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Abstract

This thesis presents a comprehensive theoretical framework for modeling the optical
properties of plasmonic materials through the development of a family of classical atom-
istic electromagnetic multiscale models, referred to as Frequency-dependent Molecular
Mechanics (ωMM). Building on the classical atomistic model of Frequency-dependent
Fluctuating Charges (ωFQ), initially designed for Drude-like plasmonic materials, we
have extended the ωFQ model to account for the unique characteristics of noble metals,
resulting in the ωFQFµ approach. This new model incorporates interband electron tran-
sitions and has been extended to the simulation of bimetallic and alloyed nanostructures.
Additionally, we have reformulated the ωMM approaches to operate in the real-time do-
main, enhancing their ability to study time-dependent optical behaviors. This work has
further extended the ωMM family of models, coupling them in a multiscale fashion with
both classical and Quantum Mechanical approaches to simulate the interactions of plas-
monic materials with both non-absorbing and absorbing environments, respectively. The
final models allow the study of phenomena such as refractive-index Localized Surface
Plasmon Resonance and Surface-Enhanced Raman Spectroscopy.
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Acronyms

Symbols

ωFQ Frequency-dependent Fluctuating Charges.

ωFQFµ Frequency-dependent Fluctuating Charges and Fluctuating Dipoles.

ωFQFµ/FQ Frequency-dependent Fluctuating Charges and Fluctuating Dipoles / Fluc-
tuating Charges.

ωMM Frequency-dependent Molecular Mechanics.

B

BEM Boundary Element Method.

C

CPKS Coupled-Perturbed Kohn-Sham.

D

DIM Discrete Interaction Model.

E

EE electron-electron.

F

FDTD Finite Difference Time Domain.

FQ Fluctuating Charges.

L

LSP Localized Surface Plasmon.

LSPR Localized Surface Plasmon Resonance.
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M

MNP Metal Nanoparticle.

N

NP nanoparticle.

P

PRF Plasmon Resonance Frequency.

PS Plasmonic System.

Q

QM Quantum Mechanics.

R

RPA Random Phase Approximation.

S

SERS Surface-Enhanced Raman Scattering.

SPP Surface Plasmon Polariton.

SPR Surface Plasmon Resonance.

T

TDDFT Time-Dependent Density Functional Theory.

TDDFTB/FQ Time-Dependent Density Functional Tight Binding / Fluctuating Charges.
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Introduction

Plasmonic materials, typically composed of noble metals such as gold, silver, and alu-
minum, have gained significant attention in recent years for their ability to support
Localized Surface Plasmon (LSP). LSPs are collective oscillations of electrons that oc-
cur at the interface between a metal nanoparticle (NP) and a dielectric medium excited
by incident light. The unique properties of plasmonic materials arise from the LSP’s
capability to generate intense localized electric fields and hot electrons within the metal
NPs, making them invaluable in a variety of advanced technological applications such
as chemical sensing, photocatalysis, and photovoltaics.1–6

A variety of factors influence the plasmonic properties harnessed for these technologies.
The choice of the material’s composition is a crucial aspect.7,8 While noble metals ex-
hibit strong resonances in the visible to near-infrared range, materials like aluminum can
resonate in the ultraviolet range. Furthermore, the morphology of the NPs, including
size and shape, significantly affects the resonance frequency and intensity of the LSPs.7

For example, spherical nanoparticles exhibit a single resonance mode, while elongated
particles, such as nanorods, can support multiple modes.9 The surrounding environment
also plays a relevant role in modulating these resonances, potentially leading to Localized
Surface Plasmon Resonance (LSPR) shift and the creation of hybrid plasmonic-molecular
states.1,2,10–12 Lastly, the architectural arrangement of plasmonic structures, such as in-
terparticle spacing and orientation, critically affects electromagnetic coupling, electron
tunneling, and the formation of hybridized plasmon modes, further modifying the optical
response.2,13

Given the complex interplay of these factors, accurate in-silico modeling of plasmonic
materials becomes essential for optimizing their functionality across various applications.
Such modeling should allow researchers to pinpoint the influence of particle shape, size,
material selection, and environmental interactions on the LSPR and its properties.
Many modeling techniques have been proposed throughout the years, ranging from fully
Quantum Mechanics (QM) to classical electromagnetic models.11,12,14–25 However, while
accuracy is needed to model the multitude of factors that influence the LSPR, low com-
putational cost is required to simulate systems spanning the wide range of dimensions of
the LSP-based technologies (ranging from a few to hundreds of nm). All these require-
ments impose a severe modeling challenge. At the onset of my Ph.D., a comprehensive
model accounting for the factors influencing the LSPR while maintaining a low compu-
tational cost was still lacking.
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This Thesis, thus, provides a general theoretical framework, capable of modeling most of
the parameters influencing the LSPR at a low computational cost. To achieve this, we
have extended a classical atomistic electromagnetic model, namely Frequency-dependent
Fluctuating Charges (ωFQ), creating a family of multiscale atomistic approaches called
Frequency-dependent Molecular Mechanics (ωMM). The ωMM approaches are tailored
to model both in time and the frequency domain the optical response of a general plas-
monic substrate, accounting for its chemical composition and the interactions with its
environment. The favorable computational scaling of the ωMM models allows to simu-
late realistic sized NPs, while the parameterization of the free ωMM parameters against
ab-initio and experimental data guarantees the models’ applicability in the quantum size
regime.
The first chapter of this Thesis briefly presents the physics of the plasmonic excitations,
highlighting their decaying mechanisms and time dynamics. This theoretical founda-
tion is essential for introducing the subsequent chapter of the Thesis, which presents
the main theoretical approaches for the simulation of the optical properties of plasmonic
substrates that were available at the start of my Ph.D. Analyzing the limitations of these
models will clarify to the reader the motivation of this thesis.
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Chapter 1

Theory

The purpose of this Chapter is to introduce the theoretical concepts that are the basis
of this Thesis. Section 1.1 will introduce the concept of plasmons in metals, i.e. a
quasiparticle connected to the collective excitations of the electrons. Section 1.2 will
quickly review the main processes with which plasmons interact with the environment
(photons and molecules), and decays (intra- and interband mechanisms). Lastly, section
1.3 will briefly overview the time dynamics of the plasmon excitations.

1.1 Plasmons

Conduction electrons within a metal can be viewed as an interacting fermion gas, which
behaves similarly to a classical plasma. Plasmas display organized or collective phe-
nomena that manifest in two primary forms: screening and collective oscillations. The
latter is associated with plasmons, which are the quanta of collective electron excitations
supported by the quantum plasma that characterizes the interacting electron system.26

Plasmons are defined when the plasmon wavelength is greater than the de Broglie wave-
length of electrons at the Fermi level. Under this condition, known as the Random Phase
Approximation (RPA), the quantum plasma exhibits collective behavior; otherwise, it is
more accurately described as a collection of free individual particles.26 The concept of
plasmons originates from the study of an interacting electron gas, which is described by
the following Hamiltonian:

Ĥel.gas =
∑
i

p2
i

2m
+

1

2

∑
i ̸=j

e2

4πε|ri − rj |
, (1.1)

where pi is the momentum of the i-th electron, m is the electron mass, ri and rj are
the positions of the i-th and j-th electrons, respectively; e is the elementary charge, and
ε is the permittivity of the medium. The first term in Eq. 1.1 represents the kinetic
energy of the electrons, while the second accounts for the Coulomb interaction between
electrons. Using the RPA27–30, the Hamiltonian can be rewritten as:

Ĥel.gas = Ĥ0
el.gas + Ĥel-el.scr + Ĥpl

el.gas + Ĥel-pl, (1.2)
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Where Ĥ0
el.gas, represents the kinetic energy of the electron gas, Ĥel-el.scr, accounts

for the screened Coulomb interaction between two electron, Ĥpl
el.gas, describes the non-

interacting plasmon gas, and Ĥel-pl, represents the electron-plasmon interaction. Each
term in Eq. 1.2 can be expressed in second quantization31.
The kinetic energy of the electron gas Ĥ0

el.gas, reads:

Ĥ0
el.gas =

∑
k

ℏ2k2

2m
c†kck, (1.3)

where ℏ is the reduced Planck constant, k is the wavevector of an electron state, c†k
and ck are the electron creation and annihilation operators, assuming a spherical and
parabolic dispersion relation.

The screened Coulomb interaction between two electrons, Ĥel-el.scr, reads:

Ĥel-el.scr =
∑
k>qc

2πe2

ε|k|
c†kλ+kc

†
kµ−kckµckλ

, (1.4)

which describes the scattering of two electrons with initial momenta kλ and kµ, and
final momenta kλ+k and kµ−k, respectively. The screening is incorporated through the
cutoff wave vector qc, which separates short- and long-range components of the Coulomb
interaction.

The the non-interacting plasmon gas Hamiltonian, Ĥpl
el.gas, reads:

Ĥpl
el.gas =

∑
k

ℏωk

(
a†kak +

1

2

)
(1.5)

where a†k and ak are the plasmon creation and annihilation operators, and ℏωk is the
plasmon energy.

The electron-plasmon interaction, Ĥel-pl, reads:

Ĥel-pl =
∑
k<qc

2πe2

ε|q|

(
c†k+qckaq + a†−qc

†
k+qck

)
, (1.6)

where the processes of plasmon absorption and emission are accounted for in the
summation.32

The plasmon Hamiltonian (Eq. 1.5) can be expressed as a function of the set of
eigenmodes associated with the current distribution resulting from the collective free
oscillations at each resonance frequency ωk of the particle electron gas.33 Mathematically,
the plasmon modes are the eigenfunctions corresponding to purely imaginary eigenvalues
of the dielectric function, whilst physically, they represent the potential associated with
self-sustained charge-density oscillations34.
Moreover, it is crucial to note that no external electric field has been included. Indeed,
the existence of collective excitations in metals is fundamentally rooted in Quantum
Field Theory.35,36 This is justified by the fact that long-range electron interactions lead
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to spontaneous symmetry breaking, specifically the breaking of the Galilei Boost.37

Consequently, due to the generalized Goldstone theorem, this implies the existence of
an elementary excitation (and its field, similar to Goldstone bosons for the standard
Goldstone theorem) with finite energy, which are indeed the plasmons.37
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1.2 Plasmons interactions

In the previous section, we introduced plasmonic excitation as a quasiparticle connected
to the collective free oscillations of the electron gas, highlighting how plasmonic oscil-
lations are inherently present in metals. In this section, we will introduce the main
mechanisms of plasmon creation/annihilation, introducing some key concepts that will
be fundamental for the Thesis.

Figure 1.1: Four mechanisms responsible for plasmon scattering and electron-hole pair
generation in metals. (A) An indirect transition facilitated by phonons, defects; (B)
Electron-electron scattering, which generates two electron-hole pairs per LSP/SPP; (C)
Landau damping, a surface collision-assisted transition; (D) Direct interband transition.
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1.2.1 Photons

The plasmon-photon coupling gives rise to dressed plasmon modes also called Surface
Plasmon Polariton (SPP).38 Indeed, the term “plasmon” (or “quasi-electrostatic plas-
monic modes”38) specifically denotes the oscillations of charge density in a free-electron
plasma, whereas “plasmon polariton” describes a quasiparticle that results from the
interaction between a plasmon and a photon from the electromagnetic field.39 When
SPP are confined to small metallic nanostructures, the collective oscillation of electrons
becomes trapped or localized, giving rise to LSP. This localization occurs when the
dimensions of the MNP are smaller than the wavelength of light.40 The effect of the
optical radiation is to shift the frequency of such collective hybrid modes with respect
to the quasi-electrostatic plasmonic modes and to open SPP creation and annihilation
channels.38

The Plasmon-Photon interaction Hamiltonian can be written as33,41:

Hpl−pt = ieℏ
√

NVp
4mVRε

∑
w

(
eptw bpta

†
w − (ϵptw )∗b†ptaw

)
(1.7)

Where i is the imaginary unit, N is the particle’s carrier density, Vp is the volume of

the metallic nanoparticle, VR the normalizing volume of the electromagnetic field, b†pt,
and bpt are the creation and annhilation operators of a photon with wavevector kpt and
polarization ept, respectively. Moreover,

eptw = CLF

∫
Vp

dr′ept · qw(r
′)eikpt·r′ (1.8)

is a factor that gives the selection rules for the interaction of light with the plasmonic
mode qw(r) which can be viewed as the amplitude of a harmonic displacement. CLF is
a local field correction factor which accounts for the difference between the microscopic
light field that couples to the plasmonic mode w and the incident macroscopic field
Apt

41.
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1.2.2 Intraband Mechanisms

Intraband mechanisms are a set of channels of plasmon annihilation that lead to the
creation of electron-hole pairs in the conduction band. These transitions are optically
forbidden since a substantial wavevector mismatch ∆k needs to be compensated.42.
There are three main mechanisms, depicted in Fig. 1.1A-C, that compensate for such
momentum mismatch, namely: phonon and defect scattering, electron-electron
scattering, and Landau damping. These mechanisms open channels for plasmon
annihilation.

Phonon and defects scattering

The wavevector change for intraband transitions can be provided by a phonon or an
impurity (defect) with wavevector k, see Fig. 1.1A.
Phonon-assisted absorption can occur through two different pathways. In the first path-
way (Fig. 1.1A), the electron initially scatters from the state (E1,k1) to a virtual state
(E1,k2), assisted by a phonon. Following this, the plasmon is absorbed, and the electron
transitions to its final state (E2,k2). In the second pathway (not shown), the electron
first absorbs the plasmon, reaching a virtual state (E2,k1). The phonon then assists
in the transition to the final state (E2,k2) providing momentum conservation. The
amplitudes of these two pathways will interfere.

This process, commonly referred to as ‘Drude’ or ‘resistive’ absorption, is usually
phenomenologically described by a viscous friction force damping the motion of free
carriers in the conduction band under the application of an electromagnetic field. The
plasmon-phonon damping rate reads:42,43

γph(ω) = ⟨τ−1
ep (E)⟩E (1.9)

Where τ−1
ep is the electron-phonon scattering rate and it is averaged in the energy E

over [EF − ℏωpl, EF + ℏωpl].

Electron-electron scattering

A notable mechanism for the decay of SPP involves electron-electron (EE) scattering42,44

(Fig. 1.1B). In this mechanism, two electrons and two holes share the energy of the
annhilated SPP. In condensed matter physics, the high density of states available for
scattering makes multi-particle processes, including electron-electron scattering-assisted
absorption of plasmons, significantly important.43 At optical frequencies, Umklapp pro-
cesses can be initialized45,46. In these processes, a photoexcited electron is promoted to
an adjacent Brillouin zone, altering the momentum conservation relation, thus opening
new decay channels for the plasmon. These processes involve the absorption of a plasmon
with energy ℏωpl and the elastic scattering of two electrons with different spins resulting
in their simultaneous transition from the initial state (E1,k1;E3,k3) to the final state
(E2,k2;E4,k4). Energy is conserved (elastic scattering), while for the momentum we
have:
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k1 + k2 − k3 − k4 = ng, (1.10)

where n is an integer and g is the reciprocal lattice vector.
The mechanism of EE scattering-assisted plasmon decay (see Fig 1.1B) can be syn-

thesized as follows:42,43 an electron (E1,k1) absorbs a plasmon quantum of energy tran-
sitioning to a virtual state (E1+ℏωpl,k1). Umklapp EE scattering between this electron
in the virtual state and another electron (E3,k3) in the conduction band leads to the
final state (E2,k2;E4,k4). There are four distinct interfering pathways for such pro-
cesses, obtained by permuting the order of the particles excited and of the interactions
occurring.

The EE scattering-assisted SPP damping rate is expressed as42,47

γee(ω) =
1

τee(ω)
FU (ω), (1.11)

where the EE scattering rate is approximated as47

τee(ω)
−1 ≈ π

24

EF

ℏ

(
ℏω
EF

)2

, (1.12)

and FU (ω) represents the fraction of total EE scattering events that are Umklapp
processes.

Surface-assisted scattering (Landau damping)

Another plasmonic decay channel, particularly relevant for LSPs (Figure 1.1C) is de-
scribed classically as surface collision-assisted decay48,49, or in quantum terms as Landau
damping (LD)50,51. Classically, when an electron collides with the surface, momentum
can be transferred between the electron and the entire metal lattice, as during collisions
with phonons or defects. This relaxes the momentum conservation rules, and the surface
collision rate can be introduced as52

γsc ∼
vF
d

(1.13)

where d is the nanoparticle size.
Quantum mechanically, the plasmon annihilation is the result of the optical field’s spatial
localization and discontinuity at the surface of the nanoparticle. As the field is localized,
its Fourier transform contains spectral components, some exceeding ∆k = ω

vF
, where vF

is the Fermi velocity. These spectral components enable momentum matching, allowing
LSP annihilation without phonon or defect assistance.42,43,51
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1.2.3 Interband Mechanisms

When the plasmon energies are comparable to the threshold for interband electron-hole
pair production, plasmon-mediated vertical single-electron interband transitions become
possible.43,53–55 Such a mechanism is particularly relevant for noble metals where a single
electron transition from the inner (4d or 5d) to the outer (5s or 6s) is excited (See Fig.
1.1D). The energy gap between the d shell and the Fermi level in the s shell, denoted as
Eds, is approximately 2 eV for Au and 3 eV for Ag.39,43
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1.2.4 Molecule-Plasmon Interactions

When a molecule is placed near a plasmonic substrate, a plethora of possible plasmon-
molecule interactions arise.56,57 The dynamics of such interactions is highly influenced
by the electronic structure of the molecule. When the energy of the LSP is far from that
of molecular transitions, the result is a refractive index-induced shift in the plasmon
resonance.12,56 However, when molecules display significant light absorption near the
LSPR, there is a strong resonant plasmon-molecule interaction that might even lead to
the formation of hybridized states.12,56

In our discussion, we limit to account for the Plasmon-Molecule interaction Hamiltonian
at the electric-dipole level of approximation, which can be written as:41,58

Hpl−mol = −µ ·ELSP (r) =
∑
w

e

ε

√
ℏNVp
2mωw

(
a†w + aw

)
µ ·Gw(r) (1.14)

where ωw is the frequency of the w-th plasmonic mode, ELSP (r) is the electric field
generated by the plasmonic nanostructure, µ is the dipole moment of the molecule, and:

Gw(r) = CLF∇r

∫
Vp

dr′qw

(
r′
)
· ∇r′G0

(
r, r′

)
(1.15)

Where G0 (r, r
′) is a Green function that gives the field distribution outside the plas-

monic nanoparticle, and CLF is a local field correction factor defined in Sec. 1.2.1
Within the scope of this Thesis, Plasmon-Enhanced Molecular Spectroscopies such as
Surface-Enhanced Raman Scattering (SERS) play a crucial role. SERS i.e., the huge
Raman signal enhancement that a chromophore exhibits in the proximity of a plasmonic
substrate is usually explained through two mechanisms: the Electromagnetic Enhance-
ment Mechanism (EM), which originates from the interaction of the target molecule
with the strong local field arising from the SPR induced on the PS, and the Chemical
Enhancement Mechanism (CM) considered to be caused by the electron transfer between
the PS and the target molecule.59,60 The Hamiltonian in Eq. 1.14 has been proven to be
sufficient to describe (EM) effects arising in plasmon-enhanced molecular spectroscopies
such as SERS.40,61 For this reason, in this Thesis, this approximation will be employed.
Nevertheless, it is worth mentioning that the Molecule-Plasmon interaction Hamilto-
nian considered in this work (Eq. 1.14) does not account for further effects that arise
in the metal–molecule interface and that require further modeling. For example, begin-
ning with the charge-transfer phenomena that can occur between the metal substrate
and the molecule, also leading to CM in SERS.62 Moreover, plasmon-induced molecu-
lar excitation can lead to the desorption of the molecule or molecular dissociation, or
adsorbates can alter the surface resistivity of metal substrates by causing scattering of
metal electrons from adsorbate resonance states that are situated near the metal’s Fermi
level.57 Furthermore, plasmons may decay non-radiatively by populating the resonance
states, which are close to the metal Fermi level, leading to a reduction in the lifetime
of plasmonic resonances and potentially exciting the adsorbate either vibrationally or
electronically.57
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1.3 Time evolution of plasmonic excitations

In this section, we will briefly review the lifecycle of a plasmon in a metal after its
excitation. As for any excited state, the plasmon will eventually decay, through the
mechanisms we just discussed. Thus, the Surface Plasmon Resonance (SPR) bandwidth
is related to the dephasing time of coherent electron oscillations:12,63

Γ = Γrad(ω) + Γnr(ω) (1.16)

The SPR linewidth includes both radiative (Γr) and non-radiative (Γnr) components.
Radiative decay corresponds to elastically scattered light and it is strongly dependent
on the incident frequency, whilst non-radiative decay encompasses the other plasmon
relaxation processes:12,61,64

Γnr = γph + γe−e + γsc + γib + γenv (1.17)

Where γph, γe−e, γsc, γib, and γenv are the plasmon-phonon, electron-electron, surface-
assisted, interband-assisted, and plasmon-environment damping rates respectively.
To model the LSPR time dynamics, we will first introduce the Drude Theory of con-
duction and then move towards a formalization of the phenomenon through a quantum
mechanical treatment.

1.3.1 The Drude Theory

Developed by Paul Drude in 1900, it is a seminal classical approach that describes the
behavior of free electron gas in metallic systems, and it is still a cornerstone of plasmonic
theory.

The Drude model is based on the following assumptions:

1. Metals are modeled as a collection of free electrons (also called a free electron gas)
that move independently of each other under the influence of an electric field.

2. Electrons experience collisions with a characteristic average time between colli-
sions, denoted by τ , which is constant.

3. Interband excitation mechanisms are neglected;

In the presence of an electric field E(t), the equation of motion for a single electron
of charge −e and mass m is given by:

m
dv

dt
= −eE(t)− mv

τ
(1.18)

Here, the second term represents the damping due to collisions with the lattice ions,
where τ = Γ−1 is the average time between collisions (relaxation time), and Γ is a viscous
friction coefficient. The solution to this differential equation decays exponentially in
time, with a rate Γ which is connected to the free-electron scattering events.
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A key result of the Drude model is the expression for the frequency-dependent dielectric
function ε(ω), which is given by:

ε(ω) = ε∞ −
ω2
p

ω(ω + iΓ)
(1.19)

where:

• ε∞ is the high-frequency dielectric constant (accounting for bound electrons),

• ωp =
√

ne2

mε0
is the plasma frequency, which characterizes the natural oscillation

of the free electron gas, with n being the electron density,

• Γ = 1
τ is the damping rate.

1.3.2 The Quantum Theory

The dynamics of a plasmonic system can be recast in the framework of open quantum
systems.65 The plasmonic Hamiltonian possesses a set of eigenstates that can mix, de-
phase, and decay due to the interaction with an external environment. The dynamics
of the plasmonic open system S can be described by means of a quantum Markovian
master equation in the Lindblad form:65–68

∂ρS(t)

∂t
= − i

ℏ

[
H, ρS(t)

]
−D[ρS(t)] (1.20)

Where ρS(t) is the reduced density matrix of the plasmonic system S, and D[ρS(t)]
is a dissipator that describes the influence of the environment on the system’s state.

The plasmonic system S can be considered as a sum of Sl of independent, open
subsystems:

S =
∑
l=1

Sl (1.21)

Each subsystem Sl is a two-level system, and the dynamics of the system S result from
the independent dynamics of the systems Sl and are governed by the Lindblad equation
Eq. 1.20:65

ρS(t) =
∑
l

ρSl(t) (1.22)

Considering radiative and non-radiative processes, one can write the following master
equation:65

∂ρSl(t)

∂t
= − i

ℏ

[
H, ρSl

]
− 1

2
(Γr

l + Γnr
l ) ·

(
a†l al + ρSla†l al −−2alρ

Sla†l

)
(1.23)

Where a†l and al are the plasmon creator and annihilation operators previously de-
fined, and Γr

l and Γnr
l are the spontaneous radiative and non-radiative rates of the l−th
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mode, respectively. Such rates are connected to the interaction Hamiltonians defined in
the previous section. Analogously to the classical Drude model, also the quantum theory
predicts that the population of the plasmonic oscillatory states is damped exponentially
with a rate that is connected to the plasmonic annihilation events:

Γpop = Γr + Γnr (1.24)

Of course, differently from the classical theory, this quantum theory also predicts the
plasmonic dephasing rate.
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In this chapter, we have reviewed the fundamental aspects of plasmonic oscillations
in metals. We first introduced the concept of ‘quasi-electrostatic plasmon‘ modes, which
are the self-sustained charge-density oscillations in metals, and that are well-defined
within the RPA. Next, we introduced the main mechanisms of plasmon creation and an-
nihilation, highlighting how the coupling with the optical radiation generates a dressed-
plasmon mode, called SPP or LSP when the dimension of the MNP are smaller than the
wavelength of light. We have also discussed both the intraband and interband plasmon
damping mechanisms, as well as the interaction of a plasmonic mode with an external
molecule. Lastly, we have briefly reviewed the plasmon temporal dynamics showing how
both the phenomenological Drude model and a more accurate open quantum system ap-
proach predict an exponential damping of the excitations. The decay rate is connected
to the mechanisms of plasmon annihilation.
In the next chapter, we will focus on the computational modelling of plasmonic excita-
tions and substrates.
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Chapter 2

Computational modelling of
plasmonic systems

The purpose of this Chapter is to introduce the reader to the main challenges of the
computational modeling of plasmonic materials, specifically at the beginning of my PhD.
Section 2.1 briefly reviews what Plasmonic System (PS) are, what they are used for, and
why their computational modeling is so relevant. Next, we briefly review the models for
the simulation of the optical properties of PS based on quantum mechanical (Section
2.2) and classical electromagnetic models (Section 2.3). Within this framework, we will
dedicate the entire section 2.4 to the description of the classical ωFQ model, which is
the basement on top of which I built the contributions reported in this Thesis, and that
are briefly reviewed in section 2.5.

2.1 Plasmonic Systems

Plasmonic systems are materials that sustain a LSP. Classic examples of such materials
include nanoparticles of noble metals like silver and gold,69 though more recent inter-
est has grown in materials such as graphene,70,71 semiconductors,72,73 and refractory
materials.74 The plasmonic properties of a PS depend heavily on a variety of factors,
each playing a unique role.2,12 First, the material composition determines the resonance
wavelength; for example, gold nanoparticles resonate in the visible range, while gold-
silver alloys show a blue-shift of the LSPR.8 Secondly, the morphology, i.e. the size and
shape of the NP, also significantly influences the resonance frequency and intensity of the
LSP. While spherical NPs exhibit a single resonance mode, rod-shaped particles show
multiple modes.9 The environment around the plasmonic material greatly impacts the
resonance, shifting the LSPR or creating hybrid plasmonic-molecular states.2,12 Lastly,
the architecture of the PS plays a crucial role. Indeed, depending on the number of NPs
forming the PS, the interparticle spacing and orientation in such assemblies critically
determine the electromagnetic coupling and can produce hybridized plasmon modes,
further modifying the optical response.2
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PS have a broad range of applications across various fields.75,76 One prominent appli-
cation is in chemical and biological sensing, where their high sensitivity to environmental
changes makes them ideal for use in LSP biosensors.2,77–81 These sensors detect molecular
binding events on the sensor surface by measuring shifts in the LSPR due to the change of
its surrounding refractive index, allowing for highly precise detection of biomolecules82.
In spectroscopy, plasmonic materials are the substrate for Surface-Enhanced Raman
Spectroscopy (SERS), where their localized field enhancements amplify Raman signals
from surface-bound molecules, enabling the detection of trace amounts of chemicals and
biomarkers.83–86 Additionally, plasmonic nanoparticles play an important role in en-
hancing light absorption in photovoltaic cells by scattering and trapping light within the
active layer, thus increasing overall efficiency.6,87

For all these reasons, accurate modeling of plasmonic materials is essential for design-
ing and optimizing these systems to enhance their functionality in diverse applications.88

Given the complex interactions between light and nanoscale materials, predicting the be-
havior of plasmonic materials without computational models is challenging. Modeling
allows researchers to optimize the optical responses of these materials by simulating
how various factors—such as particle shape, size, material selection, and environmen-
tal influences—affect the localized surface plasmon resonance. Furthermore, accurate
modeling reduces experimental costs by enabling pre-experimental predictions that can
narrow down feasible designs, reducing the need for extensive physical testing. This
predictive capacity is crucial for applications requiring highly specific configurations,
e.g. for SERS. Modeling thus serves as a cornerstone for the development of advanced
plasmonic technologies, enabling the engineering of more efficient, application-specific,
and cost-effective plasmonic systems.19

The following section introduces the main theoretical approaches for simulating the
optical response of PS.
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2.2 Quantum Mechanical Models

A potential strategy to simulate the optical properties of PS, involves utilizing ab initio
methods via quantum techniques.19 Among the various approaches, Time-Dependent
Density Functional Theory (TDDFT) in its linear response (LR)-TDDFT approximation
is commonly used.89,90 (LR)-TDDFT is based on the Casida formalism and the excitation
spectrum ω is derived by solving the following eigenvalue equation:[

A B
B∗ A∗

] [
X
Y

]
= ω

[
1 0
0 −1

] [
X
Y

]
(2.1)

where Xia = P
(1)
ia , and Yia = P

(1)
ai are the coefficients of the first order expansion of

the system’s density evaluated on the basis of the virtual a, b and occupied i, j Kohn-
Sham (KS) molecular orbitals (MOs), while the matrices read:

Aai,bj = (εa − εi)δabδij +Kai,bj

Bai,bj = Kai,jb

(2.2)

Where ε are orbital energies, and K is the coupling matrix in the adiabatic approxima-
tion, defined as:91

Kpq,rs =

∫
drdr′ψ∗

p(r)ψq(r)

(
1

|r− r′|
+

δ2Exc

δρ(r)δρ(r′)

)
ψ∗
s(r

′)ψr(r
′), (2.3)

where Exc is the total exchange-correlation functional. It is important to note that
TDDFT usually disregards retardation effects, though some strategies have been in-
troduced to incorporate them.92 Additionally, these methods are typically limited to
handling relatively small systems, and in recent years, significant efforts have been ded-
icated to creating approximate TDDFT-based methods capable of simulating larger PS
systems.19 These advancements include simplified versions of the Casida equation like
PolTDDFT,14,15 minimal auxiliary basis sets (TDDFT-as),93 real-time TDDFT (RT-
TDDFT),16–18 as well as tight-binding methodologies such as TDDFT+TB94–96 and
TDDFTB.97,98

TDDFT has proven to be the workhorse to accurately study the plasmonic response of
small metal clusters, due to its ability to integrate quantum effects within the plasmonic
response.11,16–19,99–101 However, the high accuracy of TDDFT comes at a large compu-
tational cost, thus limiting its applicability to small PS systems, which typically consist
of around a thousand atoms and measure less than 5 nm in size.102

To go beyond this limitation, which hinders the applicability of TDDFT in a predictive
manner for realistic-sized PS, classical models can be invoked.
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2.3 Classical Models

Classical models are widely employed to simulate the optical properties of PS materi-
als.12,20–25 Classical models do not explicitly consider the quantum nature of the sub-
strate and can be divided in two main classes: continuum models, and atomistic models.
Continuum models describe the plasmonic substrate as a dielectric medium, endowed
with a complex permittivity ϵ(ω). Example of such models are the Mie theory, Finite
Difference Time Domain (FDTD), and Boundary Element Method (BEM).
Mie theory describes the optical properties of homogeneous spherical particles in a non-
absorbing medium, based on Maxwell’s equations and the multipole expansion of electro-
magnetic fields. The incident and internal fields are expanded in regular multipole fields
within the particle, while the external scattered field is expanded in outgoing spherical
waves. The boundary conditions at the particle’s surface allow for the determination
of unknown coefficients and the particle’s optical response.12,103,104 Although widely
adopted to study plasmonic NP, Mie’s theory cannot be applied to complex shapes or
assemblies, and other models need to be invoked.12

FDTD involves numerically integrating Maxwell’s equations in the time domain within a
finite space containing an object of arbitrary geometry and composition. The PS geome-
try is discretized using a grid mesh (Yee cells), and the space and time derivatives of the
electric and magnetic fields are approximated by a finite-difference scheme to minimize
computational errors and ensure stability.12,105 FDTD is a very flexible and versatile
approach and has been extensively used to study PS.21,22,106

The BEM models the PS response to the external electromagnetic field through charges
distributed on the particle’s surface and interfaces.107–110 By enforcing boundary con-
ditions, surface-integral equations are derived and solved numerically after discretizing
the surface into representative tesserae. BEM’s primary advantages include low compu-
tational and storage demands, making it suitable for simulating complex non-spherical
nanoparticles that other methods may struggle to handle.12 BEM had been widely em-
ployed and extended to simulate complex tasks, such as real-time dynamics111, quantum-
tunneling in nanojunctions112, quantum-cavity molecular-coupling113, and more.
Nevertheless, the lack of atomistic detail, hinders the possibility of BEM, but in general
of all continuum models, to properly handle systems with atomically defined features,
such as complex multimetallic-systems.
To solve this issue, atomistic classical models can be used. In this case, each atom of the
substrate is considered and usually is endowed with a polarizable multipolar expansion
(charges, dipoles, ...).23–25 Such quantities interact with the external optical field and
their response is tailored to mimic the plasmonic resonance.
Within this class of models fall the family of Discrete Interaction Model (DIM)23,114,115

and the ωFQ24, which is crucial to this Thesis and thus will be discussed separately in
the next section.
The DIM family of models, attributes a frequency-dependent polarizability and/or ca-
pacity to each atom, with these parameters obtained through accurate ab initio calcu-
lations114.

32



The starting point of the DIM is its Lagrangian:25

L[{µ, q}, λ] =E[{µ, q}]− λ

(
qtot −

N∑
i

qi

)

=
1

2

N∑
i

qic
−1
ii qi +

1

2

N∑
i

N∑
j ̸=i

qiT
(0)
ij qj

+
1

2

N∑
i

µiα
−1
ii µi −

1

2

N∑
i

N∑
j ̸=i

µiT
(2)
ij µj

+
N∑
i

qiV
ext −

N∑
i

µiE
ext

−
N∑
i

N∑
j ̸=i

µiT
(1)
ij qj − λ

(
qtot −

N∑
i

qi

)

(2.4)

Where, qi is the fluctuating charge associated with the i-th atom, µi represents the
fluctuating dipole assigned to the i-th atom, cii denotes the self-interaction tensor of

the i-th charge, aii indicates the self-interaction tensor of the i-th dipole, while T
(0)
ij ,

T
(1)
ij , and T

(2)
ij refer to the electrostatic interaction tensors. Additionally, Vext is the

external scalar potential, Eext is the external electric field that is time-independent, qtot
represents the total charge of the nanoparticle, l is the Lagrangian multiplier, and N
signifies the total number of atoms.
Minimizing Eq. 2.4 with respect to the charges yields a set of linear equations, which can
be solved to determine the atomic charges and dipoles. The NP polarizability is then
obtained from the sum of the atomic polarizabilities, and the PS optical properties can
thus be derived.116 The DIM is a pioneering family of models that had been enlarged to
account for several phenomena influencing the plasmonic response of metal NPs. These
advancements include accounting for the effect of an external environment adding a
classical (cd-DIM)117–119 or QM (QM/DIM) type of coupling120–123; accounting for the
size effects of quantum-sized NPs (ex-DIM)118.
In the next sections, I will introduce the ωFQ classical atomistic electromagnetic model,
which serves as the foundation for the further developments I pursued during my thesis,
briefly mentioning the key differences with respect to the DIM model.
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2.4 Frequency-dependent Fluctuating Charges force field
(ωFQ)

The ωFQ model is a classical atomistic approach used to describe how nanostructured
materials respond to an external oscillating electric field, denoted as Eext(t). Each atom
within the plasmonic substrate is represented by a fluctuating charge qp, which responds
to the external perturbation. Given our focus on the surface plasmonic resonance phe-
nomenon, the charges qp are treated as time-dependent variables and represent the plas-
monic density. Assuming that our plasmonic substrate behaves as a closed system, and
by applying the microscopic continuity equation, an equation of motion for the charges
can be derived, expressed as:24

dqp
dt

=
∑
q

Apq

(
nq⟨p⟩pq · l̂qp − np⟨p⟩pq · l̂pq

)
(2.5)

where np denotes the effective electron density at each atom site, and ⟨p⟩pq is the mo-
mentum of an electron averaged across all trajectories connecting atoms p and q. Here,
l̂pq = −l̂qp is the unit vector that links atoms p and q. The term Apq represents an
effective area that regulates the charge exchange between these atoms. Eq. 2.5 is based
on the assumption that the total charge remains constant, while any charge fluctuations
at atom p correspond to charge inflow or outflow with respect to other atoms in the
system.

In the original ωFQ model formulation, it is assumed that the system is chemically
homogeneous. Hence, we can express np = nq = n0, where n0 represents the unperturbed
effective electron density for each atom. This simplifies Eq. 2.5 to:

dqp
dt

= 2n0
∑
q

Apq⟨p⟩pq · l̂qp (2.6)

A fundamental aspect of the ωFQ model is its depiction of the charge redistribution
mechanism between atoms based on the Drude model of conductivity, expressed by the
following equation:124

dpp

dt
= Ep(t)−

pp

τ
, (2.7)

Where pp is the momentum of the electron associated with atom p, τ represents the
relaxation time associated with scattering events, and Ep(t) denotes the total electric
field acting on the p−th atomic site.

Assuming the external electromagnetic field is monochromatic and oscillates with
frequency ω, we can reformulate eq. (2.5) and eq. (2.7) in the frequency domain to
obtain:24

−iωqp(ω) = 2n0
∑
q

Apq
⟨E(ω)⟩pq · l̂qp
1/τ − iω

. (2.8)

To finalize the ωFQ equation, we incorporate two modifications. First, we rewrite the
total electric field averaged over the trajectories connecting p and q, in terms of the
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atomic properties of the system. This is done by assuming that

⟨E(ω)⟩ · l̂qp ≈
µelq − µelp
lpq

, (2.9)

where lpq is the distance between atoms p and q, and µelp is the electrochemical potential
of atom p, given by:

µelp =
∑
r

T qq
pr qr(ω) + V ext

p . (2.10)

Where T qq
pr is a charge-charge interaction kernel, and V ext

p is the external electrostatic
potential on the p−th site.

Secondly, to prevent unphysical charge transfer between atoms that are too distant
from one another, each term in Eq. 2.8 is weighted by a factor of 1− f(lpq), where f is
a Fermi-like damping function dependent solely on the interatomic distance, defined as:

f(lpq) =
1

1 + exp
[
−d
(

lpq
s·l0pq

− 1
)] , (2.11)

with l0pq being the equilibrium distance between atoms p and q in the bulk material, and
d and s are parameters that determine the inflection point and steepness of the curve.

By integrating these two modifications, we can express the final working equation of
the ωFQ model as:

∑
q

[∑
r

Kpr(ω)(T
qq
qr − T qq

pr ) + iωδpq

]
qq(ω) =

∑
q

(V ext
p − V ext

q )Kpq(ω), (2.12)

where we define the so-called Drude-tunneling matrix as:

Kpq(ω) =
2n0

1/τ − iω

Apq[1− f(lpq)]

lpq
, p ̸= r, (2.13)

with the diagonal elements being zero. The inclusion of the Fermi damping function
in eq. (2.13) provides a phenomenological description of quantum tunneling for small
interatomic distances lpq.

Eq. 2.12 can be recast in matrix form as:

Aqq(ω) · q(ω) = f ext(ω) (2.14)

Solving the system in eq. (2.14) allows to obtain a set of complex-valued charges
q(ω) that illustrate the plasmonic substrate’s response to the incoming monochromatic
radiation field at frequency ω. From these charges, we can compute the complex-valued
frequency-dependent polarizability as:

αγβ(ω) =
∑
p

qγp (ω)βp γ, β = x, y, z, (2.15)
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where the external optical field is linearly polarized along direction γ, and βp represents
the β component of the Cartesian position of atom p. Consequently, the absorption
cross-section can be calculated as:

σabs(ω) =
4π

3c
ω tr [Im {α(ω)}] , (2.16)

where c denotes the speed of light, and tr[Im {α(ω)}] is the trace of the imaginary com-
ponent of the system’s polarizability.

It is now useful to quickly address the differences between the ωFQ and the DIM models.
In both cases, each atom within the nanostructure is assigned a multipolar expansion
charge (ωFQ) and/or dipole moment (DIM) to represent the oscillating electronic den-
sity of the plasmonic system in response to an external electric field. Despite their
structural similarities, these two model families differ in their theoretical foundations
and applicable contexts:

• The ωFQ model is based on the Drude model of conduction124 and classical elec-
trodynamics. This endows the ωFQ model with a deep physical meaning since
the charges are subjected to a viscous-like friction force, connected directly to the
intraband plasmon damping mechanisms. In contrast, the DIM incorporates the
plasmonic characteristics of the substrate through a phenomenological framework
that utilizes frequency-dependent atomic parameters (such as capacitance and po-
larizability, particularly in its advanced form, the CPIM).23,114

• The ωFQ model accounts for quantum tunneling effects between adjacent nanopar-
ticles by exponentially modifying Drude conductance based on the distances be-
tween atoms. This consideration is especially significant for nanoaggregates and
nanojunctions, where plasmonic hot spots are formed24. Recently, the DIM has
been adapted to describe the surface effects of nanoparticles within the quantum-
size regime, utilizing a set of coordination-dependent parameters117–119.

• The ωFQ model stands out as the only atomistic classical approach that can ac-
curately describe graphene plasmonics by rewriting its working equation (Eq. 2.6)
in terms of essential physical parameters like Fermi energy, relaxation time, and
two-dimensional electron density125–127. Notably, the ωFQ model can effectively
reproduce experimental data for realistic structures with complex geometries con-
sisting of hundreds of nanometers in size (over 1 million atoms).
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2.5 My contributions

Each of the methods presented in the previous sections has its advantages, limitations,
and specific range of applicability. The absence, at the onset of my Ph.D., of a unified
model that could be adaptable to study various systems is the core motivation behind
this Thesis. Indeed, the scientific literature was still lacking a model that would be:
(1) atomistic, (2) composition-dependent, (3) formulated both in time and frequency
domains, (4) capable of including quantum effects, such as electron tunneling (crucial in
nanojunctions), (5) capable of accounting for environmental effects depending whether
the environment is absorbing or non-absorbing; while (6) keeping an affordable com-
putational cost. Thus, the central focus of this work had been to develop a family of
computational models, based on the classical atomistic electromagnetic model ωFQ, and
capable of fulfilling the aforementioned requirements.
At the outset of my PhD, the ωFQ model had recently been introduced to simulate
the optical properties of sodium nanoparticles with subnanometer gaps.24,128 ωFQ had
also been extended to 2D materials,125 and employed to study graphene substrates.126

However, as stated in the previous section, ωFQ is limited to Drude-like homogeneous
plasmonic materials and does not account for any interaction of the plasmon with its sur-
rounding environment. Throughout my PhD, I thus contributed to extending the ωFQ
model into a more general framework of a family of atomistic electromagnetic models,
namely ωMM. The contributions of this Thesis to this research field are as follows:

• Extension to d-metals: The original formulation of the ωFQ model aimed to
simulate metal nanoparticles in a frequency range where interband transitions can
be ignored. The ωFQ method is extended into the ωFQFµ method to describe
materials containing d-electrons. [Paper I]

• Extension to complex metallic chemical compositions: The standard for-
mulation of ωFQ and ωFQFµ was at first limited to homogeneous systems. Thanks
to their atomistic nature, the models are extended to account for variations in the
chemical composition of the plasmonic material. [Paper II]

• Real-time dynamics: The ωMM models are reformulated in the time-domain to
study the real-time dynamics of plasmonic excitation in noble metal nanoparticles.
[Paper III]

• Interaction with the environment: In the framework of plasmon-molecule
interactions, the family of ωMM models are coupled with both classical and QM
models to simulate refractive-index induced PRF shifts [Paper IV] and SERS
[Paper V] respectively.
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Chapter 3

Overview of attached publications

In the ωFQ model, intraband transitions are modeled through the Drude model of free
electrons. However, ωFQ cannot adequately describe interband transitions that occur
between a fully occupied band (e.g., formed by the d orbitals of the metal) and a par-
tially empty band (e.g., formed by s, p orbitals). To fill this gap, in [Paper I] we
extend the ωFQ model, introducing the possibility of excitation of interband transi-
tions. This is achieved by partitioning the experimental frequency-dependent permittiv-
ity into two components: the Drude contribution and the intraband contribution. The
Drude contribution is modeled using the ωFQ method with a set of charges assigned
to each atom of the plasmonic substrate, while the intraband contribution defines a
set of atomic frequency-dependent electric dipoles via an interband polarizability. The
resulting Frequency-dependent Fluctuating Charges and Fluctuating Dipoles (ωFQFµ)
method is thus applicable to d-metal nanoparticles, allowing for the decomposition of
intraband and interband contributions to the plasmonic densities. Notably, this method
can replicate the results of TDDFT calculations and capture all typical ”quantum” size
effects, including the sign and magnitude of the plasmon shift and the gradual loss of
the plasmon resonance in gold.

In [Paper II] we further extend ωFQFµ generalizing the working equations to mul-
timetallic systems. To this end, we propose an empirical formula for the interband
polarizability of bimetallic systems, based on applying the harmonic mean of the ho-
mogeneous interband polarizabilities weighted by the chemical composition of the local
environment of each atom. This method has been parametrized using ab initio calcu-
lations and validated against experimental data, demonstrating both its accuracy and
versatility in simulating silver-gold alloyed nanoparticles.

In [Paper III], we recast the ωMM class of models in the real-time domain. This
is achieved by applying a Fourier anti-transform to the working equations of the ωFQ
and ωFQFµ models and approximating the interband polarizability as a sum of Drude-
Lorentz oscillators (DL). The obtained time-dependent equations of motion of metal
charges and dipoles are then solved with a second-order velocity Verlet algorithm. In-
corporating real-time dynamics extends the capabilities of the ωMM class of models, pro-
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viding a framework for studying the time-dependent optical behavior of metal nanopar-
ticles.

In [Paper IV], we tackle the problem of the interaction of the PS with a non-
absorbing environment, in particular focusing on colloidal plasmonic NPs. To model such
systems, we couple ωFQFµ, to the classical Fluctuating Charges (FQ) model. The re-
sulting Frequency-dependent Fluctuating Charges and Fluctuating Dipoles / Fluctuating
Charges (ωFQFµ/FQ) approach incorporates interactions between the radiation, the NP,
and surrounding solvent molecules, considering the mutual effects between the plasmonic
substrate and the solvent. The ωFQFµ/FQ method is validated against reference Time-
Dependent Density Functional Tight Binding / Fluctuating Charges (TDDFTB/FQ)
calculations, showing excellent accuracy, especially in predicting shifts in plasmon reso-
nance frequencies for structures smaller than the quantum-size limit.

In [Paper V], we further extend the treatment of environmental effects considering
the interaction of a PS with an absorbing environment. This is achieved by coupling the
ωMM class of models with a QM Hamiltonian, for the simulation of SERS. In this work,
the electric polarizability of the QM region is computed by solving the modified Coupled-
Perturbed Kohn-Sham (CPKS) equations, including the local field operator linked to the
plasmonic substrate. Following this, the SERS signal is obtained by numerically differ-
entiating the electric polarizability with respect to the normal mode coordinates of the
QM region. The resulting QM/ωFQ and QM/ωFQFµ methods are applied to simulate
SERS spectra for pyridine and methotrexate adsorbed on different PS, highlighting how
the atomistic structure and chemical nature of the plasmonic substrate are critical in de-
termining the enhancement factors. Additionally, simulated spectra are compared with
experimental data.
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Chapter 4

Attached publications

I. Do We Really Need Quantum
Mechanics to Describe Plasmonic
Properties of Metal
Nanostructures?

41



Do We Really Need Quantum Mechanics to Describe Plasmonic
Properties of Metal Nanostructures?
Tommaso Giovannini,* Luca Bonatti, Piero Lafiosca, Luca Nicoli, Matteo Castagnola,
Pablo Grobas Illobre, Stefano Corni, and Chiara Cappelli*

Cite This: ACS Photonics 2022, 9, 3025−3034 Read Online

ACCESS Metrics & More Article Recommendations *sı Supporting Information

ABSTRACT: Optical properties of metal nanostructures are the basis of
several scientific and technological applications. When the nanostructure
characteristic size is of the order of few nm or less, it is generally accepted
that only a description that explicitly describes electrons by quantum
mechanics can reproduce faithfully its optical response. For example, the
plasmon resonance shift upon shrinking the nanostructure size (red-shift
for simple metals, blue-shift for d-metals such as gold and silver) is
universally accepted to originate from the quantum nature of the system.
Here we show instead that an atomistic approach based on classical
physics, ωFQFμ (frequency dependent fluctuating charges and
fluctuating dipoles), is able to reproduce all the typical “quantum” size
effects, such as the sign and the magnitude of the plasmon shift, the
progressive loss of the plasmon resonance for gold, the atomistically
detailed features in the induced electron density, and the non local effects in the nanoparticle response. To support our findings, we
compare the ωFQFμ results for Ag and Au with literature time-dependent DFT simulations, showing the capability of fully classical
physics to reproduce these TDDFT results. Only electron tunneling between nanostructures emerges as a genuine quantum
mechanical effect, that we had to include in the model by an ad hoc term.
KEYWORDS: atomistic, interband, gold, silver, tunneling, field enhancement

1. INTRODUCTION
The recent progress in nanoscience has allowed to
experimentally reach the atomistic detail in the geometrical
arrangement of metal nanoaggregates.1−5 This has paved the
way for many technological applications, including the creation
of local hot-spots featuring enormously enhanced electric field,
that has allowed single molecule detection, and even
submolecular resolutions, when coupled to surface enhanced
spectral techniques.6−13 A deep understanding of the
peculiarities of these structures may benefit of an unavoidable
interplaying between theory and experiments. At subnano-
metric scales such as for atomistically defined needles/tips,
quantum effects play an important role in the plasmonic
response and therefore need to be considered.14−23 As a result,
a unified theoretical approach to describe the plasmonic
properties of metal nanoaggregates under different regimes
needs to consistently take into account the physical
phenomena underlying the quantum and classical re-
sponse.19,24,25

Large-size nanoparticles are typically described by means of
classical electrodynamics, such as the Mie theory,26 the
Discrete Dipole Approximation (DDA),27 the electromagnetic
Finite Difference Time Domain (FDTD),28 or the Boundary
Element Method (BEM).29−34

Nonlocal corrections can be considered by exploiting
spatially dependent dielectric function based models35 or
hydrodynamic models,36−38 which are also able to account for
the electron spill-out effect that determines the near-field
generated in plasmonic hot-spots of d-metals.39−41 However,
these models substantially discard atomistic details, which
could become relevant when studying surface-assisted
spectroscopic properties.42 It is also worth noting that electron
spill-out and nonlocal effects can effectively be treated by
means of surface response functions, which would need to be
specified for different surface planes.43,44 Limitations of these
approaches for nanoparticles have recently been discussed.45 In
this context, ab initio modeling, at the Time-Dependent
Density Functional Theory (TDDFT) level, is still considered
the most accurate approach to deal with these effects;46−50

however, it can only treat relatively small metal nanoparticles
(NP; with diameter < 5 nm); therefore, real-size systems
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cannot be afforded due to the prohibitively large computa-
tional cost. Such a situation naturally leads to the conclusion
that an explicit quantum mechanical treatment of electrons,
such as DFT and TDDFT, is mandatory to provide a realistic
picture of plasmonic phenomena in this size regime. Such a
conclusion is not really challenged by the existing classical
atomistic approaches to nanoplasmonics,51−57 that, while
delivering accurate results, are based on fitting very general
classical response expressions on TDDFT calculations,
retaining therefore the physical basis of the latter.

In this paper, we explore whether a classical atomistic
method based on essentially classical ingredients (Drude
conduction mechanism and classical polarizabilities to
reproduce interband polarization) can reproduce the optical
response of complex plasmonic nanostructures. To this goal,
we propose a physically robust approach to describe the
plasmonic properties of sizable metal nanoaggregates charac-
terized by the presence of interband transitions. Together with
collective electronic excitations, they determine the plasmonic
response of noble metal nanoparticles. The model is based on
the recently developed ωFQ method,32,58−61 in which each
metal atom is endowed with a net charge, which varies as a
response of the external electric field. The charge-exchange
between atoms is governed by the Drude mechanism. As an
element of mere quantum mechanical origin that we found
essential to add to our classical atomistic picture, the Drude
charge exchange is modulated by quantum tunneling, which
guarantees a correct description of the optical response for
subnanometric junctions.15,16,18,20,22,58,62,63 Although the
method has been successfully applied to sodium nanostruc-
tures and graphene-based materials,58,59 the basic formulation
of ωFQ overlooks interband contributions, thus, it is
unsuitable to describe the plasmonic properties of nanostruc-
tures based on d-metals.64−68 Here, we substantially extend
ωFQ so to assign each metal atom with an atomic complex-
valued polarizability (i.e., a complex-valued dipole moment),
appropriately tuned to model interband effects. The resulting
approach is called ωFQFμ (frequency-dependent fluctuating
charges and fluctuating dipoles) by analogy with a parent
polarizable approach, which has been proposed by some of the
present authors to treat completely different chemical
systems.69−71 The theoretical basis of the approach stems
from the evidence that d-states can efficiently be treated as
polarizable shells placed at lattice positions.67

Notice that ωFQFμ was developed from a different
perspective compared to other classical atomistic ap-
proaches.51−54 Indeed, ωFQFμ is built from textbook bulk
metal physics rather than fitting of generic polarizability and
capacity frequency-dependent expressions. This provides
practical benefits as well. In fact, Drude-tunneling and
interband regimes are perfectly decoupled in the two terms
that depend on ωFQs58 and ωFμs, thus allowing for a fine,
physically guided, tuning of the plasmonic response. In the
following, we show that ωFQFμ is able to correctly reproduce
the plasmonic properties of Ag and Au nanostructures as a
function of size and shape, and also their plasmonic response
when forming subnanometer junctions. Remarkably, the
favorable scaling of the method permits to afford large systems
(more than 104 atoms), which cannot be treated at the
quantum-mechanical level. Also, the ability of ωFQFμ to fully
retain the atomistic detail is crucial to reproduce not only the
plasmonic response but also near-field enhancements, which
play a key-role in near-field enhanced spectroscopies.72,73

2. THEORETICAL MODEL
ωFQFμ is a fully atomistic, classical approach which
substantially extends ωFQ, which assigns to each metal atom
a time dependent charge. Under the action of a time
dependent external electric field, metal atoms exchange charge
via the Drude conduction mechanism, which is further assisted
by quantum tunneling, which limits the charge transfer among
nearest neighboring atoms and makes the interaction decrease
with the typical exponential decay.58 In particular, ωFQ charge
equation of motion in the frequency domain (ω) reads:58
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where qi(ω), a complex-valued quantity, is the Fourier
component at the frequency ω of the oscillating atomic charge
on atom i. n0 is the metal density, τ the friction time, ij is the
effective area connecting ith and jth atoms, and lij is their
distance. ϕel is the electrochemical potential acting on each
metal atom, which takes into account the interactions between
the different atoms and their interaction with the external
electric field, which oscillates at frequency ω. f(lij) is a Fermi-
like function mimicking quantum tunneling:58
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where lij0 is the equilibrium atom−atom distance, whereas d and
s are dimensionless parameters that determine the sharpness
and the center of the Fermi function f(lij), respectively. Their
values can be determined by comparing computed results with
reference ab initio data (see also Section S1 in the Supporting
Information (SI)). In eq 1, Drude and tunneling terms are
collected in the K matrix. The parameters entering ωFQ all
have a clear microscopic physical meaning. Therefore, their
values can be either chosen by an independent experiment or
fitted to reproduce higher level results, and then the soundness
of their values can be judged. We took the latter perspective, as
discussed in the SI.

Due to its physical foundations, ωFQ cannot describe the
specificity of metals featuring d-electrons, which contribute to
interband transitions and that substantially affect the plasmon
response.64−68 Therefore, we here extend ωFQ into a novel
method, ωFQFμ, in which each atom is assigned a charge and
an additional source of polarization, that is, an atomic
polarizability (to which an induced dipole moment is
associated). The presence of the dipole moments is included
in eq 1 by taking into account the interaction between charges
and dipoles in the electrochemical potential. The induced
dipole moments μi are instead obtained by solving the
following set of linear equations:

= + +E E E( )i i i i i
qext

(3)

where, Eext, Eμ, and Eq are the external electric field and those
generated by the other dipole moments and charges,
respectively. αω is the atomic complex polarizability, which is
introduced to describe interband transitions. Remarkably, αω

can easily be obtained by extracting interband contributions
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from the experimental permittivity function (see Section S1 in
the SI), with no need to introduce a posteriori adjustable
parameters.

To effectively couple charges and dipoles, that is, to
simultaneously account for Drude and interband transitions,
eqs 1 and 3 need to be solved simultaneously. By explicitly
indicating all terms, the problem can be recast as the following
set of linear equations:
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where Tqq, Tqμ, and Tμμ define charge−charge, charge−dipole,
dipole−dipole interactions, respectively. By imposing Tμμ

diagonal elements to correspond to 1/αω, eqs 4 and 5 can
be written in a compact matrix formulation as
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where the complex A matrices include interaction kernels and
the Kij terms (see Section S1 in the SI for more details). The
right-hand side of eq 6 accounts for external polarization
sources, that is, the electric potential and field calculated at
atomic positions:
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Notably, any kind of plasmonic materials can be modeled by
ωFQFμ because it integrates all relevant physical ingredients
(i.e., Drude conduction, electrostatics, quantum tunneling and
interband transition) via eq 1 and eq 3. Also, once complex-

Figure 1. (a) Computed ωFQFμ and TDDFT σabs for Ag147 (∼0.8 nm radius) and Ag561 (∼1.4 nm radius). TDDFT results are reproduced from
ref 87 and obtained by exploiting different basis sets (LCAO optimized, def. DZ (double-ζ), def. DZP (double-ζ polarized)) and on a real-space
grid (GRID). (b) ωFQFμ and TDDFT87 plasmon densities for Ag561. TDDFT plasmon densities adapted with permission from ref 87. Copyright
2015 APS Publications. (c) ωFQFμ and TDDFT88 σabs for Au147−Au1415 (∼1.9 nm radius). (d) ωFQFμ and TDDFT88 plasmon densities for
Au1415. TDDFT plasmon densities adapted with permission from ref 88. Copyright 2014 ACS Publications. ωFQFμ isovalues are set to 0.002 and
0.0005 au for Ag and Au, respectively.
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valued charges and dipoles are computed, the absorption cross
section σabs and the induced electric field can easily be
calculated (see Section S1 in the SI for more details).

To conclude this section, it is worth noting that other
atomistic, classical models, belonging to the Discrete
Interaction Model (DIM) class, have been proposed to
describe the plasmonic response of noble-metal nano-
particles.54,74 Among them, the coordination-dependent−
Discrete Interaction Model (cd-DIM)74 is able to properly
describe the size dependency of the Plasmon Resonance
Frequency (PRF) for Ag NPs and the plasmonic response of
Ag dimers, which is governed by quantum tunneling. Within
this model, both effects arise from a modification of the
coordination of surface atoms and the consequent modification
of the atomic polarizability that is considered to be a
parametrized function of the coordination number. In our
approach the first effect genuinely originates from the
screening effect of d-electrons, which is physically modeled
by the presence of the αω term. A correct description of the
plasmonic response of dimers arises from the phenomeno-
logical introduction of the quantum tunneling via the Fermi
function in eq 2.

3. RESULTS AND DISCUSSION
3.1. Optical Response of Metal Nanoparticles: ωFQFμ

versus TDDFT Results. Here the capability of ωFQFμ at
describing typical plasmonic response properties of single
metal nanoparticles is discussed.75 Although the model is
completely general, it is here applied to Ag and Au
nanoparticles (NP), for which αω values are obtained from
the permittivity functions reported by Etchegoin et al. in ref 76
and fitted in ref 77 (see also Section S1 in the SI). For both
metals, we first consider NPs with three different geometrical
arrangements, namely, truncated cuboctahedron (cTO),
icosahedral (Ih), and ino-decahedron (i-Dh), which are all
characterized by atomistically defined edges.54 Their plasmonic

properties are studied as a function of the size (from a
minimum of 85 atoms, ∼5 Å radius, to a maximum of 43287
atoms, ∼65 Å radius).78−80 Note that geometry relaxation is
not considered, because it only slightly affects optical
responses.23,81−86

Although sizable NPs cannot be afforded by ab initio
methods, they can indeed be treated by ωFQFμ,60 at a
reasonable computational time (on average, 59 min on
Intel(R) Xeon(R) Gold 5120 CPU @ 2.20 GHz, 28
processors, for each frequency given in input for the structure
composed of 43287 atoms). As an example of the performance
of ωFQFμ, Kuisma et al.87 have reported that the calculation
of the optical spectrum of Ag561 (∼1.4 nm radius) in Ih
geometry with the time-propagation (TP) approach to
TDDFT requires a wall time of 42.0 h with 512 cores.87 For
the same system, ωFQFμ only requires 25 s on the
aforementioned platform. Remarkably, ωFQFμ and reference
TDDFT data are very similar (see Figure 1a, bottom panel).
Slight discrepancies in the PRF and band broadening among
the two models can be justified by considering that TDDFT
results substantially vary as a function of the basis set; this is
demonstrated by the data shown in Figure 1a (top panel),
which are taken from ref 87. Clearly, reference ab initio data
display large variability of almost 1 eV when moving from
linear combinations of atomic orbitals (LCAO) with different
basis sets to real space grid calculation (GRID) results. We also
remark that the width of peaks is chosen arbitrarily in TDDFT
calculations.

A similar comparison can be performed for Au Ih NPs.
TDDFT absorption cross sections reproduced from ref 88 and
calculated at the ωFQFμ level are reported in Figure 1c,d.
Also, in this case, ωFQFμ can correctly reproduce PRF trends
as a function of the NP size and the relative intensities of the
bands for the different NPs.

One of the most peculiar features of noble metal NPs and, in
general, of d-metals is that the PRF blue shifts as the size of the

Figure 2. (a) Ag and Au PRF for cTO, Ih, and i-Dh NPs as a function of the number of atoms. (b) Ag densities calculated at the PRF for cTO
(top), Ih (middle), and i-Dh (bottom) geometries. Charge and dipole contributions are plotted together with ωFQFμ plasmon densities. Isovalues
are 0.002 and 0.0005 au for Ag and Au, respectively.
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system decreases, in contrast to what happens for simple
metals (and correctly reproduced by ωFQ58). The physical
origin of this blue-shift has been studied in the past.67 The
screening of the Coulomb interaction among conduction
electrons (that determines the plasmon frequency) by the
localized d-electron core interplays with conduction electrons
spill-out at the cluster surface. In short, the d-electron core
screens electron−electron repulsion, thus decreasing the d-
metal plasmon frequency compared to what is expected on the
basis of the free-electron density of the metal. At the surface,
conduction electrons spill out of the structure; in ωFQ and
ωFQFμ, the finite size of each atomic distribution accounts for
this effect. In parallel, the d-electron core, which is localized on
the metal atom (described by a point dipole in ωFQFμ)
cannot effectively screen the electron−electron repulsion. As a
result, the plasmon frequency moves back to the nonscreened,
free-electron value. Remarkably, ωFQFμ can indeed describe
this mechanism because it provides the right result for the right
reason. In fact, if the d-electron core response is artificially
switched-off (i.e., αω → 0 in eq 3), the plasmon frequency
(which is overall increased), red shifts for metal nanoparticles,
as it is expected based on spill-out effects only.58,82 This is
demonstrated by the plots reported in Figure S3 in the SI.

The dependence of computed PRFs on the number of atoms
is reported in Figure 2a for different geometries; the plots
clearly demonstrate that ωFQFμ can indeed correctly
reproduce the previously reported trends. Also, the linear fit
of Ag Ih PRFs as a function of the inverse of the NP diameter
permits to linearly extrapolate PRF = 3.47 eV for an infinite
diameter. This value is in almost perfect agreement with the
mesoscopic limit of 3.43 eV, as obtained at the quasi-static
FDTD (QSFDTD) level,87 and in excellent agreement with
the extrapolated ab initio value of 3.35 eV (see also Figure S4
in the SI).87

The investigation of plasmon densities (i.e., the imaginary
part of the charge density induced by a monochromatic
electromagnetic field oscillating at the PRF) is of fundamental
importance for correctly characterizing the plasmon resonance.
Computed densities at the PRF for the largest structures in
each geometrical arrangement are depicted in Figure 2b. In all
cases, they represent a dipolar plasmon. Our result can be
compared with reference ab initio data for Ag561 (∼1.4 nm
radius, see Figure 1b) and Au1415 (∼1.9 nm radius, see Figure
1d). In both cases, the agreement is almost perfect.

For the purpose of a deeper theoretical analysis, ωFQFμ can
also be used to decouple the contributions of Drude and
interband transitions to the total plasmon density. Charge and
dipole contributions are graphically depicted in Figure 2b for
selected Ag NPs (see Figure S5 in the SI for Au NPS). Clearly,
the two plasmon densities are associated with dipole moments
in opposite directions. This finding remarks the screening role
of the d-electrons response.41,67 As explained above, this results
in the typical blue shift observed for d-metals.

To further demonstrate the ability of ωFQFμ to correctly
take into account screening effects in d-metal NPs, we can
compare density distributions in inner regions. Computed
ωFQFμ and TDDFT densities for Au1415 Ih NP (∼1.9 nm
radius), in the central region of the cluster (defined for −2 < z
< 2 Å), are depicted in Figure 3. Notice that densities are
computed at the corresponding PRFs, which only differ by
0.01 eV. Coherently with the results reported in Figure 1d,
positive and negative charges are located at the top and bottom
surface regions, respectively. However, ωFQFμ and TDDFT

densities are mainly characterized by a local charge distribution
around each Au atom, which is polarized along an opposite
direction with respect to the polarization of the surface density.
Such a behavior is related to screening effects, which are
correctly taken into account by our atomistic, yet classical
model.

In Figure 4a,b the total enhanced electric field (|E|/|E0|,
where E0 is the external electric field intensity) at the PRF is
reported. Such quantity (elevated to the fourth power) is
related to field enhancement factors that are measured in SERS
experiments.10 The dependence of |E|/|E0| factors as a function
of the number of atoms and the NPs radius is reported in
Figure 4a and b, respectively. Notice that enhancement factors
are computed at a distance of 3 Å from the tip of each
structure; according to many previous reports, it corresponds
to the typical adsorption distance of molecular systems.89 |E|/|
E0| color maps at the PRF for each geometrical arrangement
are graphically displayed in Figures 4c. As expected, |E|/|E0|
maximum values correspond to tips, and are reported for cTO
geometries (for both gold and silver), where edges are the
sharpest. Interestingly, for all arrangements, |E|/|E0| follows a

N3 trend (N being the number of atoms) and, thus, a linear
trend with respect to NP radius, because the difference in the
electric potential linearly increases with the NP intrinsic size.
Remarkably, ωFQFμ is also able to quantify the differences
between Ag and Au NPs, being the latter associated with much
lower enhancement factors as compared to the former, as
expected in this frequency range.

As a final comment, it is remarkable that ωFQFμ is able to
describe nonlocal effects. To demonstrate that, we artificially
changed the total electric potential and field acting on a
specific atom placed at the surface or at the centroid of Ag147
(∼0.8 nm radius) and Ag3871 (∼2.7 nm radius) structures in
the Ih configuration. As a result, independently of the atom
position, not only charge and the dipole of the perturbed atom
are modified, but also those of other atoms (see Figure S6 in
the SI).
3.2. Subnanometer Junctions. In this section we will

show that ωFQFμ has the potential to describe hot-spots in
subnanometer junctions in a physically consistent manner.
This is possible due to the account for quantum tunneling (eq
1), which dominates the plasmon response in these systems.
To showcase ωFQFμ performances, we study Ag2869/Au2869
(∼2.6 nm radius) cTO dimers. In particular, we select two
different morphologies obtained by approaching two NPs so to
obtain surface−tip or surface−surface geometrical arrange-

Figure 3. ωFQFμ and TDDFT88 Au1415 (∼1.9 nm radius) plasmon
densities in the central region of the cluster (−2 < z < 2 Å). TDDFT
plasmon densities adapted with permission from ref 88. Copyright
2014 ACS Publications.
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ments (see Figures 5 and 6).90 Note that for both structures
the structural relaxation effects are not taken into account,

similarly to previous studies.81 However, to study the effects of
structural relaxation we have modeled surface roughness as
derived from an atomic adjustment on the surface of one of the
two cTO NPs in the surface−surface arrangement (see Figure
S7 in the SI).

For the ideal cTO dimers, we investigate both σabs and |E|/|
E0| calculated at the gap’s center as a function of the distance d

between the two monomers, in the range 1−24 Å. Computed
spectra (Figure 5a,b) are characterized by a high energy peak
(∼3.5 eV for Ag and ∼2.2 eV for Au), which red-shifts as d
decreases. However, a clear discontinuity occurs at around 4 Å,
where quantum tunneling plays a relevant role; in fact, such a
distance is close to the Ag−Ag and Au−Au equilibrium
distances.

Figure 4. Ag and Au enhanced electric field |E|/|E0| calculated at 3 Å from the tips for cTO, Ih, and i-Dh NPs as a function of the number of atoms
(a) and NP radius (b). (c) Ag and Au |E|/|E0| color maps for cTO (top), Ih (middle), and i-Dh (bottom) geometries.

Figure 5. Ag (a) and Au (b) cTO2869 dimers in surface−tip
geometrical arrangement. Color maps of σabs and |E|/|E0| as a function
of the PRF and the distance between the two NPs are reported in the
middle and bottom panels, respectively.

Figure 6. Ag (a) and Au (b) cTO2869 dimers in surface−surface
geometrical arrangement. Color maps of σabs and |E|/|E0| as a function
of the PRF and the distance between the two NPs are reported in
middle and bottom panels, respectively.
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For Au dimers, a second peak at lower energies is visible (d
< 2 Å, PRF < 1.5 eV), which blue-shifts as d decreases (see
Figure 5b). This band is not present for Ag, because its PRF
falls below the investigated frequency range. Highest energy
PRF corresponds to the typical Boundary Dipolar Plasmon,
BDP, whereas the low-energy peak is associated with a Charge
Transfer Plasmon, CTP, where a dipole moment arises in the
whole structure (see Figures S8 and S9 in the SI). Note that
for distances at which the CT mechanism takes place (for d < 4
Å), the high energy peak is associated with a high-order charge
transfer plasmon, usually called CTP′. The clear discontinuity
highlighted in σabs plots is also evident in the case of the
computed |E|/|E0| values, which are reported as a color map as
a function of the distance in Figure 5, bottom panels. For Ag,
the maximum |E|/|E0| is depicted before the two NPs enter in
the CT regime, whereas the opposite holds for the Au dimer,
for which it corresponds to the CTP peak.

The surface−surface arrangements show similar plasmonic
features, independently of the metal nature (see Figure 6a,b).
In fact, both spectra are characterized by the presence of two
bands when d < 4 Å: a CTP and a CTP′ peak (very low in
intensity for Ag and fused with CTP for Au), which blue-shift
or red-shift as d decreases, respectively. For d > 4 Å spectra are
instead dominated by the BDP mode. The associated |E|/|E0|
factors are plotted as a function of the distance in Figure 6,
bottom panels. The computed values are of the same order of
magnitude as for the previous case. Also, the maximum
enhancement for Ag is shown at about 3.3 eV, for a distance of
about 4 Å, that is, when CT effects start to dominate the
plasmonic response. For Au, the maximum |E|/|E0| occurs at
lower distances (d ∼ 3 Å), however it is associated with the
CTP′ plasmonic mode, differently from the tip−substate
arrangement. Interestingly, in case of Ag, a clear additional
region of enhancement is displayed at energies larger than 3.5
eV, for d > 4 Å. This region is associated with a high-order
plasmon, which is indeed dark in the σabs.

Finally, note that, for both studied geometries, the maximum
|E|/|E0| is 3−5 times larger than the corresponding factor
obtained for the Ag monomer and even 10 times for Au.

4. SUMMARY AND CONCLUSIONS
We have discussed the prediction of a classical physics based
model for nanoplasmonics, ωFQFμ. ωFQFμ is a general
atomistic approach to describe the plasmonic features of
complex metal nanostructures characterized by interband
transitions. In the model, which is formulated in the frequency
domain, each atom of the structure is endowed with both a
complex-valued charge and dipole, which are determined by
solving response equations to an external monochromatic
electric field. The two polarization sources conceptually
describe the two fundamental mechanisms occurring in d-
metals, that is, Drude conduction (charges) and d-electrons
polarization (dipoles). Remarkably, charges and dipoles
mutually interact; therefore, all physical features of metal
nanostructures are considered. ωFQFμ is fully classical,
therefore nanostructures of realistic size can be computed
with accuracy comparable to full ab initio calculations, but with
enormously lower computational cost. Note that the interband
polarizability in eq 3 arises from the quantum nature of the
system; however, in our approach it is modeled without
explicitly considering the quantum nature of the constituting
atoms.

From a conceptual point of view, demonstrating that
ωFQFμ is able to reproduce the findings of a fully quantum
description of the system is clearly questioning the notion that
an explicit quantum mechanical treatment is needed to
describe the change in plasmonic properties upon shrinking
of the nanostructure size. From the results presented in this
work, it turns out that only quantum tunneling (relevant for
nanoaggregates and nanojunction) is inaccessible by such
classical physics, and we had in fact to phenomenologically
include the tunneling in ωFQFμ. It is finally worth noting that
another relevant quantum effect, Landau damping, is not
included in this classical modeling and would in principle
require adding a phenomenological correction to ωFQFμ.

From a computational perspective, the developed method
paves the way for an investigation of the plasmonic properties
of realistic metal nanoparticles, characterized by complex
shapes that require an atomistic detail.
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Fully atomistic modeling of
plasmonic bimetallic
nanoparticles: nanoalloys and
core-shell systems

Luca Nicoli1, Piero Lafiosca1, Pablo Grobas Illobre1, Luca Bonatti1,
Tommaso Giovannini1* and Chiara Cappelli1,2*
1Classe di Scienze, Scuola Normale Superiore, Pisa, Italy, 2European Laboratory for Non-Linear
Spectroscopy (LENS), Florence, Italy

The recently developed ωFQFμ model (ACS Photonics, 9, 3,025–3,034) is
extended to bimetallic nanoparticles, such as nanoalloys and core-shell
systems. The method finds its grounds in basic physical concepts, such as
Drude conduction theory, electrostatics, interband transitions, and quantum
tunneling. The approach, which is parametrized on ab initio simulations of Ag-
Au nanoalloys, is challenged against complex Ag-Au nanostructures (spheres,
nanorods, and core-shell nanoparticles). Remarkable agreement with available
experimental data is found, thus demonstrating the reliability of the newly
developed approach.

KEYWORDS

atomistic, alloys, core-shell, plasmonics, gold, silver, bimetallic

1 Introduction

Metal nanoparticles (NPs) exhibit unique optical properties, which are mainly due to the
formation of surface plasmons, i.e., collective excitations of conductive electrons.
(Moskovits, 1985; Nie and Emory, 1997; Maier, 2007; Anker et al., 2008; Atwater and
Polman, 2010; Santhosh et al., 2016). At the plasmon resonance frequency (PRF) such
surface plasmons exhibit a resonant behavior, which gives rise to a huge enhancement of the
electric field in the proximity of the NP surface. This phenomenon is exploited to increase the
detection limit of common analytical techniques. (Kneipp et al., 1997; Maier et al., 2003;
Muehlschlegel et al., 2005; Lim et al., 2010; Giannini et al., 2011; Neuman et al., 2018). PRF
can be tuned by varying the NP shape, dimension, and chemical composition (Ag, Au, Al,
. . .). As an alternative, bimetallic nanoalloys or core-shell NPs can be used. Such systems are
constituted by two different metal elements, e.g., Ag-Au, Au-Cu, Cu-Ag (Xiang et al., 2008;
Wang et al., 2009; Huang et al., 2015; Gong and Leite, 2016; Cao et al., 2018; Ma et al., 2020;
Awada et al., 2021). In this case, the PRF can be tuned not only by modifying the
aforementioned variables (size, shape, . . .) but also the relative concentration of the two
metals.

Many theoretical approaches have been developed to describe the plasmonic properties
of single metal NPs(Corni and Tomasi, 2001; 2002a; Aizpurua et al., 2003; Myroshnychenko
et al., 2008; Hohenester and Trügler, 2012; Ciraci et al., 2013; Ciraci and Della Sala, 2016;
Giovannini et al., 2019b; Bonatti et al., 2020; Coccia et al., 2020; Baghramyan et al., 2021;
Giannone et al., 2021; Della Sala, 2022; Della Sala et al., 2022), among which is worth
mentioning quantum hydrodynamic models, which are able to describe both nonlocal and
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electron spill-out effects (Ciraci et al., 2013; Raza et al., 2015; Ciraci
and Della Sala, 2016). However, the most widely exploited methods
are based on classical physics, (Corni and Tomasi, 2002b; Hao et al.,
2007; Jensen and Jensen, 2008; Jensen and Jensen, 2009; Pérez-
González et al., 2010; Halas et al., 2011; Ciracì et al., 2012; Chen et al.,
2015), such as the Mie Theory (Mie, 1908), the finite difference time
domain (FDTD) (Shuford et al., 2006), the Discrete Dipole
Approximation (DDA) (Draine and Flatau, 1994) or exploit a
continuum representation of the NP by means of the Boundary
Element Method (BEM) (Corni and Tomasi, 2001; García de Abajo
and Howie, 2002; Hohenester and Trügler, 2012; Hohenester, 2015).
All the classical approaches mentioned above rely on defining a
suitable permittivity function ε. Clearly, in the case of bimetallic
systems, ε-dependent methods are not flexible enough to treat a
priori any chemical composition and need to resort to
experimentally measured ε values for specific alloy concentrations
or to approximations, which may not be physically justified
(such as a linear combination of the ε values of the two
metals) (Peña-Rodríguez and Pal, 2011a; Verbruggen et al., 2013;
Ma et al., 2015; Putra et al., 2017; Kuddah et al., 2020; Newmai et al.,
2022).

Atomistic approaches appear as the most natural choice to
overcome this problem. Full ab initio methods can be exploited,
however, their prohibitive computational cost limits their
application to relatively small systems (Barcaro et al., 2011; López
Lozano et al., 2013; Barcaro et al., 2014; Barcaro et al., 2015; Olobardi
et al., 2019; Asadi-Aghbolaghi et al., 2020; Danielis et al., 2021). For
this reason, classical atomistic approaches have been developed,
(Jensen and Jensen, 2008; Jensen and Jensen, 2009; Chen et al., 2015;
Zakomirnyi et al., 2019; Zakomirnyi et al., 2020), however they have
only marginally been applied to the description of bimetallic NPs
(Sørensen et al., 2021).

In this work, we extend ωFQFμ (Giovannini et al., 2022) to
simulate the optical properties of bimetallic NPs, with special
emphasis on Ag-Au nanoalloys and core-shell systems. ωFQFμ is
a fully atomistic, classical, approach, which assigns each atom of
the metal nanoalloy with an electric charge and an electric dipole
moment, which vary as a response to an externally applied electric
field. The theoretical foundations of ωFQFμ lay in Drude’s theory
of conduction, classical electrodynamics, interband transitions,
and quantum tunneling. In fact, the Drude mechanism of charge
exchange is modeled through the equation of motion of the
electric charges (Giovannini et al., 2019b; Bonatti et al., 2020;
Giovannini et al., 2020; Lafiosca et al., 2021; Bonatti et al., 2022),
while interband contributions are taken into account by means of
effective interband polarizability (Giovannini et al., 2022)
introduced to mimic d-shell polarizability (Liebsch, 1993).
Also, quantum tunneling effects, which play a crucial role in
nanojunctions and nanoaggregates (Esteban et al., 2012;
Giovannini et al., 2019b), are described by tuning charge
exchange through a phenomenological function. Therefore,
ωFQFμ conceptually differs from other approaches which are
based on classical physics only.

The manuscript is organized as follows. In the next section, the
formulation of ωFQFμ for bimetallic systems is presented. After a
brief section presenting the computational details, the method is
tested against the reproduction of the plasmonic properties of
alloyed spherical NPs, alloyed nanorods, and spherical core-shell

systems. Conclusions and a sketch of the future perspectives of the
approach end the manuscript.

2 Materials and methods

2.1 Theoretical model

In this section, we extend ωFQFμ (Giovannini et al., 2022) to
describe the optical properties of bimetallic systems. To this end, we
follow the derivation reported in (Giovannini et al., 2019b) and
(Giovannini et al., 2022). In ωFQFμ, the fluctuations of the
electronic density of a plasmonic substrate composed of N atoms
emerging as a response to the external electric field are represented
by a set of N discrete fluctuating complex-valued charges qi and N
fluctuating complex-valued dipoles μi, which are located at atomic
positions. The equation of motion of charges q originates from the
continuity equation (Giovannini et al., 2019b) (atomic units are used
throughout the paper):

dqi
dt

� ∑
ij

Aij nj〈pj〉i · l̂ji − ni〈pi〉j · l̂ij( )
� ∑

ij

Ajnj〈pj〉i · l̂ji − Aini〈pi〉j · l̂ij( ) (1)

where ni is the electron density on atom i, 〈pi〉j is the momentum of
the electron associated with atom i averaged over all the trajectories
towards atom j. l̂ij � −̂lji is the unit vector connecting i and j. Aij is
the effective area dividing ith and jth atoms, and its value modulates
the charge exchange between each atom pair. By following
(Giovannini et al., 2019b; Giovannini et al., 2020; Giovannini
et al., 2022), Aij is approximated as an atomic parameter (Ai).The
electron momentum pi can be estimated by means of the Drude
model of conductance (Bade, 1957) as follows:

dpi

dt
� Ei t( ) − pi

τ i
(2)

where Ei(t) is the electric field acting on the ith atom and τi is the
relaxation time associated with scattering events. Assuming the
external uniform monochromatic electric field Eext(t) = Eext(ω)
exp (−iωt) oscillates at frequency ω, we can reformulate Eqs 1, 2
in the frequency domain, i.e.:

−iωqi � ∑
j

Ajnj
〈Ej ω( )〉i · l̂ji
1/τj − iω

− Aini
〈Ei ω( )〉j · l̂ij
1/τi − iω

⎛⎝ ⎞⎠ (3)

Following the original derivation reported in (Giovannini et al.,
2019b), we can write:

〈Ei ω( )〉j · l̂ij ≈
ϕj − ϕi

lij
(4)

where ϕi is the chemical potential of atom i and lij = lji is the distance
between ith and jth atoms. By this, Eq. 3 becomes:

−iωqi � ∑
j

Ajnj 1 − fji lij( )( )
1/τj − iω

+ Aini 1 − fij lij( )( )
1/τi − iω

⎛⎝ ⎞⎠ϕi − ϕj

lij
(5)

where quantum tunneling effects are expressed in terms of a Fermi-
like function fij (lij), which reads:
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fij lij( ) � 1

1 + exp −dij
lij

sij ·l0ij
− 1( )[ ] (6)

where l0ij is the equilibrium distance between atoms i and j, and the
parameters dij and sij determine the shape of the damping function.
Notice that the inclusion of a phenomenological description of
quantum tunneling is needed to correctly describe the optical
response of plasmonic subnanometer junctions and hot-spots
(Esteban et al., 2012; Esteban et al., 2015; Scholl et al., 2013;
Giovannini et al., 2019b; Bonatti et al., 2022; Giovannini et al.,
2022). Indeed, in the case of plasmonic nanoaggregates, charge
transfer plasmons (CT) may occur. In ωFQFμ, the charge exchange
among different NPs is governed by Drude and tunneling
mechanisms, and the total system charge is conserved (see Eq.
5), allowing for a physically consistent description of such
plasmonic modes. To make the notation more compact, the
following terms are introduced (Lafiosca et al., 2021):

wi ω( ) � 2ni
1/τ i − iω

(7)

Kij � Ai

1 − fij lij( )
lij

(8)

zi ω( ) � − iω
wi ω( ) (9)

Dividing Eq. 5 by wi(ω), we obtain:

zi ω( )qi � 1
2
∑
j

Kij + wj ω( )
wi ω( )Kji( ) ϕi − ϕj( ) (10)

where the chemical potential ϕi can be written as:

ϕi � ∑
k

Tqq
ik qk +∑

k

Tqμ
ik μk + Vext

i (11)

The first and the second terms in Eq. 11 are the electric potential
generated by the charges and the dipoles of the system, mediated by
the interaction tensors Tqq and Tqμ (see (Giovannini et al., 2019a) for
their definitions). Vext

i is the electric potential associated with the
external electric field. By plugging Eq. 11 into Eq. 10, the linear
equations ruling charge evolution are obtained, i.e.:

Z ω( )q � 1
2

�K + �H ω( )( )Tqqq + 1
2

�K + �H ω( )( )Tqμμ

+1
2

�K + �H ω( )( )V (12)
where the following matrices are introduced:

Hij ω( ) � wj ω( )
wi ω( )Kji (13)

�Kij � Kij −∑
k

Kikδij (14)

Zij � ziδij (15)
�Hij � Hij −∑

k

Hikδij (16)

The electric dipoles μi, which are introduced to properly model
interband contributions, are obtained by solving the following set of
linear equations:

μi � αi ω( ) Eext
i ω( ) + Eq

i ω( ) + Eμ
i ω( )[ ] (17)

where αi(ω) is the frequency-dependent polarizability of the ith
atom, related to interband terms, which multiplies the total electric
field acting on the ith dipole, composed by the external field Eext

i , the
field generated by the fluctuating charges, Eq

i , and the field generated
by the fluctuating dipoles, Eμ

i . If the system is homogeneous, αi is
calculated as reported in (Giovannini et al., 2022):

αi ω( ) ≡ αIBA ω( ) � εIBA ω( )
4πnA

(18)

where εIBA is the interband contribution to the frequency-dependent
permittivity function and nA is the number density of atoms of the
chemical element A. εIB is calculated by subtracting the Drude term
from the frequency-dependent permittivity.

If the system is heterogeneous, the link between the macroscopic,
bulk dynamical permittivity εIB(ω) and the microscopic, atomistic
frequency-dependent interband polarizability αi(ω) is not
straightforward. Let us focus on bimetallic systems, composed of
two chemical elements A and B. We assume the interband
polarizability of the ith atom belonging to the A moiety to be a
function of the local composition of the system,
i.e., αIB,alloyA,i (NA,i,NB,i), where NA,i and NB,i are the number of
nearest neighbors of A and B type, respectively. The simplest
approach is to model αIB, alloyA,i as the weighted average of αIBA and
αIBB . Therefore, the interband frequency-dependent polarizability of the
ith atom of species A in the alloy composed by materials A and B is
defined as follows:

αi ω( ) ≡ αIB,alloyA,i ω( ) �
NA,i+1
αIB
A

ω( ) + NB,i

αIBB ω( )
NA,i +NB,i + 1

⎛⎝ ⎞⎠−1

(19)

Notice that, possible alternative approaches, e.g., to resort to
arithmetic averages have been investigated. However, the
weighted harmonic mean indeed gives the best numerical results
(see Supplementary Figure S1 and Sec. S1 in the Supplementary
Materials – SM).

Starting from Eq. 17, the final expression for the electric dipoles
becomes (Giovannini et al., 2022):

μi � αi ω( ) Eext
i +∑

k

Tμq
ik qk +∑

k

Tμμ
ik μk⎡⎣ ⎤⎦ (20)

where the field generated by the multipoles is mediated by the
interaction tensors Tμq and Tμμ, defined according to (Giovannini
et al., 2019a).

The coupled charge-dipole equations can finally be written in a
compact notation as follows:

1
2

�K + �H ω( )( )Tqq − Z ω( ) 1
2

�K + �H ω( )( )Tqμ

Tμq Tμμ − ZIB ω( )
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ q

μ
[ ]

�
1
2

�K + �H ω( )( )Vext

−Eext

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (21)

where ZIB is a diagonal matrix, of which the elements ZIB
i (ω) �

−1/αi(ω) are defined according to Eq. 19. Notice that in the case of
homogenous systems, i.e., A = B, the standard ωFQFμ equations
presented by Giovannini et al. (2022) are recovered. From the values
of charges and dipoles, the complex polarizability �α can be
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computed, from which the absorption cross section σabs can be
calculated:

�α ω( )kl � z�dk ω( )
zEl ω( ) � ∑

i

qi,k ω( ) · ki
El ω( ) −∑

i

μi,k ω( ) (22)

σabs � 4π
3c

ω tr Im �α ω( )( )( ) (23)

In the previous equations d is the total complex dipole moment, i runs
over NP atoms, k represents x, y, z positions of the ith atom, and l runs
over x, y, z directions of the external electric field. c is the speed of light
and Im(�α) is the imaginary part of the complex polarizability �α.

2.2 Computational details

The developed ωFQFμ approach is challenged to reproduce the
optical response of several Ag-Au nanostructures. In particular, we first
consider Ag-Au spherical nanoalloys with diameter D = 5.2 nm
(4,347 atoms) and Ag-Au nanorods with D = 2.5 nm and length
L = 10 nm (2,560 atoms), which are generated by using Atomic
Simulation Environment (ASE) Python module v. 3.17 (Larsen
et al., 2017). A lattice constant of 4.08 Å (Haynes, 2014) and a Face-
Centered Cubic (FCC) packing are exploited. For both spheres and
nanorods, ten alloy compositions are considered by starting from pure
Ag structures and increasing the percentage of Au atoms, which

randomly replace Ag atoms (from 0% to 100%, with a constant step
of 10%). To gain statistical significance, for each Au percentage, ten
nanoalloy structures are generated by randomly replacing the proper
fraction of Ag with Au, similarly to the strategy followed in previous
studies (Sørensen et al., 2021). As a further example, core-shell spherical
systems, which are constituted by an inner Au sphere (D = 5.0 nm,
3,851 atoms) surrounded by an outer Ag shell (D = 6.25 nm,
3,698 atoms), are investigated.

ωFQFμ equations are solved by using a stand-alone Fortran
95 package. ωFQFμ parameters (see Eqs 5, 6, 18) for Ag and Au
atoms are taken from (Giovannini et al., 2022). In particular, Drude and
interband parameters are recovered from Ag and Au experimental
permittivity functions (Etchegoin et al., 2006). The parameters dij = 12.0
and sij = 0.95 entering Eq. 6 are obtained by fittingωFQFμ results for i =
Ag and j = Au (and vice versa) on reference time-dependent density
functional theory + tight binding (TD-DFT + TB) (Asadi-Aghbolaghi
et al., 2020) absorption spectra of Ag-Au clusters (see Sec. S2 in the SM).

3 Results and discussion

3.1 Spherical nanoparticles and nanorods

The modeling of the dependence of the absorption cross-section
σabs of a spherical NP on the Au concentration has received much

FIGURE 1
(A) Graphical depiction of spherical NP structures. ωFQFμ absorption cross-section (B), Plasmon Resonance Frequency (PRF) (C), and absorption
intensity (D) as a function of Au concentration.
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attention in the literature (Papavassiliou, 1976; Link et al., 1999;
Rioux et al., 2014; Ristig et al., 2015). In particular, a simple linear
combination of Ag and Au permittivity functions combined with the
Mie theory cannot reproduce the linear behavior of the plasmon red-
shift upon increasing Au concentration which is experimentally
observed (Link et al., 1999). This issue can be solved by following the
strategy proposed by Rioux et al. (2014), who have developed an
analytical and rigorous model to predict a composition-dependent
complex dielectric function of Ag-Au alloys, based on critical point
analysis of the band-structure of Ag and Au. By coupling such
modeling to the Mie theory, the correct trend is followed for
spherical nanoalloys. It is worth noting that such a strategy
might be exploited within the more refined, yet continuum, BEM
method, thus overcoming the limitations of this approach in
describing the plasmonic properties of nanoalloys. However,
while the methodology proposed by Rioux et al. (2014) is

rigorous from the theoretical point of view, its extension to
different alloy compositions, and to alloys of different chemical
nature rather than Au and Ag is far from trivial, due to the high
(about 30) number of parameters that would need to be fitted to
obtain the composition dependent dielectric function.

Computed ωFQFμ values for σabs of a spherical NP with different
Au concentrations are reported in (see Figure 1). In all cases, spectra
are characterized by a main peak (associated with the dipolar mode,
see Supplementary Figure S2 in the SM), which redshifts and lowers
in intensity as the Au concentration increases. By plotting the PRF
(in nm) as a function of the percentage of Au (see Figure 1C), a linear
trend is observed (R2 ~ 1.00). This behavior perfectly follows
Vegard’s law, which reads:

λVegard x( ) � 1 − x( )λAg + xλAu (24)

where x is the percentage of Au atoms. Such a linear dependence of
the absorption wavelength on Au percentage is reported by many
experimental works (Papavassiliou, 1976; Link et al., 1999; Rioux et al.,
2014; Ristig et al., 2015). The slope (2.06 nm/% Au) of the line fitted on
ωFQFμ results is in good agreement with experimental data (Link et al.,
1999) (~ 1.35 nm/% Au). Furthermore, by moving from pure Ag to
pure AuNPs, the intensity of the plasmon band exponentially decreases
(R2 = 0.99, see Figure 1D), thus perfectly reproducing experimental
findings (Link et al., 1999).

We note that, remarkably, other classical atomistic approaches may
fail at reproducing the experimentally reported linear trend inwavelength
and the exponentially decreasing intensity (Sørensen et al., 2021).
Differently, ωFQFμ can correctly reproduce all the plasmonic
properties of these structures, which is a key result of this paper.

We now move to discuss the plasmonic properties of Ag-Au alloy
nanorods. Also in this case, we study the dependence of the absorption
frequency on the Au concentration, which varies from 0% (pure Ag
nanorod) to 100% (pure Au nanorod), with a constant step of 10%.
ωFQFμ absorption cross sections, which are reported in Figure 2B, are
clearly dominated by an intense peak which redshifts and decreases in
intensity as the gold concentration increases. This peak is associated
with the longitudinal dipolar mode (see also Supplementary Figure S3
in the SM). From a comparison with spherical NPs (see Figure 1B), we
note that the dipolar peakmoves to lower energies, independently of the
chemical composition of the alloy nanorod. Also, in this case, additional
bands can be appreciated in the region between 350 and 500 nm. There,
octupolar plasmons arise (Bonatti et al., 2020), together with transversal
dipolar modes. The associated bands associated are graphically depicted
as an inset in Figure 2B, and redshift and lower in intensity as the Au
concentration increases.

The PRFs (in nm) of both the longitudinal and transversal dipolar
modes as a function of the Au percentage are graphically depicted in
Figure 2C. The transversal mode follows the linear trend (circles, R2 =
0.99) predicted by Vegard’s law (see Eq. 24), while for the longitudinal
plasmon, an evident deviation from the linear regime is observed,
especially for Au concentrations larger than 40%. Our findings are in
agreement with the experimental measurements reported by Bok et al.
(2009), where for the transversal peak a linear trend is measured. Also,
the experimental slope (1.47 nm/%Au) correlates significantly well with
our calculations (1.92 nm/%Au). Differently, the longitudinal
absorption wavelength is reported to be rather independent of the
chemical composition for Au percentages > 40%, while a slight

FIGURE 2
(A) Graphical depiction of nanorod structures. L = 10 nm and
AR = 4. ωFQFμ absorption cross section (B) and Plasmon Resonance
Frequency (PRF) (C) as a function of Au concentration. Both
transversal (see inset in (B)) and longitudinal modes are
considered.
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blueshift is expected by increasing the Ag concentration Bok et al.
(2009). Note that a DDA description is able to reproduce the
composition dependence of the longitudinal mode but fails at
describing the linear trend of the transversal peak (Bok et al., 2009).
This is probably related to the exploited linear combination of Ag and
Au permittivity functions. Remarkably, ωFQFμ correctly models both
behaviors.

These findings can be explained by considering that the
longitudinal dipolar mode falls at energies that are reasonably far
from interband transition regions of both Ag and Au. In this regime,
Drude free electrons play a dominant role (Link et al., 1999; Bok
et al., 2009) and the good agreement with experiments reported by
both DDA (Bok et al., 2009) and ωFQFμ show that the permittivity
function in this region can be reasonably approximated as a linear
combination of Ag and Au Drude contributions. Differently, the
transversal plasmon mode absorbs at much higher energies, where
interband effects cannot be neglected (Kreibig et al., 1995). This
proves the reliability of ωFQFμ, which, differently from other
models (Draine and Flatau, 1994), describes the plasmonic
resonance by means of both electric charges and dipoles,
modeling the intraband and interband mechanisms, respectively.

3.2 Au@Ag core-shell NPs

ωFQFμ is not limited to the description of nanoalloys, but can
generally describe bimetallic nanostructures. To showcase its
applicability, we consider pure core-shell (Au@Ag-0%) spherical NPs
with a diameter D of 6.25 nm (3,698 atoms, see Figure 3A), constituted

by a Au core (DAu = 5 nm), and an external Ag shell (externalDAg = 6.25
nm, DAu/DAg = 0.8). In addition, to show the flexibility of ωFQFμ, the
effect of alloying such structures, which has been experimentally realized
(Ristig et al., 2015; Blommaerts et al., 2019), is also taken into account, by
randomly replacing 18% of the core Au atoms with Ag, and viceversa for
the Ag shell (Au@Ag-18%, see Figure 3A).

Computed ωFQFμ absorption cross sections in the visible range for
both core-shell systems are reported in Figure 3B, together with
reference spectra for Ag and Au spherical NPs with D = 6.25 nm.
Similarly to Figure 1B, Ag and Au reference absorption spectra are
characterized by a main peak, located at about 360 nm and 570 nm for
Ag and Au, respectively. The spectrum of the pure Au@Ag-0% core-
shell is instead dominated by two peaks A and B, in agreement with
(Peña-Rodríguez and Pal, 2011a; Chen et al., 2012; Gao et al., 2014),
which fall at about 356 nm (A) and 517 nm (B). To deeply investigate
the nature of the plasmons associated with these two bands, we
graphically report in Figure 3C, left panel, the electron densities at
the excitation energies for pure Au@Ag-0% core-shell (on a slice in the
xy plane). As it can be appreciated, both peaks are associated with a
global dipolar plasmon. However, they differ for the electron
distribution in both the Au core and the interface between the two
regions (see yellow dashed line in Figure 3C). Indeed, for peak A a huge
charge accumulation at the interface is reported, while for peak B, the
boundary between theAg shell and the Au core is only partiallymarked.
This is due to the fact that our model allows for charge exchange
between the two layers, which is for instance not accounted for by other
classical descriptions (Szántó et al., 2021). However, such a charge
transfer is limited by the different tunneling barriers between the two
metals, as introduced in Eq. 6, and by the different chemical nature

FIGURE 3
(A) Graphical depiction of Au@Ag-0% and Au@Ag-18% core-shell nanospheres (D = 6.25 nm). (B) Computed Au@Ag-0% and Au@Ag-18%
absorption cross sections (data for pure Ag and Au structures are also reported, D = 6.25 nm). The normalized experimental spectrum reproduced from
Peña-Rodríguez and Pal (2011b) is depicted in the inset, together with the normalized ωFQFμ Au@Ag-0% and Au@Ag-18% absorption cross sections. (C)
Plasmon density computed at A, B (Au@Ag-0%) and A′, B′ (Au@Ag-18%) frequencies (isovalue = 0.0001 a. u.). The yellow dotted circle highlights the
interface between the gold core and the silver shell.
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(chemical hardness, polarizability, Drude parameters, . . .). As a
consequence, charge accumulation at the Ag-Au interface is expected.

Similarly, the Au@Ag-18% absorption cross section (see Figure 3B) is
characterized by two main peaks A′ and B′, which are blue- and red-
shifted as compared to their counterparts in Au@Ag-0% system. Such a
behavior can be justified by considering that by increasing the alloying
degree up to 50%, a fully alloyed Ag-Au spherical NP is obtained.
Therefore, in this situation, a single band is expected at about 450 nm (see
also Figure 1B). The plasmonic nature of the electron densities computed
at the A′ and B′ frequencies is graphically reported in Figure 3C, right
panel. A global dipolar plasmon is observed. However, by also comparing
with Au@Ag-0%, charge accumulation at the core-shell boundary is still
present, but less pronounced, in particular for B′. This confirms the above
speculation: indeed, by increasing the alloying degree, a decrease in the
potential barrier at the interface is obtained.

To conclude the discussion on Au@Ag core-shell systems, we
compare our results with experimental absorption cross sections
reported by Peña-Rodríguez and Pal (2011b) (see inset in Figure 3B),
who studied the plasmonic response of Au@Ag core-shell spherical NPs
with D = 44.2 nm and characterized by DAu/DAg = 0.81 (comparable
with our simulations). As it can be noticed, the experimental spectrum is
characterized by twomain peaks at about 400 nm and 497 nm. This is in
very good agreement with our calculations, thus further demonstrating
the reliability of our model. In fact, only a slight discrepancy in relative
intensities, probably due to different experimental conditions (size of the
NP, solvent, . . .), is observed.

4 Conclusion

ωFQFμ has been extended to the description of bimetallic metal
nanoalloys and core-shell NPs, and has been applied to spherical alloyed
NPs and nanorods, for which alternative methods proposed in the
literature fail, due to incorrect modeling of interband contributions.
Remarkably, ωFQFμ correctly reproduces experimental trends, also in
the case of core-shell systems; this is a direct consequence of the
atomistic nature of the approach, which permits a physically
consistent picture of the local environment of each specific atom.

ωFQFμ is general enough to describe any kind of bimetallic
system; for instance, it can be applied to complex geometrical
arrangements, such as subnanometer junctions, which form when
two NPs approach each other. Such complex nanostructures require
appropriate treatment of interband transitions and reliable
modeling of quantum tunneling effects. The effect of alloying in
subnanometer junctions has been only marginally investigated, due
to the lack of theoretical approaches to correctly describe the
plasmonic properties of alloys and generic bimetallic systems.
ωFQFμ can indeed be applied to these systems and this
investigation will be the topic of future studies. Also, ωFQFμ can
be extended to generic multi-metallic nanostructures, through the
generalization of Eq. 19 followed by a specification of the quantities
entering Eq. 6.

As a final technological perspective, relevant for instance in
sensing applications, the approach can be potentially applied to
compute spectral properties of molecules adsorbed on bimetallic
systems, by generalizing previous studies on homogenous substrates
(Payton et al., 2013; Lafiosca et al., 2023). In this way, Surface-
Enhanced spectroscopic signals can be simulated by retaining an

atomistic description of the plasmonic substrate, which plays a
crucial role in bimetallic systems, as it is demonstrated in this work.
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ABSTRACT: Investigating nanoplasmonics using time-dependent
approaches permits shedding light on the dynamic optical
properties of plasmonic structures, which are intrinsically
connected with their potential applications in photochemistry
and photoreactivity. This work proposes a real-time (RT) extension
of our recently developed fully atomistic approaches ωFQ and
ωFQFμ. These methods successfully reproduce quantum size
effects in metal nanoparticles, including plasmon shifts for both
simple and d-metals, even below the quantum size limit. Also,
thanks to their atomistic nature and the phenomenological
inclusion of quantum tunneling effects, they can effectively describe
the optical response of subnanometer junctions. By incorporating
real-time dynamics, the approach provides an efficient framework
for studying the time-dependent optical behavior of metal nanostructures, including the decoherence of plasmon excitations.

1. INTRODUCTION
Under the action of external radiation, the conductive
electrons of plasmonic nanomaterials, such as noble metal
nanoparticles, can be excited, giving rise to the so-called
localized surface plasmons (LSP).1−3 Such plasmons are
excited at the plasmon resonance frequency (PRF), which
generally shows a high tunability as a function of the size,
shape, and chemical composition of the nanostructure.4−7
Such a property, together with the capability of plasmonic
materials to absorb a huge amount of energy and the huge
enhancement of the electric near field, makes plasmonic
materials based on noble metals a unique platform for a
plethora of technological applications, ranging from sens-
ing7−14 to photocatalysis.15−24
In this context, an in-depth understanding of the dynamics

of the optical response of plasmonic structures is vital for
elucidating the mechanisms underlying the photophysics and
photochemistry of such systems.25−27 From the experimental
point of view, this can be achieved by resorting to time-
resolved spectroscopies.28,29 To rationalize the experimental
findings, theoretical approaches able to describe the time
evolution of the optical response need to be exploited.30−33
The most common theoretical methods generally rely on
solving classical Maxwell’s Equations or purely quantum
mechanical (QM) methods. Classical approaches, such as the
Boundary Element Method (BEM)34−36 or the Finite-
Difference Time-Domain (FDTD) method,37,38 are powerful
tools for modeling nanoscale optical systems, however, they
typically overlook tunneling effects and the atomistic details
that are essential for an accurate description of structures

defined at the subnanometer levels,39−48 such as nanojunctions
or picocavities.20 On the other hand, QM-based approaches,
headed by Real-Time Time-Dependent Density Functional
Theory (RT-TDDFT), TDDFT30,49−56 and Real-Time Time-
Dependent Density Functional Tight-Binding (RT-
TDDFTB),57−59 provide a first-principle description of the
nanostructure response by retaining the atomistic nature of the
system. However, they are computationally prohibitive for
large nanosystems and are generally exploited to describe
systems composed at most of a few thousand atoms.
To overcome the drawbacks of classical and QM-based

approaches, we have recently developed two methods, namely
frequency-dependent fluctuating charges (ωFQ)60−65 and
frequency-dependent fluctuating charges and fluctuating di-
poles (ωFQFμ).66,67 Such methods describe the nanostructure
at the full atomistic level and model its optical response by
integrating the Drude conduction theory, classical electro-
dynamics, quantum mechanical tunneling, and interband
effects. In particular, in ωFQ, each atom of the nanosystem
is endowed with a charge that dynamically responds to the
external field as regulated by the Drude conduction model.60,68

In this way, intraband effects are incorporated into the model.
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To describe d-metal nanostructures, we have extended ωFQ by
introducing ωFQFμ, where each atom is additionally endowed
with a complex polarizability, modeling d shell polarizability
and interband effects.66 In both approaches, we also introduce
a phenomenological description of quantum tunneling effects
regulating the charge exchange between neighbor atoms.44,45

Both ωFQ and ωFQFμ can reproduce reference ab initio and
experimental data, including plasmon shifts for both simple
and noble metals, and atomistically defined nanojunctions,
even below the quantum size limit.60,66 In other words, they
feature accuracy comparable to QM-based approaches, at a
much lower computational cost.
In this work, we extend the ωFQ and ωFQFμ models to the

real-time (RT) regime, enabling the simulation of the time
evolution of plasmonic excitations as driven by light pulses of
arbitrary profiles. The resulting RT-ωFQ and RT-ωFQFμ
approaches permit the study of the dynamics of the optical
response of metal nanostructures, including the decoherence of
plasmon excitations. The approaches can describe the response
dynamics under short impulses (in the as/fs time scale) and
continuous waves (CW) using the same theoretical framework.
This is particularly relevant since CW irradiation is often
exploited in plasmonic catalysis.15,25 We validate the novel
approaches by comparing our results with reference ab initio
TDDFT data for sodium and silver nanostructures. Our
method thus offers a comprehensive and efficient tool for
studying the dynamics of optical response of metal
nanostructures, bridging the gap between classical and QM
descriptions, and paving the way for advanced applications in
nanophotonics.
The manuscript is organized as follows. In the next section,

we report the theoretical derivation of RT-ωFQ and RT-
ωFQFμ. The methods are then applied to simulate the time
evolution of the optical response of a sodium dimer, displaying
a single-atom junction, and a silver icosahedral nanoparticle.
The summary and conclusions end the manuscript.

2. METHODS
In this section, we first briefly recall the theoretical foundations
of the fully atomistic ωFQ and ωFQFμ approaches for
nanoplasmonics. We then present and discuss their extension
to the time domain.
2.1. ωFQ and ωFQFμ Models. ωFQ is a fully atomistic,

classical model that endows each atom of the nanostructure
with a frequency-dependent charge.60 When an external
electric oscillating field is applied to the system, the charge
exchange between the atoms is governed by the Drude
conduction model. Such an interaction exponentially vanishes
by phenomenologically incorporating quantum tunneling
mechanisms limiting the charge transfer among the nearest
neighboring atoms.60 By considering a monochromatic field
oscillating at frequency ω, ωFQ charges qi(ω) are computed
by solving the following equation60

q f l

K

i ( ) 1 ( ) ( )

( )

i
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ij l j
el

i
el
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el
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0

0

= [ ]

= (1)

where N is the number of atoms, τ is the friction time, n0 is the
numerical density of the material, ij is the effective area
connecting i-th and j-th atoms, and lij is their distance. ϕiel is the
electrochemical potential on each atom regulating the

dynamical polarization of the system. This takes into account
the interactions between the atoms and their interaction with
the external electric field. Finally, f(lij) is a Fermi-like function
mimicking quantum tunneling60
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where lij0 is the atom−atom equilibrium distance, whereas d and
s determine the sharpness and the center of the damping
function, respectively. The parameters entering eq 1 have a
microscopic physical meaning and can be extracted from the
experimental permittivity or determined by comparing
computed results with reference ab initio calculations.60,62

Equation 1 can be recast in a compact way as the following
linear system69

zA I q f( ) ( ) ( )qq
q N

q[ ] = (3)

where IN is the N × N identity matrix, while Aqq, zq(ω) and
fq(ω) read69
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where Tqq is the charge−charge interaction kernel60,70 and
Vext(ω) is the potential associated with the external field
evaluated at the position of each atom. The matrix P takes the
following form69

P Kij
k

ik ij=
(5)

ωFQ is a fully atomistic approach that models the optical
response of nanostructure materials by accounting for
intraband mechanisms only, via the Drude conduction
model. Therefore, the approach cannot describe metals
featuring interband transitions, such as noble metal nanostruc-
tures.71−75 To model these systems, we have recently
developed ωFQFμ,66 which extends ωFQ by assigning to
each atom of the nanosystem an additional source of
polarization, i.e., an atomic polarizability and an associated
induced dipole μi. The electric potential produced by the
dipoles is included in eq 1 as an external potential acting on the
charges in the electrochemical potential ϕel. The dipoles μi are
calculated by solving the following set of linear equations66

E E E( )( )i i
q

i i
IB ext= + + (6)

where Eq and Eμ are the electric fields generated by the charge
and the other dipole moments, respectively, while Eext is the
external electric field. αIB(ω) is the atomic complex polar-
izability describing interband transitions, which can be easily
obtained by extracting interband contributions from the
experimental permittivity function.66

The equations defining charges and dipoles responses can be
coupled together resulting in the following linear system66
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(7)

The Journal of Physical Chemistry C pubs.acs.org/JPCC Article

https://doi.org/10.1021/acs.jpcc.4c04002
J. Phys. Chem. C XXXX, XXX, XXX−XXX

B



where Tμq and Tμμ are the dipole-charge and dipole−dipole
interaction kernels,66,70,76 while Aqμ, zμ(ω) and fμ(ω) are
defined as66

z

A K P T

f E

( )

( )
1
( )

( ) ( )

q q

IB

ext

=

=

= (8)

where Tqμ = [Tμq]† is the charge-dipole interaction
kernel.66,70,76

2.2. Real-Time Extension of ωFQ and ωFQFμ Models.
In this section, we extend both ωFQ and ωFQFμ to the time
domain by proposing their real-time extension. Let us first
focus on ωFQ. Explicating the definition of zq(ω) in eq 3, we
obtain

n n
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By considering the following definition of the Fourier
transform

f t f t
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we can rewrite eq 9 in the time domain by applying 1 to
both sides

n
t
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where we exploited the following properties of the Fourier
transform
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Equation 11 represents the dynamical evolution of a set of
coupled forced damped oscillators with the same mass

n
1

2 0
and

the same damping parameter 1 , under the time-dependent
force fq(t) that depends on the electric potential generated on
each charge at the time t. Equation 11 defines the RT-ωFQ
approach, which has also been formulated in refs 77,78.
By moving to ωFQFμ, eq 7 can be rewritten explicating

zq(ω) and zμ(ω) as follows
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T q T f( ) ( ) ( ) ( ) ( )qIB= [ + ] (14)

Before applying the inverse Fourier transform, it is convenient
to rewrite eq 14 to avoid the convolution in the time domain in
terms of interband polarizability. To this end, we approximate
the interband polarizability αIB(ω) as a sum of Drude−Lorentz
oscillators (DL), similarly to what has been proposed in
FDTD37,38 and BEM79 frameworks
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where M is the total number of DL oscillators, each of them
defined in terms of the parameters Ap, ωp, and γp. We can split
eq 14 by partitioning μ(ω) as DL-dependent terms μp(ω) such
that
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At this point, the original ωFQFμ problem in eqs 13 and 14
can be recast in M + 1 equations in the frequency domain, i.e.
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By applying 1 Fourier transform to both charges and
dipoles expressions in eq 18, we finally obtain the M + 1
differential equations defining the RT-ωFQFμ model
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where we have exploited again the properties recalled in eq 12.
2.3. Numerical Propagation Scheme. To propagate RT-

ωFQ and RT-ωFQFμ in time, we exploit a second-order
velocity Verlet algorithm in the presence of a friction term.80

Note that such a procedure has been previously exploited to
deal with similar problems in the context of continuum
approaches.79 Let us consider a general coordinate system x(t)
described by the following differential equation

t t tx F x( ) ( ) ( )= (21)

where F is the mass-normalized force acting on each
coordinate and γ is the friction coefficient. By using a fixed
step Δt, the second-order velocity Verlet algorithm scheme
expresses x(t) and the associated velocity ẋ(t) as
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Equation 22 can be specified for RT-ωFQ and RT-ωFQFμ by
defining the mass-normalized time-dependent force acting on
charges and dipoles from eqs 19 and 20

t n t t tF A q A f( ) 2 ( ) ( ) ( )q qq q q
0= [ + + ] (23)

t A t t t tF T q T f( ) ( ) ( ) ( ) ( )p p
q

p p
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(24)

Note that for RT-ωFQ, only the forces acting on charges are
calculated by discarding Aqμ μ(t) in eq 23.
The second-order velocity Verlet algorithm scheme in eq 22

can finally be specified for the time-propagation of RT-ωFQ as
follows

t t t t
t

t
t

tq q q F( ) ( ) 1
2

( )
2

( )q
2i

k
jjj y

{
zzz+ = + +

(25)

t t t t t t t t

t
t t

q q F

F

( ) 1
2

( )
2

1 ( )

2
( )

q

q

2

2

i
k
jjjj

y
{
zzzz i

k
jjj y

{
zzz+ = + +

+ +
(26)

In RT-ωFQFμ, the dipoles’ time-propagation can be obtained
similarly as
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2.4. Computational Details. RT-ωFQ and RT-ωFQFμ
equations are solved by using a stand-alone Fortran 95
package. The numerical integration of charges and dipoles is
performed by propagating eqs 25−28 from t = 0 and by
assuming zero initial conditions, which naively correspond to
the stationary solution in the absence of external field. ωFQ
and ωFQFμ parameters for Na and Ag nanostructures are
recovered from refs 60,66 respectively.
For RT-ωFQFμ, the interband polarizability αIB in eq 15 is

fitted to experimental data by resorting to the Basin-hopping
stochastic global optimization algorithm.81 The Ag interband
polarizability (see ref 66 for its definition) is fitted with a
different number of DL oscillators (M = 4, 5, 6, 7) by
minimizing the residual error

res d ( ) ( )IB
fit
IB

min

max
=

(29)

where αfitIB is the fitted permittivity that depends on the
parameters Ap, ωp, and γp. For each value of M, the optimal
parameters are obtained by selecting the best αfitIB from 100
Basin-hopping simulations. Each Basin-hopping simulation is
started by setting random values of ωp extracted in the range
between ωmin = 1 eV and ωmax = 7 eV, Ap and γp equal to 1 for
each p = 1, ···, M. The fitting procedure is implemented in

Figure 1. (Left) RT-ωFQ and ωFQ absorption cross section (σx) of a Na261 nanorod as polarized along the x axis. RT-ωFQ results are obtained by
varying the parameters of the time evolution (Δt and T) under the action of the external pulse in eq 30. Relative RT-ωFQ-ωFQ errors are reported
in the bottom panel. (Right) RT-ωFQFμ and ωFQFμ absorption cross section (σx) of a Ag164 spherical NP as polarized along the x axis. RT-
ωFQFμ results are obtained by varying the parameters of the time evolution (Δt and T) under the action of the external pulse in eq 30. Relative
RT-ωFQ-ωFQ errors are reported in the bottom panel.
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Python by resorting to the lmfit package,82 which exploits the
Basin-hopping algorithm as implemented in the scipy
library.83 Note that for M = 6, 7 the fitting procedure returns
some values of ωp ≈ 0 which can potentially generate
numerical issues in the time propagation. However, these
values can be safely discarded because αfitIB is correctly
reproduced in the experimental frequency region of interest
(vide infra). Three sets of parameters with M = 4, 5, 6 are
finally generated. The numerical values of Ap, ωp, and γp are
reported in Table S1 in the Supporting Information − SI.

3. RESULTS AND DISCUSSION
In this section, RT-ωFQ and RT-ωFQFμ approaches are first
validated by comparing the absorption spectra as calculated by
Fourier-transform the time-dependent responses or by using
ωFQ and ωFQFμ defined in the frequency domain. RT-ωFQ
and RT-ωFQFμ robustness is further demonstrated by
simulating the time-resolved spectral signal of a Sodium
dimer characterized by an atomistically defined junction and
the dynamical response of an Icosahedral Silver NP and
comparing our results with reference ab initio data.
3.1. Validation of the Propagation Scheme. RT-ωFQ

and RT-ωFQFμ are validated by computing the optical
response of a Sodium cylindrical nanorod (Na261, length
4.968 nm, diameter 1.242 nm, described at the RT-ωFQ level),
and a silver spherical NP (Ag164, diameter 1.634 nm, described
at the RT-ωFQFμ level). The considered nanostructures are
graphically depicted in Figure 1. For both systems, we apply an
external electric field described as the following Gaussian-type
kick pulse linearly polarized along the x̂ axis

t E
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where t0 = 5 fs, σ = 0.1, while Δt and T are the time-step and
the total evolution time exploited in the time propagation. The
Gaussian width depends on Δt in order to have a uniform
sampling by varying the time step.
The longitudinal absorption cross-section σk along the axis k

= x, y, z is computed as

c
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4
Im ( )k kk= [ ]

(31)

where ω is the frequency, c is the speed of light and αkk(ω) is
the frequency-dependent polarizability element, which is
obtained from the time-propagation dynamics as follows
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where qi is the charge of the i-th atom, whereas ri,k, μi,k and Ek
are the k = x, y, z Cartesian components of the position and
the electric dipole of atom i, and the external electric field. The
Fourier transform in eq 32 is numerically computed by
resorting to the Fast Fourier Transform as implemented in the
scipy package.83

RT-ωFQ and RT-ωFQFμ longitudinal absorption cross
sections of the Na261 nanorod and Ag164 spherical NP are
reported in Figure 1 (top panel), where they are compared to

the corresponding σx(ω) calculated by exploiting the reference
ωFQ and ωFQFμ models, respectively. The relative error on
σx(ω) obtained from RT-ωFQ(Fμ) with respect to ωFQ(Fμ)
is reported in the bottom panel of Figure 1. In the case of (RT-
)ωFQFμ calculations, the fitted interband permittivity αfitIB
obtained with M = 6 (see Table S1 in the SI) is used for
both RT-ωFQFμ and ωFQFμ, thus ensuring the same optical
response of the system in the two cases.
To validate our integration scheme, the absorption cross-

section is calculated by varying the integration time step Δt
(0.5, 1, 10 as) and the total simulation time T (100 fs, 1 ps).
By first inspecting Figure 1, we note that the numerical results
obtained from real-time simulations are qualitatively consistent
with the reference values calculated in the frequency domain,
perfectly reproducing all the features of the absorption
spectrum for both ωFQ and ωFQFμ. This is valid for both
T = 100 fs and T = 1 ps, for which the most accurate results are
obtained as a higher density of data points is acquired (see
inset of Figure 1, top panel).
For a more quantitative analysis, we investigate the relative

error obtained for RT-ωFQ and RT-ωFQFμ by taking their
frequency-domain counterparts as a reference. Such an analysis
is performed for the same input frequencies in both the real-
time and frequency-domain calculations. The numerical results
are depicted in Figure 1, bottom panel, by varying the
numerical parameters of the integration scheme (Δt, T) to
quantify their impact on the numerical stability of the
simulation. By first focusing on RT-ωFQ (left), we observe
that a large Δt (10 as T = 100 fs) is generally associated with
the largest errors, in particular in correspondence of the
maxima in the absorption spectrum, i.e., for frequencies >1.5
eV. Differently, all calculations performed by using a smaller
time-step (0.5, 1 as T = 100 fs), are associated with a
substantial reduction of relative errors for all frequencies and
are overall consistent with each other. Interestingly, elongating
the total time of the simulation does not significantly affect the
numerical errors in the region of the spectrum characterized by
absorption peaks.
The relative errors computed for RT-ωFQFμ are inherently

higher than those reported for RT-ωFQ by almost 2 orders of
magnitude on average. In this case, reducing the time step of
the integration does not substantially reduce the relative errors.
The most accurate results are obtained by increasing the
precision of the Fast Fourier Transform, i.e., by elongating the
time simulation of the real-time propagation (T = 1 ps), which
is associated with an increase in the number of sampled
frequencies. This is particularly evident in the significant
regions of the spectrum (frequency >3 eV), where the relative
errors are comparable to those reported by RT-ωFQ. The
relatively large errors can thus be attributed to limitations in
numerical precision.
The discussed analysis validates the accuracy of our

implementation and the exploited second-order procedure.
In all the following calculations, the time step Δt = 1 ps is
exploited because it guarantees the best compromise between
computational cost and accuracy.
3.2. Sodium NP Dimer: Single-Atom Junction. As a

first test case to analyze the performance of RT-ωFQ, we
consider two Na380 icosahedral NPs that are connected by a
monatomic junction (see inset in Figure 2). Such structure is
extracted from a dynamical simulation of the retraction process
of two fused Na380 NPs, which has been studied at the full ab
initio level by Marchesin et al.84 and at the ωFQ level in ref 60.
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The breaking process gradually occurs: the monatomic
junction first arises, and then the dimer dissociates as the
distance increases. This study focuses on the monatomic
junction because we have recently shown that tunneling effects
are essential to reproduce the ab initio reference data.60,84 As
such, this system represents a perfect test case to show the
capabilities of the newly developed RT-ωFQ for studying the
dynamics of the optical response of atomistically defined NPs.
In fact, the simulated absorption cross-section along the

longitudinal axis of the NP dimer (y) at the ωFQ level is
characterized by two main bands.60 Such plasmon peaks are
associated with two peculiar charge-transfer (CT) plasmonic
excitations. The band occurring at 0.34 eV (see A peak in
Figure 2) is characterized by a dipolar plasmon in the whole
dimer structure. For this reason, it is generally named Charge-

Transfer Plasmon (CTP).85−87 The second band dominates
the spectrum and is especially broad (2−4 eV), resulting from
the convolution of many absorption peaks. This behavior is
commonly identified in most NP dimers.41,84,88−90 The
associated plasmon shows an overall multipolar character
(generally dipolar character by looking at the single nano-
particles), and it is generally called CTP’. The large
inhomogeneous broadening reported for the CTP’ band is
due to transitions with different nodal structure at the atomic
scale, but corresponding to plasmons of similar nature (see B,
C, D, and E peaks in Figure 2), similarly to what has been
reported for other stretched sodium NPs.60,88

To study the plasmon dynamics in the time domain, we
resort to RT-ωFQ. We exploit an external cosinusoidal electric
field along the dimer axis (y)

t E tE y( ) cos( )ext
0 0= (33)

Differently from Section 3.1, the used functional form
resembles a continuous wave (CW) illumination of the
nanostructure. This demonstrates the flexibility of our
approach to describing different excitations, which can better
represent the experimental conditions.15,25 The real-time
simulation is carried out by using E0 = 10−6 au (≈ 50 μV/
Å), Δt = 1 as, and T = 50 fs. In Figure 2, the time propagation
of the total dipole moment along the dimer axis μy is plotted by
setting ω0 (see eq 33 in resonance with A, B, C, D, and E
absorption frequencies). The numerical values are normalized
with respect to the dipole moments computed at resonance
with A absorption, for which the largest μy is reported. By
looking at Figure 2, we note that the stationary solution is
reached for all external frequencies after about 20 fs. In such a
time regime, the total dipole moment oscillates in phase with
the external field at the forcing frequency, which increases
moving from the A to the E band. Remarkably, the relaxation
time is similar for each external frequency, since it is
intrinsically related to the scattering time assigned to sodium
atoms (τ, see eq 1). Furthermore, the relative amplitudes of the
dipole moments associated with the diverse plasmon
excitations are directly connected with the imaginary part of
the polarizability of the system, which in turn is related to the
absorption cross section reported in Figure 2 through eq 31.
This is why the largest amplitudes are reported for ω0 in
resonance with the A peak, and the relative amplitudes
decrease by increasing the external frequency, following the
trends highlighted by the absorption spectrum.
Our real-time model also allows for graphically investigating

the dynamical oscillation of the induced charge density. A
similar study has also been performed at the ab initio level as
derived from TDDFT calculations, assuming a periodic
oscillation equal to 2π/ω0.84 RT-ωFQ gives direct access to
this analysis, allowing an in-depth investigation of the
dynamics of the plasmon. In this case, we focus on plasmonic
dynamics once the system enters the stationary condition.
Such a time evolution is depicted in Figure 3 for the CTP peak
at 0.34 eV (all the other time evolution are graphically
depicted in Figures S2−S5 in the SI). As can be noticed, the
single-atom junction behaves as an accumulation point for
electron conduction, limiting the charge transfer between the
two structures. Such a structure is associated with a substantial
reduction of the electron current across the single-atom
junction at both the ωFQ and TDDFT levels.60,84 We finally
remark that the plasmon dynamics in Figure 3 qualitatively

Figure 2. (Top) ωFQ absorption cross section of Na380 dimer as
polarized along the y axis. (Bottom) RT-ωFQ total dipole moment
induced in the y direction as a function of time for A, B, C, D, and E
peaks highlighted in the top panel.

The Journal of Physical Chemistry C pubs.acs.org/JPCC Article

https://doi.org/10.1021/acs.jpcc.4c04002
J. Phys. Chem. C XXXX, XXX, XXX−XXX

F



reproduces the TDDFT behavior84 at a much lower computa-
tional cost.
To conclude our analysis, it is possible to monitor the charge

transfer dynamics through the single-atom junction by
calculating the total charge accumulated on each monomer
at each time step. The partitioning of the Sodium dimer and
the total charge on a monomer as obtained for a
monochromatic field with ω0 in resonance with A, B, C, D
and E absorption frequencies are reported in Figure S6 in the
SI. As it can be seen from the evolution of Q(t) as normalized
with respect to the maximum charge obtained at ω0 = 0.34 eV
(see Figure S6, right side), the total charge accumulated on the
red monomer oscillates in phase with the total dipole at the
frequency of the probing field. We can also quantify the CTP

character of each plasmonic peak by inspecting the amplitude
of Q(t). In particular, the A peak at ω0 = 0.34 eV shows a
strong CTP character, while the other plasmonic excitations
have a predominant BDP character, in accordance with the
induced charge density evolution reported in Figures 3 and
S2−S5 in the SI. It is worth remarking that the presence of the
atomic link between the sodium monomers is not a necessary
condition to allow for the charge-transfer between the
subsystems, as it has been shown in the frequency domain
with the ωFQ(Fμ) models.60,66
3.3. Icosahedral Ag NP. Let us now consider the intricate

case of d-metal nanostructures, for which a proper description
of interband transitions is crucial to reproduce the correct
experimental optical properties.66 As explained in Section 2.2,

Figure 3. RT-ωFQ time evolution of the induced charge density of Na380 dimer excited using a monochromatic field oscillating at 0.34 eV (A peak
in Figure 2, top panel). The induced charge density oscillation is reported for the time region highlighted in green in Figure 2, bottom panel. The
density isovalue is set to 0.001 au.

Figure 4. (Left) Fitting of the experimental interband polarizability αIB(ω) by using M = 4, 5, 6 DL oscillators (see eq 15). (Right) RT-ωFQFμ
absorption cross section using αIB as fitted using M = 4, 5, 6 DL oscillators. ωFQFμ reference spectrum as calculated by using the experimental αIB
is also reported for comparison’s sake.
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in order to study the dynamics of ωFQFμ plasmonic response,
we approximate the interband polarizability αIB(ω) as a sum of
M DL oscillators. The number M of DL oscillators is chosen to
ensure the accurate reproduction of the interband polar-
izability. To select the minimum number of DL required for
this purpose, in Figure 4 (left) we report αfitIB as fitted by
exploiting 4, 5, and 6 DL oscillators For all cases, the
reproduction of the experimental polarizability is particularly
satisfactory, especially for frequencies larger than 4 eV. Some
larger discrepancies are instead observed for smaller
frequencies (1−4 eV), because αIB(ω) imaginary part is
close to zero, and the DL functional form is not ideal in this
case. The numerical fitting values are reported in Table S1 in
SI. Note however that in such a region the optical response is
dominated by intraband transitions, thus the effect of
interband transitions is expected to be small. It is also worth
pointing out that some amplitudes Ap are negative (as also
obtained in ref 79), however, the overall sign of the interband
polarizability is positive.
To further evaluate the accuracy of the fitting procedure, in

Figure 4 (right), the absorption cross-section of an Ih Ag NP
constituted of 561 atoms (Ag561, radius ∼1.4 nm) is computed
at the RT-ωFQFμ level (Δt = 1 as, T = 500 fs) by exploiting
αIB(ω) fitted using M = 4, 5, 6 DL oscillators. ωFQFμ
spectrum calculated in the frequency domain by using the
experimental interband polarizability is taken as a reference
(black line in Figure 4, right). The results clearly show that an
accurate reproduction of the ωFQFμ spectrum is achieved
when M > 4 DL oscillators are exploited in the fitting
procedure. In fact, M = 4 (top panel) provides an overall good
description of the ωFQFμ spectrum, however, the maximum
intensity of the plasmon peak (at about 3.56 eV) and its width
are wrongly predicted (the intensity is almost twice the
reference, the width is smaller). Indeed, our results remark on
the crucial importance of a proper modeling of the interband
transitions to reproduce the optical properties of noble metal
NPs, highlighting how small differences in the interband
polarizability can drastically affect the optical response. As a
final comment, it is worth pointing out that the outlined
discrepancies are associated with the diverse description of the
interband polarizability. This is demonstrated by the perfect
agreement between ωFQFμ and RT-ωFQFμ spectra com-
puted by using the same permittivity function (see Figure S1 in
the SI).
To further demonstrate the reliability and robustness of our

newly developed RT-ωFQFμ approach, we simulate the time
evolution of the plasmonic excitation of Ag561 Ih NP under the
effect of the following ultrafast Gaussian light pulse

t E t tE x( ) cos( ( ))e t text
0 0 0

( ) /(2 )0
2 2

= (34)

where E0 = 51 μV/Å and σ = 2.121 fs. ω0 is set to the PRF
(3.56 eV). The parameters are chosen to match the ab initio
RT-TDDFT study performed by Rossi et al.30 on the same
structure. Their ab initio results are thus taken as a reference
for challenging RT-ωFQFμ. A graphical depiction of the
exploited impulse is given in Figure 5, where the computed
RT-ωFQFμ dipole as a function of time is also reported. The
light pulse triggers a plasmonic response by generating a
pronounced dipole moment within the system, which arises
after a few femtoseconds (see Figure 5a). As the system
evolves in time, specifically when t approaches 13 fs, the system
undergoes a dephasing process. The coherence of the plasmon

oscillations deteriorates, leading to a gradual decay of the
dipole moment. The picture outlined by RT-ωFQFμ perfectly
matches the reference ab initio RT-TDDFT time evolution
(see Figure 5b). The agreement between the classical and
quantum methods is excellent, not only qualitatively, but also
quantitatively. In fact, only minor discrepancies are observed.
The time delay of the plasmonic response for RT-ωFQFμ is
smaller than RT-TDDFT as highlighted by vertical 1−3 bar in
Figure 5a,b. In addition, RT-ωFQFμ predicts a larger induced
dipole moment, but of the same order of magnitude (∼0.035
vs ∼0.022 eÅ). This result is particularly remarkable, especially
considering the classical nature of RT-ωFQFμ and the
associated low computational cost.
To quantify the effective decay timing τ associated with the

dephasing mechanisms, we fit the RT-ωFQFμ and RT-
TDDFT curves by using e−t/τ functional form. The resulting
RT-ωFQFμ τ is 9.6 fs, showing a typical localized surface
plasmon decay time. This is in very good agreement with the
reference ab initio fitted τ value (7.8 fs). Therefore, RT-
ωFQFμ can be as accurate as RT-TDDFT in describing the

Figure 5. (a, b) RT-ωFQFμ (a) and RT-TDDFT30 (b) time
evolution of the plasmon excitation of Ag561 Ih NP excited using a
monochromatic Gaussian pulse (top panel). In panel (a), the total
RT-ωFQFμ response (red) is also decomposed in charge (blue) and
dipole (orange) components. (c, d) RT-ωFQFμ (c) and RT-
TDDFT30 (d) plasmon densities at specific times (1−5) as depicted
in panels (a, b), respectively. The isovalue is set to 0.035. RT-TDDFT
data in panels b and d are reproduced from ref 30. Available under a
CC-BY 4.0 license. Copyright 2020 American Chemical Society.
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plasmonic time evolution and decay, even for nanostructures
below the quantum size limit, where it is commonly accepted
that an explicit quantum description is necessary. The small
numerical discrepancy can be due to the fact that RT-ωFQFμ
does not account for electron-surface scattering damping
mechanisms66,91,92 thus modifying the final numerical value of
τ.
The fitted τ substantially differs from the Drude scattering

time exploited to model intraband mechanisms in our RT-
ωFQFμ calculations (∼39 fs). Such a finding suggests that
interband effects play a nontrivial role in determining the time
evolution of the response of the plasmonic decay. This is
expected since interband transitions determine the optical
response of noble nanostructures as demonstrated in Figure 4.
In fact, the interband relaxation in Ag nanostructures is
governed by the inverse of γp in eq 20 (see also Table S1 in the
SI). ForM = 6 DL oscillators, the scattering times (1/γp) range
from 4.5 as to 30.5 as. Therefore, intra and interband decay
mechanisms nontrivially interplay, resulting in the fitted τ
value. To deepen on this point, in Figure 5a, the RT-ωFQFμ
time evolution of the total dipole moment is decomposed in its
charge and dipole contributions. In fact, our classical approach
allows for dissecting the contributions from delocalized and d
electrons. This is possible thanks to the formulation of RT-
ωFQFμ in terms of charges and dipoles with a clear physical
meaning being directly associated with intra and interband
mechanisms, respectively.66 Figure 5a shows that charges and
dipole dynamics are inherently connected, generally oscillating
in counter phase for the whole duration of the plasmonic
excitation (especially for t > 13 fs). Also, note that both charge
and dipole decay with the same effective time, although the
time scattering related to the two underlying mechanisms is
defined in two different time scales. This is not surprising
considering that charges and dipoles act as coupled oscillators
in our model (see eqs 19 and 20). However, their dynamics
nontrivially couple, thus resulting in the total dipole moment
time evolution which has been previously discussed.
To further investigate this point, we analyze the time

evolution of the plasmonic response by plotting the plasmon
densities at relevant times (see 1−5, in Figure 5a,b), which are
given in Figure 5c. The RT-TDDFT plasmon densities,
reproduced from ref 30, are given in Figure 5d as a reference.
The plasmonic excitation is characterized by electron density
oscillations, which can be dissected into two main components.
The first component is a surface-to-surface element, predom-
inantly associated with delocalized valence electrons and
intraband mechanisms. These electrons exhibit collective
behavior and mainly determine the overall electron density
oscillations. The second component arises from atom-localized
contributions, which are linked to the screening effect due to
interband transitions originating from the d-band. The
plasmon decay (plots 4−5 in Figure 5c) is directly correlated
with the diminishing surface-to-surface electron density
oscillations, marking the end of the collective plasmonic
activity. The intricate interplay between the delocalized valence
electrons and the localized d-band electrons therefore forms
the basis of the observed electron density oscillations. By
comparing RT-ωFQFμ and RT-TDDFT, we note that such an
interplay is correctly reproduced by our classical RT-ωFQFμ
approach, thanks to the proper inclusion of intraband and
interband decay mechanisms.
To conclude, we note that the stationary solution of a single

damped harmonic oscillator with natural frequency ω0 driven

by a monochromatic field is characterized by a phase of π/2
when the frequency of the field approaches ω0. However, the
total dipole moment dynamics as calculated at both the RT-
ωFQFμ and RT-TDDFT levels reported in Figure 5 are
associated with a phase different from π/2 despite the field
pulse being centered at the PRF in both simulations. Several
effects come into play in determining the phase of the total
dipole. First, the field pulse is not monochromatic and the
pulse duration is shorter than the plasmonic relaxation time,
therefore our system is not in a stationary state. Second, the
total induced dipole moment contains the response from all
plasmonic excitations (not only the one in resonance with the
external field) which contribute differently to the global phase.
Finally, in RT-ωFQFμ, the nanostructure is modeled as a set of
coupled damped oscillators that are not individually in
resonance with the external field at the PRF.
To have a better insight into this behavior, we investigate the

total dipole phase in the Na380 dimer analyzed in Section 3.2
under the action of the monochromatic field linearly polarized
along the y direction with frequency ω0 equal to the A, B, C, D,
and E frequencies reported in the absorption spectrum (see
Figure 2). The Na380 dimer is modeled using the RT-ωFQ
method, in which all the charges share the same “effective
mass” and friction coefficients (see eq 11), therefore
simplifying our analysis. The field amplitude and the induced
dipole are reported in Figure S7 (left) in the SI. For each time
evolution, we extract the phase factor between the induced
dipole (blue line) and the field amplitude (red line). We can
see that the phase factor is close to π/2 but there is a non-
negligible difference. Note that such a discrepancy is not
associated with numerical issues since similar results are
obtained with a smaller time step or longer simulations.
Furthermore, in Figure S7 in the SI (right) we report the phase
distribution of each charge qi(t) induced by a monochromatic
field with ω0 = 0.34 eV (peak A in Figure 2). The phase
accumulated on each charge nontrivially varies depending on
the position and the local surroundings. Therefore, the phase
of the total induced dipole is a rather complicated function
whose value cannot be estimated a priori. To conclude, the
single-damped oscillator model may fail in the description of
the dynamic response of plasmonic nanostructures, thus
highlighting the role of accurate modeling of these systems.

4. CONCLUSIONS
In this work we have presented two novel approaches, namely
RT-ωFQ and RT-ωFQFμ, to describe the time evolution of
plasmonic excitations in simple and noble metal nanoparticles.
The developed methods are the real-time extension of ωFQ
and ωFQFμ, which have been previously developed in the
frequency domain. Such models provide an accurate fully
atomistic modeling of plasmonic nanoparticles, by properly
describing intra and interband effects and also tunneling
mechanisms. Our real-time extension can handle short
impulses (in the as/fs time scale) and CW within the same
theoretical formulation.
RT-ωFQ and RT-ωFQFμ are first numerically validated

taking the frequency-domain counterparts’ results as reference.
Then the models have been tested against two different
challenging nanostructures: a sodium dimer characterized by a
single atom junction, and an Ih Ag NP. To show the flexibility
of our implementation, the first system is studied under CW
illumination, while a Gaussian pulse is used to excite the Ag
NP. As a result, while in the first case, after a transient, the total
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dipole moment of the nanostructure oscillates in phase with
the external CW field, Ag NP total dipole moment is first
excited and then fast decays in the fs time scale. In the latter,
we directly compared with ab initio RT-TDDFT, demonstrat-
ing a qualitative and even quantitative agreement between our
classical and the quantum approach. As a consequence, our
approach can serve as a powerful approach for simulating the
plasmonic response dynamics even for NP size below the
quantum size limit. We note that we can further increase the
agreement between our approach and full quantum treatments
by including electron surface scattering damping decay
mechanisms, which can serve as an additional decay channel.91

The development of RT-ωFQ and RT-ωFQFμ paves the
way for the investigation of the decoherence of the plasmonic
response in nanostructures of sizes considerably larger than
those that can be treated at the purely quantum level, without
losing accuracy. Also, the model has the potential to be
coupled to a QM description of molecular systems adsorbed
on metal nanostructures,77 as previously done in the frequency
domain93,94 or by using diverse electrodynamical ap-
proaches.79,95−98 Such an extension will be the topic of future
papers.
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ABSTRACT: A novel fully atomistic multiscale classical approach
to model the optical response of solvated real-size plasmonic
nanoparticles (NPs) is presented. The model is based on the
coupling of the Frequency Dependent Fluctuating Charges and
Fluctuating Dipoles (ωFQFμ), specifically designed to describe
plasmonic substrates, and the polarizable Fluctuating Charges
(FQ) classical force field to model the solvating environment. The
resulting ωFQFμ/FQ approach accounts for the interactions
between the radiation and the NP, as well as with the surrounding
solvent molecules, by incorporating mutual interactions between
the plasmonic substrate and solvent. ωFQFμ/FQ is validated
against reference TD-DFTB/FQ calculations, demonstrating
remarkable accuracy, particularly in reproducing plasmon reso-
nance frequency shifts for structures below the quantum-size limit. The flexibility and reliability of the approach are also
demonstrated by simulating the optical response of homogeneous and bimetallic NPs dissolved in pure solvents and solvent
mixtures.
KEYWORDS: atomistic, solvent effects, silver, gold, alloys, colloids, plasmonics

1. INTRODUCTION
In the past decades, colloidal nanoparticles (NPs), i.e. NPs
dissolved in solution, have gained significant interest due to
their applications in many technological contexts, such as
sensing,1 biomedical applications,2 optoelectronics,3 and
energy conversion.4 By choosing different precursors, reducing
agents, solvents, and capping agents, nanostructured materials
can be synthesized with a fine control of shape and size.5 Size,
shape, chemical composition, and the solvent can indeed affect
the plasmon resonance frequency (PRF), i.e. the maximum of
the NP absorption spectrum.6 Such a feature is the basis of a
particular class of sensors, which exploit the shift of the PRF
upon change of the local refractive index (RI) of the solvent in
which the plasmonic NPs are dissolved. Such devices have
been widely employed in biosensing,7,8 where maximizing the
induced PRF shift as a function of RI is crucial to enhance
sensitivity.1,9

Rationalizing solvent effects on the PRF of colloidal NPs is
particularly challenging from a theoretical point of view. In
fact, the optical properties of colloidal NPs result from the
interplay of complex phenomena originating under the action
of the external electric field, such as the appearance of a
localized surface plasmon (LSP) excitation and the polarization
of the solvent electron cloud. Solvent effects on PRFs result
from a delicate balance between NP-solvent electrostatic (and
polarization) interactions, charge-transfer effects, and the
possible alteration of the plasmon decaying channels.10

In principle, a proper description of all possible NP-solvent
effects would require an ab initio treatment of the whole
system. However, first principle approaches become rapidly
unfeasible due to their unfavorable scaling as a function of the
system’s size, thus hindering the simulation of realistic systems.
For these reasons, commonly exploited theoretical approaches
to simulate plasmonic colloidal NPs are rooted in classical
physics,11−15 generally making use of the classical Mie
theory,11 the Boundary Element Method (BEM),12 the
Discrete Dipole Approximation (DDA),13,16 and the Finite
Difference Time Domain (FDTD).14 However, all these
approaches are based on approximated descriptions of both
the NP and the solvent, which is generally modeled as a
continuum dielectric characterized by its specific permittivity ε.
In addition, such approaches do not retain the atomistic nature
of the system.
In this paper, we propose a novel multiscale method where

both the plasmonic NP and the solvent are treated at full
atomistic level. In particular, we employ the fully atomistic
electromagnetic model called Frequency Dependent Fluctuat-
ing Charges Fluctuating Dipoles (ωFQFμ)17 to describe the
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optical response of plasmonic NPs. Such a model is remarkably
versatile and can be applied to NPs of any shape17 and
chemical composition,18 even at the quantum size limit (<5
nm).17 The solvent is modeled employing the polarizable
Fluctuating Charges (FQ) force field,19−21 which is specifically
designed to model the polarization of the electron cloud of
molecular systems. For this reason, it has been widely exploited
in the context of computational spectroscopy of solvated
systems.22−25
The two approaches, ωFQFμ and FQ, are coupled in a

multiscale fashion so that the resulting ωFQFμ/FQ model
accounts for the mutual electrostatic interaction between the
solvent and the plasmonic NP, allowing for the modeling of the
optical properties of generic colloidal plasmonic NPs. ωFQFμ/
FQ is also coupled to classical molecular dynamics (MD)
simulations, which are exploited to sample the NP-solvent
phase space. Therefore, differently from previous meth-
ods,11−14 the dynamical aspects of the solvation phenomenon,
which are crucial to properly model solvent effects on
spectroscopy, are taken into account.22,24,26

Note that, if solvent molecules are not adsorbed on the
surface of the NP, the main solvent effect on plasmonic
properties is the local RI variation of the medium surrounding
the nanomaterial. This leads to a modification of the local
optical field, generally causing a PRF redshift.10,27 Such effect is
harnessed in many colorimetric-sensors for the detection of
specific biomolecular analytes.7,8,11,28−35 In this work, we
model the physical processes that lead to plasmon shift upon
change of the local RI of the embedding medium.
The paper is organized as follows: first, the novel ωFQFμ/

FQ approach is presented after the theoretical foundations of
ωFQFμ and FQ methods are recalled. Then, the computa-
tional protocol is presented and ωFQFμ/FQ is validated in
comparison with reference Time-Dependent Density Func-
tional Tight Binding/Fluctuating Charges (TD-DFTB/FQ36)
results. The versatility and robustness of the approach are
demonstrated by studying real-size homogeneous and
bimetallic NPs dissolved in pure solvent or solvent mixtures.
A summary and the main conclusions of the work end the
manuscript.

2. METHODS

2.1. Theoretical Model
In this section, ωFQFμ and FQ are briefly recalled and the ωFQFμ/
FQ approach for modeling the optical properties of colloidal
plasmonic NPs is presented (see Figure 1).
2.1.1. Plasmonic Nanoparticle: the Atomistic-Electromag-

netic ωFQFμ Model. ωFQFμ models the plasmonic NP atomisti-
cally. Each atom is endowed with a set of complex frequency-
dependent atom-centered charges q(ω) (ωFQs), and dipoles μ(ω)
(ωFμs) (see Figure 1), accounting for intraband and interband
mechanisms, respectively. Charges are obtained by solving the
following equation of motion, obtained by modulating a Drude-like
conduction mechanics with quantum tunneling37,38
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In eq 1 Ai, ni, and τi are the atomic effective area, the electron
density, and the relaxation time associated with the intraband
scattering events of the i-th atom, respectively. Quantum tunneling
effects are expressed in terms of a Fermi-like damping function f ij(lij),
which exponentially damps the charge exchange between the atoms
(lij is the distance between i-th and j-th atoms). ϕi(ω) is the chemical
potential of i-th atom, which reads

= + +V V V( ) ( ) ( ) ( )i i
q

i i
ext

(2)

where Viext is the electric potential associated with the optical
radiation, whereas Viq and Viμ are the electric potentials induced by
charges and dipoles on the i-th atomic site (see ref 17 for more
details).
The plasmonic properties of alkali metals and graphene in the

Pauli-blocking regime are correctly described by ωFQs which
properly models intraband mechanisms.37−40 However, when the
interband absorption energy threshold is comparable to the plasmon
resonance frequency (PRF), such as in noble metal nanoparticles,
interband transitions become relevant to the decaying mechanism.41

To model this process, an additional complex frequency-dependent
dipole μ(ω) is assigned to each atom

= E( ) ( ) ( )i i
IB

i
tot

(3)

= [ + + ]E E E( ) ( ) ( ) ( ) ( )i i
IB

i
q

i i
ext

(4)

where αi
IB(ω) is the interband frequency-dependent polarizability of

the i-th atom, and Eitot(ω) is the total electric field acting on the i-th
dipole, accounting for charge−dipole (Eq), dipole−dipole (Eμ), and

Figure 1. Pictorial view of the multiscale scheme employed to develop ωFQFμ/FQ.
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dipole-field (Eext) interactions (see ref 17 for more details). For
homogeneous materials, αiIB(ω) is determined from the frequency-
dependent bulk-permittivity, whereas in the case of multimetallic
systems, the interband polarizability of the i-th atom is expressed as a
function of the local composition of the system.17,18

The ωFQFμ charge−dipole coupled equations can be recast in the
following set of complex linear equations

=
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where A(ω) is a frequency-dependent matrix containing NP chemical
and geometrical parameters, while Z(ω), and ZIB(ω) are diagonal
matrices. Tqq, Tqμ, Tμq and Tμμ are charge−charge, charge−dipole,
dipole-charge, and dipole−dipole interaction kernels, respectively (see
ref 42 for more details).
When the linear system in eq 5 is solved, charges and dipoles

modeling the optical intra- and interband response of the plasmonic
NP are obtained. From such variables, the NP complex polarizability
and the absorption cross-section σabs(ω) can be computed (see refs
17 and 18 for further details about the ωFQFμ model).
2.1.2. Solvent: the Fluctuating Charges Model (FQ). The

physics governing the optical response of solvent systems is utterly
different from that of plasmonic materials. When external electric
fields are applied, solvent molecules might experience several
phenomena ranging from electronic transitions to molecular
rovibrations depending on the external field frequency. In the
following, we focus only on solvents that are transparent in the
spectral region where the plasmonic nanostructure absorbs light. Note
that this is generally the case for noble metal nanoparticles, whose
PRF falls within the visible range (400−700 nm).43,44 In this way, the
external fields exciting the plasmons have energies lower than those of
the electronic transitions of the solvent molecules but sufficiently high
to quench rovibrational effects completely. Thus, the interaction with
the external field only yields the polarization of the solvent’s electron
cloud. This is modeled by using the Fluctuating Charges (FQ) force
field,19−21 which has been extensively used in computational quantum
chemistry for the modeling of molecules in solution.22,24,45 Within
FQ, each solvent atom is endowed with a charge q̃ whose value is not
fixed but can vary as a response to the external electric potential (see
Figure 1). Such charge fluctuation is governed by the electronegativity
equalization principle (EEP),46,47 which states that at equilibrium,
each atom has the same electronegativity, i.e. the negative of the
chemical potential, as reported by Parr.48 The FQ energy, i.e. the
energy required to create a partial charge on each atom is generally
written as a second-order Taylor expansion in the charges. For a
polyatomic system, this can be written as19

= + + +
<
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k
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{
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qq

i
,
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,
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where Greek and Roman indices run over molecules and atoms,
respectively. χαi is the electronegativity of the i-th atom of the α-th
molecule, and Tqq is the charge−charge interaction kernel42 of which
the diagonal elements ηαi are chemical hardnesses, representing self-
interaction polarization term. Both electronegativity and chemical
hardness are well rooted in Conceptual Density Functional Theory49

and are the only free parameters defining the model. Moreover, V tot is
the total external electric potential on each atomic site, which in the
FQ case is the potential associated with the external optical field

=V V( )tot ext . To constrain the charge of each molecule Qα
tot to a

constant, a set of Lagrange multipliers λα is exploited. The energy
functional in eq 6 thus becomes

= +F U q Qq q( , ) ( ) ( ( ) )
i

i
tot

(7)

From the minimization of eq 7 with respect to the variables (q̃ and
λ), the FQ polarization equations are obtained, implying that the

electronic degrees of freedom of the solvent instantaneously rearrange
without energy dissipation.19 Such an approximation is also valid for
optical fields in the visible range and for transparent solvents.22,23,50

When the total electric field is monochromatic at frequency ω, the FQ
polarization equations in the frequency domain read as follows (see
Section S1.1 in the Supporting Information, for further details)
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where 1 is a rectangular matrix containing the blocks associated with
the Lagrange multipliers. By solving eq 8, the atom-centered FQ
charges, modeling the instantaneous polarization of the electronic
cloud of the solvent under the application of an external
monochromatic field, are obtained.
2.1.3. Optical Response of a Plasmonic Nanoparticle in

Solution: The ωFQFμ/FQ Model. ωFQFμ for describing the
nanostructure’s response and FQ for modeling solvent polarization
are coupled in a multiscale fashion. In the resulting ωFQFμ/FQ
approach, mutual polarization effects between the solvent and the
metal NP are introduced (see Figure 1). To this end, we include the
solvent-induced electric potential V ( )q and electric field E ( )q

acting on the NP’s charges q(ω) and dipoles μ(ω) respectively. Thus,
the total chemical potential and field (eq 2 and eq 4, respectively)
acting on each atomic site now read

= + + +V V V V( ) ( ) ( ) ( ) ( )i i
q

i i
q

i
ext

(9)

= + + +E E E E E( ) ( ) ( ) ( ) ( )i i
q

i i
q

i
tot ext (10)

The electric potential and field induced by the FQ solvent charges
q̃(ω) on the NP’s atomic sites read

=V T q( ) ( )i
q

k
i k
qq

k
,

,
(11)
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q
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q
k

,
,

(12)

Tqq and T q are the Coulomb interaction kernels between the FQ
solvent charges and ωFQFμ plasmonic charges and dipoles
respectively, i.e.

=
| |

T
r
1

ij
qq

ij (13)

= TTij
q

r ij
qq

i (14)

where rij is the distance between atoms i and j.
To account for mutual polarization effects, the total potential V tot

acting on the solvent atomic sites includes the potential generated by
the NP’s charges V ( )q and dipoles V ( )

= +V V V( ) ( ) ( )i i
q

i
tot

(15)

where the electric potential and field induced by the ωFQFμ charges
and dipoles on the i-th solvent atom of the α-th molecule read

=V T q( ) ( )i
q

k
i k

qq
k,

(16)

=V T( ) ( )i
k

i k
q

k,
(17)

Note that in eq 15 we neglect local field effects (i.e., =V ( ) 0i
ext ).

The coupled ωFQFμ and FQ equations can thus be recast in a
linear system defining the ωFQFμ/FQ master equations
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By solving eq 18, the charges and dipoles defining the response of
the nanostructure as modified by the presence of the solvent are
obtained. This allows the simulation of the optical response of
plasmonic substrates with arbitrary shape and chemical composition
embedded in a generic solvent or solvent mixture (see Section S1.2 in
the Supporting Information).

2.2. Computational Protocol
In this work, we apply ωFQFμ/FQ to the calculation of the
absorption cross-section of plasmonic nanoparticles in solution. To
reproduce the experimental PRF shift induced by solvent effects, the
dynamic nature of the solvation phenomena needs to be properly
described. To this end, we adapt the protocol designed for molecular
systems in solution22 to the specific case of colloidal plasmonic NPs.
The protocol can be divided into four main steps (see Figure 2).
2.2.1. Geometry Generation. The geometry of isolated

plasmonic NPs is generated by using an in-house code that employs
the Atomic Simulation Environment (ASE) Python module v. 3.1751

(see Figure 2a and Section S2.1 in the Supporting Information).
2.2.2. Molecular Dynamics. The nanostructure is solvated. To

sample the NP-solvent phase-space, we perform a classical Molecular
Dynamics (MD) simulation of the solvated colloidal system by using
the GROMACS software package (version 2020.4) and a suitable
force-field52 (see Figure 2b and Section S2.2 in the Supporting
Information).

2.2.3. Extraction of Structures. From the MD trajectory, we
extract 25 uncorrelated representative structures of the whole system.
The number of structures ensures convergence of the spectral signal
(see Section S2.4.2 in the Supporting Information). For each
structure, we retain all solvent molecules that are at most 15 Å
from the NP surface, resulting in a spherical droplet (see Figure 2c
and Section S2.4.1 in the Supporting Information).
2.2.4. ωFQFμ/FQ Spectral Calculations. For each spherical

droplet, absorption cross sections are computed at the ωFQFμ/FQ
level. The overall spectroscopic response is then recovered as the
average over all structures (see Figure 2d and Section S2.3 in the
Supporting Information). All ωFQFμ/FQ calculations are performed
by employing a stand-alone Fortran 95 package.

3. RESULTS AND DISCUSSION
In this section, ωFQFμ/FQ is applied to compute the
absorption properties of noble metal NPs in solution. First,
the model is validated by reproducing reference data. Then, it
is employed to study solvent effects on realistic homogeneous
and bimetallic NPs dissolved in a pure solvent or a solvent
mixture, showcasing the potential and flexibility of the
approach.
3.1. Model Validation

The ωFQFμ/FQ approach is validated against vacuo-to-water
PRF shifts of a small silver spherical-like cluster composed of
164 atoms (Ag164). ωFQFμ/FQ values are compared to
polarizable Time-Dependent Density Functional Tight Bind-
ing/Fluctuating Charges (TD-DFTB/FQ) calculations.36 The
advantageous computational scaling of TD-DFTB/FQ, which
is reached through the approximation of two-electron
interactions, makes it capable of handling larger systems than
Time-Dependent Density Functional Theory-based methods
(TD-DFT) while preserving accuracy.36 The initial geometry
of Ag164 is taken from ref 53: from that structure, MD

Figure 2. Graphical scheme of the computational protocol employed to compute ωFQFμ/FQ absorption spectra of colloidal plasmonic NPs (see
also Sections S2.1, S2.2, S2.4, and S2.3 in the Supporting Information).

Figure 3. Vacuo-to-water PRF shifts (in eV) computed by using DFTB/FQ, ωFQFμ/FQ, and DFT/DFTBWAT/FQ levels of theory. A graphical
depiction of the structure used for each calculation is presented and the elements are colored according to the level of theory used (orange-DFTB,
gray-ωFQFμ, blue-FQ). In the green inset a zoom of the DFTB/DFTBWAT/FQ structure is reported to highlight the presence of water molecules
treated at the DFTB level of theory (orange).
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simulations in aqueous solution are run, a single random
snapshot is extracted and cut in a spherical droplet containing
water (WAT) molecules within 10 Å from the surface of the
NP, resulting in a total number of 807 water molecules. Such
distance is chosen to account for the most relevant NP-water
interactions (see Section S2.4.1 in the Supporting Informa-
tion). The absorption spectrum of Ag164 in vacuo (i.e., by
removing all water molecules from the snapshot) and in
aqueous solution (Ag164/WAT807) are computed by using
ωFQFμ and DFTB, and ωFQFμ/FQ and DFTB/FQ,
respectively (see Section S2.5 in the Supporting Information
for more details on the DFTB/FQ calculations). To evaluate
quantum effects at the NP-solvent interface, we also performed
DFTB/DFTBWAT/FQ calculations, where the first solvation
shell is treated at the DFTB level of theory (109 water
molecules), whereas the remaining 698 WAT molecules are
described at the FQ level. ωFQFμ parameters are recovered
from ref 17. The FQ WAT molecules are modeled by using the
parameters reported in ref 19 (WAT1, see Table S1 in Section
S2.3 in the Supporting Information). Note that additional
calculations were performed by using the FQ parameters
reported in refs 54−56 (see Section S3 in the Supporting
Information).
In Figure 3, we report the PRF shifts (ΔEPRF = EVAC −

EWAT) in eV calculated at the DFTB/FQ level (panel A),
ωFQFμ/FQ (panel B), and DFTB/DFTBWAT/FQ (panel C).
All methods predict a very similar vacuo-to-water PRF

redshift. The sign of the shift is expected due to the increase of
the refractive index of the NP surrounding medium, as also
supported by experimental observations.57,58 Notably, the
hybrid DFTB/FQ and the fully classical ωFQFμ/FQ
approaches predict the same solvatochromic shift (64 meV).
This is particularly remarkable because the dimension of the
studied NP falls within the quantum size region, where
quantum effects are expected to play a major role. Our results
highlight the accuracy of ωFQFμ in describing such
structures.59 When the first solvation shell of water molecules
is described at the DFTB level (DFTB/DFTBWAT/FQ), the
predicted solvatochromic shift decreases by ∼10 meV (53
meV). Such reduction can be attributed to the inclusion of
purely quantum NP-solvent interactions, mainly related to
Pauli repulsion effects,36,60,61 which are not taken into account
by both DFTB/FQ and ωFQFμ/FQ. Remarkably, the
computational cost associated with ωFQFμ/FQ is negligible
as compared to DFTB-based methods (see Table S4 in the
Supporting Information). Indeed, the favorable computational
scaling of ωFQFμ/FQ provides a substantial 99.4% speed-up
of the calculation with respect to DFTB/FQ, thus representing
an effective, reliable, and cost-effective alternative to state-of-
the-art ab initio methods.
3.2. Homogeneous Colloidal NPs

The favorable computational scaling of ωFQFμ/FQ opens up
to computing the plasmonic response of large NPs in solution.
We first consider homogeneous silver and gold spherical NPs
(diameter = 5 nm, 3851 atoms) in aqueous solution, as
modeled by using the WAT1 parametrization.

19 The average
number of WAT molecules in the FQ region is 6464 (19,392
atoms). Computed absorption cross sections both in vacuo
(VAC) and in water (WAT) are plotted in Figure 4A,B,
respectively, together with the corresponding vacuo-to-water
PRF shifts (Δλ, in nm). The spectra of both systems are
characterized by a main plasmonic band centered at about 360

nm (Ag NPs) and 570 nm (Au NPs). Au peaks are broader
than Ag bands, in agreement with previous observations.62,63

In the studied region (300−800 nm), the spectra of Au
systems are also characterized by the presence of a broad and
intense band associated with interband absorption.17 When
dissolved in solution, the main spectral features are maintained.
However, we note that the plasmonic peak increases in
intensity and slightly redshifts, in line with experimental
data.9,57,58,64 For Ag, ωFQFμ/FQ predicts a red-shift of the
plasmonic peak larger than Au NPs, again in agreement with
experiments.9,57,58,64 Such shift is due to the refractive index
sensitivity (RIS) of the LSP, a quantity that is commonly
exploited in plasmonic colorimetric sensors.30,31,65,66 RIS is
generally expressed as Δλ (in nm) over refractive index unit�
Δλ(nm)/RIU.
The computed ωFQFμ/FQ RIS values are 15.0 nm/RIU for

Ag and 7.9 nm/RIU for Au, while the experimentally measured
RIS are 120−160 nm/RIU (Ag) and 70 nm/RIU
(Au).30,31,65,66 Therefore, ωFQFμ/FQ absolute RIS values
are systematically lower than experimental ones for Ag and Au
NPs, however ωFQFμ/FQ can nicely reproduce the
experimental Ag/Au ratio (∼2). The discrepancy can be
related to the FQ parameters employed for modeling water,
which have not been specifically tuned to describe solvated
NPs.19 Nevertheless, although experimental absolute RIS
values are underestimated by a factor of 10, the capability of
ωFQFμ/FQ to match the Ag/Au sensitivity ratio is a
remarkable feature of the model, which can be used to
rationalize the optical behavior of plasmonic nanostructures
with high RIS, with potential applications in sensor design.
3.3. Au@Ag core−shell Colloidal NPs
By taking advantage of the favorable computational scaling of
ωFQFμ/FQ, its atomistic nature, and its capability of correctly
reproducing Ag/Au RI sensitivity ratio, the model is challenged
to optimize the sensitivity of Au@Ag core−shell spherical NPs.
In fact, colorimetric sensors exploiting the PRF shift of noble
metals upon change of the local refractive index (RI) are
widely used in biosensing.7,8,11,28−35 Among the various
substrates used for this technology, gold−silver core−shell
(Au@Ag) NPs are the most employed67−72 due to their high
RIS.11,72 By studying such structures, we aim to showcase the

Figure 4. ωFQFμ/FQ absorption spectra of (A) Ag3851 and (B)
Au3851 in vacuo (VAC) and water (WAT1). Δλ is the vacuo-to-water
solvatochromic shift in nm. All spectra are normalized to the
corresponding maximum in vacuo.
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potentialities of ωFQFμ/FQ, open up to colorimetric LSP
sensor design.
We first consider spherical Au@Ag core−shell NPs

(diameter = 5 nm, 3851 atoms) characterized by an Au core
of increasing size (dAu = 2, 3, and 4 nm−see Figure 5A−C), in

aqueous solution. To sample the NP-solvent phase space, we
perform a classical MD simulation of a single Ag NP in the
aqueous solution. We then construct the Ag@Au core−shell
bimetallic NP by properly substituting the metal atoms after
the MD snapshot’s extraction, which is a physically consistent
procedure due to the almost equal lattice constants of the two
metals.73 On average, 6464 water molecules are considered in
the FQ region and modeled employing the WAT1 para-
metrization.19

In Figure 5, ωFQFμ/FQ absorption spectra of Au@Ag
core−shell NPs in vacuo (black) and water (blue) are
reported. For all structures, absorption spectra in vacuo and
solution feature two main bands at short (∼350 nm) and long
wavelengths (>400 nm), in agreement with previous
theoretical and experimental observations.11,12,74,75 Such
peaks are located in the spectral region of the plasmon
bands of pure Ag and Au spheres (see Figure 4A,B). For this
reason, we call them “Ag” and “Au” peaks, respectively. Their
position and intensity strongly depend on the diameter of the
Au core both in the gas phase and solution. In particular, by
first focusing on vacuo results, for Au-core thickness of 1 nm
(Figure 5A), the “Ag” peak, located around 346 nm, dominates
the computed spectrum, while the “Au” band appears as a
shoulder. By increasing the Au-core size, the “Ag” peak slightly
blueshifts of about 10 nm while decreasing in intensity. On the
contrary, the “Au” peak largely redshifts of about 150 nm, and
significantly increases in intensity, becoming dominant for Au-
core diameters of 4 nm (1 nm Ag-shell thickness). Including
the solvent redshifts both “Ag” and “Au” peaks and increases

their intensity. The shift differs for each peak and each Au-core
diameter. In particular, all “Ag” peaks show lower solvatochro-
mic shifts as compared to pure Ag spheres (Δλ = 5.0 nm see
Figure 4A), and increasing the Au-core size reduces the
redshift of the “Ag” peak from ΔλAg = 3.8 nm (dAu = 2 nm) toΔλAg = 0.4 nm (dAu = 4 nm). The shift of the “Au” peak is
generally larger (e.g., ΔλAu = 4.4 nm for dAu = 2 nm) than that
of a pure Au sphere (Δλ = 2.6 nm, see Figure 4B). This
suggests that for small NPs (d ∼ 5 nm), the “Au” peak RIS can
be increased by coating the NP with an Ag layer. Remarkably,
our findings align with previous theoretical and experimental
observations.11,69,72

To showcase more potentialities of ωFQFμ/FQ, we now
move to study the effect of alloying the Ag shell on the
refractive index sensitivity, for which an atomistic picture is
essential.18 Note that, to the best of our knowledge, the use of
atomistic modeling in this field has received only a little
attention.11,12,76

We consider a substantially more complex system composed
of a spherical Au@Ag core−shell bimetallic NP (see Figure 6)

of 5 nm of diameter (3851 atoms) with an Au core of diameter
(dAu) of 3 nm, and featuring a 50% Ag 50%Au random
bimetallic layer of 1 nm. Such NP is solvated in aqueous
solution, exploiting the same procedure discussed above.
Figure 6, shows computed ωFQFμ/FQ absorption cross-
section (σabs) both in vacuo and water. The computed
spectrum substantially deviates from the corresponding perfect
core−shell system (Figure 5B). In fact, the “Au” peak is shifted
at higher wavelengths (∼600 nm) and dominates the
spectrum, while the “Ag” peak disappears in a dim spectral
feature between 350 and 500 nm. Remarkably, the computed
PRF shift of the gold peak (ΔλAu) is 8.4 nm, almost double the
original Au@Ag core−shell structure (ΔλAu = 4.4 nm, see
Figure 5B), and more than three times than a pure Au sphere
of the same dimensions (Δλ = 2.6 nm, see Figure 4).
Remarkably, the same trend is also obtained for the computed
ωFQFμ/FQ RIS sensitivity, which reaches 25.5 nm/RIU. The
obtained results thus suggest that the alloying of the Ag shell of
an Au@Ag core−shell can potentially improve the refractive
index sensitivity of the system by almost a factor of 2.
To finally showcase the flexibility of ωFQFμ/FQ, we solvate

the NP in a 1:1 water−ethanol mixture (WAT-ETH). The
even more complex chemical nature of this system enforces the
need for a fully atomistic model to simulate its optical
properties. To the best of our knowledge, ωFQFμ/FQ is the
first fully atomistic model capable of calculating the response of

Figure 5. ωFQFμ/FQ absorption spectra of core−shell Au@Ag
spherical NPs in vacuo (VAC) and in aqueous solution (WAT1) as a
function of the diameter of the Au core (dAu: (A) 2.0 nm, (B) 3.0 nm
and (C) 4.0 nm). The solvatochromic shifts of “Ag” (ΔλAg) and “Au”
(ΔλAu) peaks are reported in nm. All spectra are normalized to the
maximum in vacuo.

Figure 6. ωFQFμ/FQ absorption cross section (σabs) of core−shell
Au@Ag spherical NP with an Au core diameter of 3 nm and featuring
an alloyed (50% Au/Ag) external layer of 1 nm (see right panel) in
vacuo (VAC) and aqueous solution (WAT1). Δλ indicates the
solvatochromic shift (in nm). All spectra are normalized to the
maximum in vacuo.
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a generic multimetallic plasmonic NP embedded in a
multicomponent solvent.
To sample the NP-solvent phase space, we perform a

classical MD simulation of a single Ag NP in the WAT-ETH
mixture. We then construct the Ag@Au core−shell bimetallic
NP by properly substituting the metal atoms after the MD
snapshot extraction. The FQ parametrization employed for the
water molecules is WAT1, while for ethanol we exploit the
parameters proposed in ref 56 (see Table S1 in the Supporting
Information). On average 1800 ETH and 1218 WAT
molecules are included in the spherically shaped snapshot
(i.e., 19,854 atoms in total).
In Figure 7, the absorption spectrum of the complex

bimetallic Au/Ag NP both in vacuo (VAC) and solvated in the

1:1 water−ethanol mixture (WAT-ETH) is graphically
depicted, together with the corresponding computed PRF
shift (Δλ in nm). Notably, absorption spectra both in vacuo
and in solution present a sharp peak around 600 nm which can
be assigned to the Au plasmonic dipolar band, and a shoulder
at about 350−400 nm associated with the Ag plasmonic
absorption. Solvent effects provided by the WAT-ETH mixture
lead to a huge enhancement of the peak absorption (almost
twice that in vacuo), which is also red-shifted by 16 nm.
Considering a refractive index for the WAT-ETH mixture of
1.36,77 a computed RIS of about 44.0 nm/RIU is obtained.
Such a value is almost twice that obtained in pure water,
highlighting a nontrivial RIS dependence on the solvent
composition.

4. SUMMARY AND CONCLUSIONS
We have presented a novel fully atomistic multiscale classical
model, named ωFQFμ/FQ, which is capable of simulating the
optical properties of real-size plasmonic colloidal nanoparticles
(NPs) of a generic chemical nature. ωFQFμ/FQ is a multiscale
model based on the mutual electrostatic interaction between
the solvent and the NP. More specifically, the interaction of
the plasmonic substrate with the external optical field is
modeled employing ωFQFμ,17,18 where each atom is endowed
with a frequency-dependent charge and dipole, modeling
intraband and interband plasmon decaying mechanisms,
respectively. The solvent environment is considered trans-
parent to the optical radiation and its instantaneous polar-
ization is modeled through the polarizable FQ force field.19−21

ωFQFμ/FQ has been challenged to reproduce reference
TD-DFTB/FQ values, showing an almost perfect match with

the TD-DFTB/FQ vacuo-to-water plasmon resonance fre-
quency (PRF) shift of a small silver cluster (Ag164), with a
substantial 99.4% speed-up of the calculation. Then, we have
showcased the capabilities of ωFQFμ/FQ by simulating the
optical properties of real-size homogeneous Ag and Au
spherical NPs (∼5 nm of diameter, 3851 metal atoms with
6464 water molecules), highlighting how the computed ratio
between the refractive index sensitivities of Au and Ag NPs
matches the experiments. Remarkably, ωFQFμ/FQ can also be
used to study the sensitivity of colorimetric LSP sensors, as
demonstrated by the chemical substitution of Au atoms in
Au@Ag core−shell NPs, which can potentially enhance the
sensitivity by a factor 2−3. Finally, the flexibility of ωFQFμ/
FQ is validated by simulating the absorption spectrum of a
bimetallic Ag/Au NP solvated in a 1:1 water−ethanol mixture.
Remarkably, the model can be applied to any solvent or solvent
mixtures, including green solvents,78 pending a reliable
parametrization of the FQ force field.56 Our results are
particularly promising; however, it is important to mention
that ωFQFμ/FQ have been validated on a small data set, due
to the limited computational studies dealing with colloidal
plasmonic nanostructures.
It is worth noting that, in ωFQFμ/FQ, the nanostructure-

solvent interactions are limited to electrostatics and polar-
ization. Thus, purely quantum effects, such as Chemical
Interface Damping (CID)10,79,80 or Pauli repulsion effects, are
neglected. However, for noncovalently bonded molecules, as in
the case of solvents, CID effect on plasmonic response is
generally negligible.79,81 The extension of ωFQFμ/FQ to
consider CID effects will be the topic of future communica-
tions.
In conclusion, ωFQFμ/FQ is the first fully atomistic

classical model capable of providing a platform for the
calculation of LSP shifts of plasmonic NPs with the accuracy
of ab initio methodologies for systems in the quantum
confinement size region, but with a computational cost that
consents its application to realistic-sized colloidal NPs. Such a
development can potentially pave the way for future in-silico
rational design of colorimetric sensors.
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ABSTRACT: We present quantum mechanics (QM)/frequency
dependent fluctuating charge (QM/ωFQ) and fluctuating dipoles
(QM/ωFQFμ) multiscale approaches to model surface-enhanced
Raman scattering spectra of molecular systems adsorbed on
plasmonic nanostructures. The methods are based on a QM/
classical partitioning of the system, where the plasmonic substrate
is treated by means of the atomistic electromagnetic models ωFQ
and ωFQFμ, which are able to describe in a unique fashion and at
the same level of accuracy the plasmonic properties of noble metal
nanostructures and graphene-based materials. Such methods are
based on classical physics, i.e. Drude conduction theory, classical
electrodynamics, and atomistic polarizability to account for
interband transitions, by also including an ad-hoc phenomenological correction to describe quantum tunneling. QM/ωFQ and
QM/ωFQFμ are thus applied to selected test cases, for which computed results are compared with available experiments, showing
the robustness and reliability of both approaches.

1. INTRODUCTION
Surface-enhanced Raman scattering (SERS) takes advantage of
the giant enhancement of the Raman scattering cross section of
a target molecule in the proximity of plasmonic nanostructured
materials.1 Enhancement factors (i.e., the ratio between the
Raman intensity for the nanoaggregate and the isolated/
solvated target molecule) can reach values up to 1010−11,2−4
thus allowing single molecule detection, down to a
submolecular resolution.5 For these reasons, SERS has gained
popularity and is widely used in a plethora of applications6−11
because it inherits the general advantages of classical Raman
spectroscopy, solves its main weakness, consisting of generally
low scattering amplitudes, and add, possibly, spatial resolution
on the nanometer scale and below.12−14 From the
physicochemical point of view, it is generally accepted3,15−17
that SERS enhancement results from the combination of two
factors: the so-called electromagnetic (EM) effect (yielding
enhancements up to 107−8), which is caused by the excitation
of surface plasmons in the substrate, which leads to a strong
induced electric field in its proximity, and the so-called
chemical (CT) enhancement, for which a holistic theoretical
explanation is still missing. CT is associated with 102−3
enhancement factors and is mainly ascribed to charge-transfer
excitations between the analyte and the substrate.
Metal nanostructures, such as metal nanoparticles (NPs),

have been the most used substrates for SERS because they
provide highly confined plasmons and huge enhanced electric
field on their surfaces,15,18−24 also thanks to a substantial
advancement in experimental techniques for manipulating the

nanoscale.25−29 Indeed, specific morphological arrangements
can be designed, giving rise to hot-spots, i.e. regions in space
where the electric field is extremely confined and
enhanced.5,12,13,30 Recently, there has been increasing interest
in designing novel substrates characterized by high chemical
inertness to be used in the investigation of biochemical species.
In this context, recent developments of SERS substrates based
on carbon allotropes such as graphene and carbon nanotubes
(CNTs) are worth being mentioned.31−33
A theoretical understanding of the SERS mechanisms can be

particularly useful not only for the interpretation of
experimental spectra but also for the in-silico design of novel
materials and morphologies that can maximize spectral
enhancement factors for a specific analyte. For this reason, in
the past years, various methodologies have been proposed to
simulate SERS signals.34−46 The huge dimension of typical
SERS substrates (tens/hundreds of nanometers) makes a full
quantum mechanical (QM) description of the molecule−
substrate system unfeasible, although small-size model systems
can be exploited to deal with specific features of the SERS
phenomenon (mainly related to the CT mechanism).47−50 To
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solve this problem, multiscale approaches can be used, where
the analyte is described at the QM level, while the substrate is
treated classically.34,35,37−41,51−59 In particular, the nano-
structured material can be modeled as a continuum medium,
defined in terms of its complex-valued permittivity, or by
retaining its atomistic nature. Remarkably, in the latter case a
precise description of complex geometries, even characterized
by geometrical defects, is obtained.60,61 Note that both
approaches neglect CT effects; however, for usual SERS
substrates, the EM enhancement is several orders of magnitude
higher than the CT.62

In this paper, we present QM/ωFQ and QM/ωFQFμ fully
atomistic multiscale QM/classical approaches to simulate
SERS spectra, where the analyte is treated quantum-
mechanically. To describe the nanostructured materials, we
exploit a family of atomistic models that we have recently
developed, which are able to correctly reproduce experimental
and ab initio plasmonic features of metal nanoparticles (ωFQ
and ωFQFμ),61,63 and graphene-based nanostructures
(ωFQ).64 These approaches are based on classical physics
and text-book concepts, such as Drude conduction theory,
classical electrodynamics, and atomistic polarizability, to
account for interband transitions. In addition, ad-hoc
phenomenological correction to describe quantum tunneling
is included in the model, to deal with nanojunctions and
aggregates in which hot-spots may originate. Within ωFQ and
ωFQFμ, each atom of the nanostructure is endowed with a
frequency-dependent complex-valued charge and supple-
mented by a complex-valued dipole in ωFQFμ, which
responds to the external radiation, thus mimicking the
oscillating electron density.
Different from previous classical atomistic ap-

proaches,34−36,42−46,59 Drude conduction, i.e. intraband
transitions, is taken into account by means of the equation
of motion of the charges placed on each atom, while induced
dipoles are included so as to model interband transitions.61

This permits us to correctly catch the physics underlying the
plasmonics of generic s, p, and d metallic systems by also
allowing for a physical dissection of the two contributions.
Moreover, ωFQ(Fμ) is able to physically account for the
quantum tunneling between nearby nanoparticles by exponen-
tially modulating Drude conductance as a function of atom−
atom distances, which is particularly relevant for nano-
aggregates and nanojunctions, where plasmonic hot-spots are
created.61,63 Finally, it is worth noting that ωFQ is the only
atomistic classical approach to date able to physically describe
graphene plasmonics in terms of its fundamental physical
parameters, such as the Fermi energy, relaxation time, and two-
dimensional electron density.60,64−66
Here, ωFQ and ωFQFμ are coupled to a density functional

theory (DFT) treatment of the QM portion and the resulting
QM/ωFQ and QM/ωFQFμ methods are further extended to
the calculation of complex molecular polarizabilities through
the linear response theory. The robustness of the approaches is
showcased through their application to pyridine adsorbed on
noble metal NPs. Thanks to the generality of both approaches,
we also apply them to the simulation of graphene-enhanced
Raman spectroscopy (GERS) by exploiting graphene-based
nanostructures as enhancing substrates. For large pristine
graphene sheets, the absence of sharp edges is usually
connected to the low enhancement factors reported for
GERS.67,68 Nevertheless, suitably engineered graphene-based

nanostructures may enhance by several orders of magnitude
both the induced electric field and its spatial confinement.60

The paper is organized as follows. The first section recalls
the theoretical foundations of ωFQ and ωFQFμ and presents
their coupling with a DFT Hamiltonian for the ground state
and linear response theory. We note that the EM field
associated with the induced density in the nanoparticle is
neither a purely real nor a purely imaginary perturbation.
Therefore, we exploit a general complex linear response
formulation. QM/ωFQFμ is then applied to simulate SERS
spectra of pyridine adsorbed on different plasmonic substrates
(silver, gold, and graphene). Finally, GERS of a widely used
anticancer drug, i.e. methotrexate, adsorbed on a graphene
disk, is taken as a case study to showcase the potentialities of
the method. Summary, conclusions, and future perspectives
end the paper.

2. THEORY
2.1. ωFQ and ωFQFμ. ωFQ endows the atoms of the

nanostructure with a charge. In the presence of an external
monochromatic electric field Eext(ω), the charge can be
exchanged with nearest neighbor atoms as a result of Drude
conduction69 and quantum tunnelling effect.63 For a system
composed of N atoms, charges q can be calculated by solving
the following set of linear equations:68

zA I q R( ( ) )q = (1)

where Aq is a real nonsymmetric matrix, which reads:

A K T T( )ij
q

k i

N

ik kj ij
qq qq=

(2)

Tqq is the charge−charge interaction matrix,70 while K is
defined as

l
m
ooooo

n
ooooo

K
f r

r
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ij
ij

ij

ij=
[ ]

(3)

Quantum tunneling effects are taken into account by means of
the Fermi damping function f(rij), which exponentially decays
as a function of the interatomic distance rij = |ri − rj| (ri is the
position of the i-th atom). ij is an effective area connecting
atoms i and j. Its value is based on the geometry of the system
and has been chosen to best reproduce reference ab initio
values.61,63,64 It is worth noticing that the Aq matrix only
depends on the geometry of the ωFQ system, because it is a
function of the interatomic distance rij only.
The frequency-dependent complex-valued factor z(ω) in eq

1 is defined as

z
n

( )
2

( i)
0

= +
(4)

where n0 is the electron density of the system and τ is the
scattering time. The electron density depends on the
composition and the morphology of the nanostructure. In
general, for 3D systems n

m0
/0= * where σ0 is the static

conductance of the material and m* is the effective electron
mass, which for metallic systems is usually approximated to
1.71 For graphene-based structures, this approximation is no
longer valid. Therefore, the electronic density can be written
as64,72
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n
n
m

n a
n v/ F

0
graphene 0 2D 0

2D
= * = ·

(5)

n
N
S2D =

(6)

where n2D is the 2D numeral electronic density of the system,
a0 is the Bohr radius, vF is the Fermi velocity, S is the total
surface of the graphene system, and α is the fraction of doping
electrons per carbon atom. Such a number, and thus graphene
plasmonic properties, can be tuned by varying the external
gating, which is directly related to the Fermi energy (EF),
which determines the numerical value of n2D (and thus α) by

E v nF F D2= (7)

Finally, the right-hand side in eq 1 is defined as68

R V V K( )i
j

N

i j ij
1

ext ext=
= (8)

where Vi
ext is the electric potential associated with the external

oscillating field evaluated at position ri, which implies we are
assuming the quasistatic approximation to full EM equations.63

ωFQ has successfully been applied to the simulation of the
plasmonic response of sodium nanostructures and graphene-
based materials.63−65 However, the underlying Drude con-
duction mechanism is not able to reproduce the plasmonic
response of d-metals, as for instance silver and gold
nanoparticles, because interband (IB) transitions play an
essential role.73−77 ωFQFμ correctly models such effects.61

There, each atom is endowed with both an oscillating charge qi
and an oscillating dipole μi. The plasmonic response is then
assumed to originate from two different mechanisms: the
Drude conduction, taken into account by the charges, and the
aforementioned IB transitions, which are treated by means of
the dipoles, which account for the polarizability of the d-shell.
By taking into account both terms, and their interaction, the
plasmonic response of metal nanostructures, made by Ag/Au,
could be correctly described.61 The resulting ωFQFμ equation
reads:
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where Aq, z(ω), and R have been already introduced by eq 1.
Tμq and Tμμ are the dipole−charge and dipole−dipole
interaction tensors,70 whereas Aμ and z′(ω) are defined as
follows:

A K T T( )ij
k

N

ij kj ij
1

q q=
= (10)

z ( )
1
( )IB

=
(11)

where αIB(ω) is the IB polarizability, which is extracted from
the experimental permittivity function (after removing the
Drude part, see ref 61 for further details). Similarly to ωFQ, all
the frequency-dependent terms are collected into a diagonal
shift through the z, z′ functions, and the other terms depend
on the geometry of the system only.

2.2. Coupling to a QM Hamiltonian. ωFQ and ωFQFμ
can be coupled to a QM description of a molecular system in a
QM/MM fashion.78−85 ωFQ and ωFQFμ describe the

response to an external oscillating electric field. Thus, they
can naturally be translated into a linear response formalism.
However, to achieve a physically consistent description of the
molecule/substrate system, their interaction needs to be
modeled also in the ground state (GS). To this end, the
analogous frequency independent force fields, FQ and
FQFμ,70,86−93 can be exploited. In the following, we first
briefly recall FQ and FQFμ for the GS. Then, we present the
linear response formalism for the novel QM/ωFQ(Fμ)
approaches.
2.2.1. Description of the Ground State. The total energy of

a two-layer QM/FQ(Fμ) system can be written as

E E EQM QM/FQ(F ) FQ(F )= + + (12)

where EQM and EFQ(Fμ) are the self-energies of the QM and
FQ(Fμ) portions, whereas EQM/FQ(Fμ) indicates their inter-
action energy. The latter term is described as the electrostatic
interaction energy between the QM charge distribution and
the classical fluctuating multipoles of the FQ or FQFμ force
fields:70
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N

p p p p

QM/FQ
1

QM

QM/FQF
1

QM QM

=

= [ · ]

=

= (13)

where the sums run over MM atoms, qp and μp indicate the p-
th FQ and Fμ, which are located at position rp, while VQM and
EQM are the electric potential and field generated by the QM
portion, respectively.
If we exploit a DFT description of the QM portion, the

ground state density can be determined by means of the
effective Kohn−Sham (KS) equations, which are expressed in
terms of the KS operator hKS. In this work, we use the current
implementation of QM/FQ and QM/FQFμ in the Amsterdam
Density Functional (ADF) module94 of the Amsterdam
Modeling Suite (AMS) software package.95 There, the solution
of KS equations is performed through a numerical integration
scheme, in which the KS operator is built over a grid of points
r in the molecular space of the QM portion, i.e.:
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In eq 14 hKS0 (r) indicates the KS operator associated with the
isolated QM system, and the QM/FQ and QM/Fμ interaction
tensors are introduced. They are defined in terms of the
distance dp between the p-th atom and the grid point (dp = r −
rp) as follows:
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where dp = |dp| and a = 0.2 a.u.96 Since the molecular grid is
constructed independently of the MM portion, in order to
avoid numerical instabilities in eq 15, a screened interaction
tensor between the QM grid points and the MM positions is
considered, by analogy to what is reported in ref 97.
2.2.2. Linear Response Theory and SERS Spectra. By

following the approach reported in ref 35, SERS spectral
intensities can be evaluated through the frequency-dependent
complex polarizability tensor ( ; ). To this end, the first-
order variation of the molecular density under the effect of a
time-dependent perturbation is required, which can be
accessed by means of the linear response theory. In particular,
as a perturbation, we consider a monochromatic uniform
electric field Eext(ω), linearly polarized along the direction α =
x, y, z. The perturbation operator, which acts on the electronic
density, can be written as

V V Vr r r( , ) ( , ) ( , )pert ext loc= + (16)

where Vext is the electric potential associated with the external
field Eext and Vloc is the local field operator, which takes into
account the electric field generated by the plasmonic substrate
(PS) as induced by the external field.38 Within ωFQ(Fμ), the
local field operator reads:

V q T

V q T

r d

r d T d

( , ) ( ) ( )
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i p

N

p p p p

FQ
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1

ext (0)

FQF
loc ext (0) ext (1)

=

= + ·

=

=

(17)

qpext(ω) and μp
ext(ω) can be calculated from eqs 1 and 9 by

using Vext as the source potential. In the following, we use the
common notation for identifying the molecular orbitals
(MOs): indices i, j for the occupied, a, b for the virtual and
r, s, t, u for general MOs; moreover, given a quantity X we will
indicate its variation at the first order with respect to the
external electric field component α with Xα. Given that, the
first order density ρα(r, ω) can be written as

P Pr r r r r( , ) ( ) ( ) ( ) ( ) ( ) ( )
ia

ia i a ai a i= * + *

(18)

where Prs
α(ω) is the first-order density matrix expressed on the

basis of the KS MOs. The nonzero elements of Pα(ω) are the
off-diagonal ones, which are associated with the occupied-
virtual and virtual-occupied MOs. They can be computed
through the Time-Dependent Kohn−Sham (TDKS) equa-
tions, which read:98
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where Xia = Pia
α and Yia = Pai

α . Also, the phenomenological
damping factor Γ, which takes into account the finite lifetime
of the QM excited state, is introduced.99 In addition, the
following quantities are defined:

A ai bj c ab ij c f

C

B ai bj c aj ib C

Q V

( ) ( ) ( )

( ) ( )

(r, )

ai bj a i ab ij x l ai bj
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ai bj

ai bj x ai bj

ia i a

, ,

,
QM/ FQ(F )

, ,
QM/ FQ(F )

,pert

= + | | +
+

= | | +

= | | (20)

where ε indicates MO energies, (rs|tu) two-electron integrals,
and cx and cl define whether a pure (cx = 0) or hybrid (cx ≠ 0)
DFT functional is exploited. Two additional contributions to
TDKS equations arise for QM/ωFQ and QM/ωFQFμ: the
local field in the right-hand side (see the definition of Q, and
eq 17), and the so-called image field or direct contribution to
the left-hand side (CQM/ωFQ(Fμ)).82 The latter is also introduced
in the context of polarizable embedding, such as FQ and FQFμ
for nonabsorbing media, and determines the response of the
MM variables to the perturbed density. Its expression for both
QM/FQ and QM/FQFμ methods can be found else-
where.89,96,100 On the other hand, the explicit contribution
to the right-hand side is associated with the surface plasmon
resonance and is responsible for the EM enhancement
mechanism in surface-enhanced properties.
Once eq 19 is solved for the input frequency ω, the

frequency-dependent polarizability tensor ( ; ) is
obtained as101

H P( ; ) tr ( ) ( )= [ ] (21)

where Hα(ω) is the dipole matrix of the QM system, which
involves both the dipole and the local field operator along the
direction α, i.e.:

H V( ) ( )rs r s
,loc= | + | (22)

From the physical point of view, the presence of the local field
operator in eq 22 can be explained by the fact that the total
scattered field from the molecule−nanostructures composite
system contains two contributions: the scattered field from the
molecule and the reflected field, which is generated by the
molecule and reflected on the plasmonic nanostructure. In
order to calculate Raman intensities, both fields need to be
taken into account.35,37

Given the frequency-dependent polarizability tensor α̅(ω),
Raman intensities can finally be evaluated by resorting to
Placzek’s theory of Raman scattering.102,103 By assuming the
perturbation field to be linearly perpendicular-plane polarized
and the scattered light to be collected perpendicularly to the
incident direction, the Raman intensity associated with the k-th
normal mode can be calculated as104

I
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45 ( ; ) 7 ( ; )k k

k
k k

4
2 2{ [ ] + [ ] }

(23)

where ω and ωk are the frequencies of the external field and of
the k-th normal mode, respectively, while α′ and γ′ are the
isotropic and anisotropic polarizability derivatives with respect
to the k-th normal mode coordinate Qk, i.e.:
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The functional form of eq 23 has been obtained under the
assumption that the frequency difference between the incident
and scattered light is negligible.34,104,105 In the general case, the
Raman intensity can be calculated as

I
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k k
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k k k k

4
2

2 2

{ [ ]

+ [ ] + [ ] } (26)

in which [δ′(ω;ω′)]2 is the square of the antisymmetric
anisotropy of the polarizability tensor derivative, i.e.:41
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In the case in which the incident and scattered frequencies are
the same, the latter term is exactly zero and the Raman
intensity is reduced to the one reported in eq 23. If the
difference between the frequencies is large with respect to the
broadness of the plasmonic absorption peak, this approx-
imation may induce some differences in the final computed
SERS intensity. In this work, similarly to other approaches,34,35

we have relied on this approximation, and its implications will
be topic of future communications.

3. COMPUTATIONAL DETAILS
Silver and gold NPs’ geometries are constructed by using
OpenMD.106 In particular, cuboctahedron (cTO), icosahedron
(Ih), and ino-decahedron (i-Dh) morphologies are considered.
Graphene disks’ (GDs) geometries are generated by using the
VMD package107 by cutting a graphene sheet in a circular
shape with radius r and removing dangling bonds, which only
marginally affect GDs’ plasmonic response.68 For both metal
NPs and GDs, we study SERS signals as a function of the PS
size. To this end, we consider GDs with radius 20 ≤ r ≤ 160 Å
and metal NPs composed of a maximum of 10179 atoms (see
also Tables S2 and S3 in the Supporting Information (SI)).
The dipolar plasmon resonance frequency (PRF) of each PS
(see Tables S2 and S3 in the SI) varies from 3.64 to 3.42 eV
for Ag, and from 2.31 to 2.17 eV for Au. In the case of GDs,
the PRF varies from 0.61 to 0.24 eV. In QM/ωFQ(Fμ)
calculations, pyridine (PY) is described at the QM level by
using BP86 or B3LYP DFT functionals, as coupled with a
double−ζ polarized (DZP) or a triple−ζ polarized (TZP)
basis set.108 To simulate Raman/SERS spectra, frequency-
dependent polarizabilities α̅(ω) are calculated109,110 by setting
Γ (see eq 19) to 0.10 eV.35 The α̅(ω) geometrical derivatives
are obtained by means of a numerical differentiation
scheme111−113 by using a constant step size of 0.001 Å.
Similar results are obtained by using a step size of 0.0005 Å
(see Figure S1 in the SI). In this first application, normal
modes of displacement are calculated on the isolated QM
molecule because we expect vibrational frequency shifts
induced by the nanostructure to be negligible, as has been

shown by previous studies (see for instance refs 35, 40, and
105). Frequency-dependent polarizabilities and SERS spectra
are calculated by setting the frequency ω as the PRF of each
plasmonic substrate (see Tables S2 and S3 in the SI);
moreover, the final SERS spectra are obtained by convoluting
raw data with Lorentzian band-shapes (full width at half-
maximum (fwhm) of 4 cm−1). The ωFQ parameters for GDs
are taken from ref 64, whereas ωFQFμ parameters for silver
and gold are taken from ref 61. All QM/ωFQ and QM/
ωFQFμ calculations are performed by using a locally modified
version of the AMS software.94,95

In the following, we evaluate the Raman enhancement
associated with the k-th normal mode in terms of the
enhancement factor (EF):

I
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k

k

k
PS

vac

=
(28)

where IPSk (ω) and Ivack (ω) are the Raman intensities of the k-th
normal mode evaluated for the molecule-PS and the molecule
in gas-phase systems, respectively (see eq 23). Since EF clearly
depends on the selected normal mode, it is convenient to
define a spectrally averaged enhancement factor (AEF) as
follows:49
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where the indices k and l run over the normal modes of the
target molecule (in the selected spectral region). As an
additional measurement of calculated enhancement, we also
introduce the maximum enhancement factor (MEF), i.e.:

MEF( ) max EF ( )
k

k=
(30)

4. NUMERICAL RESULTS
In this section, we first discuss the capability of QM/ωFQ and
QM/ωFQFμ to correctly describe the physicochemical
features of the molecule-plasmonic substrates system. To this
end, QM/ωFQ and QM/ωFQFμ approaches are first applied
to the simulation of SERS spectra of pyridine (PY, see Figure
1a), which has been the first molecular system for which SERS
was experimentally observed.1,18,114 Also, thanks to its small
size, PY is a perfect prototype to test our novel approach. PY is
adsorbed on two PSs: metal NPs and graphene disks (GDs).

Figure 1. Pyridine (a) and methotrexate (b) molecular structures. In
panel b, we highlight the position ζ (red), which indicates the center
of MTX aromatic rings, the N8 atom (blue) and the OH (green) of
the γ-carboxyl group.
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We first validate our novel approach by studying the
dependence of Raman enhancements on the morphology
and the PS chemical composition, the molecule-PS distance,
and spatial arrangement. Finally, we present an application of
the approach to the simulation of a real-case scenario, i.e.
methotrexate (MTX, see Figure 1b), adsorbed on a graphene
disk.

4.1. Model Testing. 4.1.1. Metal Nanoparticles.
4.1.1.1. Dependence of Enhancement Factors on the
Nanostructure Properties. In this section, we study how the
morphology, the size, and the chemical composition of the PS
affect the SERS signal. To this end, PY is adsorbed on silver
and gold cTO, Ih, and i-Dh NPs with a radius varying from
about 6 to 40 Å (see Figures 2a and 3a and Table S2 in the SI).
PY is adsorbed standing on the vertex of each structure along
the y axis by setting a distance of 3 Å between the Nitrogen
atom and the NP vertex, similarly to previous studies.35 The
results obtained by treating PY at the B3LYP/DZP level of

theory are graphically reported in Figures 2 and 3, for Ag and
Au NPs, respectively (see Figure S2 in the SI for their
analogous calculated at different levels of theory). In particular,
in Figures 2b and 3b SERS spectra of the three different
configurations as a function of the NP radii are reported,
whereas in the corresponding c panels, the dependence of both
AEF and MEF on the NP radii is graphically depicted. Note
that the introduction of such a screening function guarantees
the stability of the results by changing the DFT integration grid
(see Figure S3 in the SI).
Let us first discuss the results obtained for Ag NPs. By

focusing on Figure 2b, it can be noticed that SERS intensities
strongly depend on the NP size, increasing as the NP size
increases. The enhancement is not the same for all normal
modes. Indeed, the vibrations modulating the components of
the electronic polarizability orthogonal to the NP surface are
associated with larger SERS intensity, because both the
incident radiation and the scattered field benefit from the

Figure 2. a) Graphical depiction of PY-Ag cTO (left), Ih (middle), and i-Dh (right) systems; (b) color plot of normalized SERS spectra as a
function of the NP radius; (c) normalized SERS spectra of PY adsorbed on the largest NP structure for each shape; (d) AEF and MEF as a function
of the NP radius. SERS signal is computed at the PRF of each Ag NP (3.54−3.42 eV for cTO; 3.64−3.51 eV for Ih; 3.52−3.42 eV for i-Dh; see also
Table S2 in the SI).
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EM enhancement. For instance, this is evident for the ring
breathing mode at 1008 cm−1 (see Figure S4e in the SI) and
the symmetric bending modes of the α-hydrogen atoms at
1510 and 1622 cm−1 (see Figure S4n,p in the SI), which are
characterized by the largest SERS intensities (see also Figure
2c where SERS spectra for the largest NPs are graphically
reported). It is also interesting to note that depending on the
morphology of the NPs, a different SERS spectrum can be
obtained. In fact, Figure 2b shows that SERS spectra obtained
by adsorbing PY on Ag Ih and i-Dh NPs display a significantly
different relative intensity patterns as compared to PY on Ag
cTO SERS spectrum. This is important to remark, as it shows
that the details of the local electric field distribution (such as
electric field gradients) are accounted for in the modeling and
have a visible effect on SERS spectra. A selection of all
enhancement factors of PY adsorbed on selected PS is reported
in Table S4 in the SI.

To further analyze such results, Raman enhancements can
be quantified in terms of AEF and MEF (see eqs 29 and 30).
Their dependence on the NP radius is reported in Figure 2d,
which shows that the shape of the NP strongly affects their
values. In particular, cTO-based structures yield the largest
enhancement factors as compared to the other considered
morphologies. Interestingly, for small nanostructures, the most
enhanced normal mode is the asymmetric bending of α-
hydrogen atoms at 1388 cm−1 (see Figure S4l in the SI), while
for the largest structures the MEF is associated with the
symmetric bending of the same α-hydrogen atoms at 1510
cm−1 (see Figure S4n in the SI). In order to rationalize the
differences between the three different shapes, we can resort to
the so-called E4 approximation,15,115 which states that Raman
enhancements are proportional to the fourth power of the
electric field induced on the NP. Thus, we define Υvol

4 as
follows:

Figure 3. a) Graphical depiction of PY-Au cTO (left), Ih (middle), and i-Dh (right) systems; (b) color plot of normalized SERS spectra as a
function of the NP radius (Å); (c) normalized SERS spectra of PY adsorbed on the largest NP structure for each shape; (d) AEF and MEF as a
function of the NP radius. SERS signal is computed at the PRF of each Au NP (2.27−2.17 eV for cTO; 2.29−2.21 eV for Ih; 2.31−2.17 eV for i-
Dh; see also Table S2 in the SI).

Journal of Chemical Theory and Computation pubs.acs.org/JCTC Article

https://doi.org/10.1021/acs.jctc.3c00177
J. Chem. Theory Comput. 2023, 19, 3616−3633

3622



V
E
E

r
1 ( )

( )
d

V
vol
4

tot 4

ext 4= | |
| | (31)

where V is the molecular volume, Etot(ω) is the total electric
field, whereas Eext is the incident external electric field aligned
with NP main axis. Etot(ω) is computed on a box, with sides
placed at a distance of 1 Å from each PY atom. It is worth
remarking that in ωFQFμ the fluctuating multipoles are
associated with a spherical Gaussian distribution,61,68 which is
taken into account in the calculation of the electric field
intensity.60 The AEF-Υvol

4 correlation as a function of the NP
radius is depicted in Figure 4 for Ag cTO, Ih, and i-Dh

substrates. Note that Υvol
4 values are normalized to the largest

AEF for each morphology. Absolute AEF and Υvol
4 values are

reported in Table S4 in the SI. The two data sets quantitatively
differ, probably due to the high inhomogeneity of the electric
field in the proximity of the NP surface, in agreement with ref
35.
The agreement between AEF and Υvol

4 is almost perfect,
independently of the size and shape of the Ag NPs. Also, we
can justify the larger enhancement factors (AEF and MEF)
reported in Figure 2c for cTO with respect to Ih and i-Dh
arrangements. Indeed, they are due to a greater induced field,
as shown in Figure 4. This is not surprising and is in line with
the results recently reported by us in ref 61, which highlighted
cTO as the most effective morphology to provide near-field
enhancement.
A similar analysis can also be performed by modifying the

chemical composition of the NPs. To this end, we consider the
same NPs shapes, but made of Au atoms (see Figure 3a). As

recently reported in ref 61, ωFQFμ predicts a dipolar PRF only
for Au NPs with a radius larger than 15 Å (see also Table S2 in
the SI). SERS spectra and the AEF/MEF of PY adsorbed on
Au cTO, Ih, and i-Dh arrangements as a function of the radius
are reported in Figure 3b,c,d, respectively.
Similarly to the Ag case, the most intense SERS signals are

associated with the normal modes involving the PY ring (1008
cm−1, see Figure S4e in the SI) and the α-hydrogen atoms
(1510 and 1622 cm−1, see Figure S4n,p in the SI, respectively).
However, the computed SERS intensities are much lower as
compared to the PY-Ag case. By inspecting SERS spectra
calculated by considering the largest Au NP (see Figure 3c),
we can indeed notice that slight qualitative discrepancies are
reported with respect to PY-Ag (see Figure 2c). In fact, the
SERS spectra of PY on the selected morphologies are
characterized by similar relative intensities between the most
intense peaks, and the differences among the three spectra are
thus less accentuated than the PY-Ag case.
Computed AEF/MEF indices (see Figure 3d) are also much

lower as compared to the PY-Ag case, independent of the NP
shape. In this regard, it is worth highlighting that Au PRF is
lower than Ag PRF (∼2.2 eV vs ∼3.5 eV), and this also
numerically affects the Raman intensities of the molecule in the
gas phase. However, the noticeable decrease of AEF/MEF is
primarily due to the fact that the electric field generated by the
dipolar plasmon of Au NP is much less intense than for Ag.
Therefore, a smaller enhancement of the Raman intensities is
observed. This is demonstrated by the numerical values of
AEF, and by the fact that the correlation between AEF and Υvol

4

worsens (see Figure S5 in the SI). The reported behavior of Au
nanoparticles (see Figure S5 in the SI) has also been previously
reported by exploiting other QM/classical approaches.35

In case of Au, the E4 approximation is less accurate, probably
because the local field is less intense. In fact, AEF results from
the mixing of vibrational normal modes that are enhanced
according to different powers of the electric field, up to E4.
When the local field experienced by the molecular system is
large, the E4-dependent vibrational normal modes will
dominate the AEF value, thus clearly complying with the E4
approximation (see Section S1 in the SI for further details).
4.1.1.2. Dependence of AEF on PY-NP Distance. As it has

been stated in section 2.2, the local field plays a key role in the
enhancement of Raman intensities. In this section, we study
how AEF behaves as a function of the distance between the
molecule and the PS. As a proof of concept, we consider again
the case of PY adsorbed on the largest Ih Ag NP (10179
atoms, radius = 38.30 Å, see Table S2 in the SI), for which we
compute the SERS spectrum by increasing the distance d
between the Nitrogen atom and the PS tip. QM/ωFQFμ
results are reported in Figure 5 for 3 ≤ d ≤ 10 Å. Analogous
results for Au NP are given in Figure S6 of the SI.
As expected, Figure 5 clearly shows that Raman intensities

rapidly decay by increasing d (∼d−4). In particular, AEF
decreases from about 1000 at d = 3 Å to about 14 at d = 10 Å.
A similar behavior is observed for MEF. In particular, for d < 4
Å, MEF is associated with the symmetric bending of the α-H
(1510 cm−1, see Figure S4n in the SI), while for d ≥ 4 Å the
asymmetric bending of the same hydrogens (1098 cm−1, see
Figure S4h in the SI) yields the maximum enhancement.
To rationalize these findings, AEF values as a function of d

can be compared to the aforementioned E4 approximation. To
this end, we compute the induced electric field in the
molecular PY volume as a function of the PY-PS distance.

Figure 4. AEF (circles) and normalized Υvol
4 (solid line, see eq 31) for

PY-Ag as a function of the NP radius and morphology (cTO, Ih, and
i-Dh). The SERS signal is computed at the PRF of each Ag NP
(3.54−3.42 eV for cTO; 3.64−3.51 eV for Ih; 3.52−3.42 eV for i-Dh;
see also Table S2 in the SI).
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Such values are graphically depicted in Figure 5c (see Figure
S6c in the SI for the Au NP case). As also commented above
for Figure 4, both the approximated estimation Υvol

4 and
computed AEF rapidly vanish as the distance increases. Indeed,
it can be noticed that the curves follow a different trend as a
function of the distance, which can be ascribed to the fact that
AEF comes from the average of different enhancement factors
associated with vibrational normal modes according to
different powers of the electric field, up to E4. Also for Au
(see Figure S6c in the SI), small discrepancies are reported,
probably related to lower local field effects compared to Ag.
Absolute AEF and Υvol

4 values are reported in Table S7 in the
SI.
4.1.1.3. Dependence of AEF on Molecule-PS Config-

uration. In the previous examples, we have discussed how
SERS spectra might depend on the NP morphology and
chemical nature of the atoms constituting the NP, as well as on
the mutual molecule-NP distance. In this section, we discuss
how the relative configuration of the molecule-PS system affect

the SERS spectrum and enhancement. As a proof of concept,
we consider three different PY adsorption positions on Ag10179
Ih NP. The most representative points of the icosahedral
structure are selected (see Figure 6, bottom): vertex (PY-V,
red dot), edge (PY-E, green dot), and face (PY-F, blue dot). In
all configurations, PY is adsorbed perpendicularly to the NP
surface at a distance of 3 Å, with the nitrogen atom laying
closest to the NP. As for the previous cases, the Raman signal
is computed by means of eq 23, by irradiating the PY/Ag10179
system with an external electric field polarized along the x, y,
and z directions. Calculated QM/ωFQFμ SERS spectra are
graphically reported in Figure 6, together with the computed
Raman spectrum of PY in the gas phase.
As a result of the PY-NP interaction, the Raman spectrum

undergoes drastic changes when moving from the in vacuo to
the adsorbed case. This can be particularly appreciated by the
changes in relative intensities between the two most intense
Raman peaks in vacuo, which are associated with the ring
breathing (1008 cm−1, see Figure S4e in the SI) and the
symmetric bending of the α-H (1053 cm−1, see Figure S4f in
the SI), respectively. Indeed, for all the selected absorption
sites, the relative intensity of the bending mode (1053 cm−1)
decreases with respect to that of the ring breathing mode
(1008 cm−1), almost vanishing in the case of PY-V (red).
Other major differences for PY-F (blue), PY-E (green), and
PY-V (red) are reported, for which the relative intensity
between the most intense peaks (1000−1100 cm−1) and the
other dominant bands completely differ with respect to the gas
phase.
The spatial PY-PS arrangements not only affect the spectral

shape but also the enhancement factors. In this respect, AEF
for PY-V is 2 orders of magnitude larger than the values
computed for both PY-F and PY-E configurations. The same
trend is also observed for MEF, which is interestingly
associated with different normal modes depending on the
relative PY-PS position. In fact, normal modes involving α-H
atoms feature the maximum enhancements for all cases
(graphically highlighted in Figure 6 with a star): symmetric
bending (PY-V case, 1588 cm−1, Figure S4n in the SI),
asymmetric bending (PY-F case, 1388 cm−1, Figure S4l in the
SI), and out-of-plane vibrations (PY-E, 956 cm−1, Figure S4b
in the SI). Such differences are directly related to the relative
PY-PS arrangements and are intuitively associated with normal
modes providing the largest polarizability variation.
All the reported differences, in both computed SERS spectra

and AEF/MEF values, can be related to the inhomogeneity of
the electric field induced by the geometrical shape of the Ag
NP, which clearly differs by moving for the vertex (PY-V) to a
face (PY-F) of the Ih morphology. In fact, the largest changes
with respect to the gas-phase spectra/values are predicted for
the PY-V configuration (red), for which we observe the largest
AEF (∼103) and a drastically different Raman spectrum. Such
findings are perfectly explained by the tip effect,69 which
characterizes most plasmonic materials. In fact, in the PY-V
configuration, PY is adsorbed to the sharpest region of the Ih
NP.
In order to show the effect of the inhomogeneity of the

electric field in the surroundings of metal nanoparticles, we
have performed additional calculations on the pyridine/Ag10179
system in the Ih morphology by changing the relative position
of the molecular substrate with respect to the tip of the Ih
nanostructure (see Figure S7 in the SI for more details). For
each of these configurations, SERS spectra and AEF values

Figure 5. (a) Graphical depiction of PY-Ag10179 Ih system; (b) color
plot of normalized SERS spectra as a function of the PY-NP distance
d (Å); (c) AEF, MEF, and normalized Υvol

4 as a function of d. The
SERS signal is computed at the PRF of the Ag NP (3.51 eV, see also
Table S2 in the SI).
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have been computed, and the results are reported in Figures S7
and S8.
4.1.1.4. Comparison with Available Experiments. To

conclude the discussion, we compare our QM/ωFQFμ
calculations with experimental data available in the literature
(Figure 7 (a-Ag, b-Au).116,117 We note that our calculations are
based on an ideal representation of experimental conditions.
Instead, measured spectra result from the interplay between
several effects which are not necessarily accounted for in the
modeling, such as solvent effects, the coating of the metal
electrode, external bias applied, impurities and the roughness
of the metal surface. For these reasons, similarly to previous
computational studies,35 the comparison between our results
and experiments may only be qualitative.
Let us first focus on PY SERS on the Ag electrode, for which

experimental spectra at different bias potential have been
measured (see Figure 7).116 The experimental spectrum at
zero bias (0.00 V) is dominated by two bands at about 1000
and 1050 cm−1, whose relative intensities are inverted at higher
voltages (see bottom panels). Remarkably, the same bands are
also the most intense in computed QM/ωFQFμ SERS spectra,
for all investigated PY-PS configurations. Another relevant
feature of experimental SERS spectra is the band at about 1200
cm−1, which only becomes visible by increasing the external
bias (see bottom panels in Figure 7). For this reason, such a
band has been commonly associated with a CT mechanism. As
stated above, QM/ωFQFμ only accounts for the EM
mechanism. Remarkably, and differently from previous
models,35 our approach is able to predict such a feature,
because the 1200 cm−1 peak is almost absent in the SERS
spectrum of the most intense configuration (PY-V, top panel),

thus confirming previous hypotheses assigning that band to CT
effects.
Similar qualitative trends hold for the Au substrate. Indeed,

the experimental SERS spectrum (which refers to an unbiased
electrode) is dominated by the bands at about 1000−1050
cm−1. A similar behavior is observed in the computed
spectrum. In addition, the band at about 1200 cm−1 is almost
absent in both experimental and theoretical SERS spectra.
4.1.2. Graphene Disks. In order to show the versatility of

QM/ωFQ(Fμ), here we extend the previous study to PY
adsorbed on 2D graphene-based substrates,118,119 which to this
end, is a set of 8 GDs with a radius 20 < r < 160 Å (see also
Table S3 in the SI). PY is assumed to be adsorbed on the GD
center of mass, parallel to the GD surface at a distance of 3 Å
(see Figure 8a). Such a distance is chosen because it is close to
the equilibrium PY-GS distance reported in the literature.120

For each PY-GD, GERS spectra are calculated at the B3LYP/
DZP level of theory, and the results are reported in Figure 8b.
Note that, in all calculations, EF = 0.4 eV, according to typical
reported Fermi energy values.121,122 We note, however, that
the PRF of graphene-based materials can be tuned by varying
the external bias, thus affecting EF. When applied to GERS,
such a feature can be exploited to make the PRF coincide with
a molecular excitation of the system under investigation, thus
resulting in a pragmatical method to yield resonance Raman
assisted by graphene plasmons. Although our approach is
general enough to account for such an effect, this is not
investigated in this first work.
From the analysis of GERS spectra, we first note that Raman

relative intensities are different from those reported in the case
of PY-metal NP systems (see Figures 2 and 3), with the

Figure 6. Normalized QM/ωFQFμ PY SERS spectrum as a function of the adsorption site of PY on the Ih Ag10179 NP (upper left and bottom
panels). AEF and MEF for each configuration are also given. The vibrations associated with the MEF are indicated with a star. The SERS signal is
computed at the PRF of the Ag NP (3.51 eV, see also Table S2 in the SI).
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presence of additional peaks. The latter are mainly related to
normal modes involving the vibrations of β and γ H atoms of
the pyridine ring (1181 and 1274 cm−1, see Figure S4i,k in the
SI). This is the result of the PY-GD morphology under
investigation. In fact, the parallel configuration of the PY ring
with respect to the GD plane allows for a large variation of the
polarizability associated with the aforementioned normal
modes. Nevertheless, GERS spectra are still dominated by
the PY ring breathing and the asymmetric bending of the α
hydrogens (1000−1100 cm−1), as already reported for the case
of metal NPs. The most relevant dissimilarity between the two
substrates is the dependence of GERS spectra on the GD r. In
fact, Figure 8 clearly shows that for a large r (≥120 Å) the
Raman signal vanishes as compared to for a small r (≤40 Å),
thus reporting the opposite trend as compared to metal NPs
(see Figures 2b and 3b).
To rationalize this trend, AEF values as a function of r are

reported in Figure 8d. Absolute AEF and Υvol
4 values are given

in Table S5 in the SI. Different from metal NPs, in this case the
two data sets are almost in perfect agreement, even
quantitatively. This is related to the absence of inhomogene-
ities in the induced field at the center of the graphene disk.
A local maximum is observed for r = 40 Å, which rapidly

decays for larger r values. As for the metal NPs, the electric
field generated by the GD increases with the radius. Therefore,
a larger enhancement of the Raman intensity is expected.
However, for the specific configuration of the GD system, the
electric field is much more intense on the edges (see ref 60).
Since the distance between PY (adsorbed on the GD center of
mass) and the GD edges increases with r, the enhancement

factor and the Raman signal decrease as compared with small r
(see Figure 8b). The combination of such effects is responsible
for the local maximum in the 40 Å case, in which the electric
field at the center of the GD is large enough to substantially
increase Raman intensities and therefore PY enhancement
factors. Indeed, the trend of AEF as a function of GD r can be
explained by means of the Υ4 approximation, analogously to
metal NPs. The correlation between AEF and Υvol

4 is shown by
Figure 8d; the agreement is almost perfect, thus justifying the
reported behavior in terms of EM enhancement.
We finally remark that our methodology can in principle

simulate all possible PY-GD configurations. However, in this
work we have restricted the analysis to the selected geometry
because it better represents, from the physicochemical point of
view, the most favorable configuration of a target molecule
adsorbed on a graphene sheet, i.e. far from the edges. Within
this picture, in fact, we aim to mimic the common
experimental setup that is generally constituted of a graphene
substrate with intrinsic dimensions much larger than those
considered in this work.67 We point out that different PY-GD
configurations can provide higher enhancements, as we have
recently reported in ref 60.

4.2. Increasing the Chromophore Complexity: Me-
thotrexate Adsorbed on Graphene Disks. In this section,
we discuss the application of the model to a realistic case, i.e.
methotrexate adsorbed on a graphene disk (see Figure 1b for
the molecular structure). Differently from PY, MTX is a
flexible molecule. Therefore, reliable modeling needs to
account for the different conformations. To this end, we
perform molecular dynamics (MD) simulations by using

Figure 7. QM/ωFQFμ SERS spectra of PY adsorbed on Ag10179 (a) and Au10179 (b) Ih NPs (see also Figure 6). Experimental spectra measured for
Ag (a, at 0.0 eV and −0.75 eV external bias) and Au (b, at 0.0 eV) electrodes, reproduced from ref 116. (Ag) and 117 (Au) are also reported. The
SERS signal is computed at the PRF of the NPs (3.51 eV for Ag; 2.21 eV for Au; see also Table S2 in the SI).
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ReaxFF,123,124 within its dedicated engine125 in the Amsterdam
Modeling Suite (AMS).95 The ReaxFF force field developed in
ref 126, and which has been reported to reliably describe
graphene-based systems, is employed.127 Temperature is
maintained at 300 K by using a Nose−́Hoover chain (NHC)
thermostat,128 with a damping constant of 100 fs. In NPT
simulations, constant pressure is enforced by using the
Martyna−Tobias−Klein barostat with a damping constant of
100 fs.129 20 layers of graphite, composed of 50 atoms each,
are prepared in a 3-D hexagonal periodic cell with lattice
parameters a = b = 12.3 Å and c = 67.1 Å. A 100 ps NPT
calculation is then run by imposing a pressure of 1 atm in all
directions. At this point, the simulation box is enlarged so that
a = b = 62.52 Å and c = 100 Å, and only 10 layers of graphite,
formed by 1250 carbon atoms each, are kept. Then a 50 ps
NPT simulation is performed by imposing a pressure of 1 atm
in the planar directions. No substantial changes in the values of
a and b are detected during pressure equilibration. After this,
MTX is thermalized in an empty 3-D hexagonal periodic box

with lattice parameters a = b = 62.52 Å and c = 100 Å by
means of a 62.5 ps NVT simulation. Thermalized MTX is then
placed at a distance of ∼10 Å from the equilibrated graphitic
surface and a production NVT simulation of 375 ps is
performed. After 125 ps, the temperature is equilibrated and
the center of the aromatic rings of MTX (ζ-point in Figure 1b)
is adsorbed at an average distance of ∼3.42 Å from the first
graphitic layer, in agreement with previous studies.130 Notably,
during the adsorption process, we observe the intramolecular
hydrogen transfer between the γ-carboxyl group (green circle
in Figure 1b) and the N8 atom (blue circle in Figure 1b).
After MTX adsorption, we extract 5000 snapshots from the

remaining 250 ps of the production run. MTX geometries are
processed by means of the GROMOS131 clustering approach
as it is implemented in the 2020.3 version of the
GROMACS132,133 software. As a result, only two MTX
geometries are selected, representing 68.7% (MTX1) and
28.8% (MTX2) of the total configurational space. The two
structures are reported in Figure 9b (see also Figure S9 in the
SI).
To simulate MTX GERS, we remove the graphitic substrate,

and we substitute the first layer by a perfect GD with r = 16 nm
(GD16, see Table S3 in the SI) on the center of which MTX is
adsorbed. MTX1 and MTX2 Raman (in gas phase) and GERS
spectra are finally computed at the B3LYP/DZP level of
theory, by setting EF = 0.4 eV (PRF = 0.24 eV). Spectra are
reported in Figure 9a.
MTX1 and MTX2 Raman spectra, both in the gas phase and

adsorbed on GD16, qualitatively differ, as they are charac-
terized by a shift in vibrational frequencies, and in relative
intensities of the main bands. Indeed, while the MTX1 Raman
spectrum is dominated by the presence of intense bands in the
low energy region (between 600 and 800 cm−1), the MTX2
spectrum reports diverse intense peaks in the whole considered
spectral range. The different MTX1 and MTX2 spectral
fingerprints reflect the intrinsic dissimilarity in MTX
conformations, as expected from the clustering process.
When moving from the gas phase to the adsorbed
configuration, both MTX1 and MTX2 Raman spectra are
enhanced by an AEF of about 900. However, Raman spectra
undergo small qualitative variations. Such findings can be
rationalized by considering that the plasmonic electric field
generated by the GD is strongly inhomogeneous at the GD
edges, while at the GD center it is almost uniform. Therefore,
we expect that the electric field felt by each normal mode is
essentially uniform, although more intense than in vacuo. To
analyze this hypothesis from a quantitative point of view, we
compute for both structures the EFs associated with each
normal mode (see eq 28), which are graphically depicted in
Figure 10a. In particular, for each normal mode, EFs are
plotted with a color scale that follows the intensities of the
corresponding Raman peak.
Except for a few outliers, all computed EFs are almost equal

independent of the normal mode and fall around the AEF
(about 900). The normal modes featuring the highest EF are
depicted in Figure 10b. However, these modes are associated
with rather low-intensity bands. On the contrary, EFs
computed for the most intense Raman peaks, which dominate
the computed spectra, are almost constant at a value of around
900. As it can be noticed, it is difficult to find a correlation
between the most intense normal modes of both conformers
because they are localized on separated regions of the MTX
structure, independent of the distance with respect to the GD

Figure 8. (a) Graphical depiction of the PY-GD system. (b) Color
plot of normalized SERS spectra as a function of the GD radius r (Å).
(c) Normalized SERS spectra of PY adsorbed on a GD with r = 40 Å,
(d) AEF and Υvol

4 as a function of r. The SERS signal is computed at
the PRF of each GD (0.61−0.24 eV, see also Table S3 in the SI).
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surface. In light of the above discussion, this is not surprising.
In fact, the presence of the GD yields an almost uniform
increase of the Raman bands as compared to the case in vacuo,
without greatly affecting their relative intensities. Thus, the
most intense peaks are related to the same normal modes that
provide the most intense bands in the gas-phase Raman
spectrum.
To conclude the discussion, in Figure 11 we report the

MTX/GD16 GERS spectrum as obtained by averaging MTX1
and MTX2 spectra, which are also graphically depicted.
The most important contribution to the Raman spectrum is

due to the MTX1 structure (68.7%). Therefore, only the most
intense peaks of MTX2 arise noticeably in the averaged
spectrum. MTX2 bands, however, drastically affect the final
GERS spectrum, which does not present anymore the spectral
fingerprints related only to MTX1 or MTX2. Moreover, the
final spectrum is particularly noisy, especially in the high-

frequency region. This is essentially due to small differences
between the vibrational frequencies of the two conformers.
Finally, it is worth pointing out that, for the system under

consideration, graphene is able to provide a significant EM
enhancement, comparable to specific metal NPs, such as Au
surfaces.134

5. SUMMARY, CONCLUSIONS, AND FUTURE
PERSPECTIVES

In this work, we have presented a new methodology to
simulate the Raman spectrum of molecular systems, described
at the QM level, adsorbed on plasmonic substrates, treated in
terms of ωFQ and ωFQFμ classical atomistic and frequency-
dependent force fields. The resulting multiscale approach is
particularly versatile because the underlying ωFQ(Fμ)
approach is able to accurately describe the plasmonic response
of both metallic nanostructures and 2D graphene-based

Figure 9. (a) Normalized MTX1 and MTX2 Raman spectra as
computed in vacuo (solid line) and adsorbed on GD16 (dashed line).
(b) MTX1 and MTX2 normal modes associated with the highest
Raman intensities. The Raman signal is computed at GD18 PRF (0.24
eV, see also Table S3 in the SI).

Figure 10. (a) Computed QM/ωFQ MTX1/GD18 (top) and
MTX2/GD18 (bottom) normal modes’ EFs and AEF reported as
horizontal black lines. The darkness of each bar is proportional to the
Raman intensity. (b) MTX1 and MTX2 normal modes associated
with the largest EFs.
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substrates.63−65,68 The performance of QM/ωFQ(Fμ) has
been tested on PY adsorbed on Ag/Au nanostructures and
graphene disks. The enhancement factors of the Raman
intensities have been studied as a function of the PS size, the
PY-PS distance, and the relative PY-PS orientation, and the
qualitative trend has been compared with the E4 approx-
imation. The largest enhancement has been obtained for silver
cTO structures, with an average enhancement factor of about
5000. Such an analysis has allowed confirming that the
developed approach is able to correctly describe the EM
enhancement in SERS/GERS spectroscopies. Thus, as a final
application, we have presented an application of the approach
to a realistic case, i.e. methotrexate adsorbed on a graphene
disk, for which we also investigate the configurational
populations as computed by means of ReaxFF MD
simulations. The computed GERS spectrum shows that,
although GD is able to enhance the Raman bands by a non-
negligible factor of about 900, the GD substrate is not able to
discriminate between vibrational normal modes.
Our approach has the potential to become a reliable and

efficient tool for the simulation of optical properties of
molecular systems adsorbed on plasmonic substrates and
might become a viable tool for the experimental design of
innovative nanostructured materials able to maximize the
enhancement of Raman intensities of a target molecule. To this
end, it is worth noting that the current computational
bottleneck in QM/ωFQFμ is the cost associated with the
solution of ωFQ/ωFQFμ linear systems (see eqs 1 and 9),
which can be overcome by resorting to efficient approaches
that have been recently tested by some of the authors.68 In
particular, with the aid of on-the-fly iterative techniques, we
can largely increase the size of the treatable plasmonic

nanostructures, to reach the typical dimensions exploited in
real experiments. The latter would also benefit from taking into
account the interaction of the molecular system and substrate
with a solvating environment.
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Chapter 5

Summary, conclusions, and future
perspectives

This Thesis has focused on developing a family of classical atomistic electromagnetic
multiscale models, referred to as ωMM, aimed at providing a versatile theoretical and
computational framework for simulating the optical properties of plasmonic materials.
Beginning with the classical atomistic ωFQmodel,24,126,128 originally designed for Drude-
like plasmonic materials, this work has extended this model to noble metals, resulting in
the ωFQFµ approach ([Paper I]). ωFQFµ accounts for interband electron transitions
between fully occupied bands, such as metal d orbitals, and partially empty s or p or-
bitals.
Beyond single-metal systems, we have extended ωFQFµ to multimetallic configurations
by generalizing its equations to model bimetallic and alloyed nanostructures ([Paper
II]).
Furthermore, we have reformulated the ωMM model family to operate within the real-
time domain, broadening its capacity to study the time-dependent optical behavior of
plasmonic materials ([Paper III]).
The original contribution of this Thesis has also included extending ωFQFµ to model the
interactions with both non-absorbing ([Paper IV]) and absorbing environments ([Pa-
per V]) to simulate the physics underlying refractive-index LSPR, and SERS sensors
respectively.
The proposed methodologies could still be further developed to capture new physical phe-
nomena relevant to specific experimental contexts. A potential extension would consist
of integrating the methodologies discussed in [Paper IV], and [Paper V] by designing
a multiscale model for surface-enhanced effects in solution. This would involve the defi-
nition of a multiscale three-layer scheme coupling ωMM , FQ, and QM, thus achieving a
fully atomistic classical description of plasmonic substrates in a solvating environment.
Such QM/ωMM/FQ model could facilitate the in-silico study of plasmonic biosensors,
offering experimentalists a computational framework to design and optimize sensors tai-
lored to detect specific biomolecules.129–134

Furthermore, the proposed ωMM models could be applied to engineer the plasmonic
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characteristics of substrates of experimental interest. For instance, ωMM models could
allow the exploration of the electric field morphology in single-atom picocavities within
large (tens of nm) metal nanostructures. These systems are inherently multiscale, com-
prising thousands of atoms while exhibiting electric properties concentrated in extremely
confined (single-atom) regions.135 Given their atomistic nature and computational ef-
ficiency, ωMM models could serve as a powerful tool to engineer such technologically
critical nanostructures. The models developed in this thesis lay a solid foundation for
these advancements, and I hope they will prove to be valuable tools in the hands of
engineers and researchers aiming to harness plasmonic properties for innovative applica-
tions.
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Ovviamente ringrazio Tommaso, che è stato un ottimo mentore oltre che essere diventato
un caro amico. Sono queste le cose che ritengo più di valore di questo dottorato.
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guié, B., Baumberg, J. J., Bazan, G. C., Bell, S. E., Boisen, A., Brolo, A. G. et al.
ACS Nano, 14(1):28–117, 2019.

[61] Maier, S. A. et al. Plasmonics: fundamentals and applications, volume 1. Springer,
2007.

[62] Lombardi, J. R., Birke, R. L., Lu, T. and Xu, J. J. Chem. Phys., 84(8):4174–4180,
1986.

[63] Kats, M. A., Yu, N., Genevet, P., Gaburro, Z. and Capasso, F. Optics express,
19(22):21748–21753, 2011.

[64] Link, S. and El-Sayed, M. A. Annu. Rev. Phys. Chem., 54(1):331–366, 2003.

[65] Kolwas, K. Plasmonics, 14(6):1629–1637, 2019.

[66] Li, L., Hall, M. J. and Wiseman, H. M. Phys. Rep., 759:1–51, 2018.

[67] Lindblad, G. Commun. Math. Phys., 48:119–130, 1976.

[68] Gorini, V., Kossakowski, A. and Sudarshan, E. C. G. J. Math. Phys., 17(5):821–
825, 1976.
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[94] Rüger, R., Van Lenthe, E., Heine, T. and Visscher, L. J. Chem. Phys.,
144(18):184103, 2016.

[95] Asadi-Aghbolaghi, N., Ruger, R., Jamshidi, Z. and Visscher, L. J. Phys. Chem.
C, 124(14):7946–7955, 2020.

119



[96] Jamshidi, Z., Asadi-Aghbolaghi, N., Morad, R., Mahmoudi, E., Sen, S., Maaza,
M. and Visscher, L. J. Chem. Phys., 156(7):074102, 2022.

[97] Alkan, F. and Aikens, C. M. J. Phys. Chem. C, 122(41):23639–23650, 2018.

[98] Niehaus, T. A., Suhai, S., Della Sala, F., Lugli, P., Elstner, M., Seifert, G. and
Frauenheim, T. Phys. Rev. B, 63(8):085108, 2001.

[99] Zhu, W., Esteban, R., Borisov, A. G., Baumberg, J. J., Nordlander, P., Lezec,
H. J., Aizpurua, J. and Crozier, K. B. Nat. Commun., 7(1):11495, 2016.

[100] Varas, A., Garćıa-González, P., Feist, J., Garćıa-Vidal, F. and Rubio, A. Nanopho-
tonics, 5(3):409–426, 2016.

[101] Aarons, J., Sarwar, M., Thompsett, D. and Skylaris, C.-K. J. Chem. Phys.,
145(22):220901, 2016.

[102] Iida, K., Noda, M., Ishimura, K. and Nobusada, K. J. Phys. Chem. A,
118(47):11317–11322, 2014.

[103] Bohren, C. F. and Huffman, D. R. Absorption and scattering of light by small
particles. John Wiley & Sons, 2008.

[104] Mishchenko, M. I., Travis, L. D. and Lacis, A. A. Scattering, absorption, and
emission of light by small particles. Cambridge university press, 2002.

[105] Taflove, A., Hagness, S. C. and Piket-May, M. The Electrical Engineering Hand-
book, 3(629-670):15, 2005.

[106] Amendola, V. Phys. Chem. Chem. Phys., 18(3):2230–2241, 2016.

[107] De Abajo, F. G. and Howie, A. Phys. Rev. B, 65(11):115418, 2002.

[108] Corni, S. and Tomasi, J. J. Chem. Phys., 114(8):3739–3751, 2001.

[109] Marcheselli, J., Chateau, D., Lerouge, F., Baldeck, P., Andraud, C., Parola, S.,
Baroni, S., Corni, S., Garavelli, M. and Rivalta, I. J. Chem. Theory Comput.,
16(6):3807–3815, 2020.

[110] Hohenester, U. and Krenn, J. Phys. Rev. B Condens. Matter, 72(19):195429, 2005.

[111] Dall’Osto, G., Gil, G., Pipolo, S. and Corni, S. J. Chem. Phys., 153(18):184114,
2020.

[112] Hohenester, U. Phys. Rev. B, 91(20):205436, 2015.

[113] Fregoni, J., Haugland, T. S., Pipolo, S., Giovannini, T., Koch, H. and Corni, S.
Nano Lett., 21(15):6664–6670, 2021.

[114] Jensen, L. L. and Jensen, L. J. Phys. Chem. C, 113(34):15182–15190, 2009.

120



[115] Rinkevicius, Z., Li, X., Sandberg, J. A., Mikkelsen, K. V. and Ågren, H. J. Chem.
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