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ABSTRACT: We investigate the dynamics of black hole critical collapse in the limit of a large
number of spacetime dimensions, D. In particular, we study the spherical gravitational
collapse of a massless, scale-invariant scalar field with continuous self-similarity (CSS). The
large number of dimensions provides a natural separation of scales, simplifying the equations
of motion at each scale where different effects dominate. With this approximation scheme,
we construct matched asymptotic solutions for this family, including the critical solution. We
then compute the mass critical exponent of the black hole for linear perturbations that break
CSS, finding that it asymptotes to a constant value in infinite dimensions. Additionally, we
present a link between these solutions and closed Friedmann-Lemaitre-Robertson-Walker
(FLRW) cosmologies with a dimension-dependent equation of state and cosmological constant.
The critical solution corresponds to an unstable Einstein-like universe, while subcritical and
supercritical solutions correspond to bouncing and crunching cosmologies respectively. Our
results provide a proof of concept for the large-D expansion as a powerful analytic tool in
gravitational collapse and suggest potential extensions to other self-similar systems.
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1 Introduction and summary

Gravitational collapse is the fundamental mechanism responsible for the formation of large-
scale bound structures throughout the universe. In many gravitational systems, there exists
a critical threshold between dispersion and collapse that exhibits remarkable properties,
including universality. This was first demonstrated by Choptuik in his numerical study of
the spherical collapse of a massless scalar field [1], where it was found that when a black hole
forms near threshold, its mass follows a simple power-law scaling that is independent of the
initial data. Another well-known example of this universality appears in the density profiles
of cold dark matter halos, as observed by Navarro, Frenk, and White [2, 3]. Despite extensive
numerical evidence for its prevalence across many gravitational systems, a complete theoretical



understanding of this scaling behaviour remains elusive, as current analytic techniques fail
to fully capture the dynamics across all length scales during collapse.

In this paper, we propose that taking the limit of a large number of spacetime dimen-
sions [4], D, provides a new analytic technique that enables the study of collapse, even
in the strong-field regime. This technique provides greater analytic control by exploiting
the way in which the gravitational force changes with the number of dimensions, leading
to a separation of the problem into regions in which different effects dominate. Then, by
performing asymptotic expansions in 1/D within each of these regions, the problem is reduced
to a set of simpler differential equations that provide a controlled approximation to the
dynamics at every stage of collapse.

To illustrate this, we study a simple model: the spherical collapse of a massless, scale-
invariant scalar field with continuous self-similarity (CSS) [5-8]. With this set of symmetries,
the dynamics of gravitational collapse are fully determined by a single saddle point in a
two-dimensional manifold of phase space. By leaving the initial amplitude of the scalar field
as a free parameter, we can explore a one-parameter family of solutions within this manifold
that includes dispersion, black hole formation and a critical solution that corresponds to
the formation of a null singularity.

When this manifold is embedded in the full phase space of a spherically symmetric scalar
field that is minimally coupled to gravity, additional unstable directions emerge which break
the continuous self-similarity [9]. As a result, observing these solutions numerically requires a
much higher degree of fine-tuning than the discretely self-similar (DSS) solution identified by
Choptuik. Consequently, the critical solution within this family is not the attractor leading
to the observed universality in the scalar field system.

Nonetheless, this CSS model is still interesting in its own right as it captures two of the
essential features of the full critical collapse phase space within a finite-dimensional subspace
of it. First, the CSS critical solution defines a manifold that separates dispersive and black
hole solutions, while acting as an intermediate attractor for them. Second, perturbations
of this critical solution within the CSS manifold lead to a universal mass scaling exponent.
Furthermore, the unstable perturbations that break CSS can give some insights into the
DSS solutions seen by Choptuik [9, 10].

This model also serves as an ideal testing ground for exploring critical collapse with
large-D techniques for several reasons:

o Exact analytic solutions in D = 4 are already known [5-8] and have been analysed ex-
tensively due to the absence of nonlinear terms that appear in higher dimensions. These
solutions provide a solid foundation for extending the analysis to higher dimensions.

e The system is solvable by direct numerical integration in all dimensions, enabling
straightforward comparisons between the analytic results and numerical solutions.

e There are other systems, such as gravity coupled to a radiation-like perfect fluid, where
the attractor solution exhibits continuous self-similarity [11-15]. These systems could be
of particular phenomenological importance when considering the formation of primordial
black holes, for example, during the radiation-dominated era of the universe [16-18].



Our analysis provides a proof of concept that the large-D expansion is a powerful tool
for understanding gravitational collapse. Although we focus on a specific model, we expect
our methods to directly extend to other CSS systems, such as perfect fluids. With some
modifications and additional techniques, they may also apply to other systems, including the
DSS scalar field and possibly even dark matter halos in which a gas of dark matter particles
virialises into a bound structure with very simple power-law behaviour. Finding analytic
results for these systems would greatly enrich our understanding of critical phenomena and
their applications in cosmology, high-energy astrophysics, and gravitational theory.

A Large Number of Dimensions?

As we will see, the number of dimensions provides a parameter that allows us to cleanly
separate the various scales involved in gravitational collapse. This is essential because our
ability to solve problems in physics typically relies on a separation of scales. The underlying
idea is simple: when a system has a clear hierarchy of scales, its behaviour at a given scale
can be described using an effective theory that captures only the dominant contributions
there. Subleading corrections can then be incorporated systematically through a controlled
expansion in a small parameter that is set by the hierarchy between these scales.

Despite its simplicity, this idea is remarkably powerful because, in many systems, a small
parameter naturally emerges. For example, in multipole approximations, the small parameter
is the ratio of the size of the source to the observation distance. In Effective Field Theories, the
expansion parameter is the ratio of the energy of interest to a high-energy cutoff, and so on.

However, when there is no small parameter in a particular problem, a powerful strategy
is to artificially ‘sneak’ one in, allowing for the exploitation a new type of perturbation theory.
This approach has been highly successful in large-N gauge theories, where the number of
colour degrees of freedom, N, is taken to be large. Expanding in 1/N allows for controlled
approximations in otherwise intractable problems.

In the context of gravitational collapse, the difficulty faced by analytic methods can be
traced back to precisely this absence of a small parameter that remains valid across all scales
probed by the dynamics. In the early stages of collapse, gravity is weak, and an expansion
in % is effective. However, as the system evolves to smaller scales, strong-field effects
dominate and this parameter no longer remains small.

This is where the number of spacetime dimensions comes in. We propose that it can
serve as an artificial expansion parameter, similar to /N in the large-N expansion of gauge
theories. Expanding in the inverse number of dimensions leads to a separation of scales and
clearly defined regions over which the gravitational force has different strengths. This effect
is already evident from the Newtonian potential

V(r) ~— (TO>D_3. (1.1)

r

As the number of dimensions increases, the gravitational field weakens at large distances
and becomes stronger at short distances. This results in the force “turning on” sharply
at a characteristic radius set by the mass in a way that does not happen in D = 4. The
clearly distinguished regions, and the fact that 1/D remains small at all scales, are the key



features that makes this method useful. In fact, the large-D expansion does not linearise the
differential equation for a given system. Instead it appears to isolate the key non-linearity
that is necessary to understand each region.

The large-D expansion and its potential application to black hole physics was first
recognised by Asnin, Gorbonos, Hadar, Kol, Levi, and Miyamoto [19], where the authors
found that the near-horizon region was well-defined in this limit. This was later clarified
by Emparan, Grumiller, Suzuki, and Tanabe [20, 21], which enabled its exploitation in a
variety of different contexts, including in black hole perturbation theory [22], fluid-gravity
duality [23, 24] and in the membrane paradigm [25, 26] — see [4] for a recent review. These
successes suggest that similar methods could provide insight into the dynamics of gravitational
collapse. An initial attempt in this direction was carried out by Rozali and Way [27]. Taking
a massless scalar field minimally coupled to gravity in both asymptotically flat and anti-de
Sitter spacetimes, they used the large-D expansion to find solutions that corresponded to
oscillating soliton stars.

A key motivation for applying large-D techniques to critical gravitational collapse in
particular lies in the behaviour of the critical exponent as the number of dimensions changes.
Numerical evidence suggests that as D — oo, this critical exponent could asymptote to
the rational value, 1 [28]. Emparan and Herzog [4] have discussed how large-D methods
exhibit “mean-field-like” characteristics, reinforcing this possibility. If this is the case, large-
D could provide a natural framework for developing analytic approximations to critical
exponents in gravitational collapse.

For the use of large-D techniques in other fields of physics, see, for example, [29-32].

Summary of results

We now briefly summarise the key results and the overall picture that emerges from
our analysis.

We begin with our interpretation of the spacetimes described by the solutions to this
model. The combination of spherical symmetry and self-similarity, which requires the entire
spacetime to be filled by the collapsing fluid, allows us to think of the scalar field as a
continuum of concentric shells, each at a fixed comoving radius. Enforcing continuous self-
similarity imposes a well-defined relationship between these shells, simplifying the problem
to solving the dynamics of a single one of them.

Examining the evolution of one such shell, reveals a striking connection to Friedmann-
Lemaitre-Robertson-Walker (FLRW) cosmology. In particular, we find that the local dynamics
of these shells are equivalent to that of a comoving observer in a closed (k = +1) FLRW
universe with equation of state parameter and cosmological constant given by

_D-3 (D—1)(D—2)

Under this analogy:

¢ Black hole formation corresponds to a crunching cosmology.
e Critical Collapse corresponds to an unstable Einstein-like universe.

o Dispersion corresponds to a bouncing cosmology.



Figure 1. The effective potential V(R), as defined by the right-hand side of the Friedmann
Equation (1.3), at a value of ¢ corresponding to criticality in two different numbers of dimensions.
FEach distinct region has been labelled for the D = 30 case.

Remarkably, this analogy is exact at the level of the governing equation of both systems.
The conformal radius function in our model, R, plays the exact role of the cosmological
scale factor and satisfies the first Friedmann equation

1 1
- ZRQ -z (1.3)
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where ¢ is the tunable amplitude of the incoming scalar field and sets the amplitude of the
energy density term in this equation.

Although this analogy only holds locally, it provides a valuable framework for discussing
the characteristic scales of the problem. Upon extracting the effective potential from the
right-hand side of (1.3), we find that in critical collapse, the presence of additional geometric
terms in the differential equation (the cosmological constant and spatial curvature), modifies
the simple picture of the regions set by the Newtonian potential. As shown in figure 1,
there are now three distinct regions, determined by the relative magnitude of the terms
in the effective potential. While these regions also exist in D = 4, treating the number of
dimensions as a free parameter allows us to measure their size, providing a clear definition of
where one region transitions into another. This clarity is essential in order to analytically
match the solutions to each region together.

Since these regions are central to our analysis, we summarise their key features below:
o Weak Gravity Region, A:

— At large distances, the density term is strongly suppressed in a large number of
dimensions, leaving the geometric terms as the dominant effect.

— The characteristic time spent in this region is O (1).



— The spacetime in this region corresponds (up to exponentially small corrections in
1/D) to exactly flat Minkowski space, where the scalar field evolves freely.

e Transition Region, B:

— The density term and the geometric terms approximately counterbalance each
other. It is the most complicated region since it does not correspond to a single
dominant effect. The large number of dimensions localises this to a narrow interval
of the scale factor.

1
V5)-
cisely the same scaling seen for the time variable in the soliton star solution at

large-D [27].

— Despite the short characteristic time in a large number of dimensions, the actual

— The characteristic time spent in this region scales as (’)( This is pre-

time spent in this region is more complicated as it is also approximately scales
logarithmically in the distance of the initial conditions from criticality. An interplay
between the initial conditions, the number of dimensions and the regions is an issue
that will appear frequently in this paper and is a key challenge that we address.

¢ Strong Gravity Region, C:

— At short distances, the density term completely dominates the geometric terms.

— This region is only accessed by the system if the initial amplitude of the scalar
field is large enough for a black hole to form.

— The characteristic time spent in this region scales as either O (%) or O (%),
depending on how far the initial amplitude of the scalar field is from criticality.

To construct solutions, we apply a large-D method of matched asymptotics [33] where the
Friedmann equation, (1.3), is expanded differently in each region according to its characteristic
timescale. This approach allows us to derive analytically matched asymptotic solutions for
both critical collapse and far from critical black hole formation. We also give solutions to
the dispersive and near-critical black hole outcomes as numerically matched perturbations
of the critical solution.

We then determine the Lyapunov exponents for deviations from the critical solution.
These perturbations include both a unique self-similar mode and a continuous spectrum of
non-self-similar modes. For the non-self-similar perturbations, we find that the spectrum of
allowed Lyapunov exponents exhibits two critical dimensions: D = 6 and D = 10. The D =6
critical dimension marks the point beyond which the perturbed CSS critical solution no
longer sits in the basin of attraction of the DSS critical solution, thereby preventing further
insight into the DSS solution in higher dimensions. The D = 10 critical dimension only
affects subdominant perturbations and consequently lacks a clear physical interpretation.

Using the Lyapunov exponents, we compute a scaling exponent for the mass of the
black hole above criticality using renormalisation group methods. For the perturbations
that preserve self-similarity, it is given by

(1.4)



in agreement with Soda and Hirata [34], while for breaking self-similarity! it is given by

2(D — 3) 2
VZﬁ%2—5. (1.5)
Interestingly, the critical exponent for breaking the self-similarity asymptotes to a finite
value in infinite dimensions, in alignment with the numerical evidence for the discretely
self-similar solution.

We conclude by emphasising a direct parallel between the system discussed thus far and
the topology change that resolves the naked singularity at the pinch of the Gregory-Laflamme
(GL) instability of black strings [35] in the large-D limit. This topology change can be
effectively modelled by a double-cone geometry near the pinching point. In this framework,
the fused-cone configuration corresponds to the non-uniform black string phase, whereas
the separated-cone configuration represents the black hole phase. Interpolating between
these two phases is a critical solution that arises precisely when the tips of the cones meet,
corresponding to the pinched geometry. Due to the underlying conical structure, this critical
configuration exhibits continuous self-similarity.

The presence of a CSS critical solution sitting between two distinct phases, mirrors the
behaviour observed in the gravitational critical collapse. This connection was first elucidated
by Kol [36], who demonstrated that, upon dimensional reduction and a double Wick rotation,
the actions governing both systems can be cast into the same form, but with different
boundary conditions. The GL side of this correspondence is well-understood in the large-
D regime, allowing us to make the following observations when combined with our large-
D results for the CSS collapse of the massless scalar field:

e The coordinate scalings with the number of dimensions are similar. For example, in
both systems, criticality is associated with a characteristic scale of O (%) [37].

e The equations in the large-D expansion are clearly related. In particular, taking the
first non-trivial equation in the large-D expansion governing Region B (3.38), and
performing the redefinitions x — iz and f — 4(P — Py), yields precisely equation (6.3)
of [38], which describes non-uniform black strings in the large-D limit.

e Perturbations of the critical merger solution indicate that D = 10 is a critical dimension
that influences the stability [39]. This closely resembles our results for perturbations
that break CSS, and may offer an explanation for the appearance of D = 10 as a critical
dimension in our system too.?

Outline

In section 2 we will review critical collapse and the role of self-similarity in these spacetimes.
This allows us to find the general dimensional equations for our model, and develop an

'We solve the perturbation equations asymptotically at the past and future time boundaries to determine
the spectrum of allowed Lyapunov exponents. In this way, we obtain a solution that is exact in the number of
dimensions. However, it has not yet been proven that there are no further restrictions from the ‘matching’
of these asymptotics in a full solution to the equations. Nonetheless, comparison with the known results in
D = 4 provides evidence that the analysis is complete.

2Note that although there is this similarity, one should not expect the stability of perturbations of the two
systems to be the same in general due to the Wick rotations.
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intuitive picture of the collapsing shells. The connection that this picture has to cosmological
solutions is also explored. We will then review the continuous self-similar solutions that
are already understood in D = 4 to give us a point of reference when developing the large
dimension expansion.

In section 3 we build, as an asymptotic expansion in the inverse number of spacetime
dimensions, the family of spacetimes of this model. We specifically highlight how the
separation into regions occurs, how the correct scalings of the time variable can be found
for each region and the crucial role played by the dimensional dependence of the initial
amplitude of the scalar field.

In section 4 we study the spectrum of Lyapunov exponents of small perturbations about
the critical solution in a general number of dimensions. These perturbations include both
those that preserve the self-similarity, as well as those that break it. From these Lyapunov
exponents, we then compute the critical exponent for the mass of the black hole above
criticality. Finally in section 5 we conclude and outline some possible future applications
of the methods that we develop in this paper.

The appendices provide mostly technical details in the form of explicit calculations,
but there are also some additional results. In appendix A, we discuss the alternative
‘Method of Regions’ approach to finding solutions to this problem. Appendix B addresses
a subtlety encountered when working with the second-order differential equation in Region
C. Appendix C presents the next-order correction to Region C, including its matching to
Region A. In appendix D, we carry out the explicit computations for the matching of Region
B to Region A for both the metric function and the scalar field. Finally, in appendix E, we
provide a comprehensive table of notation for the variables used in this work.

We also provide a “roadmap” for the paper on page 8 to aid readers in navigating to
specific parts of the paper that they are interested in. A summary of the solutions to the
metric can be found on pages 35-37.

Notation and conventions

We adopt natural units with ¢ = 1 and set the gravitational coupling constant x = 87Gec™* = 1.
The metric signature is mostly positive, with Greek letters (1 =0,1,2,...,D — 1) used for
spacetime indices and Latin letters are used for other indices without structure. Quantities
associated with criticality are denoted with a subscript *, e.g., p., while quantities specific to a
particular region are labelled with the corresponding region identifier, e.g., x;. In asymptotic
expansions, region labels are generally omitted when their meaning is clear from the context.

2 Black hole critical collapse

In this section we give a mostly self-contained introduction to black hole critical collapse,
collecting key results from the literature and providing some interpretation that will be
relevant for our generalisation to D dimensions.

Choptuik’s numerical simulations in 1992 provided the first evidence of black hole critical
collapse [1], where he studied the spherical collapse of a gravitating, massless scalar field
numerically. By varying parameters such as the amplitude, p, of different shapes of shells,
he observed that the scalar field would either disperse back to flat space or collapse to



form a black hole. Then, by a shooting method, he approximately determined the critical
value of the amplitude, p,, that described the transition point between these two different
outcomes. For solutions with amplitude close to the critical value, he discovered a number
of interesting properties:

e Enhanced Symmetry — They exhibited an additional approximate symmetry that had
not been imposed on the solutions, called self-similarity. This symmetry can manifest
in two different ways depending on the type of matter being studied: Continuous
Self-Similarity (CSS) or Discrete Self-Similarity (DSS) [40]. In the case of the massless
scalar field, DSS was observed numerically.

e Critical Exponent — The solutions that eventually formed a black hole were observed
to have a mass proportional to the distance that the data was from criticality

M~ (p—p«)7, (2.1)

with no mass gap. By fine-tuning only a single parameter in the initial data to its critical

value, a naked singularity could be formed — a known feature of some self-similar

solutions [41]. This provided a numerically fine-tuned counterexample to the Weak

Cosmic Censorship Conjecture [42], strengthening the claim that it holds only when

the initial data is fully generic in four dimensions.?

e Universality — Regardless of the shape of the initial data, the same critical exponent
and dynamical evolution was always found, but with a different p.. Note that this
universality is only true when considering the same type of matter.

This discovery sparked significant interest in understanding these special solutions that sit
precisely on the verge between collapse and dispersion. For DSS critical solutions, analytic
progress is made inherently difficult due to the non-trivial, periodic nature of the attractor,
but some advances have been made [43-47], including in finding another critical parameter
related to the angle of lines from the origin that separate the regions of positive and negative
density [48]. Furthermore, this spacetime has been proven to exist (with numerical aid) [49],
and the region exterior to the past light-cone of the singularity was recently constructed [50].
However, an analytic solution for the full spacetime is still missing. For CSS critical solutions,
analytic progress is easier due to a reduction of the system to ODEs, but other than for the
massless scalar field, most solutions remain numerical [51].

Although we focus on the massless scalar field for simplicity in this paper, it should
be noted that the same properties have been exhibited by many other types of matter
including the Einstein-Maxwell-dilaton system [52], the Einstein-axion-dilaton system [53]
and axisymmetric pure gravity [54, 55] to name just a few. It was also found that depending
on the value of the coupling in some theories, the critical solution would change from
exhibiting continuous self-similarity to discrete self-similarity [56]. For a review, see [57]
and the references within.

31t can be violated in higher dimensions without fine-tuning as can be seen, for example, with the
Gregory-Laflamme instability [35].

,10,



A useful intuition for how these features arise can be gained from the perspective of
dynamical systems [58]. In General Relativity, the phase space is an infinite dimensional
functional space with a vector field dictating the direction of time evolution. Each point
in the phase space corresponds to a possible initial data set of the system — a spacelike
hypersurface within the full spacetime. However, despite extensive numerical results, analytic
understanding remains limited, and much of the phase space structure in this problem is
still conjectural. Consequently, and due to a few other conceptual challenges, constructing
precise pictures of this phase space is difficult. Nonetheless, the qualitative insights that
it gives are highly instructive.

Consider the gravitational collapse of generic matter. The phase space consists of three
primary basins of attraction that correspond to physically distinct states of the system:
dispersion to flat space; the formation of a transient state, such as a star; and the formation
of a black hole.

The issue of criticality concerns itself with the specific manifolds in the phase space that
separate these basins of attraction from one another. There are two different types of critical
manifolds that can be observed in gravitational collapse, and which type is relevant in a given
system can be approximately predicted by simple considerations of the characteristic length
scales in the initial data. To illustrate this, let us take a massive scalar field [59]. If the
Compton wavelength of the scalar field exceeds the radial extent of the collapsing shell, the
system exhibits Type II critical behaviour, where the critical solution coincides with the one
observed by Choptuik, allowing for the formation of an infinitesimal mass black hole. However,
if the Compton wavelength of the scalar field is smaller than the radial extent of the collapsing
shell, the system exhibits Type I critical behaviour instead. In this case, the critical solution
corresponds to a soliton star, and perturbations lead to black hole formation at a finite mass.

In this paper, we focus specifically on the critical manifolds that are associated with
Type II critical behaviour, where there is no ‘relevant’ characteristic length scale in the
initial data.? In this case, the critical manifold delineates the boundary between the basins
of attraction corresponding to dispersion and black hole formation, exactly as implied by
the results found by Choptuik.

The critical solutions are consequently unstable solutions that are simultaneously on the
verge of dispersing and on the verge of collapsing to a black hole. The features highlighted
previously can hence be qualitatively understood as follows:

¢ Enhanced Symmetry — On the critical manifold the symmetry becomes exact. Solutions
close to criticality only exhibit the symmetry approximately during the phase of their
evolution that brings them close to the critical manifold.

o Critical Exponent — By analysing linear perturbations of the critical solution, one can
determine Lyapunov exponents that characterise the rate at which the perturbed solution
moves into the basins of attraction. Using Renormalisation Group techniques [60], these
Lyapunov exponents can be directly related to the mass critical exponent. This will be
explored in detail in section 4.

“Note that although there is no length scale in the initial data, one is dynamically generated corresponding
to its distance from criticality.

— 11 —



e Universality — The critical manifold has codimension 1 and contains a single, unique
attractor. All collapsing shells that are tuned close to criticality are initially drawn to
this attractor before a single growing mode ultimately drives the solution away and
further into one of the basins of attraction.

In particular, this means that there is an alternative method to investigate these properties.
Rather than numerically fine-tuning parameters to sit close to the critical manifold, one can
instead look to find the critical solution directly by imposing self-similarity. Then, by taking
perturbations of the critical solution, the local region away from the critical manifold can be
understood, along with the critical exponent. This both simplifies the problem and bypasses
the issue that the parameters can never be numerically tuned precisely to criticality. This
is the view that shall be taken within this paper, finding the critical solution in section 3
and then the perturbations in section 4.

The particular matter model that we choose to study consists of a single massless scalar
field that gravitates.” Although the numerics demonstrate that the critical solution is DSS in
this model, critical CSS solutions are also known to share the properties mentioned above
with the exception of universality. This means that, in the full phase space, there exists
an additional, hidden critical manifold.

However, there are a few important differences between this CSS manifold and the DSS
critical manifold discussed so far. First, this manifold contains both black hole and dispersive
solutions. Restricting to CSS solutions is not sufficient to specify a critical solution. Second,
perturbations from the CSS critical manifold that break the symmetry are not unique [9].
There is a full spectrum of Lyapunov exponents implying that it has codimension higher than
1. The CSS manifold is hence ‘more repulsive’ than the DSS critical manifold, explaining
why it is not seen numerically. Finally the nature of the singularity of the critical solution
is different. The critical CSS solution corresponds to the formation of a null singularity
rather than a naked one.f

Although imposing this symmetry on the system does not reproduce the exact type
of critical solution discussed above, we will see that the CSS manifold generates a finite
dimensional sub-phase space that completely mirrors the full one. The critical manifold
separates the dispersive and black hole basins of attraction, and there is a single unique
critical exponent for perturbations within this subspace.

We now describe qualitatively the setup that we consider. The scalar field collapses
from null past under its own gravitational interaction and the solutions that we seek are
characterised by:

o Asymptotic flatness in the past;
o Continuous self-similarity of both the metric and scalar fields;

o A scale-invariant scalar field profile.”

5This model has a long history, going back to Christodoulou’s PhD thesis [61], with many subsequent
developments due to Christodoulou himself [6, 62—-65]. The DSS solution is only known approximately and
numerically, being proven to exist (with computer aid) in [49]. The CSS solutions were first described by
Roberts [5] and later rediscovered by BONT [7, 8].

5Note that the distinction made here is specifically for the scalar field system. For example, the critical
CSS solution of the perfect fluid corresponds to the formation of a naked singularity [41].

"There is a whole family of self-similar scalar field profiles, one of which is scale-invariant. The other cases
are also interesting and were studied by Christodoulou [64].
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The previous conditions leave one free parameter unconstrained, corresponding to the
initial incoming amplitude of the scalar field. This is a natural consequence of the fact that the
CSS symmetry was not sufficient to select a critical solution as mentioned before. Adjusting
this parameter is what allows us to tune the initial energy of scalar field that collapses such
that we can see the different possible end-states of the system within the CSS manifold:

e If the amplitude of the incoming wave is small, the scalar field will initially collapse
before dispersing due to its pressure. The system will asymptotically return to flat
space. This is Subcritical Collapse.

o If the amplitude of the incoming wave is too large, the gravitational attraction will
overcome the pressure of the scalar field such that it will fully collapse to form a black
hole in a finite time. This is Supercritical Collapse.

o If, however, we fine-tune this amplitude to a specific value, the system is stuck in a
state of continuously trying to both collapse and disperse without ever fully achieving
either, forming a null singularity in the future. This is Critical Collapse.

In the first subsection, we formulate the problem and derive the governing equations
in an arbitrary number of dimensions. We carefully analyse the symmetry properties of
the resulting spacetimes, highlighting the distinction between continuous and discrete self-
similarity. This lays the foundation for developing an intuitive shell-based picture of the
CSS spacetime in the second subsection, where we also uncover a surprising connection to
cosmology. In the final subsection, we review existing results in four dimensions to build
intuition for the general, higher-dimensional case.

2.1 The setup and self-similarity

In this section, we explain the setup in more detail and write the corresponding field equations.
Consider a massless scalar field in D dimensions, minimally coupled to gravity. The action is

1
5= / A2/ "G (R — gV 16V, 0) (2.2)
We assume a spherically symmetric metric in doubly null coordinates z* = (u,v,01,...,0p_2),
ds? = =222V dudo 4 p?(u, v)dQ%_, (2.3)

where u = t_T; and v = H'T; are the standard retarded and advanced times, so that in flat

space the metric is

ds? = —2dudo + (L2 C 402 (2.4)
\/§ D—-2 - .
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To ensure regular initial data for the collapse, we impose flat space boundary conditions
at the advanced time v = 0.8

S(u,0) =0, p(u,0)= %

The spherical symmetry allows us to define the Misner-Sharp mass [66], m(u,v), as a proxy

$(u,0) = 0. (2.5)

for the ‘total energy’ confined within some shell of radius p. It is given by

| 2mlo) _

e " 0,pdup,

(2.6)
mlu,v) = £ (1426 0up0up)

and is a useful diagnostic tool for the spacetime since we can test for the existence of an
apparent horizon by the condition that

2m(u,v) = p(u,v)P=3. (2.7)

Now we present the equations of motion for the system in these coordinates. They are
simply components of the Einstein equations, and the Klein-Gordon equation. Instead of

keeping the dimension D, we find it useful to introduce the variable

1
E 7, 2-8
E= 5 (2.8)
such that our desired limit, D — oo now becomes ¢ — 07. The independent equations

of motion are

OupOyd + OppOyd + 260y = 0 (2.9a)
20y p0u> — Oyup — POy POy =0, (2.9b)
(1 = €)Oupdyp + €pOy0yp + %(1 —e)e* =0, (2.9¢)

where (2.9b) is also valid for derivatives with respect to v instead of u.” Analytic solutions
to these equations are nearly impossible to find without additional assumptions. To simplify
the system and find a critical solution, we now impose self-similarity.

Self-similarity is a geometric symmetry closely associated with fractals and belongs to the
broader class of the similarity transformation — the set of transformations that preserve the
shape of an object [67]. In particular, self-similarity refers to the special subset of similarity
transformations where an object is rescaled uniformly in all directions.

These transformations are referred to as homothetic transformations and are characterised
by a single fixed point in the space that remains invariant under their action. This point

8A more detailed justification for this choice of boundary conditions will be provided later.
9For completeness, there is also an equation that follows from the previous equations and Bianchi identities.
Explicitly it is given by

%(1 — o) (1 = 26)€%= 4 (1 — 36 + 262)0upBop + Ae(1 — £)pBupop + 26202 0unE. = —£2p* Do)
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Scaling Origin

Figure 2. A sketch of a continuously self-similar spacetime. It “looks the same”, but rescaled, when
the coordinates are rescaled by any amount.

is called the scaling origin, or the centre of the transformation, and serves as the reference
point about which the entire structure is scaled. Fundamentally, a homothety corresponds
simply to the magnification or contraction of an object with respect to this given scaling
origin. We can define a spherically symmetric homothetic transformation as one for which
under the equal scaling of the non-angular coordinates

u — e*u, v — e, 0; — 0;, (2.10)

the metric rescales covariantly.

The distinction between a spacetime that is DSS or CSS can be made at this point. The
CSS spacetimes can be thought of precisely as in figure 2. There is a centre of magnification and
at every point in spacetime there is a direction along which the metric rescales continuously
for all values of a € R.

For DSS spacetimes, on the other hand, the metric only rescales for discrete steps in each
of the coordinates, i.e for discrete values of a = nA, n € Z. In terms of discrete sets, such as
the Cantor Set, this type of self-similarity is intuitive as the system only looks the same again
after a magnification by a particular set of discrete values. When it comes to continuous
variables however, it is much harder to visualise DSS. It has been shown that these DSS
spacetimes are equivalent to periodic boundary conditions in the right coordinates [68], and
so a simple way to visualise this could be to overlay a phase on the magnification lines of
the CSS case, as we depict with colour in figure 3. For the square to be exactly the same
again under the magnification, it must have the same phase as it originally did (the same
colour), requiring a discrete rescaling of the coordinates and hence the shape.

The choice of a massless scalar field as our matter type means that to reproduce the
results seen by Choptuik, we should impose the discrete version of the symmetry on the
spacetime. However, since the continuous form of the symmetry affords a greater simplification
of the system, while still maintaining many of the key features of critical collapse (pp. 12),
we now impose CSS rather than DSS.
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Scaling Origin

-,;7.

Figure 3. A sketch of a discretely self-similar spacetime. It only “looks the same”, but rescaled,
when the coordinates are rescaled by a discrete set of values. There is a period associated to the
magnification lines, indicated by the colour.

Using comoving coordinates, we can express this symmetry in an invariant form [69]

LeGuw = 29w, (2.11)

where ¢ is called the homothetic vector field (HVF) and the choice of constant and sign on the
right hand side of this equation is simply convention to fix the normalisation and direction of
¢ as away from the scaling origin to larger scales. With this definition we can now impose
this symmetry on the equations of motion to restrict the solution space.

Let us assume that there exists a HVF, &, as given in (2.11). Spherical symmetry,
constrains the HVF such that it can only contain components in the u and v directions

€= £ (u,0) 0+ € (u,w

o (2.12)

)50
Acting with the Lie Derivative on the metric along this vector and imposing (2.11), we

find that £ = £“(u) and ¢ = £Y(v). This allows us to fix the gauge!? such that the HVF
takes the following simple form

_0 _0
§=Upne + 05 (2.13)

We also perform the redefinitions

- 1 Q 1 I3
- slog(5) - jloe (7).
2 & U 2 & v (2.14)
p=v—-uv R,
to render the radius function dimensionless, so that it rescales trivially under (2.10), and to

ensure that the form of the metric is unchanged after having fixed the gauge. We will refer
to R as the ‘conformal radius function’ for reasons that will become clear shortly.

1 1
10Tn detail, it’s given by @ = ef [y - ef v,
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We construct a new time coordinate by demanding that it is invariant under the rescaling
in (2.10) and hence along the direction picked out by the HVF (2.13). Since self-similar
problems are naturally described by logarithmic variables, we define our self-similar time as

x = log (—?) , (2.15)

U

where the minus sign inside the logarithm is to ensure that the variable will be real inside the
region in which we look to solve the equations, 4 < 0 and v > 0. Upon changing coordinates
to (@, x) we find that the conditions from (2.11) fix ¥ = ¥(z) and R = R(z).

The metric functions are only functions of the variable x.

In order to preserve spacetime covariance under this scaling symmetry, we additionally
need to impose a restriction on the scalar field. This restriction can be derived through
the Einstein Field Equations to be

Le(Oug) = 0. (2.16)

In an analogous way to the computation for the metric functions before, we can find that
this restricts the scalar field to be of the form

o(u,z) = ¢p(z) — klog(—u), (2.17)

where k is an integration constant. This additional coordinate dependence for the scalar field
can be interpreted as allowing the scalar field to covary with scale (2.10) and follows from the
shift symmetry of the scalar field. Typically, this is used to introduce the scaling coordinate [9]

s = —log(—u). (2.18)

However, here we make the further assumption that, within CSS solutions, the scalar field
profile is scale-invariant. This sets k = 0, thus giving

¢, ) = ¢(x) . (2.19)

For the rest of the paper we will drop the bar notation to avoid clutter.
Finally, imposing the symmetry on the four PDEs (2.9) leaves us with the autonomous
ordinary differential equations

R +R'¢ =0 (2.20a)
AR — 8R'Y — (1 +4% —4e(¢)> )R =0, (2.20b)
1sRR +2(1 - €) (2(R)? + ™) = R? = 0, (2.20¢)

where the £ corresponds to having v or w derivatives in (2.9b).

We have five degrees of freedom in total — two for each of the functions controlled by
second order differential equations R and ¢, and one for X. Three of these are fixed by the
boundary conditions, appropriately translated to these coordinates

lim R(x) “3, lim X(z)=0, lim ¢(z) =0, (2.21)

1
= —=€
T——00 \/5 [ T——00
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one is fixed by the constraint equation (2.20b) and the remaining degree of freedom is unfixed
as mentioned previously. It will be the degree of freedom that determines if a black hole
is formed or not.

We can immediately simplify the equations, even in a general number of dimensions.
A total derivative can be found from the equations by subtracting (2.20b) with one sign
from (2.20b) with the other. After imposing the boundary condition, this gives

S(z) = 0, (2.22)

leading to a decoupled equation for the radius function (2.20c) and that the choice of sign
in (2.20b) is irrelevant.

Since R is a radius function and is positive definite, it is useful to define

y(x) = R(a;)Z, (2.23)
giving us the equations
2ey¢” +y'¢' =0, (2.24a)
422 (¢) — (1 =)y + (1 —e)y(y —2) =0, (2.24b)
2eyy” + (1 — 25)(3/)2 +2(1—e)y— y2 =0, (2.24c¢)

where we have substituted (2.20c) into (2.20b) to manifestly write our constraint equa-
tion (2.24b) in terms of only first derivatives.

The decoupled equation for y, (2.24c), is the defining equation of the problem. The
radius function has decoupled from the scalar field meaning that its space of solutions will
fully determine the system. The scalar field can then be determined by substituting this
solution into the remaining equations.

2.2 Interpreting the spacetime — shells and cosmology

Before finding the D = 4 solutions, we already have all of the tools necessary to physically
interpret the spacetimes that arise from solutions to the equation (2.24).

With the restriction to a scale-invariant scalar field, there is a more natural choice of
scaling coordinate than (2.18), corresponding to the a coordinate over which the fluid velocity
remains constant. To find it, we first note that the fluid velocity

o
Ut = %, guwUMU" = -1, (2.25)
is orthogonal to the HVF
gu&'0”¢ =0. (2.26)

This observation is sufficient to determine the fluid velocity explicitly as

Ut = — (@ \/_Tzu,o,o> : (2.27)
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Scaling

Origin

Figure 4. A Conformal Diagram demonstrating the fluid lines and HVF. Region I corresponds to
flat Minkowski space due to our choice of boundary conditions. Region II is the dynamical region
in which we solve the equations, with lines of constant = indicated in blue and lines of constant w
in purple. The existence of Region III is dependent on the outcome of the dynamics in Region II.
When it exists, it is also Minkowski space. Light grey lines in Region I and Region III indicate lines of
constant x beyond the self-similar horizon where the HVF becomes null.

with the comoving spacelike coordinate over which it remains constant

1 UV

where [ is a constant dimensionful quantity. To visualise how these coordinates slice the
spacetime, we sketch a conformal diagram in figure 4. In these comoving coordinates, the
metric is diagonal

1
4s? — 562wl2 (—d:c2 L 4dw? 4+ QR(x)2d92) _ (2.29)

The coordinate x provides a natural notion of time, increasing in value for any timelike
observer from the past to the future. Meanwhile, w serves as a spatial coordinate, increasing
in value from the scaling origin out to spatial infinity, i°. These coordinates also parameterise
the two key vector fields discussed thus far: lines of constant x corresponding to the HVF,
and lines of constant w tracing the fluid flow. Note that this information about the HVF
is only accessible to a “metaobserver” as it is purely spacelike in Region II.
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The combination of spherical symmetry and self-similarity, which requires the entire
spacetime to be filled by the collapsing fluid, allows us to interpret the scalar field as a
continuum of concentric shells. Since w is a comoving coordinate that remains constant along
a given fluid line, each value of w effectively parameterises the position of one of these shells.
These concentric shells are all simply “copies” of one another at different scales with the
relation between them determined by the self-similarity. This implies that the dynamics
of just one shell is sufficient to reproduce the full spacetime, simplifying the problem to a
single dimension, z. In particular, the shell that is tracked by (2.24) is the one with w =0
— a simple rescaling of R allows us to track the others.

Let us now consider a particular shell defined by the comoving coordinate w = wy.
Pulling back the metric onto their worldline gives

ds? — %e%w? (~da? + 2R (2)%00?) (2.30)

If we compare this with the pull back of the FLRW metric onto the worldine of a comoving
observer, r = ¢

ds® = —dt? + a(t)?radQ?, (2.31)
then we can see that the pullbacks can be expressed in the same form after a redefinition of x.

A comoving observer in this self-similar spacetime experiences an effective FLRW-like
expansion or contraction, where the comoving radius function R(x) behaves like the
cosmological scale factor.

Remarkably, although this interpretation only holds locally for comoving observers, it is
actually exact at the level of the governing equation of both systems. With the substitution
z = ()%, and after using an integrating factor, the differential equation (2.24c) can be
reduced to a first-order “energy” equation

1
29\ =
W)=y -2y+y° <yq) : (2.32)

where ¢ is an integration constant that will be given a physical interpretation in the next
subsection. Without loss of generality, ¢ is chosen to be positive (¢ > 0).
Returning to the radial function, R(x) we find the differential equation

ne  (2q)P72 1, 1
(RH* = 1RO + 473 3 (2.33)
which has precisely the same form as the first Friedmann equation'!
2 2A
N2 2 2
= —k 2.34

1A connection was also recently made between ‘Ordinary Wormholes’ and the same types of FLRW universes
arising from this equation [70].
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for a closed (kK = 4+1) FLRW universe with equation of state parameter and cosmological
constant given by

D-3 (D—-1)(D -2)
= " A= ) 2.35
=D 8 (2.35)
The density term in this equation can be seen to be of precisely the correct form to correspond

to the density of our original spacetime

M qD—2
v~ RoT

This suggests that the spatial curvature and cosmological constant terms (that we will

(2.36)

collectively refer to as geometric terms) arise as a consequence of the self-similarity of the
spacetime, the exact mechanisms of which are currently unknown. It is remarkable that these
features can arise from such a simple matter model due to this choice of symmetry.

The evolution of the system is governed by two competing effects — an outward force
arising from the cosmological constant term, and an inwards force due to the energy density.
The competition between these two will be an essential feature when finding the separation
into regions caused by the large-D expansion in the next section.

However, we can already see that by varying ¢, the energy density of the universe changes.
This gives rise to a family of different solutions, each corresponding to a different fate of
the universe and each related to the three distinct outcomes for collapse that we discussed
earlier in the following way:

e Subcritical Collapse — The outward force caused by the geometric terms always remains
greater than the energy density. This causes the shells to slow down, before stopping and
reversing their motion such that they begin to disperse outwards. A comoving observer
in this scenario experiences a bouncing cosmology, where contraction is followed by a
period of expansion.

e Critical Collapse — The energy density continues increases during the collapse to the
point where it will eventually counterbalance the geometric terms exactly. Consequently,
each shell approaches a fixed, finite physical radius. In this case a comoving observer
experiences a collapsing cosmology that approaches a static state where the scale factor
asymptotes to a constant. This static state is unstable, similar to the Einstein universe.

¢ Supercritical Collapse — The density term eventually becomes larger than the geometric
terms leading to a strong backreaction where every shell contracts to zero physical size
at the same self-similar time. In this scenario a comoving observer will experience a
crunching cosmology where the entire system collapses into a singularity.

2.3 Review of the four dimensional case

Before taking the large dimension limit of this system, we first review the solutions in four
dimensions that have been discussed previously [5-8] to gain some intuition. In four spacetime
dimensions, € = %, the governing equation (2.24c) simplifies significantly to leave

y'—y=-1. (2.37)
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Very Supercritical
—— Marginally Supercritical
—— Marginally Subcritical
— Critical

Figure 5. The phase portrait for (2.37). The physical flows are denoted with solid lines and some of
these are colour coded as representatives of the flows that lead to the different end states detailed in
the introduction to this section. In naming these flows, we have also introduced a notion of how far
from criticality the system is for later convenience.

Although this is a very simple differential equation, let’s go through the process of analysing
its structure so that we have a point of comparison when looking at it in general dimensions.
Going to a first order formulation, we have

Yy =w, w=y-1, (2.38)
which has only one critical point given by (y,w) = (1,0). The Jacobian is
oy oy
S 5 01
J — 88y/ gw/ - 5 (239)
y  Ow

which, when evaluated at the critical point, has two eigenvalues (AL = +1) with opposite

signs, signifying that it is a saddle point. By taking the initial boundary condition

1
lim y— ie_x, (2.40)

T—r—00

we can see that all physical trajectories start at the far bottom right of the phase space, at
large y and large negative 3’. The unfixed boundary condition gives us a free parameter
that corresponds to the energy of the system, allowing us to start at different points relative
to the critical manifold of the saddle. There are three very different possible trajectories
depending no the value of this free parameter. In the phase portrait, figure 5, we identify
these different trajectories with the names detailed in the introduction to this section —
Subcritical, Critical and Supercritical.

The critical solution represents the fine-tuned solution sitting at the boundary between
solutions that disperse back to flat space and those that collapse to form a black hole. This
is conceptually very similar to the situation studied by Choptuik [1] and is precisely the
finite-dimensional phase space analogue mentioned previously.
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Very Supercritical
— Marginally Supercritical
— DMarginally Subcritical
— Critical

Figure 6. Solutions for the metric function in D = 4, with various choices of gq.

To discuss the explicit solutions, we now solve the differential equation to find

ylx) =1+ %e_x + % (1 - 4q2) e”, (2.41)
where the boundary condition (2.40) has been used to fix one of the integration constants.
The remaining constant, g, has been chosen to match the first order form in (2.32). It controls
the late-time behaviour of the system and hence acts as the key free parameter that decides
which end-state of the system will be reached. By simple comparison with the phase space
picture, we can conclude that the critical value is ¢, = % and hence when

e ¢ < g the system is Subcritical,
e ¢ = ¢, the system is Critical,
e q > q. the system is Supercritical.

It will be useful to introduce a measure of how close a solution is to criticality and so we
define the small parameter

0g =q— Gx - (2.42)

In higher dimensions, the approximate shape of the solutions will not change dramatically,
meaning that qualitatively the plot looks the same. The critical solution asymptotes to a
constant value in the future — the saddle point at y = 1 and 3’ = 0. If we are marginally
above or below criticality, then the solution will hover near y = 1 as it comes close to the
saddle, before being repelled from it as the positive exponential in the solution dominates.
If the initial data is too far from the critical solution, the solution quickly overshoots and
doesn’t ‘see’ the asymptote as per the ‘Very Supercritical’ solution in figure 6.
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Very Supercritical
— Marginally Supercritical
— Marginally Subcritical
— Critical

Figure 7. Solutions for the scalar field in D = 4, with various choices of g.

We can then use (2.24b) and the boundary conditions (2.21) to solve for the scalar field
1 1+Jﬂ+ﬂ@)
= — 10 S E——— .
9() V2 g(1+e%1—2@

Plotting the result in figure 7 gives us behaviour that is analogous to the radius function.

(2.43)

The critical solution corresponds to a linear growth of the scalar field at late times, whilst the
marginally subcritical and supercritical solutions follow the critical closely before asymptoting
to a constant value or diverging respectively. When ¢ is too far away from the critical
value, the solution does not ‘see’ this linear growth once again. Note that the scalar field
amplitude can reach arbitrarily large values whilst still ultimately dispersing provided it
remains subcritical. The scalar field gradient is what determines the energy of the field and
hence the strength of the back reaction. This is what the free parameter ¢ ultimately controls
— the initial amplitude of the scalar field gradient

d¢ T 2z
i 2v/2¢e” + O (e ) as r — —o0. (2.44)

In order to interpret the results physically, it is useful to write the solutions in null
coordinates and compute some observables. The solutions are given by

Y(u,v) =0,

b(u,v) = Ll ((1+2q)v—u)

(1-2¢q)v—wu (2.45)

p(u,v) \/—uv—i- (1 —4¢?)v?

The spacetime structure of the solutions is clearly different depending on the value of the free
parameter ¢. To see what they will correspond to, we will need the non-zero stress-energy

tensor components
2¢°v? 2¢°%u? 2¢%(—u)v 2¢°(—u)v .
Fow = T = T Telelz(pa), Ti0, :(pz)smzwn, (2.46)
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the Ricci scalar

4¢%(—
R(u,v) = —M, (2.47)
p
and the mass function as defined in (2.6)
2(_
m(u,v) = q(pu)v (2.48)

First, note that for ¢ = 0, all of these observables vanish and the full spacetime structure is
simply that of flat space as can also be concluded directly from the solutions (2.45).
Secondly, extending the solution beyond either of the self-similarity horizons leads to a
negative mass function in these regions. This indicates that our solution is only physically
valid inside the domain in which we solved it. In fact, by extending the solution outside of it,
there will be a time-like singularity at the origin where the Ricci Scalar diverges (2.47).
This is the reason for our choice of boundary conditions. In order to construct a meaningful
global solution, we must match our solution to a Minkowski spacetime along the v = 0 null
hypersurface since this choice will ensure regularity and asymptotic flatness of the spacetime
in the past. We give a short justification that these boundary conditions work below, but a
much more complete analysis for this exact problem was carried out by Christodoulou [6].
The normal (and tangent) vector to this null hupersurface is given by

= (1,0,0,0)T, (2.49)
allowing us to see that the flux through it will vanish

Tuyﬁu‘yzo = (O,Tuvy 0, O)’vzo

— (0,0,0.0), (2.50)

justifying the choice of matching to Minkowski space. We can also see this directly from
the scalar field gradient normal to this surface

R v
n”au¢|v:0 = \/iq o)
P™ lv=0 (251)

=0.

The transition across the boundary is completely smooth and our imposed boundary conditions
are regular. No jump means that there is no need for a source on this boundary according
to the Israel Junction Conditions [71].
The only non-zero stress energy tensor component at this surface is
8¢>
Toolv=0 = —5 (2.52)

u
which accounts for the fact that the scalar field derivative in the v direction is non-zero
along that boundary. Although this means that the scalar field’s derivative is discontinuous

here, making it only CY, Christodoulou demonstrated that within the framework of Bounded
Variation fields this is still physically well-defined. This framework relies on the use of weak

,25,



Figure 8. Conformal Diagrams for each qualitatively distinct solution.

derivatives, which are defined in an integral sense by requiring them to satisfy integration by
parts conditions. In this way, weak derivatives can be well-defined even when the classical
derivative is discontinuous.

With the issue of boundary conditions resolved, we can finally detail the spacetime
structure for each of the different choices of g:

Subcritical: 0 < q < % — figure 8(a).

The collapse of the scalar field does not produce a singularity. The scalar field disperses
ensuring that there is no flux across the u = 0 hypersurface and we can glue flat Minkowski
space along this boundary for Region III.
This follows from the same argument as for the v = 0 boundary: if we go to u = 0, the
only non-vanishing component of the stress-energy tensor will be
8¢>

Tuu|u:0 = (1 _ 4(])2112 (253)

and the mass function vanishes, m(0,v) = 0.

Critical: ¢ = ; — figure 8(b).

At the critical value of ¢, the collapse of the scalar field leads to a null singularity at v = 0.
To see this, note that both the radius and mass functions vanish when v = 0

u2
pu,v) =1/ 5 —wv, (2.54)

—uv, (2.55)
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whilst the Ricci there diverges

4v

R(u,v) = wlu = 20)"

(2.56)

This indicates a curvature singularity at v = 0, but with no apparent horizon. Future null
infinity, Z*, is geodesically incomplete and the singularity must be null. Although arbitrarily
large values for the curvature can be observed, the singularity itself cannot be observed
without actually reaching it.

Supercritical: g > % — figure 8(c)

For this range of ¢, the collapse of the scalar field leads to a spacelike singularity when the
radius function vanishes as given by (2.41) at

1

This singularity is preceded by an apparent horizon at a position determined by (2.7),

Ty = log (M) . (2.58)

Note that this spacetime suffers from the problem that all self-similar spacetimes of
this type do: the entire spacetime becomes trapped. The mass function for such a spacetime
diverges and the future is not asymptotically flat. However, this issue can be addressed by
cutting off the scalar field influx at a finite time and gluing the resulting spacetime to an
outgoing dust solution [72]. We will not worry about this here.

We are now ready to tackle the construction of the background spacetimes in a large-
D expansion.

3 Background spacetime

In this section, we derive the continuously self-similar solutions for the metric and scalar
field, above, below and at criticality, using an expansion in the inverse number of spacetime
dimensions.

Unlike the four-dimensional case, the governing equations do not admit a simple analytic
solution in general dimensions. Nonetheless, the large-D expansion will allow us to simplify
this nonlinear system, by clearly defining regions in which different physical effects dominate.
After obtaining solutions in each of these regions, we match them together to construct the
full spacetime. We expect that many of the insights gained from this analysis will extend
beyond this particular setup, thus providing a working example of how the large-D expansion
can be used to find solutions of gravitational collapse systems at criticality. Throughout the
analysis, we validate key results using numerical methods.

We take the equations (2.24) derived in the previous section, expressed in terms of € as
a small parameter. As discussed there, the most important of these is

2eyy” + (1 —2e)(y)* +2(1 —e)y — y* =0, (3.1)

where ¢ is defined as in (2.8).
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We wish to find solutions in the limit ¢ — 07. In the strict € = 0 limit, the differential
equation becomes singular, as its order reduces by one. In this case, there is not enough
freedom to satisfy both boundary conditions at the same time for a generic solution. This
typically implies that, for a period of time, the physical solutions must develop large second
derivatives to compensate for the smallness of €, dictating the type of asymptotic analysis
that we must perform [33].

Methodology: matched asymptotics. When a differential equation becomes singular in a
particular limit of the control parameter, one typically uses the method of matched asymptotics
(or boundary-layer analysis). Asymptotic solutions are constructed in separate regions of
the domain, in the limit that a parameter in the equations is either very small or very large,
before being matched together. In this way, instead of solving a difficult differential equation
over the entire domain, the problem is reduced to solving simpler differential equations
within subsets of this domain. These regions must have a small overlap with each other
so that the solutions can be smoothly glued together to construct a global solution. The
error of a matched asymptotic solution is generally O (5”“), where n is the order at which
the asymptotic expansion is truncated.
An outline of the method is as follows:

1) Identify the relevant timescales in the problem as a function of . Each of these scales
defines a distinct region of the system where different physical effects dominate.

2) Rescale the independent variable according to the small parameter associated with each
region e.g X = ex.

3) Make an asymptotic ansatz, e.g.
y(X) = Zenyn(X)v P(X) = Z‘Snd)n(X)v as € — 0+a (3.2)
n n

and substitute it into the differential equation. For convenience we will generally omit
the region subscript on these ansatze, but it is clear from context to which region
they belong.

4) Solve the resulting simpler differential equations for {y,(X), ¢,(X)} to the desired
order in €.

5) Repeat steps 1)-4) for all regions, and match the solutions at their boundaries or to the
imposed boundary conditions. The final solution is constructed as a uniform solution
Y,,» using the matched asymptotic expansions:

N

Y, = Z Yi — Yoverlap (33)
=1

where y; are the asymptotic approximations in each region and ygyerlap is the function
that describes the total overlap between the regions.
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This technique is well understood for linear differential equations, but the analysis
can become more nuanced for nonlinear systems. In our problem, there is an additional
complication due to an unfixed boundary condition, which, as we have seen, determines
whether the system is above, below or at criticality. As a result, we must address the
following challenges:

e The relevant timescales cannot be identified solely through a method of dominant
balance.

o The existence of certain regions depends on the boundary conditions. For example, the
strong gravity region is absent for subcritical solutions.

o The size of the regions does not scale solely with the relevant timescale; it also depends
strongly on the boundary condition. As a result, some regions may become unexpectedly
large — even infinitely large — despite estimates based on the characteristic timescale
suggesting that they should be small.

e The small parameter does not multiply the nonlinear terms. Consequently, expanding
in the number of dimensions does not linearise the problem; instead, it isolates the
essential nonlinearity of each region. The first non-trivial differential equation — for
example the equation for yo(X) — remains nonlinear. Subsequent equations, however,
are all inhomogeneous, linear differential equations.

This final point presents both a strength of our method and a challenge for it. On the
positive side, it means that the nonlinearities are captured even at the leading-order by a
large-dimension expansion. On the negative side, however, it means that we are still required
to solve a nonlinear differential equation to find matched solutions, which is not always
straightforward. As a consequence, there is one region governed by a deceptively simple
nonlinear differential equation that we are unable to solve exactly. To make progress, we
apply further approximations in the form of perturbations from criticality.

The end result that we are only able to construct a uniform solution for the very
supercritical case. The other outcomes are instead described by the step before this: a
collection of formulae that describe the behaviour in each region to within the expected
accuracy in terms of powers of e.

We emphasise that this inability to find a composite solution is not a failure of the
separation of scales at large-D; rather, it reflects our inability to solve this particular non-linear
differential equation. In fact, we are able to demonstrate that if a full analytic solution to this
equation were available, a uniform solution could be constructed for every possible outcome.

With this in mind, let us outline the rest of this section. We first provide a qualitative
discussion of the metric differential equation where we show how to understand the separation
into regions and the characteristic timescales in each them. Then, we use this understanding
to explicitly solve the metric differential equation in each of these regions, constructing each
member of the one-parameter family as we go. After that, we use these solutions to solve
the scalar field differential equation in an analogous way.
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3.1 Analysis of the metric differential equation

Let us first qualitatively analyse the metric differential equation to identify the different
regions and the relevant timescales in each of them. Once the different regions are fully
understood, we will find explicit solutions for the metric and scalar field.

We begin by collecting some general information about the solutions in an arbitrary
number of dimensions. As in D = 4, we first study the phase space to demonstrate that some
qualitative features of the system are crucially independent of the number of dimensions. To
do this, we reduce the system to a first-order formulation by defining

Yy =w
, 01 1—e  (1—2¢)w? (3.4)
w=—y - — —.
2e € € Y

This system has a single critical point at (y,w) = (2(1 — ¢),0) with the Jacobian at this

J= (2? é) . (3.5)

The Jacobian is invertible at the critical point, meaning that it is almost linear there provided

point given by

e # 0.'2 The eigenvalues are real and have opposite signs
1
ALy =+ oz (3.6)
implying that the critical point remains a saddle point in any number of dimensions.

Plotting the phase space in figure 9, we observe broadly the same qualitative structure as
before, with the critical manifold separating the trajectories that lead to black hole formation
and dispersion. Increasing the number of dimension has two noticeable effects on the structure
of the phase space in the physical regions. First, the higher the number of dimensions, the
sharper the trajectories in phase space become — that is, trajectories that deviate from the
critical manifold move away from it more rapidly.

Second, for supercritical trajectories with D > 4, the formation of a singularity at y =0
corresponds to 3y’ = —oo rather than a finite value. This difference is a direct consequence of
the gravitational interaction becoming much stronger at short scales in higher dimensions.
Note that the black hole is still formed in a finite self-similar time.

To continue, we now turn to the first-order form of the equation derived in section 2.2.
For convenience, we repeat the result here

1
20\ =
W)=y -2y +y° (yq) : (3.7)
where ¢ is the initial amplitude of the incoming scalar field.

We can immediately determine the critical parameter ¢, in any dimension by evaluating
the energy equation (3.7) at the saddle point y = 2(1 — ¢) and y' = 0. Doing this gives

gu(e) = (1 — )12, (3.8)

Wheref0r0<5§%vvehave%<q*§1.

12This lack of invertibility in the strict £ — 0 limit is related to the singular nature of the differential
equation.
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Figure 9. Phase space for ¢ = 0.1. As ¢ — 0%, the saddle point approaches the flat space trajectory
before colliding with it in the strict limit ¢ = 0. As before, unphysical flows are shown with dashed
lines, and representative flows are colour-coded as in D = 4.

To understand the effect of changing the two free parameters ¢ and € at the level of the
differential equation, we have two options. The first is to examine the phase space plot, but
it can be difficult to make precise statements using it. The second is to interpret (3.7) as a
zero-energy condition for a classical particle moving in an effective potential, V(y), given by

0= )P+ <2y -t - () ) = T(y)) + V (1), (39)

This ‘particle’ corresponds to a particular representative shell within the collapsing spacetime
as discussed in section 2.2. For this reason, and due to the useful connection that we found

between this differential equation and the first Friedmann equation,'3

we choose to emphasise
this classical mechanics analogy.

The geometric terms are fixed in both of these free parameters, but the density term is not.
Figure 10 illustrates the effect that changing the initial amplitude of the scalar field, ¢, has on
the potential — it effectively changes the scale at which the density term dominates. From
this, we can see that if the shell starts at y = +o0, it can follow three qualitatively different

trajectories, as in the phase space diagram, depending on the height of the potential barrier:

o If the potential barrier is too high, the shell will ‘bounce’ and disperse back to y = 4oc0.

o If the peak of the potential is exactly at zero energy, the shell will asymptotically
approach the saddle point at y = 2(1 — ¢).

o If the peak is below this point, the particle has sufficient energy to cross the potential
barrier and reach y = 0, in a finite self-similar time.

13As a reminder of this connection, the first two terms in the effective potential are what we refer to as the
“geometric terms” and correspond to the spatial curvature and cosmological constant, respectively. The third
term arises from the energy density of the system and corresponds to the attractive gravitational force.
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Figure 10. Effective potential for different values of the initial scalar field amplitude, gq. A ball is
shown moving along the potential to emphasise the analogy of a particle following a classical trajectory.

We now examine how the effective potential changes as the number of dimensions
increases. We have already seen that the effect of changing the number of dimensions and ¢
are intertwined: the value of the critical parameter changes with the number of dimensions.
This means that in order to isolate the effect of € alone, we need to vary ¢ in a controlled
way to ensure that the same physical solution is probed in every dimension. For this reason,
we focus our attention on the situation where this dimension dependence is fully understood
— the critical solution. This is shown in figure 1.

From the plot, and from the explicit form of the potential, we see that as the number
of dimensions increases, the density term begins to dominate at larger scales and becomes
significantly stronger at short scales. This leads to a sharper turn of the potential and hence
more clearly defined regions where the different forces dominate. Although this isolated
effect is harder to see for other values of ¢ where this dimensional dependence is not fully
understood, the same qualitative behaviour persists. The task now for the remainder of this
subsection is to understand these regions and how they translate into equivalent regions in
the self-similar time z. Keep in mind that throughout this analysis, the non-trivial connection
between the boundary conditions and the number of dimensions will repeatedly introduce
complications, particularly in the time-scaling associated with each region.

The simplest of these regions is Region A, which corresponds to large scales where the geo-
metric effects dominate. The attractive gravitational force effectively vanishes, and from (3.7)
we can immediately see that the characteristic timescale in this region is simply O (1).

The next region to consider is Region B, where the geometric and density terms ap-
proximately counterbalance each other, as expected for an intermediate boundary layer or
transition region. For this reason, this region will be the most difficult to solve — it has
not reduced to a single dominant force.

To gain insight into Region B, we note that it lies near the peak of the potential, or
equivalently near the saddle point in the phase space. Therefore we can linearise about
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the saddle point to find
y(z) = 2(1 — &) + li(e)e V= + la(e)e Ve, (3.10)

The linearised solution unsurprisingly has the same form as the D = 4 solution, given that in
four dimensions the differential equation is linear. Although this solution is only valid near the
saddle, it is clear that the positive exponential term is responsible for driving the system away
from the critical point as  — oo. This allows us to identify I3 ~ d4, where ¢, is the distance
of the initial conditions from criticality introduced before (2.42). The dimensional dependence
of 1 and [5 cannot be determined from this argument alone and will investigated later.

Importantly, the linearisation gives us the timescale associated with evolution close to
the saddle point,  ~ v/2¢. Decreasing ¢ increases the rate at which the system moves along
trajectories near the saddle, thereby reducing the time spent in this region.

From this, it is tempting to estimate that the time spent near the saddle will be O (@)
However, this conclusion is premature as it assumes that all other factors in the problem
are O (1). In particular, the timescale also depends on the potentially small free parameter
dq. Bringing the system closer to criticality, by tuning the value of J, towards zero, can
significantly prolong the time spent near the saddle, with this time diverging at criticality.
Despite gravity acting as a very short-range force in large-D, these fine-tuned solutions have
very long tail effects in time due to being near-criticality where the geometric and density
terms counterbalance, leading to slow dynamics.

An important consequence of this is that when constructing asymptotic solutions in &
for the near-critical trajectories, we will encounter a second small parameter — the distance
from criticality d,. Since it must implicitly depend on €, one must be careful to establish
a hierarchy between p and €. We will return to this point when constructing the solutions
in the next subsection.

Finally, we have Region C where the density term dominates. To analyse this region, we
note that it is associated with the rapid runaway of the backreaction as a black hole forms
when y — 0. Keeping only the divergent terms in (3.7), we find

1
/ 2q 2=
Y

2e
T+ xo(g, €
y%2q<—2( )> ;
€

where xy(q,¢) is the ezact self-similar time at which the singularity forms. Note that this

(3.11)

approximation only diverges for € < %, consistent with the change in phase space structure
for D > 4 as discussed earlier.

This seemingly simple approximate solution actually reveals three important insights
about this region:

e The characteristic timescale changes with boundary conditions. As discussed in
section 2.3, the system’s behaviour depends on how supercritical it is, based on whether
or not the solution ‘sees’ the saddle. When g > g, the system is Very Supercritical, and
the collapse happens over a very short timescale x ~ ¢ — exactly as expected for rapid
collapse. However, when ¢ ~ ¢, the system is instead only Marginally Supercritical.
The dependence of g, on € gives that the collapse happens over a longer timescale
x ~ /e — the same as that of the near-saddle region.
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e There is a convenient resummation in . For this particular region, it appears
convenient to change variables to y = Y, simplifying the form of the solution.

o The apparent horizon lies within this region. Using equations (2.7) and (3.7) to
solve for the radius of the apparent horizon, we find

Yun = (21’2€q)i : (3.12)

By simple comparison with (3.11), we can see that this region includes the appar-
ent horizon.

This completes the analysis of the differential equation, allowing us to clearly identify
the consequences of working at large-D: a natural separation of scales emerges, where the
geometric and density terms in the differential equation dominate or balance in distinct
regions, defined by an interval of the comoving scale factor R. These regions can be mapped
onto equivalent regions in the self-similar time x, but care is needed due to the interplay
between the boundary conditions and the number of dimensions. We summarise the key
insights gained about each of these regions below, as they will form the foundation for the
asymptotic analysis in the following subsections:

o Weak Gravity Region, A:
— At large distances, the density term is strongly suppressed in a large number of

dimensions, leaving the geometric terms as the dominant effect.

— The characteristic time spent in this region is O (1).
« Transition Region, B:
— The geometric and density terms approximately counterbalance. The large number
of dimensions localises this region to a narrow interval of the scale factor.
— The characteristic time spent in this region is O (/).

— Despite the short characteristic timescale, the initial amplitude of the scalar field
can be tuned to greatly extend the time spent in this region.

— A hierarchy must be established between the two small parameters, € and the
distance from criticality d4, to have a consistent asymptotic expansion.

¢ Strong Gravity Region, C:

— At short distances, the density term completely dominates.

— The characteristic time spent in this region scales as either O (g) or O (y/¢),
depending on how far the initial amplitude of the scalar field is from criticality.

— The substitution y = Y€ serves as an effective resummation in this region.

In the next subsection, we will solve the simplified differential equations arising in each of
these regions. However, we note that an alternative approach would be to use the integral
representation coming from direct integration of the energy equation (3.7)

d
z= i/; (3.13)
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Figure 11. Numerical results for each qualitatively distinct solution, with the regions appropri-
ately labelled.

together with the ‘Method of Regions’. We discuss this approach for completeness in
appendix A.!4

3.2 The metric function

Before discussing the technical details of constructing the solutions to the differential equation,
we summarise the different types of spacetimes that each solution corresponds to and present
explicit formulas for y(z).

Summary of results. There are four qualitatively distinct solutions that we explicitly construct,
corresponding to the four different types of trajectories as labelled in the phase space diagram
in figure 9. Sketches of the metric functions in each of these cases are shown in figure 11.
To distinguish between supercritical and subcritical versions of the same region, we have

14We choose to focus on differential methods rather than integration for two key reasons. First, the integral
representation is a luxury of this specific problem. Most differential equations in GR do not permit this
simplification, as they remain PDEs or coupled in some non-trivial way. For this reason, we aim to minimise
our reliance on this representation to keep the lessons learned here as general as possible.

Second, the integral representation provides an implicit solution x(y), which needs to be inverted to find
an explicit solution for y(z). This inversion is not generally straightforward and may become impractical or
impossible when working perturbatively, particularly in the presence of nonlinearities or singular behaviour.
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added a superscript + or — where appropriate. Despite this distinction, the underlying
intuition about the regions remains the same.

¢ Very Supercritical: the initial data is tuned such that the system is well above
threshold, ¢ > ¢.. A black hole forms at early self-similar times without the saddle
point being probed. Consequently, this spacetime has a simple structure in terms of
regions, consisting of only Regions A and C. In this case, a uniform solution can be
constructed. The metric, as € — 0T, is given by:

y,(r) = 1+ cosh(z)

Yol) ~ (21725@115 (qil (;e\/q?(z?) + %6_ ) — 1) +0 (€2>)

Y,(x) ~ 1+ cosh(z) + 2qe log (q z - sinh? (ﬁm;c>>
et 5 (59 o0
¢ =log (—1+2Q+m> e qzllog (4(qq— 1)) '

e Marginally Supercritical:

the initial data is tuned such that the system is only slightly above criticality, introducing
the second small parameter d,, measuring this distance from criticality. This results
in the formation of a black hole at late self-similar times as the saddle point is now
probed for a prolonged period of time. The dynamical solution passes through three
Regions: A, Bt and C.!> The double approximation to find this solution prevents
analytic matching and the construction of a single, uniform solution. In terms of these
regions, however, the metric as ¢ — 0T is given by:

y,(z) =1+ cosh(z)

00
yB+( ) - 2 1— E Z ( er\/Ebo) \/t($+\/£(b0 d3 log(|dg |)))) +0 (62)

n=1
/ €
1 7(x+d4) 1 -, /=t (m+d4)
1— 25 7 = 1 a - B 9

Y () ~ (2 <q ( +5¢ 1 +(’)<z~: )

~ 1T <%>2a2g + X8 200 - Daiani)  Vneven
a, = et

_4(n21—1) Zzzl 2i(n — Z)azani> Vn odd
a; =1

by ~ —0.281221,

where d3 and d4 are constants that must be matched numerically.

5Technically, Region C does not exist. However, we include it here as a necessary region given our inability
to solve the full differential equation in region B. We will discuss this in detail later.
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e Critical: the initial data is fine-tuned such that the system is at criticality. This causes
the system to spend an infinite amount of self-similar time approaching the saddle
point. This spacetime also has a simple structure in terms of regions, consisting of only
Regions A and B. We are able to analytically match these regions, but without a full
solution to the differential equation controlling Region B we are unable to construct a
single, uniform solution. The metric, as ¢ — 0T, is given by:

Yy, (r) = 1+ cosh(z)

yB(‘T) ~24¢ (_2 + Z ane\/%(afﬂ/%bo)) +0 (52)

n=1

_4(n%—1) (5)” 0‘23 + Zig:_ll 2i(n — i)aiani> Vn even
n—1
_m > 2i(n— i)aian—i> Vn odd

041:1

bo ~ —0.281221.

e« Marginally Subcritical: the initial data is tuned such that the system is only slightly
below criticality, introducing a second small parameter ¢,, measuring this distance from
criticality. In this solution, the scalar field eventually disperses. The dynamical solution
passes through three Regions: A, B~ and A~. The double approximation to find this
solution prevents analytic matching and the construction of a single, uniform solution.
In terms of these regions, however, the metric as ¢ — 07 is given by:

Yy, (r) = 1+ cosh(z)

Yo () ~2(L =€)+ ap (e_\/%a(ﬁ\/%bo) 4 v @Yo log(|(5q|)))> +0 (€2>
n=1

y,-(z) = 1+ cosh (a: + V2 log (,;,) d2>
q

2 2-1_. .
_4(n21_1) (%) on% +32, QZ(n—z)aian_i> Vn even
n—1

_m > 2i(n — i)az‘an—z) Vn odd

a1:1

by ~ —0.281221,

where d; and do are constants that must be matched numerically.

3.2.1 The very supercritical solution

In order to construct the very supercritical spacetime, we first solve for Region A, which
appears in all spacetimes and provides the simplest example of our methodology.
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The solution in this region corresponds to the ‘Outer Solution’ in the method of matched
asymptotics and can be found by leaving the independent variable unscaled. Substituting
the asymptotic ansatz (3.2), into the differential equation (3.1), we obtain the following
hierarchy of equations

¥t 20 — yp + (y0)* =0

1. ) /! _ " 12
e 1 2yay1 — 2yoy1 + 2y1 = 2y0 — 2yoyo + 296 (3.14)
€% 1 2yous — 2yoy2 + 22 = 4yoys — 2u16 — 2voyt — (V1) + uT + 2u1 -

The zeroth-order equation has two possible solutions

yo(z) = 1+ cosh (x 4+ Cp)

yola) = 2. (319)

The first solution has the correct asymptotic behaviour to be identified with our flat space
boundary conditions, while the second solution describes a state where the system sits at
the saddle point indefinitely, which we discard. Imposing the boundary condition (2.40)
fixes Cy giving

yo(x) = 1+ cosh(z). (3.16)
Substituting this into the O (') equation and solving for y;(z) gives
y1(z) = Cq sinh(x). (3.17)

It can be shown that the boundary condition sets C7 = 0, along with all higher order solutions,
such that y,(z) =0 Vn > 1. Therefore, the leading-order solution is correct to all orders in
perturbation theory, ensuring that the errors in Region A are at most exponentially small

ly, — ol = O (") Vnase — 07. (3.18)
Thus the full solution to Region A is
y,(z) = 1+ cosh(z). (3.19)

Returning to the null (u,v) coordinates, this solution can be seen to correspond precisely
to flat space. Region A therefore describes a regime where the gravitational interaction
is suppressed at large-D , and the scalar field evolves as though it were in flat spacetime,
up to exponentially small corrections.

For the very supercritical solution, where ¢ > g¢., the only additional region to solve
for is Region C. Since there is no second small parameter J, to consider, we choose to work
with the first-order equation (3.7). For completeness, and to highlight a small subtlety, we
discuss using the second order differential equation in appendix B.

Using the information gathered about this region in the previous subsection, we now
expand equation (3.7) near the apparent horizon

y(x) = 22 T Y (@), (3.20)
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giving

(217 %g)TE (V)2 = (217 2q) TR Y2 — 2V 2 F 4 4Y, (3.21)
It is now clear that it is natural to introduce the fast time variable z = xe as previously
identified in equation (3.11) so that all terms are balanced in the differential equation. This
defines a ‘boundary layer’ — a region where the formally small €2(Y’)? competes with the
others as Y/ ~ &1

Substituting this fast time variable and the standard asymptotic ansatz, we find
e’ 2(Yp)? =2(g—1)Yg +4Yp,

el 2(qYpY{ —(1+(¢—1)Yp)Y1) = —qlog <g> (Y9)?+ (qlog (g) +log(y0)> Y2, (3.22)

The zeroth order equation can be solved to give

1 1 Q*l(ac+c) 1 — qfl(x-‘rc)
Y = — — a € - 4 c - 1 2
o(z) 1 (26 + 7€ , (3.23)

where it is necessary to let ¢ = cg + ec; in order to match consistently with the solution in
Region A. The next-order equation for Y7 can also be solved explicitly and seen to improve
the solution; we discuss it in appendix C.

The asymptotic approximation for Region C is given by

1 1 g—1(z+c 1 _ q—1(z+c €
Yy, () ~ (21*25q)i ( (2€V (% )+fe (% )—1) +(’)(£2)) as ¢ — 0.

q—1 2
(3.24)

To match this smoothly to Region A, we first introduce the strong interaction time variable
x, = \/q;ql%"c and expand y, in terms of it

srmt s (Ve e
~ 1e_co(l + €)% 4 16_00(6260 — (e — LR PG (82)
2 2 q—17c '

Similarly, expanding y, in terms of the outer variable x, or equivalently as z, — —oo, we have

(3.25)

~ 1 1 1 1 ¢
lim y,(z.) = (21—26q)1is < (e% + 5e“”c — 1) +0 (52)>

Te—r—00 q— 1 2

q 2

~2q+2 1 —— ) - O .
o+ 20e (1o () =) + 0 ()

Comparing these expansions order-by-order in £ determines the matching coefficients to be
co = log (—1 +2q+1/q(q — 1))

c] = a log < 4 ) .

Vg—1 4(q—1)

(3.26)

(3.27)
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Figure 12. Comparison of the very supercritical solution approximations with the numerical result
for e = 0.05. The residuals are consistent with the error estimate, except near the singularity.

Figure 12 compares the analytical solutions in each region with the numerical solution. The
residuals are consistent with the expected error of €2. The size of Region C is determined
by the breakdown of perturbation theory, which occurs when

Yo(w,) ~eYi(z,) as ¢ = 0", 3, = —oc. (3.28)

Although the errors grow as the singular point x( is approached, this is not a sign that a new
region is missing. To clarify this statement, let us expand around the singular point

1 T C xT C 2 %
(o) ~ (21 0) T (20) (— - +0(( - )))

2e
~2q(—$+c> as x — —b.
€

(3.29)

This matches the approximate near-singularity solution previously obtained in (3.11). The
functional form of y, is therefore correct to describe the singularity, but its position is not
exactly determined; that is, ¢ # xg. We consequently conclude that

xo~co+ec +0O (52) , (3.30)

and that computing the higher order corrections to Y in ¢ will improve the approximation
of the singularity’s position. The growing error near the singularity arises because y'(x)
diverges there — any small error in the identification of xy within the analytic solution
translates into a large error in y(x) itself.
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Figure 13. Comparison of the inverse function of the very supercritical solution approximations
with the numerical result for e = 0.05. The residuals are consistent with the error estimate over the

entire domain.

This does not imply a failure of perturbation theory at this order. If we examine the
inverse function x(y), as shown in figure 13, we see that the errors remain consistent with the
expected order of the expansion across the entire domain. The conclusion is that the solution
remains reliable even when ¢/(z) diverges near the singularity — the divergence simply reflects
the physical nature of the singularity rather than a failure of the perturbative expansion.
The use of the resummation in e, introduced through the ansatz y ~ Y¢, leads to improved
accuracy near the singularity compared to an expanded solution in the exponent. The reason
for this is that expanding this solution is only valid when the quantity in parentheses is not
too small. Assuming this, and expanding the solution gives

q . .9 qg—1lc+=x 2
ex N2 2 1 —— h — . . 1
YR,exp(T) ~ 2q + 2¢e log (q_lsln (1/ o )) + O () (3.31)

For this reason, we choose not to expand this exponent and keep the resummation.
However, the expanded solution (3.31) has one notable advantage: it allows us to
construct a composite solution with uniform errors across the entire domain. The overlap

can be found to be given by

lq 1 T+ c
yoverlap(x) = 2q + 2q¢ <10g < ) (3'32)

allowing us to write the uniform solution as

2 g—1lx
y,(7) ~ 14 cosh(z) + 2¢e log ( sinh (1 [ —— 26
—1
— 2qe (log “ (x—;—c)) +
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Figure 14. Comparison of the very supercritical uniform approximation with the numerical result
for € = 0.05. The residuals are consistent with the error estimate, except near the singularity.

This completes the solution for the very supercritical regime. However, even without the
previous analysis indicating the existence of the other regimes, we can see from this solution
that it cannot be the end of the story, as the matching begins to break down as ¢ — 1. This
breakdown occurs when ¢y ~ ecq, or in terms of ¢ when

1 2 +
q—1~€W<2€>+(’)(E) as £ — 07, (3.34)

where W(x) is the Lambert function.!®

This failure of the matching signals the formation of a new region: regions A and C
can no longer be directly connected. This demonstrates the emergence of Region B as the
initial data ¢ is tuned — the long-tailed region associated with evolution near the saddle
point where y/(z) < 1 and y(z) =~ 2(1 — ¢).

We now proceed to construct the solutions for the critical and near critical solutions,
which incorporate this additional region.

3.2.2 Critical and near critical solutions

To construct the solutions in Region B, we introduce the intermediate time variable x, = \/%

In this region it is more convenient to work with the second order differential equation.'”

6The Lambert function is defined implicitly as the principal branch solution of the functional equation
W(z)eV® =g,

1" This region is where the subtlety caused by the two small parameters needs to be addressed. Since g is
e-dependent, establishing a well-defined perturbation theory requires setting a hierarchy between J, and €. It
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Substituting the intermediate time variable and the standard asymptotic series ansatz
into the second-order differential equation gives

e (yo)* =0 (3.36)
et 2yoyg + 201 — 2(¥0)* — Yo + 240 = 0.
From these two equations, we conclude that yy = 2.
Proceeding to the next two orders in € gives
2 dy! + () —4y1 —8=0
(3.37)

e 205 + ylyh — 2yo = (¥1)* + yi — 2u1 — vyl -

The equation for y; at O (62) remains nonlinear, indicating that the essential nonlinearity of
this region has been isolated by expanding in the number of dimensions.

We simplify the equation for y; by introducing the substitution y; (z,;) = f(z;)—2 to obtain

(f)?—f=0. (3.38)

Unfortunately there is no known general solution to this differential equation in terms of
elementary functions. Our inability to solve this equation analytically prevents us from
constructing uniform solutions for the critical and near-critical regimes. Nevertheless, approx-
imate analytic solutions with acceptable errors can still be obtained within this framework.
We emphasise that this is not a failure of the large-D expansion itself to give us a separation
of scales — if a solution to this equation were available, the construction of these uniform
solutions would be straightforward, as we now demonstrate.

Integrating once gives us the equivalent first-order differential equation to (3.7)
(f)? =8ete s +4f 8, (3.39)

where A is the integration constant corresponding to q as identified in (3.35). This admits
the integral representation of a solution,

5, = i/‘}{c, (3.40)

where the positive and negative signs correspond to dispersion and collapse, respectively.

turns out that setting
q= g, (3.35)

with |[A|] < 1 is a convenient way to do this within the first-order differential equation. Note that we are
unable to be more specific about the value of A since it still depends on € in a non-trivial way. Intuitively, this
amounts to tying the system to be close to criticality, where A = 0 is the critical value, A < 0 corresponds to
the subcritical case and A > 0 to the supercritical case. Of course, once this is done, one can obtain the same
final result using the first-order differential equation.
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To match into Region A, we take the negative branch and the limit f — oco. In this
limit the integral simplifies to

_df
VAf =38 (3.41)
- V-2

lim (zz+ C2) — —/

=+

and hence

lm  y (z;) = 2422+ O (52) as ¢ — 0T, (3.42)

Tg——00

This precisely matches how y, scales towards this intermediate region

yA(xB) =1+ cosh (\/%1‘6)

~ 2+ aacg + 0 (52) . (3.43)

Thus, the full solution to this differential equation would smoothly connect to Region A. An
analogous argument holds for matching into Region A~ by selecting the other branch.

Finally, we verify the matching into Region C, where f — —oo and A > 0. In this
limit the integral becomes

lim (.ZCB + Cg) — — df

Jmmeo / \V 8€A€_é

Ly J2ei (28 (3.44)

lim z+ V205 — 2\ﬁei(f_2A).
f——o0

If we take the near singularity solution, as given by (3.11), and solve for z, we find

1
T+ x0 ~ 2 (2yq> ©oas y— 0. (3.45)

f= y—2(1—¢)

We now rewrite this in terms of the intermediate variable and set g to be

close to critical (3.35)

T+ xg ~ 2\/56% <(2f<1__2?;)i52> *

~2\/§e%(f_21\)—|—(’)<5%) as ¢ —» 07,

(3.46)

This matches our approximation of the integral (3.44) in this region ezactly.

Notably, the solution in Region B' not only matches smoothly into Region C, but also
appears to capture the entire behaviour of Region C — as could be expected by the fact
that they have the same characteristic timescale. However, due to our reliance on a second
approximation in order to solve the differential equation (3.38) (essentially amounting to
expanding about the saddle), we treat Region C as a distinct region for the marginally
supercritical solution. In practise, this ensures that Region B is exclusively linked to the
evolution near the saddle point.
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Having established that (3.38) is the correct equation for this region, we now seek
approximate solutions. The first step is to systematically expand about the saddle point by
treating the non-linearity as small. This means rewriting the equation as

F M = =0, (3.47)

where we treat \ = i as a small parameter. Substituting a standard asymptotic series for f

as A — 07 and solving at each order, we obtain a sum of positive and negative exponentials,
A3 B?
f~ Ape™ 5 4+ Bye™s + A <A1EZB + B1e"s — ?067213 — ?062‘%3 — 2AOBQ> + O (/\2) .

(3.48)

To estimate the size of Region B, we compare the largest terms in the O (\) the O (\?)

solutions. Since this is an intermediate solution, it must break down on both sides. For
zz > 0, the breakdown occurs when

Bge™s ~ %Bg 62%

3 (3.49)
Similarly for x,; < 0, the breakdown occurs when
A
Ape™ " ~ §A3672‘TB
(3.50)

x ~ —/2¢log (;:) .
0

The position of these breakdown points depend on the matching constants Ag and By.
Although we have not determined them precisely, we can estimate their order of magnitude.

To match with Region A, we require Ap ~ O(1). Furthermore, since the positive
exponential coefficients drive the system away from the saddle point, they must be related to
the distance from criticality. If we assume that no ¢ dependence has been extracted from dg,
then By ~ % « 1. This explains why the hierarchy set by (3.35), where J, < €, is necessary

S
to observe this region. The resulting range of validity for this intermediate solution is therefore

—V2e <2 < V2elog <|;|> . (3.51)
q

This analysis of the linearised solution suggests that we can construct good approximate
solutions to the differential equation in the limit that ¢, < 1.

We begin with the critical solution, which will serve as the foundation for the near-critical
solutions. Unlike the very supercritical solution discussed previously, where the unfixed
boundary condition is not known exactly, the critical solution has a well-defined boundary
condition since the evolution tends to the fixed point at y = 2(1 —¢) as © — +oo. This
translates to the following boundary condition in f

lim f — 0. (3.52)

T3—00

As a consequence, the series of constants B; in the linearised solution (3.10) must vanish.
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Using this, we propose a series ansatz consisting of only negative exponentials
o0
flzg) = Z anein(mBero) ) (3.53)
n=1

where the constant by arises from the shift symmetry of the equation and has been separated
from the numerical coefficients «,, such that we can set vy = 1 without loss of generality.

Substituting this ansatz into the differential equation generates a recurrence relation
for these coefficients

_m ((3)2 0‘% + E?:El 2i(n — i)aian—i) Vn even
(3.54)

n—1

_m <21:21 2i(n — i)aiani> Vn odd.

This defines an exact solution to this differential equation that satisfies the boundary condition
of criticality. Moreover, the coefficients «,, decay rapidly as n grows, so only a few terms
are required for high numerical accuracy (depending on the size of ¢).

The full solution in the original variables is

yB(x) ~2+¢ <2 + Z ane_\/nfs(a:-i-\/%bo)) +0O (€2>

n=1

(3.55)

a1:1.

Including higher-order exponential terms reveals that the solution rapidly diverges at x =
—boV/2¢, setting the domain of validity of this approximate solution as

—v2e <z < 4o0. (3.56)

This is an infinitely long tail in self-similar time created by fine-tuning, despite the short
characteristic time anticipated by the large number of dimensions.

To complete the construction of the critical solution, we must match this solution to
Region A. Unfortunately, the domain of validity of this approximate solution does not overlap
with Region A, meaning that we cannot use conventional methods that rely on an overlapping
region. Instead we look to use the integral representation. We present the key idea and the
final results below, leaving the detailed derivation for appendix D.1.

By splitting the solution into regions, we have introduced matching coefficients that
account for the ignorance that one region has about the boundary conditions imposed in
another. However, the integral representation propagates boundary information continuously
throughout the entire solution, without being restricted to the definitions of the regions.

Explicitly, writing out (3.13) as a definite integral between a point in Region .4, denoted
by ‘x,’, and a point in Region B, denoted by ‘z;’, gives

/y('rB) 1 d
Ty — T, = — z.
y(z,) \/22 — 2+ ZQE (2(1—5)17E )é (357)

z

The quantity computed by this integral is the relative shift in = between the solutions in each
region — precisely the quantity that corresponds to the matching coefficient bg. Consequently,
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we seek an asymptotic solution to Region B through the integral representation to fix this
undetermined matching coefficient.
Carrying out this procedure, we find that

L (zBJr\/Ebo)

Yy ~2(1l —¢g) +ee Vo= as, Tp — 00, (3.58)

where the asymptotic, but divergent sum for by is given by

1)

o /1
bo (2_Z< 2> e "E, . +\/272n Tyl ™

%\

V2 i(—l)"lﬁi‘;)) ~210g(2) (3.59)

n=0

e,

i+ 1" Hn+1-1i)(;") (2 + 1)!!)

:_1+Z ZJrl( -

where E,(x) is the generalised exponential integral. This can be optimally truncated to
extract the matching coefficient as

by ~ —0.281221 . (3.60)

We consequently have the critical solution, matched up to O (¢). This matching procedure
can be straightforwardly extended to compute higher-order corrections in e, which will also
take the form of exponentials.

When working with the approximation (3.55) numerically, the order of truncation in
the exponential series is important to maintain accuracy. As ¢ decreases, the number of
terms retained in the sum must increase to ensure that the errors arising from the neglected
higher-power exponentials remains smaller than the 2 correction.

Figure 15 demonstrates that this approximation agrees well with the numerical solution,
confirming the validity of the approximation and matching.

From this solution, it is not particularly difficult to move slightly away from criticality.
In principle, we could perform a double expansion in both e and d,, but there is a more
efficient argument when sufficiently close to criticality (6, < €) that leads to slightly better
approximations.

We begin with the marginally subcritical regime, as it represents the simplest modification
of the critical solution. From the perspective of the first-order differential equation, the
subcritical solution corresponds to the case where the derivative y'(z) reaches zero and then
changes sign. This implies that the solution should exhibit a symmetry about this turning
point — we can approximately construct the marginally subcritical solution by extending the
critical solution up to the point where y/(z) = 0, before reflecting it at that point.

This approximation can be made smooth by noting that it approximately corresponds
to combining two critical solutions: one describing the approach to the minimum (involving
negative exponentials) and the other describing its departure from it (involving positive
exponentials). These positive exponentials must become large at the appropriate time to drive
the solution from near the saddle point accordinat to how close to criticality the system is.
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Figure 15. Comparison of the critical solution approximations with the numerical result for € = 0.05.
The residuals are consistent with the error estimate of €2 over the entire domain.

This is achieved by introducing a matching constant that is modified by adding the log of the
distance from criticality o, as predicted by the perturbative analysis of differential equation

~2(1—¢)+e Z an, <e Vs @t V2ebo) iz (e v2e(bo—d log(14]))) ) , (3.61)
n=1
where d; = O (1) is a constant that must be matched numerically. The shift of the constant
by this value multiplies each of the positive exponentials by (d,)", thereby decoupling them
from the negative exponentials, provided that 9, is sufficiently small, §, < €.
The final step is to smoothly glue this to Region A~ with a function given by

yA_()—1+cosh<x+\ﬁlog<|5|> >, (3.62)

where do = O (1) is a constant that must be matched numerically again.

Figure 16 shows that this solution is in excellent agreement with the numerical result.

The final step in constructing our family of solutions to the metric function is to address
the Marginally Supercritical Regime. Unlike with the subcritical case, we cannot use the
symmetry argument that justified the ansatz (3.61), since allowing f to fall to negative
values would trigger the runaway collapse found in (3.40) due to the negative exponential
term in the integral.

However, since we have said that we will treat this collapse region separately, we can
adopt the same ansatz as in Region B~ for the marginally subcritical case, but with a
negative coefficient for the positive exponentials

~2(1—e)te Z a, (e o= (z+V2ebo) _ f(er\/E(bo ds log(|d4 |)))) ‘ (3.63)

n=1
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Figure 16. Comparison of the marginally subcritical solution approximations with the numerical
result for € = 0.05, with numerically matched coefficients. The residuals are consistent with the error
estimate of €2 over the entire domain.

We are now left with matching this solution to Region C, (3.24), which we do numerically.
The full solution by regions is shown in figure 17, which demonstrates that the approximation
remains consistent with the expected error of O (52) across the entire domain.

This completes the construction of the family of solutions to the metric function. The
analysis presented here is subtle due to complexity of the differential equation controlling
Region B and the dimension-dependent nature of the boundary conditions. Despite the fact
that one of the resulting differential equations is only approximately solved, the advantage of
working at small € is clear: the solution naturally separates into distinct regions corresponding
to particular balances of the forces resulting in simpler differential equations. As we will see
in the following subsection, this remains true for the scalar field solution, as expected, given
that it is tied to the metric through the gravitational constraint equations.

3.3 The scalar field

Having completed the construction of the metric function in each of the different regimes, we
now turn to the scalar field. If our objective is only to determine the gradient of the scalar
field, the problem reduces to a straightforward calculation. It is simply given by a power
of y, as can be seen after integrating the equation of motion for the scalar field. However,
determining the full field profile ¢ requires a more detailed analysis, which we now present.

From figure 18, we observe that the structure of the regions used in the computation of
the metric function are preserved in the scalar field solution. Thus, the methods employed to
compute the metric will carry over directly to the scalar field with only minor modifications.
However, there are two key subtleties that require careful attention:
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Figure 17. Comparison of the marginally supercritical solution approximations with the numerical
result for € = 0.05, with numerically matched coefficients. The residuals are consistent with the error
estimate of €2 over the entire domain.

e The constraint equation must be applied carefully in Region A to avoid it setting the
solution there to be trivial.

e The metric function and scalar field are not on equal footing. To determine the scalar
field at O (¢"), the metric function must be computed to O (e"*1).

We now address these points explicitly.

The scalar field is governed by its equation of motion and the constraint equation

2eyd” + 4/ =0, (3.64a)
4e%y*(¢)? = (1 =) (y)* + (1 —e)y(y — 2) = 0. (3.64b)

The flat space boundary condition, translated into the self-similar coordinate x, gives

lim ¢ —0. (3.65)
Tr—r—00

The equation of motion possesses both a scaling symmetry and a shift symmetry in
the scalar field ¢. In contrast, the constraint equation only has the shift symmetry in ¢,
implying that the constraint equation fixes the amplitude of the scalar field. As previously
shown in (2.44), this amplitude determines whether the system will undergo collapse or
dispersion. Thus, the constraint equation ties the amplitude of the scalar field to the constant

q from the previous sections.
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Figure 18. Numerical results for each qualitatively distinct solution of the scalar field, with the
regions appropriately labelled.

We now compute this amplitude in terms of ¢ explicitly. Integrating the equation of
motion (3.64a) once yields

¢'(x) = A(j), (3.66)

y28

where A(e) is the dimension-dependent amplitude of the scalar field.
Substituting this into the constraint equation (3.64b) leads to a first-order differential
equation for the metric function
4./21262 91

W)=y -2+ v - (3.67)

By comparing this to the first-order differential equation for y(z) derived in section 2.2, we
directly match the amplitude fl(s) to the constant ¢ as follows

Ale) = (2q) 2. (3.68)



Secondly, we observe that the scalar field and metric function are not treated on an
equal footing when it comes to the large dimension expansion. If we take the constraint
equation (3.64b) and rewrite it such that all of terms of y are quadratic we obtain

2y(2)y"(x) — ¥/ (2)? + y()? (deg(@)* 1) = 0. (3.69)

Substituting the standard asymptotic ansatzae (3.2), we find the following hierarchy
of equations

e 2youl —yd —yg =0

1

(3.70)
el iyl — vhvh +vo (W — v1) + 2y595(x)* = 0.

At leading order in €, the scalar field completely decouples from the gravitational sector.
This implies that in the strict € = 0 limit, the spacetime becomes insensitive to the presence
of the scalar field — the range of the gravitational interaction is completely suppressed in
infinite dimensions, reducing to a contact force that has infinite strength. This decoupling
provides a physical interpretation for the singular nature of the differential equation in the
infinite-dimensional limit: the system never actually comes into ‘contact’ The only solution
to the system is flat space over the whole domain.

Therefore, to construct physically meaningful solutions where the scalar field is evaluated
at O (1), it is necessary to compute the metric function to O (¢). In fact, determining the
scalar field term ¢, always requires the metric field term y,+1 to be computed first.

We now compute the solution in Region A, which we previously identified as corresponding
to flat space. Taking the solution for the metric function in this region (3.19), and substituting
it into the equation of motion for the scalar field, we find

2e¢/] + tanh (g) ¢ =0. (3.71)

Introducing the change of variables z = cosh (%), this equation reduces to a hypergeometric
differential equation. The exact solution in € solution to this region (up to exponentially
small corrections from the metric function) is given by

¢ (x) = B(e) + Al(,iz sinh (;C) o F) { %v;if

2e

— sinh? (;)} . (3.72)

The corresponding solution in Region A~ is simply a translation of this result in x.

Direct substitution of this solution into the constraint equation gives
x 4-2
A%91/ec2 (sinh(as)csch <2)> =0, (3.73)

which should set A(s) = 0. This reflects the fact that the constraint equation treats the
flat space metric function as exact. However, since we know that Region A is not truly
flat space and that asymptotic expansions are never strictly zero, this must be interpreted
as an artefact of the expansion. Consequently, we instead resolve this issue by using the
constraint (3.68) to determine A(e). The plots below confirm that this procedure produces
the correct solution within the expected error bounds.
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Finally, we fix the constant associated with the shift symmetry of the scalar field. Taking
the limit © — —oo of the solution allows us to find
_ JRAEr (2
22T (TE)
We can now compute the solutions in the other regions using the same methods as for the
metric function. For brevity, we omit the details since the procedure is identical.

3.3.1 The very super critical solution

We now compute the solution in Region C by taking the solution to the metric function in
this region (3.24) and substituting it into the constraint equation (3.64b). After substituting
in the asymptotic ansatz and simplifying various factors, we find

2277125 /1 — €q2(ss—1)

cosh(xz,) — 1

2050 (1) ~ +0() (3.75)
h = /T2 and the O ire the higher-ord i h i
where x, = 7 ¢ o an the O (e) terms require the higher-order corrections to the metric
function.
We can solve this equation exactly while keeping ¢ as a free parameter to find
v/2sinh (%) log (tanh (— %
¢0($C>:_ (2) g( ( 4)) —|—C4. (376)

We now look to match this solution to Region .A. To do this, we expand this solution in Region

C in the outer variable z, or equivalently in the limit that z, - —oo. Expanding in €, we find

lim  ¢,(z,) = Cq+2e"/? + O (e) as e — 0. (3.77)

Te——00

Next, we take the solution in Region A and expand it in terms of the inner variable x,. This
is more subtle due to the hypergeometric function, but the result is that

¢, (z) ~ 2e%/2 + O (e) as e — 0T (3.78)

From these expansions, we can straightforwardly read off that C4y = 0, giving the final
solution in Region C as

V3sinh (%) log (sanh (—%))

(@) 0t. 3.79
cosh(z) =1 +0 () as € — (3.79)

¢C($c) ~ =

As shown in figure 19, this solution suffers diverging errors near the singularity for the
same reason as with the metric function, but the solutions remain within the expected error
bounds across the rest of the domain.

We can also compute a uniform solution, given by

¢y (2) ~ ¢, (2) + o (x) —eV T >, (3.80)

which we plot in figure 20 below.
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Figure 19. Comparison of the very supercritical scalar field solution approximations with the
numerical result for ¢ = 0.05. The residuals are consistent with the error estimate, except near
the singularity.
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Figure 20. Comparison of the very supercritical uniform approximation for the scalar field with
the numerical result for € = 0.05. The residuals are consistent with the error estimate, except near
the singularity.
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3.3.2 The critical solution

To find the scalar field solution in Region B, we use the constraint equation in the form
of (3.69) as it turns out to be more convenient to solve for ¢ recursively using this equation.

We first rewrite the differential equation into a more manageable form. From the previous
section, we have that the metric at criticality can be written in the following way

Yo(T) ~ 2(1 = &) + ef(5,) + O (%) as €= 0%, (3.81)
where z, = L\/\/ngbo and f(Z,) is the sum of exponentials previously obtained for the metric

function approximation
0 —
f(@s) =D ane ™. (3.82)
n=1

Substituting the asymptotic ansatz for ¢ into (3.69), we find at leading order that the
equation reduces to

"+ 4(pp)?—2=0. (3.83)

A suitable ansatz for solving this equation is

1 ad -
T,)=ag+ — |z, + e B 3.84
Po(Ts) = a0+ -5 ( 5 ;/B ) (3.84)
where the linear factor is included since

lim (7 +4(65)% —2=0) = 2(¢))* 1 =0. (3.85)

Tg—r+00

The coefficients 5, are determined by recursion relations analogous to those found for the
metric function coefficients «,

1yt ; nc 1,12
=32 in—1)Bifn—i + " + gnpn  Vneven

o= 4 7 2y (0 T O (3.86)
232 i(n —0)BiBn—i + 22 Vn odd.

Therefore, we once again obtain a formally resummed solution to Region B, where the only
undetermined coefficient is the matching coefficient ag. This can be fixed by matching with
the left solution using the same procedure used for the metric function — tracking the
constant through an integral representation. We demonstrate the computation explicitly
in appendix D.2, but the result of this is simply that

ao ~ 0.801973 . (3.87)

Figure 21 shows that this solution matches well with the numerical result once again.

Finally, using the same arguments as before, we can construct the solutions for the
marginally subcritical and supercritical solutions without significant difficulty. As the analysis
is essentially identical to the metric function case, we omit it.
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Figure 21. Comparison of the critical solution approximations for the scalar field with the numerical
result for € = 0.05. The residuals are consistent with the error estimate over the entire domain.

4 Perturbations

In this section, we take linear perturbations of the CSS critical solution derived in section 3
to compute the mass scaling exponent in a general number of dimensions for this system.
Unlike the DSS case, these perturbations are not uniquely defined because the solution can be
perturbed to form a black hole in a number of different ways. We separate these perturbation
into two distinct categories, based on whether or not CSS is broken. This leads, in turn, to two
distinct possible critical exponents, depending on which category the perturbation falls under:

o CSS-Preserving Perturbations: a small perturbation of the initial data, d,, that
remains within the CSS manifold leads to the marginally supercritical solution discussed
in the previous section. The resulting scaling law for the mass of the black hole can be
expressed as

M~ (q—q.)7. (4.1)

The critical CSS manifold is codimenion 1 in the restricted phases space of the CSS
manifold, meaning that this critical exponent is universal for all initial data that is
within it. After performing this perturbation, we find that

D-3

v O (4.2)

Yq =

o CSS-Breaking Perturbations: a small perturbation to the initial data, d,, that
breaks the continuous self-similarity leads to the formation of a non-self-similar black
hole. If the imposition of CSS is viewed as having fixed some initial data to a particular
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Figure 22. Cartoon of the RG flow for the CSS-preserving and CSS-breaking perturbations. The flows
indicated in red, blue and green are identified as in figure 9 and the purple flow is the CSS-breaking
perturbation. Note that the CSS manifold does not have codimension 1 in the full phase space.

value p = p,, then the mass scaling law for a perturbation away from this value is
given by
M~ (p—pa). (4.3)

The critical CSS manifold is not codimenion 1 in the full phase space, implying that
the perturbations that break the symmetry are not unique. There are infinitely many
directions in which one can perturb, resulting in a continuous spectrum of allowed
Lyapunov exponents. Consequently this critical exponent is not universal. After

performing the perturbations, we find that'®
2(D —3)
= . 4.4

As a point of reference, we present a cartoon of the phase space associated with this
problem in figure 22.

In this section we will first establish the connection between the Lyapunov exponent,
associated with linear perturbations of the self-similar solution, and these critical exponents
through a Renormalisation Group flow. We will then briefly discuss the critical exponent
associated with preserving CSS, before turning our attention to the case where it is broken.

Due to the complexity of the equations when we break the continuous self-similarity, we
will begin by reviewing the exact analytics found in D = 4 by Frolov [9], to see that the
early and late time asymptotics are sufficient to completely reproduce these results. We

18Where we have taken the largest real part from the spectrum of Lyapunov exponents.
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will then use this insight to compute the Lyapunov exponent in an arbitrary number of
dimensions for breaking CSS.

Finally, we will discuss the spectrum of Lyapunov exponents that arises from this
calculation and its implications for the structure of the full phase space, including the relative
positions of the CSS and DSS manifolds.

4.1 Renormalisation group flow

As with many critical exponents in both quantum and statistical field theory, the mass scaling
exponent can be understood in terms of a Renormalisation Group flow. To set up the theory,
we follow the discussion of this as in [60], specialising it to our system.

Let us consider the general scenario where CSS has not yet been imposed, and collect
all metric and matter fields under one umbrella for convenience as F(z, s), e.g F(z,s) =
{p(x,s),X(x,s),p(x,s)}, with x the self-similar time and s the scaling variable defined
in (2.18)."Y The EFEs and EoM (2.9) for the scalar field define a set of coupled, partial
differential equations, that when given boundary conditions, determine a specific flow in
phase space.

These differential equations are autonomous — they are invariant under translations in
both of the coordinates. This means that there are two renormalisation group transformations
that we could construct here relating to translations in each coordinate. The transformation
corresponding to the coordinate z will generate flows, when using our CSS critical solution,
that maintain the symmetry. We will make a few short comments about this at the end of
the subsection to find this critical exponent ~,. However, since we are primarily interested in
modes that break the self-similarity, we focus on a flow in the scaling variable.

Let us define an operator O(sg) by its action on functions of x at a specific scale s as

O(sp) - F(z,s) = F(x,s+ so) . (4.5)

This translation operation, that leaves the PDEs invariant, is called the Renormalisation
Group Transformation (RGT) since it shifts the scale at which the function is evaluated. It
forms a commutative, one-parameter semi-group with binary operation defined as

O(So) . O(Sl) = O(So + 81) . (4.6)

This one parameter s is continuous and so we can define the infinitesimal generator
of the RGT as usual for a semi-group

O(so) - F(z,s) — F(x,s)

LoF(z,s) = lim

s0—0 S0 4.7
_ OF(xz,s) (4.7)
 0s
with the full group action recovered as
O(so) - F(x,s) = eSOﬁOF(:c, s). (4.8)

9We could also find the same results by using the coordinate w defined in (2.28), but we choose to use s
for two reasons. First, the equations are easier to solve using s. Second, we can connect with the existing
literature more easily.
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With this definition, we can interpret what a CSS?Y solution means from the perspective
of the Renormalisation Group. In section 2, we saw that imposing CSS on the system forced
all of the fields F'(x, s) to be functions of only the one variable, x. Consequently, a self-similar
solution, Fg(z), must be invariant under the action of the RGT

O(sp) - Fis(x) = Fs(x) . (4.9)

Self-similar solutions are fixed points of the Renormalisation Group Flow.

Working with this will allow us to determine the RG flow globally, but will involve
solving a very difficult problem since it amounts to finding solutions to the full set of PDEs.
However, since we care only about the nature of the flow away from the RG fixed point
corresponding to CSS, we can simply consider the linearised problem instead as it will give us
all of the information that we need according to the Hartman-Grobman Theorem, assuming
that the fixed point is hyperbolic.

Let us take a solution that slightly breaks the CSS symmetry by an amount §, = p — px,

F(z,s) = Fis(x) + 6,G(x, s) . (4.10)

If we now act on this with the RGT, and treat J, as a small parameter, we can Taylor
expand this operator to linear order

O(so) - F(x,s) = O(so) - (Fss(x) + 0pG(x, 5))

~ Fy(x) + 6,T(50)G(z,8) + O (52) ’ (4.11)

where we have defined the tangent map, the linearised RGT, near the CSS fixed point as

T(sp) - G(x,s) = lim Olso) - F(x,5) = Fs() .

0p—0 5p (4'12)

We can once again define an infinitesimal action of the linearised operator through the
generator

frGla,s) = lim L60) - C(@:8) = G(x,s)

s00 50 (4.13)
_ 0G(x,s)
- 0s
recovering the full map as
T(sp) - G(x,s) = esoiTG(x, s). (4.14)

It is then convenient to decompose the linearised perturbation into a sum over the
eigenmodes g;(x) of the infinitesimal tangent map with eigenvalues k; € C

G(z,s) = Z ekisgi(m) , (4.15)

2ONote that we are also implicitly assuming the scale invariant scalar field solution when we say CSS
throughout this section.
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such that
T(so) - G(z,s) = ZeSOETekisgi(m)
i

. (4.16)
= Z ekl(HsO)gi(az) .
Finally this gives us that the flow of the linearly perturbed solution is given by
O(s0) - F(x,5) = Fys(w) + 0,T(50) - G(w,5) + O (7)
(4.17)

~ Fy(z) + 0, Z e(so—i-s)kigi(x) +0 (512)) )

The spectrum of allowed eigenvalues are clearly the Lyapunov exponents and hence they must
determine the nature of the fixed point of the RG flow. As sg — +00 we have the following
qualitatively different descriptions of the eigenmodes based on the sign of the eigenvalue:

o R(k;i) <0 — These modes are called irrelevant. Although the initial data breaks CSS,
these modes will result in the solutions converging back towards the CSS manifold.

e R(k;) = 0 — These modes are called marginal. They correspond to perturbations that
remain within the CSS manifold.

e R(k;) > 0 — These modes are called relevant and will dominate the evolution of the
system, driving it away from CSS manifold.

Due to this, it is clear that only the relevant modes (if they exist) will survive on the r.h.s.
of (4.17) and so the sum over i can be approximated as a sum over only the relevant modes.
The universality observed by Choptuik, and in other systems such as the radiation
fluid [1, 11], can be understood as there being only one relevant mode and hence a unique,
positive, Lyapunov exponent. In the CSS breaking system however, as seen by Frolov [10],
there is a spectrum of allowed Lyapunov exponents and so there is no universality.
Explicitly, we write the linear perturbations of each of the fields away from the critical

self-similar solutions as

Y(s,x) = dpo(x)er
p(s,x) = \/y«(x) (1 + 6pr(x)eks) (4.18)

O(5,7) = du(@) + Spp()e™

where the subscript ‘x’ indicates the critical solution. Note that all of the functions share the
same Lyapunov exponent because there is only one true degree of freedom in the problem
coming from the scalar field. We have also left the sum over relevant modes suppressed
since we will be treating finding the Lyapunov exponents as an eigenvalue problem — we
will solve the perturbed differential equations and find the restrictions that this places on
the allowed values of k.

In order to solve these perturbed differential equations however, we need to also impose
boundary conditions. These boundary conditions are chosen as follows

r(=o00) =0, o(—=00) =0, p(—00) =0,

r() < A, o(x) < B, gp(oo)<C~'%.

(4.19)
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The initial time conditions are chosen to ensure that the perturbative solutions also satisfy
the boundary conditions of the original problem (2.5). The remaining boundary conditions
are bounds on the growth rate of the perturbation functions at late times in x such that
they are always smaller than the background critical functions. This is to ensure that the
Lyapunov exponent associated with growth in the scaling coordinate s dominates — the
perturbation theory in d, can only be broken by a growth in eFs and not in an exponential of
x. This choice of boundary conditions ensures that £ = 0 is excluded from the spectrum so
that the fixed point is hyperbolic and the Hartman-Grobman Theorem applies. Note that by
definition this also excludes the possibility of seeing the Lyapunov exponent computed by
Soda and Hirata [34] for the perturbations within CSS from this calculation and so a separate
analysis must be done for them. In practice, we will see that these late-time conditions place
a lower bound on this Lyapunov exponent and are hence irrelevant from the perspective
of the critical exponent anyway.

We can now make the connection between the Lyapunov exponent k£ and the critical
exponent v explicit. To do this, we look to find when an apparent horizon forms as a
consequence of the perturbations. Taking the right hand side of (2.6), labelling it as H for
convenience, and substituting the perturbed fields we find

H(z,s) = g"0updyp

~ Hoy(x) — 6pe™ Hy(x) + O (52) . (4.20)
The Hy(x) term is always strictly positive meaning that an apparent horizon does not form
from the critical solution according to the condition (2.7). However, with the correct sign
for d,, the first order perturbation can grow large enough as s increases that an apparent
horizon does form.
At the apparent horizon we find that

Hy(xuy) =~ 5pek5"”H1 (Zan)

Ee (), 20

where we have used that from our perturbation ansatzae we can write p,y=e ™51 (e ®any, (mAH))é +
O(dp).

Since we have argued that the perturbation functions in x must remain bounded, the
only way in which these two terms can become comparable in size is when

Op ~ (PAH)k : (4.22)

Then by using the scaling for the mass of the black hole with the geometric radius in D
dimensions, we can finally relate the Lyapunov exponent to the mass of the black hole

D-3

M~ (pu)P 3~ 6% . (4.23)

The last thing to note is that although there is a spectrum of allowed Lyapunov exponents,
the one with the largest real component will dominate the RG flow. For this reason the
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Lyapunov exponent that should be used in this formula is the one with the largest real part,
k = sup(Re(k)). Thus, by comparison with (4.3), we can write the critical exponent as

_1—8

= . 4.24
Tp o ( )

Finally we make a couple of short remarks about the critical exponent associated with
the mass of the black hole when the CSS is not broken.

In this case, a very similar procedure to above can be carried out with perturbations
exclusively in the = coordinate, where the fixed point of the flow is the saddle point.?! In
fact, this allows us to directly read off the Lyapunov exponent for the perturbations from
the linearisation about the saddle (3.10)

ky = —— . (4.25)

However, the equation that links this to the critical exponent is slightly different when

compared to breaking CSS since it is the growth in x that will now lead to apparent horizon

formation. As we will see, this coordinate scales with the radius in a slightly different way.
Repeating the same procedure for a perturbed fields in z, we find

H(z,5) ~ Ho(x) — 0, i () + O (82) . (4.26)
Using the same logic as before, at the apparent horizon

Hy(xuy) = 5qekx‘“‘Hl (Zan)
(4.27)

and hence the critical exponent has an extra factor of two in relation to the Lyapunov exponent

_1-e
_26kq

~ D-3
- V2(D-2)’

Yq
(4.28)

in complete agreement with the analysis of Soda and Hirata [34], despite the use of difference
coordinates.

4.2 Review of four dimensions

We now briefly review what is known about these CSS breaking perturbations in four
spacetime dimensions by Frolov [10] for two reasons. First, it will allow us to use these
solutions to check that our general dimensional result reduces to the correct expression in
D = 4. Second, it will provide some insight into how to perform the calculation in a higher
number of dimensions. The important take away is that:

21From this perspective, we can see just how fine-tuned the CSS critical solution is — the critical end-state
sits at the fixed point of both RG flows in x and s.

— 062 —



The asymptotic nature of the functions at the past and future boundaries is sufficient to
recover the full set of restrictions on the Lyapunov exponent.

Taking the perturbation ansatzae in D = 4 and substituting them into the field equa-
tions (2.9)?? gives us at first order in 6,

29(1+n)@" +2(k+n(1+ k)¢ + ko + 22" +V2kr =0, (4.292)

4kn(1 + )" 4+ 2k(kn + k — 1)r +4n(1 + n)o’ + 2k(n + 2)o + V2kne = 0, (4.29b)
201 4+ n)r" +2r' — 20" +V2¢' =0, (4.29¢)
nl+n)r"+k—-14+n1+k)r—1—kr+o=0, (4.29d)

where 1 = 2e® and we have made the constraint (4.29b) explicitly first order.
The first thing to note is that (4.29¢) is a total derivative, allowing us to solve for o

1
o=C+n+1)r+ Noid (4.30)

Substituting this into our constraint equation and evaluating it at the past boundary,
n = 0 gives

Ck—1)=0. (4.31)

This means that the analysis should split into two different cases depending on whether
C=0orif k = 1.

Substituting this solution for ¢ into the remaining differential equations, and making the
change of variables (1) = v2(r(n) — 2(n)) gives a decoupled, hypergeometric differential
equation for z

n(l+n)z"+2(C+k+nl+k) —22—k)z=0. (4.32)

From here, it is easy to see that taking k£ = 1 will lead to a solution that can never satisfy
the boundary conditions, and so we focus on the C' = 0 option, with solution given by

_ +1, by +1 by, —
z(n) = A 1621?1[(14 2_; ’—?7]+BZ2F1{ 4l<; “

_ n] L @33)

where

1 1
a4:—g+§\/4—2kz+k‘2, b4:—ﬁ—f\/4—2k+k2. (4.34)

2 2
We now impose the early time boundary conditions on this solution, z(0) = 0. Expanding
the solution about n = 0

z(n) ~ Aznl_k +B:+0(n) , (4.35)
gives B, = 0 and that R(k) < 1.

The upper bound on the real part of the Lyapunov exponent is set by the early time boundary
condition.

22Note that the third equation here is given by (2.9b) with all derivatives with respect to u swapped with v.
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Now expanding the solution about n = +oo to apply the late time boundary condi-
tion we find

F(b4 — a4),'7—a4—k: F(CL4 — b4)77_b4_k
(by+ DI (—ay —k+1)  T(ag+1)D(=by—k+1)

z(n) ~ A T(2—k) (F > , (4.36)

meaning that for this function to be bounded at late times, we require that both
R(as + k) >0, R(bsa+ k) >0. (4.37)

This requirement can be seen to translate to a restriction on the possible values that k&
can take in the complex plane. Combining this with the previous restriction from the past
boundary, one finds

% <R <1, |3 > \/ 2(2 ;%fli’;)ﬁ(k)z . (4.38)

The lower bound on the real part of the Lyapunov exponent (and the restriction of the

imaginary value) is given by the late time boundary condition.

The other functions can be computed trivially from here and imposing the boundary
conditions on them leads to no further restrictions on the Lyapunov exponent — as can be
expected given that there is only one true degree of freedom in this problem.

Consequently there is a full spectrum of allowed Lyapunov exponents, with all allowed
values requiring a non-zero imaginary part. These two properties can be interpreted in

the following ways:

¢ The continuous spectrum of Lyapunov exponents indicates that the CSS manifold does
not have codimension 1, and hence there is no universality.

e The complex nature of the Lyapunov exponent with the largest real part indicates that,
in D = 4, the perturbed CSS solution sits in the basin of attraction of the intermediate
DSS attractor. The imaginary part naturally leads to oscillations of the functions at a
frequency that is close to the one observed by Choptuik [10].

Taking the Lyapunov exponent with the largest real part, we compute the critical

exponent in four dimensions to be

Yp=1. (4.39)
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Finally, in order to check against the general dimension results in the next subsection,

o)

ag+1, by +1
772F1|: N ‘n])

the full solutions for the perturbation functions are

1 1 ayg, by
0= Ty 0P (A1

o(n) = 2(21__:)77"“ ((1 +as4) 9 F1 [ . 24

\/é — Gy, b4
e G CRl R e
1+ a4, 14+by

@-Rmar |

)

1+ ay, by
—77]—@42F1[ |k

1+a4, 1404
772F1{ 3k

where the overall amplitude has been absorbed into 6.

4.3 General dimensions

Repeating the same as before, we find the linear perturbation equations in general dimensions
Y

with p = v as
4" +2(2ek + p)¢ + k(1 + p)p + 4,5’ + 2kelr =0, (4.41a)
2kt + k(k + p)r + 20" + k(1 — p)o + 2k =0, (4.41D)
o’ — (1 + p)o’ + 294" =0, (4.41c)
20+ a0k + '+ (W1 - 2D) 220 o, g

Taking what we have learnt from the calculation in D = 4, we split the computation
based on the two asymptotic limits © — —oo and x — o0 since it is the boundary conditions
at these limits that give us the constraints on the eigenvalue k. These boundary conditions
are exact in € due to the way in which all higher order terms in the large-D expansion are
multiplied by decaying exponentials on both sides. This also allows us to make an argument
about the critical exponent that is in principle ezact?® in the number of dimensions.

We start with the past asymptotic boundary. The critical solutions at this boundary
can be taken from y,(r) (3.19) and ¢,(x) (3.72)

(@) ~ 14 e 5
ys () ~ —e % as T — —
" 2 (4.42)

i) ~ 9ts2:y/1—ce as 1 — —0.

28 Assuming that the matching provides no additional restrictions. Note that we could try to check this
using large-D techniques with some form of ‘Method of Multiple Scales’ analysis, but the large freedom in the
possible scaling of the frequency of the oscillations makes this difficult in practice.
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It is convenient to eliminate ¢, entirely from the differential equations (4.41) by defining
(x) = ¢ (z)p(z) and through the use of the background equations. After doing this, we
use the Frobenius method to determine the leading order solutions at the boundary as a
series solution. Carefully ensuring that all equations are satisfied at the leading orders gives
the following asymptotic solutions as * — —o0
~ et (EH) o SRk = Lo (1 or)

’I”(ﬂl’) o€ ) O'(l') 2<1 — 2k€> € ’

2(1 — ke)(L —e(k +1)ro oL k)

ev/T—e(1 — 2ke)(4s)2

These can be seen to agree with the asymptotic solution of the full equations in D = 4 (4.40)
with the identification that

(4.43)

p(x) ~ —

ro = ——. (4.44)

In order to satisfy the boundary conditions, we can see that the Lyapunov exponent has
an upper bound of

1
k< —. 4.4
< 5% (4.45)

To find the lower bound and the restriction in the complex plane, we turn our attention
now to the future asymptotic boundary. The calculation here proceeds in a very similar
fashion to the way that it does for the full solution in D = 4. The critical solutions at this
boundary can be taken from y (z) (3.58) and ¢, (x) (3.84)

ye(x) ~2(1 —¢) as & — o0

b(@) ~ (4.46)

x
—— as r — +00.

NG *

Upon substituting these into the differential equations (4.41), we find that once again (4.41c)
is a total derivative

o(x)=C+Vep+r', (4.47)
allowing us to eliminate o from the remaining equations as before. After defining

() = 2 (r(a) — 2(x) (4.45)

z)=—(r(z) — z(x .

12 NG )
we find a decoupled equation for z
1
2e2" + 2kez’ + 5(/{: —2)z+C=0. (4.49)

The solution to this is given by

(4.50)
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where in analogy with (4.34) we have defined

ko Vk*c—k+2 ko Vk*c—k+2

__r_ b, = —— 4.51
=73 N NG (451)
We can now go through the process of evaluating the original fields to find
’r’(:p) 5 Ck + A —m(ag—i-k) + B e—x(b5+k) + e—kar’
1-k)C k
o(z) ~ (2_]i -5 (Aze_z(a€+k) + Bze_x(bs+k)> + (1 —k)Bre™, (4.52)

c PRy Gy v N . 1
~ B x(be+k) A z(as+k) B’r‘ kx

in agreement once again with the full solutions in D = 4 (4.40) with the identifications

22U (2 — B)D(by — a4)
2= KT0)T(2+bs)
2104 (2 — k)T (ay — by)

B = T @ ra) (4.53)
21 k

Br=—5%

C=0.

In order for these function to be bounded at late times, we require that both
R(ae + k) >0, R(b:+k)>0. (4.54)

Combining these restrictions with the upper bounds found from the left boundary, we have
that the Lyapunov exponent is constrained to the following values depending on the number

of spacetime dimensions

2—R(k
NN F ORI O ONE )
8 l2<®(k) <L Sk eR,
1
e=5t 2<R(k) <4 S(k) € R, (4.55)
L remm <t 3] < 2w R
L<R(k)<4£ S(k)eR

As we can see, the D = 4 result is exactly recovered by these inequalities. Furthermore,

these results appear to suggest that there are two critical dimensions:?*

e D =6 — this is the first time that the largest Lyapunov exponent can be entirely real;

241t should be noted that our method is not entirely complete since we only ever compute asymptotic
solutions. In principle, a full solution could impose additional constraints on the Lyapunov exponent spectrum
through matching, but this computation is outside the scope of this paper.
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Figure 23. Plots of the allowed spectrum of Lyapunov exponents (highlighted in blue) for different
spacetime dimensions.

e D = 10 — this is the number of dimensions for which there is no restriction on the
imaginary value of the Lyapunov exponent. For dimensions smaller than this, the
restriction in the complex plane is to be above the curve and for dimensions larger it is
to be inside the curve as we show in figure 23. It is important to note however, that
this critical dimension only affects the structure of subdominant perturbations.

This result has an interesting consequence for the full phase space and the relative
positions of the CSS and DSS critical manifolds.

In [10], Frolov analyses these perturbations as wave packets on the CSS background
and concludes that they are drawn toward the DSS intermediate attractor in D = 4. This
conclusion is based on identifying the dominant Lyapunov mode — the one with the largest
real part and smallest allowed imaginary component — which gives rise to a characteristic
periodicity closely matching the frequency observed by Choptuik.

Assuming that Frolov’s analysis also holds in higher dimensions, we observe that for
D > 6, the corresponding frequency becomes zero. With no periodicity in the solution,
it suggests that:

— 68 —



The perturbed CSS solution does not sit in the basin of attraction for the DSS attractor in
D >6.

We can also argue that this result is consistent with the observed impact of increasing
the number of dimensions on the CSS phase space in figure 9. As D increases, phase
space trajectories diverge from the critical manifold more rapidly than in lower dimensions.
Consequently, resolving the influence of the saddle region in higher dimensions, Region B,
requires fine-tuning the initial scalar field amplitude to lie even closer to criticality. This
behaviour suggests that a similar mechanism may be at play here as well: in higher dimensions,
the perturbed CSS solution may lie too far from the DSS critical manifold for its influence
to be observable.

A physical interpretation for D = 10 as a critical dimension is more challenging, as it
influences only the structure of subdominant perturbation modes. Nevertheless, its emergence
may be related to the fact that D = 10 also marks a critical threshold in the CSS merger
solution describing the transition between black holes and black strings [36], as discussed
in section 1. Perturbations of that merger solution are both unique and acquire imaginary
components for D < 10, exhibiting features reminiscent of both CSS-preserving and CSS-
breaking modes [39]. This mixing of features may arise from the Wick rotations used to
relate the two systems (changing their stability structures), or from the differing boundary
conditions imposed in each case. A more detailed understanding of the connection between
these scenarios may help clarify the origin of the D = 10 critical dimension observed in
CSS gravitational collapse.

Finally, taking (4.24), we find the critical exponent to be

Tp = 2(1—¢)
_ 2(D-3) (4.56)
- D-2 "

which asymptotes to a finite value of 2 in infinite dimensions — a clear contrast to the

diverging critical exponent coming from perturbing inside CSS. This gives further evidence
that the critical exponent associated with DSS really could asymptote to a finite value in
infinite dimensions as the numerical results suggest [28].

5 Outlook

In this paper, we demonstrated that the large-D expansion provides a powerful analytic
framework for understanding gravitational collapse. The strength of this approach stems
from the fact that it leads to a separation of scales, allowing for an ‘effective’ description of
the dynamics in distinct regions where different physical effects dominate. By analysing the
structure of the governing differential equations, we identified the characteristic timescale
associated with each of these regions and found that the initial conditions play an important
role in defining their characteristics. In particular, we observed that when the boundary
conditions are finely tuned to near-criticality, the system spends an uncharacteristically long
time in one of these regions.

We then performed asymptotic expansions in 1/D within each of these regions to
construct solutions to the one-parameter family of spacetimes in our model. This allowed us
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to construct analytically matched solutions for both the critical and very supercritical regimes.
Additionally, we constructed solutions for the marginally subcritical and supercritical cases
as numerically matched perturbations of the critical solution.

Finally, we computed the spectrum of allowed Lyapunov exponents corresponding to
supercritical perturbations that break the continuous self-similarity. We identified two critical
dimensions, D = 6 and D = 10, which change the structure of the spectrum such that for
D > 6, the perturbed CSS critical solution no longer resides within the basin of attraction of
the DSS intermediate attractor. Using the Lyapunov exponent with the largest real part,
we computed the mass scaling exponent and found that it asymptotes to a finite, rational
value in the limit of infinite dimensions.

There are two challenges left that would complete the study of this system:

¢ Finding a full analytic solution to the differential equation governing Region B
1
e dir-r-o 1)
would allow us to construct uniform solutions for every member of the one-parameter
family that we have discussed. Although this is not essential, such a solution would
enhance the completeness of the analysis.

e The perturbation spectrum computed in section 4 could be explored further. First,
our conclusions could be confirmed by performing a more comprehensive calculation
of the Lyapunov spectrum that we have found using asymptotics. This could involve
performing numerics, or carrying out the analysis using wave packets as in [10]. Second,
the physical significance of the D = 10 critical dimension remains unclear. The relation
of this system to the critical merger solution between black holes and black strings
suggests that maybe this could be understood with a deeper understanding of the
connection between the two systems.

The main criticism of our analysis so far, is that we have only demonstrated the power
of large-D techniques in a gravitational collapse model where D = 4 is simpler. Nonetheless,
we hope that this work can serve as a foundation for extending these techniques to more
complex systems that are analytically intractable in four dimensions. We outline some of
these potential applications below:

e Scale-varying scalar field: the phase space is much richer if we allow the CSS scalar
field to vary with scale [64]. Describing the critical solutions in the large-D limit for
this case would be particularly interesting because the attractor solution corresponds to
a naked singularity. Analytic solutions to this system do not exist, and perturbations
away from the CSS manifold have not yet been studied.

¢ Perfect fluid collapse: numerical evidence suggests that for a system modelled as a
perfect fluid, the continuously self-similar critical manifold has codimension 1 in the full
phase space for the full range of values of 0 < w < 1 [11-14],?> making it the universal

25 Although this may appear to contradict the results obtained by Choptuik — given that a massless scalar
field is formally equivalent to a stiff fluid with equation of state w = 1 — there is, in fact, no inconsistency [15].
The DSS critical solution of the scalar field features regions where the effective energy density and pressure
become negative, a behaviour that cannot be realised in perfect fluid models with a timelike fluid velocity.
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attractor. It would be interesting to explore how the spectrum of allowed Lyapunov
exponents for the perturbations changes as w is varied. In particular, the solution for a
radiation fluid is of interest for primordial black hole formation during the radiation
dominated era of the universe [16-18].

¢ Discrete self-similarity: extending these methods to systems with discrete self-
similarity would require the development of additional techniques. This would likely
involve introducing a Boltzmann-like hierarchy of equations, one for each partial wave
of the scalar field. While this hierarchy is expected to be strongly coupled in four
dimensions, it would be interesting to see whether or not it becomes weakly coupled
in the large-D limit, something similar to what was found for quasinormal modes [22].
If so, the fractal behaviour of the Choptuik attractor should be calculable in a 1/D

expansion.

e The NFW Profile: another challenging application involves the structure of dark
matter halos, in which a gas of dark matter particles virialises into a bound structure
with very simple power-law behaviour. So far, these structures have been primarily un-
derstood through large N-body simulations [2, 3]. It would be intriguing to see whether
the power-law behaviour, which varies with scale, could be computed analytically in
the large-D limit.

The results presented here mark an initial step in applying the large-D expansion to
gravitational collapse. We expect that this framework will lead to many interesting results in
the near future, providing a tool to uncover universal features of the gravitational interaction
in its nonlinear regime.
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A Method of regions

In this appendix, we discuss a ‘Method of Regions’ approach to this problem. This method
relies on the existence of the integral representation of the differential equation

o=~ [ fway. (A1)

h
where 1

Vo2 (3)°

While this reliance means that this approach is not always applicable to problems in GR, we

fly) = (A.2)

demonstrate that it can yield the same results for the Very Supercritical regime in this model.
First, we consider Region A where y is very large. The boundary condition for this
region is given by

ylirgox — —log(2y). (A.3)

This allows us to expand f(y) under the assumption that the third term under the square
root is small compared to the other two

n
€

o /1 .
fly)=>" ( 2>y2”(y(y —2))7" <2q> : (A.4)

n=0 n Yy

This can be integrated term-by-term to find

R 2%+nq% 1
C= _— 2
Tat nz::() 2n—1 \ n

1_n 1_n+g

)(y—2)%_n2F1[2 32

1 g] (A.5)

where oF7 is the hypergeometric function. The first term of this sum, the leading-order part,
gives the solution to Region A that we found from the differential equation

x, ~ —2arcsinh ( 2) , (A.6)

where the integration constant has been fixed by the boundary conditions. Consequently, the
remaining terms must correspond to the exponentially suppressed corrections that we could
not compute from the differential equation alone. Note that if they are included, however,
there is no way to invert the solution to find y(z).

The boundary condition fixes an additive constant to each of these terms such that
overall the solution in Region A where

y 2 max(2,2q), (A7)

can be expressed as a sum of incomplete beta functions B, (a,b)

-2
x, = — 2arcsinh < y2>

> (-3 1 n 1 I(%‘)
§ 2 i(—1)" B == Z
nl(n)(z( ) 13(2 " € " 2) 1_n
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The solution written in this form is highly numerically unstable due to the functions and
matching constants both giving large values that approximately cancel, ultimately leading
to a small result.

We now move on to Region C and apply similar procedure as for Region A, except now
assuming that the third term under the square root is large in comparison to the other two.
After integrating, we find solutions with a similar structure

) 00 . S 142n —2ne _
T, = Z ((—1) < n2>q * By <1 +n, 25) O (A.9)

n=0

where ¢, are matching coefficients and B,(a, b) are incomplete beta functions once again.
The first term in this sum corresponds precisely to the near-singularity approxima-
tion (3.11), with the higher-order terms improving it. This solution is valid for

0<y <2 (A.10)

meaning that it is valid up to where Region A approximately ends.

The integral representation gives us a faster way to find solutions for these regions, to
an arbitrary degree of accuracy, by expanding the integrand when certain terms are small
or large. However, matching becomes complicated because the domains of validity of the
solutions do not overlap. We could follow a procedure similar to appendix D, but even with
this, there is no possibility of constructing a uniform solution due to this lack of overlap.

For this sake of completeness, we briefly show that Region C can be constructed such
that this overlap exists by using the near-horizon resummation from before (3.20)

y(x) = (272 T Y (2), (A.11)

and that this will give us the same solution as from the differential equation. Substituting
this change of variables into the integral, we find

dY

x = —s/ . (A.12)
e 1
\/Y (2 1—¢ qs—l (2 _ Yl—a) + Y)
This can be expanded in € and integrated at leading order, giving
_ _ q
T, +c=2¢ _1log(\/(q—1)Y—i—2—\/(q—l)Y>, (A.13)

which is precisely the same solution that we found from the differential equation (3.23).
We can continue to compute higher order corrections, but we will be unable to invert the
solution if they are included.

This can now be matched to Region A since the solutions overlap. Taking the leading
order solution for Region A and expanding it in € when written with the Y-variable, we find

1
21725 T—=Ye _9
x, ~ —2arcsinh (\/( q)2 )

~10g<2q—2\/q(q—1)—1> - Sillog<y28>5+(9(52).

(A.14)
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Taking the solution for Region C and expanding in terms of the outer variable, or equivalently
as ¥ — oo, we find

lim (Z, +¢) = — 7 . <log ((]3”) + log <4(qq_1)>) +0 (52) (A.15)

Y- C]*l

Comparing order-by-order, we determine that the matching coefficient is given by

¢ =log <—1+2q+ \/q(q—1)> +z—:\/qiTllog (4((](1_1)) , (A.16)

which in agreement with the result found from the differential equation (3.27).

B Second order differential equation for region C

In this appendix, we show that the same leading-order result can be obtained for Region
C using the second-order differential equation, without relying on any prior knowledge of
the first-order differential equation. The key subtlety in performing the computation this
way is that the unfixed boundary condition must be incorporated within the asymptotic
ansatz in order for it to yield the correct results.

Starting with the second-order differential equation

2eyy” + (1 —2¢) ()2 +2(1 —e)y — 9> =0, (B.1)

and keeping only the divergent terms as y — 0, we recover the same form of the solution
as the near-singularity expression from before (3.11). Thus we can still conclude that the
time-scale near the singularity is  ~ ¢ and that a convenient resummation in ¢ is given by

y=qY*®, (B.2)

where the significance of ¢ is not yet determined by this computation.

Substituting this ansatz into the second-order differential equation and changing to the

short time variable z = £, we find

27V Y — qYE (Y')? +Y2(2(1 —¢) — GY°) = 0, (B.3)

where the constant ¢ has not dropped out due to the fact that the differential equation is
not invariant under rescalings of y.
We make the standard asymptotic ansatz for Y and expanding the constant § as

G~ do+en +0(?), (B.4)
resulting in the following differential equation for Y
2G0Y0Yy' — Go(Yg)? + (2 — Go) Yy = 0. (B.5)
The solution to this differential equation is

dp—2 (z+(‘)

1 )
Yo(z) =C (26 R

DN |

e o () _ 1) , (B.6)
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which, upon comparison with our original solution (3.23), matches precisely when Gy = 2g.
The remaining constant C' that multiplies the whole solution can simply be absorbed into §; as

C% ~ 1 +elog(C) + 0 (<2). (B.7)

Hence, we can see that the inclusion of this constant, ¢ in the resummation equation (B.2),
is crucial for obtaining the correct result using the second-order differential equation. Intu-
itively, this makes sense: the constant ¢ is related to the undetermined boundary condition
and, therefore, the size of the apparent horizon. Due to the nature of the resummation, any
overall constant that multiplies the solution, such as C here, can only ever contribute at
O (g), which ties the position of the apparent horizon to always be O (1). Since we know
that this is not the case, we must account for the unfixed boundary condition within the
asymptotic ansatz from the beginning.

C The second-order correction to region C

In this appendix, we solve for the next-order correction to Region C and match it to Region
A. We will then use this correction to show that it improves the leading-order approximation
and estimate the size of Region C.

Let us take the leading-order solution in Region C from (3.23)

1 1 1
Y; — —eTe —e % 1 C.1
0(z) q—1(2€ +5e ) (C.1)
where z, = ./% xjc, and substitute it into the next-order differential equation that governs

Yi(xz,) from (3.22), giving

sinh(z,) Y] —cosh(z,)Y; = (q_ll)z ((ql)(cosh(xc)l)log <g) o
2
+2log (2((;]_1)(cosh(xc) —1)) sinh? (%)) :
This has a solution given by
Yi(z,) = 48;2}1_(?))2 {% <4 — 1z, —4log(l —e*) + 2log <2(qq_1)(cosh($c) - 1)>)
+4 Lig(e %) —4 (q log (g) + log ( 1 . (cosh(z,) — 1))) tanh (Zcﬂ (C.3)

+ cosinh(x,),

where Lia(z) is the dilogarithm function, and ¢z is a matching coefficient.
Next, we match this solution to Region A. Expanding the solution in terms of the outer
variable z, or equivalently as x, — —oo, we find

e T

li Y — (2% = 22,1 q)—4 —1)?
zc—l>n—loo 1(xc) — 8((]— 1)2 (xc xc Og (4(q_ 1) (q ) C2

4
—% +4log(2) — 4qlog <g)>

(C.4)
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Substituting this back into (3.20), we find that

dim = 20 20 for (1) ) g oo o () )

_1210g (4((}‘1_1)) — 3log? <4(qq_1)> —4(n® 4+ 3(q — 1)202)} +0 (63) ('C 3

Now, we take the solution in Region .4 and expand it in terms of the inner variable x,

1 1
Yo~ 5o (L)t 4 gem (e — 1) (Cl —/ qzlfﬁc> €
L e 2co q ? 5 3
+16 (14 e*0) cl_”q—lxc €+O(E).

By comparing these expansions order-by-order in €, we can determine the matching coef-

(C.6)

ficients to be

co—log(—1+2q+m>a

o= () (1)

o 79 () (12 )]

We plot this next-to-leading (NLO) solution in figure 24 and compare it to the leading-order

(LO) solution. Although this is clearly an improvement over the LO approximation, it does
not improve the approximation of the singularity time x( since
lim Yi(x) —0. (C.8)
r—rco+ecy
Consequently, we can conclude that corrections to the approximation of the singularity
time (3.30) must come from the Y5 corrections or higher orders.
Finally, we can use Y7, to approximate the size of Region C. To do this, we look for

the point at which perturbation theory breaks down as the solutions approach Region A.
This breakdown occurs when

Yo(z,) ~eYi(z,) as ¢ - 07, z, — —oc. (C.9)

Taking only the leading-order terms as z, — —oo, we find

1 e—zc$2
e € C.10
2(¢—1) 8(q —1)? (C10)

Rearranging, we find that the breakdown occurs at

x ~ —c—2,/qe, (C.11)

giving the characteristic size of Region C that we labelled in figure 12 for Region C.
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Figure 24. Comparison of the LO and NLO results for the very supercritical solution approximations
with the numerical result for ¢ = 0.05. The NLO approximation is clearly an improvement over the
LO result.

D Matching the critical solutions

Due to our inability to solve the governing equation in Region B, we must use an alternative
method to match the approximate solution to Region A. In this appendix we use the
integral representation to find the matching constant for both the metric function and scalar
field at criticality.

D.1 The metric function

We take the integral as defined in (3.57)

y(xs)
ny -z = [ L G, (D.1)
AC

where ‘z,” is a point in Region A, ‘z;’ is a point in Region B and we have defined for convenience

1
\/22 — 2z + 2%¢ (2(1—26)1*6)§ '

We now choose the points z, and x; to be at the past and future asymptotic boundaries

f(z) = (D.2)

respectively since we know the values of y(z,) and y(z,) there exactly. They are given by
the boundary conditions (2.40) and (3.52)

. 1 —x .
xAl_l}T_looy(.rA) — e xilglooy —2(1—¢). (D.3)
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Hence, let us define the definite integral over the entire domain up to these boundaries as

I—— /2 O (D.4)

However, this integral is logarithmically divergent at each limit

lim f(z) — }, lim f(z) — V2e

—_— D.
z2—+00 z2 z=2(1—e) z—2(1—¢) (D-5)

In order to match, we need to extract a finite number from this integral, Consequently,
we regularise our integral, by adding these divergences back in with the opposite sign as
‘counterterms’ so that they cancel

© 1 —+/2 e V2e
Lo =1 +/ —dz +/ —dz. D.6
o 21—¢) % 201—¢) 2 —2(1 —¢) (D-6)

Note that the coefficient multiplying the % term has been chosen to cancel the contribution
from the second term as z — oc.

To evaluate the regularised integral, we now split the integration domain into two distinct
regions, where different terms dominate. This is precisely the splitting that we discovered in
section 3 and so unsurprisingly these regions correspond to Region B and Region A

00 0 00
/ - / v / . (D.7)
2(1—¢) 2(1—¢) 6
—_— =
Iy I

The result should be independent of the precise value chosen for §. This typically serves as a
consistency check to confirm that the expansions have been performed correctly. However,
due to the complexity of f(z) and its expansions, we set

d=2(1+¢), (D.8)

and verify numerically that the result remains consistent.
We first focus on the domain of integration corresponding to Region B. The term without
the pole in this domain can be directly integrated and expanded in ¢ to find

2(1+¢) 1 — /2
/ jdz ~2+0 <€%> . (D.9)
2(1—¢) z

The next two terms require additional care since they both contain divergences over this
domain. Expanding f(z) about z = 2(1 — ¢) would immediately cancel these divergences
and hence seems to be the correct approach. However, this leaves a complicated finite piece
that cannot be expressed in a general closed form.

To circumvent this issue, we instead choose to expand both terms about z = 2, even though
this generates an asymptotic series that must be optimally truncated. The complication that
we find with these terms reflects once again the underlying difficulty of Region B.

The functional part for each of these expansions is given by

2(1+¢) on+1 (1 —1)"
/ (z—2)" = (1+(=1) )5"“ Vn > 0. (D.10)
2(1—¢) n+1
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This allows us to evaluate the pole integral as

/2(1+a)\/£dzzi(_1)n1+(—1)”\/g, (D.11)
2

(1-e) 2—2(1—¢) s 14+n

which is a divergent sum, as expected.
We can then Taylor expand f(z) about z = 2 to find

[ee]

/22(1+s) F(2)dz ~ e <Z A+ (=0 ) Vet o (5) ’ (D.12)

(1) = 2n(1+ nyn! "

where =, diverges as n grows and is given by

n @i+ D) 1 =) () (20 + 1)!!) ,
n = —1 —1)it , e’
o + ;( ) (

i
The divergence from this sum and the divergence from the previous term cancel in a highly

(D.13)

non-trivial way due to the choice of expanding about z = 2.
Combining all terms, we obtain for this part of the domain

X1+ (=)™ " Yn 3
IBN (712201_'_”(\/5(—1) —|—\/E2nn!) \/g+2€—|—0(€2). (D.14)

We now turn our attention to the domain of integration corresponding to Region A.
Here, we expand f(z) by treating the third term under the square root as small,

> n /1 2:e—1 1
f(z) =" (20-e))" ( 2)2"( )(a(z—2)) T (D.15)

n=0 n

The zeroth-order term contains the divergence over this domain of integration. We isolate it
and combine it with the regularising terms to find upon integration that
00 1—+v2 V2 1
/ < € < ) dz ~ — 21og(2) + v22(v/2 — log(2¢))
2(14¢)

z z—2(1—-¢) 22— 2z

—e+0 (E%) .
(D.16)
The remaining terms can also be integrated easily. First, we remove the ¢ dependence
from the integration limits using the change of variables z = 2(1 + €)u®. This allows us to
expand in € before integrating. The final result is

[e'e] 1 0o 1 » ,
_/Z(W) (f(z) - m) dz ~ —\/;Enzzjl < n2>e E, 1(n)+0 (52) , (D.17)

where E,(x) is the generalised exponential integral. This sum converges quickly to a finite
value and is not divergent.
Combining all of the contributions from Region A, we find

I, ~—2log(2) + /2 (2 - i <_5> e By 1(n) - \/ilog(%)) —e+0 (s%) . (D.18)

n=1 n
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We now have the result for the full regularised integral
Lieg ~ —21og(2) + V/22(bg + log(2) — log(e)) + ¢+ O (5%> , (D.19)
where by is given by
- 1 © (-3 X1 (=)
- _ 2 o

- . (D.20)
+ V2 Z(—l)”H(_l)> — 2log(2).
n=0

1+n

Now we use this to find how by relates to our matching coefficient by. We begin by
noting that

lim (Y@ 1—2e V2e
x — 00 - d Ire 5 D.2].
x,i::—oo /y(:cB) ( f(Z) + z + z— 2(1 — 5) S & ( )

and so upon evaluating the left-hand side algebraically (before taking the limits), we find

x, — 25 +log (ng:;) +V2¢ <log(y(x3)) —log(y(z,))+log (W)) . (D.22)

Now taking the limits, and using the boundary conditions (D.3) where we do not encounter

a divergence, we obtain

[S1[)

lim_(—a, — 2log(2) + & + V22 (log(2) — log (y(z5) — 2(1 — £))) + O (=

Tg—00

)) 25 Treg.
(D.23)

Using the expression for the regularised integral and rearranging terms for y(z), we find an
expression for the solution in Region B near the asymptotic future boundary

lim_y(z,) = 21— ) +ee vETTYE L o(2)), (D.24)

25 —00
By comparing this with the ansatz for Region B (3.55), we identify the matching constant as
bo = bo. (D.25)

Optimal truncation of the sum gives the numerical value
bo =~ —0.281221. (D.26)
This method can easily be extended to also find the matching coefficient at higher orders

in e. In fact, doing so shows that at leading order in x, the O (52) correction will be another
decaying exponential of the same form.

— 80 —



D.2 The scalar field

Given our discussion at the beginning of section 3.3, it may seem strange that the same
method works for the scalar field — the shift in x is already fixed by the previous computation.
However, for the scalar field, the matching constant still corresponds to a shift symmetry.
Consequently we can use the same method if we write the differential equation in the right way.

To do this, we take the first integrated form of the equation of motion of the scalar
field (3.66) and perform the chain rule to find an autonomous differential equation for y
in terms of ¢

2 1426 1te 1 1_e
yw>:—@a\f SV oy ot -0 T2, (D.27)
— 5

From here, the computation proceeds almost identically to the metric function. After
integrating once, we find

y(¢A)
@%zﬁwg@m, (D.28)
Y\Pp

where ¢, = ¢(z,) and ¢, = ¢(x;) are the values of the scalar field evaluated at a point in
Region A and at a point in Region B respectively. We have also defined for convenience

(2(1 —¢))2= 1
(2) =
! 2e \/zltze - +255(1—5) c z2

We now fix these two points to be at the asymptotic boundaries once again, which are given by

(D.29)

¢Eg0y(¢,4) — 00, éiinooy(%) —2(1—e¢). (D.30)

Allowing us to define the definite integral for this problem as

J=- /2(1—5) g(z)dz. (D.31)

This time, the integral is only logarithmically divergent at one boundary

. 1 1
im0 = ST Ty

Adding this as a counterterm to the integral on its own will create another logarithmic

(D.32)

divergence as z — oo, forcing us to introduce a second counterterm to regularise it. The
regularised integral can hence be written

© 1
Jreg = J+/ dz — d D.33
& 2(1—¢) V2(z — 2(1 —¢€)) ¢ 2(1—¢) V22 § ( )

To evaluate the regularised integral, we split the integration domain into two distinct

regions once again

) 2(1+4¢) oo
/ _ / + / , (D.34)
2(1—¢) 2(1—¢) 2(1+¢)
—_———  ——
s T
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where we have chosen the position of the splitting to be the same as with the metric function
computation.

Let us first focus on the domain of integration corresponding to Region B. The term
without the pole in this domain can be directly integrated and expanded in ¢ to find

2(1+¢) 1
dz ~ V2 4+ 0 (). D.35
/2(1—5) V22 2 V2 (E) (D.35)

The remaining two terms once again require care and for the same reasons we expand g(z)
about z = 2. This allows us to evaluate the term that regularises the integral in this domain as

2(1+2) 1 T (—1)™M(1+ (=1)™)
/2(1—8) V2(z —2(1 - e) V2 Z 1 +n) ’ (D.36)

n=0

and the g(z) term as

2(1+¢)
’Yn
~ 1+ E ) D.37
/2(1—5) 1 + n) 4n! ( )

where

n—1 / ;\ i+l
= 2 ¢ )@ NG 4 1) D.38
o ;( 5 ) <z+1>( M@ +1) (D.38)

The sum is once again only asymptotic.
Combining all terms, we obtain the result for this part of the domain

JBN\/§—1+§:212(+_11)H <(_\/1§) +47“,)+(9() (D.39)

We now turn our attention to the domain of integration corresponding to Region A.
Since there is no divergence associated with this domain from g(z), we can immediately
integrate the counterterms to find

oo 1 1 1
/2<1+a> <\/§(z “2(1-9) \/§z> dz ~ =7 log(2e). (D.40)

Now, we expand g¢(z) by treating the third term under the square root as small

00 1
-5 n—2¢ n(l—e¢) —(2n—1)et2n
g(z) _ Z ( 2>22 2 +1 (1 B 8)2 125 +1€n7%27 2 12s+2 +1 (z B 2)7717%. (D.41)

n=0 n

These terms can be integrated easily by first removing the ¢ dependence from the integration
limits using the change of variables z = 2(1 + ¢)u® and expanding in e before integrating.
The final result is

/OO g(z)dz ~ % i::oené (:})EH% (n - ;) +0O(e), (D.42)

2(1+¢)

where FE,(x) is the generalised exponential integral.
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Combining all of the contributions in Region A, we find

i3 1
JAN—Tlog (2¢) Ze 2( 2>En+% (n+2>—i—(’)(€). (D.43)
We can now write the result for the full regularised integral as
1 -
Jreg ~ G log(2e) + ap + O (¢), (D.44)
where
By X 1 (=1)" <(1)" %> 1 (=3 ( 1)
—v/2-1 SRLLI " 2\E — . D.A4
Go=V2 +n§::2 nt1 /2 2}2206 o )i Mg (D-45)

Now we use this to find how dg relates to our matching coefficient ag. We begin by
noting that

lim / e (—g(z) + ! _ ) dz — J, (D.46)
D37 Jyion) V2(z—2(1—¢)) V22 e '

and so upon evaluating the left hand side algebraically (before taking the limits), we find

1 y(6) — 2(1 —¢)
¢A—¢B+ﬂ(bg(y(@))—1og<y(¢3>—2<1—s>>+1og( — )) (D.47)

Now taking the limits using the boundary conditions (D.30) and our solution to the metric
function in Region B, we find

x};gnoo (—qb(azB) + \}5 (log(2) — log(e) + QH_\/\g?b()) +0 (8)) > Jreg (D.48)

After rearranging, we find an expression for the solution in Region B for the scalar field
near the asymptotic future boundary

:L'—F\/%bo
V2e

By comparing this with the ansatz (3.84), we identify the matching constant as

lim ¢ () = V21log(2) — ag + + 0O (). (D.49)

ap = V21og(2) — ag. (D.50)
Optimal truncation of the sum gives the numerical value

ag ~ 0.801973. (D.51)
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E Table of notation

Symbol Meaning Reference
D The number of dimensions §2
5 The small parameter related to the inverse number of dimensions (2.8)
¥ Mass Critical Exponent (2.1)
q The amplitude of the incoming scalar field (2.32)
84 The distance from criticality (in CSS) (2.42)
D The CSS-breaking parameter (4.3)
5y The distance from criticality (breaking CSS) (4.10)
R The Ricci Scalar (2.2)
o) The Scalar Field (2.2)
p The geometric radius metric function (2.3)
b Component of the metric (2.3)
R The conformal radius function (2.14)
y Redefined conformal radius function (2.23
Y Redefined conformal radius function for Region C (3.20)
0; Angular coordinates §2.1
u Retarded time, null coordinate §2.1
v Advanced time, null coordinate §2.1
x Self-similar time (2.15)
s Scaling coordinate (2.18)
w Alternative scaling coordinate (2.28)
n Redefined self-similar time variable §4.2
A Label used for the flat space region §3
B Label used for the transition region near the saddle point §3
C Label used for the near-horizon/near-singularity region §3

M,m  Mass/ Misner Sharp mass function (2.6)
13 Homothetic Vector Field (HVF) (2.11)
U+ The fluid velocity (2.25)
f Redefined metric function for Region B (3.38)
A DSS Period § 2.1
xg The ezact time at which a singularity forms (3.11)
A A rescaled amplitude of the incoming scalar field for near-criticality (3.35)
¢ Very supercritical metric matching constant (3.23)
bo Critical metric matching constant (3.55)
d; Numerically determined metric matching constants (3.61)
anp, Non-linear recursion coeflicients for y (3.54)
Bn Non-linear recursion coeflicients for ¢ (3.86)
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Symbol Meaning Reference
A Scalar field amplitude (3.68)
B Scalar field shift in Region A (3.72)
agp Critical scalar field matching constant (3.84)
F The set of all fields in a gravitational collapse problem §4.1
Fy The set of self-similar fields in a gravitational collapse problem (4.9)
G Set of linearly perturbed fields breaking CSS (4.10)
Ji Linearly perturbed fields with only z-dependence (4.15)
O Renormalisation Group Transformation (RGT) (4.5)
Lo Infinitesimal generator of the RGT (4.7)
T The linearised RGT (tangent map) (4.12)
Ly Infinitesimal generator of the tangent map (4.13)
k Lyapunov exponent for perturbations from criticality (4.17)
K The largest real part of the spectrum of Lyapunov exponents (4.24)
H Horizon formation function (4.20)
r The perturbation of the radial metric function (4.18)
@ The perturbation of the scalar field (4.18)
o The perturbation of the other metric component (4.18)
ayq A constant controlling the spectrum of perturbations in D =4 (4.34)
by A constant controlling the spectrum of perturbations in D =4 (4.34)
ae A constant controlling the spectrum of perturbations in general D (4.51)
be A constant controlling the spectrum of perturbations in general D (4.51)
I Definite integral for matching the metric function at critical (D.4)
J Definite integral for matching the scalar field at critical (D.31)
Tn Terms in a series for the metric function matching coefficient (D.13)
Tn Terms in a series for the scalar field matching coefficient D.38)

W(z)  The Lambert function [73]
E,(z)  The generalised exponential integral [73]

B.(a,b) The incomplete beta function [73]

o Fy Hypergeometric function [73]
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