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our main result to find solutions of the CR Yamabe problem
with minimal energy.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction and statement of the results

Around 1960 the three physicists R. Arnowitt, S. Deser, and C. Misner developed
the Hamiltonian formulation for Einstein’s general theory of relativity in a series of
papers, see e.g. [2,3]. The total energy was called the ADM-mass later in the literature.
The positive mass conjecture asserts the non-negativity of such a quantity assuming
non-negativity of the local energy density, and classifies the situation for the zero mass
case. The conjecture was proved by R. Schoen and S.T. Yau using minimal surface theory
[36-39] and by Witten using the Dirac equation for spinors ([41]; a rigorous proof is given
in [33]) in late 70’s and early 80’s.

The positive mass theorem was then used by Schoen in [35] to prove the Yamabe
conjecture (finding conformal metrics with constant scalar curvature) in the cases left
open in 1976 by T. Aubin [4], namely in dimension 3, 4, 5 or when the metric is locally
conformally flat. As shown in [40], to solve the problem (in the positive case, the most
difficult one) it is sufficient to show that the Yamabe quotient of the manifold is smaller
than the one of S™. This was done both in [4] and in [35] using suitable test functions. In
particular Schoen’s argument consists in gluing a standard bubble near any p € M to G,
the Green’s function of the conformal Laplacian with polcf1 at p. It turns out that the
regular part of G, coincides with the mass of (M \ {p}, Gy > g), the blow-up of M at p.
The positive mass theorem played a key role in other problems in conformal geometry,
for example in the compactness of the Yamabe equation or the Yamabe flow, see [7,8,29].

Since there is a strong analogy between CR geometry and conformal geometry, one
may wonder about what happens in CR geometry correspondingly. The goal of this
paper is to introduce a notion of asymptotically flat pseudohermitian manifold, define
a pseudohermitian mass and to prove its positivity under suitable conditions. We give
then applications concerning existence of minimizers for the CR, Yamabe quotient, which
is useful to study the CR analogue of the Yamabe quotient.
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We consider a compact three dimensional pseudohermitian manifold (M, J,0) (with
no boundary) of positive CR Yamabe invariant. This means that the first eigenvalue of
the CR invariant sublaplacian

Lb = —4Ab + R,

is strictly positive. Here A; stands for the sublaplacian of M and R for the Tanaka—
Webster curvature, see Subsection 1.1 for their definition. The CR invariant sublaplacian
has the following covariance property under a conformal change of contact form

Lo(p) = u™ @2 Ly(up); b = u20,

where (Q = 4 is the homogeneous dimension of the manifold. The CR invariant sub-
laplacian rules the change of the Tanaka—Webster curvature under the above conformal
deformation, through the following formula

—4Ayu+ Ru = Ru 34 ,

where R is the Tanaka—Webster curvature corresponding to the pseudohermitian struc-
ture (J,0). The positivity of the CR Yamabe invariant is equivalent to the condition

fMRJéé/\dé
lnf’7

(J) :==in >0, (1)
Y(J ; (fMg/\dé)E >0 1

where @ is any contact form which annihilates ¢ (the contact bundle). Under the as-
sumption Y(J) > 0 we have that L is invertible so for any p € M there exists a Green’s
function G for which

(44, + R) G, = 165,.

One can show that in CR normal coordinates (z,t) (see Subsection A.2) G, admits the
following expansion

1
Gp==p >+ A4+ 0(p),
27
where A is some real constant and where we have set p*(z,t) = |z|* + 2, z € C, t € R.
Having in mind the Riemannian construction for the blow-up of a compact manifold, we
consider in Subsection 2.1 the new pseudohermitian manifold with a blow-up of contact
form

N = (M \ {p}v J,0 = G;%é)a (2)
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where 6 is the contact form described in Proposition A.5. With an inversion of coordi-
nates (described in Subsection 2.2) we then obtain a pseudohermitian manifold which
has asymptotically the geometry of the Heisenberg group. Starting from this model, in
Subsection 2.3 we give a definition of asymptotically flat pseudohermitian manifold and
we introduce its pseudohermitian mass (p-mass) by the formula

m(J, 0) ::i%w%/\ﬂzz lim i%w%/\@,

A—+oco
o) Sa

where we have set Sy = {p = A}, p* = |2|* + 2, and where w} stands for the connection
form of the structure, see Subsection 1.1. The above quantity is indeed a natural candi-
date, since it satisfies a property analogous to the Einstein—Hilbert action (see (45) and
Remark 2.4), and moreover it coincides with the zero-th order term in the expansion of
the Green’s function for L, see Lemma 2.5.

In our main theorem we give some general conditions which ensure the non-negativity
of the p-mass for blow-ups of compact manifolds, characterizing also the zero case as
(CR equivalent to) the standard CR sphere.

Theorem 1.1. Let M be a smooth, strictly pseudoconvex three dimensional compact CR
manifold. Suppose Y(J) > 0, and that the CR Paneitz operator is non-negative. Let
p € M and let 0 be a blow-up of contact form as in (2). Then

(a) m(J,0) = 0;

(b) if m(J,0) =0, M is CR equivalent (or, together with 0, isomorphic as pseudoher-
mitian manifold) to S®, endowed with its standard CR structure (and its standard
contact form,).

In Subsection 2.3 we prove an integral formula for the p-mass, in the spirit of [41]. To
state this formula we need to introduce another conformally covariant operator, the CR
Paneitz operator

Py = 4(p1h1 +iAngt)!

(where we are following the notation of Subsection 1.1). The operator P is a real self-
adjoint operator [23,24] and satisfies the covariance property [24]

P(J7é) = u74P(J)9); 0 = u6. (3)

In Proposition 2.6 we prove then the following integral formula, which holds for an
asymptotically flat pseudohermitian manifold N

2 1=
gm(J,e) = —/|Db6|29/\d9+2/|ﬁ,ﬁ|29/\d9+2/R|ﬁj|29/\d9+5/5P,6’9/\d9. (4)
N N N N
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Here 8 : N — C is a function satisfying
B=Z+B_1+0(p *") near p=oc; 0,3 =0(p™*) near p = o0,

with 0,8 = =28 1; and with 3_; a suitable function with homogeneity —1 in p, satisfying
condition (35) below, which comes from a Taylor expansion of the O, operator at infinity.
To explain the link between the spinor method in [41] and the O, operator, we refer the
reader to the end of Section 2.

We prove Theorem 1.1 in Section 3. The assumptions we give here are CR invariant,
and are needed to ensure the positivity of the right-hand side in (4). By the result in [13],
the conditions on Y(J) and P imply the embeddability of M: we use this property to
find a solution of 0,8 = 0 with the above asymptotics (and hence to make the first
term in the right-hand side of (4) vanish): we first find an approximate solution through
the expansion of O,z at infinity, and then through the analysis of the Szegd projection
of this quantity, see Subsection 3.2. To obtain the full solvability of 0,8 = 0 we then
employ a mapping theorem in weighted spaces from [25]. The positivity of the CR Paneitz
operator is used instead to control the last term in the right-hand side of (4), showing
that it is the sum of a non-negative term and a (negative) multiple of m(.J, ) which
can be reabsorbed into the left-hand side, see Subsection 3.5. More comments on the
relation between the embeddability and the non-negativity of P for manifolds of positive
CR Yamabe invariant are given in Remark 1.4. As a matter of fact, non-negativity of
the CR Paneitz operator is preserved under embedded analytic deformations.

Corollary 1.1. Let M be a smooth, strictly pseudoconvez three dimensional compact CR
manifold. Suppose M is an embedded, small enough, analytic deformation of the standard
CR three sphere. Let p € M and let 0 be a blow-up of contact form as in (2). Then the
same conclusions of Theorem 1.1 hold.

In Section 4 we construct some examples of structures using the deformation formulas
in Subsection A.1. First, using second variation formulas, in Subsection 4.1 we consider
perturbations of the spherical structure for which P fails to be non-negative, see Proposi-
tion 4.1 (and also [13]). Then, in Subsection 4.2 we derive the first and second variations
of the mass near the standard sphere. We also construct examples of manifolds with
positive CR Yamabe invariant and negative mass (when the blow-up is done at suitable
points), see Proposition 4.4. This is in striking contrast with the Riemannian case, where
all perturbations of the sphere give rise to blown-up manifolds with positive mass (except
for metrics conformally equivalent to the spherical one). We also describe an example of
CR structure on S? x S' with non-negative Paneitz operator and non-vanishing torsion,
obtained as quotient of H! \ {0}. This example is geometrically interesting. It is one of
a few models for the class of S'-invariant compact spherical CR 3-manifolds and plays
an essential role in the classification problem.
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Our next main goal is to apply Theorem 1.1 to the study of the CR Yamabe problem,
namely finding conformal changes of contact form in order to obtain constant Tanaka—
Webster curvature. As for the classical Yamabe problem, the cases Y(J) < 0 are more
directly treatable (see [19]), while the case Y(J) > 0 is the most difficult one. Calling )
the quotient for the standard CR three sphere, by a result in [26] one always has

Y(J) <, (5)

and if strict inequality holds, then the problem is solvable. The strict inequality is needed
to ensure compactness of the minimizing sequences in (1). This condition was verified in
[28] for n > 2 and non-spherical structures, in the spirit of [4] through some expansions
involving the local geometry.

The positivity of the mass is instead a more global property, and it enters when G,
has the following expansion near p:

Gp = cnp™ 2" + A+ 0(p), (6)

where p is the Heisenberg distance in CR normal coordinates. It turns out that the term
A is a multiple of the mass defined for the blow-up M. We observe that (6) holds for
n =1 (dimension 3 case) and for N being spherical of all dimensions.

For such manifolds of n > 2 (some extra technical condition in dimension 5, n = 2)
with positive CR Yamabe invariant, one can prove a positive mass theorem for A (and
hence find solutions of the CR Yamabe problem with minimal energy) through another
approach [17].

Our next result gives the strict Webster—Sobolev inequality (5) in the three dimen-
sional case (the only one left), if M is not CR equivalent to the standard CR three-sphere,
under the same assumptions as in the previous theorem.

Theorem 1.2. Let M be a smooth, strictly pseudoconvex three dimensional compact CR
manifold. Suppose Y(J) > 0, and that the CR Paneitz operator is non-negative. Then
either M is the standard CR three-sphere or if M is not CR equivalent to the standard
CR three-sphere one has Y(J) < Vy. In both cases, the CR Yamabe quotient admits a
smooth minimizer.

The CR Yamabe problem for the case of three-dimensional CR manifolds and for
spherical CR manifolds was solved in [21] and [22] respectively (we also refer to [19]
and [17]). While the proof in these papers relies on topological arguments and may not
provide energy extremals, in the spirit of [5], our argument is based on direct minimiza-
tion and gives an extra variational characterization on the solutions (see more comments
in Remark 5.4). To prove strict inequality we follow Schoen’s argument in [35], finding
test functions which resemble a CR bubble at a small scale, and the Green’s function G,
at a larger one. The construction is performed in Section 5. More in general, the analysis
of the Yamabe problem in the CR case has been so far less precise than the Riemannian
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case: for example a basic difficulty is the lack of a moving plane method, which is useful
in general to derive a priori estimates and to classify entire solutions. In connection with
the negative mass example of Proposition 4.4, the CR Yamabe quotient of Rossi spheres
[34], which are homogeneous and non-embeddable, is under current investigation by the
authors, as it is expected that it should be not attained.

In the Appendix we collect some useful tools: first the variations of some geometric
quantities under a deformation of the CR structure, and then the CR normal coordinates
introduced in [28]. The latter are needed here to derive asymptotic estimates on the
Green’s function near its singularity and on the geometric quantities on asymptotically
flat manifolds.

1.1. Notation and preliminaries

We collect here some useful material: throughout this paper, we will mostly use nota-
tions taken from [30]. Consider a three dimensional CR manifold endowed with a contact
structure ¢ and a CR structure J : € — & such that J> = —1. We assume that there
exists a global choice of contact form 6 which annihilates £ and for which 8 A df is always
nonzero. We define the Reeb vector field as the unique vector field T' for which

0(T) =1, T.d6=0.
Given J as above, we have a local choice of a vector field Z; such that
JZl = ’LZl, JZT = 77:ZT where ZT = (Zl) (7)
We also define (6,60',0) as the dual triple to (T, Z, Z7), so that

d = ih, 76" A 6" for some hy7 > 0 (possibly replacing 6 by — 6).

In the following we will always assume that h;7 = 1.
The connection 1-form w; and the torsion are uniquely determined by the equations

o' = 60" Aw} + AL A 67
w%—i—w%:O.

The Tanaka—Webster curvature is then defined by the formula

dw! = RO* A O (mod ).
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In the (3-dimensional) Heisenberg group H! standard choices for the dual forms are

; =dt + izdz — 1zdz;
0! = 2dz;
0 = V2dz,

while for the vector fields we can take

T=2;
Z1= 35 (& +izg); (8)
Zr=s (B~ 25)

The standard contact structure & on H' is spanned by real and 1mag1nary parts of
21 at each point. We define the standard CR structure Jy : & — & by J0Z1 = zZl on
the complexification of &,. (H, Jy, ) is a pseudohermitian 3-manifold with w{ = A% =
R=0.

We recall the rules for the covariant differentiation with respect to wi. For a complex
function f we set

h==2F; fa1= 212\ f — wi(Z7)Z1 f; fo=TFf,....

We have the operators

Apf=fo ' Hfg = Far+ fo Oof = —Aof +iTf,

where we have used h'! = h;7 = 1 to raise or lower the indices. We also recall the
commutation relations

€17 —C,1 = 1C,0 +kcR,
¢,01 —C10= &7 A11 — kcAq,1; 9)
C,o1 —610= 61 Aﬁ + kCAﬁd )

(see Lemma 2.3 in [31]; here we are considering the n = 1 case) where c is a tensor with 1
or 1 as subindices, k is the number of 1-subindices of ¢ minus the number of T-subindices
of ¢ and where, we recall, we are assuming that hyy = 1 (so A;7 = A% and Aj; is the
complex conjugate of A37).

The CR Paneitz operator P is defined by

Py = 4(p;ly + idne"). (10)

Let pggp = @111 +iA110"'. The CR pluriharmonic functions are characterized by ngp =0
[31] while P is identified with the compatibility operator for solving a certain degenerate
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Laplace equation (see [23]). The operator P is also a CR analogue of the Paneitz operator
in conformal geometry (see [24] for the relation to a CR analogue of the Q-curvature and
the log-term coefficient in the Szegd kernel expansion). On a compact pseudohermitian
3-dimensional manifold (M, J,0), we call P non-negative if

/LpngQ ANdO >0 (11)
M

for all real (C°°) smooth functions ¢. When we want to emphasize the dependence of 6,
we write Py instead of P. P is pseudohermitian covariant in the sense that

Pyp = Pyp (12)

for the contact form change 6 = ¢2/0 [24]. The CR Paneitz operator enters in the
assumptions of the following embeddability theorem.

Theorem 1.3. ([13]) Let M be a compact three-dimensional CR manifold. If P is non-
negative and R > 0, then every eigenvalue X # 0 of Oy is greater or equal to miny; R.
In particular the range of Oy is closed. If P is non-negative and Y(J) > 0, then M can
be embedded into CN, for some integer N.

Remark 1.4. For a large class of pseudohermitian structures close to the spherical one (see
Theorem 1.9 in [13]) the non-negativity of P implies the embeddability of the structure.
A partial converse is shown in [10], where non-negativity of the CR Paneitz operator
and the condition kerP; = kerP is shown to be preserved under embedded analytic
deformations. The non-negativity of P is also used in [14] to obtain some hessian bounds
on complex functions in terms of integral bounds on the sublaplacian.

Examples with P non-negative include torsion-free (compact pseudohermitian)
3-manifolds (see Theorem 5.3 in [11]) and non-torsion-free 3-manifolds like S? x S?,
see Subsection 4.3.

In the systems of coordinates we will use below (both near zero or near infinity), we
will set

pt = |z* + 2 (13)

In the Heisenberg group H' the function p has homogeneity 1 with respect to the natural
dilation (z,t) = (Az, A%t), A > 0.

For a compact CR manifold M and for ¢ > 1 we define the Folland-Stein space &1+
to be the completion of the (complex-valued) C* functions on M with respect to the
norm
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1
/(u7lﬂj+u7fﬂ,1)%9/\d0 + /|u|q0/\d0
M M

We define the spaces &%¢ (k € N) in a similar way, taking all possible combinations of
1 and 1 derivatives up to order k.

For k € Z we denote by O(p*) a function f(z,%,t) for which |f| < Cp* for some
C > 0; we use instead the symbol O'(p*) for a function f(z,Z%,t) such that

IFI<Co,  |o.f1 < Cp" M oupl,  |0:f1 < CP* M dzpl,  |0uf| < CPFT [Oup]

One can define similarly the symbols O”(p*), 0" (p*), etc. We will use the symbol O(p"*)
for a function which is of the form OU )(p*) for every integer j, or for j large enough for
our purposes.

Large positive constants are always denoted by C, and the value of C is allowed to
vary from formula to formula and also within the same line. When we want to stress
the dependence of the constants on some parameter (or parameters), we add subscripts
to C, as Cy, etc.. Also constants with this kind of subscripts are allowed to vary.

Acknowledgments J.-H. C. (P.Y., resp.) are grateful to SISSA and Princeton University
(Academia Sinica in Taiwan, resp.) for the kind hospitality. He also would like to thank
Hung-Lin Chiu and Jack Lee for many discussions on this topic at an early stage of this re-
search project. J.-H. C. would like to thank Chin-Yu Hsiao for teaching him the distribu-
tional argument used in the proof of (56). A.M. has been supported by the project FIRB-
IDEAS: RBID08X97A Analysis and Beyond and by the Giorgio and Elena Petronio Fel-
lowship while visiting IAS in Princeton in the Fall Semester 2008-2009. He also would like
to thank Academia Sinica in Taiwan and Princeton University for the kind hospitality.

2. Asymptotically flat pseudohermitian manifolds and definition of the p-mass

One of our main goals is to study compact manifolds with positive CR Yamabe in-
variant. For these, the CR invariant sublaplacian is positive definite, and therefore by
classical arguments it admits a Green’s function. By Proposition 5.2 (we refer to Sub-
section 5.1 for details), the Green’s function G, with pole at p € M, namely the solution
of

—4A,Gy, + RG,, = 165,,

in CR normal coordinates (z,t) centered at p (see Subsection A.2) has the form

where w is a function of class C1'® for any « € (0,1) and where, following our notation,
p4 — |Z|4 + t2.
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In fact, a more refined regularity property on w can be proved, see Appendix A of [25]:
this fact will be needed to apply the main theorem there.

2.1. Blow-up through the Green’s function

Let (M, J) be a CR three-manifold, and let p € M. By Proposition A.5 (which relies
on results by D. Jerison and J. Lee from [28]), we can find a contact form  near p and
local coordinates (z,t) such that

A

b= (1+0(sY) 0+ O(p°)dz + O(p°)dz;
0' = V2 (1+0(pY)) dz + O(p*)dz + O(p3)5,

where we recall
0 =dt+izdz — izdz.

If § is as above and if Y(.J) > 0 we consider the following pseudohermitian manifold

(M \ {p}, J,0 = Ggé) : (14)

where we made a conformal change as in Subsection A.1.1, taking f = log G},. Then by
(136) we also have

o' = G, (0" +2i (105 G,) 1 6). (15)
By the expression of G}, (see Proposition 5.2), setting A = w(0) we have that

G, =

37 (p) near p. (16)

Hence, from Proposition A.5 we have that

1 2 0
0 =G0 = (27Tp2 + A+ O(p)) [(1 +0(p") 0+ O(p°)dz + O(p‘r’)dz}
— 1 — Ap~2 0 5Vdz "\dz
<(2 >2p +2 Ap +O(p >[1+O ")) 6+ O0(p°)d +O(p)d} (17)
_ (( 1)2p_4+2—Ap_2+O( -1)>2+0( )dz + O(p)dz

Recall also the second equation in (15), which we rewrite as

[CORP
G

p

ot = G[01+2 ] Gp0" +2i(G)) 10.
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Using the fact that

1 izv
—2
1= —=—7+0O(p),
where v =t +i|z|?, we get
1 1 dzv
= bl 1
(G;D)l 27_‘_\/— p6 +O(1)7 ( 8)

from which we deduce

= Gyf' +2i(G,) 10
1, 4 4N 317
= (%p —|—A+O(p)> (\/5 (1+0(p*)) dz 4+ O(p*)dz + O(p )9)

2 (505 5 o ) (14 06h) 6+ 0GPz +0GF))  (19)
1 1 z2v

1 °
=|—p"+A 2 .
(%p + +O(p)) V2dz 4 O(p )dz+< o +0(p)) 6
Using (138), the new connection form becomes

3(logGy) , 0" — 3(log G,) 1 07 + i (Ab (log G,) + 8 (log G,) , (log Gp)j) 0.
(20)

)—El:)—‘

From (18) we find

(logG,) - = Gr)i vz + O vt + 00
0 7= — = =
&bl = o Lp2+A+0(p) 1+421Ap?+0(p?)

1.
L e o),

which implies

e

3(log Gyp) , 0* — 3 (log G,) 1 o

_ 3izv o 2 . T Nz 3\
_< T + 32 A +0(p )) <\/§d +O0(p")dz + O(p*)dz + O(p )9) (21)

3izv 2 _ 4 4N 1 3\
+ < oI +3V2r A +O(p )) (\/idz—i—()(p Ydz + O(p*)dz + O(p )0> .
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On the other hand, we also have that

Ay (log Gp) + 8 (log Gy) | (log Gy) 1

(), (), (587) s

)

_ Apr + 6(Gp>,T(Gp),l.
G, G2

P

(=

Letting Ay denote the standard sublaplacian in the Heisenberg group, from the choice
of CR normal coordinates we find

Ay =Dy + 0(p") 2121 + O(p") 2121 + O(p") Z1Z1 + O(p") Z1 27 + O(p°) 210,
+ O(p°) Z10: + O(p°)0, Z1 + O(p°)0: Z1 + O(p*) Z1 + O(p*) Z1 + O(p*) 0y

2

o
Using this expansion and the fact that Ayp~2 = 0 in H' we obtain

AG, D (W +A4+0(p))
Gp W +A+O(p)

= O(p) (p small),

vy 0(1))

sr~

(GP),T(GP),I —6 (%% - Q + O(l)) (QL _|_
(2,,[)2 +A+0(p )

_J(FHCFr0w)) (B r06)  pp
h (14 27A4p2 4+ O(p?))* ot

2% 2
3F47TAP + O(p).

Therefore we get

IZI2 E |2

Ay (log Gp) +8(log Gy) | (log Gyy) 1 =3— — 12 TA+ O(p). (22)

From (21) and (22), taking Proposition A.5 into account then one finds

20
= —32—dz — 3Z—d2’ + SZLH
ot p

+ (3@%—2 + O(p2)> V2dz + (gmmj)_’g + 0(,02)) V2dz (23)
‘ 2

+ ( 127rAzp—+O( )) 6.
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2.2. CR inversion

Next we want to express 6 and 6 in inverted CR normal coordinates (z«,t.). If (2,t)
are CR normal coordinates in a neighborhood U of p, we define the inverted CR normal

coordinates as

z t
2= t*:_W; on U\ {p}, (24)
where, as before, v = t + i|2|?.
We have that
0=t il = —tlof + izl = o2t + i]2.]2) = [oH(—5.),

with v, = t. + i|2.|?. The following two identities hold

1= —vv, or 1 = —vv,,
which imply
Zx [
z =% t=——
Ui |v4]?
We can write that
0z 0z 0z ot ot ot
dz = dze + —dZ, + —dt,; dt = dze + —dZ. + —dt.,
92 T 5 T A IR ER T
so using elementary computations one finds
0z ty 0z 22 0z 2z
0z v2 07 v2 oty 2
ot :2t*|z*|2z3_ ot :2t*z}<|z*|2. ot _ 7 — =t
0z lo.]* 07, lvg]* Ot AR
These relations imply
©). _ )
° 0). 0). 1
0 = = : p=— (p*)4 - (t*)Q + |Z*|47 (25)

. = (o) .

o]

where (0), = dt. + iz,dZ. — iZ.dz., and also

o

 —tdz, 4 i22dz, + zedt, 20(0), — Vidz,
- 02 - 2 '

* *

dz

(26)
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Now from (17) we have that
o 1 o
_ (2 —4 -2 -1 —
0 =G0 = ((277)2'0 +2—Ap +O(p )) 0+ O(p)dz+ O(p)dz

z*(t;)* — Uudzy

(p+) (v.)2

+ O(p*l)w
1 . ) ) -
((27r) + Ap* + O(py )) (0) + O(p; 3)dz* +0(p2 S)dz*

as p — 0 and p, — oco. Similarly from (19) we deduce

o' = (%p_Q +A+ O(p)) V2dz + O(p?)dz + (—%%Z—Z + 0(p>> 0

(1, B 2 (0), —T.dz. o [2.0). — vz,
= (%p* +A+0(p; )) V2 (o2 +0(p:?)

11 a0 o) O
+ (s vou) G

= (VB 007) (). + O )iz + (g = AV2 0 ..

It is irrelevant to multiply the form @' by a complex unitary factor, which we can choose

3 .
to be —Z—g := €'?. In this way the new 61, which we will denote as 0} is given by

oL — (ﬂAzp*”* +0p: )) (8). + O(p;*)dz. + (1% +AVIp2 4 O(p*?’)) dz..

*
Under this complex rotation the connection form changes according to the law
1

Wi = (W])p = wi + ide.

The function ¢ is defined by

= log (—pi%) = log (p*2v26*1) = 2logv — 2log p — logw.

By elementary computations one finds
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Hence, using Proposition A.5 one has
dp = 010" + ‘P,TéT + 00

1 3zv 1 3zv _ |\2° _ °
= 2 V2dz + \/_d Z0 4 O(p*)dz + O(p®)dz + O(p?)6. 27
73 Nl ST (p°) (p”) () (27)

By (23) and (27) we then obtain

25 o
(W) = 67rAz—dz + 67TAZ— Z— 127rAz|—6’ +O(p*)dz + O(p*)dz + O(p)d.  (28)
p? p? p?

From (24) and (26) one then gets

Zo (|24 + i) 2 (=2 +ity)
6

67 Aidz + 6w Ai = dz = —6m A dz, — 67 A a dz.
P p P P
2 o
+ 12mA|Z*6| 0).,
and the coefficient of (). cancels with
2% 2 |2 \2 2
—127Ai—-0 = 12w Ai——(0)..
p 2
In conclusion, using also (25), in inverted CR, coordinates we obtain
P it) | o
(@) = [ a0 | .
*x\ 7 [~ 2 t* °
+ |Poma =R 0 @ 000 )

We can finally rescale by the constant factor e/ = 27 to get the new forms (where we
omit the normalization symbol)

0= (1+47Ap> + 0(p:?)) (0)« + O(p;*)dz. + O(p; %) dz.; (30)

"= (NﬁwAz;g* + O(p*5>> (6)- +O(p:")dz. + (142742 + O(p;)) V..
(31)

Notice that by (138) the connection form will stay invariant.
Later on, in Subsection 3.1, we will also expand the adapted frame associated to this
triple (6, 01,6%).
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2.3. Definition of p-mass and an integral formula

Having in mind the previous expansions, and in particular formulas (30), (31), we
give the following definition of asymptotically flat manifold. Recall (see Subsection 1.1)
that H' denotes the (3-dimensional) Heisenberg group with standard pseudohermitian

(o)

structure (Jo,#). Let B,, denote the Heisenberg ball of radius po.

Definition 2.1. A three dimensional pseudohermitian manifold (N, J,6) is said to be
asymptotically flat pseudohermitian if N = Ny U N, with Ny compact and N, diffeo-
[e]

morphic to H' \ B,, in which (J,6) is close to (Jy,6) in the sense that
0= (1+4rAp>+0(p™?)) 0+ O(p~%)dz + O(p~?)dz;
o' = O(p*‘o’); +0(p™)dz + (14 274p 2+ 0(p~2))V2dz

for some unitary coframe ' and some A € R in some system of coordinates (called
asymptotic coordinates). We also require that R € L'(N).

Remark 2.2. From Definition 2.1 and the structure equations in Subsection 1.1, we can
then have

o' = (—2\/§7TAZP—Z + O(p_4)> ;—i- O(p™")dz + (1 +214p™2 + O(p~?)) V2dz,
and
wi = {—GWAipZ:: + O(p4)] dz + [—67&4?—: +0(p™Y| dz + O(pf“r’);.
We look for an expansion of the vector field Z; of the type
Zy=(14a) Zy +b Z1 +e T
(recall the notation in (8)). From the three relations
0=0(Z1) = (1+a)0(p ) +b0(p™%) +c(1+47Ap> + O(p™?));
1=0"(Z1)=(14a) (1+214p >+ O0(p™%)) +bO(p™*) + ¢ (—2\@WA;—§ + O(p_3)) ;

0="0%Z)=(1+a)0(p ") +b (1+27A4p™>+0(p?)) +c¢ (—2\/§WAZ—Z + O(p_4))

we deduce that
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Similarly we obtain
o 20U o
T=(1-41Ap 2+ O0(p*)) T + (2\/§7rAp—6 + O(p_4)> Z1
U _4 o
+ 2\/§m4p—6 +0(p™") 77 .

By our conventions about the quantities of the type O(p*), we also have that

A =0(p™); R = Zy(w{(Zy)) — Z1(wi(Z1)) +iwl(T) +2wi (Z1)w; (Z7) -
—— N —
O(p=*) O(p~3) O(p~5)

Note that if we use 14 O(p~2) as the v/2dz-coefficient of #' in Definition 2.1, then only

the real part of O(p~2) (namely, 2rAp~2) is determined. But then the f-coefficient of
wi is not O(p~>) (only O(p~*)). On the other hand, we may relax the conditions in
Definition 2.1 for other purposes in the future.

After this definition we are ready to introduce the notion of p-mass using a variational
characterization, in the same spirit of (45). Considering a one-parameter family of CR
structures J(s) and using the notation of Subsection A.1.2, we have that

J=2E=2E0"® Z; + 2E10" @ Z,.

Denoting by R(s) the corresponding Tanaka—Webster curvature and using (141)—(142)
we then find

d .
E‘S:O/R(s)eAdQ—/RGAdQ
N N

N

= —/d(EH,lH/\Hl) +C0nj.—/(A11Eﬁ+COHj.)0/\d9
N N

= —j{Enjg A @' + conj. — / (A11 Eq7 + conj.) 8 A db
9] N

= y{zw% AH_/(AllEﬁ+COnj.)9/\d9.
oo N

This formula leads us to the following definition.
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Definition 2.3. Let N be an asymptotically flat manifold. Then we define the p-mass of
(N, J,0) as

m(J, 0) ::i%w%/\O::AliT i%w%/\@,
—+00
0o SA

where we have set Sy = {p = A}.

Remark 2.4. By the above computations one finds

d

) —/R(s)ﬁ/\d@—km(J(s),@) :/(AllEﬁ+AﬁE11)9/\d97
s=0

N N

which is the counterpart of (45), as desired. Apparently the definition of the p-mass
depends on a choice of asymptotic coordinates and a (co)frame 6. Whether the p-mass
is independent of the choice of asymptotic coordinates or an admissible (co)frame is an
interesting problem. But we will not pursue it in this paper.

First, we show that m(J,6) can be expressed in terms of the constant A appearing in
Definition 2.1.

Lemma 2.5. If m(J, 0) is as in Definition 2.3 and if A is as in (16), then
m(J,0) = 4872 A.

Proof. By (29) and some elementary estimates one finds

m(J,0) = j{zw% NG = —3i27rA7{p76 (1272 + izt)dz — (|2|°2 — izt)dz] /\2

o0 oo

(o)

= —GiﬂA% |2|%(Zdz — zdZ) A 6 6imA j{(iftdz +iztdz) A O,
S 5

where we have set

Using the relations

z = re'¥; dz = €' (dr + irdy); Zdz — zdz = 2ir?dep, (32)
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we get

o

m(J,0) = —6irA f [2ir*dy + 2itrdr] A 6
S

= 127rAf [7‘4d<p Adt + tr(dr A dt + 2r°dr A dep)]
S

= 127TA7{ (r4d<p A dt + trdr A dt + 2tr3dr A d<p) .
s

On S we have 4r3dr + 2tdt = 0, so the last formula becomes

m(J,0) = 127rA]{ (r'de A dt — t2dt A dyp) = 1271'A?§d<p A dt = 487 A.
5 S

Therefore we obtain the conclusion. O

We derive next an integral formula for the p-mass.

295

Proposition 2.6. Let (N, J,0) be an asymptotically flat pseudohermitian 3-manifold. Let

B: N — C be a C*®-smooth complex-valued function such that
B=Z+B_1+0(p 2 near oo,
and

Dbﬁ = O(p_4)7

-1

where B_1 is a term with the homogeneity of p~ satisfying

(515 = —2varal - V24

02 |22+t

near infinity, where € € (0,1). Then one has

2 1 [—
gm(J,e) = _/|Dbﬂ|29Ad9+2/|5ﬁ\29Ad9+2/R|35|29/\d0+5/ﬁPﬁ@/\d@,
N N N N

where
P = 0,008 + 4i(A1181) 1

is the CR Paneilz operator (equivalent to the definition given by (10)).

(36)
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Remark 2.7. We will show in Section 3 that it is indeed possible to find a solution of
(34) satisfying (33) and condition (35).

Proof. By the commutation rules (9) we have that

Integrating by parts we get

/(B,ﬁ371)710 Adf + COIlj. =1 %(ZT,BJ)BJGT NGO+ COIlj. + i%w}(ZT)W,ﬂzHT N + COIlj.

N 0o
Regarding the first integral on the right-hand side of the last formula we have that
i%(ZTﬁ)T)BJQT A @ + conj. = i%\ZTﬂjdE A (dt — ZEdZ) + conj.,

while for the second using the definition of m(J, ) we find

- 1
ifw}(@wjﬁal A0+ conj. = Zm(J.6).

o

For the second divergence term in (37) and recalling the asymptotics of wi in Remark 2.2
we get

/Kﬁjo@,ﬂ A df + conj. = — fﬁ)TOBHT A 0 + conj.

N

=— f (T@T)BQT A @ + conj. + 7{ wi(T)(B 186" N6 — BJEGT A 6) (38)

o0 o0

=— %(TBJ)BGT A 0 + conj.

o0

We have the Paneitz operator appearing if we use the formulas (the boundary terms
vanish after integration by parts)
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1 — _
- / Z(P,@)ﬂe A df + conj. = — /(ﬁjll +1iA11871) 180 A df + conj.
N N
=— / B11B 10 Adf + / (—i(A11871) 18 + conj.) 0 A df,
N N

and (from (9) we have z’B)o = B)ﬁ _ B,ﬁ)

—1 / 650139 A df + conj. = —i/ (6’1105 + (B,TAII),TB) 0N do+ conj.
N N

= / (|5,112 - i(R@B) 6 A d6 + conj.
N

We will show next the following two identities

Z']{Zfﬂjdf A (dt — iZdz) + conj. = 1—72m(<], 0); (39)
> - . 5
_ %(Tﬁj)zx/ﬁdz A (dt — izdz) + conj. = _Em(J’ 9). (40)

To prove (39) we notice that (modulo O(p~3%¢))

) 1 1 V2A
_92 — _ —2
Br=(1—2mAp %) Z1(Z) + (B1) 1 = 7 —V2rAp~? — 2\/§7TAF - m
1 1 V24
=— —3V2rA— — .
V2 3o p* |2 it

By elementary computations one finds

G 122) 9Ax(12]2 — )2 235t 9A(12]2 — it)2
2B = —SWAz(lt 6|Z| ) n z(\z|8 it) _ 7rAz3|Z| - 3it n z(\z|8 it) .
’ p p p p

Then, by a scaling argument, we obtain

i ?{ Z1B1dZ A (dt — iZdz) + conj.
= mA]f [(3]2[> — 3it)zdz A (dt — izdz) — (3]2|* + 3it)zdz A (dt +izdZ)]  (41)
S
4 2A¢]§ (|22 — it)?2dz A (dt — izdz) — (|22 + it)*2dz A (dt + i2d2)]
S
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(recall that S = {p = 1}). By straightforward computations, and in particular the fact
(cf. (32)) that

zdZ + Zdz = 2rdr; dz AN dz = 2irdp A dr (42)

we find (using also that on S, 4r3dr + 2tdt = 0)

i?{ZTBde A (dt — izdz) + conj. = 27rA/3|z|4d<p Adt — 277A/(—3)t2d<p Adt  (43)
oo S S

1
+ 87rA/ V1 —t2dt.
S1
We then get

1
7
i]{ZTB’TdE A (dt — iZdz) + conj. = 24m% A + 87TA/ V1 —t2dt = 2872 A = Em(J, 0),

00 —1

which is (39).
To prove (40) instead we use the following formula, which can be obtained from the
expansion of T in Remark 2.2

iAV2

t
TB1=3V2mA— + ——— —ote
B1=3V2r PG + EEEShE +O0(p™"")
it iAV2(|2)? — it)?
:—\/iwAi—?;zt—i——Z \f(;'g B o(t).

Using again a scaling and elementary computations (some of which are similar to those
for the proof of (39)) one gets

— }{(Tﬁj)zﬁdf A (dt — izdz) 4 conj.

oo

1
= 22'71'14}1{ [3itzdz A (dt — iZdz) + 3itZdz A (dt + i2dZ)] — Em(J, ).
S

Exactly as for (41) and (43) we deduce

- j{(Tﬁj)z\/idE A (dt —izdz) + conj.
9 1
= —4nA | 3t3dp N dt — Em(J, 0)
s
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1 1 1
— 24— - __ _
=—167"A 12m(J7 0) 3m(J, 0) 12m(J7 0),
which proves also (40).
Using all the above formulas and the fact that P is real we then obtain

—2/\@nIQHAde+2/R|ﬁ,ﬂ29Ad9
N
2 1 [
= gm(Jae)*2/\ﬂ7ﬁ|20/\d9+2/|[3jl|20/\d07 5/5(13/3)“(19.
N N N

Since 0,8 = =28 11, we finally get the conclusion. O

In Proposition 3.1, we prove the existence of 3 satisfying (33), (34) in Proposition 2.6.
Moreover, in Subsection 3.4, we prove the existence of 8 such that 0,8 = 0. Substituting
this in (36) (plus an argument on the Paneitz term), we finally get the non-negativity of
the p-mass.

We recall next some well known definitions and facts in General Relativity, referring to
[32] for more details. A Riemannian manifold N (of dimension n) with a smooth metric
g is called asymptotically flat of order 7 > 0 if N decomposes as N = Ny U N, where
Ny is compact and N, is diffeomorphic to R™ \ B (0) for some R > 0, and if g on Ny,
satisties g, = 0,5 + O(z| "), |9gij| = O(2|=7=1), [92gi5] = O(Je|~"=2) as |o| — +oc
in some system of coordinates. Such coordinates are called asymptotic coordinates. One
then considers the Einstein—Hilbert action

Alg) =~ [ 8,av,

N

where S, is the scalar curvature of (N, g). Given a smooth variation g, of the metric
with d%|szogs = v, v = (v45), one has

d 17 *
£|S:0(Sgsdvgs) =- (U”Gij +V f) dVy,

where G;; = R;j — %Sggij is the Einstein tensor and where £ = (vj,% k_ vf)j)dxj. Then,

if one defines the mass m(g) to be

mlg) = Jim_w § oy, b= (09— 0,99, Ta = {lal = R}, (44
YR

varying the metric it turns out that

(A9 +m(g) = [ 7Gyav, (45

ds
N
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To explain the link between the spinor method in [41] and the O, operator, let us
consider a general spin® structure on a contact bundle £ over an asymptotically flat
pseudohermitian manifold M of dimension 2n + 1. Let W denote the spinor bundle
with a spin® connection V compatible with the pseudohermitian connection VP Let
e1, ..., s, denote an orthonormal basis of £ with respect to the Levi metric. Denote the
contact Dirac operator D¢ by

2n
Deyp = Z F(ea)veaw

a=1

for a section ¥ of W, where I' denotes the Clifford multiplication. Let T" denote the Reeb
vector field associated to the contact form 6. Let DZ, V* denote the adjoint operator of
D¢, V, resp.. We then have the following formula

n

2n
DiDetp =Y Vi Ve, =2 T(eatnia) V1t (46)
a=1

a=1

+ Z D(eq)T(en)RY (€q,ep))

a<b

where 1 < a,b < 2n and RV (e,, €3), the curvature operator, is defined by
Rv(ea,eb) = Veaveb - vebvea - V[ea,eb]'

Decompose Rz) = RV (eq,€p) as a sum of the trace free part Ravb and the trace part
2_”trWRaVb. A standard deduction shows that

S Tea)N(en) 50 = SR

a<b

where, again, R denotes the Tanaka—Webster scalar curvature. On the other hand,
2_”trWRZ) = Fy(eq,€p) in which the curvature 2-form F4 := dA and 24 is the connec-

tion form of an associated line bundle Ly (det W = L?Qnil). Therefore we can reduce
(46) to

n

2n
DZDSw = Z Vzaveaw -2 Z F(eaen-&-a)va (47)
a=1

= a=1

+ 1RO+ p(Fa)y

where p(Fa) = >, ['(ea)l'(es) Faleq, ep)-
To deal with the T-derivative term in (47), we consider the canonical spin® struc-
ture with W = A%* the bundle of all (0, q)-forms. In particular, we take 1) = dpu =
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22:1 u, 593, a (0,1)-form with components being derivatives of a complex function w.
Then we have

3 3%\ 9 %8 1
DE'(/J = (81, + 8;‘)6bu = 8g‘3bu _ EDbU

where [, := 2(51,5;; +5; dp) is Kohn’s Laplacian. Note that 5l’fu = 0. To solve the contact
Dirac equation D¢t = 0 for ¢ with suitably asymptotic behavior at the infinity is reduced
to solving yu = 0 for v with corresponding behavior at the infinity. Associated to the
T-derivative term is a term involving so-called CR Paneitz operator P after integration.
Observe that for n > 2 (i.e. in real dimension 2n + 1 > 5), P is non-negative (for closed
M and open M with suitably decaying test functions) (see [12,23]). In dimension 3, the
embeddability of the underlying CR. structure is necessary for its non-negativity, see
Remark 1.4.

On the other hand, in dimension 3, the trace curvature term p(F4)t is absorbed in
the scalar curvature term. So by further assuming R > 0, we can have the non-negativity
of the p-mass (which we pick up from the boundary terms).

3. Proof of Theorem 1.1

We are now in position to prove our main theorem. For doing this, we need to introduce
some notation and preliminary facts. For two functions fi, fo € L'(H') we define the
convolution operator

(1 # f2)( / F(ZW ) fo(W)dW
/f1 f2 ) Z = (Z,t), W = (w,s),

with
WZ=(z—-wt—s5—2Imzw); dW:<;/\d;)(W)u

see the notation in Subsection 1.1.
By the solvability theory of O in H' (see Chapter 10 in [15]) we have that

0K = KOy = Id— S on L2(HY), (48)
where S is the Szegd projection

1
Sh=lim oshxn™ ne = |2I? + €2 — i,
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and where
1 |22 — it 9 a1
Kh=hxo; d=—1 —— — i)
‘o, e toe (P ) (= it
Define now
— 2 ‘t
f= 47TAM (49)

s
and let y : H' — R be a cutoff function, weakly monotone in p, satisfying

x(z,t) =0 in a neighborhood of (0,0);
X(z,t) =1 near infinity.

Our next goal is to find a function 8_; which has the homogeneity of p~!

and such that

near infinity

081 = —xf near infinity. (50)

This function will be useful to solve (34) and to determine the asymptotics of a function
B as in Proposition 2.6. We can exhibit indeed two functions § and § which satisfy

Z(|z|? + it)

in H* (51)
PE

ﬁbg = —47A

pointwise almost everywhere, but which are not continuous. The two functions are

- —dirA (£ 1) fort>0; 62)
g(z,t) = 52
—dirA (£ + 1) fort <0,
and
02
g(z,t) = —dimA— for z # 0, (53)
vz
where we recall
v=uv(z,t) =t+ilz]% (54)

The function § is not continuous on the plane {¢ = 0}, while § is not continuous on the
axis {#z = 0}. By this reason, § and § should be considered spurious solutions of (51):
however, it turns out that they are useful in some integral estimates, see in particular
Subsections 3.2 and 3.3 below.

The proof of our main theorem relies on the next proposition, where a solution of
0,8 = 0 with a precise asymptotic behavior is found.
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Proposition 3.1. If N is an asymptotically flat pseudohermitian manifold of dimension 3,
there exists a C°°-smooth solution 8 of

OuB = 0(074) on N
satisfying (33), that is,
B=Z+B1+0(p *F) near .

More precisely, if e € (0,1) and if § is as in (49), we can choose a C*-smooth B_1 so
that

By = K(=xP) + O(p2)  for p large, (55)
and
1 V24
(ﬂ—l)j - —2\/57714? — m (56)

near infinity. Moreover, if N is the blow-up of an embeddable compact three dimensional
CR manifold with Y(J) > 0, then there exists a C°-smooth solution B of 08 = 0
satisfying (33).

The proof of Proposition 3.1 is given in the next four subsections.
3.1. Ezxpansion of OpZ near infinity

To study equation (34), we begin finding a correction to z by evaluating first 0O, on Z.
The following asymptotic expansion holds.

Lemma 3.2. If N is an asymptotically flat pseudohermitian manifold of dimension 3,
then

Opz = 471%1%(|z|2 +it) + O(p™) near infinity.
0

Proof. We want to express Z; and wi in asymptotic coordinates, recalling that

° 1 0 0 ol
Zl(Berlzat)’ w1:0.

Recall also that, from the expansions in Section 2
0= (1+4rAp 2+ 0(p™?)) 0+ O(p?)dz + O(p~?)dz;

o' = (—N%AZ—Z + O(p—5)) 6+ 0(pY)dz + (1+274p~ 2+ 0(p™?)) V2dz.
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Recalling also the estimates on the functions a, b, ¢ from Remark 2.2 we also have

lef-i-w%(Zl)ZT: (1+a)Z1 —|—bZ1—|-CT:| |:(1+G)Zl—|-bZ1+CT +w%(Z1)ZT

o]

= 7121+ (Z1a)Z1 + 2aZ1Z1 + wi(Z1) Z1 + R,

where the remainder term R, satisfies

b

oy = 002171+ 00 2r 1 O 2, + Ol 121
4 02T + O(p~5) Z:T
L0 T +0( YT Z) + 0(p P + 0(0~%) 2 + 0o~ 21 + 0(p )T
Recall that, by Remark 2.2 one has

wi=[~g_3V2+ O(p"‘)} dz + [9_3\/5 + O(p*‘*)} 4z + O(p=5)6o,

where
TAV2
g-s3 = 2(3]2]* = 3it).
08

Noticing that a = —27rAp~2 + O(p~3) implies

° _4 ° 9 _ 1 zv _4

Z1a+O0(p™) = —2nAZ1p 2 + O(p™*) = 2nA—=—— + O(p™*),

V2 p°
we obtain the expansion of £ := 0Op — 55
&= —4aZ1ZT - 2(Z10,)ZT—|— 2§ 3ZT - QRDb
o o 1
= SwAp~2Z, 75 — ArA s 95 .7 — 2R,

=8rAp 22, Z1 + 2\/§7rAp (3]2| + 3it — w) —2Rg,

= 8’/TAp72%1%T+ 4\/§7TA 26
p

(I2* + it)Zy — 2Ras,-
Applying this operator to the function Z we have that
£z =8rAp~2Z, (1) + 47rA (|z|2 +it) +O0(p~*) = 47TA (|z|2 +it) +0(p™*), (57)

which gives the desired conclusion. 0O
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3.2. Proof of (55)

We have the following result concerning approximate orthogonality of f to the Szego
projection.

Lemma 3.3. If f is defined as in (49) then
(S(N(=z1) =0(p™") as p — +oo.
Proof. Let §(z,t) be as in (52). Then one has
O = —f  fort#0.

Since

we have that Z1g extends smoothly to t = 0 except for p = 0. We consider the function

f=—00(x9),

which coincides with § outside a compact set containing the origin of H?.
We then compute

—(SH(2) = —Rgg%/f “12)aw
= g i [ () (W) (W 2)
Hl
— ozl [ (@)W (V1 2))  aw
Hl

+ L tim (@) (2 W1 2)) W

27r2 e—0
Hl
— ozl [ (@)W (V1 2)) aw.

27'r2 e—0
Hl

In the above equalities we used the fact that 12 is a conjugate CR function in W.
Integrating by parts we then get
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. o L _ i . _ _ T
ti [ B2V 2)dW = ot | @)WV 2)(0 A6 ()
5 74 e—0

H t=0t

- 75 (@) (W2 (W=12)(0 1 05 (W)
t=0—

1
= lim | ¢ @)W 2(W ' 2)—=dw A dw

z

—d

V2
z

V2

- 75 (X)W n=2(W" 2)Z=dw A diw

t=0—

Since (x§)t is smooth outside a compact set, we have vanishing of the difference of the
boundary integrands outside a compact set. We also have that

lin%) n2(W=Z)=0(p~*)(Z) for W in any given compact set of H'.
E—

The last two formulas then imply

A

(S1)(2) = O(p™)(2).
By the same reason, since xf and f coincide outside a compact set we have that as well
S(xN(2) = 0(p™")(2),
which is the desired conclusion. O
Take = xzZ — K(xf). From (48), (57), and Lemma 3.3, we compute, near infinity,

08 = Op(Z — K(xf))
=§—xf+S(xf) — EK(x) +O(p™*)
=0+0(p™?).

By scaling arguments, one finds that K(xf) is the sum of a function with the homo-
geneity of p~! and a function of order p=27¢, concluding the proof of (55).

3.3. Proof of (56)
Since

(9)1 = _2m,4pi2 (2 £0)
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extends continuously to H' \ {0}, to show (56) it is sufficient to prove that

V2A

TEra Tt O(p™®)  for 2 # 0 and p large. (58)

(K(=xf)1 +

To obtain this estimate we use a distributional argument. First of all, we remark that %
is well defined, as a distribution, by the formula

1 dpo  o©
o) =— /1 229N df
Goo) = - [oglaP 5201,
H1
for any test function ¢ € C°(H'). We have now the following result.

Lemma 3.4. If § is defined as in (53) then one has

o 2o
Opg=—f— 4\/§i7T2A%215{Z:0} in the distributional sense of H' \ {0}.  (59)

Proof. We have

o o 2 1 2 o 1
71§ = —4inAZ; (;;) o 4i7TA%ZT <z> - (60)

We next notice that, for any function ¢ € C°(1)

o 1 B 1 oj B l_o _L 9 — o o
(Zi7.0) = G 2i9) = Co=a) = = [ ogl:P o0+ 0,010 1 db

1 1 ° ° 1
=— /1 22 Age = ——(Age1 2
ﬁ/w' {00 1 b = (s log <1 )

3 <{z:0}a 90>

=k

! 4 )
:—-’]‘(‘z:, =
12 e

Therefore by (60) we have

o 5 . e} 2 1 . 1 2
Z1g = —4imAZt (%) 2 + 47TAZ7TE%{ZZ()} ((z,t) # (0,0)).

Using the (distributional) formulas

o 1 o 2 . s 2
gl_ L1 L(&):_LﬂLiﬂj
z V2 2?2
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and the fact that Z;,_oy = 0 we find
o] o] ] p2 p2 [e]
72212T~ = —f — 4\/§7T2iA21 <> 5{220} — 4\/571‘22'14*21(5{’2:0}
v v

2 o
= —f — 4v2r%i4E- 2160 ((2,1) # (0,0)),
which is the desired conclusion. O

The previous lemma implies clearly that

2
Op(X9) = X (—f - 4\/5i7r2A%Zl5{z_o}) +,

where 7 is a distribution with compact support A,.
We next consider a sequence of smooth nonincreasing cutoff functions x; = x; (p)
such that

xj(p) =1 for p<j; xj(p) =0 forp=>j+1,

and another sequence of nondecreasing cutoff functions x; = X, (|z|) satistying

S|

- - 1
Xi(lzl) =1 for [z] = —; Xi(lz]) =0 for [2] < %5
We then define the sequence
95 (z,t) = X;(|2D)xs(p)x(2,1)3 (2, 1).

Since the g;’s converge to g locally in L' we have that

Ongs = =X XF+ G + & (61)

where (; is a sequence of functions supported in {1 < p < j+1}N{|z| < 1/;} satistying
D p*

G = —4V2im* A= Z16 oy, (62)
v

on every open bounded set of H! which does not intersect {p > 2}, and where &; is

supported in {1 < p <2} U{j < p < j+ 1}, with order O(p~3). For z # 0 we now
compute

Z1(K(00g;))(2) = /(5b§j)(W)ZT‘I’(W_1Z)dW = /(Xij)(W)ZT(I)(W_IZ)dW
Hl

Hl
+ / GW)Z7 (W1 Z)dw + / (W) Zr (WL Z)aw. (63)
Ht H1
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Lemma 3.5. The following three formulas hold
[ Z @0V 2)aW = ZiEG(2) + 0,10

V24

FE+it +0(p™?) + 0;(1);

Hl
[z zyaw -
Hl

[ W) 258120 = 0(572) + 0300,

H1
Proof. To prove (64) we notice that clearly
Jownomzamzaw = [ zeer—zaw
H! H!

+ / (1 — x))XP) (W) ZeB(W " Z)d W,

|
so it is sufficient to show
/ (1= x,)XD (W) ZeB(W 1 Z)dW = 0,(1)0(p~?).
Hl

We first notice that

oW 2) = = 0 ),

which implies

Ja=xonnmzew-z)

H! {p(W)25}
By a scaling argument one shows that
/ (p(W))~*(p(W'2))2dW < C(p(Z)) (p(W)) =W
{p(W)=25) {pW)2 55}
C _

<[ ) Hev iz aw,

309

(67)
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giving (64). Recalling the properties of the support of ¢;, we can write that

/&(W)ZT@(W’lZ)dW = / &(W)Zr (W™ Z)dw
H! {1<p(W)<2}
+ / &EW)Zr@ (WL 2)dW.
{i<p(W)<j+1}

An argument similar to the one for (64) gives the same estimate for the second integral
in the last formula. To control the first one we use (67) to find

[ smzewizawi<c [ (pwvz)taw = ol(2) )

{1<p(W)<2} {1<p(W)<2}
which gives (66).
It remains to show (65). In this case, we divide the integral into the three regions

Ar={l<p<df Ax={4<p<j}; As={j<p<j+1}.

Letting W1 denote 1-differentiation in the w-variable, using scaling arguments similar to
the previous ones, (62), and the fact that

1 1

ZOW'2) = ——
W1Zr®(W™Z) 872 (|z — w|? +i(t — s — 2Im(Zw)))2’

we easily obtain
[ oz izyaw| o) x| [ Gnzem i zaw| = o).
A As

On the other hand, from (62) and some elementary estimates one finds

2
/Cj(W)ZTqD(W_lZ)dW = —4ﬁm2A/ %Wla{wzo}Zch(W—lZ)dW +0,(1).
.AQ «AZ

Using the facts that

7 L = _ZLM =0;
s+ ilw]? v2 oo P
S { 1, for s > 0;

LA ifw=20
s+ iw|? —1, for s <0, ne=n
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we deduce

/ GW)Z7 (W1 Z)dw

= —4\2in%A W) s Z-®(W =1 Z2)dW 1
= - [z m( 1 {w:O}) TP( ) +0j()

Az

—4V7Wf{/ﬂwo}{ N%ZJQUV”Z»}MV+0AD.

Using also the identity

1 1
—1 _ _
W1 Zz®(W™Z) = TSR TG = ) for w =0,

we then find

. Vi, 1
A/ GW)Zr (W 1Z>dW=—7“44/ EriG—or™

s 7

—_— 1

ZA/ |Z|2+Zt— 5))2 s+ 0;(1)
—j

V2A

VP+M+WVﬁ+%m,

which gives (65). O

Summing up, by (63) and Lemma 3.5 we obtained that

V2A

m + O(p_s) +0;(1).

Zy(K(Dbd)) = ZK(—xF) +

Since Kﬁb = Id — S on distributions with compact support and since the image of the
Szegd projection consists of CR functions, by Lemma 3.3 we deduce that for z £ 0

_ _ _ V24 -
Z1G; = Z19; — Z1(S3;) = ZgK(—xf) + TEra T O(p™?) + 0;(1).
Letting j — +o00, this means
_ V24 _
Z7G = Z7K(xf) + Lt +0(p™) for z # 0 and p large.

This is precisely (58), concluding the proof of (56).
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3.4. Ezistence of a solution to Oy =0

Below, for € R we denote by £(p*) the set of smooth functions v on an asymptoti-
cally flat pseudohermitian manifold N for which near infinity one has

|Z(a)u| < Cau prlel,

where « is a multi-index and Z(® is a composition of Z; and Z7 derivatives of order |a/,
and where Cy ,, is a positive constant depending on o and u. The main tool to prove
the existence part in Proposition 3.1 is the next result (notice that in [25] a different
convention for 6 is used). Define

Db = GoOp;  my =G, %0 Adb.

Denote the space of square integrable functions with respect to the volume form m, by
L2 (ml)

Theorem 3.6. (Theorem 1.3 and Theorem 1.4 in [25]) Suppose N is the blow-up of an
embeddable compact three dimensional CR manifold with Y(J) > 0. Then

Op,1: Dom(DbJ) - Lg(ml) — LQ(ml)
has closed range, and the following decomposition holds

vallcNJrSN:Id on L2(m1),
where K denotes a partial inverse of Op,1 and Sy the Szegd projection onto the kernel
of Op1. Moreover, for every e € (0,2), Ky and Sy can be extended continuously as
maps

Kn:E(p*~%) = E(p™°); Sn:E(p*7F) = E(p*7F)

and hence there holds

Op1 Knv + Sy =1d on E(pQ_E).
Remark 3.7. Note that O, may not have L? closed range with respect to the volume
form 6 A df. This causes difficulty to solve the O, equation directly. In [25] the authors

introduce the above weighted Kohn Laplacian Op1 and show that Op; has L? closed
range with respect to the weighted volume form m;.

. . ° 9 o 2 ° 210
We observe that near infinity, Oy 1 —0p1 = G (0p — Op) + (G, — (G)?)0p maps E(p*)
to itself. We apply Theorem 3.6 with
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h = —0p,1(xZ + K(=xf))-

By Lemmas 3.2 and 3.3 (in fact, O(p~*) in these two lemmas can be replaced by £(p~*))
we have that h € £(p°) and hence we can find u = Kxh € E(p~2+°) such that Op1u = h
(note that Syh = 0, see Theorem 1.5 in [25]). Therefore the function

B=xzZ+K(=xf) +u

is a solution of 0,18 = 0, hence 0,8 = 0 (see also the deduction in the introduction
of [25]). By scaling arguments, one finds that IC(xf) is the sum of a function with the

1 2+e

homogeneity of p~" and a function of order p~=7°. We have proved the last statement

of Proposition 3.1.
3.5. The role of positivity of the CR Paneitz operator

We prove here that the positivity of P on the compact manifold implies positivity of
the last term in (36) as well, up to a multiple of m(J,6) (which can be reabsorbed into
the left-hand side). We have the following proposition, which also exploits some result
from [25].

Proposition 3.8. Let N be the blow-up of a three dimensional CR manifold with positive
CR Yamabe invariant and non-negative CR Paneitz operator. Let B be as in Proposi-
tion 2.6: then one has

1

% / BPBOnds = / By + Byt WP(Bor + Bnye +W)ONDY — %m(J, 6) (68)
N

N

where u = O(p~3) and
4
gm(.], ) > — / |0uB260 A df + 2/ |B171°0 A db + 2 / R|B3[*0 A d6. (69)
N N N

Moreover, if 0 is chosen as in (2) and 8 is chosen so that Opf = 0 (this can be achieved
by Proposition 3.1), then R =0 and the above inequality is reduced to

4
gm(J, 0) > 2/ 1B.11/70Ad6 > 0. (70)
N

Proof. We set

f=0ze&(p ™).
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By Theorem 4.5 in [25], we can find u € £(p~3) so that dyu = 9y (note that in [25], the
coordinates that authors use can be changed to ours by a CR inversion). Let us write
as

B=Z+B-1+B-2rce=(Z 1)+ B-1+ B2t +7,

o
B=(z—uw)+B_ 1 +B 5 +u
We write the CR Paneitz operator Py = 4(i1;; + iA11¢7)7 as
P = P00, or P =0} oPs.

where

P3(a160") = 4(ag ; +iA11a1) 1,

and

P3() = 4(¢qy; + iA1197)0"

Since P is real we have that [, BPBOAdO = [, BPBH A df € R, and hence

J1E=0) % Bo1 + Boase + 0 Py + B gy )8 0 8
N

= / [(z =)+ B_1 + B_gye +u| P(B—1 + B-oqe + )0 A db.
N

Integrating by parts, we move a 1 derivative to the first term in the integrand of the
right-hand side, which annihilates z — u. In this way we get

J 1G04 pos+ faie 4 W PB4 By )8 00
N

==—/U11+34H6+ukﬁx@4+ﬁ4+@+m9Ad0+f}U%ﬁdeAm.

N 00

For the last term we used the decay at infinity of the lower order terms in 3, giving

%w@—uywil+Eﬁﬁ+uﬁy@4+ﬁ4ﬁ+uwA9h=%méﬁqum.

o0 o0
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Using the Stokes theorem again, we find

7(21‘1535_1 ONO = /((z —u)+ By + B_gre +w)P(Bo1 + P2 + W) O N O

00 N

+ /(ﬁ_1 +B_gre +W)TP5(B1 + Booye +7) O A db.
N

From the last formulas we deduce

/ﬂPB() Adf = /(B,1 +B_g4e +u)P(B_1 4 Boote + 1) O Ad

N N

+ f 2iP3B_ (dt — iZdz + i2dZ) A V/2dz.

o0

Using the decay of A;; at infinity we find

fpgﬂ_l - zi(dt — iZdz 4 i2dZ) AV2dz :\%4(/3_1)T11(7:\/§Zdt/\d2 —V22%dzZNdz).

o0 o0

By our choice of f_; we have that
21y = Bufir = A {J2f 4 it} +O(07"),
and moreover
(0: + iZ0y) {% (21 + it)] = —32%(|2> +it)?*p~°,
so we find

o (|2” +it)?
A(B_1)1yy = —12V2Ar7°

Inserting this expression into the boundary formula we get

4 y{(ﬂ,l)ﬂl(iﬁzdt Adz —V222dz A dz)

o0

- —12\/5%71’14 [[2]* — 2 + 2it[2|*] p~ 1022 (iv/22dt A dz — V22%dZ A dz)

= —247rA% [|2]* — % + 2it|2|*] 22 (izdt A dz — 22dZ A d2).
s

315

(71)



316 J.-H. Cheng et al. / Advances in Mathematics 308 (2017) 276-347

Using the fact that 7' +¢> =1 on S and the relations (cf. (32) and (42))
dz N\ dz = —2irdr A dyp; dt Ndz = ire™dt A de,

one finds

4%([3_1)111(2‘\/52& Adz —\222dz A dz)

o0

= —247TA/ (2" = 2 4 2it|2|*] r® (—rPdt A d — 2irdr A dip)
5

= —247714/ [[2]* — % + 2it|2|?] (r'dep A dt + 2ir®de A dr)
S

= 72471’14/ [|2* — £ + 2it|2|*] (r'de A dt — irPtde A dt) .
5

The terms which are odd in t vanish after integration, so the last expression becomes
1
4
7487&4/(1 —1%)dt = —64712 A = —gm(J, 0).
1

In conclusion, from (36), (71), (72) and the last formula we find

2 1 [
gm(J,O): —/|Dbﬂl29Ad9+2/\@ﬁ|20Ad9+i/ﬂpﬂemw
N N N

= —/|ubﬁ|20Ad9+2/\@ﬁ|29Ad9
N

N

+ %/(5_1 + B ope +UP(Bo1 + Boote + 1) O AdO — %m(J, 9).
N

Viewed as a function on M, 3_1 + B_s. + W, vanishes at p, is of class &*2(M), and is
smooth on M \ {p}. Therefore, by the conformal invariance of P and its non-negativity
we have

/(571 + 372+5 + U)PE'(ﬁfl + ﬁ72+€ + ﬂ) oA db
N

= / (B_1+ B—2+e +u)Py(B-1 + B-oqe + 1) O Adh> 0.
M\{p}
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Notice that the non-negativity of P is assumed on smooth functions, but by approxima-

tion and integration by parts one also gets a sign condition on the integral of vP;v for v
of class G*2(M).
Summing up we then obtain

4
gm(,],b?) :—/|Dbﬁ|29/\d9+2/|ﬁ7ﬁ|29/\d9+2/R|ﬁj|20/\d9
N N N

1 _ _ P
+ 5 / (ﬁ,l +5,2+6+U)P§(571 + B_oye +ﬂ)9/\d9,
M\{p}

which implies (69). Formula (70) then follows immediately. O
3.6. Conclusion of the proof of Theorem 1.1
The first statement of the theorem follows immediately from Proposition 3.8.

Suppose now that m(J,6) = 0. Then, from (70), Proposition 3.1 and (68) we have the
following identities

Bt

0; B11 =0; Pg=0. (73)

The first two relations imply that |ﬁj|2 is constant: in particular, from the behavior of
1 at infinity we deduce that |81]? = 4. We also have then

R=0.

From P = 0 we also deduce that A;; 1 = 0. Let us now show that the torsion vanishes
identically: in order to do this, we follow the arguments of Section 3 in [36]. Since the
ideas here require rather straightforward modifications, we will be rather sketchy in this
part.

We consider the flow ¢ generated by the Reeb vector field T of NV, and we let

Jis) = 5J (J =LyJ =24,p),
where A9 = —iA110" ® Z1 + conj.. By the variation formulas (141), (142) we have that

d . d .

B0 = 2An +i(Anm — Amn); 75 (A1) .0 = iAo, (74)
Since for an asymptotically flat manifold we have A;; = O(p~*) at infinity (see Re-
mark 2.2) and since A;; 1 = 0 at s = 0, from the second equation in (74) we derive (from
a Taylor expansion in s and taking space derivatives) that

Ay 11 =0(sp™®) for s small and p large.
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Then the first equation in (74) implies that for s small

—Cs everywhere on NV;
Ry 0> { y (75)

—Cp% at infinity.

In particular, it turns out that the negative part of Ry, 0 is arbitrarily small as s — 0.
Similarly to Lemma 3.1 in [36] one has the Sobolev type inequality

2
/u40/\d0 < c/ |Vyul?0 A db; C >0,u€ C> (N)
N N

where [Vyul? := 2uyu 7. This implies that
/ (4|Vbu|2 + RJ(S)79u2) 0N do

N

1
2

=

> 4/|Vbu|29/\d9 — /R?(S))QQAdO /u49/\d9
N N N

> (44 04(1)) / |Vyul?0 A d6 as s — 0.

N

Therefore, the operator —4Ay, + R, ¢ is coercive for s small. Estimates similar to (75)
imply that |RJ(S))0| < Cp~8 at infinity, and hence we can find a solution v, of

_4Abvs + RJ(S),OUS = RJ(S),H on N7

which decays to zero at infinity. More precisely, using estimates similar to those of
Lemma 3.2 in [36], together with Lemma 5.1 one finds that

1

Us = 327Tp2 /(RJ<S)’9 - RJ(S),Q’US)Q A df + O(p—?)) at 1nﬁn1ty

N

The function us = 1 — v, then satisfies
—4Apus + Ry, ous =0 on N, (76)

which means that the manifold (N, J,), u26) has zero Tanaka~Webster curvature and is
asymptotically flat. By the asymptotic formula for v, we deduce immediately

1

s=1—5—5
b 327 p?

/RJ(S))QU‘SQ AdO+O(p~?) at infinity,
N
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and hence by Lemma 2.5 (see also the coefficient of 6 in Definition 2.1) we have that

3
m(J(s), ui&) = _Z /RJ(S)79u59 A db. (77)
N

Differentiating the last formula in s and using the fact that ug = 1, together with (74),
we find
d 9 3 9 .
£|s=om((](5),u30) = B |A11‘ OANdO >0 in case Ay; Z0 at s = 0.
N

This implies that for s negative we obtain a manifold which is asymptotically flat, with
zero Tanaka—Webster curvature and with negative mass.

We show that this is a contradiction to the first part of the theorem. In fact, the flow
©(s) on the manifold N corresponds to the one parameter family of diffeomorphisms @)
on (M, .J,0) generated by the vector field (Gp)~2 [T + 2i(log Gp) 1 Z1 — 2i(log Gp) 171
where G, is the Green’s function of L, on M for s = 0, and T the corresponding Reeb
vector field. Letting j(s) denote (<ﬁ(s))*j, then one has clearly that (Gp)) = usGp
(since uSGpé has zero Tanaka—Webster curvature, and the correct asymptotics near
the singularity). Hence we obtain (N, .J(s),u26) as blow-up of the compact manifold
(M, j(s), 0), through the Green’s function (Gp)(s)-

The contradiction will follow if we show that (M, J, (s)> é) satisfies the same assumptions
of Theorem 1.1. Notice that we are pulling back the structure via the contact diffeomor-
phisms @y, so the positivity of Lb Jioysb and of P; 0.f ¢ both follow from a change of
variable and its conformal invariance. Therefore, we proved that m(J,0) = 0 also implies
A =0.

To show that N coincides with Heisenberg, first we define a map from a neighborhood
of infinity & in N to a neighborhood of infinity V in H!. From (73) we find that

d(B10") = B1,0" A O + B30 A O =0,

which implies that 8,1 = 8111 = 0, B11 = 0, |B1|* = constant = 0, and hence df =
ﬂjﬁl. Taking z = /3 we have

d(0 — izdz + izdz) = 0" A 0" — 2idz A dz = 0.
Note that dz A dZ = |B7|°0* A 6! and |B1|*> = 1 hence, if we take U simply connected
(for example, {p > R}, R >> 1, in inverted CR coordinates), there exists a function ¢

such that

dt = 0 — izdz + izdz.
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So we get a pseudohermitian isomorphism between U and its image in H', V, if we send
q € N into

where we are taking curves connecting qo to ¢ inside U.

We call ¥ : V — U (sets which we can assume to be connected by arcs) the inverse
of this map. Extend ¥ to a covering map U : H! — N. Observe that V is contained
in a fundamental domain. If ¥ is not 1-1, then there are at least two fundamental
domains. But one of them has infinity volume while any other one has finite volume.
The contradiction shows ¥ is 1-1 and a pseudohermitian isomorphism between H* and N.
This concludes the proof.

Remark 3.9. If J is spherical we have a different proof of the vanishing of Aj;. In fact,
if 9 stands for the Cartan tensor (see Subsection A.2), for spherical structures one has

1 ) 2
0=9 = ER,M + §RA11 — Ai10 — §ZA11,T1~
Then (see Appendix A), since A;; 1 =0 and R = 0 we find that
0= iAll,O = AlLlT — All,Tl — 2A11R,

which implies A;; ;7 = 0. By integration we obtain

0= —/AllﬂAﬁQ/\da = /An,lAmaAde = /|A1171|29/\d9,
N N N

which implies A111 = 0. Differentiating we get |A11|> = const. and the constant is zero
at infinity, which implies Ay; = 0.

4. Some examples

In this section we describe some examples: first we find a structure close to the spher-
ical one with nonpositive Paneitz operator. Then, we derive an example of manifold
with positive Tanaka—Webster class but with negative mass. We finally describe a CR
structure on S? x S' with non-negative Paneitz operator.
4.1. Three dimensional CR manifolds with nonpositive CR Paneitz operator

Recall that from the commutation rules (9) one has

Opu = —Apu+iTu = —(u 7 +ug) +ivg = —2ug = =221 (Z1u) — 2w%(Z1)ZTu. (78)
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Recall also that, along a deformation Ji, of the CR structure the following relations
hold (see Subsection A.1.2)

Zl = —iEnZT; él = _iEiiaT, (79)
o} =i (A By + ArE) 0 — i(Byy 10" + Eyp,00); Ay =iEng.  (80)
—Ay = 2i (B11 ZrZy + By 127) + conj. (81)

We derive next the first and second variations of the Paneitz operator near the standard
three dimensional pseudohermitian sphere. We can express the Paneitz operator P as
follows

Py = libDbil) + 42'(A111/J7i)y1 (82)
for a smooth real function . By (78) the expression (82) is equivalent to
Py =411, +iAnv 1) 1 or Py = Ajp +T%) + 4Im (Ag1) 1. (83)

Along the above deformation Ji,, let P(,) denote the Paneitz operator associated to
(J(s),0). Let (-,-) denote the L? inner product with respect to the volume form 8 A df.
We then find

(P ) = 2By ) — A1 [ Ay (0220 ndo - 81 [ Ay (6.0) 000 s
S
M b7s
(84)
by (83). From (79) we have
(V1) = —iEny ;. (85)

Substituting (80), (81), and (85) into (84), we obtain

d . . .
%(P(s)%w) = 4/Eii¢,1 (‘“f’,lil — i 111 — Y0+ Alﬂ/{i) & A df + conj. (86)
M

= -8 / Eiiw,1(¢,111 + Z'Alliﬂj)g A df + conj.
M

using an integration by parts and the commutation relations (9). Take ¢ € KerPy), i.e.
4111 +iAn 1)1 =0. (87)

If J) has transverse symmetry, then we can find a contact form 6y such that A;; =0
with respect to (J(), (o)) (see [31]). By the transformation law (3) we have that KerPy)
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and (P(5)9,) are independent of the choice of contact form. So we may just take 6
as the contact form in (87) to get v 1117 = 0. Multiplying this by v ;7 and integrating,
we get

0= /¢,111i¢,119(0) N db gy = —/w,hﬂﬁ,ﬁi@(o) A db o)
M M

= —/|¢,111|29(0) A db o)
M

using an integration by parts and the fact that ¢ is real. It follows that ¢ 1,; = 0, so
from (86) we have

d
%|S:O(P(s)w7w) =0 (88)

for ¢ € KerP ) if J(g) has transverse symmetry. For example we can take J(gy = J, the
standard pseudohermitian structure compatible with € on M = $3, where (53, €) is the
standard contact 3-sphere. Note that from the above argument, ) € Ker P(g) implies that
1 is CR-pluriharmonic if Jigy has transverse symmetry. So by Proposition 3.4 in [31], we
have

Y111 +iAnY =0 (89)
with respect to Jig) coupled with any contact form. Starting with (86) we compute

d2

) d . .
@(P(s)%b,wm:o = —8Z/E11¢,1£ (¥ 111+ iA119 1) |s=08(0) A df(g) + conj.  (90)
S3

by (89). From (79) and (80) we obtain

d
in = il(BipY1) a1 — (B ) 1l (91)
We then have
o (N vz (D N i i B
%1/),111 = <£ 1) (1/1,11) + 241 <%7/’,11) = —iEny 111 +i(Ei1a) 1 — (B 1) 1
(92)

by (79) and (91). Substituting (92), the conjugate of (85), and Ay; = iFy; o into (90) we
get
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d>
752 Pt ¥)ls=0 = 8/5111/&1 [(Bi11) 1 — (Bud 1) i (93)

S3
— Bt 111 + 1B, 1 + iA1 Erpia] 00y A df o) + conj.

In view of the conjugate of (89) and the commutation relations (9), we compute

Y111 = Ya1i — W o1 = 1ATIY1 — i 19 — ip 1 ATT = —it) 10 (94)

Substituting (94) into (93), integrating by parts, and making use of the first commutation
relation in (9):

hence we obtain

d2
752 Lo ¥)ls=o0 = 8/( [(Biiva) 1] + 21(Eip) al” — [(Briva) 17 (95)

53
— R|Eii’¢,1|2 + iAll(Eii¢,1)2> 9(0) N d9(0) + conj.

=8 [ (@(Ev)1P = (Brrba)al® = [(Buy)

S3
—2|(E11¢,1) 11> — 2R|E11¢,11%) 0(0) A d o)

In the last equality of (95) we have used A1; = 0. We now choose F1; # 0 such that

Eyi=0 (96)
Assuming (96), we reduce (95) to
d—zp = 4 E | = [Erva)® — [Bud 11)?
dsg( (5, V)|s=0 =8 [ (4|E1iv11]* — [Eriva)® — (B 1) (97)

SS
—2[(Er1v1) 11* — 2R|E11%,1]%) 00y A db o).

Now on (S, Joy = J, ) = é), where
=i(0 = 9)(|=1]? + [22[*) (98)

is the standard contact form on (53, ¢ ), we have that R is a positive constant. Note also
that Z; = \/— (22 a(z —Zi5,- ) Z7 = \/— (22 a(z Zlaizz)- To make (97) negative, we
choose ¥ = 21 + z1 where (21,22) € 3 C C?. It follows that
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1 1
= ——=2Z9; = 0; { = —=21; i1 =0. 99
Y1 ok P11 11 5% ¥ i1 (99)
Observing that the first three terms of the integrand in (97) vanish due to the fact that
11 =0 by (99), we have
d? 2
a5

1 ~ ~
Py, ¥)]s=0 = 8/ (— ’E11,1Z2 - Eﬁﬁm - R|E1122|2> o Adf <0. (100)
SS

For example, we can take F1; to be a nonzero constant in (100), which satisfies (96). In
view of (100), (88), and (Pg)1, %) = 0, we can find € > 0 small so that

(Psyv,v) <0
for 0 < s < e. In conclusion we obtain the following result.

Proposition 4.1. There exist CR structures on S® arbitrarily close to the spherical one
for which the CR Paneitz operator is not non-negative.

Remark 4.2. In [1] and [34] some examples of non-embeddable structures were given,
where Ej; was taken to be a nonzero constant (the associated deformed CR, structures
. . . 1FEs:s8 . . . .
are indicated by their type (0, 1) vector fields Z7+ \/ﬁZl), satisfying in particular

(96). Observe that the tangency condition for the embeddability reads

E=B;(f) = (fu1+iAuf)0' ©® Zr+ (f 11 — iAn )0t @ Zi,

for some complex-valued function f [16]. Since on the sphere the torsion vanishes, the
condition simplifies as

E=fud'®@Z+ o ®2Z (101)

for some complex-valued function f. For other embeddability criteria using a Fourier
representation (or a suitable normal form) or a spectrum of O, see [6] and [9].

We notice that an E satisfying (96) cannot correspond to any nonzero f in (101). In
fact if this would be the case, we would have that f,;7 = 0. Multiplying this equation
by ?j and integrating by parts we would get fM |f11]%0 A d9 = 0, which would also
imply F11 = 0. Therefore we expect our examples to be non-embeddable ones. The same
comments apply to the construction in the next subsection.

Remark 4.3. The statement of Proposition 4.1 can also be deduced by applying the results
in [6] and [13]. In fact, in [13], the authors prove that a smooth, strictly pseudoconvex
compact CR 3-manifold is embeddable if the CR Paneitz operator is non-negative and
the CR Yamabe invariant is positive.
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4.2. First and second variations of the mass near the standard sphere

In this subsection we perturb the pseudohermitian structure of the standard sphere
in order to understand the variation of the mass. We begin with a deformation in H',
which we will eventually transfer to a compact setting.

We consider a deformation J(s) of the standard pseudohermitian structure of H?,
namely such that J(0) is as in (7). Recall the variation formulas for Ay and R in Sub-
section A.1.2. Assuming the deformation of J decays sufficiently fast (so that, say, (75)

holds for N = H!, § = ) near infinity, we can find a scalar flat conformal contact form
05 = u20, with u, satisfying (76), as in Subsection 3.6. Then the mass m(J(s), u20) will
be still given by formula (77). Differentiating this formula twice in s, taking into account
that « =1 and R =0 for s = 0 we obtain, at s =0

m(J,0) = —% /R?) Ad — ;/Rué A df. (102)
H1 H1

We choose a deformation J(s) so that F1; (see the notation in Subsection A.1.2) is a
CR function, namely F;; 1 = 0. We can take for example

1

Eu(zz1) = (t+i(]z]2 + 1)~

with k integer and large (to have a fast decay). By (142) we have then R = 0, which by
(102) implies

n(J,0) = —% /R(3 A df. (103)

H1

Reasoning as for (143), one can check that on H!

R=—6|Ey 1|* - 2|E111]? - 3By, 1. By — 3B 7En — FuErqn — BBy
- iEll’OEﬁ + iEﬁﬁEll.

Therefore, by our choice of F1; one has
R=—2En,* = BuBr 1 — BByt — iBuo By + B o B
Using the commutation rules (9) and again the fact that Ey; is a CR function we obtain

R = —2|E;4|* - 2E11 By 1y — 2E7E) ) 7.
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Then the above formula (103) implies
. 3 9 o o
m(J,0) = 5 (|B111* + By B 1y + EqEyy 1) 0 A dO,
H1
so integrating by parts we obtain
. 3 20 o
m(J,@) = 75 |E1171‘ 0 Ndo <O0.
H1

We can transport the latter example on S® using the Cayley transform @ : S3\ p — H*,
p=(0,1) € C?, defined as

_ z1 1=z
w(z1,22) = <1+22,Re <21+Z2>)7

where (21, 22) are standard coordinates in C2. It turns out that

Gyt = L (03}

7 \Jz1]* = (22 — 22)?

As in Subsection 3.6, we can obtain (H?, Jis), u20) as blow up of the structure (S, j(s), é)
at the point p through the Green’s function (G,)s = (usow)G,. In conclusion, we derived
the following result.

Proposition 4.4. There exist compact three dimensional pseudohermitian manifolds of
positive Tanaka—Webster class such that, once the contact form is blown-up as in (14)
at proper points, the resulting asymptotically flat pseudohermitian manifold has negative

mass.
Remark 4.5. For an arbitrary variation F1; we have
R=1i (En,ﬁ - Eﬁ,n) )

and
. 3 . o o 3 ) o °
m(J,0) = -1 RO Ad 9= 1 (Byy11—Brra) 0Ad 6.
H H?

Assuming sufficiently fast decay to zero of E1; and its derivatives, integrating by parts we
obtain m(J, #) = 0, namely vanishing of the first variation of the p-mass under arbitrary
perturbations (with sufficient decay and regularity).
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4.3. A CR structure on S? x S* with non-negative Paneitz operator and non-vanishing
torsion

Consider the Heisenberg group H! with it origin removed: endowing it with the stan-
dard CR structure Jy and with the contact form

6= p_zg,

the transformation (z,t) — (2z,4¢) defines a pseudohermitian isomorphism. Introducing
then the equivalence relation

(21,t1) ~ (22,t2) if and only if 21 = 2%29 and t; = 2%t for some k € Z,
we obtain a pseudohermitian structure on S? x S'. Using (139), one finds that
Avy =il (|2 + it)zp_67
so the torsion of (S2 x S, Jy, ) is non-zero. Given any smooth function ¢ we would like

to prove the non-negativity of f52 gt goP(JO é)goé A df.
Using the conformal covariance of P, see (3), we obtain

©P 4P 0 A db = / QDP(Jm;)cpH/\d@. (104)
S2x St {96[172]}

Extend next ¢ by periodicity in log p to a smooth function ¢ on H!\ {0}: for any positive
integer n we obtain that

o o 1 o o
/ (IOP(JO 5)909/\d9: E / @P o @9/\d9 (105)

{pel1,2]} {pel1,27]}

We next consider a smooth cut-off function y, depending only on p, such that

x(p) =0 forp
1

X(p)=1 forp

and define the function @, : H' — R as
G i=xp) [1 = x (27 Vp) | &

By the non-negativity of P(J 5 (notice that the torsion vanishes identically) then we
0,

clearly have
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0< [ GuP o n0NdD= / GP . 30 df

(Jo,0) (Jo,0)
H?! {pe[1,27]}
+ / <‘0"P(Jo,(3)(p” 0N do+ / @"P(JO’?))('O" 0 Adb.
{pell/2,1]} {p€[2n,2n+1]}

By dilation invariance the last two terms in the above formula are uniformly bounded:
therefore by (104), (105) we obtain that

« « . 1 _ _ o o
QDP(JO’QV)%OQ Adf = lim — /@nP(JO,g)QOn 0N do 2 O’
S2x St H1

which is the desired conclusion.
5. Proof of Theorem 1.2

The main goal of this section is to prove the inequality Y (J) < )y for a manifold M
as in Theorem 1.2. We first discuss the existence of the Green’s function and provide
some estimates near the singularity. Then we define suitable test functions for which the
Sobolev quotient is below the value of the standard pseudohermitian sphere.

5.1. Green’s function of Ly and test functions for the CR Yamabe quotient

Given a compact CR manifold M of positive CR Yamabe invariant and a point p € M,
let us consider the equation

—4A,G, + RG,, = 165, (106)

where 6, is the Dirac delta at the point p. We will use the classical method of the
parametrix to construct the Green’s kernel. The following result is well known (see [20]
for instance).

Lemma 5.1. In the Heisenberg group H' one has
1
Ab E = —87'('50.

To find a solution of (106), using CR normal coordinates at p, we are going to consider
a function G, of the form

1
G - -2 N 4 = 4 t2
p 27I'p + w; P |Z| + )
where w has to be suitably chosen. First of all, we evaluate A, on p~2. Using the fact

that
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1Z1p"| < Cip"™, T < Cip'™%; i €2,i<0,
together with Proposition A.5 in the Appendix, we obtain
Ay(p~?) = —876, + g; g=0(1).

Therefore, we are reduced to solving the following equation for w
[
—4Apw+ Rw =g — —Rp™“.
27

From the choice of CR normal coordinates (see Subsection A.2) it follows that R = O(p?),
which implies that w satisfies

—4Ayw + Rw = g; g=0(1).

The operator on the left-hand side is subelliptic, while the right-hand side is in LI(M)
for any ¢ > 1. The regularity theory in [20] then implies that w € &*%(M) for any ¢ > 1.
By the Folland-Stein embeddings this also implies that w € C*Y(M) for any v € (0, 1).
In conclusion we obtain the following result.

Proposition 5.2. Suppose M is of positive CR Yamabe invariant, and that p € M. Then
the CR invariant sublaplacian admits a Green’s function G\, with pole at p, and in CR
normal coordinates one has

1
G, = —27Tp2 + w,

where w is a function of class CY7 for any v € (0,1).
By Theorem 1.1 we also deduce the following result.

Proposition 5.3. Let M, p and G, be as in Proposition 5.2. Suppose the CR Paneitz
operator is non-negative. Then the following expansion holds
1 At
Gp = W + =+ w,
where A >0 and w € C* for any v € (0,1), and w(p) = 0. If A =0, then (M, J,0) is
pseudohermitian equivalent to the standard three dimensional pseudohermitian sphere.

To find suitable test functions we follow Schoen’s idea, see [35], and glue the Green’s
function to a standard bubble, which for the Heisenberg group is given by

1 2 1\ 2
walz, t) = XA+ (1+ N°[2)?)?] % = 3 (t2 + |2* + p\z|2 + F) ;o A>0.
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This function satisfies
o

—Aywy = wy (107)

[e]
and H', endowed with the contact form w36 has constant positive Tanaka-Webster
curvature (equal to i) Moreover, wy realizes the CR Yamabe quotient on H! in the
sense that

v 20 A do v 20 A do
Sy [Veor| — gy Jw Vel = Vo (108)

o o % ve Cge(H) o o %
(le lwoa|46 A de) (le 10]40 A de)

We now choose pg > %, and define a cutoff function ¢ which satisfies

¥(z,t)=1 in{p<po}; ¥(z,t) =0 in{p=2po}.

Next, consider the following test function

wa(z,1) in {p<po};
u(z,t) = q €0 (Gp(2,t) = Yw(z,1)) + (2, t)30(2,) i {p € (po,2p0]}; (109)
£0Gp(2,t) in M\ {p < 2po},

where we have set

1
o(z,t) = <t2 + 2/t + %|z|2 + %) . % Gy =2rG,; W = 2.
The constant €y has to be chosen so that the function u is continuous, namely so that
g0 = %; A=2rA. (110)
A(L+ Ap3)
5.2. Estimates on the CR Yamabe quotient Y(J)

We now evaluate the Sobolev-type quotient

Jar (IVsul® + $Ru?) 6 A d6
(Jfar [ul0 A do)*

(111)

on the test function in (109). We divide the estimate into four parts.
Recall from Subsection 2.1 that for CR normal coordinates of order N = 4 one has

0 = (1+0(p") 0+ O(p°)dz + O(p°)dz;

o (12)
0" =2 (14 0(p")) dz + O(p*)dz + O(p*)do,
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which implies

6Ado = (1+0(p"))0 A df, (113)

and

7z = (1+0(p4))0§1 0@ )z1 +O(p) 1
T=(140(p")) T+ O(p? )Z1 +O0(p )
Since u is real, its squared subgradient is given by
|Voul|* = 2(Z1u)(Z7u).
5.2.1. Integral estimate of |Vyul?

First of all, we estimate f{p<po} |Vpu|?0 A df in terms of the flat subgradient. We can
write B

Vyul20 A d6
{r<po}
—9 / (Zvu)(Zu)f A df + 2 / (Zou)(Zew) — (Zau)(Zeu))O A dO (115)
{p<po} {p<po}

+2 / (Z1u)(Zzu)(8 A d6 — 6 A d).

{p<po}

To evaluate the last term in the above expression we use (113), and the fact that

o BN

2 Zyu)(Z1u) = , 116
G = (116)
to obtain (p = A\p)
o 220 Ao p
(Zvu)(Zu) (0 A dO — 6 A dB)| < / Lo —/pdp o,
{p<po} 0
(117)

To evaluate instead the second term in the right hand side of (115), we use (112) and
(114) to find
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/ \(Zluleu) — (Gru) ()| 0 n do

{p<po}

<C / Von | <p4|vbwA +p5|%wA|) 6 Ado
{p<po}
+C / <p8|vm|2 + p10|Tw>\|2> 0 A db. (118)

{p<po}

The first terms in the right hand side of the first line in (118) and in the second line in
(118) can be treated exactly as for (117). For the remaining ones, we use the explicit
expression

o t)\5
TUJ,\ = — 3Ty
((1+>\2‘Z|2)2+>\4t2)§

to find

Apo

A8 C
v Tuy | Ondd <C | —P 2 Bap< S [ P _g5< = 2.
/ [Viwn| p° [Tws| / (1+ M) ﬁp P_)\4/(1+ﬁ4)5 P = \zPos
{p<po} 0

Apo

10 pHAT 3 ¢ P’ ~ Pg
{r<po} 0

In conclusion, using (115), (117), (118) and the last two formulas we obtain that

2
[e] [e] (o) p
|Vyul?0 A df — / |Vyul?0 A do| < C)\—g. (119)
{r<po} {p<po}
5.2.2. Integral estimate of Ru?
We estimate next the term |, {0<po} Ru?6 A df. For doing this, we first expand in

Taylor series the Tanaka—Webster curvature R, using real CR normal coordinates. From
the relations (see Subsection A.2)

R =0; R71 = 0; AR = R,lT + le = 0; R,o =0 (120)

at p, and the fact that for a smooth function f one has

Abf:f$z+fyy+2yfzt_Qxfyt+4|z|2ftt at p,
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we can write

R(z,t) = (RMLUQ + Ryyy2 + 2Rmyxy) + O(p3), with  Ryy = —Rae at p.

| =

(121)

By this reason and by the axial symmetry of wy the terms of order p?, integrated, will
vanish. Similarly, by symmetry, also the cubic ones will vanish, and therefore by (113)
we deduce

Ru*0 A df| = / RwiO Adf| + O / pPwif A df
{r<po} {p<po} {p<po}

<C / p4w/2\5/\d§

{p<po}
Po 22 o Apo 4 o
4 4 ~ Po
<¢ [ s [ wims 5 02
0

5.2.8. Estimate of the boundary term
From the Stokes theorem, for a smooth domain 2 C H' we get

/|%bu|25Ad9 - /%w%Tu;/\dH—f—/%Tu%lu;/\dG
Q Q Q

° o

=1 ?{u(%fu)GT A 5 —1 ?{ u(%m)&l NG — /uAbuz A dt;. (123)
o) o0 Q

Next we take Q = {p < po} and u = wy, focusing our attention to the boundary integral.
From elementary computations we find

° T Z(1 4 A2[z)2 +itA)A3 ° To2(14 M2[z)2 —itA?)A3
Ziu=-—75 x Zru=—— o
V2N (14 0222 V2N (14 0222

hence after some manipulations the above boundary integral becomes

21,12 _ 5422\ )4
72'?{ 2(L+ X%z — itA)A dz A (dt — izdz) + conj. (124)

(X2 4 (14 22|2[2)2)?

PO

On the other hand, the function wy satisfies (107), therefore from the above computations
we get
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\%bu|2;/\d;= / wié/\dé
{p<po} {p<po}
_ ]{ 2(1+ A2|2]? —itA?)\?
(X424 (1 + X2|2[2)2)?

dz A (dt —izdz) + conj. (125)
0
Lo f NG
(X424 (1 + A2]2]2)2)°

do N dt.
5

We next evaluate the integrals on M \ {p < po}. We have

1 ~ 1.~
<|Vbu|2 + ZRaf) ONd) =2 / <|vpr|2 + ZRG;) 0 A do

M\{p<po} M\{p<po}
1 1 N
+ 2 / |Vb(<,01/J)|29/\d9+ 1 / R(u2 —E%Gz)G/\dQ
{p<2p0}\{p<po} {p<2po N\ {p<po}
+ 6% / (|Vb(¢u~))|2 - QVpr . Vb(wﬁ))) 0 Ndo (126)
{P<2p0}\{p<po}
5 A ~
+ QXO / (VoG - Vi) = V() - V(1)) 0 A db.
{p=<2p0}\{p<po}

We derive now some estimates on the above terms. First of all we notice that we can
take

b(z,t) = b (;—0 p%) : (127)

for a smooth fixed o which, using (114), implies

1 z t . Z z t 1
) = —5z¢0 (_’ _2> + Z_Qatwo <_7 _2) + O(pg) + O(pO) =0 (_) .
Po Po Py Po Po Py Po
A similar estimate holds true for Zgt¢ and therefore, since w(z,t) = O(p) we have

V()| < C in {p<2p0}\{p<po} for some fixed C' > 0.

Using also the fact that Apg > 1, from a Taylor expansion we find

1
2|2|? 1\ 2 1 2|2|? 1
(1 et /\4p4> - 1] =2 (X"p‘* X
1

1
= A4—p60 (1+Xz’) =0 <A2—p4> : (128)

p=p"
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By straightforward computations we also get

)\6p6
(A2 + (14 A2[2[2)2) 3

>/|gl

Zip = —\/_
A2(|z)% + it 3
X {—“}\6/}6 ) A2+ (1+ X2 2H)?)2 — )\Gpﬂ — 1} ,

and similarly

Lz AP
V2 A2 (M2 4 (14 22]2[2)2)3

x {—Wi;[ﬁ‘ B[4+ (14 2222y = 2008 - 1}.

Zyp =

Using some Taylor expansions, the fact that [T = O ( )\21p5) and (112) we then deduce

1 .
Vil =0(5z) w2\ (< ).
0

From the above estimates on ¢ this implies

1 )
Vil =0 () o< 2)\ (< ) (129)
0
It is also easy to see that
. 1 .
Wil =0 (%) mlr<mb\ <) (130)
0

Next, from (109), (110), the expression of G, @ = O(p), (128) and Apy > 1 we get

- 1 1 1
) 5~ L 2 2
lu? — e5Ga| < eopy <€opo+ 3 4> + oo+ X6pg s¢ <)\2po * wg)'
This and (121) imply

1 1
- R(u? —e3G2)0 Ndf < C < )\4>
{p<2p0 }\{p<po}

Therefore, integrating and using the fact that the volume of {p < 2p0} \ {p < po} is of
order pg, from (126) and the above estimates we obtain
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Voul? + LRu?) 00 db = 2 VuGyl? + RG2) 6 A do
| bU|+1 U =€0 | bp|+1 »
M\{p<po} M\{p<po}

1
+O<>\6 5 +€0p0+/\3 4) (131)

The first term in this expression can be evaluated using an integration by parts, yielding
a boundary term: recall that the Green’s function satisfies fAb(?p + %Rép = 0 outside
the singularity. Therefore, as for (123) one finds

~ 1 - ~ ~ = ~ ~
<|vpr|2 + 4RG§;> ONdY = —i ]{ Gp(Z1Gp)0" N O + i ]{ Gp(Z:G,)0" N0,
M\{p<po} Spo Spo

the minus sign coming from the fact that we are working in the exterior of {p < pg}.
By direct computations we have that

—iGy(Z1Gp)0N N O +iGo(Z1Gp)0" A6

_ e [z ) o izdz
_ i, [\/5 . V2dz A (dt + izd?)
1 Z(|Z\2 .)\/_d_ (dti?dz)+0(p)d(p/\dt}

V2
Using some cancelations we get
e 1o 1 < 2
|Vpr| + ZRGP ONdO = ? +A+ ? + O(p) dpNdt, (132)
M\{p<po} Spo

therefore after integration we obtain

- 1.~ 1+ A
(|vb(;p|2 + ZRGIQ)) 6 A do = f{ %d Adt+0(p2).  (133)
M\{p<po} Seo
Now, using the formula for ¢ in (110) and some straightforward computations one finds

that the contribution of the boundary term in (125) together with the one in the last
formula becomes (there is cancelation of the two main terms after subtraction)

3)\6p4|z|2 + 14 4N 2]* + 20%p% 4 4X2| 22 — ANSp!0 — ApSAS|z|?
do N\ dt.

S PO+ Ap2) (1 + 252

To get some asymptotics of the integrand (especially its sign) we can neglect the term
Ap? in the denominator, while in the second bracket of the denominator we can simply
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take (p*)2. For the numerator, we recall that Apg > 1. In this way we have to find the
asymptotics of

3|z|? — AN2pS
p
f FIv dp A dt.

PO

If we also choose A and py so that A2pg > 1 then the last term in the numerator
dominates, and we are reduced to

A A

PO

5.2.4. Final estimates

Collecting all the terms in (122), (125), (131), (132) and (133), and taking into account
the previous computations, with our choices of pg and A we find

L A 1
/ <|Vbu|2 + ZRuQ) ONdO = / w)ﬂ A d9 87r)\— +0 ( >
M

A6 g
{p<po}

+O( )+O<)\414> (134)

From Apg > 1 we get

/ <|Vbu|2 + iRuQ) ONdo = / w)ﬂ Ad — (87 +o0(1))
M

{p<po}

{,| -

(135)

Finally, we estimate the denominator in (111). Clearly the contribution inside {p < po}
is just the same as the one of the bubble. In {p < 2pp}\ {p < po} we have that |u| <

(by the expression of £y and the asymptotics of ép), so integrating we get

. 1 1
Jul 9/\d6=0(/\4 1) <3

{r=<2p0}\{p<po}

Similarly we also find

1 OOp3dp 1
|u|49mwgcF - :o( )

M\{p<2po} Po
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Moreover, from (113) and the expression of wy we obtain
9N do = 167db + 0 [ log()
|ul = Wx + I og(Apo) | -

{p<po} {p<po}

In conclusion, using (135) and the last three formulas, the CR Yamabe quotient (111)
for the test function (109) becomes

Jor [VoulP0ndo f{pSpo}wﬁeAda_ (Cl—’_o(l)))\%%

(Jy lul6 1 do) *

1

(f{p<po} wif A d9) +0 (A%pg +0 (5 10g(Apo)))

Since O (ﬁ) + O (5x10g(Apo)) < 5z, from the last formula and (108) we find

T — J0»

2

Jy IVouPondd [, V1|26 A d6

4 % o o
(fM [u|*0 A d9) (IHI |46 A d9>

which is the desired inequality.

The proof of Theorem 1.2 then follows from [27] in the case when M is CR equivalent
to the 3-sphere, and from the variational argument in [26] in the complementary case.

Remark 5.4. Since the minimization procedure for the CR Yamabe quotient is related
to the positivity of the mass, in view of Proposition 4.4 there might be examples of
pseudohermitian manifolds of positive CR Yamabe invariant for which there is no min-
imizer. In this case, the use of variational or topological methods (as in [21,22]) seems
to be a necessary tool in order to find conformal structures of constant Tanaka—Webster
curvature.

Appendix A. Useful facts in pseudohermitian geometry

In this appendix we collect some useful facts in pseudohermitian geometry: in partic-
ular we discuss the variations of some geometric quantities when the contact form or the
CR structure vary, and then the CR normal coordinates introduced by Jerison and Lee
in [28].

A.1. Variations of interesting quantities
Here we consider variations of some geometric quantities either under the conformal

change of contact form (pp. 421-422 in [30]), or under the change of the pseudohermitian
structure (pp. 231-232 in [18]).
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A.1.1. Conformal changes of contact form
Consider a new contact form 6§ = €276, for a given smooth function f. Then it turns
out that

0t = el (0 +2if'0); hyt = hy7 =1, (136)
and that
I=e 7 T =e2 (T +2if1 7y — 2z'f121) . (137)
Moreover we also have
o} =wl +3(fi6" = f107) +i (fr + fir + 81 fr) 6. (138)
Furthermore, concerning the torsion and the Tanaka—Webster curvature one has
A =7 (An +2ifu — 4ifif1); R=e¢® (R—ANf —8fifr).  (139)
A.1.2. Deformation of J
Here we consider instead a variation of the CR structure J(s) for which
d : 1 T
£IS:OJ(5) =J=2E=2FE10" ® Z7 +2E70" ® Z;.
This implies
Zy = —iEl Zy; ' = —iELot, (140)
and
&} =i (A By + A En) 0 —iE} 0" — B} 0% A= —iE] . (141)
We also have
R=i (En,ﬁ - Eﬁ,u) — (A By + AgEn) - (142)

It is useful to include the variation of —A; as well: one has
Ab = (ZT21 — wi(ZT)Zl) + COIlj.
From this formula, differentiating with respect to s one finds

~Ay = —iBZ1Zy +iEy 127 + iEn Z1Z7
— iEﬁ,lZl + zEﬁw% (Zl)Zl — iEllw%(ZT)ZT + COIlj.
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=2 (—iEﬁZlZl +iEnZyZy +iEy 127 — Z’Eﬁylzl)

+ iEﬁw%(Zl)Zl — iEllw%(ZT)ZT — iEllw%(ZT)ZT + iEﬁw%(Zl)Zl.
From the fact that wi is purely imaginary we find
—Ay = 2i (B Z1Z7 + Eyy 177) + conj.

To derive these formulas we have used the above transformation laws for J, Z; and w;.
If we differentiate once more we find that

(Eyy 1) =iFEu + 2B En + (Bu) 1,
and hence

—Ay = 2i (Bv1 Z1Zy + EnZyZy + BnZi Zy + (Ey 1) Zr + By 147) + conj.
= 2iFy Z1 71 — 2iE11 202y — 4|En PAy — (AB1 By 1 + 6EEy 1) 21 (143)
— (AE71En 1 + 6B Frp ) Z7 + 2i(E1) 177 — 2i(Fy) 1 21

Using similar formulas we can also deduce the expression of R.
A.2. CR normal coordinates

We recall the following result in [28] on page 313, Proposition 2.5. For a differential
form 7, let us denote by 7,,) the part of its Taylor series that is homogeneous of degree
m in terms of the parabolic dilations (see [28] for more details).

Proposition A.1. Let Z; be a special frame dual to ' (such that hy = 2). Let ' = /26!
be a unitary coframe (i.e., hyy = 1). Then in pseudohermitian normal coordinates (z,t)
with respect to Zv, 0, we have

(a) 9(2) = ;,‘ 9(3) = 0,' Q(m) = %\/5 (229T — if@l) , M > 4,'

m)

(b) O}, = V2dz; 0l =0; 6} =21 (ﬂzw% 2t AL0T — \/izAﬁa) somz

(m)’
(€) whay =0; @mm = m (\/53(29T —720") + Ay 1(V220 — 2t0") — Agq 1 (V220 —
QteT)) ,m > 2.

(m)

Definition A.2. Given a three dimensional pseudohermitian manifold (M, ) we define a
real symmetric tensor () as

Q=Qut ®0*,  jke{0,1T1}
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with 6° := 6, whose components with respect to any admissible coframe are given by

Q11 = Q7 = 3idqy; Q1 = Qn = hiaR;
Qo1 = Q1o = Qo1 = Q1o =44,, '+iRy; Qoo = 16Tm Ay, ' — 2A4R.

We have then the following result, see page 315 in [28], Theorem 3.1.

Proposition A.3. Suppose M is a strictly pseudoconvex pseudohermitian manifold of di-
mension 3 and let ¢ € M. Then for any integer N > 2 there exists a choice of contact
form 6 such that all symmetrized covariant derivatives of Q with total order less or equal
than N wvanish at q, that is

Qjk,zy =0 at g if O(jkL) < N. (144)

By CR normal coordinates of order N we mean the pseudohermitian normal coordi-
nates with 6 chosen as in Proposition A.3.

Remark A.4. We recall [28] that (a) For a multi-index L = (I3, ...,ls) we count its order
as

0(J) = 0(j) +--- + 0(s),

where O(1) = O(1) = 1 and where Q(0) = 2,
(b) The symmetrized covariant derivatives are defined by

1
Quy =5 2 Qori L= (loy o)

" o€S,

Let us apply Proposition A.3 for N = 4 and derive some consequences. At order 2, at
q we have

0=Qu = 3tAi1; 0=0Q;1=R.
At order 3 we have
0=Qo1 =44, '+iR,
and
0=31Qu11) = Qui+ @11+ Q1 =3tA 1+ R1+R1=3iA;,1+2R .
These two equations imply that

All,T = R71 =0 at q.
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We also have
0=0Qui1 = Q11,1 = 3iA111.
At order 4 we find
0=Q =16Im A;; " —2A,R

and

0= Q110+ Qo1+ Qory = Ro+ (441, ' + iR,l)j + (4Aﬁ, - iR,T)

)

This quantity is equal to

0=Ro+4A,, ;' +iR 7 +4Ay ' — iRy
=Ro+8Re Aj; "' +i(iRp) =8Re Ay "

We also have that

0= Q11,0 + Qo1 + Qo1,1 = 3id110+2 (44, by iR,1)’1
=3idi10+84;, 1 |+ 2iR i (145)

0=0Qu1m =4Q11 17 +4Q1117 + 4Q1111 +4Q717 11 + 4Q11 11 + 4QT11 17,

namely
0=3iAy; 17 + R 11+ R +conj. = —6Im Ay 17 — 2A,R.
From these relations we deduce that
Im A, ''=AR=0,
and hence
Ay "'=0 = Ry=0 = 0OR=0.

We also have

24Q1111) =6 (Qu,ﬁ +Qun + Qi1+ Qﬁ,u) =6 (3i(A11,1T + Ay 1) + 2R 11),
and

0=3i (A}, 11 +iA110+2RA1 + Ay 1y) +2R 11 = —3A110+6iAd) 1 + 2R 11. (146)
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343

From (145), (146) and the definition of Cartan tensor Q (see page 227 in [18]) we have

that, at ¢

where

32'A11’0 + 8A11,T1 + 2iR 11 = 0;
—3A11’0 + 67;A11,T1 + 2R,11 = 0;
—6A11’0 — 4Z'A117T1 + R’n = 6911,

1 i 2,
Dll = ER’]‘]‘ + §RA11 - A11,0 - glAll,Il'

Therefore we deduce that, at ¢

4 6
A0 = —5911; Apnn = —’&th R = —5211-

)

For N = 4, suppose we have chosen a contact form 6 such that (144) holds true. Then

one can check that

Gl =1 =0 O =0u4=0  Ou=0s=0

For example we have

1 o N R “ N —
- (\/iR(zel —20Y) + Ay 1(V220 — 26Y) — Ay, (V220 — 2t91))(2)

(\/_Z( 1) 1) — V2Z(RO) (1) + V22(Ay; 10) (1) — 2t(A11 10" (o)
V2E(Arp6) ) + 2t(Ar 10" ) =0,

and similarly @] (3) = 0. Now we have that

Wy gy =

(\/_R(zel —20Y) + Ay 1(V220 — 20 — Ay, (V220 — 2t9T))(4)

(\/_Z( 1) @) — V2Z(RO) ) + V22(Ay; 10)(3) — 2t(A11 10" (2)

V2Z(A10)(3) + 2t(Aﬁ,1éT)(2))

1 [}
1 <2R(2)Zd§ — ZR(Q)EdZ + \/i(Allj)(l)Ze — Q(Allj)(l)t\/idz

— V2(A ) 1)70 + 2(A11,1)(1)t\/§d?>

1
= 7 (-V3Re)z - 2(An Dyt) V2dz + (fR(Q)z +2(A ) t) V22
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“I%

+ ((All,T)(l)Z - (Aﬁ,l)(l)z) 0,

so we deduce

‘O% (4) = (_R,ll(Q)Z2E - R,H(Q)zg —Ann (Q)Zt) dz

_ | o ©
+ (R11(0)2° + R11(9)Z°2 + A1(q)7t) dz + 3 (A 11(0)2° — Ar1(0)Z?) 6.

Hence we conclude

o

&1 = O(p®)dz + O(p?)dz + O(p?)

We also have

>
o -
N2

I

(vazat +204 éi_\/mﬁe)(s)

(V22(@]) ) + 26(A110") 3 — V22(A116) )
V2

TGl — O~ Ot =

2(07) (a) + 2t(A7) (2 V2dZ — \/52(1411)(2)9> ,

and therefore we get

é(15) = 210 ( 4R 11(q )2°Z — 4R (g )z —4A;111(q )2215) V2dz
+ E <R (¢)2* + R17(9)2*2% + Ay 11 )zzt) + Z A5 ()
+ §(2A11 11(9) ZAu,o(fZ))ZZt] V2dz
i {\1/_0§ (A1111(0)2® = Arpp7(a)2%°) gAu o(q)zt
2v2

which implies

]

We also have
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and hence

(o)

0= (14+0(p") 6+ O0(p°)dz + O(p°)dz.

Let us now try to understand the behavior of the dual vectors. Let

. ° ° 0
Wi=(14a)Z; +bZT+Caa

where we recall Z; = (% + ﬁ%) (see (8)). From these formulas, if we set

N

G=0+ bun; 0 =V2de+ > 0L 6 =\2dz+ S 0,

m>6 n>5 n>5
we have that
O:éWl = 9+20(m) 1+a)%1+b%T+cé
m>6 ot

= (1+a)8(Z1) +b0(Z )Jrce(a +(1+a) Y Oy (2

m>6
.o )
+b0> Oy (Zr) +c Y Oy (5;)
m>6 m>6
= ¢+ 0(p°) +a0(p°) + bO(p°) + cO(p*)
and hence we find that ¢ = O(p®).
Similarly
1=0'Wy) = a=0(p"); 0=0'W1) = b=0(p).

Also, if we set

~ 0 o o
T=(14a)= +bZ1+cZ7,

ot

then from
1=0(T); 0=6YT); 0=6Y7)
we deduce that a = O(p*), b = O(p?), ¢ = O(p?), and hence we obtain
T=(1+0(p") % +0(6") 21 + 0(p™) 2y

In conclusion, we arrive to the following result.
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Proposition A.5. In CR normal coordinates of order N = 4, we have a contact form 0
such that

0=(1+0(p") 6+ O(p°)dz + O(p°)dz;

0 = (1+ 0(p")) V2dz + O(p*)dz + O(p*)6;

&} = O(p*)dz + O(p*)dz + O(p*)6;
R o o o
Wi = (1+0(p")) 21+ O(p") Z1 + O(p) 55
R o o o
T=(1+0(") i O(p*)Z1 + 0(p*) 27,

where we recall

o o 1
0 = dt + izdz — izdz; 7y = E <%+z§%) ; p4:t2—|—|z|4.

The above computation concluding the proof of Proposition A.5 was first done by
H.-L. Chiu in the summer of 2007 when he visited J.-H. Cheng.
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