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Compactness of Special Functions of Bounded Higher
Variation

Abstract

Given an open set Q ¢ R” and n > 1, we introduce the Luigi Ambrosio*, Francesco Ghiraldin?
new spaces GB,V(Q) of Generalized functions of bounded

higher variation and GSB, V(Q) of Generalized special func- . .
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tions of bounded higher variation that generalize, respectively, Piazza dei Cavalieri 7, 1-56126, Pisa, ltaly
the space B,V introduced by Jerrard and Soner in [43] and

the corresponding SB, V space studied by De Lellis in [24].
In this class of spaces, which allow as in [43] the description Received 16 October 2012
of singularities of codimension n, the distributional jacobian
Ju need not have finite mass: roughly speaking, finiteness of
mass is not required for the (m — n)-dimensional part of Ju,
but only finiteness of size. In the space GSB,V we are able
to provide compactness of sublevel sets and lower semicon-
tinuity of Mumford-Shah type functionals, in the same spirit of
the codimension 1 theory [5, 6].
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1. Introduction

The space BV of functions of bounded variation, consisting of real-valued functions v defined in a domain of R” whose
distributional derivative Du is a finite Radon measure, may contain discontinuous functions and, precisely for this
reason, can be used to model a variety of phenomena, while on the PDE side it plays an important role in the theory of
conservation laws [14, 20]. In more recent times, De Giorgi and the first author introduced the distinguished subspace
SBV of special functions of bounded variation, whose distributional derivative consists of an absolutely continuous
part and a singular part concentrated on a (m — 1)-dimensional set, called (approximate) discontinuity set S,. See [7]
for a full account of the theory, whose applications include the minimization of the Mumford-Shah functional [52] and
variational models in fracture mechanics. In a vector-valued setting, also the spaces BD and SBD play an important
role, in connection with problems involving linearized elasticity and fracture (see also the recent work by Dal Maso on
the space GSBD [21])

It is well-known that |Du| vanishes on #"~"-negligible sets, hence BV and all related spaces can’t be used to describe
singularities of higher codimension. For this reason, having in mind application to the Ginzburg-Landau theory (where
typically singularities, e.g. line vortices in R have codimension 2) Jerrard and Soner introduced in [43] the space B,V of
functions of bounded higher variation, where n stands for the codimension: roughly speaking it consists of Sobolev maps
u : Q0 — R” whose distributional Jacobian Ju (well defined, at least as a distribution, under appropriate integrability
assumptions) is representable by a vector-valued measure: in this case the natural vector space is the space A,_,R" of
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(m — n)-vectors. Remarkable extensions of the BV theory have been discovered in [43], as the counterpart of the coarea
formula and of De Giorgl's rectifiability theorem for sets of finite perimeter. Even before [43], the distributional jacobian
has been studied in many fundamental works as [13, 38, 46, 51, 55] in connection with variational problems in nonlinear
elasticity (where typically m = n and u represents a deformation map), e.g. to model cavitation effects.

As a matter of fact, since Ju can be equivalently described as a flat (m — n)-dimensional current, an important tool in the
study of Ju is the well-developed machinery of currents, both in the Euclidean and in metric spaces, see [9, 31, 34, 57].
The fine structure of the measure Ju has been investigates in subsequent papers: using precisely tools from the theory
of metric currents [9], De Lellis in [24] characterized Ju in terms of slicing and proved rectifiability of the (measure
theoretic) support S, of the (m — n)-dimensional part of Ju, while in [26] the second author and De Lellis characterized
the absolutely continuous part of Ju with respect to £™ in terms of the Sobolev gradient Vu. Also, in [24] the analog
of the space SBV has been introduced, denoted SB, V' it consists of all functions u € B,V such that Ju = R+ T, with
[|R|| « &£™ and || T|| concentrated on a (m — n)-dimensional set.

The main goal of this paper is to study the compactness properties of SB,V. Even in the standard SBV theory, a
uniform control on the energy of Mumford-Shah type

/(|uh|S + |Vuy|P)dL" + 2" "(S,,)

(with s > 0, p > 1) along a sequence (uj) does not provide a control on Duy. Indeed, only the 5#"'-dimensional
measure of S,, does not provide a control on the width of the jump. This difficulty leads [22] to the space GSBV of
generalized special functions of bounded variation, i.e. the space of all real-valued maps u whose truncates (—N)VuAN
are all SBV. Since both the approximate gradient Vu and the approximate discontinuity set S, behave well under
truncation, it turns out that also the energy of uY := (—=N) V u, A N is uniformly controlled, and now also |DulY|; this
is the very first step in the proof of the compactness-lower semicontinuity theorem in GSBV, which shows that the
sequence (up) has limit points with respect to local convergence in measure, that any limit point v belongs to GSBYV,
and that

/(|u|5 +|VulP)dem < limhinf/(|u,,|5 + V) dem,  AT(S,) < liminf A7T(S,,).

In the higher codimension case, if we look for energies of the form
JUul 4170l + M u)d2” + 7270,

(with 1/s + (n —1)/p < 1, y > 1) now involving also the minors M(Vu) of Vu, the same difficulty exists, but the
truncation argument does not work anymore. Indeed, the absence of S,, namely the absolute continuity of Ju, may be
due to very precise cancellation effects that tend to be destroyed by a left composition, thus causing the appearance
of new sinqular points (see Example 2.7 and the subsequent observation). Also, unlike the codimension 1 theory, no
“pointwise” description of S, is presently available.

For these reasons, when looking for compactness properties in SB,V, we have been led to define the space GSB,V
of generalized special functions of bounded higher variation as the space of functions u such that Ju is representable
in the form R + T, with R absolutely continuous with respect to .#™ and T having finite size in an appropriate sense,
made rigorous by the slicing theory of flat currents (in the same vein, one can also define GB,V/, but our main object of
investigation will be GSB, V). In particular, for u € GSB,V the distribution Ju is not necessarily representable by a
measure. The similarity between GSBV/(Q) and GSB,V(Q) is not coincidental, and in fact we prove that in the scalar
case n = 1 these two spaces are essentially the same; on the contrary for n > 2 their properties are substantially
different. In order to study the T part of Ju we use the notion of size of flat current with possibly infinite mass developed,
even in metric spaces, in [8], see also [27] for the case of currents with finite mass.

The paper is organized as follows: after posing the proper definitions in the context of metric currents we briefly review
the space B,V studied in [24, 25, 43]. In section 3 we present the notion of size of a flat current, we relate it to
the concept of distributional jacobian and define our new space of functions GSB, V. The main result of the paper is
presented in section 4, where with the help of the slicing theorem we will generalize to our setting the compactness
theorem of GSBYV, as well as the closure theorem in SB,V due to De Lellis in [24, 25].
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We finally apply the compactness theorem to show the existence of minimizers for a general class of energies that
feature both a volume and a size term. The model problem is a new functional of Mumford-Shah type that we here
introduce, in the spirit of [23]. We analyse its minimization together with suitable Dirichlet boundary conditions, both in
the interior and in the closure of Q. In particular we show that minimizers must be nontrivial (i.e.: S, # @), at least for
suitable boundary data; we also compare our choice of the energy with the classical p-energy of sphere-valued maps, see
[15, 38, 39]. Regarding the problem in Q the higher codimension of the singular set allows concentration of the jacobian
at the boundary, providing some interesting examples that we briefly include in subsection 5.3. Similar variational
problems in the framework of cartesian currents have been considered in [47], where the author proves existence of
minimizers in the set of maps whose graph is a normal current: the boundaries of these graphs enjoy a decomposition
into vertical parts of integer dimension, inherited from general properties of integral currents, which relates to the space
B,V, see [48].

In a forthcoming paper [37] we show how the Mumford-Shah energy can be approximated, in the sense of I'-convergence,
by a family of functionals defined on maps with absolutely continuous jacobian:

Fo(u,v;Q) := /(|u|5 F VUl + (v + k) M(Vu)))dL" + B/ eIV + @ dr,
Q Q

(here B, v, q, ke are suitable parameters, v : Q — [0, 1] is Borel). Following [3, 11, 12, 45] the control variable v dims
the concentration of M(V u): the price of the transition between 0 and 1 is captured by the Modica-Mortola term which
detects (m — n)-dimensional sets.

We occasionally appeal to the metric theory of currents because the main tool in the definition of size and in the proof of
the rectifiability theorem is the slicing technique, a basic ingredient of the metric theory. For instance the argument in
[8] proving the rectifiability of currents with finite size uses Lipschitz restrictions and maps of metric bounded variation
taking values into an appropriate space of flat chains with a suitable hybrid metric. However, no significant simplification
comes from the Euclidean theory, except the fact that suffices to consider linear instead of Lipschitz maps.
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2. Distributional Jacobians

We begin by fixing some basic notions about currents and recalling some properties of the distributional jacobian.

2.1. Exterior algebra and projections

Our ambient space will be R™ with the standard basis es, ..., e, and its dual e',..., e™. Forevery 1 < k < m we let
Or={n:R" SR mont = I}

be the space of orthogonal projections of rank k. We will also need to fix coordinates according to some projection
7 € Oy: we agree that R" 3 z = (x,y) € R¥ x R™* are orthogonal coordinates with positive orientation such that
71(z) = x. In particular we let A¥ = AN z~'(x) be the restriction of any A C R™ to the fiber 77'(x) and i¥ = R" ¥ — R™
be the isometric injection i*(y) = (x, y).

As customary the symbols A,R™ and AKR™ will respectively denote the spaces of k-vectors and k-covectors in R”. The
contraction operation L : A;R™ x A’PR™ — A,_,R™ between a g-vector { and a p-covector a, with ¢ > p, is defined as:

(CLa,B)={(C,anB) whenever B € AN7PR". (2.1
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If L:R™ — R" is linear then
MoLi=erA---NeyLL" A~ AL" € Ny, R” (2.2)

represents the collection of determinants of n x n minors of L. Infact, if i: {1,...,m—n} — {1,..., m} is an increasing
selection of indexes, and if i : {1 e, n} — {1 ,...,m} is the complementary increasing selection, then the e; component
of M,L is

(MyL, ety ={e; A---Nep, LY AN--- AL" A el) = (=1)7 det(L]), (2.3)

where [L]; is the n x n submatrix Lf with j =1i(1),...,i(n), ¢=1,...,n and o is the sign of the permutation
(1,...,m)— (i(1),...,i(n),i(1),...,i(m—n)).

When rk(L) = n, choosing an orthonormal frame (e;) so that ker(L) =< e,41,..., e, > we have L = (A, 0) and by (2.3)
M, L = det(A)e 41 A --- A ey In particular M, L is a simple (m — n)-vector.
Recall that the spaces A,R™ and A¥R™ can be endowed with two different pairs of dual norms. The first one is called

norm, it is denoted by | - | and it comes from the scalar product where the multivectors
{6‘[(1)/\'“/\6‘,‘(/@},‘ and {E‘im /\---/\ei(k)},' (24)
indexed by increasing maps i : {1,...,k} = {1,..., m} form a pair of dual orthonormal bases. The second one is called

mass, comass for the space of covectors, and it is defined as follows: the comass of ¢ € AFR™ is
|l :==sup{(p.vi A Aw):vi €R",|vi| <1}
and the mass of & € A(R™ is defined, by duality, by

1€]) = sup {(&, ¢) : 191] < 1}.

As described in [31, 1.8.1], in general ||&]| < |¢| and equality holds if and only if & is simple.
Therefore |M,L| = ||M,L||. Moreover using the Pythagoras’ Theorem for the norm and Binet’s formula we have the
following relation:

sup M,LLdn|= sup |dn(M,L)|= su M, LEd (e
P p P i

1€0m—_p n€0m—n 7E€Om—p
1
< sup [MLL|() Idr(e)?)? = [MyL| sup |det(ron)| = [M,L] (2.5)
7€0m—n i 7€0m—n

where dr stands for dzi' A--- A dn™ ", and the equality is realized by the orthogonal projection onto ker(L).
We adopt the convention of choosing the mass and comass norms to measure the length of k-vectors and k-covectors
respectively.

2.2. Currentsin Q c R”

We briefly recall the basic definitions and properties of classical currents in R™. This theory was introduced by De
Rham in [29], along the lines of the previous work on distributions by Schwartz [53], and the subsequently put forward
by Federer and Fleming in [33]; we refer to [31] for a complete account of it. The classical framework is best for treating
the concepts of distributional jacobian in a subset of R™; however we will need to use the metric theory of Ambrosio and
Kirchheim [9] to define the concept of size and of concentration measure. We will clearly outline the interplay between
the two approaches.

We give for granted the concepts of derivative, exterior differentiation, pull-back and support of a test functions: they
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can all be defined by expressing the form in the coordinates given by the frame (2.4), see [31, 4.1.6].
We begin by defining the space of smooth, compactly supported test forms on an open subset Q of R”:

Definition 2.1 (Smooth test forms).
We let 2%(Q) be the space of smooth, compactly supported k-differential forms:

2¢Q) = U PE(Q), 78(Q) = {w € C®(Q, A*R"), spt(w) C K}. (2.6)

Ken
Each space 2£(Q) is endowed with the topology given by the seminorms
pij(w) = sup{||D w(x)[|, x € K, |a| < j},
and 2%(Q) is endowed with the finest topology making the inclusions Z£(Q) — 2¥(Q) continuous.

This topology is locally convex, translation invariant and Hausdorff; moreover a sequence w; — w in 2%(Q) if and only
if there exists K € Q such that spt(w;) C K and pg j(w; — w) — 0 for every j > 0.

Definition 2.2 (Classical currents and weak* convergence).
A current T is a continuous linear functional on 2%(Q). The space of k-currents is denoted by Z(Q). We say that a
sequence (T;,) weak” converges to T, T, = T, whenever

Thw) = T(w) Yo e 240Q). (2.7
The support of a current is
spt(T) := [ {C: T(w) =0 Yw € 2*(Q), spt(w) N C = F}.
The boundary operator is the adjoint of exterior differentiation:
0T (w) := T(dw);

let also ¢ : O — R? be a proper Lipschitz map: we let the push-forward of T € Z,(Q) via ¢ by duality:

(®4T)(w) := T(®*w)  Vwe ZRP).
According to (2.1) given T € Z,(Q) and T € 2°(Q) with ¢ < k we set the restriction

(TLD) () =T(tAn)  VYne 2°%Q).

Definition 2.3 (Finite mass and Normal currents).
We say that T € Z,(Q) is a current of finite mass if there exists a finite Borel measure p in Q such that

| T(w)| S/QIIw(X)IIdu(X) Yw € 74(Q). (2.8)

The total variation of T is the minimal p satisfying (2.8) and is denoted by ||T||, and the mass M(T) := ||T||(Q).
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As customary we let My(Q) be the space of finite mass k-dimensional currents and N(Q) be the subspace of normal
currents:
Nk(Q) = Mk(Q) N {T 0T € Mk,1(0)}.

, and admits and extension to k-forms with

Therefore every finite mass current can be represented as T = T A ||T
bounded Borel coefficients. In particular we can restrict every finite mass current T to every open set A. We denote

E"=e;AN---Ne, NZL"

the top dimensional m-current representing the Lebesgue integration on R™ with the standard orientation. As explained
in [31, 41.7, 41.18], [9, 3.2], every function f € L'(Q, A,_xR™) induces a k-current of finite mass via the action

(E™Lf)(w) = /Q(f/\ wer A Aen)dL"  Yw e 24Q). (2.9)

Note that f, — f weakly in L' entails E"L_f, > E"Lf.

2.3. Flat currents

In order to treat objects with possibly infinite mass, the right subspace of 2%(Q) retaining some useful properties such
as slicing and restrictions is the space of flat currents.

Definition 2.4 (Flat norm and flat currents, [31, 4.1.12]).
For every w € Z2%(Q) we let

F(w) = max { sup ||w(x)||, sup [|[dw(x)||}.
xeQ xeQ
The flat norm is defined as

F(T) = inf{M(T = 3Y) + M(Y) : ¥ € Mi1(Q)} (2.10)
= sup{T(w): w € Z"(Q), F(w) < 1}. (2.11)

The space F,(Q) of flat k-dimensional currents in an open subset Q C R™ is the F-completion of N (Q) (see [34] and
[31, 4.1.12] for the equivalence of (2.10) and (2.11)).

It is straightforward to prove that F is a norm; furthermore if T is flat, so is 9T and
F(0T) < F(T) < M(T).

Throughout all the paper we will deal with three notions of convergence:
e the convergence with respect to the flat norm F defined in (2.10) above;
e the weak convergence in L?, 1 < p < oo, denoted by —;
e the weak® convergence of currents (2.7).

The map (2.9) f — E™L f embeds L'(Q,A,_R") into F,(Q) by [31, 4.1.18], and the three aforementioned topologies
are ordered from the strongest to the weakest.
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2.4. Slicing

As explained in [31, 4.2] and [8], every T € F;(Q) can be sliced via a Lipschitz map & € Lip(Q,RY), 1 < ¢ < k: the
result is a collection of currents

(T, 7, x) € Fy_p(Q) uniquely determined up to .#* negligible sets

expressing the action of T against tensor product forms (¢ o m)dxr A ¢, for ¢ € 2°(RY) and ¢ € Z*(Q):

T((@omdrnw) = [ ST, m0W)d 2 (o)
The slices satisfy several properties: amongst them we recall

(T, 7, x) is concentrated on 7' (x) for Z*-a.e. x € n(Q), (212)

F((T,m, x)) d£*(x) < Lip(z)*F(T), (2.13)
7(Q)

and we refer to [31, 4.2.1] and to [9] for a general account in the Euclidean and general metric settings. We stress the
following fact, which is a key tool to extend many properties like restrictions and slicing from normal to flat currents,
and that will be used later on. Suppose (T,) C F(Q) satisfy

Y F(Ther = Th) < 400
h

and let 7 € Lip(Q, RY) fixed. Then
F((Th, 7, x)— (T, J'r,x)) -0

for #’-almost every x € R’. Recall that for the finite mass current R = p.Z" with p € L'(Q, AiR™) Federer's coarea
formula implies that at almost every x € R it holds:
(R, 7t,x) = (p(x,-)_dm) 22" 177" (). (2.14)

2.5. Distributional jacobian

We will assume throughout all the paper that m > n are positive integers and that 1 < p, s < oo are exponents satisfying

1 n—1
-+
S p

<1. (2.15)

The definition of distributional jacobian takes advantage of the divergence structure of jacobians
du'dv*A---Adu")=du" A---Adu" Yu e C'(R",R"),

which allows to pass the exterior derivative to the test form and hence weakens the minimal reqularity assumptions on
the map u. Recall the definition of homogeneous Sobolev spaces

WP(Q,R") = {u € L (Q,R"): |Vu| € LP(Q)}/ ~

loc

where we quotient out the locally constant functions; the norm ||u|| 1, := ||V ul|,» makes W'? a Banach space.
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Definition 2.5 (Distributional Jacobian).
Let u € W'P(Q,R") N L5(Q,R") and n > 2. We denote by j(u) the (m — n + 1)-dimensional flat current

(j(u), w) := (—1)”/ u'duP A Adu" A w Yw e 2" Q); (2.16)
Q
we define the distributional Jacobian of v as the (m — n)-dimensional flat current
Ju:=0j(u) € F,_n(Q). (217)

A few observations are in order: first of all the integrability assumption u € W' N L* and the exponent bound (2.15)
ensure that j(u) is a well-defined flat current of finite mass, since it acts on test forms as the integration against an
L'(Q, Ap_paR™) function: j(u) = (—=1)"E™Lu"du? A--- A du". As a consequence Ju € F,,_,(Q) as declared in (2.17).
Furthermore for p > 22

-y the constraint (2.15) is satisfied with the Sobolev exponent p* in place of s, hence Definition
2.5 makes sense for u € W'P in this range of summability.

In [16] the authors showed that Ju can be defined in the space W“%""(Q,R”), which contains L5 N W'? if Q is smooth
and bounded and s, p are as in (2.15) (with the exception of n = 2,p = 1,q = o0). This extension exploits the trace
space nature of wi=mm, expressing Ju as a boundary integral in RY.

Regarding the convergence properties of these currents, we note the following:

Proposition 2.6.
Let uy, u € W'"(Q,R") N L5(Q, R") satisfy

e u, — uin L°(Q,R"),
e Vu, =~ Vu weakly in LP(Q, R"™").

Then F(Juy, — Ju) — 0.

Proof. Let us rewrite the difference u}du? A--- A dufl —u'du® A--- A du” in the following way:

uhdui Ao Adulfl —u'du A Adu" =

n
= (u}) —uNYdui A---Adul +u Z du? Aduf  Ad(uk — d*) A duFT A A dun.
k=2

We can actually write each addendum in the last summation as
—(uf —uMydug AdukT Adu AduttT A A du” 4 dTE

where we set
= (=120 Wk — uMydu2 A AdulT A duFT A A du” € LHQ,ATIR™). (2.18)

Notice that we can always assume s > p, hence (¥ € L'. To show (2.18) it is sufficient to approximate both v and u,
in the strong topology with regular functions and apply the Leibniz rule; the same approximation shows that d{f € L'
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and hence [ d(f ANdw =0 for each w € 2""*1(Q). By the calculations above we can estimate

[{(Jun = Ju, w)| = [{j(un) = j(u), dw)|

< lldwlle Z lluh — u*llosllduplie -~ 1 dup™ il duy™ e - [|dup] ]
k=1

n—1
< CF(w) (supnwhnu) [P
h

Taking the supremum on test functions w with F(w) < 1 we immediately obtain the asserted convergence. O

A natural question is the relation between the summability exponent p and the reqularity of the distribution Ju. There
is a main difference between p > n and p < n: if the gradient Vu has a sufficiently high summability, then Ju is an
absolutely continuous measure. In fact let u, = u * p,, where p;, is a standard approximation of the identity: since
p > n the continuous embedding L° N Wwhe < Wll'C" implies that u, — v both in WA Ls and W'" Taking a test form

loc -
( with compact support we can use Proposition 2.6 to pass to the limit in the integration by parts formula

(/uh,¢>:(_1)”/u},duf,/\~~~/\dug/\d¢:/du},/\duﬁ/\-~~/\du;;/\¢,
Q Q

yielding Ju = E"L du" A --- A du™.

On the other hand when p < n there are several examples of functions whose jacobian is not in L': for instance when
m = n the “monopole” function u(x) := 7 satisfies Ju = Z"(B1)[0], where [0] is the Dirac’'s mass in the origin. More
generally:

Example 2.7 (Zero homogeneous functions, m = n, [43, 3.2]).
Let y : S"" — R" be smooth and let u(x) := y(lﬁ—‘) Then

Ju = Area(y)[0] (2.19)
where Area(y) is the signed area enclosed by y.

Proof. Outside the origin u is smooth and takes values into the (n — 1)-dimensional submanifold y(S"~"), hence
spt(Ju) C {0}. Set t =|x| and y = p then dy = S e tdyk,

i 9x
" AP A Adu" =dyP A Ady” e N Tan ST

Hence the only term of dw surviving in the wedge product is %—‘fdt. Therefore

d
(—1)"/ u1du2/\~~~/\du”/\dw:(—1)”/ YY) A - A du” A dt
Rn

IRI] at

uly)dt Adu? A--- A du”

__/ 9w

- ot

+o0

—/ ( a—wdt) u'(x)du? A--- A du”
/ ( +oo aw

—dt) Yy)dy?> A--- A dy"

= w(0) /SH v (y)dy* A Ady". (2.20)
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Setting Y(t, y) := ty(y) the Lipschitz extension to the unit ball B; C R", by Stokes’ Theorem (2.20) equals to

w0) [ Y'(1,y)dY* A AdY" = w(©0) [ dY' A AdY"

3B, By
= w(O)/ det(VY)dx = w(O)/ deqg(Y,w, By)dw. (2.21)
By R?
It is well-known that (2.21) represents the signed area enclosed by the surface y(S""). O

This example immediately outlines one of the biggest differences with the scalar case. Consider as in [43] the “eight-
shaped” loop in R? :

cos(20) — 1, sin(26 for 6 €0, 7],

6) = { (cos(26) (26) [0, 7] 222

(1 — cos(20), sin(20)) for 6 € [, 27].

and let u be the zero homogeneous extension. y encloses the union Bi(—e1)UB;(eq) with degree +1 and —1 respectively:
in light of (2.19) Ju = 0. However a left composition with a smooth map F : R? — R? easily destroys the cancellation,
causing the appearance of a Dirac’s mass in 0. Hence the estimate

LJ(F o u)l| < Lip(F)*||Jull (2.23)

doesn’t hold anymore if u is not reqular. Note that this phenomenon does not appear for n = 1 and u € BV/(Q), as
Vol'pert chain rule provides exactly the estimate (2.23) (see [7, Theorem 3.96]).
The failure of (2.23) is related to the validity of a strong coarea formula for jacobians of vector valued maps, namely

equation (1.7) in [43]. The (weak) coarea amounts instead to decompose the current Ju of a B,V map (see next paragraph
u(x)—y
[u()—yl’

for the definition) into the superposition of integral currents corresponding to the level sets of u: letting u,(x) :=

it is proved in [43, Theorem 1.2] that

1
Ju=——"—— Ju, d
2By) Ju Y

as currents. However, because of some cancellation phenomena like in (2.22), (2.23), the strong version of the coarea
formula

1
ol = g [ Wl dy 224)

might well fail. Once again observe that for n = 1 the equality (2.24) has been proved by Fleming and Rishel to holds
for every u € BV, see [7, Theorem 3.40]. For a more detailed analysis we refer to [25, 28, 43, 51].

For later purposes we report the dipole construction, introduced by Brezis, Coron and Lieb in [15]: it consists of a map
taking values into a sphere which is constant outside a prescribed compact set, its jacobian is the difference of two
Dirac’s masses and satisfies suitable W' estimate. We write (y,z) € R"™' x R and denote by N’ = (0,1) € S"" the
north pole.

Example 2.8 (Dipole, [16, 2.2]).
Let n > 2, v €Z, p > 0: there exists a map f,,, : R” — S"~" with the following properties:

o f,, =N outside {|y| + |z| < p};

o f,,—N € W' (R"R") for every p < n with estimates

P -
||va,p||7p < Cp yn-1 p" P;

o Jf, = v2"(BY)([(0. —p)] — (0. p)])-

The locality of the dipole construction allows to glue several copies of dipoles to produce interesting examples.

10
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Example 2.9 (Finiteness of F(/g) does not imply finiteness of M(/g)).

We build a map g such that F(Jg) is finite and Jg has an infinite mass. The construction starts from f, ,(-,0) : R"" —
S"=1, which is a smooth map equal to N outside B/’;_1 and such that deg(f, (-, 0)) = v. For |z| < p we extend by
fuply, z) = f.,,p(p’j—‘yz‘,O) and we set f, , = N at points |z| > p. Choosing a sequence of positive radii (px) we can glue
an infinite number of dipoles along the z axis:

gy, z) = hp Yy, z — z) for |z —z| < 2px,

where zp = 0 and z; = ZZ;.(:O pj- The function g belongs to L= N W'"? provided Y, p; ¥ < oo: in this case note that
Jg =2"(B1)}_[0.2 = p)] = [0 22 + pu)],
k

hence F(/g) < 2.2"(B1)Y_, px < oo but M(Jg) = +o0.

More complicated examples, including maps such that Ju is not even a Radon measure, are presented in [3, 43, 51].

2.6. Functions of bounded n-variation

The space of functions of bounded n-variation has been introduced by Jerrard and Soner in the fundamental paper [43].
In the next definition and in the subsequent ones the exponents s and p should be considered as fixed according to
(2.15), but we do not emphasize this dependence in our notation.

Definition 2.10.
B,V(Q,R") is the space of functions u € W'?(Q,R") N L*(Q, R") such that Ju is a current of finite mass.

Notice that in this case the action of Ju can be represented as the integration against a A,,_,R™-valued Radon measure.
Clearly the following statement is an easy improvement of Example 2.6, since every continuous function with compact
support can be uniformly approximated by a Lipschitz function with the same L* bound.

Corollary 2.11.

Assume the same hypotheses of Proposition 2.6. If in addition
(up) € B,V(Q,R") and [[Jup]|(Q) < C < o0
then u € B,V(Q,R") and Juy X Ju in the sense of measures.

Furthermore it is a general result on normal currents, contained for example in [31, 4.1.21] and in [9, Theorem 3.9] for
the metric spaces statement, that if T is a normal k-current then ||T|| < J#*. In light of the Example 2.12 (with a
trivial extension in case m > n) ||Jul|| € ™" is the only possible bound on the Hausdorff dimension of Ju.
As in the theory of BV functions Ju satisfies a canonical decomposition in three mutually sinqular parts according to
the dimensions (see [7, 24, 43)):

Ju=v-ZL"+ ) u+6-2""LS, (2.25)

where the decomposition is uniquely determined by these three properties:

dju
dzgm

o ||/ul|[(F) = 0 whenever #""(F) < oc;

o v = € L"(Q,A,_,R™) is the Radon-Nikodym derivative of Ju with respect to .£";

e 0 [MQ, N, R™, 2™ ") is a ™ "-measurable function and S, C Q is o-finite w.rt. 2",

1
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The intermediate measure J°u is known as the Cantor part of Ju.

Example 2.12 (Summability exponent p versus dim ,, spt(/u), [50, Theorem 5.1]).
For every a € [0, n] there exists a continuous B,V map

ug € COR", R") N () Wl (R, R")

loc
p<n

such that Ju, is a nonnegative Cantor measure satisfying
e _spt(Juy) < Juy, < CHYLspt(Ju,)
for some ¢, C > 0. In particular spt(Ju) has Hausdorff dimension a.

Hence no bound on p is sufficient to constrain the singularity of Ju. Adding m — n dummy variables to the domain the
same examples show a can range in the interval [m — n, m] reqgardless how close p is to n.
It has been proved in [49] and [26] that

vix) = M,Vu(x) =er A---Aep,Ldu"(x) A Adu”(x) € Ap_,R” (2.26)

at Z"-almost every point x € Q). The set S, is unique up to s#""-negligible sets, and can be characterized by

10 m—n
p.

S, = {XEQ:limsuqumB'D(X))>O}.

Moreover S, it has been shown in [24] using some general properties of normal and flat currents that S, is countably
2" "-rectifiable and that for 2" ~"-a.e. x € S, the multivector 6(x) is simple and it orients the approximate tangent
space Tan"™"(S,, x).

Definition 2.13.
We denote, in analogy with the SBV theory, by SB,V the set of B,V functions such that J°u = 0.

The space SB,V enjoys a closure property proved in [24]:
Theorem 2.14 (Closure Theorem for SB, V).
Let us consider u, u, € B,V (Q,R") and suppose that
(a) up, — u strongly in L*(Q,R") and Vu, =~ Vu weakly in LP(Q, R"™™),

(b) if we write
Jup=vy - L"+6-2""LS,,

then |vy| are equiintegrable in Q and 7" "(S,,) < C < oo.

Then u € SB,V(Q,R") and

v = v weakly in L'(Q,ApoR"),  H""(S,) < liminf #770(S,,).

12
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2.7. Slicing Theorem

We aim to apply the slicing operation to Ju € F,_,(Q) in the special case ¢ = m — n, thus reducing ourselves to
0-dimensional slices; moreover we want to relate these slices to the Jacobian of the restriction J(u[,-1). In [24] the
author extended a classical result on restriction of BV functions (see [7, Section 3.11]) to Jacobians:

Theorem 2.15 (Slicing).
letue W' n L*(Q,R") be a function, and let t € O,,_,. Then for £ "-almost every x € R™"

(Ju, 7, x) = (=) (Ju), (2.27)
where u* = u o i*. Moreover u € B,V(Q,R") if and only if for every m € O,,_, the following two conditions hold:

(©) v e B,V(IQ',R") for £L" "-almost every x € R"",

(ii) /(Q) [Ju*|(QY) dZL""(x) < o0.

In this case the Distributional Jacobian of the restriction u* is equal (up to sign) to the slice of Ju at x:

(Ju,7t,x) = (=1)"="" G (Ju), (2.28)
and this slicing property holds separately for the absolutely continuous part, the Cantor part and the Jump part of Ju,
namely:

o (JPu, m,x) = (=1)m=mn i (JouX),
° <]CU, 7T, X) — (_1)(m—n)nix#(jcux)’

o (Jou,m, x) = (=1)m=mn g (Jou¥).

3. Size of a current and a new class of maps

As anticipated in the abstract, we are interested in broadening the class B,V to include vector valued maps satisfying
a weaker control than the mass bound: this lack of control on M(Ju) already appears in Theorem 2.14 when we require
a priori the limit u to be in B,V. We relax our energy by considering a mixed control of Ju, where we bound part of the
current Ju with its size. In general it is possible to define S(T) for every flat current T € F(Q), even if T has infinite
mass: this size quantity was introduced in [8], borrowing some ideas already used by Hardt and Riviére in [40], Almgren
[4], Federer [32], and agrees with the classical notion of size for finite mass currents. For example a polyhedral chain

P= Z ai[[Q[]]
i=1

where a; € R and [Q;] are the integration currents over some pairwise disjoint k-polygons Q;, has mass M(P) =
> |ai|#%(Q)) and size S(P) = Y_, #%(Q;). The main idea behind the definition is to detect the support of the
0-dimensional slices of T via some m € Oy and then to optimize the choice of projection .
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Definition 3.1 (Size of a flat current, [8, Definition 3.1]).
We say that T &€ F(Q) has finite size if there exists a positive Borel measure y such that

L spt(T) < p in the case k =0,

pra= | A°Lspt{T, m,x)dZL*(x) <y Vme O in the case k > 1. (3.1)

RK

The choice of p can be optimized by choosing the least upper bound of the family {7 .} in the lattice of nonnegative
measures:

pro=\ .=\ / A0 spt(T, 7, x) dL*(x). (3.2)
€0y ne0y RF

We set S(T) := ur(Q).

It can be proved (see [8]) that for every flat current with finite size there exists unique (up to null sets) countably
A" "-rectifiable set, denoted set(T), such that

pr = """ Lset(T),

so that in particular 2" "(set(T)) = S(T). A pointwise constructions of set(T) can also be given as follows

set(T) := {x € Q: limsup H(Bm‘i(:)) > 0} .
pl0

The following result, which we will not use, holds for a fairly general class of metric spaces and fits naturally in the
context of calculus of variations:

Theorem 3.2 (Lower semicontinuity of size, [8, Theorem 3.4]).
Let (Ty) C Fi(Q) be a sequence of currents with equibounded sizes and converging to T in the flat norm:

S(Ty) < C<oo,  LmF(T,—T)=0.

Then T has finite size and
S(T) < l'Lm/'LnfS(T/,). (3.3)

We remark that the definition of size in the metric space context of [8] is slightly different, since supremum (3.2) was
taken among all 1-Lipschitz maps 7w € Lip,(Q, R¥). However, when the ambient space is Euclidean, the rectifiability
and lower semicontinuity results obtained there, as well as the characterization of pr in terms of set(7) can be readily
proved using only the subset of orthogonal projections.

The space of generalized functions of bounded higher variation is described in terms of the decomposition (2.25): we
relax the requirement on the addendum of lower dimension and require only a size bound, retaining the mass bound on
the diffuse part. Following the previous definitions we consider the Sobolev functions u whose jacobian can be split in
the sum of two parts, R and T, such that:

e R has finite mass and ||R||(F) = 0 whenever 52" "(F) < oo;
e T is a flat chain of finite size.

In formulas:

14
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Definition 3.3 (Special functions of bounded higher variation).
The space of generalized functions of bounded higher variation is defined by

GB,V(Q) = {ue W'P(QR)NL(QR") : Ju=R+T, M(R)+S(T) < 00, ||R||(F) = 0VF : " "(F) < 0o}. (3.4)

Analogously, the space of generalized special functions of bounded higher variation is defined by

GSB,V(Q) = {ue WP QR)NLQR"): Ju=R+T, MR)+S(T) < oo, ||R|| « £"}. (3.5)

In accordance with the classical BV theory we denote S, := set(T,).

This space is clearly meant to mimic the aforementioned SB,V class. In particular, thanks to the slicing properties of
flat currents and the definition of size, the slicing theorem for GSB,, V(Q) can be stated in the following way:

u* € GSB, V(YY)

u € GSB,V(Q) &> ¥r € 0,_, (3.6)

M(Ryx) + S(Tor) d-Z""(x) < oo.
7(Q)

In the following propositions we describe some useful properties of the class GSB, V(Q).

Lemma 3.4.
If m = n then GSB,V(Q) = {u € SB,V(Q): H0(S,) < oo}.

Proof. The statement relies on the fact that a flat O-current of finite size coincides with a finite sum of Dirac masses,
and in particular it has finite mass. This property, reminiscent of Schwartz lemma for distributions, has been proved in
[8], Theorem 3.3. Therefore the current

T=Ju—R

has finite mass, hence M(Ju) < M(R) + M(T) < oo which means v € B,V(Q). On the other hand membership of u to
SB,V(Q) amounts to say that
Ju=R+T
with M(R) + M(T) < oo, ||R]| « £ and
T=) al

XESy
with S, countable. If now .##°(S,) < oo then spt(T) C S, = S, is finite, hence u € GSB,V(Q). O

Since the Radon-Nikodym decomposition of a measure into the sum of an absolutely continuous and a singular part is
unique, by slicing also R and T are uniquely determined in the decomposition. Therefore we can write Ju = R, + T,,
so that S, is a well defined set.

3.1. Some examples

The following observation shows that when n > 2 it is hopeless to rely on truncation to get mass bounds for Ju.

Example 3.5 (L>° bound for n > 2).
For n > 2 let y, : S"™' — S"~' be a smooth map with degree k, and call uy its zero homogeneous extension to R".
Then ||ug||= < 1 but by Example 2.7 Ju = k.£"(B1)[0].
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We now adapt the construction in Example 2.9, building a map whose jacobian has infinite mass but finite size:

Example 3.6 (S(Ju) < oo but M(Ju) = ).
Set m = n+1 and let us write (x, y, z) the coordinates of R x R"~" x R. Besides v € Z and p > 0 fix an extra parameter
R > p. We extend the function f, ,(y, z) of Example 2.8 to R"*" by

vp( Ry Rz )

Y K2 f R
R—x' R— ] or <R

huprled:2) = for |x| >R
or x| > R.

Clearly hy g # N in the set {|x|/R + |y|/p + |z|/p < 1}; by symmetry we can do the computations in {x < 0}. Let us
estimate the partial derivatives:

Oy Rily| + 2] Ry Rz p Ry Rz
—PT(x,y, < — fv ’ < f" ! !
ox (“’Z)‘— Rixp IV ""(x+R x+R) RV "’|(x+R x+R)
R Ry Rz
hopil € —— |V ho ) (s :
IVyhvprl < X+R|V V'P|(X+R'x+R)

Since p < R

0
R \» Ry Rz
Vh, ,rlP dxd dz§2n+1/ / Vi, P , duydz dx
/RW' prl" dxdy "D L Sotpetcsmim (x+R) V1l (x+R x+R) /

R —n
< 2(n+1)/ (5)’7 / V1, oy, 2)|° dydz dx
0o ‘X {lyl+1zI<p}

< G viTp" PR, 3.7)
Moreover Jh, ,r is the integral cycle v - {x[[0, 1], where { : [0, 1] — R is the following closed curve:

(4Rt — R, 0, —4pt) for
(4Rt — R, 0,4pt — 2p) for te]
(BR—4Rt,0,4pt — 2p) for

(B3R —4Rt,0,4p — 4pt) for te]3,

m
El

’ ’

~
BIWN ==
R STRINTE NS

Since Lip(¢) < CR we have M(/h,,r) < CvR and S(Jh,,r) < CR. Like in Example 2.8 we glue infinite copies of
hy, p..R. along the z axis and obtain a map g: the Sobolev norm of g can be estimated by (3.7):

P
n—1

IVgllt <CY Vi pi "R
k

and
M(Jg) < CY R,  SUg)<C) R
k k

k

Choosing v = k, Ry = kiz and p; = e ¥ we obtain a S"'-valued W'? function constant outside a compact set and

whose Jacobian has infinite mass but finite size.
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3.2. Ju and approximate differentiability

We now extend to GSB, V the pointwise characterization of the absolutely continuous part of Ju.

Proposition 3.7 (Det = det in the GSB, V class).
Let u € GSB,V(Q) and write Ju = R+ T as in Definition 3.3. Let Vu be the approximate differential of u. Then

dR

q7n = M,Vu Z£"-almost everywhere in Q). (3.8)
Proof. For the ease of notation let v := df?—’fm. Fix a projection m € O,_, and let us write the coordinates z = (x, y)

accordingly. For a fixed x € R™" we note that the injection i* and the complementary projection 7|, (x) are one the
inverse of the other. Recall the slicing Theorem for general Sobolev functions gives

u, 7, x) = (1) (Ju), (3.9)

Taking Lemma 3.4 into account, for almost every x € R™™" it holds v* € B, V(Q*) and M((R, , x))) + S(T, 7, x)) < oo,
hence (2.14) gives
(Ju, 7, x) = v(x, )_drs" a7 (x) + (T, 7, x). (3.10)

Pushing forward (3.10) via 7+ by (3.9) it follows that (—1)"="" ju* = y(x,-)_dx.Z" + T*, with T* = £ (T, 7, x). But
the finiteness of the size of (T, x, x) implies that T* is a sum of S((T, 7, x)) Dirac masses. In particular by equation
(2.26) in the case m = n we know that

(= 1)y (x, ) dr = det Vyu(x, -).
Using (2.3) we obtain v(x,)L.dm = M,Vu(x, )L_dx for almost every x. We recover the equality (3.8) by taking

orthogonal projections st onto every (m — n)-dimensional coordinate subspace. O

It will be useful to extend the result of Proposition 3.7 to the lower order determinants: let v € GSB,V(Q) and
w € Lip(Q,R"). We denote by I'(u, w) the sum of the jacobians of the functions obtained by replacing at least one
component of u with the respective component of w, but not all of them. More precisely for every / C {1,...,n} such
that 0 < |/] < n we construct the function u; whose components are

k.
uk_{u ikl

= wkitk el

Then we let ['(u,w) = Zo<|/\<n Ju;. By the multilinearity of jacobians, it is easy to check that if v is Lipschitz the
identity
Ju+w)=Ju+T(uw)+Jw (3.11)

holds pointwise .Z"-a.e. in Q.

Corollary 3.8.
Let Q C R", w € Lip(QQ,R") and u € GSB,V(Q). Then, in the sense of distributions, it holds

Ju+w)=Ju+T(uw)+Jw. (3.12)

Proof. The proof uses the following observation: if u, — v in [* and Vu, — Vu in L?, then by Reshetnyak’s
Theorem and the inequality p > n — 1 every minor of Vu of order k < n is weakly continuous in L%. It follows that
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["(up, w) — '(u, w), so that we can pass to the limit in (3.11) to obtain (3.12). O

4. Compactness

Theorem 4.1 (Compactness for the class GSB, V).

2=1 <1 and let W : [0, 00) — [0, 00) be @ convex increasing function satisfying

Lets > 1, p > 1 be exponents with 1 +
zl—l>To Y(t)/t = oo.

Let (up) C GSB,V(Q) be such that u, — u in [*(Q,R") and Vu, =~ Vu weakly in LP(Q,R"*™). Suppose that
Jup = Ry, + T, fulfills

up up
— dR”h m
K'—S;'P/QL“( dfm|)d«f +5(Ty,) < oo. (4.1)
Then u € GSB,V(Q) and, writing Ju =R, + T,,
dR,, N dR, o .
2 o weakly in L' (Q, A, R"), (4.2)
S(Tu) S llmhlnfS(Tuh). (43)

Proof. Without loss of generality we can assume W to have at most a polynomial growth at infinity, for otherwise it
is sufficient to take P(t) := min{W(t), 2}. In particular we will use the inequality

WRH < CW(H)  VE>0 (4.4)

(this inequality is known as A, condition in the literature, see for instance [2, 8.6]). We shorten T, R, in place of T,,
and R,, respectively and denote by py, = M,V u, the densities of R, with respect to .. We know from Proposition
2.6 that Juy — Ju in the flat norm. Possibly extracting a subsequence we can assume with no loss of generality that:

(a) the limit lim, S(T4) exists,
(b) pn = p weakly in L'(Q, A,_,R™),

(¢) (up) rapidly converges to u in L°: as a consequence of Proposition 2.6 we have also

Y F(Jup —Ju) < oo. (4.5)
h

Indeed, if we prove the result under these additional assumptions, then we can use the weak compactness of p, in L
provided by the Dunford-Pettis Theorem, and the fact that any subsequence admits a further subsequence satisfying
(a), (b), (c) to obtain the general statement.

We shall let R := p.£™ be the limit current: since the flat and weak convergences in (b) and (c) are stronger than the
weak™ convergence for currents, putting them together we obtain a flat current T := Ju — R such that

T, > T. (4.6)

The proof is divided in three steps: we first address the special case m = n, then we use this case and the slicing
Theorem (3.6) to show the lower semicontinuity of size in the second step. The main difficulty is in the third step, where
we prove (4.2), because weak convergence behaves badly under the slicing operation.

Step 1: m = n. We can apply a very particular case of Blaschke’s compactness Theorem [10, 4.4.15] to the sets spt(7),
which have equibounded cardinality, to obtain a finite set N C Q and a subsequence (Ty) such that spt(Ty) — N
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in the sense of Hausdorff convergence. By (4.6) we immediately obtain that spt(T) € NN Q, hence S(T) < oo and
u e GSB,V(Q). In addition, since any point in sptT is the limit of points in spt7T; it follows that

S(T) < liminf S(Ty) = im S(T;).

Finally, since Ju = R+ T it must be T = T,, which yields (4.3), and R = R, which together with (b) yields (4.2).
Step 2: m > n. Let us fix A C Q open, m € O,_, and € € (0,1): the bound (4.1), (2.14) and Fatou's lemma imply that

+oo > K > llmhlm‘ {urh(A) + &/ lP(|,oh|)d,ff’"} (4.7)
A
> l'Lm/'Lnf {prh,n(A) + e/ Y(lpn Ldzr|)d$"’} (4.8)
h A
= / l‘Lmh'Lnf [%O(AX N spt({ Ty, 7, x))) + s/ W(|pn LdJr|)dg] dx
R/"*n AX

_ / lim inf [%O(Axﬂspt(Tuz))—f—s / W(|pg|)dy] dx, (4.9)
Rm*n AX

with pf == MV uy(x,-)_dm. By (4.7) we can choose for almost every x € R™™" a subsequence h’ = h'(x, A), possibly
depending on x and on the set A, realizing the finite lower limit:

lim inf 22°(A* N spt(Tiy)) + s/ W(lehhdy-
n AX

Recall that thanks to (c) Ju}, £ Ju* for almost every x. We can therefore apply step 1 to the sequence u} € GSB,V(Q)"),
which converges rapidly to v, to conclude that v¥ € GSB,V(Q¥) and that

HOA* N spt(Tyx)) < lim inf A (A N spt(Tay,)
< linl/inf HOA N spt(Tux,)) + 8/ Y(pil)dy
AX

= limhinfij(AX Nspt(Tuy)) + s/ Y(lpil)dy. (4.10)
AX
Integrating in x and applying (4.8) as well as the monotonicity of ¥ we entail

mﬂmsu@mﬂuMWM+s/wmwmgm}:wwn (4.11)
A

The map A +— n.(A) is a finitely superadditive set-function, with n.(Q) < liminf, S(T,,) + Ke. Therefore if By, ..., By
are pairwise disjoint Borel sets and K; C B; are compact, we can find pairwise disjoint open sets A; containing K; and

apply the superadditivity to get
N

N
Y bra(K) <) ne(A) < ne(Q).
i=1

i=1

Since K; are arbitrary, the same inequality holds with B; in place of Kj; since also B;, ;; and N are arbitrary, it follows
that p7 is a finite Borel measure and pr(Q) < n.(Q). Hence u € GSB,V(Q) because Ju =R+ T, S(T) < o0 and R is
an absolutely continuous measure. Letting € | 0 we also prove (4.3). For later purposes we notice that we proved

ur,(A) < limin iy, (A). (4.12)

19



VERSITA

Luigi Ambrosio, Francesco Ghiraldin

Step 3: proof of (4.2). In order to prove (4.2), since the space A,_,R™ is finite dimensional, we will prove that
prldr =~ M, Vul dr weakly in L'(Q, A,_,R™) (4.13)

for every orthogonal projection s onto a coordinate subspace. We fix an open A C Q and a € R. From now on
w: A — R"” will be an affine map such that

Vyw =0, det(V,w) = a.
Let us compute J(uj, + w): thanks to Corollary 3.8 we get
Jup +w) =Ju, + T (up, w) + aE" L do.

We are now ready to prove the last part of the Theorem. We argue as in step 2, but this time we change the form of the
energy and we analyse the convergence of a perturbed sequence of maps. First of all we note that the sequence

/ W (|pnldr+ a|) dL" + epr, (A + g/ |VuplPdzL" (4.14)
A A
is still bounded from above, because (4.4) and the convexity of ¥ imply that

(K + W(la)2"(A).

/w(;phLdn+a|)d$m < %/W(|ph|)d§f’”+%W(|a|).ff’"(A) gg
A A

We consider the sequence (u,+w) C GSB, V(A) and the perturbed energy (4.14): arguing as in the chain of inequalities
(4.7)-(4.9) for almost every x we can find a suitable subsequence h’ = h’(x, A) realizing the finite lower limit of the
sliced energies

/ Y (|py + a|) dy + e°(A N spt(Tuy)) + e/ |Vup|Pdy. (4.15)
AX AX

Since W is superlinear at infinity, up to subsequences the densities pj, + a weakly converge to some function r* in
L'(A%): in particular the associated currents weak* converge

*

(p% + a)E" LA 5 PE"LAY. (4.16)

Thanks to the fast convergence (c) we also know that u}, — u in L°(A*); moreover the boundedness of the Dirichlet term
in (4.15) implies also that V u}, = Vu* in LP(A¥,R"), hence by step 2 we get

*

u* € GSB,V(A) and TL,;, = Tyr.

The weak convergence of the gradients in L? also allows to use the continuity property of (-, w¥) along the sequence
of restrictions (u},) and deduce that

(P + Q)E" LA = J(u}y + w") = T(ujy, W) = Tyr, = J(u* + w) = T (0", W) = T
in the sense of distributions. By Corollary 3.8 and Proposition 3.7 we are able to identify the weak limit in (4.16)

r* =detVyu* +a=M,Vu(x, )Ldr+a. (4.17)

20



Compactness of Special Functions of Bounded Higher Variation VERSITA

We fix a a convex increasing function with superlinear growth ¢ satisfying

hAUN

0 o) (418

Using the previous convergence (4.16), (4.17) on almost every slice and integrating with respect to x we deduce by the
convexity of ¢ that

/A(p (IMaVuldr +al|)dz" < limhinf/A(p(|p,, L dr + a|)d L™ + epr, A(A) + e/A |V uy|Pd L™
Adding this inequality on a finite number of disjoint open subsets A;, with arbitrary choices of a; € R, we obtain

/qu (M Vuldr+ &|) dg™ < umh'mf/Q o(lppLdm + E))d2™ + €S(Ty) + 5/0 |V u,Pdm,
where & := Z/. ajxa.- Letting € | O we can disregard the size and Dirichlet terms in the last inequality to get

/<p(yanULdn+é|)d,zm < umh'mf/<p(|p,,Ldn+E|)d$m. (4.19)
Q Q

Taking ¢,(t) := @ V t, we have that ¢, are still convex, increasing, superlinear at infinity and satisfy (4.18), therefore

(4.19) is applicable with ¢ = ¢,. Given 0 > 0 fix G5 such that ¢(t) < oW(t) for t > C5; we also let Q5 =
{lpnLdm + & > Cs}. By applying (4.19) with ¢ = @, we have therefore

/;anuLdn+s|d$m g/(pn(|/\/anuLdJT+5|)d,$’" < llmhlnf/<p,,(|phLd7r+5|)d,$’"
Q Q Q

< lim 'Lnf/ |onldm+&| + llmsup/ @1 (|pnlodm+ &|) + sup {@a(t) — t}.27(Qf 5)
h Q h Q5 0<t<Cy

h

< liminf/ ‘phLdﬂ—l-El—{—limsup(f/ W (|lpndr+&|) + sup {ga(t) — t}.27(Q).
h o) h o) 0<t<Cy

h.o
Letting n — oo the third term vanishes because ¢,(t) | t uniformly on compact sets. Eventually, sending d | 0 we
obtain

/\MHVULdnJrs\ < l'Lmh'Lnf/ |onLdn + &|. (4.20)
Q Q

Inequality (4.20) is actually valid for every & € L'(Q) by approximation, since the set of functions of type Z/’ ajxs is
dense in L'. We therefore address the last point (4.13) thanks to Lemma 4.2 below: the weak limit p must be the equal
to M, Vu, the density of R, with respect to .Z". O

Lemma 4.2.
Let (zy) C L'(Q) be a weakly compact sequence and suppose that, for some z € L'(Q), it holds

/ |z+ &ldL" < llmhlnf/ |z + & d.L" Ve L'(Q).
Q Q

Then z, =~ z weakly in L'(Q).

We refer to [5] for the proof.
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5. Applications

We now present an application of Theorem 4.1 to a minimization problem. The choice of our Lagrangian is motivated
by the introduction of a new functional of the calculus of variations, presented in 5.2, aiming to generalize the classical
Mumford-Shah energy [7, 23, 52] to vector valued maps with singular set of codimension at least 2. The discussion in the
introduction already mentioned the central role of the distributional jacobian in relation to low dimensional singularities:
in this model we replace the singularities of the derivative by the singularities of the jacobian and we measure them
with the size functional of section 3.

5.1. Existence result for general Lagrangians

We fix an open, regular and bounded subset ) of R”. For approximately differentiable maps v : Q@ — R"” we let MVu
be the vector of all minors of k x k submatrices of Vu, with k ranging from 1 to n and we let k = Y ;_, (7)(}) be
its dimension. Given w € R* we let w;, the variables relative to the ¢ x ¢ minors. We also denote .%), the g-algebra
of Lebesque measurable subsets of R” and Z(R"*¥) the g-algebra of Borel subsets of R"**. For the bulk part of the
energy it is natural to treat polyconvex Lagrangians: the lower semicontinuity properties of such energies with respect
to the weak W' convergence for p < n has been thoroughly studied, see [18, 35, 36, 44].

Theorem 5.1 (Existence of minimizers for polyconvex Lagrangians).
Assume r, p satisfy r < oo, } + ”’%1 < 1 and let ¢ > 0 be a positive constant. Let f : Q x R" x R — [0, +00) satisfy
the following hypotheses:

(a) fis £, x B(R" )-measurable;

(b) for £"-a.e. x € Q, (u, w) — f(x,u, w) is lower semicontinuous;

(c) for £"-a.e. x € Q, w f(x,u,w) is convex in R* for every u € R";

(d) f(x,u,w) > c(|u|" + |wi|P + W(lw,|)) for some function W satisfying the hypotheses of Theorem 4.1.

Let also g : Q — [c, +00) be a lower semicontinuous function.

Then, for every uy € W17%'”(OQ,R”) there exists a solution to the problem

UGGSB”V(S?’T:“O on o0 {/Q f(x, u(x), MV u(x)) dx + /Qnsu g(x)dse"™ (X)} . (P)

Proof. Suppose the energy (P) is finite for some function in GSB,V(Q) with trace ug, otherwise there is nothing to
prove. Pick a minimizing sequence (u): by the growth assumption (d) there exist u € L” N W'# and a subsequence
(not relabeled) such that

up — uin L (5.1)

and Vu, = Vu in LP. Since 1 + ";1 < 1 we can choose s < r such that 1 + "’%1 < 1: by Chebycheff’s inequality we
know that u, — u in L°. Moreover we know that the absolutely continuous parts of Ju, satisfy

/w (|MaVuyl) dx < C,
Q
and that by the lower bound g > ¢ we also have:
sup 7" (S,, N Q) < oco.
h

Hence by the compactness Theorem 4.1, together with the classical Reshetnyak’s Theorem for the minors of order less
than n, we know that

MV u, =~ MVu weakly in L' (5.2)
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By (5.1) and (5.2) the lower semicontinuity result of loffe [41, 42] (see also [7, Theorem 5.8]) implies
llmhlnf/ f(x, up(x), MV up(x)) dx > / f(x, u(x), MV u(x)) dx.
Q 0

Finally, g being lower semicontinuous, the superlevel sets {g > t} are open, hence

+o00
lim inf g(x) ds""(x) = lim 'Lnf/ H""(Sy, N {g > t}) dt
b Jans,, hJo

+o0

> / umhinfffm*”(suh Nn{g > t}) dt
0
+0o0

2/ H""(S, N {g > t})dt
0

— [ g,
ans,

because the size is lower semicontinuous on open sets, see (4.12). O

mn

Recall that by the Sobolev embedding we can drop the growth condition on u provided p > ;"%.
can formulate problem (P) and the corresponding boundary value condition in a slightly different way, in order to include
in the energy the possible appearance of singularities at the boundary. Let U © Q be a bounded open subset of R™:
we formulate the minimization problem in the following way:

Notice also that we

min {/ f(x,u(x),/\/lvu(x))dx+/ g(x) d%m‘”(x)} (P
ueGSB,V(U), u=ug in \Q LJU uns,

Every competitor being equal to ug in U\ Q, problem (P’) accounts for variations of Ju in the closure Q. Moreover
Theorem 5.1 readily applies to this case, as the condition u = ug in U\ Q is closed for the strong L' convergence. To
explicit the dependence on the energy on the datum vy and on the domain U we adopt in the sequel the notation

F(u, Q; ug, U)

for the energy in (P’).

5.2. A Mumford-Shah functional of codimension higher than one

As anticipated in the beginning of the section the study of general functionals of the form (P) was modeled on the
Mumford-Shah type functional

MS(u, Q) = / u]” + |V ul]? + |M,Vu]” dx + A" (S, N Q) (53)
Q

defined on GSB,V(Q), with r, p satisfying (2.15), y > 1, together with suitable boundary data. Theorem 5.1 shows the
existence of minimizers of (5.3) for both Dirichlet problems (P) and (P’): it is however desirable that at least for some
boundary datum ug the minimizer presents some singularity. In the next proposition we show that this is the case:

Proposition 5.2 (Nontrivial minimizers for MS, formulation (P’)).
Let m = n and uy : B, —» R” be the identity: ug(x) = x. Then for € sufficiently small every minimizer u € GSB,V(B,)
of

MS,(u, By; x, By) := / e(|ul” + [VulP) + | det Vul? dx + (S, N By)
B,
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such that u(x) = x in By \ By must satisfy
S.N By #+0.
Proof. We show that for every competitor v with ||Jv|| « £ and for £ small enough it holds:
MSe(v, Bi;x, Bs) > MS¢(w, By; x, By),

where

] B1,
wix)=q1 M
X n Bz \ B1 .

For the rest of the proof ¢ will denote a generic positive constant we do not keep track of. Let us compute the energy

of ﬁ: the Dirichlet and L™ parts are simply constants. Moreover

detVw = xg,\3, and S, = {0}.

Hence MS,(w, By; x, By) = ce + £"(B; \ By). On the contrary for almost every radius p it holds:

dethdx:/ VIdVEA - AdV”

By aB,

(see [26, Lemma 2.1] for a simple proof of this fact). Since u(x) = x outside By for almost every p € (1,2) we have
pr det Vv dx = Z"(B,), hence by Jensen's inequality

|det V|V dx > 2" (B,).
Bp

Summing up:

MSc(v, Bi; x, By) > / |det Vv|Y dx > £"(B,) > ce + £"(B; \ Bi) = MS¢(w, By; x, By)
Bp

choosing first p sufficiently close to 2 and then ¢ sufficiently small. Therefore the minimizer u must have a nonempty
singular set S,, and since u is linear in the open set B, \ By, the singularity must be in By. O

It is easy to generalize the same proposition to the case m > n, by simply taking the trivial extension in the extra
variables and showing that every minimizer has a nontrivial singular set. In analogy with [39], we expect however the
singularities to appear in the interior.

The argument in Proposition 5.2 essentially exploits the presence of the jacobian term: this is not coincidental, as the
next proposition shows. Recall that the sum of a GSB, V function and a C' function is again in GSB, V.

Proposition 5.3.
Every local minimizer of

u e GSB,V(Q) —~ / IVulP dx + A" "(S, N Q)
Q

is locally of class C* in Q.
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Proof. It is sufficient to perform an outer variation of the minimizer u along a ¢ € C}(Q,R") map: € — u + €¢ and
apply Corollary 3.8 to obtain that
Su+£¢ = Su~

Hence the size term is constant and u satisfies:

/ [VulP?VuVédx =0 V¢ e C(Q,R").
Q
Therefore u is a p-harmonic W' function, hence u € CL“ by [30, 56]. O

5.3. Traces

In the spirit of solving (P’), the nonuniqueness Example 5.4 below raises the problem of the dependence of the energy
on the extension ug : U\ Q — R” to a given Sobolev trace u|gn. The example was communicated to us by C. De Lellis,
see also Examples 1 and 2 in Section 3.2.5 of [38], and the discussion on weak and strong anchorage condition therein.
It shows that if we want to detect the presence of sinqularities of Ju at the boundary of Q, the Sobolev trace is not
sufficient to characterize it.

Example 5.4 (Singularity at the boundary).

Let u: R? — S" be defined by

y’ = (x=17% 2(1-x)y
x=12+y? x=1)2+y? |

ulx,y) = (5.4)
This map represents the normal unit vectorfield of the family of circles centered on the real axis and tangent to S’
in the point (1,0). If 8 is the angle that the vector (x — 1, y) makes with the real axis, we can write u(x,y) =
(— cos(20), —sin(20)), hence by Example (2.7) Ju = 2x[(1,0)]. Note that u is the identity map when restricted to S'.
Nonetheless we can construct another map &

o 0) u(x, y) for |x] <1, 55)
i(x,y) = P 55
(o i) P Wzt

In this case, by Example 2.7, Ji = n[(1,0)]. Hence u|g, admits two different Sobolev extensions u and i sharing the
same trace at the boundary but whose jacobians are different in Q: the trace of a Sobolev function does not characterize
the jacobian JvL_0Q of all the possible extensions v.

It is interesting to know when part of the distributional jacobian can be represented as a boundary integral. Recall that
the slicing Theorem 2.15 already provides an answer to this question, because if u : Q — R” then 9(j(u)_{x > t}) =
Jul{m > t} + {j(u), 7, t), where 7 is the distance from dQ. However, as Example 5.4 shows, this statement holds only
for #1-a.e. t. The following proposition improves the general result by slicing, under additional hypotheses on the
summability of u and of its trace. This result is already present in the literature, see [38, Vol. |, p. 274] and [3, Lemma
6.1]: we report the proof for the reader’s convenience. Denote for simplicity g(u) := u'du® A --- A du”.

Proposition 5.5 (Stokes’ Theorem).
Ifu e WH(Q,R") and ulsn € W'1(0Q, R") N L=(0Q, R") then Stokes’ theorem holds:

(1) Q) = Jul_Q + (j(u), 0Q)
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with the representation

(o), 00)(w) = [ (gt} ro)erd™

where Tyq orients 0Q as the boundary of Q. In particular {j(u), 0Q) depends only on the trace u|aq.

Proof. Suppose for simplicity that Q = R” = R" n {x" > 0}, spt(u) C B; and let ¢ : R"~" — R be a positive
convolution kernel with compact support in R"~". Set

ron 1 ’ roon X —y ’
u (X, x") = /Rnfwu(x—y.x)qb( g)dy:

en=1 e

since the convolution in the x” variables commutes with the trace operator we still have u.|go—1(x’) = uc(x’, 0); moreover
uc(-,0) € CY(R"',R") and the following estimates hold:

||U6||W1"'(R1,R“) < ||u||W1'”(Ri,R")' ||Us('r0)||W1vnf1(Rnf1,1Rn) < ||u('rO)||W1'”*1(R”*1,]R”) (5.6)
and since the translations are strongly continuous in L”,
||U£ — UHWV"(RQ,R”) + ||U£(', 0) — U(', 0)||W1'"’1(R"’1,R”) d 0 (57)

We claim that Stokes’ Theorem holds for u.: for every w € 2°(R")

3(j(ue)R)(w) = /

n
RY

wdetVu, dx—i—/ wg(ue(-,0)). (5.8)
R7—1x{0}

In fact extending u.(x’, x") := u(x’, 0) for x” € [—1, 0] and then convolving with a smooth kernel ps supported in Bs(0)
we obtain a smooth u.s; € C*(R", R") such that spt(u.s) C B, x [-2, 2],

Ues(X', x") = ue(x, 0) in CILC(]RZ,R”),

Ues = Ue in W/ (R"™" x (=1, 400), R"). (5.9)

More precisely it holds: u.s(x’, —0) — uc(x’,0) in C'(R"~",R"). Hence

wdetVugs dx+/ wg(ues(-, —0)):
]R’7_1><{—5}

(e o) {x" > —8})(w) = /

{x">-0}

letting 0 | O the left hand side converges to d(j(u.)L R} )(w) by (5.9). The boundary term in right hand side tends to

/ w(-, 0)g(u.(-,0))
R=1x{0}

because the convergence is C' and w is smooth. Regarding the volume integral we can estimate

Ve s(0)] = (95 % V) x)] < lluel-, O +][ V()] dy
Bs(x)n{y">0}

26



Compactness of Special Functions of Bounded Higher Variation VERSITA

hence

‘/ wdetVu,sdx| < ||w||Co/ [Vues|" dx
{Ix"|<a} {Ix"[<a}

< &, llolleo (||u£(~,0)||z16+/{ Vu.ly)” dydx)

<8} ~7[Ba(x)ﬁ{y”>0}

< anl|wl|co (Ilug(-,0)||216+/ [V ue(x)|” dx) - 0.
{0

<x"<20}

Clearly f{x,7>6} wdetVugsdx — f{x,,>0} wdet Vu, dx, therefore (5.8) is true.
We now want to pass to the limit for € | 0 in (5.8). The left hand side goes to d(j(u) R )(w) because of (5.7); similarly
for the volume term. Regarding the boundary term the convergence of the minors on the slice needs to be improved. The
estimates (5.6) and the classical result [19] gives a uniform bound of the Hardy norm [54, Chapter IV] of the minors of
order n —1:

lduZ(-,0) A= A dui(, 0)| g ot oy < lu(-, 0)||'&V711,,1-1(R,,_1,Rn)-
We already know from Reshetnyak’s Theorem that du?(-,0) A --- A du”(-,0) = du?(-,0) A --- A du”(-,0) in the sense of
distributions; moreover smooth functions are dense in VMO(R”’1,R”) and VMO* = H', so

duv?(-, 00 A--- Adu(-,0) = du?(-,0) A--- A du”(-,0) in o(H', VMO).

Finally the trace u.(-,0) belongs to
W1_%"7(Rn_1,R’1) C VMO(R"_1,RH)

(see [1, Theorem 7.58], [17, Example 2] for the inclusions). Hence ||uc(-, 0) — u(-, 0)||vmo — O strongly and we can pass
to the limit in (5.8)

[ watuct.on = [ wgtat.0.

RrRn—1
By (5.7) also the left hand side of (5.8) converges to fRi wdet Vu dx. O
In the example above the smooth extension @ is certainly preferable to u, where an “extra” sinqularity comes from the

outside. A partial answer to this problem can be given if we assume a better differentiability of the outer extension, up
to 0Q):

Proposition 5.6 (See [38, Vol. I, p.266]).
Let v,w € L° N W'"P(U,R") satisfy the following conditions:

o vlg = w|o;
e vla wlna € WU\ Q,R");
® v[oq = wlag € W' 1(0Q, R").
Then:
Jv—Jw = (det Vv — det Vw)E"L(U\ Q).
Proof. We can write

Jv = 0j(v) = Ai(V)LQ) + AU\ Q) = (V)L Q) + v L(U\ Q) — {j(v), 00)). (5.10)
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Subtracting the analogous expression for Jw we obtain
Jv—Jw = (Jv—Jw)L(U\ Q) — (j(v) — j(w),0Q) = (det Vv — det Vw)E"L(U \ Q)

because Proposition 5.5 applied to the open set U\ Q implies that v|sq = w|asq, hence (g(v) — g(w), Taq) = 0. O

Therefore, if we aim at formulating problem (P’) in a local way, that is depending only on the values of u in Q, at least
when the trace is sufficiently “nice”, we can proceed as follows. If u|sq belongs to W'"~! and admits a W' extensions
outside Q, we can conventionally agree to pick one of such extensions to U\ Q: the result of Proposition 5.6 implies
that the jacobian in Q of every competitor does not depend on the particular choice we made. Note however that the
smoothness of the trace does not imply membership of the extension to GSB,V/(U). In fact, it is sufficient to place the
infinite dipoles of the function g in Example 2.8 so that the singularities lie on dB; and do not overlap. The constant
extension outside the ball provides a map whose jacobian has both infinite mass and size.

In conclusion, in order to solve Problem (P’) it seems necessary to impose membership of the competitors to GSB, V(U),
while for a fairly broad class of boundary data the energy in Q shall not depend on the particular extension.
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