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Abstract

In this paper we consider the following Toda system of equations on a compact

surface:
_ hye'l _ _ hye'2 _
{ e <.f):hlle“]dvg 1> P2 <.fzh2€“2dVg l) ’

—Aur = 2ps (L 1> —p <L 1)

fehoe2aVy Johierave

We will give existence results by using variational methods in a non coercive
case. A key tool in our analysis is a new Moser-Trudinger type inequality under
suitable conditions on the center of mass and the scale of concentration of the

two components up, uy.
(© 2000 Wiley Periodicals, Inc.

1 Introduction

Let X be a compact orientable surface without boundary, and g a Riemannian
metric on X. Consider the following system of equations:

1 N
(1.1) —EAui(x):Zaije“f'(x), xeX, i=1,...,N,
j=1

where A = A, stands for the Laplace-Beltrami operator and A = (a;);; is the Cartan
matrix of SU(N + 1),

2 -1 0 0
-1 2 -1 0 0
A= o -1 2 -1 0
0 -1 2 -1
0 0o -1 2

Equation (1.1) is known as the Toda system, and has been extensively studied in
the literature. This problem has a close relationship with geometry, since it can be
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seen as the Frenet frame of holomorphic curves in CP" (see [11]). Moreover, it
arises in the study of the non-abelian Chern-Simons theory in the self-dual case,
when a scalar Higgs field is coupled to a gauge potential, see [10, 28, 31].

Let us assume, for the sake of simplicity, that ¥ has total area equal to 1, i.e.
fz 1dVy = 1. In this paper we study the following version of the Toda system for
N=2:

(12) { —Auy =2p; (e —1) = ps (e — 1),

—Aur =2p> (hgeuz — 1) —pP1 (l/lleul — 1),

where A; are smooth and strictly positive functions defined on X. By integrating on
¥ both equations, we obtain that any solution (u;,u;) of (1.2) satisfies:

/hie”"dVg =1, i=1,2.
X

Hence, problem (1.2) is equivalent to:

_ — et g e
(1.3) Aur =201\ T enav; — 1) = P2\ Themay, — 1)
' _ — e g et
Ay =202\ Temay, 1) =P hiemay, — 1

Problem (1.3) is variational, and solutions can be found as critical points of a
functional J, : H'(Z) x H'(Z) — R (p = (p1,p2)) given by

2
(1.4) Jp (uy,uz) —/Q(ul,uz)dVg—i—Zpi </uidVg—log/hieudeg>,
X i=1 X X

where Q(uy,u) is defined as:
1
(1.5) Q(ul,uz):§(|Vu1\2+\Vu2|2—|—Vu1'Vu2).

Here and throughout the paper Vu = V,u stands for the gradient of u with
respect to the metric g, whereas - denotes the Riemannian scalar product.

Observe that both (1.3) and (1.4) are invariant under addition of constants to uy,
uy. The structure of the functional J, strongly depends on the parameters py, p.
To start with, the following analogue of the Moser-Trudinger inequality has been
given in [16]:

2
(1.6) any’ <10g / hie"idV, — / u,'dVg) < / O(u1,u2) dVy +C,
X z X

i=1
for some C = C(X). As a consequence, J, is bounded from below for p; < 47 (see
also [5, 25, 30] for related inequalities). In particular, if p; < 47w (i =1,2), J, is
coercive and a solution for (1.3) can be easily found as a minimizer.
If p; > 4m for some i = 1, 2, then J, is unbounded from below and a minimiza-
tion technique is no more possible. Let us point out that the Leray-Schauder degree
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associated to (1.3) is not known yet. Instead, for the scalar case (see (1.7) below)
the Leray-Schauder has been computed in [4]. To our knowledge, the only result
on the topological degree for Liouville systems is [18], but our case is not covered
there. In this paper we use variational methods to obtain existence of critical points
(generally of saddle type) for Jp.

Before stating our results, let us comment briefly on some aspects of the prob-
lem under consideration. When some of the parameters p; equals 47, the situation
becomes more subtle. For instance, if we fix p; < 47 and let p, ~ 4m, then u,
could exhibit a blow-up behavior (see the proof of Theorem 1.1 in [14]). In this
case, up would become close to a function U, , defined as:

42
Uy () = log ((l—i-)td(x,y)z)2> ’

where y € X, d(x,y) stands for the geodesic distance and A is a large parameter.
Those functions U, , are the unique entire solutions of the Liouville equation (see

[3D:

—AU =26V, / eV dx < +oo.
RZ

In [14] and [17] some conditions for existence are given when some of the
pi’s equals 4m. The proofs involve a delicate analysis of the limit behavior of
the solutions when p; converge to 47 from below, in order to avoid bubbling of
solutions. For that, some conditions on the functions /; are needed.

The scalar counterpart of (1.3) is a Liouville-type problem in the form:

h(x)e" 1> |

o 020 s

with p € R. This equation has been very much studied in the literature; there
are by now many results regarding existence, compactness of solutions, bubbling
behavior, etc. We refer the interested reader to the reviews [20, 29].

Solutions of (1.7) correspond to critical points of the functional I, : H'(X) — R

(1.8) Iy(u) = ;/E]Vgu|2dvg—l—2p </ZudVg—10g/Zh(x)e”dVg>.

The classical Moser-Trudinger inequality implies that I, is bounded from below
for p < 4x. For larger values of p, variational methods were applied to (1.7) for
the first time in [7], [27]. In [9] the Q-curvature prescription problem is addressed
in a 4-dimensional compact manifold: however, the arguments of the proof can be
easily translated to the Liouville problem (1.7), see [8].
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Let us briefly describe the proof of [9] in the case p € (47,87), for simplicity.
In [9] it is shown that, whenever I, (1) — —oo, then (up to a subsequence)
eun
JpetndVy
in the sense of measures. Moreover, for L > 0 sufficiently large, one can define a
homotopy equivalence (see also [21]):

— 8, xEX,

I;L:{MEHI(Z): Iy(u) < =L} ~{8,: xe L} ~X.

Therefore the sublevel Ip* L is not contractible, and this allows us to use a min-
max argument to find a solution. We point out that [9] also deals with the case of
higher values of p, whenever p ¢ 47N.

Coming back to system (1.3), there are very few results when p; > 47 for some
i =1, 2. One of them is given in [22] and concerns the case p; < 47 and p, €
(4mwm,4w(m—+ 1)), m € N. There, the situation is similar to [9]; in a certain sense,
one can describe the set J,; L from the behavior of the second component u; as in
[9].

In Theorem 1.4 of [14], an existence result is stated for p; € (0,47) U (47,87)
on a compact surface ¥ with positive genus: however, the min-max argument used
in the proof seems not to be correct. The main problem is that a one-dimensional
linking argument is used to obtain conditions on both the components of the sys-
tem. In any case, the core of [14] is the blow-up analysis for the Toda system
(see Remark 3.13 for more details). In particular, it is shown that if the p;’s are
bounded away from 47N, the set of solutions of (1.3) is compact (up to addition of
constants). This is an essential tool for our analysis.

In this paper we deal with the case p; € (47,87), i = 1,2. Our main result is
the following:

Theorem 1.1. Assume that p; € (47,87) and that hy,hy are two positive C' func-
tions on X. Then there exists a solution (uy,uz) of (1.3).

Let us point out that we find existence of solutions also if X is a sphere. More-
over, our existence result is based on a detailed study of the topological properties
of the low sublevels of J,. This study is interesting in itself; in the scalar case an
analogous study has been used to deduce generic multiplicity results (see [6]) and
degree computation formulas (see [21]).

We shall see that the low sublevels of J, contain couples in which at least one
component is very concentrated around some point of ¥. Moreover, both compo-
nents can concentrate at two points that could eventually coincide. However, we
shall see that, in a certain sense,

if uy, up concentrate around the same point at the same rate,

(1.9) then J,, is bounded from below.

To make this statement rigorous, we need several tools.
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The first is a definition of a rate of concentration of a positive function f &
Y, normalized in L', which is a refinement of the one given in [23]; this will be
measured by a positive parameter called c = o (f). In a sense, the smaller is o, the
higher is the rate of concentration of f. Compared to the classical concentration
compactness arguments, our function ¢ has the property of being continuous with
respect to the L' topology (see Remark 3.5). Second, we also need to define a
continuous center of mass when o < § for some fixed § > 0: we will denote it
by B =B(f) € . When ¢ > 9§, the function is not concentrated and the center of
mass cannot be defined. Hence, we have a map:

et

JpedVy
Here X5 is the topological cone with base X, so that we make the identification to
a point when 6 > 6.

Third, we need an improvement of the Moser-Trudinger inequality in the fol-
lowing form: if y(fi) = w(f2), then Jy(u1,uz) is bounded from below. In this
sense, (1.9) is made precise. The proof uses local versions of the Moser-Trudinger
inequality and applications of it to small balls (via a convenient dilation) and to
annuli with small internal radius (via a Kelvin transform).

Roughly speaking, on low sublevels one of the following alternatives hold:

v:H' (L) =I5, w(u) = (B(f,),0(f;)), where f; =

(1) one component concentrates at a point whereas the other does not concen-
trate (0; < 8 < 0;), or

(2) the two components concentrate at different points (o; < 8, By # Bo), or

(3) the two components concentrate at the same point with different rates of
concentration (0; < 0; < 8, B = B).

With this at hand, for L > 0 large we are able to define a continuous map:
L e S T
It X = (E5x55)\D,

where D is the diagonal of X5 x X5. We can also proceed in the opposite direction:
in Section 4 we construct a family of test functions modeled on X on which J,
attains arbitrarily low values, see Lemma 4.3 for the precise result. Calling ¢ :
X—=Jy L the corresponding map, we will prove that the composition

(1.10) x ot Y ox

is homotopically equivalent to the identity map. In this situation it is said that J, L
dominates X (see [12], page 528). In a certain sense, those maps are natural since
they describe properly the topological properties of J, L,

We will see that for any compact orientable surface X, X is non-contractible;
this is proved by estimating its cohomology groups. As a consequence, ¢ (X) is
not contractible in J,; L This allows us to use a min-max argument to find a critical
point of J,. Here, the compactness of solutions proved in [14] is an essential tool,
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since the Palais-Smale property for J, is an open problem (as it is for the scalar
case).

The rest of the paper is organized as follows. In Section 2 we present the nota-
tions that will be used in the paper, as well as some preliminary results. The def-
inition of the map v, its properties, and the improvement of the Moser-Trudinger
inequality will be exposed in Section 3. In Section 4 we define the map ¢ and prove
that the composition (1.10) is homotopic to the identity. Here we also develop the
min-max scheme that gives a critical point of J,. The fact that X is not contractible
is proved in a final Appendix.

2 Notations and preliminaries

In this section we collect some useful notation and preliminary facts. Through-
out the paper, X is a compact orientable surface without boundary; for simplicity,
we assume |Z| = [ 1dV, = 1. Given & > 0, we define the topological cone:

2.1) Z5 = (2% (0,490)) |(zx[5,+0))-

For x,y € ¥ we denote by d(x,y) the metric distance between x and y on X. In
the same way, for any p € £, Q, Q' C X, we denote:

d(p,Q) =inf{d(p,x) :x€Q}, d(Q,Q)=inf{d(x,y) : x€Q, ycQ'}.

Moreover, the symbol B, (r) stands for the open metric ball of radius » and
center p, and A, (r,R) the open annulus of radii 7 and R, » < R. The complement of
a set Q in X will be denoted by Q°.

Given a function u € L'(X) and Q C X, we consider the average of u on Q:

1
udV:/udV.
]i T P

We denote by % the average of u in X: since we are assuming |X| = 1, we have

u—/udVg—][udVg.
b r

Throughout the paper we will denote by C large constants which are allowed
to vary among different formulas or even within lines. When we want to stress the
dependence of the constants on some parameter (or parameters), we add subscripts
to C, as Cg, etc.. Also constants with subscripts are allowed to vary. Moreover,
sometimes we will write 04(1) to denote quantities that tend to 0 as @ — 0 or
o — oo, depending on the case. We will similarly use the symbol Oy(1) for
bounded quantities.

We begin by recalling the following compactness result from [14].
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Theorem 2.1. ([14]) Let m,my be two non-negative integers, and suppose A1, Ay
are two compact sets of the intervals (4wmy,4mw(m + 1)) and (4wmy, 4w (my + 1))
respectively. Then if py € Ay and p> € Ay and if we impose fz udVy=0,i=1,2,
the solutions of (1.3) stay uniformly bounded in L*(X) (actually in every C'(X)
with [ € N).

Next, we also recall some Moser-Trudinger type inequalities. As commented in the
introduction, problem (1.3) is the Euler-Lagrange equation of the energy functional
Jp givenin (1.4). This functional is bounded below only for certain values of py, p2,
as has been proved by Jost and Wang (see also (1.6)):

Theorem 2.2. ([16]) The functional J, is bounded from below if and only if p; <
4r,i=1, 2.

The next proposition can be thought of as a local version of Theorem 2.2, and will
be of use in Section 3. Let us recall the definition of the quadratic form Q in (1.5).

Proposition 2.3. Fix § > 0, and let Q; C Qp C X be such that d(Q,9Q;) > 0.
Then, for any € > 0 there exists a constant C = C(€,8) such that for allu € H'(X)

4m <10g/ e“‘dVg+log/ e"dVv, —][ uldVg—][ ugdvg)
(2.2) Q Q @ o,

< (1+8)/ O(u1,u2)dV, +C.
Q)

Proof. We can assume without loss of generality that sz uidVy =0 fori=1,2.

Let us write
Ui = v; +wj, / Vidvg:/ W,’dVg:O,
Q Q

where v; € L*(Q,) and w; € H'(Q,) will be fixed later. We have
tog [ eV, +log | eave < wilay + ali-(a
1 1

+10g/ ew'dVg—Hog/ e"2dVy.
Q] Q1

(2.3)

We next consider a smooth cutoff function y with values into [0, 1] satisfying

{ x(x)=1 forxeQy,
x(x)=0 ifd(x,Q)>5/2,
and then define
wi(x) = x(x)wi(x); i=1,2.
Clearly w; belongs to H' (X) and is supported in a compact set of the interior of Q.
Hence we can apply Theorem 2.2 to w; on X, finding

log / e”'dV, +log / e"dV, <log / "' dV, +log / e™dV,
Q Q z )
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1
< /Q(WI,W2)dVg+][(W1+W2)dVg+C.
4w ¥ Y

Using the Leibnitz rule and Holder’s inequality we obtain

/Q(WlaWZ)dVg <(1+¢) [ Qwi,wp)dV, +Cg/ (Wi +w3)dV,.
)

Qz QZ

Moreover, we can estimate the mean value of w; in the following way:

1/2
][widvg gc</|VWi|2dVg) <Cg+e |Vwi|2dVg
Y z Q

<Cg +C£< ‘Vw,-|2dVg+C/ W%dVg>.
Q

Q

From (2.3) and the last formulas we find

log/g e”]dVnglOg/Q e?dVy < |villz=@)) + V2=
1 1

(2.4) plre O(w1,w2)dV, +Ce / (W +w3)dV, +C.

4r Q o
To control the latter terms we use truncations in Fourier modes. Define V; to be
the direct sum of the eigenspaces of the Laplacian on Q, (with Neumann boundary
conditions) with eigenvalues less or equal than Cee~!. Take now v; to be the or-
thogonal projection of u; onto V. In Ve the L norm is equivalent to the L? norm:
by using Poincaré’s inequality we get

Ce / W2 +wd)aVy <e [ Qun,ua)dVy,
Qz QZ

1
2
illi=(@n) < Cellvillizay < Ce ( /Q vu,.,zdvg> <e /g O(u1,u2)dV +Ce.
2 2

Hence, from (2.4) and the above inequalities we derive (2.2) by renaming € prop-
erly.
O

Remark 2.4. While the Fourier decomposition used in the above proof depends
on 5, the constants only depend on X, & and €. In fact, one can replace Q; by
a domain Q,, Q, C Q, C Bg,(8/2) with boundary curvature depending only on
8 and satisfying a uniform interior sphere condition with spheres of radius &°.
For example, one can obtain such a domain Q) triangulating ¥ by simplexes with
diameters of order 82, take suitable union of triangles and smoothing the corners.
For these domains, which are finitely many, the eigenvalue estimates will only
depend on §.



THE TODA SYSTEM ON COMPACT SURFACES 9

We next prove a criterion which gives us a first insight on the properties of the low
sublevels of J,. This result is in the spirit of an improved inequality in [2], and
we use an extra covering argument to track the concentration properties of both
components of the system. We need first an auxiliary lemma.

Lemma 2.5. Let &) > 0, 1 >0, andletQ,J CL i, j=1,2 satisfy d(Q; j,Qix) >
8 for j # k. Suppose that u,us € H'(X) are two functions verifying
fg,,je 'dVy

2.5 —_t
*> fz etidV,

2}’07 la]:172

Then there exist positive constants ¥, o, depending only on Y, &, and two sets
Q1,Q, C ¥, depending also on uy,uy such that

fﬂi e’“dVg ~ J‘Qz e”deg

2.6 d(Q1,Q,) > &; S —° =/ > %%
( ) ( 1, 2)_80 fzeuldVg = /0, fze’“dVg = /0

i=1,2.

Proof. First, we fix anumber ry < 50 . Then we cover X with a finite union of metric
balls (By,(r0));, whose number can be bounded by an integer N,, which depends
only on ry (and X).

Next we cover Q; ; by a finite number of these balls, and we choose y; ; € U (x;)

such that
/ e"idV, = max {/ e“idVy : By (ro) NQ ; # 0} :
BYi,j ("0) Bxl (I’())

Since the total number of balls is bounded by N, and since by our assumption the
(normalized) integral of " over €; ; is greater or equal than ¥, it follows that

@7 fB""‘-"(m)_euidvg >0
fz etidV, Nr,
By the properties of the sets €; ;, we have that:
Byi‘j (2}’0) ﬂByi‘k (r()) =0 forj 75 k.
Now, one of the following two possibilities occurs:
(A): B)’1,1 (51‘0) ( ¥2,1 (5]’0) UB}zz(SrO)) 7& @ or
Byl,2(5r0) ( y21(5r0 UB)zz( ))
(B): By, ,(5r0) N (By,, (5r0) UB,,,(5r0)) = @ and
Byl,z(sro) ( Y21(5r0 UByzz(SrO))
In case (a) we define the sets Q; as
Q] = Byl~1 (307‘0), Qz = Byle1 (4OFQ)C,
while in case (b) we define
Ql = B)’1,1 (rO) UB)’Z,I (rO); QQ = Byl,z (rO) UB}’z,z (rO))'
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We also set jp = y° and 60 = rp. We notice that ) and 50 depend only on 7}y and

0o, as claimed, and that the sets ; satisfy the required conditions. This concludes
the proof of the lemma.
g

We next derive the improvement of the constants in Theorem 2.2, in the spirit of

[2].

Proposition 2.6. Let uj,uy € H'(X) be a couple of functions satisfying the as-
sumptions of Lemma 2.5 for some positive constants &, Y. Then for any € >0
there exists C = C(€) > 0, depending on €, &, and Yy such that

8 <log/eu1—u1dVg+log/euz—uzdvg> < (1+£)/Q(u1,u2)dVg—|—C.
b3 b b3

Proof. Let o, 7 and €1,€ be as in Lemma 2.5, and assume without loss of gen-
erality that 77; = 7y = 0. Let us define U; = {x € Q: d(x,Q;) < 8/2}. By applying
Proposition 2.3, we get:

4r <log/ e“ldVg—i-log/~ e"ZdVg—][ (u1+u2)dVg>
(2.8) & & U

< (1+8)/ Q(ul,uz)dVngC.
Ui

log/~ e"idVy > log (/ e”deg) +log%o.
o} T

Since Uy NU, = 0, we can sum (2.8) for i = 1,2, to obtain

Observe that:

8 (log/e’“dVg—i-log/ e"2dVy — Z u1+u2 dV)
b2

< (1+8)/Q(u1,uz)dVg+C.
x

It suffices now to estimate the term £, (u; + u2)dV,. By using Poincaré’s in-

equality and the estimate |U;| > 83, we have:

_ 1/2
][_ujdvggBOZ/U_ujdvg§C</Zqujyzdvg> SC—}—S/Z]Vuj]deg.

To finish the proof it suffices to properly rename €.
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Proposition 2.6 implies that on low sublevels, at least one of the components
must be very concentrated around a certain point. A more precise description of
the topological properties of J,; L will be given later on.

3 Volume concentration and improved inequality

In this section we give the main tools for the description of the sublevels of the
energy functional J,. Those will be contained in Propositions 3.1 and 3.2, whose
proof will be given in the subsequent subsections.

First, we give continuous definitions of center of mass and scale of concentra-
tion of positive functions normalized in L', which are adequate for our purposes.
Those are a refinement of [23].

Consider the set
A_{feLl(z) : f>0 a.e and /deg—l},
by

endowed with the topology inherited from L' (X).
Moreover, let us recall the definition (2.1) for the cone Xg.

Proposition 3.1. Let us fix a constant R > 1. Then there exists 6 = 6(R) > 0 and
a continuous map:
v:A—Xs5 y(f)=(B,0),
satisfying the following property: for any f € A there exists p € ¥ such that
a) d(p,B) < C'o for C' = max{3R+ 1,5 'diam(Z)}.

b) There holds:
/ fdVg >, / fdVg >,
By(o) Bp(Ro)°

where T > 0 depends only on R and X.

Roughly speaking, the above map y/(f) = (B, 0) gives us a center of mass of f
and its scale of concentration around that point. Indeed, the smaller is &, the bigger
is the rate of concentration. Moreover, if o exceeds a certain positive constant, 3
could not be defined; so, it is natural to make the identification in Zg.

Next, we state an improved Moser-Trudinger inequality for couples (uj,us)
such that ¢ are centered at the same point with the same rate of concentration.
Being more specific, we have the following:

Proposition 3.2. Given any € > 0, there exist R = R(€) > 1 and y as given in
Proposition 3.1, such that for any (uy,uy) € H'(X) x H'(X) with:

eLl] €u2
v (fzeuldvg> -V (fEerVg) ’

the following inequality holds:



12 A. MALCHIODI AND D. RUIZ

(1 +£)/Q(u1,u2)dVg > 87 <log/e“‘”‘dVg+log/e”2”2dVg) +C,
z b) b
for some C = C(¢).
The rest of the section is devoted to the proof of those propositions.

3.1 Proof of Proposition 3.1
Take Ry = 3R, and define 0 : £ x A — (0, +o0) such that:

3.1) / fav, —/ fav,.
B«Y(G(xvf)) BX(R()CF(X,f»E

It is easy to check that o(x, f) is uniquely determined and continuous. More-
over, o satisfies:

(3.2) d(x,y) < Rymax{o(x, f),0(y, f)} +min{o(x, f),o(y, f)}.

Otherwise, B.(Roo (x, f)) NBy(o(y, f) + &) # 0 for some € > 0. Moreover, since
By(Roo (y, f)) does not fulfil the whole space X, Ay(c(y, f),o(y, f) + €) is a non-
empty open set. Then:

/ fav, :/ fdv, z/ fav, >/ fav,.
B.(0(x.f)) Bu(Roo(x.f))° By(o(nf)+e) By (o))

By interchanging the roles of x and y, we would also obtain the reverse inequality.
This contradiction proves (3.2).
We now define:

T:AxT >R, T(x,f)_/ fdv,.
By(o(x.f))

Lemma 3.3. If xo € X is such that T (xo, f) = maxyex T (y, f), then o (xo,f) <
30 (x, f) for any other x € ¥.

Proof. Choose any x € £ and € > 0. First, observe that By(Ryo (x, f) + €) must
intersect By, (0 (xo, f)). Otherwise, reasoning as above, we would obtain that the
annulus A (Roo (x, f),Ro0(x, f) + €) is an open nonempty set. Then

T (xo, ) = / fFav, < / FdVy=T(x,f),
B»Y()(G(x()vf)) BX(ROG(x‘f))C

a contradiction. Arguing in the same way, we can conclude that By, (Ryo (xo, f))
cannot contain the ball B,(Ryo (x, f) + €).
By the triangular inequality, we obtain that:

2(R06(x,f) —I—E) > (R() — I)G(XO,f).
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Since € > 0 is arbitrary, there follows:

Ro—1
2Ry

o(x,f) =

Recalling that Ry > 3, we are done.

o (x0,f).

As a consequence of the previous lemma, we obtain the following:
Lemma 3.4. There exists a fixed T > 0 such that
maZxT(x,f) >1t>0 forall f€A.
xe

Proof. Let us fix xo € X such that T'(xo, f) = maxyex T (x, f). By Lemma 3.3 we
have that, for any x € Ay, (o (xo0,f),R0(x0, f)):

/ fdv, < / fdVy <T(xo,f).
B.(c(x0,£)/3) Bi(o(x.f))

Let us take a finite covering:

Axo(6<x07f)’RG(x07f)) C Ui'(:lei(G(xmf)/?’)'

Observe that & is independent of f or o (xp, f), and depends only on ¥ and R.
Therefore:

k
1= [rave< [ gaver | fave+y. fav,
z BX() (G(XO:f)) BX() (RO'(X(),f))C i=1 BX,' (G(XO’f)/3)

< (k+2)T(x0,./)-

Let us define:

06:A—R, o(f)=3min{o(x,f): xe XL},

which is obviously a continuous function.

Remark 3.5. In [23] (see Section 3 there) a sort of concentration parameter is
defined, but it does not depend continuously on f. Moreover, the definition of
barycenter given below has been modified compared to [23]. Finally, the applica-
tion Y is mapped to a cone; this interpretation, which is crucial in our framework,
was missing in [23].
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Given 7 as in Lemma 3.4, consider the set:
(33) S(f)={x€X : T(x.f) > 7, o(x.f) < 5()}.

If xo € X is such that T (xo, f) = max,ex T'(x, f), then Lemmas 3.3 and 3.4 imply
that xo € S(f). Therefore, S(f) is a nonempty open set for any f € A. Moreover,
from (3.2), we have that:

(34 diam(S(f)) < (Ro+1)o(f).

By the Nash embedding theorem, we can assume that £ C R" isometrically,
N € N. Take an open tubular neighborhood £ € U C R" of £, and § > 0 small
enough so that:

(3.5) co[By((Ry+1)8)NZ] CUVx €L,

where co denotes the convex hull in RV .
We define now

/E (T )~ ) (6(f) — 6 (x,. ) x v,

n(f) = cRV,
/Z (T(x.f)— 1) (0(f) — 0. f)) " Vi

The map 7 yields a sort of center of mass in RY. Observe that the integrands
become nonzero only on the set S(f). However, whenever o(f) < 9, (3.4) and
(3.5) imply that n(f) € U, and so we can define:

B:{feA: o(f)<é} =%, B(f)=Pon(f),

where P : U — X is the orthogonal projection.

Now, let us check that y(f) = (B(f),o(f)) satisfies the conditions given by
Proposition 3.1. If 6(f) < 3, then B(f) € co[S(f)]NX. Therefore, d(B(f),S(f)) <
(Ro+1)o(f). Take any p € S(f). Recall that Ry = 3R and that 6 (f) <30o(x, f) <
3o(f) for any x € S(f): it is easy to conclude then a) and b).

If 6(f) > 0, B is not defined. Observe that a) is then satisfied for any 8 € X.

3.2 Proof of Proposition 3.2

First of all, we will need the following technical lemma:

Lemma 3.6. There exists C > 0 such that for any x € ¥, d > 0 small,

1/2
][ udVg—][ udS, <c</ |w|2dvg) :
By(d) 9B,(d) B.(d)

Moreover, given r € (0,1), there exists C = C(r,X) > 0 such that for any x,
x € X, d > 0 with By = By, (rd) C By = By, (d), then:
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][ udVg—][ udVy
B B>

Proof. The existence of such a constant C is given just by the L' embedding of
H'! and trace inequalities. Moreover, C is independent of d since both inequalities
above are dilation invariant.

1/2
<C < |Vu]2dVg> :
B,

g

In view of the statement of Proposition 3.1, we now deduce a Moser-Trudinger
type inequality for small balls, and also for annuli with small internal radius. Those
inequalities are in the core of the proof of Proposition 3.2, and are contained in the
following two lemmas. The first one uses a dilation argument:

Lemma 3.7. For any € > 0 there exists C = C(€) > 0 such that

(l+£)/ O(ur,uz) dVy+C > 4m (log/ euldvg+1og/ eudeg>
B,(s) B,(s/2) B,(s/2)

— 4 (it (s) + itz (s) +4logs),

for any uy,uy € H'(X), p € X, s > 0 small and for i;(s) = ][ u;dV,.
By (s

Proof. For s > 0 smaller than the injectivity radius, the result follows easily from
Proposition 2.3, for some C = C(s,€). Then, we need to prove that the constant
C can be taken independent of s as s — 0. Notice that, as s — 0 we consider
quantities defined on smaller and smaller geodesic balls B,(g) on . Working in
normal geodesic coordinates at g, gradients, averages and the volume element will
resemble Euclidean ones. If we assume that near ¢ the metric of X is flat, we will
get negligible error terms which will be omitted for reasons of brevity.

To prove the lemma, we simply make a dilation of the pair (u;,u,) of the form:
vi(x) = uj(sx+ p).

From easy computations there follows:

O(ur,u2)dV, = / O(v1,v2)dV,,
B(0,1)

IZ,'(S) = ][ V,‘dVg,
B(0,1)

/ e"dVy = sz/ e dV,.
By(s/2) B(0,1/2)

Applying Proposition 2.3 to the pair (v, v;), we conclude the proof of the lemma.
O

B(p.s)
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The next lemma gives us an estimate of the quadratic form Q on annuli by using
the Kelvin transform. This transformation is indeed very natural in this framework,
see Remark 3.10 for a more detailed discussion.

Lemma 3.8. Given € > 0, there exists a fixed ro > 0 (depending only on ¥ and €)
satisfying the following property: for any r € (0,ry) fixed, there exists C = C(r,€) >
0 such that, for any (uy,u2) € H'(X) with u; = 0 in dB,(2r),

/ Q(M],uz) dVg—l-é‘/ Q(M],I/tz) dVg+C
Ap(s/2,2r)

B,(2r)

>4n <log/ e"'dV, +10g/ e dV, + (i1 (5) + itz (s) +41ogs)(1 +£)> ,
Ap(s,r) Ap(s,r)
with pe X, s € (0,r) and i;(s) = pr(s) u;dV.

Proof. As in the proof of Lemma 3.7, we need to show that C is independent of
s as s — 0. By taking ro small enough, also here the metric becomes close to the
Euclidean one. Reasoning as in the proof of Lemma 3.7, we can then assume that
the metric is flat around p.

We can define the Kelvin transform:

K:A,(s/2,2r) > Ap(s/2,2r), K(x)=p+rs

x—pl*’
Observe that K maps the interior boundary of A,(s/2,2r) onto the exterior

one and viceversa, and fixes the set dB,(+/sr). Let us define the functions #; €
H'(B,(2r)) as:

i (x) = { ui(K(x)) —4log|x—p| if|x—p|>s/2,
i —4log(s/2) if [x— p| < s/2.

Our goal is to apply the Moser-Trudinger inequality given by Proposition 2.3 to
(&11,1d2). In order to do so, let us compute:

. 1
(3.6) / e dV, = / KD |y — p| ™ aV, = —— / " qv,,
Ap(s,r) Ap(s,r) ser Ap(s,r)

since the Jacobian of K is J(K(x)) = —r?s*|x — p| %
Moreover, by Lemma 3.6, we have that:

1/2
][ i;dV, —][ ;dS,| < C (/ Wﬁ,-\zdvg>
B,(2r) 9B, (r) B,(2r)

< c+s/ Vit dV,.
B, (2r)

By using again a change of variables,
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][ i;dS, = ][ u;dS, —8nrlogr.
9B, (r) 9B (s)

Therefore,

][ ﬁl’ dVg - ﬁl’ (S)
B, (2r)

Let us now estimate the gradient terms. For [x — p| > s5/2,

(3.7)

§C+e/ |Vﬁ,-|2dvg+e/ Vi) dV,.
B, (2r)

By(s

2p? 16 xX—p
Vi (x)]> = |Vu; (K (x)) > il + +8Vu(K(x))  —————sr.
‘ l( )‘ ’ l( ( ))’ |x_p|4 |X—p|2 ( ( )) |X—p|4
Therefore,
| iRy~ [ ViR,
B, (2r) Ap(s/2,2r)
2.2 dv.
:/ \Vui(K(x))|2sr4dVg—|—l6/ T
A,(s/2,2r) x—pl Ap(s/2.2) [X— Pl

X—p
+8/ Vu;(K(x)) - —— srdV,
Ap(s/2,2r) x — pl* ¢

:/ Vu;(x)|* dVy + 327 log(4r/s)
Ap(s/2,2r)

K(x)—p s2r?
+8/ Vu;(K(x)) - dv,
ooz ) ) o T pp e

(
_ / V()2 dV, + 32z log(4r/s) + 8 / Vius(x)
Ap(s/2,2r) Ap(s/2,2r)

X—D

R
x—p2 ¢

= / \Vu;(x)[>dV, +32xlog(4r/s) — 16m ][ u;dS,.
Ap(s/2,2r) 9B, (s/2)

In the last equality we have used integration by parts. By using again Lemma
3.6,

/ Vi) dv, — / Vus()|2 dV, + 327 log s + 1677 (s)
(38) B, (2r) Ap(s/2,2r)
<C+e |Vu;|* dV.
B,,(s)
Regarding the mixed term Vi, - Vil,, we have that for [x — p| > s5/2,
s2r? 16

Vinx)- Vinlx) = Vi (K(x) Vo K@) =g+ 7 p
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4sr

+ (Vur (K (x)) + Vua (K (x)) - (x = p).

x—pl*
Reasoning as above, we obtain the estimate:

] / Vit (x) - Vit (x) dV, — / Vi (x) - Vira (x) dV
(3.9) B,(2r) Ap(s/2,2r)

+32mlogs -+ 87y () + Snaz(s)( <C+e| (VP +|Viol?) av,.
By(s)

We now apply Proposition 2.3 to (i, %) and use the estimates (3.6), (3.7), (3.8)
and (3.9), to obtain:

4n llog/ et dVg—Hog/ e dVg—(4logs+IZ1(s)+ﬁ2(s))]
Ap(s,r) Ap(s,r)

<d4rm llog / " dV, +log / e dv, — ][ (01 + )
Ap(s,r) Ap(s,r) B, (2r)

+e/ (Vﬁ1|2+|Vﬁ22)dVg+£/ (IVur [+ |Vua|?) @V +C
B,(2r)

By(s

§(1+Ce)/

Qlin. i) aVy e [ (Vi + Vi) dv +C
B,(2r)

By (s)

< (1+Ce)

/ O, u2) AV, — 8x(41og s+ iy (5) + ia(s))
Ap(s/2,2r)

+8/ (|Vu1|2—|—|Vu2|2) dVy+C.
B)(s
By renaming € conveniently, we conclude the proof.

g

Remark 3.9. The term i(s) + 2logs has an easy interpretation; by the Jensen in-
equality we have the estimate

log/ e"dVy = log <|Bp(s)][ e”dVg> >i(s)+2logs—C.
By(s) By (s)

Remark 3.10. The transformation K is used to exploit the geometric properties of
the problem, in order to gain as much control as possible on the exponential terms.
From the formulas in [15] one has that both components of the entire solutions
of the Toda system in R? decay at infinity at the rate —4log|x|. In this way, the
Kelvin transform brings these functions to (nearly) constants at the origin, giving
a sort of optimization in the Dirichlet part. The minimal value of Dirichlet energy
to obtain concentration of volume at a scale s (as in the statement of Lemma 3.8)
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is then transformed into a boundary integral which cancels exactly the extra terms
in Lemma 3.7 due to the s-dilation.

Remark 3.11. Lemmas 3.7 and 3.8, together with Proposition 3.1, give a precise
idea of the proof. Indeed, assume that for some p € £, ¢ > 0:

(3.10) /
BP

@3.11) / ¢dV, > r/e"fdvg, i=1,2.
B,(Ro)" b

If we sum the inequalities given by Lemmas 3.7 and 3.8, the term i (0) + it2(0) +
4log o cancels and we deduce the estimate of Proposition 3.2.

The problem is that when y (%) =V (f:"%dv) we do not really have
X & x 8

(3.10), (3.11) around the same point p. Moreover, u; needs not be zero on the
boundary of a ball, as requested in Proposition 3.8. Some technical work is needed
to deal with those difficulties.

e"idVy > ‘E/e“"dVg, i=1,2;
(o) z

We now prove Proposition 3.2. Fixed € > 0, take R > 1 (depending only on €)
and let W be the continuous map given by Proposition 3.1. Fix also 6 > 0 small
(which will depend only on &, too).

Let u; and u be two functions in H'(X) with . u;dV, = 0, such that:

e”' ele B
w<fze”ldVg> B W(M> = (B,0) €Zs.

If o > 3 then Proposition 2.6 yields the result. Therefore, assume o < %;

R2>
Proposition 3.1 implies the existence of T > 0, p;, p> € X satisfying:
(3.12) / e"idVy > T/e“"dVg, i=1,2;
Bl’,‘(o-) )
(3.13) / e"idVy > ’C/e”idVg i=1,2;
By, (Ro)* X

d(p1,p2) < (6R+2)0;
The proof will be divided into two cases:

CASE 1: Assume that:

(3.14) / ¢idV, > 1/2 / “dv,.
Ay (Ro,8) o

In order to be able to apply Lemma 3.8, we need to modify our functions outside
a certain ball. Choose k € N, k < 2¢~!, such that:
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/ (Vs P+ Vo) dv, < e/ (Vs +[Visf?) aV.
Ay, (247182k415) 3
We define i; € H'(Z) by:

=u;(x) x€ By (2¢8),
)=0  x€A, (2¢8,2¢118),
ai(x)=0 x ¢ By, (25718).
Since we plan to apply Lemma 3.8 to (ij,i,), we need to choose § small

enough so that 237§ < 1y, where rg is given by that Lemma.
It is easy to check, by using Lemma 3.6, that

/ (|Vi > + |Viia|*) dV,
Ap, (268 2k418)

< C/ (\Vu1!2 + ]Vuz‘z) dv, < Cg/ (’Vu1|2+ ‘Vuzfz) av,,
Ap, (2618 2k8) .
where C is a universal constant.

Case 1.1: d(p1,p2) < Rio.

By applying Lemma 3.7 to u; for p = p; and s = 2(R'/? 4 1), and taking into
account (3.12), we obtain:

1+e¢

yp /BP(S) O(uy,up) dVy+C

(3.15) Zlog/ e”]dVg—i—log/ ¢2dVy — (it (G) + it (0) + 4log &)
By(s/2) By(s/2)

Zlog/e’”dVg—Hog/e”deg—(ﬁ1(6)+ﬁ2(6)+410g6)—c,
> x

where ii;(0) = pr(G) u;dVy.
We now apply Lemma 3.8 to ii; for p = p1, s’ =4(R'?>+1)0 and r = 25t18:

(3.16)

1
/ 01, ) dVg+8/(|Vu1|2+\Vu2|2) AV, +C
AT Ja, (s /2.20) >

> log/ eﬁldvgﬂog/ e™dVy + (i11 (0) + () +4log o) (1 +¢€).
AP(Slrr) AP(S/vr)
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Taking into account (3.14), we conclude:

1

— O(iy,itp) dVg+8/(|Vu1|2+Wu2|2) dvy+C
4T Ja, (s /2.2r) b2

(3.17)
2log/euldVg—Hog/e“deg—i-(ﬁl(c)+ﬁ2(6)+410g6)(1+8).
b3 >

Combining (3.15) and (3.17) we obtain our result (after properly renaming €).

Case 1.2: d(p1,p2) > R0 and/ eV, > T/4/e”ZdVg.
By, (R30) b

Here we argue as in Case 1.1: as a first step, we apply Lemma 3.7 to (uy,uy) for
p=piand s = 2(R1/3 +1)o. Then, we use Lemma 3.8 with (i, i) for p = py,
=4(R'3+1)0 and r = 25416,

Case 1.3: d(py,p2) > R0 and/ v, > T/4/e”IdVg.
By, (R30) b

This case can be treated as in Case 1.2, by just interchanging the indices 1 and
2.

Case 1.4: d(py,p2) > RQG,/ . €dV, < ‘c/4/e”"dVg, i, j=1,2,i#j.
Bpj(R3G) z

Here we need to use again some harmonic lifting of our functions. Take n € N,
n <?2e 1 sothat

Z (IVur * + |V |?) dvg<s/(|w1\2+yw2|2) dv,
z

I’ 2n lg. 2n+1 )
where we have chosen R so that 236 < R!/3,
We define the function v; of class H! by:

vi(x) =ui(x) xeB, (2"c)UB,,(2"0),
Avi(x) =0  x€A,(2"0,2"o)UA,,(2"0,2" o),
vi(x) =;(0) x¢ B, (2" o)UB,, (2" o).

Again,

2
Z/ (IVvi]* +[Vwa|?) aV,
A 2”6 2n+] )

i=1

2
Z/ (IVur | + |Vua|*) @V, SCS/(|VM1]2+|VL¢2|2) dv,
i=1 2n 162”“ ) Y
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where C is a universal constant.
We now apply Lemma 3.7 to (vy,v;) with p = p; and s = 2(6R+2)0, and take
into account (3.12):

(3.18)

Q(ul,ug)dVg+C8/(|Vu1|2—|—|Vu2|2) 4V, +C
By, (2"0)UB), (2"0) X

> (1+s)/ O(v1.v2) dV, +C
By(s)
>4r (10g/ e"dV, +log/ e"dV, — (i1 (s) + 2 (s) —|—4logs))
By(s/2) By(s/2)

>4r <log/e”1dVg +log/ e"2dVy — (i) (s5) + 12 (s) +4logs)> —C.
) p>
Now, we define w; € H!(X) as:

wi(x) =i;(c) x€Bp, (2"c)UB,,(2"0),
x)=0  x€A,(2"0,2"o)UA,,(2"0,2" 0),
wi(x) = ; x ¢ By, (2"o)UB,, (2" o).

As before,

2
Z/ (]Vw1]2+ |VW2|2) dv,
i=1 Api(2n(;72n+16)

2
gcz/ (IVur |* +|Vua|?) @V, < Ce/ (|Vur [ + |Vua|?) av,
i=1/A,,(2" 10 ,210) z
where also here C is a universal constant.

We apply Lemma 3.8 to (wy,w,) for any point p’ such that d(p’, p;) = %R1/3G,
s’ = o and r = 2Kt1§:
(3.19)

Q(ul,uz)dVg—i—CS/(]Vu1|2+\Vu2]2) v, +C
(Bp, (2"t o)UB,, (21 0))e z

2(1+8)/ O(w1,w2) dVy +C
A (s'/2,2r)

P

1=

2
>4r ((ﬁl(c) +ix(o)+4logo)(l1+¢€)+ Zlog/ ewidVg> .
i—1 A (s'r)
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Taking into account (3.14) and the hypothesis of Case 1.4,

(3.20)

Q(ul,uz)dVg—i—C&‘/(|Vu1|2—|—|Vu2|2) dVy+C
(By, (210)UB,, (210))¢ s

>4n <log/e’“dVg +10g/e“2dVg + (d;1(0) + (o) +4logo)(1 +8)> :
b b
Combining inequalities (3.18) and (3.20), we obtain our result.

CASE 2: Assume that for some i = 1,2:

/ e"idV, > T/2/e”"dVg.
By, (8)° z

Without loss of generality, let us consider i = 1.
Take &' = 59_. If moreover:

3/
/ edVy > 1/2,
sz (5/)(?
then Proposition 2.6 implies the desired inequality. So, we can assume that:

(3.21) / e”deg >1/2.
Ap, (RG,5")

We now apply the whole procedure of Case 1 to uy, uy, replacing & with &'
For instance, as in Case 1.1, we would get (3.15) and (3.16). However, here
(3.17) does not follow immediately since now we do not know whether:

/ e"dVy, > a/e“ldVg,
Ap(s'r) by

for some fixed o > 0. This is needed to estimate:

log / e"dV, > log / e"dV, —C,
Ap(s’7r) z

which allows us to obtain (3.17).
By applying the Jensen inequality and Lemma 3.6, we get:

log/ e"dv, > log/ e"'dV,
Ay(s'r) Ap(r/8,r/4)

> log][ e1dV, —C > ][ urdVy, —C > —e/ |Vu [*dV, —C.
Ap(r/8,r/4) Ap(r/8,r/4) X

Therefore, from (3.21) and (3.16) we get:
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/ 0, ) dVg—i-CS/ (Vi 2+ [Via ) dV, +C
Ap(s'/2,2r) Y
(3.22)

>4n <log/2e“2dVg + (d1(0) +i2(0) +4logo)(1 +8)> .

Now, we apply Proposition 2.3, to find:

2
(1 +C£)/ O(uy,up)dVy+C > 471'210g/ e"idV,.
By, (8/2) i=1 By, (8)°

Again here we can use Jensen inequality and the hypothesis of Case 2 to deduce:

/ Q(ul,uz)dVg—i—CS/(|Vu1|2+\Vu2|2) dVy+C
By, (8/2) 5

>4n (log/e“‘dvg) )
b

We conclude now by combining (3.23), (3.22) and (3.15).
We can argue in the same way if we are under the conditions of Cases 1.2, 1.3
or 1.4.

(3.23)

Remark 3.12. From the proof of Proposition 3.2 it is clear that the condition
v(f1) = w(f2) can be relaxed. Indeed, let us fix two constants M > 1, M’ > 0,
and define y(f;) = (B, 0;). Then, the assumption

% < % <M, d(Bi,p) <M'oy,
is enough for the conclusion of the Proposition 3.2. In such case, the constant C
would depend also on M, M.
However, we believe that the topological description of the low sub-levels of J,

(see next Section), which is based on Proposition 3.2, is optimal.

Remark 3.13. The improved inequality in Proposition 3.2 is consistent with the
asymptotic analysis in [14]. Here the authors prove that when both u;,u, blow-up
at the same rate at the same point, then the corresponding quantization of conformal
volume is (87,87). On the other hand when the blow-up rates are different, but
occur at the same point, then the quantization values are (47,87) or (87,47).

4 Min-max scheme

Let X5 be as in (2.1), and let us set
(4.1) - - o
D5 = diag(Xs x Xs5) = {(B1,02) €T x L5 : O = th}; X =T5xX;5\D;.
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Let € > 0 be such that p; + € < 8z for i = 1,2, and let R, J, y be as in Proposition
3.1. Consider then the map W : H'(X) x H'(Z) defined in the following way

(4.2) W (ur,up) = <‘V (I:Id‘/) l”(feezdvg>>
¥ x

By Proposition 3.2, and since C > h;(x) > % > 0 for any x € X, we have that
I, (u1,u2) is bounded from below for any (u1, u») such that ¥(u;,u,) € Ds. There-
fore, there exists a large L > 0 such that

4.3) Jp(l/tl,ug) <-L = ‘I’(ul,uz) cX.

By our definition of X, the set X is not compact: however it retracts to some
compact subset 2y, as it is shown in the next result.

Lemma 4.1. For v < 0, define
Zva = { (), (22)) €X ¢ 1 = +d(x1,32) 2 8%,
max{t|,r} < &, min{t;, 1} € [V?, V] };
Ao = {((xl,tl), (x2,2)) € X : max{t;,rp} = 8, min{t;,1,} € [vz,v] },
and set

(44) {%‘V — ('-%/‘VJ U %\/72) g X

Then there is a retraction Ry, of X onto Z,.

Proof. We proceed in two steps. First, we define a deformation of X in itself satis-
fying that:

a) either max{tl,tz} < 6 and ‘ll —t2|2+d(x1,x2)2 > 54,
b) or max{t,r,} = 0.

Then another deformation will provide us with the condition min{#;,#,} € [vz, v] .
Let us consider the following ODE in (Z x (0, §])*:

x1(s) (8 —max;{;(s)})Vy,d(x1(s),x2(s))*
d | n@s) | _ (t1(s) —r2(s))t1(s) (6 —11(s))
ds | x2(s) (8 —max{£i(s)})Vo,d(x1(s),x2(s))*

t(s) (t2(s) =11 (5))12(5) (6 —12(s))

Notice that if |t — 1|* +d(x1,x,) < 6* (and max{t;,1,} < &) then d(x,x2) is
small so d(x1,x;)? is a smooth function on (£ x R)?, and the above vector field
is well defined. For each initial datum (%, %) € X we define sy, 5, > 0 as the
smallest value of s for which the above flow satisfies either a) or b).

To define the first homotopy H; (s,-) then one can use the above flow, rescaling
in the evolution variable (depending on the initial datum) as s = § = sy, 9,S.
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To define the second homotopy, we introduce two cutoff functions 1, X»:

xi(t)=1 fort < v2, x2(t)=1 forr < 6/2,
X is non increasing, 0 =2(1-%) 1€(8/2,8),
x1(t)=—1 fort > v, x2(t) =0 fort > 9,

and consider the following ODE

d < ti(s) ) _ < X1 (min{7i(s)}) 22 (11 (s)) >

ds \ n(s) )\ xi(min{zi(s)})22(12(s)) )
As in the previous case, there exists §y, 5, such that the condition min;#; € [v2, V]
is reached for s = §y, »,, and one can define the homotopy H, rescaling in s cor-
respondingly. Observe that along the homotopy H, the distance |f; — ;| is non
decreasing if |t; —t,| < §/4.

The concatenation of the homotopies H; and H, gives the desired conclusion.

Note that both H; and H,, by the way they are constructed, preserve the quotient
relations in the definition of X. 0

We next construct a family of test functions parameterized by 2 on which J,
attains large negative values. For (¥,%) = ((x1,11), (x2,12)) € Zy define

(4.5) ®s,.0) () = (0100), 92(3))

where we have set

1 +72d(x2,y)?
@6)  o(y)=lo 24(32,)

(l +712d(x1,y)2)

1 +f%d(xlay)2
(1+2d(x2,y)2)"

5, :(y) =lo
with

1 1)
= fort; < %
4.7 fi=Hh(t) =4 T =12
( ) 1 l(l) { —%(l’l—s) fortizg; l
Notice that, by our choices of 7,7, this map is well defined on Zy (especially for
what concerns the identifications in X5). We have then the following result.

Lemma 4.2. For v sufficiently small, and for (91,,) € 2, there exists a constant
C=C(6,X) >0, depending only on X and J, such that

172 2
(4.8) ca s / ePVav,(y) <CL, i
i f

~

Proof. First, we notice that by an elementary change of variables

1 Co
49 / —dx=20 A>0
@2 ® (14 A2[x[2)? A?

for some fixed positive constant Cy. We distinguish next the two cases
(4.10) Iti =1 >8 and |f —h|<§.
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In the first alternative, by the definition of .2 and by the fact that v < §, one of
the #;’s belongs to [v2, v], while the other is greater or equal to 573.

Ift; € [v2,v] and if 1 > %3 then the function 1+ 73d(x,y)? is bounded above
and below by two positive constants depending only on X and 8. Therefore, work-
ing in geodesic normal coordinates centered at x; and using (4.9) we obtain

71 / C 2

1< < [emVav,(y) < = <Cr.

C_Cilg_z g(y)—i%— 1
If instead t, € [v?,v] and if 1; > %3 then the function 1 +512d (x1,y)? is bounded
above and below by two positive constants depending only on X and 8, hence one
finds

1 Bl
?1(y) >_ [ (1+2 2 >2
JLeavi = ¢ [+ Bate Piavi) 2 2 = o
and similarly
, - ~ C
/e(pl())dvg(y) < C/(l +13d(x2,y)?)dVy(y) < CB = e
X z 2

In both the last two cases we then obtain the conclusion.
Suppose now that |¢t; — ;| < 8%: then by the definition of .27 we have that

d(x1,x2) > %2 and that 11,1, < v+ &>. Then, from (4.9) and some elementary
estimates we derive

1 1+8d(x1,x)* _ 16
AP y) > / AP (y) > 2 bl 5 L
/z «l B, (5%) 02 ¢ it Cit;
By the same argument we obtain
) 2 2
/ e(Pl (})dvg(y) S Cl +t2déx1,x2) S C%
By (87) i /)

Moreover, we have
C 1}
[ e <S [ (i avo) <
(By, (8%))° 17 J (B (8%))° 5
This concludes the proof. g

Lemma 4.3. For (¥1,%) € 2y, let @y, v,) be defined as in the above formula.
Then

Jp(@(9,,9,)) = —o0 asv—0 uniformly for (t,%,) € 2.

Proof. The statement follows from Lemma 4.2 once the following three estimates
are shown

1 1
4.11) /Q (<pwhﬂz)) dV, < 8m(1 +05(1))loga +87r(1 +05(1))log5;
X
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4.12) ][(pldVg =4(1+o05(1))logt; —2(1 +05(1))logtz;
X

@.13) ][q)zdvg — 4(1 +05(1)) logts — 2(1 + 05(1)) logt.
x

In fact, these yield the inequality

2

‘]P((p(ﬂl,l%)> SZ(zpi_gﬂ‘i‘OS(l))logti—)—w asv —=0
i=1

uniformly for (¥%,%) € 2y, since pi,pr > 4mw. Here again we are using that
C > hi(x) > £ >0forany x € L.

We begin by showing (4.12), whose proof clearly also yields (4.13). It is con-
venient to write

@1 = log (1+5d(x2,y)?) —2log (1 +77d(x1,y)?)
and to divide X into the two subsets
o =B (8)UB,(8): =X\,

For y € a7 we have that

1 y Csy . 5.y
<1 +Fd(x),y)* < 2= <1+8d(x,y)? < =%
C5,Zt12 = 1 ( 1 y) = tlz C572t2 2 ( 27)’) l‘% ’

which implies
1
|

On the other hand, working in normal geodesic coordinates at x; one also finds

/ log (1+77d(x;,y)?) dV, = 05(1) logt;.
B (xi)

@.14) /(pldVg:4(l+05(1))logt1—2(1+03(1))10gt2.
o

Using (4.14) and the last formula we then obtain (4.12).
Let us now show (4.11). We clearly have that
V@, = Vlog (1 +t~22d(xz,y)2) —2Vlog (l +t~12d(x1,y)2)
2653d(x2,y)Vyd (x2,y)  477d(x1,y)V,yd (x1,)

1+72d(x2,y)? 1+72d(x1,y)?

and similarly
V@, = Vlog (1 +flzd(x1,y)2) —2Vlog (1 +f22d(x2,y)2)
_ 20d(x1,y)Vyd(x1,y)  453d(x2,y)V,d(x2,y)
1+72d(x1,y)? 1+ 72d(x2,y)?
From now on we will assume, without loss of generality, that #; <. We distin-
guish between the case 1o > 8% and 1, < §°.
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In the first case the function 1+ fgd (x2,y)? is uniformly Lipschitz with bounds
depending only on 8, and therefore we can write that
 4id(x1,y)Vyd (x1,y)

Vo, = Os(1);
(pl 1+f%d()ﬂ,y)2 + 5( )

_ Zflzd(xl 7)’)Vyd(x1 7y)
1+72d(x1,y)?
Given a large but fixed constant C; > 0, we divide the surface X into the three
regions

4.15) B = By, (Cll‘l); By = sz(cltz)Q By = E\ (c%;l U@z).
In %, we have that |V¢;| < C7;, while

fd(x1,y)Vyd(x1,y) _
1 +i%d(xl>y)2

The last gradient estimates imply that

/ZQ((P(ﬂl,ﬂz))dVg =

+05(1).

(4.16) inX\ 4.

1
 O(Ps,.0,))dVg +05(1)log — + O5(1)
\ B h

1
d 1
4.17) = 8717/ 7t+05(1)10g?+05(1)
C 1

11

1 1
= 8n(1+o05(1)) <logt —i—logt> +0s(1) sincet, > 8°.
1 2

Assume now that 7, < §. Then by the definition of .2, we have that d(x,x;) > %2,
and therefore % N %, = (. Similarly to (4.16) we find
f1d(x1,)Vyd(x1,y) Vyd(x1y) .
: 1-‘1-t~'lzd(x1,y)2 (1 +oc, (1)) d(x1,y)

Bd(x2,y)Vyd(x2,y) _ V,d(x2,y)
? 1+2722d(;27y)§ = (1+0¢, (1)) c}l(xz,zy)

in %3.

Moreover we have the estimates
|V§D,’§Cf, in%’,-, i:1,2; ’V(PI‘SC in%’j, l;éj

Then, there follows:

1 1
/Q(<P(zs.,z92))dVg =/ O(Q(,,9,))dVy +0s(1)log — +o0s(1)log — + O5(1)
T By n 15}

(4.18) = 8n(1+o05(1)) (logt11+logt12> +0s5(1).

With formulas (4.17) and (4.18), we conclude the proof of (4.11) and hence that of
the lemma. Il
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Since the functional J,, attains large negative values on the above test functions
®(9,,5,)> these are mapped to X by ¥'. We next evaluate the image of ¥ with more
precision, beginning with the following technical lemma.

Lemma 4.4. Let @1, @, be as in (4.6): then, for some C = C(8,%) > 0, the follow-
ing estimates hold uniformly in (01,%) € Zy:
2
t
(4.19) sup / ePdV, <Cr*Lt Vr>0,i#j.
x€X J By (rt;) tj
Moreover, given any € > 0 there exists C = C(g,8,X), depending only on €, 0 and
Y. (but not on v), such that

(4.20) / e%dv, > (1—¢) / PVav, i=1,2.
Bxl-(C[i) X

uniformly in (01,%) € Zy.

Proof. We prove the case i = 1. Observe that 1 +73d(x2,y)? < t% and that 1+

2
2d(x1,y)* > 1. Therefore we immediately find

C 1 17
/ e?1dV, < = 5dV,(y) < Crz—l2 forall x € X,
Bi(nr) 1y JBi(nr) (14+7d(x1,y)?) 5
which gives the first inequality in (4.19).
We now show (4.20), by evaluating the integral in the complement of By, (Rt} )
for some large R. Using again the fact that 1 +72d(x,y)* < t% we clearly have that
2

C 1
(4.21) / eVav,(y) < = / dV, ().
£\By, (Rn) ’ 5 Jos, k) (14 Bd(xi,y)?)°

To evaluate the last integral one can use normal geodesic coordinates centered at
x1 and (4.9) with a change of variable to find that

1
lim t‘z/ dVg=o0g(l) asR— +eo.
Hn—0% ! I\By, (Rt1) (1+i%d(x1vy)2)2 ’

This and (4.21), jointly with the second inequality in (4.8), conclude the proof of
the (4.20), by choosing R sufficiently large, depending on €, and X. O

We next show that, parameterizing the test functions on .2, and composing with
R, oW, we obtain a map homotopic to the identity on 2. This step will be funda-
mental for us in order to run the variational scheme later in this section.
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Lemma 4.5. Let L > 0 be so large that ¥({J, < —L}) € X, and let v be so small
that Jp (@9, 5,)) < —Lfor (%,02) € 2y (see Lemma 4.3). Let Ry be the retraction
given in Lemma 4.1. Then the map from Ty, : 2\, — % defined as

Ty ((B1,%2)) = Rv(¥(95,,,)))
is homotopic to the identity on Zy.

Proof. Let us denote O¥; = (x;,1;),

e(Pi
Ji fevdv,’ v(fi) = (Bi,01),
where y is given in Proposition 3.1. First, we claim that there is a constant C =
C(6,%) > 0, depending only on X and &, such that:
1 o
(4.22) < 7 <C, d(Bix)<Cr.
i

By (4.20), we have that

o (xi, fi) < Cti,
where o (x, f) is the continuous map defined in (3.1). From that, we get that o; <
Ct;. Using now (4.19), we get the relation #; < Co;.
Taking into account that ¢ (x;, f) < Ct; and (3.2), we obtain that

d(-xHS(fl)) S Ctiv
where S(f) is the set defined in (3.3). But since the inequality
d(ﬁhs(ﬁ)) <Co;

is always satisfied, we conclude the proof of (4.22).

We are now ready to prove the lemma. Let us define a first deformation H; in
the following form:

(( (B1,01) ),S) ,ﬂ> (Bi, (1—s)o1 +5K7)
(B2, 02) By, (1—5)0 4 5%)

where k; = min{§, \% .

A second deformation H, is defined in the following way:

<< (Bi,%1) ),s) H, ((1—=s)B1 +sx1, K1)

H Y
(B2, k2) ((1=5)B2+sx2, K2)

where (1 — s)B; + sx; stands for the geodesic joining B; and x; in unit time. A
comment is needed here. If k; < &, then we have that o; < 4/v8. By choosing
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v small enough, this implies that f3; arEi x; are close to each other (recall (4.22)).
Instead, if k; = &, the identification in X5 makes the above deformation trivial.
We also use a third deformation H3:

<< (21, K1) ) s> [, (x1, (1 —s)K1 +st1)

(x2,K2) (x2, (1 —s)Ks +512)

We define H as the concatenation of those three homotopies. Then,

((19'17 1-92)’S) = Ry OH(lP((p(l%,ﬁz))?S)
gives us the desired homotopy to the identity.
Observe that, since v < &, H(¥(9s, 5,)),5) always stays in X, so that Ry can
be applied.
U

We now introduce the variational scheme which yields existence of solutions: this
remaining part follows the ideas of [7] (see also [21]).
Let 2, denote the (contractible) cone over 2+, which can be represented as
?v = (e%/‘v X [0, 1]) ‘N’

where the equivalence relation ~ identifies 2 x {1} to a single point. We choose
L > 0 so large that (4.3) holds, and then v so small that
Jo(@(s,,9,)) < —4L  uniformly for (91,%) € Zy,

the last claim being possible by Lemma 4.3. Fixing this value of v, consider the
following class of functions

(4.23)

r={n:2,—H'(Z)xH'(Z) : 1 is continuous and 1 ((V1,2),0) = P(s, v, }-

Then we have the following properties.
Lemma 4.6. The set I is non-empty and moreover, letting
o= inf sup J,(n(m)), one has o > —2L.
nel e,

Proof. To prove that I" # 0, we just notice that the map

(4.24) N(0,s) = (1 =9)@s,,5,), (B,5)€ Xy,
belongs to I'.

Suppose by contradiction that o < —2L: then there would exist a map n € I'
satisfying the condition sup,, 5= Jp(1(m)) < —L. Then, since Lemma 4.5 applies,
writing m = (9,s), with © € .2, the map

s RyoW¥on(,s)
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would be a homotopy in 2y between Ry 0¥ o @y, 5,) and a constant map. But this
is impossible since 2}, is non-contractible (by the results in Section A and by the
fact that 2y is a retract of X) and since Ry o'W o @, 4, is homotopic to the identity
on Zy. Therefore we deduce o > —2L, which is the desired conclusion. U

From the above Lemma, the functional J, satisfies suitable structural properties
for min-max theory. However, we cannot directly conclude the existence of a crit-
ical point, since it is not known whether the Palais-Smale condition holds or not.
The conclusion needs a different argument, which has been used intensively (see
for instance [7, 9]), so we will be sketchy.

We take u > 0 such that _¢; := [p; — i, p; + ] is contained in (47,87) for both
i = 1,2. We then consider p; € _#; and the functional J; corresponding to these
values of the parameters.

Following the estimates of the previous sections, one easily checks that the
above min-max scheme applies uniformly for p; € _#; for v sufficiently small.
More precisely, given any large number L > 0, there exists v so small that for

pi€ i

(4.25)
sup J5(m) < —4L; o = inf sup J5(n(m)) > —=2L, (p = (p1,p2)).
medZ y nel meZ y

where I' is defined in (4.23). Moreover, using for example the test map (4.24), one
shows that for u sufficiently small there exists a large constant L such that

(4.26) ap <L forp;e g

Under these conditions, the following Lemma is well-known, usually taking the
name “monotonicity trick”. This technique was first introduced by Struwe in [26],
and made general in [13] (see also [7, 19]).

Lemma 4.7. Let v be so small that (4.25) holds. Then the functional J;p pos-
sesses a bounded Palais-Smale sequence (u;); at level 04y for almost every t €
1-4 1+ 4]

Proof of Theorem 1.1. The existence of a bounded Palais-Smale sequence for J;p
implies by standard arguments that this functional possesses a critical point. Let
now t; — 1,¢; € A and let (u; j,us ;) denote the corresponding solutions. It is then
sufficient to apply the compactness result in Theorem 2.1, which yields conver-
gence of (u1 j,uy j); by the fact that p;, p, are not multiples of 47. O
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Appendix: The set X = X5 x X5\ Dg is not contractible.

Without loss of generality, we consider the case § = 1 (see (2.1)). Let us denote
=3

If £ = S?, we have a complete description of X. Indeed, in this case ¥ can be
identified with B(0,1) C R3. Therefore, we have:

X =(B(0,1) x B(0,1)) \ E,
where E = {x € R®: x; = x;,3, i = 1, 2, 3}. By taking the orthogonal projection
onto E*, we have that X ~ U \ {0} (~ stands for homotopical equivalence), where
U C E* is a convex neighborhood of 0. And, clearly, U \ {0} ~ S.

The case of positive genus is not so easy and we have a less complete de-
scription of X. However, we will prove that it is non-contractible by studying its
cohomology groups H*(X ), where coefficients will be taken in R. Indeed, we will
show that:

Proposition A.1. If the genus of ¥ is positive, then H*(X) is nontrivial.

Proof. In what follows, the elements of X will be written as (x,1), where x € ¥,
t€(0,1].
Clearly, X =Y UZ, where Y, Z are open sets defined as:

Y = {(()C],[]), (XZJZ)) S YIxX h 7é [2}7
Z={((x1,11),(x2,0)) EEXZ: 11 <1, < 1, x; #x2}.
Then, the Mayer-Vietoris Theorem gives the exactness of the sequence:

S HY(X) 5 H(Y)OH(Z) - H (Y NZ) —» HY(X) = -
Since our coefficients are real, the above cohomology groups are indeed real
vector spaces. The exactness of the sequence then gives:

(A1) dim(H*(Y N2Z)) < dim(H*(X)) +dim(H*>(Y) ® H*(Z)).

Let us describe the sets involved above. First of all, observe that Y =Y; UY,
has two connected components:

Y, ={((x1,11),(x2,12)) EEXE: t; > 1), j#i}.

To study Y1, we define the following deformation retraction:

rn:Y1 =Y, n ((Xl,ll), <x2,l‘2)) = ((xl, ]), (XQ, 1/2)).
Clearly, r1(¥;) = 0 x (£ x {1/2}), which is homeomorphic to . Analogously,
Y, ~% andsoY ~ X WX (here U stands for the disjoint union).
For what concerns Z, we can define a deformation retraction:

r:Z—=2Z, r((x,n),(x0n))=(x1,1/2),(x,1/2)).
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Observe that r(Z) = (£ x {1/2} x £ x {1/2}) \ D which is homeomorphic to
¥ x X\ D, where D is the diagonal of X x X. Let us set

A=XxX\D,

since it will appear many times in what follows.

Moreover, Y NZ = (Y1 NZ)U (Y2NZ), and so this has two connected compo-
nents. Also here we have a deformation retraction:

r’l NNZ—=Y NZ, I”ll((xl,l‘l),()cz,tz)) = ((X1,1/2),<XQ,1/3)).

It is clear that 7} (Y NZ) is homeomorphic to A = X x X\ D. Analogously we
can argue for Y, NZ; therefore, Y NZ ~ A UA.

Hence, from (A.1) we obtain:

(A.2) dim(H*(X)) > dim(H*(A)).

Let us now compute the cohomology of A =X x X\ D. Given € > 0, let us
define:

B={(x,y) €eZxX: d(x,y) < €},

which is an open neighborhood of D. Clearly, we can use the local contractibility
of X to retract B onto D. Moreover, AUB =X x X. The Mayer-Vietoris Theorem
yields the exact sequence:

(A3) ---—>H*(ANB) - H*(LxX)—H(A)®H>(B) - H(ANB) — ---

Therefore, in order to study H>(A) we need some information about H*(ANB).
By using the exponential map, we can define a homeomorphism:

h:ANB={(x,y) €eExX: 0<d(x,y) <€} —={(x,v)€eTE: 0<|]v|] <€},

h(x,y) = (x,v) € TE such that exp,(v) =y,

where TX is the tangent bundle of X. Therefore, A N B is homotopically equivalent
to the unit tangent bundle UTX.

The cohomology groups of UTY must be well known, but we have not been
able to find a precise reference. We state and prove the following lemma:
Lemma A.2. Let us denote by g = g(X) the genus of X. Then:

(1) ifg=1, HO(UTY) 2 H3(UTZ) =R and H' (UTX) = H*(UTX) = R>.
() ifg# 1, HOUTY) 2 H*(UTY) 2R and H' (UTX) = H*(UTY) = R,
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Proof. We only need to compute H'(UTX) and H*(UTY).

If g = 1, that is, £ ~ T2, then TX is trivial and hence UTY ~ T? x S! ~ T3, The
Kiinneth formula gives us the result.

If g £ 1, we use the Gysin exact sequence (see Proposition 14.33 of [1]):

0— HY (L) - H'(UTE) — H'(£) “$ HX(X) — H*(UTE) — H'(X) — H*(£) =0.

In the above sequence, Ae is the wedge product with the Euler class e. Since
we are working with real coefficients and the Euler characteristic of X is different
from zero, then Ae is an isomorphism. Therefore, we conclude:

H'(UTT) = H'(X)=R*, H*(UTI)=H'(X)=R*.
O

Remark A.3. We have chosen real coefficients since they simplify our arguments
and are enough for our purposes. As a counterpart, the above computations do not
take into account the torsion part. For instance, it is known that UTS? = RPP? (see
[24]).

We now come back to the proof of Proposition A.1. With our information, (A.3)
becomes:

> H*(ANB) 5 R¥ - H}(A) >R — - -
In the above sequence we computed H>(Z x ¥) using the Kiinneth formula. Then,
4g < dim(H*(UTX)) +dim(H?(A)). Therefore, dim(H?(A)) > 2g, if g > 1, or
dim(H?(A)) > 1, if g = 1. In any case we conclude by (A.2).
g
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