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Michele Caselli

Abstract

This thesis explores the theory of the fractional perimeter on closed Riemannian manifolds,
with a focus on codimension-one phenomena and their approximation through diffuse interface
models. A central theme is the existence and regularity of nonlocal minimal surfaces, which arise as
critical points of the fractional perimeter, on closed manifolds. Despite their intrinsic nonlocality,
which is an anomalous feature compared with the classical theory of minimal surfaces, these
surfaces share many structural elements with classical minimal hypersurfaces. In several respects,
particularly in the context of stability and finite Morse index, we aim to show that they exhibit
improved compactness and regularity properties. These properties make nonlocal minimal surfaces
highly suitable for min-max constructions since Morse theory for nonlocal minimal surfaces is, in
some sense, as flawless as finite-dimensional Morse theory.

At the core of our existence result is the use of the fractional Allen-Cahn equation as a diffuse
approximation of nonlocal minimal surfaces. This method has proved to be particularly effective
in the context of min-max constructions, as it allows for the existence of many critical points with
precise index and energy bounds.

Addressing the regularity theory of nonlocal minimal surfaces on manifolds requires several
key ingredients: precise local estimates on the heat kernel of complete manifolds, rigidity results
for stationary cones stable in R™ \ {0}, and the development of the Caffarelli-Silvestre extension
theory on closed manifolds. In this work, we develop (some of) these ingredients and utilize these
technical tools to address different problems. For example, the local estimates for the heat kernel
will be used both to deduce regularity, via a blow-up procedure, of finite Morse index nonlocal
minimal surfaces arising as limits of the fractional Allen-Cahn equation and to characterize the
asymptotics of the fractional Laplacian on noncompact manifolds as s — 0.
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Chapter 1

Introduction

1.1 Overview and Motivation

The theory of minimal surfaces has always occupied a central role within differential geometry
and geometric analysis. In codimension one, classical minimal hypersurfaces are characterized by
the vanishing of the mean curvature. On the other hand, the modern theory of minimal surfaces
is rooted in the variational study of the area functional and is closely connected to the framework
of geometric measure theory.

In the 1960s, Almgren laid the groundwork for a remarkably general existence theory of minimal
surfaces: using a variational min—max method, he proved that in every ambient Riemannian
manifold there exists at least one generalized solution in every codimension, namely a stationary
integral varifold (see [Alm65, Corollary 15.2]). In codimension one, this program reached a
higher level of regularity through subsequent works of Pitts, Schoen, and Simon ([Pit81; SS81]),
who showed that in ambient dimension n < 7, such generalized solutions are classical smooth,
embedded, closed minimal hypersurfaces, with singularities appearing only in dimension n > 7.
The combination of these results can be summarized as follows.

Theorem 1.1.1 ([Alm65; Pit81; SS81]). Ewvery closed n-dimensional Riemannian manifold
contains at least one minimal hypersurface, smooth and embedded outside a set of Hausdorff
dimension at most n — 8.

Some years later, Yau conjectured that a much stronger abundance result should hold. This
conjecture—now theorem—was listed as Problem 88 in Yau’s list of open problems in differential
geometry [Yau82].

Theorem 1.1.2 (Yau’s conjecture, [MN17a; Son23]). Every closed 3-dimensional Riemannian
manifold contains infinitely many smooth, closed, immersed minimal surfaces.

This result was recently proved in full generality by Song [Son23] relying on the Almgren—Pitts
framework. Song’s breakthrough relies on techniques previously developed by Marques and Neves
in [MN17a], and establishes somewhat an even stronger result: for 3 < n < 7, every closed
n-dimensional Riemannian manifold contains infinitely many smooth, closed, embedded minimal
hypersurfaces.

While the Almgren-Pitts min-max theory is extremely powerful and has led to several deep
results in minimal surfaces theory, alternative frameworks, particularly in codimension one, exist
that allow for finer control over regularity and multiplicity, and can be better suited to detect the
existence of many minimal surfaces.



1.1.1 Phase transitions and minimal surfaces

A central development in the realm of these alternative frameworks for the existence of minimal
surfaces has been the introduction of diffuse interface approximations of the perimeter functional;
most notably, the Allen—-Cahn energy. The Allen-Cahn energy framework provides a PDE-based
alternative to the classical min-max theory of existence of Almgren-Pitts [Alm62; Alm65; Pit81].
This energy is defined for every ¢ > 0 by

[Vul? | W(u)

_2)2
AC(u) = / 5 + ——=,  where W(u) := w
M 2 9

4

In the case of M = R", the seminal results of Modica and Mortola [MM77b; MM77a; Mod87]
established the I'-convergence of the Allen—Cahn energy AC. to the classical perimeter as ¢ — 0.
We refer to [Bra02] for an introduction to the notion of I'-convergence. Since I'-convergence implies
convergence of minimizers, say with prescribed boundary conditions in a given domain, this result
provides the first rigorous foundation for recovering minimal hypersurfaces in the limit as the scale
parameter ¢ tends to zero. This framework has yielded alternative proofs of classical existence
theorems also on Riemannian manifolds and has given rise to powerful min-max constructions in
the diffuse setting, parallel to those developed for the area functional described above.

Indeed, using this approach together with some profound results on the regularity of stable
solutions of the Allen-Cahn equation by Tonegawa-Wickramasekera [TW12], Guaraco in [Gual8]
managed to prove the existence of a smooth embedded minimal hypersurface in ambient Rieman-
nian manifolds, recovering a proof of Theorem 1.1.1. Guaraco’s result is achieved by proving the
existence of nontrivial critical points with Morse index at most one and a careful analysis of the
limit as € — 0.

This Allen-Cahn program culminated in the celebrated result by Chodosh and Mantoulidis
[CM20]. In this work, for n = 3, Chodosh and Mantoulidis establish the Multiplicity One and Index
Lower Bound conjectures and are able to pass to the limit—for generic metrics—the infinitely
many min-max critical points of the Allen-Cahn equation constructed in [GG18]. Among other
things, the result in [CM20] implies the following.

Theorem 1.1.3 ([GG18; CM20]). Let (M, g) be a closed 3-dimensional manifold with a generic
metric. Then, for every positive integer p > 1 there exists in M a smooth, embedded minimal
hypersurface ¥, with index(X,) = p and energy proportional (up to absolute constants) to pi/3.

This result provides an alternative proof of Yau’s Conjecture (i.e., Theorem 1.1.2) for generic
metrics, with extremely more precise information on the index and area growth of the constructed
surfaces. We stress that this was the first “direct” (to say, constructive) proof of Yau’s conjecture,
since all the arguments in [Son23; MN17b; IMN18; GG18] are indirect and rely at some point
on arguing by contradiction and supposing that there only exists finitely many such mininal
hypersurfaces.

Later, based on the work by Chodosh and Mantoulidis, Gaspar-Guaraco [GG19] proved the
density of the separating limit surfaces for generic metrics in dimension 3, recovering the density
and equidistribution of minimal hypersurfaces for generic metrics by Irie-Marques-Neves [IMN18].

1.1.2 The fractional perimeter and nonlocal interactions

Very recently, a new possible approach to the approximation of minimal surfaces appeared: that of
nonlocal minimal surfaces. These objects are critical points (in a suitable sense) of the fractional
perimeter. In the Euclidean space, for s € (0,1), the fractional perimeter of a measurable set



E C R" is defined as

1 —
Pery(E) = // Ixe(z) — xE(Y)| drdy.
2 Jroxge |z —y[mte

Since their first precise definition in the seminal work [CRS10] by Caffarelli, Roquejoffre, and
Savin, much interest has been devoted to the study of nonlocal minimal surfaces and of fractional
perimeters in general. Nonlocal minimal surfaces, at first sight less “natural” than other approxi-
mations of minimal surfaces, enjoy a long list of properties utterly analogous to those for classical
minimal surfaces. We refer to [Dip20; Ser23] for a complete discussion of the similarities with the
classical world.

Apart from a long list of similarities, the literature has recently pointed out a few striking
differences with the world of classical minimal surfaces.

A first instance of these differences appeared in a work by Cinti-Serra-Valdinoci [CSV19]. In
this paper, the authors prove that stable nonlocal minimal surfaces (say, in a ball of radius one)
enjoy an interior uniform bound on their classical perimeter. This is in clear contrast with classical
minimal surfaces since many parallel hyperplanes (arbitrarily close) are a stable configuration for
the perimeter with, clearly, no uniform bound on the area in any ball. This suggests that nonlocal
minimal surfaces tend to become unstable when many sheets are close to each other. Concerning
this heuristic, we describe a simple and instructive example in full detail in Proposition 2.2.14.

This feature has an analog for the fractional Allen-Cahn equation, as proved in [CCS21], where
the authors prove that stable solutions of the fractional Allen-Cahn equation enjoy a uniform BV
estimate.

Another remarkable result for the fractional Allen-Cahn equation with no parallel in the
classical world is the improvement of flatness theorem proved by Dipierro-Serra-Valdinoci in
[DSV20]. In this work, the authors show that entire solutions to the fractional Allen-Cahn
equation with asymptotically flat level sets (say, in Hausdorff distance) are one-dimensional. This
is in contrast with the classical Allen-Cahn equation since there exist solutions, constructed in
[PKW13], concentrating on catenoids, which have arbitrary flat blow-downs in Hausdorff distance
but are clearly not one-dimensional.

This feature represents a remarkable departure from the classical world and is in agreement
with the fact that “nonlocal catenoids” have conical, nontrivial blow-downs. This means that the
blow-down of the nonlocal catenoids is not a single plane with multiplicity two. These nonlocal
catenoids were first constructed in [DPW18], where the authors proved that in R? there exists
a connected, embedded s-minimal surface of revolution whose blow-down is a nontrivial cone.
Moreover, in the same work [DPW18] it is also proved that these nonlocal catenoids have infinite
Morse index, in any reasonable sense.

These features suggest that sequences of s-minimal surfaces with uniformly bounded index
should enjoy stronger compactness properties than classical minimal surfaces with bounded index.
This turns out to be true. Indeed, in the recent work [CFS24b], which is part of this manuscript,
the author, together with Florit-Simon and Serra, obtained a uniform BV estimate for finite index
solutions of the fractional Allen-Cahn equation, extending the one of [CCS21] for stable solutions
to the case of finite index. This result is Theorem 1.2.13 below.

These surprisingly strong estimates for nonlocal minimal surfaces of finite Morse index confer
exceptional compactness and regularity properties to these objects. Thanks to these features
and a classical min-max method, we establish a far-reaching existence result of infinitely many
smooth nonlocal minimal surfaces in every n-dimensional closed Riemannian manifold for n = 3, 4.
Actually, we establish the analogue of Yau’s Conjecture (that is, Theorem 1.1.2) with the
additional properties similar to Theorem 1.1.3 by Chodosh and Mantoulidis. Our result, which is
the combination of Theorem 1.2.4 (existence) and Theorem 1.2.6 (regularity), holds for all metrics



and not just generic ones. Our work suggests that s-minimal surfaces are an ideal class of objects
on which to apply min-max methods, as they seem to prevent almost every pathology that arises
for classical minimal surfaces (such as multiplicity and pinching).

From here, a natural question arises: can one take advantage of these exceptional compactness
and regularity properties of s-minimal surfaces and send s — 1 afterward to recover classical
minimal surfaces? Surprisingly, the answer is affirmative.

To draw any conclusion about classical minimal surfaces using their fractional (nonlocal)
counterparts, the first essential requirement is that the fractional perimeter converges to the
classical perimeter as s — 1. Indeed, the pointwise convergence for a fixed set is just a particular
case of the so-called BBM formula (see [BBMO01; D4v02]). Moreover, it has also been shown in
[ADMI11] (see also [Pon04]) that the fractional perimeter converges to the classical perimeter also
in the sense of I'-convergence with respect to the L' convergence of sets (that corresponds to the
flat convergence of their boundaries).

In the recent work [Cha+23], Chan, Dipierro, Serra, and Valdinoci push this convergence as
s — 1 to a much deeper level. In [Cha+23], the authors obtain robust curvature estimates and
optimal sheet separation estimates, as s — 1, for stable s-minimal surfaces in three dimensions.
This result allows to send s — 1 and pass to the limit the supports of the s-minimal surfaces to
obtain standard minimal surfaces. Based on these ideas, Florit-Simon in [Flo24] was able to send
s — 1 for the surfaces we construct in Theorem 1.2.4 and recover a proof of the classical Yau’s
conjecture for generic metrics. Moreover, sending s — 1, the author in [Flo24] recovers many
other classical results in this field. For example, the author obtains a new proof (in dimension
n = 3) for the Weyl law for the volume spectrum of [LMN18], and the existence, density, and
equidistribution of (infinitely many) minimal surfaces of [IMN18; MNS19].

The result in [Flo24] leaves no doubt that the existence results for nonlocal minimal surfaces can
be passed to the limit to recover those for classical minimal surfaces. This makes the approximation
of minimal surfaces via their nonlocal counterparts an effective tool for approaching classical
problems in the theory.

A glimpse of codimension-two

In codimension two, the goal of finding a diffuse approximation of the codimension two area that
is well-behaved in the limit is an extremely challenging problem. For example, it is known that
with the classical complex-valued Ginzburg-Landau model, one can produce nontrivial, stationary
(n — 2)-dimensional varifolds in ambient Riemannian manifolds. Nevertheless, it has been shown
in [PS23] that, in general, these varifolds are not integral and that every density 6 € {1} U[2, c0)
on an (n — 2)-plane can be realized as a limit of complex Ginzburg-Landau critical points.

In the groundbreaking work [PS21] by Pigati and Stern, the authors substitute the complex
Ginzburg-Landau energy with the Yang-Mills-Higgs energy and can produce stationary integral
(n — 2)-varifolds in the limit. As a by-product, in codimension two, they obtain a new proof of
Almgren’s existence result of nontrivial, stationary integral (n — 2)-dimensional varifolds in closed
Riemannian manifolds. More recently, in [PPS24] it has been proved that the Yang-Mills-Higgs
energy also I'-converges to the classical area.

At this point, it is natural to ask if there is a natural codimension two analog of the fractional
perimeter that reflects similar properties for stationary objects as the ones recently discovered
for nonlocal minimal surfaces. To the author’s knowledge, tentative notions of codimension > 2
fractional masses appeared just in two very recent preprints: [Cic+24] for codimension (n — 1) and
[MS23] in any codimension. In the same works, both notions are proved to converge pointwise, as
s — 17, to the standard Hausdorff measure of the correct dimension.



Recently, Serra in [Ser23, Section 5] suggested a notion of fractional s-mass for codimension
ke {1,2,...,n— 1} smooth, multiplicity one submanifolds of R™ that are level sets of (regular
values of) maps from R" to R¥. In our work [CFP24] jointly with Mattia Freguglia and Nicola
Picenni, which is not technically part of this manuscript but is briefly described in Section 1.3.1, we
study the case of codimension two in detail and with full generality. Following the idea in [Ser23,
Section 5], in [CFP24] we introduce a notion of fractional s-mass for codimension two objects, and
we prove that it is well defined for closed, oriented (not necessarily connected) codimension-two
surfaces of locally constant multiplicity. Moreover, we prove its I'-convergence with respect to the
flat topology, as s — 17, to the (n — 2)-dimensional Hausdorff measure with multiplicity. Our
study in [CFP24] is robust and suited to be extended naturally to ambient Riemannian manifolds
and to every codimension. In particular, on Riemannian manifolds, our notion is well-defined for
(n — 2)-dimensional oriented boundaries with integer multiplicity, and this is the natural class to
apply min-max methods on ambient Riemannian manifolds.

Compared to their local counterparts, we expect stationary sets for this notion to exhibit
enhanced regularity and compactness properties, much like the codimension-one scenario of the
s-minimal surfaces described above.

1.1.3 The heat kernel on Riemannian manifolds

A central analytic ingredient in the study of nonlocal minimal surfaces on a Riemannian manifold
M is the fractional Laplacian (—A)S/ 2 (that is, the operator which is a fractional power of the
Laplace-Beltrami operator on M), whose definition—unlike its classical counterpart—relies in a
delicate way on global properties of the manifold such as the heat kernel Hj; or the spectrum of
the Laplace-Beltrami operator. We refer the reader to the monographs [Cha84; Dav89; Ros97] for
a classical introduction to the fractional Laplacian from the point of view of spectral theory.

To develop a fine theory in this context, one must simultaneously capture two distinct regimes:
the short-time, local behavior, which should closely approximate the Euclidean heat kernel and
ensures that the heat kernel is, infinitesimally, well-approximated by the Euclidean one; and the
long-time, global behavior, which becomes essential on noncompact manifolds where geometry at
infinity and volume growth can depart significantly from the flat setting.

The history of Gaussian upper bounds (and asymptotics) for the heat kernel Hys(x,y,t) on
manifolds is far from new. Here, with “Gaussian upper bounds,” we mean estimates containing

the factor
o d(z,y)?
«p [ -2 )
P Ct ’

where d(z,y) is the geodesic distance between x and y. The first precise result for short times
under general hypothesis is Varadhan’s asymptotic formula in [Var67], which states that

—4tlog(Hps(x,y,t)) = d(z,y)?, ast — 07T,

For positive times, Gaussian upper bounds were first established by Cheng-Li-Yau for manifolds
of bounded geometry in [CLY81]. In this work, for every A > 4, the authors prove

2
Hul,0) < Ol A 2exp (- U005 e o),

provided the sectional curvature of M is bounded between two constants. If one only assumes a
Ricci curvature lower bound Ric > — K, the Li-Yau parabolic Harnack inequality of [LY86] (see
also [Lil2, Chapter 13]) yields the same estimate and, in many cases, a matching lower bound.
Lastly, Saloff-Coste showed that a volume-doubling condition together with a scale-invariant



Poincaré inequality is both necessary and sufficient for two-sided Gaussian estimates, thus unifying
and extending many preceding results [Sal95; Sal92]. A comprehensive discussion of such pointwise
bounds—and of their interplay with volume growth, parabolic Harnack inequalities, and stochastic
completeness—can be found in Grigor’yan’s survey [Gri99b, Section 5].

In Chapter 3 we carry out a local analysis of the heat kernel for short times, both on closed
and noncompact manifolds, somewhat of a different nature with respect to the classical results
described above, since they do not assume any control on the manifold outside a fixed small
ball. That is, our estimates are uniform with respect to the geometry of the manifold outside a
fixed region. Once a geodesic ball on M (diffeomorphic to an Euclidean ball with quantitative
control) is chosen, our estimates are uniform with respect to the geometry of M outside of this
ball. Consequently, although our analysis is nonlocal, meaning it always depends on the global
geometry of M, even in its localized forms, the estimates we derive depend only on the local
geometry and exhibit uniformity outside this chosen region. This type of control will be essential
for carrying out blow-up procedures, where we will need to argue that the singular kernel of M
related to the fractional Laplacian converges suitably to that of R™.

1.1.4 Noncompact manifolds: how the geometry at infinity affects the asymp-
totics of the fractional Laplacian as s — 0%

The study of the asymptotics as s — 0T of the (relative) fractional perimeter

Per,y(E, Q) = 1// Ixe(@) — xE(Y)| dudy (1.1)
2 JJrr xR\ Qe x Qe

|z —y|"*s

was initiated in [Dip+13], where the authors characterize the quantity lim, ,o+ sPers(E, (),
whenever it exists, for a bounded regular 2 C R™. In the case of a bounded and smooth £ C R",
the limit of the full (that is, (1.1) with Q@ = R™) fractional perimeter

lim sPerg(E) = lim s// dxdy
s—0+ s—0t ExEc ‘.Z‘ - ‘nJrs

can be easily characterized using the Fourier transform and Plancherel’s theorem. Indeed, up to a
dimensional constant, by dominated convergence (see, for example, [DPV12, Proposition 3.4] or
[MS02])

lim, sPer,(F) = lim [ |eGER s = | |TEds = |BL

s—0t

Nevertheless, since

Pers(E, Q) = Perg(E°,Q),

the limit of the relative fractional perimeter cannot be just a volume but has to be a sort of volume
invariant under complementation. For F unbounded (think, for example, of E being a cone), it
turns out that this limit is affected by the tails at infinity of E. In [Dip+13], the authors address
these problems in R™ and completely characterize the limit of the relative fractional perimeter.

Theorem 1.1.4 ([Dip+13]). Suppose that Pers (E,Q) < 400 for some s, € (0,1), and assume
that the following limit exists

1
a(E) := lim S/E\B s dy € [0,wn—1],  wp_1 =H"H(S" ).

s—0t



Then, the limit lim, ,o+ sPerg(E, Q) exists and

lim+ sPerg(E,Q) = (wn—1 — a(E))|EN Q|+ a(E)|E N Q. (1.2)
s—0

Some years later, in [Car+22], the authors characterized this limit for the fractional Gaussian
perimeter in the Gaussian space (R™, (27) "/ 2¢=l=l?/ 2dz). The Gaussian space is a positively curved

(with respect to the Bakry—Emery Ricci tensor) weighted manifold that enjoys the curvature-
dimension condition CD(1,00). We refer the reader to [BGL14, Chapter 2| for a detailed
introduction to this space.

Theorem 1.1.5 ([Car+22]). Let Q@ C R™ be a regular domain and

Pt (2, 0) =3 ] ) xe) (e 9) (i),

be the fractional Gaussian perimeter, where KCqs(x,y) is defined as in (1.4) with on the right-hand
side the heat kernel H., of the Gaussian space and

1 — a2
2

WE dl'

dy(z) =
Suppose that Per] (E,) < 400 for some s, € (0,1). Then

1
lim+ —Perl(E,Q) = v(E)y(E°NQ) +~v(ENQ)y(E°NQ°), (1.3)
5s—0
Remark 1.1.6. Even though it seems that we have normalized the fractional perimeter differently
in the left-hand sides of (1.2) and (1.3), this is only due to the normalization constant s/2 that
we have put in front of the kernel (1.4) in the definition of the fractional Gaussian perimeter.

Interestingly, the limit in the case of the Gaussian space has a different form with respect to
the case of R™. Both the proofs in [Dip+13] and [Car+22] heavily use the fact that, in R and
on the Gaussian space, respectively, the explicit form of the heat kernel is known, and a direct
computation of the limit can be carried out.

In Chapter 6, which describes the results we have obtained in [CG24] jointly with Luca
Gennaioli, we extend both these results by providing a complete characterization of this limit
for essentially every Riemannian and weighted manifold. Our analysis reveals that the behaviors
observed on R” and in the Gaussian space represent the only two possible asymptotic behaviors.
Indeed, the form of the limit depends only on whether the manifold (or the weighted manifold)
has infinite or finite volume.

Furthermore, our results establish a connection between the limit of the relative fractional
perimeter and the existence of bounded harmonic functions on the manifold. In fact, the asymptotic
behavior of the fractional perimeter (and of the fractional Laplacian) turns out to be naturally
related to the geometric properties of the manifold at infinity.

1.2 Main results

The remainder of this introduction is devoted to a detailed description of the main results of the
thesis, some of which have been obtained by the author with colleagues and friends, to whom he
is very grateful.



1.2.1 Fractional Sobolev spaces on Riemannian manifolds

In this section, we describe the results that we have obtained in [CFS24a], jointly written with
Enric Florit-Simon and Joaquim Serra, which will be proved in Chapter 3.

In recent years, there has been significant development in the theory of nonlocal equations.
The simplest example of a nonlocal operator on R"” is the fractional Laplacian

(—A)u(x) = P.V./ Mdy,

ge |z —y[n 2o

where o € (0,1) and u : R" — R. Formally, this corresponds to the o-th power of the usual
Laplacian, and it is, therefore, an operator of order (of differentiation) 20. Another way to look
at it is as the operator arising from the Euler-Lagrange equation of the functional

2
o e :// (@) = u)” 4
[ ]H (R™) S |x7y|n+20

which involves a fractional Sobolev energy term. There are precise multiplicative constants that
one should put in front of these objects, which will be given later, but we will omit them in this
introduction for the sake of exposition.

In Chapter 3 we address how the fractional Sobolev space H?(M) = W2?(M) and the
associated fractional Laplacian on M have a natural, canonical interpretation in the case where
M is a closed Riemannian manifold. We provide several definitions for these objects and show
them to be identical, which justifies their canonical nature. Moreover, we obtain fundamental
properties for these objects thanks to a deeper study of their different definitions.

Let (M, g) be an n-dimensional, closed Riemannian manifold, with n > 2. For convenience
and consistency throughout the work, we put o = s/2, where s € (0,2). Let us start by giving the
definition of the fractional Sobolev seminorm H*/?(M). The H*/?(M) seminorm can be defined
in at least three equivalent ways:

(i) Using the heat kernel Hys(p,q,t) of M, we can put

K)oy [ Harat) s (1.4

and then define

207501 //MxM (@)K (p. q) dVydVy.

(1) Following a spectral approach, we can set

32y = D0 A s @120

k>1

where {¢}x is an orthonormal basis of eigenfunctions of the Laplace-Beltrami operator
(—Ay) and {)\k}k are the corresponding eigenvalues. For s = 2 this immediately recovers
the usual [u]?,, (v) Seminorm.

(7i1) Considering a Caffarelli-Silvestre type extension (cf. [CS07; BGS15]). Namely, a degenerate-



harmonic extension problem in one extra dimension, we can set
[u]zs/Q(M) = inf {// 25 |\VU (p, 2))? dVpdz s.t. U(z,0) = u(:L‘)} :
MXR+

Here V denotes the Riemannian gradient of the manifold M= M x (0, 00), with respect to
the natural product metric g = g + dz ® dz, and the infimum is taken over all U belonging
to a suitable weighted Hilbert space H'(M) (see Definition 3.2.3 for more details).

One of our main results is the following.

Theorem 1.2.1. The definitions (i), (ii), (iii) above coincide. That is to say, one of them
is finite if and only if the other two are finite, and in this case, their values coincide.

Definition (i) will allow us to control precisely the behaviour of the fractional Sobolev energy.
See, for example, Lemma 3.4.17 and Corollary 3.4.18, which show that the fractional Sobolev
energy is smooth with quantitative bounds under inner variations. For that, we will give precise
quantitative estimates for the kernel Ks(p, q¢) (defined in (1.4)) and its derivatives, depending only
on local quantities. In particular, we will show that it is comparable to d(p, q)*(”“’) if p and ¢
are contained in a Riemannian ball with controlled geometry. We recall that ICs(p, ¢) reduces to
|z — y|~(™*%) in the case M = R™ (up to a constant factor).

The estimates for s will follow from the corresponding estimates for the heat kernel H)y,.
Although somewhat standard in flavor, they are hard to find in the literature with this level of
precision and generality, and we give an almost entirely self-contained account that we believe to
be of independent interest. Moreover, our local estimates on the heat kernel hold for a general
complete Riemannian manifold, without any control on the geometry of the manifold at infinity.

However, for reasons that will be clear in Chapter 3, these precise results are very technical
and have many slightly different hypotheses. For this reason, the author believes that it would be
pointless to list here the exact statements of all estimates on Hjy; and K. In the following table,
we give an overview of the estimates for the heat kernel Hy; and the singular kernel IC; that we
have obtained in [CFS24a] and are described in Chapter 3. In particular, the reader is advised
to consult Theorem 3.4.6, which records several of the main results for K, including an explicit
asymptotic expansion for short distances.

Heat kernel H),

Singular kernel K

Global comparability with
(R™, g) with a general metric

Lemma 3.4.7

Lemma 3.4.7

Short distance comparability

Lemma 3.4.8, Lemma 3.4.11

Lemma 3.4.13

Long distance estimates

Lemma 3.4.9, Lemma 3.4.10

Theorem 3.4.6, Lemma 3.4.14

Precise asymptotics

Proposition 3.4.12

Theorem 3.4.6
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The extension and the monotonicity formula

The extension definition (i77) will be used to give a monotonicity formula for stationary points u
of semilinear elliptic functionals, that is, of functionals of the form

E() = Wi an) + /M F(v)dV, (1.5)
under the assumption that F' > 0. More precisely, u needs only to be stationary for £(v) under
inner variations; in particular, setting F' = 0 will give a monotonicity formula for nonlocal
s-minimal surfaces, which we will define in a moment. Up to now, the result was known on R™ by
[CRS10], [CC14], and [MSW19].

The general monotonicity formula we obtain is the following (see Section 3.2.1 for the precise
definitions and notation).

Theorem 1.2.2 (Monotonicity formula). Let M be an n-dimensional, closed Riemannian
manifold. Let s € (0,2) and € be as in (1.5), where F is any smooth nonnegative function.
Let u: M — R be stationary for € under inner variations, meaning that £(u) < oo and for
any smooth vector field X on M there holds %‘t:og(u o) =0, where ¥ is the flow of

X at time t. For (p.,0) € M and R > 0 define

®(R) := Rj_s (258 /~ X ZSIVU P dVdz + / F(u) dv>,
BR(pOaO) BR(po)

where U is the unique solution given by Theorem 3.2.4. Then, there ezist constants C = C(n)
and Rmax = Rmax(M,po) > 0 with the following property: whenever Ry < Rpyax and K is
an upper bound for all the sectional curvatures of M in Br,(po), then

R~ @(R)ec\/?R is non-decreasing for R < R.,
and the inequality

20, s & -
q)/(R) > —Cv K(I)(R) oy nserl/ F(U) dV + nﬁfs / . Zl S<VU, Vd>2 do
R Br(po) R Jor B we.0)

holds for all R < R, with d(-) = dg((po,0), -) the distance function on M.

Moreover, in the particular case where M =R"™, F =0, s € (0,1), and uw = xXg — XEge S a
stationary set for the fractional s-perimeter, there holds

205

®'(R) =
(B) = s

/ Z15(VU, Vd)? dedz > 0,
0+ B (po,0)

which shows that ® is nondecreasing and that it is constant if and only if E is a cone.

Remark 1.2.3. It will follow from the proof that the radius Rmax in Theorem 1.2.2 can be taken
to be Ryax = injy (po)/4. Moreover, since M is compact Rpyax s uniformly bounded below as
Riax(M,po) > inj,, /4, for all po € M.
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1.2.2 Yau’s conjecture for nonlocal minimal surfaces

In this section, we describe the results that we have obtained in [CFS24b], jointly written with
Enric Florit-Simon and Joaquim Serra, which will be proved in detail in Chapter 4.

In [CFS24b] we introduce nonlocal minimal (hyper)surfaces—in the spirit of Caffarelli, Roque-
joffre and Savin [CRS10]—on closed Riemannian manifolds and we develop their existence and
regularity theory. A main purpose of the work [CFS24b] is to prove that nonlocal minimal surfaces
are an ideal class of objects on which to apply min-max methods (as they seem to prevent almost
every pathology that arises for classical minimal surfaces, such as multiplicity and loss of topology),
as well as to approximate classical minimal surfaces.

On this second point, let us emphasize that nonlocal minimal surfaces approximate classical
minimal surfaces as the fractional parameter s € (0,1) converges to 1. The recent results in
[Cha+23] show, among other things, uniform curvature estimates and optimal sheet separation
(of order y/1 — s) for stable nonlocal s-minimal surfaces in a three-dimensional Euclidean setting
as s — 1, which implies their multisheeted convergence towards smooth classical minimal surfaces.
Based on the ideas in [Cha+23], recently Florit-Simon in [Flo24] was able to send s — 1 for the
surfaces we construct in [CFS24b] and recover the classical Yau conjecture for generic metrics.
Moreover, sending s — 1, the author in [Flo24] recovers many other classical results in this field.
For example, the author obtains a new proof (in dimension n = 3) for the Weyl law for the volume
spectrum of [LMN18], and the existence, density, and equidistribution of (infinitely many) minimal
surfaces of [IMN18; MNS19].

This leaves no doubt that existence results for fractional minimal surfaces can be passed to
the limit to recover the ones for classical minimal surfaces. This method resembles in some ways
the Allen-Cahn approximation in [Gual8; GG18; GG19; CM20], but presents several advantages
(some of which are discussed in [Cha+23], and some of which will become evident in this work).

We obtain surprisingly strong estimates for finite Morse index nonlocal minimal surfaces that
do not hold for classical minimal surfaces. These estimates confer finite Morse index nonlocal
minimal surfaces exceptional compactness and regularity properties, thanks to which we establish
far-reaching existence and regularity results, including a nonlocal analog of Yau’s conjecture on the
existence of infinitely many minimal (geometrically distinct) minimal surfaces on three-manifolds.
Let us give a quick selection/highlights of our results here:

(i) Any closed manifold of dimension n > 3 contains infinitely many nonlocal minimal (hy-
per)surfaces (i.e., the nonlocal analog of Yau’s conjecture holds). More precisely, given
s € (0,1), for every p € N there exists an s-minimal surface with Morse index < p and
fractional perimeter comparable to p*/™. These surfaces are smooth in low dimensions and
smooth away from a closed lower-dimensional set in every dimension. We stress that our
result holds for every metric and not just generic ones.

(ii) For n € {3,4} and s € (0, 1) sufficiently close to 1 (the limit case s = 1 formally corresponds
to classical minimal surfaces), the following holds:

— Any smooth (embedded) s-minimal hypersurface of finite Morse index in R™ must be a
hyperplane.

— In a closed n-dimensional manifold M", any sequence of smooth s-minimal surfaces
with uniformly bounded Morse index automatically satisfies uniform curvature and
sheet separation estimates. As a consequence, any such sequence has a subsequence
that converges smoothly and with multiplicity one to a (smooth) submanifold. In
particular, if all the elements of the sequence are homeomorphic to the same topological
space X then the limit is also homeomorphic to X.



12

Thanks to their exceptional compactness and regularity properties, Morse theory for nonlocal
minimal surfaces is in some sense as “flawless” as finite-dimensional Morse theory, at least from the
functional analysis (i.e., compactness) perspective. It goes without saying that this is in remarkable
contrast to the situation for classical minimal surfaces with respect to the area functional.

Since we believe that our work may be of interest to readers without prior knowledge of
nonlocal elliptic equations, we aim to provide an accessible and largely self-contained presentation
in Chapter 4. Moreover, we have spared no effort in making our proofs as efficient as possible.

One of our main results establishes the existence of infinitely many s-minimal surfaces on
every closed manifold.

Theorem 1.2.4 (Fractional Yau-type result). Let (M",g) be an n-dimensional, closed
Riemannian manifold, with n > 2. Fix so € (0,1) and let s € (so,1). Then, for every
integer p > 1, there exists an s-minimal surface X¥ = OE® with Morse index at most p and
fractional perimeter

C1p3/m < (1 — s)Pery(EF) < Cp*/™,

for some C' = C(M, sg) > 1. In particular, M contains infinitely many s-minimal surfaces.
Moreover, these surfaces are viscosity solutions to the NMS (i.e., Nonlocal Minimal Sur-
face) equation (see Proposition 4.3.1), and satisfy the structural properties (1.7)-(1.8) in
Proposition 1.2.17.

The regularity of the constructed surfaces depends on the classification of stable s-minimal
cones (an open subset £ C R” is said to be a cone if E is an open set and A\E = E for all A > 0).

Definition 1.2.5. Given s € (0, 1), we define the critical dimension n; as the minimum dimension
n > 3 such that there exists a smooth and stable s-minimal cone in R™ \ {0} which is not a
hyperplane.

By [CCS20] and [Cha+23], n} > 5 for all s € (sg, 1], where sp € (0,1) is a universal constant.
It is conjectured that, in fact, n; = 8 for all s sufficiently close to 1. For n = 8, the Simons cone
E = {2} + 23+ 23+ 25 < 22 + 22 + 2% + 23} C R®, which is a minimizer in the classical case
s =1, is easily shown to be stable for all s € (sg, 1), for some sy < 1 sufficiently close to 1, so that

n% < 8 in this case®.

We now state a regularity result for these surfaces, which will be proved in Section 4.5.

Theorem 1.2.6 (Size of the singular set). For n > 3, the surfaces {¥P}pen of Theorem
1.2.4 are smooth submanifolds outside of a closed set sing(XP) of Hausdorff dimension at
most n —nk. In particular, sing(XP) = @ if n < n’ (and this holds for n = 3,4 and s close
to 1, since n} >5). Moreover, in the case n = n the set sing(3F) is discrete.

The surfaces in Theorem 1.2.4 will be constructed as limits as ¢ — 07 of solutions to the
fractional Allen-Cahn equation on M. We emphasize that—in sharp contrast to the case of
classical minimal surfaces—the Allen-Cahn approximation does not really play a crucial role in
our construction. We use it so that we are able to apply standard min-max existence results of
critical points (like those in the book by Ghoussoub [Gho93]). What really makes our construction
easier, in comparison with the classical case s = 1, are the very strong a priori estimates satisfied

"More generally, the natural generalization of the Simons cone to higher (even) n has been shown in [FS20a] to
be stable in dimension n > 14 for any s € (0,1). In particular, n; < 14 for any s € (0, 1), and the definition of nj
as a minimum is justified.
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by finite Morse index s-minimal surfaces for s < 1; see Remark 1.2.10. The corresponding analog
estimates are satisfied by Allen-Cahn solutions with bounded index, which allows us to send € — 0
without difficulty. In contrast, in the classical case, this passage to the limit is really delicate: one
is forced to use varifold convergence, and then multiplicity and neck-pinching situations need to be
ruled out. This requires generic metric assumption and has only been done for n = 3 in [CM20].

For 3 < n < n}, we prove a strong regularity and separation result for s-minimal surfaces,
which are limits of Allen-Cahn solutions with bounded index (as in our case), and which will be

proved in Section 4.5.4.

Definition 1.2.7 (Family of Allen-Cahn limits). A surface ¥ C M is said to belong to the class
A (M) if ¥ = OF and there ezists a sequence of functions uj : M — (—1,1) which are solutions
to the Allen-Cahn equation (2.7) on M, with Morse index m(u;) < m for all j, and parameters
g; — 0, such that uj — ug := xg — Xge in L'(M).

Theorem 1.2.8 (Uniform regularity and separation). Let s € (0,1) and 3 <n < n}. Let
(M™, g) be an n-dimensional, closed Riemannian manifold satisfying the flatness assumption
FA3(M,g,p,1,p) around p (see Definition 3.4.1). Assume that OF € A, (M).

Then OF is a CY® hypersurface for some o € (0, 1), with uniform regularity and separation
estimates around p. That is, there exists a radius R = R(n,s,m) > 0 such that, after a
rotation, 4,0_1(3E)ﬂ(8271(0)>< [—R, R]) is the graph of a single function f : By H(0)x{0} —
[—R, R] inside the chart, and

”f”cl,a(Bgflx{O}) < C(n,s,m).

As an immediate application of Theorem (1.2.8) and Arzela-Ascoli Theorem we obtain:

Corollary 1.2.9. Let (M",g) be a closed Riemannian manifold, and let s € (0,1) and
3 <n < n}. Then, every sequence ¥y = OEy € Ay, (M) admits a subsequence converging in
C' to some Yuo. In particular, if all elements Xy, of the sequence are homeomorphic to the
same topological space X, then the limit X is also homeomorphic to X.

We now make an important remark.

Remark 1.2.10. Define the class A.,(M) consisting of surfaces ¥ = OE C M such that there
exists a sequence of s-minimal surfaces ¥; = OF; of class C?, with Morse index at most m for all
J, such that E; — E in LY(M). Then, the result of Theorem 1.2.8 would also hold for surfaces in
AL (M) (and in particular for surfaces which are a priori known to be C2), with a similar proof
but with several technical modifications.

We conclude this section with a technical remark about dimension n = 2, which can be skipped
on a first reading.

Remark 1.2.11. In dimension n = 2, the analogous reqularity result to n € {3,4} does not hold
in general, and the surfaces of Theorem 1.2.4 can be singular. Indeed, for n = 2, the tangent cones
to the sets in Ap (M) can be nontrivial, and this cannot be ruled out. For example (compare with
Definition 1.2.5 of the critical dimension), for n = 2 the cross {xy > 0} C R? is an s-minimal
surface in the plane that is expected to be stable in R\ {0} for s close to 1. This is in accordance
with the classical case of the area, as min-mazx solutions to the Allen-Cahn equation on surfaces
produce (in general) smooth immersed geodesics; see the introduction of [MSS24] for a discussion
on the singularities developed by min-max methods on surfaces.
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However, for n = 2 and s close to 0, it follows from our Theorem 1.2.20 that nonlocal
phenomena prevent the existence of such nontrivial tangent cones that are stable in R? \ {0}. In
particular, for n =2 and s close to 0, this implies that the s-minimal surfaces given by Theorem
1.2.4 are smooth and are a finite union of closed embedded curves. We refer to Section 1.2.4 for
more details.

In the range s close to 1 and n = 2, the same regularity result to n € {3,4} would hold for
limits of stable solutions of the fractional Allen-Cahn equation (or for stable s-minimal surfaces
that are of class C?). Instead of arguing using the classification of stable cones smooth outside the
origin, which is not true for n = 2 as we discussed above, one would argue that Lemma 4.5.16 is
also true in the case when n =2 and E C R? is a cone which is the limit of stable Allen-Cahn
solutions. Indeed, for n > 3 the extra dimensions in the proof of Lemma 4.5.16 are essentially
used to reduce to the case of almost stability (see Definition 4.2.1) in a ball centered on the spine
of the cone. For n = 2, if we assume stability in the first place, the proof still goes through.

Existence of min-max solutions to Allen-Cahn

In Section 4.1.1, we exhibit in a simple manner the existence of critical points of the Allen-Cahn
energy (2.6) on M, employing a min-max theorem as in [GG18]. Then, we prove lower and upper
bounds for the energies of the constructed solutions. The complete statement of our result is the
following.

Theorem 1.2.12 (Existence of min-max Allen-Cahn solutions). Let (M™,g) be an n-
dimensional, closed Riemannian manifold, and fiz sy € (0,1). Let p > 1 be a natural
number (the number of min-mazx parameters) and s € (so,1). Then, there exists ¢, > 0
(depending also on M and s) such that for all € € (0,¢y), there exists a solution uey to
the Allen-Cahn equation (2.7) on M with Morse index m(ucy) < p. Moreover, there exists
C > 1 depending only on M and sg such that

Cps/m < (1 — 5) €5 (uep) < Op*/™. (1.6)

After proving this result, our main goal will be to show that, for fixed p, as € — 0 a subsequence
of the u., converges in a strong sense to a fractional minimal surface ¥* = JEP C M, meaning in
particular that

Per,(EP) = lim £ (ueyp) -
(BP) = lim £57 (uey)

Together with the bound given by (1.6), we get for every p € N a fractional minimal surface
»P = QEP with fractional perimeter Pery(EP) ~ p*/™. This perimeter growth shows that the family
of surfaces {¥P},cn necessarily forms an infinite set, thus proving the fractional Yau’s conjecture.

For this reason, a large part of Chapter 4 is devoted to studying the properties of solutions to
the Allen-Cahn equation with a uniform upper bound on their Morse index.

Estimates for finite Morse index solutions to Allen-Cahn

In Section 4.2, we prove several estimates for finite Morse index solutions to the Allen-Cahn
equation. In order to quantify the dependence of the constants in the estimates on the geometry
of the ambient manifold precisely, the notion of “local flatness assumption” will be very useful
(this quantification will be important when we perform blow-up arguments). We will precisely
introduce this notion in Definition 3.4.1.

Here, as in the rest of the thesis, Br(0) denotes the Euclidean ball of radius R centered at
0 € R", and Br(p) denotes the metric ball on M of radius R and center p € M.
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One of the main results of this thesis is the following estimate, to be proved in Section 4.2.3.

Theorem 1.2.13 (BV estimate). Let M be a closed n-dimensional Riemannian manifold for
which FAo(M, g, R, p, ) holds—see Definition 3.4.1. Let s € (0,1) and u : Br(p) — (—1,1)
be a solution of the Allen-Cahn equation (2.7) in Br(p) C M with parameter ¢, and with
Morse index mp,(u) < m. Then

/ |Vu|dz < CR™!,
Bgry2(p)

for some C = C(n,s,m) > 0 independent of €.

Remark 1.2.14. Our proof of Theorem 1.2.183 gives a control on the behavior of the constant
C(n,s,m) as s T 1. More precisely, for fized s, € (0,1) we have C(n,s,m) < C(n,s.,m)/(1 —s)
for all s € (so,1). In view of the results from [Cha+23], the sharp asymptotic for s close to 1 is
expected to be C(n,s,m) < C(n, so,m)/(1 — s)'/2. See also the example in Section 2.2.3.

Another important result is a bound on the Sobolev and Potential parts of the energies,
obtained in Section 4.2.4.

Theorem 1.2.15 (Energy estimate). Let u : M — (—1,1) be a solution of (2.7) in Br(p) C
M with parameter € and Morse index mp, ) (u) < m. Suppose that FAa(M, g, R,p, ¢)
holds —see Definition 3.4.1. Then

and there exists eg = €o(n, s, m) such that for e < g

Pot £\# n—s
< C(F) B

where C' = C(n, s, m) and 5 := min (12;3, s) > 0.

In Section 4.2.4 we prove the following result, which will give, among other things, that the
level sets of Allen-Cahn solutions converge to the limit (hyper)surfaces in the Hausdorff distance

of sets.

Proposition 1.2.16 (Density estimates). Let v : M — (—1,1) be a solution of (2.7) in
Br(p) C M with Morse index mp, ) (u) < m, and suppose that FAa(M, g, R,p, @) holds
—see Definition 3.4.1. Then, there exist positive constants wg, Coy and €g, depending only on
n, s, and m, such that the following holds: whenever e < g, R > Cpe and

R"/ 114+ ue| < wp respectively, R"/ 11— ue| <wp |,
Br(p) Br(p)

then

{u€ > _%} N Br/2(p) = @ <respectively, {ug < %} N Brya(p) = @>-
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Convergence results

In Section 4.3, the estimates we have just stated are used to show the convergence, as ¢ — 0,
of solutions of (2.7) to a limit interface. The precise statement of our convergence result is the
following.

Theorem 1.2.17. (Convergence to interface as ¢ — 0). Fiz s € (0,1). Let uc; be a
sequence of solutions of (2.7) on M with parameters €; — 0 and Morse index m(ue;) < m.
Then, there exist a subsequence, still denoted by ue,, and a nonlocal s-minimal surface
Y. = OF with Morse index at most m, such that

Hs/2
Ue;, — Ug = XE — XE°-

In particular S?fb(usj) — Perg(E) = E52°(ug) and EN(ue,) = 0 = EFP(uo).

In addition, up to changing E on a set of measure zero, we have

int(E) 2 {p eM : lirﬁ%nf% - 1}, (1.7)

o O ENB, ()| _
M\E 2 {peM lim sup 7 _0},

Yy = {pEM:%E[(S,l—&] Vre (0,7p), forsomerp>0}, (1.8)

where 6 = 0(n,s,m) < 1 and ¥ = OF represents the topological boundary of E. Moreover,
for all given ¢ € (—1,1)

dH({qu ZC},E)%O, asj—>oo,

where dyp denotes the standard Hausdorff distance between subsets of M .

As explained in Section 1.2.2, this result combined with Theorem 1.2.12 will give Theorem
1.2.4.

Regularity in low dimensions

Sections 4.5.1-4.5.5 are devoted to proving the uniform regularity and separation estimate in low
dimensions of Theorem 1.2.8, as well as the result of Theorem 1.2.6 on the size of the singular set
in higher dimensions.

First, Sections 4.5.1 and 4.5.2 define and describe the properties of blow-ups of s-minimal
surfaces, in particular when they are the limits of Allen-Cahn solutions with bounded index.

Then, in Section 4.5.3 it is shown that such blow-ups converge to a single hyperplane in R™,
under the assumption that stable s-minimal cones in R™ are flat; that is, when n < n} is less than
the critical dimension of Definition 1.2.5. This classification result for blow-ups is used in Section
4.5.4 to prove Theorem 1.2.8. The proof is done by a blow-up and contradiction strategy to show
that the surfaces are flat at some fixed scale, and an improvement of flatness theorem? which
holds for all nonlocal minimal surfaces which are viscosity solutions of the zero nonlocal mean
curvature equation, a criticality condition much weaker than minimality.

>This improvement of flatness theorem was proved on R™ in the seminal article [CRS10] which first defined
nonlocal minimal surfaces, and the version of it on manifolds has been recently proved in [Moy25].
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Finally, a dimension-reduction argument combined with the previous strategy allows to prove
Theorem 1.2.6 for all n.

Bernstein and De Giorgi type results

Section 4.5.6 establishes the validity of the “finite Morse index versions” of the nonlocal De Giorgi
and Bernstein conjectures, once again under the assumption of the classification of stable cones.
This represents a remarkable departure from the behavior of classical minimal surfaces and of
solutions to the classical (local) Allen-Cahn equation with a bounded index.

The proof of both results uses the same strategy as the proof, in Section 4.5.3, of the fact that
blow-up limits of s-minimal surfaces satisfying a certain list of properties, which are in particular
satisfied by limits of Allen-Cahn, need to be half-spaces.

The Bernstein conjecture (today theorem) states that graphical complete minimal hypersurfaces
must be hyperplanes in low dimensions. See [Alm66; Berl5; CL24; CP79; FS80; Pog81; Sim68)
for related generalizations to the classes of minimizing and stable hypersurfaces.

In Section 4.5.6 we establish the following.

Theorem 1.2.18 (Finite index nonlocal Bernstein). Let s € (0,1) and 3 < n < n%, where

nk is the critical dimension (see Definition 1.2.5).

Then, any finite Morse index s-minimal surface in R™ of class C? is a half-space.

Under the assumption of stability (Morse index zero) the previous theorem was established in
[CCS21] and in the case of minimizers if follows from [CRS10].

The De Giorgi conjecture is a famous related statement about certain entire solutions to the
Allen-Cahn equation being one-dimensional or equivalently about their level sets being hyperplanes
in low dimensions. See [AACO01; AC00; FS20b; GG98; Sav09; CCS21] for related previous results
in the minimizing and stable cases.

In Section 4.5.6, we also show:

Theorem 1.2.19 (Finite index nonlocal De Giorgi). Let s € (0,1) and 3 < n < n}, where

nk is the critical dimension (see Definition 1.2.5).

Then, every finite Morse index solution u of (—A)*/?u + W'(u) = 0 in R™ is a 1D layer
solution, namely, u(x) = ¢(e-x) for some e € S*~! and increasing function ¢ : R — (—1,1).

Under the assumption of stability (Morse index zero), the previous theorem was established in
[CCS21], and for minimizers, it followed from [CRS10; DSV20].

1.2.3 A classification result for stable s-minimal cones in the plane

This section describes the results obtained in [Cas25], which will be proved in Chapter 5, where
we show that for s close to zero, half-planes are the only s-minimal cones in R? that are stable
in R2\ {0}. Here, by an s-minimal cone, we mean an open cone E C R? that is an s-minimal
surface (that is, a stationary set for the s-perimeter under inner variations; see Definition 2.2.5).

This result is purely nonlocal since it is in direct contrast with both the classical case (formally
s = 1) and the regime where s is close to 1, where the cross X = {xy > 0} is a nontrivial (i.e., not
a half-plane) stationary cone in the plane that is expected to be stable for inner variations, in any
reasonable sense.
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Nevertheless, for s close to zero, the cross X is unstable in R? \ {0}, and has infinite index by
Corollary 1.2.21. Our proof relies on the behavior of the best constant in Hardy’s inequality for
the H?(R) seminorm as o | 1/2.

Classification results for s-minimal cones in R™ have been previously proved in different ranges
of s and n and with various hypotheses on the cone, such as minimality in compact subsets or
stability. Before stating the main result in [Cas25] precisely, let us recall the previous literature on
this problem. Even though slightly different notions of stability have been used in the literature—
see Subsection 5.1.1 for a complete discussion about this—the known classification results for
s-minimal cones in R™ can be summarized as follows.

The table below has to be read in this way: for a cone E C R", the hypotheses in each row
imply that E is a half-space.

Class of cones: Range of s:
[SV13a; SV13b] | Minimizing in R? Vse (0,1)
[CSV19] Stable by rearrangements®in R? Vs e (0,1)
[CCS20] Stable and smooth in R\ {0} s close to 1
[Cha-+23] Stable and smooth in R*\ {0} s close to 1
[CV13] Minimizing in R”, for 2<n <7 | s close to 1

Let us stress that the results in [SV13a; SV13b] provide, for all s € (0,1), the classification
of cones in R? minimizing the s-perimeter in compact sets, in accordance with the classical case.
These results do not imply that stable s-minimal cones in R? are flat. In fact, for the notion of
stability that we consider in this work (Definition 2.2.10 below), which is the most natural one
induced by inner variations and also used in similar contexts like stationary varifolds, this fact is
not even believed to be true for all s € (0, 1). Indeed, for inner variations, the cross X is expected
to be a stable s-minimal cone in R? for s close to 1, again in accordance with the classical case.

For s close to zero, the situation could differ from that of the classical perimeter. For example,
in [DPW18, Theorem 4], for s close to zero, the authors construct a non-flat s-minimal cone in R”
that is smooth and stable in R” \ {0}. This is in contrast with the case of the classical perimeter
since, by a celebrated result by Simons [Sim68], for 3 < n < 7, the only cones in R™ that are
smooth and stable in R™ \ {0} are the hyperplanes. We refer to [Che69, Chapter 9] for a simplified
exposition of Simons’ result and to [CG18, Theorem 1.16] for a modern presentation.

In [Cas25], for small s, we proved the first classification result for stable s-minimal cones in
R?\ {0} in direct contrast with the case of the classical perimeter or the regime s close to 1. The
precise statement of our main result is as follows.

Theorem 1.2.20. There exists s, € (0,1/2) with the following property. Let s € (0, so)
and E C R? be an s-minimal cone stable in R%\ {0} (see Definition 2.2.10). Then E is a
half-plane.

Moreover, using the fact that s-minimal cones with finite Morse index outside the origin are
stable outside the origin (which is a trivial observation in the classical case of the perimeter, but

3The notion of stability by rearrangements, which is Definition A in Subsection 5.1.1, is an ad-hoc notion of
stability developed to get rid of cross-like singularities directly from the definition.
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not entirely trivial for s-minimal cones), we deduce that the conclusion of Theorem 1.2.20 also
holds for cones of finite Morse index.

Corollary 1.2.21. The classification of Theorem 1.2.20 holds for s-minimal cones of finite
Morse index in R?\ {0} (see Definition 2.2.13).

Here and in the rest of this thsis, by finite Morse index, we mean with respect to the notion
Definition 2.2.13 introduced in [CEFS24b; Flo24].

1.2.4 Min-max curves and model singularities

On a closed Riemannian manifold (M™, g), the volume spectrum, introduced by Gromov, is a
sequence of geometric invariants {wy,(M, g) }pen called p-widths, which can be thought of as a
nonlinear analog of the spectrum of the Laplacian. We refer to [MSS24, Section 2.2] or [CM23,
Section 2] for the precise definition of the p-widths. These p-widths play a crucial role in the theory
of minimal hypersurfaces. In ambient dimension 3 < n < 7, each p-width equals the weighted
area of the union of disjoint, connected, smooth, closed, embedded minimal hypersurfaces. These
hypersurfaces can be chosen to satisfy a bound on their Morse index, meaning that the sum of
the Morse indices of the connected components is at most p.

For n = 2, the situation is different as min-max methods on surfaces typically only produce
stationary geodesic networks with regular support up to finitely many points (e.g., [Pit74]), making
the standard index control techniques ineffective. In this direction, Chodosh and Mantoulidis
recently achieved a significant breakthrough in [CM23], showing that on surfaces, the p-widths
are achieved by finite unions of closed immersed geodesics rather than simply geodesic nets.

In the case of geodesics on surfaces, the regularity of these objects cannot be improved, meaning
that even for generic metrics, the min-max scheme will produce immersed geodesics that are not
embedded. At every self-intersection point, the tangent cone to these geodesics consists of a finite
union of distinct lines intersecting transversely, which cannot be ruled out.

On the other hand, in this case of ambient dimension two, these multiple-junction model
singularities (where the tangent cone consists of a finite union of distinct lines) are the only
obstruction to the complete regularity of these geodesic nets arising from a min-max scheme. If
one knew that there are no points of multiple junctions, then the net would be a finite union
of disjoint, closed, embedded geodesics. This is even true in higher dimensions under suitable
hypotheses. Indeed, by a deep result by Wickramasekera [Wicl4], for 3 < n < 7, any stationary,
stable on its regular part codimension 1 varifold without multiple-junctions is smooth (to say, it is
supported on a finite union of disjoint, smooth, embedded, connected hypersurfaces).

Let us now turn to the implications of this work to “fractional geodesics”. Recall that, similarly
to the terminology used for sets of finite perimeter (e.g., [Magl2, Part I1]), an s-minimal surface
is, to be precise, a set E C M with finite s-perimeter and zero first variation (Definition 2.2.5
below). Nevertheless, with a bit of abuse of the notion, we often refer to just its boundary JF as
“the” surface, which is a codimension one object.

The main result of this section—that is Theorem 1.2.20—together with the ones in sections
4.5.1-4.5.5 (see also Remark 1.2.11), implies that the situation for the fractional analog of the
volume spectrum is, for s small and n = 2, drastically different from the classical one of geodesics.
We refer to Chapter 4 and [Flo24] for the precise definition of the fractional widths {, (M, g)}pen
and for the proof that these are indeed attained by s-minimal surfaces E; with Morse index at
most p on M, in the sense of Definition 2.2.13 above. Moreover, by Proposition 4.3.1, these
surfaces are slightly more than stationary for inner variations: they are viscosity solutions of the
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NMS (i.e., Nonlocal Minimal Surface) equation.

Since having Morse index at most p is a property that is stable under blow-up, by the
monotonicity formula for s-minimal surfaces (see Theorem 1.2.2 or [MSW19, Lemma 6.2]) and
the BV estimate in the finite Morse index case [Flo24, Theorem 5.4] we have that, for every
r € OE;, any blow-up of E; around z is a cone in R" of finite Morse index in R" \ {0}. Thus, if
the ambient Riemannian manifold is two-dimensional and s € (0, s,), where s, is the constant
of Theorem 1.2.20, every such cone is a half-plane. This fact, together with the improvement of
flatness theorem for viscosity solutions of the NMS equation in [CRS10] (see also Theorem 4.5.14),
implies that dE; has a unique flat tangent cone at every point. Then, one can deduce that OE} is
smooth by arguing exactly as in the proof of Theorem 1.2.8. We refer the reader to Section 4.5
for all the details regarding this blow-up procedure.

Hence, our classification result, Theorem 1.2.20, implies the following.

Theorem 1.2.22. Let (M?,g) be a Riemannian surface and s € (0, s,), where s, is the
one given by Theorem 1.2.20. Then the fractional widths {{s,(M?, g)}pen are attained by
smooth s-minimal surfaces, which are a finite union of smooth embedded curves.

1.2.5 Asymptotics as s — 0" of the fractional perimeter on Riemannian mani-
folds

In this section, we present the results obtained in [CG24], jointly written with Luca Gennaioli,
which will be the content of Chapter 6.

In this work, we completely describe the limiting behavior of the relative fractional perimeter
on (essentially) any Riemannian or weighted manifold, showing that only two asymptotic regimes
can occur: the Euclidean-type limit for infinite-volume manifolds and the Gaussian-type limit for
finite-volume ones. We refer to Section 1.1.4 for more details on the literature on this problem.

Moreover, our work reveals a link between the limiting asymptotics of the relative fractional
perimeter as s — 07 and the existence of bounded harmonic functions on the manifold.

Infinite volume asymptotics

Given a set £ C M, our analysis is based on the study of the following quantity

0r(p) ;== lim Ks(z,p)du(x), (1.9)
507 JE\Br(p)
where
K )-—3/2/0011( -t (1.10)
S:L"y A F(1—8/2) 0 Mmayv t1+s/27 ‘

and H)s is the heat kernel of M as described in Section 2.1. The quantity analogous to (1.9) on
R™ was previously studied in [Dip+13], where the authors deal with the study of the fractional
s-perimeter as s — 0. In the case of M = R", the limit in (1.9) does not depend on p (whenever
it exists); therefore, 0 is a constant function.

One of the main observations of this work is that 6g is always a harmonic function on M,
with values in [0, 1], and in general can be nonconstant if M does not satisfy the L*-Liouville
property (see Definition 6.1.2). Moreover, for E' = M, the function 6y, encodes the asymptotics
of the fractional Laplacian as s — 0" on every complete (M, g) (see Theorem 1.2.25).

The precise statement is as follows.
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Theorem 1.2.23. Let (M, g) be a complete Riemannian manifold with p(M) = 400, and
let E C M be a measurable set. Then

(i) If for some R > 0 and every p € M, the following limit exists
0g(p) := lim Ks(z,p)dp(x) € [0,1], (1.11)
520" JE\BR(p)

then it is independent of the choice of R, and 0 : M — [0,1] is a bounded harmonic
function on M.

(i) For R >0 and p € M the limit (1.11) with E = M always ezists, does not depend on
the choice of R, and equals

Op(p) = lim /M Hyr(p,x,t)du(z) . (1.12)

t—o0

In particular, we see that 6, : M — [0, 1] is always a bounded harmonic function on M.

Remark 1.2.24. Unless otherwise stated, when we will say “assume Og exists” we intend that
the limit in (1.11) exists for some (thus any) R > 0 and every p € M. As we will prove in Lemma
6.2.5 if M has the L>-Liouville property and Og(p) exists for some p € M then, it exists for all
q € M and the values coincide. Let us stress that, on manifolds with L°°-Liouville property, the
limit does not need to exist, but if it does not exist at some point, then it does not exist everywhere.
For example, even on R™ in [Dip+13, Example 2.8/, the authors exhibit a set for which the limit
Op(x) does not exist at every point x € R™. On the other hand, on a general M without the
L*°-Liouwville property, we believe that Og(-) could exist for some p € M and fail to exist for some
q # p. We refer to [CG24, Subsection 7.1] for a more detailed discussion of this phenomenon.

Next, we discuss the asymptotics of the fractional Laplacian and how it relates to ;s above.
Note that in well-behaved ambient spaces, one would expect (as happens on R™) that the fractional
(s/2)-Laplacian tends to the identity as s — 07. With the following result, we show that this is
not true on general Riemannian manifolds and that the harmonic function 63; encodes how this
limit differs from the identity.

Theorem 1.2.25. Let M be a complete Riemannian manifold with u(M) = 400, and let
O be as above. Let also s, € (0,2) and u € H*/2(M) N L>(M) with bounded support.
Then, as s — 0T there holds

(=) Pu 25 Gy, (1.13)

where (—A)gi/Q is the singular integral fractional Laplacian (3.1).

With this result, we can easily deduce the following result, which is a generalization of [MS02]
for p = 2 for very general Riemannian manifolds.

Theorem 1.2.26. Let M be a complete Riemannian manifold with (M) = 400, and let
5o € (0,1). Then, for every u € H%/2(M) N L (M) with bounded support there holds

. 1
lim *[U]?{s/z(M) :/MuzﬁMd,u.

s—0t 2
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Actually, it follows from the proof of Theorem 1.2.26 that the convergence in (1.13) also holds
strongly in L2(M). Moreover, just taking u = xx in Theorem 1.2.26 gives:

Corollary 1.2.27. Let M be a complete Riemannian manifold with u(M) = +o00. Let
E C M be bounded with Pers (E) < 400 for some s, € (0,1). Then

s—0t 2

1
lim —Pers(F) :/ O dps.
E

With this result, we make an interesting observation regarding a Riemannian manifold
constructed by Pinchover in [Pin95]. This manifold satisfies the L°°-Liouville property (see
Definition 6.1.2), but it is not stochastically complete (see Definition 2.1.1), and we show in
Example 6.2.4 that it satisfies 0y = 0. Consequently, there exist complete Riemannian manifolds
where the mass of the heat kernel escapes so rapidly that the asymptotic of the fractional Laplacian
not only differs from the identity but becomes identically zero, even for regular functions.

As a corollary of the above results, we are able to obtain the asymptotics of the relative
fractional perimeter as s — 07 in an extremely general setting, generalizing both the existing
results [Dip+13] for R™ and [Car+22] for the Gaussian space. In particular, with Theorems 1.2.28
and 1.2.30, we show that these two known behaviors of the asymptotics, the one of R™ and the
one of the Gaussian space, are also essentially the only two possible in this general setting.

~ )

Theorem 1.2.28 (Infinite volume asymptotics). Let M be a complete, stochastically
complete Riemannian manifold with p(M) = +oo and with the L>°-Liouville property (see
Definition 6.1.2). Let Q C M be an open, bounded, connected set with Lipschitz boundary.
Let also E C M be a set with Pers (E,) < +o0, for some s, € (0,1), and such that O
exists (see (1.11)). Then

(i) The quantity lim, o+ Pers(E, Q) ezists and

1
lim EPerS(E, D) =0-0g)u(ENQ)+0gu(E°NQ)

s—0+

(ii) Conversely, if the limit lim, o+ 3Pers(E, Q) ezists and u(E N Q) # p(E°NQ), then
the limit in (1.11) exists and there holds
0 — lim, o+ sPers(E, Q) — u(EN Q)
T wEN ) - w(ENQ)

Lastly, if p(ENQ) = p(E°NQ) then the limit lim, o+ $Pery(E,Q) always exists and

Fig %Pers(E, Q) = w(ENQ) = w(B°N Q).

s—0t

Remark 1.2.29. Without the assumption of stochastic completeness of M, the situation can be
different. The example we describe in Example 6.2.4 has L°°-Liouville property, is not stochastically
complete and satisfies lim,_,q+ Pergs(E) = 0 for every reqular E C M.
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Finite volume asymptotics

Next, we have our main result on the asymptotics in the case of finite volume.

Theorem 1.2.30 (Finite volume asymptotics). Let M be a complete Riemannian manifold
with w(M) < 400, and let @ C M be an open and connected set with Lipschitz boundary.
Let E C M be a set with Pers (E,Q) < 400, for some s, € (0,1). Then the limit
lim, ,q+ 3Pery(E, Q) ezists and

T, ;Pers(E Q) = N(lM) (M(E(E Q) + u(E N Qu(E N ).

Moreover, the same result holds for a weighted manifold of finite volume.

This theorem, in the case of weighted manifolds, recovers the main result in [Car+22] for the
Gaussian space.

1.3 Further papers: codimension-two

In what follows, we provide a concise overview of additional research conducted during the
author’s Ph.D program that, while not directly aligned with the central theme of this thesis (that
is, problems in codimension-one), represents a significant part of the author’s research during
these years. We summarize the key results [CFP24; CFP25] and direct the reader to the original
publications for detailed discussions of these problems and their associated literature.

1.3.1 Nonlocal approximation of the area in codimension two

In [CFP24], jointly written with Mattia Freguglia and Nicola Picenni, we introduce and study a
fractional notion of area for codimension two surfaces in R™ or in a closed Riemannian manifold
M, which we call the fractional s-mass and we denote it by M. In analogy with the fractional
perimeter, our notion provides a fractional counterpart to the classical (n — 2)-dimensional
Hausdorff measure.

Let ¥ C R™ be an oriented (n —2)-dimensional surface with locally constant integer multiplicity,
and write

Y= dlEl U---u dmZm,

where m > 1, d = (dy,...,dy,) € N, and X1,...,%,, are closed, connected, oriented, (n — 2)-
dimensional surfaces of class C2. For s € (0,1) consider the follwing class of maps

3s(X2) = {u e CYR™\ ;S : [U]Z%S(Rn) < 400 and

| deg(u, )| = |dy link(y, £1) + - - - + dyp, link(y, S )| for any € L(z)},

where
L(¥):={y CR™\ ¥ : v is a bi-Lipschitz image of S'},

i )
" (®) R7 xR |$—?/|"+1+S

and
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is the fractional Sobolev energy of exponent % The family §s(X) is the class of smooth maps
linking with ¥, and can be thought of as prescribing standard-vortex singularities around 3 with
the suitable degree.

With this notation, we define the s-mass of ¥ as
M Z = i 2 s )
s(X) uer@f(lz)[UJ HYE @
where here F¥(X) is the class of maps u : R® — S! that weakly linking with ¥. The precise

definition of F¥(X) may seem a bit cumbersome at first, and we do not include it here, but it is

the closure of §s(X) in a suitable topology that is essentially ﬂae (0.1 HY (R™).
2

Our main result establishes that the s-mass I'-converges to the classical (n — 2)-dimensional
Hausdorff measure with multiplicity as s — 17, after appropriate rescaling.

Theorem 1.3.1 ([CFP24]). Let ¥ C R™ be as above. Then

T = lim (1—5)2M,(%) = Z2m=L $° gn2(sy),

—1- n
5 i=1

where the I'-limit is taken with respect to the flat topology of boundaries in R™. Moreover,
this convergence can be localized in every open set Q C R"™ (see [CFP2/, Remark 1.5]).

Here, the flat norm of boundaries is defined as
F(X) =inf {M(T) : T is an integral (n — 1)-current such that 6T = X }.

Remark 1.3.2. It would be possible to define the s-mass as the minimum of the fractional Sobolev
energy over the class

3/ (%) = {u ‘R" - st [u]z#(w)
where Ju is the Jacobian of u (see [BM21, Section 8.1]) and *Ju is the (n — 2)-current associated
to the Jacobian (see [ABO03, Remark 3.3]).

This, in principle, might lead to a different notion of fractional mass, since the inclusion
FL(B) C () is standard, but the opposite inclusion seems to be more delicate. Here, we chose
to stick to the definition proposed in [Ser23], so we do not address this issue.

However, our I'-convergence result applies also to this alternative notion, because every map
u € F/(X) can be approzimated by a map v’ € Fs(X'), with a possibly different singular set X', in
such a way that both the distance in the fractional Sobolev space between u and v’ and the flat
distance between ¥ and X' are small (in any fized bounded set). This approximation allows to
reduce the liminf inequality to the setting of Theorem 1.5.1.

< 400, and xJu = WZ},

Remark 1.3.3. Our notion is robust and adaptable to more general settings. We refer to [CFP2/,
Section 5.1] and [CFP2/, Section 5.2] for a discussion of the extensions to ambient Riemannian
manifolds and higher codimensions, respectively.
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1.3.2 Gamma-convergence of the p-energy of sphere-valued Sobolev maps

In [CFP25], jointly written with Mattia Freguglia and Nicola Picenni, we study the asymptotic
behavior of sequences of sphere-valued Sobolev maps u, € VVlif (Rrtm: S as p € (n—1,n)
approaches n from below, subject to a uniform bound on their rescaled p-energies

(n—p)/|Vuppda: (1.14)

Our main result provides a general compactness theorem for the Jacobians of these maps.
Moreover, we prove I'-convergence of the energy in (1.14) to the mass of the limit current of the
Jacobians. Our main theorem is in complete analogy with the results for the Ginzburg-Landau
energy in general codimension obtained by Alberti, Baldo, and Orlandi in [ABOO05], which extended
the earlier work in codimension two by Jerrard and Soner [JS02].

As a corollary of our analysis in the case of fixed boundary conditions, we recover several
previous results, including one by Hardt and Lin on the convergence of the energy densities of
p-energy minimizing maps with fixed boundary conditions, as p approaches n. We also obtain an
“oriented version” of this convergence for the Jacobians of these maps.

Our approach is completely variational and applies to general sequences satisfying the natural
energy growth (1.14) without minimality or stationarity assumptions. For this reason, we believe
that the techniques developed in this work may apply to a broader class of problems involving
singular limits; in particular in the zero-dimensional case (see Theorem [CFP25, Theorem 4.3]),
where we provide a direct and elementary, yet highly nontrivial, approach to the compactness and
liminf inequality.

Our main result reads as follows.

Theorem 1.3.4 ([CFP25]). Let n > 2 and m > 0 be integers, and let Q C R™™ be q
bounded open set with Lipschitz boundary. For a (discrete) sequence p € (n — 1,n) let
u, € WHP(Q;S"1) be maps such that

lim sup (n — p)/ |Vup|P de < +oo.
Q

p—n—
Then the following statements hold.

(i) (Compactness and T-liminf inequality) There exists an integral m-boundary ¥ in
such that, up to a subsequence, the Jacobians {xJuy,} converge to %E wn the flat
topology of Q and (along this subsequence) it holds that

sk (i — p)/ VP dz > (n — 1) 3wn_1Ma(E).
Q

p—n—

(13) (T-limsup inequality) For every integral m-boundary ¥ on Q and every p € (n — 1,n)
there exists maps u, € WhP(Q; S 1) such that *Jup, = Y2 as p — n~ in the flat
topology of Q0 and

lim sup (n —p)/ |Vup|P dz < (n — 1) 2w, 1Mq(X).
Q

p—n—

The proof of the compactness and I'-liminf inequality takes up most of the work and is divided
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into two macrosteps. First, we address the case of dimension zero m = 0, that is when the model
singularities are isolated points. Then, we extend the result to general dimension and codimension
using the zero-dimensional case. Although the extension to arbitrary dimensions (Section 5 in
[CFP25]) follows the techniques of deformation onto grids developed in [ABOO05] (which in turn
were inspired by the deformation theorem of [FF60]), the core novelty of our work lies in the
zero-dimensional setting (see Theorem [CFP25, Theorem 4.3]).

The following result is an immediate corollary of the previous theorem.

Corollary 1.3.5 ([CFP25]). Let n > 2 and m > 0 be integers, and let Q@ C R"™™ be a
bounded open set with Lipschitz boundary. For a (discrete) sequence p € (n —1,n), let 3,
be an integral m-boundary and set

EX(Zp, 1) := inf{/Q [VolP : v e WHP(Q;8"71), xJv = “’lep}-

If there holds .

limsup (n — p)&,"" (2, ) < +o00,

p—n~
then there exists an integral m-boundary 3 in Q such that, up to a subsequence, ¥, — X in
the flat topology of Q and (along this subsequence) it holds that

liminf (n — p)EM™(E,, Q) > (n — 1) 2w,—1Mo(X).

p—n—

A remarkable feature of our analysis is that we work in a setting where the energy bound
(1.14) does not give a uniform control on the mass of the m-dimensional Jacobians xJu,. Indeed,
even for p fixed, the Jacobian xJu, may have an infinite mass even when the p-energy of u,
is finite. This departs significantly from the diffuse frameworks such as the Yang-Mills-Higgs
and Ginzburg-Landau, where the energy bound provides some control (uniform and logarithmic,
respectively) on the mass of the Jacobians. We refer to [CEP25, Section 1.2.1] for a detailed
discussion about this feature.

As a corollary, we deduce both a new proof and an “oriented version” (Corollary 1.3.7 below)
of a result by Hardt and Lin concerning the convergence of energy densities of p-energy minimizing
maps as p — n_.

Theorem 1.3.6 (Theorem 3.1 in [Linll]). Let n > 2, m > 0 be integers, p € (n,1 —n) and p, be
the normalized energy densities

. n—p p
Wp i= on(n = 1) |Vuy,(x)[Pdr Q2 (1.15)
associated with maps u, € WLP(Q; S*1) that minimize the p-energy in Q with fized boundary
datum g € Whn=1(9Q;S"~1). Then, as p — n~, a subsequence of w, weakly converges to a
Radon measure p such that supp(p) = supp(X) and u(Q2) = Mq(X), where X is an integral
area-minimzing current in 0 with 0¥ = xJg.

Specifically, we show that for such minimizers, the m-dimensional Jacobians converge to
an integral m-current that is area-minimizing in a suitable cobordism class determined by the
boundary conditions. We refer to [ABOO05, Section 2.7] or [CFP25, Section 5.3] for the precise
definition of cobordant currents.
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Corollary 1.3.7 ([CFP25]). Let n > 2, m > 1 be integers, and let Q C R"™™ be a
bounded Lipschitz domain. Let g € W'=1/"(9Q; S 1) be a map, fix u € WH™(Q; R") with
trace equal to g on 09, and let ¥y := u~(y) be a regular level set of u with |y| < 1. Let
u, € WHP(Q;S"1) be p-energy minimizing maps with uy|oq = g, for p € (n — 1,n).

Then, as p — n~, a subsequence of xJu, converges (in the flat topology of R"*™) to
an integer rectifiable m-current X that is area-minimizing among rectifiable m-currents
cobordant with %, in Q, and

lim (n —p)/ VP dz = (1 — 1) 31 Mgnim (%).
Q

p—n—




Chapter 2

Preliminaries and notation

2.1 The heat kernel on Riemannian manifodls

In what follows, we let (M, g) be a complete (possibly noncompact) Riemannian manifold that we
often denote by just M.

Let Hyr(z,y,t) : M x M x (0,00) — R4 denote the heat kernel of a Riemannian manifold
(M, g). This is defined as the minimal, positive fundamental solution to the heat equation

Ou — Agu =0, on M,

subject to the initial condition that u(t,-) — &, as ¢ — 0T, in the sense of distributions. Here, A,
is the Laplace-Beltrami operator associated with the metric g, and 6, denotes the Dirac delta
distribution centered at the point y € M, with respect to the volume form dV, of M.

The term minimal refers to the following comparison property: if v : (0,00) x M — R is any
other positive solution of the heat equation that satisfies v(t,-) — J, in the distributional sense as
t — 0T, then

HM(xa Y, t) < ’U(i, t)

for all x € M, t > 0. That is, the heat kernel provides the least such solution and is unique
under these conditions. This minimality is a consequence of the maximum principle and the
theory of fundamental solutions for parabolic equations. For a detailed discussion of this property,
see [Gri09, Section 9.1], and we refer to [Lil2, Theorem 12.4] for a detailed construction of this
minimal solution on general complete (not necessarily compact) manifolds.

Definition 2.1.1 (Stochastical completeness). We call a Riemannian manifold (M, g) stochasti-
cally complete if, for every t > 0 and for every p € M

/ Hy(z,p,t)dV, = 1. (2.1)
M

For equivalent definitions of stochastic completeness, one can refer to the manuscript [Gri09]
or to the more recent [GIM20] and [Gri+23].

Lemma 2.1.2. Let M be a complete Riemannian manifold, then for every p € M

M(t,p) = / Hy(z,p,t)dV, is nonincreasing in t.
M
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Proof. The proof is an easy consequence of the semigroup property. Indeed, for ¢ > s we can write
Hy(z,p,t) = / Hy(z,z,t — s)Hpy (2, p, 8) dVy.
M

Integrating in dV, using Fubini’s theorem and the fact that fM Hy(z,z,t — s)dV, <1 we get

/ HM(Zapa t)d‘/z < / HM(%P, S)dVI,
M M

which is the thesis. O

Note that, because of Lemma 2.1.2, being stochastically complete is equivalent to the fact that
(2.1) holds for one single time t = t, > 0.

2.2 Fractional minimal surfaces

Let Hjs be the heat kernel of M, in the sense of the previous section. A quantity that will play a
key role in this work is the singular kernel Kg : M x M — (0, +00) associated to the fractional
Laplacian on M, that is

Kr0) = 1 gy | Hrlras ) (22

Definition 2.2.1. For s € (0,2), we define the fractional Sobolev seminorm [U]Hs/z(M) as

e an) = //MXM(U(p) —u(q))*Ks(p, q) dVpdVy . (2.3)

The associated functional space H¥/*(M) is

HY*(M) = {u € L*(M) : [U]zs/'z(M) < oo},

2

and is a Hilbert space with norm given by Hu||HS/2(M) = ||UH%2(M) + M?{SN(M)'

Definition 2.2.2. For s € (0,1), the fractional perimeter (or s-perimeter) of a measurable set
E C M is defined as

Pery(B) = [xeloan =2 | Kulavw) dva,
X c

where Ky is defined in (2.2).
Remark 2.2.3. If the manifold M is replaced by the Euclidean space R™ then

s/2 o0 dt
Ks(z,y) = F(l—s/2)/0 HRn(Cnyat)m

_ 5/2 /OO 1 ei\I;iAQ dt - Qnp s
o L'(1-s/2) /o (47rt)n/2 tl+s/2 |z — y|nts”’
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where

2r(n2)  s2ir(ng)
Qs = = . (2.4)
T wn/2)0(=s/2)] w/2T(1 - s/2)

Hence, we recover (up to a constant) the usual notion of fractional s-perimeter

1
Per,(E ://  dzdy,
(&) Expe [T —y|["ts Y

introduced by Caffarelli, Roquejoffre, and Savin in [CRS10].

The s-perimeter also has a natural localized version in a bounded open set 2 C M, in the
same spirit of the localized fractional Sobolev spaces H*(2). This is of use because, for example,
one would like to say that a hyperplane in R™ is an s-minimal surface (see Definition 2.2.5 below)
even though a half-space has infinite s-perimeter for Definition 2.2.2.

Definition 2.2.4. For s € (0,1), the fractional perimeter (or s-perimeter) of a measurable set
E C M in a bounded, open set € is defined as

Pery(E, Q) = // Xe(p) — x2(0) 2K, q) dV,dV,.
M x M\QexQe

Note that for = M we recover Definition 2.2.2. Moreover, it follows directly from its
definition that the previous notion of relative s-perimeter satisfies the following properties.

o Per (E,Q) = Perg(E*, Q) for every (measurable) E C M.

o If £EC Qor E°C Q then Pery(FE,Q) = Pery(E), where Perg(FE) is the s -perimeter on the
entire manifold M as in Definition 2.2.2.

e Let Q1,09 C M with u(Qq N Qy) = 0. Then Perg(F,Qq UQy) > Perg(E, Q) + Perg(E, Qa).
o Let Fy, By C M with u(Ey N E3) = 0. Then Perg(E; U Ey, Q) < Perg(Eq, Q) 4 Perg(Es, Q).

Definition 2.2.5 (s-minimal surface). Given Y C M open, a set E is said to be an s-minimal
surface in U if for every bounded Lipschitz domain Q @ U we have Perg(E,Q) < +oo and for
every C1 wector field X with supp(X) € € there holds

Per, (67 (F),Q) = 0,
t=0

dt

where ¢i : Q — Q is the flow of X at time t > 0.

By the first variation formula (e.g, [Fig+15, Theorem 6.1] for M = R™ or [Flo24, Proposition
5.1] for closed manifolds), if E is an s-minimal surface in & and OE NU is of class C? then

PV. | (xeely) = XK. 9) duly) = 0. Var € DB U

The left-hand side is denoted by HZ(z) and called nonlocal mean curvature of E at x. We refer
to the beginning of Section 3.1 for a discussion on how the principal value must be understood in
Riemannian manifolds. For M = R", the first-variation formula takes the usual form

XeeW) = XeW) 4 o e e gB AU (2.5)

P.V.
o T —y|nts
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Remark 2.2.6. Inspecting the proof of the first variation formula in [Fig+15; Flo24], it follows
that if OF is C? just in a neighborhood of x € OF and is globally Lipschitz, then (2.5) holds at x.

2.2.1 The fractional Allen-Cahn energy

Definition 2.2.7 (Fractional Allen-Cahn energy). Let s € (0,2) and € > 0. Givenv: M — R,
we define the fractional Allen-Cahn (abbr. A-C) energy of v on the open set Q C M as

Eq(v) == ES°P (v) 4 E5° (v), (2.6)

where
1 —S
et = || (00) — v(@PKelp )WV, R 0) = [ W) o,
M x M\QecxQe Q

and W (v) = 1(1 —v?)? is the standard quartic double-well potential with wells at 1. We will
sometimes denote Eq by £ or & if we want to stress the dependence of the energy from e and/or
s.

Note that, with this definition of the Allen-Cahn energy, we have
Ealxe — xp°) = 5" (xE — XBe) = Pery(E,9Q),

and
ngu Qo (U) < 591 (U) + 592 (U) .

The double-well potential penalizes functions that are not identical to £1, and that is why
one expects to find nonlocal s-minimal surfaces as the limits of critical points of this energy when
e — 0.

A function u : M — R is a critical point of £q if and only if it solves the fractional Allen-Cahn
equation

(=AY 2u+e*W'(u) =0 inQ. (2.7)
Here (—A)*/? is the fractional Laplacian on (M, g), and it can be represented as (see Section 3.1
for details)

(~8)"2u(p) = PV. [ (ulp) = la)K.(p.) V.
We also have a definition of Morse index, related to the second variation of the energy.

Proposition 2.2.8 (Second variation). Let Q C M be an open set. Let u € H¥/?>(M) be a critical
point of Eq. Then, given & € CH(Q), the second variation of Eq at u is given by

4 _} _ 2 —s " 2
i a=g [[ ) Sk i [ Wwear. e

Definition 2.2.9 (Morse index). Let Q C M an open set, and let w € H%/?(M) be a critical
point of Eq. The Morse indez of u in Q, denoted by mq(u), is defined as the maximum dimension
among all linear subspaces £ C CH(Q) € H¥2(M) such that E5(u) is negative definite on L.
Moreover, we say that u is stable in Q if mq(u) = 0.

2.2.2 Stability and Morse index

We also precisely state the notion of stability that we will use in this work.
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Definition 2.2.10 (Stability). Let U C M be an open set and E be an s-minimal surface in U
(see Definition 2.2.5). We say that E is stable in U if: for every bounded Lipschitz domain Q € U,
for every C? vector field X with supp(X) € Q we have

2

2 R
5”Per (B, Q)[X] = —

Per, (¢ (E), Q) > 0, (2.9)
t=0

where ¢if : Q — Q is the flow of X at time t > 0.

Remark 2.2.11. By Corollary 3.4.18, if Pers(E,Q) < 400 and X is a vector field as in the
hypothesis then the map t — Pery(¢iX (E), Q) is well-defined for all t > 0 and of class C%. Thus,

the previous definition of stability is meaningful without any a priori assumption on the regqularity
of E.

If M = R"™ and OF C R"” is smooth, the second variation can be written in a form very
reminiscent of the second variation formula for classical minimal surfaces. This second variation
formula for smooth s-minimal surfaces was proved in [DPW18; Fig+15], and has recently been
generalized to ambient Riemannian manifolds in [Flo24].

Theorem 2.2.12. Let E be an s-minimal surface in R™, and assume that OF is C? in some open
set Q. Then, for every X € C2(OE N R"), setting ¢ := X - vpg, we have

2Per [p(z) — o(y )’2 lvor(z) — vor(y)|? 2\ do-do
F el Mr}%’x@E( ]a:— |nts |z — y|rts p(z) )d zdoy, (2.10)

where Vvyg 1s the outer unit normal to OF. In particular, if E is stable in ), there holds

vor(z) —vor(W)* | o // |o(x) — p(y)|?
z)* dogdo, < """ do,doy,,
//dExaE ’:E - y’n+s ( ) Y OEXOE ‘:L’ - y‘n+s Y

for every ¢ € C2(Q).

Let us also recall the definition of finite Morse index for smooth s-minimal surfaces as introduced
in [CFS24b] or [Flo24].

Definition 2.2.13 (Morse index). Let E C M be an s-minimal surface in Q. Then, E is said to
have Morse index at most m in Q if: for every (m + 1) vector fields X1, ..., Xmi1 of class C?
with compact support in 2, there exists coefficients ay, ..., amy1 Such that a% +...+ a%wl =1 and

82Pers(E, Q)[a1 X1 + ... + ami1 Xmi1] >0,

where 6*Pery is defined as in (2.9).

2.2.3 An instructive example on stability

We now discuss a simple but instructive example to understand what stability and instability
mean in the context of nonlocal minimal surfaces. Consider the set £ C R™ defined by

E=|J {21{:(]0\/1—5 <, < (2k+1)C’O\/1—s}, (2.11)

kEZ

whose boundary consists of parallel hyperplanes at distance

d:=CvV1-—s.
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Clearly, by symmetry, HZ(z) = 0 for every z € OE. Since OF is smooth, we have that F is an
s-minimal surface. The crucial property regarding this set is that, depending on the value of C,,
FE can be either stable or unstable in the unit cube.

Proposition 2.2.14. Let E be as in (2.11) and Q = [—1,1]". Then, for every s € (9/10,1)
(i) E is stable in Q for Cs > 1 large (depending only on n).
(1) E is unstable in Q for Co < 1 small (depending only on n).

Proof. In what follows, C, ¢ > 0 denote dimensional constants where, in general, C' is big and c is
small.

Set ¥ := OF = Ujecz>;, where each ¥; has the induced orientation from E, and we denote
by N; the outer unit normal to 3J; from E. Moreover, we call 31,..., 3, the hyperplanes that
intersect @, that is

Uzine=xne.
i=1
We want to show that E is stable provided we take C, large, that is (recall Theorem 2.2.12)

IN(@) = NP |f(2) = fy)? N
//EXE 2z — y[nts f (:E)daxddyé//zxz & = gt doydoy, VfeCXr(XNQ). (2.12)

Hence, to show (7), we estimate the left-hand side from above.
Fori=1,2,...mlet J(i)={j : 7>1,7—1iodd}. We have

IN(z) = N(y)]* ,o o |N;(z) — N;(y)|? )
//Exz |z — y|nte [ (x) doydo, = Z//z-xz- E _y|nis [ (x) doydo,

>y o, Ty " doct

i=1 jeJ(i)

422/ (/j%)dax,

=1 jeJ(3)

where we have used that supp(f) € Q.
Write the coordinates in R™ as @ = (7, z,,), and for € ¥; set d;; := dist(2;,%;) = d|i — j|.
We get, for every j € J(i), that

/ doy _/ dy / dy
o =yl e (F R e -l S (B2 )

1 dz C
:dm/ e A EAL)
i JRL (2124 1) 2 ij

where we have made the substitution  — y = d;;z. Thus

S OO ) oo, =43 S [ s ( [ pj_d%) o,

i= 1J€Jz)

—CZ > 1+s/ f(@)* doy

i=1 jeJ(i)
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1+SZ Z /i _]‘1+s/ f* do.

i=1 jeJ(i)

Clearly, for every i = 1,2,...,m and s € (9/10, 1) there holds

c< ) /i ]|1+s <G, (2.14)

J€J(3)

for C,c > 0 absolute constants. This gives, for s € (9/10,1) and C, > 1 that

[N (z) = N(y)? C &
//EXE T f2(:1:) doydoy < i Z/ f2do

do .

Cl+s

By the fractional Poincaré inequality for the H En (R™~1)-seminorm (see, for example, Theorem
1 and Remark 1 in [BBM02]), applied to each restriction f|s, € C°(3; N Q), we have

2
/f2d0<0 //E . ’f’x_ ’n(+s)| doydoy (2.15)
Then

NG = NG 7 7@ — £
//EXE |z —y|ts ) dovdoy < Z//EXE |x, n+s T —gints dozdoy

(1-s)7 — 2
LCl-s) ™ // @) = FWF 4 4,
Cs wxs 2=y

which, since (1 — s) T s lass— 10 , implies stability (2.12) if Cs > C for some dimensional
C > 0. This concludes the proof of (7).

Now, we show (iz7). We want to choose Cs small to make (2.12) fail. With no loss of generality,
assume Cs < 1/100.

On the one hand, following the same lines above using the lower bound in (2.14) and choosing
each fln, = ¢ € CX(X; N Q) equal to the minimizer of the fractional Poincaré inequality (2.15)

(this is the first eigenfunction of the fractional %—Laplacian in R"!, with zero Dirichlet boundary

condition outside [—1,1]""1) one gets for the left-hand side of the stability inequality (2.12) that

N(x)— N 2
//Ex2| I(x)—yl’”(f)' SO2($) dogdoy,
c(l—3s) 2
- CHS Z//EXE |(p|w— I”(“)| doydoy = Cl+55(s0), (2.16)

where we have set £(¢) := [p
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On the other hand, for the right-hand side of the stability inequality
_ 2
[l so<3>| dordo,
wxg |l =yt
lp(x) —o(y)l® // |90 eyl
= d 2doy + do,do
Z//z X34 ’90 |"JrS Z XY, |"JrS Y
) + Z// ol (+)| doydo,. (2.17)
%%, |93 —y[te

i#£]
Moreover

_ 2 _ 2
// () sO(f/)\ d%day§2/ / () w(ﬁ/)! dor, | do
sixy, |z —yrte wn \Js, |z —y|*ts

7

and, similarly to (2.13), for fixed ¢ and j # i we have

_ 2 = (i |2

/ |o(x) %:L(f/s)! do, :/ o(Z, 2n) <p(y,zizz\ i
5, v —yl Rn-1 (|1:—y|2—|—d2)
=2

[ meCE

Rt (|7 = g]? 4 d?fi — j[?) 2

C min{1, d?|z|? ~

= st/ 5 {1,472 Ls dz.
Rt (212 + i = j?) 2

J

Claim 1. There holds

inf1 21312 1+s 1
/ min{l, d7|Z] LS dz < Cmin{ a7 -1+s}- (2.18)
Ri-1 (|22 + i — j]2) 2 1—s'|i—j

Proof of Claim 1. We have

in{1, d?|z|? ~ 7|2 B 1 ~
Ro-1 (|22 4 |i = j[?) 2 By (|22 +1) 2 B, (Z2+1)72

2 1/d 1 n—2 > 1 n—2
=Cd /1 el dp+0/1/dpn+sp dp

C 14 Clers
= s X2
d1=5(1 —s) T O s 1-s

< d?

On the other hand, bounding trivially min{1, d?|Z|?} < 1 we get arguing exactly as in (2.13)

in{1, d?|Z|? 1
/ mln{ ’ ’Z‘ i-'—s dgg / n+s dg: - C"].-i-s.
R ([212 + i = j[2) 2 R ([Z]2 + [0 — ]2) 2 i =l

These two last inequalities prove (2.18). O
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Lastly, by the very definition of d and since s € (9/10, 1) note that

d1+s 1+s
__ % < 2C,.
I—s (1-s5)72

Hence, putting together the estimates above

SE s SR e (] S ) v
) I

=1 j#i

—d1+szmm{ o) 3/2}

Moreover, as C, — 07 we have Z _, min {C’O, ]3%} — 0. Indeed

. 1 . 1
me{ o 3/2} > mln{Co,jg/Q}+ Z mm{Co,jg/Q}
2/3

1<j<Cy

1/3

7>Cy 1/3

Let us denote by o(1) anything that tends to zero as Co — 0 uniformly in s € (9/10,1). With
this notation, we have shown

2
-y //2 . ’ﬂx_ |n<+ lete) = 6 45,45, < S 1), 2.19)

=1 j#i

Now, suppose by contradiction that E was stable for C, arbitrarily small. Then stability (2.12)
would hold for f = ¢. Putting together the estimates (2.16), (2.17) and (2.19) it would imply

cm Cm
@5(@ <mé&(p) + ﬁo(l) ;

or, multiplying by C1*%(1 — s) and recalling d = Co+/1 — s, equivalently

e(1— 5)E(p) < CI* (1= 8)E(p) + C(1 = 5) T 0(1).
But since ¢ < (1 — 5)E(p) < C for every s € (9/10,1) (as ¢ is the minimizer in the fractional
Poincaré inequality (2.15)), sending C; — 0 gives 0 < ¢ < 0, contradiction. Hence, ¢ is an

unstable direction for E for C, small, depending only on n, which concludes the proof of (7).
O



Chapter 3

Fractional Sobolev spaces on
Riemannian manifolds

This chapter describes the results obtained in [CFS24a]. The present chapter addresses how the
fractional Sobolev energy H® (M) = W2(M) and the associated fractional Laplacian on M have
a natural, canonical interpretation in the case where M is a closed Riemannian manifold. We give
several definitions for these objects and show that they coincide, which justifies their canonical
nature.

3.1 The fractional Laplacian

Taking inspiration from the case of R™, in this section, we give several equivalent definitions for
the fractional Laplacian (—A)*2 on a closed Riemannian manifold, with s € (0,2). On (say)
smooth functions, there are at least three different natural definitions of the fractional Laplacian.

(i) The singular integral definition
s/2 . 1
= lim [ (u(p) —ulq))K5(p, q) dVe,
E— M

where here K4(p,q) : M x M — R denotes the singular kernel given by (2.2) and K<(p, q) is
the natural regularization

Ki(p,q) =

_ 2 At dt
(1—3/2/ HM p7q7 ) 6/ t1+s/2- (32)

(77) Following the Bochner definition of the fractional Laplacian

(— A)SB/zu (—15/2)/0 (etAu—u)tlJCrlz/z. (3.3)

(ii1) By spectral theory, one can set

(A gﬁc“ = Z)‘s/ (U, Gk) L2 (ar) P

k>1

37
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where {¢}x is an orthonormal basis of eigenfunctions of the Laplace-Beltrami operator
(—Ay) and {A} are the corresponding eigenvalues. Note that for s = 2 this gives the usual
Lalpacian.

Let us briefly comment on our choice of the “natural” regularization K(p, ¢) that we have
used to define the principal value in (3.1). First, we will see in the proof of (3.14) that this
approximation naturally appears in the computation. This is because K5(p, q) is directly related

to the fractional Poisson kernel Py7(p, g, 2) of M := M x (0, 400) by the formula

Ks(p,q) = Pyz(p,q,€)e™7,
and the fractional Poisson kernel is the fundamental solution of the Caffarelli-Silvestre extension
problem. Moreover, if the compact manifold M is replaced by the Euclidean space R™ then

s/2 o0 2 dt a
IS = Hgn tye = /4 = L
(@ y) r'(1 —3/2)/0 R (@1, E)e ti+s/2 (Jz — y|2 €2)"§5 ’

which is arguably a very natural regularization of ﬁ, and is easily seen to give the same

notion of principal value that one would get by integrating Ks(z, y) against a function on R™\ B (y)
and then taking e — 07. This is also true on a Riemannian manifold, and actually, many other
desingularizations of the (singular) kernel K4(p, ¢) are possible and give the same notion of principal
value under mild hypotheses.

Proposition 3.1.1. Let (M, g) be a closed, n-dimensional Riemannian manifold, and let {KS}e=o
be a family of nonnegative kernels defined on L>°(M). Assume that the following hold:

o The KE converge uniformly to Ks(p,-) on compact subsets of M \ {p}, as e — 0T.

o There exist some r = r(p) > 0 and some chart parametrization ¢ : B, C R — M with
©(0) = p such that:

(i) The flatness assumptions FAo(M, g,7,p,p) are satisfied (see Definition 3.4.1).
(ii) Setting K<(y) := KE(p, ¢(y)), there is some positive constant C' such that

Izi(y) < ’y|n+57 vy € BT(p)? (34)
and moreover, the symmetry condition

e e c

”Cs(y) - K5(=y)| < W (3.5)

is satisfied.

Then, for every f € C*°(M), the limit

lim [ (f(p) = [(2))K5(p, q) dVq
e=0 /s

exists and is independent of the family K5. In particular, any such family gives the same value for

(3.1) as the choice in (3.2).
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Proof. Recall that ¢~1(p) = 0. Given 0 < § < r(p), we can write

| (50) - 1@ p.0) v, = (v [ (a
M ©(Bs)

M\p(Bs)

By the dominated convergence theorem, the first term on the RHS converges to

/ (f(p) = f(@)Ks(p.q) dVq.
M\p(Bs)
Therefore

imsnn | [ (1) = 1)Kz 0 ¥y - /MMB 1) = F@Ksp0 v

e—0

<tmsup| [ () = £ p.0) Vi,
e—0 ©(Bs)
In other words, to conclude our desired result, it suffices to show that fw(Bé) (fip)—f(@)K:(p,q)dV,
is bounded independently of € and moreover can be made arbitrarily small by choosing ¢ small
enough.
To check this, we start by changing variables using the coordinates given by ¢, leading to

/ o 1)~ F@)KE0) Y, = /B (F((0) — 7o) w) Vgl () dy

Defining h(y) := (f(¢(0)) — f(¢(y)))V/]g](y), which verifies that h(y) = y - V1(0) + O(ly[*), and
using the symmetry of the Lebesgue measure under the transformation y — (—y), we can then

compute

| / (5 F@Kip.0) V| = | n()Ks(w) dy

IA

[ v VHORE ) dy|+ € [ 1R ) dy
85 86

1 e 1 z—:
=[5 [ v TROR @ 5 [ ) THOR )y

2

+C [ |yPKE(y) dy
Bs

:i]/{gyw(o)(kz() k(- dy]w/ y2RE(y) dy

Using the assumptions on the kernel, we conclude that

1 1
K:(p,q)dV, <C’/ y-Vh(0 dy+0/ y|? dy
|/ iy 010 - HOKS 00 03 VOl W+ W s
1
<C| —0=dy
Bs ly|"Hs—2
< 6% s,

Since s € (0,2), this quantity can be made arbitrarily small by choosing § small enough, indepen-
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dently of . This concludes the proof of our result. O

Remark 3.1.2. As discussed above, this covers the case of removing a geodesic ball B:(p) in the
corresponding definition of the fractional Laplacian as an integral and then sending € — 0, as in
the usual Euclidean definition of a principal value integral. Indeed, this corresponds to considering
K5 := Ks(p, @) Xan\B.(p) in the proposition above. Another reasonable desingularization could be

. B s/2 /oo dt
’Cs(p7Q) - F(1*8/2) 5 HM(p’q’t)tl—i-s/? .

The fact that both of these choices for the families {K%}e, as well as the choice (3.2), satisfy the
hypotheses in Proposition 3.1.1, can be easily seen using the results that will appear in the next
section. More precisely, they follow from the combination of Remark 3.4.3 and (the proof of)
estimate (3.38) from Theorem 3.4.6. The latter shows that conditions (3.4) and (3.5) hold directly
for the kernel KCg thanks to precise estimates on the heat kernel Hyy, and it is then simple to see
that they hold for the reqularisations K5 as well.

Proposition 3.1.3. Let (M, g) be a complete, stochastically complete Riemannian manifold. Then

(i) Foru e CX(M), the singular integral (—A)E{ZU (defined in (3.1)) and the Bochner (—A)SB/QU
(defined in (3.3)) fractional Laplacian coincide.

(ii) For uw € L*(M) they coincide as distributions.

Proof. Let u € C°(M). Expressing the solution Pyu := e/®u to the heat equation in terms of the
initial datum as

Poulp) = /M u(g)Har (p, q,t) dV,

and using that fM Hy(p,q,t)dVy =1 gives, for every € > 0, that
00 2
r(_18/2> /0 (P — “)et:;dt = /M(u —u(q))K5(p, q) dVy (3.6)
Since u is smooth, letting € — 0T gives convergence of both integrals pointwise everywhere and
1 o0 dt
g [ 0t = PV [ -t av,
and this proves ().

Now to show (ii) take u € L?(M) and ¢ € C°°(M). Multiply (3.6) by ¢ and integrate over
M to get

1 o0 o€ /4t ]
[(-s/2) /M /0 (Pru —w)e s dtdV = //MxM(u(p) — u(q))p(p) K5 (p, q) dVydV

Note that since € > 0 is fixed and positive, neither of the two integrals above is singular, and they
are both absolutely convergent. Hence, we can exchange the other of integration in both integrals.
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For the left-hand-side using that P; is self adjoint in L?(M) we get

—82/4t 1 9] 6—52/41%
5/2 / / (Pou — u)p——— Y dtdV = e ) /0 Y (Pou—u, )2 dt
—e2/4t

1 0 o
T T(-s/2) /0 H+s/2 (Prp — p,u)pz dt

1 00 6—52/4t

Regarding the right-hand side, since K5(p, ¢) is symmetric

// (u(p) — u(@))p(P)K5(p, @) dVodV,, = // (o(p) — (@) ulp)K5(p, q) dVedV -
MxM

MxM
Thus
1 © —62/4t
T _</9) €
/M 11(.9/2)/0 (Prp = 90) t1+s/2 udV = / </ —»(0))K5(p, q) d%) u(p)dV,,
and letting e — 0T and using (7) proves (7). -

3.2 The Caffarelli-Silvestre Extension
Definition 3.2.1. We define the weighted Sobolev space
H'(R™ x (0,00)) = HY(R" x (0, 00), 2 ~*dxdz)

as the completion of C°(R™ x [0,00)) with the norm

2 . 2 77112
||U||Hrl T ||UHL2(R"X(O,oo),zlfsda:dz) + ||DUHL2(R"X(O,oo),zlfsdxdz) )
where DU = (%,...,%{l, %—g) denotes the FEuclidean gradient in R™'. This is a Hilbert

space_with the natural inner product that induces the norm above. It is a known fact that any
U € H'(R™ x (0,00)) has a well defined trace in L?>(R™) that we denote by U(x,").

The following essential result by Caffarelli and Silvestre [CS07] shows that fractional powers of
the Laplacian on R™ can be realized as a Dirichlet-to-Neumann map via an extension problem.

Theorem 3.2.2 ([CS07]). Let s € (0,2) and u € H?*(R™) N C*(R"). Then, there is a unique
solution U = U(x, z) : R" x [0, +00) — R among functions in H'(R™ x (0,00)) to the problem

divge+1 (z17°DU) =0, on R™ x (0,0) (3.7)
U(z,0) = u(zx) for € R", '
and it satisfies
ou
: 1-s“YY _ _ B3l _A)s/2
Tim 20, 2) = =5 (-A) (), (3.8)

where A denotes the Laplacian on R™ and B is a positive constant that depends only on s.
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In [CS07], three different proofs of this fact are presented, but each of these proofs relies on
some additive structure of the base space. It was proved by Stinga in [Stil0] that the unique
solution to (3.7) verifying (3.8) admits the explicit representation

Ul z)—zs/oopu( ye—a 2t (3.9)
p; T T(s/2) J, ! p frs/2” :

which expresses U in terms of the solution to the heat equation Pu. The proof of this fact does
not strongly rely on the additive structure of R™ and extends to the case of Riemannian manifolds.
First, let us define the weighted Sobolev spaces for the extension on compact manifolds.

Definition 3.2.3. We define the weighted Sobolev space
H' (M) = H'(M x (0,00))
as the completion of C°(M x [0,00)) with the norm

101, = 1T sy + VU 7 ey (3.10)

where TU = U(-,0) is the trace of U and VU = (VU,U.,) denotes the gradient in M x (0, 400).
This is a Hilbert space with the natural inner product that induces the norm above. Moreover,
basically by definition, any U € HY(M) leaves a trace in L*(M x {0}).

The weighted Sobolev space H' (M ), defined as the completion of C2°(M x [0, 00)) with respect
to the norm (3.10), can be concretely realized as a space of functions U in L2 (M) having weak

derivatives VU in the same weighted space. Indeed, it follows by the fundamental theorem of
calculus and Holder’s inequality (see (3.35) in the proof of Lemma 3.3.2) that

/ U2 dVdz < CR/ ITU|? dV + C’RS/ IVU|?2'* dVdz,
Mx(0,R) M Mx(0,R)

for every U € C°(M x [0,00)) and R > 0. This inequality easily implies that every Cauchy

sequence of smooth functions converges to an actual function in LfOC(M ) and the limit is well-
defined pointwise almost everywhere.

We have the following essential result, analogous to the classical one for R™ in [CS07], which
shows that the fractional power of the Laplacian on M can be realized as a Dirichlet-to-Neumann
map via an extension problem.

Theorem 3.2.4. Let (M",g) be a closed Riemannian manifold, let s € (0,2) and v : M — R
be smooth. Consider the product manifold M = M x (0,+00) endowed with the natural product
metric. Then, there is a unique solution U : M x (0,00) — R among functions in H'(M) to

(3.11)

&R/(zl_sﬁU) =0 in M,
U(p,0) = u(p) for pe OM =M ,

given by (3.9), and it satisfies

[u]zs/z(M) =20, /~ VU |22 dVdz, (3.12)
M
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where
ulFre2ar // —u(q))*Ks(p, q) dV,dVy,
M><M

and . (5/2)

257 T'(s/2
Moreover oU

: 1-sYY — _p-1lc s/2
Tim 2172 (p,2) = 67 (- A) u(p), (3.14)

where the fractional Laplacian on the right-hand side is defined by either (3.3) or (3.1) (since

these coincide on smooth functions).

Proof. Note that functions in H(M) leave a well-defined trace on M x {0} (that is, there

exists a continuous trace operator with respect to the norm on H! (M )). Then, the fact that a

solution among functions in H 1(J\J ) exists follows by direct minimization of the associated energy

v o [Vo|221=5dV dz over H(M ) Since the energy is convex, the solution is also unique.
From here we divide the proof in three steps.

Step 1. We show that the (unique) solution U € ﬁl(ﬂ) to (3.11) is given by (3.9).
Making the identification T'(M x (0,400)) ~ TM x (0,+00) we have
div(z'*VU) = divy(z'*VU) + 8.(z'~°U.)
=AU+ (1 - 8)27°U, + 21 7°U..,

—5( 1—s ).

Thus, in order to prove that U solves &R(zl*s%U ) = 0 we show that U (weakly) solves
1-s
LU =AU+ —U,+U,,=0. (3.15)
z
Define

2
1 e w
25T'(s/2) tl+s/2 7

G(z,t) :==
so that (3.9) rewrites simply as
U(,2)= / (Pru)G(z,t) dt. (3.16)
0

It can be easily checked that G satisfies
1-s

zz — 07 (317)

and also

lim sup G(-,t)=0, lim sup G(-,t)=0,

t—0+ [21722] t——+o0 [Zl 22]
for every 0 < 21 < z9. Moreover, from the definition of G and the fact that u is smooth, we
see that the integral on the right-hand side of (3.16) is absolutely convergent in H*(M). Hence
Ue HY(M).
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Now we check that U weakly solves the desired problem. Let ¢ € CSO(M ), K = supp(y) and
21, 22 € (0,400) such that K € M X [z1, z2]. Let also

1—
L0 :=Ap+ 0, (ng0> + Qus .

This is the formal adjoint of the operator in (3.15). Clearly L£*p still has compact support in
K € M and is smooth. Then

/MUE*(@) Vs — /M /O (Pa)G (2, 1)L () dtdV dz,

and we claim that this integral is absolutely convergent. Indeed

/N / TP G2 )L ()| dt dV dz < ||£5(0)] e / - / Padl|G (2, 1)| dV dzd
M JO 0 K

boroa }
<C </ |Pul?|G(z, )22 dvdz> ( T ) < 400,
K K 7 s

since the integral in (3.16) is absolutely convergent in H* (]\7 ). Hence we can exchange the order
of integration and we get, integrating by parts in space many times

/ UL (p)dVdz = /OO (/ (Pu)G(z,t)L*(p) dde> dt

/ / < A(Pyu) + (Pyu) 1 ; SGz(Z, t) + (Pu)G,. (2, t)) pdVdzdt .

Since Pu is smooth and solves the heat equation, the first term equals to

/000 /KG(Z’t)A(P ru) dV dzdt = /OOO /K G(z,1)0(Pru) dV dzdt = / / " Gz )0, (Pu) dedVd

/ / (Pou)Gy(z,t) dtdVdz .
<(/ padav) (/ 6zl a: )

< M2 lull 2 (an)|22 = 21| sup G(-,t) =0,

[#1,22]

:/ (Pru)G(z,t) dde:
K

The boundary terms vanish since

‘/ Pu)G(z,t)dVdz

both as t — oo and as t — 07. Hence, putting all together and using (3.17)

/ME(U)godde: /MUE*(QO) dV,ydz = /K /0 OO(Ptu) <—

Hence U given by (3.9) is a weak solution of (3.15), and by standard elliptic regularity it is also a
classical solution.

Moreover, the fact that U(-,0") = u follows by the explicit formula (3.9). Indeed, by a simple

2 > wdVdzdt = 0.
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change of variable in the integral, we have
1 e e "
W/() (Pz2/4ru)(p)ﬂ7_8d7”,
and taking z — 0" in this formula gives U(-,0") = w. This concludes Step 1.

Step 2. Proof of (3.14).
Note that by the representation formula we just proved for U we have

Up,2) =

) Ulp. 1 0o 22 dt
w(p) = T (p):2SF(S/2)/0 () e e

ZS

Moreover, by I’Hopital’s rule

1 1_.0U
lim 7U = lim s Ll=s22
z—0t z—0t 0z

Writing Piu as the convolution against the heat kernel Hys of M we get

UG = g [ a0 0u(0) — ulp) v,

Since w is smooth, and since K5(p, q) (defined in (3.2)) is non-singular for € > 0, there holds

/Mms_/im/OOOHM(p,q,t)IU(q)—u(p)! T /thdv / lu(q) — u(p)|Kz(p. q) dVy < +00.

Thus the integral in 75U (p) is absolutely convergent, and we can exchange the order of integration
to get

UG = s [ (0~ ) .

From here, by the very definition of the principal value

lim zlfsa—U = lim+ s-TU = lim+ 5;1 (u(q) —w)K3(p, q) dVy

=B, (P-V/ (u—u(q))Ks(p, q) dV>
M
— -5 ()
This finishes Step 2.

Step 3. The convergence in (3.14) holds in L" (M) for every r € [1,00).

Since we have already proved pointwise convergence, it suffices to show that the sequence is
dominated. In particular, we prove that for z < 1 there holds

27°UL(2)| £ 6, (3.18)

where C' depends on ||Aul|pe, ||u||z and s. The proof is a standard barrier argument very similar
to the proof of Lemma 3.2.7. Consider b(p, z) := u(p) — C (22 — 22%), for C' > 0 that will be chosen



46

soon. Since

cﬁ;/(zlfsﬁb) =217%(Au— (4 —25)C),

taking C' = ;|| Aul| o + 2[|ul| o, we see that b is a supersolution of (3.11) and that U < b on
M x {0,1}. Hence b is barrier for U, and by the maximum principle for z < 1 we have

1 1

and this implies

) _ ) U(,z) —u
lim z'7*U, = lim s (~2)
z—0t z—0t 25

S
< Aul|pe + 4 oo .
| Al + sl

Using —b as a barrier for —U, complete analogously, one also gets the reverse inequality.
Moreover, note that the function V := 2'=5U, solves —(AV + V,.) + %‘/z = 0, thus by the
maximum principle

sup |V| < max {sup V(-,07),supV (-, 1)} < max {C(HAuHLoo, |u|l oo, s), sup V (-, 1)} .
Mx(0,1] M M M

But since V(,1) = U,(+,1) we have by standard interior gradient estimates

U:(p, )| <C sup |U| < Cllufre,
Bi/10(p,1)

for some absolute constant C' > 0 independent of u. Putting everything together

sup [V]= sup U] < C(|Aufl e Jull . 5)
Mx(0,1] M x(0,1]

and this concludes the proof of (3.18) and of Step 3.
We're left with proving (3.12). Integrating by parts, for every ¢ > 0 we find that

/ VU2 "% dVdz = 5;1/ U(-,6)8' U, (-,0)dV .
M x[8,00) M
Letting now 6 — 07, by (3.14), (3.18) and dominated convergence on the right-hand side

- . B . Bt
/M VU2 5 dVdz = ;! /M u(—A)PudV = T[u]fgw(m :

This concludes the proof.

3.2.1 Proof of the monotonicity formula (Theorem 1.2.2)

The monotonicity formula for minimizing s-minimal surfaces in R™ was proved in the seminal
article [CRS10], and for Allen-Cahn type critical points, it was first obtained in [CC14]. In
[MSW19], the monotonicity formula is shown to extend to stationary s-minimal surfaces. Here,
we prove the analogous (local) monotonicity formula on a Riemannian manifold. The proof
holds simultaneously for any s-minimal surface, that is, for any stationary point of the fractional
perimeter regardless of second variation or regularity, and also for any stationary point of a
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semilinear elliptic functional with a nonnegative potential term, hence including the fractional
Allen-Cahn energy. For > 0 and p € M denote

p):{qEM dg(q,p <7’},
b, ):{ GM d(( ),(p,O))<r}, (319)
aB*( p.0) = a(B+<p7 0) |

0+ B (p,0) = 0B (p,0) N {z > 0}.

In this section, since there will be no possible ambiguity, we will use V instead of V to denote the
gradient in M with respect to the product metric.

Before proving the monotonicity formula of Theorem 1.2.2, we will need two preliminary
lemmas from Riemannian geometry, which will allow us to bound the “Riemannian errors” in two
formulas regarding the distance function.

Lemma 3.2.5. Let (M™,g) be an n-dimensional Riemannian manifold, p € M, Ry < injy,(p)
and let K be an upper bound for all the sectional curvatures in Br,(p). Denote by d the distance
function to the point p. Then, for all R < min{Ry, \/%} there holds in Br(p):

(Vv (avd),V) — V| < VER|V]?,
for every vector field V. on M.
Proof. We can compute

(V,Vy(dVd)) = (V.(V,Vd)Vd) + d(V, Vy (Vd))
= (V,Vd)> +dV3d(V,V).

On the other hand, the Hessian Comparison theorem—see Lemma 7.1 in [CM11]—gives that
[dV2d(V,V) — |V = (V,Vd)Vd[]*| < dVEK|V|?

in Br(p), whenever R < min{inj,,(p), ﬁ} Moreover, since |Vd|? = 1, we also have that

[V —(V,Vd)Vd|* = |V|* = 2(V,Vd)* + (V,Vd)*|Vd|* = |V|* — (V, Vd)*.

Hence
[dV?d(V,V) +(V,Vd)* - [V]| < dVK|V|* < RVE([V]?
holds in Br(p), as long as R < min{Ry, \/%}, and this conludes the proof. O

Lemma 3.2.6. Let (M™,g) be an n-dimensional Riemannian manifold, p € M, Ry < inj;(p)
and let K be an upper bound for all the sectional curvatures in Bgr,(p). Then, there exists
C = C(n) > 0 such that, for all R < Ry, in Br(p) we have that

|div(dVd) — n| < CKR?.

Proof. Fix p € M, and denote d(p,-) just by d(-). Observe first that every geodesic o with
0(0) = p and contained in Bpg,(p) is uniquely minimizing. For any R < Ry and = € Bg(p), let
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v :[0,d] — M be the normalized geodesic with y(0) = p and y(d) = =. Note also that
div(dVd) = |Vd|* + dAd = 1 + dAd.

Consider §(d) € T, M, and complete it to an orthonormal basis {e; := ¥(d), e2, ..., e} of T M.
For i =2,3,...,n, let 7; be the geodesic with v;(0) = z and 4;(0) = ¢;. We can compute

n n 2
Ad(z) = ZVQd(x)(ei, €i) = Z %
i=1 J

2
where we have used that %

(dov)=L|  (d(x)+s)=

=0 =0
Let J; be the Jacobi field along v with J;(0) 20 and Ji(d) = e;, well defined by uniqueness of
geodesics between endpoints. Denote by

d
I(X,Y)= / (DyX, DY) — Rm(%, X, 4,Y) dt
0

the index form associated to v on [0,d]. Since <y is minimizing along all curves with the same
endpoints, for every vector field X on 7(]0,d]) orthogonal to 4 and with X (0) = 0 and X (d) = e;
we must have

0<I(Ji— X, Ji — X) =1(J;, J;) — 2I(J;, X) + I(X, X).

Since J; is a Jacobi field, one can easily check that I(J;, X) = I(J;, J;), hence I(J;, J;) < J(X, X).
Take X (t) = LE;i(t), where E;(t) is the parallel transport of e; € T, M along ~. From the second
variation formula for arc length we get

d2

d
2| @on) =[PP R giq. 2 bt = 17,0

s=0

d
< I(X,X) = / DX 2 — Rm(4, X, 4, X) dt
0
d
g/ |D:X|? + K|X|*dt,
0

where we have used that sup,ep,, |Sec,| < K. Thus

d? d d q 2 1 &2
dsgszo(dO’Yi)S/o |D1tX|2+K|X]2dt:/0 d2+Kdet:d(1+K3).
Hence
n—1

(dovy)<n—14+K d?,

=2 $=

or equivalently

n—1

—1
\div(dVd)(z) — n| = |d(z)Ad(z) + 1 —n| < K”Td2 < K== R,
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- . ; —_ n—1
and this completes the proof with C'(n) = "= > 0. O
We can now prove the monotonicity formula.

Proof of Theorem 1.2.2. Since during the entire proof, the point p, € M will be fixed, we will not
specify the center of the balls in what follows, as this will always be (po,0) for balls inside M and
po for balls on M. We divide the proof into two steps.

Step 1. First, we show that if u is stationary for the energy £(v) = [v ]Hs/2 )+ Jas F(
under inner variations, then its Caffarelli-Silvestre extension U is stationary for the energy

U»—>2Bs/~zls|VU]2dde+/ F(Ul|p)dV
M M

under inner variations on M given by vector fields Y on M such that Y |as is tangent to M.
Recall that the Caffarelli-Silvestre extension of u is given by (3.11).

Let Y be a vector field on M such that Y|n is tangent to M, and let 1/){, denote its flow
at time t. Let also V; be the Caffarelli-Silvestre extension of u o wg,IM, for any ¢t € R. By the

minimality of the extension in the energy space, we have

. v wous = lim g (26 [_vUp - s, [ awweup)

< lim -~ (258/ 15\VU]2—2ﬁ5/ zls|vvty?)
t—0 t M

[u ]?{s/z(M) —[uo ¢§/]?{s/2(]\/[)

s

= lim
t—0 t

d —t12
= &‘tZO[UOwY ]HS/Q(M) )

and likewise

d 1-s — o 1—s ° —t\2 I—s 9
%’t:ozﬁs /Mz |V(UOwY )I? hm <268/ V(U o y7)|" — 285 /Mz VU| )

> lim - <253/ 1S\VV_t]2—2BS/ zls|VU\2>
t—0 ¢t M

— lim [u 0 1/)y ]HS/Q(M) - [u]?{s/z(M)
50 t

—t72
- @‘t:o[u ° ¢Yt]HS/2(M) ‘

Hence
SL o [ AI@euh = 4| oy
dt|,_o " Jir v dt]—o Y HAMY
Since u is stationary for the energy £(v) = [v]2, o T [y F(v) dV under inner variations, this

shows that U is statlonary for the energy U — 20 fM 25|\ VURdVdz + [y, F(Uly) dV under

inner variations on M , with vector fields Y as above, and this concludes the first step.
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Step 2. We now compute such an inner variation for a suitably chosen Y. First, the variation
of the potential part of the energy is

%‘tﬁ) /M F(u ° w;t) v = %‘t:o /M F(U)Jt(p) de
= /M F(u)divy(Y|ar) dV. (3.20)

The quantity divy(Y|ps) will be estimated later. We now focus on computing the variation for the
Sobolev part of the energy. Once again, we change variables in the integral using the flow ¢!,
obtaining

/~21_5!V(Uo¢§t)|2dde = /~<szty>1—S|V<U oy ) o vy Jilp,2) dVpdz.  (3.21)
M M

Now, we choose the vector field Y. We take Y = n(d)dVd, where d = dz((po,0), - ) is the distance

on M from the point (p.,0) and n = n; is a single variable smooth function with n =1 on [0, R},
decreasing to zero on [R, R+ 6], and n = 0 on [R + 6, +00). Since the distance dz((po,0), -)

restricts to the distance dy(po, - ) on M when computed on points on M with z = 0, clearly Y|
is tangent to M. We want to exchange the order of derivation and integration in (3.21). Hence,
we compute separately the three terms that will appear in doing so. For the first term, using that
d%((p7 z), (po,0)) = d2(p, po) + 2* and the definition of ¥ we see that

4| ovh) ™ = (1= sz *n(d)z = (1 = )" n(d).

As for the second term that will appear, a simple general computation—see for example the lines
after Lemma 3.1 in [Gas20]—shows that

d _
2| VoWl @) = —2(Veuy. VU).
Moreover, using the form chosen for Y we have that

(VvuY,VU) = (Vyu(n(d)dvd), VU)
= (VU,Vn(d))(dVd,VU) + n(d)(Vyy(dVd), VU)
=7/ (d)(VU,Vd)(dVd,VU) + n(d)(Vyy(dVd), VU)
= dn/ ()|(VU, Vd)|> + n(d){(Vyu (dVd), VU) .

Notice that K is also an upper bound for all the sectional curvatures on M in B R, (Po,0) and that
injs(po) = inj37(po, 0). Thus, by Lemma 3.2.5 applied to V' = VU,

(VyuY,VU) = dif () |(VU,Vd)[* + n(d)(1 + O(VER))|VU|?

for all R < min {Ro, \/%} Lastly, for the remaining factor in the integral, Lemma (3.2.6) gives
that

Jy = div(Y) = 1/ (d)d|Vd|* + n(d)div(dVd)
= dif (d) +n(d)(n + 1)(1 + O(VKR)),

l
dt lt=0



o1

in Br(po), for R < min {Ro, ﬁ}

Now, analogously applying Lemma (3.2.6) on M instead of M to (3.20), we already find an
estimation for the potential energy:

d . /
@LZO /M Fluoyy')dV = /M F(u)(dn'(d) + n(d)n(1 + O(VEKR))) dV .

Moreover, it follows from (the local version of) Bonnet-Myers’ theorem that R, < Rpax =
inj,; (po)/4 < min {ian(po), \/—%}, and this will be our final choice of Ry,,x for the statement.

From now on, we always consider R < Ry < Rmax = inj (po)/4.
Regarding the Sobolev part of the energy, exchanging differentiation and integration and substi-
tuting the estimates we have obtained so far gives:

Gl [V eu P
= /~(1 — 8)2' 7 n(d)|VU? + 2175 (= 2dn/ (d)|(VU, Vd) |> — 2n(d)(1 + O(VKR))|VU|?)
M
+ /N VU P (dy/ (d) + n(d)(n + 1)(1 + O(\/I?R))) dVdz
M

2175 (d) (VU — 2(VU, Vd)?).

= (7~L—s)(1+0(\/mz))/~+ zl_S|VU]2n(d)+/

R+ BR+6 BR

Adding the expressions for the potential and Sobolev parts of the energy, we get

i Zlfs o —t\ |2 uo —t
t:0<2ﬁs [ wwenP s [ Fuouy >>
:uwwxruwamnm/" n(d)z'~*|VU?

dt
BTt

R+

+ 23, /~ _dn/ ()2 (| VU - 2(VU, Vd)?)
By s\BR

+n(l+ O(VER)) /

Br+s

W@+ [ d@F).
Brys\Br

By stationarity of u and Step 1 we know that the left-hand side is equal to 0 for every Y, thus the

right-hand side vanishes for all n = 75 defined as above. Since this holds for all § > 0, we now let

d ~\ 0 so that 75 converges to the characteristic function of [0, R]. This gives (for a.e. R € (0, R,))

o:(n—s)(u()(\/ER))wsﬁ z1_5|VU|2—2RBs/8~ ,z1—8|VU\2+4ms/8 B
B B, *Bj
+n(1+0(\/ﬁR))/ Fw) -R [ Flu).

Bpr 0BRr

Rearranging the terms and multiplying by R~ we deduce that

(n —s) 1-s 2 1 1-s 2
Sy <2ﬁs /g VUP 4 /B ) F(u)> e (253 /a IR G F(u))

R R
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CVK Bs B s
> — 255/ zl‘sVU2+/ F(u) | + / zlsVU,Vd2+/ F(u),
Rn—s ( Bt vl Br @) R™=% Jo+ B < ) Rn=stLl Jp ()

for some absolute constant C' > 0. In other words,

' (R) > —-CVK®(R) + 55/ VU, VY 4 —— /FudV,
(R) (R) + pn=s - ( )"+ pre 5 (u)

and this implies, in particular, that

d

= (eCW%(R)) >0 forall R<Ro.

Lastly, in the case where M =R", FF =0, s € (0,1) and u = xg — xpge is a stationary set for
the fractional s-perimeter, instead of the two bounds used above

(Vyu(dVd),VU) = (1 + O(VKR))|VU|?,
div(dVd) = (n + 1)(1 + O(VKR)),

given respectively by Lemmas 3.2.5 and 3.2.6, one has the equalities

(Vyy(dVd), VU)gas1 = |[VU|?,
divgn+1(dVd) =n + 1,

where U is the extension of u = xg — xge. Thus, following the proof one finds the exact expression

205
¥ () =

/ - ZA7(VU,Vd)? dedz > 0.
8+3§(po,0)

In particular, ® is constant if and only if (VU, Vd) = 0, that is, if and only if F is dilation-invariant
for dilations with center at p, € R™. With this, we conclude the proof. ]

3.2.2 Estimates for the extension problem

Lemma 3.2.7. Let s € (0,2) and M satisfy the flatness assumption FAo(M, g,2,p, ). Let also
U : By (p,0) — R be any function solving

div(z!=*VU) =0 in Bf(p,0),

and let u be its trace on By(p). Assume also U € L (BF (p,0)) and u =0 in Bso(p). Then there
exists C' = C(n) > 0 such that

e C _
Zl |VU(Q7Z)| < gHUvHLoo(Eér/5 ) V(q, Z) € B;r(pv 0)

(0))

Proof. Let C' denote a constant that depends only on n. This estimate is proved by a barrier
argument. Let a, 3 > 0 to be chosen later, and for g, € By;/19(p) define

bio(0:2) == 517 (@) = 97 (@) = B - 227).

Denote by A, the Laplace-Beltrami operator of (M, g). Then, by FA2(M, g,2,p, ), for (z,z2) €
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Eg/5 there holds |Ayby, (g, 2)| < Ca. Moreover

(8zz + %8,2)22 =2s and (8ZZ + %32)25 —0.

Hence
— ~ 1—
diV(Zl_SVbqo) = Zl_s (AngO + 8ZZbQO + SaZbQO> S Zl_s(ca - 2818) S 07
z

provided we take g = Ca/s.
Since U = 0 in Bg/s(p) x {0} clearly [U| < by, (-, 0) in Bg/s(p) x {0} . Moreover, for every
(x,2) € 8+§g/5(p, 0) there holds

bgo(4,2) 2 Ca — B(2* = 22°) 2 Ca > |U|| oo > U(z,2),

By (0.0))

provided we choose a = C'_lHU\|LOO(§+/ »0)"
6/5\7

Hence, with this choice of a and 3, |U| < by, on the full boundary 8§g/5 (p,0). Since also U

solves &;/(ZI_S%U) =0in B,

6/5 (p,0), by the maximum principle we get

Cz*
|U(qo,z)’ < bQO(qO?Z) <

s ||U||L00(§ér/5(p70)), (322)

for (g0, 2) € éfrl /10(p, 0). Moreover, by standard interior gradient estimates for uniformly elliptic

equations, for all (¢, z) € Ef (p,0) we have

< - C
VU@ ) < IVl st S 210l (3.23)

(qu Ez/50(qu))'

In fact, it is well known that for uniformly elliptic equations the constant in the gradient estimates
depends linearly on the ratio between the upper and lower ellipticity bounds (see, for example,

GT77, 8§15.3]). Since U solves div(z1=*VU) = 0 in éz 50(q, 2), and since
/

t].—S tl—S

sup and inf
(Pvt)eéz/w(q,z) (pt)€B./50(q,2)

are comparable (i.e., their ratio is bounded by an absolute constant independent of z and s),
standard gradient estimates give (3.23) with a dimensional constant on the right-hand side.

Lastly, since B;/50(q’ z) C Eﬂ/lo(p, 0), plugging (3.22) in (3.23) gives

~ C . ~

as desired. O

Lemma 3.2.8. Let s € (0,2) and M satisfy the flatness assumption FAo(M,g,3,p,p). Let also
U : B (p,0) — R be any function solving

&Rf(zl*S%U) =0 in é;(p, 0),

U=u on Bs(p) x {0}.
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Assume also that U € LOO(E;(p, 0)) and uw =0 in Bay(p). Then

e C =
21 IVVU(q,2)| < ZHU”Lw(g; V(g,2) € Bfr(pa 0).

(p,0))’

Proof. For simplicity, we just carry on the proof in full details for M = R™. The proof on a

general manifold that satisfies FAz(M, g,3,p, ) is identical working in coordinates given by ¢~ 1.

We keep denoting by div and V the operators on the extended half-space R’}fl.
For every i = 1,2,...,n consider the partial derivative U,, := 3710]1 This function solves

&R/(zl_S%Umi) =0in E;(p, 0) and satisfies Uy, (+,0) = uy, = 0 in Ba(p). Thus, by Lemma 3.2.7
(rescaled) applied to U, we get

e C -
270V, (g, 2)] < S Uzl 5 ¥(g, 2) € By (p,0). (3.24)

15 (p.0))

Claim. There holds
1Tzill o (57, oy < CNU M oo (B ()

This follows by a proof similar to the standard gradient estimates for uniformly elliptic PDEs.

We denote by C' > 0 a constant that depends only on n. Let LV := ﬁ;(zl—SﬁV) and let 1 be a

smooth cutoff function such that x5+ (p,0) <n< X5+ (p.0)" We have
9/5\" 2 )

LPUL) = > L(UZ) + U2 L(?) + 2275V (n?) - V(U2)
= 02U, L(Uy,) + 2072173 |V U, [ + UL L(0?) + 821 50Uy, Vi - VU,,
> 2278 |\VU,, [ 4+ U2 L(?) — 202215 |VU,, |* — C217% |V |2U2,,

where in the last line we have used that £(U,,) = 0 and Young’s inequality. Hence
LORUZ) > —(|Ln?)| + O U2. (3.25)
Moreover, since U solves £L(U) = 0 we also have
L(U?) =2ULU) + 42275 |VU|? = 22175 VU 2. (3.26)
Putting together (3.25) and (3.26), for every M > 0, gives
LIMU? +0?°U3) > Uz (2Mz'7° — |L(n%)] = C=7).
It is easily checked that
1L%)] = 27 A0%) + (1 - 5)27° - 0:(n*)| < O
Thus
LIMU? +0*U2) > Uz (2Mz'7° — C='7%),

and taking M = C > 0 we get that MU? + 772U12;i is a subsolution in E; (p,0). Hence, by the
maximum principle

o/ Bf (p,0) 9By (p,0) 8By (p,0)
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where in the last equality we have used that n?U2 =0 on Bégr (p,0) since n =0 on 8+§2+ (p,0)
and U, = 0 on Ba(p). The last inequality implies the claim.

Now we can easily conclude the proof. Using the claim in (3.24) we get

~ C ~
1—s ~ _ +
z ‘VU%(Q7 Z)| < S ||U||L°°(B;r(p70))’ V(q,Z) € Bl (pa 0)7

and the result follows by summing up this inequality for i = 1,2,... n.
O

Lemma 3.2.9. Let s9 € (0,2), s € (s0,2). Consider the Riemannian manifold (R",g) with
(1= 155) [0 < gij(x)viv? < (14 135)[v]? and lgijllcrimny < 1. Let also u: R" — [-1,1] and
U:R" xRy — [—1,1] be the extension of u (in the sense of Theorem 3.2.4). Then

~ _ 2
/ VU2 "%dVdz < C // M dady,
B (0,0) R xR7\ (BS xBS) |z — |

with C' depending only on n and sq.

Proof We proceed as in [CRS10, Proposition 7.1]. Assume without loss of generality that
fB r)dr = 0. Let § : R” — R be a cutoff function such that { =1 in Bs/5(0) and is compactly
supported in B2(0). Write u = u€ + u(l — &) = uy + ug and U = Uy + Us.

On the one hand, since u; is compactly supported in By := B2(0) and by Lemma 3.4.7 we have

1—s| 77, |2 2
208, /Ri“z VU |*dVdz = HulHHS/Z(]Rn,g)

- 1(2) = () PR, ) ViV
R xR\ (BS xBS)

u(@)é(z) — u@EW -
= Con ” //R"XR”\ BSxBS) ‘ («T) ey

|z — y|"*s

lu(e) — )l (@) — )2
n,s d d n,s 7d d
< Ca //BR rx— = ””*CQ’//BW'“(”C)' o —gnts W

2
< Can,s // [w@) =W gogy 4 ¢ [ Juge)Pae.
R xR"\ (BSxBS) [z —yl Bo

Moreover, using the fractional Poincaré inequality (recall |, B, W(z)dz = 0):

2
fu(z)| dx<Cans// [ule) = uly)l” 4, g
BQ BQXBQ ‘LL’— ‘n s

2
<C’an8// Jule) - (+)’ drdy =: 1I.
R7 xR7\(BS xBS) ‘x - ‘n ®

On the other hand (using again [, u 5, WY)dy = 0)

2
"Xy // X6:9) 4,4, < 1,
/Rn (1+|x| "*S // 1+|g;| ”*S \B! 1+|x| )2 1Bl




56

and by Holder’s inequality

) 1/2 ) 1/2
/ %dm < / Mhmdx / ——dx < cr1'/?.
R (14 [2]?) 2 R (14 [2]?) 2 R (14 [2]?) 2

Claim. There is C = C(n) > 0 such that for (z,z) € Bf

218|VUy (3, 2)| < C Mdy. (3.27)

n+s

R (14 [y]?) 2

We postpone the proof of this claim and first see how to conclude the proof of Lemma 3.2.9.
By the claim, if (z,z) € B{ then

21—8|6U2(ZE,Z>| S C |U2(y)’ dy S C |U(y)’ dy S CII/Q

n+s n+s

R (14 |y[?) 2 R (1+ |y[?) 2

But then the inequality

/ 218V Uy Pdadz < 011/2/ VU, |dzdz
Bf Bf

B 1/2 1/2
< CII/2</ 213|VU2\2dxdz> </ zSIda:dz) ,
B B

1
gives

/ 218V Uy Pdadz < C1,
BY

and the lemma follows.

It only remains to prove (3.27). Let Hy(x,y,t) be the heat kernel of N := (R", g). By (3.9)
the fractional Poisson kernel! Py : R™ x R™ x (0,00) — [0,00) of N can be represented as

23 0 _2 dt
PN(x’y’Z):ZSI‘(s/Z)/O Hy(z,y,t)e ‘“Wa

and the solution Us to the extension problem with trace ug is Up(x, 2) = [pn Pn (2, y, 2)ua(y) dVj,.
Then, by Lemma 3.4.7 we have that Py is comparable (up to dimensional constants) to the
fractional Poisson kernel of R™ with its standard metric, that is

S S

z z

CS

<Pn(z,y,2) <Cs

n+s —

(lz —y[* +2%) 2

n+s

(Jo —yl? +22)2

for some C, ¢ > 0 dimensional. Hence, for every (z,z) € 5675

|Us(z, 2)| < Cs/ [uz(y)] dy < CS/R Mdy

R (| —y|? + zz)ngs B, [T —ylrts T

25

— on R™ with its standard metric, for some normalization constant o, s > 0.

"Which equals Ons————nfs
(le—y|2+22)"2
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Since = € Bg /5 and y € R™ \ By there holds |z — y| > 51/ 1+ |y|2, and hence

luz(y)|
Uall oo+ SCS/ W E
102l e 5 R (14 |y|2)™3

From here, the result follows directly by Lemma 3.2.7. O

Lemma 3.2.10. Let so € (0,1) and s € (sg,1). Let M satisfy flatness assumptions
FA1(M,g,1,p,¢). Let also U : Bf (p,0) — (=1,1) be any function solving

div(z!=*VU) =0 in B;(p,0), (3.28)

and let u be its trace on Bi(p). Then for all o > 0, R > 1, k € R and q € By,(p) such that
Bro(q) C Bsa(p),

1-s s
fis/~ VU dVdz < %+ < (171/ u+de> ( nl_l/ [Vl dv> :
0" JB} (a0) Re 1= s\0" JBry(@) 0" JBr,(a)

where the constant C depends only on n and sg.

Proof. Let us show that if U and U’ are two different solutions Ef (p,0) = (—1,1) of (3.28) with
the same trace u on Bs/4(p), then

/~ A (VUP - [RUP) dvd: < c[ AU R Ve, (3.29)
B{ (q,0) B{ (q,0)
whenever R > 1 and Bgy(q) C Bs/4(p)-

Indeed, by Lemma 3.2.7 (rescaled) we have that 31_5’%(U - U’)’ <Cin Ef/g(p, 0). Thus,
using that p < 3/4 we obtain

/~+ A7(|VU P = [VU'?) dvdz
B (a,0)

_ /~ A (VW = UY)) - (VU +U')) dVdz
BJ (4,0)

1 1
2 ~ ~ 2
< C</~ zsldde> (/~ 5 (|VU P + |VU’|2)dde>
B (4,0) B (¢,0)

0/ _ . 3
- 0/2</~ (VU + |VU’|2)dde>
s Bf (a,0)
1 ~ ~ ~
< = /~ (| VUP = [VU')P)dVdz + C [ A7 VU dVdz,
2 /B (a0 B} (2.0)

and (3.29) follows.

Now let g;; be the components of the metric in the coordinates =1, n € C2°(B) be a
nonnegative smooth cut-off function satisfying n =1 in By/4, and put ggj =giin+ (1 —n), a
metric defined in the whole R™. Thanks to (3.29) it is enough to prove the lemma for the manifold
(R™, ¢') with p = 0 and with U replaced by the (unique!) bounded solution U’ of (3.28) (with
respect to the metric ¢') in all of R™ x R,. But in this case we can use Lemma 3.2.9 (rescaled)
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and obtain

_ 2
Qs—n/ 1— S|VU/|2dVdZ<CQS n// \u(m) u(y)‘ d:rd,y
R

B} nxRn)\(Bg, % BS,) |z —y|ts

2
< 2Cp*~ ”// —\u( 7) n(+3| dxdy
BRQXBRQUBQXB |x_y|

2 n—s
BRQXBRQ |:I" - | R
where we have used that

Ju(z) —u(y)® / 1 Co"
dzdy < C —————dy | dx < :
//ngsc Iﬂf—yl’”‘*‘" B, \ /By, (lyl —0)"** (Ro)*

We conclude using the interpolation inequality of Proposition A.1.1, since the modulus of the
Euclidean gradient in R"*! and the metric gradient |VU| are comparable. O

3.3 Equivalence with the spectral definition

Recall the definition for the fractional Sobolev seminorm that we used in the previous section
(that is, Definition 2.2.1). In the next result, we show that the fractional Sobolev seminorm can
equivalently be expressed using the spectral or extension approaches.

Proposition 3.3.1. Let u € H%/?(M) (that is, the integral (2.3) is finite). Then, the fractional
Sobolev seminorm (2.3) is equal to

o0

[ Hs/2(M Z 8/2 (u, d)k L2(M) (3.30)
k=1
and
[u]ils/Q(M) = inf {2,88 /~]§v|2218 dVdz : v(-,0) = u(-) in LQ(M)}. (3.31)
vEHL(M) M

Moreover, the conclusions of Theorem 3.2.4 also hold for u (with the exception of (3.14)), and the

infimum in (3.31) is attained by the unique U € Hl(]\j) given by Theorem 3.2.4. In particular,
we also have that

[Wer2 0y = 265 /N VU225 dVdz, (3.32)
M

where Bs is the constant defined in (3.13).
Proof. Step 1. We show that (2.3) and (3.30) coincide for a function in L?(M).

Recall the regularised kernel K defined in (3.2), which is bounded, symmetrical and increases

monotonically to g as € — 0. By monotone convergence and these properties, for any function
u € L*(M) we can write

B = [ () = u@)Kelp. ) Vi,
= //MXM(U(”) —u(q))*K5(p, ) dVpdVy
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e—0

— lim 2//MXM(u(p) —u(q))u(p)Ks(p, q) dVpdVy
— i 2 [ (~8)2 0 ()ulp) 0. V. (3.33)

e—0

where we have set

(-8)2u)(p) = / (u(p) — u(q))KE(p. q) 4V,
M

il [ ) @) [ e

T S ey dt
_ F(l—/s/2)/o (u(p) — Pru(p))e /4 Ats/2

Now, if {¢y }x is an orthonormal basis of L?(M) made of eigenfunctions for (—A), with eigenvalues

O=X <M < X< <>\ki—£o_>+

then they are also eigenfunctions for (—A)i/ ? with eigenvalues

s/2 s/2 /°° oty —e2jap At
Ape = T —s/2) (1 —e""e TR

which one sees immediately by applying the formula above for (—A)g/ % to ¢ and using that
Py, = e Mtgy. These eigenvalues are uniformly bounded in k (for a fixed € > 0) and increase

monotonically to the )\z/ ase—0F.
Expanding u = Y% ag¢r, with ay := (u, ¢r) r2(ar), we deduce that

[e. 9]

Ay Z (U, Ok) L2 (A1) P -

k=

We remark that the expression makes sense since the )\ 5/2 ke are bounded uniformly in k (for a fixed

g), and thus the sum is absolutely convergent in L?(M ) Using this fact, substituting into (3.33)
gives that

sy =l 2 [ (200 0)ulp)K )
M

e—0
[o@)
2
= lim 2 )\S/
e—0
k=0

Using again the monotone convergence theorem (for sums now), we deduce that

H5/2 - 22)\8/2 2

as desired.

Step 2. We show that U given by the representation formula (3.9), which was only used for
smooth functions u, is valid for u € H*/?(M) in general and moreover (3.32) still holds.
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Fix u € H*/?(M), and let U be defined through the representation formula (3.9). We will first

show that U has finite H 1(M ) energy, using the spectral expression (3.30) for the energy that we
have just proved. Recall that if ¢y, is an eigenfunction of (—A), then P;¢y = e~ !¢y. Therefore,
writing u = Y7 ; ardr, where ay := (u, ¢) 12(ar), we have that

Z z d
Ulp:2) = 55F 257(5/2) / Frulp) e 5

_ Z Y t,ﬁ dt
T 2T(s/2) Zak¢k / e 1+s/2 "

Then, we can compute (recall that V denotes the gradient on M)

R ez dt
VU.2) = 5ipy gy 2 kT /0 M

and

Zl-‘rs dt

1 = 7)\kt7£ s—1
o8 U(p7 QSF(S/Q Z ak¢k / 4t (82 72t )7t1+3/2

2

_z2 dt
281“ Z ardr(p / —Akt (s — ;—t) prEvr

Recall that the ¢; and ¢; are orthogonal in L*(M) and H'(M) seminorms for i # j, and that
moreover [, ¢% =1 and Jur |Vor|? = i for every k. Then, given z > 0 we find that

2s oo o0 2
/Mx{z} VU@, 2V, 225T2(s/2) ;ak< , € t1+s/2 ’Vfbk\
225 0 00 2 dt 9
- —_ )\ 2 —Akt—7
225T2(5/2) ; lcak:(/o e 4 t1+s/2)

2s

0 00 2
_ z 1+s ] dr )2
_22SF2(3/2>,€ZA k</o © Vi)

where in the last line we have performed the change of variables r = A\t.
We can argue analogously for 9,U, which leads to

[ o), - G Za / e (I WL ’
Mx(sy P gnT (s /22 2t/ {1+s/2
25 2 5 o] 7r7z2>‘k ZQ)‘k: dr 2
T 25T (s/2)2 Za’“A (/ © v (S_ 2r >r1+s/2>

and integrating in z over (0,00), and then performing the change of

1-s

Now, multiplying by z
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variables z = )\,:1/210 (so that 22\, = w?), gives that

o0 © w2 dr N2
— AS/Q 2/ l+s</ —r—9- > d
QQSFQ(S/Q); e 0 © rivsz)

=21(s) > A%}
k=1

= ci(s) [U]?qs/z(M) )

and similarly

// 10.U (p, 2)|*2' %dV,, dz
MXR+
1 2 b s—1 o0 _T_Z2)‘k Z2)\k dT 2
223F2( /Q)Z)Vcak/o < </0 € ‘" (5_ o >T1+s/2 dz
o o w? 2y dr \?
S [ ([T (o) )
225F2(8/2)kzl ko Ok o w o e ! (‘9 2T>Tl+s/2 w
= 2c9(s) Z )\iﬂa%
k=1

= 02(3)[u]§1s/2(M) .

Here, we have defined ¢1(s) and co(s) implicitly as the corresponding constants (which depend
only on s) resulting from the expression, and we have applied (3.30) in the last line in both
computations.

Putting everything together, we get that
// VU (p, 2) 2" % dVydz = (c1(s) + ca(s)) [u]zs/g(M) :
M xR

We could write the constant (01(5) + 02(5)) explicitly in terms of the resulting complicated integral
expressions. On the other hand, thanks to (3.12) and (3.13) from Theorem 3.2.4 (which was
proved only for smooth functions), we know that c1(s) + ca(s) = (28s)~ 1. This proves (3.32) with
U given by the representation formula (3.9).

In particular, we now know that U has finite energy for the extension problem. Moreover,
arguing as in Step 1 of the proof of Theorem 3.2.4, it is simple to see that U has u as its trace in
L2(M), and that it is a weak solution (meaning in duality with C°(M)) to div(z!~*VU) = 0.
Let now Upin € H I(M ) be defined as the unique minimizer of (3.31). The fact that Uy, exists
follows by a standard lower-semicontinuity argument, just as at the beginning of the proof of
Theorem 3.2.4, together with the fact that the space of competitors is not empty (which holds

since, for example, U defined above, which has finite H 1(M ) energy, is one such competitor).
Clearly, Upin is also a weak solution of dlv( 1= SVUmm) = (0 with trace u.
Step 3. U = Upin.
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This follows directly from the uniqueness of weak solutions shown in Lemma 3.3.2, which we
state as a separate result after the present proof.

With this, we conclude the proof of Proposition 3.3.1. O

Lemma 3.3.2. (Uniqueness of weak solutions) Let u € L*(M), and denote by T : H(M) —
L?(M) the trace operator. Then, there exists at most one solution U € H'(M) to the problem

C/ﬁ;/(zl—s%U) =0, in (CX(M x (0,00)))*,
TU = u.

Proof. Suppose U; and U, are two such solutions and denote V := U; — Us. By hypothesis
TV = 0.
We claim that there exists a sequence (Vi) € C°(M x (0,00)) such that
/N IVVi = VV[22' ™ dVdz = 0, ask — oo. (3.34)
M
The point here being that Vj is zero both in a neighborhood of M x {0} and in a neighborhood of
infinity.
The proof is inspired by (a weighted version of) [Eval0, Section 5.5, Theorem 2]. By the
definition of the space H'(M) there exists a sequence (Uy)r, C C*°(M x [0,00)) with (as k — 00)

/N VU, —VV|?2'"*dVdz — 0, and TU;, = Ug(-,0) = 0 in L*(M).
M

Note also that V' is smooth in M x (0, 00). Now, for every (p, z) € M, by the fundamental theorem
of calculus and Holder’s inequality

z 2
P <2000 +2 ([ F0 0l dy)
< ClUp.OF +C=* [ VU dy,
and integrating for p € M gives
[ ata,<c [ oeorves [ 90e Py dydy,. 635
M M M JO
Letting k£ — oo we get
/ V(. 2)2av < czs/ / V241 dy dv, . (3.36)
M M JO

Now, for every k > 10, let n, € C°°(]0,400)) be a smooth cutoff function with n = 0 on
[0,1/k], n =1 on [2/k,00) and || < Ck. We claim that the sequence Vi, = V(p, z)ni(z) €
CX(M % (0,00)) has the desired property. We have

/~§(Vnk) _SVPL T avdz < C/~ TV — )220 4 C/N\vayn;\Qzl—s —: T+ Loy,
M M M

We estimate the two integrals separately.
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For the first integral we have

2/k _
Iy < C/ / |IVV 2217 dVdz — 0,
0 M

as k — oo, since V has finite energy.
Moreover, by (3.36), we have regarding the second integral

2/k
Iy < C’k2/ / A7V 2 dVdz
0 M

2/k z
< Ck? / 2178 <zs / / |VV[2yt=s dde> dz
0 M JO
2/k 2/k _
< Ck? ( / zdz> ( / / |VV [yt~ dde)
0 0 M

2/k _
= C’/ / IVV 2y =5 dVdy — 0
0 M

as k — oo, again as V has finite energy.

Hence Vi, := Vi, has the desired property (3.34), and it can be used as a test function in the
weak formulation in duality with CSO(M ). Multiplying &RI(ZI*S§V) =0 by Vj, integrating on M
and integrating by parts gives

/N(ﬁv VVi)z " dVdz = 0.
M

Letting k — oo and using (3.34) gives
/N IVV 22l dVdz =0,
M

hence V' is constant, and then (since 7V = 0) it must be V' = 0. Thus, U; = U; coincide, and the
proof is complete. O

3.4 Local estimates

In order to quantify the dependence of the constants in the estimates on the geometry of the
ambient manifold precisely, the notion of “local flatness assumption” will be very useful (this
quantification will be important when we perform blow-up arguments). Let us introduce it below.

Here, as in the rest of the work, Br(0) denotes the Euclidean ball of radius R centered at 0 of
R™, and Br(p) denotes the metric ball on M of radius R and center p.

Definition 3.4.1 (Local flatness assumption). Let (M™,g) be an n-dimensional Riemannian
manifold and p € M. For R > 0, we say that (M, g) satisfies the (-th order flatness assumption at
scale R around the point p, with parametrization @, abbreviated as FA,(M, g, R, p, @), whenever
there exists an open neighborhood V' of p and a diffeomorphism

v :Br(0) =V, with ¢(0) =p,

such that, letting g;; = g (cp* (821') s Ox (%)) be the representation of the metric g in the coordinates
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o~ L, we have

1 o 1
1— — ) o < gij(@)v? < (14— |v]? R™ _
< 100) [v]* < gij(z)v'? < ( + 100) lv[* VYove and Vzx € Br(0), (3.37)
and o
0% g;;
Rl ;le(ft) < s Vo multi-indez with 1 < |a| < ¢, and Va € Bg(0).

Definition 3.4.2 (Locally uniformly flat manifold). Let (M,g) be a complete Riemannian
manifold. We say that M is locally uniformly flat if: for every £ > 0 there exists Ry > 0 for which

FA((M, g, Ro, p, pp) is satisfied for all p € M, where ¢, can be chosen to be the restriction of the
exponential map? (of M) at p to the (normal) ball Br,(0) C T,M = R".

Remark 3.4.3. Notice that every smooth closed manifold (M, g) is locally uniformly flat.

Remark 3.4.4. The notion above of local flatness is used in our results to stress the fact that once
the local geometry of the manifold is controlled in the sense of Definition 3.4.1, then our estimates
are independent of M. Interestingly, this makes our estimates of local nature even though the
equation we deal with is nonlocal.

Remark 3.4.5. Throughout the paper, the following scaling properties will be used several times.

(a) Given M = (M, g) and r > 0, we can consider the "rescaled manifold” M = (M,r%g). When
performing this rescaling, the new heat kernel Hy; satisfies

Hyz(p,q,t) =~ "Hy(p, g, t/r?) .
As a consequence, the “rescaled kernel” IES defining the s-perimeter on M satisfies

Ks(p,q) = r~ " 9K (p, q).

(b) Concerning the flatness assumption, it is easy to show that FAy(M,g,R,p,p) =
FA((M,g,R',p,¢) for all R' < R and FA,(M, g, R, p,¢) < FAo(M,r%g, R/r,p,o(r-)).

(¢) Similarly, if FAy(M, g, R, p, ) holds, and q € ¢(Bgr(0)) is such that B.(¢"1(q)) C Br(0),
then FAy(M,r%g, R/r,q, Po-1(q),r) holds, where @y p = p(x+p-).

In all the sections, we will use the (standard) multi-index notation for derivatives. A multi-
index o = (a1, a2, . . ., ap) will be an n-tuple of nonnegative integers (in other words aw € N™). We
define

loaf == a1 +ag + - + .

For a function f : R™ — R is of class C* we shall use the notation

Hled 8041+a2+"‘a71,f

8x0‘f : (Oz1)or (9x2)oz - . (Qxm)onm

For a = 0, we put %f = f.
The next main theorem gives the precise behavior of the kernel around a point satisfying
flatness assumptions, including an explicit approximation in coordinates.

*That is ¢, = (exp, 01)|Bp, (o) for any isometric identification of i : R™ — T'M,
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Theorem 3.4.6. Let (M, g) be a Riemannian n-manifold, not necessarily closed, s € (0,2) and

let pe M. Assume FAy (M, g, R, p, ) holds and denote K (z,y) := Ks(p(z), 0(y)).

Given x € Br(0), let A(x) denote the positive symmetric square root of the matriz (g;;(x))

—¢ij being the metric in coordinates o' — and, forxz,z € Br/2(0), define

k(z,2) = K(z,x+2) and Kkz,2) = k(z,2) - Méjﬁ
Then o )
~ _ n,s
‘k(x, z)‘ <R 1W forallz,z € BR/4(0),

and, for every multi-indices o, B with |a| + |3] < £, we have

alel plol C(n,s, /)

@@ CC,Z)‘ S W fOT all CC,ZEBR/4(O)

The constants C(n,s) and C(n,s,l) stay bounded for s away from 0 and 2.

Moreover, for all v € Br/4(0) and for all ¢ € M \ p(Br(0)) we have

ol C(n,0)
R < N7
8xa/cs<so<x>,q>‘_ .l
and o
ol C(n,?)
a o w\r),q dV < )
/M\w(BRm)) T )‘ TR

for every multi-index o with |a < €.

3.4.1 Heat kernel estimates

(3.38)

(3.39)

(3.40)

(3.41)

To prove Theorem 3.4.6 we will need several preliminary lemmas studying the properties of the
heat kernel of M. The first result compares locally the heat kernel Hys(p,q,t) or the singular

kernel ICs(p, ¢) on R™ endowed with a metric g with the standard ones on R".

Lemma 3.4.7. Let g be a metric on R™ such that % < gij(z)v'0? < 4Jv|? and |Dg;;(z)| < 1
for all x,v € R™. Denote M := (R"™, g) and let K4 be defined by (2.2). Then, there exist positive

constants ¢; = ¢;(n) for 1 <i <6 such that

¢y _le—ul® ey _lz—ul®
We cot < HM((L',y,t) < W@ cqt
and
n,s n,s
05‘$_y‘n+5 —_ Ks(x,y) < 06‘,’1) y‘n—l-s )

for all (xz,y,t) € R" x R™ x (0, 00).

Proof. The two-sided estimates for the heat kernel Hj; follow directly from the classical parabolic
estimates of Aronson [Aro67]. The second inequality follows by integrating the first one, from the

definition (2.2) of Ks(x,y).

The next lemma concerns the concentration of mass of the heat kernel.

O
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Lemma 3.4.8. Let (M™,g) be a Riemannian manifold, p € M, and assume FAq(M, g,1,p,¥)
holds. Then

1—Ce < / Hy(p,q,t)dVy <1, forallt >0,
©(B1/2(0))

with C,c > 0 depending only on n.

Proof. Put H(z,y,t) := Hy(p(x),0(y),t). Let gi;j € C°(B1(0)) be the metric coefficients in the
chart ¢!, choose ¢ € C?(B1(0)) such that XBs/4(0) < & < XB,(0) and put 9i; = 9ii€ + dij(1 = ).
By assumption, we have ‘ggj(x)vivj — [v]?| < 15]v[? for all z,v € R™. Morevoer, 9i; = gij inside
Bs;4(0). Consider the complete Riemannian manifold M’ := (R",¢') and let H'(z,y,t) denote its
associated heat kernel. Then, by Lemma 3.4.7 we have

C1

/2 emelv Pt < | (2 y,1) < tcie—%'g”‘y'z/t. (3.42)

n/2

Let 7. > 0 be the largest number such that

c3 4
h(t) := tn%e 2 s increasing on (0, 7).

This is a dimensional constant that depends only on n. Fix 7 € (0, 7). Observe that, since ¢’ = ¢

in By,4(0), H, H" are both solutions of dyv = Ayv in By,4(0) x (0,7) and with initial condition dg
for t = 0F. Moreover, by (3.42) we have

H'(0,-,t) < h(t) < h(r), on dBj;4(0) x (0, 7).

Hence u(z,t) := (H'(0,z,t) — h(T))Jr is a subsolution to the heat equation in By /4(0) x (0, 7) and

satisfies u < H on the parabolic boundary of B;,4(0) x (0,7). Thus, by the maximum principle

u < H on By/4(0) x (0,7), which in particular implies H' — h(7) < H on By 4(0) x (0,7).
Integrating this pointwise inequality at ¢ = 7 gives

/ H(0,2,7)/|g|dz > / H'(0,2,7)V/[g [ dx — — 25 e 16
By ,4(0) n/

31/4 0

:1—/ H'(0,2,7)v/|¢| dw — 032
R™\By /4(0) ™
where we have used that M’ is stochastically complete in the last line. Lastly, by (3.42) we have

/ H'(0,z,7)V]g| dx < / tz%e*c‘l'zwt(l + %.O)nmda: < Ce o7,
R™\By /4(0) R™\By /4(0)

Finally, since also h() < Ce~¢/T (notice that we can “absorbe” 7=™2 in C'e=%7 chosing ¢ > 0
slightly smaller and a larger C'), we obtain the desired estimate

1—Ce 7 S/ H(O,a:,T)\/|g|da:§/ Hy(p,q,7)dVy, V1€ (0,7).
B1,4(0) ©(B1/2(0))

The bound by above by 1 of the same quantity follows immediately using that Hps is a heat
kernel, i.e. nonnegative and with total mass bounded by 1. O

Lemma 3.4.9. Under the same assumptions as in Theorem 3.4.6, for all g € M \ p(B1(0)) we
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have

Hlal
A

and for every multi-index o with || < £, with C,c > 0 depending only on n and £.

HM(LP(Z'),q,t)‘ < Ce ™, for (x,t) € By /2(0) x (0, 00) (3.43)

Proof. Notice that u(z,t) := Har(p(x),q,t) satisfies u; = Lu, in B1(0) x (0,00) and u = 0 at

t = 0, where
0 . Ou
ij
<\/ l9lg a:m) (3.44)

1
B Vgl 9z

is the Laplace-Beltrami operator with metric g.
Let us show that

Lu

lul < e/t for (z,t) € Bz 4(0) x (0, 00), (3.45)

with C,¢ > 0 dimensional constants. This follows from the following standard probabilistic
consideration. Fix z, € ¢(B3/4(0)). By continuity of sample paths, the probability that a
Brownian motion started at ¢ € M \ ¢(B1(0)) hits ¢p(Bs(z,)) (0 < § < 1) within time < ¢ is less
that the supremum among ¢’ € p(9Bg/9(0)) of the probability that a Brownian motion started at
a point ¢’ hits ¢(Bs(z,)) within time < ¢. This gives

(o, t) < sup Hy(p(x0), ¢, t). (3.46)
q'€p(0Bg/9(0))

Now, we use (3.46), Lemma 3.4.8, and the parabolic Harnack inequality to show (3.45).

For fixed ¢' € p(0Bsg) set v(x,t) := Hp(p(r),q',t) and consider the rescaled v(x,t) :=
v(zo + rx,to + 72t) for r € (0,1/10). Then ¥ > 0 satisfies a (uniformly) parabolic equation in
B1(0) x (0,1) with smooth coefficients (that only improve as r gets smaller). Thus, by the Harnack
inequality for every x € B;/,5(0) and ¢ € (1/4,1/2) we have

v(x,t) < C inf v(-,1) <Cov(y,1),
(a,4) < C int (1) < O3, 1)

for all y € By /2(0). Integrating

v(0,t) <C u(y,)dy =C v(xo + 1y, to +12)dy = C’r"/ v(z,to + 1) dz,
31/2(0) 31/2(0) Br/2(%)

for some C = C(n) > 0. Thus, for all ¢t € (t, +r2/4,t, +12/2)

v(xo,t) < CT”/ v(z,to +1?)dz .
BT/Q(xO)

But ¢(B,/2(x0)) C M\ By10(¢") for every ¢' € ¢(0Bg/9(0)). Then by Lemma 3.4.8 we get

v(xo,t) < C’r”/

Hy(z,q  to +1r3)dz < Cr~™exp (— ¢ > ,
M\S(’(Bl/w(ql))

to + 12

where C, ¢ > 0 depend only on n. Now, for small times ¢, < 1/100 choosing r? = ¢, (together with
the probabilistic argument above) gives the result, since one can absorb the term r~" = ¢, "2 i
the exponential up to slightly decreasing the value of ¢. For non-small times ¢, > 1/100, one can

just take r = 1/10 and obtain the upper bound by a constant as desired. This concludes the proof
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of (3.45).

Now, similarly to above, for all » € (0,1/4) and (2., t,) € By /2(0) x (0, 00) the rescaled function
u(z,t) = u(wo + rx,to + r’t) satisfies a (uniformly) parabolic equation with smooth coefficients
(since the bounds on every C* norm of the coefficients only improve as r gets smaller) and, from
(3.45), we have [@| < Ce~¢/* in By x (0,1). Hence standard parabolic Schauder estimates give

olel
~—Uu

oo 0| < Ce™t, for (z,t) € By5(0) x [1/2,1),

for every multi-index a with || < ¢, with C' > 0 depending only on n and ¢ and ¢ > 0 as above.
After scaling back the estimate above we obtain, for all » € (0, 1/4]

gled

oz Y

(2o, to —i—t)‘ <crlele=e”  for (zo,t) € By2(0) x [r2/2,7?).

Then, for “non-small” times t, > 1/16 we notice that (3.43) follows taking r = 1/4. On
the other hand, for small times t, € (0,1/16) we obtain (3.43) taking r? = t,, bounding 7~/

by to ¢ 2, and absorbing (chosing ¢ > 0 smaller and C larger) this negative power of ¢, in the
exponential. O

Lemma 3.4.10. Under the same assumptions as in Theorem 3.4.6, we have

|ex]
/ aaHM(QO(x)7Q7t)‘d‘/q < Ceic/t7 fO?" (Q?,t) € 81/2(0) X [07 OO)
M\p(B1(0)) | 0%

and for every multi-index o with || < £, with C,c > 0 depending only on n and £.

Proof. The proof is similar to the one of Lemma 3.4.9. Let o : M \ ¢(B1(0)) — {+1,—1} be any
measurable function to be chosen. Consider

u(wt)i= [ Hr(p(2). ¢, Do (@)V,,
M\p(B1(0))
By Lemma 3.4.8 — since Hyy > 0 and [,, Hy(p,q,t)dVy <1 — we obtain

u(z, t)] < / H(p(x),q,t)dVg < Cexp(—c/t),  V(x,t) € By/4(0) x [0, 00).
M\(B1/4(0))

Notice that in this estimate, C' and ¢ are positive dimensional constants (and in particular, they
do not depend on the choice of ¢). Also, by the superposition principle u satisfies uy = Lu, in
B1(0) x [0,00) and w = 0 at t = 0, where L is as in (3.44).

Now proceeding exactly as in the proof of Lemma 3.4.9 we obtain that

olal
—Uu

s < Cexp(—c/t), for (x,t) € By/5(0) x [0,00)

for |a| < £. Now, for any given «, x, and ¢, we can choose o : M \ ¢(B1(0)) — {+1,—1} so that

oled

dae

glel
e = [ H(ele).a Ho(av, = [
Oz M\g(B: (0)) O T e 0)

HM(SO(‘T% Q7t) d‘/q7
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and we are done. O

Lemma 3.4.11 (Localization principle). Let (M,g) and (M',¢') be two Riemannian n-
manifolds. Assume that both M and M’ satisfy the flatness assumptions FA,(M,g,1,p, ) and
FA((M', g,1,p',¢') respectively, and suppose that g;; = g;; in B1(0) in the coordinates induced by

o and (o)7L
Then, letting H(l‘a y7t) = HM(QD(J:)a (-P(y), t) and H/(ﬂj‘,y,t) = HM’(90/($)7 @/(y)at% we have
that the difference (H — H')(z,y,t) is of class C* in By 2(0) x By2(0) x [0,00) and

g{:olég;; H—H)(z,y,t)| < Ce™t for (z,y,t) € B1/2(0) x By/2(0) x [0, 00),
for every |a| + |B] < ¢, with C,c > 0 depending only on n and {.
Proof. Let us show that
|H — H'| <Ce /" for (z,y,t) € Bs4(0) x B 4(0) x [0, 00), (3.47)

with C, ¢ > 0 dimensional constants.
Indeed, fix zo € B3/4(0) and let us show first that we have

’(H — H')(z0,y,t)| < Ce/t forallye Bs/4(0) \ By s(wo)

Indeed, the L> estimate of Lemma 3.4.9 —appropriately rescaled to have (B /3(x,)) instead of
©(B1(0))— gives

Hyi(o(m0), o(y),t) < Ce™/t for all y € By 4(0) \ By s(zo),

and the same estimate with Hjs replaced by H . Hence (3.47) follows using |H — H'| < H + H'.
Now observing that for all z, as above u(y,t) := (H — H')(z,,y,t) solves the heat equation
(0r — Ly)u = 0 with zero intial condition, (3.47) easily follows from the maximum principle.
Finally, the estimate for the higher derivatives follows from standard parabolic estimates,
noticing that u(z,y,t) :== (H — H')(z,y,t) solves

1
Ou = i(Lm/u)

where

1 9 ii(-9 4, 1 0 iy )
Lx,yuwé)xi(\/\g(x)\g SOl >+ |g(y)yayi< l9()lg (y)ayj )

is the sum of the Laplace-Beltrami operators with respect to the variables x and y (or, equivalently,
the Laplace-Beltrami operator with respect to the product metric in B1(0) x B1(0)). O

Proposition 3.4.12. Assume that M = (R"™, g) with g satisfying

Hlal

1 -
§|v|2 < gijv'v? < 20vf?, and ‘ <1 forall|af <, (3.48)

8xagU

for some £ > 1. For x € R" let A(x) denote the (unique) positive definite symmetric square root
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of the matriz g(x) = {gi;(x) }ij, and define h(z,x,t) by the identity

Hy(z,y,t) = t"% h<A(aj) <7>,m,t>.

Let also

1 _
ho(w, z,t) = ho(z) := (4ﬂ)n/2e—'Z‘2/4, and  Th:=h— he.

Then, there are positive dimensional C' and ¢ such that

VAL| < C'min(1, \/%)G_C‘ZP for all (z, z,t) € R™ x R™ x (0, 00).
Moreover, we have

glal glsl
Oz 028

h‘ <Ce ™ for all (x,2,t) € R" x R™ x (0,1) and o, 8 with |a] + |5] < ¢,

for positive constants C' and ¢ depending only on n and €.

Proof. Since in the proof Hj; will always refer to the heat kernel of M, we denote it just by H.
First, notice that since H(x,y,t) = H(y,z,t) we have

H(z,y,t) = tn1/2 h<A(m)(y\;;),x,t> - ﬂl/Qh(A(y)(x\;iy),y,t)

Let Lf :=

< lg](z)g(x)¥ a%-) denote the Laplace-Beltrami operator (with respect

1
lg](x) O=*
to x). By the chain rule, direct computation shows

. 2
1 = e (Vi( PO Yo ) S0+ o a0 ) )

n 1 Oh A x — )t
0:H = t"/2+1< Eh( ) 28zl( )((y)(\/zy))—i-tath(*)),

where
r—y
*) means evaluated at [ A (7>, ,t> .
(¥ (40 (*5%) .
This leads to the equation for h = h(z,y,t), where we denote 9; := % and 0;; := 8zc?('29z1 ,
t0th = Th = a”(z,y, )b + (Vb (2, y,t) + 5 ) 0ih + h
where N o
a’(z,y,t) = g" (y + \/52) (AR A7) (v)
and

bi(z,y,t) = (W) (y + WZ)Af(y);

1 122
h(zay70+) = h0(2> = We |2| /4_

with initial condition:
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(Notice that we defined h so that its initial condition is independent of y.)

We emphasize that, by the assumption (3.48), this equation is uniformly elliptic, and the
derivatives of a”/, b* up to order ¢ in the variables z and y are uniformly bounded for times
t € (0,T,) by constants depending only on n and T.

Let us now compute an equation for h=h— ho. Since

g PX n
6" i‘ho - zh *ho =Y,
Dijho + 5 0ih + 5 0
we obtain
t0h — Lh = Lhe = (¥ — 69)d;5he + V/tbdihe
= ((aij — (5ij)(ZZ'Zj — 574) — \/ibi%jéij)ho s
and h satisfies the initial condition

iAL(z,y,OJ“) =0.
Notice that (since by definition A(y) is a square root of g(y)) we have, for all y
9" () (AA]) (y) = 67
and hence, since ¢g* is smooth, N N
ja” (z,y,t) — 0| < CVA
Hence, we have R
toth — Lh| < C(1 + |2Vt ho (3.49)

Let us now find some barrier allowing us to control h. We can use as barrier
b(z,t) == Viem(/4=r)lal®

Direct computation shows that, for v/t < 0« (so that a?8;; > n—COx and |59 —aij|zkzlc5ik5ﬂ <
COxr|z|?)

tob — Lb = <; —4(3 - I€)2 (a")2* 216,105 + 2(3 — k) a”8;; + (Vb + %)2(% — k)21 0;5 — ;L)b

1
> (2 + (1 — K)4x|z|* — COk|2|* — Ck — C@K‘Z‘)b
> (3 +51)b >0,
provided we chose 6 > 0 and x > 0 sufficiently small.

Since clearly b > v/t h, we obtain that Cb is a supersolution of (3.49) for v/t < . This shows
that |h| < Cb for all ¢ small enough.
Notice that the estimate |ﬁ| < Cb (fixing k > 0 and # > 0 small dimensional) shows, in

particular, that R
Bz )] < CViEexp(—clz]?) (3.50)

holds with ¢ > 0 dimensional for all “small” times ¢ € (0,6?x2). On the other hand, for “non-small”
times t > 6%k?2, the standard heat kernel estimate (3.42) for H (which holds with ¢; dimensional)
immediately yields (3.50) with v/# replaced by 1.

In order to bound the derivatives of h with respect to z we notice we notice that, in logarithmic
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time 7 = logt, the function h(z,y,e”) satisfies, for y fixed, a standard parabolic equation with
smooth coefficients in the domain R™ X (—o00,0). Then, thanks to (3.50), applying standard
parabolic estimates in parabolic cylinders {|z — z.| < 2, |7 — 75| < 2} we easily obtain the claimed
bounds for all partial derivatives of h with respect to z.

In order to show the regularity in y, one can then differentiate the equation with respect to y
as many times as needed (the coefficients depend in a very smooth way also in y) and notice that
the initial condition will be zero (since h, is independent of y). By standard parabolic regularity
arguments (e.g., using a Duhamel-type formula to represent the solutions), we obtain the desired
estimates. O

3.4.2 Singular kernel estimates

As a first consequence of Lemma 3.4.11 we have that the following local version of Lemma 3.4.7
above also holds.

Lemma 3.4.13. Let so € (0,2) and s € (s0,2). Let (M,g) be a Riemannian n-manifold and
p € M. Assume that FA1(M, g,p,1, ) holds. Then

Qnp s Qn s

e |a7 _ y‘nJrs -

Ks(p(x), 0(y)) < STy

for all x,y € By/5(0), where c7,cg > 0 depends on n and so.

Proof. Take n € C2°(B1(0)) with x5, ,(0) <7 < XB,(0) and let 9i; = gijn + (1 —n)d;;. This is
a metric on R™ with g, = g;j in By/2(0). Denote by K, K and H, H' the singular kernels and

heat kernels of (M, g) and (R", ¢’) respectively. Then, by Lemma 3.4.11 applied to the manifolds
(M, g) and (R",g’) we have, for x,y € By 4(0):

. ota). o)) = Kale)] < s | 1) 00,0) = H o) 55

Cs e dt
<27 e/t < _
=T —5/2)/0 e p SC2 ),

for some dimensional C' = C(n). Then, the result follows directly by Lemma 3.4.7 (and the explicit
formula (2.4) for ay ) for z,y € B;/4(0), and the conclusion also holds for x,y € By /2(0) by a
standard covering argument. d

Now, we have all the ingredients to give the proof of Theorem 3.4.6.

Proof of Theorem 3.4.6. Note that the statement is scaling invariant. Hence, with no loss of
generality, we can (and do) assume that R = 1. Moreover, it suffices to consider the case
M = (R",g), p=0, ¢ =id, and g;; satisfying the assumptions of Proposition 3.4.12:

Indeed, similarly to the proof of Corollary 3.4.13, in the general case we can fix a radially
nonincreasing cutoff function n € C2°(B;) such that n = 1 in B;/g and consider the “extended”
metric g;; := g1 + 6;;(1 —n). Observe that (M, g) and (R", g) the assumptions of Lemma 3.4.11
with M" = R"™ and ¢’ = id. Let H(z,y,t) and H'(z,y,t) be defined as in Lemma 3.4.11.

Recall that, by definition, for all z,y € B1(0)

K(e.9) = Kulpla): o)) = e [ Huslo(o) o) 0555 =0 | H@nti g, (35D
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where ¢g = % Let likewise

K'(z,y) =c OOHI(:E t)i
7y - ¥Ss 0 7y7 t1+8/2'

Now, thanks to Lemma 3.4.11 we obtain, for all z,y € By /,:

olal glBl
- (K — [g/ < S
8:(}& 8y6( )(x?y7t)‘ >C ,/[)

So, as claimed, we are left to prove the estimate for the M = (R",g), p =0, ¢ =id, and g;;
satisfying the assumptions of Proposition 3.4.12.
Recalling (3.51), notice that

dt © [(Alx)z dt
k(x,2) = K(z,z + 2) —cs/ H(z,x + z, t)t1+s/2 :CS/O h< Vi ,m,t)tn/%lﬂ/? (3.52)

oo | glal glBl
@W(H—H')(:U,y, )

t1+s/2 - tl+s/2 —

<C’s/ e c/t dt <C.
0

Also, recalling that ho(z) := (47)"/2e71#1*/4 we have

~ B Qnys o0 A(x)z A(z)z dt
]’C(I‘,Z)—k(x,Z)—W—CS/O (h< \/i 7$,t>_ho< \/i tn/2+1+5/2
_ ©~(A(x)z dt
= Cs/o h( NG ,a:,t) /24 1+4s/2°

Therefore using the heat kernel estimates from Proposition 3.4.12 (and noticing |A(x)z| > —=|z|

V2
for all x, z by assumption) we obtain

~ ~(A(x)z dt —n—s
’k(ﬂ?,Z” SCS/O h<ﬁ,$ t> m ~ / \/ieXp C|Z|/\[) n/2+1+5/2 C’Z‘l B

This proves (3.38). Similarly, the estimates (3.39) follow differentiating (3.52) and using the
corresponding estimates for derivatives of the heat kernel from Proposition 3.4.12.

Finally, (3.40) and (3.41) follow analogously integrating the heat kernel estimates in Lemmas
3.4.9 and 3.4.10, respectively. O

The next property concerns the behavior of the kernel when the two points p and ¢ are
separated from each other.

Proposition 3.4.14. Let (M, g) be a Riemannian n-manifold and s € (0,2). Assume that for
some p,q € M both FA¢(M, g,1,p,pp) and FA,(M, g,1,q,¢4) hold, and suppose that ¢, (B1(0)) N
pq(B1(0)) = @. Put Kpq(z,y) := Ks(pp(2), 0q(y)). Then

‘ olal plBl

W@yBqu(x’y)‘ < C(n,l) forall|z| < % and |y| < %,

whenever |o| + |B] < 2.

Proof. Let Hy(z,y,t) := Hy(op(x), pq(y),t). It follows from Lemma 3.4.9 that

H,(z,y,t)| < Ce™/",

olal
oz
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for all [z] < 2 and |y| < 2, where C and ¢ depend only on n, and |a|.
We now use that (by the symmetry of the heat kernel in p and ¢), for each z € B, fixed,
the function u(y,t) := %H* (x,y,t) is solution of the heat equation uy = Lu, in the ball |y| < 1,

where L denotes the Laplace-Beltrami (with respect to y, in local coordinates). Since |u| < Ce=¢/*
in B34 x (0,00), reasoning exactly as in the proof of Lemma 3.4.9 (only that now the spatial
variables are y instead of z) we obtain

’3|BI

(’JTWU(y’ t)‘ < Ce™/t,

for some constants C,c > 0 depending only on n and |3|. This shows

olal 9lBl .

. v —c/t

‘(‘h«a 6y6H*(x,y,t)' < Ce .

Then the proposition follows immediately after noticing that, by definition,

s/2 o dt
Kpg(z,y) = 1“(1—3/2)/0 H*(%Z/J)m;

and hence

olal glsl /2 o glal glAl dt
(?xaayﬁqu(x’y)‘ - ’m —o72) ), aae agp @)

& dt
S OS o exp(—c/t)m S C,
for some constant C' > 0 that depends only on n and ¢, and this concludes the proof. O

3.4.3 The fractional Sobolev energy under inner variations

We next study how the fractional Sobolev energy behaves under inner variations. For this, we
need first to study how the singular kernel s behaves when translating its arguments under the
flow of a vector field.

Proposition 3.4.15. Let M be a locally uniformly flat manifold (see Definition 3.4.2) and
s € (0,2). Consider any smooth vector field X and fiz points p,q € M. Then, for every £ > 0 the
kernel satisfies

Ks(87 (), 97 ()| < C(1 + Ks(p. q)),

t=0

dﬁ
B

for some constant C = C(M, s, £, || X | ce(ary) which stays bounded for s away from 0 and 2.

Proof. This follows from the estimates of Theorem 3.4.6, in particular by (3.39) and (3.40). We
prove the result just for £ = 1, as the general case just follows by induction by the very same
arguments. Let R = R(M) > 0 be such that the flatness assumption FA,(M, g,16R, p, ¢,,) holds
for every p € M; such an R exists since M is locally uniformly flat. We split in two cases.

Case 1: ¢ € p,(B4r(0)).
In this case, denoting K (z,y) = Ks(¢p(x), ¢p(y)) and k(zx, 2) := K(x,z + 2) as in Theorem 3.4.6,
we have that

Ks(87 0 op(x), 07 0 @p(y)) = K (Wb (), 95 () = k(W) (), vh(y) — vh(x)),

where ¢}, is the flow of £ = (¢,)* X, i.e. the vector field £ = &, with supp(£) € Bigr(0) such that
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X o ¢p = (¢p)«&. Then, for all z,y € Bor(0) we have:

d t t o d " . .
% tZOIC(wp(JJ)7wp(y)) = @ tzok("tbp(a:),zpp(y) _ wp(x))
ok ok

= Sy — D)) + 5y — D)(E (@) — €(w),
where sum over repeated indices is assumed. Hence, by (3.39) of Theorem 3.4.6 we get

d

dt

C C
K@) 04| < = ral€llem + e D€ ely — o

t=0

< W SCK(J:,y)

for some C' = C(n,s,||£||c1), where in the last line we have also used Lemma 3.4.13. Finally,
evaluating this inequality at = 0 and y = ¢, (q) we obtain

d

K6 (p), 67 <q>>] d

a _
C|dt

dt

K((0), w;@))' < CK(0.y) = CKa(p,q).

t=0 t=0

as wanted.

Case 2: q ¢ ¢,(B4r(0)). Then FA,(M, g, R, q, ¢q4) holds and the sets ¢,(Br(0)) and ¢q(Br(0))
are disjoint. Hence, by Proposition 3.4.14 the kernel Kp,(z,y) = Ks(¢p(2), ¢q(y)) is smooth
(with uniform estimates on all derivatives) in the domain Bg/5(0) x Bg/2(0). Hence

d d
a ICS((b;fX o pp(), ¢f( 0 pg()) = i qu(wé(x),z/);(y))
t=0 t=0
0K, 0K,
— G e g @) + G B ).

Using Proposition 3.4.14 to bound the derivatives of K,,, and then evaluating at (z,y) = (0,0)
gives

d

dt

C
K6 (0,67 (@)] < s

t=0
for some C' = C(n, s, [|€p]| Lo, |€q]l o).
Putting together the two cases above, we get

d

dt

Ka(6 (o). 6 <q>>\ < C(L+Kulp.q).

t=0

for some C' = C(M,n, s, || X||c1(ar)) and concludes the proof.

We also record a version of Proposition 3.4.15, which depends only on local quantities:

Proposition 3.4.16. Let (M, g) be a Riemannian manifold and s € (0,2). Assume that the flatness
assumption FA,(M, g, R, p, @) holds, and let X be a C* vector field with supp(X) € ©(Brya). Then,
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for every x,y € Br/4(0) we have

dZ

Qnp s
— | Ks(@ (@), 67 (0 ()))| < CKs(p(x), (y)) < C——0— (3.53)
dt’|,_, el
for some constant C = C(n, s, | X||ce(p8y)))- Moreover, given T > 0 we have that
dt oy,
‘CWICS((bg(((p(w))a ¢ix<80(y)))‘ < COrKs(p(2), ¢(y)) < CTW; Vi e 0,T], (3.54)

where Cp = Cp(n, s, T, ||X||CZ(§0(BR/4))) and the constants stay bounded for s away from 0 and 2.

Proof. By scaling, we can assume R = 1. The second inequality in both (3.53) and (3.54) then
follows from Lemma 3.4.13. As for the first inequality of (3.53), it follows from the proof of Case
1 in Proposition 3.4.15, since it only depends on local estimates for X. Finally, (3.54) can be
deduced from (3.53). Indeed, note that forall 1 <k </land 0<t<T

. k
C‘Ztk;gs(@(@(m)),éff(w(y)))‘ = ljrk

0K5(¢fi7~(s0(9:>)7 O (e (W)))| < Coks(o7 (0(@)), 67 (0(y)))
(3.55)

r=

with Co = Co(n, 8, | X||ce(p(8,)))- Thus, we are only left with proving that

Ks(7 (0(2)), 67" (9())) < Crls(p(2), ()

for some Cr = Cr(n, s, T, | X||ce(p(s,)))- But this follows itself from (3.55), with k = 1, since we
can write the inequality as

4 ook (6 (o). 6 ()] < 0.

and integrating we find that

Ks (67 (e(2)), 67 (2(9)) < ePTEs(0(2), (y)),
for every 0 <t < T. ]

Proposition 3.4.15 can be used to bound time derivatives of the energy of “flown objects” by
their energy at time zero. We show this for the fractional Sobolev energy:

Lemma 3.4.17. Let s € (0,2) and v € H%/?(M) be a function with |v| < 1. Let X be a smooth
vector field and vy == v o ¢*,. Then, for all T > 0 there holds

dZ

sup W

0<t<T

5M(Ut)

<C(1+&muM)),

for some constant C' = C(M, 8,4, T, || X||ce(pry) which stays bounded for s away from 0 and 2..

Proof. Let C denote a constant that depends only on M, s, £, T and || X || ce(ar).-

The idea of the proof is to change variables using the flow ¢;* in the corresponding integrals
defining the Allen-Cahn energy, and after that to exchange integration and differentiation. Let us
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start with the Sobolev part of the energy. Denoting by .J; the Jacobian of ¢;¥, we have

4 1
e = 4o [ 10650 - v @)K 0) v,

dteflv — 0(@) P (0), 61 (0)) e(0) i(a) AV, Y,

- o) — @) [ 6 ). 6 (@) T )| Vi Vs (356)

Since 0 < t < T, the derivatives in time of the Jacobians J; can be bounded by a constant C with
the right dependencies. What remains in order to bound (3.56) by C(1 + £52"(v)) is to control
the first k-th derivatives in time of Ks(#; (p), #7 (¢)) by C(1 + Ks(p,q)), for all 0 < ¢t < T. The
main bound is given by Proposition 3.4.15, which gives for all 1 < k < ¢:

d" d"

0¥ @) = 7] K 0. 68,@)] < CO+ K .0 @) - 37

Now, integrating this inequality for k = 1 similarly to how we proceeded in the proof of Lemma
3.4.16, we conclude that

Ks(6X (p), X (q)) < C(1 + Ks(p, q)), forall0<t<T.

We can now go back to (4.22) and apply the bounds that we just derived. We get that

'Ut

Sob
dt‘Z M

< [ 100) = @) G [ 01,68 @) o) )| av, v,
<C//v — (@)1 + Ks(p, @) dVydV,
< O(1 + £8P ()

for all 0 < t < T, where C has the right dependencies.
The potential part of the energy is simpler to deal with. Indeed, we have

d’ Pot d’ —s s d*
G = 35 [ W), = [ W) G A, (359)
from which we directly conclude that
d* ot Pot
SHERR ()| < CERM ),
finishing the proof. O

Corollary 3.4.18. Let M be either a closed manifold or R™, and let Q C M be a bounded, open
set with regular boundary. Let s € (0,1), E be a set with Pers(E,Q) < 400 and X be a vector
field of class O with supp(X) € Q. Then, the map

t > Pery(¢7X (E),Q)

is of class C* for all t > 0.



78

Proof. The proof is almost identical to the one of Lemma 3.4.17 with v = xg. Indeed, since
(¢, ¢ sends M x M \ Q° x Q° to itself, one can do the same substitution in the integral and
use Proposition 3.4.15 to bound the derivatives of g with itself. This results in

d* p
gerer¥ .0 < [ )~ xR (K6 00,0 0) H0) ) v 07,
= Cv//MxM\QLXQC |XE( ) (Q)|2(1 + ICS(p7 q))d‘/})d%
< C(|M|? + Pery(E,Q)),

for every 0 < £ < k, as desired.

In the case of R™, the same computation applies with the only difference that for the kernel of
R™, there holds the “improved” estimate

dt 1
dt’ |¢7* (p) — ¢ (q) |+
without the +C' on the right-hand side that appeared in Proposition 3.4.15. Hence, in this case

< c
= |p—q’n+5,

dt xe(p) — xE(9)[?
— Per, ¢X ’ < C// dpdq = CPers(E, Q).
dtt (97 (E) R7 xR7\ Qe x Qe p— q’n—i-s ( )

O]

Lemma 3.4.17 has a local version, which comes from applying local estimates for the kernel
instead.

Lemma 3.4.19. Let M satisfy the flatness assumptions FAy(M,g,p, R, ). Let s € (0,2),
v € H/?(M) be a function with [v| <1, X be a C* vector field with supp(X) € ©(Bry2), and set
vi ;= v o ¢, Then, for all T > 0 there holds

dﬁ
SUp |~ 50 (Br)0) (V1)

<C(1+€& v)),
0<t<T ( o) (V)

for some constant C = C(s, £, T, || X[ e BR/2))) which stays bounded for s away from 0 and 2.

Proof. We modify the proof of Lemma 3.4.17 accordingly. First, by scaling, it suffices to prove the
Lemma in the case R = 1. Since X is supported on ¢(By2), the integrand in (4.22) is supported
then on

(M x M)\ (9(B1j)° % 9(B12)) = |(9(Bays) x 9(Boys)) \ (#(Bya)° x (B yo)°)| U
U [(9(Bija) x (M \ 9(Byys))) U (M \ ¢(Bays)) x 9(B12))]

so that
d
Sob Sob
’dtk M ‘dtkg@(gl/z)( t)
-1 o) — v(@)? 0 (K6 (0), 67 (@) ) )|V, av,
(p(Ba/3)xp(Ba3)\((By/2)x0(B1/2)¢)
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+2// (B12)x (M\(Ba3)) ‘v(p) _v(q)Pj;c[ (¢t ( ) ) ( )} dV dV
<C//B . " )|“<%0< )P !dtk[ O (), @6 () Jp(@) (o (w) | | e dy
(B2/3xBas)\(Bf 5% BY
+C//BI/QX(N\¢(BQ/3)) lv(e(z) = | ’dtk[ s(v (¢t (), 9)Ji( ”dde

Bounding the derivatives in time of the Jacobians by a constant with the right dependencies, using
(3.53) to bound the kernel in the first double integral, and using (3.41) to bound the integral in ¢
in the second double integral by a constant, we conclude that

dk Sob
‘dtkgﬂo(Bl/Z)( )

<C(l+ 55(81/2)(0)) :

Regarding the potential part of the energy, from the computation in (3.58), we readily find that

1
d Pot

Pot
778, ()| < CELE, (V)

where C has the right dependencies, which completes the proof. O



Chapter 4

Yau’s conjecture for nonlocal minimal
surfaces

This chapter describes the results obtained in [CFS24b].

4.1 Existence of min-max solutions to Allen-Cahn

4.1.1 Min-max procedure and existence

In this section, we exhibit in a simple manner the existence of critical points of the Allen-Cahn
energy (2.6) on M, employing a min-max theorem as in [GG18]. Then, we prove lower and upper
bounds for the energies of the constructed solutions and with these ingredients we deduce Theorem
1.2.12.

The solutions in Theorem 1.2.12 are obtained using an equivariant min-max procedure, based
on the construction in [GG18] and the min-max theorems of [Gho93], [Gho91] and [LS88]. Since
the topology of H*/2(M) is trivial, this is done by exploiting the Zo-symmetry of the functional
&5;- Indeed, we consider the family F, of all sets A ¢ H%/2(M)\{0} which are continuous odd
images of p-spheres:

Fo={A=f(S) : feCsr;HY*(M)\{0}) and f(—z)=—f(x)VzecS}.

Remark 4.1.1. This min-max family has been chosen for simplicity, but other min-maz families
can be considered; see the seminal article [LSSS] by Lazer-Solimini, as well as the discussion in
Remark 3.7 of [GG18]. In particular, one can obtain solutions in Theorem 1.2.12, which also
satisfy lower bounds for their (extended) Morse indices, and such that the corresponding min-mazx
families come from a topological index. We nevertheless remark that a growth for the (proper!)
index of the solutions is already implied in our case, by combining the lower energy bound in
Theorem 1.2.12 with the upper energy bounds in Theorem 1.2.15 (which will be proved later).

For fixed ¢, the min-max value of the family F, is defined as

Cep i= Alélﬁp 21612 Exr(u). (4.1)

Note that, defining T'(u) := max{—1, min{u, +1}} the truncation of u between the values +1, we
have that |T'(u)|(x) <1 for all x € M and &5;(T(u)) < £5,(u). Hence

Cep = Inf sup&,(u) = inf sup &5/(u),
AeFp ueA AcF, ucA

80
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where

fp:{Aefp:MSl for all u e A}.

This shows that we can consider, in the arguments that follow, that the functions in the min-max
sets have absolute values pointwise bounded by one. The proof of Theorem 1.2.12 relies on the
existence result given by the min-max scheme and the following bound on the min-max values.

Theorem 4.1.2. Let (M™,g) be a compact Riemannian manifold, so € (0,1) and s € (so,1).

Then, for every p € N there ewists €, > 0, depending on M, s and p, such that the min-maz values
(4.1) satisfy
17135/" <eep < 1 p*/™, foralle e 0,ep), (4.2)
—s —s

for some constant C = C(M, sp).

Proof. The proof of this is contained in Sections 4.1.2 and 4.1.3 below, which deal with the lower
bound and upper bound, respectively. O

To apply the existence result we need the energy £5, to satisfy the Palais-Smale condition
along appropriately bounded sequences, and this is addressed by the next lemma.

Lemma 4.1.3. Lete > 0 and s € (0,1). Suppose that (ug), C H3/>(M) is a sequence of functions
satisfying |uy| < 1, |E5,(ug)| < O, and d€5;(uy) — O strongly in H¥*(M). Then, there is a
subsequence of (uy), converging strongly in H®/?(M).

Proof. The proof is an adaptation of Proposition 2.25 in [BR14]. We just prove the statement for
€ = 1, as exactly the same proof works for every fixed € > 0. The boundedness of the energies
Enr(uy) gives the convergence

wp — w in L2(M), and wj, — u weakly in H*/?(M),
of a subsequence, that we do not relabel, to some u € H%/?(M). To upgrade the convergence

to be in the strong sense, we use the particular form of the functional. First, note that given
v € H%/?(M) we have

5 )] = 7 ] o)~ u@)0(0) — 0@ o) VsV, + [ W oy
~ Jim // k(p) = w0 (o6) — v(@)Ki o) dVyVy + [ W'y

k—o00 4

—hmdé’Muk[] 0,

where we used |ui| <1 to pass to the limit in the term [ W’(uy)v. In other words, u is a critical
point of £5,. From this we deduce that

0= tim (A5 ()i — ] — A5 ) g — u])
S0 (g, — u) + / (W (k) — W (1)), — ) dV,

and since the second term tends to zero, the first term must do so as well. This proves that
uy, — u strongly in H%/2(M) and concludes the proof. O
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Theorem 4.1.4. For every p € N, there exists e, > 0 such that: for all € € (0,ep) there exists
uep € H2(M) which is a critical point of £, with £5;(uep) = cep and Morse index m(uep) < p
(see Definition 2.2.9).

Proof. First, note that ]?p is an invariant p-dimensional homotopic family without boundary,
in the sense of Section 3 in [Gho91] with B = @. Moreover, for every ¢ > 0, £j, satisfies the
Palais-Smale condition along appropriately bounded sequences (see Lemma 4.1.3 above) and dQEfW
is a Fredholm operator on critical points. Then, [Gho91, Corollary 13] applied with B = & (see
also [Gho91, Theorem 4]) implies that there exists a critical point u., for £, at energy level c.
and with Morse index m(ucp) < p.

There is only one detail that we have to address: [Gho91, Corollary 13] would apply directly
to a complete connected Banach manifold X on which Zg acted freely. In our case, we want
to consider X = H*/?(M), together with the action # ++ —z under which F, is an invariant
p-dimensional homotopic family, but which is not free since it maps the point 0 to itself. This is
not an issue for the following reason. By the upper bound for the min-max values (4.2) (that we
will prove in Section 4.1.3 below), we have that c., < C(s,p,n) for every € € (0,¢), for some
gp = €p(M,s,p) > 0. On the other hand, the Allen-Cahn energy of the zero function tends to
infinity as € \, 0, which shows that there is ¢, > 0 such that, for all € € (0,¢y), every min-max
sequence is uniformly separated from 0 € H s/ 2(M). Hence, for a small r > 0 the min-max result
[Gho91, Corollary 13] can be applied to X = H*/?(M) \ {||u||;s/2 < r} on which the action
x — —x is free. O

Hence, to obtain Theorem 1.2.12 we are only left with proving the lower and upper bounds in
(4.2). The analog bounds in the case of min-max families of hypersurfaces and their areas were
first proved by Gromov in [Gro88]. In [Gut09], Guth gave an elegant new proof of the result by
Gromov on which the proof of our bounds is partially based. See also [MN17b] for an adaptation
of the proof by Guth to the setting of closed manifolds, as well as [GG18] for the adaptation
to the classical Allen-Cahn case. Nevertheless, our proof of the bounds is closer to (and also
simpler than) those in [Gut09] or [MN17b], thanks to the fact that sets of finite perimeter embed
naturally! in the same function space H®/ 2(M) as their fractional Allen-Cahn approximations, as
long as s € (0,1).

4.1.2 Lower bound

In the proofs of both the upper and lower bounds, we will make use of the following simple fact.

Lemma 4.1.5. Let (M",g) be a closed, n-dimensional Riemannian manifold. Then, there exist
positive constants Cy, C1,Co depending only on M such that: for every p € N there exist N disjoint
balls By(q1), ... Br(qn) with

Cip<N<(Cyp,
TZCUP_I/nv

and

U Bsr(a:) = M.

i<N

Proof. Since M is compact, by a comparison argument there exists a constant ¢ = ¢(M) > 1 such
that
" <HY(B,(q)) < er™, forallge M, r < inj(M). (4.3)

¥ia functions of the form xz — xge.
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We claim that, for Cy = inj(M)/3, the statement holds. In fact, with this choice we have
r = Cop~ /™ < inj(M)/3 for all p € N. Consider the cover Ugenr Br(q) of M, and let

B(q1),...,Br(¢gn) be a maximal disjoint collection. Then, by maximality |J,.x Bs(qi) = M.
Moreover, comparing volumes -

TN <Y DM (Br(gi) < Vol(M) <Y H(Bsy(gi) < 3" N,
<N i<N

which by the choice of r implies

(M (M
C1p:=VO( )pSNSCVO( )
3 Cy n

p=:Cop.

The proof of the lower bound depends on the next two lemmas.

Lemma 4.1.6. Let {B, (q,) 1 be a family of p balls on M. Then, given any A € Fy, there exists

some u € A such that
/ u=0 forall i=1,... p.
By (qi)

Proof. This is simply a consequence of the Borsuk-Ulam theorem. Indeed, let A be the continuous
odd image of f : SP — H*/2(M)\ {0}. Define the (odd) function

g: H?(M) > R by g(u) := (/ u,...,/ u)
Br(q1) Br(gp)

Then go f: SP — RP is an odd, continuous map, and by the Borsuk-Ulam theorem there exists
a € S? with go f(a) = 0. Hence, taking u = f(a) finishes the proof. O

For the next lemma, it will be convenient to define the local part of the Sobolev energy as
follows. Recall

Sob 1
&) =7 //MXM\QCXQC(U(p) —0(q))*Ks(p, 9)dVpdV,

// v(q))?Ks(p, q)dV,pdVy + = //ngc v(9))*Ks(p, q)dVpdVy .

£5|o (v) // o(0))2Ks(p, )dV,dV,
Q><Q

Moreover, we also denote by

Then, we set

Per,|o(E) := £%|o(xe — X&)
the local part of the nonlocal perimeter. We stress that Perg|q(F) < Pers(E, ), with equality iff
ENnQ=0or E°NQ=0.

With this notation, let us recall the fractional isoperimetric inequality (which is implied,
actually equivalent, to the fractional Sobolev inequality, for example, in [FSO8b]). Let s € (0,1).
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Then is ¢jso = Ciso(n,s) > 0 such that for every F C By

_(|E| IBLNE| ™
P FE) > ¢ — 4.4
ers|, ( )_clsomm{‘617 Bi] , (4.4)
and actually if s € (s, 1) then ¢;5 > 10—/5 "= (n,sp) .

Lemma 4.1.7. Let so € (0,1). Then, there exists a constant co = co(n,so) > 0 such that the
following holds. Let q € M, and assume that the flatness hypothesis FA1(M, g, q,2Ro, p) holds.
Given s € (s, 1), there exists g = €o(n, s) > 0 such that: for every r < Ry and € < gor, given
any uw € H3?(M) with |u| <1 and fBr(q) u = 0 there holds

Co
1—s

n—s

EB,(g)(u) =

Proof. Let ¢ : Bg(q) — R™ be normal coordinates at ¢, and let g;; denote the metric in these
coordinates. It is not difficult to show that FA;(M, g, q,2Ro, ) implies

1
51(1 S (g,j)(x) S Cid in BRO

for some C' > 1 depending only on n.
Let v = u o1 ~!. By assumption we have Jz vV/lgldxr =0, and |v| < 1. This implies

—1+1/C§][ v<+1-1/C.

r

By Lemma 3.4.13

50 5 () + 7 W (u) dV
Br(q)

> 5 < //szr |”$ - ’n(+3)|2 dady +17(e/r) [ W) dx). (4.5)

We claim that the right-hand side of (4.5) is bounded below by f57r"~%, provided ¢/r < eo(n, s),
where c¢;4, is the constant in the fractional isoperimetric inequality (4.4).

To prove this lower bound, by scaling invariance we may assume without loss of generality
r = 1. We argue by contradiction. Suppose there exist sequences ¢ | 0 and vy € HS/Q(Bl) with
lug] <1, f81 v € [-14+1/C, 1—1/C], but such that

v (2 vk (Y )| - / Ciso
dedy+e,.° [ W(vg)dr < . (4.6)
//81 xB1 ’.’E - y|n+s g B1 40

In particular, HU’“H%IS/Z’(Bl) is uniformly bounded in k£ and fl?q W (v) — 0. Hence, up to subse-

quences (that we do not relabel), we have that v, — v, weakly in H*/2(B;) and v, — v almost
everywhere. Then, by Fatou’s Lemma, |, 5, W(vso) = 0 and therefore |vs| = 1 almost everywhere.
Moreover

][ Voo € [=1+1/C, 1-1/C].
Bi1

This implies that ve = xg — xEc for some set £ C B; with 57 mln{]E\ |B1\ E|} > 55. By the
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lower-semicontinuity of the Sobolev seminorm, the fractional isoperimetric inequality (4.4) and
(4.6) we get

Ciso |Uk — Vg (y) ‘2 Ciso
<P 4*1 f <
e < Pondn(e) < Gt f]L ISR dsiy < G

contradiction.

Going back to (4.5), we have therefore proved that there exists g = gg(n, s) > 0 such that, for
every € < ggr and every v as in the statement

ciSO n—s
Elp (W) = 155"

Since the constant c;so = ¢iso(n, s) for the fractional isoperimetric inequality satisfies that ¢;s, >

@ for some ¢ = /(n, sp) > 0, we conclude the desired result. O

We can now give the proof of the lower bound.

Proof of Theorem 4.1.2 (part 1). The lower bound in (4.2) follows, in a simple manner, from the
lemmas above: Given p € N, by Lemma 4.1.5 find N > C1p disjoint balls {B,(¢;)}¥, in M with
radius 7 = Cp p~ /™. Moreover, up to taking C; bigger and Cj smaller, we can also assume that
r < Ry, where Ry is such that FA;(M, g, q,2Rg, ¢) holds for all ¢ € M (see Remark 3.4.3). Given
any A € Fp, by Lemma 4.1.6 there exists u € A such that

/ u=0 forall ¢ =1,..., N.
Br'(qi)

Then, by Lemma 4.1.7, for ¢ < g¢r we have

E° By (qy) (1) = %r"ﬂ forall i=1,...N,
which by the choice of r implies

-1

N
U) Z ZE€|BT(%)(U/) Z Nlc_osrn_s 2 %ps/n7

for some constant C' that depends only on M and sg. Since we have found such a v € A given
any A € F,, we deduce the desired lower bound. O

4.1.3 Upper bound and proof of Theorem 1.2.12

While the lower bound required finding a function with high energy inside every admissible set
A € F,, the upper bound requires finding a single admissible set A such that all its elements
have ”low” energy. We will explicitly construct a continuous odd map f : SP — H*/2(M) \ {0} so
that all the elements in A = f(SP) have controlled energy. These functions will be of the form
XE — XEe, for some set E C M, and our task is then to bound the fractional perimeter of these
sets.

The intuition behind the construction is as follows. Imagine embedding M into some Euclidean
space R™. Suppose for the sake of exposition that we are in the limiting case s = 1, meaning
that we have to find a family of hypersurfaces with a small total perimeter. A natural way
to do so would be to assign a hypersurface ¥, C M to each a = (ao,...,a,) € S* oddly and
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continuously as follows. Consider the polynomial P,(2) = ag + a1z + ... + apz®, its p real roots
are in continuous correspondence with its (p + 1) coefficients, and they remain the same changing
a with —a. Let ai,...,ap be a list of the real roots (at most p) of P,. We then define X, as
the intersection of M C R™ with the at most p parallel hyperplanes {x,, = a1}, ..., {zm = az}.
However, this construction alone is not sufficient to obtain the desired upper bound on the energy.
Consider, for example, M = S® C R""!, so that the desired energy bound would be of the
form H"1(%,) < Cpl/™. Using the procedure described above, the intersection of p parallel
hyperplanes with S can have an area of the order H"1(3,) ~ pH"~1(S"1) if the p hyperplanes

are all very close to the equator S"~1 C S™. Hence, we cannot expect a growth like p!/” without
modifying the argument.
To fix this construction, essentially one first divides M in p patches Q1,Q2,..., Q) of com-

parable volume Vol(Q;) ~ Vol(M)/p, and then defines X, as the full boundary of this partition
\U; 0Qs, plus the intersection of each of the hyperplanes {z,, = a1},...,{2m = a¢} just with one
single patch @; from the ones they intersect, and not with the whole M. This process will be
continuous for the fractional perimeter and will give the desired upper bound.

The proof of the upper bound in (4.2) goes as follows.

Proof of Theorem 4.1.2 (part 2). By Lemma 4.1.5 (with p replaced by k), for every k > 1 there
exist N < Cqk disjoint balls By(q1), . .., Br(qn) of radius r = Cok~Y™ and with U;<n Bsr(gi) = M.
Moreover, recalling the proof of Lemma 4.1.5, the bounds (4.3) hold for such an r.

Now, given (ag,a1,...,ay) € SP consider the polynomial P,(z) = ap + a1z + ...+ apz? and
name {ajq,...,qz} its real roots in increasing order, so that ¢ < p. In R™ consider the set
N
E = Bs(3r(2i +1),0,...,0);
i=1

these are IV aligned balls, tangent to each other, with centers on the x;-axis. Now we split the
set F into two disjoint subsets £ = ET U E~. Given the real roots {a1,...,as}, assign the set
En{r <o} to ETif Py(z) > 0 for all z € (—oo, 1], and else assign it to £~ if Py(z) < 0
for all z € (—oo, a1]. Then, analogously assign £ N {a; < 71 < as} to ET if P,(2) > 0 for all
z € (a1, a9, and assign it to E~ if P,(z) < 0 for z € (a1, as]. Repeat this procedure until E is
divided into the two subsets E* and E~. Note that there are at most p transitions? between B
and E~, and thus E* has perimeter at most [0E+| < N|0Bs,| + (6r)"~1p. Now, basically we want
to do the same on the balls {Bs,(¢;)}Y, on M identifying Bs,(q;) with Bs,(3r(2i + 1),0,...,0)
via the exponential map, that we consider as a map

exp,, : B3y (3r(2i +1),0,...,0) — Bsq(q;) -

In order to do so, we first have to make the covering {Bs,(¢;)}Y; of M disjoint. For this purpose,
for all 1 <7 < N we consider

Qi = By (a:)\ |J Bsr()),

j<i-1

and note that {Q;}Y, is a disjoint partition of M with Q; C Bs,(g;). Let ug : M — {+1,—1} be

2This corresponds to the case when P,(z) has p distinct real roots in the interval (0,6rN).
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defined as

ta(q) = +1 if ¢ € Q; and (exp,,) '(q) € ET,
S R q € Q; and (exp,,) '(¢q) € E~.

Set 3, := 0{u, = 1}. By interpolation (use for example Proposition A.1.1 applied to a covering
of M with small enough balls) there exists C' = C'(M, sg) so that

1
g]%lob(ua) = Z[ua}?{s/Q(M) == Pers({ua = 1})

< %H”*l(za)s Vol({u, = 1}) <

C

1—s

HL(S,)°. (4.7)

Moreover, by (4.3) we have

H"(Sa) < C(N[0Bs,| + 1™ 'p)
< C(krnfl + l:”anfl) — C(kl/n _._pkflJrl/n)’

for all £ > 1, with C that depends only on M. Clearly, the optimal value of the right-hand side is
attained for k = p and gives #"~1(X,) < Cp'/™. This, together with (4.7), implies

£ () < 7o/, (48)
for all a € SP, with C' depending only on M and sg.

From the definition of E*, it is clear that u_,(z) = —ug(x). Hence, to conclude that a — ug
is an element of F, we are left to show that it is continuous for the strong H s/ 2(M) topology. This
easily follows by interpolation. Indeed, for every a,b € SP, by Proposition A.1.1 (again applied to
a covering of M with small balls) we have

C S —S
[Ua — ub]?{sﬂ(M) < 1 S[“a - Ub]BV(M)H“a - UleLl(M)

C
<
—1-—s

n— - : . Cpm s
(7’[ 1(2(1) +H 1(21,)) lluq — UbHILl(M) < 17—8||ua - UbHILl(M)a

where we have used that sup,cgy H"1(2,) < Cp'/™. From here, continuity follows since a — u,
is continuous in L'(M) by construction.
Together with the bound (4.8), which holds for all a € SP, this concludes the proof. O

One should compare the simplicity of this construction, with the one in [GG18] for the classical
Allen-Cahn equation and the classical perimeter; in that case, to define the p-sweepouts with the
correct interface, one has to consider functions that are compositions of:

(¢) The solution to the 1-dimensional Allen-Cahn equation with parameter € > 0.

(17) A “modified” distance function, measuring the distance to hyperplanes {z; < ¢} (which play
a similar role to those in our construction), but also accounting for the complex parts of the
roots of the polynomials in order to smooth out the cancellations of the leaves.

Using this composition of functions is necessary in the classical Allen-Cahn case to regularize the
construction, as characteristic functions of sets of finite perimeter do not belong to H'(M), while
they do belong to H*/?(M) for s < 1.
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Remark 4.1.8. Notice that for every fized p, both the proofs of the lower bound and the upper
bound in (4.2) rely on the fact that there is the same ”critical scale” r = Cp~ Y™ in the construction.
This is given by dividing M in N ~ p disjoint patches of volume of order ~ 1/p. The lower bound
shows that, given any A € Fy, there is one element of A that has zero average - see Lemma 4.1.6
- in each of these patches, and in particular this element has energy uniformly bounded from below
of order p*/™. On the other hand, the upper bound shows that this configuration, i.e. making the
transitions take place in N ~ p disjoint patches that cover M, is also (of the order of) the best
that one can achieve.

As a consequence of the above results, we deduce our complete existence result.

Proof of Theorem 1.2.12. The statement follows from combining the existence result of Theorem
4.1.4 and the bounds on the min-max values given by Theorem 4.1.2. O

4.2 Estimates for Allen-Cahn solutions with bounded Morse
index

4.2.1 Finite Morse index and almost stability

For critical points of local functionals, it is well known that having Morse index bounded by m
implies stability in one out of every m + 1 disjoint open sets. In the nonlocal case this is not the
case anymore, but in one of the sets we will be able to obtain a weaker, quantitative lower bound
on the second derivative which we will refer to as almost stability.

Definition 4.2.1 (Almost stability). Let Q@ C M open and u: M — (—1,1) be a critical point of
Eq. Given A >0, we say that u is A-almost stable in Q if

EGW)[E,€] > —All€]F 1y, VE € CL(Q).

Lemma 4.2.2 (Finite Morse index and almost stability). Let u: M — (—1,1) be a solution of the
Allen-Cahn equation (—A)*/?u+e=W'(u) = 0 on M with Morse index at most m (see Definition
2.2.9, with Q = M ). Consider a collection Uy, ..., Upn+1 C M of (m+ 1) disjoint open sets at
positive distance from eachother, and set

A :=mmax sup Ks(p,q) < +o0.
i#] U; xU;

Then, there is (at least) one set Uy, among Uy, ... ,Upt1 such that u is A-almost stable in Uy, that
18

E"(w)[6,€] = —Al€ll71 4> VE € CoUhn):

Proof. We prove the Lemma just for m = 1 for the sake of clarity, the proof goes on exactly
the same for general m. Let & € CL(U;) and & € CL(Uy). Testing the second variation of the
Allen-Cahn energy, explicitly in (2.8), with linear combinations of &; and & gives

E"(u)[aér + b&s] =a*E" (W) (&1, &) + b2 E" (u) &2, &) — 2ab//u y §1(p)&2(q)Ks(p, q) -

Since Ks(p, q) < A for all (p,q) € Uy X Us, the interaction term can be bounded as

—QGb//L{ . §1(p)&2()Ks(p, @) < 2abA||E1l L1y lI€2ll Lt )
1 XU2

< @ A&7 @i + VA&7 04)-
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Hence

E"(u)[agy + b&s] < 02(5"(U)[€17§1] + A||51H%1(u1)> + b2(5"(u)[§27§2] + Allall 7 ) (4.9)

:;FT(&) =:F>(&2)

We want to show that either Fy(&1) > 0 for all & € CH(Uy) or Fy(&) > 0 for all & € CH(Us).
Suppose neither of these two holds; then there would exist & € CL(U,), & € Cl(Us) such that
F1(&1) < 0 and Fy(&2) < 0. However, this would imply that (4.9) is negative for all (a,b) # (0,0),
contradicting the Morse index of u being at most one. O

4.2.2 Control of the potential part by the Sobolev part
By Theorem 3.2.4, notice that u is a solution to the Allen-Cahn equation

(=A)*2u+ e W' (u) =0 on M,

if and only if the Caffarelli-Silvestre extension U, i.e. the unique solution to (3.11), solves

1./ 1—s o . xr
{le(Z VU) =0, in M (4.10)

lim, o+ 225U, (-, 2) = B e *W'(u(-)), on M.

For the next results, recall the notation for balls in the extended manifold (3.19). We begin
with an auxiliary lemma.

Lemma 4.2.3. Let s € (0,1), (M, g) satisfy the flatness assumption FAo(M,g,2,p,¢), and let
n € C2(Bs/4(0)) be a cutoff function with n =1 in B1/2(0). Define no = p on and let 1) solve
div(z!=*V7) =0 in Bf (p,0),
77:0 on a+§1(p30)7
1= 1o on Bi(p) x {0}.

Then, for all ¢ € Bs;4(p) there holds that
Bs|(—2'7°0.0)(q,0M)| < C  and B, /~ 2 VRdVdz < O, (4.11)
B (p,0)

for some dimensional C = C(n) > 0.

Proof. Let Uy € H'(M x (0, 00))—see Definition 3.2.3—be the unique Caffarelli-Silvestre extension

of 1o (considered as defined on M extended by zero outside Bj(p)), in the sense of Theorem 3.2.4.
Since Uy and 77 are two different solutions of (ﬁ(f(zl*s%U ) = 0 with the same trace on By(p), by
Lemma 3.2.10 (rescaled) we have that 3, 2! ~5|V(Uy — )| < C in §;4(p) for some dimensional C.
Hence in Bs/4(p) there holds

Bs| (= 21720.0) (+,07)| < By [( = 21 7°0.U0) (+,01)| + C = | (=A)*?no| + C,

where we have used Theorem 3.2.4 in the last equality. Now, a dimensional bound for the
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|(—A)5/2770‘ follows, for ¢ € Bs,4(p), by writing

(—A)2no(q) = /

(n0(q) — 10(r))KCalg, ) Vi + / (n0(q) — 10(r))KCalq, ) dV
Bi(p)

M\B1 (p)

and using Lemma 3.4.13 and (3.41) of Proposition 3.4.6 respectively to bound these two integrals.
This concludes the proof of the first estimate in (4.11). The second estimate follows from the first
one just by integrating by parts and using FAs(M, g,2,p, ¢). O

Lemma 4.2.4. Let R € (0,1], and assume M satisfies flatness assumption FAao(M, g,2R, p, ¢).
Lete >0, s €(0,1) and u: M — (—1,1) be a solution of the Allen-Cahn equation

(=A)* 2y + e 5W' (u) = 0 (4.12)

in Br(p), that is A-almost stable in Br(p), in the sense of Definition 4.2.1, for A < Ay/R"*5.
Then, there exists a positive constant C = C(n, A1) such that, for all a € (0,1]

s—n cPo BS s—n —5 | s ps—n cPo
R ngt/Q(p)(u) <C (R /§+< ) A7 VU2 +a+ (¢/R)*R eg;(p)(u)> .
RrR\Ds

a

In particular, since |u| < 1, for a =1 we have

REMERS o (u) < C | SR / ATEVUP 41
Brys(p) (W) ( B 0) VU

Proof. Notice that, as € > 0 is arbitrary, the statement is scaling invariant. Indeed, if u : Br(p) —
(—1,1) is a A-almost stable solution of (4.12) with parameter ¢, then, on the rescaled manifold
(M,R™2g), u is an (R"**A)-almost stable solution of (4.12) in Bi(p) with parameter ¢ replaced
by €/R, and A replaced by R""$A < A; since R < 1 by hypothesis. Hence, we can assume R = 1.

In what follows, C denotes a general constant that depends only on n. To compare the
potential energies on M with the Sobolev energies in the extended manifold, we need a well-chosen

cutoff function 77 defined on the extended manifold M. To this aim, let 77 solve
(ﬁ;/(zlfsﬁm =0 in Ef(p, 0),
7=0 on 8 B(p,0),
=10 on Bi(p) x {0},
where 179 = pon € C3(Bi(p)) and 7 is a fixed cutoff function with n = 1 in By/3(0) and n =0

outside Bs/4(0). First, since FA3(M, g,2,p, ¢) holds, by the estimates of Lemma 4.2.3 we have for
all ¢ € Bi(p)

Bl(- om0 <0 and B[ SR <C
B (p.0)

for some dimensional constant C' = C(n). Note also that || < 1. Then

—S

pot £ ° a2 < E 22 2
5 = /BW(,,)“ R R
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1 1
= 5_5/ w?(1 —u?)?nt + 6_3/ (1—u?Pnd | = ~(IT+J).
4 Bi(p) Bi(p) 4

On the one hand by (4.12) and the divergence theorem

1< e ad= [ -y
Bi(p) Bi(p)

— 8, / i (= 210)(-,0%)
Bi(p)

— BS/ div(z'~*VU U7?)
54’(7370)

:ﬁsﬁ (VU *3? 4 25U V7 - VU)
B+(p70)

<o [ z“<( - Y [FUPR +aU2|V77!2>
B} (p,0)

< C/BS /y 21_5‘6U|2+Ca,
@ JBf (p0)

where (5 is the constant defined in (3.13) (see also Proposition 3.3.1) and we have used (4.10)
and Young’s inequality in the second to last line.

On the other hand, since W”(u) = 3u® — 1 and u is A-almost stable

J = / e (1 —3u? +2u?)((1 - u2)770)2
Bi(p)
2
< ERy (1 —u)mo) + A(/ (1 - uz)m\) +2I
Bi(p)

gﬁs/~ A0V (1= U] +C (A, )/ (1 —u?)?ng +21.
4 JB po) B1(p)

=:J1 =:Jo

Here we have bounded £5°P((1 — u2)nq) by Ji since the former is the infimum of 22 = [ 2 $|VV 2
over all the extensions V of (1 — u?)n, and (1 — U?)7 is one such extension. Now, smce 1n=0on

8% By (p,0) and div(z!=V7j) = 0 we have

s . S P _ _
n= ﬁ / (PR - GR (- U) $) + -
p7

Bl po) Bl(P)

/ (1-U? 2dlv(1 Sﬁvﬁ)+/
B (p,0)

B (p,0)

ey / AU VU PP + / (1= w220 (= Bz 0.7) (-, 07)
B (p,0) Bi(p)

(- U2)2Wﬁl2>

< CB, / VU + CeER2
BY (p.0)
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and also
JQ = / (]. — u2)2772 < Cﬁsgg(l)zp).
Bi(p)
Thus
J=JD+Ch+20<C 53/~ ZIVUP +a+ e 5%, |
@ /B (p0)
for some C' = C(n,A1). Combining the above estimates yields the result. O

4.2.3 The BV estimate for finite index solutions
The aim of this subsection is to prove Theorem 1.2.13.

Proposition 4.2.5 (Almost stability = BV). Let p € M, so € (0,1), s € (s9,1) and assume
that M satisfies the flatness assumption FAo(M, g,1,p, ). Let u: M — (=1,1) be a solution of
(=A)32u 4 W' (u) = 0 which is A-almost stable in By(p) C M (see Definition 4.2.1).

Then, there exist constants Ay and C, depending only on n and sg, such that: if A < Ay then

/ Valdv < <.
B1/4(p) l—s

Remark 4.2.6. The blow up rate (1 —s)~' as s 71 is not expected to be sharp, but (1 — s)~1/2
1s; see Proposition 2.2.1).

To prove Proposition 4.2.5 we will need two lemmas.
Lemma 4.2.7. Let p € M and assume M satisfies the local flatness assumption FAo(M, g,1,p, ).
Let X € Vect.(Bs/4(p)), and denote by X* : B1(0) — R" the pullback X* := p*X of X via the
chart =1, Lete >0, s € (0,1) and u € H¥?(M) be with |u| < 1. Then

E"(u)[Vxu, Vxu] < C<ﬁs/~ ]6U|221_stdz+/ 5_SW(u)dV> ,
By, (p0)

33/4(10)

where C' = C (n, HX*HCQ(BI)) and U is the extension of u.

Proof. Denote by 9 the flow of X at time ¢ and u; := uw o ¢{*. By Lemma 3.4.17 the map
t — E(uy) is smooth in a neighborhood of the origin. Hence

2

d- E(ur) + E(u—y) — 2E(u)
dt? '

t2

E"(u)[Vxu,Vxu] = (4.13)

£ =li
t=0 i) 0
Let X be any smooth extension of X in é;r/ 4(p,0) with support compactly contained in
E;};;(Py 0) (in particular, X Vanishei ina neighborhogdff 8+§;'/4(p, 0)) and such that Xl =,
This last condition implies that, if 1! is the flow of X, ! leaves invariant the z component in the

extended manifold M.

To bound the increment above we split the energy &£ in its Sobolev part and potential part.
For the Sobolev part, by the minimality of the extension in the energy space

£5°P (uy) = %/Nzl—ﬂ%m?dwz < %/Nzl—S%Ut|2dde,
M M
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where (s is the constant in Theorem 3.2.4. Here u; is the extension of u; and U := U o Qz_t.
We emphasize that, with our current notation, U; is not the extension of u;, but instead the
translation of U via T/Jt in the extended manifold M. Denote

= /N VU |22 ~2dVdz .
M

We then have

. E50b(yy) + E50P (u_,) — 2E5°P () - Bs (hm I(t)+ I(—t) — 2I(O))
t—0 t2 4 \t—0 t2
Bs d
=7 @ :01(75)
Bs d®

== VU?2 —*dVdz,
Tael, [ 9

Now, since M satisfies local flatness assumption FAo (M, g,1,p,¢), setting ¢(z,2) = (p(x), 2),
O —90_1(3;/4( 0)), ¢t :=@ Lot o, and U := U o @, we have
I(t):/~ V(U o221~ Sdde—/””a Uo¢_1)d;(Uod_)z'~%/|g| dedz
;—/4(10 0)
= [F(00) 0 6-00i6 () 0 6-)0,00 21V Il dodz
—/q5 (Q)(akU)(alU) <M”31¢ktaa¢ ¢ !9) o gr(¢p ) T depy A AdgpT!
—t

- [owaw: (5”‘ (0id" 00, |g|) 0 6,|Déy| ded=
Hence

62 kl

oz (0,2, z) dzdz,

1(0) = /§<akU><alU>
where

FRU(t, ) = (@"iﬂ‘ajwtaﬂ%t |§|) o ¢y | Doy

Since ¢ : (0, 00) X Q — R i the flow of (X*,0), together with the flatness assumption, a direct
computation shows that

32Fkl N
|20 < el e,
Lo()
Thus
n+1 ~
"0 <C/ Z|8kU|2 1=5 dedz < C VU221 =% dVdz,

3/4(1), )

where C' = C(n, ”X*HCQ(Bl)) and we have used the flatness assumption to compare the Euclidean
metric on R"*! to the one on M.
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Similarly, for the potential part of the energy

) 5P0t(ut) 4 gPot(u_t) _ 25Pot(u) d2
lim -
t—0 12 dt?

gPot (Ut) )
t=0

Arguing as in the last part of the proof of Lemma 3.4.17 (the one regarding the potential part of
the energy, with £ = 2) we have
d2
dt?

EP(wy) < Cé'g;’t4(p)(u) =C e W (u)dV,
t=0 / Bs4(p)

where C' > 0 depends only on || X*||c2(5,) since by direct computation for the Jacobian

|5 (ViiDud) 0.)

This, together with (4.13) and the bound for I”(0), concludes the proof. O

< C(IX"lc2sy)) -

Lo

Lemma 4.2.8. Letn >2, pe M, so € (0,1), s € (so,1) and assume that M satisfies the flatness
assumption FAo(M, g, R,p,p). Then, there exist Ag and Cy, depending only on n and sg, such
that the following holds. Let u: M — (—1,1) be a solution of (—A)*/?u+ e=*W'(u) = 0 which is
A-almost stable in Br(p) C M for A < Ag/R"™* (see Definition 4.2.1). Then, for every é >0

Rl—"/ VuldV < Co +5R1—”/ IVuldV .
B2 (p) (1-s)o Br(p)

Proof. Since the statement is scaling invariant, as the constant Cy does not depend on &, we can
assume R = 1. See the beginning of the proof of Lemma 4.2.4 for details on the scaling.

We show that there exists a constant Cy = Cp(n, sp) > 0 such that, for any given 6 > 0, there
holds o

IVellys, omn < =5 +oIVuluaen -

In particular, this C' does not depend on €.

Let X be a vector field compactly supported in B3/4(p) to be chosen later, and let us denote
B := Bj(p) during this proof. Let also Vxu := (X, Vu). Since the second variation (2.8) is
continuous with respect to the H*/ 2(M) topology, by density we can test the almost stability
inequality with any ¢ € H*/?(M). Testing the almost stability inequality with £ = |Vxu| €
H*/2(M) gives
0 < ERIVxul, 1V xul] + AV xull2s )

On the other hand
eI xul [Vxul) = E50) (T V) =4 [ (V) ()T x0)- (@)K (. )V
BJB
thus we find that

[ [ (Vx0T x0)- @K )V, < @)V, V] + AVl s
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Moreover, by Lemma 4.2.7 and Lemma 4.2.4 respectively, we have

Eg(u)[VXU,qu] < C <5s/ |VU'|2 1- SdVdZ+gPot " )( )>

Bj,,(p.0)

<5S / VU2 "%dVdz + 1) ,
B (p,0)

for some C' = C(n, [|§]|c2(5,(0)), Ao), where € = X' o ¢ and Ay will be chosen shortly depending
only on n and sg. Hence

1 [ @000 @K, >dVdv<c( " rvw“Sdde+1)+AuvquL1<B)

Now, since by Lemma 3.4.13 there holds Ks(p,q) > ¢ > 0 for all (p,q) € B x B, for some
constant ¢y = cp(n, sg) > 0, we have

/ / (Vx4 () (V) (q)dVpdV
/ / (Vx4 (0) (V) (a) Ko (p, 0)AVpdlV

[(Vxu)+llpr ) I(Vxu) -z (B

\ /\

Also

IV xu)sll3) = (V) llsy = | Fxudv 2 [ (9u.x)av

= / div(uX) — udiv(X)dV = [ u(X,N)do — / udiv(X) dV,
B

oB B

where N is the outer unit normal vector field to 0B. Then, since |u| < 1

(Vxw) il — 1(Vxw) s | < 1 X peom) + 1div(X) [ Leosy < C ([1€lley 5 0)) -

Hence, we get

2
IVxulZi = (I(Vxw) sy + 1(Vxw) -l 1(s))
2
= (IVxu) el sy — 1(Vxw)-llimy)” + 4V xw) 1 o m) (Vxw) -l L
_ A
< OBy /~ VU2 =dVdz + C + —||VxulZip
B+ €o

Thus, for A < ﬁ =: Ag we obtain
IV xulZi(p < CBs /~ IVU[?2'*dVdz + C.
Bt
Moreover, by Lemma 3.2.10 with R =1, £ = 0 we have

. C
/B+ IVU?2' dVdz < 17(1+ IVull1(p))-



96

Thus, for every § > 0 by Young’s inequality

1

1Vl <€+ Oy T (4 [ ulins)

< + 5[V ul| 1 ().

(1—13s)d

Now, let 7 be a smooth cutoff compactly supported in Bs,(p) and with n = 1 on By 5(p).

Choosing X = 77821- above and summing up from i = 1 to i = n, together with (3.37), gives

C
IVl o0 < g3 oIVl sen
for some C' = C(n, sg), and this concludes the proof.
0

To conclude the proof of the BV-estimate for almost stable sets, that is Proposition 4.2.5, let
us state an abstract (but very useful) result due to Leon Simon that we will need at the end of
the proof. We include the proof of this result in the appendix.

Lemma 4.2.9. Let 5 € R, M, >0 and S : B — [0, +00) be a nonnegative function defined on
the family B of open balls contained in the Euclidean ball B1(0) C R™ that is subadditive for finite
unions, meaning that whenever B C |J, B; a finite union then S(B) < >, S(B;). Then, there
exists a constant 6o = do(n, ) > 0 such that, if

T"BS(BT/4(.%’0)) < 6,7°S(B,(20)) + M,  whenever B, (x0) C B (0),

then
S(B1/4(0)) < CM ,

for some constant C = C(n, ) > 0.

Remark 4.2.10. The standard situation where this lemma is of use is when one can obtain, for
some § € (0,1) and C > 0, an inequality like

190l agsy) < C + ClIVulllaisy
Indeed, if this holds, then Young’s inequality gives, for every d > 0, that

|Vullpas,) < C +0||Vull Lo, + C(9,0)
= 5||VuHLq(B4) + C41(6,0) .

Then, just by scaling and translating for every B,(x) C R™ we get
rVull La(s, @) < 0T VullLags,, ) + C1(6,0) -
From here, choosing § = do(n,q —n) the one of Lemma 4.2.9 one concludes a uniform bound
IVullLa(s, ) < CC1(d, 0).

We can now give the proof of Proposition 4.2.5.

Proof of Proposition 4.2.5. Let Ag and Cp be the constants given by Lemma 4.2.8. Fix any
Euclidean ball B,(z) C Bs4(0). Consider the subadditive function (defined on the family of
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Euclidean balls contained in Bs,4(0))

S(By(z)) = / VuldV .
(B, )

Notice that FAQ(thal?p? (p) 1mphes B4r/5(gp(l’)) - @(BT($>) and @(81/8(1')) C Br/5(g0($))
Hence, by Lemma 4.2.8 applied with R = 4r/5, for every 6 > 0 and B,(x) C Bs/4(0) we have

C

TlinS(Br/B(x)) < 57«1*”8(87“(‘%)) + m ’

for some C' = C(n,sp) > 0. Using Lemma 4.2.9, taking § the one given by the lemma with
B=1-—n,p=23/4,0=1/8, we find that

C
SBysO)= [ [Valdv <5
©(Bs/5(0)) -

where C' depends only on n and sg. In particular, since By 4(p) C »(Bs/g(0)) this concludes the
proof. O

Now, we will prove the full BV-estimate by iteratively reducing to the almost-stable case
thanks to a covering lemma, which is inspired by the proof of Proposition 2.6 in [F7Z24].

In the following lemma we denote by Q,(x) C R" the (hyper)cube of center = and side r.

Lemma 4.2.11. Letn >1, m >0, 0 € (0,1), Dy >0 and 8 > 0. Let S : B — [0,+0) be a
subadditive® function defined on the family B of the (hyper)cubes contained in Q1(0) C R™, such
that

(i) sup  S(Qy(x)) >0 asr—0.
{z:Qr(x)EB}

(i) Whenever Q. (o), Qr(x1), ..., Qr(xm) C Q1(0) are (m + 1) disjoint cubes of the same side
at pairwise distance at least Dor, then

Jie{0,1,...,m} such that S(Qg(x;)) < r°My.

Then
S5(Q1/2(0)) < CMy,

for some C = C(n,0,m, 3, Dy) > 0.

Proof. Let p =27 for a fixed integer k > 1, and consider the regular partition of Qg(0) into 2+"

cubes of sidelength Ap. Let us call §; := {QZI} the family of cubes in this partition. In this way,
clearly #§1 < p~". Let le denote the center of the cube Q} and, for every A > 0 and cube Q of
side r, let A@Q be the cube with the same center and side Ar.

Now, we split the family §; as §1 = &1 UB; into the families of good and bad cubes as follows.
Start by considering Qf, if there holds

S(Q1) < Myp® (4.14)

then it is considered a good cube, we assign it to &1 and we remove it from §;. On the other
hand, if O} does not satisfy (4.14), then we assign it to the bad cubes B; and remove it from

3Meaning subadditive for finite unions of (hyper)cubes.
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§1. Moreover, if this happens, also all the cubes QO € §1 such that the distance of %Q from %Q%
is less than Dyp are considered bad as well, so they are assigned to 87 and removed from §;.
Importantly, this last rule (of labeling bad the cubes nearby a bad cube) is applied only to the
cubes that are still in §;. Once a cube is classified as good and placed in &y, it is no longer
reclassified in later steps.

By a simple count, there are at most (2 + 2Dy + 44/n/6)" such cubes. We continue this
procedure of splitting §1 in good cubes and bad cubes until there are no cubes left.

By property (ii), we may have assigned cubes to the bad set B; at most at m steps. Since
at each of these steps we removed at most (2 + 2Dy + 4/n/6)™ cubes, this means that #B; <
m(2 + 2D0 + 4\/’[;/9)71 =: No.

Regarding the good set &, we know it contains at most #31 < p~ " cubes since this is just
the total number of cubes in the cover. Moreover, by construction in every Q € &; we have

S(Q) < Mop”.

Hence

S(Qp(0)) < Y S(Q+ D S(Q <Mp” "+ Y S(9).

Q€6 QeB QeB

The argument continues iteratively under the same scheme, on the union of the at most Ny bad
cubes that are in B1. Consider the partition §s := {Q?} of the cubes in 2B, obtained splitting
each cube into 2" smaller cubes of side 9p2. Notice that #F2 < Nop~". Now assign cubes in §a
to the good cubes B, or bad cubes B as before: starting from Q2 assign it to &y if

S(Q%) < MOPQB )

and then remove it from §5. Else, if this is not the case we assign Q% to the bad cubes B, and
remove it, together with all the cubes Q € §9 such that %Q is at distance less than Dgp? from
%Q% Continue the procedure until there are no cubes left in §2. By property (i7) again, exactly
the same argument as in the first part shows that F2 contains at most Ny = m(2+2Dg +4y/n/0)"
cubes assigned to the bad set, that is #989 < Ny. This produces a partition §o = &9 U B9, and
we get

DS D SO+ Y S(Q < NoMp™ "+ Y S(Q).

QeBy Qeby Q€eBy QeBo

Iterating this argument, after k steps we have always #%B; < Ny, and in particular by (i) and
subadditivity

S(Br) < Y S(Q) —0,

QeBy,

since each Q € By, has side #p* — 0. Thus, the set of the points belonging to infinitely many bad
families is S-negligible. Hence®

S(Q0(0)) < Mop” ™™ + NoMop®® ™" + NoMop™ " + ...

_ ; N,
< NoMop® nZPm: = -

— 0 M. 415
= pp P -1 (4.15)

4Note that we could also have stopped the exhaustion process when the error in the tail of (4.15) is less than the
constant on the right-hand side, and we would have obtained the estimate with two times this constant.
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Now notice that Q;/5(0) can be covered, for some £ = &, dimensional constant, by &,0~" many
cubes of side 6/10 such that the cube with the same center and side 1/10 still is contained in
Q1(0). Since property (ii) is translation invariant, covering Q; /5(0) in such a way gives

£,07" Ny &0 m(2Dg + 3y/n/0)"
pr(p~? = 1) p(p=? —1)

and as this holds for every p = 27%, just choosing any fixed k gives the desired estimate.

§(Q1/2(0)) < Mo Mo,

O

Theorem 4.2.12. Suppose that M satisfies the flatness assumption FAo(M,g,1,p,¢), in the
sense of Definition 3.4.1. Let s € (0,1), s € (sp,1) and u : M — (—=1,1) be a solution of the
Allen-Cahn equation (2.7) in Bi(p) C M with parameter e, and with Morse inder mp, (,)(u) < m.

Then o
/ |Vulde < ——,
31/2(p) L—s

for some constant C' = C(n, sop,m).

Proof. For a set E C R denote by AE := {\y : y € E}. Consider the subadditive function®

S@= [ Ivulav,
w(ﬁg

defined on the cubes Q C Q1(0).

Claim. S satisfies properties (i) and (ii) of Lemma 4.2.11 with My =C/(1—s), B=n—1,
6 = 1/8, and Dy depending only on n, sy and m.
Proof of the claim. The first property is clear from the definition of S, since u is smooth. The
second property is a consequence of the Morse index of u being at most m.

Indeed, let Q,(xp), Qr(x1), ..., Qr(zm) C Q1(0) be (m + 1) disjoint cubes of the same side at
pairwise distance at least Dor, and let g; := ¢(x;). Then, since B, j5(z;) C Q-(x;) by Lemma 4.2.2
and Lemma 3.4.13 for at least one ¢ € {1,...m}, the inequality

C’lm

E"(w)[E, €] > —Wllﬁ\liwm(qm

holds for all § € C2°(B,2(qr)), for some C1 = C1(n, sp). That is, u is a A-almost stable solution

(in the sense of Definition 4.2.1) in B, /5(qe) with A = %.

Note that, in this case, on the rescaled manifold M := (M, (2/r)%g) we have that u is a
A(r/2)"+s-almost stable solution of (—A)*/2u + (2¢/r)~*W’(u) = 0 in B (), and the flatness
assumption FAo(M, (2/7)2g, 1, qu, Par/2) holds.

Let Ag be the constant given by Proposition 4.2.5. Then, there exists Dy = Dy(n, sg,m) > 0
so that u is a A-almost stable solution of the Allen-Cahn equation in Bj(q,) with

Clm < A07

A= Doy =

) 4512}16 factor ﬁ inside go(%ﬁ Q) is needed to have ﬁQ C B1/2(0) for @ C Q:1(0) in order to apply Lemma
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for Dg sufficiently large. Hence, by Proposition 4.2.5 we get

~ C
/A [VulgdV < ,
Bia(ae) l—s

(:Eg)) C B, s(qe), scaling back this inequality on M gives

and, since ()O(QL

16v/n

C
S(Qusta) < [ [vulav < S,
Br/8(qz) L—s
for some C' = C(n, sp,m), and this concludes the proof of the claim.
Hence, all the hypothesis of Lemma 4.2.11 are satsfied, and we get

C

8(Q1/2(0)) = / [VuldV < 11—

¢(9ﬁ<o>)

Now, the fact that the BV-estimate holds in By »(p) follows by FA2(M, g,1,p,¢) and a standard
covering argument, and this concludes the proof. O

As a corollary, simply by scaling we immediately get Theorem 1.2.13.

Proof of Theorem 1.2.13. Since the flatness assumption FAs(M, g, R, p,¢) holds, the rescaled
manifold M := (M, R™?g) satisfies FAo(M, R~2g,1,p, po,r). Hence, Theorem 4.2.12 gives

~ C
/ |Vu\§dV < ,
Bi/2(p) l—s

for some C' = C(n, sg,m). Scaling back this inequality on M gives the result.

4.2.4 Density estimate and energy decay

Now we have all the tools to prove the density estimate of Proposition 1.2.16.

Proof of Proposition 1.2.16. Since the statement is scaling-invariant, we prove the result just for
R = 1. In what follows, C, ¢ > 0 denote constants depending only on n,s, and m that can change
from line to line, and, in general, C' is big and ¢ is small.

We argue by contradiction, suppose that fBl(p) |14ue| < wp and that {u. > —1%}031/2 (p) # 2,
for some 1 > Cpe. The constant Cy = Cy(n, s, m) > 0 that will be chosen during the proof.

First, by continuity of u. and by taking wo < |Bj/2(p)|, there will be a point g € By »(p) for
which |uc(q)] < 5.

Claim. There exists a = a(n, s) € (0,1) such that

[uelca (B, 5(q)) < Ce™®, forall e < 1/10.

Indeed, let n € C°(B2(0)) be a cutoff function with XBs5(0) < 1 < XB,(0)- Then, the function

() = ue(p(p1(q) + ex))n(x) is well defined on the whole R™, since % depends only on the
values of u. in p(Ba:(¢1(q))) C v(B1). Now, by the flatness assumption FAy(M, g, 1,p,¢) we
have that u satisfies |Lu| < C in B;(0), where the kernel of L satisfies (A.1) by Proposition
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3.4.6—see in particular inequality (3.38). Hence, by Lemma A.1.2 we have [t]ca(s, ,(0)) < C, thus
[ue]ca (B, 5(q)) < Ce™ as desired.

Then, for all ¢ sufficiently small (depending on n and s), we have |uc| < 32 in the ball B.(q).
Using that W (u) = (1 — u?)?, we deduce

et W(ue)dV > ¢y, >0
B:(q)

for some dimensional constant c,.

Let now U be the Caffarelli-Silvestre extension of u in M = M x (0,00). The previous lower
bound on the potential energy in B:(q) leads to

Bs

e TEL (U) =" /~ A|VU2dVdz + ¢ W(ue)dV | > ¢p.
: 2 JB(40)

Be(q)
By the monotonicity formula of Theorem 1.2.2, for A € (0, 1), we deduce that

€0 ng;p(U)
prs T (A

Vp € (0, Rmon),

where Ry, is the radius given by the monotonicity formula and can be taken to be Ruyon =
injs/(q)/4—see Remark 1.2.3—and thus by hypothesis is Riyon > 1/8. Subtracting p* "Ex+ (U)
Ap

to both sides gives

g~+ 5+ (U) 8-+ (U)
BB c(1- )\"*S)L > c(1—=X""%)ecn, (4.16)

p’fL*S

provided A\p > € and p < 1/8.

Now let £ > 0 be an integer that will be chosen later sufficiently large, depending only on m,
n, and s. For k € {{,£+1... £+ m}, cosider the annuli

Ay:=B_1 (q) (9), and Af:=B*', (¢,00\B", (q,0).

22k+3 22k+4 22k+3 22k+4

These are (m 4 1) disjoint annuli at pairwise distance at least 272(m++1) " Since u has Morse

index at most m by hypothesis, by Lemma 4.2.2 there is one of these annuli, say Ay, where u is
A-almost stable in A with

A = mmax sup _c < Cm22m ) (nds)
i#5 A;xA; d(T,y)"Ts

Set py = 2_(2k+4), and note that pi this is the width of A;. By Lemma 4.2.4 (and a simple
covering argument), for every a € (0,1), we have

1
832kF3 8 32kT3

s—n ¢ S—n —s o
P ng;t \Bs__1 (Us) < — P /V_,_ Zl |VU’2 dVdz + Ca+ Ce Py }th(ue)

Ag

IN
2|Q o

op " /~+ AT VU2 dVdz 4 Ca + Ce*.

k
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By (4.16) applied with A = 5/7 and p = £27(%+3) and using that

E—;— 1 \E—; 1 ng;,

8 92k+3 8 52k+3

this implies

7To—(2k+3)\s—1 g5 _
c < (§2 ( )) Ept . \B} | )
832678 83273

<cp" /~ ATVUP AV + Cop "R | g, (ue)
A$ B 2k+3 8 92k+3

C
<Cpi ™ /4 VU dVdz + —n " /~+ 15| VU dVdz + Ca + Ce
A Af

k

<Cpi " /g+ AT VU dVdz + g + z,

k

provided we take a and ¢ sufficiently small (depending only on m,n and s). Hence, absorbing the
last two terms to the left and using Lemma 3.2.10 with k£ = 1, we get

< C,o;—”/ VU R dVdz
2 BT

C 1-s s
< s—l—C’(p];"/ ‘1“‘“6’) (Pln/ ]Vud) )
r BQrpk (q) BQrpk (Q)

for all r > 1 provided 2rp; < 1/2. Here we have also used that gz C E;rpk in the first line.

Choosing r = (¢/4C)~1/%, we can absorb the first term to the left in the last inequality. After
doing so, here we have to choose ¢ large (depending only on m,n and s) in order to have, with
the previous choice of r, that

o 2r 2r <
2rok = Spra S e S

¢ < Cwé_s(/ \Vugo ,
4 Bi2(q)

and by the BV-estimate of Theorem 1.2.13 we reach a contradiction if the density wy is too small.
This concludes the proof. ]

1/2.

With these choices

From the proof of the proposition above, we can extract an auxiliary result. This fact will be
useful in the proof of Proposition 4.2.15 below.

Proposition 4.2.13. Let u: M — (—1,1) be a solution of (2.7) in Br(p) C M with Morse index
mp,p) (1) < m, and suppose that M satisfies the flatness assumption FA2(M, g, R, p, ). Then,
there exist positive constants Cy and g, depending only on n, s, and m, such that the following
holds: whenever ¢ < &g and R > Cog, if for some q € Br/s(p) we have |u:(q)| < 1% then

/ |Vue| dV > ¢gR™1, (4.17)
Bry2(q)

for some ¢y = co(n, s,m).
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Proof. 1t follows by simply repeatlng the proof of Proposition 1.2.16 above, from when we found
a point ¢ € By js(p) with |uc(q)| < 2 to the very last line, and using that \ua\ <1 to estimate the
density |, By 2(a) |1 4+ uc| from above instead of using the bound wy. O

Lemma 4.2.14. Let s € (0,1), p € M, and assume that FAa(M, g, p, R, ¢) holds—see Definition
(3.4.1). Let uz : M — (—1,1) be a solution of (2.7) in Br(p). Then, there exist positive constants
C =C(n,s) such that, ife <1 and 1 — |uc| < % in p(Bgr(0)), then

0<1—lu| <C(e/R)* in @(Brs2(0)).

Proof. Since the statement is scaling-invariant, we assume R = 1. Suppose in addition that
2 < wue < 1in ¢(B1(0)); the case —1 < u. < —-% can be reduced to the previous by the even
symmetry of W (i.e., replacing u. by —u.). Then, since u. solves (2.7) we see that v:=1 — u,
satisfies 1

Lv = (=A)* %y + 550 <0, i @(Bi(0)).

Now we simply build a barrier from above for v. Fix a smooth function & € C*(R")
such that XB, 500 < 1 — & < XBs,4(0) and consider the function & := & o ¢~ ! defined on M,
considered to be identically 1 outside ¢(B1(0)). Since FA3(M,g,p,1,¢) holds, we have that
FA3(M, g,q,1/10,p,-1(4)1/10) holds for every g € ¢(B3/4(0)) (see (c) in Remark 3.4.5). Then, for
every q € p(Bs3/4(0)) we have

I(—A)2€|(q) / 1£(0) — ) Ka(p, 0) AV,

<C dist(p, )Ks(p, q) AV + 2/ Ks(p,q) dV, < Co,
B1/10(9) M\B110(q)

for some Cy > 0 that depends only on n and s. The last estimate follows, respectively for the
two integrals, from Lemma 3.4.13 and Theorem 3.4.6 (in particular by (3.41)). Then, using that
& >0, we have

L(€ +2C0e®) = (—A)*/%¢ + o5 (g +2Cpe®) > —Co+ Co = 0, in ¢(B3/4(0)).

Since £ 4+ 2Cpe® > 1> wvin M\ @(83/4(0)) we get, by the maximum principle, that v < £ 4+ 2Ce®
in ¢(B3/4(0)). Hence, using that £ = 0 in p(B;/5(0)), we have shown that 1 — u. < 2Cpe® in
©(By/2(0)), as desired. O

The following proposition shows the quantitative convergence to zero, as € \, 0, of the potential
energy of finite index solutions to the A-C equation (2.7). The statement and proof are inspired by
those of Proposition 6.2 in [CCS21], which deals with stable solutions of the fractional Allen-Cahn
equation in R™. We, moreover, simplify the proof in [CCS21], using the lower bound (4.17) on the
BV norm that we have obtained as a by-product of (the proof of) Proposition 1.2.16.

Proposition 4.2.15. Let s € (0,1), p € M, and assume that the flatness assumption
FAs(M,g,p, R, ) holds. Let u. : M — (—1,1) be a solution of (2.7) in Br(p) C M with Morse
index mpp(p) (us) < m. Then, there exist constants C and ey, depending only on n, s, and m,
such that for all e < ep:

= / W) dV < CR™(e/R)?
Br/2(p)
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where B := min (%, s) > 0.

Proof. Given q € Bp/s(p), let
rq = max(min (£, 1dist(q, {ju| < 5})), Coe),

where Cy > 0 is a large constant, depending only on n and s, to be chosen later.
Observe that, 1f & < Coe then

(¢/R)™ / W (us) dV < (16C0)* (max_y W) Brja(p)| < CR" < CC(e/R)°R™.
Br/a(p)

Thus, we may (and do) assume that 1% > Coe. In particular, r, € [C’os, 1%] for all ¢ € Bg/a(p).

Claim. For some constant ¢ = ¢(n, s,m) > 0, there holds
/ |Vaue| > c(ry)™ ' whenever r, < 1%. (4.18)
B4Tq( )

Indeed, if ry < % then necessarily % $dist(g, {Ju| < $5}), otherwise we would obtain

Tq = max(min (1% % t(q, {|u| < 10}))7005) = maX(l%700€) > %,
which contradicts that ry < 16 Hence R > 1dlst(q, {Ju| < 1%}) and
rq = max(5dist(q, {|u| < £5})), Coe) > 3dist(q, {Jul < $5})).

Thus, since also ¢ € Br/2(p), there exists ¢’ € {|uc| < 21N BR ( ) such that dist(q, ¢") < 2.

Then, choosing £y small and Cy big (depending only on n, s and m) according to the constants in
Proposition 1.2.16, by (4.17) we have

/ V| > / Vuie] > e(2r,)" ",
B4rq (q) Bqu (ql)

and the claim is proved.

We now produce a covering of Bgs(p) by some of the balls { By, (q) }qe By, (p) as follows. Given
k < =5, let X :={q € Brja(p) : rq € (2R, 2" R]} and let Jj be a discrete index set such that
{qf}je 7. forms a maximal subset of X}, with the property that the balls BT(q}c) /4(q;?) are pairwise

disjoint, where we denote r(qjk) := 1, By construction of Xy, it follows that
J
Xe € | Bugy(a)).
JETk

and that the family of enlarged balls

{B4T(q )}JGJk

has (dimensional) finite overlapping.® Note also that since R/16 > Cpe we have |logy(Coe/R)| <
—5 and, by construction, the union of the sets X} when k runs on {|logy(Coe/R)] < k < —5}

5That is, every point q € {BM(q@-)(qf)} belongs to at most N = N(n) of these balls. This is easy to check:
J

J€ETk
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covers all of Bp/s(p).
Now, on the one hand, by the BV-estimate of Theorem 1.2.13 we have fB3R/4(p) |Vu.| < CR* !,
and this yelds
# Ty, < C27F=1) (4.19)
for all k£ < —5. Indeed, this follows using that the balls { B4T(q§)(q}“)}j e have finite overlap and

are all contained in By 4r(p). Indeed, when k& < —5 then r(q}“) < £& and hence all the balls satisfy
(4.18) and are strictly contained in Bs4r(p) by construction, while for £ = —5 the radius of the
balls is at least 1% so their number must be bounded.

On the other hand, for any given « € [0, 2s], we claim that Lemma 4.2.14 yields

1 «
][ W (us)dV = ][ S(1—u?)?dv < 0(3) :
Bry(a) Bry(q) 4 Tq

where f denotes the integral average. Indeed, note that if r, = Cpe the previous estimate is trivial,
while if rq > Coe then rq = dist(g, {Ju| < 55}) and hence we may apply Lemma 4.2.14 (recall
that ry > Coe > €) in By, (q) to get the desired bound.

Therefore, choosing « := min (1£*,2s) € (0,1) we obtain—using (4.19)—that

-5
(5/R)S/B Wy £C S Z(E/R)S/ W) dv
R/2\P

k
k=|log, (Coe/R)| 1€k B (k) (25)

oy >R ()

k=|log,(Coe/R) | JETk 4 !

-5
—s(_€ \“ n
<c Y @R (gm) CFRIER
k=logy(Coe/R)]
-5
<C Z (g/R)oz—sRn2k(n—a)2—k(n—1)
k=|logy(Coe/R) |
-5
< CRn(E/R)a_S Z (2k)1—a
k=—o00

< CR"(¢/R)”,

as we wanted to show. O

4.3 Letting ¢ — 0: convergence to an s-minimal surface

With the estimates for Allen-Cahn solutions of Section 4.2 at hand, we can finally prove Theorem
1.2.17.

Proof of Theorem 1.2.17. We split the proof according to the different statements in the theorem.

if ¢ belongs to N of such balls, we would have the existence of N points q}“ in By gok+1(p) such that the balls
B1 por (¢¥) are disjoint and contained in By, gox (p). Then, comparing the volumes and using that FA2(M, g, p, R, ¢)
holds gives a dimension bound on N.
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Step 1. Convergence in H*/?(M).
Since M is compact, there is a small radius R = R(M) > 0 so that the flatness assumption
FAy(M, g, R,p, pp) holds for every p € M; see Remark 3.4.3. We can then apply the BV-estimate
of Theorem 1.2.13 to get a bound on the BV norm [ugj]BV(BR/2(p)) independently of p € M.
For any o € (0, 1), the interpolation result of Proposition A.1.1 together with the comparability
between Ky (0,(2), pp(y)) and ——— (see Lemma 3.4.13) gives then the bound

[z—y[mTe

// e, (p) — e, (@)K (p, @) AV, dV, < C(n,0),
Bry2(p)XBry2(p)
valid for any p € M. Combining this with (3.41) of Theorem 3.4.6 (with v = 0), we see that
// e, (p) — e, (@) 2K (9, @) AV, dV, < Cln, ),
Bprya(p)x

which after covering M with finitely many such balls of radius R/4 shows that

Husj HHU/Q(M) < C(M7 0)'
In particular, we can choose some fixed ¢ > s. Then, the (standard) compactness of the inclusion”
H/2(M) < H*/?(M) shows that a subsequence converges strongly in H*/?(M) to a limit function

ug € H*/2(M). Moreover, after extracting a further subsequence (that we do not relabel), we also
assume that the convergence holds almost everywhere on M.
Step 2. Convergence of £} (ue,) to zero and structure of ug.
Again as in Step 1, covering M with a finite number of balls of radius R so that FAy(M, g, R, p, ¢p)
holds for all p € M, applying Proposition 4.2.15 to each ball of the covering we get (for j large)
that
EN(ue,) < C(M,s,m)e], (4.20)

which shows that €17 (u;) — 0 as j — oo (since then £; — 0).

The fact that the limit function is of the form ug = xg — xge for a set £ C M follows; since
we just proved that e;* [} W(ue;) — 0 as j — oo, of course [, W(u.;) — 0 also. By Fatou’s
lemma, we deduce that [ 1 W(ug) = 0, which shows that the limit ug can only take the values £1.
Hence ug = xg — xge for some measurable set £ C M, which is actually a set of finite perimeter
since the u., satisfy a uniform BV estimate. The fact that (1.7)-(1.8) hold, after choosing the
representative of E for which every point of F with density 1 belongs to its interior and every
point of density 0 belongs to its complement, follows from the convergence in L'(M) and the
density estimate of Proposition 1.2.16. In particular, (1.8) holds with ¢ = wy/(2wy,), where wy is
the constant of Proposition 1.2.16 and w, is the volume of the unit ball in R".

Step 3. Convergence of the level sets to OF in the Hausdorff distance.
This is a direct consequence of Lemma 4.2.14 and the density estimate in Proposition 1.2.16.
Fix ¢ € (—1,1). Arguing by contradiction, assume that there exist a small » > 0 and points
pj € {ue; > c}, q¢; € E with d(pj, g;) > r and either B, )5(p;) N E = @ or B, j5(q;) N{ue; > c} = @.
The proof of the two cases is almost identical; we carry on the full details just for the first case.
Assume that B, »(p;) N E = @ for all j. By compactness, for a subsequence, there is p. € M

"The compactness of this inclusion is well known on balls of R™. This immediately gives one way of showing it
for compact manifolds as well, after covering them with a finite number of small coordinate balls and using the
same estimations for the kernel as in the present proof.
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such that p; — p. and B, 4(p«) C E°. This implies (up to subsequences that we do not relabel)
that lim; ;o0 ue; = —1 a.e. in BT/4(p*). By the density estimate of Proposition 1.2.16 we get that

us, < —9/10 in B, j5(p.),

for all j sufficiently large, and with Lemma 4.2.14 this implies u.; < —1+ C(g;/r)* in B, j16(p«)-
This contradicts ue,(p;) > ¢ > —1 for j sufficiently large.

If B, /2(q;) N{ue; > c} = @ instead, we have ¢; — g, up to subsequnces and |B, /4(q:) N E| = 0
since {u, > ¢} — E in L'. Arguing as above we would get u.; < —9/10 in B, 5(¢), and this
contradicts the fact that u.,(gj) — +1 as j — oo.

Step 4. The limit set £ is an s-minimal surface.

Claim. Let X € Vect(M) and ¢y : M — M denote its flow at time ¢ > 0. Denote by
qu,t(p) = U, (¢—t(p)). Then

dt dt dt .
] E/})b(u%t) — WPers(@;(E)), and WEPOt(uEN) — 0, asj— 0. (4.21)

Proof of the claim. Changing variables with the flow ¢;, and denoting its Jacobian at time t as
Jy, gives that

df
e, = 5[] b (0-9) — e, 6D PR ¥y

— [ 0o, ) - w >|2d€[/c<¢<>¢<>) J(p)Jela) | AV, av, (4.22)
e; \P 5] a | t\P), Pt t paVy, .

and likewise

5@ Perg(¢(E //|uo — up(q)| ig[ s(De(p), oe(q)) Je(p)Je(q )]dequ.

We can rewrite the first expression as

&7 |Ks(1(p), 4()) Ji(p) Je(q)
jte R (uey) // Jue, (p) — ue, (a) PKs(p, ) [ Raod) }dvpdvq.

Since ug; — up in H*/2(M) by Step 1, we immediately see that

Aj = Jue; (p) = ue, (9)PKs(pa) = uo(p) — uo(q)|*Ks(p,q) =2 A in L' (M x M).
On the other hand (3.57) shows that the fixed function

42 | Ku(60(p). 1)) Ji(p)Je(a)]
a Ks(p,q)

belongs to L(M x M). Therefore, A;B — AB in L'(M x M) as well, which gives the first part
of the claim.

For the second part of the claim, which regards the derivatives of the potential energy, we
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change variables once again with the flow ¢, finding that

¢ ¢ l
) = G [ W), = [ W) Te Hp)

Bounding the derivatives of the Jacobian (in absolute value) by a constant, we deduce that

4
e

SHER ()| < CERF ).

Combining this with (4.20), we conclude that

dE
Pot :
—7En (ug; 1) = 0, as j— oo,

as desired. O

Now that we have shown the claim, the fact that E is stationary for the fractional perimeter
follows applying the claim (with [ =1 and ¢ = 0) and the stationarity of u., for the Allen-Cahn
energy. Indeed

d

o Perg(¢((E)) = lim 4

oo dt [5]%/?1)(%].’15) + En (uey 1) | = 0.
t=0

t=0

Step 5. E has Morse index at most m (see Definition 2.2.13).

To check this, consider (m + 1) vector fields Xy, ..., X,, of class C*° on M.
Letting a := (ag, a1, ..., an) € R™ ! and X[a] = agXo+ ...+ @m Xm, we can define the quadratic

form Q. (a) := d—é E(ug, oLt 1), which we can write as Q.. (a) = Q" aa; for some coefficients
J dt* ;o J X[a] J €j

’gj From (4.21) and the polarization identity for a quadratic form, it is immediate to see that

d? kl
a2 t:oPerS(d&[“] (E)) = Qo araj.
Now, since the u.; have Morse index < m, by definition we know that for every j there must exist

some a’ € S™ such that

’;Jl — QK as j — oo, where Qg(a) :=

2
Qe;(d?) = WLZOS(U% o w;(t[aj]) >0;
the convergence of the coefficients Q’;Jl to Q’gl then immediately shows that Qg(a) > 0 for some
a € S™ as well. n

4.3.1 Allen-Cahn limits are viscosity solutions

The rest of this section is devoted to proving that the sets constructed as limits of solutions to the
Allen-Cahn equation (which were shown to be critical points of the fractional perimeter under
inner variations) are actually viscosity solutions to the NMS equation.

Proposition 4.3.1. Let s € (0,1) and assume that uc; are solutions to the A-C' equation (2.7)
on M, with parameters €; — 0 and Morse index m(ugj) < m, and that Ug; —> Ug = XE — XEe N
H%/2(M). Then OF is a viscosity solution of the NMS equation.

That is: whenever p € OF, and ¢ : By, (0) — V is a diffeomorphism from By, to an open
neighborhood V. C M of p satisfying ©(0) = p and V' := @(B],) C E (where we denote
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Bt :=B.N{x, > 0}) we have

lim (xrF — xre)(Q)Ks(p,q)dV, <0,  for F=V1TU(E\V).
™0 J M\B, (p)

Let us recall some preliminary facts.

Lemma 4.3.2 ([PSV13]). There exists a unique increasing function v, : R — (—1,1) with
v5(0) = 0 that solves (—A)*(vo) + W (vo) =0 in R.

Remark 4.3.3. Let A be any symmetric positive definite matriz with A, = 0, 1 < i < n.
Defining ve - (x) = vo (e~ (xn, — 7)) (where v, is the function of Lemma 4.3.2) we have

(Ua T(l') — Ve T(y)) p—
s ! ’ Aldy + e75W (v-.,) = 0,
o [ ARy W )

where |A| denotes the determinant of A

Remark 4.3.4. We will implicitly use the following fact many times. Let ¢ : B, (0) — M be
a diffeomorphism onto its image with p(0) = p, and let F C M be a measurable set. Then, for
s € (0,1) the limit

lim (xr — xre)(@)Ks(p, q) dVy
0 M\Br(p)

exists if and only if the limit

lim (xF — xre)(@)Ks(p, q) dVy
10 Jar\ (8, (0))

exists, and if they do exist they coincide. This is not due to cancellations and can be seen as
follows: for r sufficiently small (so that FA1(M, g, p,r, ) holds), by Lemma 3.4.13 we can estimate

’ / (xr — xre)(@)Ks(p, q) dVy — / (xF — xre)(@)Ks(p, q) dVy
M\B;(p) M\¢(Br(0))

1 C
s AV < Tts VOl(Br(p)ASO(BT<O))) — 0,

<c 1
B (0)Ap(B,(0)) 4(q,DP)

as r — 07, since Vol(B,(p)Ag(B,(0))) = O(r" ) for small r.

Proof of Proposition 4.3.1. We suppose by contradiction that for some p and ¢ : B,, — V as in
the statement of the proposition we had

lim (xF — xre)(q)Ks(p, q) dVy > 25 > 0, for F=V1TU(E\V). (4.23)
O JM\B,(p)
Our goal is to obtain a contradiction.

Let us make the following useful observation that we will use several times throughout the proof.
Let ¢ := B, — W C V be another diffecomorphism with ¢/(0) = p such that V¥ nW C ¢(B}).

Put G =9(B}) U (E\ ¥(B,)); then

(xa — x6<)(q) > (x# — xre)(q) for all ¢ € M.

Hence, the integral (4.23) only grows when replacing F' by G. In particular, this applies to
“restrictions of domain”, such as 1) = ¢|p, for any o < 0.
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Step 1. Setting = = (2, z,,), we claim that we can replace F' by
Fy = p({x € By, : w0y >t/ U(E\ V)

in (4.23), for t > 0 sufficiently small, provided that we also replace 26 by 0. In fact, this is a
consequence of the fact that

f(t) :=lim (xr — xre)(@)Ks(p, q) dVy
0 JAM\B, (p)
is continuous in ¢. Since f(0) > 24, for ¢ > 0 sufficiently small, we will still have f(t) > § > 0. We
now prove that f is continuous.
Fix 0 < 0 < t, p sufficiently small so that FA; (M, g, p, 20, ¢) holds (here we use the observation
at the beginning of the proof regarding the domain restriction) and r < g. Let

S = FU\Ft C VIQO(BQ)

We have
/ (xF, — xF,)(@)Ks(p,q) dVy — / (xXF — XRe)(@Q)Ks(p, q) AV,
M\B:(p) M\B:(p)
—2 / \s(@Ks(p. ) AV,
V\B:(p)

. / X1 (5) (D)0 0(2))| Tp] dz
B\~ 1(Br(p))

Xp=1(S) (Z)

S C |Z’n+s

dz, (4.24)

BQ\BT‘/Q
where we have computed the integral in coordinates ¢~ and we have used Lemma 3.4.13 to
estimate the kernel Ks(p, ¢(z)) = Ks(p(0), ¢(z)). By the very definition of S, for 0 < R < p, it
follows that H" 1 (o~ 1(S)NOBR) < CR"2.C|t—0o|R? = C|t—o|R". Hence, by polar coordinates

_ 4 1
[ e [ e ()0 9B am
Bo\B,. /2 ’Z’ r/2 R

4
<Clt—ol [ RdR= Tt ol(e ™ - (r/2)'7)
r/2 §

Thus, letting r — 0T in (4.24) gives

f(t) = f(o)| < Clt — olo"™.

In particular, f is continuous and this concludes Step 1.

Next, fix t = t, > 0 small and choose “Fermi coordinates” adapted to the hypersurface I' :=
o({zn = to|2|?}) around p. More precisely: there exists a diffeomorphism v : B, — W = 1(B,,),
with ¢(0) = p and W C V open neighborhood of p, such that for all x € B,,,

Tn, ifx, >0
—x, ifz, <0

d(p(z),T) = {
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and (Bf,) = W N p(By, N {zn > ta']?}).
Moreover, since G := 9 (BJ,) U (E\ W) contains F; we have

lim (xa = xae) (@) Ks(p,q) dVg = 6 > 0. (4.25)
™0 JM\B, (p)

Also, by construction we have
V(B N{wn > —ca’[*}) C B,

where ¢ > 0 depends on .

Step 2. We now perform a key computation in coordinates. Let us now choose a smooth
cutoff function n : R™ — R, satisfying x5, < n < x5, and put

no(z) :=n(x/0) and 7, :=n,09 " (4.26)
Let K(x,y) = Ks(p(x),¢(y)) be the expression in coordinates ¢~! of the kernel K(p, q) for

p,q € W, that is, for z,y € By. Let g;j : By, — R™ denote the components of the metric in the
coordinates ¥~!. Since 1! are Fermi coordinates, we have

Ini = Gin = 6ni7 1<e<n. (427)

This will be crucially used later.
Fix o € (0, 01/2) small to be chosen later. By (4.25), we have for G, := ¢(B;) U (E \ 1(B,))
and H := {x, >0} CR"

lim (xa — xae)(Y) K (0, y)no(y)V/]9/(y) dy = lim (XG, — xc2) (@) Ks(p, 0)o(q) dVy
710 B2o\Br 40 JM\B, (p)
>6— (xE — XxB) (@) Ks(p, 0)(1 — 1) (q) dVy.
M\i(By)

Notice that B,(0) is not the same as ¢~!(B,(p)), however as it will become clear from the proof
below, the limits as r | 0 of the corresponding integrals give the same value.
Let us also write
On,s

K(z,9)V/19l(y) = A T Vigl@) + K(z,y),

where A(x) is the nonnegative definite symmetric square root of the matrix (g;;(x)). Notice that,
thanks to (4.27), we have A,;(z) = Ain(x) = dp; for all 1 < i < n. Also, by Proposition 3.4.6 the
kernel K (x,y) is not singular, in the sense that

|K(z,9)] < C(1+ |z —y| "+,
We thus have

s lim (xm — XHC)??Q(E)
ri0 /g, \5, [A(0)(0 —y)["*s

Vgl (0)dy > 6 - /MW 0 = X))~ 1) (0) 4,

- / (e — x ) @) R(0,9)n(y) dy
" (4.28)
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Let us now recall the assumption that Ug; — Uy = XE — XEe, and let us define for x in a
neighbourhood of 0

~

fi(z) = —/ ue; (K (Y (), ) (1 = 1) (q) dVy — / (ue; 0 ) (W) K (, y)1p(y) dy
M\y(B,)

and
fool) = —/ (xE—x8) () K (¥(z),q)(1-1,)(q) qu—/ (xp—xE) W) E (2, y)n,(y) dy
M\T/J(BQ) BQQ

Define also

I(0) = /B

Fixing ¢ > 0 small enough, we will have |I(p)| < /4. Then, is not difficult to show (using the
kernel bounds of Proposition 3.4.6 and of Lemma 3.4.13) that fj(x) = foo(x) uniformly for all x
in a neighborhood of 0, and that fo, is continuous in a neighborhood of 0. As a consequence, we
have |f;j(z) — foo(0)| < §/4 for all x € B,,(0) and j > j,, for some jo.

On the other hand, recall that (—A)%uc; +&;"W'(ue;) = 0 in M. Hence, in particular

(xE — xE) (W) K0, y)ny(y) dy — / (xr — xue) (W) K (0,y)n,(y) dy

20 Bz,

lin (ue; ((x)) = ue,; (9)) Ks(p, q) Vg + €5 W (e, (¢(2))) = 0
r M\Byr(1(x))

for all € B, (0). Proceeding similarly the previous equation can be rewritten as

)

N / ((ue, 0 9) (@) — (ue, © ) (1)) me(y)
BQ

|A(:U)(:L’ — y)|n+s \/E(l') dy + 5]-_SW/(U5]- (1/}(33))) = fj(m) . (4_29)

Notice also that (4.28) can be rewritten as

. (xm — x#e)n,(y)
T8 o, 1A — e VIO 82 0 0+ H(0)

We now define ve - (2) = vo (e (zn — 7)), where v, : R — (—1,1) is the function from Lemma
4.3.2. In view of Remark 4.3.3, we have for x € B, (0), j large, and |7| sufficiently small,

N

Qn s

)

(vfjﬁ(x) - Usj,T(y))ng(y) R
/329 |A(z)(z — y) [+ Vigl@) dy + 57 W' (v, ») <

This implies that whenever x € B,._, j sufficiently large, and |7| sufficiently small

a / (v5j,7'(‘75) - Uaj,T(y))ng(y)
gy, A (@ -yt

)

VIgl(@) dy + &7 W' (v, 1) < fi(z) - % (4.30)

In other words, we have shown that v., ; is a strict subsolution of (4.29).

Step 3. We now reach the desired contradiction. Fix now 6 € (0, ﬁ) sufficiently small (to
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be chosen) and let
140 ifte]-1,—-1+0),
&o(t) =<t ifte[-14+0,1-46],
1-60 iftell—0,1].
By the Hausdorff convergence of the level sets of u.; which we have proved in Step 3 at page
106, for any t € [~1+4 6,1 — 0] the set {x € Ba, : (u, o ¢) > t} converges in Hausdorff distance
towards ¥ 1 (E) D {z € By, : z, < —c|2/|*}. Hence, for every fixed 7 > 0 we have, for all j

sufficiently large, L
fgouc; 01p >Epovg,r in Bayy. (4.31)

Let us define
7j:==min {7 € R | (4.31) holds for j } .

Notice that by definition of 7; there is z; € By, N {|ue,| < 1 —0} N{Jve, | <1 —6}. By the
previous Hausdorff convergence property of level sets, it must be x; — 0 and 7; — 0 as j — oo.
Let us show that, if 6 is chosen sufficiently small, we have

U, 0 > Ve, 7 in By /o (4.32)
Indeed, thanks to (4.29)-(4.30) the difference
w = qu © 1/} - v&j,‘l’j

satisfies

V0gl(z) dy > Z—FE;S(WI(UEJ.,TJ. ) =W (ue, 00))(z) in By,.
(4.33)

Lw(x) = s

)

/ (w(x) — w(y))ne(y)
B, |A(@)(x—y)"ts

Notice that since (4.31) holds for 7 = 7; we have w = v¢; . — (ue; 0 p) > —0 in Ba,.
Assume now by contradiction that infg , w < 0. Recall (4.26) and define

= -0+ tnro/Z .

and let ¢, € [0,6) be the supremum of the ¢ > 0 such that w > 7, in By,. By construction there
exists x, € B, such that

(w—=1, )(xs) =0 while w—7;, >0 in By,.

Now evaluating the integro-differential operator £ (whose kernel is supported in Bs,; see
(4.33)) at the point =, we obtain

G0 = Ly, (w:) > Luw(zo) > % +e5 (W (ve73) = W, 0 9)) (o) = Z
Notice that W" > 0 in the interval [uc; o p(%5), Ve, r,; (70)] because (4.31) holds for 7 = 7;, and
hence either u.; o (o) > 1—0 or v., r,(7,) < —1+6. Therefore, choosing 6 > 0 sufficiently small
so that CO < §/4 we reach a contradiction. Hence, we have proved that w > 0 and (4.32) holds.

Finally, take j large so that x; € B, /4 (recall that z; — 0 as j — oo). Using that w > 0 in
B, /2, w(zj) = 0, and w > —0 in By, \ By, and evaluating Lw at the point x; € B, /4 we obtain,
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similarly as before

IR

w(y)n,(y) .
C(ra)0 > —oms /B TG G eVl dy = L) >

Choosing 6 > 0 sufficiently small, we obtain a contradiction, and this completes the proof. ]

The “surfaces” ¥ belonging to the class A, (M) enjoy some additional properties compared to
those already described in Theorem 1.2.17 and Proposition 4.3.1. We record them in the following
remark.

Remark 4.3.5. Every ¥ = 0F € A,,,(M) also satisfies that if FAo(M, g, R, p, @) is satisfied, then
the following hold:

(1) BV and energy estimate. For some C = C(n,s,m) > 0 there holds

Per(E; Brj2(p)) < CR™1 and Pery(E; Bra(p)) < CR"*.

(2) Density estimate. For some positive constant wy, which depends only on n, s and m, we
have that if R™"|E N Br(p)| < wo then |E N Bgrjs(p)| = 0.

Indeed, by Definition 1.2.7 of Am(M) we can find a sequence u.,, made of A-C solutions with

Morse index < m and parameters £; — 0, converging to E in L'(M), and also in H*/2(M) thanks
to Theorem 1.2.17. Then, property (1) follows from the lower semicontinuity of the BV norm under
L' convergence and the convergence of Sobolev energies under strong H/? convergence, together
with the fact that the u; satisfy uniform BV and Sobolev estimates themselves by Theorems 1.2.13
and 1.2.15. Similarly, property (2) follows from the L' convergence and the density estimates of
Proposition 1.2.16 satisfied by the u.; themselves.

4.4 The Yau conjecture for nonlocal minimal surfaces

We can now combine the existence and convergence results in the previous sections to prove the
Yau conjecture for nonlocal minimal surfaces.

Proof of Theorem 1.2.4. Fix p € N. Theorem 1.2.12 gives the existence, for all € € (0,¢,), of a
solution w.p to the fractional Allen-Cahn equation with Morse index m(u.,) < p and energy
bounds

O3/ < (1 - 8)E54(uey) < Cp/™. (4.34)
Thanks to the convergence result in Theorem 1.2.17, we can find a subsequence {¢;}; such that
the u, » converge in H*/2(M) to a limit function

U0,p = XE? — XM\EP>

where OFE is an s-minimal surface and 0E? € A,(M) by definition. Moreover, by (4.34) and
the strong convergence of the Allen-Cahn energies stated in Theorem 1.2.17, we deduce that the
fractional perimeter of EP satisfies the bounds

C~1p3/m < (1 — s)Pery(EP) < Cp*/™.

In particular, the fractional perimeter of the EP goes to infinity as p — oo, whence we conclude
that the family {EP},cn is infinite. O
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Remark 4.4.1. We remark that, unlike in [GG18] or [MN17b], due to the strong convergence as
e — 0 there is no multiplicity phenomenon in the following sense. Two sets EP and EP as in the
proof of Theorem 1.2.4 above, respectively limits of the sequences uep and ug y as € — 0, for which

lim (1 — )& (ueyp) # hm(l — 8)E0r (Uepr),

e—0

are necessarily distinct. Hence, their boundaries correspond to geometrically distinct s-minimal
surfaces. This does not prevent, for example, that EP = EPTL for some p since the above bounds
do not prevent that (1 — s)Perg(E?) = (1 — s)Pers(EPH!).

4.5 Regularity and rigidity results

4.5.1 Blow-up procedure

The goal of this subsection is to explicitly show how to perform blow-ups of (sequences of)
s-minimal surfaces around points with flatness assumptions, proving strong convergence results
for the blow-up sequence to a Euclidean limit surface in a manner similar to Section 4.3.

Definition 4.5.1 (Blow-up sequence). Let (Mj,g(j)) be a sequence of closed manifolds
of dimension n, and let p;j € M; be points such that M; satisfies the flatness assumption

FAg(Mj,g(j), 1,pj,<,0j) Suppose in addition that g(])(()) = 01, i.e. that the metric of M; with

respect to the chart <pj at the point 0 is the Fuclidean metric.
For each j, let OF; be an s-minimal surface in M;, satisfying uniform BV estimates in the
sense that there is some Cy independent of j such that

Per(goj_l(Ej); B(z)) < Cor™ ' for all x € Bijp and r € (0,1/4),

where we put goj_l(Ej) ={y e Bi:py) € E;}.
Given r; 0, a sequence of subsets of R™ of the form

1 _
Fj = Fj@j I(Ej) C Bl/r]- C R”

(for some Mj,p;, E; as above) is called a blow-up sequence.

Remark 4.5.2. F; is a blow-up sequence if and only if there exist (]\//fj,ﬁ(j)), pj € ]\/Zj, and
R; /oo such that

e Per(Fj; B,(z)) < Cor™ ! for all x € Br,s2 and r € (0, R;/4);

o FA3(M;, 59, Rj, 55, 3;) holds and G (0) = 8, where G = GO ((3)-(ex), (). (e1)) de-
notes the metric in coordinates;

e For each j there is an s-minimal surface 8E in M such that Fj = Aj_l(Ej).
Proof of the remark. This follows from putting M M;, pj = pj, gy = —g(J) and R; = —j in
Definition 4.5.1 and considering the scaling properties stated in Remark 3. 4 5. 0

We record some auxiliary results. The notation K i, will be used instead of K; when we want
to explicit which manifold the kernel K is being c0n51dered on.
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Proposition 4.5.3. Let F; C R" be a blow-up sequence, with associated (]\/Zj,ﬁ(j)), Ej C ]\/4\] and
Rj — 00 as in Remark 4.5.2. The following hold:
(i) The components §,(fl) of the metric ofj\/ij (using the chart parametrization @j) converge
locally uniformly to the Euclidean ones, in the sense that given Ry > 0,

sup ‘@\,(fl)(x) - 5kl’ —0 asj— oo.
IGBRO

(ii) The kernel K17 converges locally uniformly to the Euclidean one, in the sense that given
J
Ry >0,
Ky (#5(2),95(y)
sup s
(z,y)€BRy xBr, [z—y|" s

-1 =0 asj— oc.

Proof. The first part follows from the definition of the flatness assumptions and the fact that
Rj — Q.

As for part (i), it is a consequence of Proposition 3.4.6. Precisely, it follows from putting
R = Rj and z =y — z in (3.38) of Proposition 3.4.6. O

Lemma 4.5.4. Let F; C R" be a blow-up sequence, with associated (]\//_Tj,/g\(j)), Ej C ]\//.7] and
R; — oo as in Remark 4.5.2. Put

Kj(z,y) = Ky (¢5(2), 8j(y))
and (for a fized p < R;/4)
; 1 . :
Perl)) (Fj; By) := 1 // Juj (@) — uj () K (2, )\ 99 ()1 g9 (y) dz dy

where uj := Xp; — XFe-
Given a vector field X € C°(B,;R"™), define Xj := (9;)«X and extend it by zero to a vector field
on Mj. The following hold:

(1) Let 0 < ¢ < 3. Then

dé v ~ . . C
= (Pers™ (WS (B)): 2,(B,)) — Perl) (04 (F,): B,) ‘ < o

(2) If xF; = XxF in Hls/2(R"), then for 0 < ¢ <2

ocC
d’ Gt d o R
WPGI‘S (Vx (F}); By) — WPers (Vx (F); By) .
: : t._ O N t . _
Proof. We begin by proving (1). Let v} := qu&j (B) qu&j (B2) and uj 1= Xt (Fy) — Xt (Ff)-

By splitting the domain of the corresponding integral and then passing to coordinates, we can
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| =

// ot (p) — !
(@5 (Br;)*x@;(Br; )\(@;(Bp)*x2;(Bp)°)

(q)? K (p.q) dV, dV,
P
// ”; (p) - U;(Q)P K]\”/jj (p,q) AV, dV,
50 P)XSDJ BR

n u —ul(y 2K i(x s 99 (z gl
4//BR ey ) P SWETT

) dz dy
// ”E(P) —Uﬁ'(Q)PKM\j(p, q) dV, dV,
50 P)XSDJ BR

= Per{) (v (F, // - U§' (p) = v5(@)* K (p, q) dVp dV,
90 X‘PJ R;

From this computation, changing variables with the flow as in (4.22) and then passing to coordinates
in the first variable we can compute

‘j;(Pers (W (E)): 33(By)) — Per (W (Fy): B ))’

t t
vj(p) —v
‘dte //PJ (Bp)x@;(Br,) g

(@O K (p.q) dV, dV,

2 d*
vi(p) — vi(q
‘//go 0) X @5 ( BR ‘ j( ) j( )‘ dtz[
<c//
Bpx@;( BR

Bounding the derivatives in time of the Jacobian J;(p) by a constant, and using (3.41) with
R = R; to bound the integral in ¢, we conclude the result in (1)

17, (6, (0).0) Jip) | 4V, Y,

| [k @ @) 2]

dz dV.

To see (2), let R > p and put f;(t) := = Per) (Y% (F}); B,). Changing variables with the flow
(as above) and splitting the domain of the integral, for R < R; we can write

df
ot (Ul (): B,)
1

14
4//<B 5 )\(B%a)‘“j“”)‘“j<y>’2§lte[KjW%(w%w%(y))W(w&(x))f (e () () o) i iy
1

d
5 wi(z) —ui(pt 2 "
+2//Bpx<@<83j>\@<83>)| ¥() ~uile™ (@) dtf[ i, (P (Vx (@) )\/7(%(( DRSS )]d vy

Let 0 < ¢ < 3. Thanks to the flatness assumptions and (3.41) of Proposition 3.4.6, we can
bound

]//BPX(WR @) w7 I (K (B (), 0 00 W (0 0]
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dﬁ

i [K iz, (@5 ( &(x)),q)\/ﬁ(w&(x))Jt(x)} dx dV,

<C//
B XM\SOJ(BR

_RS'

(4.35)

On the other hand, by the flatness assumptions and (3.54) in Proposition 3.4.16 we have that,
for t € (=T,T) and j large enough so that R < R;/4,

// 1 () — ()
(BRXBR)\(B;XB;)

@
< // w;(z) — u;(y))]? ——=— dx dy
el ) P
SCT7

dé

[ K @), e ) VID (W (0) VgD (e (0) () u(w)] | do dy

where in the last line we combined the fact that Fj has bounded classical perimeter in By, /4 with
the interpolation result in Proposition A.1.1.

This shows that the functions j—; f;(t) are locally uniformly bounded for 0 < ¢ < 3; in particular,

for 0 < ¢ < 2 we deduce that the j—; fj(t) are locally uniformly bounded and moreover have
a uniform modulus of continuity, thus by Arzela-Ascoli they subsequentially converge locally
uniformly. By standard single-variable calculus, to conclude our desired result it then suffices
to show that f;(t) converges pointwise to g(t) := Per® (% (F);B,), since then the first two
derivatives of the limit function g(t) will be the limits of the derivatives of the f;(t). We shall
now prove the pointwise convergence result.

Denote u’ := Xt (F) = Xt (Fe)- We can then write
9(t) = Per" (W (F); B,)

1 Qn,s

=7 u(z) — u(y)[? d T "
T . BCXm‘ O ¥ 1 i s

LT rdy.
//B x B, U(y)’ ’1/)3(( ) ’n-l—s’]t( )d dy

Clearly

Qn,s
u(z) —u(y)P————— Jy(z)dzdy - 0 as R — oo,
//BM’ ) = el e ) — g

since the integrand is absolutely integrable by (3.41) in Proposition 3.4.6. Together with (4.35),
given £ > 0, we deduce that there exists an R > p (depending only on p and ¢) such that the
aforementioned terms are both smaller than /2 for all j large enough. From this fact and a
simple triangle inequality, we find that

Per{) (v (F}); By) — Pers (¢ (F); B,)
1
<1 a3 (@) = 1w
4
(BrxBr)\(BgxBg)

K6 v ) 90 G D 00 O ) — 2| h(o) ) el
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Qp s

i wj(@) =4 (y) = |u(@) —u@)P t(x)Jy(y) dz
+] //MRA(B,M (@) = s )” — o) = ) ) oy = s ) o)y
+e€

Regarding the first term, thanks to Proposition 4.5.3 and (3.54) in Proposition 3.4.16 it can be
bounded as follows:

// i (2) — s ()]
(Brx Bp)\(BsxB3)

K5 (0 (@), 9 ) 99 (0 (2D 90 (8 (9) Qs

: — Ji(z)Je(y) dx d
) — v | Oy
_ () — s (1) [2 On,s ,
- //mRXgR)\(wg) use) = ws W pe Ty =
. ‘Kjw&(z), S OVIT @V W) [ o
L@ I

Qp s

] U\T) — Uj 2 X
<oi) | o) w0l S e

o
§0-1C'T// w;(z) — ui(y)|? ——=—dx dy,
i (1) BRX,BR| i (@) —u;(y)] P——TE

where 0;(1) — 0 as j — oc.

This implies that the whole expression goes to zero since the factor [, Brxsy |4 (%) —
uj(y)ﬁxf‘y% dx dy can be bounded by a constant independent of j: indeed, for j large enough
so that R < R;/4, the F} satisfy uniform perimeter estimates in Bg by assumption (see Remark
4.5.2), and thus also uniform fractional energy estimates by interpolation (see Proposition A.1.1).

As for the second term, we can write

‘ /ABRxBR)\(ngBg) (\Uj(a:) —u;(y)? = |u(z) - u(y)P) ) f%{(y)‘w Ji(x) Jy(y) da dy’ =

2 2 Qn s
= uj(x) —ui(y)|” — Ju(z) —u(y)|” ) ———-
L gy (200~ 00 o) — )

o e Ji () Ji (y)
AT e dy‘, (4.36)

[z—y[mTs

Since u; — w in Hi)/f (R™) by assumption, one immediately sees that

Aj(s) = (@) = )P = u(e) —u(@)P) 220 = 0 in L

On the other hand,

Y A
Bla.y) = @@

Qn,s
eyl

is a fixed function in L{° by (3.54) in Proposition 3.4.16. Thus A;B — 0 in L{ ., and this means
that (4.36) goes to 0 as j — oo as well.
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Putting everything together, we deduce that

lim sup Pergj) (w&(Fj); B,) — Perlfn (V4 (F); B,)| <e;

j—oo
since € was arbitrary, we conclude that
£5(8) = Pex) (W (Fy); By) — Pex™" (6 (F); By) = g(1).
As explained before, this gives the desired result. O
The main result of this section is the following:

Theorem 4.5.5 (Convergence to a limit). Let F; C R" be a blow-up sequence. Then, there
ezists a Euclidean s-minimal surface F' C R"™ such that a subsequence of the v; := XxF; — X(rn\F;)

converges to v = XF — X(rn\F) in Hif(R”)

Proof. We divide the proof in two steps.

Step 1. Convergence to a limit set F.
Fix a radius R. For j large enough so that R < R;/4, the Fj satisfy a uniform BV estimate in
Br, as indicated in the third bullet of Proposition 4.5.3. As in Step 1 of the proof of Theorem
1.2.17 (see page 106), a bound on the BV norm implies that a subsequence of the v; = xp;, — XFe
converges strongly in H*/ 2(Br) norm. Iterating the same reasoning on increasingly large balls and
using a diagonal selection argument, we can find a subsequence (still denoted by v;) converging in
each of the norms H*/2(By,), k € N, to a limit function v = yp — X pe.

Step 2. Proof that F' is stationary for the fractional perimeter.
Fix an arbitrary Euclidean vector field X € C°(B,), for some p > 0, and let ¢ denote its flow
at time t. e
Since the F are a blow-up sequence, let Ej C Mj and R; — oo be those given by Remark 4.5.2. For
Jj large enough so that p < Rj, define X; = (¢;)«(X); extending it by 0, we obtain a vector field X
defined on all of ]\/ij Since OF; is an s-minimal surface in M, %‘tZOPeréMj (¢§(j (E;); 3;(B,)) = 0.
Lemma 4.5.4 gives then that
=0

dt

Per{) (¢ (F); B,)| < lim Cx

Per™ (¢4 (F); B
s (Wx(F);By) —o j—oo Rj

t=0

as desired. O

We will next prove that the convergence in the theorem also holds in the Hausdorff distance
sense. First, we show that the assumptions in Definition 4.5.1 imply uniform density estimates.

Lemma 4.5.6. Let (M, g) be a closed n-dimensional manifold satisfying the flatness assumption

FA3(M, g, R,p, ). Suppose in addition that g,ij)(O) = 01, i.e. the metric of M with respect to the
chart =1 at the point 0 is the Euclidean metric. Let E be an s-minimal surface in M, satisfying
a uniform BV estimate in the sense that there is some Cy such that

Per(¢™Y(E); Br(z)) < Cor™™ ' for all x € Brjo and r € (0, R/4).
Then there exists a positive constant wy = wo(n, s,Co) such that if

r " EN B (q)| <wo
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for some q € ¢(Br/s) and r € (0, R/8), then
[E N B;2(q)| =0.

Proof. Notice that since the statement is scaling-invariant, it suffices to prove it for R = 1. We
also recall that the stationarity of F implies that it satisfies the monotonicity formula of Theorem
1.2.2 (with potential F' = 0). Observe also that up to modifying F on a set of measure zero we
can assume that its topological boundary coincides with its essential boundary. We then proceed
as follows:

Step 1. Positive density of the extended energy at every boundary point.

Since ¢ 1(E) is a set of finite perimeter in B; /2, De Giorgi’s structure theorem for sets of finite
perimeter gives that if z € 9~ (E)N B, /2 is in the reduced boundary, given 7; — 0 the sequence
of sets H; = r;l(go_l(E) — z) converges in L{ _(R") to a half-space H passing through 0.

For a fixed z as above, defining M; = M, E; = E, p; = (), rj; = %, and p;(y) = p(z+A(x)y),
where A(z) is a matrix chosen so that the metric of M is the identity at 0 in the coordinates
given by ;, the associated F; := %ap]_l(E) C R™ are a blow-up sequence (in the sense of
Definition 4.5.1). Thus, by Theorem 4.5.5 they converge in L] . to a limit . On the other hand,
F; = A(m)_lr%(ap_l(E) —z) = A(z)"'Hj, so that in fact F = A(z)"'H and thus it is also a
hyperplane passing through 0.

Let N; denote the rescaled manifold (M, 7“]-_29), and write u; = xXg — X e, viewed as a function
on N;. Write U; for its Caffarelli-Silvestre extension to N; x Ry, and V for the Caffarelli-Silvestre
extension of xp — xre to R™ x Ry. By the lower semicontinuity of the extended Sobolev energy
under a blow-up, seen for example arguing as in Step 2 in the proof of Lemma 4.5.16, we have

lim inf /~N_ \6Uj(p, 2) 2210 aV,dz > ﬁ |DV (2, 2)|?2"~* dedz = ¢(n, s) > 0. (4.37)
J—00 B, J(pj,O) B1

If U denotes the Caffarelli-Silvestre extension of u = yg — xpe (viewed as a function on M) to
M x R4, by scaling (recall that N; = (M, rj_Qg)) the inequality (4.37) can be written as

1 -
lim inf —— /~ VU (p, 2)[*2* % dVpdz > c(n,s) > 0.
BM(¢(2),0)

. n—
— 00 .
J ’l°]

In words, we have found that E has extended energy density uniformly bounded from below
by a constant ¢(n,s) at p = ¢(x), for every reduced boundary point p as above. On the other
hand, the reduced boundary is dense in the essential boundary, as one can see, for example, by
the isoperimetric inequality. Then, since we have shown that the above lower bound holds at all
reduced boundary points p € OF, by the upper semicontinuity of the extended energy density
(proved as in case of classical minimal surfaces, using the monotonicity formula of Theorem 1.2.2)
it actually holds at every p € OF.

Step 2. Conclusion.

Assume that there are ¢ € p(B;/) and r € (0,1/8) such that r="|E'N B,(q)| < wo but |[EN
B, j2(q)| > 0; if wp is small enough, then automatically also |[E°NB,./5(q)| > 0. By the isoperimetric
inequality, this implies that OE N B, 5(q) # 0 as well.

Let p € OE N B, 5(q). We can now argue as in the proof of Proposition 1.2.16, which showed
density estimates in the case of solutions of the Allen-Cahn equation. First, a uniform lower bound
on the density holds in our case for all p € (0, Ryon), thanks to the combination of Step 1 and
the monotonicity formula. We then apply the interpolation Lemma 3.2.10, after which the BV
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estimate assumption allows us to conclude the argument as in the proof of Proposition 1.2.16. [

Proposition 4.5.7. In the conclusions of Theorem 4.5.5, the convergence also holds locally in the
Hausdorff distance sense.

Proof. Let Ej be as in Remark 4.5.2, so that F}; = @;1(EJ) Applying Lemma 4.5.6 and the
flatness assumption on the metric we find that the Fj satisfy density estimates in Bg, /16, with
Rj — 0o. The local convergence in the Hausdorff distance follows then arguing by contradiction,
simply due to local L' convergence to F and the density estimates. O

4.5.2 Properties of blow-ups of Allen-Cahn limits

We define the class of all surfaces which are blow-up limits of sets in A,, (recall Definitions 1.2.7
and 4.5.1).

Definition 4.5.8. A set OF C R" is said to be in the class ABW™ if it is a blow-up limit of
sets in Ay,. This means that there exist ¥j = OE; € Ay, (M;) and r; — 0 such that the associated
F; = rj_lgoj_l(Ej) are a blow-up sequence converging to F in LL (R™) as j — oo (by Theorem

4.5.5 and Proposition 4.5.7, the convergence can then be upgraded to be in HE)/S(R“) and locally
in the Hausdorff distance sense).

Remark 4.5.9. Since OF; € Ay, (Mj), the assumption in Definition 4.5.1 that the sets Fj satisfy
the classical perimeter estimates is automatically satisfied if the rest of assumptions are, thanks to
(1) in Remark 4.5.5.

We now prove a precise almost-stability inequality for sets in AZ°“~P which will be used in
the next section. We begin by showing its counterpart for Allen-Cahn solutions.

Lemma 4.5.10. Assume that M satisfies the flatness assumptions FA1(M,g,1,p,¢), and let
ue : M — R be a solution to the Allen-Cahn equation in ¢(B1) with Morse index at most m. Let
Aty ey Amg1 C @(Byya) be (m+1) open sets, with pairwise distances denoted by D;; := dist(A;, Aj),
and for every 1 <i < j < m+ 1 choose any positive weights \;j > 0. Then, in at least one of the
A; there holds that

" 1 —(n+s —(n+s
€' ()€, &) = ~Clieltagay | D0 5D + 2o agDy ™ | Wee ClA,
J

7<t 7>t
for some C = C(n,s,m).

Proof. The statement is a more precise version of Lemma 4.2.2, and the proof proceeds similarly.
Using (2.8), we compute the second variation at u. for linear combinations of m + 1 test functions
&, supported each in the corresponding A;, getting

E" (u)[arér + aska + ... + ami1bmir, 0161 + a2ka + ... + Ami1Ems]
= a2 (W)en, &) + ... + a?n—l—lg//(u) [&mt15 Emt1]

+ 2a1a2 //A | (&1(p) — &1(a))(&2(p) — &2(@)) Ks(p, @) dVp dVy
+ ...

- Dmamis //A  6nl) = @) (0) — G () Kl ) AV, V.



123

Thanks to the flatness assumptions and Lemma 3.4.13, we have that K;(p(z), p(y)) < W,

for some C' = C(n, s) and for (p(x), p(y)) € A; x A;. Recall that the supports of & and ¢; are the
disjoint subsets A;, Aj C ¢;(By/2). Then, the term containing the double integral over A; x A;
with 4 < j can be bounded as follows:

ZWUZZMAf&QO—5&@X&@ﬁ—§ﬂ®ﬂ@@%@d%d%

= —2aa; //AAXA‘&(p)«Sj(q)K(p, q) dVy dVg

< 2la;a;|CDL " €l 1 ap 1€ 1 1 )

_ C -

n+s n+ts

< )\ija?CDij( )”&H%l(Ai) + )\A,G?Dij( )”gj”%l(z‘lj) ’
ij

where we have applied Young’s inequality in the last line. Substituting this into the second

variation expression gives

"

E (u)ar1&§1 +a2do + ... 4 ami1&mr1, a1é1 + a2l + .o+ Ay 1maa]
m+1

<Za §&MC%MM)ZA PRSPPI R

J<i 7>

The condition that the Morse index is at most m implies that the expression cannot be < 0
for all (a1, ...,am+1) # 0. Hence, we find that there must exist some i such that

HQMzcmmA)ZA S A

Jj<i J>i
holds for all & € CL(A;), and this concludes the proof. O]
From this, we will obtain the desired almost-stability inequality for blow-up sets.

Lemma 4.5.11. Let F € Aﬁlow*u]g. Let X1, X9, ..., Xm+1 be smooth vector fields on R™ with
disjoint compact supports Ay, Aa, ..., Amt1, and denote Dy := dist(Ag, Ag). For1 <i <l <m+1,
choose positive weights Ayg > 0. Then, for at least one of the i (depending on F) we have that

d2 (n—1) n+s (n+s)
@ Pers(i/)X( ) A; ) > CHX HLoodlam <Z )\gl +Z}\ D

t=0 < >4

(4.38)
where C' = C(n,s,m).

Proof. Since F € ABlow=up , from the definition and proceeding as in Remark 4.5.2 there exist
(]\/ZJ,LE]\( 7)), Dj € ]\//.7]7 and R; / oo satisfying the assumptions in the Remark and E € An (A)
such that the associated F; = (p (E ) converge to F' in the appropriate sense. Fix one such j;
since E e A, ( ;), by definition there exists a sequence {uk}keN of solutions to Allen-Cahn on
M , with parameters €, — 0, converging to Xg, — XE; in L1 (MJ) as k — 0o. By Lemma 4.5.10,
given k we can find an index i(k), 1 < i(k) < m + 1, such that the inequality in the Lemma is
true for up on @;(A;x)) C ]\/4\j We select an index ¢ so that the inequality is valid for a whole
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subsequence of the uy (which we do not relabel), so that

" (un)[&,&] > —Cll&l 715, (a0 (Z " D7) 4 3 A <n+s>>

£<i 0>

for all & € CL($;(A;)) and k € N. Here Dy = dist(3;(As), 3 (A)).
Put X; ; := ($;)«X;, and extend it by zero outside its domain of definition to a vector field on all
of Mj. Selecting &; = Vx, jug, we arrive at

d? L p
W t:og(wC ° in,j) =¢

(4.39)
> _CHin,jukH%l( (Z " n+5) +Z)\ D n+5)> .

0<i 0>1

(ur)[Vx, ur, Vx, jur

Thanks to the BV estimate of Theorem 1.2.13 and the flatness assumption on the metric, we
can bound

IV wkll71 5, a0y < C|| X517 diam($5(A:))* Y < C|| X[ diam(4;)* Y

and also N
Di,l = dist((/ﬁj(Ai), (/ﬁj(Al)) < CdiSt(AZ’, Al) = CDZ'J .

Substituting this into (4.39), and using that by (4.21) there holds

d? —t > M, ot Y.
pTo) Eur oy, ) = 2| Pers (Vx, , (E;); @;(Ai)) ask— oo,
t=0 t=0

we obtain that
2

dt?

Per, " (v, (E}); 3j(Ai)) > —C|| X[} diam(A;)2" Y <Z ” S Dy, ”+8>>.

1< >4

t=0

On the other hand, by Lemma 4.5.4 we have that

2 . 2
Rt AN '
2|, Pert (W (P ) =tim 25| [Perl(u, (1): A1)
2 _
i, S
- hjrn dt2 o {Pers J( -th,j <Ej); ¥ (Al)):| )
which then proves (4.38). O

4.5.3 Classification of blow-up limits

The main result of this section is the following classification result:
Theorem 4.5.12 (Classification result). Let s € (0,1) and 3 <n < nk. Let F be any family
of sets of R™ satisfying the following properties:
(1) Stationarity. Every set E € F is an s-minimal surface, in the sense of Definition 2.2.5.
(2) BV estimate. There is C = C(n,s) > 0 such that for every E € F, x € R", and R > 0
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we have

Per(E; Br(z)) < CR™ 1.

(3) Viscosity solution of the NMS equation. If xo € OF and E admits an interior (resp.
exterior) tangent ball at xq, then

/ XE(Y) — XE(Y)

|y _ x0|n+s

dy <0, (resp. >0).

(4) Almost-stability in one out of (m+1) disjoint sets. There exists some (fized) m € N
such that the following holds. Let X1, Xa, ..., X;nt1 be smooth vector fields with disjoint compact
supports Ay, A, ..., Am+1, and denote Dy := dist(Ag, A;). For 1 <i <l <m+1, choose positive
weights A\yy > 0. Then, given E € F, for at least one of the i (depending on E) we have that

d2

R -
t ) 2 - 2(n—1 (n+s) (n+s)
37 o Pers (W, (B); Ai) = =X Fedimm (A2} =D 43 NuDy ™), (4.40)

0<i £>i
where C' = C(F).

(5) Completeness under scalings and Li (R") limits. If E € F, then any translation,
dilation and rotation of E is in F as well. Moreover, if E; is a sequence of elements of F and
E; — Ey in Li _(R"), then Es € F as well.

loc

(6) Cones with n — 2 translation-invariant directions are half-spaces. If E € F is
a cone and there is a linear (n — 2)-dimensional subspace L C R™ such that E + x = E for all
x € L, then OF must be a hyperplane.

Then, every E € F which is not equal (up to null sets) to R™ or @ must be a half-space.
An important property follows from (1) and (2) above:

Lemma 4.5.13. Let F be a family of sets of R™ satisfying properties (1) and (2) in Theorem
4.5.12. Then, any set E € F also satisfies density estimates, meaning that there exists a positive
constant wy = wo(n, s, Co) such that if

R™|EN Bgr(q)| < wo
for some q € ©(By2) and R € (0,1/8), then
|E N Bp(q)] =0.

Moreover, if B; € F and E; — Eo in Llloc(]R”), then they also converge to Eo locally in the
Hausdorff distance sense.

Proof. Same as for Lemma 4.5.6 and Proposition 4.5.7. O

We will need the following result, which is obtained by combining the C*® improvement of
flatness theorem in [CRS10] and the C1*-to-C'* bootstrap result for nonlocal minimal graphs in
[BFV14].

Theorem 4.5.14 ([BFV14; CRS10]). Let s € (0,1). Then, there exists o > 0, depending on n
and s, such that the following holds: let E C R™ and x € OF, and assume that

(i) The set E is a viscosity solution of the NMS equation in B,(x), in the sense of Proposition
4.3.1.
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(ii) The boundary OF is included in a o-flat cylinder in By (x), that is
OENB (x) C{yeR":|e- (y—x)| <or},
for some direction e € S"1.

Then OF is a C* graph in the direction e in B, jo(x), with uniform estimates. In particular, its
second fundamental form llgg satisfies

sup  [Mapl(y) < (4.41)

yEDENB, /5 (x)

= 1Q

with C = C(n, s).

We will also need the following intuitive lemma, to be read as “cones with finite Morse index
are stable outside the origin”, and which will be proved after Theorem 4.5.12.

Lemma 4.5.15. Let E C R" be an s-minimal cone with Perg(E;B1(0)) < +00. Assume that E
satisfies property (4) in the statement of Theorem 4.5.12. Then E is stable in R™\ {0}.

We will now prove Theorem 4.5.12.

Proof of Theorem 4.5.12. Let Eo be a blow-down limit of F, i.e., a limit of a sequence F; = T%_E,
with r; — oo (by property (5), such a limit exists, and it is also a member of F). Then E, is a cone:
Let U, U and U; denote the Caffarelli-Silvestre extensions of u 1= xg — Xpe, Uoo 1= XE. — XEe,
and u; 1= X, — X k¢, respectively. Using the notation @y (r) := r*=" fB,T(o,o) 78IV (2, 2) |2de dz,

by convergence of the extended energies® and scaling we have that

Dy (r) = li£n Oy, (1) = lilm Oy (rr;) .

By the monotonicity of ®g, which we know since F is an s-minimal surface by property (1)
and thus satisfies Theorem 1.2.2, the limit limp_,~ ®r(R) exists, and by property (2) and the
interpolation result in Lemma 3.2.10 it is a finite constant. The equality above then shows that
&y (r) is equal to this constant independently of r. Since E is also an s-minimal surface (by
properties (1) and (5)), the last paragraph in Theorem 1.2.2 gives that Fo, is a cone.

We will now prove that E is in fact a hyperplane; by the local Hausdorff convergence of the
E;, = FIZE to Fo (see Lemma 4.5.13 above), E then satisfies the hypotheses of Theorem 4.5.14 for
every r > 0, and therefore by (4.41) E then needs to be a hyperplane as well (since Iy vanishes).

First, Lemma 4.5.15 states that E., is stable outside the origin. If it also were smooth outside
the origin, the assumption that 3 < n < n} would imply that 0E is a hyperplane and we would
finish the proof.
If, arguing by contradiction, there is instead some point z; # 0 where E. is not smooth, we
need to apply a dimension reduction argument: blowing up around xi, we obtain a new cone
Ey € F which is now translation invariant along some direction; after a rotation, we can write
Ey = E; x R, and this is allowed by property (5).

We claim that Fq cannot be smooth outside the origin. First, if that were the case, F; would be
a hyperplane, since 3 < n < n}. Now, the blow-up rescalings of E, around z; converge locally in
the Hausdorff distance sense to Fq by Lemma 4.5.13, and they are viscosity solutions of the NMS

8Follows easily from convergence in HI‘Z/CQ(R"). The latter is proved, thanks to property (2), as in Step 1 in the
proof of Theorem 4.5.5.
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equation by property (3). If E; were indeed a hyperplane, the assumption in the improvement
of flatness Theorem 4.5.14 would be satisfied for the blow-up rescalings of F, around z; (for
large enough indices in the sequence). Thus E,, would be smooth in a neighborhood of z1, a
contradiction.

Now that we know that E; is not smooth outside the origin, we can iterate the argument
with this new cone: Since F1 = E; x R is not smooth outside the origin, there is some point
x3 € R*1\ {0} where E; is not smooth. Hence, we can blow up again around (xs,0) and obtain
a new cone Ly, which is now translation invariant with respect to two orthogonal directions.
After a rotation, Ey = Fy x R?. Moreover, Ey cannot be smooth outside the origin, by the same
improvement of flatness argument we applied to E1.

Iterating this reasoning n — 2 times, we end up with a cone that is translation invariant in n — 2
orthogonal directions, i.e., of the form E x R™™2 after a rotation, and which is not smooth outside
the origin. This is not possible by property (6), and therefore we reach a contradiction. 0

We now give the proof of Lemma 4.5.15.

Proof of Lemma 4.5.15. Consider an annular region of the form Ay = By \ Br, with 0 < Ry < 1,
centered at the origin. It suffices to show that F is stable in Ag, by the arbitrariness of Ry and
the dilation invariance of E.

The strategy is the following. Let X be a vector field supported on the annulus Agp. Let
A1, ..., Apmy1 be (m + 1) rescaled copies of Ag of the form A; = RA; 1 = R'Ag, with R > 0
sufficiently large so that they are disjoint. Likewise, consider the (m + 1) rescaled vector fields
X; := R'X(z/R"), which are supported in the respective A;. Since E satisfies property (4) in
the statement of Theorem 4.5.12, we know that the almost-stability inequality (4.40) will hold in
at least one of the A;. Moreover, since FE is dilation invariant, we will be able to translate this
information back into Ag, and taking R arbitrarily large we will find that E is actually stable on
Ay and conclude the proof.

Deﬁne u:= xg — X&e, and let Y% denote the flow of the vector field X at time ¢. Observe that
= Xt (B) ~ Xust, () is the composition of u = xg — xge with the flow of X; = R'X (z/R"),

WhICh is given by 1/13{1_ = R (xz/R"). By the dilation-invariance of the cone E, and hence of u,
we have that

uj(x) = u(RWx (x/R")) = u(@i (z/R") = u'(x/R');

the scaling property of the fractional Sobolev energy then gives
Pery (v, (E); Ai) = €37°(uf) = E3° (u' (x/RY)) = RUIERP(u) = RIOPer, () (E); Ap)

so that in particular

2

o d
Pers(@(i (E); A;) = R )@
0

d2

Per, (¢ (E); Ag) . 4.42
|, ers(¢Yx (E); Ao) (4.42)

t=0

Now, by assumption, we know that the almost-stability inequality (4.40) will be satisfied in one of
the A;. Combined with (4.42), we obtain that

2

: d ’I'L S n-rs
RIS Per(ul (B); Ao) > ~Cl| Xillfwdiam (423 D" + 37 D)
. Ez

=0 0<i >4
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where \;; are positive weights and D;; = dist(A;, A;). We can bound
1|7 diam (A;)*" ) = | X |70 (RY)* (R diam(Ag) )"~ < Cox g R

We also observe that ‘ ‘
Di,l = diSt(RZAo, RZA()) > CRmaX{Z’l}

for some small ¢, for all R sufficiently large depending on Aj.
Substituting into the inequality we obtained and dividing both sides by R*"~%) we get

d2 i(n+s 1 —i(n+s —L(n+s
gi| Pers((B): Ao) > ~Ox 4, RI(37 vl D7 R0 ))
t=0 0<i 0>i
1 —(l—1)(n+s
- (S T ne ),
o< U s

Now, choosing the positive weights as \;; = R™>" for every pair ¢ < j, we obtain

d2
at?

Per, (¥ (E); Ag) > —Cx a4, (D R™% + ) p(-m2)lmes)y,

£<i >4

t=0

so that all the powers of R become strictly negative. Letting R — oo, we deduce that
2

25| Per(v(E); Ao) 2 0

t=0

as desired. O

Blow—up
m

We will, in particular, apply Theorem 4.5.12 to the class A . The next lemma proves
that property (6) in the assumptions holds for this class. In the case of stable critical points, the
next result is the nonlocal analogue of an idea of Tonegawa-Wickramasekera [TW12], in turn
based on previous ideas of Schoen and Simon.

Lemma 4.5.16. Let n > 3. Assume that some nontrivial cone E C R™ belongs to Aﬁlow_up and

s of the form E x R"2 for some cone E C R2. Then, OF is a hyperplane.

Proof. We divide the proof into three steps.

Step 1. We show the following claim: assume that FA;(M,g,1,p, ) holds, and v : M —
(—1,1) is a solution of Allen-Cahn with parameter ¢ € (0,1) in B;(p) that is A-almost stable
in Bi(p) (see Definition 4.2.1) with A < Ay, where A¢ is the constant in Proposition 4.2.5. Let
U:M xRy — (—1,1) be the Caffarelli-Silvestre extension of u.

Then, for some constant C' = C(n, s) > 0 we have

ﬁ AXU)dV 21 5dz < O,
BY ,(p,0)

where

A(U) = (V2O = [VIVUI ) xvuso) = (192012 = V2U (25, 25) )xiwups0p 2 0. (443)

Here V2U denotes the “horizontal” Hessian of U(-, z)—i.e. for z fixed—with respect to g.
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Indeed since u is A-almost stable, for all £ € Cl(éf (p,0)) with support contained in E;r/ 4(p,0)
and trace & on z = 0, we have

W =5 [ A IvePava+e [ wiwgav

B/ B
> 5g1 (u)[£07£0] > _AH&JH%l(Bl) s

where Ef’ and Bj are brief notations for Ef’ (p,0) and Bq(p). Testing the above almost stability
inequality with a test function that is a product £ = An, we obtain

2
—e_s/ W (u)A%n? dV < B, /y :
B B

A2V 4 21 VA V(AR?) dVdz + A</

1A av)

Integrating by parts the second term on the right-hand side (similarly to the proof of [CS22,
Theorem 1.3]) we get

/B (ﬁSA(Zl—SazA(-, 07)) — 5_SW”(’LL)A2)7’2 Jv

~ —~ ~ 2
< B, /y (21247 TP — A div(z*+4)) vz + A / Anjav)’. (.49
B B

1

Since u solves the Allen-Cahn equation and by (3.14) we have that
Bs(21750,U(-,07)) — e *W'(u) = 0, on M.
Taking the horizontal gradient V of this equation we get
Bs(21720.VU(-,01)) — e *W" (u)Vu = 0,
and computing the scalar product with Vu gives
By(2 20, VU(-,01)) - Vu — e *W" (w)|Vul2 = 0.
Observe that

Bs

Bs(2'720.VU(-,01)) - Vu = 5(21*88Z|VU\2)(-,0+) = B,|VU|(z*%0,|VU|)(-,0™).

Hence, choosing A = |VU| makes the left-hand side of (4.44) vanish. Hence, for this choice of A
we obtain

B, ﬁ+ <21—S\VUP|%P - yVU|JTv(z1—S€WUy)n2)dde+A</

2
yvu\ndv> >0.  (4.45)
B] B

Claim. For some constant C' > 0 that depends only on M we have
VUIdiv(z'=*V|VU|) > 2! (VU = [V|VU|]? = CIVUP) x(jvuj>0y-
Indeed, keeping for a moment the notation A = |VU| we have

Adiv(z' 7V A) = 21 S AAA + A9.(' 0. A)
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- (%A(Az) ~ [VAP) 2+ A0.(=0.4)
- (VU - V(AU) + [V2U[? + Ric(VU, VU) — \vyVUH?)zl—s + VU9, (2220, VU)),

where we have used Bochner’s identity on M in the last line. Moreover, by the equation defining
the extension we know z! AU = —9,(217%9,U), hence

A7VU - V(AU) = —VU - 0.(2 750, VU).

Also, explicit computation shows that

=59, (VU2
VU0 (2" %0.|VU|) = |vU|8Z<z (5IVU] )>

VU]
= VU, (21 8.VU)) + zH(yaZVUF - (8Z|VU\)2>
> VU -9,(2'7#0,VU).
Hence, estimating Ric(VU, VU) > —Cy|VU|?, we deduce that
Adiv(z' 75V A)
> 217 (IV2UP2 = [VIVU|P = Oy VUR) + [VU10.(='*0.|VU) = VU - 8.(' 0.V U)
> 217 ([V2UP = [VIVUIP - Cul VUP),

and the claim is proved.

Inserting the claim in (4.45), we reach
~ 2
ﬁ A AUV dz < 5sﬁ VU 2215(| V2 +Cn2)dde—|—A</ yvuunde) .
B Bt By

From this we can conclude the claim in Step 1. Fix a cutoff function satisfying x B, <n<x B,

By Lemma 3.2.10 with R = 1,k = 0 and Young’s inequality we have that

5s/~ VU1 5(|Vn)? + Cn?) dVdz < C + C (/ |Vl dV) < C+Cs/ V| dV,
BY B3y By

thus
2
ﬂ AT MUY dVdz < C + C yvu|dv+A(/ |Vu|dV) :
B

By B3y 3/4

Moreover, since u is A-almost stable in By with A < Ag, by Proposition 4.2.5 and a simple covering
argument we get a uniform bound on the BV-norm of u in B34, and this proves the claim in Step
1.

Step 2. Recall that, as recorded in Remark 4.5.2, for F € Aﬁlow_w we have sequences of:

e closed manifolds (1} gMj);

e points p; € M; and scales R; 1 oo for which FA3(M;, ¢™i, R}, pj, ;) holds and gﬁgj(O) = Oy

e solutions of Allen-Cahn u; : M; — (—1,1) with parameters €; | 0 and Morse index bounded
by m such that (u; o ¢;) — uo := xp — Xge in Li (R™).

loc
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Let U; : ]\A/_f] — (—1,1) be the extensions of u; and and observe that U; — U, weakly
in L} _(R%™), where U, is the (unique, bounded) Caffarelli-Silvestre extension of u, to R
Actually, thanks to Theorem 4.5.5, one could prove local strong convergence in the weighted

Hilbert space H._(R";|2|'~*dvdz), although (much rougher) weak Ll . will suffice here.
1o (R™), since Rj — oo.

(R™ x (0,4+00)) (up to subsequence),

Notice also that in the local coordinates go}l we will have g%j — Opp in C2
Hence, by standard elliptic estimates U; o ¢; — U, in 01206
where @;(x,2) = (p;j(x), 2).

Now, for all j > 1 sufficiently large, take m + 1 disjoint balls {B;(¢;(3iDges))}", where
Dy > 1 is a constant that will be chosen later. Since FAg(Mj,gMJ',Rj,pj, ;) holds, by Lemma
4.2.2 and Lemma 3.4.13 for at least one ¢ € {0,...m} we have that u; is A-almost stable in
Bi(¢j(3¢Dges)) for A = mC(n,s)/Dy**. Hence, we can choose Dy = Do(m,n,s) such that wu;
is Ag-almost stable in this ball, where Ag is the constant in Proposition 4.2.5. We may assume,
without loss of generality (up to translation and a subsequence), that it this ball is actually
Bi(¢1(0)), and then Step 1 gives

/ A2(U;)dV; 2t ~*dz < C.
0;(BY),)

Passing to the limit as j — oo and using that U; o ¢; — U, in CZ, for every § < 1/10 we obtain

loc?

AU, dx 2" %dz < C, (4.46)
BT

1/4ﬂ{z>5}

for a constant C' > 0 independent of 4.

Step 3. We show the following claim: if £ C R" is a nontrivial cone of the form E x R"2 for
some (nontrivial) cone £ C R?, then

lim A%(U,) dx 21 %dz = 4-o0.
6—0% B, ,n{z>3}

This will finish the proof proving that F is a half-space, otherwise we would contradict (4.46).

Let us denote by z = (7,y) € R? x R"~2 the variables of R”. Since E is invariant for
translations of the type (0,y) for y € R"~2 it easily follows that u, = xg — Xz depends only on
Z. That is

Uo(T,y) = uo(,0).

Since U, is the (unique, bounded) Caffarelli-Silvestre extension of u, to R:L_H, it follows that also
U, depends only on (Z,z). This can be seen as follows. Let U/(Z, z) be the unique extension of
us(,0) : R — (=1,1) to R3. Then U/ clearly solves the extension problem also on R’ and
since the solution is unique, we obtain U, = U,.

Moreover, since E is a cone we see that U, is 0-homogeneous, and hence A(Us) is homogeneous
of degree —2. Then, since A(U,)(z, z) = A(U,)(Z, z) we have

Je

1/4

AX(U,) 2 %dzdz > ¢ / / AX(U,) 2% dzdz,
N{z>d} Q J{z>6}

where Q) := Ql/ﬁﬂ/m is a cube of side 1/4y/n + 1 in R? centered at 0. Substituting in the last
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integral (7, z) = (d2/,97") and using that A(U,) is homogeneous of degree —2 we get

/ / AX(UL) 21~ %dzdz = (67%)2 - 617553 / / AX(UL) () 7%d da’
Q J{z>6} 1Q J{z>1}

21// AX(UL) () %d2 da’
0% JQ Jz>1

It is easily seen that

/ / A%(U,) () *d2'da’ > 0,
Q J{=>1}

since the integrand cannot be identically zero as F is nontrivial. Hence

1
lim A*(Us) 2 *dwdz > lim — / / AX(Us) () %d2 da’ = +oo.
50t Bt {6} §—0t 0% Jo J 2oy

This concludes the proof.
O

The properties proved so far for the family F = A5~ (see Definition 4.5.8) show that it
satisfies the hypotheses of Theorem 4.5.12, whence we deduce

Corollary 4.5.17 (Blow-ups of limit surfaces of Allen-Cahn are hyperplanes). Let

s € (0,1) and 3 < n < n¥. Then, any nonempty OF in ABlow=up 4o 4 hyperplane.

Proof. Tt follows from applying Theorem 4.5.12 to the class F = AB/7“7"P_ Properties (1) and
(5) in the assumptions of Theorem 4.5.12 follow immediately from (the proof of) Theorem 4.5.5.
Property (2) follows from (1) in Remark 4.3.5 and the lower semicontinuity of the BV seminorm
under L!-convergence. Properties (4) and (6) have been proved, respectively, in Lemma 4.5.11
and Lemma 4.5.16. Finally, property (3) —namely that blow-ups are viscosity solutions of the
NMS equation in R"— follows easily from Proposition 4.3.1 and the convergence of boundaries in
Hausdorff distance under a blow-up (Proposition 4.5.7), using the convergence of the kernels in
Proposition 4.5.3 part (ii). See [CRS10] and [CS11]. O

4.5.4 Uniform regularity and separation: proof of Theorem 1.2.8

In this section we will prove Theorem 1.2.8, which stated that sets in A,,(M), i.e. the limits
of Allen-Cahn solutions on M with index at most m, are smooth with uniform regularity and
separation estimates in low dimensions.

We will need the following improvement of flatness theorem for sets which are viscosity solutions
of the NMS equation in a Riemannian manifold, proved in [Moy25] more generally assuming
boundedness of the nonlocal mean curvature, and which extends the result in [CRS10] to the
setting of ambient Riemannian manifolds.

Theorem 4.5.18 ([Moy25]). Let s € (0,1) and 0 < o < s. Then, there exists o > 0, depending
on n,s and a, such that the following holds. Let (M, g) be an n-dimensional Riemannian manifold.
Take p € M, and assume that the flatness assumption FA1 (M, g,r,p, p) holds. Let E C M with
p € OF, and assume that

(i) The set E is a viscosity solution of the NMS equation in p(By(0)), in the sense of Proposition
4.8.1.
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(i3) The boundary ¢~ (OE) is included in a o-flat cylinder in B,(0), that is
¢~ (OE) N B,(0) C {le- x| < or},
for some direction e € S"1.
Then o~ Y(OF) is a single CY* graph in the direction e in B,./5(0), with uniform estimates.

Proof of Theorem 1.2.8. We will first show that E is trapped (in the coordinates given by ¢~!)
in a very flat cylinder, as recorded in the next claim:

Claim. Let o0 > 0. Then there exists a uniform constant R, = R,(m, s,0) and a unit vector
e € S"! such that

—0R, <y-e<oR, foralyec ¢ Y(OF)NBg,. (4.47)

Proof of the Claim. Fix o > 0; the proof will be by contradiction and blow-up. Let R; = 1/j. If
the Claim were false, then for every j € N there would exist closed manifolds M; satisfying the
flatness assumptions FA3(M;, g,1,pj, ¢;), and some sets E; € A, (M;) so that p; € OE; but such
that (4.47) is not satisfied for any unit vector (with E;, R; and ¢; in place of E, R, and ¢).

Consider, then, the blow-up sequence F}; = R%goj_l(Ej). By Proposition 4.5.7, a subsequence of

the Fj converges (in particular) locally in the Hausdorff distance sense to a limit set F' € ABlow=up,

Moreover, since 0 € F}j, we see that 0 € F' as well.
Now, from the classification result of Corollary 4.5.17, we know that OF is, in fact, a hyperplane
passing through the origin. The local Hausdorff convergence of the 0F; = R%goj_l(an) to the

hyperplane OF implies then that the condition
—oc<y-e<o forallye Rijgoj_l(f)Ej) N B;

will be satisfied for all j large enough in the subsequence and for e the normal vector to the limit
hyperplane. Rescaling this condition by a factor R;, we obtain exactly that (for j large) the E;
satisfy (4.47) with Ej, R; and ¢, contradiction. This finishes the proof of the claim. O

Now that the claim is known to be true, choosing ¢ in it to be the constant in Theorem 4.5.18
(recall that sets in A, (M) are viscosity solutions of the NMS equation by Proposition 4.3.1, and
that our notion of viscosity solution in Proposition 4.3.1 is equivalent to the one used in [Moy25]
to obtain Theorem 4.5.18), we obtain that =1 (9E) N Bg, /2 is a single graph with uniform che
estimates.

O

4.5.5 Dimension reduction — Proof of Theorem 1.2.6

This section proves Theorem 1.2.6. We will call singular points those points « € 0F where OF
cannot be described as a C1® graph around z, and we will denote by sing(OF) or sing(E) the
(closed) set of all the singular points of E. We state here a more general result about regularity
for s-minimal surfaces, which are limits of Allen-Cahn, and immediately show how it proves
Theorem 1.2.6.

Theorem 4.5.19. Let s € (0,1). Let (M, g) be a closed Riemannian manifold of dimension n > 3,
and let OE € A, (M). Then:

o Ifn < nk, then OF is a C™ hypersurface.
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o Ifn=mnk, OF is a C* hypersurface outside of a discrete set.

o Ifn>nk, then OF is a C*° hypersurface outside of a closed set of Hausdorff dimension at
most n —nj.

We readily deduce:

Proof of Theorem 1.2.6. The surfaces ¥¥ = 9EP in Theorem 1.2.4 belong to A, (M) by construc-
tion (see Section 4.4 for the proof of Theorem 1.2.4). Therefore, Theorem 4.5.19 applies to them,
which gives Theorem 1.2.6. 0

Theorem 4.5.19 will be proved after two preliminary lemmas.

Lemma 4.5.20. Let O € ABY™" gnd let x € sing(OF). Choose r; — 0; then, the blow-up

sequence ~(FE — x) converges in LE . and locally in the Hausdorff distance sense to a singular cone
q r 9 loc Y g
J

Coo € ABI ™" which is stable in R™\ {0}. If, moreover, x is an accumulation point of sing(9E),
then r; can be chosen so that C has a singular point on 0By (thus an entire line of singular
points).

Proof. Recall that Aﬁlow_“p satisfies the properties in the statement of Theorem 4.5.12, see the
proof of Corollary 4.5.17. The convergence of the F} := %(E —x) to a cone Cy, in the appropriate

sense follows then as in the beginning of the proof of Theorem 4.5.12, and Lemma 4.5.15 gives the
stability of Cs, outside the origin.

If C's were non-singular (i.e. if Cs were a half-space), then the Hausdorff convergence of the

F; = %(E — ) to Co on By would imply that the assumption of the improvement of flatness

result of Theorem 4.5.14 is satisfied by F on a small ball centered at . Hence OF would be a
CY® hypersurface around z, and this would contradict the assumption that z is a singular point.
Moreover, in case z is a limit point of a sequence z; € sing(0F), choosing r; := dist(z, z;) the
F; = %(E — ) have singular points at 0 and at %(mj — ) € 0By. Selecting a subsequence jy
such that the z;, converge to a limit point 2’ € 0By, the improvement of flatness argument above
shows that the limit cone of the F)j, must have a singular point at 2’ € 9B;. O

Lemma 4.5.21. Let C C R" be a cone in AS"""P, with n > n*. Then H'(sing(C)) = 0 for all
t >n —nk. Moreover, in the case n = n}, C is smooth outside the origin.

Proof. Fix t > n —n¥, and assume for contradiction that H!(sing(C)) > 0 (or that C is not

S
smooth outside the origin in the case n = n}).

Claim. If n > n’, there exists z € sing(C') N 9B; such that, blowing up around z, we find a
cone of the form C x R (up to a rotation) with H'~!(sing(C)) > 0.

Proof of the claim. Since we are assuming that H!(sing(C)) > 0, there must exist some point
x € sing(C) N OBy of positive HE _-density, in the sense that (with the appropriate constant
normalization) there exists a sequence r; — 0 such that H (sing(C) N By, (z)) > r§ for all j.

Consider the blow-up sequence C; = %(C — x); by Lemma 4.5.20, a subsequence will converge

locally in the Hausdorff distance sense to a limit cone Cy which (since C' is itself already a
cone) is of the form Coy = Cso X R, up to performing a rotation. Assume by contradiction that

H!~(sing(Cao)) = 0, or equivalently that H!(sing(Cns)) = 0.

Now, given any fixed finite cover by open sets of sing(Cwo) N 1By, for j large enough the sing(C;) N By
are also contained in the cover: otherwise, we would have a subsequence y; € sing(C;) converging
to some y € (Cx \ sing(Cwo)) N By, so that by Hausdorff convergence the C; would be contained
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(for j large enough) in an arbitrarily flat piece of slab around the y; (thanks to the regularity of
Cx at y); by the improvement of flatness result of Theorem 4.5.14, the y; would be regular points
as well, a contradiction. By arbitrariness of the finite open cover of sing(C') N By, the assumption

that H'(sing(Cs)) = 0 and the definition of H., lead us to deduce that H’ (sing(C;) N By)

converges to zero. Scaling back (recall that C; = %(C — 1)), we find that for some j large enough

HE (sing(C) N B, (x)) < %r;i, a contradiction with how x was chosen. O

With the claim at hand, the proof now continues as follows.

In the case n > n}, since we assumed ¢ > n — n}, the claim can be easily further iterated up to
(n—n?) times. This leads to the existence, in the class AS“ "7, of a cone of the form C x R™"
with C' C R™ and H!~ (=73 (sing(C)) > 0. In particular, C is not smooth outside the origin.

In the case n = n}, we are already assuming by contradiction that C := C C R™ is not smooth
outside the origin. _

The rest of the proof is now common for both cases. Let y € R" be such that y € sing(C) N 9B.
Blowing up around (y,0) € R™, we obtain a new cone that is translation invariant with respect
to an additional orthogonal direction. Moreover, this new cone will not be smooth outside the
origin either, since otherwise the definition of n} would imply that it is a half-space, and then
the Hausdorff convergence and the improvement of flatness result in Theorem 4.5.14 would give
that C is smooth around y. Iterating this argument, we obtain in the end a cone in ABlow=up
which is translation invariant with respect to n — 2 directions and which is not a half-space by
the improvement of flatness argument we have repeatedly been using. Lemma 4.5.16 then gives a
contradiction, concluding the proof. O

Proof of Theorem 4.5.19. Let OF € A, (M), with M of dimension n > 3. We distinguish between
the three cases depending on n}:

e Assume n} > n. At every p € OF, the flatness assumptions FA3(M, g, Ry, p, ¢p) will be
satisfied for some Ry > 0 (recall (d) in Remark 3.4.5), so that we can apply Theorem 1.2.8
after scaling and conclude the C1® regularity (in fact, with quantitative estimates) of OF
around p.

e Assume n; < n. Fix any t > n — n}; by Theorem 4.5.5 and the arguments in Lemma 4.5.20,

given any ¢ € sing(E) we can blow up around ¢ and find a cone C,. Applying Lemma 4.5.21,
we deduce that H'(sing(C,)) = 0.
Now, assume for contradiction that H!(sing(E)) > 0. We can then apply the same argument
as in the Claim in the proof of Lemma 4.5.21, but with sing(E) instead of sing(C') N 0By;
this shows the existence of a point ¢ € sing(F) such that, blowing-up around ¢, we would
find a cone with H'(sing(C,)) > 0, thus reaching a contradiction.

e Assume n’ = n. Suppose that ¢ € sing(F) is an accumulation point. By Theorem 4.5.5 and
the arguments in Lemma 4.5.20, we can blow up around ¢ and find a cone Cj; which is not
smooth outside the origin. Lemma 4.5.21 then gives a contradiction.

This proves that E is C1® outside of a set of the desired size. The fact that C1'® s-minimal
surfaces are smooth (C*°) is proved in [F'S25]. O

4.5.6 The De Giorgi and Bernstein conjectures in the finite Morse index case
— proof of Theorems 1.2.19 and 1.2.18

We will now first prove Theorem 1.2.19. We will need the following result, which is a consequence
of an improvement of flatness theory for phase transitions in the “genuinely nonlocal” regime,
meaning that the order s of the operator is strictly less than 1.
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Theorem 4.5.22 (Theorem 1.2 in [DSV20]). Let n > 2, s € (0,1), and W (u) = +(1 —u?)?. Let
u:R" — (=1,1) be a solution of (—A)%?u+ W'(u) =0 in R".

Assume that there exists a function a : (1,00) — (0, 1] such that a(R) — 0 as R — +o0 and
such that, for all R > 0, we have

{er -z < —a(RR}Cc{u<—-2}c{u<t} c{er -z <a(R)R} inBpg, (4.48)

for some ep € S*™1 which may depend on R.
Then, u(x) = ¢(e - x) for some direction e € S*~1 and an increasing function ¢ : R — (—1,1).

Proof of Theorem 1.2.19. Let u: R™ — (—1,1) be a finite Morse index solution of the Allen-Cahn
equation with parameter € = 1. For every R > 0 we introduce the blow-down rescalings

ur(x) := u(Rzx).

These are solutions of the Allen-Cahn equation with parameter ¢ = 1/R and the same Morse
index as u.

By the strong convergence result of Theorem 1.2.17 (whose proof on R" is identical to the
closed-manifold case, and a diagonal argument to get convergence in each of the balls B for
k € N), there exists a sequence R; — oo and an s-minimal surface £ C R" such that

UR, — UE = XE — Xpge in LIIOC(]R”).

In particular, E belongs to the class A,,(R"™) (see Definition 1.2.7). The properties in the
hypotheses of Theorem 4.5.12 can be proved for the class A,,(R™), exactly as they were proved for
the class Aﬁlow_"p as recorded in Corollary 4.5.17. In fact, all necessary results have been stated
with local assumptions, other than the use of the kernel K (x,y), which becomes o, 5| — y|7"~*
on R™ and in fact, several proofs could be simplified due to working on R™.

Applying Theorem 4.5.12 to the class A,, (R™) we deduce that E must be a half-space. Moreover,
the local convergence in the Hausdorff distance of the level sets of ug, to dE—see Theorem
1.2.17—shows that both {ug, < —4/5} and {ugr; < 4/5} converge (in Hausdorff distance) in By to
a half-plane. Rescaling back to u gives that (4.48) is eventually satisfied in Bg;. Then, Theorem
4.5.22 gives u is a one-dimensional solution. O

We turn now to the proof of Theorem 1.2.18, the finite Morse index analog for s-minimal
surfaces of class C? of the Bernstein conjecture. We recall that this result is false for classical
minimal surfaces, since, for example, the catenoid in R? is a complete minimal surface with Morse
index 1, and that even under the assumption of stability, this result is only known up to dimension
6 despite stable classical minimal cones being known to be hyperplanes up to dimension 7 [Sim68].
See the Introduction for more details.

To prove Theorem 1.2.18, we will again apply the classification result of Theorem 4.5.12. For
that reason, we introduce the following definition.

Definition 4.5.23. We say that a set E C R™ belongs to the class A.,(R™) if there exists a
sequence of sets E; C R™ with E; — E in L. (R™) such that:

(i) the boundaries OE; are (n — 1)-dimensional manifolds of class C?;
(it) E; are s-minimal surfaces in R"™ with Morse index < m in the weak sense.

Proposition 4.5.24. Let n > 3. Then the family Al (R™) satisfies the properties in the hypotheses
of Theorem 4.5.12.
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Proof. Let E be an s-minimal surface of class C? and Morse index at most m in R™. Then:

e By [Flo24, Theorem 5.4] a uniform BV estimate holds, that is
Per(E, Bg) < CR" !,
for some C' = C(n,s.m) > 0.

e The surface F is a viscosity solution of the NMS equation, since it is stationary for inner-
variations and of class C? (in particular, its nonlocal mean curvature is well defined and
equal to 0 at every point = € OF).

e The almost-stability inequality (4) is proved exactly like the one in Lemma 4.5.10 considering
the formula for the second variation of the fractional perimeter and test functions &; = X;-vyg
instead, where vpr denotes the outer normal vector; see [Flo24, Lemma 5.8].

If we then consider E to be any element of A/ (R™), not necessarily of class C2, by definition
we can approximate it with Ej; satisfying the above. This readily shows that E inherits the
properties of the E;, which proves (1)-(5) for the class A}, (R™). Lastly, property (6), concerning
the classification of cones in A} (R™) with n — 2 directions of translation invariance, is proved in
Lemma 4.5.25 below.

O

Lemma 4.5.25. Let n > 3. Assume that some nontrivial cone E C R™ belongs to Al (R™) (see
Definition 4.5.23) and is of the form E x R"~2, for some cone E C R?. Then, OF is a hyperplane.

Before proceeding with the proof, a few comments are in order. Even though the proof is
similar in spirit to that of Lemma 4.5.16 and, in some sense, is a singular version of it, the author
believes that a proof in full detail would be hard to follow. For this reason, in reading this proof,
we invite the reader to keep in mind the following.

e [t can be checked that every integral written in what follows is finite.

e Every time that we divide by |VU], for example in (4.50), we should divide by |VU| + § for
fixed § > 0 and then let § — 0% at the very end.

e When we write a term as z! 790, inside an integral that involves only the variables dz, it
has to be understood that we are integrating on the fiber R™ x {6} and then letting § — 0
outside the integral. For example

/ 78 VU0,|VU|n? dr := lim 75 VU0, VU |n? d.
B1 d—0+ BlX{5}

We stress that we are never passing the limit as 6 — 0™ inside the integrals.

Proof of Lemma 4.5.25. We divide the proof into two steps.

Step 1. Assume that £ C R" is a smooth s-minimal surface in B; that is A-almost stable in By
(see Definition 5.7 in [Flo24]) for some A > 0. Let U : R xR — (—1,1) be the Caffarelli-Silvestre
extension of xg — xge. Then, for some constant C' = C'(n, s, A) > 0 we have

/y A2(U)2' 75 dzdz < C,
By}, (p,0)

where A2(U) is defined in (4.43).
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Indeed, since E' is A-almost stable, by Proposition A.1.6 (and Lemma A.1.5) we have

26, /~+ IV(VU - X)?2'7* + VU - VVgVgUz'"* dadz > —A </8

2
| X - V3E|> . (4.49)
B; ENB;

for every X € CE(ET;R”H) with X, ;1 = 0. Here Ef and B are brief notations for Ef(p, 0)
and Bj(p). Consider a cutoff function n € C?(B;") with support contained in Bf/2 and trace 1
on z = 0, and consider the vector field

v (VU7 0)

X = 5o ™ (4.50)

which has vanishing z-component. Testing inequality (4.49) with this X gives

2
// V(|VU|n)|?2' = + VU - v( (|VU|n) - VU ) =5 dadz > —A </ 770> . (4.51)
IVU‘ OFENB1

We claim that the second term on the left-hand side vanishes. Indeed, integrating by parts
two times, we have

VU N .
/ VU -V (V(VU) - o7 ) 1= drdz
vU )
d

~ vU
_ di l=sy 7 U dxdz — 1=sp.U U T e3adl
/~ Tv(z1 VU)WV (|VU|n) oo ez /Blz » (V(\V [70) vop"

Bf

VU
— _ 1—s . . d
/Blz 9 U(V(\VU]UO) 7|VU!770> v

vU
= [ div(2'7*0,U =) |VU|no dx
:/ div (s .U VU) 2 d:c+/ 1=59.UVU - v( )yVU\nodx_ I + .
B By IVU|

Testing the first variation (see Lemma A.1.5) with

X = ei@-(n2)
gives
0= /~+ VU - V(VU)2' = dedz = ﬁ+ VU - V(9iUd(n*))2*~* dwdz
Bl Bl
= —/ A0, U0,U0;(nf) da
B1
= [ 9(z'%0,U8;U)n3 du,
B

where in the last line we have integrated by parts in the variable ;. Summing up this inequality
fori=1,...,n gives

L = / div(z'*0.UVU)ng dz = 0.
By
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Similarly, testing the first variation with

ayd n
X =¢0; | = Uln,
¢ <\vw>’v ¢

integrating by parts as we did for Iy, gives I = 0.
Let us now look at the first term on the left-hand side of (4.51). We have

/v+|6(\VU|77)\2z1_5 dxdz

By

= [ VUPRE T+ VU] VU= deds
Bl

:/§+ (1" [V UP P — [VULdiv(= VU o) dxdz—/ SV U0 VU dar,

1 B

where we have integrated by parts in the last line.
We claim that

/ 75| VU|0,| VU |0 dz > 0.

B1

Indeed, for every i = 1,...,n, testing the first variation (see Lemma A.1.5) with

= vU

X = [ =+0:;(0:Un?),0

<|w| ) )
gives
0=/ VU - V(VU)2 = dadz
Bl

= VU - V(9:i(8;Un?))z" " dedz

Bf

__ /~ () 0U) - / 100, U0,(0Un2) da
Bl

B1

= / 275(0,0,U0)0;Un? du,
By

where in the last line we have used that &Rf(zlfsﬁU ) = 0 and we have integrated by parts in the
variable x;. Summing up this inequality for ¢ = 1,...,n we get

/ A750,VU - VU da = 0.
B

Hence

[ AvviaviRar > [ v o vuigdr=o,
Bl Bl

as desired.
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Summarizing, we have proved that

Bs ’

=S > 0.

9 M) =2

Observe that this inequality is identical to (4.45). Hence, arguing exactly as we did in the proof
of Lemma 4.5.16 from (4.45) to the conclusion of Step 1, we obtain

/~ (zHyVUP\%mQ - |VU1&TV(21*SWVU\)772) dwdz + A (/
B dENB;

/V 2! A (U) zdz < C + CPer(E, By ) + APer(E, By y)°.

131/2

Lastly, since E is A-almost stable in By, by [Flo24, Proposition 5.10] (which is the analogue of
our Proposition 4.2.5 for sets) we get a uniform bound on Per(E, Bsy) < C(n, s, A) independent
of E, and this concludes the proof of Step 1.

Step 2. Recall that, by Definition 4.5.23, since E € A/ (R™) there exists a sequence E; C R"
of smooth s-minimal surfaces with Morse index < m such that E; — E in L] _(R™).

Let Uj : Riﬂ — (=1,1) be the extensions of xg; — XE: and observe that U; — U weakly in

L%OC(R’}FH). Hence, by standard elliptic estimates U; — U in C2_(R™!) (up to subsequence).
Now, for all j sufficiently large, take m + 1 disjoint balls { B1(y;(3ies))},. By [Flo24, Lemma
5.8] for at least one £ € {0,...m} we have that E; is A-almost stable in B;(y;(3¢Dge3)) for
A =mC(n,s). We may assume, without loss of generality (up to translation and a subsequence),
that this ball is actually B;(0), and then Step 1 gives

AX(U;) 2 %dedz < C.
Bj/Q

Passing to the limit as j — oo and using that U; — U in C’I%C(R’rrl), for every § < 1/10 we obtain

/ AQ(U) 21 75dedz < C,
BT/ZH{Z>6}

for a constant C' > 0 independent of §. From here, if £ C R" is a nontrivial cone of the form
E x R"2 for some (nontrivial) cone £ C R?, we would get a contradiction exactly as in Step 3 in
the proof of Lemma 4.5.16. This concludes the proof. O



Chapter 5

Classification of stable s-minimal
cones in the plane for small s

5.1 Classification of cones

5.1.1 On the different notions of stability

In recent years, two different notions of stability for s-minimal surfaces have been used in the
literature [CSV19; CCS20]. We refer to [CCS20, Section 2] for a discussion on these two notions
of stability and why a second notion (other than the natural one coming from inner variations)
was developed. For the sake of clarity, we recall their major difference here and the role played in
this work.

First, we have the natural notion of stability that comes from inner variations of the set, which
we call just stability and is our Definition 2.2.10. This is the usual notion of stability, which is
also used in the context of stationary varifolds.

Secondly, we have a stronger notion of stability coming from “outer rearrangements” of the
set.

Definition A (Definition 1.6 in [CSV19]). Let @ C R™ be a bounded open set and E be a set with
Perg(F; Q) < +oo. Then, E is said to be stable by rearrangements in Q) if, for every vector field
X € C?(;R™) there holds

o1 X
htrgérﬁf t—Q(PerS(qSt (E)NE,Q) — Pery(E,Q)) >0,

and

N |
lim inf t—Q(PerS(¢tX(E) UE,Q) — Pery(E,Q)) >0,

t—0t

where ¢if : Q — Q is the flow of X at time t > 0.

In [CSV19], this notion is called just “stability”, but we believe this terminology to be slightly
misleading for the reason that follows. While for sets with C? boundary in  and s € (0, 1],
Definition A is known to be equivalent to Definition 2.2.10 (see [CCS20, Remark 3.2] for a proof
of this fact), for singular objects they do not coincide in general. In particular, stability by
rearrangements (Definition A) allows to infinitesimally break the topology of the set E, while
classical stability by inner variations does not. We emphasize that the notion of stability by
rearrangements was developed ad-hoc to get rid of cross-like singularities directly from the
definition.
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Remark 5.1.1. In the case of the classical perimeter (formally s = 1), these two notions of
stability are indeed different, since the cross X is stable in R? but is not stable by rearrangements
in R?. Nevertheless, since X is smooth outside the origin, X is stable for both notions in R?\ {0}.

Observe that our Definition 2.2.10 is weaker than Definition A. Indeed, assume that F is stable
by rearrangements in Q. For every X € C2(Q;R"), by the elementary inequality

Per,(¢7X (E), Q) + Pery(E, Q) > Pery (¢ (E) N E, Q) + Pery (¢ (E) U E, Q),

it follows that

el X
htrgérﬁf t—Q(Pers(d)t (E),Q) — Pery(E,Q)) > 0. (5.1)

By Corollary 3.4.18, the map ¢ — Per,(¢;X (E), Q) is of class C? for all ¢ > 0. Hence, the limits in

2

d d
a1 = —| Pery(¢X(E),Q) and ay:= -3 Per,(¢7 (E), Q)

exist. It follows that a; = 0 (assuming the opposite, for some X € C?(2; R") one would get the
liminf in (5.1) to be —c0), and consequently
az

. 1 X . 1 X
5= tl_l}%lJr ?(Pers(qﬁt (E),Q) — Pery(E,Q) — tay) = tl_l)rél+ t—2(Pers(¢t (E),Q) — Pers(E,Q)) > 0.

Thus, E is stable in ) for Definition 2.2.10.

Remark 5.1.2. To be precise, in [CCS20] the authors take (5.1) as their definition of stability.
FEven though this seems to be slightly different from the notion of stability used in this work
(Definition 2.2.10), since t +— Pers(¢;X (E),Q) is of class C? for X € C2(Q;R"), by the argument
above the two notions are equivalent without any additional hypotheses on the set E.

To explain the surprising part of this work further, let us start by recalling the precise statement
of the two available results in the literature on the classification of s-minimal cones in R2.

Theorem 5.1.3 ([SV13a; SV13b]). Let s € (0,1) and E C R? be an s-minimal cone minimizing
the s-perimeter in compact sets of R2. Then, E is a half-plane.

Theorem 5.1.4 (Corollary 1.16 in [CSV19]). Let s € (0,1) and E C R? be an s-minimal cone
that is stable by rearrangements in R? (i.e., for Definition A for every Q € R?). Then, E is a
half-plane.

Since every set that minimizes the s-perimeter in compact sets is stable by rearrangements,
we see that Theorem 5.1.4 is stronger than the previous Theorem 5.1.3. The key point for which
our result is, in the range s small, more surprising than Theorem 5.1.4 is the following: Theorem
5.1.4 assumes stability (by rearrangement) also around the vertex of the cone, while our Theorem
1.2.20 assumes stability just in R? \ {0}. This is a major difference since Theorem 5.1.4 does not
hold only assuming that F is stable by rearrangements in R? \ {0}. Actually, this classification of
cones in the plane stable in R? \ {0} is not even expected to be true for all s € (0, 1), since the
cross X is expected to be stable in R? \ {0} for the s-perimeter and s close to 1, in accordance
with the case of the classical perimeter.

In this regard, our classification result Theorem 1.2.20 for cones in the plane stable in R? \ {0}
is of purely nonlocal nature and represents a remarkable difference from the theory of the classical
perimeter.
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5.1.2 Hardy’s inequality and the BV estimate for small s

Our proof relies on the Hardy inequality for the H?(R) seminorm and, specifically, on the
asymptotic behavior of its optimal constant as o | 1/2. The sharp constant in this inequality has
been established in [FS08a] (equation (1.6)), and it is also stated in [CCS20, Theorem 3.3]. We
will also use the fact that radially symmetric functions in C2(R \ {0}) nearly saturate Hardy’s
inequality; this is proved in Section 3.3 of [FS08a].

Theorem 5.1.5 (Hardy’s inequality). Let n > 1, 0 € (0,1) and u € HJ(R™ \ {0}). Then

2 // —u(y )IQd dy
’ |$|2°' - Rn xR7 |fU— |n+2o ’
where (n) / )2
_ I'in/4+0/2
=220 (5 —p/2)2
Ttn, (= ) A= o2 1)
and

Cno =221 "/QWUQ — o).

Moreover, the inequality is saturated by radial functions, that is: for every € > 0 there exists a
radial function &(x) = £(|z|) € C2(R™\ {0}) such that

£(x) // — W)
Hpo+e€ dxdy.
( ) R™ |1"2" R» xR" |~’U— |"+2‘7 Y

In particular, forn =1, s € (0,1/2) and 0 = % the constant reads as

_ 2

L5 [(452)2’
and, by elementary properties of the Gamma function, it is easily checked that
%17% C's?

€1 CE(1-4)

< C0s?,

for some absolute C' > 0 and every s € (0,1/2).
Summarizing, taking the & relative to ¢ = H | Lts in the saturation statement above, for every

)

5 € (0,1/2) there exists an even function ¢ € C2(R \ {0}) such that

E(a)? | £(@) — E)P
/R|x\1+sdxzcs2//m z gzt W

Lastly, for the same ¢, this directly implies

*&(z) |&(z) — )P
/0 x1+s = 032/ / ‘x_y‘Q-i—s dady. (5.2)
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The BV-estimate for small s

It is known [CSV19; Flo24] that stable s-minimal surfaces enjoy a uniform interior BV-estimate,
and that the same holds for stable solution of the fractional Allen-Cahn equation [CCS21; CFS24b].
The results in these references only control the dependence of the constant from s as s — 17. In
this work, we need the same type of BV-estimate with a control of the constant as s — 0.

Theorem 5.1.6. Let R >0, s € (0,1/2), and E C R™ be an s-minimal surface which stable in
Bg(z) and such that OF is C? in Bg(z). Then

| Q

Per(E, Brjs(z)) < —,

s
for some dimensional constant C' > 0.

We first recall a useful interpolation inequality for the s-perimeter that accounts for the
dependence on s both for s — 17 and s — 0. The inequality in the form we use here is not
explicitly stated anywhere; it is written throughout the lines of the proof of Theorem 3.1 in
[Tho24], or it follows from [Flo24, Lemma 3.13] and Young’s inequality.

Lemma 5.1.7. Let s € (0,1), R >0, and E be a set with locally finite perimeter. Then

Per,(E, Bp(z)) < C (Rl_sPer(E, Bsn(z)) + Rn_s) ,

1—s S
for some dimensional constant C' > 0.
With this inequality, we can deduce the BV-estimate for small s.

Proof of Theorem 5.1.6. Similarly to [CCS20], the theorem follows by inspection of the proof of
Theorem 1.7 in [CSV19], taking care of the explicit dependence of the constants as s — 0. For
the sake of clarity, we rewrite here the crucial estimates in the proof of Theorem 1.7 in [CSV19],
with the precise dependence of all constants on s, as s — 0. In the proof that follows C > 0 is a
dimensional constant that can change from line to line.

Since the statement is scaling and translation invariant, we can assume R = 1 and =z = 0.
Since F is stable in By, by Theorem 1.9 in [CSV19] applied to the kernel K(z) = 1/|z|""%, we get

Per(E, By) < C (1 + /Pery(E, B4)) . (5.3)

Moreover, by Lemma 5.1.7 applied with R = 4 we have

— S

Pers(E,By) < C (1 1 Per(E, By) + i) <C (Per(E,BQO) + i) ,

where we have also used that s < 1/2. Thus, by (5.3) and Young’s inequality we get

1

Per(Ev Bl) < ¢ (1 + \/P@I‘(E, BQO) + 1) < C <]. + 5Per(E, BQO) + é + 6)
S S

1
—-C (1 + g + 5) + 6Per(E, By),

for every 6 > 0. From here, arguing exactly as the end of the proof of [CSV19, Theorem 1.7] or
[CFS24b, Proposition 3.14], choosing d smaller than a dimensional constant d, = d(n) > 0 and a
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covering argument one concludes the uniform bound

¢

° 1
Per(E,Bl/Q) §C<1+6+> S .
S S

do

5.1.3 Classification of stable s-minimal cones in the plane for small s

It is well known that, for sets with C? boundary, the nonlocal mean curvature can be expressed
as a boundary integral (see, for example, the introduction of [Cab+18] or [Cir+18]). Precisely

2 (y — ) vor(y)
HE@z)=ZPV. d 5.4
Py = tpv | B oy, (5.4)
where vgg denotes the outer unit normal to OF.

In the proof of our main result, that is Theorem 1.2.20, we will need to use this fact for a cone
in R?, which is not globally C2. The validity of this representation formula (5.4) at some = € OF
does not really require the smoothness of F everywhere, but just smoothness in a neighborhood
of x and mild regularity of OF outside this neighborhood. Since the author could not find any
precise statement of this fact, and since we will crucially need it, we state and prove it here.

Lemma 5.1.8. Let s € (0,1), and let E C R™ be a set that is a finite union of open domains with
Lipschitz boundary. Let x € OE and assume that OF is C? in a neighborhood of x. Then HE(x)
can be expressed as in (5.4).

Proof. Fix € > 0 small. As the statement is invariant by translations, we can assume z =0 € JF.

Observe that
div( 2 )=-_2
Y\l ) T gl

We want to apply the divergence theorem to the vector field FF € CY(R" \ B.;R") defined by
F(y) = yly|~™*%), but this has not compact support. Nevertheless, since |F| = o(|y|'™") as
ly| — 400, it is a classical fact that the divergence theorem can be applied (e.g., [Ser83, Corollary
5.2]). Hence, by the divergence theorem, we can infer

y-v(y) / : ( y > / 1
do(y) = div dy = —s —dy,
/(9(15\35) |ly|+s @) E\B. y|mts B\B. [y[""*

where v is the outer unit normal to O(E \ B;). Similarly

y-v(y) 1
doty) = s | dy,
/E)(EC\BE) y|mts Be\B. |y["T*

where v is the outer unit normal to O(E€\ B:). Note that

A(E\ B.) = (OE\ B.) U (0B N E°), and 9(E°\ B.) = (9E°\ B.) U (dB. N E),

and that 7 = —v on the shared part of the boundary OF \ B. = 0E¢\ B.. Thus, subtracting the
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two equalities above

xee(y) — xe(y) / y-v(y) / y-v(y)
S dy = do(y) — do(y
/]Rn\Bg |y|+s a(E\B.) ly["T* (@) a(E\B.) |y"** )

. d d
af [ O [
om\B. |Vl oB.nEe Yl oB.nE Y|

Moreover

do(y) / do(y) 1 —1 -1
- Dy — H"L(0B. N E) — H" 1 (9B, N E°)),
I I L e

and it easily follows from the hypothesis that OF is C? in a neighborhood of 0 that
H 1 (OB. N E) — H" Y(0B. N E°) = O(").

Thus

d d
_/ :4(:21""/ %:O(El_s)—ﬂ), ase — 0T,
0B:.NE* Y| OB.NE |y

Letting ¢ — 0™ above and diving both sides by s gives

c — 2 .
no fyte s Jop lyl"**

which is what we wanted to prove. O

Let us fix the notation that we will use for cones in the plane. For a cone E C R?, we write
3 = OF and observe that ¥ is a union of half-lines from the origin. Write

N

2N
E=JE, s=J%i, 0B ={Z,%in},
i=1 =1

with the convention that Yony1 = 1. Here E; are disjoint conical sectors from the origin, that is
AE; = FE; for every A > 0, 3; are rays from the origin with the induced orientation from FE;, and
the number N could be +o0 in general, but will be finite in our proof.

We also denote by 67 the counterclockwise angle from ¥; and X;.

Lemma 5.1.9. In the notation above, there is ¢ > 0 such that for every x € ¥; there holds

/ 1 do(y) > c
S 0' I .
s, |z —yl*te V= 2|15 (1 — cos(6]))1+s

Proof. We have

1 do(y)
/ o= doW) / j =
s [z =yl i (22 + y[* — 2 cos(6;) |z[y]) 2

/OO dz B 1 /oo dt
0 (a2 + 22— 2co8(8])|xl2)*F 2l S0 (1442 - 2t cos(6])) T
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where we have substituted z = t|z| in the last line. Moreover

/OO dt _ /°° dt
o (1+4+¢-— 2tcos(0£))2$ o ((t—1)2+2t(1— cos(@f))){zgs

. 3/2 dt S 3/2 dt
- /1/2 ((t—1)2 4 2t(1 — cos(67))) 2" /1/2 ((t—1)2 +3(1 — cos(67))) %"

/1/2 dt /3/2 dt
= . 2+4s Z . 24s
—1/2 (£ —1)2 4+ 3(1 — cos(67))) = 172 (£ +3(1 — cos(6))) 2

1 /1/ 10 dt c
- > - .
~ (1= cos(8))) s J-1/10 (£2 + 3) T (1- cos(6]))1+s
This concludes the proof. ]

Now, we have all the ingredients to prove our main result Theorem 1.2.20. In the proof, we
plug in the stability inequality a radial test function that nearly saturates Hardy’s inequality on
(0,00), in the sense that (5.2) holds.

Proof of Theorem 1.2.20. By Theorem 5.1.6, that is the BV-estimate for stable s-minimal surfaces
for s € (0,1/2), and a standard covering argument we get that

2N = Per(E, By \ B1) < —

Hence ¥ = OF is a finite number of rays from the origin, whose number is bounded by

IN < % (5.5)

Recall the stability inequality (2.10), and let v; be the outer unit normal to ¥; from F;. For
the left hand side, for every ¢ € C?(R?\ {0}), we have

v —v 2 vi(z) — v
//EXZ | Z’:B _ ’224-(5 2 p(z)* do Z//Z - | ]x — ygis” p(2)? do(x)do(y)
= QZ H—J CoS 93 //2 . |$_ |2+s ( ) ( )

i#J

By Lemma 5.1.9 we can estimate

GO, ¢ @)l
//Zixzj ’x_y’%—sd ( )d (y) > (1—COS(0 ))1+s /ZJ- ’x‘l—i-sd '

Now, taking ¢(z) = £(|z|) with £ saturating Hardy’s inequality on (0, 00) as in (5.2), gives

)2 1 z)— 2
[ o2 ga [, BT RE want




148

thus

JL e )‘2£<\x|>2da<x>da<y>
nx3 y‘HS

() — E(y))? 1 — (—1)"*7 cos(6)
= 82 Z (//E ><E ’:E _ |2+s da(m)da(y)) Z (1 _ 008(05))14—5 ’

1<i<2N,i#j

€(z) — £(y))? 1— (=1)"7 cos(#?)
~ 2 </ / @ *y|2+s o dy> Z Z (1-— cos(ﬂg))HS ‘ (5:6)

J=1 {1<i<2N, i)}

Claim. There exists s, < 1/2 sufficiently small with the following property. For every
s € (0,s,), there exists j € {1,2,...,2N} such that

v (=D cos(8]) _ 1 (5.7)

<isan,izy (1 — cos(p7))Lts 1007

Indeed, suppose this is not the case. Then, for s arbitrary small, (5.6) implies

//Exz |VZ|:E— |1+(s)| &(|a))? do(x)do(y) > 10052/ / |f|x_ |2+52d .

From this inequality, using that F is stable gives

10052/ / ’£|m_y|2+s‘2 dxdy
//EXE e y,1+(s)| &(|2))? do(x)do(y)

(sta lltY) z
< //EXE . |:c|— !2@)' do(z)do(y)
o LI
_N/ / y|2+s drdy +Z//z xS Sy

Moreover, since |x — y| > ||| — |y||, we have

€ () = £(yDP” €(|]) — (y)) 2
//Exz |z — y[2ts //sz ||:v\ Wl do(x)do(y)

_ 2
[T
o Jo |:c—y|
for every i # j. Thus

* 6@ WP v 6@ €,
10082 ‘x— ‘2+s ]x— |2+s z

which implies, together with (5.5), that

s2> ¢ >Ls
~ 100N ~ 50C "’
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which gives a contradiction if s is small. Hence, the claim is proved.

Now, we conclude the proof of our theorem by contradiction, with s, the one given by the
claim above. Assume by contradiction that N > 2. Then, for the index j such that (5.7) holds we
get that (here, as above, the indices are modulo 2N)

L — (—1)7 02 cos(672) | !

. . < —
(1 — cos(#)72))1+s (1 — cos(#/?))s ~ 100

holds for every s < s,. Clearly, this is not possible for any value of 9;“ € [0,27), and hence we
conclude that NV =1 and F is made only of one conical sector of angle 6.

At this point, we would formally like to argue that, being F stationary for the fractional
perimeter, the first variation formula at = 0 implies that F is a half-space. Nevertheless, the
first-variation formula holds only at points € F where F is C? in a neighborhood of = (see
Remark 2.2.6), and this is not the case for the tip of the cone. Hence, we have to argue in this
spirit but a bit more indirectly.

With no loss of generality, up to rotation and complementation, assume that 6 € (0, 7] and

E={pe : p>0,0€(0,0)}.

Let (ti,t2) = t := ¢ € S!, so that 0E = ¥ = £y U X where g = {Xe; : A > 0} and
Y1 = {At : A > 0}. Observe that, since 6 € (0, ], we have that t3 > 0.
Since e; = (1,0) € ¥ and ¥ is smooth in a neighborhood of e; (see Remark 2.2.6), by the

first-variation formula ) )
XE<\Y) — XE\Y
HE(e)) =PV, dy = 0.
s'le1) /R ly—enprs Y

Moreover, by Lemma 5.1.8 this implies

(y—e1) -vs(y) _
P.V./E Wda(y) =0.

Note that the respective outer-unit normals to g and ¥; are —ey and t* := it, respectively.
Hence (y —e1) -vg(y) =0 for all y € $o, and (y —e1) - vs(y) = —t; =ta >0 forall y € ¥y. In
particular (y —e1) - vs(y) > 0 for all y € ¥. Thus

(y—e1)-vs(y)

This means that all the inequalities above are equalities, that is
to=0 = t=+eg = 0€{0,7}.

Since 0 € (0, 7], necessarily § = 7w and thus E is a half-space. O



Chapter 6

Asymptotics of the fractional
Laplacian and noncompact manifolds

6.1 Asymptotics of the fractional Laplacian and noncompact
manifolds

In this section, we present the results obtained in [CG24]. In this work, we have studied the
asymptotics of the fractional Laplacian as s — 0" on any complete Riemannian manifold (M, g),
both of finite and infinite volume. When M is not stochastically complete, we find that this
asymptotics is related to the existence of bounded harmonic functions on M see, for example,
Theorem 1.2.25 in the introduction.

As a corollary, in [CG24] we find the asymptotics of the fractional s-perimeter on (essentially)
every complete manifold, generalizing both the existing results [Dip+13] for R™ and [Car+22] for
the Gaussian space.

6.1.1 Preliminaries

Theorem 6.1.1 (Yau). Let M be a complete Riemannian manifold. Then every L*(M) harmonic
function is constant.

Proof. Let u € L*(M) be harmonic. It is a standard result by Yau (see, for example, [Lil2,
Lemma 7.1]) that, on every complete Riemannian manifold M, the Caccioppoli-type inequality

4
Vildn < g [ s
/BR(P) R? Bar(p)

holds. Since u € L?(M), letting R — oo gives that u is constant. O

Definition 6.1.2 (L*° — Liouville property). We say that a Riemannian manifold M has the
L*> — Liouville property if every bounded harmonic function on M is constant.

In the next lemma, we give the proof of a result that is known in the case of smooth Riemannian
manifolds [CK91; Sim93; Pin92|. Here, we give a proof similar to [Sim93] that extends without
modifications to the case of weighted Riemannian manifolds and more general ambient spaces.

Lemma 6.1.3. Let M be a complete, connected Riemannian manifold. Then
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(1) If (M) < 400, then for all x,y € M

t£+moo HM(xaya t) = m )

and the convergence is uniform in €2 x €, for every bounded 2 C M.
(i1) If w(M) = +oo, then for all x,y € M

lim Hy(x,y,t) =0,

t—-+o0

and the convergence is uniform in Q x Q, for every bounded Q C M. Moreover, for every
fized p € M there holds also

li H ) =0. 6.1
i sup v (z,p, 1) (6.1)

Proof. To prove the result, we use spectral theory. Let us first do the case u(M) = +oo. The
spectrum of the Laplacian o(—A) is contained in [0, c0) and by Theorem 6.1.1, we know that the
eigenspace of A = 0 contains no constant function except for the function identically 0.

Let {E)} >0 be the spectral resolution of the Laplacian, then for every f € L?(M) (here (-, -)
denotes the L?(M) scalar product)

@210 = [ e ).
Since lims_yo0 M = X{o}()\) we can apply dominated convergence to deduce that

tli)nélo(eﬂf,ﬂ =(Eof, f),

and since Eg projects onto the eigenspace of A = 0, made only by the constant function identically
zero, we get

Jlim (2, f) = 0. (6.2)

Now note that for all f,g € L>(M) we have |(e!®f, g)| = |(e!/?2 f,¢!/?2 g)|. Thus by Cauchy-
Schwartz

(2 f, g) = (/22 f,et/?2g) < ||e/?2 f|| 2 ||/ *2g]| 12
= ("2 f, [)(e®g,9) .

Taking the supremum over g € L?(M) with ||g||,2 < 1 and sending t — co gives that e f — 0
strongly in L?(M). Since this holds for all f € L?(M), this implies Hy(-,y,t) — 0 in L?(M) as
t — o0.

Now, by a local parabolic Harnack inequality, we can convert this convergence into pointwise
convergence that is actually locally uniform. Indeed for p € M, R < 1 to be chosen depending on
p, and t > 10, taking f = xp,(p) above gives

<€mXBR(p)»XBR(p)>=/ / Hy(z,y,t) du(z)du(y) > p(Br(p))®  inf  Hy(z,y,t).
Br(p) Y Br(p) z,y€BR(p)
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By the parabolic Harnack inequality (see Remark 6.1.5 after this proof) applied two times
inf  Hy(x,y,t) >C™" inf  sup Hy(z,y,t —1/2)
z,y€BR(p) z€BR(p) ye Br(p)

>C™' sup inf Hpy(x,y,t—1/2)
z€BR(p) YEBR(P)

20_2 sup HM(iU,y,t_]-),
x,ycBr(p)

for some C' > 0 depending on Br(p) C M but independent of ¢t. Hence

sup HM (%, Y, t) < C(BR(p))<e(t+1)AXBR(p)> XBR(p)> —0 5
z,y€BR(p)

as t — oo. Covering any bounded set with small balls allows us to infer the desired local uniform
convergence.

We are left to prove (6.1). By the properties of the heat kernel, we have

HM(pvpv t) = /M H]2\4(p7 2, t/2)du(z) = ||HM(p7 % t/2)||%2(M)
Moreover
HM(IL’,p,t) = /M HM(-’L', 2, t/Q)HM(pv z,t/2)d,u(z) < \% HM(papvt)HHM(:L" K t/Q)HLQ(M)’

which concludes the proof if we are able to show that sup,ep, [[Har(, -, t/2)|[12(pr) is bounded as
t — oo. However, since by the semigroup property Hys(z,y,t) = e~ DA (Hy(z,-,1))(y) and we
have the contraction estimate ||eSA(f)||L2(M) < | fllz2(ary for every s € (0,00) and f € L?(M) we
can write

| (e, Ol 2y = e V2 (Hag (e, D)2 < | Harla, - Vil e > L.

Therefore, we reach the sought conclusion. This concludes the proof of (ii).

Now assume p(M) < +o00. Since the proof in this case is almost identical to the one for infinite
volume, we just sketch the argument, highlighting the differences. The only essential difference
is that in the case pu(M) < 400, the eigenspace relative to A = 0 is made only by the constant

function p(M)~/2. Hence
1
Bof = o | fdn=f 1
’ w(M) s : M

lim <emf —][ f,f> 0.
t—o00 M
From here, the proof proceeds exactly the same, showing that Hp/(-,y,t) — 1/u(M) — 0

strongly in L2(M). Then, one can turn the convergence into pointwise and locally uniform by a
similar argument with the parabolic Harnack inequality.

and in place of (6.2) we get

Indeed, denoting by (f)4+ the positive part of f, we see that the function

vi= (Hu () = 1/pn(M)) 4

is a nonnegative subsolution to the heat equation. Then, by the parabolic version of the Moser-
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Harnack inequality (see, for example, [Sal95, Theorem 5.1]), we have (here C' depends on R and
the geometry of M in Bar(p))

t+R?
sup v? < C’/ / > dp — 0. (6.3)
[t+R2/2,t+R?] t Br(p)

Hence limsup,_, o Hy(,y,t) < 1/u(M). Arguing similarly with the negative part also gives the
lim inf inequality, and hence the pointwise convergence. The fact that the convergence is uniform
follows from (6.3).

O

Remark 6.1.4. Since |[Hp(x, -, t)|[z1ary < 1 and |[Hp (2,5 t) || oo (ary — 0 as t — oo, we conclude

that also ||Hpr (2, -, )| Lo(ary = 0 for any p € (1,00]. The convergence to zero in L' (M) is clearly
prevented if M is stochastically complete.

Remark 6.1.5. We emphasize that we have used only a local (non-uniform) Harnack inequality
in Br(p) C M, that is where the constant is allowed to depend on the point p and radius R. This
s clear since, for fired p € M one can take R < 1 such that, in normal coordinates at p, the
metric coefficients satisfy | 9i; — dijllc2(Brp)) < 1/100. Then, any solution u : Br(p) — R to the
heat equation on M satisfies (in coordinates)

ug—Lu=0, in Br(0) x (0,400),

where —L s a uniformly elliptic operator with uniformly bounded coefficients. Hence, by the
standard Harnack inequality on R™ one can conclude the local estimate.

Remark 6.1.6. One can turn the previous local uniform convergence in (6.1) into the convergence
of solutions of the heat equation. Indeed, in the case p(M) = +oo, since Hys(-,p,t) converges
uniformly to zero, we get (by dominated convergence)

1) = [ Hley 0F(@)dula) 0 ast - oo,
M
for every y € M and f € L'(M).

6.1.2 The heat density

Now, we shall briefly comment on the following quantity

1
E) = 1li dy,
() s—1>r(§1+3/5\31(0) s

introduced by Dipierro, Figalli, Palatucci, and Valdinoci in [Dip+13] as a measure of the behavior
of the set E near infinity, and which is (up to a dimensional constant) the limit in (1.11) in the
case M = R" with its standard metric. This quantity is invariant by rescaling of E' and, at first,
can be thought of as a measure of "how conical” FE is near infinity. Indeed, if the blow-down
E/X converges in L _(R") to a regular cone Es as A — oo, then a(E) = H" }(Ex NS"71).
Nevertheless, the fact that this limit exists is not equivalent to having a conical blow-down.
Indeed, one can easily construct examples where the limit in «(F) exists, but the blow-downs of

FE converge to two different cones along two different subsequences.

The authors in [Dip+13] refer to a(E) as the weighted volume towards infinity of the set F;
however, in light of our results and description, it would be more appropriate to call this quantity
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heat density over E. Indeed, a(E) represents the fraction of heat kernel that flows through the
set towards infinity (this explains why 657 = 1 on stochastically complete manifolds).

Because of this intuitive reason, the limit in the definition of a(E) needs not to exist in general
if E, for example, oscillates between two cones near infinity. See [Dip+13, Example 2.8] for the
construction of such an example.

On a Riemannian manifold, a similar quantity is needed, but, since no canonical origin (as
in R™) is present, the singular kernel 1/|y|""* has to be replaced with Ks(y,p) and it has to be
proved if and when the limit (1.11) becomes independent of p € M. On Riemannian manifolds,
this property of the limit being independent of the base point p turns out to be quite delicate and,
as a consequence of Theorem 1.2.23, we will see that is implied by the L* — Liouville property of
Definition 6.1.2.

Definition 6.1.7 (Heat density of a set). Let E C M be a measurable set. We define, for every
p € M and R > 0, the heat density of E as the following limit

0r(p, R) := lim Ks(z,p)du(x),

when it exists. At this level, this may depend on p and R.

Note that, at this point, it is not even clear whether the limit (1.12) of the heat density 0y,
of the whole M exists or is different from zero. For example, as a consequence of the proof of
Theorem 1.2.28, if there were complete Riemannian manifolds with (M) = +oo and 65 # 1,
then we would see the asymptotic

1
lim §PerS(E, N)=Op —0p)W(ENQ) 4+ 0pu(E°NN)

s—0t

holding (even when 657 # 1), and if 85 = 0 this would mean that there are Riemannian manifolds
where the asymptotic of the fractional s-perimeter of any set E is zero. These type of Riemannian
manifolds exist; we describe such a manifold in Example 6.2.4.

First, we show that this does not happen if M is stochastically complete: the limit (1.12)
always exists, and it is equal to one. Actually, more is true: if there is a point p € M for which
the limit is 1, then the manifold is stochastically complete.

Before doing so, we state a corollary that follows directly from Lemma 3.4.8.

Corollary 6.1.8. Let (M™,g) be a complete Riemannian manifold, and let R > 0, p € M. Then
S ans)0) = [ Hulwpt) duls) < Ce N,
M\Bg(p)

for some C,c > 0 depending on the geometry of M in Br(p).

Proof. Let r be small so that FAy(M, g,r,p,p) holds (see Definition 3.4.1), and consider the
Riemannian manifold M := (M, g/(4r)?). With no loss of generality (up to taking a smaller ),
we can assume 7 < R. Clearly, we have that FAq(M, g/(4r)2,1/4,p, ¢(-/(4r))) is satisfied (see (b)

—

in Remark 3.4.5). By Lemma 3.4.8 applied to M we have that

[ A@padie) < ceh
M\Bl/4(P)



155

Scaling back this inequality to M (see (b) in Remark 3.4.5) gives

/ Hyr(z,p,t)dp(z) < Ce—cr’/t ,
M\B-r(p)

for some C, ¢ > 0 dimensional. Since M \ Br(p) € M \ B,(p), this concludes the proof. O

Proposition 6.1.9. Let (M,qg) be a complete (possibly weighted) Riemannian manifold with
w(M) = 400, and let Opr(p) be as in Theorem 1.2.23. If M is stochastically complete, then

Oy = lim Ks(x,p)du(x) =1 Vpe M. (6.4)
=0T JM\B1 ()

Conwversely, if there exists p € M such that

Or(p) = lim Ks(z,p)du(x) =1,
s JM\B1(p)

then M is stochastically complete.

Proof. Note that since p(M ) = +oo we have u(M \ Bi(p)) > 0. We want to compute the following

s > dt
lim — H t)——=d .

Claim 1. There holds

dt
li H -2 g 0.
e Q/M\B1(p / m(z,p.t t1+s/2 px) =

Indeed, this directly follows by writing

dt
l H Trepdu(@) = 1 o t)d
0t 2 /M\Bl p)/ m(@ 2 1) g dule) = Ji, 2/ {its/2 (/M\Bl(p) ket Mm))

and exploiting the estimate of Corollary 6.1.8.
Claim 2. There holds

dt
8141)161""2/31 / Hy(z,p,t tl+s/2d w(z) = 0. (6.5)

By the uniform convergence of the heat kernel to zero (in particular, by the result contained
in Remark 6.1.6), we get that e'®(yp, (»)(P) — 0 as t — oo. Therefore, for all ¢ > 0 there exists

T = T(¢) such that e**(yp, (»)(p) <€ forall t > T, whence

, s [ dt s (T at s [ dt
timsup 5 [ €' () 0) sz (o) < lim 5 [ etmsup S [T E <

s—0+ s—0t 2 s—ot 2.J7

for all € > 0, proving the second claim.
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Now, thanks to the first claim, we can reduce ourselves to computing

dt
81—1>I(I)l+2/M\Bl / Ha(z,p,? t1+5/2d )

Then we can then add (6.5) to the previous limit, which gives zero contribution, and we end up

with
lim — H t)——— di du(x).
si%l+ 2 M (@2 ) s

lim > “h D-T i) = tim S [ - gy =1
s—l>r(r)1+2 Mxp7 t1+s/2 s—1>I(I)1+2 1 t1+s/2 e =4

and this concludes the proof.

Conversely, assume that (6.4) holds, then since both the previous claims hold on any connected
and geodesically complete Riemannian manifold, we have

I S//OOH( H-U du(z) =1
im — X — xr) = 1.
S0t 2 A M\Z, D, t1+8/2 1%

Setting M(t,p) = [,; Hy(x,p,t)du(z) < 1 we can infer that, for every T > 0

1= lim M(tp)dt<lim8/ -

a0+ 2 tits/2 70 = o+ 2 Jp o tlts/2

Now, assume by contradiction that M is not stochastically complete. Then since M(¢,p) is
nonincreasing in time and nonnegative, there holds lim; o, M(t,p) < 1 — 6 for some 6 > 0, and
we would have M(¢,p) < 1—§/2 for every t > T = T'(6). This gives

 M(t, p) .S —4§/2
= < e _
1= slﬁ()+ 2 tlts/2 dt < slir(r)1+ 2 /T tl+s/2 ez =1 6/2’
reaching a contradiction, hence limy_,o, M(t,p) = 1 and since M(-,p) is nonincreasing, we
conclude. 0

It is an easy consequence of the proof of Proposition 6.1.9 above the following simple result,
which we will need in Section 6.1.4.

Lemma 6.1.10. Let E C M be a set for which the limit

Jim EHM(p,:L' ,t)dp(x) (6.6)

exists for allp € M. Then Og(p) exists for all p € M and coincides with the above limit.

Proof. Arguing as in (the first part of) the proof of Proposition 6.1.9 one immediatley gets

. s 1/s dt
lim /E ; HM(p,x,t)Wdu(x) =0.
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Therefore, to prove that 0 (p) exists, we just need to prove the existence of

.8 > dt
Sli)%l_'_ 5 /E /1/5 HM(p,l’,t)md,Uz(ﬂf),

which is a trivial consequence of the existence of (6.6). O

Remark 6.1.11. Following the proof of Proposition 6.1.9, one can see a clear picture of what
happens to the limit in Op(p) even when M is not stochastically complete. Indeed, for every
Riemannian manifold (not necessarily stochastically complete) and p € M, the limit limy_, o M(t, p)
exists. This follows from the fact that M(-,p) is nonincreasing and nonnegative. Since

M(t,p) = /M Hy(p,x,t) du(z) = 1

is a solution to the heat equation starting from the function equal to one; it follows from the proof
above and from standard parabolic estimates that M(t,-) — O in CZ (M) as t — oo, where
Oy : M — R is a bounded, nonnegative harmonic function on M. Therefore:

(i) If M is stochastically complete, we have Oy = 1 (in particular, the value of Oy does not
depend on the point), and the proof above shows Oy = 1.

(ii) If M is not stochastically complete but satisfies the L>° — Liouville property (see Definition
6.1.2) we know that Opr = 0, € [0,1) and, following the proof of the proposition, one finds
that the limit in the definition of Oyr exists, does not depend on the point p and there holds
Oy = 05. Note that such Riemannian manifolds exist and were first constructed in [Pin95].
In Example 6.2.4, we describe one with 6, = 0.

(i5i) If M is not stochastically complete and does not satisfy the L°° — Liouville property, then in
general 01 is a nonconstant harmonic function on M, and the value of Op;(p) can depend
on the point p.

6.1.3 Proof of Theorem 1.2.23

Proof of Theorem 1.2.23. With no loss of generality, assume r < R.
Step 1. First, we show that the limit does not depend on the radius, that is

HE(p7 R) = QE(p7T) :

We have

‘ / Ko, p)dule) — / K (e, p)dp(a)| < / Ky, p)du(c)
E\Bg(p) E\B-(p) Br(p)\Br(p)

! dt
< Cs/ / Hy(x,p, t) ——=du(x
BR(p)\BT(p) 0 M( )t1+5/2 'LL( )
+C Y (o )= dp(a) = I+ 1
s . M\T, p, H1+s/2 pT) =11 2.

For the first integral, by Corollary 6.1.8 as s — 07

I ocos [ dt o e
1<Cs | e 0ans, ) 0) s <05 | s di = 0.
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Regarding the second integral, for all € > 0 by Lemma 6.1.3 there is T = T'(¢) > 0 such that
|Hn(z,p,t)] < e for all x € Br(p) and t > T, hence

dt dt
I < Cs/ /BR (z,p, t)du(z )tHS/2 +C’s/ /BR(p w (@, ps )dp(r) s

dt o dt
< Cs/l ey + Cseu(Br(p ))/T ey

= C(1—T7°/%) 4+ Cep(Bg(p))T /2,

letting s — 07 (and then € — 0) gives Iy — 0. Hence, taking s — 0" shows 0g(p, R) = 0g(p, 1),
showing that the limit never depends on the radius. Note that what we have just proved already
implies that if £ is bounded, then the limit exists and 6 = 0 since one can just take R > 1 so
that £\ Br(p) = 2.

Now fix ¢ € M. For every p € By/3(q) we can write

0r(p) = lim Ks(z,p)du(x).
5207 JB\B1(g)

This is possible because we always have independence on the radius. Indeed

]/ Kolonhin@) ~ [ Kwpinto)| < Ko(,p) du(e).
E\By2(p) E\Bi1(q) B1(9)\B12(p)

hence
fimsup| [ Ku(epda(e) ~ [ Ko pdu(o)] < 05,0 =0.
s—0F E\B12(p) E\B1(q)
Set - "
S A
Ops(p) == 2/0 e (XE\Bl(q))(p)m» (6.7)

so that 0g(p) = lim,_,o+ Op s(p).

Step 2. 0 is harmonic.

By Corollary 6.1.8 we have that that 0 < Og 4(p) < C, for some constant C' > 0 depending
only on M. Now fix ¢ € C2°(B}/2(q)), by dominated convergence

/9E(Acp dp = lim @Es(Agp)d,u: lim (ABg s )pdu. (6.8)
M

s—0t s—=0t J s

Note that, for fixed s and p € B /5(q), we can write

dt dt
A@E s / Ae XE\Bl( ))( )t1+s/2 = / 6156 XE\Bl(q))( )t1+5/27

which, after integration by parts, becomes (note that the boundary term at ¢t = 0% is zero due to

Corollary 6.1.8) equal to
S > tA (]. + 3/2)
2/0 e (XE\Bl(Q))(p> $2+s/2 dt.

The latter quantity goes to 0 as s — 07, and is uniformly bounded for s € (0, 1), for every
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p € By/2(q). Hence, going back to (6.8) we get

/ Op(Ap)du=0.
M

That is, 0 € L (M) is a very weak solution of Afg = 0. We're left to prove that f is smooth
and is a classical solution of Afp = 0. In a small chart, in coordinates, one can see that 0 is
a very weak solution of 8,-( |det(g)]g"™ 8]-«9E) = 0. Choosing the chart sufficiently small, we get

that the coefficients \/|det(g)|¢g" are smooth and uniformly elliptic. Then, for example by [ZB12,

Theorem 1.3], we get that 0 € I/Vlif (M) and bootstrapping classical elliptic regularity gives that
0f is smooth and harmonic.

Lastly, (1.12) follows from the last part of the proof of Proposition 6.1.9, and the fact that
p +— Oar(p) is harmonic is verbatim the proof we did for E C M above. O
6.1.4 On the dimension of the space of bounded harmonic functions

On a complete Riemannian manifold M, denote by
Hy(M) := {bounded, harmonic function on M }.

In this subsection, we explain how Theorem 1.2.23 can be used to bound from below the dimension

of Hy(M).

Definition 6.1.12 (Bulky set). Let M be a stochastically complete Riemannian manifold (thus,
in particular, Oy = 1) with u(M) = +o0, and let E C M. We say that E is a bulky set if 0
exists and

supfg = 1.

M

Lemma 6.1.13. Let E, F C M be disjoint sets such that 0 and O exists. Then Ogpur exists
and Ogup = 0 + OF.

Proof. The proof is trivial by the additivity of the integral in the definition of Ogyp. O

Theorem 6.1.14. Let m > 1 and M be a stochastically complete Riemannian manifold with
w(M) = +oo. Assume that there exist m disjoint E1, ..., Ey, bulky sets (see Definition 6.1.12).
Then dimg Hy(M) > m.

Proof. By Theorem 1.2.23 we see that 0g,,...,0g, are m harmonic functions with values in (0, 1].
By Lemma 6.1.13, for every x € M there holds

9E1 ($) 4+ ...+ €9Em($) = 9E1U‘..UEm(~T) < QM(.%) =1. (6.9)

We show that these m harmonic functions are linearly independent. Assume by contradiction
that there are «q ..., oy, € R such that

a19E1 +...+Ozm9Em =0. (610)

With no loss of generality (up to relabeling the sets E;) assume also a; # 0.
By the very definition of bulky set, there is a sequence x € Fy with 0, (z;) — 1 as k — oc.
Hence, taking x = xj in (6.9) and letting k — oo gives

lim g, (zx) =0, Vi=2,...,m.
k—o00
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Thus, evaluating (6.10) at x = z, and letting k — oo we get
ap lim O, () = a1 =0,
k—o0
and this contradicts a; # 0. O

The relationship between bulky sets and the notion of massive set

Definition 6.1.15 (Massive set). A subset E C M is said to be massive if there exists a bounded
superharmonic function v > 0 such that v =1 on M \ E and infgv = 0.

We call such a function v an admissible function for E, and we call
sp(z) :=sup {v(z)|v < 1 is admissible for E'}
the superharmonic potential of E. Let also
eg(x):=P(3t>0|pf € E),

and
hg(z) :=P3t; T +oo | B € E),
where 3 is a standard Brownian motion on M. We recall the following result, whose proof can

be found in [Gri99a, Section 4.5].

Theorem 6.1.16. Let E C M be open with OF smooth. Then for every x € M
(1) ep(x) = san\p(2).
(ii) hp(x) = limy_ o etA(sM\E).

It follows from the definition of massiveness that F is massive if and only if sg # 1, hence
from (i) we get that F is massive if and only if ey p # 1. Note that this is not equivalent to the
fact that P(5F € E, Vt > 0) > 0 for some x € M, since M could be stochastically incomplete.

The next result shows that bulky sets (see Definition 6.1.12) are essentially massive sets for
which the limit in 0 exists.

Lemma 6.1.17. Let M be a stochastically complete Riemannian manifold with (M) = +oo. Let
E C M be open with OFE smooth. Then

(i) If E is massive and O exists, then E is bulky.
(i1) If E is bulky, then E is massive.

Proof. (i). Let E be massive and ¢ exists. By Theorem 6.1.16 we have Oy g < expp = sg.
Moreover, by [Gri99a, Proposition 4.3] there holds infy; sp = 0, thus also infy; 6y g = 0. Since
Orne =1 — 0 we get supy, 0 = 1, that is E is bulky.

(ii). Suppose by contradiction that E is not massive. Then by Theorem 6.1.16 we get sp =
exn\e = 1, and thus syn g = 0. Hence, by Theorem 6.1.16 again, hp = limy—00 etA(sM\E) =0,
which by definition of hr means that

P(3ty t +oo | Bf, € E) =0, Vxe M.
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This implies that almost surely there exists 7 > 0 such that 57 € M \ E for all ¢ > 7, and hence

t—-+o0 t—o00

0= lim P(pf € E) = lim /EHM(x,y,t) du(y) .

By Lemma 6.1.10 we get 6 = 0 and hence E is not bulky, contradiction. O

Remark 6.1.18. [t is clearly not true that E massive implies that E is bulky. That is, the
assumption that O exists is necessary. This is because massiveness is a notion that “bounds from
below” the size of E (to say that adding an arbitrary set to a massive set results in a massive set),
while the notion of a bulky set asks for a suitable weighted limit at infinity to exist.

Recall the following celebrated result by A. Grigor’yan [Gri90)].

Theorem 6.1.19 ([Gri90]). dimg Hp(M) is equal to the supremum of the number of disjoint
massive sets (see Definition 6.1.15) which can be put on M.

Lastly, let us point out that we believe our Theorem 6.1.14 holds in the sharp version similar
to Theorem 6.1.19. That is, we conjecture the following to hold:

Conjecture 6.1.20. Let M be a stochastically complete manifold of infinite volume. Then
dimg Hy(M) is equal to the supremum of the number of disjoint bulky sets (see Definition 6.1.12)
which can be put on M.

6.2 Infinite volume asymptotics and proof of Theorem 1.2.28

Now we turn to the proof of Theorem 1.2.25. To prove this result, we will need Lemma 6.2.1
below, which essentially says that for manifolds with u(M) = 400, the singular kernel Ky locally
behaves like that of R™ as s — 0. This is not the case for finite volume manifolds'.

Recall the notation of Remark 2.2.3, where we denote by # the singular kernel of R™

y[nts
with its standard metric. Note also that

cns(2—5) < aps < Cps(2—s).

The following lemma is a sharpening of Lemma 3.4.13 for manifolds with infinite volume.
Indeed, in Lemma 3.4.13, we were not interested in characterizing the sharp dependence from s of
Ks as s — 0F. Moreover, in Lemma 3.4.13, we estimate K4 locally on every complete Riemannian
manifold M (both with finite and infinite volume), but the result stated in Lemma 6.2.1 below is
not true on manifolds with finite volume.

Lemma 6.2.1. Let (M, g) be a complete n-dimensional Riemannian manifold with u(M) = +o0,
and let p € M. Assume that in normal coordinates at p there holds S5|v|* < gi;(q)viv? < 195 |v]?
and |Vgij(q)] < 1/100 for allv € R™ and g € Bi(p). Then there exists K, : Bi(p) x Bi(p) — [0, 00
such that

lim sup ‘Ics(x7y)_lcls($7y)‘ =0,

s=0% ¢ ye B, /5(p)

and for all x,y € By 3(p)

Qnp s / Qnp s
— 7 <K <(C—-—"2— 6.11
“d(z, yyrte = o(@9) < d(z,y)nts’ (6.11)

ndeed, for finite volume manifolds, the same conclusion (6.11) holds with constants depending on s, but as
s — 07 the constants do not behave like the ones of R™.
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for some dimensional constants ¢, C > 0.

Proof of Lemma 6.2.1. Let o' : Bi(p) — R™ be the inverse of the exponential map at p. Take
n € C(Byy5(0)) with XBy5(0) < N < XB, 5(0) and let 9i; = gizn + (1 —n)d;;. This is a metric on
R™ with g;; = gij in By/5(0). Denote by Ky, K the singular kernels of (M, g) and M’ := (R, ¢')
respectively. Let A := SUDgeR, 5 (p) Hy(gq,q,1) and A’ := SUDseB, /5 (0) Hyy(x,2,1), and note that

sup sup Huy(q,q,t) <A, sup sup Hyp(z,z,t) <N,
t21 g€ By /5(p) t21 z€By /5(0)

since the maps ¢ — Hy/(q,q,t) and t — Hyp (2, 2,t) are decreasing. For z,y € By/5(0) we have

. ole) 0(0) = Kile)] < i [ 1Harlee)oto) ) = Haolow 0] 55

1
< Cs(2=3) [ |Hure(@). o0).0) = Har e, 0l 355
1/s
+Cs2=) [ [Harlola).olo). ) = Han (oo t) 5
#Cs =) [ |l o) 6~ Hueo 0.8 5

= 08(2 - S)(Il + Is + Ig) .
By Lemma 3.4.11 there holds

1 dt ! —c/t dt
11:/0 \HM@(@,@(y),t)—Hw(%t)\tmnSC/O e laEn =0

for some dimensional C' > 0. Regarding the second integral

1/s dt 1 — s%/2
< ! = /
.72_/1 (A+A)t1+s/2 (A+A) s/2
and lastly
0 dt
= [ 1Hule@) o)1) — Hy (.|

o d
< 58/2/1 |:HM(SO('T)a @(y),f/S) + HM/(:c,y,E/S) glJFES/Q =0,

as s — 07, since both M and M’ have infinite volume, and thus, their heat kernel tends to zero
as t — +o00 (see Lemma 6.1.3). Hence, as s — 07

[Ks(p(x), 0(y) = Kila,y)] < Cs + C(A + A)(1 = s*%) +0(1) = 0,

and note that this estimate is uniform in z,y € B;/5(0). This follows, for example, from the
parabolic Harnack inequality since one can locally estimate the supremum of Hjy; and H s with
the L! norm at later times; see the end of the proof of Lemma 6.1.3. Then

lim  sup ‘/Cs(%y)—lcls(l’??/)‘ =0.
s—0T x,y€B1 /5(p)
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Lastly, by Lemma 3.4.7 there exists dimensional constants ¢, C' > 0 such that

Qn s

«Q
s <K <O0—1
c ICS($7 y) — Cd(l’,y)n+s b

d(z,y)"+s —

and this concludes the proof. O

6.2.1 Proof of Theorem 1.2.25

Proof of Theorem 1.2.25. As we can assume s < S,/2, it follows from the proof of Proposition
A.1.7 that the integral in (—A)g/ 2y is absolutely convergent? for a.e. € M, and the principal

i
value is not needed. Moreover, since u € H*/2(M) we have

/ (u() — u(y))? K, (2,9) du(y) < +o0,
M

for a.e. x € M. Fix x € M in the intersection of these two sets of full measure, and take R such
that supp(u) C Br(x). Then

(—A) u(z) = / (u() — u(y))Ka(z, y) du(y)
M

- / (u() — u(y))Ka(z, y) du(y) + u(z) / Ku(e,)du(y).  (6.12)
Bg(x)

M\Bg(x)

Note that being pu(M) = +oo we have
[ K@y)duty) #0.
M\BRr(x)
Claim. As s — 07 there holds

lim (u(z) —u(y))Ks(z,y) du(y) = 0.

s—0t Br(z)

Indeed, let p < 1 small that will be chosen later. We denote here by C' a constant which does not
depend on s. Then

[ ) ki) du(y)‘

r(x)
— \ / (u() — uly))Ks (e, y) duly) + / (u(@) — u()Ks (2, 3) du(y)
B,(x) Br(z)\Bp(z)
< / (@) — u()|Ks(z y) duly) + 2ljul / Ko, y) du(y)
By (x) Br(z)\B,(x

We estimate these two integrals separately. Let K, be the singular kernel given by Lemma 6.2.1,
applied with p sufficiently small and suitably rescaled. For the first integral, Lemma 6.2.1 gives

s—0F

timsup [ Ju(e) = )| (Ku(e.) ~ Kie.9)) duly) = 0. (6.13)
Bp(f)

2Here we are not assuming M being stochastically complete, but in Proposition A.1.7 stochastical completeness
is only used to have that (—A)SB/Qu = (—A);i/Qu a.e., not to show the absolute convergence of the integrals.
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Moreover, by the bounds of Lemma 6.2.1 and since u € H*/2(M), for a.e. z € M

M § u(z) — u(y))? x 00
/Bp(a:) d(x,y)"+50 dy < C( o) Lp(x)( ( ) (y)) ICSo( 7y) dy < +oo0.

Hence, by Lemma 6.2.1 again and Holder’s inequality

[ ) —u K dut) < 0s [ D=t
By ()

By d(x,y)"ts

(u(x) —u(w)? " . 12
u\r) —uly
( B,(x) d(x7y)n+30 > ( B, () d(l’,y)"+25_s°dy>
So—28 1/2
S CS ( p ) — 07
S0 — 28

as s — 0T, where in the second-last inequality we have used polar coordinates for p sufficiently
small (possibly depending on x). Thus, with (6.13) we have that the first integral tends to zero.

Regarding the second integral, one can note that we have proved in part (i) of Theorem 1.2.23
that, for every € M and r, R > 0

lim Ks(z,y)du(y) =0,
s=0% J B (2)\Br(2)

since Br(z) is a bounded set, and this concludes the proof of the claim.
By the very definition of ;; we have

lim Ks(z,y) du(y) = On (),

s=0" JM\Bg(z)

hence letting s — 07 in (6.12) gives

lim (—A) u(z) = O (2)u(z)

s—0t

for a.e. x € M, and this concludes the proof. O

6.2.2 Global asymptotics

To prove our result Theorem 1.2.30 on the asymptotics for infinite volume, one needs also to know
the asymptotics as s — 07 of the fractional s-perimeter on the entire M, that is, when Q = M.
This is addressed by Theorem 1.2.26 on the asymptotics of the fractional Sobolev seminorms,
which we now prove, and which is the counterpart of Theorem 6.2.9 in the case of infinite volume.

Proof of Theorem 1.2.26. Formally, one would like to infer that
Lo sl 2
3 Whereon =g ff (@) = u@) K@, y) du(z)duly)
X

:/ u(—A)§{2ud#ﬂ> w6y dp
M M

where the first equality is the very definition of the seminorm (see Definition 2.2.1). The second
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inequality is nontrivial since the integrals one would write in the few lines of a proof are not
absolutely convergent in general. Moreover, for the last step of taking the limit as s — 07, one

needs to show that the a.e. convergence (—A)‘;{Qu — Opru of Theorem 1.2.25 can be upgraded to

weak convergence in L?(M). Now we shall justify both steps.
Step 1. We have

3 () = )P dute)dnts) = [ (-2 610
Fix € > 0 and let

(=) 2u(z) = / (u() — u(y)Ke (2, ) duly)

M\Be(z)

Let also D := {(z,2) : z € M} denote the diagonal of M x M and Ds a J-neighborhood of D.
We have

/I (ule) — u(y))*Kea (2, 9) dp() du(y)
MxM\D
-/ w(@)(u(z) — u(y))Ks(z,y) du(z)dp(y)
MxM\D
- // u(y) (ulz) — u()Ke(z, ) du(x)duly)
MxM\D
=2 ) K ) ()
—o /M /M\Bs(x w(@) () — u(y))Ks(e, y) du(y)du(z)

- / w(—A) udy,
M

where splitting the integral and Fubini are justified since the integrals are absolutely convergent.
Indeed

/ / () (u(z) — u(@))|Ka(z, y) du(y)du(z)
M JM\B ()
< /M () /M\BE(@ Ko(z, 9) du(y)du(z) + /M ) [ K ) ).

but by Corollary 6.1.8

dt
Ks(z,y) duly C/ (/ Hyr(z,y,t) du(y)> s
/ M\B.(x) M\B. () thte/2

—c/t
< C/ +s /2 ¢,
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for some C' depending on s and €. Hence
/ / () (u(z) — uly)|Ks(x,y) du(y)du(z) < C(lull e, plsupp()), &, s) < +oo,
M JM\B.(z)

and this shows the absolute convergence.

Moreover, by Proposition A.1.7 for a.e. x € M the integral in (—A);{ uis absolutely convergent,

then
/ ’ 5/2 . A):/Zulﬂd'ug/
M

and the right hand side ternds to 0 as € — 0. Indeed, as ¢ — 0, by the very same argument at the
end of the proof of Theorem 1.2.25, there holds

2

/ () — u(y) K (2, y)duty)| dule),
B:(x)

/ M) U)K () 0

for a.e. x € M, and for x fixed, the convergence is monotone (decreasing) since the integrand is
positive. Hence we have proved (—A)g/Qu — (—A);{Qu in L?(M) as € — 0. Now, letting € — 0 in

1 S
2 //MxM\D (u(z) = u(y))*Ks(z, y) du(z)duly) = /M u(—A)8 /QUdM,

together with the monotone convergence theorem on the left-hand side, we get the equality of the
seminorms, and this completes the proof of Step 1.

Step 2. As s — 0T, there holds

(—A);./Qu — Opru weakly in L?(M).

1

The convergence a.e. to Oyru is given by Theorem 1.2.25. To prove that the convergence

holds weakly in L?(M), we show that (—A);{Qu is equibounded in L?(M). By (A.8) there is C
depending only on s, such that

2
H(=2)52ul 220y < Cllulagar + Cs?ulZee ar)

1

and hence )
limsup [|(~A)%2ull2 ) < Cllul2agay) < +o0.
s—0t
This concludes Step 2 and, sending s — 07 in (6.14) concludes the proof. O

Corollary 6.2.2. Let (M,g) be stochastically complete and with u(M) = +oo. Let E C M be
bounded and such that Pers (E) < 400 for some s, € (0,1). Then

lim 1PelrS(E) = u(E).

s—0t

Proof. Since M is stochastically complete, by Proposition 6.1.9, we have 63; = 1. Then the result
follows taking u = xg in Theorem 1.2.26. O

Remark 6.2.3. Note that the equivalence of the seminorms (6.14) always holds for characteristic
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functions, without any assumption. Indeed for every measurable E C M

2/ XE - () xp dr = 2/ <lim/ (1- XE(y))/Cs(x,y)dy) dx
M E \e70J A\ B.(2)

:2/ lim/ Ks(z,y)dy | dz
E \¢70J(M\B. (z))nE*
2 [ [ Koy = el

E JE°

where the second-last equality follows by the monotone convergence theorem.

One can note that stochastic completeness is not really needed in Corollary 6.2.2. Even when
M is not stochastically complete, by Theorem 1.2.23, we know that 6,/ is a (possibly nonconstant)
bounded harmonic function with values in [0, 1]. Then, by Theorem 1.2.26 with u = xg we deduce

1
lim ~Pery(E) = | 6 dp,
i, PenE) = [ b
which is Corollary 1.2.27. Consequently, if in particular 0y, = 0, € [0, 1] we have
1
lim —Pergs(F) = 0,u(F), 6.15
Jim o Pery(E) = fou(E) (6.15)

for every E bounded with Perg (E) < 4+00. This feature led us to note the following example,
which shows that, interestingly enough, Riemannian manifolds with 6;; = 0 exist.

Example 6.2.4. There exists a complete Riemannian manifold N where the asymptotics of
the fractional s-perimeter as s — 07 is zero for every set, that is: for every bounded E with
Per, (E) < +o00 for some s, € (0,1) there holds

lim Pery(E) =0.

s—0t

By (6.15) above, we see that it is enough to provide an example of a Riemannian manifold
N with On(p) = 0, meaning that the limit does not depend on the point p and is always zero.
Moreover, by part (ii) of Remark 6.1.11 this is satisfied if N has the L* — Liouville property, is
not stochastically complete and

N(t,p) ::/NHN(:c,p,t)du(x)%O, ast— 00.

A complete Riemannian manifold N with these properties actually exists, and we now sketch
how it is constructed. We want N such that

(1) N has the L*> — Liouville property.
(1i) N is not stochastically complete.

(i13) For every p € N we have N (p,t) — 0 as t — oo.

The construction of N that satisfies (i), (it) is taken from [Gri99a, Section 13.5], which in
turn builds on the first such example found by Pinchover in [Pin95]. Here, we note that it satisfies
also (1i1).
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Figure 6.1: The two dimensional jungle-gym in R3. Picture taken from [Gri99a].

a
O %
- —
F’/ p—
-/
—/

Start from the two-dimensional jungle-gym JG? in R? as in Figure 6.1. This is done by
smoothly connecting the lattice Z3 C R3 with necks. Let g be the standard metric on JG? induced
by the embedding in R3. Fiz o € JG? and let r := dist(o,z) be the geodesic distance from x to o.
It can be checked that JG? satisfies:

(a) u(Bgr(o)) < CR? for R large.
(b) G(o,z) < C/r for large r = dist(o, x).
(c) JG? has the L™ — Liouville property.

Let p: JG* — [0,400) be a smooth positive function with p =1 in [0,1] and p(r) = #g(ﬂ for
r > 10, and consider the conformal metric g := p*g on JG%. We claim that N := (JG2,3) has
the desired properties.

First, we note that N is complete. Indeed, let v,(s) : [0,00) — JG? be a g-minimizing geodesic
parametrized by the arclength of g. This means that v, minimizes the g-length between every
couple of points on it. We refer to [CMR2/, Section 2.2] for a proof that such an object exists.
Then, for every divergent geodesic 7y : [0,00) — N (i.e., a properly embedded half-line in N that is
a geodesic with respect to g) we have

|
Length.(v) > Length-(1,) = ds > —~_dt = +o.
engthy(v) > Lengthg () /%p s_/lo Tog () +00

Thus, N is geodesically complete and hence complete.
Denote by A, G, i the Laplace operator, the Green function and the Riemannian volume form
on N respectively. Since dim(N) = 2, we have

A= p 2N, and [i = pu,. (6.16)

In particular, (JG?,g) and N have the same harmonic functions, and thus N also has the
L> — Liouville property. Moreover, the relations (6.16) imply that JG? and N have the same heat

kernel, and thus their Green’s function coincide G=G. Then, by the choice of p, for R fixed big

| Gemdie = [ Glom)pr)dute) < +x,
N\Br(o) JG2\Bg(o)
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and by [Gri99a, Corollary 6.7] this implies that N is not stochastically complete. Moreover, since
G(o,x) < C/dist(o,z) and p(r) =1 for r € (0,1), it is easily seen that also

/A Gl(o, z) dfi(z) < +oc.
Br(o)

Consequently, by Tonelli’s theorem

/OOON(p,t)dt:/ /HN:cp,)du )dt = /(/ Hy(z,p,t) )d,,,()

- /N G, ) df(z) = /N 5 o i) + /ER@ G0, 7) di(z) < +oo,

and since the function N (p,-) is nonincreasing this implies that N'(p,t) — 0 as t — oo.

6.2.3 Localized asymptotics and proof of Theorem 1.2.28

We now show (among other things) that (1.11) is well posed as in R™ for manifolds with the
L — Liouville property, in the sense that it does not depend on the choice of p.

Lemma 6.2.5. Let (M, g) be a complete Riemannian manifold with (M) = 400 and E C M
be a set for which the limit (1.11) exists for some p € M. If M has the L> — Liouville property,
then Og(p) = O is constant, meaning that the limit in Og(q) exists for all ¢ # p and equals O (p).

Proof. We adopt the notation in the proof of Theorem 1.2.23. In particular, let ¢ — O s(¢) be
defined in (6.7). Arguing exactly as in the proof of Theorem 1.2.23, every subsequential limit (say,
in C2_(M)) of O as s — 0T is a bounded harmonic function on M.

Since M has the L*° — Liouville property, every such subsequential limit is constant. Then,
since the limit lim, ,o+ O s(p) = 0 (p) exists by hypothesis, all subsequential limits must coincide
with 0g(p) everywhere. O

Let us note that the conclusion of Lemma 6.2.5 is not completely trivial in general and is
particular to Riemannian manifolds that have the L* — Liouville property. Indeed, we believe
that on a general complete Riemannian manifold, it can happen that the limit in 6g(-) exists for
some p € M but does not exist for some other g # p.

Lemma 6.2.6. In the hypothesis of Lemma 6.2.5, for every bounded F C M and R > 0 with
F C Bgya(p) there holds

5—>07L

w(EF)0p = lim J,(F,E\ Br(p)) = lim //E\B (@, y) dp(z)du(y).

Proof. Now since F' C Bg/(p), we have that Bg,19(y) C Br(p) C Bior(y) for every y € F. Since
the kernel Ky is nonnegative we get

/ Koo, y) dp(z) < / Koo, y) dp(z) < / Kz, ) du(z)
E\Bior(y) E\Bg(p) E\Br/10(y)

By the very definition of fg (1.11) and the fact that the limit does not depend on the radius
whenever it exists (see part (i) of Theorem 1.2.23) both the left-hand side and right-hand side
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of the last inequality converge to 6g(y) = 0 since g is constant by Lemma 6.2.5, as s — 0%.
Hence, integrating in y € F and letting s — 0, by dominated convergence

Tim / /E e ) due)dny) = /F 05 duly) = p(F)o

which is what we wanted to prove. O

Lemma 6.2.7. Let (M,g) be complete with u(M) = +oo, and let A,B C M be two disjoint
measurable sets with p(A), u(B) < 400 and with Js, (A, B) < 400, for some s, € (0,1). Then

lim J5(A,B) =0.
s—0*t
Proof. First, by Lemma 6.2.11 we have

limsup J5(A, B) < limsup - // HM (x,y,t) 1fs/2d (x)du(y) .
AxB J1/s

s—0t s—0t

Then

S > dt Csl+s/2 (f/s)A d§
. | 00ty XB) () i (o)

<cf (s / €93 (xp) (o )§1+s/2>du(ﬁr)-

Since xp € LY(M), for every € A (see Remark 6.1.6) there holds by dominated convergence

(¢/5)A _a
8/1 e (XB)(w)st/2 -0,

as s — 07. From here, the result follows by dominated convergence using that u(A) < +oco. O
The results above directly imply the following.

Corollary 6.2.8. Let (M, g) be complete with (M) = +oo and with the L> — Liouville property,
and let Q C M be bounded. Then, for every F C Q with Pers, (F,Q) < +oo, for some s, € (0,1),
there holds

lim J,(F,ENQ°) = u(F)g .

s—0t

Proof. Let p € M and R > 1 be such that Q C Bg(p), then

Ts(F,ENQ°) = Js(F, ENQ°N Br(p)) + Ts(F, ENQ°N Bg(p))
= Js(F, ENQ°N Br(p)) + Js(F, EN Bg(p)) .
From here, since 2° N Br(p) and F are disjoint and both with finite volume, the first term tends

to zero as

Js(F,ENQ°NBg(p)) < Js(F,Q°N Bgr(p)) — 0,

as s — 07. Moreover, the second term tends to p(F)0g by Lemma 6.2.6. O

The proof of our main theorem in the infinite volume case is just a simple application of all
the results we have derived above.
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Proof of Theorem 1.2.28. Write
1
5Pers(E, D) =T(ENQENQ)+Ts(ENQENQ)+ T(ENQS,ENQ)
1
= 5PerS(E NQ) —T(ENQENQY)+ Ts(E°NQ ENQY).

By Corollary 6.2.2 applied to the first term, and by Corollary 6.2.8 applied with F' = E N
and F' = E°NQ respectively on the second and third term, taking the limit as s — 0% we get

lim 2PerS(E D) =u(ENQ)—0gu(ENQ)+0pu(E°NN)

s—0t

=1 =0p)u(ENQ) +0pu(E°NQ),

and this shows (7).

To prove (ii) we follow closely the proof of in [Dip+13, Theorem 2.7]|, which deals with the
analogous property in the case of the Euclidean space R"”. We just sketch the argument since
in the reference [Dip+13], the proof is carried on in full detail, and in our case, it is analogous.
Again, let us denote

Os(p) i= / Ka(z, p)du(z) |
E\Bg(p)

and fix R > 0 such that Q2 C Bg/s(p). Note that

/ / (z,y) du(zx / / (z,y) du(z)du(y)
Q\E J E\Bg(p QNE J E\Br(p

= EPers(EvQ) - iPers(E N QvQ) - js(Q \ E, (E \ Q) N BR(p)) + JS(Q NE, (E \ Q) N BR(p)) .

Now, arguing exactly as in the proof of Lemma 6.2.6 we have that for every F' C €2 there holds

lim
s—0+

F)Op.(p / /E oy e )| =0. (6.17)

Since 2\ E and (E \ Q) N Br(p) are disjoint and both with finite volume (since they are
bounded), by Lemma 6.2.7 we have

lim J,(Q\ E, (E\ Q)N Bg(p) =0,
s—0t
and similarly

51_i>r(§1+ Ts(QNE,(E\Q)NBg(p)) =0.

Hence, taking the limit as s — 0% above using (6.17) for the left-hand side with F = Q\ F
and F' = Q2N FE respectively gives

.1
81_1>r£1+ Ops (LQ\E) — n(QNE)) = Sl_l}r(r)l+ = (Pers(E,Q) — Perg(ENQ,Q)).
Since £ N C € is bounded, by Corollary 6.2.2 we have
lim 1Pers(E NQ,Q) = lim ;Pers(E NQ) =uENQ),

s—0t s—0+
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thus
lim Op(p)(u(Q\ E) — p(QNE)) = ( lim lPers(E, Q)> —u(ENQ).

s—0t s—0+

From here, the conclusion of the theorem easily follows using that lim, .o+ O s(p) = 0.
Indeed, if (2 \ E) = p(2N E) then the limit lim, o+ 3Pery(E, Q) always exists and is equal to
1(E N Q). On the other hand, if the limit lim, ,o+ sPers(E, Q) exists then from above the limit
in O also exists and there holds

(lim, o+ 3Pery(E,Q)) — w(ENQ)
p(Q\E) —p(ENQ) ’

Op =
and this concludes the proof. ]

6.2.4 Finite volume asymptotic: proof of Theorem 1.2.30

We first give a simple proof of Theorem 1.2.30 in the case 2 = M, using our results from Subsection
7.3 in our work [CG24] on the equivalence of the spectral fractional Laplacian and ours defined by
the singular integral.

Theorem 6.2.9. Let (M,g) be a complete Riemannian manifold with (M) < +oo and let
5o € (0,1). Then, for every u € H%/2(M) there holds

R P I 1 2
81_1>%1+ §[U]Hs/2(M) = lJullz2ar) — (M) </M“dﬂ) :

Proof. Let {E)}x>0 be the spectral resolution of the Laplacian —A on L?(M), and let o(—A) C
[0,00) be the spectrum of —A. In particular, for every u € L*(M), d(E\u,u) is a regular Borel
(real valued) measure on [0, 00) concentrated on o(—A), and with

olfaan = dtsw).

We refer to [Gri09, Appendix A.5] for an introduction and properties of the spectral resolution.
Since pu(M) < +oo, we have that 0 € o(—A) lies in the point spectrum with eigenfunction
$o = p(M)~/2. Then

~A = MEy, and (A2 = / N2dEy,
o(=4) o(=4)

on Dom((—A)S/2 ):={ueL*M) : fa(—A) XS d{Exu,u) < 400}

Spec
Hence, for all s < s,, by Corollary [CG24, Corollary 7.9] we have

1 s/2 2
Sl :/ u(—A)g ud,u:/ N2 d(Eyu, u).
2 ANy i o(~AN{0}

Taking the limit as s — 07 gives

1 1 2
lim =[u)?,. :/ d(Eyu,u) = ||ul? —(Equ, u) = ||ul? —</ud>,
faret 2[ ]H /2(M) (A0} (Exu,u) = | ”L?(M) (Eo )= ||L2(M) (M) \J s K

where in the last line we have used that Ej is the projector onto the eigenspace of —A relative to
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the eigenvalue A = 0, but by a result of Yau (see Theorem 6.1.1) on a complete manifold every
L?(M) harmonic function is constant and then (Fgu, u) = <q§0,u)2LQ(M) = m (fus ud,u,)z. O

Remark 6.2.10. This result allows us to prove our Theorem 1.2.30 in the case 2 = M. Indeed,
if E C M is such that Perg (E) < 400 for some s, € (0,1), then taking uw = xg in Theorem 6.2.9
gives

p(E)u(E)
p(M)

Lemma 6.2.11. Let (M, g) be a complete Riemannian manifold, and let A, B C M two disjoint
measurable sets with (say) p(A) < +oo. If Js, (A, B) < 400 for some s, € (0,1) then

o1
Jim SPer,(E) = p(E) ~ o u(B)* =

lim =0.

s—07t

1 > dt
Js(A, B) — ’F(—8/2)|//Ax3 s HM(%Z'JJ)W du(x)du(y)

Proof. Since [, Hy(z,y,t)dpu(z) < 1 for all y € M and ¢ € (0,00) we have

J.(A, B) — |r(_15/2)| //A y 1: HM(a:,y,t)tlfz/Q dﬂ(x)du(y)‘
_ //AXB (ics(:c,y) - \1“(—13/2)] 1: HM(x,y,t)tlili/Q> Al dpy)
- !F(—18/2)\ //AXB (/01 HM(m’y’t)tlj—l; T 11/8 HM(xjy,t)tlffi/Q) dp(z)dp(y)
~ e [l [ ettt

el (i) a0

<C C>OH dt Csu(A Ve _ds
sCs ) M(%yat)tHT/Q*‘ sp(A) T

= CSJSO (A7 B) + C:U‘(A)(l - 53/2) )
and taking s — 07 concludes the proof. O
Now, we can prove the main result of this subsection.

Proof of Theorem 1.2.30. First, we claim that

. 1 > dt p(A)p(B)
lim // Hy(x,y,t) ——7= du(x)dp(y) = —F———. 6.18
S T2 M iy T8 D @) == G (6.18)
Indeed - 5t - p
_ Jl+s/2 r
S » HM(xay’t)t1+8/2 S /1 H(x’y’r/s)rl—&-s/Q )

and since by Lemma 6.1.3 as t — +oo the heat kernel Hy/(z,y,t) converges to 1/u(M) for all
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z,y € M, we get

s—0+ 2 M(M) s—0t
_ ulA)u(B)
p(M)
Then, putting together Lemma 6.2.11 and (6.18) readily implies
: 1(A)p(B)
1 A B)="—"—— 6.19
Jm T B) == 0 (6.19)
Lastly, since Perg, (E, ) < +00 and
1
5Pers(E, D) =T(ENQLENQ)+T(ENQENQ)+ T(ENQE,ENQ),
the theorem follows by letting s — 0% and using (6.19) on each term. O

Weighted manifolds

Our result for finite volume manifolds, that is, Theorem 1.2.30, extends with proofs mutatis
mutandis, to the case of weighted manifolds with finite volume, implying the one in [Car+22].

A weighted manifold is a Riemannian manifold (M, g) endowed with a measure p that has a
smooth positive density with respect to the Riemannian volume form dVj. The space (M, g, 1)
features the so-called weighted Laplace operator —A,, generalizing the Laplace-Beltrami operator,
which is symmetric with respect to measure p. It is possible to extend —A, to a self-adjoint
operator in L?(M, i), which allows one to define the heat semigroup e!®u as one would on a
classical Riemannian manifold. The heat semigroup has the integral kernel H,(x,y,t), which is
called the heat kernel of (M, g, 1), and has completely analogous properties to the classical one.
For every detail regarding the heat kernel on weighted manifolds, we refer to the survey [Gri06].

In this case, we see that our proof applies since Lemma 6.1.3 also holds (with the same proof)
on geodesically complete weighted manifolds, and also Theorem 6.2.9 holds with the same proof.
For example, since the total mass of the Gaussian space is one, in the case of the Gaussian space
(which is a weighted manifold of finite volume), we see that our Theorem 1.2.30 recovers the main
result in [Car+22].
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Proposition A.1.1. Let s € (0,1) and uw € BV (By). Then

[u(z) —u(y)? C(n)
dedy < u
//Bl><81 |$ - |’I’L+8 (1 — S) [ ]BV 81)” ”LI(BI

Proof. See, for instance, Proposition 4.2 in [BLP14]. O

Lemma A.1.2. Let v :R"™ — R be a Lipschitz function with ||[v||pecrny < Cs satisfying |Lv(x)| <
Cs for every x € B1(0), where L is an integro-differential operator of order s € (0,1) of the integral
form

Lu(e) = [ (u(a) = ul) K (z.y) dady,

and K is a nonnegative kernel comparable to that of the fractional s-Laplacian, that is satisfying

c
—— < K(z,z —y) < Va,y e R", Al
e = KT S s .
for some constants ¢,C' > 0. Then
[U]Ca(Bl/Q(O)) S C(n’ S)CO 9 (A2)

for some small positive « = a(n, ).

Proof. The result is a standard consequence of [Sil06, Theorem 5.1]. Let us point out that Theorem
5.1 in [Sil06] would seem to require assumption [Sil06, (2.2)] to hold for all » > 0. However, it is
clear from its (very short) proof that (A.2) only requires assumption [Sil06, (2.2)] to be verified at
“small” scales r € (0,1) (and in our setting, this can be easily verified using (A.1)). O

Lemma A.1.3. Let s € (0,2), u € H¥?(R") and U : Rt — R be the Caffarelli-Silvestre
extension of u (in the sense of Theorem 3.7). Let X € CHRT; R 1) be a vector field such that
X = X|,—¢ is tangent to R"™ x {0}. Then

d

d
— 2 Y(U 2" dydzr = —
dttzoﬁs/w\ (W0 67| =Gl

[uo ¢t ]Hs/2(Rn)

Proof. Let V; be the Caffarelli-Silvestre extension of u o ¢;*, for any ¢ € R. By the minimality of

175
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the extension in the energy space, we have

s 255 - X —s — —s
26, / T 0 ¢F)22"* = lim / T 0§21 - / U2t
=0 Riﬂ t—0t ¢ RTJ R’i—‘rl

2 s — — — _
> lim b / IVV; |21 S—/ VU215
t—0t+ t R R7H

[u © (biX]IQLIsm(Rn) - [u]?qs/z(Rn)

d

dt

= lim
t—0+ t
d X112
~dt t:O[uo % }Hsm(R")'

Since this holds for every X , applying this inequality with —X in place of X gives

d d
21 9, (U 2 1-s X712 .
o BRCCEL BT | L e

dt =0

thus equality holds. O

Lemma A.1.4. Let s € (0,2), u € H¥?(R") and U : Rt — R be the Caffarelli-Silvestre
extension of u (in the sense of Theorem 3.7). Let X € C2(R' ;R 1) be a vector field such that
X = X|,=0 is tangent to R™ x {0}. Then

2

d? < X\2,1-s d
= + =

Proof. Let V; be the Caffarelli-Silvestre extension of u o ¢;X, for any ¢ € R. By the minimality of
the extension in the energy space, we have

d2

di?|,_

= lim (2/55/ W(Uo¢§)|2z1—8+2ﬁs/ V(U ot 455/ VU221~ )
Ry RY

> hm <2,35/ » ‘6‘/“221*3 + 265/n+1 |%V_t|22178 — 48, /RM—1 |6U|2zls>
RL* RY +

[u © ¢t ]HS/Q(Rn [u © (b ]H5/2 Rn) - 2[“]12115/2(Rn)

26, / V(U 0 65221
0 R7H!

= lim 3
t—0 t

d2
T e

o [u o (bg(]?;[s/Q (Rn) .

O
Lemma A.1.5. Let U : éf(p, 0) — R be a smooth function. Then, for every vector field
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X € C2(Bif (p,0); R"*1) there holds

Ll /~ V(U 0 652215 dadz = 2 ﬁ VU - VVU2'"* dwdz,
dt|,_o J B (p0) B (p,0)
and
2 ~ > ~ ~ ~ ~ o~ ~
iz /~ V(U 0 ¢ >21 7% dedz = /~ (]V(VXU)P + VU - VV)?VXU)z1*S dxdz,
At |,—o J Bf (p.0) B (p.0)

where %)}U = VU - X and ¢§ is the flow of)z at time t.
Proof. The proof follows by a direct computation. O

Proposition A.1.6. Let E C R™ be a smooth s-minimal surface, and let U : R" xR — (—1,1) be
the Caffarelli-Silvestre extension of X — xme. Then, for every vector field X € C2?(Bf (p,0); R"*1)
such that X,+1 = 0 there holds

d

dt

20 /~ le(U ) (bf?)\Qzl*s dxdz = dPers(E, B1(p))[X],
t=0 BT(PvO)

and
d2
de?

26, / S(U 0 6%)[221* dudz > §2Per, (E, By (p))[X, X],
t=0 Bf(pvo)

where X = X|,—o.

Proof. We just prove the inequality for the second derivative, since the formula for the first
derivative follows by an identical, but easier, proof using Lemma A.1.3 in place of Lemma A.1.4.

Before proceeding with the proof, let us summarize the strategy. If we had yg—xge € H*/? (R™),
which would be the case if, for example, we were in an ambient closed manifold M instead of
R™, then the result would follow directly by Lemma A.1.4. In the proof we replace E with the
truncated sets Er := ENBg in order to apply Lemma A.1.4, and then we send R — oo to recover
the result for E. This last limiting step is tedious becuse Er has not vanishing nonlocal mean
curvature anymore (not even in B;(p)), and we have to argue that the second variations, both of
the extension and of the fractional perimeter, converge to the ones of FE.

With no loss of generality, assume that p = 0, and denote by Epr the set E N Bgr(0). This is a
bounded Lipschitz set with Pers(Egr) < C(R). Let also Ugr be the Caffarelli-Silvestre extension of
XEp — XEg°- Since Xg, — XEx® € H*/2(R™) we have that

263/ 11 |%UR|2,Z1—5 drdz = [XER - XERF]%[S/Q(Rn) < +o00.
R}

Thus, by Lemma A.1.4 we get

2 _ _ 2
; 258/ VW oF) P drdz > | Per,(6 (Er)) (A.3)
t=0 R

di?|,_ di?|,_,

Claim 1. As R — oo there holds

d2

-z Pery(¢7 (ER)) — 6*Pery(E, B)[X, X].

t=0
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Denote by ¢ := X -vg, where vy is the outer unit normal to 0 Er, and observe that ¢ has support
contained in Bi. Let also v be the outer unit normal to E and assume that R > 100.

By the second variation formula (see [Fig+15, Theorem 6.1]) and a simple (but tedious)
computation, we get

d? 2
a2 tZOPerS(Qb;fX(ER)) T a2 t:OPers(¢g((E)7Bl)

_ [o(x) — o) |vr(z) —vr@) | En (1 .

- //@ERMER ( z — y[nts - 2 — y[nts o(x) ) + o H; (dw(X)go — leT(XT(p))

// (\90 ey)? \V(w)—V(y)IQ@(xy)
OEXOE |z — y|ts |z — y["ts
2
_ / / p(y)? — dody - 2/ / p(y) — dady
oEnB, JoBgne 1T — Y[t oEnB, Jom\By |7 — y|"ts

_ 2 _ 2
+/ dy/ lv(z) Vﬂ(ﬂ)! go(x)2d:n—/ dy lv(z) foi)’ ()2 da
oB\Br  JoEns, 17—yl oBpnE  Joens, 1T — Y

+ / HER(div(X)p — dive (Xr9)) = [} — Lo + I3 — Iy + I,
OEgR

where div; is the tangential divergence to OF and X, is the tangential part of X to OF.

It can be checked that every integral on the right-hand side is O(R™%). We give the full proof
for just two of the terms; the bound for the other integrals follows similarly. Since X has support
contained in B; we have

I = / HEP (div(X)p — dive (X)) = / (HS® = HY) (div(X)p — div, (Xr¢)),
OERrNB1 OERrNB; (A 4)

where the last inequality holds since H, f =0on 0Er N By = 0F N By. This follows from the first
variation formula since F is a smooth s-minimal surface. Moreover, for every x € dF N B; and

R > 100 we have

\HER(2) — HE (2)] = /n xEe (Y) — XER(Y) dy — /n XE.(Y) — xE(Y) dy

|z —y["ts |z — y[t
1

S,
B\Bg |7 —y|"s

gz/ ———dy=C p 1% dp = O(R™®)
R™M\ B a(x) T = Yl R/2

Using this bound in (A.4) gives |I5| = O(R™*).
Similarly

1 1
Iy < C/ / — dedy< C—R" ' = O(R~(H9)),
oBrnE Jopns, 1T — y|"*s (R—1)nts ( )

The estimates for Iy, I, I3 follow by a completely analogous computation. Hence

2

Per,(67 (E), B1)| < < 0,

Pers(¢%X(ER>) - @ —o Rs

‘ d2
t=0

dt?
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which is what we wanted to prove.
Claim 2. As R — oo there holds
d2
at?

2

~ v d
X\(12.1—s
to/i%vf IV(Ugo ¢; )|z~ °dadz — e

/y |6(UO¢§)|221_5dxdz
t=0J B

On the one hand, by Lemma A.1.5 we have that

d2
dat?

[ 19@Wre DR = [ (9Tl + VUR- 99Tl (A5)
Y Bl

where _ B B

VelUg = VUg - X,

and we want to argue that this expression converges to the same expression with U in place of Ug,
as R — oo. The key point in this argument is that X has vanishing z-component, that is X, 11 = 0,
and this will allow us to apply (rescalings of) Lemma 3.2.8. With a little abuse of notation, we

denote by X € CCQ(BV;F, R") the vector field in the extended space such that X (z, z) = (X (z, z),0).
With this notation we see that

ViUr = VxUr
involves only derivatives in x, and not in z.
Consider the function U — Ug. This solves

CI{;/(ZI_S%(U - UR)) =0 in E;R/Q(pv 0)7
U-Ur=0 on Bpg(p) x {0}.

Hence, by Lemma 3.2.8 applied to the function
V(z,2):= (U —Ug)(&z,£2) : Bf - R,

we get _ _
SNV (@,2)] < OV gy ¥ (@2) € B,

or equivalently
R\? = ~
s (2> VYV - Up)|(%a, §2) < CIU ~ Unll sy ¥(2,2) € B
Scaling back this inequality gives
e C _
Zl |VV(U—UR)|(CE,Z) S WHUHLOO(EE)’ \V/(.'E,Z) € BE/Q (A6)

Hence, looking at the first term in (A.5) and using (A.6), we get

/~+ ,zlf‘g(fe(VXUR)!2 — lﬁ(VXU)P) dxdz

By

= [+ 2175(V(Vx (Up — U)) - (V(Vx (Ug + U)) dadz
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N

1
C 2
X || oo ||U|| oo sl dzd 1
- R1+s|| ||L H ||L <\/B'ILZ X Z> </B~+Z

1

“*(IV(VxUn)|> + [V(VxU)P) dxdz)

1

= C(/ Zlfs(‘ﬁ(VXUR)‘Q + ‘6(VxU)‘2) dxdz) ’
Rl+s B«;r

C e .
= RHS/@ 2 (IV(VxUg)? = [V(VxU)P?) dedz +

C s
e /g+ 217V (VxU) P dadz,

1 1

which, for R large (note that the first term absorbs to the left-hand side), implies

/~+ 2A79V(VxU) 2 dadz — 0, as R — oo.
Bl

—8 -~ ~ C
/5+ 25| V(VxUR))? — [V(VxU)?) dedz < s
1

Similarly one can show that the second term in (A.5) converges' to the same expression with
U as R — oco. Thus

lim (|§(€)~(UR)|2 + %UR . 66)?%)}[]3) 5 dadz

R—o00 g;r

= [ (90 + 90 T Te0) 2
1

d? / & X\2. 1—
= — V({Uoo¢ 2z ¥ dxdz,
i), Jy. Twoed)

which is what we wanted to prove.
Putting the two claims together, letting R — oo in (A.3) gives

2 " -
& 255/ V(U 0 ¢ 221 7% dedz > 6%Pers(E, By)[X, X],
dt?|,_, Bf

and this concludes the proof. O

The results below are not sharp. In particular, we believe that Propositions A.1.7 and A.1.8
hold also for s = o since this is the case for domains in R™. Here we focus on providing proofs that
apply verbatim to the case of weighted manifolds, and we avoid using any local Euclidean-like
structure of M.

Proposition A.1.7. Let (M, g) be a stochastically complete Riemannian manifold, o € (0,1) and
u € H7(M) (as defined in Definition 2.2.1). Then, for every s < o the singular integral (— A)g/zu
and the Bochner (—A)%/Qu definition coincide a.e. Moreover (—A)%/Qu = (—A)S/Qu € L?(M).
Proof. Let u € H?(M) and x € M. Since M is stochastically complete, if we could exchange the
order of integration, we would have

(8 ule) = gy [ (o) — o) 5

_ 5/2/ </ Hag(z,y, 1) (u(y) — u(a:))dmw)ﬁf;

ITQ be fair, this requires a third order version of Lemma 3.2.8; that is an L* estimate up to the boundary on
1=5|VVVU|(z, z). This can be deduced from Lemma 3.2.8 in the same way as we deduced Lemma 3.2.8 from
Lemma 3.2.7.
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2
= [ () = ) p)uty) = (~2) uta).
Now we shall justify the steps above, showing that the integral is absolutely convergent. Note that

this will also justify the last equality since we have defined (—A)S{ ? with the Cauchy principal
value. In particular, we show that

/M (/M [u(z) = u(y)!’Cs(rc,y)du(w)zdu(x) < 400,

This will prove at the same time that the integral above is absolutely convergent for a.e. x € M
and that (—A)S/zu € L?(M). Let us call

= / lu(z) — w(y)|Hyp(z,y,t) duly) ,
M

and denote by C a constant that depends at most on o.
Note that, by Jensen’s inequality

o0 00 2
[ aer it = [ () o - w0 )
0 d
< [ tute) = )it ) 7

e / () — uy) Koo (2, ) duly). (A7)
M

Write

/M (/M ful=) = “(y)"cs(x’y)du(y)ydu(x)
2052/M </Oooj(t)tl(ﬁ/2>2du
§032/M </Olj(t)t1ilz/2>2du+032/M </1003(t>tlil§/2>2du.

For the first integral, since s < o, by Hélder’s inequality and (A.7) we have

t dt \? Lo dt bt
0t [ 072) (] )<

For the second integral, let us first renormalize the measure v := Cdt/t'%/2 in a way that it
becomes a probability measure on [1,00). Then, by Jensen again (applied two times: to dv(t) and
then HM(:I;7 Y, t)d/j,(y))

/M (/100 j(t)tlili/?y - 52 //MxM/ W) Ha (2, y,t) dv (t)dp(y)dp(z)

//MXM/ )| Ha (2, y, 1) dv(t)dps(y) dp(x)
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<2020 < 00
S 2 L2(M) .

Hence, we have proved

2
-0l < [ ([ 1ute) = wlKs et duto

< CllullZzqary + Cs?lull e ar), (A.8)
and this concludes the proof. O
Next, we address the equivalence of the spectral fractional Laplacian (—A)gfec with the

other definitions. We refer to [Gri09] and [Eri+22, Section 2.6] and the references therein for an
introduction to the spectral theory of the fractional Laplacian on general spaces.

Let E) be the spectral resolvent of (minus) the Laplacian on (M, g). Then, for s € (0,2) in
the classical sense of spectral theory

Dom((~A)32,) := {u e L2(M) /

N d{E\u,u) < +oo} ,
o(=4)

and for u € Dom((—A)E{fec)

(A= [ NPdE).
a(—A4)

Proposition A.1.8. Let (M, g) be a stochastically complete Riemannian manifold, o € (0,1) and
s < o. Then H°(M) C Dom((—A)Y2 ).

Spec

Proof. Let u € H°(M), and let

1 o dt
= 8/2 = ——-: 7)\t —_ —_—
©(A) == A T(—s/2) /0 (e 1)tl+s/2 .

Since u € L2(M), by standard spectral theory (see [Gri09] for example)
| v = [P = oAl

o dt
_ tA
_’/0 (e u—u)tHs/2

where we have used that by Proposition A.1.7 to infer (—A)SB/2u = (—A)g{zu € L*(M). O

2
(A ullZa g = 1 (=D)L ulZa ) < +o00,

=
L2(M)
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