a structure and v # 0. Hence, using Theorem 4.2.4 we conclude that Jx11 — Dy is a generator
representable semiseparable matrix, and therefore also Ji+1 — Dy, is so. O

Corollary 4.2.7 below generalizes the statement of Theorem 4.2.5 to the case with poles at co. To
simplify its proof we introduce the following lemma.

Lemma 4.2.6. Let A be a Hermitian matrix. Fix an integer ¢ < k, and let {fgj)}jeN be a sequence
of real numbers outside of the convex hull of A(A) that tends to co. Let Q,(g le be the orthonormal
basis computed by the rational Arnoldi algorithm using poles {1, ... ,§i_1,fl-(j),§i+1, .o, &k} and let
J,ng = (ngjll)HAQ,(szl be the associated projected matrix. We have that
. G ; (@ _
]lggo Qi = Qria and JIHIC}O T = Jrg,

where Qg1 is the orthonormal basis computed by the rational Arnoldi algorithm with the vector of
pOIQS {gla s 761'—17 o, gi-‘rla s agk} and Jk+1 = QkH+1AQk+1-

Proof. Denote by g, and qéj), for 1 < ¢ < k+ 1, the columns of Q1 and Q;fll, respectively. Since
the first 7 columns of the matrices Q,(ij_l and Q1 are the same, we denote them by q,...,q;. Let us
prove that qgr)l converges to g;+1 as j — oo. To compute qg)l by the rational Arnoldi algorithm, we
first compute wz(j) = - A/§§j))’1Aqi. Note that this is a continuous operation when §Z-m tends to

infinity, indeed we have

lim (I — A/e)"! Agq; = Ag;.
j—oo
Since the orthonormalization of qg_)l against qq, ..., qg; is also a continuous operation, we have that
: (@ _
Jlggo qiil =qi+1-

We can now prove by induction that lim qéi)l = gy for all i +1 < ¢ < k. By writing the orthogonal-
Jj—oo

ization step explicitly, we have
gty = (- QP Q) wy,  where  wy’ = (I - A/g) " Aqy,

and likewise
Qo1 = (I — QuQ{Nwy, where — w, = (I — A/&) " Aqy.

By the inductive hypothesis lim ng ) = Q¢, so we also have lim wéj ) = wy, and therefore
j—o0 J—o0

li (3 _ )
_]i>nolo q@+1 qr+1

The statement for Ji11 follows immediately from the definitions of J,gr)l and Jpy1. O

Corollary 4.2.7. Under the same assumptions of Theorem 4.2.5, but allowing some poles to be equal
to infinity, the projected matrix Jy1 = Q¥ 1 AQk+1 is a quasiseparable matrix.

Proof. Let us prove the statement by induction on the number of poles at infinity. If there are no poles
equal to infinity the thesis follows from Theorem 4.2.5. Assume now that the statement holds in the
case of s poles equal to infinity and assume that we are using s + 1 infinite poles. Let £ = oo be the
last infinite pole and let {{i(] )} jen be a sequence of real numbers outside the convex hull of A(A) that
converges to &;, that is

lim §§j) = 00.
j—o0



4.2. KRYLOV SUBSPACE METHODS FOR GMFS 53

Let J,gzl be the projected matrix obtained by using poles equal to

{61? e agi—lvggj)vg’i-‘rla e agk}'

By Lemma 4.2.6, we have that J,ggl converges to the projected matrix Ji41 obtained with the poles
{617'-'7£ia"'7§k}7 that is )

li () — .

JLH;O Jk+1 Jr+1
From the inductive hypothesis we have that the matrices J,EjJr)l are quasiseparable for all j. Since
Hermitian quasiseparable matrices are a closed set [152, Theorem 1.30], we have the thesis. O

Notice that, if the matrix A is Hermitian positive semidefinite, the projected matrix Ji = QF AQj,
has to be positive definite. Indeed, if there exists a vector & # 0 such that Jyx = 0, we have that
AQrx = 0. In particular, since Qrx € qp_1(A)"*Kr(A,b), where g,_; is the denominator of the
rational Krylov subspace, there exist ay, ..., a; € C, for some j < k — 1 and with a; # 0, such that

J
Qrz = qr-1(A) ") i A,
i=0

and so

J
0=AQrz = gr-1(A) ") ;A b,
1=0

This implies that A7t1b € K;(A,b), i.e., that K;(A,b) is an A-invariant subspace. However, this is
impossible since we are assuming that the invariance index of the Krylov subspace is larger than k£ + 1.
In particular, the fact that Jy is positive definite when the matrix A is Hermitian positive semidefinite
implies the existence of the Cholesky factorization of Jy.

Going back to the notation used in Section 4.2.2, let Qf and P denote the orthonormal bases of the
rational Krylov subspaces Qj(A® A, b, &) and Qi (AAT | Ab, &), respectively. The projected matrix
B, = PkH AQy that appears in (4.2.4) is exactly the transpose of the Cholesky factor of the matrix
Ji = QI (A" A)Qy,. Indeed By, is upper triangular and

Jr = (AQr)" AQy = (PyBy)" (PyBx) = B{ By,

where we have used the fact that P, P AQy = AQy, which follows from the fact that range(AQy) =
Or(AAH  Ab,&;). The Cholesky factor of a quasiseparable matrix is quasiseparable, see [152, Theo-
rem 2.10] and [152, Proposition 4.16], so we can conclude that By, is also quasiseparable.

Exploiting the quasiseparable structure of the matrix By, we can compute the matrices By and Py
by only performing a few scalar products. Indeed, if we let

-dl [31 Y1 * . *
dy B2 7 :
By = ' . - x|,
di—2 Br—2 Yr—2
di—1 Br—1
L di |

and we define @), = [Py_1 0] Breg, we have
Aqy = AQre, = PyBrey, = dppy + xi.

Using the fact that the submatrix of By that involves the last two columns and all except for its last
two rows has rank at most 1, we can compute x; with the recursive relation

_ k=2

 Br—2

Ty Tp—1 + Br—1Pr—1-
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Algorithm 4.2 k-th step of rational Golub-Kahan algorithm
Input: A€ C™ ", q, € C", py—1,Pr—2, -1 € C™.
Output: py, i, € C™, di, Br—1,7%—2 € C.

1: w= Agqy

2 Br_1 =wpy_4

3 Vo2 = wpy_s

4 @ = F a1+ Pro1Peo1
5 W =w — Tk

6: di, = [lwll2

7 pr = w/dy

Algorithm 4.3 Short-term recurrence rational Krylov approximation of f°(A)b

Input: A € C™*™, b e C™, function f, real poles {&1,...,&k—1}.
Output: f{ € Qx(AAH, Ab, &) such that ff =~ f°(A)b, given by (4.2.4).

1 q1 = b/|bll

2wy = (I — AFA/&) AR Aqy > other choices can be used
3: Compute g2 by orthogonalizing w; against q;.

4: Compute the QR decomposition [p1, ps] [%1 g;} = [q1, g2].

5: Define By = [dol g;} and o = B1p1.

6: for j=2,...,k—1do

7: w; = (I —AHA/¢;) 1AM Ag; > other choices can be used
8: Compute g;11 by orthogonalizing w; against [q1, ..., q;].

9: Compute pjy1,djt1,05,7j—1, % 41 by Algorithm 4.2 with k = j + 1.

Bj 8j11 =L (Bi)is-1
10: Set BjJrl = |: 0 dj+1i| , Where Sj+1 = j—1 5, .
11: end for

12: Set Py = [p1, ..., Pkl
13: Compute f°(By), e.g. via an SVD of By.
14: Compute fy = [|bl|2Pxf°(Bx)es.

This allows us to compute dg, Bx—1,Vk—2 and pg with only two scalar products. The k-th step of this
procedure is summarized in Algorithm 4.2.

Notice that during the k-th step of the procedure, we do not require the first £ — 1 columns of Q.
Moreover, for the computation of the projected solution fi defined in (4.2.4), we do not need the
matrix Q. For this reason, the computation of the matrix (J; can be performed by using a short-term
recurrence rational Lanczos algorithm, and we can keep in memory only the last two columns of Q.
After the k-th step of the algorithm, the k-th column of the matrix B can be computed using the newly
computed quantities and the previous column, by exploiting its rank structure. The whole procedure
for the computation of f°(A)b is summarized in Algorithm 4.3. The algorithm reduces to the standard
Golub-Kahan bidiagonalization if all the poles are chosen equal to infinity.

Note that computing the approximation (4.2.4) to f°(A)b still requires storing the whole basis P
in order to perform the product Py f°(Bj)e;. Nevertheless, the low memory requirements of the short-
term recurrence can be exploited in full when the goal is the computation of the bilinear form w f°(A)b
for some vector w: in this setting, the approximation w’ Py, f°(By)e; can be computed by updating
the vector w' P, while the Krylov basis is being constructed, bypassing the need to store the whole
matrix Py. Alternatively, it is possible to compute ff = ||bl|2P f®(Bx)e1 without storing the whole
basis Pj; by using a two-pass approach similar to the one described in [31]: in a first pass one computes
the vector y;, = ||b||2f°(Bx)e1, and then in a second pass the product f7 = Pyyy, is formed by computing
a linear combination of the columns of P; as they are generated. Both passes can be performed using
a low-memory implementation.

Remark 4.2.8. In Algorithm 4.3 we implicitly assume that 3; # 0 for each i, a hypothesis that is
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almost always satisfied in practice. However, it can be shown that there must be at least one nonzero
off-diagonal entry in the k-th column of By, so the algorithm could be easily modified to avoid the issue
of ,61 =0.

4.3 FError bounds

In this section we prove some error bounds for the approximation of f°(A)b using polynomial and ratio-
nal Krylov subspace methods. These bounds link the approximation error with the error of polynomial
and rational approximations of f in the uniform norm on an interval containing the singular values
of A. The results contained in this section are the analogue of those that hold for standard matrix
functions, and they can be proved in a similar way.

We first give an upper and lower bound for the singular values of Bj. For convenience, given a
matrix A € C™*" throughout this section we are going to use an extended notation for singular
values, defining o := 0 for all j such that min{m,n} < j < max{m,n}.

Lemma 4.3.1. Let 01 and o, be the first and n-th singular value of A € C™*", respectively. Then
the singular values of By, are contained in the interval [o,,, o1].

Proof. We have

BBy, = QI A" P, PF AQ), = QF (A" A)Qy, (4.3.1)
where we used the fact that PyPH AQ) = AQj, since the columns of AQj span the Krylov subspace
Q1 (AAH  Ab). Therefore, by the Cauchy Interlacing Theorem the eigenvalues of B By, are contained

in the interval [02, 0}], which containes the eigenvalues of A A € C"*", and hence the singular values
of By, are contained in the interval [0y, 01]. O

Observe that if A € C™*" is rectangular with n > m, we always have o, = 0, and hence By may
have singular values arbitrarily close to 0 even if ouninfm,n} (A) > 0. This fact is going to affect the error
bounds in Theorem 4.3.3 and Theorem 4.3.7.

Note that such a situation can actually happen in practice. As an example, consider the 1 X 2 matrix

A= [1 0] and the vector b = ﬁ], for small € > 0. For k = 1, we have Q; = b/||b||s = ——-=b, and

V1+e2
P, = Ab/||Ab||s = 1. So we have B; = PHAQ, = \/1:_7 € R™! and hence B; can have an arbitrarily

small singular value even if o1(A4) = 1.

4.3.1 Bounds for polynomial Krylov approximation

We first prove the error bounds in the polynomial case. Recall that a polynomial Krylov method
computes an approximation to f°(A)b from the subspace Ky (AAH, Ab) as

2 = Pf°(Br)QIb = ||b||2 Py f°(By)en, (4.3.2)

where By, = P,f AQy, and Py and @y are the matrices computed in the Golub-Kahan bidiagonalization
of A, satisfying range(Py) = Kr(AA Ab) and range(Qr) = Kr(AT A, b). A key observation for
proving the bounds is the exactness of the approximation (4.3.2) when f is an odd polynomial, stated
in the following lemma.

Lemma 4.3.2. Assume that f = por_1 is an odd polynomial with degpor_1 < 2k — 1. Then the
approximation f7 given by (4.3.2) is exact, i.e., we have f°(A)b = f7.

Proof. Let por_1(2) = 2q(2?), where degq < k — 1. Using Proposition 4.1.3 and recalling (4.3.1), we
have

2 = Pi.Brq(B" By)Qi'b = P, P AQrq(QF A” AQr)QF .

Due to the exactness property of the polynomial Krylov approximation for standard matrix functions
(see Lemma 2.5.2), we have

Qra(Qi A" AQL)QY b = ¢(AT A)b,
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and hence we get
f? = PP Aq(AT A)b = Aq(AT A)b = p5). 1 (A)b,
where we used the fact that w = Ag(A” A)b € K,(AA™, Ab), and therefore we have Py PHw = w. O

Lemma 4.3.2 can be used to prove the following theorem.

Theorem 4.3.3. Let A € C™*" and let 0y, 0, and o, be the first, n-th and m-th singular value of A,
respectively. Let f? be the approximation to f®(A)b given by (4.3.2). Then the following inequality
holds:

120 = £l <208l min 1£() = P2l (4.3.3)

Moreover, if A is square with o, = o, > 0, or if lin%] f(2)/z =0, we also have
z—

I£°(A)b = £ll2 < 2 Ablla_min [1£()/= ~ p(=*) (4.3.4)

[grxlax{m,n} 7‘71] :

Proof. Let p be a polynomial with degp < k — 1. Then par_1(2) = p(2?)z is an odd polynomial with
degpor,—1 < 2k — 1, and by Lemma 4.3.2 we have

P3—1(A)b = PipSy_1 (Br)Qy'b. (4.3.5)
By adding and subtracting the quantity in (4.3.5) to f°(A)b — f7, we get
Fo(A)b — £ = (f°(A) = P31 (A))b — Pu(f°(Br) — p3i_1 (Br)) Qi'b. (4.3.6)
By invariance of the 2-norm under orthogonal transformations, we have
1£°(A) = PS—1 (D2 = IIf = par—1llsa) <1 = P2r—1ll{omimimny o1
and similarly, by Lemma 4.3.1,
17°(Br) = P51 (Br)ll2 < If = p2x-1llio, -
Combining the above inequalities with (4.3.6), we get
17°(A)b = £ ll2 < 2bll2llf = p2r-1llfo,.n15

and by taking the minimum over p € II;_; we obtain (4.3.3).
To prove (4.3.4), recall that if o, > 0 or 1in(1) f(2)/z = 0, by Proposition 4.1.5 we have f°(A)
ZzZ—r
g(AAT) A where g(z) = f(v/z)/V/?7, and similarly, if o, > 0 or lir%f(z)/z = 0, then f°(Bg) =
72—

g(BixBH)By. Therefore, by also using Proposition 4.1.3, we can rewrite (4.3.6) in the form

FO(AD — £ = (9(AAT) — p(AAT)) Ab — Py (g(BuBy') — p(BuBy')) BrQi'b.

Given that the eigenvalues of By B are the squares of the singular values of By, with a similar argument
as before we obtain

17°(4) = £ll2 < 148112 (llg = Plligyo01 + 19 = Plliz 02))
< 2/|Ablls[|£(2)/ — p(=)|

[Fmax{m,n}01]"
As before, (4.3.4) follows by taking the minimum over p € IIj_;. O

Remark 4.3.4. Observe that if the matrix A is not square, we have oy axfm,n} = 0, and hence the
bound (4.3.4) always involves a polynomial approximation over the whole interval [0, 01], even when
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Omin{m,n} > 0. If A € C™*™ is rectangular with m < n, then the bound (4.3.3) also involves the whole
interval [0,01]. A possible strategy to overcome this issue is to use Proposition 4.1.7 and write

y = F2(A)b = (A1) f(A) Ab.

The vector w = f°(Af)Ab can be approximated using a Krylov method on A and then y can be
recovered by solving the least squares problem

y = (ANHw = argmin||Afy — w|,. (4.3.7)
Y

By rewriting the problem in this form, if m < n and o, > 0 we get a bound involving approxima-
tion on the smaller interval [o,,, 1] for the approximation of w, which translates to a bound for the
approximation of y.

The bound (4.3.3) can be manipulated to obtain a more explicit bound. Assume that o,, > 0, and
let I = [0, 01]. The polynomial p(z?)z is odd, and we can assume that f is also odd, so we have

min [1£(2) = p(D)2l = min [15() = p()el o

i £(2) - a2l )
= min z) —q(2)|l(—nur;
q€lla,_1 1 (=Dl
where we used the fact that the polynomial of best approximation on (—I) U I for an odd function
is itself odd. Bounds on the asymptotic rate of convergence for the polynomial approximation of
a function on the union of disjoint intervals (—I) U I have been developed in [44]. We remark that
using [44, Theorem 1] to bound (4.3.8) would lead to the same asymptotic rate of convergence as (4.3.9),
with a slightly larger constant.
The bound (4.3.3) can also be related to a polynomial approximation problem on the interval [02, o7].
Indeed, we have

. o 2 — : o 2
Jain [|f(2) = p(7)2ll 000 = 01 1in [[f(2)/2 = p(27)lljo,s.0n]
<o1 min [|f(vV2)/VzZ = p(2)lis2.02)-
1

pelly

g1 + On

by E, its image under the linear function that maps [—1, 1] to the interval [02, 07]. The ellipse E, has

91+ In the
i

Let 1 < p <

, and denote by F, the ellipse with vertices at i%(p —+ %) and foci at £1, and

vertices at 1(c% +0%) £ 1(p + %)(O’TZL —0?) and foci at 02 and o?. Note that for p = p——
n

ellipse Ep has a vertex at 0. We recall the following classical result from approximation theory.

Theorem 4.3.5 ([147, Theorem 8.2]). Let the function g be analytic in the interior of the ellipse Ep,
and assume that max|g(z)| < M. Then

z€E,

. 2M
min |g(2) = p(2)o2,02 < ——p7".

pelly p — ].
If the function f(y/z)/y/z is analytic in the interior of Ep, applying Theorem 4.3.5 to the bound
(4.3.3) gives us

17246 = £l < 201 bllemin £(V2)/VE = (32,02

Pk
p_lp )

(4.3.9)

S 4MO'1||bH2

where M = max|f(v/2)/vz] and 1 < p < aLE

z€E, 01 —0n
Remark 4.3.6. Note that if the function f(1/z)/+/z is unbounded on Ep for a certain p, Theorem 4.3.5
can only be used for p < p. In such a situation, the bound (4.3.9) only makes sense for p < p.
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4.3.2 Bounds for rational Krylov approximation

We next prove similar error bounds for the rational approximation (4.2.4). We start by stating the result
analogous to Theorem 4.3.3. Recall that the denominator in the rational Krylov space Qx(AAH | Ab, &)
k—1
is given by the polynomial g;_1(2) = H (z—&).
Jj=1,§;7#00
Theorem 4.3.7. Let A € C™*" and let 0y, 0, and o, be the first, n-th and m-th singular value of A,

respectively. Let f{ be the approximation to f°(A)b from Qi (AAH, Ab, &) given by (4.2.4). Then we
have the inequality

1F°(A)b — fill2 < 2[[bll2 min [[f(2) - Ge-1(2%) 7'(2*) 20, 04 (4.3.10)

Moreover, if A is square with o, = 0, > 0, or if lin% f(2)/z =0, we also have
z—

1F°(A)b = fell < 2||Ab]l> min [|f(2)/= — Be=1(2*) TP o ] (4.3.11)

Note that the same issues discussed after Theorem 4.3.3 in the case of rectangular matrices also
arise in the rational case, and the same approach proposed in Remark 4.3.4 can be used to address
them.

Similarly to the polynomial case, the bound (4.3.10) can be rewritten by exploiting the fact that f
can be assumed to be odd and hence the best approximant on a symmetric interval is odd, yielding

IF°(A)b — fill2 < 2[[bll2 min [|£(z) — ae—1(2*) " p(2) - nur (4.3.12)

where again I = [0,,01]. However, rational approximation on disjoint intervals is a complicated
problem, and hence this formulation might be less useful in practice.
A more practical way to rewrite the bound (4.3.10) is the following:

1/°(A)b = fell2 < 2[blla min [|f(2) = ar-1(2*)"'p(2%)2]| [0, 0]
pElly_1

= 2||b\|2p€ffrllikfil\|\/5(f(\/g)/\/5 — q-1(2) 7'(2)) 102 02

1

<201l min [(F(V2)/VE = ae-1(2)7p() g 021 (43.13)

Although we get an additional factor o1, this bound relates the error to a uniform rational approximation
problem on a real interval. This approximation problem is well-studied in the literature, and it is the
same that appears when computing the standard matrix function ¢g(z) = f(y/z)/+/z with rational
Krylov methods, so it can be a viable tool for selecting good poles.

Similarly to the polynomial case, to prove Theorem 4.3.7 we require the following auxiliary lemma,
which shows the exactness of the rational approximation on rational functions of the form f(z) =
qe—1(2%)"1p(2?)z, where p is any polynomial in IT;_;.

Lemma 4.3.8. Assume that f is a rational function of the form f(z) = qx_1(2%)"!p(2?)z, where
p € Ii_1. Then the approximation f{ from the rational Krylov subspace Qx(AA, Ab, &) given by
(4.2.4) is exact, i.e., we have f°(A)b = f7.

Proof. Using Corollary 4.1.4 and (4.3.1), we have
ft = PiBrqe—1(B" By) "' p(B{ Bi)Qi'b
= PP AQrqr—1(QFf A" AQL) ' p(QFf AT AQL) QD

Due to the exactness property of the rational Krylov approximation for standard matrix functions
(Lemma 2.5.7), we have

Qrar—1(QF A" AQ1)p(Qi AT AQ1)QiTb = g1 (AT A)~Ip(AT A)b,
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and hence we get

fi = PPl Agp_1 (AT A) " 'p(AT A)b = Agp_1 (AT A)~'p(AT A)b = f°(A)b,
where we used the fact that w = Agq,_1(ATA)"1p(AHA)b € Q(AAM Ab), and therefore we have
PkPkHw = w. O

We are now ready to prove Theorem 4.3.7. The proof follows the same strategy as the proof of
Theorem 4.3.3.

Proof of Theorem 4.3.7. Let p be a polynomial with degp < k — 1. Then the rational function r(z) =
qr—1(22)"1p(2?)z satisfies the assumptions of Lemma 4.3.8, and hence we have

r°(A)b = Pyr®(Br)QHb. (4.3.14)
By adding and subtracting the quantity in (4.3.14) to f°(A)b — f5, we get
FO(AYD — £7 = (F°(4) = 1°(A))b — P (f°(Br) — r°(By)) QITb. (4.3.15)

Since by Lemma 4.3.1 the nonzero singular values of By are contained in the interval [o,,01], by
invariance of the 2-norm under orthogonal transformations we have

17°(A) = (A)ll2 < 1 = "lliominm.ny ol
17°(Br) = r(Bi)ll2 < If = rllon,0u)-

Combining the above inequalities with (4.3.15), we obtain

17°(A)b = fill2 < 20[bll2lf = 7ll{g,.005
and by taking the minimum over p € IIx_; we obtain (4.3.10).
To prove (4.3.11), if 0, = 64, > 0 o1 lir% f(2)/z = 0, by Proposition 4.1.5 we can write f°(A) =
Ad
g(AAT)A and f°(By) = g(BrB{)By, where g(z) = f(y/z)/v/z. Thus, using also Corollary 4.1.4, we
can rewrite (4.3.15) in the form
Fo(A)b — f7 = h(AA™)Ab — Pyh(ByBi) B,Q[b,

where h(z) = g(2) — qr—1(2) "!p(z). Given that the eigenvalues of By, B{! are the squares of the singular
values of By, using Lemma 4.3.1 and proceeding as above we obtain

17°04) = £2l2 < 14l (IRl o) + Il2 0 )

= 2 4b )12}/ 2~ s r () D
As before, (4.3.11) follows by taking the minimum over p € II;_;. O

We mention that the results of this section can also be obtained by exploiting the link betweeen

GMFs of A and standard functions of the matrix A4 = { AOH 81} Indeed, it was observed in [5] that

for an odd function f we have

FIA) = [fO&H) foE)A)} .

If we define the orthogonal matrix Us, = {](D)k Cg ] and the vector ¢ = {2] € C™*t" we have that
k
0 By
Z/lQHkAZ/{Qk = {B,}f O} and

Usyo f (U AU UE ¢ = [Pkfo(?)k)Q]Ijb:l .
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Moreover, it can be proved that the columns of Uy, are an orthonormal basis for a rational Krylov
subspace Qo (A, ¢), whose poles consist of a single pole at oo, and +6,, j =1,...,k—1, where 9]2 =&
for each j. This fact is straightforward to prove in the polynomial case, where all 6, are equal to oco.

An alternative derivation of the error bounds in Theorem 4.3.3 and Theorem 4.3.7 could then be
obtained by combining the above fact with Lemma 4.3.1 and error bounds concerning rational Krylov
approximation of standard matrix functions, such as Theorem 2.5.8.

4.3.3 An optimal pole for the shift-and-invert method

In this section we use the error bounds in Theorem 4.3.7 combined with a known result from approxi-
mation theory to find a pole that optimizes the bounds in the case of a single repeated pole located on
the negative real line, which corresponds to the shift-and-invert Krylov method.

We consider the case of a nonsingular square matrix A € C"*™ with singular values contained in
the interval [ min, Omax], With omin > 0. With a change of variables, the bound (4.3.11) can be rewritten
in the form

17°(A)b — fRll2 < 2/|Abll2 min lg(2) — qe—1(2)"'P(2)ll2, o02,..:
pElly_1 Tinin

where the function g is defined as g(z) = f(1/z)/v/z. In the case of a single repeated pole ¢ < 0, we

have q,_1(z) = (z — €)1 and

{(Z — )M p(2) 1 pe Hkﬂ} = {p((z - Y :pe Hk,l}.
By defining h(z) = g(z=! +¢), so that g(2) = h((z — £)71), we get

— &)~k = min ||h(z) — . 4.3.16
per%m lg(z) = (2 =€) P(2)]l[02 pé%lﬁl” (2) = P(2) | [ptmmin s ] ( )

mm’o-mlx}

where fimin = (02, —&) 7! and fimax := (02, — &)~ L. Notice that for £ < 0 we indeed have 0 < pimin <

max min
Nmax S 7571'
The minimum in (4.3.16) can be bounded using the following result in approximation theory, adapted
from [120, Proposition 3.1]. Its proof relies on classical bounds for Faber series, see [63, Corollary 2.2].

Proposition 4.3.9. Let ¢ < 0, and assume that h(z) = g(z~! + ¢) is analytic in the strip 0 < Rez <
—¢71 and continuous in [0, —£71]. Then, for any integer k > 1 the following inequality holds,

k
p
min ||h(z) — (Z)”[Mmin pmee] < 2M , (4.3.17)

pEllf_4 Hme 1—p

where M = ||h(z)[jp,—¢—1] and

p = max { max 5 \/Jmm — 5 Umax\/zi Umm\/i}

\/Umax g =+ \/Umln - € Omax\/ 0. + Ominy/ O f

It follows from the analysis after [120, Proposition 3.1] that the bound (4.3.17) is optimized by
choosing € = —0in0max- Lhis choice leads to the following bound for the shift-and-invert iterates:

Omax Omin
[£°(A)b — £ 2 < 2||b]|2M /U—f’ exp <— 2k - ) (4.3.18)

We remark that the original result (see [120, eq. (3.4)]) exihibited an error like exp ( -2k i‘/g)

for a symmetric matrix A with spectrum in [a,b] C (0,400), when using the shift-and-invert method

with the optimal pole { = —v/ab. The fact that in (4.3.18) we have , / Tmin s stead of & Tmin ¢ not
UIIlaX UIII&X

surprising, since we are essentially applying the result from [120] to the matrix A” A, whose spectrum
is contained in [02, , 02 ].

min’ max
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Figure 4.1 — Convergence of the polynomial Krylov method for the approximation of f°(A)b, where A
is a 2000 x 2000 matrix whose singular values are Chebyshev points of the second kind for the interval
[1071,10], and b is a random vector. Left: functions with an asymptotic convergence rate predicted by
the bound (4.3.9). Right: entire functions with fast convergence.

4.4 Numerical experiments

In this section we present some numerical experiments with the purpose of illustrating the error bounds
and comparing the different methods proposed in the previous sections. We first test the methods
on randomly generated real matrices with a prescribed distribution of singular values, obtained by
taking two random orthogonal matrices U,V € R™ " and constructing A = UXV#, where ¥ =
diag(oq,...,0,) € R™*™. The random unitary matrices are obtained by taking a matrix B € R"*"
with entries from the normal distribution A(0,1) and computing the QR factorization B = QR. If the
diagonal entries of R are nonnegative, then @ is a random orthogonal matrix from the Haar distribution,
a natural uniform probability distribution on the manifold of n X n orthogonal matrices [144]. In our
last experiment we use the adjacency matrix of a directed graph from the Sparse Matrix Collection [51].
For simplicity, we assume that the interval of singular values [0, 01] is known. In a practical situation,
one would first need to compute a (rough) approximation of the extremal singular values.

The plots display the relative error ||f°(A)b — f2ll2/|lf°(A)b|l2, where f? is the approximation
defined in (4.2.3) or (4.2.4), depending on the Krylov method that was used.

4.4.1 Accuracy of error bounds

We start by illustrating in Figure 4.1 the sharpness of the bound (4.3.9) for the polynomial Krylov
method. Under the assumptions of Theorem 4.3.5, the rate of convergence in the bound only depends
on the interval [0,,,01], and hence we can expect it to be pessimistic for most functions. Indeed, for
entire functions such as sinh(z) and sin(z) (see Figure 4.1(b)) the convergence is much faster than
the bound (4.3.9); however, the bound can capture the asymptotic rate of convergence for certain
functions with lower regularity such as /z, for suitable singular value distributions (see Figure 4.1(a)).
This implies that, under the same assumptions of Theorem 4.3.5, it is only possible to improve the
multiplicative constant in the bound (4.3.9). Note that in Figure 4.1 the multiplicative constant in the
bound (4.3.9) was ignored for better visualization.

In Figure 4.2 we compare the convergence of the rational Krylov methods and we test the sharpness
of the bounds (4.3.12) and (4.3.18). We use the shift-and-invert Krylov method with the repeated pole
€ = —OminOmax, the extended Krylov method [59], which alternates poles at oo with poles at 0, and a
general Krylov method with the asymptotically optimal poles for Laplace-Stieltjes functions described
in Section 2.5.3. The poles were selected using the interval [02, 0%], with reference to the bound (4.3.13).
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Figure 4.2 — Convergence of different rational Krylov methods for the approximation of f°(A)b, where
A'is a 2000 x 2000 matrix with logspaced singular values in the interval [1,10] (left) or [10~1, 10] (right),
f(z) = v/zlog(1 + /z), and b is a random vector.

Iteration

The function f(z) = y/zlog(1 + v/2) is such that the function

J(/Z) _ log(1+ ¥2)
NE e

is Laplace-Stieltjes, or equivalently, completely monotonic [135, Definition 1.3]. This follows from [135,
Theorem 3.7] and the fact that log(1 4 z)/z is completely monotonic. An approximation from above
to the bound (4.3.12) was evaluated using a quasi-optimal polynomial p computed by replacing the
uniform norm with the 2-norm on a discrete set of points in I U (—I). We can see in Figure 4.2
that the convergence of the rational Krylov method with asymptotically optimal poles closely follows
the bound (4.3.12), and that the convergence rate of the shift-and-invert Krylov method is correctly
predicted by the bound (4.3.18). The convergence speed of the extended Krylov method is comparable
to that of the shift-and-invert Krylov method. Note that, as in the polynomial case, the bound (4.3.18)
displayed in Figure 4.2 does not include the multiplicative constant.

4.4.2 Rectangular case

We next investigate the performance of the methods in the case of a rectangular matrix A € R™*"™,
and in particular the effectiveness of the strategy proposed in Remark 4.3.4 when m < n to reduce
the computation of f°(A)b to the computation of f°(AT)Ab. We report in Figure 4.3 the convergence
plots of the rational Krylov method with asymtotically optimal poles, for the functions f(z) = /z and
f(z) = zlog(z). We can observe that the convergence is similar for the function zlog(z) (Figure 4.3(b)),
while there is a large benefit in using the alternative expression (4.3.7) in the case of the function
f(z) = /z. This is likely due to the fact that 1/z has a significantly larger derivative close to zero,
and hence roundoff errors in the smallest computed singular values of the matrix By are extremely
amplified when applying this function. Indeed, even though both functions have a derivative that
diverges for z — 0, the derivative of f(z) = \/z grows like O(1/1/z) for small z, while the derivative of
f(z) = zlog(z) grows like O(log(z)), and this is reflected, for instance, in the fact that for = 10716
we have /z = 1078 and zlog(z) ~ —3.7-1071°.

We can see in Figure 4.3(a) that for the function f(z) = /z it is not possible to get below a relative
accuracy of 1078 if we directly approximate f°(A)b, while we can reach a relative error of about 1013
if we use the connection with f°(AT)Ab, since in this case the projected matrix By has no singular
values close to zero.



4.4. NUMERICAL EXPERIMENTS 63
1072 1072 1 .
S 1079 | g 1079} ]
— —
= €2
10—10 [ 10—10 [ |
—e— z —e— zlog(z)
—a— 7, AT —=— zlog(z), AT
10~ b= \ \ \ 1014 = ; I | B
0 10 20 30 40 50 0 10 20 30 40 50

Iteration Iteration

(a) (b)

Figure 4.3 — Convergence of the rational Krylov methods with asymptotically optimal poles for the
approximation of f°(A)b, where A is a rectangular 1000 x 1500 matrix whose singular values are
Chebyshev points of the second kind for the interval [1072,10]. The red line shows the convergence of
the method described in Remark 4.3.4, which computes f°(A)b by first computing f°(A”)Ab and then
solving a least squares problem.

4.4.3 Finite precision issues

In finite precision, one of the main practical problems of Krylov methods based on a short-term recur-
rence (such as, for instance, the Lanczos method) is the loss of orthogonality in the computed basis
vectors. This phenomenon has been studied for the polynomial Lanczos algorithm in [126]. A brief
study of the problem for rational Lanczos can be found in [128]. As one may expect, the algorithm
presented in Section 4.2.3 also suffers from this numerical instability. However, our experiments show
that this loss of orthogonality deteriorates only slightly the accuracy of the algorithm: if the poles are
chosen to guarantee a moderate number of iterations for convergence, it appears that the error pro-
duced by comparing the short-term recurrence algorithm with the one that uses full ortogonalization
remains rather small, and it stops growing after a few iterations (see Figure 4.4). The effect of finite
precision arithmetic and the subsequent loss of orthogonality in the Krylov basis have been already
studied in [121] for the approximation of the product between a standard matrix function and a vector
by means of the polynomial Lanczos algorithm; on the other hand, a theoretical analysis of the loss
of orthogonality in the short-recurrence rational Lanczos algorithm, even in the context of standard
matrix functions, is a challenging problem: see for example [128, Section 4].

4.4.4 A practical example

In our last experiment we compare the accuracy and execution times of polynomial and rational
Krylov methods in a more practical scenario. We consider the computation of f°(A)b, where A is
the 8490 x 8490 adjacency matrix of the largest strongly connected component of the directed graph
p2p-Gnutella30 from the Sparse Matrix Collection [51] and b is the vector of all ones. This kind of
expression arises when computing functions of the adjacency matrix of the associated bipartite graph.
We consider the functions f(z) = sinh(z) and fo(2) = 2'/3. The function f; is an entire function that
appears in the computation of hub and authority communicabilities of nodes in a directed graph [5,15],
and the function f5 is such that fo(y/z)//z is Cauchy-Stieltjes, which allows us to use the asymptoti-
cally optimal poles from [114].

In order to simulate a real situation where the exact solution is not available, we used as a simple
stopping criterion the relative difference between two consecutive approximations, i.e., we stopped the

algorithm as soon as
o po
||.fk .fk+1||2 < tol

Pl = b (4.41)
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Figure 4.4 — Effects of the loss of orthogonality in the rational Golub-Kahan algorithm for the approx-
imation of f°(A)b, where f(z) = v/z and A is a 2000 x 2000 matrix with logspaced singular values
in the interval [107!,102], for the rational Krylov method with asymptotically optimal poles. Left:
loss of orthogonality and error in the projected matrix when using the short-term recurrence. Right:
comparison of the error in the approximation of f®(A)b when using the short-term recurrence or full
orthogonalization of the basis vectors. In black we reported the norm of the difference between the two
approximations.

Table 4.1 — Number of iterations k, execution time ¢; in seconds required to achieve tolerance
tol = 107?, and actual error Ej, at iteration k. The execution times are for the short-term recur-
rence implementations, obtained as an average over 10 runs. In the case of fy(z) = 21/3 after 2000
iterations of the polynomial method the error estimate was still 1.99e-03.

. polynomial rational
function k t o i t By
sinh(z) 11 0.0103 1.54e-10 55 10.0469 6.41e-08
Z1/3 2000 12.6563 2.48e-03 32 5.6455 1.16e-09

where tol is the requested error tolerance. We remark that although this kind of stopping criterion
is widely used in practice, it does not provide any guarantees and it often underestimates the actual
relative error, especially if the method is stagnating. Our results are summarized in Figure 4.5 and
Table 4.1.

Since fi is an entire function, the polynomial method converges very quickly and thus outperforms
any rational Krylov method. We remark that the number of iterations of the rational Krylov method
for f; could likely be reduced with a more careful choice of poles; however, it would still be outperformed
by the polynomial Krylov method in terms of execution time. On the other hand, the function fs is
less regular, and the performance of the rational Krylov method with asymptotically optimal poles is
much more competitive, both in terms of number of iterations and execution time. We can see that the
error estimate (4.4.1) is quite accurate when the method converges quickly, but it stops the algorithm
too early if the convergence is slower.



4.4. NUMERICAL EXPERIMENTS 65

102 [ — I |
. —e— Polynomial
Vi — - — Poly. estim. 10-1 B
—=a— Rational e
9 / — — — Rat. estim. T
102 :
= o 1074 -
= 2
— —
= £a)
1076 N _7
10 [ —e— Polynomial | |
— — — Poly. estim.
! —=a— Rational
—10 |- - - — — Rat. estim.
10 | | | \ 10710 \ I — |
0 20 40 60 0 20 40 60
Iteration [teration
(a) (b)

Figure 4.5 — Comparison between polynomial and rational Krylov methods for the approximation
of f°(A)b, where A is the 8490 x 8490 adjacency matrix of the largest strongly connected component
of the directed graph p2p-Gnutella30 and b is the vector of all ones. We have set tol = 10~ in
the stopping criterion (4.4.1). The dashed lines are the error estimates (4.4.1). Left: fi(z) = sinh(z).
Right: fo(z) = 2/5.
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Chapter 5

A low-memory Lanczos method with
rational Krylov compression

In this chapter we propose a new low-memory algorithm for the approximation of f(A)b in the case of
Hermitian A, that combines an outer (polynomial or rational) Lanczos iteration with an inner rational
Krylov subspace, which is used to compress the outer Krylov basis whenever it reaches a certain size.
Similarly to [36], the inner rational Krylov subspace does not involve the matrix A, but only small
matrices. This is a key observation, since constructing a basis of the inner subspace does not require
the solution of linear systems with A, and hence it is cheap compared to the cost of the outer Lanczos
iteration. The approximate solutions computed by the proposed algorithm coincide with the ones
constructed by using the outer Krylov subspace method when f is a rational function, and for a general
function they differ by a quantity that depends on the best rational approximant of f with the poles used
in the inner rational Krylov subspace. In order to obtain a meaningful advantage when compressing
the basis, this algorithm should be used when the outer Krylov method requires many iterations to
converge, so polynomial Lanczos is an ideal candidate. Other potential options are rational Lanczos
methods with repeated poles, such as the extended [59] or shift-and-invert Krylov methods [119].

If the outer Krylov basis is compressed every m iterations and the inner rational Krylov subspace
uses k poles, the approach that we describe in this chapter requires the storage of approximately m + k
vectors. Additionally, due to the basis compression, our approximation involves the computation of
matrix functions of size at most (m + k) x (m + k), so the cost of this operation does not grow with
the number of iterations. This represents an important advantage with respect to the Lanczos method,
since when the number of iterations is relatively large the evaluation of f on the projected matrix can
become quite expensive.

We start by giving a brief overview of the literature on low-memory methods for the approximation
of f(A)b in Section 5.1, and in Section 5.2 we present some results regarding rational Krylov subspaces
and the computation of low-rank updates of matrix functions, which will be employed in the rest of the
chapter. We then describe the low-memory algorithm in Section 5.3 and we analyze it and compare it
with other low-memory methods from the literature in Section 5.4. The algorithm is tested on several
problems from selected applications in Section 5.5, showing competitive performance with respect to
existing low-memory methods. The contents of this chapter are based on the preprint [38].

5.1 Overview of low-memory Krylov subspace methods
In the discussion that follows, we will often need to refer to specific blocks of a Krylov subspace basis or

of the associated projected matrix. In order to do this while keeping the notation as simple as possible,
throughout this chapter we are often going to denote Krylov subspace matrices using bold letters, such

as Q.,,, H,, and K,,,. This will allow us, for instance, to use the notation Q1,..., Qs to refer to specific
blocks of the matrix Q,,. More details on this notation will be given in Section 5.3.
Recall that when A is Hermitian, the orthonormal basis Q,, = [q1 ... @m] of the polynomial

67
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Krylov subspace K, (A, b) can be constructed with the Lanczos algorithm, by exploiting a short-term
recurrence. The product f(A)b can then be approximated by the Lanczos approximation

Im = Qumf(Trn)ei|b]2, T = QAQu.

Since in the Lanczos algorithm each new basis vector is orthogonalized only against the last two basis
vectors, we need to keep in memory only three vectors in order to compute the basis Q,, and the
projected matrix T,,. However, forming the approximate solution f,, in a straightforward way still
requires the full basis Q,,. When the matrix A is very large, there may be a limit on the maximum
number of basis vectors that can be stored, so with a standard implementation of the Lanczos method
there is a limit on the number of iterations of Lanczos that can be performed and hence on the attainable
accuracy in the approximation of f(A)b. In the literature, several strategies have been proposed to
deal with memory limitations. See for instance the recent surveys [91,92| for a comparison of several
low-memory methods.

A simple but effective approach is the two-pass Lanczos method [31,79]. With this approach, the
Lanczos method is first run once to determine the projected matrix T,, and compute the short vector
t, = f(T.,,)e1||bll2. After t,, has been computed, the Lanczos method is run for a second time to
form the product f,, = Q..t,, as the columns of Q,, are computed. This method doubles the number
of matrix-vector products with A with respect to standard Lanczos, but it requires the storage of only
the last three basis vectors.

Another possibility is the multishift conjugate gradient method [73,150]. This method is based on
an explicit approximation of f with a rational function r expressed in partial fraction form. Then,
f(A)b = r(A)b is approximated by using the conjugate gradient method to solve each of the linear
systems that appear in the partial fraction representation of r(A)b. This can be done efficiently by
exploiting the shift invariance of Krylov subspaces, i.e., the fact that K,,(4,b) = K,,(A + 01,b) for
any 6 € C, in order to use a single Krylov subspace to obtain approximate solutions to all the linear
systems simultaneously. Compared to Lanczos, this method requires performing additional vector
operations and storing vectors proportionally to the number of poles of the rational approximant 7.

When f is a Cauchy-Stieltjes function, it is possible to use a restarting strategy that is similar to
restarted Krylov subspace methods for linear systems [61,71,72]. By exploiting the Cauchy-Stieltjes
integral representation of the function f, the error after a certain number of Lanczos iterations can
be written as f(A)b — fi, = fim(A)@m+1, where f,, is still a Cauchy-Stieltjes function that depends
on f and T,,. This property makes it possible to restart the Lanczos method after a certain number
of iterations, and then iteratively approximate the error using the same method.

Recently, a low-memory method has been proposed to compute an approximation from a Krylov
subspace to f(A)b when f is a rational function [41]. This approximation is optimal in a norm that
depends on the denominator of the rational function. If d is the degree of the denominator of f,
the approximation from /., (A, b) can be computed with m + d matrix-vector products with A, while
storing approximately 2d vectors. This method can be extended to non-rational functions f by means
of rational approximations, and it often produces approximations that are comparable or better than
the Lanczos approximation.

5.2 Necessary tools

In this section we recall some results on rational Krylov subspaces and on low-rank updates of matrix
functions that we are going to employ in the derivation of our algorithm in Section 5.3.

5.2.1 Properties of rational Krylov subspaces

In this chapter we are going to employ the following definition of a rational Krylov subspace, which is
slightly different from Definition 2.5.5.

Definition 5.2.1. Let A € C"*" b € C" and let & be a list of poles {&,..., &1} C C which are

not eigenvalues of A. We define a rational Krylov subspace as

Qk(A, b, &) = {qk(A)_lp(A)b, with p € Hk,l},
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where
qr(z) == H (z=9).

£€y

€00
Remark 5.2.2. The key difference between Definitions 2.5.5 and 5.2.1 is that in Definition 5.2.1 we do
not prescribe that b is contained in the rational Krylov subspace. As a consequence, the denominator
polynomial g has degree k instead of k— 1 (if all the poles are finite), and there is an additional pole &y
at the beginning of the pole sequence &i. If we take £y = oo in Definition 5.2.1, we recover the rational
Krylov subspace from Definition 2.5.5. This alternative definition is the one used in [9], and allows us
to use some of their results without modification, thus simplifying the exposition in the sections that
follow.

Recall that when A is Hermitian and the poles & are real we can construct a basis Qj, of the rational
Krylov subspace Qx(A, b, &) by employing the rational Lanczos algorithm (Algorithm 2.3), which also
computes the tridiagonal matrices

oy B

-1~ o Buea and By = ; 1 - Hit,
- —1
Br—2 k-1 0O ... 0 k—1

Br—1

with the convention that the inverse of an infinite pole equals zero. Together with Qj, the matrices
H, , and K, satisfy the rational Arnoldi relation

AQirK, 1 = QrHy ;. (5.2.1)

Note that even with the different definition of Q (A, b, &) given in Definition 5.2.1, we can still use
Algorithm 2.3 to generate the basis by simply giving &y as input instead of setting it to oo in line 1.

Another important ingredient for rational Krylov methods is the computation of the projected
matrix Ty = Qf AQj. We have already seen that we can avoid the explicit computation of Ty by
exploiting the Arnoldi relation (5.2.1) if we assume that ;1 = oo. In this case, the last row of K,
is zero and the matrix Kj_ is invertible, so by writing

| Tr=1 by
Tk|:ka *:|7

with Tj_; € Cr=Dx*=1) and b, € R¥~1, and multiplying (5.2.1) on the right by K; ', and on the
left by QkH , we obtain
Tk—l = Hk_lK;_ll and bk = Bk—lK;_Hlek—L (522)

If we additionally assume that there exists s < k — 1 such that £, = oo, then the matrix K;_; has the
block triangular structure

1 B . B o
Kk 1= |:KS 65_1@\571656? KS ! _gsflﬁsfle leser{Kk—l

, and K ' =
Ki_1 } kot [ K. ',

with K, € C**¢ and IA(k_l € Clk—1=8)x(k=1-5) GQince Tj_; is Hermitian and elTIA{k._l = el exploiting
(5.2.2) we have

T
TS bs+1€1

Tip_1= { i = } , Tho1 = ﬁk—1f<;;11 —&82 (el K ey)ere] (5.2.3)
61bs+1 Tk,1

with Ty € C**® and bsy; € C? defined according to (5.2.2). Note that only the (1,1) entry of ’/I\‘k,l is

different from the corresponding element of Hk_lK;_ll.

We conclude this section with a simple result that will be useful in Section 5.2.2.
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Proposition 5.2.3. Let A € C"*" b € C" and let & be a sequence of k poles. Denoting by Qj an
orthonormal basis of Q (4, b, &), for any matrix U with orthonormal columns such that range(Qg) C
range(U) we have

UQk(UHAU7 UHba gk) = Qk (Aa bv gk)

Proof. We first prove this result in the polynomial case, that is when all the poles are equal to infinity,
and then we generalize the proof to the rational case.
We are going to prove by induction on i < k that

UUT AU U = UUM A"b,
which in particular implies

k k
U 0" AUY U =UU" Y ;A% (5.2.4)
j=0 j=0

for any choice of coefficients v; € C. Note that this is a slightly stronger result that, since range(Qy) C
range(U), for h < k reduces to the thesis in the polynomial Krylov case. If h = 0 the statement is
straightforward. For a fixed 1 < h < k, we have

UUT AU = UUT AU(UH AU YU = UUR AUUH AM—16 = UUH A",
where the second equality follows from the inductive hypothesis and the third one is due to
A" 1b € K1, (A, b) C range(U).
For the rational Krylov case, note that
Qi (A, b, &) = Ki(A,q(A) D),

where q(z) = [lece, exoo(® — §). In particular, denoting by ¢ := q(A)~'b, we deduce from the
polynomial case that
UKLUTAU, U ¢) = K1 (4, ¢) = Qi(4, b, &),

and hence to conclude it is sufficient to prove that Uc = q(U? AU)~'UHb. Since the degree of ¢ is
bounded by k, by (5.2.4) we have

UURb =UUq(A)e = Ug(UP AUYU ¢,

and multiplying both sides on the left by q(U¥ AU)~'U* we conclude. O

5.2.2 Low-rank updates of matrix functions

In this section we recall a result from [9] on the computation of a low-rank update of a matrix function,
and we slightly modify it to fit our purposes.

Theorem 5.2.4 (|9, Theorem 3.3]). Let A € C"*" be a Hermitian matrix, B = [b; by] € C"*? and
A € C?%2 Hermitian. Let r = p/q be a rational function with complex conjugate roots and poles, and
denote by & the sequence of cardinality k := max{degp + 1,degq} that contains the poles of r and
infinity in the remaining elements. We have

r(A+ BABY) —r(A) = Qi (r(Qf/ (A + BAB™)Qy) — r(Qif AQs)) QF,
where Qy, is an orthonormal basis of the subspace Qk(A, by, &) + Qr(A, ba, &k).

The following proposition extends Theorem 5.2.4 to the case where Qy is replaced by a matrix U
such that range(U) O Ok (A4, b1, &) + Qr(A, b2, &x).
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Proposition 5.2.5. Let A, B, A,r and & be defined as in Theorem 5.2.4. Then, we have
r(A+ BAB") —r(A) =U (r(U"(A+ BAB")U) — r(U" AU)) U,
where U is a matrix with orthonormal columns such that range(U) 2O Qk(A4, b1, &k) + Qr(A, ba, &k).
Proof. First of all, we note that since range(U) D Q (A4, by, &) + Qi (A4, b, &) we have
v Qi = Qu,

where Qj is an orthonormal basis of Qi (A,b1,&k) + Qk(A, ba, &). Moreover, by Theorem 5.2.4 we
have
r(A+ BAB™) — r(A) = Q.Yi(r)Q = UUYQ.Yi(r)QIUUY,

. Yi(r) := r(Qi (A + BAB™)Qy) — 7(Qf AQu).
To conclude it is sufficient to prove that
UQuYi(rQF U = r(U" (A + BABTU) — r(U” AU).
It follows from Proposition 5.2.3 that U¥ Qy, is an orthonormal basis of the subspace
QUM AU, UMb, &) + Qu(UT AU, UMby, &4) = UM (Qk(A, b1, &) + Qi(4, b2, &1)),
and by Theorem 5.2.4 we obtain
r(UH(A+ BABMU) — r(U® AU)

=U"Qi (n(QIUUH (A + BABT)UUR Q) — r(QIUUT AUUT Qi) QU

= U"Qi(r(Qi (A + BAB™)Qu) — r(Q AQ1)) QiU

=U"Q.Yi(r)QHU. O

The following immediate corollaries are going to be fundamental in Section 5.3 for deriving the
low-memory algorithm for f(A)b.

Corollary 5.2.6. Assume that r = p/q and & are defined as in Theorem 5.2.4 and let A € C"*" be
a Hermitian matrix, partitioned as

All
A =
el

with A;; € C™*™. Assume that Ao = be, where b € C™ and ¢ € C*~™. Then

)

A12}

o T(Au) -Uk U]f]
r(A) = [ r(Agg)] + _ I} X (r) { I (5.2.5)
where Uy, is an orthonormal basis of Qk(A11,b,&x), I is the (n —m) x (n —m) identity matrix and

~ ([UFALU: U be] r(Uf AnUy)
Xi(r)=r ({ bt U, Aqgy -

r (A22)] ’

In particular, for any vector of the form {8] where v € C™, we have

r(A) m — m + ["(‘)’} +r (5.2.6)

Yy = T(Au)’v, w = —UkT(U]fAHUk>U]£{’U,

r = Uk U,fAHUk U,fleH U,f[v
o I " CbHUk A22 0 ’

where

and
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I B 1

Due to the block diagonal structure, we have

o ([* sl bl ) e ] [ o) = ([ u]),

where Vj is an orthonormal basis of Q(Aas, ¢, &x). Since

(1™ wl) e ([ ]),

we can use Proposition 5.2.5 to obtain (5.2.5), and then (5.2.6) follows as an immediate consequence. [J

Proof. We can write

Corollary 5.2.7. Let A be as in Corollary 5.2.6 and let f be a function that is analytic on W(A).
Given complex conjugate poles &, C C\ A(A), let Uy be an orthonormal basis of Qy(A11,b,&k). We

have f(AQQ)} B {Uk I] () {szl I} — Ex(f),

[Ex(fll2 <4 min [If —rllwa, (5.2.7)
r€llx_1/q

s [T

with

where () = [ece,  esoo(® — &)

Proof. The bound (5.2.7) easily follows from the exactness property of Corollary 5.2.6 for rational
functions, with the same proof as [9, Theorem 4.5]. O

5.3 Algorithm description

In this section we present a low-memory implementation of a Krylov subspace method for the com-
putation of f(A)b for a Hermitian matrix A and a vector b. On a high level, we use an outer Krylov
subspace, which can be either polynomial or rational, combined with an inner rational Krylov subspace
that is employed to compress the outer Krylov subspace basis and reduce the memory usage. The
inner Krylov subspace is constructed using the projection of A onto the outer Krylov subspace, so it
does not involve any expensive operations with the matrix A. This approach is designed for scenarios
where the outer Krylov method requires a large number of iterations to converge, in order to take full
advantage of the basis compressions. The outer iterations should be cheaper than the solution of shifted
linear systems involving A and inner poles, otherwise it would be more efficient to simply use a rational
Krylov method associated with the inner poles directly on the matrix A. Therefore, an ideal choice
for the outer subspace is a polynomial Krylov subspace, and other viable options are rational Krylov
methods with a few repeated poles, such as extended [59] and shift-and-invert [119] Krylov methods.

The algorithm is composed of s cycles, with each cycle consisting in m iterations of the outer
Krylov method, and a subsequent compression of the basis to k& vectors. At any given moment, the
algorithm keeps in memory at most m + k basis vectors and some additional quantities (whose storage
is not dependent on n), such as projected matrices of size m + k. In total, the algorithm performs
M = k + ms iterations of the outer Krylov subspace method, and the approximation computed at
the end of each cycle coincides with the approximation computed by a standard implementation of
the outer Krylov method, up to an error due to the rational approximation done in the inner Krylov
subspace, which is usually negligible. This error is zero in the case where f is a rational function of
type (k — 1, k), so for simplicity we start by describing the algorithm in this special case.

Let r be a rational function of type (k — 1,k), i.e., 7(2) = p(z)/q(z) with p and ¢ polynomials of
degrees at most k — 1 and k, respectively. We assume that r has complex conjugate roots and poles.
We let & be the vector of poles {&,...,&k—1} containing the roots of ¢ and oo in the remaining entries
in the case deg(q) < k. These poles will be used for the inner rational Krylov iteration. Our goal is to
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construct an approximation of 7(A4)b from the outer Krylov subspace Qs (A, b, 0ys), where M = k+ms
and @) is the associated sequence of complex conjugate poles {6y, 61,...,0p_1} C C. We assume that
0o = oo, and that 0,4, = oo for j =1,...,s — 1. We denote by 0, the list 8, = [0y, ...,0,_1], for
¢ < M. Throughout this section, we are going to denote by Q;, H;, K; and T; the matrices associated
with the outer Krylov subspace Q;(A4,b,0,), according to the notation introduced in Section 5.2.1.

We also introduce some additional notation for the matrices associated with the outer Krylov
subspace Qs (A4, b, 0y;), in order to simplify the exposition in this section. We denote by @ := Qs the
orthonormal basis of Qp(A4, b, 0,r) and by T := @HA@ = Tjs. We denote the approximation (2.5.6)
to r(A)b from Oy (A, b, 0)) by

g := Qr(T)e||bla- (5.3.1)
We split @ = [Ql Qs ... QS], with Q; € C**(+™) and Q; € C™*™ for i = 2,...,s. We also use
the notation @l = [Ql e QS], so that we have @l = [Ql Q\Hl} fori=1,...,s—1. We introduce

a similar notation for the matrix 7. We denote by T; the i-th block on the block diagonal of ZA“, with
T, € Clhtm)x(k+m) and T; € C™*™ for i = 2,...,s, and by Ty, € CE=Dmx(s=)m the trailing block
on the diagonal after T;. So we have

P[0, el g, v

2<1<s—-1
e1bfl T2 elbf Ti+1:| ’ =t=s ’

where b, € C™*t* by e C™ fori=1,...,5s—1, and fs = Ts. The block structure of Tisa consequence
of the poles at infinity in 6/, as shown in Section 5.2.1 (see (5.2.3)).

5.3.1 The first cycle

We can split T as
o Tl ble’{
O R

where the first term is block diagonal and second one has rank two. Let U; € CU"th)xk he an
orthonormal basis of the rational Krylov subspace Q (771, b1, &x). Using Corollary 5.2.6, we can write

7 _ Ty bief el|bll2| [y w1 ~
r(T)elnbnzr([elb{I e Pbll] _ [01] ] 5,
y1 = r(T1)e1| ||z, wy = —Urr(U'T1U)U{ 1B 2,

= _ [ ], ([vfmUn Uffeiel] ) [Ufeilbll2
1 I elb{{Ul T2 0 '

where

and

Recalling the notation introduced above, we have
V(T _ A Y1 w ~\ _ A=~ . ~ 7~
arDepla= [0 @ ([5]+ 0] +7) —anram o afn
To summarize, we have obtained

§=Qr(D)e|blla = y1 +wi + 71, (5.3.2)

where

y1 = Qur(Tr)ex|[b|2
is the approximation (2.5.6) to r(A)b from Qim (A, b, 0r+m),

wy = —Q Urr(U{'T UL )U{ 1| b|2
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and

- ~ U1HT1U1 Ulele? U1H61Hb||2
T = [Q1U1 Q2} T( le{{Ul 7, 0 . (5.3.3)

After the first k + m iterations of the outer Krylov subspace method, we can compute y; and ws, but
the remainder r; still involves Q2 and T3, which have not been computed yet. A crucial observation
that allows us to save memory is that in (5.3.3) the basis Q; only appears in the product Q1U;, so
from now on it is no longer necessary to keep in memory the whole matrix Q.

Introducing the notation Vi := Qq, S1 := T1, vy := e1||bl|2 and by := by, we can rewrite (5.3.3) as

= [VlU1 @2} r ( ) {Ulzvl} : (5.3.4)

The notation introduced for (5.3.4) sets us up for describing the i-th cycle of the algorithm.

UlSUy Ufbrel
elb{{Ul T2

5.3.2 The i-th cycle

At the beginning of the i-th cycle, with 2 < i < s — 1, our task is to compute the remainder r;_; from
the previous cycle, which is given by
H .
) [Ui—lo”l—l} . (5.3.5)

Note that (5.3.4) coincides with (5.3.5) with ¢ = 2. Expanding ﬁ in terms of T}, b; and ﬁ+1, we have

H H 7 T
Ui—LSi—lUi—l Ui_llﬁ_lel
H
elbiflUi_l T’l

Ti-1 = [Vi—le’—l @1} r <

H H 7 T
UH S. .U UH b T UZ1Si-1Uic1 UiZ bireg
i—1”i—1Ui-1 i—19i—1€1 bH U T b.el
’5H U f €10;_1U;—1 i Aiel
e10;,_ 1U;—1 1 e bH T.
1Y; 1+1

H .. ~
Introducing the notation V; := [Vi1Ui—1 Qi) € Crx(ktm) gy .= {Uilovl_l} € Cktm b, = L?] €
CFk+™ and

7

Sl' =
e1sz_1Ui,1 Ti

UH . Si_1Ui—4 U515i1€{]
we can rewrite (5.3.5) as

i1 = [Vi @H_l} r ([ Si Ee{

TH
erb; Ty

) m . (5.3.6)

The right-hand side of (5.3.6) can be computed with the same strategy that was used in the first cycle
to compute Qr(T)e;||b|s. Letting U; € C*+™*F be an orthonormal basis of Q(S;, bi, &), we use

Corollary 5.2.6 once again to obtain
Sl' 5746,{ Vi| :ljl ’lEZ ~
(Lo 53] ][]+ 3] +=

yi = r(S;)v;, w; = —Uir(U S;U;) U v,

i

ri—1 = Viy; + Viw; + {Vi @Hl} 7 = Vir(S;)v; + w; + 7y, (5.3.7)

where

and B
e] b{l U,L' Ti+1

From this, we easily obtain
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where
and N
elbei Ti+1

) {Ui];”l} . (5.3.8)

Note that if we replace ¢ with ¢ + 1 in (5.3.5) we obtain (5.3.8), i.e., we have written the remainder r;
in a form that is ready for the (i + 1)-th cycle.
The approximate solution to r(A)b is updated with the identity

T, = [‘/i @iJrl} T = [ViUi @Hl} r <

Yi = Yi—1 +wi—1 + Vir(S))v;. (5.3.9)

Recalling (5.3.2), in the first cycle we have y = y; + w1 + r1. It is easy to prove by induction that a
similar identity holds in all subsequent cycles. Indeed, assuming that ¥y = y;_1 +w;_1 + r;_1, we have

Y=yi1+wi—1+ Vir(S)v + w; + 7 = yi + w; + 7,

where we have used (5.3.7) and (5.3.9). Note that, similarly to the first cycle, in (5.3.8) the matrix V;
only appears multiplied by U;, so after computing y; and w; it is no longer necessary to store the whole
basis V.

5.3.3 The final cycle

The final cycle is slightly simpler, since we can compute the remainder directly instead of using the low-
rank update formula. Indeed, at the beginning of the s-th cycle the remainder rs_; can be computed
directly from (5.3.8), which reads
Ul v
0 .

Using the same notation introduced in previous cycles, we define V; := [‘@,1US,1 Qs],

H H 7 T
Us—lss—lUs—l US_lbs_lel

s—1 = V_ U_ y
Ts_1 [s 1Us—1 Q]T< €1b£_1Us—1 T

H
Vg 1= |:U51’U51:| and Ss =

0 61b§71US,1 TS

UM, S Uy UM lﬂsle{]

so we have

Ts—1 = V;T(Ss)vsa

and the final approximation to r(A)b is obtained as
Ys = Ys—1 + ws_1 + Vr(Ss)v,. (5.3.10)

Note that (5.3.10) coincides with (5.3.9) where ¢ has been replaced by s, so in the final cycle of the
algorithm we compute the same update as in the other cycles, even though the derivation is different.

Since in the (s —1)-th cycle we have y = y;_1 +ws_1 +7s_1, it follows that y; = ¥, i.e., in the last
cycle the algorithm that we just described computes the same approximation to r(A4)b as M =k + sm
iterations of the outer Krylov subspace method. We will show in Proposition 5.4.1 that the same
approximations as in the outer Krylov method are computed also in the intermediate cycles. The
resulting algorithm is summarized in Algorithm 5.1.

5.4 Analysis and comparison with existing algorithms

In this section we analyze Algorithm 5.1 from both a theoretical and computational point of view, and
we compare it with other low-memory methods from the literature.
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Algorithm 5.1 RK-Compressed rational Lanczos for f(A)b

Input: A € C"*™ b e C", function f, k,s,m € N, complex conjugate inner poles &, = {&,...,&k—1},
real outer poles Oy = {6o,...,0p—1} such that M = k 4+ sm, 6y = oo and byyim = oo for
1=1,...,s—1.

Output: y, ~ f(A)b, such that y, € Qn(A,b,0y).
> First outer cycle:
1: Run m + k + 1 iterations of the rational Lanczos algorithm (Algorithm 2.3) with the outer poles
0, to compute @1, T7 and b;.
2: Compute the first approximation y; = Q1 f(71)e1 |||l

3: Define Sl = Tl, Vi= Ql, v = €1||b||2 and by := by.
> Other outer cycles:
4: fori=2,...,sdo _
5: Construct the basis U;_; of the rational Krylov subspace Q(S;—1,b;—1, &x)-
6: Compute the correction w;_1 = — i—lUi—lf(UiIzlSi—lUi—l)UiIil'v'L—l-
7 Run m additional iterations of the rational Lanczos algorithm with the outer poles 6;; to

compute @Q;, T; and EZ
UH Vi—1 UH S‘_lU‘_l UH 5'_16T
8: Define V; := |V;_1U;— i, vi=| LT, S = | AT -1l
Vimilicr Q) [ 0 } eb Uiy T;
9: Update the approximation y; = y;—1 + w;—1 + Vi f(S;)v;.
10: end for

5.4.1 Theoretical results

We start by showing that the iterates computed by Algorithm 5.1 coincide with iterates of the rational
Lanczos method associated to the outer Krylov subspace Qn(A, b, 8y7) when f is a rational function.

Proposition 5.4.1. When f is a rational function of type (k — 1,k) with poles given by &, the
approximations {y;}?_; computed by Algorithm 5.1 coincide with the approximations given by (2.5.6)
with an outer Krylov subspace of the appropriate dimension. Precisely, for any ¢ = 1,...,s we have

Yi = Qurimf (Tepim)erbllz, Trrim = Qiim AQtim,

where Qp4im is the orthonormal basis of Qg1 im (A, b, Ok1im) generated by the rational Lanczos algo-
rithm (Algorithm 2.3).

Proof. We have already observed that y; coincides with the approximation (2.5.6) from the Krylov
subspace Qkym(A,b, Ok i), and we have shown at the end of Section 5.3.3 that ys coincides with the
approximation g computed by the outer Krylov method after M = k+ sm iterations. To show that this
also holds for all other cycles, let us fix 1 < ¢ < s and suppose that we run a variant of Algorithm 5.1
with s replaced by s’ = 7 and M replaced by M’ = k + i¢m. It is easy to see that this variant of the
algorithm performs exactly the same operations as the original one up to the (i — 1)-th cycle, and hence
computes the same approximate solutions y1,...,y;_1. The only difference from the original algorithm
is that the i-th cycle is carried out by directly computing the residual r;_; as described in Section 5.3.3,
instead of performing the low-rank update with Corollary 5.2.6 as in Section 5.3.2. However, as shown in
Section 5.3.3 for the final cycle of Algorithm 5.1, the update formula (5.3.10) for the final approximation
to r(A)b coincides with (5.3.9), so this algorithm variant also computes the same approximation y; as
the original one. Since the final approximation computed by the variant of the algorithm coincides
with the approximation generated by the outer Krylov subspace Qg1 im (A, b, Ok i) after M' = k+im
iterations, we conclude that this also holds for the approximation y; computed in the i-th cycle of the
original algorithm. O

When Algorithm 5.1 is applied to a general function f, we have to use Corollary 5.2.7 instead of
Corollary 5.2.6, so in each cycle we introduce an error that depends on the approximation error of f
with rational functions. The following proposition provides a bound on the error of Algorithm 5.1 with
respect to the rational Lanczos algorithm in the general case.
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Proposition 5.4.2. Assume that Algorithm 5.1 with s cycles is applied to a function f that is analytic
on W(A), using inner poles &. The error of Algorithm 5.1 with respect to the rational Lanczos algorithm
is bounded by

1Y —ysll2 <4(s = DIbllz min [[f —7(lw(a), (5.4.1)
rellx_1/q

where ¢ is a polynomial with roots given by the finite elements of &.

Sl' Ele?
elgf{ fi—i—l
we use Corollary 5.2.7 instead of Corollary 5.2.6 in the i-th cycle of Algorithm 5.1, we introduce an
additional error term E;(f) in the expression for f(S;), which by (5.2.7) satisfies

E <4 mi - .
IE(F)l <4 _min |1f ="y,

Proof. For convenience, we introduce the notation S; = . For a general function f, when

Note that for all ¢, we have W(S;) C W(A). The expression for r;_; with the error term included
becomes
ri—1 = Vif(Si)vi + w; +7i + €,

where

~ V;
€ = {Vi Qi+1} Ei(f) {0} :
Since {Vi Qi +1} has orthonormal columns and ||v;||2 < ||b||2, we have
leillz < [[Ei(Fll2[bll2 < 4][blla _min [|f = 7{lwca)-
relly_1/q

It is easy to see that, using the update formula (5.3.9) for y; as in the rational function case, the
approximate solution computed in the i-th cycle satisfies the identity

K2
giyi+wi+ri+zee~
=1

Since in the final cycle the remainder r5_; is computed directly, the total error of Algorithm 5.1 with
respect to the rational Lanczos algorithm is thus

s—1

Y — Ysllo < € <4(s—1)||b min —r . O
19wl < 3 e <406 = Dbl pin 17 =l

Proposition 5.4.2 shows that if we take & as the poles of a highly accurate rational approximant of f,
the iterates y; generated by Algorithm 5.1 essentially coincide with the corresponding approximations
computed by the rational Lanczos algorithm, since the error in (5.4.1) is going to be negligible compared
to the error || f(A)b — yl|2 of the outer Krylov subspace method.

5.4.2 Computational discussion

In its i-th cycle, Algorithm 5.1 has to keep in memory the last two columns of Q;_; required to run
the rational Lanczos algorithm for the computation of @;, the compressed basis V; € Crx(k+m) and
the projected matrix S; € Chtm)x(k+m) a5 well as the vectors y;_1, w;_1, v; and b;.

Since 04 (;—1)m = o0, the projected matrix T; can be computed by exploiting the block structure
of the matrices H; ;.. and K; ;. as shown in Section 5.2.1. In particular, all the entries of T; except
for the one in position (1,1) can be computed during the iterations of the rational Lanczos algorithm
in which @; is constructed. The top-left entry of T; needs to be corrected according to (5.2.3), which
requires us to compute ez-s-(z‘—1)mK1;41-(¢—1)mek+(i—1)m' Since we also have 0 (;_2),, = 00, the resulting

-1

block structure implies that we can compute K Hi—T)ym

€k4(i—1)m Dy considering only the trailing



78 CHAPTER 5. LOW-MEMORY LANCZOS WITH RATIONAL KRYLOV COMPRESSION

principal m x m block of Ky (i_1)n,, which is computed in the (i — 1)-th cycle. As a consequence, the
correction for the (1,1) entry of T; in (5.2.3) can be precomputed during the (i — 1)-th cycle, without
the need to store the whole matrices Hy , ;,,, and K, | ;,,,. We omit the technical details.

It is important to note that Algorithm 5.1 only computes functions of matrices of size k x k and
(k4+m) x (k+m), that are independent of the number of cycles s, so the cost of computing functions of
projected matrices does not increase with the iteration number, in contrast with the rational Lanczos
method. This can lead to significant computational savings when the number of iterations is very large.

In each cycle, Algorithm 5.1 also has to construct a k-dimensional rational Krylov subspace asso-
ciated with a (k +m) x (k 4+ m) matrix. Since k and m are typically much smaller than n, the cost
of operations with matrices and vectors of size m + k is usually negligible with respect to the cost
of operations with vectors of size n, so we expect that the construction of the inner rational Krylov
subspace will not have a significant impact on the overall performance of the method.

In addition to the parameter k£, which determines the accuracy of the inner rational approximation,
and hence the highest accuracy attainable by the method, we also have to choose the parameter m, which
determines the number of vectors that are added to the basis between two consecutive compressions.
This parameter should be chosen according to the available memory. Taking m small decreases memory
requirements but increases the frequency of computations with (k 4+ m) x (k + m) matrices.

Note that in the pseudocode of Algorithm 5.1, our method only computes the approximate so-
lutions y; once every m iterations. However, the algorithm can be easily adapted to compute an
approximate solution in any outer iteration that employs an infinite pole, using the same update for-
mula as in line 9 of Algorithm 5.1 but with a smaller matrix S;. Note that the only difference with
respect to the definition of S; in line 8 is in the T; block and in the size of the off-diagonal blocks, so the
only additional operation required to compute an approximate solution is the computation of a matrix
function of size at most (k+ m) x (k+m). It is easy to see that an approximate solution computed
in this way also coincides with the one constructed in the corresponding iteration of the outer Krylov
method, via the same argument used in the proof of Proposition 5.4.1. This technique is employed in
our implementation of Algorithm 5.1.

Instead of running the method for a fixed number of cycles, in practice it is desirable to run it
until we obtain a solution with a certain accuracy. A commonly used stopping criterion that can be
employed for this purpose is the norm of the difference of two consecutive approximations. This simple
criterion offers no guarantee on the final error and it may underestimate it in practice, especially when
convergence is slow, but we found it to be accurate enough for our test problems. Observe that in order
to check the convergence condition it is not necessary to form the approximate solutions y; of length n,
but it is enough to compute differences of short vectors. Indeed, we have

Yi — Yio1 = wi—1 + Vi f(Si)v;

= [ViciUisn Qi ({f(Uﬁ Si_lUS_l)Uﬁlvi_l] +f(5i)’vi> ;

and since V; = [Vi,lUi,l QJ has orthonormal columns we conclude that

UH Si_ Uz'_ Ulz V-
lyi — yi-1ll2 = H{f( it 0 DU 1} + f(Si)vi

2

This formulation allows us to check if the stopping criterion is satisfied without performing opera-
tions with vectors of length n, which results in some computational savings. Our implementation of
Algorithm 5.1 employs this expression in its stopping criterion.

5.4.3 Comparison with other low-memory Krylov methods

In this section we briefly compare our method with other low-memory Krylov subspace methods from
the literature, highlighting advantages and disadvantages of each method. Similarly to multishift con-
jugate gradient (CG) [73], Algorithm 5.1 is based on a rational approximant, so the attainable accuracy
is ultimately limited by the available memory, since the number of vectors that must be stored is pro-
portional to the number of poles used in the rational approximation. However, while multishift CG
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requires an explicit rational approximant in partial fraction form, our method only needs the poles of
the rational function. This makes Algorithm 5.1 easier to use, and less susceptible to numerical errors
caused by the representation of the rational function.

Given the similarities between Algorithm 5.1 and multishift CG, it is useful to compare the cost
of the two methods in more detail. For this purpose, we employ the simple computational model
used in [92, Experiment 5.3], in which operations on vectors of length n such as scaling or addition are
counted as one unit of work, denoted by 1V, and operations with vectors or matrices of size independent
of n are not counted. As discussed in [92], when the underlying rational approximant has k poles the
multishift CG algorithm must store 2k vectors of length n and perform approximately 5k) operations in
addition to the standard Lanczos algorithm. Algorithm 5.1 with & inner poles and compression every m
outer iterations must store k + m vectors of length n, and the only operation that involves vectors of
length n outside of the standard Lanczos algorithm is in the compression step (line 8 in Algorithm 5.1),
where the product V;_1U;_; has to be computed for a cost of 2k(k + m)V every m iterations, that
on average amounts to 2km~1(k 4+ m)V at each iteration. If we take m = k, so that Algorithm 5.1
and multishift CG have the same memory requirements and the same attainable accuracy, the cost of
Algorithm 5.1 is 4kV per iteration, which is smaller than the 5k} cost of multishift CG. However, note
that the efficiency of multishift CG can be improved by removing converged linear systems, i.e., by no
longer updating the approximate solutions of linear systems when the residual becomes smaller than
the requested tolerance [150, Section 5.3]. This can significantly reduce the cost of the method, since
linear systems associated to different poles often have substantially different convergence rates.

In contrast with Algorithm 5.1 and multishift CG, the memory requirements of the two-pass Lanczos
method [31] are independent of the target accuracy, with the exception of the projected matrix, which
grows in size at each iteration. When many iterations are needed to reach convergence, the computation
of functions of projected matrices of increasing size can have a significant impact on the performance
of the method, although this can be mitigated by only computing the approximate solution once
every d > 1 iterations. For the same number of Lanczos iterations, the two-pass version requires twice
the number of matrix-vector products with A compared to the other methods. However, in practice the
overall cost is usually less than doubled, because in the second pass it is only necessary to recompute
the Krylov basis vectors, and the orthogonalization coefficients have already been computed in the first
pass.

The restarted Krylov method for Cauchy-Stieltjes matrix functions [71,72| requires storing a number
of vectors proportional to the restart length. Although the amount of memory available does not
influence the accuracy attainable by this method, a shorter restart length can cause delays in the
convergence, similarly to what happens when restarting Krylov subspace methods for the solution of
linear systems. The convergence delay can be mitigated by employing deflation techniques [62]. We
note that this restarted method explicitly requires the expression of the integrand function in the
Cauchy-Stieltjes representation of f. The restarted method can also be applied to a function that
is not Cauchy-Stieltjes by using a different integral representation, such as one based on the Cauchy
integral formula. This was done in |72, Section 4.3] for the exponential function. We also mention that
in contrast with the other methods discussed here, the restarted method from [71,72] can also be used
for non-Hermitian matrices.

5.5 Numerical experiments

In this section we compare numerically Algorithm 5.1, which we denote by RKcompress, with other
Krylov subspace methods for the computation of the action of a matrix function on a vector. For all
methods, we monitor the relative norm of the difference between two consecutive computed solutions
and stop when it becomes smaller than a requested tolerance. This difference is monitored at every
iteration in which an infinite pole is used.

The MATLAB code for reproducing the experiments in this section is available in the Github
repository https://github.com/simunec/phd-thesis-code. We use our own implementation of Al-
gorithm 5.1, two-pass Lanczos and multishift CG, while for the restarted Arnoldi for Cauchy-Stieltjes
matrix functions we use the funm_quad implementation [72,138]. Although our implementation of
Algorithm 5.1 has no external dependencies, to compute the rational approximant in partial fraction
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Table 5.1 — Number of iterations and final relative error for all the methods in Figure 5.1, using relative
tolerance 10710,

t | 10-° 10~ 1073 1072 10-*

iter 39 119 372 1104 1650
err 3.98e-11  1.89e-10  6.54e-10  2.26e-09  3.01e-09

form employed in the multishift CG algorithm we use the implementation of the AAA algorithm [122]
from the chebfun package [58]. All the experiments were performed with MATLAB R2021b on a laptop
running Ubuntu 20.04, with 32 GB of RAM and an Intel Core i5-10300H CPU with clock rate 2.5 GHz,
using a single thread.

5.5.1 Exponential function

As a first test problem, we consider the computation of e=*41, where the matrix A € R "’ i5 the
discretization of the 2D Laplace operator with zero Dirichlet boundary conditions using centered finite
differences with n + 2 points in each direction, that is

2 -1

A=B@I+I®B, where B=(n+1)>|"1 =~ e R™*", (5.5.1)

and 1 € C" is the vector of all ones. We compare the accuracy and timing of different methods based
on Krylov subspaces using as a reference solution e *#1 ® e7*#1, where the involved exponentials are
computed using the MATLAB command expm. We set n = 10 (therefore the size of A is 10% x 10)
and choose different values of . As t increases, the eigenvalues of the matrix —tA of which we compute
the exponential become more spread out, so we expect an increasing number of iterations for the
convergence of polynomial Krylov subspace methods (see, e.g., [10, Section 4]).

We use Algorithm 5.1 with all outer poles equal to co and k = 25 inner poles of the form described
in [35], which guarantee a rational approximation of e* for z € (—o0,0] with an absolute error of the
order of machine precision. In particular, assuming that the involved matrix has no positive eigenvalues,
the inner poles are independent of the spectrum of the matrix. We compare our RKcompress method
with the standard Lanczos algorithm (lanczos), the two-pass version of Lanczos (lanczos-2p) and
the Arnoldi algorithm with full orthogonalization (arnoldi). Note that both lanczos and arnoldi
require storing the whole Krylov basis.

In Figure 5.1, we report the time needed to compute e *41 with the different methods for different
values of ¢, using a relative tolerance of 107!? in the stopping criterion. For any fixed value of ¢, all
the employed methods converge in the same number of iterations, which is reported in Table 5.1 along
with the final relative error attained. All the methods stop at the same iteration and produce the same
approximate solution, confirming that Algorithm 5.1 is reproducing the convergence of the Lanczos
algorithm (up to the error in the approximation of e* with a rational function, which is negligible in
this case). As the required number of iterations increases, our RKcompress method appears to be the
fastest. This is mainly due to the fact that in Algorithm 5.1 the size of the matrix functions computed
during the execution of the algorithm does not increase with the size of the Krylov subspace, in contrast
with the other methods.

5.5.2 Markov functions

Recall that Markov functions can be represented as
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Figure 5.1 — Time needed for the computation of e 41 with accuracy of 10710, for different values of t
and employing different methods.

where p is a positive measure with support contained in [o, ] and —oco < a < § < co. If f is a Markov
function and A is a Hermitian matrix with eigenvalues greater than 3, we can use the approach from [10]
mentioned in Section 2.5.3 to choose quasi-optimal inner poles for RKcompress. In particular, to obtain
a rational approximation of f on an interval [a,b] with a > [ with relative error norm bounded by € it
is sufficient to use k poles where

2 ’

therefore the number of poles needed in RKcompress depends logarithmically on the condition number
of A — BI. We refer to [10, Section 6.2] for more details regarding this choice of poles.

In the experiment that follows, we compute A~1/21, where A € R™ *"” is a discretization of the
2D Laplace operator (5.5.1) with increasing n = 200,400, ...,1000, comparing several low-memory
Krylov subspace methods, using a relative tolerance of 10~8. The reference solution is computed by
diagonalizing A, exploiting the Kronecker sum structure. We compare Algorithm 5.1 (RKcompress)
with the two-pass Lanczos method (lanczos-2p), the standard multishift CG method (msCG), a more
efficient implementation of multishift CG with removal of converged linear systems (msCG-rem), and
the restarted Krylov method for Cauchy-Stieltjes functions, both with and without deflation, denoted
by restart-defl and restart, respectively.

For Algorithm 5.1, we use outer poles all equal to co and inner poles from [10] with & given by (5.5.2)
and m = k. For a tolerance of 10~8, the values of k range from k = 26 to k = 32 for the different matrix
sizes. The rational approximant for multishift CG is obtained by running the AAA algorithm [122] with
tolerance 10712 on a discretization of the spectral interval of A; this produces a rational approximant
with either 18 or 19 poles for all matrix sizes, that are fewer than the ones obtained using (5.5.2), but it
does not provide any theoretical guarantee on the approximation error. For the restarted Krylov method
for Cauchy-Stieltjes functions, we set a restart length equal to 2k (so that the memory requirement is
the same as RKcompress) and we use the default options in funm_quad; we retain 5 Ritz vectors in the
variant with deflation.

We report the times in Figure 5.2, the final errors in Table 5.2 and the number of iterations in
Table 5.3. The methods with the shortest runtime are RKcompress, msCG-rem and restart-defl.
Observe that restarted-defl requires significantly more iterations compared to the methods without
restarting, so it would perform worse in a situation in which matrix-vector products with A are more
expensive. Observe that for n > 600 the final error of multishift CG is significantly larger than the
requested tolerance, seemingly suggesting that the rational approximant given by AAA is not accurate
enough. However, it turns out that running RKcompress with inner poles given by the AAA approximant
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Figure 5.2 — Time needed for the computation of A~1/21 with relative tolerance 10~%, where A € Ccrxn?
is a discretization of the 2D Laplace operator for increasing n, employing different low-memory methods.

Table 5.2 — Final relative errors for the experiment in Figure 5.2.

size(A) | RKcompress lanczos-2p  msCG  msCG-rem restart restart-defl
40000 9.01e-08 9.01e-08 7.81e-09  7.82e-09  2.93e-10 1.68e-11
160000 1.29¢-07 1.29¢-07 6.50e-09  6.50e-09  2.44e-08 1.58¢-09
360000 1.70e-07 1.70e-07 2.68¢-05  2.68e-05  5.29¢-08 2.19¢-09
640000 2.47e-07 2.47e-07 3.85e-06  3.85e-06  1.83e-05 4.34e-09
1000000 3.86e-07 3.86e-07 1.32e-06  1.32e-06  3.78e-04 2.52e-09

Table 5.3 — Number of iterations for the experiment in Figure 5.2.

size(A) | RKcompress lanczos-2p msCG msCG-rem restart restart-defl
40000 282 282 379 379 2496 468
160000 554 5h4 747 47 8232 896

360000 823 823 1122 1122 16 380 1440

640000 | 1085 1085 1497 1497 18600 2108

1000000 | 1336 1336 1872 1872 19200 2880
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Table 5.4 — Time, final error and number of iterations for the experiment in Section 5.5.3.

ol A time (s) error it
size(4) RKcompress rat-lanczos-2p | RKcompress rat-lanczos-2p e
50000 0.43 0.47 3.38e-08 7.22e-09 177
100000 1.03 1.31 1.67e-07 7.28e-08 239
150000 1.89 2.53 1.52e-07 2.82e-07 290
200000 3.49 3.97 2.55e-07 1.05e-07 331
10 N
§
g 105} |
E
% 1079 | |- - - RKcompress N N
~ ~
----- lanczos oo
10-13 1 [— arno?.di | | | |
100 200 300 400
iteration

Figure 5.3 — Effect of numerical loss of orthogonality in the computation of e4b, where A € C2000x2000
has logspaced eigenvalues in [~10*, —107%] and b is a random vector.

has roughly the same error as with the poles from [10], implying that the error in multishift CG should
be mainly attributed to the explicit partial fraction representation of the rational function.

We note that the final error of restart-defl is smaller compared to the errors of RKcompress
and lanczos-2p, since in the funm_quad implementation the approximate solutions are computed
and compared only at the end of each restart cycle, hence the stopping criterion is more reliable and
less likely to underestimate the error. The restarted Krylov method without deflation was unable to
converge to the requested accuracy within 300 restart cycles for n > 800.

5.5.3 Rational outer Krylov method

In this experiment we examine the effectiveness of Algorithm 5.1 with a rational outer Krylov method.
We let A € R™*"™ be a discretization of the one-dimensional Laplace operator, and we approximate
A~1/21 with stopping tolerance 10~%, using as reference solution the approximation computed with
a rational Krylov method with tolerance 10~8. We use a shift-and-invert outer Krylov method with
the optimal single pole given in [10, Section 6.1]. For the inner poles in Algorithm 5.1, we use the
quasi-optimal poles from [10] with k given by (5.5.2) and we set m = 10. We compare RKcompress
with the two-pass rational Lanczos algorithm (rat-lanczos-2p) that uses the same poles (i.e., the
shift-and-invert poles interleaved with an infinite pole at the iterations in which RKcompress performs
a compression), so that the two methods have the same convergence rate, and they both check the
convergence condition every 10 iterations. The times and final errors for increasing values of n are
shown in Table 5.4. While both methods converge in the same number of iterations for all matrix sizes,
RKcompress is faster than rat-lanczos-2p since it needs to solve half the number of shifted linear
systems with the matrix A and it computes functions of smaller projected matrices.

5.5.4 Numerical loss of orthogonality

In order to investigate the behavior of Algorithm 5.1 in finite precision arithmetic, we compute e“b,
where A € R2000x2000 jg 5 gymmetric tridiagonal matrix with logspaced eigenvalues in the interval
[~10% —107%], and b is a random vector with unit normal entries. The convergence of RKcompress,
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lanczos and arnoldi are compared in Figure 5.3. Both lanczos and RKcompress exhibit a delay
in convergence due to the loss of orthogonality in the Krylov basis and they are essentially indistin-
guishable, so it appears that Algorithm 5.1 also reproduces the finite precision behavior of the Lanczos
algorithm.



Chapter 6

Rational Krylov methods for fractional
diffusion problems on graphs

In this chapter we consider the problem of solving a fractional diffusion equation on an undirected or
directed graph [13,131] by means of a rational Krylov method. We are going to see that this involves
the computation of f(LT)ug, where L is the Laplacian of the graph, which is a nonsymmetric matrix
when the graph is directed, ug is an initial condition and f is a function with a branch cut on (—oo, 0].
Since L is a singular matrix, the function f is not analytic in a neighborhood of A(L) and hence the
convergence of rational Krylov methods is negatively affected. To address this issue, in Section 6.2
we introduce some techniques to remove the zero eigenvalue of L, obtaining a nonsingular Laplacian
and therefore improving the convergence rate of rational Krylov methods. The applicability of this
approach is not restricted to fractional diffusion problems, and it can be used when computing any
function f of a matrix with a known eigenvalue close to a singularity of f. For instance, we are going
to use the same approach for the approximation of the von Neumann entropy of a graph in Chapter 8.
The contents of this chapter have been published in [23].

6.1 Background on graphs

A directed graph, or digraph, is a pair G = (V| E), where V = {v1,...,v,} is a set of n nodes or vertices,
and E C V x V is the set of edges. A digraph can be represented with its adjacency matrix A, an nxn

matrix whose entries are
Aij { ( »J ) ’

0 otherwise.

We assume that the graph has no self-loops, i.e., that A;; = 0 for all i. The out-degree d; of a node i is
defined as the number of edges going out from i, i.e. edges of the form (i,¢) € E for some node £ € V.
The vector d of out-degrees can be computed as d = Al. If we denote by D = diag(d) the diagonal
matrix of out-degrees, the (out-degree) graph Laplacian of G is defined as L = D — A.

Note that one can also define the vector of in-degrees as di, = A”1, and the in-degree graph
Laplacian as L;, = diag(di,) — A. Here, we focus solely on the out-degree graph Laplacian L, and we
refer to it as the graph Laplacian whenever there is no ambiguity. Most of the properties of L also
hold for L;,, and what we say for the out-degree graph Laplacian can be extended to the case of the
in-degree Laplacian with only minor adjustments.

One can also consider weighted graphs, where each edge (i,j) € E has an associated positive
weight w;;, repesenting the strength of the connection between nodes ¢ and j; if (¢,j) ¢ E, we write
w;; = 0. The matrix W = (w;;) is a weighted adjacency matrix associated with G, and it can be
used to defined a weighted vector of out-degrees dyy = W1 and a weighted graph Laplacian Ly =
diag(dw) — W. In the discussion that follows we only consider unweighted graphs for simplicity, but
the techniques that we propose can be applied in the same way to weighted graphs. We also mainly
focus on strongly connected graphs, i.e., graphs on which there exists a directed path from node i to
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node j for any pair of nodes (4, 7). Recall that a graph is strongly connected if and only if its adjacency
matrix A (and hence also L) is irreducible, i.e., there exists no permutation matrix P such that PT AP
is block triangular.

It follows immediately from its definition that the graph Laplacian L is a singular matrix, indeed
we have L1 = 0.

Definition 6.1.1 (M-matrix [28]). A matrix A € R™*™ is an M-matrix if it can be written as A =
sI — B for some nonnegative matrix B, where s > p(B), with p(B) denoting the spectral radius of B.
It is a singular M-matrix if s = p(B).

One can easily prove the following basic result.

Proposition 6.1.2. The graph Laplacian L of a digraph G has the following properties:
1. L is a singular M-matrix.
2. The nonzero eigenvalues of L have positive real part.

3. 0 is a semisimple eigenvalue of L, i.e., its algebraic multiplicity and geometric multiplicity are the
same.

These properties are fundamental for being able to define fractional powers of L, as we will see
shortly.

6.1.1 Diffusion on a graph

Graph models are widely used to represent complex structures, ranging from physical and digital social
networks, to transportation networks, to networks of chemical reactions and many others. It is often
of interest in applications to study diffusion processes taking place on a network, that evolve in time
according to the distribution of edges in the underlying graph. Such a process can be described in
terms of a system of ordinary differential equations in time, with the Laplacian matrix L of the graph
as the coefficient matrix.

Let us denote by u(t) € R™ a vector of concentrations at time ¢ of a substance that is diffusing
on the graph and let ug be the vector of concentrations at time ¢ = 0. Up to normalization, we can
assume that u(t) is a probability vector, i.e. that u(¢) > 0 and u(¢)71 = 1. The diffusion equation on
a directed graph reads

d o T
e’ =—u@®"L, e (0.1], (6.1.1)
u(0) = uo >0, ugl=1,

and the solution to this system of ordinary differential equations can be explicitly written in terms of
the matrix exponential,
ut)? = ule .

Using properties of M-matrices, one can easily prove that e7*” is a row-stochastic matrix, i.e., that it

has nonnegative entries and e~ *“1 = 1, and hence the solution u(t) is a probability vector at all times
t > 0. Note that this property would not be preserved if we used column vectors instead of row vectors
in (6.1.1): see, e.g., the discussion in [39]. Given the explicit expression of w(t) in terms of the matrix
exponential, it can be efficiently approximated for any time ¢ > 0 using a polynomial Krylov method.

6.1.2 The fractional graph Laplacian

While a diffusion process is a local phenomenon, there are certain phenomena that allow long-range
interactions and are non-local in nature: in the continuous setting, phenomena of this kind have been
effectively modelled using fractional powers of the Laplace differential operator, that is (—A)* for a €
[1/2,1) (see, e.g., [99, Definition 2]). Analogously, in the context of directed graphs, these phenomena
can be well described with a fractional diffusion model, which employs a fractional power of the graph
Laplacian instead of the Laplacian itself. Unlike for the continuous Laplace operator, in the discrete
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case there is no need to restrict the values of « to the interval [1/2,1), and we can use any exponent
a € (0,1). This modelling approach has been recently studied in [131] in the undirected case, and in [13]
for more general directed graphs; we also refer to the book [118] for more information on fractional
dynamics.

By Proposition 6.1.2, all eigenvalues of L are in the right half-plane and 0 is a semisimple eigenvalue,
so the function f(z) = 2% for a € (0,1) is defined on the spectrum of L. Here we denote by z® the
branch of the fractional power with a cut on the negative real axis (—o0,0], i.e., if z = pe? with
p>0and 6 € (—m,7), then z* = p®e’*. With this definition, the fractional Laplacian L® is still an
M-matrix. Indeed, we have the following result.

Theorem 6.1.3 ([13, Theorem 2.7]). If A is a singular M-matrix with a semisimple 0 eigenvalue, then
A is a singular M-matrix for every o € (0, 1].

Moreover, since L*1 = 0, we can interpret the fractional graph Laplacian as the Laplacian of
a weighted graph on the same set of nodes as the original graph G, and we can use it to define a
fractional diffusion process on G with a system of differential equations analogous to (6.1.1):

d T _ Tro
d—tu(t) = —u(t)' L, t e (0,7, (6.1.2)
u(0) = up >0, ull=1.
The solution of this system can be explicitly written in the form
u®) =ule " t>0. (6.1.3)

As in the case of classical diffusion, the solution u(t) to (6.1.2) is a probability vector at all times ¢t > 0.

We mention that there are alternative approaches for modelling nonlocal phenomena on graphs,
e.g., the one based on the transformed k-path Laplacian presented in [67,68]: this model shares some
properties with fractional diffusion, such as superdiffusive behavior on infinite one-dimensional graphs.

6.2 Dealing with the singularity

In this section we focus on the computational aspect of fractional dynamics, in particular on the efficient
computation of the solution to the fractional diffusion equation on both undirected and directed graphs
using rational Krylov subspace methods. As we mentioned, in the case of fractional diffusion on
graphs the 0 eigenvalue of the Laplacian L is located on the bondary of the region of analiticity of the
functions f(z) = 2% and g(z) = exp(—tz®). Moreover, for most directed graphs the numerical range
of L intersects the negative real axis (—oo,0), preventing us from using convergence results based on
the approximation of the scalar functions f and g on W(L) (see, for instance, [13, Example 3.8]). The
presence of an eigenvalue at 0 can also be detrimental in practice for the convergence speed of Krylov
subspace methods.

With this motivation in mind, in this section we propose some techniques to remove the singularity of
the graph Laplacian, which will allow us to work with nonsingular matrices and improve the convergence
of Krylov subspace methods. Specifically, we propose a rank-one shift and a subspace projection that
can be used to transform the graph Laplacian into a nonsingular matrix, and we provide simple formulas
that link f(L) and f(LT)b with functions of the transformed matrix. We are also going to show that
Krylov methods directly applied to the singular graph Laplacian can inherit the improved convergence
of the projection approach, at least in exact arithmetic, provided that the initial vector b is suitably
modified. We present these techniques for the case of strongly connected directed graphs. Recall that
in this setting the eigenvalue 0 of the Laplacian L is simple. We mention that the idea of removing
the singularity when working with a singular Laplacian has already appeared in previous literature.
For instance, in [30] the authors consider finite element approximations of the pure Neumann problem,
and they use projections to restrict the problem to the subspace of functions that are orthogonal to
constants, where the continuous Laplace operator is invertible.
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6.2.1 Rank-one shift

Recall that L1 = 0, and let z > 0 be such that z” L = 07 and 271 = 1. The vector z is uniquely deter-
mined by the above identities if the graph G is strongly connected (the positivity of z is a consequence
of the Perron-Frobenius Theorem [116]).

The right and left eigenvectors 1 and z can be respectively completed to a right and left Jordan
basis for L with two matrices R, S € C**("=1) 5o that we have

0 O

0 Ji

Z\LZ =J= [ et

T
], WhereZ:[l R] and Z_lz[z }

The matrix J; € C»~D*(=1) contains all the other Jordan blocks of L, which correspond to nonzero
eigenvalues.
Now, observe that 127 = (Ze;)(ef'Z~1), and hence for all § € R we have

T _ 6 0 -1
L+01z —Z[O ks

i.e., the matrix L + 6127 has the same spectrum as L, except for the eigenvalue 0 which is replaced
by 6. Therefore, using basic properties of matrix functions, for any function f defined on the spectra
of L and L + 0127 we have the identity

_ | f(9) 1
f(L—i—leT)_Z[ ) f(Jl)} Z71 = (L) + [£(0) — £(0)]127". (6.2.1)

This identity allows us to compute f(L + 0127) instead of f(L) and then recover the latter for a
minimal cost. For any § > 0 (e.g., # = 1), the matrix L + 0127 is nonsingular and all its eigenvalues
have strictly positive real part, so we expect Krylov subspace methods to converge faster for L + 6127
than for L when f has a branch cut on (—o0, 0], such as for f(z) = 2°.

In particular, in the solution of the fractional diffusion equation (6.1.2) the objective is the compu-
tation of f(LT)ug for a probability vector ug and f(z) = exp(—t2%), and from (6.2.1) we get

F(Lug = F(LT + 0217 )ug + [£(0) — £(0)]=. (6.2.2)

When the matrix L is large and sparse and a rational Krylov method is used to approximate f(LT +
0217T), it would be preferable to solve shifted linear systems involving the dense matrix LT + 6217
without explicitly forming it, which can be done by using the Sherman-Morrison formula (2.1.1), or
alternatively by using an iterative method. In our setting, for a pole £ € (—o0,0) the invertibility
condition 1+ 17(LT — £I)71z # 0 is always satisfied (since (LT — ¢I)~! > 0, being the inverse of a
nonsingular M-matrix). By applying the Sherman-Morrison formula (2.1.1) with A = LT — &I and
observing that (LT — ¢1)7'z = —¢ 1z and 17(LT — ¢1)~' = —¢7117 | we obtain

-2
(LT + 0217 —¢n)™' = (LT —¢n)™' — %le
0‘5 (6.2.3)
=T —ent 217,
o g
Remark 6.2.1. Recalling the Jordan canonical form of L, we have
_ _ -1 0
Z7(L-¢)Z =
g( 5 ) 0 §(J1—§I)’1 ’

where (J; — &I) is invertible for all £ < 0, since all the eigenvalues of J; have positive real part. By
taking the limit for £ — 0~ in the above expression we get

511%{ LT —¢nTt = —217] (6.2.4)
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and hence for small £ < 0 and any vector w the identity (6.2.3) becomes

0
(LT 4+ 0217 — ¢ tw = (L7 — ) 'w + 0] (1T w)z (6.2.5)
0
~ ¢ t1Tw)z+ ———(1Tw)z,
( oo

i.e., we are very close to subtracting two multiples of the vector z of approximately the same length.
Hence formula (6.2.5) may suffer from severe numerical cancellation when the pole £ is very close to
the origin, and therefore its use is not advised in that situation. Indeed, in our numerical experiments
we observed a large loss of precision when solving linear systems with formula (6.2.5) for poles £ < 0
of order 107°.

In order to address the issue mentioned in Remark 6.2.1, we now derive an alternative way to
compute the solution of the shifted linear system (LT — ¢I)¢p = w, in order to avoid the cancellation
in (6.2.5) when ¢ is small. We have

1Tw=17(L" —¢Nop=—-€1T¢p — 1T¢p=—-¢"1Tw,

so we can define 9 := ¢ + £~ (17w)z, and it holds by construction that 174 = 0. It is also straight-
forward to verify that ) is the solution to the linear system

(LT —&hp =w — (1T w)z,
and that the vector w — (17w)z is orthogonal to 1. Hence, we can compute ¢ as
p=7v—¢1(1Tw)z, where (LT — ¢ = w — (17w)z. (6.2.6)

With formula (6.2.6), we have explicitly separated a component of the solution that is proportional
to ¢~1z. By substituting (6.2.6) in (6.2.5), we obtain

(LT + 0217 —¢)'w =9 + g(;’_g)(l%)z

= -1 w)z + 5(9016)(1110)2 (6.2.7)
17w
=+ B Z.

Observe that cancellation is avoided when using (6.2.7), because the subtraction of the two close
multiples of the vector z is performed analytically. Moreover, because of (6.2.4) and since (w —
(1Tw)z) L 1, we have

lim &(LT — &) Hw — (1Tw)z) = 0,

£—0—

so for small £ < 0 we do not expect 1 to have a component of order £~! along the vector z (note that, in
general, this argument fails for ¢). Our numerical experiments confirm that the use of formula (6.2.7)
fixes the problem of cancellation.

Remark 6.2.2. Note that if the graph is undirected, or more generally if it is balanced (i.e. each node
has equal in- and out-degree), we also have z = 1 up to a normalization factor, so no preliminary
computation is needed to use this approach with the rank-one shift. On the other hand, for a general
digraph it is first required to compute a nonzero vector z such that LTz = 0.

The problem of solving this linear system was recently discussed, for instance, in [16]. One possible
approach is to compute an LDU factorization of the transpose of the graph Laplacian, LT = £DU, where
L is unit lower triangular, ¢ is unit upper triangular, and D is diagonal with D;; > 0fori=1,...,n—1
and Dy, = 0. Such a factorization always exists since L is an irreducible singular M-matrix [28], and
it can be computed in a stable way using Gaussian elimination, with no pivoting required [81]. The
original linear system L7z = 0 is thus equivalent to DUz = 0, which can be solved by fixing 2, = 1 and
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solving the lower triangular linear system Uz = e,, via backward substitution. We remark that £=! > 0,
so the vector z is nonnegative, and it can be indeed normalized so that 271 = 1. We also mention that
when L is sparse this method can be improved by computing the LDU factorization of PT LT P instead
of LT, where P is a permutation matrix suitably chosen to reduce the fill-in in the factors £ and U.
For example, the MATLAB routines amd and symrcm can be used for this purpose.

Alternatively, when L is very large and sparse, the linear system LTz = 0 can be solved iteratively,
for instance with a preconditioned GMRES method (see [16] and references therein). Of course, if L
is large and we choose to solve L7z = 0 iteratively, we should also use an iterative method for the
solution of the shifted linear systems at each step of the rational Krylov iteration. However, here we
do not address this specific subproblem, and we instead focus on the case where it is feasible to solve
the linear systems with a direct method.

6.2.2 Projected Krylov methods

Another way to obtain a nonsingular matrix from the graph Laplacian is to project L on the (n — 1)-
dimensional subspace S = span{1}+. We remark that the approach presented here is similar to the one
described in [33, Section 4], where the authors separate the eigenvalue 0 from the rest of the spectrum of
a symmetric positive semidefinite matrix A, to compute f(A)b with an integral on a contour surrounding
A(A)\ {0}. See also [100,101] for a discussion of more general spectral splitting methods for symmetric
matrices.

Let {q1,...,qn—1} be an orthonormal basis of S, and define Q := [ql qn_l}. The matrix

CNQ = {Q ﬁl] is orthogonal, and we have QTQ = I,_, and QQT = I,, — %llT. Observe that the
matrix QT LQ is nonsingular, since range Q = span{1}*, ker Q7 = ker L = span{1} and range L =
1
span{z}-—.
We can rewrite f(L) in terms of f(QT LQ) by using some properties of matrix functions. Recalling
that L1 = 0 and that 17Q = 07, we have:

~ ~ T Ty,
[l 1-[8, 1

Now, using well known properties of matrix functions, we have
5 5 ATT A L 0
GTH(L)Q = F(QTLG) = [f @9 f(o)} 7 (6.2.8)

for some ¢ € R"~!. The vector ¢ can be expressed in closed form (see, e.g., [96, Theorem 1.21]), but
this is not necessary for our purposes.

Let us assume at first that our goal is to compute f(L?)v for a vector v such that 17v = 0.
Using (6.2.8), we get

F(LT )0 =Qf(QLQ) Q" v

_ 14 [FQRTLTQ)  » | [QTw

- {Q Wl} [ o” fO)| | 0

— QFQTLTQ)Q . (6.2.9)
Now, consider the computation of f(LT)b for a generic vector b. If 17b = 3 # 0, we can always write
b = v + 3z for some vector v 1 1 (recall that z satisfies LTz = 0 and 17z = 1). Hence, using (6.2.9)
we have

FLb = f(LT)v+BF(LT)z
— QFQTLTQ)Q v + Bf(0)=. (6.2.10)

Using (6.2.10), we can compute f(L”)b by using a rational Krylov method on the nonsingular projected
matrix QT LTQ. As in the case of the rank-one shift, this requires knowledge of z, the left 0-eigenvector
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of the graph Laplacian, which must be computed beforehand by solving the singular linear system
LTz = 0 and suitably normalizing the solution.

In order to make the approach described here viable, we need to be able to compute matrix-vector
products with @ efficiently: we next show that this can be done by constructing a suitable matrix @

that allows us to compute matrix-vector products Qu and Qv with O(n) operations. Let us define

the orthogonal matrix @ = {Q ﬁl} as

VR o 1| 1A
r s ... s 1/v/n
= . . 1 1
Q: s r .. . . R where Szm(l‘i‘ﬁ),
r=s-+1,
| s s r 1/v/n]
so that we have ) .
_ L1 T 0 T 0,1
0= L e, e ) o)
Now, for any vectors v € R™ and u € R"~! we have
1 1 . 0 0
R N
1 " "
QTv = ﬁvlln_l +5) vl ||, (6.2.12)
Jj=2 Up

(QTLTQ = €In1)'u = QT (LT — 1) 7' Qu,

where we denoted by v; the entries of v. The last equality in (6.2.12) follows from Lemma 6.2.4(b) in
Section 6.2.3 below.

The matrix-vector products Qu and Q7 v can hence be computed with O(n) arithmetic operations,
and the solution of a shifted linear system with Q7 LT Q can be reduced with O(n) cost to the solution
of a shifted linear system with LT

6.2.3 Implicit projection

In this section we show that in exact arithmetic the Krylov methods for f(LT)v and Qf(QTLTQ)QTv
construct precisely the same approximations after an equal number of iterations, so it is actually not
necessary to perform the projection explicitly. For this purpose, we examine how rational Krylov meth-
ods for the computation of f(L”)b are related to their projected counterpart, i.e., to methods that first
approximate f(QT LT Q)QTb using rational Krylov subspaces and then use (6.2.9) to compute f(LT)b,
in the case of an initial vector b 1 1. Note that the assumption b L 1 is not satisfied when computing
the solution to the fractional diffusion equation, since in that case the initial vector ug is a probability
vector, and hence 17ug = 1. However, with the same procedure used in identity (6.2.10), the results
of this section can be used with minor modifications for any initial vector b.

We are going to prove our result in a slightly more general scenario: let A € R™*™ and let « be a left
eigenvector of A such that 7 A = Ax”. The specific case of the graph Laplacian will then correspond
to A=LT x=1and A =0. Let Q be an n x (n — 1) matrix whose columns are an orthonormal basis
of span{z}*. If b | x, the same argument used in the proof of (6.2.9) gives us

F(A)b=Qf(QTAQ)QTb. (6.2.13)

Denoting by Vj the orthonormal basis of Q (A, b, &) constructed with the rational Arnoldi algorithm,
we have the approximation

f(Ab~ fi = Vif(Ar)ei|bllz, Ay =V AV, (6.2.14)
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Alternatively, if we work with the right hand side of (6.2.13) and run the rational Arnoldi algorithm
using the matrix QT AQ and the vector Q7b, after k iterations we have constructed the matrix Uy, :=
[uy ... u] € RO=UXF whose columns are an orthonormal basis for Qp(QT AQ, QTb,&.). Then we
have the approximation

Qf(QTAQ)QTb ~ fi. = QULf(By)e1|QTbl2, By := UL (QTAQ)U. (6.2.15)

Due to (6.2.13), f5 is also an approximation to f(A)b. We will refer to the method described by
equation (6.2.15) as a projected rational Krylov method.
The main result of this section is the following.

Theorem 6.2.3. Let fi, and fx be the approximations to f(A)b defined in (6.2.14) and (6.2.15),
respectively, where b 1 x. Then, in exact arithmetic we have fr = fx.

We start by establishing a few basic properties that will be useful in the proof of Theorem 6.2.3.
Lemma 6.2.4. Using the same notation as above, the following properties hold:
(a) Qr(A,b,&:) L x and QQ7v = v for all v € Qi(A, b, &).
(b) (QTAQ — &I~ = QT (A — £1)71Q for any ¢ such that the two inverses exist.
() Qu(QTAQ,QTb, &) = QTQu(A,b,&) and QQK(QTAQ, QTb, &) = Qu(A, b, &y).
(d) Let wy, € Qr(A,b, &) and 2z, = QTwy, € Ok (QTAQ, QTb, &;). We have
(A—&I) " Aw, € Qr(A, b, &) <= (QTAQ — & 1) 'QT AQz1, € Qr(QT AQ, Q"b, &y).
This implies that wy can be used to expand the subspace Qk(A4, b, &) with the next pole & if
and only if 2z can be used to expand Qx(QTAQ,QTb, &4).

Proof. (a) Let v € Qx(A, b, &), ie., v = qu_1(A)"'p(A)b. Since £TA = \x’, we also have zTv =
2T g 1(A)"p(A)b = g1 (V) "1p(N)xTb = 0, since b L x. For the second part of the statement, we
have QQTv = v — xx”Tv = v since v L x.
(b) Let us show that (QTAQ — ¢1QT (A — £I)71Q = I. We have:
(QTAQ —¢NQT(A-¢N)T'Q =QT(A-£NQQT(A-¢)7'Q
=QT(A-&eN —2a")(A-£N)7'Q
=1-QT(A-€hz(A - 2T Q =1,
where in the last two equalities we used 7' (4 —&)™' = (A = ¢) "2 and 27Q = 07
(c) Let v € Q1 (QTAQ,QTb, &), s0 v = 11 (QTAQ) 'p(QT AQ)QT'b, for some polynomial p with
degp < k — 1. Using that QQT = I — xa” and b L x, we can prove that p(QT AQ)QTb = QT p(A)b.
Because of (b), we also have
(QTAQ = &1 1) 'QTp(A)b = QT (A — & 1)1 (I — za")p(A)b
= Q"(A— &1 I)""p(A)b,

since 27p(A)b = p(\)xTb = 0. Using similar operations on the other factors of g_1, we finally obtain
v =g 1(QTAQ) 'p(QTAQ)QTb = QT qr—1(A)'p(A)b € QT Ok (A, b).

The second identity follows from the fact that QQTv = v for all v € Qy(A, b, &).
(d) Using (b) and Qx(A,b, &) L x, we have the following:

(QTAQ - &I)7'QTAQzy = QT(A - &1) ' QQTAQQ wy, = QT (A — &.1) ™ Awy.

Because of (c), it follows that (A — &1) " Awy, € Qi(A, b, &) if and only if QT (A — &.1)"tAwy, €
QT Or(A, b, &) = Q(QTAQ,QTb, &). The second statement follows by recalling that a vector v can
be used to expand the rational Krylov subspace in the rational Arnoldi algorithm if and only if it
satisfies (A — & 1)1 Av € Qri1(A, b, &kr1) \ (A, b, &x). O
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Having established some basic facts about the projected Krylov subspace, we are now ready to prove
Theorem 6.2.3.

Proof of Theorem 6.2.3. We start by showing that there exists a k x k diagonal and orthogonal ma-
trix Dy, such that U, = QTVj.Dy. Since u; = QT wv; by definition, by induction it is enough to prove
that upy; = £Q7vp,1, with the assumption that U, = QTVy Dy, for k > 1. If we denote by z
a vector such that z, € Qr1(QTAQ, QT &xr1) \ Q(QTAQ, QTb, &), then by Lemma 6.2.4(d) we
have that wy, = Qz; € Qky1(A, b, Ekr1) \ Qr(A4, b, &). We have the following chain of equalities, using
Lemma 6.2.4(b) for the second equality:

span {Uy, w41} = span {Uy, (QTAQ — &.1) ' QT AQz: }
= span {QTV;CD;€7 QT (A - §kI)_1Awk}
= Q7 span {Vk, (A - §k1)_1Awk}
= Q" span {Vj, vy, 1} = span {Uk, QTka} .

The vector QT'vk_H is orthogonal to the columns of U, = QTV}, Dy, since
v, QQTVy = vl (I — zz")V}, = 0".

So we have uz1 = £QT vy, 1, since both vectors are in Q. 11(QTAQ, QTb, £1.41) and they are orthog-
onal to the columns of U,. Hence we have obtained U, = Q7V;, Dy, and QUi = QQTV, D), = Vi, Dy,
where Dy, is a diagonal matrix whose diagonal elements are equal to 1.

Now it is straightforward to see that By = Dy Ai Dy and that fi = fir. Indeed we have

i = QU F(BUL Qb
= Vi D f (UL QT AQUL) D Vi'b
= Vi D f(DRV,E AV, Dy ) DL V,E D
= Vi (Ae)V b = fi. O

The result of Theorem 6.2.3 can also be seen as a consequence of the implicit Q theorem for rational
Arnoldi decompositions [26, Theorem 3.2]. Although Theorem 6.2.3 is guaranteed to hold only in exact
arithmetic, we observed from our experiments that the error curves given by the two approximations
(6.2.14) and (6.2.15) are almost always overlapping, so in practice the implicit projection is a valid (and
cheaper) alternative to (6.2.15).

Remark 6.2.5. The approach described in this section is similar to the deflation and augmentation
strategies used in the solution of linear systems with Krylov methods: the aim of these techniques is to
include exact or approximate spectral information on the matrix in order to speed up the convergence.
This can be done by either adding a few known eigenvectors to the Krylov subspace, or by directly
solving a deflated problem constructed using the spectral information on the matrix. Since the implicit
projection method constructs a Krylov subspace that is orthogonal to the vector  (see Lemma 6.2.4(a)),
it can be interpreted as an implicit way to construct an augmented Krylov subspace, also containing the
eigenvector x. For additional details on deflation and augmentation techniques used in Krylov methods
for the solution of linear systems, we refer to the review article [142, Section 9| and to the references
cited therein.

6.3 Numerical experiments

In this section we test and compare the performance of the various methods for the computation
of f(A)b that we presented in Section 6.2, using them to approximate the solution to the fractional
diffusion equation (6.1.2) on real-world networks, both undirected and directed. Recall that the solution
to (6.1.2) at time ¢ can be expressed in the form

u(t) = f(L")uo,  f(2) =exp(—tz*), t>0, ac(0,1). (6.3.1)



94 CHAPTER 6. RATIONAL KRYLOV FOR FRACTIONAL DIFFUSION ON GRAPHS

Since the graphs that we consider are strongly connected, the eigenvalues Aq1,..., A, of the graph
Laplacian can be ordered in a way such that 0 = A < || <--- < |A,].
We use the result of Theorem 6.2.3 to compute f(LT)ug via (6.2.10) in the following way: letting
B = 1Tug > 0, there exists w L 1 such that ug = w + Bz (recall that L7z = 0), and thus we can
compute f(LT)ug as
F(LTyuo = f(L yw + BF(LT)z = F(LT)w + B=. (63.2)

Theorem 6.2.3 guarantees that, at least in exact arithmetic, a rational Krylov method for f(LT)w
yields the same approximate solution as the same Krylov method applied to the projected problem
FQTLTQ)QTw. We refer to the method obtained by using (6.3.2) and approximating f(LT)w with
a Krylov method as an implicitly projected Krylov method.

For rational Krylov methods, we use poles located on the negative real axis (—o0,0). For the shift-
and-invert Krylov method, we compare two different choices of poles. Recall that in the case of a
symmetric positive definite matrix A, if a > 0 is a lower bound for the smallest eigenvalue of A and
b > 0 is an upper bound for its largest eigenvalue, so that A(A) C [a,b], an effective pole choice for
the shift-and-invert Krylov method is given by £ = —v/ab (see, e.g., [10, Section 6]). In analogy with
this choice, we use the pole £ = —y/|A2\,|: if the graph is undirected, when we use the rank-one shift
approach (6.2.2) with 8 > |\y|, this pole corresponds exactly to the optimal choice £ = —v/AminAmax
for symmetric positive definite matrices; the same choice appears to be reasonable also for the singular
graph Laplacian and in the directed case. Indeed, our experiments show that this choice always provides
a reliable convergence rate.

As a second possible choice for the shift-and-invert Krylov method, we use the pole £ = —t—2/@
proposed in [120]; this choice is based on an integral bound for the error of the shift-and-invert Krylov
method, obtained using an integral expression for the function f. The choice £ = —t~2/® was proposed
for specific functions that arise in the context of fractional differential equations, like f(z) = exp(—tz%)
or f(z) = (14 tz*) 7!, with a € (0,1) and ¢ > 0. This pole choice is particularly effective when ¢ is
large, but its performance is more sensitive to changes in the parameters ¢t and «.

Recall that the function f(z) = exp(—tz%) is a Laplace-Stieltjes function (see Section 2.2), so
for a general rational Krylov method we can use the poles for Laplace-Stieltjes functions from [114]
constructed via an equidistributed sequence (EDS), described in Section 2.5.3. However, from [113,
Example 2.4] we also have the integral expression

oo
exp(—tz®) = l/ ! exp(—tz® cos ar) sin(tx® sin ar) dz, t>0, ae€(0,1/2),
T™Jo Zz+T

which shows that f(z) = exp(—tz®) is a Cauchy-Stieltjes function for o € (0,1/2). Comparing the
equidistributed poles for Laplace-Stieltjes functions with the ones for Cauchy-Stieltjes functions from
[10, Theorem 6.6], we observed that the convergence is moderately faster with the latter poles; the
convergence rate always satisfies the bound given in [114, Corollary 4] when o« < 1/2, and it slowly
deteriorates as « increases. In light of these observations, in the experiments that follow we use the
equidistributed poles for Cauchy-Stieltjes functions for all parameter choices, since they provide a better
practical performance compared to the Laplace-Stieltjes poles.

To compute the pole sequence, we use the slightly larger spectral interval [0.99 - |Az|, 1.01 - |A\,|] D
A(A), once again ignoring the presence of the eigenvalue of the Laplacian at 0. The resulting poles
are located on the negative real axis (—o00,0). Similarly to the choice £ = —+/|A2A,| for the shift-
and-invert Krylov method, this pole sequence is guaranteed to have the asymptotic rate of convergence
given in [114, Corollary 4] on the rank-one shifted matrix LT + 0217 assuming that o € (0,1/2) and
that the graph is undirected (and provided that 6 > |A2|). The experiments that we performed suggest
that the same choice is still very effective also in the directed case and even when applied directly
to the singular graph Laplacian. Note that this method, as well as the shift-and-invert method with
& = —/|\2A\y|, requires the knowledge of the largest and smallest nonzero eigenvalues of the graph
Laplacian L, which have to be computed beforehand.

All the experiments were performed in MATLAB R2021b on a laptop running Ubuntu 20.04, with 32
GB of RAM and an Intel Core i5-10300H CPU with clock rate 2.5 GHz, using the rat_krylov function
in the Rational Krylov toolbox [25] to construct the rational Krylov subspaces. The code for running
the experiments in this section is available on Github in the repository https://github.com/simunec/
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Table 6.1 — Information on the graphs used in the experiments. A denotes the n x n adjacency matrix
of the LCC of each graph.

graph n  nnz(A) nnz(A-A’%) Ao An

minnesota 2640 6604 0 8.45e-04 6.88e+00
Oregon-1 11174 46818 0 8.44e-02 2.39e+03
ca-HepPh 11204 235238 0 3.55e-02 4.92e+02
as-22july06 22963 96872 0 5.07e-02 2.39e+03
Roget 904 4830 4128  8.22e-02 2.27e+01
wiki-Vote 1300 39456 67204 3.73e-01  5.96e+02
enron 8271 146260 212124 7.01e-02  8.79e+02
p2p-Gnutella30 | 8490 31706 63412 2.47e-01  2.00e+01
hvdc1 24836 133620 4856  2.03e-04 1.80e+-02

phd-thesis-code. The shifted linear systems in the shift-and-invert Krylov method were solved by
computing beforehand an LU decomposition of the permuted matrix PTLT P — £I, where P is a fill-in
reducing permutation matrix obtained using the amd MATLAB function. In the rank-one shifted and
in the projected version of the methods, we used the modified Sherman-Morrison formula (6.2.7), with
the vector 9 defined in (6.2.6), and the identities (6.2.12) to avoid explicitly forming the dense matrices
LT + 0217 and QTLTQ. The use of (6.2.7) over (6.2.3) allowed us to avoid the cancellation in (6.2.5)
for poles close to zero, as discussed after Remark 6.2.1. We set § = 1 in (6.2.2) and we used the
matrix @ defined by (6.2.11).

We display the relative error in the 2-norm ||f(LT)ug — fill2/||f (LT )uo|l2, where f(LT)uq is ob-
tained either by diagonalizing L or as an accurate approximation computed with a rational Krylov
method when the size of the graph is large. In all our experiments, we first extracted the largest
strongly connected component (LCC) of each graph and we restricted our problem to that component.
Information on the number of nodes and edges of these components, as well as the maximum and
minimum nonzero eigenvalues of the corresponding graph Laplacians, are reported in Table 6.1. The
real-world networks that we used are available in the SuiteSparse Matrix Collection [51].

6.3.1 Error correction

As we observed in Section 6.1.2, the solution w(t) to the fractional diffusion equation (6.1.2) is a
probability vector for all ¢ > 0, and hence it is desirable for the approximations computed with Krylov
subspace methods to have the same property. In our experiments, we observed that this is indeed the
case for the Krylov methods applied to the shifted matrix LT + 217, as well as for the projected and
implicitly projected Krylov methods. On the other hand, in general the approximate solutions obtained
by working directly with the singular graph Laplacian L™ do not have entries that sum up to 1, and
often exhibit a wildly oscillating error; moreover, upon closer inspection, we observed that a significant
portion of the error lied along the left null-eigenvector z of the graph Laplacian L. By subtracting
a multiple of z from the approximate solution to enforce 17 f;, = 1, we were able to “correct” this
oscillating component of the error; specifically, for each k we replaced the approximate solution fy
obtained after k iterations of a Krylov method with the corrected approximation

fe— (7 f— 1)z, (6.3.3)

whose entries now sum up to 1. We found that this correction greatly reduced the error both in the
undirected and in the directed case, and hence we always applied it to the standard version of Krylov
methods in all our experiments. On the other hand, the error correction (6.3.3) was never needed for
the shifted, projected and implicitly projected variants of the methods. The error with and without
the correction (6.3.3) is illustrated for the directed graph Roget in Figure 6.1.
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Figure 6.1 — Convergence of Krylov methods without desingularization for the computation of the
solution to the fractional diffusion equation (6.1.2) with a = 0.5 and ¢ = 1 on the LCC of the directed
graph Roget, with and without the error correction (6.3.3).
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Figure 6.2 — Convergence of Krylov methods for the computation of the solution to the fractional
diffusion equation (6.1.2) on the LCC of the undirected graph minnesota, for different values of «
and t.
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Figure 6.3 — Convergence of Krylov methods for the computation of the solution to the fractional
diffusion equation (6.1.2) on the LCC of the directed graph wiki-Vote, for different values of o and ¢.
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6.3.2 Small graphs

The first set of experiments is performed on graphs of moderate size (about 1000 nodes), where the
solution to (6.3.1) can still be computed directly in a reasonable amount of time via an eigenvalue
decomposition of the graph Laplacian. In these experiments, we used the LCC of the undirected
graph minnesota (2640 nodes) and of the directed graph wiki-Vote (1300 nodes). The results for
different values of ¢t and « are shown in Figures 6.2 and 6.3. We can see that the general Krylov
method with EDS poles for Cauchy-Stieltjes functions almost always converges in the smallest number
of iterations, with a rate that is usually in agreement with the bound in [114, Corollary 4], even in
the nonsymmetric case, except for Figure 6.2(c) and Figure 6.3(c), which use, respectively, @« = 1 and
a = 0.75. The shift-and-invert (S&I) Krylov method with £ = —4/|A2\,,| has a reliable convergence
rate for all choices of the parameters, while the one with & = —t~2/® is more effective for large t
(see, e.g., Figure 6.3(c)); however, it is more sensitive to changes in the parameters, and sometimes
converges slowly (Figure 6.2(a)). As expected, the polynomial Krylov method usually converges very
slowly, except for the case a = 1, corresponding to the matrix exponential (Figure 6.2(c)), for which
polynomial Krylov methods are known to be effective.

Note that in Figure 6.2(b) we have t~2/¢ = 10~*, and observe that the rank-one shifted shift-
and-invert method with ¢ = —t~2/ attains the same accuracy as the other methods, as a result of
formula (6.2.7); because of the cancellation discussed in Remark 6.2.1, the same accuracy could not be
attained by using (6.2.3) in place of (6.2.7). On the other hand, for certain choices of the parameters



98 CHAPTER 6. RATIONAL KRYLOV FOR FRACTIONAL DIFFUSION ON GRAPHS

Oregon-1 —n = 11174, t = 1.0, « = 0.60 ca-HepPh — n = 11204, t = 10.0, a = 0.60

100,\ 3 100,\ T

relative error
relative error

10-10 L 4 10-10 L

2

S =Y 1) g
8 = L N S
K;—HS;%WFV N n +\>;?M A *N
o oW AR
A« oo Fha sty o A Q N
& +g+a+ | L o tr;hvaﬁ
10715 b ‘ ‘ 1 1078 \ \ s

0 50 100 150 0 50 100 150
iterations iterations

(a) (b)

as-22july06 — n = 22963, ¢ = 2.0, a = 0.40

polynomial
77777 polynomial w/ shift

X polynomial w/ proj.

<+ polynomial w/ impl. proj.
S&I, & = —t 2/
77777 S&I w/ shift, £ = —¢ 2/

O S&l w/ proj., £ = —t~ 2

+  S&I w/ impl. proj., £ = —t~ %/«
S&L, & = =X
————— S&I w/ shift, & = —y/[AaAa]
4 u} S&I w/ proj., € = —/[Aah,|
-+ S&I w/ impl. proj., { = —\/m
EDS
77777 EDS w/ shift

/A EDS w/ proj.

-+ EDS w/ impl. proj.

-15 | 4
10 L L L — | == EDS Cauchy-Stieltjes rate
0 50 100 150
(d)

10°

relative error

10»10 L

iterations

()

Figure 6.4 — Convergence of Krylov methods for the computation of the solution to the fractional
diffusion equation (6.1.2) on the LCC of the undirected graphs Oregon-1, ca-HepPh and as-22july06,
for different values of o and ¢.

in Figure 6.2, the rank-one shifted method with EDS poles attains a slightly lower final accuracy
compared to the other desingularization techniques, suggesting that the numerical errors in the rank-
one shift approach are still higher than in the other methods. However, this appears to be a minor
issue, since we never observed the same phenomenon in the other test problems. In all other cases, the
error curves of the desingularized methods are always overlapped to each other (showing, in particular,
that the result of Theorem 6.2.3 also holds in finite precision arithmetic), and they often represent an
improvement over the standard version of Krylov methods. Note that the desingularization techniques
seem to be always effective for the polynomial Krylov method, reducing the error of at least one or
two orders of magnitude compared to the standard version. We also point out that in certain cases the
desingularized methods manage to attain a higher final accuracy: this is most apparent in Figure 6.3(c)
for the shift-and-invert method with & = —y/|A2A,|.

6.3.3 Large graphs

The second set of experiments deals with larger graphs with about 10000 or 20000 nodes, for which the
computation of an eigenvalue decomposition of the graph Laplacian would be very expensive. Based
on the results of the experiments on smaller graphs, in this case we compute the error using as the
reference solution an approximation to f(L”)uy computed using the rational Krylov method with EDS
poles with implicit projection, stopping the iterations when the 2-norm of the difference between two
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Figure 6.5 — Convergence of Krylov methods for the computation of the solution to the fractional
diffusion equation (6.1.2) on the LCC of the directed graphs enron, p2p-Gnutella and hvdcl, for
different values of o and t.

consecutive iterates is of the order of machine precision. To avoid bias in the error curves, we chose
a different starting point for the EDS of the reference solution, thus producing a sequence of poles
that is different from the one used to plot the error of the Krylov method with EDS poles. We used
the LCC of the undirected graphs Oregon-1 (11174 nodes), ca-HepPh (11204 nodes) and as-july06
(22963 nodes), and of the directed graphs enron (8271 nodes), p2p-Gnutella30 (8490 nodes) and hvdc1
(24836 nodes). The results for different values of o and ¢ are shown in Figures 6.4 and 6.5. The use
of desingularization is again shown to be beneficial, often leading to faster convergence and attaining a
better maximum accuracy. In Figure 6.4(b) and Figure 6.5(a) we can observe that the shift-and-invert
method with € = —t=2/® does not suffer from cancellation by virtue of (6.2.7), despite the presence
of poles close to zero. These experiments also show that the polynomial Krylov method can have a
variable and unpredictable convergence rate, depending on the graph: there are situations in which
the convergence can take place quickly (Figure 6.5(b)) or with moderate speed (Figure 6.4(a)), but
more often than not this method converges very slowly and the error practically stagnates (see, e.g.,
Figure 6.4(b)).

We have reported in Table 6.2 the execution times required by each method to reach a relative
accuracy of 107!°, using the same graphs and parameters a, t as in Figures 6.4 and 6.5. A ““” indicates
that the polynomial Krylov method failed to attain the requested accuracy after 1000 iterations. For
each graph, the first line in Table 6.2 lists the execution times for the standard Krylov methods, and
the second line reports the average of the times for the 3 different methods with desingularization.
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Table 6.2 — Execution times in seconds required to reach a relative accuracy of 10719, with reference to
the plots in Figures 6.4 and 6.5. For each graph, the first line reports the time for the standard Krylov
methods, and the second line reports the average time of the 3 desingularized methods. A “” denotes
failure to converge within 1000 iteration. The times are measured as an average across 10 runs, and
the fastest method for each test problem is highlighted in bold.

graph polynomial  S&I, &€ = —t=2/*  S&I, &€ = —\/|]X\2\,] EDS
5.820 0.315 0.879 0.351
Oregon-1
4.082 0.311 0.558 0.347
72.092 1.600 2.167 1.470
ca-HepPh
50.110 1.596 1.934 1.456
. 33.002 2.778 2.644 1.301
as-22july06
22.172 2.756 1.668 1.209
27.701 1.554 2.169 15.251
enron
19.934 1.544 1.982 14.775
0.546 5.541 5.502 7.258
p2p-Gnutella30
0.351 5.482 5.415 7.265
- 8.252 2.442 1.546
hvdc1l
- 8.288 1.737 1.448

For a fixed choice of poles, the execution times of the desingularized methods are extremely similar,
since these methods require the same number of iterations and roughly the same amount of work per
iteration, with the explicit projection method being slightly more expensive. Observe that for the
graph p2p-Gnutella30 the polynomial Krylov method is faster than the rational methods in terms
of execution time, even though it requires more iterations. However, in all the other experiments its
convergence is too slow for it to be competitive.

In our implementation, the linear systems in each iteration of a rational Krylov method are solved
with a direct method. This strategy suffers from severe fill-in when the network has a small-world
structure: this is evident in the execution times of the EDS rational Krylov method for the directed
graphs enron and p2p-Gnutella30, where a different shift is used at each iteration, and hence a new
factorization has to be computed. On the other hand, this effect is less noticeable in the case of the
shift-and-invert method, since the factorization is only computed once and reused in each iteration.
As an example, if L is the Laplacian of the graph enron with nodes permuted with amd, the lower
triangular factor in the LU factorization of L 4 I has 1.26 million nonzero entries. In contrast, for the
graph hvdcl the lower triangular factor of L + I only has 120.714 nonzero elements. The problem of
fill-in can be circumvented by using an iterative method for solving the linear systems in each iteration
of a rational method: however, this strategy gives rise to a variety of questions, such as the choice of
preconditioners and stopping criteria for the inner iteration, marking it as an interesting direction for
future research.



Chapter 7

Overview of trace estimation

In this chapter we briefly review some methods for approximating the trace of a real symmetric matrix B
that is not available explicitly and can only be accessed via matrix-vector products. In particular, we
focus on stochastic trace estimators [98,117,129], which can be applied to any matrix B, and on
probing methods [77,145], which are specifically designed for approximating tr(f(A4)) when A is a
sparse matrix. This chapter serves as an introduction to Chapters 8 and 9, in which we employ these
methods in conjunction with Krylov subspace methods to approximate the von Neumann entropy and
find gaps in the spectrum of a symmetric matrix.

7.1 Stochastic trace estimators

Let us consider the problem of computing tr(B), where B € R™ " is a matrix that is not explicitly
available but can be accessed via matrix-vector products Bx and quadratic forms x? Bx, for « € R".
The case B = f(A) is an instance of this problem, since the whole matrix f(A) is expensive to compute
but f(A)z and x f(A)x can be efficiently approximated using Krylov subspace methods.

Stochastic trace estimators compute approximations of tr(B) by making use of the fact that, for
any matrix B and any random vector = such that E[zx’] = I, we have E[zT Bz| = tr(B), where E
denotes the expected value. Hutchinson’s trace estimator [98] is a simple stochastic estimator that
generates s vectors i, ..., T, with i.i.d. random entries, that are usually chosen as either Gaussian
N(0,1) or Rademacher (random =+1), and approximates tr(B) with

1 S
tril(B) .= ;Zaz;’ij. (7.1.1)
j=1

In order to attain an absolute accuracy € on tr(B), Hutchinson’s trace estimator requires O(|| B||%/<?)
sample vectors [45,132]; the O(1/£?) dependence on € makes it very expensive to obtain highly accurate
approximations, so this method is more suited for cheaply obtaining a rough estimate of tr(B).

The error from the Hutchinson’s trace estimator when B is symmetric can be bounded by using the
following result from [45].

Proposition 7.1.1 ([45, Theorem 1]). Let B be a nonzero symmetric matrix, and let trll(B) denote
the Hutchinson trace approximation obtained using s i.i.d. Gaussian N(0,1) random vectors. If

4
s> 5 (IBIF + ¢l Bll2) log(2/9),

then
P(|tr(B) — tr(B)| > ¢) < 6.

If we use vectors with Rademacher instead of Gaussian entries, the convergence rate of Hutchinson’s
estimator depends on ||B — diag(B)||r and ||B — diag(B)||2 instead of ||B||r and ||B]||2, so in certain

101
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Algorithm 7.1 Basic Hutch++ trace estimator

Input: B € R™*" symmetric, r,s € N

Output: tr}'f*(B) ~ tr(B)

: Sample Q € R™*" with random i.i.d. A’(0,1) or £1 entries

Compute B2 and an orthonormal basis Q € R™*" of range(BSQ)

Compute tr; = tr(Q7 BQ) > exact trace of low-rank approx
Sample X € R"** with random i.i.d. N'(0,1) or 1 entries

Compute Y = (I - QQ")X

Compute tro = %tr(YTBY) > Hutchinson estimator on remainder
return trf [ (B) = try + try

situations it can be faster than with Gaussian vectors, for instance when B is diagonally dominant;
see [45, Corollary 1] for a precise statement.

An algorithm that improves the convergence properties of Hutchinson’s estimator has been proposed
in [117] with the name of Hutch++ (Algorithm 7.1). This estimator combines Hutchinson’s estimator
with low-rank approximation, in order to approximate tr(B) more efficiently when there is fast decay
in the singular values of B. It samples € R"*" with random i.i.d. N(0,1) entries, then computes
B and an orthonormal basis Q € R™*" of range(BS?). Then the trace of B is estimated by

tryly T (B) == tr(QTBQ) + trll (1 - QQT)B(I - QQ")). (7.1.2)

The Hutch++ estimator directly computes the trace of a rank r approximation of B, and then estimates
the trace of the remaining part by using the Hutchinson estimator with s samples, so its total cost is r
matrix-vector products and r + s quadratic forms with B. It has been proven in [117, Theorem 4.1]
that the complexity of Hutch++ is optimal up to logarithmic factors amongst algorithms that access
a positive semidefinite matrix B via matrix-vector products.

In [129], an adaptive implementation of Hutch++ has been developed, which allows the user to
prescribe a target absolute accuracy € > 0 and a failure probability 6 € (0,1) as input parameters; the
algorithm then selects the parameters r and s adaptively in order to satisfy the tail bound

P(|tr£{j+(3) —tr(B)| > g) <5 (7.1.3)

with as little computational effort as possible.

Several other papers on stochastic trace approximation have appeared in the recent literature. In
particular, we mention the papers [64], which improves upon Hutch++ by exploiting the exchangeability
principle for the sample vectors, and [42], in which stochastic trace estimators for the estimation of
tr(f(A)) are improved by taking into account how matrix-vector products with f(A) are computed by
means of Krylov subspace methods.

7.2 Probing methods

In this section we focus on the problem of approximating tr(f(A)) for a sparse symmetric matrix A.
In this setting, we can approximate tr(f(A)) with the probing method described in [77,145], which
makes use of the sparsity of A by working with the graph G(A). Although we are only interested in the
approximation of tr(f(A)), the probing approach that we describe here can be used more generally to
obtain sparse approximations to the whole matrix f(A). We refer to [77, Section 3| for more details.
Recall that if A is an n xn symmetric matrix, G(A) is an undirected graph with nodes V = {1,...,n}
and edges £ = {(i,J) : Ai; # 0,1 # j}, and that the geodesic distance dist(i, j) between two nodes ¢
and j is the shortest length of a walk that starts with ¢ and ends with j. A coloring of the graph G(A)
is a partitioning Vi,..., Vs of the node set {1,...,n}. Each set V; in the partition corresponds to a
certain color ¢, and we write col(i) := ¢ for ¢ € V; to say that node ¢ has color £. A given coloring is a
distance-d coloring if col(i) # col(j) whenever dist(i,7) < d. In other words, only nodes that are at a
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Algorithm 7.2 Greedy algorithm for a distance-d coloring

Input: Graph G = (V, E) with V ={1,...,n} and distance d
Output: Distance-d coloring col
col(l) =1
: fori=2:ndo
Wi={je{l,. .. i—1}:dist(i,j) < d}
col(i) = min{k > 0 : k # col(j) for all j € W; for which col(j) has been set}
end for

AN .

distance strictly larger than d are allowed to have the same color. The probing vectors associated with
the coloring are

Vy = Zei7 6:17"'757 (721)
ieVy

i.e., vy has ones in the components associated to nodes with color ¢, and 0 in all other components.
The induced probing approzimation of the trace of f(A) is

el (f(A4) == 3 of f(A)wr. (7.2.2)
=1

The problem of finding the minimum number s of colors required to have a distance-d coloring for a
fixed d is NP-complete for general graphs [103], even for d = 1. From a computational point of view, it
is important to keep the number of colors s as small as possible since, in view of (7.2.2), it coincides with
the number of quadratic forms needed to approximate tr; (f(A)). However, finding the exact minimum
is not required, and we are satisfied with an algorithm that gives us a coloring that is relatively close
to the optimal one. A greedy and efficient algorithm to get a quasi optimal distance-d coloring is given
by Algorithm 7.2 ([136, Algorithm 4.2]), which tries to use as few colors as possible while examining
nodes in a given order.

One can obtain different colorings depending on the order of the nodes used in Algorithm 7.2; sorting
the nodes by descending degree usually leads to a good performance [103,136]. The number of colors
obtained with this algorithm is at most A?+1, where A is the maximum degree of a node in G(A4),
and the cost is at most O(n A?) if the d-neighborhood W; of each node i is computed with a traversal
of the graph. Alternatively, the greedy coloring can be obtained by computing A%, which can be done
using at most 2|log, d| matrix-matrix multiplications [96, Section 4.1]. Depending on the sparsity of A,
either approach may be the more efficient one.

If A has bandwidth S, i.e., if A;; =0 for |i — j| > 3, a simple distance-d coloring is given by

col(i) =mod(i — 1,dB+1)+1, i=1,...,n. (7.2.3)

This coloring is optimal with s = d§ + 1 if all the entries within the bandwidth are nonzero. For a
general sparse matrix A, as an alternative to Algorithm 7.2 one can use the reverse Cuthill-McKee
algorithm [50] to reorder the nodes and reduce the bandwidth, and then use (7.2.3) to find a distance-d
coloring [77]. Depending on the structure of the graph induced by A this can yield good results, but
in many cases better colorings are obtained by using Algorithm 7.2: see for instance Example 8.2.1
in Chapter 8.

Note that approximating tr(f(A)) with a probing method when A is banded can be significantly
more efficient than diagonalization. Indeed, to diagonalize a symmetric matrix with bandwidth S one
must first reduce it to a tridiagonal form, and this costs O(8n?) [137]. On the other hand, if we assume
that quadratic forms with f(A) can be approximated with a (small) fixed number of Krylov iterations,
the computation of each quadratic form costs O(n), and hence the cost for computing trf (f(A)) is
approximatively O(d3%n), which can be much less than the O(3n?) cost for diagonalization, as long as
the requested accuracy is not too high.

An upper bound on the accuracy of the approximation of tr(f(A)) by trf(f(A)) is given by the
following result.
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Theorem 7.2.1 ([77, Theorem 4.4]). Let A € R™*™ be symmetric with A(A) C [a,
function defined over [a,b] and let trf(f(A)) be the approximation (7.2.2) of tr(f(A)
distance-d coloring. Then

bl. Let f be a
) induced by a

[tr(f(A)) — trg (f(A))] < 2n min || f = pllja,p)- (7.2.4)

Theorem 7.2.1 shows that the error in the probing approximation of tr(f(A)) is linked to the error
in the approximation of f with polynomials. This property follows from the fact that the error in the
trace can be written as

tr(f(A4) = trg (f(A) = > [F(A))i;
l=11,j€Vy
i#]
see [77, eq. (4.1)]. Since the partitioning Vi,..., Vs is a distance-d coloring, for i,j € V; such that
i # j we have dist(é,j) > d. This implies that [4*];; = 0 for k = 0,...,d, i.e., any polynomial py
with degpq < d is such that [ps(A)];; = 0, and hence we have tr(py(A)) = trf (pa(A)). The bound in
Theorem 7.2.1 then follows by adding and subtracting tr(pga(A)), similarly to the proof of Theorem 2.5.3.

Remark 7.2.2. We mention that a stochastic variant of the probing method has been analyzed in [74].
This variant replaces the nonzero entries of the probing vectors with either Gaussian or Rademacher
random variables, and it has been used in past literature without a rigorous theoretical analysis, see
for instance [82]. In [74, Section 3.4] the authors show that the accuracy of the Rademacher stochastic
probing method depends sublinearly on the matrix dimension n, which is an improvement with respect
to Theorem 7.2.1.



Chapter 8

Computation of the von Neumann
entropy

In this chapter we consider the problem of approximating the von Neumann entropy [153] of a symmetric
positive semidefinite matrix A, which is defined as

S(A) :=tr(—Alog A).

The von Neumann entropy plays an important role in several fields including quantum statistical me-
chanics [105], quantum information theory [11], and network science [32]. For example, computing
the von Neumann entropy is necessary in order to determine the ground state of many-electron sys-
tems at finite temperature [1]. The von Neumann entropy of graphs is also an important tool in the
structural characterization and comparison of complex networks [52,93]. In recent years, a few papers
have appeared devoted to this problem; see, e.g., [43,56,112,156]. These papers investigate different
approaches based on quadratic (Taylor) approximants, the global Lanczos algorithm, Gaussian quadra-
ture and Chebyshev expansion. In general, the problem of computing the von Neumann entropy of a
large matrix is difficult because the underlying matrix function is not analytic in a neighborhood of the
spectrum when the matrix is singular; difficulties can also be expected when A has eigenvalues close
to zero, which is usually the case. In particular, methods based on polynomial approximation may
converge slowly in such cases.

We propose to approximate the von Neumann entropy using the trace estimation methods described
in Chapter 7 and a Krylov subspace method that combines both polynomial and rational Krylov itera-
tions. The goal is to obtain an algorithm that, given an input tolerance €, computes an approximation
of S(A) with relative accuracy ¢, using either a probing method or a stochastic trace estimator (in the
latter case, the requested accuracy is attained with high probability). We begin by analyzing some
properties of the von Neumann entropy and the function f(z) = zlog(z) in Section 8.1, that allow us
to obtain bounds for the error in the approximation of S(A) with a probing method. We then give
an overview of the algorithm in Section 8.2, and we discuss implementation details in Section 8.3. In
particular, in Section 8.3.1 we propose a heuristic estimate for the error of the probing method, which
can be used as a stopping criterion. In Section 8.4 we test the performance of the resulting algorithm
by approximating the graph entropy of several complex networks. This chapter is mainly based on [21].

8.1 Properties of the von Neumann entropy

A density matriz is a self-adjoint, positive semidefinite linear operator with unit trace acting on a
complex Hilbert space. In quantum mechanics, density matrices describe states of quantum mechanical
systems and are usually denoted by p. To avoid confusion, here we prefer to denote a density matrix
by A, since we often use lowercase greek letters to represent scalar quantities. Since we consider only
the real finite dimensional case, in our setting a density matrix A is an n X n symmetric positive
semidefinite matrix with tr(A4) = 1.

105
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The von Neumann entropy [153] of a system described by the density matrix A is given by

S(A) := —tr(Alog A) = — Z Alog A, (8.1.1)
AEA(A)

under the convention that 0 -log0 = 0. In the literature, the entropy is sometimes defined using the
base-two logarithm log, = instead of the natural logarithm log x, but since log, © = log 2/ log 2 the two
definitions are equivalent up to a scaling factor. We also mention that in the original definition the
entropy includes the factor x5 (the Boltzmann constant), which we omit.

Note that the formula (8.1.1) is well defined even without assuming that A has unit trace. Moreover,
if A is given in the form A = vB for some v > 0, we have the relation

S(A) = —ytr(Blog(yB)) = vS(B) — vlog v tr(B), (8.1.2)

so we can easily recover S(A) from S(B).

In quantum mechanics, the von Neumann entropy of a density matrix gives a measure of how much
a density matrix is distant from being a pure state, that is a rank-1 matrix with only one nonzero
eigenvalue equal to one [155]. For any density matrix of size n, we have 0 < S(A) < logn. Moreover,
S(A) = 0 if and only if A is a pure state and S(A) = logn if and only if A = 17 [153,155].

The von Neumann entropy also has applications in network theory [32,43]. The von Neumann
entropy of a graph G can be defined as S(L/ tr(L)), where L is the graph Laplacian of G. It should be
mentioned that, strictly speaking, the graph entropy defined in this manner is not a “true” entropy, since
it does not satisfy the sub-additivity requirement. In other words, the graph entropy could decrease
when an edge is added to the graph, see [57]. For this reason, different notions of graph entropy have
also been proposed in the literature; see, e.g., [84,85]. These entropies still have the form of a von
Neumann entropy, S = —tr(Alog A), but with a different definition of the density matrix A which,
however, is still expressed as a function of a matrix associated to the graph. Therefore, the techniques
that we develop here are still applicable, at least in principle.

8.1.1 Polynomial approximation

For a continuous function f : [a,b] — R, we will denote the error of the best uniform polynomial
approximation of f in Il as

By(f.[a.t) = min max |f(x) - p(a).

We have already seen that when A is a symmetric matrix with A(A4) C [a, b], estimating or bounding
Ex(f,[a,b]) is crucial in the study of polynomial approximations of the matrix function f(A). The
error of the best polynomial approximation also plays a key role in establishing decay bounds for the
entries of f(A) [17,54,75] and in bounding the error of a probing method for approximating tr(f(A))
(Theorem 7.2.1).

In particular, in the case of the inverse function f(x) = 1/z for « € [a,b], 0 < a < b, we have

2 e\
Ek(l/x,[a,b]):(\/g;b_l) (ﬁi) , (8.1.3)

where k = b/a; see, e.g., [115, Section 4.3| and [54, Proposition 2.1].
In general, an inequality of the form

Ex(f,]a,b) <C¢",  C>0, 0<g<1, (8.1.4)

is equivalent to the fact that f is analytic over an ellipse containing [a, b]; see [115, Theorem 73] for more
details. However, the function f(z) = zlogz is not analytic on any neighborhood of 0, so we cannot
expect to find a geometric rate as in (8.1.4) if we consider [0,b], b > 0, as the interval of definition of f.
However, since f is continuous, by the Weierstrass Approximation Theorem Ej(f, [0,b]) must converge
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to 0 as k — co. An explicit bound is the following [156], derived by computing the coefficients of the
Chebyshev expansion of f(z) = xlogx,

«_ b

= 2k(k+1)’
This shows that the decay rate of the error is algebraic in k.

In this section we derive a sharper bound on E(f, [0,b]) by exploiting an integral representation of
f(x) = zlogz. Recall that the function log(1l + 2)/z is a Cauchy-Stieltjes function, with the integral

expression
log(1 o 1
M - / J— dS, z> 0.
z 1 s(s+2)
It is easy to check that the above identity also holds for z € (—1,0). With the change of variable
x = 1+ z and some simple rearrangements, we get the following integral expression for the entropy
function,

Ei(xlogx,[0,b]) for all k > 1. (8.1.5)

< z(l-x)
—zl = ——d 0,1]. 8.1.6
roge) = [ s ae o) (516)
With the additional change of variable s =t + 1, we can rewrite (8.1.6) in the form
*° 1
—xl =z(l - —dt 0,1]. 8.1.7
rlogla) =a(1=a) [ o wel0 (81.7)

Note that the two identities above hold also for x = 0 and « = 1, because of the factor z(1 —z) in front
of the integral. The expression (8.1.7) shows that although the entropy function —zlog(z) is not itself
a Cauchy-Stieltjes function, it is the product of a Cauchy-Stieltjes function and a polynomial of degree
two.

Integral representations have proved to be a useful tool for many problems related to polynomial
approximations and matrix functions; see, e.g., [19,22,75]. The following result shows that we can
derive explicit bounds for Fj(f, [a,b]) from an integral representation of f.

Lemma 8.1.1. Let f(z) be defined for = € [a,b] by

o0
flx) = / g¢(x) dt, (8.1.8)
0
where ¢;(z) is continuous for (¢,z) € (0,00) x [a,b] and the integral (8.1.8) is absolutely convergent.
Then -
Bflat) < [ Eulo@)lab) dt (3.19)
0
for all £ > 0.
Proof. We can assume that the right-hand side of (8.1.9) is finite, since otherwise the bound (8.1.9)
would be automatically satisfied. For all ¢ € (0, 00) and for any degree k > 0, since g,(z) is continuous
over the compact interval [a, b], there exists a unique polynomial p,(f)(ac) € Il such that

Ex(ge(); [a,b]) = ma gu(7) =, (@)

)

For all x € [a,b] we can define

pr(z) = /00 p,(ct)(x) dt.

0
This is well defined: for all z € [a, b], the mapping ¢t — p,(f)(ac) is continuous for all ¢ € (0,00) in view
of [115, Theorem 24|, since g;(z) is uniformly continuous for (¢,x) in the compact sets contained in

(0,00) X [a,b]. Moreover, the integral is finite since

/0 T (@) dt < / lora) i+ / o) — pP (@) dt

< / lora)] i+ / ™ Be(gu(@), [a,b]) dt < +oo.
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We now show that pi(x) is also a polynomial. Consider the expression

k

P (@) =3 ait) o,

i=0
which defines the coefficients a;(t) as functions of ¢. Formally, we have
pi(x) = Z (/ a;i(t) dt) Tt = Zaixl,
i=0 70 i=0

where a; := fooo a;(t) dt. To conclude, we need to show that this expression is well defined, that is, the
functions a;(t) are integrable in ¢. Consider k + 1 distinct points xg, ...,z in the interval [a, b] and let

a(t) = ao(t), ..., ar(®)]T, p(t) = [P (z0), .. ., P (xx)]7. We have that Va(t) = p(t), where

2 k

1 xo zf -+ x5

1z 22 - 2}
V:

2 k

1z, oy -+ af

is a Vandermonde matrix. Since V is nonsingular, we have that a(t) = V~!'p(t). Then, if we let
V= (cij)ﬁjzo, we obtain the expression

k
ai(t) = Zcijp;(;)(xj), i=0,...,k
j=0
where ¢;; is independent of ¢ for all 4,j. This shows that, for all 4, a;(¢) is continuous for ¢ € (0, c0),

and we have .
< [l Yl [ p0w)

Jj=0

dt < +o00, 1=0,...,k,

hence @; is well defined for ¢ = 0,...,k and pg(x) is a polynomial of degree at most k. Finally, we have

Ei(f,[a,b]) < Irg[ﬁ]lf(x) — pi(2)|

< max / gu(2) — p ()] dt
z€la,b] Jo

]
< / " Buloi(e), [a,b) dt. 0

The following result gives a new bound for Ej(z log x, [a,b]) by exploiting (8.1.7).

Theorem 8.1.2. Let 0 < a < b and v = a/b. We have

B k
Ex(wlog(a), [a,b]) < b(1 — /)~ Z(’Ljf’i)ﬁ <1 - g) , (8.1.10)

for all £ > 2.

Proof. Let f(x) = xlog(z). Notice that f(z) = bf(b~1x) + xlogb, so for k > 2 we have

Ek(f(‘T)v [av b]) = Ek<bf(b_1x)7 [a7 b]) = bEk:(f(x)7 ['Va 1])7

since we can ignore terms of degree 1 for the polynomial approximation. For x € [y, 1] we can use the

integral representation (8.1.7). Let g:(z) := % be the integrand in (8.1.7) for all t > 0. Note
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that g;(z) is a continuous function in the variables (¢,z) € (0,00) X [a, b], so we can apply Lemma 8.1.1.

We can write g¢(x) as
x T t T

z+t 1+t x4t 1+t
and since k > 2 and 1 — {37 is a polynomial of degree 1, we get that

(8.1.11)

gi(z) =

Ek(gt(x)7 [7’ 1]) = Ek(t/('r + t)’ [’Y’ 1]) = tEk(l/xv h +1,1+ tD

Hence, by using (8.1.3) and Lemma 8.1.1 we get

2
o t (\/K(t) +1 ey — 1\
Ei(xlog(x), [a,b]) Sb/o ( ST+ 1) ) <\/%+1> dt, (8.1.12)

where k(t) = (1 +1t)/(y+t). In order to bound the integral, consider the identities

VA -1 (VIti-yaTh)’ > (VTTE+VATE)
m—&—li T ) (\/H(t)+1) = po .

We have

“t(1+V”(t))2 Ve -1\ dt
/0 2(1+1) Vel +1

1 t (VIFi+vaFD)’ (Viti—yyFD)* " "
5/o v+ +1) (1 =)+t

1 > 2k
<2(1_7),€_1/0 (VI+t—y+8) dt (8.1.13)

By checking the derivative, it can be shown that

VIFi—vr+h) (1)
F(t)\/HtWH(\/Ht_WH)%(( +2k+27+) _(214—7;>

2(VI+tyy+t—y—t)(1+t—VI+t /7 +1)

is an antiderivative of (\/1 +t =Y+ t) *F Since tlim F(t) =0, we deduce that
—00

w((1-9)?° (-3
Vi(t=v7) <2k—2 2k 42 >
2(1-v7) (V=)

B 1+v+2/7k
_ 2(1 . ﬁ)ka

| viT- A=

This, combined with (8.1.13), concludes the proof. O

Remark 8.1.3. The result of Theorem 8.1.2 is an improvement of (8.1.5). When a > 0, the right-hand
side in (8.1.10) is the product of an algebraic and a geometric factor, so the decay is asymptotically
faster. When a = 0, we have v = 0 and (8.1.10) becomes

b

Ek(x IOg(I), [Oa b]) < m:

which is better than (8.1.5) for all ¥ > 2. The new bound (8.1.10) is compared with (8.1.5) and with
the polynomial approximation error in Figure 8.1.
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Figure 8.1 — Comparison of the bounds (8.1.5) and (8.1.10) with the error of the polynomial approxi-
mation of the entropy function zlogz on the interval [1076,1072].

8.2 Computation of the von Neumann entropy

In this section we describe and analyze an approach for the approximation of the von Neumann entropy
S(A) = tr(—Alog A), which combines a probing method or a stochastic trace estimator with polynomial
and rational Krylov subspace methods for computing the matrix-vector products and quadratic forms
with f(A) that arise in the trace approximation.

Recall that given a distance-d coloring of the graph G(A) associated with a sparse matrix A, the
probing approximation of tr(f(A)) is given by

wf (F(A) = 3 of F(A)wr,
j=1

where s is the number of colors and vy is the probing vector associated with color ¢, which has ones
on components corresponding to nodes of color ¢ and zero elsewhere. The accuracy of the probing
approximation of tr(f(A)) depends on the approximation of f with polynomials; we will focus on this
aspect in Section 8.2.1, where we apply the polynomial approximation results of Section 8.1.1 in order
to bound the error of the probing method for the entropy. This approach can only be used for sparse A,
and it is especially effective when distance-d colorings with a small number of colors can be computed.
This occurs when G(A) has a large-world structure, for instance if it represents a grid or a road network;
see the experiments in Section 8.4.

On the other hand, as a stochastic trace estimator we use the adaptive implementation of Hutch++
from [129] for its flexibility, since it is automatically able to select its parameters (number of sample
vectors for the low-rank approximation and for Hutchinson’s trace estimator) according to each specific
problem. This approach can be used for both sparse and dense matrices, and it particularly suited for
computing cheap low-accuracy approximations (see the discussion in Section 7.1). Nevertheless, this
method struggles when a high accuracy on tr(f(A)) is required, unless there is significant decay in the
singular values of f(A), which can be exploited by the low-rank part of Hutch-++ to quickly reduce the
error.

Both the probing method and Hutch++ estimator require the approximation of several quadratic
forms b7 f(A)b, where f(z) = —xlogz, which can be computed efficiently by using Krylov subspace
methods; the Hutch++ algorithm also requires the computation of some matrix-vector products f(A)b
in its low-rank approximation phase. We focus on this task in Section 8.2.2.
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8.2.1 Convergence of the probing method

Let A € R"™™ be a sparse symmetric matrix with spectrum contained in [a, ], and let trf;(f(A)) be
the approximation of the von Neumann entropy S(A) obtained by using the probing method with a
distance-d coloring. The bound on the polynomial approximation of the function f(x) = zlogx given
in Theorem 8.1.2 can be combined with Theorem 7.2.1 to obtain a bound on the error of the probing
method.

Theorem 8.2.1. Let A € R"*™ be symmetric with A(A) C [a,b], 0 < a < b, and let v = a/b. Then

B d
(4) = e (~Alog ()] < b (1 = V) YT () (5.2.)

for all d > 2. In particular, if a = 0, we have

nb

S(A) — trg (—Alog(A))] < E-T)

(8.2.2)

for all d > 2.

Proof. The inequality (8.2.1) follows from Theorem 8.1.2 and Theorem 7.2.1. The inequality (8.2.2)
follows from (8.2.1) with v = a/b = 0. O

Remark 8.2.2. The bound (8.2.1) can be pessimistic in practice, especially for large values of d.
We show this in Example 8.2.1 and in the experiments of Section 8.4.2. A priori bounds based on
polynomial approximations often fail to capture the exact convergence behavior in many problems
related to matrix functions, since a minimization problem over the spectrum of a matrix is relaxed to
the whole spectral interval. This occurs in the convergence of polynomial Krylov methods [106, Section
5.6], as well as in the decay bounds on the entries of matrix functions [19,76]. In addition, the coloring
obtained via Algorithm 7.2 can sometimes return far more colors than the minimum number needed
for a distance-d coloring, and this can benefit the convergence in a way that is not predicted by the
bound. In Section 8.3.1 we are going to propose a more practical heuristic to predict the error with
higher accuracy.

Example 8.2.1. Let us see with an example how the bound and the convergence of the probing
method perform in practice. We consider the density matrix A = L/tr(L), where L is the Laplacian
of the graph minnesota from the SuiteSparse Matrix Collection [51]. More precisely, we consider its
largest connected component, whose graph Laplacian has size n = 2640 and 9244 nonzero entries.
For several values of d, we compute the approximation trf(—Alog A) associated with two different
distance-d colorings: the first is obtained by the greedy coloring (Algorithm 7.2) after sorting the nodes
by descending degree, while for the second we use the bandwidth-reducing reverse Cuthill-McKee
algorithm to get a 67-banded matrix and then we use the coloring (7.2.3) for banded matrices.

In Figure 8.2 we compare trf(—Alog(A)) with the value of S(A) obtained by diagonalizing A,
considered as exact. The left plot shows the error in terms of the number of colors (which coincides
with the number of probing vectors) associated with the distance-d colorings. In the right plot the
errors are shown in terms of d together with the bound (8.2.2), where b = Aax(A4). For each fixed
value of d, the coloring based on the bandwidth provides a smaller error than the greedy coloring,
but it also uses a larger number of colors. Indeed, we can see from the left plot that with the same
computational effort the greedy algorithm obtains a smaller error. On the right plot, we can observe
that the bound (8.2.2) is close to the error given by the greedy coloring for small values of d, while it
fails to capture the convergence behavior for large values of d.

We conclude this section by showing that for the graph entropy, i.e., when A = L/tr(L) and L is
the Laplacian of a graph G, the approximation tr}) (—Alog A) is a lower bound for S(A). To prove this,
we use the fact that A is a symmetric M-matrix (Definition 6.1.1), i.e., it can be written in the form
A = sI — B where s > 0 and B is a nonnegative matrix such that A < s for all A € A(B).
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Figure 8.2 — Absolute errors of the probing approximation of S(A) where the distance-d coloring is
obtained either by the greedy procedure (Algorithm 7.2) or with the reverse Cuthill-McKee algorithm
and the coloring (7.2.3) for banded matrices. Left: Error as a function of the number of colors. Right:
Error as a function of the distance d, compared with the bound (8.2.2).

Lemma 8.2.3. Let A = sI — B be a symmetric M-matrix, with B > 0 and s > ||B||2, and let
dist(z,j) be the geodesic distance in the graph associated with A. Then we have [—Alog(4)};; < 0
whenever dist(i, j) > 2. Moreover, if s < e~ !, we have [—Alog(A)];; < 0 for i # j and —Alog A is an
M-matrix.

Proof. Assume first that s > ||B||2, so that A is nonsingular. Then f(z) = —zlogx is analytic for
|z — s| < ||BJ|2 and it can be represented by the power series

(k) (g
fay =3 D

k=0

Since A(A) C (s — || B|l2; s + || B||2), the same series expansion holds for f(A),

— /¥ (s) k s Y
f(A):Z i (A—sI) :—slogsI—l-(l—i-logs)B—ZmB .
k=0 k=2
If dist(i,5) > 2 we have [B];; = [~A];; = 0, and B* is nonnegative for all k¥ > 0, so [f(A)];; < 0. If

s < e, then (1 + logs)B is nonpositive so [f(A)];; < 0 for i # j, and it is an M-matrix since it is
positive semidefinite [28, Theorem 4.6].

If A is singular, consider the nonsingular M-matrix A + €l for € > 0. Then the results hold for
f(A+el) (we impose s+¢ < e~ if s < e71) and notice that f(A) = lim._,¢ f(A+eI). This concludes
the proof, since the limit of nonsingular M-matrices is an M-matrix. O

Proposition 8.2.4. Let A € R™ " be a symmetric M-matrix, and let trf(—Alog(A)) be the approx-
imation (7.2.2) of S(A) induced by a distance-d coloring of G(A) with d > 1. Then tr};(—Alog(4)) <
S(A).

Proof. If V1,...,Vy is the graph partitioning associated with a distance-d coloring, the error of the
approximation can be written as

S(A4) -t (~Alog(A) = = 3 3 [ Alog(A)];, (8:2.3)

(=114,j€V;

i#£]
see [77, eq. (4.1)] for more details. By definition of a distance-d coloring, for all i,j € V4 such that
1 # j, we have dist(¢,7) > d+ 1 > 2. Then, in view of Lemma 8.2.3, the right-hand side of (8.2.3) is
nonnegative. O
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Remark 8.2.5. In this chapter we focus only on the approximation of the entropy of sparse density
matrices. However, an important case is given by A = g(H ), where H is the Hamiltonian of a certain
quantum system and g is a function defined on the spectrum of H. Notable examples are the Gibbs
state [46, 155] and the Fermi-Dirac state [1]. Despite A being a dense matrix in general, a sparse
structure of H implies that A exhibits decay properties and can be well approximated by a sparse
matrix [12,14]. Moreover, since we have S(A) = tr(—g(H)logg(H)) one can apply the techniques
described in this section to the composition —g(z)log g(z). Although the investigation of this problem
is outside the scope of this thesis, it represents an interesting direction for future research.

8.2.2 Computation of quadratic forms with Krylov subspace methods

Recall that the function f(z) = xlogx is the product of a Cauchy-Stieltjes function with a polynomial
of degree two, see (8.1.7). Hence, we can expect to have fast convergence for a rational Krylov method
for approximating b” f(A)b if we use the EDS poles for Cauchy-Stieltjes functions from Section 2.5.3
in conjunction with two (or more) poles at infinity, to account for the polynomial factor.

In practice, we noticed that the first few iterations of a polynomial Krylov method for the function
f(x) = zlogx have quite a fast convergence rate, and the convergence then becomes asymptotically
much slower, especially for ill conditioned matrices. The faster initial convergence can be explained by
the algebraic factor in the bound (8.1.10) for polynomial approximations of x logz. Since a polynomial
Krylov iteration is cheaper than a rational Krylov iteration, this observation suggests the use of a
hybrid polynomial-rational method, that starts with a few polynomial Krylov steps and then switches
to a rational Krylov method with quasi-optimal EDS poles for Cauchy-Stieltjes functions to achieve a
higher accuracy.

As a stopping criterion for the approximation of b” f(A)b, we use the a posteriori bounds from
Theorem 3.2.3. We test the proposed approach numerically in the following example.

Example 8.2.2. Let us consider the computation of b f(A)b, for a 2000 x 2000 symmetric tridiagonal
matrix A with eigenvalues given by the Chebyshev points for the interval ¥ = [1073,103], a random
vector b and f(z) = zlog(x). We compare the polynomial Krylov method, the rational Krylov method
with the EDS poles for Cauchy-Stieltjes functions from Section 2.5.3, and a hybrid polynomial-rational
Krylov method with 10 poles at co (which correspond to polynomial Krylov steps) followed by 10 EDS
poles. For each method, we also show the upper and lower error bound from Theorem 3.2.3, as well as
the heuristic estimate of the error given by the geometric mean of the upper and lower bound,

_ 2 ;
ety = (bl finlgr ()] mayslon (1 (8:24)

which was shown to be quite accurate in Example 3.2.1. The upper and lower bounds are computed
numerically by evaluating g, on a discretization of the interval 3. The results are shown in Figure 8.3.
Since the polynomial Krylov method converges quite quickly for the first few iterations, we can see
that the purely rational and the hybrid polynomial-rational method have approximately the same
convergence curve, with the latter having a much lower cost for the first 10 iterations. The upper and
lower bounds match the shape of the convergence curve quite well, although they are less accurate
when polynomial iterations are used. The error estimate (8.2.4) is very accurate also when polynomial
iterations are used, a setting in which the accuracy of the upper and lower error bounds is instead
significantly reduced.

Remark 8.2.6. In the context of the graph entropy, the matrix A is a (normalized) graph Laplacian,
which is a singular matrix. Therefore, in principle, it is not possible to use the EDS poles for Cauchy-
Stieltjes functions, since they require the assumption that A is positive definite. However, we can use
one of the desingularization strategies described in Chapter 6 to remove the 0 eigenvalue of the graph
Laplacian, obtaining a matrix with spectrum contained in [Aa, A,], where Ay is the second smallest
eigenvalue of A and A, is the largest one. In our implementation we use the implicit desingularization
approach, i.e., we replace the initial vector b for the Krylov subspace with ¢ = b — %1. Since ¢ is
orthogonal to the eigenvector 1 associated to the eigenvalue 0, this guarantees that the convergence of
a Krylov subspace method with starting vector ¢ is the same as for a matrix with spectrum in [A2, A,],
at least in exact arithmetic, see Theorem 6.2.3.
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Figure 8.3 — Accuracy of error bounds and estimates for the relative error in the computation of bZ f(A)b
with Krylov subspace methods, with f(z) = zlog(x) and a 2000 x 2000 symmetric matrix A. Left:
polynomial Krylov and rational Krylov with EDS poles for Cauchy-Stieltjes function. Right: hybrid
polynomial-rational Krylov with 10 poles at oo and 10 EDS poles.

8.3 Implementation aspects

In this section we discuss some technical details of the algorithm for computing the entropy and we
briefly comment on some of the decisions that must be made in an implementation, especially concerning
stopping criteria. Given a symmetric positive semidefinite matrix A with tr(A) = 1 and a target relative
accuracy &, the algorithm should output an estimate trest of tr(f(A)), where f(z) = —zlogz, such
that

[tr((A)) — trest| < tr(f(A)),

using either the probing approach or a stochastic trace estimator. Observe that the entropy of an
n X n density matrix is always bounded from above by logn, but it may be in principle very small,
so we prefer to aim for a certain relative accuracy rather than an absolute accuracy. Quadratic forms
and matrix-vector products with f(A) that arise within either trace estimation approach are computed
using Krylov subspace methods, specifically using a certain number of poles at oo followed by EDS
poles for Cauchy-Stieltjes functions, as described in Section 8.2.2 and showcased in Example 8.2.2.

Remark 8.3.1. In the following, we are going to use £ to denote an absolute error, to distinguish it
from the target relative accuracy €. Note that we can easily transform absolute inequalities for the
error into relative inequalities if we know in advance an estimate or a lower bound for tr(f(A)). Recall
that if A is an M-matrix, tr)(f(A)) is actually a lower bound for tr(f(A)) (Proposition 8.2.4). In the
general case, any rough approximation of the entropy can be used for this purpose, since the important
point is determining the order of magnitude of tr(f(A)).

Remark 8.3.2. The error in the approximation of S(A) can be divided into the error in the approxima-
tion of the trace using a probing method or a stochastic estimator, and the error in the approximation
of the quadratic forms with f(A) using a Krylov subspace method. For simplicity, in the following we
impose that the relative error associated to each of these two components is smaller than /2.

8.3.1 Probing method implementation

We begin by observing that it is not possible to cheaply estimate the error of a probing method a
posteriori, since error estimates are usually based on computing differences of approximations obtained
with different values of the distance d, which in general lead to completely different colorings and hence
would require computing all quadratic forms from scratch, essentially doubling the computational cost
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simply to compute an error estimate. For this reason, it is best to find a value of d that ensures a
relative accuracy € a priori when using a distance-d coloring. This can be done using one of the bounds
in Corollary 8.2.1, but it can often lead to unnecessary additional work, since the bounds usually
overestimate the error by a couple of orders of magnitude, and hence they would recommend using a
distance d much larger that necessary; see for instance Figure 8.2.

To try and overcome this issue, we also provide a heuristic criterion for choosing d that does not
have the same theoretical guarantee as the bounds, but appears to work quite well in practice. In view
of Corollary 8.2.1, we can expect the absolute error to behave as

r(7(4)) — e (F(AD] ~ e (831)

for k = 2 and some parameters C > 0 and ¢ € (0,1). However, we found that sometimes the actual
error behavior is better described with a different value of k, such as k = 3, so we do not impose the
restriction k& = 2. To estimate the values of the parameters, we compute tr5(f(A)) for d = 1,2,3 and
use the estimate

[tr(f(A)) = trg (f(A))] = [tra (f(A) - trg (F(A))l,  d=1,2 (8.3.2)

Assuming that (8.3.1) and (8.3.2) hold exactly and fixing a value of k, we can determine C' and ¢ by
solving the equations
C
[t 1 (F(A)) — trg (f(A)] = ﬁqdv
We can evaluate the resulting estimate to heuristically determine the smallest d such that the estimate
is smaller than £, i.e., we select d as

d=1,2.

C N
dy = min{d : Eqd < E},
in order to have the approximate absolute error inequality

[tr(f£(A)) — trg, (f(A)] S &

We found that the best results are obtained for £k = 2 and & = 3, so in our implementation we use
the maximum of the two corresponding estimates. Variants of this estimate include using other values
of d to estimate the parameters instead of d = 1,2,3, and using four different values in order to also
estimate the parameter k. However, they usually give results that are similar or sometimes worse than
the estimate presented above, so they are often not worth the additional computational effort required
to compute them. In particular, using four values of d increases the risk of misjudging the value of the
geometric rate ¢, causing the estimate to be inaccurate for large values of d. The error estimate (8.3.1)
is compared to the actual error and the theoretical bound (8.2.1) for two different graphs in Figure 8.4.
The plot also includes a simple error estimate based on consecutive differences, which requires the
computation of trf, ;(f(A)) to estimate the error for trj (f(A)); since usually all the quadratic forms
associated with the distance-(d + 1) coloring have to be computed from scratch, using this estimate
increases the computational effort by a factor of at least two, and hence its use is not recommended.

Remark 8.3.3. The heuristic criterion for selecting d requires the computation of trf)(f(A)) for
d = 1,2,3, so it is more expensive to use than the theoretical bound (8.2.1). However, this cost is
usually small compared to the cost of computing tr} (f(A)) for the selected value of d, especially if the
requested accuracy is high and hence the selected d is large. Note also that the heuristic criterion always
computes tr} (f(A)), so it does more work than necessary when d < 2 would be sufficient. Nevertheless,
in such a situation the theoretical bound (8.2.1) may suggest to use an even higher value of d (see
Figure 8.4) and would therefore be even more expensive.

After choosing d such that
6r(f(A)) — tf (F(A))] <&, (8.33)

using either the a priori bound (8.2.1) or the estimate (8.3.1), a distance-d coloring can be computed
with one of the coloring algorithms described in Section 7.2, depending on the properties of the graph.
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Figure 8.4 — Absolute error of the probing method with greedy coloring (Algorithm 7.2) compared with
the theoretical bound (8.2.1) using a = Aq, the heuristic error estimate (8.3.1) and the simple error
estimate [tr(f(A) — try (f(A))| =~ [tri,, (f(A)) — tr5 (f(A))|. Left: Laplacian of the largest connected
component of the graph minnesota, with 2640 nodes. Right: Laplacian of the largest connected
component of the graph eris1176, with 1174 nodes.

The greedy coloring Algorithm 7.2 is usually a good choice for general graphs. In our MATLAB
implementation of the probing method, we construct the greedy distance-d coloring by computing A,
since we found it to be faster than the graph-based approach; this is likely due to the more efficient
MATLAB implementation of matrix-matrix operations.

Let us now determine the accuracy required in the computation of the quadratic forms. Assume
that we have

il (f(A)) =D vf f(A)wy,
/=1

where {v,}§_, are the probing vectors used in the distance-d coloring. Let 12;5 denote the approximation
of v} f(A)v, obtained with a Krylov method. Recall that ||v|s = [V7|'/2, where V; denotes the set of
the partition associated to the ¢-th color. If we impose the conditions

‘vépf(A)wf@’S@H;—d (=1,...,s, (8.3.4)

where we normalized the accuracy requested for each quadratic form depending on ||v¢||2, we obtain
the desired absolute accuracy on the probing approximation

IN

wb(7(4) - S <2 (335)
(=1

where we used the fact that >_,_,|V¢| = n. If we are aiming for a relative accuracy ¢, we should select
£=1etr(f(A4))in (8.3.3) and (8.3.5). In practice, tr(f(A)) will be replaced by a rough approximation
(see Remark 8.3.1). The overall probing algorithm is summarized in Algorithm 8.1.

8.3.2 Adaptive Hutch++ implementation

As a stochastic estimator, we use the MATLAB code of the adaptive Hutch++ algorithm ([129, Algo-
rithm 3]) provided by the authors, modified to use Krylov methods for the computations with f(A).
This algorithm requires as inputs an absolute tolerance € and a failure probability §, and outputs an
approximation traqap(f(A)) such that

B[[tr((A)) — tragap(F(A))] > 8] < 5.
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Algorithm 8.1 Probing method for S(A)

Input: A € R"*™ density matrix, ¢ relative error tolerance
Output: trest ~ S(A) such that [trest — S(A4)|/S(A) S¢
1: Select d such that [tr] (f(A)) — S(A)|/S(A) < €/2, using either the bound (8.2.1) or the heuristic
(8.3.1). The heuristic (8.3.1) requires the computation of trf(f(A)) for d = 1,2,3, which can be
done by running steps 2 — 4.
2: Compute a distance-d coloring of G(A) with, e.g., Algorithm 7.2, and the associated probing vectors
{v1,...,vs}.
3: For £ =1,...,s, compute 1y ~ ~ vl f(A)v such that (8.3.4) holds, using a rational Krylov method
with elther the upper bound frorn Theorem 3.2.3 or the estimate (8.2.4) as stopping criterion.

4: return trest = Z 1y, satisfying ’ Z Yy — |/S

Similarly to the probing method, in order to have a final relative error bounded by ¢, in our implemen-
tation we use an absolute tolerance &€ = 1¢ - tr(f(A)) for adaptive Hutch++, and we set the accuracy
for the computation of matrix-vector products and quadratic forms in order to ensure that the total
error due to the Krylov approximations remains below 3¢ - tr(f(A)).

The algorithm adaptively determines the number of vectors used for the low-rank approximation
and for the Hutchinson trace estimation of the remainder, using matrix-vector products and quadratic
forms with f(A). We mention that in the cases where the basic Hutch++ trace estimator (Algo-
rithm 7.1) only requires a quadratic form z” f(A)z, the adaptive version developed in [129] also needs
to compute || f(A)x||2, which is used in its stopping criterion: however, it is enough to have a rough
estimate of this norm, so we can set a target accuracy for the computation of 7 f(A)x and obtain a
lower accuracy approximation of f(A)x at the same time, without any further effort.

With reference to the notation used in Algorithm 7.1, for the low-rank part we have to approximate
the r quadratic forms in

tr(Q" f(A Z q) f(A

with a total error that is of order £/2. However, the value of r is unknown at the beginning of
the adaptive algorithm, so we cannot simply require the error for each quadratic form to be smaller
than £/2r. Instead, in order to have the inequality

for any r > 0,

ro | ™)

tr(QT f(A Z B <

where 1% denotes the approximation to qu f(A)g;, we can either require the error on each quadratic
form to be smaller than £/2n, or consider a positive sequence {a;};>1, such that Y7°, a; = T < 400,
and impose the condition

al f(A)g; —;

so that
tr(QT f(A ij‘fﬂjz%fg for any r > 0.

With a decreasing sequence such as a; = j~¢, with o > 1, this second approach requires less com-

putational effort if the value of p selected by the adaptive algorithm turns out to be small. In our
implementation we use the sequence a; = [j/100] %, with o = 1.1.
Then, the Hutchinson estimator approximates the trace of the remainder tr(A;est) with

tI‘ rest Zijf yj? with Y; = (I - QQT)mjv Ty ~ N(Oa-[)v
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so we can simply approximate each quadratic form y]T f(A)y; with an absolute accuracy £/2 and
obtain an approximation to tré{““h(Arest) with absolute accuracy £/2. Thus, the total error from
approximating quadratic forms is bounded by &, and if we set the input tolerance of adaptive Hutch++
to €= 3e - tr(f(A)) we get an overall relative error for tr(f(A)) bounded by e. In practice, we can use

a previously computed rough approximation of the entropy in place of tr(f(A)), as discussed above.

Remark 8.3.4. The vectors g; used in the low-rank approximation step are obtained by computing
w; = f(A)w;, with w; ~ N(0,I), and orthogonalizing the resulting vectors. Analyzing the effect of
using approximations to g; can be complicated and may lead to pessimistic bounds, since we then have
to approximate the quadratic forms qJT f(A)g;. However, the vectors g; are a basis of a subspace that
is close to the one spanned by the dominant eigenvectors of f(A), and it is reasonable to expect that
this property remains approximately true even if we use approximations of the vectors gq;. Therefore,
in our implementation we use an absolute accuracy of € in the computation of w; = f(A)w;, but we
observed that the overall accuracy for tr(f(A)) remains the same even if the accuracy for w; is reduced.

8.3.3 Krylov method implementation

As a stopping criterion for the computation of b% f(A)b with Krylov subspace methods, we use either
the a posteriori upper bound from Theorem 3.2.3 or the estimate (8.2.4). For the computation of f(A)b,
we use as stopping criterion the upper bound from Theorem 3.2.2; or an estimate that is the equivalent
of (8.2.4) in the matrix-vector product case. For the computation of the a posteriori bounds we use
the pole swapping technique with an auxiliary pole at oo described in Section 3.2.2.

The number of poles at oo is chosen in an adaptive way, switching to finite poles when the error
reduction in the last few iterations of the polynomial Krylov method is “small”. Specifically, we decide
to switch to EDS poles after the k-th iteration if on average the last £ > 1 iterations did not reduce the
error bound or estimate err_est by at least a factor ¢ € (0, 1), i.e. if

err_est
_SrfT_G8bk > .
err_esty_y

In our implementation we use ¢ = 3 and ¢ = 0.75, usually leading to at most 10 polynomial Krylov
iterations.

Since EDS poles are contained in (—o0,0), each rational Krylov iteration involves the solution of a
symmetric positive definite linear system, which can be computed either with a direct method using
a sparse Cholesky factorization, or iteratively with the conjugate gradient method using a suitable
preconditioner. Note that the same EDS poles can be used for all quadratic forms, so the number of
different matrices that appear in the linear systems is usually small and independent of the total number
of quadratic forms. Although this depends on the accuracy requested for the entropy, the number of
EDS poles used is almost always bounded by 10, and often much smaller than that: see the numerical
experiments in Section 8.4 for some examples. This is a great advantage for direct methods, especially
when the Cholesky factor remains sparse, since we can compute and store a Cholesky factorization for
each pole and then reuse it for all quadratic forms. If the fill-in in the Cholesky factor is moderate,
the cost of a rational Krylov iteration can become comparable to the cost of a polynomial one, leading
to large savings when computing many quadratic forms. Of course, for large matrices with a general
sparsity structure the computation of even a single Cholesky factor may be unfeasible, so the only option
is to use a preconditioned iterative method. In such a situation, it is still possible to benefit from the
small number of different matrices that appear in linear systems by storing and reusing preconditioners,
but the gain is less evident compared to direct methods.

8.4 Numerical experiments

The experiments in this section were done in MATLAB R2021b on a laptop with operating system
Ubuntu 20.04, using a single core of an Intel i5-10300H CPU running at 2.5 GHz, with 32 GB of
RAM. Since we are using MATLAB, the execution times may not reflect the performance of a high
performance implementation, but they are still a useful indicator when comparing different methods.
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Table 8.1 — Information on the matrices used in the experiments.

test matrix n  nnz(A) fill-in A2 An entropy
yeast 2224 15442 3.6 4.54e-06  4.96e-03 7.055
minnesota 2640 9244 1.3  1.28e-07 1.04e-03 7.607
ca-HepTh 8638 58250 7.5 4.92e-07 1.33e-03 8.540
bcsstk29 13830 618678 2.9 7.22e-08 1.25e-04 9.440
cond-mat-2005 36458 379926 21.7 5.63e-08 8.13e-04 9.958
loc-Brightkite 56739 482629 32.6 7.10e-08 2.67e-03 9.896
ut2010 115406 687472 1.2 2.72e-10 3.44e-04 11.361
usroads 126146 450046 1.4 2.39e-11 2.54e-05 11.478
com-Amazon 334863 2186607 105.9 6.69e-10  2.97e-04 12.400
ny2010 350167 2059711 1.8 4.67e-12  3.63e-05 12.541
roadNet-PA 1087562 4170590 1.6 5.54e-13 3.37e-06 13.628

8.4.1 Test matrices

We consider a number of symmetric test matrices from the SuiteSparse Matrix Collection [51]. All
matrices are treated as binary matrices, i.e., all edge weights are set to one. For each matrix, we
extract the graph Laplacian associated to the largest connected component and we normalize it so that
it has unit trace. We report some information on the resulting matrices in Table 8.1. For the four
smallest matrices, the eigenvalues were computed via diagonalization, while for the larger matrices the
eigenvalues Ay and \,, were approximated using eigs. The cost of solving a linear system with a direct
method is highly dependent on the fill-in in the Cholesky factorization; the column labelled £i11-in in
Table 8.1 contains the ratios nnz(R)/nnz(A), where A is the test matrix and R is the Cholesky factor
of any shifted matrix A + o, for & > 0 (nnz(M) denotes the number of nonzeros of a matrix M).
All matrices have been ordered using the approximate minimum degree reordering option available in
MATLAB before factorization.

8.4.2 Probing bound vs. estimate

In this experiment, we fix a relative error tolerance ¢ = 102 and we compare the choice of d given
by the theoretical bound (8.2.1) with the one provided by the heuristic estimate (8.3.1). We report in
Table 8.2 the error, the execution time, the value of d and the number of colors used in the two cases.
When the theoretical bound is used, the selected value of d is significantly higher compared to the one
chosen by the heuristic estimate, but in both cases the overall error remains below the tolerance e.
Moreover, for certain graphs using the theoretical bound leads to greedy colorings with a number of
colors equal to the number of nodes in the graph, completely negating the advantage of using a probing
method. Observe that the errors obtained with the larger value of d are not much smaller than the
ones for the smaller value of d; this is because in both cases the quadratic forms are computed with
target relative accuracy €, so the probing error for the larger value of d is dominated by the error in the
quadratic forms. In the case of the heuristic estimate, the execution time includes the time required
to run the probing method for d = 1,2,3 in order to evaluate (8.3.1). The stopping criterion for the
Krylov subspace method uses the upper bound from Theorem 3.2.3. The execution time can be further
reduced by using the estimate (8.2.4) for the Krylov subspace method, as the following experiment
shows. The diagonalization time for the matrices used in this experiment can be found in the last
column of Table 8.4. Note that for smaller matrices, diagonalization is often the fastest method, but
the advantage of approximating the entropy with a probing method is already evident for matrices of
size n ~ 10000.
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Table 8.2 — Comparison of the theoretical bound (8.2.1) against the heuristic estimate (8.3.1) for
choosing d, using relative tolerance ¢ = 1072 in the probing method. Top row: heuristic estimate.
Bottom row: theoretical bound.

test matrix n error d colors time (s)

3.062e-04 3 222 0.952

yeast 2224 3733¢-05 25 2224 4.464

. 4.456e-04 5 24 0.196
minnesota 2640 3.173¢-05 18 255 0.779
ca-HepTh 4638 2.974e-04 3 252 2.273

3.161e-05 27 8638 42.078

4.912e-05 3 176 2.292

besstk29 13830 8.497¢-05 12 2095  17.849

Table 8.3 — Comparison of the upper bound from Theorem 3.2.3 against the geometric mean esti-
mate (8.2.4) for Krylov methods used in the probing method, using relative tolerance ¢ = 10~ for the
probing method. Top row: geometric mean estimate. Bottom row: upper bound.

test matrix n error poly iter rat iter time (s)
cast 9994 4.405e-06 16140 748 7.095
y 6.023e-06 16419 2237 8.231
innesota 2640 5.728e-07 2983 289 1.535
S 2.490e-06 2087 598 1.734

8.195e-07 39481 2442 40.240

caHepTh 8035 ) 305e-06 39747 6389  50.133
6.133e-06 4704 0 12.093
bcsstk29 13830 7.54506-06 6363 44 16.047

8.4.3 Krylov bound vs. estimate

We fix an error tolerance ¢ = 10™° and compare the performance of the geometric mean error esti-
mate (8.2.4) with the theoretical upper bound from Theorem 3.2.3 for the Krylov subspace method.
The value of d for the probing method is selected using the heuristic estimate (8.3.1). The entropy
error, execution time, and total number of polynomial and rational Krylov iterations are reported in
Table 8.3. We can see that using the estimate instead of the theoretical bound moderately reduces the
computational effort, while still attaining the requested accuracy € on the entropy. In particular, ob-
serve that the number of rational Krylov iterations is significantly higher when using the upper bound
from Theorem 3.2.3. In this experiment, all linear systems are solved with direct methods and Cholesky
factorizations are stored and reused.

8.4.4 Adaptive Hutch++

Here we test the performance and the accuracy of the adaptive implementation of Hutch++ [129, Al-
gorithm 3]. A relative accuracy ¢ is achieved by setting the absolute tolerance to £S(A), where S(A)
is computed via diagonalization and considered exact. The computational effort of Hutch++ is deter-
mined by the number of sample vectors r used for low-rank approximation, and the number of sample
vectors s used for Hutchinson’s estimator, as described in Section 7.1. In particular, the number of
matrix-vector products is equal to r and the number of quadratic forms is equal to r + s. We used
e = 1072,1073 as target tolerances and § = 102 as failure probability. Matrix-vector products and
quadratic forms are computed using the Krylov subspace method with the geometric mean estimate
as a stopping criterion (8.2.4). In Table 8.4 we compare the results for the two tolerances, obtained
as an average of 100 runs of the algorithm, including both the average and worst relative error. In
the majority of cases, the worst error is below the input tolerance . We see that for ¢ = 1072 the
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Table 8.4 — Results for Hutch++ applied to some test matrices. For each matrix, the first and second
row show the results for ¢ = 1072 and ¢ = 1073, respectively. The failure probability is § = 1072 in
both cases. The last column contains the diagonalization times.

test matrix avg error  worst error r r+s time (s) eig (s)
. 2.55¢-03 9.94¢-03 3 282 0421 oo
yeas 3.56e-04 1.16e-03 1228 2160  19.735 :
. . 3.46¢-03 1.07e-02 3 154 0111 oo
MInnesota 4 530-04 1.26e-03 1854 2684  35.721 :
2.83e-03 9.92e-03 3 81 0.205
ca-HepTh 4o 04 9.14e04 635 3968  66.350 22170
1.84e-03 6.97e-03 3 38 0.171
besstk29 2.39¢-04 8.240-04 3 1883 13276 °0-096

computation with Hutch+-+ is very fast for all test matrices; on the other hand, the cost becomes
significantly higher for ¢ = 1073, showing that the stochastic estimator quickly becomes inefficient as
the required accuracy increases. Observe that for ¢ = 1072 adaptive Hutch++ uses only 3 matvecs
for all tests problems, which is the minimum amount that can be used by the implementation in [129].
This means that the internal criteria of the algorithm have determined that spending more matvecs in
the low-rank approximation is not beneficial, and hence the convergence of the method is roughly the
same as for Hutchinson’s estimator. A similar behavior can be observed in Table 8.7, and can be linked
to the fact that for these test matrices A, the matrix function —Alog A does not exhibit eigenvalue
decay and hence cannot be approximated well by low-rank matrices. On the other hand, for problems
where low-rank approximation is more effective, stochastic estimators that exploit it such as Hutch-++
can have much faster convergence.

8.4.5 Larger matrices

In this section we test the probing method and the adaptive Hutch++ algorithm on larger matrices, for
which it would be extremely expensive to compute the exact entropy. In light of the results shown in
Tables 8.2 and 8.3, we select the value of d for the probing method using the heuristic estimate (8.3.1)
and we use the geometric mean estimate (8.2.4) for the Krylov subspace method. The results are
reported in Tables 8.5 and 8.6 for the probing method, and in Table 8.7 for Hutch++. Figure 8.5
contains a more detailed breakdown of the execution time for the probing method used on the matrices of
Table 8.5. We separate the time in preprocessing, where we evaluate the heuristic (8.3.1) to select d, and
the main run of the algorithm with the chosen value of d. The time for the main run is further divided
in coloring, and polynomial and rational Krylov iterations. The time for the Cholesky factorizations
refers to the whole process, since the factors are computed and stored when a certain pole for a rational
Krylov iteration is encountered for the first time.

In Table 8.5, we consider matrices with a “large-world” sparsity structure, such as road networks,
and we use a relative tolerance of ¢ = 10™*. For these matrices, for which the diameter and the average
path length are relatively large, it is possible to compute distance-d colorings with a relatively small
number of colors, and therefore probing methods converge quickly. Moreover, Cholesky factorizations
can be computed cheaply and have a small fill-in, so it is possible to rapidly solve linear systems using
a direct method. On the other hand, in Table 8.6 we consider matrices with a “small-world” sparsity
structure, more typical of social networks and scientific collaboration networks. These matrices require
a much larger number of colors to construct distance-d colorings, even for small values of d. The cost
of probing methods is thus significantly higher on this kind of problem. In Table 8.6, only polynomial
Krylov iterations are used due to the low relative tolerance e = 1072, so it is never necessary to solve
linear systems. Recall that these matrices also have a high fill-in in the Cholesky factorizations (see
Table 8.1), so the conjugate gradient method with a suitable preconditioner is likely to be much more
efficient than a direct method for solving a linear system.

In Table 8.7 we show the results for the adaptive Hutch++ algorithm, using relative tolerance



122 CHAPTER 8. COMPUTATION OF THE VON NEUMANN ENTROPY

Table 8.5 — Results for the probing method applied to test matrices with large-world sparsity structure,
using relative tolerance ¢ = 104

test matrix n d colors poly iter rat iter time (s)
ut2010 115406 4 504 7070 919 79.60
usroads 126146 8 7 626 0 6.30
ny2010 350167 5 329 3914 15 111.39
roadNet-PA 1087562 8 106 827 0 84.46

- preprocessing
- coloring

100 m polynomial Krylov
- rational Krylov

- Cholesky (if present)

80 - 79.6

60

Time

40

20 A

ut2010 usroads ny2010 roadNet-PA

Figure 8.5 — Breakdown of the execution time of the probing method for the test matrices in Table 8.5.

Table 8.6 — Results for the probing method applied to test matrices with small-world sparsity structure,
using relative tolerance ¢ = 1072,

test matrix n d colors poly iter time (s)

cond-mat-2005 36458 3 1221 3883 13.809
loc-Brightkite 56739 3 3946 18765 90.564
com-Amazon 334863 3 625 1285 47.458
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Table 8.7 — Results for Hutch+-+ applied to large test matrices, with relative tolerance € = 10~2 and
failure probability § = 1072, The parameters N, and Ny are defined in Section 7.1.

test matrix n N, N,+ Ng time (s)
ny2010 350167 3 10 0.490
usroads 126146 3 14 0.190
ny2010 350167 3 10 0.487
roadNet-PA 1087562 3 8 1.126
cond-mat-2005 36458 3 34 0.448
loc-Brightkite 56739 3 42 4.576
com-Amazon 334863 3 11 1.171
108 10"
2 —-&-— 2D grid —-&-— 2D grid
,/' —=-@-— Barabasi-Albert —-@-— Barabasi-Albert
102 F /" 3 s
o’ /l
/’d .EI/,
10" ./’/ < 0 e
= _ -2 /’_/ = 107 // j
% g /0'// % /z'/ P 7
100 L e J =S e v
_,.40’/ . o 9/'
_____ 0"/’ N . 7
107 e sa ] N e
107k S oy .
\Q ..... P -
102 L L L Ti~engyr” L h
102 104 10° 108 102 104 " 10° 10°

Figure 8.6 — Execution times for the probing method (left, ¢ = 10~%) and the adaptive Hutch++
algorithm (right, ¢ = 1072) on the graph Laplacian of a 2D regular grid and a Barabasi-Albert random
graph, as a function of the number of nodes n.

¢ = 1072, The results are obtained as an average of 100 runs of the algorithm. We can observe that
the stochastic trace estimator works well for both large-world and small-world graphs, in contrast to
the probing method.

8.4.6 Algorithm scaling

To investigate how the complexity of the algorithms scales with the matrix size, we compare the scaling
of the probing method and the stochastic trace estimator on two different test problems with increasing
dimension. The first one is the graph Laplacian of a 2D regular square grid, and the second one is
the graph Laplacian of a Barabasi-Albert random graph, generated using the pref function of the
CONTEST MATLAB package [146]. For the probing method on the 2D grid, we use the optimal
distance-d coloring with [%(d 4 1)?] colors described in [70]. For both test problems, we use a relative
tolerance ¢ = 10~% for the probing method, and a relative tolerance ¢ = 10~2 and failure probability
§ = 1072 for adaptive Hutch++, averaging over 100 runs. The results are summarized in Figure 8.6,
for graphs with a number of nodes from n = 2'° to n = 220, As expected, the probing method is much
more efficient in the case of the 2D grid, since the number of colors used in the distance-d colorings
remains constant as n increases. On the other hand, for the Barabasi-Albert random graph, which has
a small-world structure, the number of colors used in a distance-d coloring increases with the number
of nodes, and hence the scaling for the probing method is significantly worse. The adaptive Hutch-++
algorithm also has a better performance for the 2D grid, but the scaling in the problem size is good for
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both graph categories, since the number of vectors used in the trace approximation does not increase
with the matrix dimension. However, the stochastic approach is only viable with a loose tolerance e
for this kind of problem since low-rank approximation is not particularly effective, as discussed in
Section 8.4.4. The initial decrease in the execution time for Hutch++ as n increases is caused by the
fact that the adaptive algorithm uses a larger number of vectors for the graphs with fewer nodes.



Chapter 9

Estimation of gaps in the spectrum

In this chapter we consider the problem of locating gaps in the spectrum of an n x n real symmetric
matrix A, i.e., finding intervals that do not contain any eigenvalue of A. A variant of this problem that
is more commonly encountered in the literature is the following: given an integer k£ with 1 < k < n,
find p € R such that exactly k of the eigenvalues of A (counted with their multiplicities) are strictly
below . This problem can be equivalently restated as finding p such that the spectral projector P,
onto the subspace spanned by the eigenvectors of A associated with eigenvalues strictly smaller than p
satisfies rank(P,) = k; since for a projector the rank is equal to the trace, we can also write this
requirement as tr(P,) = k. If we denote the eigenvalues of A by \; and we label them in non-
decreasing order, this problem has a solution only if A\ < Ag+1 (non-degeneracy assumption): we will
always assume this condition to be satisfied. In this case, any u lying in the open interval (Ag, Agt1)
is a solution. Instead of looking for the gap for a specific value of k, the approach that we present here
aims to find all gaps in the spectrum with width above a certain threshold, and in addition we obtain
a rough estimate of the number of eigenvalues below each gap. In practical cases where it is of interest
to find p in the gap between A; and Agi1, the gap (A, Ax+1) is usually relatively large, so we expect
to be able to find it by looking for all gaps above a certain width.

A major application area where this kind of problem is encountered is electronic structure compu-
tations. For example, in Kohn-Sham Density Functional Theory [108] it is required to determine either
the eigenvectors of a symmetric matrix A (the discretized Hamiltonian) associated with eigenvalues
below the Fermi level (or chemical potential, usually denoted by u), corresponding to the so-called
occupied states of the system, or equivalently the corresponding spectral projector P,. In the case of
insulators at zero electronic temperature, the discrete Hamiltonian A exhibits a gap separating the
first k eigenvalues from the rest of the spectrum, where k is the number of electrons, and locating this
gap is equivalent to estimating the Fermi level p. In linear scaling electronic structure computations the
spectral projector is approximated either by polynomials or by rational functions that act as filters, i.e.,
approximate the step function h,(\) that takes the value 1 for A < p and 0 for A > pu (see, e.g., [14]).
Clearly, in order to use this approach it is first necessary to estimate the Fermi level p, which is a
nontrivial task.

In the literature, a few approaches have been proposed to estimate values of i lying within the target
gap. It is well known that for any real symmetric matrix A — ul there exists a unit lower triangular
matrix L and a block diagonal matrix D with 1 x 1 and 2 x 2 blocks such that A — ul = LDLT; see
for example [29, Chapter 1.3.4]. Since A and D are congruent, they have the same inertia, i.e., the
same number of positive, negative, and possibly zero eigenvalues (the latter can occur only when pu
happens to be an eigenvalue of A, an extremely unlikely occurrence in practice). Hence, if A is not
too large, an LDLT factorization of A — pul can be used to count the number of eigenvalues smaller
than p. If this number is less than k (larger than k) then p is increased (respectively, decreased) and
the procedure is repeated until the correct value is found. When A is sparse, one can make use of
symmetric row and column permutations to reduce the fill-in in L (and therefore the arithmetic and
storage costs) while preserving sparsity, see [139, Chapter 7]. A major drawback of this approach is its
cost, and especially the fact that having computed the LDLT factorization of A — uI for a certain p is

125
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of no help in computing the factorization for a different value of y, hence using matrix factorizations
in a trial-and-error fashion can be prohibitively expensive, even assuming that a factorization can be
computed at all.

Different techniques have been used in the context of linear scaling methods. In these methods, an
initial guess pg ~ p is used in constructing a polynomial approximation to the projector P,, by an
iterative process known as purification, essentially a Newton-type method. The value of p is adjusted
in the course of the iterative process until the prescribed value k of the trace is obtained; hence, the
determination of u and the approximation of the projector P, are interweaved. The main cost in this
approach is the need to repeatedly solve n X n linear systems with variable coefficient matrix at each
iteration. We refer to [123,124] for details on these adaptive procedures.

Yet another approach is the one that combines stochastic trace estimators with the Lanczos algo-
rithm to compute an approximation of tr(P,). An advantage of this approach is that we can exploit
the shift-invariance property of Krylov subspaces (see, e.g., [73]) to efficiently approximate the trace
of the spectral projectors P, associated with many different values of y at the same time. The combi-
nation of Hutchinson’s estimator and the Lanczos algorithm has also appeared in literature on related
problems that exploit the trace of spectral projectors, such as the estimation of the number of eigen-
values of a matrix A contained in a given interval [a, b] or the estimation of spectral densities, see for
instance [55,109]. In the context of spectral density approximation, a similar approach is given by the
kernel polynomial method, which was introduced in [140,154] and uses a polynomial expansion based
on Chebyshev polynomials.

Here we focus on the approach that combines Hutchinson’s trace estimator and the Lanczos al-
gorithm to estimate the trace of the spectral projectors P,. When using this kind of approach, it is
essential to have a criterion to choose the parameters of the algorithm, namely the number of random
vectors x; for Hutchinson’s estimator and the number of Lanczos iterations, in order to minimize the
computational cost and guarantee the correctness of the results. However, although there exist theoret-
ical results on the convergence speed of this approach, past literature did not give particular attention
to establishing how the parameters should be selected. The main purpose of this chapter is to answer
this question for the problem of finding gaps in the spectrum of a matrix. By changing the point of
view from finding p such that the number of eigenvalues below pu is exactly k to finding all the gaps
in the spectrum with width above a certain threshold, we are able to provide a rigorous analysis that
allows us to choose the input parameters to ensure that all the target gaps are found, and at the same
time minimize the computational cost. Our analysis will determine that for this problem the most
efficient choice is to use a single quadratic form a:TP#:c to approximate tr(P,), but in order to reach
this conclusion we first have to analyze the more general algorithm that uses Hutchinson’s stochastic
trace estimator.

9.1 Algorithm overview

We start by introducing some notation to establish the framework for our algorithm. Given u € R, let
hy : R = R denote the Heaviside function

1 for x < p,
hu(x) =4¢1/2 for x = p,
0 for x > p.

The step function h,, is closely related to the sign function, indeed we have h,(z) = f% sign(z — p) + %
We denote by A; the eigenvalues of A in non-decreasing order, and by u; € R™ a normalized eigenvector
associated to )\;. Assuming that p does not coincide with any of the eigenvalues of the matrix A, we
can define the spectral projector
P, :=hy(A) = Z uul.
P A <p

In the following, we are always going to assume that p # A; for all ¢ = 1,...,n. Since the eigenvalues
of P, are all either 0 or 1, we have

tr(P,) = rank(P,) = #{i : s < i} = ne(p),
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where n.(u) denotes the number of eigenvalues of A that are strictly smaller than p. The problem of
finding gaps in the spectrum of A can be formulated as finding intervals [a;, b;] such that tr(P,) is
constant for 41 € [a;,b;]. We are going to determine gaps in the spectrum of A by approximating tr(P,)
for several different values of p, using Hutchinson’s trace estimator combined with the Lanczos method
for the approximation of quadratic forms. We first focus on the approximation of tr(P,) for a fixed
value of p.

Given s random vectors {x;}?_; C R™ with i.i.d. unit normal entries N'(0,1), using Hutchinson’s
estimator we can approximate tr(P,) with

1 S
trll(P,) = - > a! P (9.1.1)
=1

Recall that in order to attain an absolute accuracy € on tr(P,), Hutchinson’s trace estimator requires
O(||P,||%/£%) sample vectors (see Proposition 7.1.1). The O(1/¢?) dependence on ¢ makes it very
expensive to obtain highly accurate approximations, but it is not an issue for a setting such as ours,
where an absolute accuracy € = % is enough to exactly determine tr(P,), which is an integer. In
contrast, the dependence on [|P,||% will make it quite difficult to accurately estimate the number of
eigenvalues below y, especially when y is near the center of the spectrum, since || P,||% = ne(p) can be
quite large. To overcome this issue, we will have to slightly change our perspective in order to develop

an efficient algorithm. This topic will be discussed in greater detail in Section 9.2.2.

Remark 9.1.1. Since rank(P,) = ne(p) and all the eigenvalues of P, are either 0 or 1, for this setting
it usually does not make much sense to use the improved stochastic trace estimators such as Hutch-++
which employ a low-rank matrix approximation. Indeed, there is no decay in the eigenvalues of P, and
hence there is no advantage in computing a low-rank approximation of P,, unless ne(x) is very small
compared to the matrix size.

Remark 9.1.2. When the matrix A is sparse, we could alternatively approximate the trace of the
matrix function P, = h,(A) with a probing method (see Section 7.2). Recall that by Theorem 7.2.1 the
probing approach has a faster convergence when the function h,(A) is well-approximated by polynomials
on the spectrum of A4, i.e., it converges similarly to the Lanczos method for the computation of h,(A)x.
We will see in Section 9.2.3 that this convergence rate is heavily dependent on the value of u, so we
prefer to use a stochastic trace estimator in order to eliminate this dependence.

Within Hutchinson’s estimator we have to compute the quadratic forms a:iTPMwi fori=1,...,s,
which can be done efficiently by using the Lanczos method. Let us consider a single quadratic
form ”'h,(A)z. Denoting by V,,11 the orthonormal basis of K,,41(A, z) constructed by the Lanczos
algorithm, and by T, € R(m*T1)*m the tridiagonal matrix that satisfies the Arnoldi relation

A‘/m = m+11m7
we can approximate the quadratic form :ETP#w with
VY = ||z||3€] hu(Thn)en, (9.1.2)

recalling that VI z = ||z|2e;.

9.1.1 Simultaneous computation for different u

The approach described above can be easily modified in order to compute approximations to tr(P,)
simultaneously for several p, for a cost that is only slightly higher than the cost of the approximation
for a single p. The key observation is that for a fixed matrix A and vector x, we can extract ap-
proximations to the quadratic forms x” f;(A)x for several different functions f; from a single Krylov
subspace K, (A, ). Since the cost of computing the approximation (9.1.2) is dominated by the cost of
constructing the orthonormal basis V,,, via the Lanczos algorithm, the additional operations required
to compute approximations for different functions represent only a minor part of the overall cost.
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More precisely, let us consider Ny different functions f;, 7 = 1,...,Ny. For a fixed Krylov subspace
dimension m, we can approximate each quadratic form x’ f;(A)x with

Y, = |zl3el fj(Tn)er,  j=1,....Ny.

The quantities 1y, ; can be computed efficiently in the following way. Obtain first an eigenvalue
decomposition T},, = UL D,,U,, and compute fi(Dw,) for j =1,..., Ny by applying the functions f; to
the diagonal entries of D,,,. The Lanczos approximations to the quadratic forms can now be computed
with the identity
’(/)mJ:’w%;fj(Dm)’wm, jZl,...,Nf,

where w,, := ||x||2Umne1 is the same for all j and needs to be computed only once. If we assume
that the small matrix function f(7},) is computed via an eigenvalue decomposition also in the case
of a single function f, the only additional operations that we have to do when we have Ny different
functions are the computation of the diagonal matrix functions f;(D,,) and the computation of the
final approximations ¥, ; = w2 f;(Dy,)ws, for all j, for a total cost of O(mNy). This additional cost is
negligible compared to the O(mnnz(A)) cost for the matrix-vector products with A in the construction
of the Krylov subspace KC,, (A, &), unless the number of functions Ny is extremely large.

In total, the cost of computing approximations to &’ f;(A)x for j = 1,..., N; with the Lanczos
algorithm adds up to O(mnnz(A) + nm + m? + mNy), where the O(nm) term is the cost of orthogo-
nalization in the Lanczos algorithm using the three-term recurrence; if full reorthogonalization is used
instead to increase stability, the orthogonalization cost would increase to O(nm?). The O(m?) term
corresponds to the computation of eigenvalues and eigenvectors of the tridiagonal matrix 7;,, and
the O(mNy) term corresponds to the computation of ., ; for all j. Note that the convergence rate of
the approximation of the quadratic form «” f;(A)z can vary significantly depending on the function f;,
so this approach may construct approximations with considerably different errors for different functions,
since we are using the same number of iterations m for all functions. We will focus on analyzing this
aspect in Section 9.2.3.

Remark 9.1.3. A similar approach could be used to approximate quadratic forms with several different
functions using the same rational Krylov subspace Q,, (A, x, &,,). However, the convergence of a rational
Krylov method is heavily dependent on the poles &,,,, which should be chosen depending on the function.
In particular, in the case of f; = h,,, for different parameters p1;, a sequence of poles that produces an
accurate approximation for a certain p; will give poor approximations for other parameters, especially
if they are far from p;. For this reason, the Lanczos method is more suited for this scenario. A rational
Krylov subspace method could be useful to compute a more accurate approximation for the quadratic
form wThH(A):c associated with a specific parameter u, especially in situations in which the Lanczos
method converges very slowly.

Returning now to the approximation of tr(P,) with Hutchinson’s estimator, let us consider N

different parameters {/Lj};\gl C R and define the functions f; = h,,. Provided that we use the same
random sample vectors {x;};_, for the approximation of tr(P,;) via Hutchinson’s estimator for all j,
we can use the same Krylov subspace K,,,(4, x;) to extract approximations to a:iTPM x; for all u; at the
same time, with essentially the same cost of approximating a quadratic form for a single parameter u.
This feature of this approach represents a considerable computational advantage over other methods,
such as those based on the LDL” factorization, which are only able to test a single candidate p at a
time.

A high-level algorithmic description of the procedure outlined in this section is given in Algo-
rithm 9.1. This algorithm returns an approximation to tr(P,;) for all j = 1,..., Ny. The level of
accuracy of these approximations, as well as whether they can be exploited to detect gaps in the spec-
trum of A, are going to be thoroughly investigated in the sections that follow. We are also going to
identify criteria for selecting the input parameters of the method, namely the number of Hutchinson
sample vectors s and Lanczos iterations m. The product of this analysis will be an algorithm that, given
as input a failure probability § and a relative gap width 6, aims to find all the gaps in the spectrum
that are larger than 6; each one of these gaps is found with probability at least 1 — §. In addition, all
the gaps found by the algorithm are certified, in the sense that the probability of finding an eigenvalue
of A within a gap is smaller than J.
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Algorithm 9.1 Eigenvalue gap finder — Prototype

Input: Symmetric matrix A € R™*"™ number of Hutchinson samples s, Krylov subspace dimension m,

vector of test parameters p = [p1,. .., fin,]
Output: tr; ~ tr(P,,) for j =1,..., Ny
1: fori=1,...,sdo
2: Draw a vector ; € R™ with random i.i.d. Gaussian A(0, 1) entries
3: Construct an orthonormal basis V;,, € R**™ of the Krylov space K,,(A, ;) with the Lanczos
algorithm and compute the associated tridiagonal matrix T, € R(m+1)xm
4 Compute the eigenvalue decomposition T}, = UL D,,,U,, and w,,, = ||z;|[2U,.e1
5: for j=1,...,Ny do
6: Compute LN l) = wl hy, (Dp)wn,
7 end for
8: end for
9: for j=1,...,N; do
10: Compute the trace approximation tr; = st Zle wr(fgj
11: end for

9.2 Algorithm analysis

In this section we examine some general properties of the trace approximations computed by Algo-
rithm 9.1, and we analyze in detail the errors that occur in the Hutchinson and Lanczos parts of the
approximation.

9.2.1 General properties

A simple but essential observation is that the approximations to tr(P,) computed by Algorithm 9.1 are

increasing in p. Let us start by looking at the Hutchinson approximation. Denoting by (/\j,u]) _, the
normalized eigenpairs of A, so that A = Z 1A uT', we can write the trace approximation obtained

j b
with Hutchinson’s estimator as

,éZwZTP#wif Zm ( Z JT)%ZEZ Z |ufwz|2
i=1

JiAj<p i=1j:\<p

This shows that the Hutchinson trace approximation is monotonic in p. In addition, the above iden-
tity also highlights the fact that Hutchinson’s approximation of tr(P,) is a piecewise constant func-
tion, with jumps when u coincides with an eigenvalue of A. The height of the jump at A\ is given
by %Z;l\ugmzﬁ ,

Let us now consider the Lanczos approximation of the quadratic form x! P, ;. Letting T(l) be the
(1))

projection of A onto K,,(A,x;) computed by the Lanczos algorithm, and denoting by ()\ my

the normalized eigenpairs of Tr(n), we have

@l P~ o)) o= ailfel n(T)er = ail} Y lefuf’ P

i <p

Again, this is an increasing function of y, with jumps whenever p coincides with an eigenvalue of T(z)
It follows that the approximation of tr(P,) computed by Algorithm 9.1 using Hutchinson’s estimator
and the Lanczos method is an increasing function of x, with jumps when p is equal to an eigenvalue

of T,(ni) for some 1.

Example 9.2.1. To illustrate the behavior of the approximation of tr(P,) computed by Algorithm 9.1
on a simple example, we consider a symmetric matrix A of size n = 600, with eigenvalues contained
in the interval [0,60] and three gaps given by the intervals [20, 21], [30, 32] and [40, 44]. In Figure 9.1
we compare the approximation from Algorithm 9.1 with m = 50 Lanczos iterations, Hutchinson’s
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Figure 9.1 — Approximations to tr(P,) obtained with Algorithm 9.1 compared with exact tr(P,) and
Hutchinson’s approximation trf!(P,) with exact quadratic forms, for several different p. Left: s = 1,
m = 50. Right: s =10, m = 50.

estimator trfl(P,) with exact quadratic forms, and the exact trace tr(P,), which coincides with ne(u),
for several different values of . The number of random vectors is either s = 1 or s = 10. Figure 9.1
confirms the behavior described above. In particular, we see that Hutchinson’s estimator with exact
quadratic forms has a jump whenever p coincides with an eigenvalue of A, so it correctly detects all
the gaps in the spectrum, although the value of the approximation of tr(F,) can be quite off, especially
with s = 1. On the other hand, Hutchinson’s estimator combined with the Lanczos algorithm for
computing quadratic forms, which is the approximation that we are actually able to compute, has
jumps when p corresponds to an eigenvalue of one of the projected matrices Ty(,f). We see that the
Lanczos approximation is able to detect the largest gap quite well, but the other two gaps do not stand
out from the other steps in the staircase-like curve. With s = 10, the Lanczos curve looks like a staircase
with somewhat jagged steps, because the projected matrices T,gi) have different eigenvalues for different
random vectors x;, and the curve is obtained by averaging the approximations %(fm) ; associated with

each Tg) .

9.2.2 Trace estimator analysis

In this section we focus on analyzing the approximation of tr(P,) using Hutchinson’s estimator. The
error from the stochastic trace estimator can be bounded with Proposition 7.1.1. Since all the eigen-
values of P, are either 0 or 1, we have ||P,|l2 = 1 and ||P,||% = ne(u). Therefore, in order to have
P(|tr(P,) — trf(PM)| > ¢) < ¢ with Gaussian vectors, we would need to take

4

s > — (ne(p) + ) log(2/6). (9.2.1)

)

Since the exact tr(P,) only takes integer values, in order to compute it correctly it is sufficient to have

a final absolute accuracy smaller than % on the trace approximation; if we also account for the error

in the Lanczos approximation, it is enough to take ¢ = i. However, a key issue with this approach
is the fact that the required number of sample vectors s grows proportionally to the number ne(u)
of eigenvalues below the level . This means that in a situation in which a gap is not close to the
extrema of the spectrum, such as if n.(u) = n/c for some moderate constant ¢ > 1, we would have to

take s = O(n), which is too expensive to be practical.

Remark 9.2.1. In alternative to Gaussian random vectors, we can also use Rademacher vectors, which
have random =41 entries. As we mentioned in Chapter 7, the convergence rate of Hutchinson’s estimator
with Rademacher random vectors depends on || B — diag(B)||% instead of || B||%, so it can be faster than
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with Gaussian vectors in certain scenarios, such as when the entries of B decay away from the diagonal.
Here we prefer to employ Gaussian vectors because of the rotational invariance of their distribution,
which will prove useful in the following analysis.

In order to circumvent the growth of the number of sample vectors with ne(u), we slightly change
our point of view. Instead of considering the approximation of tr(P,), let us take two different values
p < ', and consider the difference tr(P,) — tr(P,). If we use the same sample vectors in Hutchinson’s
estimator for both tr(P,) and tr(P,), the difference trf!(P,) — trf!(P,/) coincides with the Hutchinson
approximation of tr(P,—P,/). Since we have || P,—P,/||% = ne(y') —ne(u), this means that Hutchinson’s
estimator can easily approximate the differences in the traces of projectors when p and p' are close
enough that there are only a few eigenvalues of A in the interval [u, 1'], even if the exact values of tr(P,)
and tr(P, ) are quite far from the approximations computed by the stochastic estimator. In particular,
the heights of the jumps in trE(Pu) that occur when p coincides with an eigenvalue of A should be
approximated quite accurately even with a small number of sample vectors.

Let us analyze this phenomenon in more detail. Recall that

=15 T e

i=1j:x<p

so if we take p and g’ such that A\y_1 < p < Ay < g/ < Agy1 for some k, we have
1 S
H H
ull(By) = ulh(B) = Sl
i=1

Since the random vectors x; are independent of the eigenvector uy, we have that {u]x;};_, are
i.i.d. M(0, 1) random variables, due to the rotational invariance of Gaussian vectors. As a consequence,
the random variable y, = >°;_, |uf @;|* has a x? distribution with s degrees of freedom, i.e., it is the
sum of the squares of s independent unit normal random variables.

We have E[ys] = s, which means that the expected height of each jump in trf(P,) is equal to 1.
Intuitively, the height of a jump in trE(PM) is small when the vectors x; are all approximately orthogonal
to the eigenvector wy, an event that has a small chance of occurring. Since small jumps in trfl(P,)
are more difficult to detect when approximating the quadratic forms in Hutchinson’s estimator via the
Lanczos method, it will be useful to have an upper bound on the probability of small jumps. The
lemma that follows provides us with such a bound. In the following, we say that the jump in tr!! (P)
at the k-th eigenvalue of A is e-small if its height is smaller than ¢, i.e., if y, < se.

Lemma 9.2.2. Given § € (0,1) and ¢ € (0,1), if

21log(1/0)
o= log(1/e) +e—1’

then we have
]P)(ys < 55) <9,

i.e., the jump at Ay is e-small with probability at most 4.

Proof. To prove this, we use a Chernoff bound on the lower tail of the probability distribution of ys,.
For any A > 0, we have
E[e=*¥:]

P(ys < se) =P(e " > ) < =

, (9.2.2)
where the last inequality follows from Markov’s inequality. Since y, is a x2 random variable with s
degrees of freedom, we can write y, = X7 +---4 X2, where {X;}3_, are ii.d. N'(0,1) random variables.
We have

1,2 1

Wy = ——,
V142X

Ele Y] =

L /e*)‘zze*%fdzf ! / ! e
V2T Jr V2m Jr V142X



132 CHAPTER 9. ESTIMATION OF GAPS IN THE SPECTRUM

where we used the change of variables y = z+/1 + 2. It follows that

Ele ] =E [ H e_)‘Xf] = E[e_)‘Xlz]s =(1+ 2)\)—5/27
j=1

and by combining this identity with (9.2.2) we obtain
P(ys < se) < e™S(1+20)7%2 VYA >0. (9.2.3)

Taking A = 3= — 3, we get

Pys < se) < (561_6)8/2.

With some simple algebraic manipulations, we conclude that P(y, < s¢) < ¢ provided that we take

e > 21og(1/0) ' 0

log(1/e) +e—1

Note that P(ys < se) is the probability that a jump in trf(P,) corresponding to a certain fixed
eigenvalue of A is e-small. Observe that the heights of different jumps in trE(P#) are independent,
because the quantities {w} x;};; are all independent due to the rotational invariance of the x; and
the orthogonality of the uy, so Lemma 9.2.2 can also be used to obtain conditions on s that bound
the probability of having e-small jumps associated with several different eigenvalues of A. The number
of sample vectors s required to have an e-small jump probability lower than § reduces as € decreases.
At the same time, the number of Lanczos iterations required to approximate the quadratic forms with
accuracy of order ¢ (and thus manage to detect the jumps in trf'(P,)) increases as e becomes small.
In Section 9.2.3 we obtain some bounds on the Lanczos error, which we will later compare with the
e-small jump probability bound from Lemma 9.2.2 in order to determine the best choice of parameters
for the algorithm.

9.2.3 Lanczos approximation analysis

In this section we discuss the error in the Lanczos approximation of a quadratic form wThu(A)m. Recall
that we denote by

E(f,S) = ;Ielli'ﬁ max |f(2) = p(2)]

the best uniform norm error in the approximation of a continuous function f on the compact set S C R
with polynomials of degree up to k. If v, denotes the Lanczos approximation to ’ f(A)zx from the
Krylov subspace K, (A, x), we have

@7 F(A)@ — bl < 2l Eami (f, A(A) UA(T,)), (9.2.4)

see Proposition 2.5.12. Since the function f = h,, is discontinuous at p, we have that Fa,,—1(hy, [a,b])
is always at least % if u € [a,b], so we cannot derive meaningful error bounds if we simply consider
an interval [a, b] that contains the whole spectrum of A. On the other hand, we can obtain bounds on
the polynomial approximation error of A, on two disjoint intervals, one to the left and one to the right
of p. We start by stating a result for the polynomial approximation of the sign function on the union
of two symmetric intervals [—b, —a] U [a, b].

Proposition 9.2.3 ([65, Theorem 1]). Let 0 < a < b. We have

b—a
Vmab

The statement of Proposition 9.2.3 implies that there exists a constant C' > 0 such that

m—r oo

lim ﬁ(g + Z) Espmt1(sign, [-b, —a] U [a,b]) =

- C (b—a\"
Banvossign, [, ~a] Ufa]) < = (752
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and for m large enough we can take
b—a

mab

C= + 1.
In a situation in which the spectrum of A is not symmetric with respect to the origin, using the bound
in Proposition 9.2.3 to bound the error of the Lanczos method for the sign function can yield overly
pessimistic results, since it would require us to consider intervals that are much wider than A(A). In
such a case, it would be more convenient to consider the polynomial approximation of the sign function
on a nonsymmetric set. For instance, the asymptotics of Fagy1(sign, [—a, —1] U [1,b]) for a # b have
been studied in [66], where the authors generalize Proposition 9.2.3 to [66, Theorem 1.1]. The result
in [66] could be used to obtained more refined error bounds for the Lanczos approximation error, but
the complexity of the statement, which involves Green’s functions and integral representations, makes
it significantly more difficult to employ in our setting.

We can easily turn Proposition 9.2.3 into a bound for the step function &, for any ;€ R. Let us
define

by = A1 — u, ap ‘= )‘nc(y) - My Az ‘= /\nc(;t)Jrl - My by == A — u,
and let
a = min{|a1|, |az|} and b :=max{|b1|, |b2|}.

Note that A(A) C [A1, A, ()] U [An, ()41, An) and recall that h,(z) = —1 sign(z — p) + 3, so we have

2
Bomi1 (P, [A s Ay ()] U [Pne ()41, Anl) = E2m1(ho, [br, a1] U [ag, ba])
1

= §E2m+1(81g117 [b1,a1] U [az, b2])
1
< §E2m+1(sign, [—b, —a] U [a,b])

< C (b—a\"™

~2ym\b+a/) ’
with C = 1 + (b — a)/v/mab, where we used Proposition 9.2.3 for the last inequality. Denoting the
relative spectral gap associated to p by 6 := a/b, we obtain

L C [1-6\"

E27n+1( o P\la )\ne(u)] U P\ne(u)-i-h An]) < m <1_’_9> . (925)
We can combine this result with (9.2.4) to bound the error in the Lanczos approximation of quadratic
forms with P, = h,(A), provided that no eigenvalue of T, lies within the gap (An,(u), An.(u)+1)-
Unfortunately, this cannot be excluded a priori; however, since there must be at least one eigenvalue
of A in the open interval between two consecutive Ritz values [104, Section 4], there can be at most one
eigenvalue of T}, in the interval (A, (), An.(u)+1). This fact can be proved using the theory of orthogonal
polynomials, see for instance [83, Theorem 1.21], using the fact that the Ritz values are the zeros of
an orthogonal polynomial associated with a Gauss quadrature rule, see, e.g., [87, Theorem 6.2]. In the
analysis that follows, we assume for simplicity that there are no Ritz values in the gap (An, (), Ane(u)+1)-
We discuss how we can modify our approach to deal with this issue in Remark 9.2.6.

Remark 9.2.4. In the literature, several techniques have been used to obtain approximations to the
sign matrix function that circumvent the problem of Ritz values getting arbitrarily close to zero [150],
for instance by writing sign(z) = z/(2%)~/? and constructing an approximation of (42)~!/22 using the
Krylov subspace K,,(A?, x), which ensures that the eigenvalues of the projected matrix are bounded
away from 0, since A2 is positive definite as long as A is nonsingular. Alternatively, one can construct
an approximation using harmonic Ritz values [127], which are always outside of the interval between
the largest negative and the smallest positive eigenvalue of A, so they avoid the discontinuity of the
sign function. Since in this work our goal is to approximate & h,(A)z for several u, we opted to use
the standard Lanczos approximation (9.1.2), for which it is very cheap and straightforward to compute
approximations for many different functions.

Combining (9.2.4) with (9.2.5), we obtain the following bound on the Lanczos approximation error.
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Proposition 9.2.5. Let 1, be the Lanczos approximation (9.1.2) to &”h,(A)z from the Krylov
subspace K, (4, x), and assume that there is no eigenvalue of T}, in the interval ()\ne(#), Ano(u)+1)- We
have

Clzlz (1-6 m=l
Th (A)x — < 22 (- 2.
|z" hy(A)T — | < —1\1+0 ) (9.2.6)

where C' and 0 are defined above.

Note that if we take a different value of p in the interval (A, (), An, (u)+1): the error [ by, (A)x—1)p, |
remains the same, because the function h, takes the same values on the eigenvalues of A and T}, and
hence the matrix functions h,(A) and h,(T},) do not change. On the other hand, the bound in
Proposition 9.2.5 depends on 6, which in turn depends on u. It is quite easy to see that the largest
value of 0 is obtained when p is precisely in the middle of the gap, i.e. u = %O‘ne(u) + An(u)+1)- This
value of y gives us the sharpest bound in (9.2.6).

The convergence predicted by Proposition 9.2.5 is at least exponential with rate (1 — 6)/(1 + 0),
with in addition an O(1/y/m) factor which is independent of the gap width. In order to have an error
|zTh,,(A)x — | < €, the number of Lanczos iterations m should satisfy

log(m — 1) log (Cle|/2)
Tl (1 +0)/0-0) = T ioa (L+0)/(1-0))

(9.2.7)

Assuming that the relative gap 6 is large enough, we do not lose much by discarding the log(m — 1)
term, and we can take
log (Cl|z[|3/)
log (1+6)/(1— 9))
On the other hand, in a situation where the spectral gap is very small, the Lanczos method effectively

converges like O(1/y/m). Note that if « is a Gaussian random vector we have E[||z||3] = n, so with a
very small gap for which § ~ 0 we would need to take

(9.2.8)

2.2
mZCn

g2’

which is definitely unfeasible. This means that when using the Lanczos method we can only hope to
approximate :BThM (A)x accurately when p is inside a relatively large gap in the spectrum of A, and we
should instead expect to have quite a large error whenever u is close to an eigenvalue of A.

A crucial requirement for using the bound in Proposition 9.2.5 is the knowledge of the relative
gap width 6. Since the gaps in the spectrum are not known to us in advance, we cannot use this
result to check if the error of the Lanczos method is below a certain tolerance €. On the other hand,
Proposition 9.2.5 can be useful to choose the number m of Lanczos iterations at the start of the
algorithm. Indeed, if our goal is to find all the gaps in the spectrum of A with relative width at least 6,
for any given € we can select m using (9.2.8) to ensure that the error |z h,,(A)x — 1,,,| < & whenever p
is inside a gap with width at least 6. However, we are still unable to determine for which values of i this
condition is satisfied. The final component that we need to make the algorithm work is an a posteriori
bound on the error, which will allow us to detect when |2 h,,(A)z —1,,| < e, without knowing the gaps
in the spectrum in advance. For this purpose we can use the a posteriori error bound from Section 3.2.1,
which we adapt to the step function h, in Section 9.2.4.

Remark 9.2.6. If there is an eigenvalue of T, inside the gap (A, (), An,(u)+1), the results above do not
hold. However, if the gap in the spectrum of A has relative width 6, then there must be a corresponding
gap in A(A) UA(T,,) with a relative width at least 6/2, since there is at most one Ritz value contained
in the interval (An(u), An.(u)+1)- In other words, there is an interval of relative width /2 where there
are no eigenvalues of A or T,,, and hence when p is inside that interval the Lanczos approximation
error satisfies the bound (9.2.6) with 0 replaced by 6/2.
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9.2.4 An a posteriori error bound for the Lanczos algorithm

In this section we adapt the a posteriori error bound given in Theorem 3.2.3 for the approximation
of 2T f(A)z with a rational Krylov method to the case of the Lanczos approximation of f = h,. The
proof in the case of f = h, requires some caution since the function h, is discontinuous at u, so in
the discussion that follows we briefly retrace the proof of Theorem 3.2.3 and adapt it to the current
setting. If I' is a simple closed curve that surrounds the eigenvalues of A below u, we have

Pu= () = o [ 1= )

27

If the eigenvalues of T}, that are smaller than y also lie in the interior of ', we have

1

(A = 22V (T)er = 5 -

(zI A7l (2)dz,

where

rm(z) =x — (21 — A)x,(2), with T (2) = ||| 2Vin (2] — Tm)*lel

that is, r,,,(2) is the residual of a shifted linear system after m iterations of the Lanczos method. With
the same algebraic manipulations used in Section 3.2.1, we obtain

T 2
() el (Taer = 2 [ ()P0l (6T = ) o

with
om(z) = tnt1,m€n, (ZI T, )

where t,,41,m denotes the element in position (m + 1,m) of the matrix T,,. Using an eigenvalue
decomposition T,,, = U,, D,,UL, with U,, orthogonal and D,, = diag(f,...,0,,), we can define

T
[, ...y o] o= tig1,men, Un, (Bis-. o Bm] =Uler
and )
Y= Z akﬁkma jzlvvm
ket ktj 3T Yk
With these definitions, the function ,,(2)? can be rewritten in the form
=S g T
iP5 0j~
Using the residue theorem, with the same procedure used in Section 3.2.1 we obtain
a"hy,(A)x — ||z|3e] h(Tn)er = [lz]305 419m (A v, (9.2.9)
with 1
Z 042B2 + 20¢J,6’]'y] if z < p,
e ) —0;
gm(2) == ) s 1 (9.2.10)
- Z 55 QaJBJ'yJ if z > p.
ji0,< ( 9]) —0;
10;<p

We can use (9.2.9) to obtain the following upper bound for the Lanczos approximation error, which
corresponds to the upper bound in Theorem 3.2.3.

Proposition 9.2.7. Let ¢, be the Lanczos approximation (9.1.2) to &7 h,(A)z from the Krylov
subspace K., (A4, x). We have

" hy(A)x — Y| < ll2]3 max |gm(2)] < llzf3  max g (2)],
zEA(A z€

min;Amax]

where g, is defined in (9.2.10).
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In contrast with what happens when the function f is continuous over the whole spectral interval
of A, in this case the function g,,(z) is discontinuous at p and the lower bound from Theorem 3.2.3 no
longer holds. Indeed, if we denote by (Ag,u) the normalized eigenpairs of the matrix A, we can write

m m

v?u-&-lgvrl(A)'Um-&-l = ng(Ak)(ungwl)za with Z(ugvm+1)2 =1
k=1 k=1

This expression shows that the quadratic form v +19m(A)vy 41 can potentially take any value in the
convex hull of the set {g,,(A\x)}7.,, depending on the coefficients (uf v,,41)%. In the case that g, (\x)
takes both positive and negative values, it is possible to have v, | | g (A)vy+1 = 0, so the lower bound

2" h, (A)z — [|lz|5e] by (T e | > |le|§2 min ]Igm(Z)l
may not hold. Note that this argument is not in contradiction with the statement of Theorem 3.2.3
when the function g,, is continuous over the whole spectral interval of A, because if g,,(\;) takes both
negative and positive values there must be a point z € [Amin, Amax] such that g,,(z) = 0 by continuity
of gm.

Example 9.2.2. In this example we compare the error of the Lanczos approximation of ” h,,(A)z with
the a priori error bound from Proposition 9.2.5, the a posteriori error bound form Proposition 9.2.7, and
the simple error estimate |7 h, (A)x — Y| = [m — PYm1]|. We consider a symmetric matrix A of size
n = 1000 with A(A) C [0,40], and gaps in the intervals [10,11] and [20,25]. We plot the convergence
of the Lanczos method in Figure 9.2, where on the left plot u = 22 is contained in the larger gap, and
on the right plot p = 10.6 is inside the smaller gap. In the legend, the “central p” a priori bound refers
to the bound obtained by taking p in the middle of the gap, as mentioned below Proposition 9.2.5.
Note that the convergence of the Lanczos method is much slower when p is inside the smaller gap,
and in both cases the convergence behavior is irregular and oscillating. The “central p” is the most
accurate between the two a priori bounds, but it does not capture the correct convergence rate for
1 = 10.6, which is further from the middle of the spectrum; in this case, a better a priori bound would
be obtained by using a convergence result with nonsymmetric intervals, such as [66, Theorem 1.1]. The
a posteriori bound is also quite irregular, but it is able to capture the convergence rate of the Lanczos
approximation correctly in both cases, although it is off by a constant factor. Surprisingly, the error
estimate |27 h, (A)x — | & [ — ¥m1] is very accurate, and it seems to almost never underestimate
the error, in contrast with the experiments in Section 3.4. This behavior can be explained in the
following way: the error estimate based on consecutive differences satisfies the triangle inequality

[Ym = mia] > | [T hu(A)@ = | = 2" hu(A)x = Yl |,

and due to the oscillations in the convergence of the Lanczos approximation, the two right-hand side
terms |z”h, (A)x — Y| and €T h,(A)Z — 41| often have significantly different moduli, so we have

|\1/f—1/}m|—|¢—1/2m+1\| Zcmax{|¢_wm|a|¢_wm+l‘}a 'l/}:: (l:ThH(A):B, (9211)
for a constant ¢ that is close to 1. For instance, if |¢) — ¥p,| > [ — P41, we can take
[V — Y]
c=1-— L —TmHl
|1/) - 1//m‘

The inequality (9.2.11) explains why the consecutive difference estimate is so often an upper bound
when the Lanczos method has oscillating convergence, as in the current setting.

9.3 Final algorithm

In this section we put together all the theoretical results obtained in Section 9.2 to improve Algorithm 9.1
and obtain an efficient algorithm that also provides some guarantees on its output.
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Figure 9.2 — Approximation of #h,(A)x with the Lanczos algorithm, and comparison with the a
priori error bound from Proposition 9.2.5, the a posteriori error bound from Proposition 9.2.7 and the
consecutive difference estimate. The spectrum of A has gaps in the intervals [10, 11] and [20, 25]. Left:
w = 22. Right: p = 10.6.

9.3.1 Choosing the input parameters

First of all, we need a criterion to decide the number s of Hutchinson sample vectors and the number m
of Lanczos iterations. For this purpose, given a failure probability § and a target relative gap width 6,
we set the goal to find all gaps in the spectrum of A with relative width greater than or equal to 6,
with probability 1 — 4.

How should we choose s and m so that all these gaps are found? Let us consider a candidate gap
[1, 2] C R and fix a parameter € > 0, and say that we take m such that the Lanczos approximation
error for each quadratic form x! P,x; is smaller than /2 for all u inside the gap, so that trfl(P,)
is contained in an interval of width smaller than e for all u € [u1, u2]. Then there are two possible
scenarios: either there are no eigenvalues of A in the interval [u1, uo], or all the jumps in trf(P,)
associated to eigenvalues inside that interval are e-small (more precisely, the sum of the heights of these
jumps is smaller than ¢). This second event has a small probability of occurring, which can be bounded
using Lemma 9.2.2, so we can conclude that [u1, 2] is a gap in the spectrum of A with high probability.

The probability that all jumps in trfl(P,) associated to eigenvalues in [p1, po] are e-small is smaller
than the probability of a single jump being e-small, so we can impose

P(ys < se) <6,

where y, is a x? distribution with s degrees of freedom, see Section 9.2.2. By Lemma 9.2.2, this

condition is satisfied provided that
2log(1/0)

o= log(l/e) +e—1"
If the relative width of [u1, o] is at least 6, by Proposition 9.2.5 we have

< Ol (1-0)"
- sym-—1 146 ’

I
[EGARE B
i=1

where we denote by 1/17(7? the approximation of :czTP#acl- after m Lanczos iterations. By (9.2.8), the
above bound is smaller than €/2 if we take

log (2050 [wilfse) 16
" a0y O Ve

Note that although the a priori bound in Proposition 9.2.5 allows us to say that the Lanczos error is
smaller than €/2 when p is inside a gap wider than 6, we cannot use it to determine for which values

+1. (9.3.1)
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of p this actually happens. To detect the gaps in practice, we are going to use either the a posteriori
bound from Proposition 9.2.7 or the error estimate based on consecutive differences, and assume that
it is at least as accurate as the a priori bound, i.e., that it is also smaller than /2 inside a gap with
relative width 6. This assumption is usually satisfied, as shown in Example 9.2.2; at least in the central
portion of each gap.

We have obtained bounds on s and m that depend on §, 6 and ¢, where the latter is a parameter that
can be freely chosen. In order to obtain an algorithm that is as efficient as possible, we should aim to
minimize the term that dominates the computational cost of the algorithm, which is the O(smnnz(A))
term corresponding to the sm matrix vector products with A. We have

21log(2/0) log (2C 327, ||:l3/s¢)
“log(l/e)+e—1 <1 - log ((1+6)/(1-19)) )’

and ¢ should be chosen in order to minimize the right hand side. With some simple computations one
can show that the function

sm

1) log (2Cn/e) >

1
" log(l/e)+e—1 ( "o (1+6)/(1-9)

is increasing for € € (0,1) if 2Cn > 1, a condition that for any fixed 6 is satisfied when n is sufficiently
large. Recalling that E[||z;||?] = n for all i, this implies that we should take ¢ as small as possible, and
since s must be an integer, in practice the most efficient choice is to take € so that the probability of a
jump being e-small is lower than ¢ already when s =1, i.e.,

e <e 1% (9.3.2)

In other words, we should simply use a single quadratic form &’ P,z to estimate tr(P,), instead of
using the more general stochastic trace estimator with s different random vectors.

9.3.2 Detecting gaps in the spectrum

To detect the gaps in the spectrum, we use an a posteriori error bound to determine when the error
of the Lanczos approximation is smaller than £/2. We focus on the case s = 1, with a single random
Gaussian vector @ € R", since we concluded that it is the most efficient choice in Section 9.3.1. More
precisely, for each p we perform m iterations of the Lanczos method to obtain v, (u) ~ @’ P,z with
the approximation (9.1.2), and we use either Proposition 9.2.7 or the estimate based on consecutive
differences to obtain

2" P — ¢ ()| < bound,p (1),

where either

bound,, (1) = |2 [/\ma>§\ ]|gm(z)| with g, (z) as defined in (9.2.10),
2€[Amin;Amax

or bound,, (1) = ¢|m (i) — Ymi1(p)], with a safety factor ¢ > 1. As shown in Example 9.2.2; the
consecutive difference error estimate is usually more accurate than the a posteriori error bound from
Proposition 9.2.7, and very often we can also expect it to be an actual upper bound due to the oscillation
in the convergence of the Lanczos algorithm. In the discussion that follows, we are going to assume
that bound,, (1) is always an upper bound for the error |z? P, — 1, (1)|; since there is no guarantee
that this is true for the consecutive difference estimate, we will discuss some ways to make it more
robust in Example 9.3.1. For all p, letting

(1) = 1 (1) + bound,, (),
(1) := U (1) — bound,y, (1),

we have z” P,z € [q% (1), q% (11)].
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Recalling that the quadratic form wTP#w is an increasing function of u, we can refine the upper and
lower bounds qU (1) and g% (). Indeed, we can also take the upper and lower bounds to be increasing
in p: specifically, for any p < p/ we must have

:BTPHIB < acTPM/:c < qyn(u') and wTPM/a: > wTPMZB > q}n(u),

so we can replace the bounds qU (1) and q¥ (u) with, respectively,

() :=mingy () and Gy (u) = maxqy, (). (9.3.3)
wZp w<p

Note that the bounds ?131(/1) and afn(,u) are by construction increasing functions of u. We can further
improve the bounds by taking the best ones over several values of m. Indeed, given a set of positive
integers M C N, we can define
Au(p) == min G () and  Gi(u) == max g, (u), (9-34)

and we still have 7 P, € [q,(11), Gaq(1)]. Using a set M with more than a single value of m can be
useful to improve the bounds in the case when there is an eigenvalue of T}, inside one of the gaps. In
such a situation, by considering bounds for M = {m —d, ..., m — 1,m} there is a higher chance that
one of the matrices T,,,—;, j = 0,...,d has no eigenvalues in the gap, so the bounds a_UM(u) and ?q\k/l ()
are likely going to be better than G (1) and G~ (u).

After incorporating these improvements, we can conclude that if € is chosen according to (9.3.2) and
for some 1 < po we have |cA1UM (u2) — cAleA(ul)\ < ¢, then there are no eigenvalues of A in the interval
[1, 2] with probability at least 1 — 4.

9.3.3 Algorithm summary

The analysis in the previous sections leads to the following algorithm, whose pseudocode is given in
Algorithm 9.2. Given an input failure probability ¢ and target relative gap width 6, we first compute &
according to (9.3.2) such that the probability of having an e-small jump at an eigenvalue in Hutchinson’s
trace estimator is less than 0 when using a single random vector (i.e., with s = 1). We then use
Proposition 9.2.5 to select the number m of Lanczos iterations that ensures that the error of the
Lanczos approximation to the quadratic form x”h,(A)z is smaller than £/2 whenever y is inside a
gap with relative width at least 6. As an alternative, we could fix the number of Lanczos iterations m
a priori, but by doing so we would lose the guarantee that all the gaps with width larger than 6 are
located. Then, we run m iterations of the Lanczos method to compute the approximation (9.1.2) and
the upper and lower a posteriori bounds ?q\}{/[ () and ?1?\4 (1) defined in (9.3.4), for all input values of u
and a set M of integers smaller than or equal to m, such as {m —d,...,m — 1,m}, with, e.g., d = 2.
All the intervals [p1, 12] such that \QUM (2) — a?\/t (11)] < € are hence gaps in the spectrum of A with
probability at least 1 — 4.

Note that m is selected so that the a priori error bound on the approximation of &’ h,(A4)z from
Proposition 9.2.5 is smaller than /2 whenever p is inside a gap with relative width at least 6, so,
assuming that the a posteriori error bound or estimate is at least as accurate as the a priori one, we
expect that all gaps of relative width 6 or larger are detected by Algorithm 9.2. Numerical evidence
shows that this assumption is generally satisfied when g is not too close to the extrema of the gap
and € is not too large. We also mention that, although Algorithm 9.2 cannot explicitly find the gap
between the k-th and the (k 4 1)-th eigenvalue for a given £, it still computes estimates for tr(P,;)
for all p1; € p, so we know the approximate number of eigenvalues below each detected gap and thus
we can roughly determine if one of the gaps found by the algorithm is likely to be the one between Ag
and Agy1 (of course, we can only expect that Algorithm 9.2 will detect this gap if we assume that it
is wide enough). If more accuracy on the number of eigenvalues below each gap is required, then one
should use a larger number s of sample vectors for Hutchinson’s trace estimator. Alternatively, if it is
feasible to compute an LDL” factorization, it can be used to compute the exact number of eigenvalues
below a certain gap in order to verify if it corresponds to the searched gap between the eigenvalues Ay
and Agy1.
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Algorithm 9.2 Eigenvalue gap finder

Input: Symmetric matrix A € R"*", failure probability ¢, target relative gap size 6, vector of test
parameters g = [y, ..., jn,]
Output: tr; ~ tr(P,,) for j = 1,..., Ny, intervals [a;,b;] that contain no eigenvalues of A with
probability 1 — ¢ each
1: Compute ¢ according to (9.3.2), ensuring that the probability of a jump being smaller than & with
s = 1 Hutchinson vectors is smaller than §.
2: Draw a random Gaussian vector & € R".
3: Compute m according to (9.3.1), ensuring that the Lanczos approximation (9.1.2) to 7 P,x has
an error smaller than /2 if p is within a gap of relative width 6 or larger.

4: Select a set M of integers smaller than or equal to m, such as M ={m —4,...,m —1,m}.

5: Compute V,,, and T, by running m iterations of the Lanczos algorithm with the matrix A and the
vector .

6: Compute the eigendecomposition T},, = UL D,,,U,, and w,,, = ||z||2U,e.

7: for j=1,...,Ny do

8: Compute ¥y, j = W by, (D ) Wy

9: for m' € M do

10: Compute the upper and lower bounds G-, (1) and G, (11;) using (9.3.3), where bound,,, (1)

is obtained either with Proposition 9.2.7 or by running Lanczos for one additional iteration to
compute [V j — Ymry1 -

11: end for

~U .U AL ~L
12: Compute the bounds g, (1;) = min q,, (15) and qr (pj) = max g, (1j)-
13: end for

14: Compute Q%(u)—ﬁ?u(u) and determine the largest intervals [a;, b;] such that |§3\J,l(bl)—§k,l(al)| <e.

Remark 9.3.1. Recall that mTP,La: is a staircase-like piecewise constant function of u, and in particular
it must be constant in any interval that contains no eigenvalues of A. This means that given a candidate
gap [p1, g, in addition to the condition [g, (u2) — Grg(1)] < &, we also need to check that Gh,(u2) <
QUM (p1). If this additional condition is not satisfied, it is impossible for 7 P, to be a constant function
for 1 € [p1, 2], and hence we can conclude with certainty that there must be at least one eigenvalue of A
in the interval [u1, f15]. This seems to cause a contradiction when the condition [g(u2) — Gy (111)] < €
is verified but ?15(,1(/12) < cAlUM (1) is not, since it would imply that all the eigenvalues of A contained
in [u1, u2] have an associated e-small jump, which is a low-probability event. However, it simply means
that this situation is very unlikely to happen in a practical scenario, and it would probably not be
encountered if the algorithm is run on the same problem for a second time.

9.3.4 Computational cost

The most expensive operations in Algorithm 9.2 are the m matrix-vector products with A required to
construct the Krylov basis in the Lanczos algorithm, which cost O(mnnz(A)) for a sparse matrix A.
The additional operations done for the computation of the quadratic forms CCTPMCC with Ny different
parameters j; add up to O(nm+m? +mNy), as discussed in Section 9.1.1. If we estimate the error with
the consecutive difference estimate, we have to run the Lanczos algorithm for one additional iteration,
and compute the differences (¢, j — V41,5 for all m" € M. If [M| = d and the elements of M are
consecutive integers, this amounts to computing d 4 1 quadratic forms 1, ; for all j, so the additional
cost is O(m3d + mNyd).

On the other hand, if we use the a posteriori error bound from Proposition 9.2.7, we have to evaluate
the coefficients j, 8; and v; for all p;, which can be done with O(m?) operations assuming that the
eigenvalue decomposition of T, is available, and compute the maximum of |g,,(2)| over [Amin, Amax]s
where g, is defined in (9.2.10). The evaluation of g,,(z) for all u1; at a single point z requires O(mNy)
operations, and if a discretization of [Amin, Amax] With L points is used, we can approximately evaluate
the bound in Proposition 9.2.7 for all p; with O(m? + mN;L) operations. If a set M with d elements
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is used to compute the more robust bounds QUM (p;) and a?\/t (15), the cost for the computation of the
bounds is roughly multiplied by a factor d and becomes O(m?*d+mN ¢Ld), where we have also included
the cost of computing the eigenvalues and eigenvectors of T,,,» for m’ € M. Note that given qV (11;)
and g% (1;), the refined bounds 'qgn(u]) and an(uj) described in Section 9.3.2 can be computed for
all p; with O(Ny) operations. Finally, once @UM (pj) and QI/(,[ (15) have been computed, the gaps can be
located with a cost of O(Ny). The total computational cost of Algorithm 9.2 is therefore O(mnnz(A)+
nm +m3d+mNyd) with the consecutive difference estimate, and O(mnnz(A4) +nm +m3d +mN;Ld)
with the a posteriori bound from Proposition 9.2.7.

Note that all operations associated with different values of u are completely independent, so the
algorithm can be easily parallelized, for instance by assigning different slices of the spectral interval
to different processors. This parallelization is not particularly helpful when the matrix size n is large
enough, since the dominant part of the computation would still be the O(mnnz(A)) term associated
with matrix-vector products with A; however, parallelizing the computations associated with different
parameters p can be helpful for mitigating the O(mNyLd) cost of computing the a posteriori error
bounds from Proposition 9.2.7, which can become quite high if both Ny and L are large, see for
instance the experiment in Section 9.4.3.

If our goal is to detect all gaps with relative width larger than 6§ with probability at least 1 — J, we
should take m according to (9.3.1) with e < e7162, i.e.,

L+log (2Cel3/0?) 10
g (1+0)/(1-0) ~ Vad

where we recall that E[||z||3] = n. By looking at the behavior of the right-hand side of (9.3.5) as 6§ — 0,

using the fact that
1
log ﬂ ~ i?
1-40 260

we conclude that for small 6 we should take

m = log ( 2|3 )1.
§2v/n6 ) 20
Although the dependence of m on the failure probability § and the matrix size n is not particularly severe
since they appear inside a logarithm, the main drawback of this approach is the O(1/6) dependence on
the relative gap width 6, which causes Algorithm 9.2 to quickly become more expensive as the target gap
width is reduced. This is an inherent limitation of the Lanczos method for the computation of scTPMa:,
and more precisely of the polynomial approximation of the sign function (see Proposition 9.2.3). As
we mentioned in Section 9.2.3, Proposition 9.2.3 can be improved by considering two nonsymmetric
intervals as in [66], and this would in turn lead to an improved estimate on the required number of
Lanczos iterations m; however, in general we do not expect to find an asymptotic estimate that is better
than m = O(1/60). Indeed, for a gap located near the center of A(A), the spectrum of A is contained in
two intervals that are approximately symmetric with respect to the gap, and there would not be any
significant advantage in using the improved result [66, Theorem 1.1].

+1, (9.3.5)

Example 9.3.1. In this example we show how the bounds described in Section 9.3.2 perform on the
simple test problem from Example 9.2.1. The matrix A is 600 x 600, with A(A) C [0,60] and three
gaps in the spectrum given by the intervals [20,21], [30,32] and [40,44]. We use a single Gaussian
vector € € R™ for Hutchinson’s estimator and m = 50 Lanczos iterations. We compare the exact
x” P,z with the upper and lower bounds aUM (1) and ?1]]\4 (1) obtained both with Proposition 9.2.7 and
with the consecutive difference error estimate. In particular, for the latter we use the error estimate
bound,, (1;) = ¢|m,j — Ym+1,4], with a safety factor ¢ = 2. In both cases, we take M = {m — d +
1,...,m} with d = 3. Since c|ty, ; — ¥m41,5] is not guaranteed to be an upper bound for |z” P, x|,
the inequalities a&\/t (n) < z'Px < QUM(/A) do not necessarily hold for all u, especially after the two
minimizations and maximizations in (9.3.3) and (9.3.4). To overcome this issue, we also propose to use
a “safe” variant of the upper and lower estimates for :ETP#:I}, defined as
~Ux

~U ~Lx . ~L
= d = 9.3.6
A (p) = max G (p)  and  qu(p) = min gy (u), (9.3.6)
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Figure 9.3 — Upper and lower bounds for a:TPMw obtained with the Lanczos algorithm with m = 50
iterations. The right plot is a close-up of the left plot around the larger gap [40, 44].

which correspond to taking the worst of the bounds associated with M instead of the best ones.
This variant significantly increases the chance that qUM*(;L) and aljv*[ (1) are an upper and lower bound
for wTP#a:, respectively, although it reduces the overall accuracy of the estimates.

The bounds are shown in Figure 9.3, including the safe variants gy (1) and s (1) of the bounds
obtained by using consecutive differences. Notice that the upper and lower estimates QUM (1) and ?q\Ij(,l (1)
computed with consecutive differences are much closer to chPua: compared to the bounds obtained
with Proposition 9.2.7, but they sometimes fail to satisfy Qh(u) <z'P,x < QUM(;L) see for instance
the right plot in Figure 9.3, which is a close-up of the larger gap [40,44]. On the other hand, the
safe variants 'ciUM* (1) and qu\fl (1) are more robust, while still being more accurate than the a posteriori
bounds from Proposition 9.2.7. To provide a quantitative comparison, for the plot in Figure 9.3 we
used 4000 different shift parameters 1, and the inequality :BTPM:IZ < QUM(MJ) was not satisfied for 251
of them, while a:TPHja: < QUM*(;L]) was not satisfied for only 35 values of j. Note that the fraction of

values of p for which the safe upper estimate QUM*(/;) fails to be an upper bound is smaller than 1072,
which is the failure probability that we use for the experiments in Section 9.4.

9.4 Numerical experiments

In this section we run some experiments to investigate the performance of Algorithm 9.2. For all
the experiments, we use Algorithm 9.2 with a failure probability § = 1072 and a number of Lanczos
iterations m that is either fixed in advance or computed according to (9.3.5) in order to find all gaps with
relative width larger than a certain target . When not stated differently, for the Lanczos algorithm we
employ the error estimate bound,, (£;) = ¢|¥m, ;j—¥m,j+1| with a safety factor ¢ = 2, and we use the more
robust upper and lower estimates G°* () and §-* (1) defined in (9.3.6), with M = {m —d+1,...,m}
with d = 3. These estimates are cheaper to compute compared to the a posteriori error bound from
Proposition 9.2.7, and they are also quite reliable, as shown in Example 9.3.1. Even though the estimate
c|tjm —¥jm+1| does not have the same theoretical guarantees as the a posteriori error bound, we have
seen in Example 9.2.2 that it is usually much closer to the actual error. All the experiments have been
done using MATLAB R2021b on a laptop running Ubuntu 20.04, with 32 GB of RAM and an Intel
Core i5-10300H CPU with clock rate 2.5 GHz. The code for reproducing the experiments in this section
is available on Github at https://github.com/simunec/phd-thesis-code.

9.4.1 Scaling with gap width

We start by examining the behavior of Algorithm 9.2 with respect to the relative gap width 6. We
consider a symmetric tridiagonal matrix A of size n = 30000 obtained as a sum A = D+T', where T is a
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Table 9.1 — Performance of Algorithm 9.2 with n = 30000 and varying gap width 6.

o | true gap estim. gap estim. ne(r) Lanczos its.  time (s) time eig (s)
0.1 [1001.80, 2633.87]  [1016.48, 2637.19] 19637 112 0.114 2.985
0.05 [1001.65, 1856.42] [999.77, 1856.64] 19776 226 0.209 2.798
0.025 [1001.15, 1435.81]  [1001.61, 1434.55] 20198 456 0.359 2.907
0.01 [1001.17, 1175.30]  [1001.61, 1174.65] 20027 1156 1.025 2.645
0.005 [1000.69, 1085.83]  [1000.69, 1085.18] 19862 2342 2.451 2.909
0.0025 | [1003.69, 1042.75]  [1004.38, 1042.08] 19709 4745 7.160 2.924

random symmetric tridiagonal matrix with A/(0,1) entries and D is a diagonal matrix. The eigenvalues
of D are chosen so that the spectrum of A has a gap with relative width approximately 6. Specifically,
the eigenvalues of D are contained in the intervals [1,10%] U [10% + z,10%], where x satisfies

x/2 _
104 — 103 —z/2

so that the relative width of the gap [10,103 + ] is 6, and hence the spectrum of the perturbed matrix
A = D+ T also has a gap with relative width approximately . We consider a matrix D with 20000
logspaced eigenvalues in [1,10%] and 10000 logspaced eigenvalues in [10% + x, 10%].

We estimate this gap using Algorithm 9.2, with m computed according to (9.3.5), so that we can
expect it to successfully find all gaps with relative width larger than 0; we use Ny = 10000 parameters f,
logarithmically spaced on the interval [1,10%]. For each @, in Table 9.1 we show the true gap computed
by diagonalizing A, the gap estimated by Algorithm 9.2 and the approximate number of eigenvalues
below the gap, obtained by rounding the trace approximation mTP#a; for p equal to the left endpoint of
the estimated gap, as well as the number of Lanczos iterations m, the execution time of the algorithm
and the time required for the computation of the eigenvalues of A. We see that the gap is found
successfully for all 6, with the estimated gap being slightly larger than the true gap only for # = 0.1
and 6 = 0.05. The estimated number of eigenvalues below the gap roughly approximates the exact value
20000, but it is still relatively far from the correct number since we are using only one sample vector for
Hutchinson’s estimator. Note that the number of Lanczos iterations scales approximately as O(1/6),
but the execution time increases more than linearly in the number of Lanczos iterations m; this is likely
due to the O(m?) cost for the computation of eigenvalues and eigenvectors of the projected matrix Ty,
becoming the dominant part of the computation when the subspace dimension m is large. On the other
hand, the execution time for eig remains constant, so when the gap width 6 becomes sufficiently small
it would be more efficient to directly diagonalize the matrix instead of using Algorithm 9.2. Of course,
this would not be the case if the matrix dimension n increases, as we show in the following experiment.

9.4.2 Scaling with matrix size

Let us now consider a sequence of matrices with increasing size and approximately constant gap width.
We use a setup similar to Section 9.4.2, with fixed relative gap width § = 0.01 and increasing matrix
size n. We take A = D + T, where T is symmetric tridiagonal with random N(0, 1) entries and D is
diagonal with A(A) C [1,10%] U [10% + =z, 10%], with n/2 logspaced eigenvalues below the gap and n/2
logspaced eigenvalues above the gap. The value of x is chosen so that A has relative gap width
approximately 6, as in Section 9.4.2.

We use Algorithm 9.2 to estimate the gap, with the number of Lanczos iterations m computed
according to (9.3.5) and Ny = 10000 parameters p, logarithmically spaced over the interval [1,10%].
The results for a matrix dimension that increases from n = 5000 to n = 80000 are shown in Table 9.2.
In this case, the gap is found correctly for all matrix sizes, with none of the estimated gaps being
larger than the true gap computed via a diagonalization. Note that the number of Lanczos iterations
increases very slowly with the matrix dimension, in accordance with the discussion in Section 9.3.4.
Hence, the execution time of the algorithm increases roughly linearly, since with a large matrix size n and
moderate subspace dimension m the leading term in the computational cost is given by the m matrix-
vector products with A in the construction of the Lanczos basis, which cost O(mn) for a tridiagonal
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Table 9.2 — Performance of Algorithm 9.2 with fixed gap width # = 0.01 and increasing matrix size n.

n | true gap estim. gap estim. ne() Lanczos its.  time (s) time eig (s)

5000 | [1000.58, 1177.15]  [1000.69, 1176.81] 2377 1067 0.412 0.115
10000 | [1001.11, 1175.88] [1001.61, 1175.73] 4956 1101 0.548 0.378
20000 | [1000.23, 1177.01] [1000.69, 1176.81] 9835 1136 0.806 1.355
40000 | [1002.67, 1175.70]  [1003.46, 1174.65] 19930 1171 1.236 4.760
80000 | [1001.39, 1176.18]  [1001.61, 1175.73] 39874 1205 2.237 16.337

Table 9.3 — Performance of Algorithm 9.2 with fixed gap width # = 0.01 and increasing matrix size n.
The number of Lanczos iterations is fixed to m = 250 and the failure probability is set to 6 = 0.5.

n ‘ true gap estim. gap estim. ne() Lanczos its.  time (s) time eig (s)

5000 | [1000.58, 1177.15]  [998.85, 1178.98] 2377 250 0.102 0.114
10000 | [1001.11, 1175.88] [1003.46, 1170.33] 4956 250 0.123 0.386
20000 | [1000.23, 1177.01] [1001.61, 1167.10] 9835 250 0.188 1.353
40000 | [1002.67, 1175.70]  [1002.54, 1161.73] 19930 250 0.281 4.757
80000 | [1001.39, 1176.18]  [1005.31, 1175.73] 39874 250 0.467 16.454

matrix. On the other hand, the time required for computing the eigenvalues of the tridiagonal matrix A
scales like O(n?), so it quickly becomes more expensive than Algorithm 9.2. Note that if A was a sparse
matrix that is not tridiagonal, the diagonalization time would scale like O(n?), making the difference
between the two approaches even more evident.

It is interesting to observe that Algorithm 9.2 can be also used to cheaply obtain a rough estimate
of the gap by taking a larger failure probability § and fixing the number of Lanczos iterations m in
advance instead of computing it with (9.3.5). For instance, we show in Table 9.3 the performance
of Algorithm 9.2 with 6 = 0.5 and m = 250. We see that the gap in the spectrum is still located
successfully, although the accuracy is generally lower and sometimes the estimated gap is larger than
the true gap, for instance in the case n = 5000. Note that the estimated number of eigenvalues below the
gap coincides with the corresponding number from Table 9.2, even if the number of Lanczos iterations
is different: this happens because we used the same random vector @ for Hutchinson’s trace estimator,
and in both cases we are approximating the same quadratic form @” P,z (the values of 4 in the two
cases may be different, but as long as they are both inside the gap the corresponding values of P,z
coincide). In particular, this also confirms that the error in the estimated number of eigenvalues below
the gap is essentially only due to the error in the stochastic trace estimator, and not to the error in the
approximation of the quadratic form via the Lanczos algorithm.

9.4.3 A real-world example

We conclude the experiments in this chapter with an example using a matrix from the SuiteSparse
Matrix Collection [51]. We take as A the symmetric matrix GHS_indef/linverse, which has size
n = 11999 with 95977 nonzero entries. The spectrum of this matrix, shown in Figure 9.4, has three
relatively large gaps, which we aim to locate using Algorithm 9.2. In this test we compare the robust
consecutive difference estimates defined in (9.3.6) with the a posteriori bound from Proposition 9.2.7,
both obtained using m = 100 Lanczos iterations and d = 3. We plot in Figure 9.5 the approximations
to mTPH(B and the upper and lower bounds obtained with the two approaches, where x is the single
random vector used in Hutchinson’s estimator; we use the same vector & for the two variants of
Algorithm 9.2. Note that the upper and lower bounds obtained by using Proposition 9.2.7 are much
more conservative compared to those based on consecutive difference estimates, especially far from the
gaps in the spectrum.

The gaps found by the two variants of Algorithm 9.2 and the exact gaps obtained by diagonalizing A
are shown in Table 9.4, where we also include the execution times for all the methods. The gaps found
by using the a posteriori bounds from Proposition 9.2.7 are significantly smaller than the ones obtained



9.4. NUMERICAL EXPERIMENTS 145

5| /
51 // 1

0 2000 4000 6000 8000 10000 12000

Figure 9.4 — Spectrum of the matrix GHS_indef/linverse, with three evident gaps.
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Figure 9.5 — Approximations to P, 2, and upper and lower bounds obtained with Algorithm 9.2, for
several different p, with m = 250 Lanczos iterations. Left: Algorithm 9.2 with robust consecutive differ-
ence error estimate (9.3.6). Right: Algorithm 9.2 with a posteriori error bound from Proposition 9.2.7.

Table 9.4 — Performance of Algorithm 9.2 on the test matrix GHS_indef/linverse, using the robust
consecutive difference estimate (9.3.6) and the a posteriori bound from Proposition 9.2.7. The number
of Lanczos iterations is set to m = 100 and the failure probability to 6 = 1072,

method ‘ first gap second gap third gap time (s)
eig [-3.201, -1.482] [3.112, 5.531] [8.886, 14.007]  18.826
Algorithm 9.2 w/ consec. diff. [-3.185, -1.485]  [3.352, 5.518] [8.979, 13.999]  0.030

Algorithm 9.2 w/ Proposition 9.2.7 | [-2.963, -1.748]  [3.474, 5.154]  [8.999, 13.918] 0.375
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by estimating the Lanczos error with consecutive differences, especially for the two smaller gaps; this is
a consequence of the lower accuracy of the a posteriori bounds. Moreover, the execution time is quite
higher with the a posteriori bounds, due to the O(mNy;Ld) term in the computation of the error bounds
from Proposition 9.2.7; indeed, it turns out that this is the most expensive part of the computation in
this setting, where we use Ny = 1000 different values of u and a discretization with L = 1000 points to
evaluate the maximum of |g,,(2)| over the spectral interval of A. On the other hand, when the error
in the Lanczos algorithm is estimated using consecutive differences, the portion of the computational
cost that depends on Ny scales as O(mNyd), which is significantly less expensive when L = 1000 (see
Section 9.3.4).



Chapter 10

Conclusions and outlook

In this thesis, we have explored the computation of the action of a matrix function f(A) on a vector b
using polynomial and rational Krylov subspace methods. Our analysis has covered both theoretical and
computational perspectives, and we have additionally investigated the application of Krylov subspace
methods to trace approximation problems encountered in various fields.

From a theoretical side, we have derived both a priori and a posteriori error bounds for the ap-
proximation of f(A)b and bT f(A)b using rational Krylov subspace methods. These error bounds,
obtained by exploiting an integral representation of the function f, can be valuable as stopping criteria
or for predicting the number of iterations required to achieve a desired accuracy. Moreover, we have
introduced rational Krylov methods for the computation of generalized matrix functions, extending
an approach based on the Golub-Kahan bidiagonalization and providing a convergence analysis that
directly generalizes the rational Krylov theory for standard matrix functions. We have also shown how
to exploit the quasiseparable structure of the projected matrices to construct the rational Krylov bases
with a short-term recurrence.

From a computational standpoint, we have developed a novel low-memory method for computing
f(A)b when A is Hermitian. This method combines an outer Lanczos iteration with an inner rational
Krylov subspace for basis compression. A key feature of this method is the fact that the inner rational
Krylov subspace is constructed using small projected matrices, and hence it does not involve any expen-
sive operations with the matrix A. This approach essentially retains the same convergence properties
of the outer Lanczos iteration, and it exhibits competitive performance when compared against existing
low-memory Krylov subspace methods for f(A)b.

We have also employed a rational Krylov method to solve fractional diffusion equations on graphs.
In this setting, the matrix A is a singular graph Laplacian, and the function f is not analytic in a
neighborhood of the spectrum of A, potentially leading to convergence issues in Krylov subspace meth-
ods. To address this problem, we have developed three different approaches to remove the singularity
of the graph Laplacian: a rank-one modification, an explicit projection, and an implicit projection.
Each of these techniques provides the same improvement in the convergence rate of Krylov subspace
methods, and among them, the implicit projection is the cheapest one, with practically no additional
cost compared to a standard implementation of a Krylov subspace method. The same technique can
also be applied to improve convergence for other problems where a known eigenvalue of A is close to a
singularity of f.

Next, we have applied Krylov subspace methods in combination with trace estimators to approx-
imate tr(f(A4)) for two different problems: the computation of the von Neumann entropy and the
location of spectral gaps. For the von Neumann entropy, we have analyzed the convergence of the
probing method, providing both theoretical bounds and heuristic estimates for the error. By integrat-
ing this analysis with an a posteriori error bound for the Krylov subspace method, we have obtained
an algorithm for computing the von Neumann entropy to a specified tolerance ¢, employing either a
probing method or an adaptive implementation of the stochastic trace estimator Hutch++.

For the identification of spectral gaps, we have analyzed an algorithm that approximates the traces
of spectral projectors P, by combining Hutchinson’s trace estimator and the Lanczos algorithm for

147



148 CHAPTER 10. CONCLUSIONS AND OUTLOOK

computing quadratic forms. Through a rigorous analysis of the algorithm’s components, we have
determined that the most efficient approach involves using a single random vector for Hutchinson’s
estimator. Additionally, we have established criteria for choosing the number of Lanczos iterations
needed to ensure the detection of all spectral gaps wider than a certain threshold.

Several possible directions could be considered for future research. For instance, although the error
bounds derived in Chapter 3 rely on an error expression that also holds for non-Hermitian matrices,
the bounds themselves are stated only for the Hermitian case. The extension of these bounds to the
non-Hermitian case remains an open challenge, with difficulties that arise due to the replacement of
the spectrum with the field of values or other spectral sets [48]. It would be valuable to investigate
whether similar approaches can also yield effective bounds in the non-Hermitian case, and to evaluate
their numerical accuracy against the error. Another related topic with practical relevance is a numerical
comparison of the various error bounds and estimates for polynomial and rational Krylov methods found
in the literature, including those presented in this thesis. Such a study would provide useful insight for
identifying which bounds are the most accurate under different conditions, such as the properties of the
function f and the matrix A. Such a comparison should also take into account the potential difference
in computational cost associated with the application of each bound, in order to evaluate the practical
utility of the different bounds.

The low-memory Krylov subspace method presented in Chapter 5 can only be used for Hermitian A,
as it exploits a low-rank structure of the projection of A onto the Krylov subspace that is only present
when A is Hermitian. An extension of this approach to the general non-Hermitian setting appears
challenging, due to the loss of this low-rank structure. However, such an extension may be feasible with
suitable modifications to the algorithm, and could potentially have a large practical impact, even if it
resulted in an algorithm with fewer theoretical guarantees compared to the Hermitian case.

Finally, the approach for identifying spectral gaps analyzed in Chapter 9 appears to be quite promis-
ing, and it should be tested on practical problems, such as those encountered in electronic structure
computations, to evaluate its effectiveness compared to state-of-the-art techniques.
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