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Abstract. We consider the 2D Euler equations with bounded initial vorticity and perturbed4
by rough transport noise. We show that a unique solution exists, which coincides with the starting5
condition advected by the Lagrangian flow. Moreover, we prove that the solution map is continuous6
with respect to the initial vorticity, the advecting vector fields and the rough perturbation. As an7
immediate corollary, we obtain a Wong-Zakai result for fractional Brownian driving paths.8
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1. Introduction. The Euler equations describe the motion of an incompressible11
non-viscous fluid in a domain. Despite being formulated for the first time almost12
three centuries ago, the interest in some stochastic versions of them is far more recent13
[8, 5, 6, 42, 10, 9, 15]. Since these first works, well-posedness results have been obtained14
in several different settings, but it is still an open problem to determine whether a15
(unique) solution exists in the Yudovich vorticity setting, i.e. if the only hypothesis16
on the initial datum is boundedness, whenever the random forcing is less regular in17
time than a Brownian motion.18

The growing interest in stochastic fluid dynamics is fundamentally rooted in the19
necessity to account for the unresolved scales of turbulent flows. As originally ad-20
vocated in the seminal work by Brzeźniak et al. [8], stochastic partial differential21
equations provide a rigorous framework to model the complex, unpredictable evolu-22
tion of small-scale features that cannot be exactly tracked, yet significantly influence23
the statistical properties of the fluid.24

In recent years, this approach has gained further prominence in geophysical fluid25
dynamics (GFD) and climate science. The demand for robust and computationally26
efficient stochastic parameterization schemes is driven by the need for reliable uncer-27
tainty quantification in weather and climate predictions [4, 25]. In this context, sto-28
chastic perturbations are not merely an analytical tool, but a mean to better capture29
the feedback of small-scale effects on large-scale dynamics. Significant advancements30
in this direction include the development of variational principles for fluid dynamics31
on rough paths [38, 17], which provide a geometric foundation for stochastic GFD.32

Among the various stochastic formulations, transport-type noise, often derived by33
modeling small-scale effects as additive noise at the Lagrangian level, represents an34
extremely promising area of research [9, 16, 23]. Indeed, transport-type noise driven by35
Brownian motion has yielded significant analytical results such as regularization-by-36
noise effects, which restore well-posedness in settings where deterministic models may37
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2 L. ROVERI, F. TRIGGIANO

show ill-posedness [23, 14, 30, 24], and, under suitable scaling limits, the appearance38
of a spare dissipative effect [22, 11].39

While all the aforementioned works are restricted to the case of Brownian motion,40
some results have been identified for the Lagrangian flows even with less regular noise,41
such as fractional Brownian motion with Hurst parameter H < 1

2 [13, 12, 28]. Since42
the latter is not a semimartingale, classical stochastic calculus results are unavailable,43
and time integrals must be built in the rough integral sense. This suggests that rough44
path theory [40, 26, 27] may offer the right tools to treat fluid dynamics equations45
perturbed by transport-type noise when the driving signals are very irregular in time46
[33, 32].47

Lately, the introduction of the “unbounded rough drivers” formalism [2, 19] has48
led to the recovery of classical tools, like the Grönwall lemma, in the rough path49
setting, allowing to successfully obtain well-posedness results [36, 37, 35, 16].50

In particular, Crisan et al. [16] show local existence and uniqueness for a rough51
perturbation of d-dimensional Euler equations. Indeed, therein the authors prove local52
well-posedness whenever the starting velocity is in Hbd/2c+2, a Beale-Kato-Majda53
(BKM) blow-up criterion and a Wong-Zakai result. It is worth mentioning that, in54
the two-dimensional case, their rough Euler equations coincide exactly with the RPDE55
under consideration in this paper (see [16, Remark 3.5]). Specifically, by exploiting the56
active scalar structure of the vorticity and the exact preservation of all Lp norms, their57
BKM criterion allows them to show global well-posedness in such setting for initial58
vorticities in H2. Given that the embedding H2 ↪→ L∞ is strict, well-posedness for59
2D Euler equations perturbed by rough transport noise is still lacking in the Yudovich60
setting [43], namely the vorticity formulation with bounded initial datum.61

Our work is concerned exactly with the Yudovich case. Let us formulate the62
problem as63

(1.1)

{
∂t w(t, x) + u(t, x) ·∇w(t, x) =

∑M
j=1 σj(x) ·∇w(t, x)Żjt ,

w(0, x) = w0(x), u(t, ·) = KBS ∗ w(t, ·),
64

where x ∈ T2, w0 ∈ L∞(T2), σj : T2 → R2 are sufficiently smooth and divergence-free65
vector fields, Zj are finite p-variation paths with p ∈ [2, 3), and KBS denotes the66
Biot-Savart kernel. We show that there exists a unique weak solution to (1.1) and to67
the corresponding Lagrangian equation. Moreover, we also obtain that the solution68
map is continuous with respect to the initial condition, the σjs and the drivers Zj .69

Apart from closing the gap between the results in [16] and the Yudovich setting70
[43], our work generalizes the well-posedness established by Brzeźniak et al. [9] for the71
2D Euler equations driven by Stratonovich Brownian transport noise. It is important72
to note that, in the Brownian setting, Stratonovich integration represents a specific73
subcase of a geometric rough lift [26, Chapter 3]; therefore, our RPDE covers their74
SPDE as a particular case. In [9], authors obtain well-posedness in L∞ for advecting75
fields {σk}k that satisfy a lower regularity requirement than ours, but at the cost76
of imposing the structural constraint

∑
k σk(x)σk(x)

T = cI2. Our approach, not77
requiring such an algebraic constraint on the noise, allows for a more general class78
of perturbations, although it necessitates higher spatial regularity on the coefficients79
{σk}k.80

Along the way to prove our main results, we highlight a preparatory result that is81
of interest per se. Indeed, we manage to prove that the solution of a Lagrangian RDE82
with log-Lipschitz drift is unique (in the sense of controlled rough paths, see [31]) via83
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WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH BOUNDED VORTICITY 3

a localization procedure coupled with a tailored rough Grönwall Lemma.84
Aside from that, the existence proof for the Euler equations follows by an approx-85

imation scheme and a compactness result, while the uniqueness one is obtained by86
showing that any solution is a Lagrangian one, namely it is advected by the associated87
flow φt. This Lagrangian approach, a general description of which can be found in88
[41], is proved via a new application of the doubling variable strategy introduced in89
[19]. Indeed, instead of using it to obtain control over some norm of the solution, like90
the kinetic energy, but we apply it in order to reproduce Dobrushin’s approach from91
[21]. In this way we show that any observable of the inverse flow, ht = ψ(φ−1

t (x)),92
solves a rough PDE and that the following holds93 ∫

T2

wt(x)ht(x)dx =

∫
T2

w0(x)h0(x)dx.94

We can informally state our main results as follows.95

Theorem 1.1. Let w0 ∈ L∞(T2), Z be a p-geometric rough path with p ∈ [2, 3)96
and {σj}Mj=1 ⊂ C3(T2,R2) be divergence-free vector fields. Then, the following state-97
ments hold:98

1. (Theorem 4.4) If w is a bounded solution of (1.1), in the sense of Defini-99
tion 2.14, and u = KBS ∗w, where KBS is the Biot-Savart kernel, then there100
exists a unique controlled rough path φt w.r.t. Z such that101

φt = IdT2 +

∫ t

0

u(r, φr)dr −
∫ t

0

σ(φr)dZr;102

2. (Theorems 3.6, 5.7, and 5.8) There exists a unique weak solution w ∈ L∞
t,x103

(in the sense of Definition 2.14) to (1.1). Moreover, w is advected by the104
associated flow, as the push-forward105

wt = (φt)#w0,106

and the solution map (w0, {σj}j ,Z) 7→ w is continuous.107

Let us mention that the results presented here have been supplemented by some108
interesting technical extensions in a subsequent preprint [29]. Therein, the authors ex-109
tend the well-posedness of rough 2D Euler equations to the unbounded domain R2 and110
provide a refinement of the Wong-Zakai convergence in slightly stronger topologies.111

Given that the Euler equations are closely related to the Navier-Stokes ones,112
we conclude this introduction by mentioning that similar techniques were used to113
prove well-posedness results also for the latter, when perturbed by rough transport114
noise. In [36] it is proved that there exist weak Leray-Hopf solutions in two and three115
dimensions and that uniqueness holds in the two-dimensional setting up to requiring116
the rough forcing to be constant in space, while in [37] the same authors show existence117
and uniqueness (the latter again in the two-dimensional case) of strong Leray-Hopf118
solutions in the vorticity formulation. However, proving well-posedness in the Euler119
setting presents a significative additional difficulty, since in the Navier-Stokes case the120
diffusive viscosity term grants a priori regularity of the solution via classical energy121
estimates.122

The paper is organized as follows: Section 2 contains the basic notions on un-123
bounded rough drivers, some results on p-variation spaces and the definition of solu-124
tion of (1.1); in Section 3 we prove that there exists a solution to 2D Euler equations;125
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4 L. ROVERI, F. TRIGGIANO

Section 4 is about the well-posedness results for the Lagrangian RDE and, at last, in126
Section 5 we deduce uniqueness for the 2D Euler equations and present a Wong-Zakai127
result.128

2. Preliminaries.129

2.1. Localized variation spaces. Since it emerges naturally in rough path130
theory, let us recall the definition of the term “control”. For a deeper description of131
its properties, we refer e.g. to [27].132

From now on, we are going to denote133

∆T := {(s, t)|0 ≤ s ≤ t ≤ T}, ∆2
T := {(s, r, t)|0 ≤ s ≤ r ≤ t ≤ T},134

and, for two-index functions g : ∆T → V , (s, r, t) ∈ ∆2
T ,135

δgs,r,t := g(s, t)− g(s, r)− g(r, t).136

In addition, throughout our discussion, we are going to use the notation a . b137
whenever there is an inequality up to a (positive) constant, i.e. there exists some138
C > 0 such that a ≤ Cb. When the constant depends on a parameter, C = C(par),139
we highlight that as follows: a .par b.140

Definition 2.1. A continuous function ω : ∆T → R+ is a control if141
• ω(s, s) = 0, for all s ∈ [0, T ];142
• ω is super-additive, i.e. ω(s, u) + ω(u, t) ≤ ω(s, t) for all (s, u, t) ∈ ∆2

T .143
Moreover, a control ω is said to be strictly positive if, for all (s, t) ∈ ∆T ,144

ω(s, t) = 0 =⇒ s = t.145

Another key concept is the p-variation of a path, which can be seen as a general-146
ization of Hölder continuity.147

Definition 2.2. Given a Banach space V , p ∈ (0,∞) and a continuous function148
g : [0, T ] → V , we say that g has finite p-variation, g ∈ Cp-var([0, T ], V ), if149

‖g‖pp := sup
Π∈Π([0,T ])

∑
[s,t]∈Π

|gt − gs|p <∞,150

where Π([0, T ]) is the set of partitions of [0, T ], gt := g(t) and |·| = ‖·‖V (we are going151
to adopt this notation for a norm whenever the space V is clear from the context).152

In the case of a two-index function g : ∆T → V , the above notation can be adapted153
by changing |gt − gs| into |gs,t|, where gs,t := g(s, t).154

In particular, we are going to extensively use partitions whose mesh is bounded155
from above by some quantity. To this aim, we introduce the concept of localized156
p-variation.157

Definition 2.3. Given a Banach space V , p ∈ (0,∞), a control ω and L > 0,158
we denote by Cp-var,2

ω,L (V ) the space of 2-index continuous functions g : ∆T → V such159
that160

(2.1) ‖g‖pp,(ω,L),[0,T ]
:= sup

Π∈Π(ω,L)

∑
[s,t]∈Π

|gs,t|p <∞,161

where Π(ω,L) denotes the space of partitions Π of [0, T ] such that ω(s, t) ≤ L for all162
[s, t] ∈ Π.163

Analogously, Cp-var
ω,L (V ) denotes the space of 1-index continuous functions f :164

[0, T ] → V such that (2.1) holds, with gs,t := |gt − gs|.165
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By slightly modifying some results in [27] (see, e.g., Proposition 5.8 and Proposi-166
tion 5.10), we obtain the following Proposition.167

Proposition 2.4. Let g ∈ Cp-var,2
ω,L (V ) or g ∈ Cp-var

ω,L (V ). Then, the function168

ωlocg : ∆T → R+ defined by169

ωlocg (s, t) = ‖g‖pp,(ω,L),[s,t]170

is a control. In addition, ωlocg is the smallest control such that171

(2.2) |gs,t| ≤ ωlocg (s, t)
1
p for all (s, t) ∈ ∆T such that ω(s, t) ≤ L.172

Namely, if ω is a control which satisfies (2.2), then173

ωlocg (u, v) ≤ ω(u, v),174

for all (u, v) ∈ ∆T .175

We conclude this introduction to localized p-variation spaces by showing a re-176
sult that holds only for 1-index functions. Let us recall that p ∈ [1,∞) is the only177
interesting case for 1-index functions (see [27, Proposition 5.2]).178

Proposition 2.5. Let g ∈ Cp-var
ω,L (V ). Then, the following hold:179

1. Cp-var
ω,L = Cp-var, i.e. if g has finite localized p-variation with respect to (ω,L),180

then it has finite p-variation. Moreover, the following inequalities hold181

‖g‖pp,(ω,L),[s,t] ≤ 2p−1‖g‖p
p,(ω,L2 ),[s,t]

∀(s, t) ∈ ∆T ;(2.3)182

‖g‖pp,[0,T ] .
(ω(0, T )

L

)p−1

‖g‖pp,[0,T ],(ω,L).(2.4)183

2. If ω is a strictly positive control, then184

(2.5) lim
L→0

‖g‖q,(ω,L),[s,t] = 0,185

for all q > p ≥ 1, (s, t) ∈ ∆T .186

Proof. 1. Let us prove (2.3). The second inequality, (2.4), can be easily187
obtained by properly iterating the same strategy.188
Given (s, t) ∈ ∆T , consider a partition coherent with the localization, namely189
P = {s =: t0, t1, . . . , tN := t} ∈ Π(ω,L). Then, the continuity of ω implies190
that we can find si ∈ (ti, ti+1) such that ω(ti, si) ≤ L

2 and ω(si, ti+1) ≤ L
2 ,191

for all i = 0, . . . , N − 1. Therefore, Q = P ∪ {si}i is a partition of [s, t] that192
satisfies the localization (ω, L2 ). At last, the additivity of 1-index functions’193
variation, i.e. gs,t = gs,u + gu,t, implies that194 ∑

ti∈P
|gti,ti+1

|p ≤ 2p−1
∑
ri∈Q

|gri,ri+1
|p.195

The obtained inequality proves the statement.196
2. Notice that197 ∑

[s,t]∈Π

|gs,t|q ≤ ‖g‖pp sup
(s,t)∈∆T ,ω(s,t)≤L

|gs,t|q−p,198

This manuscript is for review purposes only.



6 L. ROVERI, F. TRIGGIANO

for any partition Π ∈ Π(ω,L).199
Now, let us prove by contradiction that limL→0 h(L) = 0, where200

h(L) = sup
(s,t)∈∆T ,ω(s,t)≤L

|gs,t|.201

Assume that limL→0 h(L) = δ > 0. Then for all n ∈ N , there exists (sn, tn) ∈202
∆T such that ω(sn, tn) ≤ 1

n and |gsn,tn | ≥ δ
2 . Therefore, up to taking a203

subsequence, there exists (s, t) ∈ ∆T such that204

(sn, tn) → (s, t), ω(sn, tn) → ω(s, t), |gs,t| ≥
δ

2
.205

This is a contradiction, because ω is strictly positive and ω(s, t) = 0, hence206
s = t but |gs,t| > 0.207

Remark 2.6. The assumptions q > p and ω being strictly positive are necessary208
for (2.5) to be true, and cannot be weakened. For example, any monotone function209
g(t) shows that the limit does not hold for q = p = 1. Instead, ω ≡ 0 indicates that210
the same claim does not hold without requiring strict positiveness.211

2.2. Localized controlled rough paths. In this section, we recall the defini-212
tion of rough paths. We also introduce a generalized version of controlled rough paths213
as defined in [31].214

Definition 2.7. Let M ∈ N, p ∈ [2, 3). A p-rough path is a pair215
Z = (Z,Z) ∈ Cp-var(RM )× C

p
2 -var,2(RM×M )216

that satisfies the Chen’s relation, namely217

(2.6) Zs,t − Zs,u − Zu,t = Zs,u ⊗ Zu,t, ∀(s, u, t) ∈ ∆2
T .218

Moreover, a p-rough path Z is called geometric if there exists a sequence {Zn}n ⊂219
C∞([0, T ],RM ) such that Zns,t := (Zns,t,

∫ t
s
Zns,r ⊗ dZnr ) converges to Z with respect to220

the product topology of Cp-var(RM )×C
p
2 -var,2(RM×M ). The space of geometric rough221

paths will be denoted by C p-var
g (RM ).222

Remark 2.8. For any p-rough path, there exists a control ωZ such that223
|Zs,t|p ≤ ωZ(s, t), |Zs,t|

p
2 ≤ ωZ(s, t).224

Let Z1 and Z2 be two geometric rough paths. Although the difference Z1 − Z2 does225
not necessarily admit a rough path lift, with a slight abuse of notation we denote by226
ωZ1−Z2 any control such that227

|Z1
s,t − Z2

s,t|p ≤ ωZ1−Z2(s, t), |Z1
s,t − Z2

s,t|
p
2 ≤ ωZ1−Z2(s, t).228

Definition 2.9. Consider a p-rough path Z, a control ω, a positive constant L,229
a Banach space V and denote the space of continuous and linear operators from RM230
to V by L(RM , V ).231

A continuous function X ∈ Cp-var([0, T ], V ) is a localized controlled rough path232
with respect to Z and (ω,L) if there exists a pair (X ′, RX) ∈ Cp-var(L(RM , V ))233

× C
p
2 -var,2
ω,L (V ) such that234

(2.7) Xs,t = X ′
sZs,t +RXs,t, ∀(s, t) ∈ ∆T .235

Moreover, if RX ∈ C
p
2 -var,2(V ), then X will be called controlled rough path w.r.t. Z.236

The spaces of localized controlled rough paths and of controlled rough paths will be237
denoted by Dp-var

Z,(ω,L)(V ) and Dp-var
Z (V ), respectively.238
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A rough integral, i.e. an integral with respect to a rough path, can be built via239
Lemma 6.2 (the so-called Sewing Lemma). We report below some useful inequalities240
that can be proved by easily generalizing [26, Theorem 4.10] and [26, Theorem 4.17],241
respectively.242

Proposition 2.10. Consider two p-rough paths Z1,Z2, and two controlled rough243
paths (X,X ′) ∈ Dp-var

Z1,(ω1,L1)
(L(RM , V )), (Y, Y ′) ∈ Dp-var

Z2,(ω2,L2)
(L(RM , V )). Then,244

1. (
∫ ·
0
XrdZ

1
r, X·) ∈ Dp-var

Z1,(ω1,L1)
. Moreover, for all (s, t) ∈ ∆T s.t. ω1(s, t) ≤ L1,245

the following estimate holds246 ∣∣∣ ∫ t

s

XrdZr −XsZs,t −X ′
sZs,t

∣∣∣247

. ωloc
RX (s, t)

2
pωZ(s, t)

1
p + ωloc

X′ (s, t)
1
pωZ(s, t)

2
p ,248

where ωloc
RX and ωloc

X′ are the controls introduced at Proposition 2.4.249
2. The following inequality holds250 ∥∥∥∫ ·

0

XrdZ
1
r −

∫ ·

0

YrdZ
2
r

∥∥∥p
p,[0,T ]

.L1,L2 |X − Y |pCt
ωZ1(0, T )

+ |X|pCt
ωZ1−Z2(0, T ) + |X ′|pCt

ωZ1−Z2(0, T )2

+ ωZ1(0, T )ωloc
RX−RY (0, T )

2 + ωZ1−Z2(0, T )ωloc
RY (0, T )

2

+ ωloc
Y ′ (0, T )ωZ1−Z2(0, T )2 + ωZ2(0, T )2ωloc

X′−Y ′(0, T )

+ |X ′ − Y ′|pCt
ωZ2(0, T )2,

251

where |f |Ct
denotes sups∈[0,T ] |f(s)|.252

2.3. Unbounded rough drivers and smoothing operators. Following [18,253
2, 19, 15, 37], we rewrite the integral against Z as a Taylor expansion up to order254
two in order to rewrite our equation (1.1) in a more treatable form. In particular,255
this decomposition produces some sort of “operator-valued” rough path, i.e. linear256
unbounded operators enjoying rough path properties, and an additional remainder.257

Let {En}n∈N be a family of Banach spaces such that there is a continuous em-258
bedding Em ⊆ En for all m ≥ n. From now on, we denote their dual spaces by259
E−n.260

The “operator-valued” rough path can be formally defined as follows.261

Definition 2.11. Let p ∈ [2, 3). A continuous unbounded p-rough driver on the262
scales {En}n∈N is a pair (A1, A2) of 2-index maps such that, for all s, t ∈ ∆T ,263

(2.8)
A1
s,t ∈ L(E−n, E−n−1) for n ∈ {0, 1, 2},

A2
s,t ∈ L(E−n, E−n−2) for n ∈ {0, 1}.

264

Moreover, Chen’s relation holds265

(2.9) A1
s,t = A1

s,r +A1
r,t A2

s,t = A2
s,r +A2

r,t +A1
r,tA

1
s,r, ∀(s, r, t) ∈ ∆2

T266

and there exists a control ωA such that267

(2.10) ‖A1
s,t‖L(E−n,E−n−1) ≤ ωA(s, t)

1
p , ‖A2

s,t‖L(E−n,E−n−2) ≤ ωA(s, t)
2
p .268

In dual form, (2.10) can also be rewritten as269

(2.11) ‖A1,∗
s,t ‖L(En+1,En) ≤ ωA(s, t)

1
p , ‖A2,∗

s,t ‖L(En+2,En) ≤ ωA(s, t)
2
p .270
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We also need to introduce the concept of smoothing operators. They are crucial271
for estimating the time regularity of the remainder.272

Definition 2.12. A family of operators (Jη)η∈[0,1] is a family of smoothing op-273
erators on the scale {En}n∈N if the following inequalities hold274

(2.12)
‖Jηψ‖En+m . η−m‖ψ‖En ,

‖(I − Jη)ψ‖En . ηm‖ψ‖En+m ,
275

for all ψ ∈ En+m and n,m ∈ N.276

2.4. Formulation of the equation. Since the driving signal in (1.1) is too277
irregular to be integrated à la Young, we follow the strategy introduced at [18, 2,278
19, 16, 36, 37]: iterating the equation, namely substituting the solution term w in279
σj ·∇wŻj . This way, we obtain280

ws,t = −
∫ t

s

ur ·∇wrdr +

∫ t

s

σj ·∇wrdZ
j
r281

= −
∫ t

s

ur ·∇wrdr + σj ·∇wsZ
j
s,t −

∫ t

s

(σj ·∇)

∫ r

s

ur1 ·∇wr1dr1dZ
j
r282

+

∫ t

s

(σj ·∇)

∫ r

s

σi ·∇wr1dZ
i
r1dZ

j
r283

= −
∫ t

s

ur ·∇wrdr + σj ·∇wsZ
j
s,t −

∫ t

s

(σj ·∇)

∫ r

s

ur1 ·∇wr1dr1dZ
j
r284

+ (σj ·∇)(σi ·∇)wsZi,js,t −
∫ t

s

(σj ·∇)

∫ r

s

(σi ·∇)

∫ r1

s

ur2 ·∇wr2dr2dZ
i
r1dZ

j
r285

+

∫ t

s

(σj ·∇)

∫ r

s

(σi ·∇)

∫ r1

s

σh ·∇wr2dZ
h
r2dZ

i
r1dZ

j
r .286

The above can be reformulated as287

(2.13) ws,t = µs,t +A1
s,tws +A2

s,tws + w\s,t,288

where, for the sake of notation, we denoted the drift by289

µs,t = −
∫ t

s

ur ·∇wrdr,290

the unbounded rough operators by291

(2.14)
A1
s,tϕ = σj ·∇ϕZjs,t

A2
s,tϕ = (σj ·∇)(σi ·∇)ϕZi,js,t

292

and the remainder term by293

(2.15)

w\s,t = −
∫ t

s

∫ r

s

(σj ·∇)(ur1 ·∇)wr1dr1dZ
j
r

−
∫ t

s

∫ r

s

∫ r1

s

(σj ·∇)(σi ·∇)(ur2 ·∇)wr2dr2dZ
i
r1dZ

j
r

+

∫ t

s

∫ r

s

∫ r1

s

(σj ·∇)(σi ·∇)(σh ·∇)wr2dZ
h
r2dZ

i
r1dZ

j
r .

294
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WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH BOUNDED VORTICITY 9

Before giving the definition of a solution to (2.13), some comments are needed on295
µ, (A1, A2) and w\. Notice also that, from now on, we are going to denote by296
W−n,q the dual of a Sobolev spaces Wn,q′ . In addition, L∞

t,x and CtX will stand297
for L∞([0, T ]× T2) and C([0, T ], X), respectively.298

Remark 2.13. Let us emphasise some properties of the terms appearing in (2.13).299
1. The drift µ0,t has finite 1-variation as a W−1,∞-valued function. This prop-300

erty follows directly from u being divergence-free and from assuming w ∈ L∞
t,x,301

which allows for the estimate ‖ut‖L∞
x

≤ ‖wt‖L∞
x

thanks to the properties of302
the Biot-Savart kernel.303

2. If σj ∈ C3
b , then the pair (A1, A2) defined at (2.14) is a continuous unbounded304

p-rough driver w.r.t. the scale En = Wn,1. Indeed, (2.8) follows from stan-305
dard computations, (2.9) from (2.6), and (2.10) can be proved starting from306
ωZ (see Remark 2.8).307

3. Notice that the remainder term w\s,t is defined starting from a solution w,308
and what one has to verify is that it is in fact negligible, i.e. it has finite309
p
3 -variation.310

Definition 2.14. A function w : [0, T ]× T2 → R is a weak solution of (2.13) if311

w ∈ CtW
−1,∞ ∩L∞

t,x and there exists a localization (ω,L) s.t. w\ ∈ C
p/3-var
2,ω,L (W−3,∞),312

i.e.313
w\s,t(ψ) := ws,t(ψ)− µs,t(ψ)− ws

((
A1,∗
s,t +A2,∗

s,t

)
ψ
)

314

has finite p
3 -variation with respect to (ω,L) for all ψ ∈W 3,1.315

3. Existence of solutions. In this section, we aim to show the existence of316
solutions in the sense of Definition 2.14.317

3.1. A priori estimates. We begin by providing a priori estimates for the so-318
lutions and their remainders. The proof’s strategy follows standard arguments in the319
RPDE literature, see [2, 19, 34].320

In particular, to prove them we need the following smoothing operators.321

Lemma 3.1. Consider a (symmetric) mollifier ρ with support on the ball of radius322
equal to 1. Then, (Jη)η∈[0,1], defined by Jηψ = ρη ∗ ψ, is a family of smoothing323
operators on the scale Wn,1(T2) in the sense of Definition 2.12.324

The first estimate is on the remainder w\, defined in Definition 2.14. We denote325
ω\ := ωloc

w\ .326

Lemma 3.2. Let w be a solution of (2.13), in the sense of Definition 2.14, such327

that ω\ ∈ C
p/3-var
2 (W−3,∞). Then there exists L > 0 such that328

(3.1) ω\(s, t) .p ‖w‖
p
3

L∞
t,x
ωA(s, t) + ‖w‖

2p
3

L∞
t,x

|t− s|
p
3

(
ωA(s, t)

1
3 + ωA(s, t)

2
3

)
,329

for all (s, t) ∈ ∆T s.t. ωA(s, t) ≤ L.330

Proof. Let (s, r, t) ∈ ∆2
T . It follows from (2.13) that, for all ψ ∈W 3,1,331

δw\s,r,t(ψ) = − ws

([
A1,∗
s,t +A2,∗

s,t

]
ψ
)
+ ws

([
A1,∗
s,r +A2,∗

s,r

]
ψ
)

332

+ wr

([
A1,∗
r,t +A2,∗

r,t

]
ψ
)

333

= ws,r

(
A2,∗
r,t ψ

)
+
(
ws,r − wsA

1,∗
s,r

) (
A1,∗
r,t ψ

)
334

= ws,r

(
A2,∗
r,t ψ

)
+ w†

s,r

(
A1,∗
r,t ψ

)
,335
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10 L. ROVERI, F. TRIGGIANO

where in particular we have exploited (2.9) and defined336

(3.2) w†
s,t := ws,t −A1

s,tws = µs,t +A2
s,tws + w\s,t.337

Let now Jη be a smoothing operator, as defined in Lemma 3.1: we are going to338
apply it to ψ in order to separately analyze a rougher and a smoother part of its339
duality product against δw\. Starting with the former,340

|δw\s,r,t ((I − Jη)ψ) | ≤
∣∣∣ws,r (A2,∗

r,t (I − Jη)ψ
)∣∣∣+ ∣∣∣w†

s,r

(
A1,∗
r,t (I − Jη)ψ

)∣∣∣341

. ‖w‖L∞
t,x

[
‖A2,∗

r,t (I − Jη)ψ‖L1 + ‖A1,∗
r,t (I − Jη)ψ‖L1342

+ ‖A1,∗
s,rA

1,∗
r,t (I − Jη)ψ‖L1

]
343

. ‖w‖L∞
t,x

[
ωA(s, t)

2
p ‖(I − Jη)ψ‖W 2,1344

+ ωA(s, t)
1
p ‖(I − Jη)ψ‖W 1,1

]
345

≤‖w‖L∞
t,x

[
ωA(s, t)

2
p η + ωA(s, t)

1
p η2

]
‖ψ‖W 3,1 .346

As for the smoothed part,347

|δw\s,r,t (Jηψ) | ≤
∣∣∣ws,r (A2,∗

r,t J
ηψ

)∣∣∣+ ∣∣∣w†
s,r

(
A1,∗
r,t J

ηψ
)∣∣∣348

≤
∣∣∣µs,r (A2,∗

r,t J
ηψ

)∣∣∣+ ∣∣∣ws (A1,∗
s,rA

2,∗
r,t J

ηψ
)∣∣∣+ ∣∣∣ws (A2,∗

s,rA
2,∗
r,t J

ηψ
)∣∣∣349

+
∣∣∣w\s,r (A2,∗

r,t J
ηψ

)∣∣∣+ ∣∣∣µs,r (A1,∗
r,t J

ηψ
)∣∣∣+ ∣∣∣ws (A2,∗

s,rA
1,∗
r,t J

ηψ
)∣∣∣350

+
∣∣∣w\s,r (A1,∗

r,t J
ηψ

)∣∣∣351

≤ ‖w‖2L∞
t,x

‖A2,∗
r,t J

ηψ‖W 1,1 |t− s|+ ‖w‖L∞
t,x

‖A1,∗
s,rA

2,∗
r,t J

ηψ‖L1352

+ ‖w‖L∞
t,x

‖A2,∗
s,rA

2,∗
r,t J

ηψ‖L1 + ‖w\s,r‖W−3,∞‖A2,∗
r,t J

ηψ‖W 3,1353

+ ‖w‖2L∞
t,x

‖A1,∗
r,t J

ηψ‖W 1,1 |t− s|+ ‖w‖L∞
t,x

‖A2,∗
s,rA

1,∗
r,t J

ηψ‖L1354

+ ‖w\s,r‖W−3,∞‖A1,∗
r,t J

ηψ‖W 3,1 .355

Due to the regularity properties of the unbounded rough drivers, (2.11), and to those356
of the smoothing operators, (2.12), we can rewrite the estimate as357

|δw\s,r,t(Jηψ)| ≤ ‖w‖2L∞
t,x

‖Jηψ‖W 3,1ωA(s, t)
2
p |t− s|+ ‖w‖L∞

t,x
‖Jηψ‖W 3,1ωA(s, t)

3
p358

+ ‖w‖L∞
t,x

‖Jηψ‖W 4,1ωA(s, t)
4
p + ω\(s, t)

3
p ‖Jηψ‖W 5,1ωA(s, t)

2
p359

+ ‖w‖2L∞
t,x

‖Jηψ‖W 2,1ωA(s, t)
1
p |t− s|+ ‖w‖L∞

t,x
‖Jηψ‖W 3,1ωA(s, t)

3
p360

+ ω\(s, t)
3
p ‖Jηψ‖W 4,1ωA(s, t)

1
p361

≤ ‖w‖2L∞
t,x

‖ψ‖W 3,1ωA(s, t)
2
p |t− s|+ ‖w‖L∞

t,x
‖ψ‖W 3,1ωA(s, t)

3
p362

+ η−1‖w‖L∞
t,x

‖ψ‖W 3,1ωA(s, t)
4
p + η−2ω\(s, t)

3
p ‖ψ‖W 3,1ωA(s, t)

2
p363

+ ‖w‖2L∞
t,x

‖ψ‖W 3,1ωA(s, t)
1
p |t− s|+ ‖w‖L∞

t,x
‖ψ‖W 3,1ωA(s, t)

3
p364

+ η−1ω\(s, t)
3
p ‖ψ‖W 3,1ωA(s, t)

1
p .365
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Putting back together (I − Jη)ψ and Jηψ, we can set η = ωA(s, t)
1/pλ for some366

λ > 0 constant. This yields367

‖δw\s,r,t‖W−3,∞ . (λ−1 + 1 + λ+ λ2)‖w‖L∞
t,x
ωA(s, t)

3
p368

+ ‖w‖2L∞
t,x

(
ωA(s, t)

1
p + ωA(s, t)

2
p

)
|t− s|+ (λ−2 + λ−1)ω\(s, t)

3
p .369

Now, Corollary 6.3 implies that370

(3.3) ω\(s, t) ≤ Cp

[
(λ−1 + 1 + λ+ λ2)

p
3 ‖w‖

p
3

L∞
t,x
ωA(s, t)371

+ ‖w‖
2p
3

L∞
t,x

(
ωA(s, t)

1
3 + ωA(s, t)

2
3

)
|t− s|

p
3 + (λ−2 + λ−1)

p
3ω\(s, t)

]
.372

It is now sufficient to choose λ in a way such that Cp(λ−2 + λ−1)p/3 ≤ 1
2 and L̄ > 0373

such that η ≤ 1 to obtain the thesis.374

Lemma 3.3. Let w be a solution of (2.13), in the sense of Definition 2.14, such375

that ω\ ∈ C
p/3-var
2 (W−3,∞). Then w ∈ Cp-var

T W−1,∞ and there exists L > 0 such that,376
given ωw(s, t) := ‖w‖pp-var,[s,t],377

(3.4) ωw(s, t) .p
(
1 + ‖w‖L∞

t,x

)2p

(|t− s|p + ωA(s, t) + ω\(s, t)) ,378

for all (s, t) ∈ ∆T s.t. ωA(s, t), ω\(s, t) ≤ L.379

Proof. Consider again a family of smoothing operators as in Lemma 3.1. Given380
any ψ ∈W 1,1 analyzing separately Jηψ and (I − Jη)ψ we get381

|ws,t((I − Jη)ψ)| ≤ ‖ws,t‖L∞
x
‖(I − Jη)ψ‖L1 ≤ 2η‖w‖L∞

t,x
‖ψ‖W 1,1382

and, exploiting the formulation (2.13),383

(3.5)

|ws,t(Jηψ)| ≤ ‖w‖2L∞
t,x

‖Jηψ‖W 1,1 |t− s|+ ‖w‖L∞
t,x
ωA(s, t)

1
p ‖Jηψ‖W 1,1

+ ‖w‖L∞
t,x
ωA(s, t)

2
p ‖Jηψ‖W 2,1 + ω\(s, t)

3
p ‖Jηψ‖W 3,1

≤ ‖ψ‖W 1,1

(
1 + ‖w‖L∞

t,x

)2

(
|t− s|+ ωA(s, t)

1
p + η−1ωA(s, t)

2
p + η−2ω\(s, t)

3
p

)
.

384

This, together with the choice η = ωA(s, t)
1/p+ω\(s, t)

1/p, yields the thesis whenever385
ωA(s, t), ω\(s, t) are less or equal of some L̄ such that η ≤ 1.386

Remark 3.4. In Lemmas 3.2 and 3.3, we assume that ω\ ∈ C
p/3-var
2 (W−3,∞) in-387

stead of ω\ ∈ C
p/3-var
2,(ω,L) (W

−3,∞), that coincides with the weaker condition required in388
Definition 2.14. We stress that Lemmas 3.2 and 3.3 can be easily generalized under389
the weaker hypothesis ω\ ∈ C

p/3-var
2,(ω,L) (W

−3,∞), e.g. [36, 37]. Nevertheless, the cur-390
rent version of Lemmas 3.2 and 3.3 will be sufficient to show the existence result, cf.391
Theorem 3.6.392

3.2. Existence. We discuss here how to prove our existence result. The strategy393
outline is classic: first, we prove the existence of solutions with an additional viscous394
dissipative term. Then, we prove the convergence of such solutions while letting the395
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12 L. ROVERI, F. TRIGGIANO

viscosity vanish, recovering a solution of the original problem, in the sense of Definition396
2.14.397

The proof of the following lemma can be easily obtained by adapting the results398
in [3, 43].399

Lemma 3.5. Let w0 ∈ C∞(T2), {σj}Mj=1 ⊂ C∞(T2,R2) be a family of divergence-400
free vector fields and Z ∈ C∞([0, T ],RM ). Then, there exists a unique solution401
w ∈ C∞([0, T ]× T2) to the following equation402

(3.6)

{
∂t w + u ·∇w − ν∆w =

∑M
j=1 σj ·∇wŻj ,

w(0) = w0, u = KBS ∗ w.
403

In particular, we have the estimate404

‖w‖L∞
t,x

≤ ‖w0‖L∞
x
,405

where C is a positive constant that does not depend on the viscosity ν.406

Thanks to the above, we can start with a smooth approximation of both solution407
and noise and let them converge.408

Theorem 3.6. Let w0 ∈ L∞(T2), {σj}Mj=1 ⊂ C3(T2,R2) be divergence-free vec-409
tor fields and Z ∈ C p-var

g . Then, there exists a solution to (1.1) in the sense of410
Definition 2.14.411

Proof. Since Z is a geometric rough path, there exists a sequence of smooth paths,412
{ZN}N∈N, whose canonical lifts converge to Z in C p-var

g .413
Let wN be the solution to (3.6) with initial datum wN0 = ρ1/N ∗ w0, viscosity414

ν = N−1, σNj = σj ∗ρ1/N and (smooth) driving signal ZN . By iterating the equation,415
following the procedure already used in Subsection 2.4, we can see that wN solves an416
equation of the form417

(3.7) wNs,t =

∫ t

s

[
1

N
∆wNr − uNr ·∇wNr

]
dr +AN,1s,t w

N
s +AN,2s,t w

N
s + wN,\s,t ,418

where419

AN,1s,t ws = σNj ·∇wsZ
N,j
s,t , AN,1s,t ws = (σNj ·∇)(σNi ·∇)wsZN,i,js,t420

and the remainder wN,\s,t is properly defined via a suitable adaptation of (2.15).421
Adapting the proofs of Lemma 3.2 and Lemma 3.3, one has to take into account422

that µs,r therein now contains the additional term 1
N

∫ r
s
∆wNu du, which can be treated423

as follows:424 ∣∣∣∣( ∫ r

s

1

N
∆wNu du

)(
A2,∗
r,t J

ηψ

)∣∣∣∣ ≤ η−1 1

N
‖wN‖L∞

t,x
‖ψ‖W 3,1ωA(r, t)

2
p |t− s|425 ∣∣∣∣( ∫ r

s

1

N
∆wNu du

)(
A1,∗
r,t J

ηψ

)∣∣∣∣ ≤ 1

N
‖wN‖L∞

t,x
‖ψ‖W 3,1ωA(r, t)

1
p |t− s|.426

With the same choice η = ωA(r, t)
1
pλ as in Lemma 3.2, one can easily obtain that,427
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WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH BOUNDED VORTICITY13

uniformly in N ∈ N,428

ωN,\(s, t) .p (λ
−1 + 1 + λ+ λ2)

p
3 ‖w‖

p
3

L∞
t,x
ωA(s, t)429

+ ‖w‖
2p
3

L∞
t,x

(
ωA(s, t)

1
3 + ωA(s, t)

2
3

)
|t− s|

p
3 + (λ−2 + λ−1)

p
3ωN,\(s, t)430

+ (λ−1 + 1)
p
3 ‖w‖L∞

t,x
ωA(s, t)

1
3 |t− s|

p
3 .431

Since the above is closely related to (3.3), up to a term (λ−1+1)
p
3 ‖w‖L∞

t,x
ωA(s, t)

1
3 |t−432

s|
p
3 due to the dissipative effect, we can proceed exactly in the same way. Then, for433

a suitable λ, one has434

(3.8) ωN,\(s, t) .p,w0
ωA(s, t) + |t− s|

p
3

(
ωA(s, t)

1
3 + ωA(s, t)

2
3

)
.435

As for the control on the p-variation of ‖wN‖W−1,∞ , much like in Lemma 3.3, we436
obtain that437

‖wNs,t‖W−1,∞ ≤
(
1 + ‖w‖L∞

t,x

)2

438 (
η̃ + (1 + η̃−1)|t− s|+ ωA(s, t)

1
p + η̃−1ωA(s, t)

2
p + η̃−2ω\(s, t)

3
p

)
.439

Similarly to (3.5), we can then choose η̃ = ωA(s, t)
1/p+ω\(s, t)

1/p+|t−s|1−
1
p , yielding440

441

(3.9) ‖wNs,t‖
p
W−1,∞ .p,w0

|t− s|+ |t− s|p + ωA(s, t) + ω\(s, t).442

The estimates (3.8) and (3.9) hold for all suitable localizations based on L such that443
both η and η̃ are less or equal than 1.444

At this point, Lemma 6.1 allows to select a subsequence (still denoted by wN for445
the sake of notation) converging to some w ∈ C([0, T ],W−1,∞). Testing (3.7) against446
any φ ∈W 3,1, and passing to the limit wN → w and ZN → Z, we can see that such w447
is in fact a solution of (1.1). In particular, the convergence of the nonlinear transport448
term is ensured by the fact that wN → w in C([0, T ],W−1,2) implies uN → u in449
C([0, T ], L2).450

The proof is then complete once we notice that the remainder, defined by w\s,t :=451

limN→∞ wN,\s,t , has finite p
3 -variation with respect to a suitable localization thanks to452

the uniform bound (3.8).453

4. Euler Lagrangian flows. This section is focused on the study of two La-454
grangian equations associated with the flow of solutions to (1.1). We are first going455
to prove that456

φt(x) = x+

∫ t

0

u(s, φs(x))dr +

∫ t

0

σ(φr(x))dZr,457

admits a solution, whenever u is a spatially log-Lipschitz drift like the one obtained458
by applying the Biot-Savart kernel to a bounded function. In the equation above,459
and along the course of this section, we denote by σ the functional σ : C(T2,R2) →460
L(RM , C(T2,R2)) defined by σ(f)(z) :=

∑M
j=1 σj(f(x))zj , up to extending the σj by461

periodicity, and by Dσ its Fréchet derivative. Afterwards, we are going to show a462
uniqueness result for the non-local RDE463

φt(x) = x+

∫ t

0

∫
T2

KBS(φr(x)− φr(y))w0(y)dydr +

∫ t

0

σ(φr(x))dZ
j
r,464
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14 L. ROVERI, F. TRIGGIANO

where KBS is the Biot-Savart kernel and w0 is a function bounded in space and465
constant in time.466
Let us stress that both the Lagrangian equations present a rough integral, in the sense467
of Proposition 2.10, where the rough path has finite p-variation for p ∈ [2, 3).468

4.1. Log-Lipschitz RDE. Consider a bounded, measurable function u : [0, T ]×469
T2 → R2 that is log-Lipschitz in the spatial component, namely470

|u(t, x)− u(t, y)| ≤ Luγ(|x− y|) ∀t ∈ [0, T ], x, y ∈ T2,471

where we set Lu > 0 and γ(r) = r(1 − log r)1(0,1/e)(r) + (r + 1/e)1[1/e,∞)(r) for all472
r ≥ 0. We prove that the RDE473

(4.1) φt(x) = φ0(x) +

∫ t

0

u(r, φr(x))dr +

∫ t

0

σ(φr(x))dZr,474

is well-posed by a limiting procedure based on the a priori estimates provided in475
Propositions 4.2 and 4.3.476

Definition 4.1. Let φ ∈ Cp-var([0, T ], C(T2,R2)). We say that φ is a solution to477
(4.1) if (φ, σ(φ)) ∈ Dp-var

Z,(ω,L)(C(T
2,R2)), in the sense of Definition 2.9, and478

φt = φ0 +

∫ t

0

u(r, φr)dr +

∫ t

0

σ(φr)dZr,479

where the first integral is a standard Riemann integral and the second one is a rough480
integral in the sense of Proposition 2.10.481

Proposition 4.2. Let u : [0, T ] × T2 → R2 be bounded measurable, {σj}Mj=1 be482
C3(T2,R2)-vector fields, Z be a p-rough path and φ0 ∈ C(T2,R2). Given a solution483
(φ, σ(φ)) ∈ Dp-var

Z (C(T2,R2)) to (4.1), in the sense of the previous definition, it holds484
that, for q ∈ (p, 3),485

‖φ‖q-var ≤ C1,(4.2)486

‖Rφ‖q-var,(ω,µ0) ≤ C2,(4.3)487

where ω(s, t) = ωZ(s, t)+ |t− s|p and C1, C2, µ0 are positive constants depending only488
on ‖σ‖C3 , ‖u‖L∞

t,x
, q and ωZ(0, T ).489

Proof. Let us stress that in this proof we consider controls associated with the490
q- and q/2-variations with respect to the localization (ω, µ) of several 1- and 2-index491
functions.492

If (s, t) ∈ ∆T are such that ω(s, t) ≤ µ, then493

|Rφs,t| ≤
∣∣∣ ∫ t

s

u(r, φr)dr
∣∣∣+ ∣∣∣ ∫ t

s

σ(φr)dZr − σ(φs)Zs,t −Dσ(φs)σ(φs)Zs,t
∣∣∣494

+ |Dσ(φs)σ(φs)Zs,t|495

. ‖u‖L∞
t,x

|t− s|+ ωlocRσ(φ)(s, t)
2
q ωZ(s, t)

1
q + ωlocσ(φ)′(s, t)

1
q ωZ(s, t)

2
q496

+ ‖σ‖2C1ωZ(s, t)
2
q497

. ‖u‖L∞
t,x

|t− s|+ ‖σ‖C2

(
ωlocφ (s, t)

2
q + ωlocRφ(s, t)

2
q
)
ωZ(s, t)

1
q498

+ ‖σ‖2C2ωlocφ (s, t)
1
q ωZ(s, t)

2
q + ‖σ‖2C1ωZ(s, t)

2
q ,499
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WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH BOUNDED VORTICITY15

where the second inequality is due to the Proposition 2.10, while the third one follows500
from standard facts (see [26, Chapter 7]) and the localization (ω, µ). At this point we501

can apply Proposition 2.4 and, fixed µ small enough to have ‖σ‖q/2C2 ωZ(s, t)
1/2 < 1/2,502

absorb the control ωlocRφ on the left-hand side:503

ωlocRφ(s, t) .q 2‖u‖
q
2

L∞
t,x

|t− s|
q
2 + ωlocφ (s, t) + ‖σ‖

q
2

C2ω
loc
φ (s, t)

1
2ωZ(s, t)

1
2504

+ 2‖σ‖qC2ωZ(s, t)505

.q ‖u‖
q
2

L∞
t,x

|t− s|
q
2 + ωlocφ (s, t) + ‖σ‖qC2ωZ(s, t).506

Also, by definition of (φ, σ(φ)) ∈ Dp-var
Z ,507

|φs,t| ≤ |σ(φs)Zs,t +Rφs,t|508

≤ ‖σ‖C0ωZ(s, t)
1
q + ωlocRφ(s, t)

2
q509

.q‖σ‖C0ωZ(s, t)
1
q + ‖u‖L∞

t,x
|t− s|+ ωlocφ (s, t)

2
q + ‖σ‖2C2ωZ(s, t)

2
q ,510

for all (s, t) ∈ ∆T such that ω(s, t) ≤ µ. Therefore, Proposition 2.4 implies that there511
exists a positive constant C, depending on q, ‖σ‖C2 and ‖u‖L∞

t,x
, such that for all512

(s, t) ∈ ∆T513
ωlocφ (s, t) ≤ Cµ(1 + µ) + Cωlocφ (s, t)2.514

Therefore, choosing µ0 ≤ µ to have 4C2µ0(1 + µ0) ≤ 1, given515

xµ1,2 =
1

2C

(
1±

√
1− 4C2µ(1 + µ)

)
, µ ≤ µ0,516

we find that517
ωlocφ (s, t) ≤ xµ2 or ωlocφ (s, t) ≥ xµ1 .518

We know by Proposition 2.5 that, for µ very small, the former inequality holds519
(indeed, the control goes to 0 as µ does). At the cost of possibly re-choosing it, for a520
small enough µ0 > 0 we have xµ0

1 > 1
2C and xµ0

2 ≤ 1
8C . To show that ‖φ‖qq,[s,t],(ω,µ) ≤521

xµ0

2 for all µ ≤ µ0 it is then sufficient to exclude any jump of size greater than 4. To522
this aim, (2.3) yields that523

‖φ‖qq,[s,t],(ω,µ) ≤ 2q−1‖φ‖qq,[s,t],(ω,µ/2) ≤ 2q−1 lim
µ̃→µ−

‖φ‖qq,[s,t],(ω,µ̃),524

and since 4xµ0

2 < xµ0

1 this implies that we can never go from ωlocφ (s, t) ≤ xµ0

2 to525

ωlocφ (s, t) ≥ xµ1 .526
At last, (2.4) allows us to conclude the proof.527

We have proved that the localized variations of both φ and its remainder are528
bounded from above whenever the localization we choose is small enough. Let us now529
show that a solution to (4.1) is continuous with respect to its initial datum, driver,530
drift and diffusion.531

Proposition 4.3. Let Z1,Z2 be two p-rough paths, u1, u2 : [0, T ] × T2 → R2532
bounded, measurable and log-Lipschitz in the spatial component, σ1, σ2 be two families533
of M vector fields in C3(T2,R2) and φ10, φ

2
0 ∈ C(T2,R2). Moreover, assume that534

(φit, σi(φ
i
t)) ∈ Dp-var

Zi (C(T2,R2)) are solutions, in the sense of Definition 4.1, to535

φit = φi0 +

∫ t

0

ui(r, φ
i
r)dr +

∫ t

0

σi(φ
i
r)dZ

i
r ∀t ∈ [0, T ], i = 1, 2.536
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16 L. ROVERI, F. TRIGGIANO

Then, there exists a positive constant C depending on ‖σi‖C3 , ‖ui‖L∞
t,x

, ωZi(0, T ) and537
the log-Lipschitz constants Lui

such that538

sup
t∈[0,T ]

‖φ1 − φ2‖C(T2)539

≤ C
(
‖φ10 − φ20‖C(T2) + ‖σ1 − σ2‖C3 + ωZ1−Z2(0, T )

1
2q540

+ ‖u1 − u2‖L∞
t,x
T +

∫ T

0

γ(‖φ1r − φ2r‖C(T2))dr
)
.541

Proof. We wish to estimate supt∈[0,T ] ‖φ1 −φ2‖C(T2) by means of a Rough Grön-542
wall Lemma, see Lemma 6.4. Notice that what we really need to estimate is the543
difference |R1

s,t −R2
s,t|, since544

(4.4)
|φ1s,t − φ2s,t| = |σ1(φ

1
s)Z

1
s,t − σ2(φ

2
s)Z

2
s,t +R1

s,t −R2
s,t|

≤
(
‖σ1‖C1Is,t + ‖σ1 − σ2‖C0

)
|Z2
s,t|+ ‖σ1‖C0 |Z1

s,t − Z2
s,t|

+ |R1
s,t −R2

s,t|,
545

where we called Is,t := supr∈[s,t] |φ1r − φ2r| to ease the notation and where Ri is the546
Gubinelli remainder of φi, for i = 1, 2.547

In the following, we always consider controls associated with the q- and q/2-548
variations with respect to the localization (ωZ1(s, t)+ωZ2(s, t)+ |t− s|p, µ) of several549
1- and 2-index functions. In particular, adding |t − s|p results in a strictly positive550
control. As in Proposition 4.2, the parameter µ will be properly chosen. For the sake551
of readability, we will also denote the controls associated with the Gubinelli derivatives552
(respectively, remainders) of σi(φi) by ωlocσ′

i
(respectively, ωloc

Rσi
). Again at the price553

of a slight abuse of notation, like in Remark 2.8, we will also denote a control on the554
difference of [σ1(φ

1)]′, the Gubinelli derivative of σ1(φ
1), and [σ2(φ

2)]′, the Gubinelli555
derivative of σ2(φ

2) (respectively, between the remainders Rσ1(φ
1) and Rσ2(φ

2)) by556
ωlocσ′

1−σ′
2

(respectively, ωloc
Rσ1−Rσ2

).557

For all (s, t) ∈ ∆T such that ωZ1(s, t) + ωZ2(s, t) + |t− s|p ≤ µ,558

(4.5)

|R1
s,t −R2

s,t| ≤
∣∣∣ ∫ t

s

u1(r, φ
1
r)− u2(r, φ

2
r)dr

∣∣∣
+
∣∣∣ ∫ t

s

σ1(φ
1
r)dZ

1
r − σ1(φ

1
s)Z

1
s,t −

∫ t

s

σ1(φ
2
r)dZ

2
r + σ2(φ

2
s)Z

2
s,t

∣∣∣
. ‖u1 − u2‖L∞

t,x
|t− s|+min{Lu1

, Lu2
}
∫ t

s

γ(|φ1r − φ2r|)dr

+
∣∣∣ ∫ t

s

σ1(φ
1
r)dZ

1
r − σ1(φ

1
s)Z

1
s,t −

∫ t

s

σ1(φ
2
r)dZ

2
r + σ2(φ

2
s)Z

2
s,t

∣∣∣.
559

We are left with a rough integral term, that can be estimated by means of Proposi-560
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WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH BOUNDED VORTICITY17

tion 2.10. Indeed,561

(4.6)

∣∣∣ ∫ t

s

σ1(φ
1
r)dZ

1
r − σ1(φ

1
s)Z

1
s,t −

∫ t

s

σ1(φ
2
r)dZ

2
r + σ2(φ

2
s)Z

2
s,t

∣∣∣
.‖σi‖C3

∣∣∣Dσ1(φ
1
s)σ1(φ

1
s)Z1

s,t −Dσ2(φ
2
s)σ2(φ

2
s)Z2

s,t

∣∣∣
+ ωlocRσ1 (s, t)

2
q ωZ1−Z2(s, t)

1
q + ωlocRσ1−Rσ2 (s, t)

2
q ωZ1(s, t)

1
q

+ ωZ1−Z2(s, t)
2
q ωlocσ′

2
(s, t)

1
q + ωlocσ′

2−σ′
1
(s, t)

1
q ωZ1(s, t)

2
q

.‖σi‖C3
ωZ1−Z2(s, t)

2
q + ωZ1(s, t)

2
q
(
Is,t + |σ1 − σ2|C2

)
+ ωlocRσ1 (s, t)

2
q ωZ1−Z2(s, t)

1
q + ωlocRσ1−Rσ2 (s, t)

2
q ωZ1(s, t)

1
q

+ ωZ1−Z2(s, t)
2
q ωlocσ′

2
(s, t)

1
q + ωlocσ′

2−σ′
1
(s, t)

1
q ωZ1(s, t)

2
q .

562

We report below some estimates for those controls above that depend on σi.563
Recall that multiplying a control by any power of Is,t yields a new control (see e.g.564
[27, Chapter 1]). By combining Proposition 2.4 and a modification of [26, Lemma565
7.3] in terms of p-variation, we have that566

(4.7)

ωlocσ′
i
(s, t) .σi,q ω

loc
φi (s, t),

ωlocσ′
2−σ′

1
(s, t) .σi,q

[
ωlocφ1 (s, t)‖σ1 − σ2‖qC2 + ωlocφ1−φ2(s, t)

+ Iqs,t
(
ωlocφ1 (s, t) + ωlocφ2 (s, t)

)]
,

ωlocRσ1 (s, t) .σi,q

(
ωlocR1 (s, t) + ωlocφ1 (s, t)

)
,

ωlocRσ1−Rσ2 (s, t) .σi,q ω
loc
R1−R2(s, t) + ωlocR1 (s, t)

(
‖σ1 − σ2‖

q
2

C2 + I
q
2
s,t

)
+ ωlocφ2 (s, t)‖σ1 − σ2‖

q
2

C2 + ωlocφ1−φ2(s, t)

+ I
q
2
s,tω

loc
φ1 (s, t).

567

Equations (4.5)–(4.7) above imply that there is a positive constant C, depending568
on569
min{Lu1 , Lu2}, max{‖σ1‖C3 , ‖σ2‖C3} and q, such that570

|R1
s,t −R2

s,t| .C ‖u1 − u2‖L∞
t,x

|t− s|+
∫ t

s

γ(|φ1r − φ2r|)dr571

+ ωZ1−Z2(s, t)
2
q + ωZ1(s, t)

2
q
(
Is,t + ‖σ1 − σ2‖C2

)
572

+
(
ωlocR1 (s, t) + ωlocφ1 (s, t)

) 2
q ωZ1−Z2(s, t)

1
q + ωZ1(s, t)

1
q
[
ωlocR1−R2(s, t)573

+ ωlocR1 (s, t)
(
‖σ1 − σ2‖

q
2

C2 + I
q
2
s,t

)
+ ωlocφ2 (s, t)‖σ1 − σ2‖

q
2

C3574

+ ωlocφ1−φ2(s, t) + I
q
2
s,tω

loc
φ1 (s, t)

] 2
q + ωZ1−Z2(s, t)

2
q ωlocφ2 (s, t)

1
q575

+ ωZ1(s, t)
2
q
[
ωlocφ1 (s, t)‖σ1 − σ2‖qC2 + ωlocφ1−φ2(s, t)576

+ Iqs,t
(
ωlocφ1 (s, t) + ωlocφ2 (s, t)

)] 1
q ,577

for all (s, t) ∈ ∆T such that ωZ1(s, t) + ωZ2(s, t) + |t− s| ≤ µ. At this point one can578

fix µ small enough for the term CωZ1(s, t)
1
q ωlocR1−R2(s, t)

2
q term to be smaller than579
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18 L. ROVERI, F. TRIGGIANO

2−
2
q ωlocR1−R2(s, t)

2
q . Proposition 2.4 implies that in this case580

(4.8)

ωlocR1−R2(s, t) .

[
‖u1 − u2‖L∞

t,x
|t− s|+

∫ t

s

γ(|φ1r − φ2r|)dr
] q

2

+ ωZ1−Z2(s, t) + ωZ1(s, t)
(
Is,t + ‖σ1 − σ2‖C1

) q
2

+
(
ωlocR1 (s, t) + ωlocφ1 (s, t)

)
ωZ1−Z2(s, t)

1
2

+ ωZ1(s, t)
1
2

[
ωlocR1 (s, t)

(
‖σ1 − σ2‖

q
2

C2 + I
q
2
s,t

)
+ I

q
2
s,tω

loc
φ1 (s, t)

+ ωlocφ2 (s, t)‖σ1 − σ2‖
q
2

C2

]
+ ωlocφ2 (s, t)

1
2ωZ1−Z2(s, t)

+ ωZ1(s, t)
[
ωlocφ1 (s, t)‖σ1 − σ2‖qC2

+
(
ωlocφ1 (s, t) + ωlocφ2 (s, t)

)
Iqs,t

] 1
2

+ ωZ1(s, t)
1
2ωlocφ1−φ2(s, t) + ωZ1(s, t)ωlocφ1−φ2(s, t)

1
2 .

581

Finally, we can combine (4.4) and (4.8) and Proposition 2.4 to get582

ωlocφ1−φ2(s, t) ≤ ωZ2(s, t)
(
‖σ2‖C1Is,t + ‖σ1 − σ2‖C0

)q
583

+ ‖σ1‖qC0ωZ1−Z2(s, t) + ωlocR1−R2(s, t)2584

≤ C
[
F (s, t) + µ ωlocφ1−φ2(s, t)2 + µ2ωlocφ1−φ2(s, t)

]
,585

where F (s, t) contains all terms apart from the ones involving ωlocφ1−φ2 . The latter586
inequality yields that587

ωlocφ1−φ2(s, t) ≤ xµ2 (s, t) or ωlocφ1−φ2(s, t) ≥ xµ1 (s, t),588

where589

xµ1,2(s, t) =
1− Cµ2 ±

√
(1− Cµ2)2 − 4µC2F (s, t)

2µC
.590

By Proposition 4.2, ‖F‖L∞ ≤M . We can then choose µ sufficiently small to have591

xµ1 (s, t) ≥
1− Cµ2 +

√
(1− Cµ2)2 − 4µC2M

2µC
≥ 3M.592

Notice in particular that the choice of µ only depends on the parameters of the593
problem, i.e. ‖σi‖C3 , ‖ui‖L∞

t,x
, Lui and ωZi(0, T ). Moreover, again Proposition 4.2594

implies that595

(4.9) ωlocφ1−φ2(s, t)596

≤ xµ2 (s, t) =
1− Cµ2 −

√
(1− Cµ2)2 − 4µC2F (s, t)

2µC
597

≤ 2F (s, t),598

where the last inequality is due, up to shrinking µ again, to599

√
a− b ≤

√
a− b ∀a > 1

4
, b ∈

[
0, a− 1

4

]
.600
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At last, (4.9) implies that601

|(φ1 − φ2)s,t| . F (s, t)
1
q602

≤ ‖u1 − u2‖L∞
t,x

|t− s|+
∫ t

s

γ(|φ1r − φ2r|)dr + CωZ1−Z2(s, t)
1
q603

+ C
(
ωZ1(s, t) + ωZ2(s, t)

) 1
q
(
Is,t + ‖σ1 − σ2‖C3

)
604

for all (s, t) ∈ ∆T such that ωZ1(s, t) + ωZ2(s, t) + |t− s|p ≤ µ.605
The above satisfies the hypothesis of the Rough Grönwall Lemma (Lemma 6.4),606

which we can then apply to conclude the proof.607

We are finally ready to state a well-posedness result for (4.1). We also prove that608
the solution is measure-preserving in space for all times t ∈ [0, T ].609

Theorem 4.4. Let Z be a p-geometric rough path, p ∈ [2, 3), u : [0, T ]×T2 → R2610
be bounded, measurable and log-Lipschitz in space, {σj}Mj=1 be C3(T2)-vector fields611
and φ0 ∈ C(T2,R2).612

Then, for q ∈ (p, 3) there exists a localization (ω,L) and a controlled rough path613
(φt, σ(φt)) ∈ Dq-var

Z,(ω,L)(C(T
2,R2)) solving (4.1), namely s.t.614

φt = φ0 +

∫ t

0

u(r, φr)dr +

∫ t

0

σ(φr)dZr.615

Such (φt, σ(φt)) is unique: if there exists (ϕt, σ(ϕt)) ∈ Dq-var
Z,(ω′,L′)(C(T

2,R2)) which616
also solves (4.1), then ϕt = φt for all t.617

In addition, if φ0 is measure preserving (like in the case φ0 = IdT2) and u, σj618
are divergence-free, then φt is also measure preserving for all t ∈ [0, T ].619

Proof. Since Z is geometric, there is a sequence of functions in C∞([0, T ],RM )620
whose canonical lifts converge to Z in C p-var

g . In particular, we choose a subsequence621
{ZN}N∈N such that, ωZN−Z(0, T ) <

1
N for N → ∞. Without loss of generality [36,622

Proof of Theorem 4.1], we can also assume that623

|ZNs,t| . ωZ(s, t)
1
p and |ZNs,t| . ωZ(s, t)

2
p .624

In addition, let ρ be a mollifier (in space) and define, up to properly extending u to625
R2 by periodicity, uN = u ∗ ρ 1

N
. The latter is divergence-free due to u, σj being so.626

Therefore the flow ΦN of the associated RDE is measure preserving.627
Since uN is sufficiently smooth for all N ∈ N, standard results (see e.g. [26])628

imply the existence of a unique φN ∈ Cp-var, of the form φNt = ΦNt ◦ φ0, such that629
(φN , σ(φN )) ∈ Dp-var

ZN solves the RDE630

φNt = φ0 +

∫ t

0

uN (r, φNr )dr +

∫ t

0

σ(φNr )dZNr .631

In particular, being the composition of measure preserving functions, φN is itself632
measure preserving. Proposition 4.3 and Osgood’s criterion (cf. [7]) imply that633

(4.10) |φNt − φÑt | . z(t, ‖uN − uÑ‖L∞
t,x
T + ωZN−ZÑ (0, T )

1
2q ),634

where z(t, z0) is the solution to żt = γ(zt) with z0 as starting condition. Notice that635

z(t, z0) ≤ ez
exp(−t)
0 as long as z0 is sufficiently small (cf. [9]).636
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20 L. ROVERI, F. TRIGGIANO

By combining Proposition 4.2, (4.10) and the interpolation inequality637

‖φN − φÑ‖q,[0,T ] .
(
‖φN − φÑ‖p,[0,T ]

) p
q
(
‖φN − φÑ‖L∞

)1− p
q ,638

we eventually see that {φN} and {σ(φN )} are Cauchy sequences in Cq-var. Moreover,639
we know that ‖uN‖L∞

t,x
. ‖u‖L∞

t,x
and that the sequence uN converges uniformly in640

(t, x) to u and is equi-log-Lipschitz, i.e.641

|uN (t, x)− uN (t, y)| ≤ Luγ(|x− y|) ∀N ∈ N, t ∈ [0, T ] and x, y ∈ R2.642

These properties, Propositions 4.2 and 4.3 and (4.8) imply that there exists µ0 > 0643
such that ‖RN −RÑ‖ q

2 ,(ω,µ0),[0,T ] is a Cauchy sequence, with RN being the remainder644

of φN with respect to ZN and ω(s, t) = ωZ(s, t) + |t− s|p.645
It follows that, given limN→∞(φN , σ(φN )) =: (φ, σ(φ)) ∈ Dq-var

Z,(ω,µ0)
(Cb(T2,R2)),646

by continuity of rough integrals, i.e. Proposition 2.10, (φ, σ(φ)) solves647

φt = φ0 +

∫ t

0

u(s, φs)dx+

∫ t

0

σ(φs)dZs.648

Uniqueness then comes, once again, from a trivial generalization of Proposi-649
tion 4.3, which takes into account also the localizations (ω,L) and (ω′, L′), combined650
with Osgood’s criterion.651
As for the measure-preservingness of φt: since uN and the σj ’s are divergence-free,652
then the φN ’s are measure-preserving as long as φ0 is. Therefore, φt is also measure-653
preserving because, thanks to (4.10), it is the limit of the sequence {φNt }t.654

Once the well-posedness for the RDE with log-Lipschitz drift is obtained, we655
conclude this section by studying the inverse flow map.656

Theorem 4.5. Let Z, p, u and σ be as in the previous theorem. Given φ0 = IdT2 ,657
if φ : [0, T ]× T2 → T2 is the solution of658

φt = IdT2 +

∫ t

0

u(r, φr)dr −
∫ t

0

σ(φr)dZr,659

the following hold:660
1. φt is invertible, for all t ∈ [0, T ];661
2. given ψ ∈ C∞(T2,R) and ht := ψ(φ−1

t ), there exist a localization (ω,L) and662

h\ ∈ C
p/3-var
2,ω,L (W−3,∞) such that, for all γ ∈W 3,1,663

(4.11) hs,t(γ) =

∫ t

s

hrur ·∇ γdr + hs

([
A1,∗
s,t +A2,∗

s,t

]
γ
)
+ h\s,t(γ),664

where (A1, A2) is the unbounded rough driver given by (2.14).665

Proof. 1. Given t ∈ [0, T ], we can build the inverse of φt by solving the666
equation backward in time. Namely, φ−1

t = Yt, where (Ys)s∈[0,t] is the solution667
of668

Ys = IdT2 −
∫ s

0

u(t− r, Yr)dr −
∫ s

0

σ(Yr)dZr,669

driven by the geometric rough path associated with Zs = Zt−s (we refer e.g.670
to [26, Exercise 2.6] for more details).671
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2. Similarly to the previous theorem, consider {ZN}N∈N ⊂ C∞([0, T ],RM ),672
approximating Z in C p-var

g , and {uN}N∈N ⊂ C∞([0, T ]× T2,R2), converging673
to u.674
For each N , the corresponding flows φN are invertible and sufficiently regular.675
In particular since ∂t

[
φNt (φN,−1

t (x))
]
≡ 0, one has that676

∂t
(
φN,−1
t (x)

)
= −

[
(∇T φNt

)−1
(φN,−1
t (x))

][
(∂tφ

N
t )(φN,−1

t (x))
]

= −
[
(∇T φNt

)−1
(φN,−1
t (x))

][
uNt (x)− σ(x)ŻNt

]
.

677

Therefore,678

∂th
N
t (x) = −uNt (x) ·∇hNt (x) + σ(x) ·∇hNt (x)ŻNt ,679

with hNt := ψ(φN,−1
t ). The result then follows as in Theorem 3.6, namely680

we pass through the integral formulation and iterate the equation as we did681
in Subsection 2.4. After proving, in a similar fashion, that hN (respectively,682
hN,\) has finite p-variation (respectively, p3 -variation), and thanks to the con-683

vergence of φN,−1
t to φ−1

t (by Proposition 4.3), we can eventually send N to684
infinity in the equation solved by hN .685

4.2. RDEs with non-local drift. Let us consider the second Lagrangian RDE,686
which plays a crucial role in the proof of uniqueness for solutions of the Euler equations687
(2.13). In particular, we prove a uniqueness result for the following RDE688

(4.12) φt(x) = x+

∫ t

0

∫
T2

KBS(φr(x)− φr(y))w0(y)dydr +

∫ t

0

σ(φr(x))dZr,689

where w0 is a bounded function.690
Since the drift is non-local, let us introduce a slightly different concept of solution.691

Definition 4.6. Let φ ∈ C([0, T ] × T2,R2). We say that φ is a solution to the692
non-local RDE if there exists a localization (ω,L) s.t. (φ(x), σ(φ(x))) ∈ Dp-var

Z,(ω,L)(R
2)693

for all x ∈ T2, and(4.12) holds.694

Remark 4.7. Notice that if (φ, σ(φ)) ∈ Dp-var
Z,(ω,L)(C(T

2,R2)), then for all x ∈ T2,695

(φ(x), σ(φ(x))) ∈ Dp-var
Z,(ω,L)(R

2) .696

Theorem 4.8. Let Z be a p-geometric rough path, p ∈ [2, 3), w0 ∈ L∞(T2),697
{σj}Mj=1 be C3(T2)-vector fields and φ0 ∈ C(T2,R2).698

If there exist two controls, ω1 and ω2, and two positive constants, L1 and L2,699
such that (φ, σ(φ)) ∈ Dp-var

Z,(ω1,L1)
(C(T2,R2)) and (ψ, σ(ψ)) ∈ Dp-var

Z,(ω2,L2)
(C(T2,R2)) are700

measure-preserving solutions to (4.12), in the sense of the previous definition, then701

φt = ψt ∀t ∈ [0, T ].702

Remark 4.9. An existence result for (4.12) can be easily produced by combining703
Proposition 4.3, Theorem 4.4 and the iterative procedure proposed in [9]. We avoid704
replicating such method, as it plays no role in the uniqueness of solutions to (2.13).705

Proof. Let t ∈ [0, T ], then for all x ∈ T2706
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φt(x)− ψt(x) =

∫ t

0

∫
T2

[KBS (φr(x)− φr(y))−KBS (ψr(x)− ψr(y))]w0(y)dydr707

+

∫ t

0

σ(φr(x))− σ(ψr(x))dZr.708

Up to working with R2-valued controlled rough paths, a procedure analogous to the709
one used to prove Proposition 4.3 yields710

ωlocφx−ψx
(s, t) .

[
‖w0‖L∞

∫ t

s

∫
T2

∣∣KBS(φr(x)− φr(y))−KBS(ψr(x)− ψr(y))
∣∣dydr]q711

+ Iqs,t(x)ωZ(s, t)
[
1 + ωlocRφx (s, t)

2 + ωlocφx
(s, t) + ωlocφx

(s, t)2 + ωlocψx
(s, t)

]
712

+ ωZ(s, t)ω
loc
φx−ψx

(s, t)2 + ωZ(s, t)
2ωlocφx−ψx

(s, t),713

where Is,t(x) := supr∈[s,t] |φr(x)−ψr(x)|, ωlocRφx , ωlocφx
and ωlocφx−ψx

denote the localized714

controls associated with Rφx , the remainder of φt(x), φt(x) and φt(x)− ψt(x). With715
the same argument used for Proposition 4.3, we then obtain that716

|φs,t(x)− ψs,t(x)| ≤ ‖w0‖L∞717 ∫ t

s

∫
T2

∣∣∣(KBS(φr(x)− φr(y)
)
−
(
KBS(ψr(x)− ψr(y)

)∣∣∣dydr718

+ CωZ(s, t)
1
q Is,t(x).719

By Lemma 6.4, the above yields720

sup
r∈[0,t]

∣∣φr(x)− ψr(x)
∣∣ . ∫ t

0

∫
T2

∣∣∣(KBS(φr(x)− φr(y)
)
−

(
KBS(ψr(x)− ψr(y)

)∣∣∣dydr.721

Now, recalling (see e.g. [41]) that the Biot-Savart kernel enjoys the property722 ∫
T2

|KBS(x− y)−KBS(x
′ − y)|dy . γ(|x− x′|), ∀x, x′ ∈ T2,723

we can integrate in space and add and subtract a term KBS(ψr(x) − φr(y)). Then,724
applying Fubini-Tonelli’s theorem and exploiting the concavity of γ to use Jensen’s725
inequality, we get726 ∫

T2

|φt(x)− ψt(x)|dx . ‖w0‖L∞

∫ t

0

γ
(∫

T2

∣∣∣φr(x)− ψr(x)
∣∣∣dx)dr.727

At this point, as in Theorem 4.4, Osgood’s criterion yields the result.728

5. Uniqueness of the solution. In this section we exploit the uniqueness re-729
sults obtained for the Lagrangian flows to prove that there exists a unique solution for730
the two-dimensional Euler equations (1.1). To this aim, we show that wt = (φt)#w0731
following Dobrushin’s strategy [21], i.e. proving that732

(5.1)
∫
T2

wt(x)ht(x)dx =

∫
T2

w0(x)h0(x)dx,733

where ht := ψ(φ−1
t (x)).734
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Since w\ and h\ are poorly regular, we cannot test directly the equation for wt735
against the one satisfied by ht. Therefore, we must develop a strategy similar to736
the one of [37, 19]. There, a doubling variable technique is used to estimate some737
crucial quantities, such as the energy of the solution. Instead, we need to apply it738
for any smooth function ψ in order to prove that any solution w is transported by its739
corresponding flow.740

5.1. Doubling of variables. Let (σj)
M
j=1 ⊂ C3(T2,R2) be divergence-free vec-741

tor fields, w0 ∈ L∞(T2,R) and ψ ∈ C∞(T2,R). Consider, according to Definition 2.14,742
a solution w to (2.13) with initial condition w0 and consider φ, h as in Theorem 4.5:743
φ solving744

(5.2) φt = IT2 +

∫ t

0

u(r, φr)dr −
∫ t

0

σ(φr)dZr,745

where u = KBS ∗ w, and h = ψ(φ−1).746
Let us first state the following (cf. [36, 37, 19]). From now on, we are also going747

to denote by Wn,2
⊗ the Sobolev space Wn,2(T2 × T2).748

Lemma 5.1. The mapping g : [0, T ] → W 0,2
⊗ defined by gs(x, y) = ws(x) ⊗ hs(y)749

satisfies the equation750

(5.3) gs,t = −
∫ t

s

((ur ·∇wr)⊗ hr + wr ⊗ (ur ·∇hr)) dr + Γ1
s,tgs + Γ2

s,tgs + g\s,t,751

where g\ ∈ C
p/3-var
2,ω,L (W−3,∞

⊗ ) (notice that W−3,∞ is continuously embedded into752

W−3,2) and (Γ1,Γ2) is an unbounded rough driver on the scale {Wn,2
⊗ }n (see Subsec-753

tion 2.3) defined by754

(5.4) Γ1
s,t = A1

s,t ⊗ I + I ⊗A1
s,t, Γ2

s,t = A2
s,t ⊗ I + I ⊗A2

s,t +A1
s,t ⊗A1

s,t,755

with Ai, for i = 1, 2, given by (2.14).756

Keeping in mind that h solves (4.11), the above statement follows from straight-757
forward algebraic manipulations of the tensor product between w and h and their758
expression as solutions of RDEs. In particular, it is easy to check that (Γ1,Γ2) satis-759
fies properties (2.8)–(2.10) and that the regular-in-time terms appearing in the tensor760
product can be “hidden” into g\s,t, see e.g. [36, Lemma 4.2].761

Now, we want to test (5.3) against a smooth approximation of the diagonal δx=y.762
Following [37], let us denote x± := x±y

2 and define, for n ∈ N , the space763

En,∇ :=
{
α ∈Wn,∞(R2 × R2)|α(x+ 2kπ, y + 2kπ) = α(x, y) ∀k ∈ Z2,764

|x−| > 1 =⇒ α(x, y) = 0
}

765

normed by766

‖α‖n,∇ := max
k+l≤n

|∇k
+ ∇l

− α(x, y)|L∞
x,y
,767

where ∇± := 1
2 (∇x±∇y). We also need to introduce the dual spaces E−n,∇ :=768 (

En,∇
)∗, the duality pairing769

〈γ, α〉∇ :=

∫
B(0,1)

∫
T2

γ(x+ + x−, x+ − x−)α(x+ + x−, x+ − x−)dx+dx−770
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and a blow-up transformation: for ε > 0 and α ∈ En,∇, it is given by the map771

Tεα(x, y) :=
1

ε2
α
(
x+ +

x−
ε
, x+ − x−

ε

)
,772

whose adjoint operator is T ∗
ε γ(x, y) = γ(x+ + εx−, x+ − εx−).773

At this point, up to extending by periodicity, we can test gs,t against Tεα. Let us774
start with the drift term.775

Lemma 5.2. 1. Let α ∈ E1,∇ and νs,t ∈W−1,2
⊗ be defined as776

νs,t := −
∫ t

s

(ur ·∇wr)⊗ hr + wr ⊗ (ur ·∇hr) dr.777

Then778

(5.5) |νs,t(Tεα)| ≤ C‖α‖1,∇|t− s|,779

where C is a constant only depending on ‖w‖L∞
t,x

and ‖ψ‖L∞ .780
2. Let α(x, y) = β(x+)f(|x−|2), with β ∈ C∞(T2,R) and f ∈ C∞(R,R+) such781

that it has support contained into [0, 1] and
∫
B(0,1)

f(|x−|2)dx− = 2. Then,782

(5.6) lim
ε→0

νs,t(Tεα) =

∫ t

s

∫
T2

wr(x)hr(x)ur(x) ·∇β(x)dx.783

Proof. 1. We have that784

νs,t(Tεα) =

∫ t

s

dr

∫
1

ε2
ur(x)wr(x)hr(y)∇x

[
α
(
x+ +

x−
ε
, x+ − x−

ε

)]
dxdy785

+

∫ t

s

dr

∫
1

ε2
ur(y)wr(x)hr(y)∇y

[
α
(
x+ +

x−
ε
, x+ − x−

ε

)]
dxdy786

=
1

2

∫ t

s

dr

∫
wr(x+ + εx−)hr(x+ − εx−)u

ε,+
r (x+, x−)

(
∇+ α

)
(x, y)dx+dx−787

+
1

2

∫ t

s

dr

∫
wr(x+ + εx−)hr(x+ − εx−)

uε,−r (x+, x−)

ε

(
∇− α

)
(x, y)dx+dx−788

=: νs,t(Tεα)+ + νs,t(Tεα)−,789

where uε,±r (x+, x−) :=
[
ur(x++ εx−)±ur(x+− εx−)

]
. The first term can be790

easily estimated uniformly in ε. Instead, for the second term791

∣∣∣ ∫ t

s

dr

∫
wr(x+ + εx−)hr(x+ − εx−)

uε,−r (x+, x−)

ε
·
(
∇− α

)
(x, y)dx−dx+

∣∣∣792

≤ ‖w‖L∞
t,x

‖ψ‖L∞‖α‖1,∇
∫ t

s

dr

∫
B(0,1)

dx−

∫
T2

dx+

∣∣∣uε,−r (x+, x−)

ε

∣∣∣793

≤ ‖w‖L∞
t,x

‖ψ‖L∞‖α‖1,∇‖u‖L∞
t W 1,1

x
|t− s|.794

2. It is enough to prove that limε→0 νs,t(Tεα)− = 0. In particular, up to approx-795
imating the velocity u in L∞

T W
1,1 by smooth functions, let us assume that u796

is smooth in space. Then,797
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νs,t(Tεα)− =

∫ t

s

dr

∫
B(0,1)

dx−

∫
T2

dx+wr(x+ + εx−)hr(x+ − εx−)β(x+)798

(∫ 1

0

∇T ur(x+ − εx− + 2θεx−)x−dθ
)
· x−f ′(|x−|2),799

which, as ε goes to 0, converges to800

∫ t

s

dr

∫
T2

dx+(wrhrβ)(x+)

2∑
i,j=1

∂ju
i
r(x+)

∫
B(0,1)

xj−x
i
−f

′(|x−|2)dx−801

=

∫ t

s

dr

∫
T2

dx+wr(x+)hr(x+)β(x+)div(ur)(x+)
∫ 1

0

πρ3f ′(ρ2)dρ = 0802

Remark 5.3. Although the setting is different, we point out that the second state-803
ment of the above Lemma 5.2, as well as the strategy to prove it, shares technical804
ideas with DiPerna-Lions’ theory of commutators [20, 1].805

It is now the turn of the rough terms to be tested against Tεα. The following has806
already been proved in [19], hence we are only going to give the statement.807

Lemma 5.4. Consider the unbounded rough drivers (Γ1
s,t,Γ

2
s,t) defined in (5.4):808 (

Γ1,ε
s,t ,Γ

2,ε
s,t

)
ε
:=

(
T ∗
ε Γ

1
s,tT

∗,−1
ε , T ∗

ε Γ
2
s,tT

∗,−1
ε

)
ε

is a bounded family of unbounded rough809
drivers on the scale En,∇.810

Moreover, if α(x, y) = β(x+)f(|x−|2), with β ∈ C∞(T2,R) and f ∈ C∞(R,R+)811
such that it has support contained into [0, 1] and

∫
B(0,1)

f(|x−|2)dx− = 2, then812

lim
ε→0

〈T ∗
ε gs,Γ

i,ε,∗
s,t α〉∇ =

∫
T2

ws(x)hs(x)(A
i,∗
s,tβ)(x)dx, i = 1, 2,813

where Ai is as in (2.14).814

We conclude the paragraph by identifying the equation satisfied by T ∗
ε gs. In order815

to estimate the remainder appearing in it, we first report a result from [37].816

Lemma 5.5. There exists a family of smoothing operators (J
η
)η∈[0,1] on the scale817

En,∇.818

Eventually, the following is what we need.819

Proposition 5.6. For any ε > 0, given g as in Lemma 5.1, gεs := T ∗
ε gs satisfies820

in E−3,∇ the equation821

(5.7) gεs,t = νεs,t + Γ1,ε
s,tg

ε
s + Γ2,ε

s,tg
ε
s + g\,εs,t,822

where νεs,t(α) = νs,t(Tεα) is defined as in Lemma 5.2. Moreover, the family (gε,\s,t)ε>0823

is bounded in C
p/3-var
2,ω,L (E−3,∇).824

Proof. The equation satisfied by gεs can be easily found by testing (5.3) against825
Tεα for all α ∈ E3,∇.826

Instead, the uniform bound on the localized p
3 -variation of the remainders g\,ε827

follows from Lemma 5.2, Lemma 5.4 and Lemma 5.5 with a procedure analogous to828
the one already showed in Lemma 3.2. Indeed, as shown in [19], such procedure can be829
replicated once we have, like here, a family of smoothing operators, the drifts {νεs,t}ε>0830

uniformly in C1-var(E−1,∇) and {(Γ1,ε
s,t ,Γ

2,ε
s,t)}ε>0 uniformly unbounded rough drivers.831
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5.2. Uniqueness result. We are finally ready to prove the remaining part of832
Theorem 1.1, namely that the 2D Euler equations, driven by rough transport noise,833
have a unique solution whenever the initial condition is bounded.834

Theorem 5.7. Let w0 ∈ L∞(T2), Z be a p-geometric rough path, p ∈ [2, 3), and835
{σj}Mj=1 ⊂ C3(T2,R2) be a family of divergence-free vector fields. Given w a solution836
of (1.1) in the sense of Definition 2.14, then w is unique.837

In particular, it can be written as the advection of w0 along the corresponding838
flow,839

wt = (φt)#w0,840

where φ solves (5.2).841

Proof. We start proving that any solution w in the sense of Definition 2.14 is842
advected by the associated flow.843

To this goal, consider ψ ∈ C∞(T2,R), ht = ψ(φ−1
t ) and gεs = T ∗

ε (ws⊗ hs). Given844
α(x, y) = β(x+)f(|x−|2), with β ∈ C∞(T2,R) and f ∈ C∞(R,R+) with support845
contained into [0, 1] and

∫
B(0,1)

f(|x−|2)dx− = 2, we can test (5.7) against α and send846
ε to 0. Then, Lemmas 5.2 and 5.4 imply that847 ∫

T2

(wt(x)ht(x)− ws(x)hs(x))β(x)dx =

∫ t

s

∫
T2

wr(x)hr(x)ur(x) ·∇β(x)dxdr848

+

∫
T2

ws(x)hs(x)A
1,∗
s,t β(x)dx+

∫
T2

ws(x)hs(x)A
2,∗
s,t β(x)dx+ g\s,t(β),849

where g\s,t(β) := limε→0 g
ε,\
s,t(α) has finite localized p

3 -variation in W−3,∞ thanks to850
Proposition 5.6. In particular, if we choose β ≡ 1, we get the equality851 ∫

T2

(wt(x)ht(x)− ws(x)hs(x)) dx = g\s,t(1),852

which yields that g\s,t(1) is an additive function with finite p
3 -variation, meaning that853

it is identically 0.854
Hence, up to approximation with smooth functions, we can take ψ = ψ ◦ φt for855

any ψ ∈ C∞(T2,R) and obtain that856

(5.8)
∫
T2

wt(x)ψ(x)dx =

∫
T2

w0(x)ψ(φt(x))dx,857

which is, wt is transported along the associated flow.858
Consider now two solutions w1, w2 to (1.1), both starting at w0, driven by Z and859

the same vector fields (σj)
M
j=1. We have proved that wit = (φit)#w0, i = 1, 2, where φit860

solves (4.1) with drift KBS ∗ wit. Noting that861 ∫ t

0

(KBS ∗ wir)(φir(x))dr =
∫ t

0

∫
T2

KBS(φ
i
r(x)− y)wir(y)dydr862

=

∫ t

0

∫
T2

KBS(φ
i
r(x)− φir(y))w0(y)dydr,863

hence φ1t and φ2t are both solutions to (4.12) and by Theorem 4.8 it holds φ1 = φ2,864
concluding the proof.865
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5.3. Continuity of the solution map. We conclude our work by proving that866
solutions to (2.13) are continuous with respect to initial parameters w0, σ and Z. This867
is not only important per se, but also immediately yields a Wong-Zakai type result868
for our problem.869

Theorem 5.8. Let (L∞)weak,∗ be L∞ equipped with the weak-∗ topology. Then,870
the solution map871

(L∞
x )weak,∗ × (C3)M × C p-var

g → (L∞
t,x)

weak,∗ ∩ CtW−1,∞872

(w0, σ,Z) 7→ w873

is continuous.874
Moreover, given {BH,N}N∈N a piecewise linear approximation of a fractional875

Brownian motion BH , with Hurst parameter H ∈ ( 13 ,
1
2 ], then the solutions {wN} of876

(1.1) with Ż = ḂH,N converge almost surely to the solution w of877

(5.9)

{
dw + u ·∇wdt =

∑M
j=1 σj ·∇w ◦dBH,j ,

w(0) = w0, u = KBS ∗ w.
878

Proof. We start by showing that, given a converging sequence of parameters, the879
solutions depending on it converge themselves. To this aim, consider {wN0 , σN ,ZN} ⊆880
(L∞)weak,∗ × (C3)M ×C p-var

g and assume it converges to some {w0, σ,Z} in the same881
space. By well-posedness of (2.13), we know that for each N ∈ N there exists a882
solution wN associated to the N -th element of the sequence. In particular, since883
the bounds we found only depend on initial parameters, the sequence of solutions884
{wN} is uniformly bounded in L∞

t,x ∩ C
p-var
T W−1,∞: this ensures us that there exists885

a subsequence {wNk} converging strongly to w ∈ CtW
−1,∞ (cf. Lemma 6.1).886

We conclude by noting that the unbounded rough drivers (AN,1, AN,2), associated887
to (σN ,ZN), converge, making us able to prove that w solves (2.13) like we did for the888
existence proof, and that, by uniqueness of solutions, it is the whole sequence {wN}889
that converges.890

At this point, the second statement if trivial: we know (see e.g. [26]) that piece-891
wise linear are one of those approximations of a fractional Brownian motion such that892
their canonical lift (BH,N ,

∫ ·
0
BH,N ⊗ dBH,N ) converges to (BH ,BH) in the rough893

path topology almost surely.894

Remark 5.9. In the case H = 1
2 , BH is a standard Brownian motion. Then it is895

well known that piecewise linear approximations and their canonical lifts converge to896
Stratonovich enhanced Brownian motion, (B,BStrat). Since Stratonovich rough inte-897
gration against an enhanced Brownian motion coincides almost surely with standard898
Stratonovich integration, this yields that the wN associated to BH,N converge to a899
probabilistically strong solution of (5.9). In this case, we end up recovering the result900
obtained in [9]. Moreover, if H ∈ ( 12 , 1) the result still holds, as the rough lifts of901
piecewise linear approximations simply converge to a canonical Young integral.902

Remark 5.10. The reasoning behind the proof of the Wong-Zakai statement in903
Theorem 5.8 actually holds in more general cases. For example, it holds for Gaussian904
rough paths satisfying the hypothesis of [26, Theorem 10.4], for which it can be905
proven that piecewise linear approximations converge in rough path topology. Another906
possible generalisation regards instead the type of approximation. As already pointed907
out in the proof of the theorem, the key for the convergence result is a combination908
of the continuity for the solution map and of the convergence of an approximating909
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sequence in rough path topology. This actually allows for other approximations, like910
by convolution or à la McShane [39].911

6. Appendix.912

6.1. A compactness argument. We prove here a compactness result, which913
plays a crucial role in Theorem 3.6.914

Lemma 6.1. Consider a sequence {gn}n∈N ⊂ L∞([0, T ] × T2) ∩ Cp-var(W−1,∞)915
such that ‖gn‖L∞

t,x
is uniformly bounded and there exist L > 0, two controls ω and ω916

satisfying917

‖(gn)s,t‖W−1,∞ ≤ ω(s, t)1/p ∀n ∈ N, (s, t) ∈ ∆T s.t. ω(s, t) ≤ L.918

Then, {gn}n is compact in C([0, T ],W−1,∞).919

Proof. For all α ∈ (0, L], define the operator Jαf(s) = 1
α

∫ s+α
s

f(r)dr, where we920
impose f(r) = f(T ) for all r > T . The following hold true:921

1. For any fixed α, Jαgn : [0, T ] →W−1,∞ are equicontinuous functions;922
2. As α vanishes, supn∈N ‖Jαgn − gn‖CtW

−1,1
x

→ 0;923
3. For all s ∈ [0, T ] and α ∈ (0, L], {Jαgn(s)}n is relatively compact in W−1,∞;924
4. There exists a subsequence gnk

that converges weakly-∗ to some g ∈ L∞
t,x.925

The first and second properties follow from the hypothesis, the third one from W 1,1926
being compactly embedded into L1, and the last one from standard results in func-927
tional analysis.928

Let now α be fixed: Ascoli-Arzelà theorem yields a subsequence, denoted again929
by {Jαgnk

}, such that Jαgnk
converges to some h in CtW

−1,∞
x . Then, point 4 above930

and the continuity of Jα imply that h = Jαg. In particular, any subsequence of Jαgnk
931

has a sub-subsequence that converges to h; it follows that the full sequence Jαgnk
932

must converge to h.933
Eventually, the result follows from the inequality934

‖gnk
− gnl

‖CtW−1,∞ ≤ ‖gnk
− Jαgnk

‖CtW−1,∞935

+ ‖Jαgnk
− Jαgnl

‖CtW
−1,∞
x

+ ‖Jαgnl
− gnl

‖CtW
−1,∞
x

.936

6.2. Sewing Lemma and Rough Grönwall Lemma. The Sewing Lemma is937
crucial in rough paths theory since it allows the construction rough integrals. We938
report a version of it, whose proof is a straightforward modification of [19, Lemma939
2.2].940

Lemma 6.2. Let ξ ∈ (0, 1), L > 0 and V be a Banach space. Consider two941
controls ω, ω and a 2-index function h : ∆T → V such that942

|δhs,u,t| := |hs,t − hs,u − hu,t| ≤ ω(s, t)
1
ξ ,943

for all (s, u, t) ∈ ∆2
T with ω(s, t) ≤ L. Then, there exists a unique path I(h) : [0, T ] →944

V with I(h)0 = 0 such that the 2-index function Λs,t := I(h)s,t − hs,t ∈ Cξ-var,2
ω,L .945

Moreover, there exists Cξ > 0 such that946

|Λs,t| ≤ Cξω(s, t)
1
ξ ,947

for all (s, t) ∈ ∆T with ω(s, t) ≤ L.948
In addition, if h ∈ Cp-var,2

ω,L (V ) for some p ≥ ξ, then I(h) ∈ Cp-var(V ).949

This manuscript is for review purposes only.



WELL-POSEDNESS OF ROUGH 2D EULER EQUATIONS WITH BOUNDED VORTICITY29

The following corollary can be found at [36, Corollary B.2]950

Corollary 6.3. Let ξ ∈ (0, 1). Consider h : ∆T → V such that h ∈ Cξ-var,2
(ω,L) (V )951

and it satisfies the assumptions of Lemma 6.2. Then,952

|hs,t| ≤ Cξω(s, t)
1
ξ ,953

for all (s, t) ∈ ∆T s.t. ω(s, t) ≤ L.954

The second reported result is a generalization of the Rough Grönwall Lemma first955
proved in [19].956

Lemma 6.4. Consider a function G : [0, T ] → R+, three controls ω1, ω2, ω3 and957
some constants L,C ′ > 0, C ≥ 1, k > k′ ≥ 1.958

Assume that the following conditions hold:959
1. ω2(s, t) ≤ ω1(s, t) for all (s, t) ∈ ∆T ;960
2. For all (s, t) ∈ ∆T with ω1(s, t) ≤ L,961

Gs,t ≤ C
(

sup
r∈[0,T ]

Gr + C ′)ω1(s, t)
1
k + ω2(s, t)

1
k′ + ω3(s, t).962

Then,963

sup
t∈[0,T ]

Gt ≤ 2 exp
(ω1(0, T )

αL

){
G0 + sup

t∈[0,T ]

(
ω3(0, t) exp

(−ω1(0, t)

αL

))
+ sup
t∈[0,T ]

(
ω2(0, t)

1−θ
k′ exp

(−ω1(0, t)

αL

))
+ C ′

}
,

964

where θ = k′

k and α = min
(
1, 1

L(2Ce2)k

)
.965

Proof. For any t ∈ [0, T ], consider the following functions:966

G≤t := sup
s∈[0,t]

Gs,967

Ht := exp
(
− ω1(0, t)

αL

)(
G≤t + ω2(0, t)

1−θ
k′ + C ′

)
,968

H≤t := sup
s∈[0,t]

Hs.969

Let K ∈ N∗ s.t. ω1(0, T ) ∈ (αL(K − 1), αLK], then there exists a partition P =970
{t0 := 0, . . . , tK := T} such that ω1(0, tj) = αjL for all j ∈ {1, · · · ,K − 1}. Since ω1971
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is super-additive, then ω1(tj−1, tj) ≤ αL. Consider t ∈ [ti−1, ti], then972

G0,t =

i−2∑
j=0

Gtj ,tj+1
+Gti−1,t973

≤
i−2∑
j=0

[
C(G≤tj+1

+ C ′)ω1(tj , tj+1)
1
k + ω2(tj , tj+1)

1
k′ + ω3(tj , tj+1)

]
974

+ C(G≤t + C ′)ω1(ti−1, t)
1
k + ω2(ti−1, t)

1
k′ + ω3(ti−1, t)975

≤
i−2∑
j=0

[
C(αL)

1
k (G≤tj+1

+ C ′) + ω2(0, tj+1)
1−θ
k′ ω1(tj , tj+1)

1
k

]
976

+ C(G≤ti + C ′)(αL)
1
k + ω2(0, ti)

1−θ
k′ ω1(ti−1, t)

1
k + ω3(0, t)977

≤ C(αL)
1
k

i−1∑
j=0

[
G≤tj+1

+ ω2(0, tj+1)
1−θ
k′ + C ′

]
+ ω3(0, t),978

where the first and second inequalities are due to the hypothesis. Now,979

i−1∑
j=0

[
G≤tj+1

+ ω2(0, tj+1)
1−θ
k′ + C ′

]
=

i−1∑
j=0

Htj+1
exp

(ω1(0, tj+1)

αL

)
980

≤ H≤T

i−1∑
j=0

exp(j + 1)981

≤ H≤T exp(i+ 1).982

Therefore,983

(6.1) Gt ≤ G0 + ω3(0, t) + C(αL)
1
kH≤T exp(i+ 1).984

We exploit (6.1) to estimate H≤T . Indeed, given t ∈ [ti−1, ti], then985

Ht = exp
(
− ω1(0, t)

αL

)(
G≤t + ω2(0, t)

1−θ
k′ + C ′

)
986

≤ exp
(
− ω1(0, t)

αL

)
987 [

G0 + ω3(0, t) + C(αL)1/kH≤T exp(i+ 1) + ω2(0, t)
1−θ
k′ + C ′

]
988

≤ G0 + sup
r∈[0,t]

(
ω3(0, r) exp

(
− ω1(0, r)

αL

))
+989

sup
r∈[0,t]

(
ω2(0, r)

1−θ
k′ exp

(
− ω1(0, r)

αL

))
+ C(αL)

1
k e2H≤T + C ′.990

Therefore, taking the supremum in the time variable t and C(αL)1/ke2 ≤ 1/2 imply991
that992

(6.2) H≤T ≤ 2G0 + 2 sup
r∈[0,T ]

(
ω3(0, r) exp

(
− ω1(0, r)

αL

))
993

+ 2 sup
r∈[0,T ]

(
ω2(0, r)

1−θ
k′ exp

(
− ω1(0, r)

αL

))
+ 2C ′.994
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At last, notice that995

G≤T ≤ HT exp
(ω1(0, T )

αL

)
≤ H≤T exp

(ω1(0, T )

αL

)
,996

which proves the result once it is combined with (6.2).997
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