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WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH
BOUNDED VORTICITY*

LEONARDO ROVERIfT AND FRANCESCO TRIGGIANO¥

Abstract. We consider the 2D Euler equations with bounded initial vorticity and perturbed
by rough transport noise. We show that a unique solution exists, which coincides with the starting
condition advected by the Lagrangian flow. Moreover, we prove that the solution map is continuous
with respect to the initial vorticity, the advecting vector fields and the rough perturbation. As an
immediate corollary, we obtain a Wong-Zakai result for fractional Brownian driving paths.
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1. Introduction. The Euler equations describe the motion of an incompressible
non-viscous fluid in a domain. Despite being formulated for the first time almost
three centuries ago, the interest in some stochastic versions of them is far more recent
[8, 5, 6,42, 10, 9, 15]. Since these first works, well-posedness results have been obtained
in several different settings, but it is still an open problem to determine whether a
(unique) solution exists in the Yudovich vorticity setting, i.e. if the only hypothesis
on the initial datum is boundedness, whenever the random forcing is less regular in
time than a Brownian motion.

The growing interest in stochastic fluid dynamics is fundamentally rooted in the
necessity to account for the unresolved scales of turbulent flows. As originally ad-
vocated in the seminal work by Brzeiniak et al. [8], stochastic partial differential
equations provide a rigorous framework to model the complex, unpredictable evolu-
tion of small-scale features that cannot be exactly tracked, yet significantly influence
the statistical properties of the fluid.

In recent years, this approach has gained further prominence in geophysical fluid
dynamics (GFD) and climate science. The demand for robust and computationally
efficient stochastic parameterization schemes is driven by the need for reliable uncer-
tainty quantification in weather and climate predictions [4, 25]. In this context, sto-
chastic perturbations are not merely an analytical tool, but a mean to better capture
the feedback of small-scale effects on large-scale dynamics. Significant advancements
in this direction include the development of variational principles for fluid dynamics
on rough paths [38, 17], which provide a geometric foundation for stochastic GFD.

Among the various stochastic formulations, transport-type noise, often derived by
modeling small-scale effects as additive noise at the Lagrangian level, represents an
extremely promising area of research [9, 16, 23]. Indeed, transport-type noise driven by
Brownian motion has yielded significant analytical results such as regularization-by-
noise effects, which restore well-posedness in settings where deterministic models may
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2 L. ROVERI, F. TRIGGIANO

show ill-posedness [23, 14, 30, 24], and, under suitable scaling limits, the appearance
of a spare dissipative effect [22, 11].

While all the aforementioned works are restricted to the case of Brownian motion,
some results have been identified for the Lagrangian flows even with less regular noise,
such as fractional Brownian motion with Hurst parameter H < % [13, 12, 28]. Since
the latter is not a semimartingale, classical stochastic calculus results are unavailable,
and time integrals must be built in the rough integral sense. This suggests that rough
path theory [40, 26, 27] may offer the right tools to treat fluid dynamics equations
perturbed by transport-type noise when the driving signals are very irregular in time
[33, 32].

Lately, the introduction of the “unbounded rough drivers” formalism [2, 19] has
led to the recovery of classical tools, like the Gronwall lemma, in the rough path
setting, allowing to successfully obtain well-posedness results [36, 37, 35, 16].

In particular, Crisan et al. [16] show local existence and uniqueness for a rough
perturbation of d-dimensional Euler equations. Indeed, therein the authors prove local
well-posedness whenever the starting velocity is in H%/2142 a Beale-Kato-Majda
(BKM) blow-up criterion and a Wong-Zakai result. It is worth mentioning that, in
the two-dimensional case, their rough Euler equations coincide exactly with the RPDE
under consideration in this paper (see [16, Remark 3.5]). Specifically, by exploiting the
active scalar structure of the vorticity and the exact preservation of all LP norms, their
BKM criterion allows them to show global well-posedness in such setting for initial
vorticities in H2. Given that the embedding H? — L™ is strict, well-posedness for
2D Euler equations perturbed by rough transport noise is still lacking in the Yudovich
setting [43], namely the vorticity formulation with bounded initial datum.

Our work is concerned exactly with the Yudovich case. Let us formulate the
problem as

1) {at w(t.) +ult2) Vult.z) = DL o)) -V w(t) 2],

w(0,2) = wo(z), wu(t,:)=Kps*xw(t,-),

where x € T?, wg € L>(T?), 0, : T? — R? are sufficiently smooth and divergence-free
vector fields, Z7 are finite p-variation paths with p € [2,3), and Kpg denotes the
Biot-Savart kernel. We show that there exists a unique weak solution to (1.1) and to
the corresponding Lagrangian equation. Moreover, we also obtain that the solution
map is continuous with respect to the initial condition, the o;s and the drivers Z3.

Apart from closing the gap between the results in [16] and the Yudovich setting
[43], our work generalizes the well-posedness established by Brzezniak et al. [9] for the
2D Euler equations driven by Stratonovich Brownian transport noise. It is important
to note that, in the Brownian setting, Stratonovich integration represents a specific
subcase of a geometric rough lift [26, Chapter 3]; therefore, our RPDE covers their
SPDE as a particular case. In [9], authors obtain well-posedness in L>° for advecting
fields {0k }r that satisfy a lower regularity requirement than ours, but at the cost
of imposing the structural constraint Y., ox(z)ox(x)” = clo. Our approach, not
requiring such an algebraic constraint on the noise, allows for a more general class
of perturbations, although it necessitates higher spatial regularity on the coeflicients
{ok}e-

Along the way to prove our main results, we highlight a preparatory result that is
of interest per se. Indeed, we manage to prove that the solution of a Lagrangian RDE
with log-Lipschitz drift is unique (in the sense of controlled rough paths, see [31]) via
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WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH BOUNDED VORTICITY 3

a localization procedure coupled with a tailored rough Grénwall Lemma.

Aside from that, the existence proof for the Euler equations follows by an approx-
imation scheme and a compactness result, while the uniqueness one is obtained by
showing that any solution is a Lagrangian one, namely it is advected by the associated
flow ¢;. This Lagrangian approach, a general description of which can be found in
[41], is proved via a new application of the doubling variable strategy introduced in
[19]. Indeed, instead of using it to obtain control over some norm of the solution, like
the kinetic energy, but we apply it in order to reproduce Dobrushin’s approach from
[21]. In this way we show that any observable of the inverse flow, h; = ¥(¢; ' (x)),
solves a rough PDE and that the following holds

[ eyt = [ oo

TQ
We can informally state our main results as follows.

THEOREM 1.1. Let wg € L>®(T?), Z be a p-geometric rough path with p € [2,3)
and {aj}j]‘/il C C3(T?,R?) be divergence-free vector fields. Then, the following state-
ments hold:

1. (Theorem 4.4) If w is a bounded solution of (1.1), in the sense of Defini-
tion 2.14, and u = Kpg *xw, where Kpg is the Biot-Savart kernel, then there
exists a unique controlled rough path ¢, w.r.t. Z such that

t

t
¢t = Id’I[‘2 +/0 u(rﬂ d)r)dr 7/0 U(d’r)dzr;

2. (Theorems 3.6, 5.7, and 5.8) There exists a unique weak solution w € LY,
(in the sense of Definition 2.14) to (1.1). Moreover, w is advected by the
associated flow, as the push-forward

wy = (Pr)#Wo,

and the solution map (wo,{0;};,Z) — w is continuous.

Let us mention that the results presented here have been supplemented by some
interesting technical extensions in a subsequent preprint [29]. Therein, the authors ex-
tend the well-posedness of rough 2D Euler equations to the unbounded domain R? and
provide a refinement of the Wong-Zakai convergence in slightly stronger topologies.

Given that the Euler equations are closely related to the Navier-Stokes ones,
we conclude this introduction by mentioning that similar techniques were used to
prove well-posedness results also for the latter, when perturbed by rough transport
noise. In [36] it is proved that there exist weak Leray-Hopf solutions in two and three
dimensions and that uniqueness holds in the two-dimensional setting up to requiring
the rough forcing to be constant in space, while in [37] the same authors show existence
and uniqueness (the latter again in the two-dimensional case) of strong Leray-Hopf
solutions in the vorticity formulation. However, proving well-posedness in the Euler
setting presents a significative additional difficulty, since in the Navier-Stokes case the
diffusive viscosity term grants a priori regularity of the solution via classical energy
estimates.

The paper is organized as follows: Section 2 contains the basic notions on un-
bounded rough drivers, some results on p-variation spaces and the definition of solu-
tion of (1.1); in Section 3 we prove that there exists a solution to 2D Euler equations;
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4 L. ROVERI, F. TRIGGIANO

Section 4 is about the well-posedness results for the Lagrangian RDE and, at last, in
Section 5 we deduce uniqueness for the 2D Euler equations and present a Wong-Zakai
result.

2. Preliminaries.

2.1. Localized variation spaces. Since it emerges naturally in rough path
theory, let us recall the definition of the term “control”. For a deeper description of
its properties, we refer e.g. to [27].

From now on, we are going to denote

Ap = {(s,1)|0<s<t<T}, AZ = {(s,n)|0<s<r<t<T},
and, for two-index functions g : Ay — V, (s,r,t) € A2,

695,7",1‘, = 9(57t) - g(s,r) - g(Tv t)

In addition, throughout our discussion, we are going to use the notation a < b
whenever there is an inequality up to a (positive) constant, i.e. there exists some
C > 0 such that a < Cb. When the constant depends on a parameter, C' = C(par),
we highlight that as follows: a <,qr b.

~par
DEFINITION 2.1. A continuous function w : A — RT is a control if

o w(s,s) =0, forall s € [0,T];

o w is super-additive, i.e. w(s,u)+ w(u,t) < w(s,t) for all (s,u,t) € AZ.
Moreover, a control w is said to be strictly positive if, for all (s,t) € Ar,

w(s,t) =0 = s=t.

Another key concept is the p-variation of a path, which can be seen as a general-
ization of Holder continuity.

DEFINITION 2.2. Given a Banach space V', p € (0,00) and a continuous function
g:10,T) =V, we say that g has finite p-variation, g € CPV*([0,T1],V), if

gl == sup |9t — 95| < o0,
P nen(o,m) [s%;l_l
where II([0, T]) is the set of partitions of [0,T], g: .= g(t) and |-| = ||-||v (we are going

to adopt this notation for a norm whenever the space V is clear from the context).
In the case of a two-index function g : A — V', the above notation can be adapted
by changing |g: — gs| into |gs |, where g5 == g(s,t).

In particular, we are going to extensively use partitions whose mesh is bounded
from above by some quantity. To this aim, we introduce the concept of localized
p-variation.

DEFINITION 2.3. Given a Banach space V, p € (0,00), a control @ and L > 0,
we denote by CgVLar’Q(V) the space of 2-index continuous functions g : Ap — V such
that

(2.1) lgll® = = sup |gs,t
(@ L)[0.T] Merl(w,L) [s%e:r{

P < o0,

where IL(w, L) denotes the space of partitions I1 of [0, T] such that @(s,t) < L for all
[s,¢] € II.

Analogously, C’gzar(V) denotes the space of 1-index continuous functions f :
[0,T] — V such that (2.1) holds, with gs+ = |gt — gs|.

This manuscript is for review purposes only.
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WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH BOUNDED VORTICITY 5

By slightly modifying some results in [27] (see, e.g., Proposition 5.8 and Proposi-
tion 5.10), we obtain the following Proposition.

PROPOSITION 2.4. Let g € Cg\iar’Q(V) or g € CoT"(V). Then, the function
wloe s Ap — RT defined by

p
p,(@,L),[s,1]

wy*(5,1) = lg|

is a control. In addition, wé"c is the smallest control such that

(2.2) lgs.e] < wéoc(s,t)% for all (s,t) € Ap such that @(s,t) < L.
Namely, if w is a control which satisfies (2.2), then

wy(u,0) < w(u,v),

for all (u,v) € Ap.

We conclude this introduction to localized p-variation spaces by showing a re-
sult that holds only for 1-index functions. Let us recall that p € [1,00) is the only
interesting case for 1-index functions (see [27, Proposition 5.2]).

PROPOSITION 2.5. Let g € CZT (V). Then, the following hold:
1. CE7 = CPYar e if g has finite localized p-variation with respect to (w, L),
then it has finite p-variation. Moreover, the following inequalities hold

P p—1 4 .
(23) ||g||p,(E,L),[s,t] < 2 ”g”p,(w,%),[s,t] V(Svt) € ATa
@(0,T)\P—1
(24) o, om = (F7) Mol om

2. If @ is a strictly positive control, then
2. I B _
( 5) Lgn() ||g||q’(W’L)7[57t] 0,

forallg>p>1, (s,t) € Ar.

Proof. 1. Let us prove (2.3). The second inequality, (2.4), can be easily
obtained by properly iterating the same strategy.
Given (s,t) € Ap, consider a partition coherent with the localization, namely
P ={s=tg,t1,...,ty =t} € II(w, L). Then, the continuity of @ implies
that we can find s; € (¢;,¢;+1) such that wW(t;,s;) < % and W(s;,ti41) < %,
for alli =0,..., N — 1. Therefore, @ = P U {s;}; is a partition of [s, ] that
satisfies the localization (@, £). At last, the additivity of 1-index functions’
variation, i.e. gt = gs,u + Gu,t, implies that

Z |gti,ti+1|p < vt Z ‘gri7ri+1|p'

t,eP r,€Q

The obtained inequality proves the statement.
2. Notice that

Z |95,

[s,t]ell

< |glly sup 195,177,
(s,t) €A, w(s,t)<L

This manuscript is for review purposes only.
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6 L. ROVERI, F. TRIGGIANO

for any partition II € II(w, L).
Now, let us prove by contradiction that limy_,o h(L) = 0, where

h(L) = sup |gs,t|-
(s,t)EAT w(s,t)<L

Assume that limy,_,o h(L) = ¢ > 0. Then for all n € N, there exists (sp,tn) €

Ar such that @(sn,t,) < L and |gs,+,| > 3. Therefore, up to taking a

n
subsequence, there exists (s,t) € Ar such that

I\D\Oq

(Snytn) = (8,1),  W(Sp,tn) = W(s,t), |gst| >

This is a contradiction, because @ is strictly positive and @(s,t) = 0, hence
s =t but |gs > 0. O

Remark 2.6. The assumptions ¢ > p and w being strictly positive are necessary
for (2.5) to be true, and cannot be weakened. For example, any monotone function
g(t) shows that the limit does not hold for ¢ = p = 1. Instead, @ = 0 indicates that
the same claim does not hold without requiring strict positiveness.

2.2. Localized controlled rough paths. In this section, we recall the defini-
tion of rough paths. We also introduce a generalized version of controlled rough paths
as defined in [31].

DEFINITION 2.7. Let M € N, p € [2,3). A p-rough path is a pair
7 — (Z, Z) c Cp—var(RM) % C%—var,Q(RMXM)
that satisfies the Chen’s relation, namely

(2.6) Zst—TLs— Tt = Zsu @ Zunt, V(s,u,t) € A2

Moreover, a p-rough path Z is called geometric if there exists a sequence {Z™}, C
C>([0,T],RM) such that Z7, = (Z7,, f » ®dZ) converges to Z with respect to

the product topology of C’p"’ar(RM) x C'Z7var, 2(RMXM). The space of geometric rough
paths will be denoted by Cr~*" (RM).

Remark 2.8. For any p-rough path, there exists a control wyz such that
|Zo 4P < wz(s,t), |Zssl? <wzl(s,t).
Let Z' and Z? be two geometric rough paths. Although the difference Z' — Z2 does
not necessarily admit a rough path lift, with a slight abuse of notation we denote by
Wz _z2 any control such that
ZY, = Z2,P <wgzi_z2(s,t), |ZL,— Zitﬁ < wgi_z2(s,t).

DEFINITION 2.9. C’onsz’der a p-rough path Z, a control w, a positive constant L,
a Banach space V and denote the space of continuous and linear operators from RM
to V by L(RM V).

A continuous function X € CP2*([0,T],V) is a localized controlled rough path
with respect to Z and (w, L) if there exists a pair (X', RX) € CPv* (L(RM V)
X Cézam(V) such that

(2.7) Xop=XZey+ Ry, V(s,t) € Ap.

Moreover, if R € C%'Var’2(V), then X will be called controlled rough path w.r.t. Z.
The spaces of localized controlled rough paths and of controlled rough paths will be
denoted by 77 (V) and 27 (V), respectively.

This manuscript is for review purposes only.
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WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH BOUNDED VORTICITY 7

A rough integral, i.e. an integral with respect to a rough path, can be built via
Lemma 6.2 (the so-called Sewing Lemma). We report below some useful inequalities
that can be proved by easily generalizing [26, Theorem 4.10] and [26, Theorem 4.17],
respectively.

PROPOSITION 2.10. Consider two p-rough paths Z', Z?, and two controlled rough
paths (X X') e .@glva; Ll)( (RM V), (Y,Y') € .@g;’a; L2)( (RM V). Then,
fo X, dZ!, X)) € .@gf’?gl Ly Moreover, for all (s,t) € At s.t. Wi(s,t) < Ly,

the followmg estimate holds

t
/ X,dZy — XoZoy — X\ Lo s

S WS (s,0)Pwz(s,0)F +wits(s, ) Fwz(s,1)F,

where wégf( and w'% are the controls introduced at Proposition 2.4.

2. The following inequality holds

: : P
H/ erzi—/ndzi
0 0 p,[0,T

+ |X|gthl 22(0,T) + | X'}, wz1_72(0,T)*

+ wz1 (0, T)w% 1y (0,T)? + wzr _z2(0, T)wles (0, T)?
+ w0, T)wz1 _z2(0, 1) + wz2 (0, T)?w'% 1. (0,T)
+[X = Y'[Q,wz2(0,T)?,

Ly | X — Y|p wz1(0,T)

/\JL17

where |f|c, denotes supyepo 17| f(8)]-

2.3. Unbounded rough drivers and smoothing operators. Following [18,
2, 19, 15, 37|, we rewrite the integral against Z as a Taylor expansion up to order
two in order to rewrite our equation (1.1) in a more treatable form. In particular,
this decomposition produces some sort of “operator-valued” rough path, i.e. linear
unbounded operators enjoying rough path properties, and an additional remainder.
Let {E™},en be a family of Banach spaces such that there is a continuous em-
bedding E™ C E™ for all m > n. From now on, we denote their dual spaces by
E—
The “operator-valued” rough path can be formally defined as follows.
DEFINITION 2.11. Let p € [2,3). A continuous unbounded p-rough driver on the
scales {E™}nen is a pair (AY, A%) of 2-index maps such that, for all s,t € Arp,
(2.8) Al, € L(ET™, E™"7 ") forn € {0,1,2},
' A2, € L(E™,E~"?) forn € {0,1}.
Moreover, Chen’s relation holds

(2.9) ALy =A, + A, A2, =A% + AL+ A AL, V(srt) €AY
and there exists a control wy such that
1 2
. s,tl|L(E—n E-n-1) S WAlS,1)7, stl|L(E—n,E-n-2) S WA(S,1)P.
(2.10) || A5l < wa(s,t) 142 < wa(s,t)
In dual form, (2.10) can also be rewritten as

1 2
(2.11) JAS T (s pny < wals,t)?, A2 | L (mnre pny < wals,t)?.

This manuscript is for review purposes only.
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8 L. ROVERI, F. TRIGGIANO
We also need to introduce the concept of smoothing operators. They are crucial

for estimating the time regularity of the remainder.

DEFINITION 2.12. A family of operators (J"),e(0,1) 95 a family of smoothing op-
erators on the scale {E™},en if the following inequalities hold

[Tl grem S0~ 19l m,
I = TN Pllen < 0™ (¥l gnem,

for all p € E™™ and n,m € N.

(2.12)

2.4. Formulation of the equation. Since the driving signal in (1.1) is too
irregular to be integrated & la Young, we follow the strategy introduced at [18, 2,
19, 16, 36, 37]: iterating the equation, namely substituting the solution term w in
oj-VwZ’. This way, we obtain

t t
Wt = —/ Uy 'VwrdT—F/ o; -V w,.dZ]
St ’ . t r )
= —/ Uy -V wydr + o -szZg’t—/ (0 V)/ Upy -V Wy, dr1dZ]
St . - - S s
+/ (o; V)/ oi -V wy,dZ; dZ]
St ’ . t T )
= —/ Uy -V wydr + o -szZg’t—/ (o) V)/ Upy -V Wy, dr1dZ]
.. t . rl . .
+ (0 -V)(0; -V)wsZi’ft—/ (0 V)/ (O'i'V)/ Upy -V Wy, drodZ,. dZ)]

t r 1 ) )
+ / (0;-V) / (o ~V)/ o -V w,,dZ! dZt dZ].

The above can be reformulated as
(2.13) We t = st + A;tws + Ai)tws + wz)t,

where, for the sake of notation, we denoted the drift by

t
Hs,t = _/ Uy -V wydr,
S
the unbounded rough operators by

Ai,t@ = 0j 'VSOZg,t

(2.14) . y
As,t(p = (Uj 'V)(Ui V)QPZS),]t

and the remainder term by
t T
wio= = [ [ (@), Dy, dndz;
t r 1
(2.15) [ [ ] e V) Vs dradzaz:

t r 1 ) )
+ / / / (0 V) (0: V) (on V)wy,dZ" dZ! dZ?.

This manuscript is for review purposes only.
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Before giving the definition of a solution to (2.13), some comments are needed on
u, (A', A%) and wf. Notice also that, from now on, we are going to denote by
W~=™4 the dual of a Sobolev spaces Wm4 . In addition, Ly, and €y X will stand
for L>°([0,7] x T?) and C([0, 7], X), respectively.

Remark 2.13. Let us emphasise some properties of the terms appearing in (2.13).
1. The drift uo+ has finite 1-variation as a W~1*-valued function. This prop-
erty follows directly from u being divergence-free and from assuming w € Lg7,,
which allows for the estimate |[u¢||ze < [[w¢||L> thanks to the properties of
the Biot-Savart kernel.

2. If o; € C}, then the pair (A', A?) defined at (2.14) is a continuous unbounded
p-rough driver w.r.t. the scale E™ = W™!. Indeed, (2.8) follows from stan-
dard computations, (2.9) from (2.6), and (2.10) can be proved starting from
wz (see Remark 2.8).

3. Notice that the remainder term wg’t is defined starting from a solution w,
and what one has to verify is that it is in fact negligible, i.e. it has finite
B-variation.

DEFINITION 2.14. A function w : [0,T] x T? — R is a weak solution of (2.13) if
w e C,W™b>N LY, and there exists a localization (@, L) s.t. wh € C’g,/;zar(W*g*w),
i.e.

W) = wa () = () — w, (447 + 427 v)
has finite §-variation with respect to (w, L) for all » € W3

3. Existence of solutions. In this section, we aim to show the existence of
solutions in the sense of Definition 2.14.

3.1. A priori estimates. We begin by providing a priori estimates for the so-
lutions and their remainders. The proof’s strategy follows standard arguments in the
RPDE literature, see [2, 19, 34].

In particular, to prove them we need the following smoothing operators.

LEMMA 3.1. Consider a (symmetric) mollifier p with support on the ball of radius
equal to 1. Then, (J")yec0,1], defined by J") = p, x1p, is a family of smoothing
operators on the scale W™Y(T?) in the sense of Definition 2.12.

The first estimate is on the remainder w?, defined in Definition 2.14. We denote

., loc
Wy = wwh .

LEMMA 3.2. Let w be a solution of (2.13), in the sense of Definition 2.14, such
that wb € 05/3_Var(W73’°°). Then there exists L > 0 such that

P 2p P 1 2
(81)  wils,t) Sp lwll i wals,t) + wl 1t = 15 (wals. ) +wals,0)F),

for all (s,t) € Ar s.t. wa(s,t) < L.
Proof. Let (s,r,t) € A%. Tt follows from (2.13) that, for all ¢p € W31,
ol (0) = —w, ([Ab7 + A27 ] w) +w, ([ALy + 423 v)
+wp (Al + 42| 0)
= W r (Afjfw) + (wsr — wsALE) (Ai;;‘w)
= w (A270) +ul, (Al0),
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336 where in particular we have exploited (2.9) and defined

337 (3.2) wz’t =W — Ai’tws = fst + Ag’tws + wg’t.
338 Let now J” be a smoothing operator, as defined in Lemma 3.1: we are going to

339 apply it to ¥ in order to separately analyze a rougher and a smoother part of its
340 duality product against dw?. Starting with the former,

341 6w, (I = JNY)| < |ws, (Af,’:(f - J"W))) + \wir (Ai::(l - J"W)‘
342 < Neollags, [I435 (7 = 7yl + AR (= T
343 AL AL (= 7)) 1]

314 S lwllaz, [wals, )P I = T e

345 +wals, )7 (I — J")?/JHWLI]

346 <fwllrg, :OJA(S’ tyon + wal(s, t)%ﬂ 19][ws.r.

347 As for the smoothed part,

w15 (0wl (F) | < |wer (42757 + |l (A7)

319 < o (A27770) | + |, (ALz A% T70) | + |, (421427070)
350 + ‘wh (Ai;:ﬂw)) . . (Ai;;‘ﬂq/;)] + ‘w (Ai;:Ai;:Jw)‘
351 + ‘wgr (Ai;t*(]”q[;)’

352 < w2, AT T llwralt = s| + [[wl|zge, | sy AL T 1

353 + Hw”Lf?zHAEZ:AiZan”Ll + ng,rHW*&O"||A§:ZJ?7¢||W3:1

354 +wl e 1A T lwrat = sl + [lwll o, [ AZF ALY T 10

355 Tl s AR Tl

356 Due to the regularity properties of the unbounded rough drivers, (2.11), and to those
57 of the smoothing operators, (2.12), we can rewrite the estimate as

2 3
358 [0l (J)| < JwllFee 170 lwsawals, 0) 7]t = s| + [[w]ze | T lwsawas, )7

4 3 2
359 + ||w||Lfoow 1Tl warwal(s, t)? + wh(s, e || JM||wsawal(s, t)?
1 3
360 + ||w||%ﬁ||J"@Z)HW2,1wA(s,t)p |t = s| + [|[wllpge, Tl wsawals, t)?
361 +wy(s, )7 | 1| wanwals, t)»
2 3
362 < [[wlZee ¥ lwsiwals,t)7 [t = s| + [w]lnge, 1l wsawals, t) 7
4 _ 3 2
363 + 0wl W llwsawa (s, )7 +n"2wy(s,6) 7 [ [lwsawals, t) 7
L 2 1 3
364 +lwllZge [llwarwals, )2 [t — sl + wllrgs [¢llwarwals,t)?
365 0 wy (s, 8) 7 Y]l waawals, B) 7.
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WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH BOUNDED VORTICITYl 1

Putting back together (I — .J")¢ and J"1), we can set 1 = wa(s,t)/P\ for some
A > 0 constant. This yields

3
16w 1 ollw-se S AT+ 1+ A+ M) |wll g, wals, )7
w3, (wals,)F +wals, 03 ) It = sl + (A2 + A ws(s,6)7

Now, Corollary 6.3 implies that

(8:3) wils,t) < Cp [N+ 14 A+ 2w f wa(s, )
2p P p
ol s, (wals 0¥ +wals, ) 1= I8 + A2+ A7) (s, ).

It is now sufficient to choose A in a way such that C, (A2 + A71)P/3 < sand L >0
such that n < 1 to obtain the thesis. 0

LEMMA 3.3. Let w be a solution of (2.13), in the sense of Definition 2.14, such

that Wb € C’g/g_var(W_?”oo). Then w € CT¥*"W 1% and there exists L > 0 such that,

given wy (s, t) == Hw||§_var7[s7t],

2p
(3.4) wals,t) Sp (14 lwllez, ) (18— slP +wals,t) +wils, 1),

for all (s,t) € Ar s.t. wa(s,t),wy(s,t) < L.

Proof. Consider again a family of smoothing operators as in Lemma 3.1. Given
any 1 € Wl analyzing separately J"¢ and (I — J")y we get

et (1 = TN)| < [lws gl poe [1(T = Tl 2 < 20w pge, [$]]wr.s
and, exploiting the formulation (2.13),
1
st (J10)] < Nwll e 1770 [wrr [t = 5] + [[w]| s, wa (s, 8)7 [T 78]
+wlpe,wals, )7 [ J"llwza +wy(s, )7 |7 e
2
< [llws (1+ oz

(1t = 81+ wals, 1) + 17 wals, 0% + 7 2wy(s,6)7 ).

(3.5)

This, together with the choice n = wa(s, t)i/p +wy (s, t)1/P, yields the thesis whenever
wa(s,t), wy(s,t) are less or equal of some L such that n < 1. |

Remark 3.4. Tn Lemmas 3.2 and 3.3, we assume that w® € Cg/g_var(W_?”Oo) in-

stead of wf € C¥ /(z;‘f)r (W=3:°°), that coincides with the weaker condition required in

Definition 2.14. We stress that Lemmas 3.2 and 3.3 can be easily generalized under
the weaker hypothesis w? € C’g/(?;f)r(W’&oo), e.g. [36, 37]. Nevertheless, the cur-
rent version of Lemmas 3.2 and 3.3 will be sufficient to show the existence result, cf.

Theorem 3.6.

3.2. Existence. We discuss here how to prove our existence result. The strategy
outline is classic: first, we prove the existence of solutions with an additional viscous
dissipative term. Then, we prove the convergence of such solutions while letting the
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12 L. ROVERI, F. TRIGGIANO

viscosity vanish, recovering a solution of the original problem, in the sense of Definition
2.14.

The proof of the following lemma can be easily obtained by adapting the results
in [3, 43].

LEMMA 3.5. Let wg € C®(T?), {o;}}L, € C=(T?,R?) be a family of divergence-

free wvector fields and Z € C"X’([O,T],RM). Then, there exists a unique solution
w € C([0,T] x T?) to the following equation

.. 7J
=105 -Vwz?,

(3.6) hw+u-Vw—vAw=3M
’ w(0) =wy, u=Kpg*w.

In particular, we have the estimate
[wllLze, < [lwolzse,

where C' is a positive constant that does not depend on the viscosity v.

Thanks to the above, we can start with a smooth approximation of both solution
and noise and let them converge.

THEOREM 3.6. Let wo € L(T?), {o;}}L, C C3(T? R?) be divergence-free vec-
tor fields and Z € €. Then, there evists a solution to (1.1) in the sense of
Definition 2.14.

Proof. Since Z is a geometric rough path, there exists a sequence of smooth paths,
{Z"} nen, whose canonical lifts converge to Z in €7

Let w™ be the solution to (3.6) with initial datum w{’ = p1/N * W, Viscosity
v=N"1 05\7 = 0% p1/y and (smooth) driving signal ZV. By iterating the equation,
following the procedure already used in Subsection 2.4, we can see that w'¥ solves an
equation of the form

t
1
(3.7 wé\ft = / {NAwiv N wN | dr+ A YwN + AithwN —|—wivth,

where

N
AS Jws = a NVwsZ, t’J, Ast We = (Ujv ~V)(01N ~V)wSZS,;”J

and the remainder w; ’n is properly defined via a suitable adaptation of (2.15).

Adapting the proofs of Lemma 3.2 and Lemma 3.3, one has to take into account
that i therein now contains the additional term % f; A wX du, which can be treated
as follows:

* 11 2
([ yawdan) (azim)| <o oz, Wolws ot e o
([ i) (a5m) | < oo™ s Iolwssioatr)H e s

With the same choice n = wa(r, t)%)\ as in Lemma 3.2, one can easily obtain that,
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uniformly in V € N,
wn(5:8) Sp A+ 1A+ 2D ] wa(s, 1)
ol (w0als,0)F +wals, D) 6= sl + (A2 27D Faws(s, )
+ AT D g wals, )5 — s

Since the above is closely related to (3.3), up to a term (A\~'41)5 [wllgs,wals, t)3 |t —

s|% due to the dissipative effect, we can proceed exactly in the same way. Then, for
a suitable A, one has

(3.8) W (5,8) Sprvo WA (5,8) + |t — 8|5 (Wals, 1) +wals,t)3).

As for the control on the p-variation of ||w® |y -1,0c, much like in Lemma 3.3, we
obtain that

2
hollwre < (14wl ez )

3

(74 Qe = sl + wals, )7+ wals, 1) + 77 2ws(s,6)7 ).

Similarly to (3.5), we can then choose 7} = wa (s, t)"/? +wy (s, t)l/”+|tfs|1_%, yielding

(3.9) eIy 1.0 Spava [t = I+ [t = 5P +wals, ) + wy(s, ).

The estimates (3.8) and (3.9) hold for all suitable localizations based on L such that
both n and 7 are less or equal than 1.

At this point, Lemma 6.1 allows to select a subsequence (still denoted by w® for
the sake of notation) converging to some w € C([0,T], W~1:°°). Testing (3.7) against
any ¢ € W' and passing to the limit w” — w and ZV — Z, we can see that such w
is in fact a solution of (1.1). In particular, the convergence of the nonlinear transport
term is ensured by the fact that w® — w in C([0,7], W~12) implies vV — u in
C([0,T],L?).

The proof is then complete once we notice that the remainder, defined by wgﬁt =

lIimpy oo wiv t’h, has finite £-variation with respect to a suitable localization thanks to

the uniform bound (3.8). d

4. Euler Lagrangian flows. This section is focused on the study of two La-
grangian equations associated with the flow of solutions to (1.1). We are first going
to prove that

bu(x) =z + / u(s, () dr + / 5(6,(2))dZ,

admits a solution, whenever u is a spatially log-Lipschitz drift like the one obtained
by applying the Biot-Savart kernel to a bounded function. In the equation above,
and along the course of this section, we denote by & the functional 7 : C(T?,R?) —
L(RM (C(T2,R?)) defined by 7(f)(z) = Zj\il o;(f(x))z;, up to extending the o; by
periodicity, and by D& its Fréchet derivative. Afterwards, we are going to show a
uniqueness result for the non-local RDE

t

ole) =+ [ [ Kos(oa) = 6. unl)ddr + [ ator(@)az
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14 L. ROVERI, F. TRIGGIANO

where Kpg is the Biot-Savart kernel and wg is a function bounded in space and
constant in time.

Let us stress that both the Lagrangian equations present a rough integral, in the sense
of Proposition 2.10, where the rough path has finite p-variation for p € [2, 3).

4.1. Log-Lipschitz RDE. Consider a bounded, measurable function w : [0, T] x
T? — R? that is log-Lipschitz in the spatial component, namely

lu(t, ) —u(t,y)| < Luy(jz —yl) Vi e [07T]7xay€T27
where we set L, > 0 and y(r) = 7(1 —log7)1(0,1/¢)(r) + (7 4+ 1/€)1[1 /e 0 (1) for all
r > 0. We prove that the RDE

t

(4.1) 6(z) = dola) + / u(r, 6, (x))dr + / o (60(2))dZ,.

is well-posed by a limiting procedure based on the a priori estimates provided in
Propositions 4.2 and 4.3.

DEFINITION 4.1. Let ¢ € CPV2([0,T], C(T?,R?)). We say that ¢ is a solution to
(4.1) if (,5(9)) € 25 (& 1,)(C(T?,R?)), in the sense of Definition 2.9, and

t

b = do + /0 w(r, ¢v)dr + /0 (6,)dZ,.

where the first integral is a standard Riemann integral and the second one is a rough
integral in the sense of Proposition 2.10.

PROPOSITION 4.2. Let u : [0,T] x T2 — R? be bounded measurable, {aj}jle be
C3(T?,R?)-vector fields, Z be a p-rough path and ¢o € C(T? R?). Given a solution
(¢,5(p)) € 25 (C(T? R?)) to (4.1), in the sense of the previous definition, it holds
that, for q € (p,3),

(42) ||¢||q—var S Cla

(43) HR(b”q—var,(Uwg) < 027

where W(s,t) = wz(s,t) + |t — P and Cy,Ca, po are positive constants depending only
on [Flcs, lullgs, , g and wz(0,T).

Proof. Let us stress that in this proof we consider controls associated with the
g- and ¢/2-variations with respect to the localization (@, ut) of several 1- and 2-index
functions.

If (s,t) € Ap are such that @w(s,t) < p, then

Re<| | u(r, )] + | / G0, — 7(6.)Zus - D656

+ ‘DE(¢S)E(¢S)Zs,t|
2 1 1 2
S lullng, [t = sl + wigse (s, ) 7wz (s, )7 + wi) (s, ) wz (s, 1)

2
+[7Ewz (s, )

— 2
< lullzge, [t = sl + [Tl o2 (wg (s, 8) s +wRE(s,t)

QN
Q=

)wz(s,t)

+ 7 lZewly (s, ) Twa(s, ) + [T Eawa(s, 1)1,

Qo
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WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH BOUNDED VORTICITY15

where the second inequality is due to the Proposition 2.10, while the third one follows
from standard facts (see [26, Chapter 7]) and the localization (i, ;). At this point we
can apply Proposition 2.4 and, fixed p small enough to have ||U||qC/22wz (s,0)1/?2 < 1/2,
absorb the control wloc on the left-hand side:

WigS (5,8) Sq 2lull iz £ — s|F + Wl (s,8) + [T 2awly (s, ) B (s, )3
+2||7]|Lswz (s, 1)

Sl £ = s+ wl=(s,6) + 15] Lowa(s, ).
Also, by definition of (¢, (¢)) € 257,

s e| < [5(¢5) Zos + RE,|
< [Tl cowz(s, )7 + wios (s, 1)
2 _ 2
SallTlloowz (s, £)F + [lull e [t — s| +wl(s,6)F + |[Tl|2awz(s, )7,

for all (s,t) € A such that @W(s,t) < p. Therefore, Proposition 2.4 implies that there
exists a positive constant C, depending on ¢, [|7||c2 and [lu[[zg , such that for all
(S, t) € Ar

wi(s,t) < Cp(1 + p) + Cwlf“(s, 1),

Therefore, choosing o < p to have 4C?ug(1 + po) < 1, given

1

Ty = % (1 +/1-4C%u(1 + u)) . 1< po,

we find that
w(l;’C( Jt) <azh or wfz,oc(s,t) >zl

We know by Proposition 2.5 that, for g very small, the former inequality holds
(indeed, the control goes to 0 as u does). At the cost of possibly re-choosing it, for a
small enough 119 > 0 we have z{° > 5 and #4° < ¢&=. To show that ||¢H .1, @op) <
xh® for all p < g it is then sufficient to exclude any jump of size greater than 4. To

this aim, (2.3) yields that

1 —1
1DIG 15,11, = 27 NONG (o0, @s2) < 2

hm H¢||q [s,],(@,4)°
and since 4z5° < z{° this implies that we can never go from wl"“(s t) < zh° to
wiee(s,t) > af.
At last, (2.4) allows us to conclude the proof. d
We have proved that the localized variations of both ¢ and its remainder are
bounded from above whenever the localization we choose is small enough. Let us now
show that a solution to (4.1) is continuous with respect to its initial datum, driver,
drift and diffusion.

PROPOSITION 4.3. Let Z',Z? be two p-rough paths, ui,ug : [0,T] x T? — R?

bounded, measurable and log-Lipschitz in the spatial component, G1, T2 be two families
of M wector fields in C3(T?,R?) and ¢}, 92 € C(T?,R?). Moreover, assume that
(04,7:(0})) € 2. (C(T?,R?)) are solutions, in the sense of Definition 4.1, to

t t
o= ¢h + / ui(r, ¢L)dr + / 7i(¢p)dZ; vt e [0,T],i=1,2.
0 0
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16 L. ROVERI, F. TRIGGIANO

Then, there exists a positive constant C' depending on ||Gi||cs, ||uilrs, , wzi(0,T) and
the log-Lipschitz constants L., such that

sup [lo" — &%l
te[0,T)

1
< C(Hff% — dpllore) + 11 — Fallos + wzi—z2(0,T) 2

T
o =zl T+ [ (16} = o)),
0

Proof. We wish to estimate sup;c(o 7 [|¢" — ¢[lc(r2) by means of a Rough Grén-
wall Lemma, see Lemma 6.4. Notice that what we really need to estimate is the
difference |R!, — R2 ], since

|¢i,t - ¢§7t| = |El<¢i)zsl,t - E2(¢§)Z§7t + R;,t - R?,t|
(4.4) < ([F1llcrLss + lo1 — Tallco) |22, + F1ll ol Zi, — 22,
+ |Ri,t - Rg,t|7

where we called I, ; = sup,c[s  |6; — ¢7| to ease the notation and where R’ is the

Gubinelli remainder of ¢, for i = 1, 2.

In the following, we always consider controls associated with the ¢- and ¢/2-
variations with respect to the localization (wz1(s,t) +wgz2(s,t) + |t — s|P, ) of several
1- and 2-index functions. In particular, adding |t — s|P results in a strictly positive
control. As in Proposition 4.2, the parameter p will be properly chosen. For the sake
of readability, we will also denote the controls associated with the Gubinelli derivatives
(respectively, remainders) of 7;(¢%) by w%of (respectively, wéggi). Again at the price
of a slight abuse of notation, like in Remark 2.8, we will also denote a control on the
difference of [71(¢!)]’, the Gubinelli derivative of 1 (¢'), and [72(¢?)]’, the Gubinelli

derivative of T5(¢?) (respectively, between the remainders R°'(¢") and R72(¢")) by
wgo,lcfﬁé (respectively, who  .-.).

For all (s,t) € Ar such that wgi(s,t) + wzz2(s,t) + |t — s < p,

t
R - B < | [ o) - watr d2)ar]
S

t t
+] [ oehiz: — ozt - [ 76z v oo 22,

(4.5) )
Sl = el t = o]+ min{Luy L} [ (16} = GEar

t t
+| [ mehazt ozl - [ mue)az: +oue) 22,

We are left with a rough integral term, that can be estimated by means of Proposi-
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tion 2.10. Indeed,

t

s

Silos
~lloilles

D51 (82)71(2) 2L, — Doa(92)72(02) 22,

+ whoe (s, t) 1wz _z2(s, t)% + whoe e (s, t)%wz1 (s, t)%

+ w1z (5,1) 1w (5, 8) 1 + Wl (5,8) 1wz (s, 1)

2 2 _ _
5|\0i\|c3 wz1,Z2(8,t)‘1 + wyz (S,t)‘l (Is,t + |0’1 - 0’2|02)

1 loc

w92 (s,1)Twgi_g2(5,1)7 + W, oy (5, 1) Twzn (s,1)7

1

+ wz1_z2(s, t)%wg";(s, t)a + w{;?;fg,l (s, t)%WZl (s, t)%

We report below some estimates for those controls above that depend on ;.
Recall that multiplying a control by any power of I, yields a new control (see e.g.
[27, Chapter 1]). By combining Proposition 2.4 and a modification of [26, Lemma
7.3] in terms of p-variation, we have that

W{?O;c(sﬂ t) S?i,q wfb"f(s, t)v

W*Q—E'l(szt) S7ia [%Of(s,t)llﬁl - EZHqcz + W¢1—¢2(57t)

loc

+ I, (ke (s, t) + Wl (s,1))]

Wis (5,1) Soiq (WE(5,1) +wi(s,1),

9 a
_RO2 (S,t) Sﬁi,q wé%olch2 (Sat) + wéglc(&t)(nﬁl - 52”5'2 + Isr",t)

aq
Wl (s )71 — Tall e+l (5.1)

q
+12,w5C (s, ).

Equations (4.5)—(4.7) above imply that there is a positive constant C', depending

min{ Ly, , Ly, }, max{||71||cs, ||72]/cs} and ¢, such that

t
R, B2,| Sc llun — usllus |t — s + / (1% — @2)dr

.
+ wzi_z2(s, t)% + wza (s, t)% (Is,t + o1 — 62||C2)
(W (,8) + W (5, 1)) Tz e (5, )7 + g (5, )7 [WE_pa (s.1)
+ Wl (s, 8) ([[71 = TallZe + I2,) + Wl (s, )71 — 72| 2
W% (5,1) + T2,185 (5, )] T + wan g (s, 1) Tl (s, 1) 0

2

:

+wzi(s,) 7 [Wi(s,1)l[T1 — T2l Ee + Wi ga(s,1)

1
+ Igt (wl;f(s, t) + wfbof(s, t))] 7,

for all (s,t) € Ar such that wzi(s,t) + wg2(s,t) + [t — s| < p. At this point one can
fix p small enough for the term CCUZI(S,t)%Wégf_RZ (s,t)% term to be smaller than
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2_%@%’571{2(57 t)% Proposition 2.4 implies that in this case

t 3
(5.0 [l = el e = sl + [ (16} - o]

s

+wz g2 (5,8) + wzr (5,8) (L + 71 — Fallen)

+ (weF(s,8) + wiat(s, 1) )wzr g2 (s, )
(4.8) +wga (5,8)% Wi (s, ) (|71 — Talld + 12,) + 120185 (5, )

+ Wl (s, O)][F1 — TallEn] + Wi (s,6) 2wz g (s, 1)

+wzi (5,8) [WE (s, )71 — T2 L

(w5 t) + Wl (s, 1)) 12, )

+wzr (5,1) Tl 4o (s, 1) + war (5, )Wl (s, 1)2.
Finally, we can combine (4.4) and (4.8) and Proposition 2.4 to get

Wi g2 (s,1) Swza (s,1)(|[F2llcr Lot + |51 — T2l o)
+ 71| Eowzr —z2 (5, 1) + WRE_pa(s, 1)
< C[F(s,t) + pwli s (s,t)? + p?wli 2 (s, 1)),

where F(s,t) contains all terms apart from the ones involving w(l;ﬁ 52 The latter
inequality yields that

w(l;lc_¢2(57t) < zh(s,t) or wg’f_w(s,t) > zl(s,t),

where

1—Cp? £ /(1 —Cu2)%2 — 4uC2F (s,t)
2uC

xit,Q(Sv t) -

By Proposition 4.2, ||F||pe < M. We can then choose u sufficiently small to have

1—Cu?+/(1-Cu2)? —4uC?*M -

M.
2uC 3

i (s, t) =
Notice in particular that the choice of p only depends on the parameters of the
problem, i.e. [|&;|cs, ||uillzse , Ly, and wzi(0,T). Moreover, again Proposition 4.2

implies that

(4.9) Wi 4 (s,t)

_1- Cp® — /(1 = Cp2)? — 4uC?F(s,t)

< 2F(s,t),

where the last inequality is due, up to shrinking p again, to

1 1
Va—b<+va—b Va>4,be{0,a—4].
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WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH BOUNDED VORTICITY19
At last, (4.9) implies that
1
(6" = ¢%)sel S Fls, 1)@
t

) 1
<l — wall = sl + [ 216} = G2 + Cuoma a0

S

+ C(wzl (8, t) + wyg2 (S, t)) % (Is,t + ||51 — EQHCS)

for all (s,t) € Ar such that wz:(s,t) + wg2(s,t) + [t — s]P < p.
The above satisfies the hypothesis of the Rough Gronwall Lemma (Lemma 6.4),
which we can then apply to conclude the proof. 0

We are finally ready to state a well-posedness result for (4.1). We also prove that
the solution is measure-preserving in space for all times ¢ € [0, T).

THEOREM 4.4. Let Z be a p-geometric rough path, p € [2,3), u : [0,T] x T? — R?
be bounded, measurable and log-Lipschitz in space, {Uj}j”il be C3(T?)-vector fields
and ¢o € C(T? R?).

Then, for q € (p,3) there exists a localization (w, L) and a controlled rough path
(¢1,0(91)) € @%:‘(’gr,L)(C(TQ,RQ)) solving (4.1), namely s.t.

t

t
_ )d () dZ.
64 ¢o+/0u(n¢> r+/oa<¢>

Such (¢s,7(¢p¢)) is unique: if there exists (pr,o(p1)) € @%:\(’%r,yL,)(C’(']I‘Q,RQ)) which
also solves (4.1), then p, = ¢¢ for all t.

In addition, if ¢o is measure preserving (like in the case ¢po = Idr2) and u, o;
are divergence-free, then ¢ is also measure preserving for allt € [0,T].

Proof. Since Z is geometric, there is a sequence of functions in C*°([0, 7], RM)
whose canonical lifts converge to Z in €7™". In particular, we choose a subsequence
{ZN} nen such that, wyn_7(0,T) < ﬁ for N — oco. Without loss of generality [36,
Proof of Theorem 4.1], we can also assume that

1ZN) S wals,t) and |ZV,| S wz(s, )7

In addition, let p be a mollifier (in space) and define, up to properly extending u to
R? by periodicity, u” = u * p 1. The latter is divergence-free due to u, o; being so.

Therefore the flow ®V of the associated RDE is measure preserving.

Since u is sufficiently smooth for all N € N, standard results (see e.g. [26])
imply the existence of a unique ¢ € CPV¥ of the form ¢ = ®Y o ¢, such that
(N, 5(¢™)) € 2N solves the RDE

t t
N = N(r,¢MN)d (o) )dz) .
" ¢o+/0u(r<z>>r+/oa(<z>>

In particular, being the composition of measure preserving functions, ¢V is itself
measure preserving. Proposition 4.3 and Osgood’s criterion (cf. [7]) imply that

1

2
)

where z(t, z¢) is the solution to z; = ~(z;) with 2o as starting condition. Notice that

2(t, z9) < ezgxp(_t

(4.10) 6N — N | S 2t lu™ — uN e T+ w55 (0,T)

) as long as z is sufficiently small (cf. [9]).
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20 L. ROVERI, F. TRIGGIANO

By combining Proposition 4.2, (4.10) and the interpolation inequality

~ o P N 1—-2
167 = ¢Vl oy S (167 = S llpoy) * (6" = &V [[) 7,

we eventually see that {¢™} and {7(¢")} are Cauchy sequences in C4va. Moreover,
we know that [[u™|ze < [lulle and that the sequence u”™ converges uniformly in
(t,x) to u and is equi-log-Lipschitz, i.e.

|uN(t7x) - UN(tay” < Lu7(|x - y‘) VN € N7t € [OaT] and T,y € R2'

These properties, Propositions 4.2 and 4.3 and (4.8) imply that there exists pg > 0
such that || RN — RNH 4 (@.u0),0,7] i & Cauchy sequence, with RN being the remainder
of ¢V with respect to ZV and @W(s,t) = wz(s,t) + [t — s|P.

It follows that, given limy_, (¢~ ,5(¢")) = (¢,5(¢)) € 92‘(’?’#0)(017(?1‘2,1&2)),

by continuity of rough integrals, i.e. Proposition 2.10, (¢, (¢)) solves

t

t
- Ry 5(¢2)dZ..
" ¢o+/0u(s¢>w+/oa(¢>

Uniqueness then comes, once again, from a trivial generalization of Proposi-
tion 4.3, which takes into account also the localizations (w, L) and (w’, L), combined
with Osgood’s criterion.

As for the measure-preservingness of ¢;: since v’V and the ;s are divergence-free,
then the ¢~’s are measure-preserving as long as ¢q is. Therefore, ¢; is also measure-
preserving because, thanks to (4.10), it is the limit of the sequence {¢ };. 0

Once the well-posedness for the RDE with log-Lipschitz drift is obtained, we
conclude this section by studying the inverse flow map.

THEOREM 4.5. Let Z, p, u and & be as in the previous theorem. Given ¢g = Idr2,
if ¢ :[0,T] x T? — T? is the solution of

t t
o =1dra+ [ utro)ir~ [ ooz
0 0
the following hold:
1. ¢ is invertible, for all t € [0,T);
2. given ¢ € C(T? R) and h; = (¢; ), there exist a localization (@, L) and
hf e ng"zar(W_?”oo) such that, for all v € W1,

t
(A1) e = [ b Vdes b ([AY 4% 5) + 8,0,

where (A, A?) is the unbounded rough driver given by (2.14).

Proof. 1. Given t € [0,T], we can build the inverse of ¢; by solving the
equation backward in time. Namely, ¢, 1 —Y;, where (Ys)se[o,4 is the solution
of

Y, = Idpe 7/ ut —r,Y,)dr f/ &(Y,)dZ,,
0 0

driven by the geometric rough path associated with Z, = Z;_ (we refer e.g.
to [26, Exercise 2.6] for more details).
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WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH BOUNDED VORTICITY21

2. Similarly to the previous theorem, consider {ZVN}yen € C([0,T],RM),
approximating Z in ¢}, and {ux }nven C C°°([0,T] x T?,R?), converging
to u.

For each N, the corresponding flows ¢™ are invertible and sufficiently regular.
In particular since d; [(b,{v(%v_l(a:))} = 0, one has that

0 (o1 M (@) = —[(VT o) (6 @) [(edM) (67 (2))]
= —[(VT M) (o) @))] [ul (&) — 5(2) 2.

Therefore,
Oihy (x) = —up () -V b (z) +5(x) -V b)Y (2) 2,

with hY = (¢~ "). The result then follows as in Theorem 3.6, namely
we pass through the integral formulation and iterate the equation as we did
in Subsection 2.4. After proving, in a similar fashion, that A"V (respectively,
hNF) has finite p-variation (respectively, £-variation), and thanks to the con-

vergence of qSiV o ¢; ! (by Proposition 4.3), we can eventually send N to
infinity in the equation solved by AV . 0

4.2. RDEs with non-local drift. Let us consider the second Lagrangian RDE,
which plays a crucial role in the proof of uniqueness for solutions of the Euler equations
(2.13). In particular, we prove a uniqueness result for the following RDE

@12 @ =at [ [ Kostonlo) = ot)utdsdr + [ 706, @)z,

where wg is a bounded function.
Since the drift is non-local, let us introduce a slightly different concept of solution.

DEFINITION 4.6. Let ¢ € C([0,T] x T2, R?). We say that ¢ is a solution to the
non-local RDE if there exists a localization (W, L) s.t. (¢(z),5(¢d(x))) € 95—?52) (R?%)
for all z € T?, and(4.12) holds.

Remark 4.7. Notice that if (¢,5(¢)) € @Z’E’grL)(C(TZ,RQ)), then for all x € T?,
(6(w),7(6(x))) € DL, (R?) .

THEOREM 4.8. Let Z be a p-geometric rough path, p € [2,3), wg € L°°(T?),
{o;}}L, be C3(T?)-vector fields and ¢o € C(T? R?).

If there exist two controls, Wy and Wy, and two positive constants, L, and Lo,

such that (¢,5(¢)) € @g’}z’;}Ll)(C(TQ,Rz)) and (¢, 5(y)) € @ZE’%;LZ)(C(T2,R2)) are

measure-preserving solutions to (4.12), in the sense of the previous definition, then
(bt = ’ll)t Vt S [O,T}

Remark 4.9. An existence result for (4.12) can be easily produced by combining
Proposition 4.3, Theorem 4.4 and the iterative procedure proposed in [9]. We avoid
replicating such method, as it plays no role in the uniqueness of solutions to (2.13).

Proof. Let t € [0,T), then for all x € T?
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22 L. ROVERI, F. TRIGGIANO

@)= @) = [ [ s (60(0) = 6 0) = Ko (0r(a) = vr )] wn(w)dydr
+ [ 6. -7, @)z

Up to working with R?-valued controlled rough paths, a procedure analogous to the
one used to prove Proposition 4.3 yields

q

i (505 [l [ [ |Kn(6.0) = 60(6)) = Kas(on (o) = v o)yt

+ Ig7t(x)wz(s, t) [1 + wg’d‘fz (5,1)* + wéf;c(s, t) + wé‘;‘:(s, )% + wffwc(s, t)]

+ wz (s, t)wéfwc_wm (s, t)2 + wz (s, t)Qwéﬁf_wm (s,t),

where I () = sup,¢[s 4 |6+ () — ¥ (2)], whos wg’; and wfb‘f_% denote the localized

controls associated with R?+, the remainder of ¢;(z), ¢;(x) and ¢;(z) — by (x). With
the same argument used for Proposition 4.3, we then obtain that

|s,t(x) — Vs t(z)] < JJwol L
[ [ |60t = 600)  (stnto) = v )t

+ Cuwg(s, 1)1 1, 4(x).

By Lemma 6.4, the above yields

sup [6,(e) =00 @)| £ [ [ |(Kns(or(@) = 0,0) = (Kns(un(a) ~ vr0) dyar
] o Jr2

rel0,t

Now, recalling (see e.g. [41]) that the Biot-Savart kernel enjoys the property
[ \Kaso — ) - Kas@@' ~ o)ldy S2(le — '), Voo’ € T,
T2

we can integrate in space and add and subtract a term Kpg(¢,-(z) — ¢,(y)). Then,
applying Fubini-Tonelli’s theorem and exploiting the concavity of « to use Jensen’s
inequality, we get

[ o) - vl < e [ +( [

At this point, as in Theorem 4.4, Osgood’s criterion yields the result. O

or(x) — wr(a:)’d:c) dr.

5. Uniqueness of the solution. In this section we exploit the uniqueness re-
sults obtained for the Lagrangian flows to prove that there exists a unique solution for
the two-dimensional Euler equations (1.1). To this aim, we show that wy = (¢¢)xwo
following Dobrushin’s strategy [21], i.e. proving that

(5.1) / wi@)hy(a)de = / wo(@)ho(@)dz,

T2

where h; == (¢; L (x)).

This manuscript is for review purposes only.



768

769

770

WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH BOUNDED VORTICITY23

Since w? and k! are poorly regular, we cannot test directly the equation for w,
against the one satisfied by h;. Therefore, we must develop a strategy similar to
the one of [37, 19]. There, a doubling variable technique is used to estimate some
crucial quantities, such as the energy of the solution. Instead, we need to apply it
for any smooth function % in order to prove that any solution w is transported by its
corresponding flow.

5.1. Doubling of variables. Let (O'j)Jle C C3(T?,R?) be divergence-free vec-
tor fields, wy € L (T?,R) and ¢» € C°°(T?,R). Consider, according to Definition 2.14,
a solution w to (2.13) with initial condition wy and consider ¢, h as in Theorem 4.5:
¢ solving

(5.2) or = Ins + /0 u(r,é,)dr — /0 (60)dZ,.

where u = Kpg * w, and h = (¢~ 1).

Let us first state the following (cf. [36, 37, 19]). From now on, we are also going
to denote by W2 the Sobolev space W™2(T? x T?).

LEMMA 5.1. The mapping g : [0,T] — Wo* defined by gs(z,y) = ws(z) @ hy(y)
satisfies the equation

t
(5'3> gs;t = — / ((ur -V wr) ® hr +wr @ (ur -V hr)) dr + Fi,tgs + Fg,tgs + ggm
s

where g% € C’;g’:zar(Wég’oo) (notice that W=3°° is continuously embedded into

W=32) and (TY,T2) is an unbounded rough driver on the scale {WgQ}n (see Subsec-
tion 2.3) defined by

(54) I, =AL, @I+1®A] 2, =A2,I+IQ A, +A},® Al

s, st
with A*, for i = 1,2, given by (2.14).

Keeping in mind that h solves (4.11), the above statement follows from straight-
forward algebraic manipulations of the tensor product between w and h and their
expression as solutions of RDEs. In particular, it is easy to check that (I',T'?) satis-
fies properties (2.8)—(2.10) and that the regular-in-time terms appearing in the tensor

product can be “hidden” into gi’t, see e.g. [36, Lemma 4.2].
Now, we want to test (5.3) against a smooth approximation of the diagonal d;—,.
Following [37], let us denote x4 = % and define, for n € N, the space

gV = {a € W™ (R? x R?)|a(x + 2km,y + 2kn) = a(z,y) Vk € 72,
lz_| >1 = alz,y) :o}
normed by

lalln.v = max [V5 V. a(z,y)|.z

where Vi = %(VﬂC +V,). We also need to introduce the dual spaces £~V =
(€™V)", the duality pairing

oy = [ [ e amay —o)ales bam s o )doide
B(0,1) JT2
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24 L. ROVERI, F. TRIGGIANO

and a blow-up transformation: for € > 0 and a € €™V, it is given by the map

1 T_ T_
Tea(z,y) = 6—2a($+ + T+~ ?>,

whose adjoint operator is T y(z,y) = (x4 + ex_, x4 —ex_).

At this point, up to extending by periodicity, we can test g5 against T.c. Let us
start with the drift term.

LEMMA 5.2. 1. Let o« € EYY and Vgt € Wéw be defined as

t
Vst = 7/ (ur -Vw,)® h, +w, @ (u.-V h,)dr.

Then
(5.5) s (Tea)| < Cllafy, vt — sl,

where C'is a constant only depending on |[w|[Lz, and ||| L.
2. Let a(z,y) = B(zy)f(Jx_|?), with B € C®(T%,R) and f € C*(R,RT) such
that it has support contained into [0,1] and [, f(lz_|*)dz_ = 2. Then,

t
(5.6) 1in% Vs (Tear) = / / wy(x) by (2)up(x) -V B(2)de.
€E—> s T2
Proof. 1. We have that
K 1 _ _
Vs,t(Tea) = /é dT/ ?ur(m>wr(x)hr(y) Vm |:04(:L‘+ + %7m+ - %)]dwdy

+ /St dr/ éur(y)wr(x)hr(y) Vy [a<x+ + %,34 - %)]dmdy

t
= %/ dr/“’r@@ +ex )hp(zy — ez uT (24, 2-) (Vi ) (2, y)deda_
L t U:.’_(J:_A,_,l‘_)
+5 dr | we(vs +ex_Yhp(vg — ez ) ———"2(V_a)(2,y)dvyda_
s €

= v (Tea)y + v (Tea) —,

where uS*(z,x_) = [ur(lq_ +tex_)fup(rgy — e:c_)] . The first term can be

)
r

easily estimated uniformly in e. Instead, for the second term
¢ us (x4, )
/ dr/w,«(x+ +ex_)hy(zy —ex ) ——"" . (V_aq) (sr:,y)dx_dm_‘

€
t
< llwllzes Il <l v / dr / d_ / du
s B(0,1) T2

< lwllzge, 191l e lla

€,—

uy (m?xi)‘

|1,VHU||Lt°°VV;’1|t_ s|.

2. It is enough to prove that lim._,o v +(Ter)— = 0. In particular, up to approx-
imating the velocity u in LW by smooth functions, let us assume that u
is smooth in space. Then,
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WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH BOUNDED VORTICITY25
¢
vst(Tear) - :/ dr/ dx,/ deyw.(zy + ex_)h.(z4 —ex_)B(z4)
s B(0,1) T2

1
(/ VI (ry —ex_ + 296x_)x_d9) cx_ f(|lz—|?),
0

which, as € goes to 0, converges to

¢ 2
[ar [ awstwoinen)@n) 3 oite) [ at p e Paa

Q=1 (0,1)

- / dr / (e ) 48 )divu) ) / o (0P)dp =0 O

Remark 5.3. Although the setting is different, we point out that the second state-
ment of the above Lemma 5.2, as well as the strategy to prove it, shares technical
ideas with DiPerna-Lions’ theory of commutators [20, 1].

It is now the turn of the rough terms to be tested against T.a. The following has
already been proved in [19], hence we are only going to give the statement.

LEMMA 5.4. Consider the unbounded rough drivers (T} ;,T?%,) defined in (5.4):
(I‘if,Fg:)E = (TyTy T~ TT2, 171 s a bounded family of unbounded rough
drivers on the scale E™Y .

Moreover, if a(z,y) = B(z1)f(|z_|?), with 3 € C°(T?% R) and f € C>°(R,RT)
such that it has support contained into [0,1] and fB(o,l) f(lz_|?)dz_ = 2, then

lim (T ge, TE5 )y = / wo(@)ha(2)(AVIB) (@) dz,  i=1,2,
e—0 ’ T2 ’

where A® is as in (2.14).

We conclude the paragraph by identifying the equation satisfied by T g,. In order
to estimate the remainder appearing in it, we first report a result from [37].

LEMMA 5.5. There exists a family of smoothing operators (Jn)ne[o,u on the scale
EMV.

Eventually, the following is what we need.

PROPOSITION 5.6. For any € > 0, given g as in Lemma 5.1, g5 := T g, satisfies
in E73Y the equation

2,€ €

(5.7) 9o =V +TVigs + T25 g8 + g2,
where vg (o) = vs (Tea) is defined as in Lemma 5.2. Moreover, the family (92:5)90
is bounded in Cg’/;"zar(g—s,v)’

Proof. The equation satisfied by g¢ can be easily found by testing (5.3) against

T.a for all o € E3V.

Instead, the uniform bound on the localized %—variation of the remainders g€
follows from Lemma 5.2, Lemma 5.4 and Lemma 5.5 with a procedure analogous to
the one already showed in Lemma 3.2. Indeed, as shown in [19], such procedure can be

replicated once we have, like here, a family of smoothing operators, the drifts {1/§7t}6>0
uniformly in 12" (£-5V) and {(Fif, Fif)}oo uniformly unbounded rough drivers.O
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5.2. Uniqueness result. We are finally ready to prove the remaining part of
Theorem 1.1, namely that the 2D Euler equations, driven by rough transport noise,
have a unique solution whenever the initial condition is bounded.

THEOREM 5.7. Let wg € L>(T?), Z be a p-geometric rough path, p € [2,3), and
{Uj}jl\il C C3(T?%,R?) be a family of divergence-free vector fields. Given w a solution
of (1.1) in the sense of Definition 2.14, then w is unique.

In particular, it can be written as the advection of wg along the corresponding

flow,

wy = (¢¢) wwo,

where ¢ solves (5.2).

Proof. We start proving that any solution w in the sense of Definition 2.14 is
advected by the associated flow.

To this goal, consider 1 € C°(T2,R), hy = 1(¢; *) and g¢ = T*(ws ® h,). Given
a(z,y) = Blxy)f(lz_]?), with 3 € C*°(T?,R) and f € C*(R,R*") with support
contained into [0, 1] and fB(O,l) f(lz_|*)dz_ = 2, we can test (5.7) against a and send
€ to 0. Then, Lemmas 5.2 and 5.4 imply that

A;wmmm@»—wxmmmnﬁwwxzK;A;w@mxmm@»vBumuw
+/ﬁ%mmumxﬂwm+/1MmmwmﬁmmW+ﬁAm
T2 T2

where git(ﬁ) = lim._,o gZ:E(a) has finite localized §-variation in W~ thanks to

Proposition 5.6. In particular, if we choose 5 = 1, we get the equality
[ w@ha(o) = @b (@) de = 52,1,

which yields that ?i,t(l) is an additive function with finite £-variation, meaning that
it is identically 0.

Hence, up to approximation with smooth functions, we can take 1 = 1) o ¢, for
any ¢ € C°°(T?,R) and obtain that

(5.8) /T ()i = /jT (@)1 (@),

which is, w; is transported along the associated flow.

Consider now two solutions w!, w? to (1.1), both starting at wg, driven by Z and
the same vector fields ((fj)jM:l. We have proved that w{ = (¢%) 2w, i = 1,2, where ¢}
solves (4.1) with drift Kps * w!. Noting that

[}Km*wxwumhzé Kps(66(2) — y)w (y)dydr

T2

:/ Kps(6(x) — 6.(y))wo(y)dydr,
0 T2

hence ¢; and ¢? are both solutions to (4.12) and by Theorem 4.8 it holds ¢! = ¢?,
concluding the proof. 0
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5.3. Continuity of the solution map. We conclude our work by proving that
solutions to (2.13) are continuous with respect to initial parameters wg, o and Z. This
is not only important per se, but also immediately yields a Wong-Zakai type result
for our problem.

THEOREM 5.8. Let (L™)“e™* be L™ equipped with the weak-+ topology. Then,
the solution map

(L;o)weak,* % (03)M % %;—var N (Ltoj;z)weak,* N CtW—l,oo

(wO,Jv Z) = w

18 continuous.

Moreover, given {BHN}nen a piecewise linear approzimation of a fractional
Brownian motion BY | with Hurst parameter H € (%, %], then the solutions {w™} of
(1.1) with Z = BEN converge almost surely to the solution w of

M A
(59) {dw+u.vwdt =M 0; VwodBHi,

w(0) =wy, u=Kps*uw.

Proof. We start by showing that, given a converging sequence of parameters, the
solutions depending on it converge themselves. To this aim, consider {w’, o™, ZN} C
(Loo)weak:* 5 (C3)M x €P¥r and assume it converges to some {wo, o, Z} in the same
space. By well-posedness of (2.13), we know that for each N € N there exists a
solution w? associated to the N-th element of the sequence. In particular, since
the bounds we found only depend on initial parameters, the sequence of solutions
{w™} is uniformly bounded in L§S, N CL¥™ W ~1°: this ensures us that there exists
a subsequence {w™V*} converging strongly to w € C;W =% (cf. Lemma 6.1).

We conclude by noting that the unbounded rough drivers (AN:!, AN:2) associated
to (o, ZN), converge, making us able to prove that w solves (2.13) like we did for the
existence proof, and that, by uniqueness of solutions, it is the whole sequence {w!}
that converges.

At this point, the second statement if trivial: we know (see e.g. [26]) that piece-
wise linear are one of those approximations of a fractional Brownian motion such that
their canonical lift (B*-N, [0 BE-N @ dB*:N) converges to (BY,B¥) in the rough
path topology almost surely. 0

Remark 5.9. In the case H = %, B* is a standard Brownian motion. Then it is
well known that piecewise linear approximations and their canonical lifts converge to
Stratonovich enhanced Brownian motion, (B,BS%#t). Since Stratonovich rough inte-
gration against an enhanced Brownian motion coincides almost surely with standard
Stratonovich integration, this yields that the w” associated to BN converge to a
probabilistically strong solution of (5.9). In this case, we end up recovering the result
obtained in [9]. Moreover, if H € (,1) the result still holds, as the rough lifts of
piecewise linear approximations simply converge to a canonical Young integral.

Remark 5.10. The reasoning behind the proof of the Wong-Zakai statement in
Theorem 5.8 actually holds in more general cases. For example, it holds for Gaussian
rough paths satisfying the hypothesis of [26, Theorem 10.4], for which it can be
proven that piecewise linear approximations converge in rough path topology. Another
possible generalisation regards instead the type of approximation. As already pointed
out in the proof of the theorem, the key for the convergence result is a combination
of the continuity for the solution map and of the convergence of an approximating
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sequence in rough path topology. This actually allows for other approximations, like
by convolution or a la McShane [39].

6. Appendix.

6.1. A compactness argument. We prove here a compactness result, which
plays a crucial role in Theorem 3.6.

LEMMA 6.1. Consider a sequence {gn}nen C L°°([0,T] x T?) N CPvar(W—1:%)
such that ||gn||Lse is uniformly bounded and there exist L > 0, two controls w and &
satisfying

1(gn)s.ellw-1.00 < w(s, )P Vn € N, (s,t) € Ar s.t. w(s,t) < L.

Then, {gn}n is compact in C([O,T],W*LOO).

Proof. For all a € (0, L], define the operator J, f(s) = ifsﬁa f(r)dr, where we

impose f(r) = f(T) for all » > T. The following hold true:

1. For any fixed o, Jog, : [0,T] — W1 are equicontinuous functions;

2. As a vanishes, sup,ey [[Jagn — gnllg,w-11 = 0;

3. For all s € [0,7] and a € (0, L], {Jagn(s)}, is relatively compact in W1

4. There exists a subsequence g,, that converges weakly-* to some g € Lg7,.
The first and second properties follow from the hypothesis, the third one from W':!
being compactly embedded into L', and the last one from standard results in func-
tional analysis.

Let now « be fixed: Ascoli-Arzela theorem yields a subsequence, denoted again
by {Jagn, }, such that J,g,, converges to some h in CyW,_ 1:°°. Then, point 4 above
and the continuity of J, imply that A = J,g. In particular, any subsequence of J, gy,
has a sub-subsequence that converges to h; it follows that the full sequence J,gn,
must converge to h.

Eventually, the result follows from the inequality

”gnk _gnzHCtW*LOO < ||g7lk - ozgnkHCtW*LOQ
+ HJagnk — Jagn, Hctwglv‘x’ + ”Jocgnz - gm”ctwglvx- a

6.2. Sewing Lemma and Rough Gronwall Lemma. The Sewing Lemma is
crucial in rough paths theory since it allows the construction rough integrals. We
report a version of it, whose proof is a straightforward modification of [19, Lemma
2.2).

LEMMA 6.2. Let £ € (0,1), L > 0 and V be a Banach space. Consider two
controls w,w and a 2-index function h : Ar — V' such that

1
0Rs u,t] = |hs,t = hsu — hutl S w(s,t)E,

for all (s,u,t) € AZ withw(s,t) < L. Then, there exists a unique path I(h) : [0,T] —
V' with I(h)g = 0 such that the 2-index function As; = I(h)st — hst € Cg-iar,z'
Moreover, there exists C¢ > 0 such that

gl < Cew(s, 1)F,

for all (s,t) € Ap with @w(s,t) < L.
In addition, if h € CEF"*(V) for some p > €, then I(h) € CP¥ (V).
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The following corollary can be found at [36, Corollary B.2]

COROLLARY 6.3. Let & € (0,1). Consider h : Ay — V such that h € C(%Wzr)’z(V)
and it satisfies the assumptions of Lemma 6.2. Then,

|hs,t| < wa(sat)%v

for all (s,t) € Ap s.t. W(s,t) < L.

The second reported result is a generalization of the Rough Grénwall Lemma first
proved in [19].

LEMMA 6.4. Consider a function G : [0,T] — R*, three controls wi,ws,ws and
some constants L,C' >0, C >1, k >k > 1.
Assume that the following conditions hold:
1. wa(s,t) <wi(s,t) for all (s,t) € Ap;
2. For all (s,t) € Ar with wy(s,t) < L,

Get <C( sup G, + C')wl(s,t)% +w2(s,t)$ + ws(s, t).

re(0,T]
Then,
(o =2 (%) {Go+ e (ws(0, 1) exp (—w;i(LOt)))
# (w007 e (Z2p0)) 0}

where § = ’% and o = min (1, L(Tle‘z)k)

Proof. For any t € [0,T], consider the following functions:

G<i = sup G,
s€[0,t]

exp ( - M) (th +LU2(O,t)1k;’0 + C”),

H, :
¢ al

H<y = sup H,.
s€0,t]

Let K € N* s.t. w1(0,7T) € (aL(K — 1),aLK], then there exists a partition P =
{to =0,...,tx =T} such that wi(0,t;) = ajL for all j € {1,--- , K — 1}. Since w;
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972 is super-additive, then wi(t;_1,t;) < aL. Consider t € [t;_1,t,], then

<.
[ V)

973 Go, = G0 + Gyt

e
Il
S

1

o [C(Gsml + CNwr (b, 1) + walty, b))V + walty, tj+1)]

(]

§=0
975 + C(G<t + Cwi (ti-1, t)% +wa(ti_y, t)% + w3 (ti1,t)
976 < i [O(aL)%(thm + ") + ws (0, tj+1)1§*'9w1 (t5, tj+1)ﬂ
§=0
977 4 C(Gey, + C)(aL)* + wy(0,;) % wy (ti_1, 1) * + ws(0, )
078 < C(aL)t 5 [thm Fwn(0,tj41) 7 + C”] + w3 (0, 4),
§=0

979 where the first and second inequalities are due to the hypothesis. Now,

i—1 L, i—1 w1 (0,541
o = _ 1\Y, bj+4+1
980 . {thﬁl +w2(0,tj41) % + C’} = Z Hy, ., exp (#)
7=0 7=0
i—1
981 < HST ZGXP(] + 1)
§=0
982 < Hc<rexp(i+1).
983 Therefore,
984 (61) Gy < Go + w3(0, t) + O(OLL)%HST exp(i + 1)

985  We exploit (6.1) to estimate H<p. Indeed, given ¢ € [t;_1,t;], then

0,t _
986 H; = exp ( — %) (th + w2(07t)1T’9 + C”)
o [Go+ws(0,1) + CaL)* Her exp(i +1) +wa(0,6) 7 + '
) Wl(oar)
989 < Gy+ sup (ws3(0,7)exp | — +
0 r€0,t] ( 3(0,7) ( al ))
oor =0 w1 (0,7) ) /
990 sup (wz((),r) kT exp ( — T)) + C(aL)ke Her + .

rel0,t]

991 Therefore, taking the supremum in the time variable ¢ and C(aL)'/*e? < 1/2 imply
992 that

993 (6.2) H<p <2Go+2 sup (wg(O,r) exp ( B w1(0,r))>
B rel0,T] alL
994 +2 sup (wz(o, )" exp ( _ M)) Vs
rel0,T] alL
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At last, notice that

0, T 0, T
Ger < Hrep (L0 < Hop e (201,
= al = ol
which proves the result once it is combined with (6.2). 0
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