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1 Introduction

In these lectures (based in part on [12, 13], with additional updates and more recent improve-
ments) we study the well-posedness of the Cauchy problem for the homogeneous conservative
continuity equation

d
(PDE) Tt Dy (bus) =0  (t,x) € I x R?
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for families time-dependent families y; of probability measures in R? (or, more generally, signed
measures) and for the transport equation

%wt + b - Vw = ¢.

Here b(t, z) = by(z) is a given time-dependent vector field in R? and I C R is an interval: we are
interested to the case when by(-) is not necessarily Lipschitz and has, for instance, a Sobolev or
BV regularity. Vector fields with this “low” regularity show up, for instance, in several PDE’s
describing the motion of fluids, and in the theory of conservation laws.

We are also particularly interested to the well-posedness of the system of ordinary differential
equations

(ODE)

In some situations one might hope for a “generic” uniqueness of the solutions of ODE;, i.e. for
“almost every” initial datum z. An even weaker requirement is the research of a “selection
principle”, i.e. a strategy to select for .Z%-almost every x a solution X (-, z) in such a way that
this selection is stable w.r.t. smooth approximations of b.

In other words, we would like to know that, whenever we approximate b by smooth vector fields
b, the classical trajectories X" associated to b" satisfy

lim X"(-,z) = X(-,z) in C([0,T];RY), for Z%a.e. z.

h—o0

The following simple example provides an illustration of the kind of phenomena that can occur.

Example 1 Let us consider the autonomous ODE

Y(t) = V()]
7(0) = zo
Then, solutions of the ODE are not unique for g = —c? < 0. Indeed, they reach the origin in

time 2¢, where they can stay for an arbitrary time 7', then continuing as z(t) = %(t —T —2¢).
Let us consider for instance the Lipschitz approximation (that could easily be made smooth) of

b(v) = Il by
(V] if —o0 <7y < —€%

be(y) := 1 € if —€2 <y <A — €2

VY= A +2€2 if A — €2 <y < +o0,



with A — €2 > 0. Then, solutions of the approximating ODE’s starting from —c? reach the value

—¢2 in time t. = 2(c — €) and then they continue with constant speed € until they reach A\, — €2,
in time T, = A\./e. Then, they continue as A\, — 2¢? + %(t —te —T.)2.

Choosing A = €T, with T" > 0, by this approximation we select the solutions that don’t move,
when at the origin, exactly for a time 7.

Other approximations, as for instance b.(y) = /€ + |7/, select the solutions that move imme-
diately away from the singularity at v = 0. Among all possibilities, this family of solutions
z(t,x0) is singled out by the property that z(t,-)x.Z" is absolutely continuous with respect to
£, so no concentration of trajectories occurs at the origin'. To see this fact, notice that we
can integrate in time the identity

0=x(t, )42 ({0}) = £ ({wo : (t,20) = 0})
and use Fubini’s theorem to obtain
0= /gl({t: 2(t, 20) = 0}) dao.
Hence, for Z!-a.e. xq, z(-, 29) does not stay at 0 for a strictly positive set of times.
We will see that there is a close link between (PDE) and (ODE), first investigated in a nonsmooth
setting by DiPerna and Lions in [72].
Let us now make some basic technical remarks on the continuity equation and the transport

equation:

Remark 2 (Regularity in space of b; and y;) (1) Since the continuity equation (PDE) is
in divergence form, it makes sense without any regularity requirement on b; and/or p, provided

/I/A]bt]d]ut\dt<+oo VA € R? (1)

(here and in the sequel, A € B means that A is a compact subset of B). However, when we
consider possibly singular measures s, we must take care of the fact that the product by, is
sensitive to modifications of b; in .Z%-negligible sets. In the Sobolev or BV case we will consider
only measures j; = w;. L%, so everything is well posed.

(2) On the other hand, due to the fact that the distribution b; - Vw is defined by

(b - Vw, @) = —//w(bt,V@da:dt - /(Dw by, wpy) dt e C°(I x RY)
I I

(a definition consistent with the case when w; is smooth) the transport equation makes sense
only if we assume that D, - by = div b, L% for Ll-ae. t € 1. See also [41, 44] for more refined
results on the transport equation when b satisfies a one-sided Lipschitz condition.

n these lectures we are using the notation f#u for the push-forward operator between measures, see (3) and

(4).



Next, we consider the problem of the time continuity of ¢ — u; and t — w;.

Remark 3 (Regularity in time of y;) For any test function p € C>°(R%), condition (1) gives

d
— | pdu —/dbt-chdut e LY(I)
R

dt Ra
and therefore the map t — (u, ), for given ¢, has a unique uniformly continuous representative
in I. By a simple density argument we can find a unique representative fi; independent of ¢,
such that ¢ — (fi¢, ) is uniformly continuous in I for any ¢ € C°(R?). We will always work
with this representative, so that p; will be well defined for all t and even at the endpoints of I.
An analogous remark applies for solutions of the transport equation.

There are some other important links between the two equations:

(1) The transport equation reduces to the continuity equation in the case when ¢; = —w;div by.
(2) Formally, one can estabilish a duality between the two equations via the (formal) identity

i w d = iwd—i— iw
dt t Ay = dt t At dt’ut t

= /(—bt-th—Fc)dut—l—/bt-thd,ut:/cd,ut.

This duality method is a classical tool to prove uniqueness in a sufficiently smooth setting (but
see also [41, 44]).

(3) Finally, if we denote by Y (t, s, ) the solution of the ODE at time ¢, starting from x at the
initial times s, i.e.

d
%Y(t’ s,x) = b (Y(t,s,x)), Y (s,s,x) ==,

then Y (¢,-,-) are themselves solutions of the transport equation: to see this, it suffices to
differentiate the semigroup identity

Y (t,s,Y(s,l,x) =Y(t1,x)

w.r.t. s to obtain, after the change of variables y = Y (s, [, x), the equation

d

%Y@, Say) + bs(y) ’ VY(ta S, y) =0.

This property is used in a essential way in [72] to characterize the flow Y and to prove its
stability properties. The approach developed here, based on [10], is based on a careful analysis
of the measures transported by the flow, and ultimately on the homogeneous continuity equation
only.

Plan of these lecture notes. In Section 2 we review the Cauchy-Lipschitz theory and we
derive classical representation formulas for the solution of the continuity and the transport




equations in the Lipschitz regularity setting. Section 3 is devoted to general principles, some-
what extending the classical theory of characteristics to the non-smooth setting, relating the
uniqueness of the ODE to the uniqueness of the PDE. The main tool here is the superposition
principle, asserting that every positive measure solution to the continuity equation can indeed
be realised as a suitable “probabilistic push-forward” of the initial datum along a (possibly
multi-valued) ODE flow. We then introduce the notion of Lagrangian flow (the suitable notion
of solution to the ODE in the non-smooth framework) and prove that the well posedness of the
PDE with velocity field b implies the well posedness of the Lagrangian flow associated to b.

We then start the study of the PDE in various weak regularity contexts: in Section 4 we
introduce the notion of renormalized solution, prove the well posedness of the PDE for Sobolev
vector fields, and describe the consequences for the Lagrangian flow; this is extended to vector
fields with bounded variation in Section 5.

In the subsequent two sections we describe an alternative approach to the theory of Lagrangian
flows based on suitable quantitative estimates, without reference to the PDE theory: this is
first carried out for Sobolev WP vector fields with p > 1 in Section 6, by showing how suitable
bounds on an integral quantity measuring a logarithmic distance between Lagrangian flows
imply well-posedness, quantified stability and mild regularity for the Lagrangian flow, and then
extended in Section 7 to W1 vector fields, and to vector fields whose derivative is given by a
singular integral of an L' function.

In Section 8 we summarise two applications to nonlinear PDEs (the Keyfitz-Kranzer system of
conservation laws and the semi-geostrophic equations), and in the final Section 9 we collect some
open problems and comment on further literature on the subject.

2 Transport equation and continuity equation within the Cauchy-Lipschitz
framework

In this section we recall the classical representation formulas for solutions of the continuity or
transport equation in the case when

belLl <[0,T]; Wl’OO(Rd;IR{d)> .

Under this assumption it is well known that solutions X (t, -) of the ODE are unique and stable.
Quantitative information can be obtained by differentiation:

%’X(tax) - X(tvy)|2 2<bt(X(t7$)) - bt<X(tvy))v X(tvx) - X(tv y))

< 2Lip (b)| X (¢, 2) — X(t,y)|?

(here Lip (f) denotes the least Lipschitz constant of f), so that Gronwall lemma immediately
gives

Lip (X(t,1) < e ( [ "Lip (b) ). @)



Turning to the continuity equation, uniqueness of measure-valued solutions can be proved by
the duality method. Or, following the techniques developed in these lectures, it can be proved
in a more general setting for positive measure-valued solutions (via the superposition principle)
and for signed solutions y; = w.#? (via the theory of renormalized solutions). So in this section
we focus only on the existence and the representation issues.

Given metric spaces X, Y and a Borel map f : X — Y, we shall use in these lectures the notation
f for the push-forward operator mapping nonnegative Borel measures in X to nonnegative Borel
measures in Y, namely

fapu(B) =u(f'(B))  BCY Borel. (3)

Notice that f4 is mass-preserving, so that it maps finite Borel measures to finite Borel measures
and probability measures to probbility measures. Notice also the basic change of variables
formula

/Y¢df#M=/X¢ofdﬂ (4)

for ¢ : Y — [0, 4+00] Borel, that we will frequently and tacitly use in the sequel.
The representation formula for solutions to the continuity equation is indeed very simple:

Proposition 4 For any probability measure fi in R¢ the solution of the continuity equation is
given by
o= Xt Vg, e /R i = /R (X (t,2)) di). (5)

Proof. Notice first that we need only to check the distributional identity % pt + Dy - (b)) =0
on test functions of the form 1 (t)p(x), so that

/w (e, dt+/w / (b, V) duy dt = 0.

This means that we have to check that ¢ ~ (uy, ) belongs to W11(0,T) for any ¢ € C°(RY)
and that its distributional derivative is [pa(bs, Vo) dpy.

We show first that this map is absolutely continuous, and in particular W11(0,T); then one
needs only to compute the pointwise derivative. For every choice of finitely many, say n, pairwise
disjoint intervals (a;, b;) C [0,T] we have

Z (X (bi, ) — (X (ai, )|

IN

Vel [ X(o)dr
Ui(as,b:)

IN

IVl / sup by dt
Ui (as,b;

and therefore an integration with respect to i gives

S b, — e 2] < IV lloo / sup |Br] dt.
=1

Ui (as,b;)



The absolute continuity of the integral shows that the right hand side can be made small when
S (b; — a;) is small. This proves the absolute continuity. For any z the identity X (t,z) =
by (X (t,2)) is fulfilled for #!-a.e. t € [0, T]. Then, by Fubini’s theorem, we know also that for
Ll-a.e. t € [0,T] the previous identity holds for fi-a.e. z, and therefore dominated convergence
gives

d

— e, )

- P(X (t,2)) dii(2)

% Rd
= /Rd<Vg0(X(t, z)),bi(X (¢, 2))) dji()
= (beut, Vo)

for #Ltae. t €0,T). O

In the case when fi = p.£? we can say something more, proving that the measures p; = X (t, Dplt
are absolutely continuous w.r.t. £ and computing explicitly their density. Let us start by
recalling the classical area formula: if f: R — R? is a (locally) Lipschitz map, then

[aifiae=[ 3 gway
A R peans—1(y)

for any Borel set A C R, where Jf = det Vf (recall that, by Rademacher theorem, Lipschitz
functions are differentiable .#%-a.e.). Assuming in addition that f is 1-1 and onto and that
|Jf] >0 Z%a.e. on A we canset A= f~1(B) and g = p/|Jf| to obtain

P -1
dac—/ o dy.
/f—l(B)p B[] fod

In other words, we have got a formula for the push-forward:

Falp2?h) = ﬁ o [ty (6)

In our case f(x) = X (¢, ) is surely 1-1, onto and Lipschitz. It remains to show that |JX (¢, )|
does not vanish: in fact, one can show that JX > 0 and

exp [— /Ot I[divbs] [|eo ds| < JX (t,x) < exp [/Ot H[divbs]+||oods} (7)

for £%a.e. x, thanks to the following fact, whose proof is left as an exercise.

Exercise 5 If b is smooth, we have

%JX(t, x) =divby(X (t,z))J X (t,x).

Hint: use the ODE 4VX = Vb,(X)VX.



The previous exercise gives that, in the smooth case, JX (-, z) solves a linear ODE with the
initial condition JX (0,z) = 1, whence the estimates on JX follow. In the general case the
upper estimate on JX still holds by a smoothing argument, thanks to the lower semicontinuity
of

|Jv)oo  if Ju >0 L%ace.

O(v) =
+o0 otherwise
with respect to the w*-topology of W1 (R% R?) (see for instance Section 8.2.4 of [75]). This

is indeed the supremum of the family of <I>117/ P where @, are the polyconver (and therefore lower
semicontinuous) functionals

B,0) = [ x(To) da.

Here x(t), equal to oo on (—o00,0) and equal to ¢ on [0, +00), is L.s.c. and convex. The lower
estimate can be obtained by applying the upper one in a time reversed situation.
Now we turn to the representation of solutions of the transport equation:

Proposition 6 If w € Ll _([0,T] x R?) solves

loc

d _ 1 d
%wt+b~Vw—c€Lloc<[O,T]><R>

in the sense of distributions, then for £%-a.e. x we have

we(X (t,x)) = wo(x) +/O cs(X (s,x))ds vt € [0,T].

The (formal) proof is based on the simple observation that

%wt o X(t,x) = %wt(X(t,x)) + %X(t,x) -Vw (X (t,x))
- %wt(X(t,w)) + (X (7)) - V(X (4, 7))
= (X (t,x)).

In particular, as X (t,x) = Y (¢,0,z) = [Y(0,¢,-)] "1 (z), we get

wi(y) = wo(Y (0,t,9)) —i—/o cs(Y(s,t,y)) ds.

We conclude this presentation of the classical theory pointing out two simple local variants of
the assumption b € L! ([0, T); W (RY; ]R{d)) made throughout this section.

Remark 7 (First local variant) The theory outlined above still works under the assumptions

b
1+ |z

be L ([O,T]; le“(Rd;Rd)) ,

loc

e L! ([O,T]; LOO(Rd)) .



Indeed, due to the growth condition on b, we still have pointwise uniqueness of the ODE and
a uniform local control on the growth of | X (¢, z)|, therefore we need only to consider a local
Lipschitz condition w.r.t. x, integrable w.r.t. ¢.

The next variant will be used in the proof of the superposition principle.

Remark 8 (Second local variant) Still keeping the Ll(Wlofo) assumption, and assuming

e > 0, the second growth condition on |b| can be replaced by a global, but more intrinsic,

condition: |
by
d dt . 8
/ /Rd 1+ |2 e dt < 400 (8)

Under this assumption one can show that for fi-a.e. x the mazimal solution X (-, z) of the ODE
starting from x is defined up to ¢t = T and still the representation p; = X(¢,-)4a holds for
t € [0,T7], see Section 8.1 of [16].

3 ODE uniqueness versus PDE uniqueness

In this section we illustrate some quite general principles, whose application may depend on
specific assumptions on b, relating the uniqueness of the ODE to the uniqueness of the PDE.
The viewpoint adopted in this section is very close in spirit to Young’s theory [106] of generalized
surfaces and controls (a theory with remarkable applications also to non-linear PDE’s [71, 99|
and Calculus of Variations [27]) and has also some connection with Brenier’s weak solutions of
incompressible Euler equations [37, 21], with Kantorovich’s viewpoint in the theory of optimal
transportation [76, 95| and with Mather’s theory [90, 91, 26]. In order to study existence,
uniqueness and stability with respect to perturbations of the data of solutions to the ODE,
we consider suitable measures in the space of continuous maps, allowing for superposition of
trajectories. Then, in some special situations we are able to show that this superposition actually
does not occur, but still this “probabilistic” interpretation is very useful to understand the
underlying techniques and to give an intrinsic characterization of the flow.

The first very general criterion is the following.

Theorem 9 Let A C R? be a Borel set. The following two properties are equivalent:
(a) Solutions of the ODE are unique for any x € A.

(b) Nonnegative measure-valued solutions of the PDE are unique for any i concentrated in A,
i.e. such that i(R?\ A) = 0.

Proof. Tt is clear that (b) implies (a), just choosing i = 4, and noticing that two different
solutions X (t), X () of the ODE induce two different solutions of the PDE, namely & x(+) and
) X(1)-
The converse implication is less obvious and requires the superposition principle that we are

going to describe below, and that provides the representation

/Rﬂd/*t = /Rd </FT w(v(t))dnm(v)) dpo (),

9



with n,, probability measures concentrated on the absolutely continuous integral solutions of the
ODE starting from x. Therefore, when these are unique, the measures 1, are unique (and are
Dirac masses), so that the solutions of the PDE are unique. O

We will use the shorter notation I'y for the space C ( [0, T };Rd) and denote by e; : ' — R? the
evaluation maps v — (t), ¢t € [0,T].

Definition 10 (Superposition solutions) Let n € .4 (R? x I'r) be a measure concentrated
on the set of pairs (x,v) such that v is an absolutely continuous integral solution of the ODE
with v(0) = x. We define

(1t o) :=/ plec(y))dn(z,v) Vo € Cp(R?).
RdxT'p

By a standard approximation argument the identity defining p; holds for any Borel function ¢
such that v — ¢(e4()) is n-integrable (or equivalently any py-integrable function ¢).
Under the (local) integrability condition

T
/ / XBr(e)|bi(er)|dndt < +oo VR >0 (9)
0 RaxTp

it is not hard to see that y;' solves the PDE with the initial condition fi := (7pa)xn: indeed, let
us check first that ¢ — (u;!, ) is absolutely continuous for any ¢ € C°(R?). For every choice
of finitely many pairwise disjoint intervals (a;, b;) C [0,7] we have

> lp(v(8) = @(v(a))] < Lip (30)/ X8 (led(V))bi (e (7)) di
i=1

Ui (as,bs)

for n-a.e. (x,7), with R such that suppy C Bpg. Therefore, assuming for simplicity that
n(R? x T'7) = 1, an integration with respect to 1 gives

S 1l @) -, 9)] < Lip (9) / / xin () Brer)| dn dt.
i=1 Ui(ai,b;) JREXTp

The absolute continuity of the integral shows that the right hand side can be made small when
>;(bi — a;) is small. This proves the absolute continuity.

It remains to evaluate the time derivative of ¢ — (i, p): we know that for n-a.e. (z,7) the
identity (t) = by(y(t)) is fulfilled for #'-a.e. t € [0,T]. Then, by Fubini’s theorem, we know
also that for #!-a.e. t € [0, T] the previous identity holds for n-a.e. (x,v), and therefore

d

d n _
%mt,@ = RdxFT¢(et(7))dn

- /RGle (Veo(er(7)) beled(v))) dn = (b, Vo) L'-ace. in [0, 7).

10



Remark 11 Actually the formula defining ;' does not contain z, and so it involves only the
projection of n on I'y. Therefore one could also consider measures o in 'y, concentrated on the
set of solutions of the ODE (for an arbitrary initial point ). These two viewpoints are basically
equivalent: given 1 one can build o just by projection on I'r and, given o, one can consider the
conditional probability measures 1, concentrated on the solutions of the ODE starting from x
induced by the random variable v +— (0) in I'r, the law f (i.e. the push forward) of the same
random variable and recover 0 as follows:

/Rder ela,y)dn(z,7) = /Rd </FT p(z,7) dm(v)) dj(x). (10)

Our viewpoint has been chosen just for technical convenience, to avoid the use, wherever this is
possible, of the conditional probability theorem.

By restricting 7 to suitable subsets of R%x 'y, several manipulations with superposition solutions
of the continuity equation are possible and useful, and these are not immediate to see just at
the level of general solutions of the continuity equation. This is why the following result is
interesting.

Theorem 12 (Superposition principle) Let j; € .4, (RY) solve PDE and assume that

Tl [blu=)
d dt .

Then p; is a superposition solution, i.e. there exists n € M1 (R? x T'r) such that p; = wy! for
any t € [0,T7.

In the proof we use the weak convergence of positive measures, i.e. the convergence with respect
to the duality with continuous and bounded functions, and the easy implication in Prokhorov
compactness theorem: any tight and bounded family .7 in .Z, (X) is (sequentially) relatively
compact w.r.t. the weak convergence. Remember that tightness means:

for any € > 0 there exists K C X compact s.t. u(X \ K) <e for every u € 7.

A necessary and sufficient condition for tightness is the existence of a coercive functional W :
X — [0,00] such that [Wdp <1 for any p € Z.

Proof. Step 1 (smoothing). [77] We mollify pu; w.r.t. the space variable with a kernel p
having finite first moment M and support equal to the whole of R? (a Gaussian, for instance),
obtaining smooth and strictly positive functions p§. We also choose a function ¢ : R — [0, +00)
such that ¢ (z) — 400 as |z| — 400 and

/Rd (x)po * pe(x) de <1 Ve € (0,1)

11



and a convex nondecreasing function © : Rt — R having a more than linear growth at infinity

such that |
(|bg|(z

wedt < +

//R 1+|r A

(the existence of © is ensured by Dunford-Pettis theorem). Defining

b *
/,L; ‘= Ut * Pe, b; = ( t,u;)e p€7
t

it is immediate that

d . d
dt'ut + Dy - (bipy) = ot * pe + Dy - (bepue) % pe =0

and that b € L! ([O, TY; VV&)’COO (R4 Rd)). Therefore Remark 8 can be applied and the represen-
tation uf = X(t,)xpuf still holds. Then, we define

T]E = (anE(7$))# M(G)v
so that

Lot = [ el ()
Rd RdXFT
[ ooy = [ edu
R R4
Step 2 (tightness). We will be using the inequality
(14 |z|)e) * pe < (14 |x|)c * pe + € * pe (12)
for ¢ nonnegative measure and p(y) = |y|p(y), and

O(|b ()t (x) < (O([be])pae) * pe(). (13)

The proof of the first one is elementary, while the proof of the second one follows by applying
Jensen’s inequality with the convex l.s.c. function (z,t) — O(|z|/t)t (set to 400 if t < 0, or
t=0and z # 0, and to 0 if z =t = 0) and with the measure p.(x — -).Z*.

Let us introduce the functional

Lo

\Il(iL',”y) ¢:¢($)+ 0 1+|"}/’

set to +00 on I'r \ AC([0, T]; R%).

Using Ascoli-Arzeld theorem, it is not hard to show that ¥ is coercive (it suffices to show that
max |y| is bounded on the sublevels {¥ < ¢}, so that also fo (|4]) dt is uniformly bounded on
the sublevels of ¥). Since

9]) /
dt dn (x d  dt
/]Rde‘T 0 1+\’Y| Rdl

(12),(13) o(lbil(x))
< 1+eM) / / ) 4 Lt
Rd 1 + ‘ |

12




and

/ Y(x)dn(z,y) = | ¥(x)duy <1
RexTp Rd

we obtain that [ ¥ dn€ is uniformly bounded for € € (0, 1), and therefore Prokhorov compactness
theorem tells us that the family 1€ is weakly sequentially relatively compact as € | 0. If n is any
limit point we can pass to the limit in (11) to obtain that u; = py’.

Step 3 (n is concentrated on solutions of the ODE). It suffices to show that

2(t) =2 = [ bulr()) s
/ dn =20 (14)
RxTr 1 +r[gz;_rg}<\vl

for any ¢ € [0,7]. The technical difficulty is that this test function, due to the lack of regularity
of b, is not continuous. To this aim, we prove first that

/ ‘W(t) —z— [yesly / / |bs — ¢4 dpiuds (15)
RIxTy 1+%%T|y\ 1o

for any continuous function ¢ with compact support. Then, choosing a sequence (") converging
to b in L'(v;R?), with

/ (s,z)dv(s,x) / / (z)ds
R4 1 + |l’|
and noticing that

T lbs(v cs (o
dsdn / / dusd8—>0
/RdxFT/ 1+h s)| R 1+! !

we can pass to the limit in (15) with ¢ = ¢" to obtain (14).
It remains to show (15). This is a limiting argument based on the fact that (14) holds for b,

0 -2 feto)as|
/RdxFT 1 + max || n

ne:
[0,7]
‘Xﬁ(t,x —x— fgcs Xﬁ(s,x))ds‘
.

1+ max | X(-,z)|
[0,7]

-/ e (X (5, 2)) — s (X (5, 2)) ds] / [ [CEp

1—1—1[101aX|X(,:£)| d 1—}—]:U|

‘be /t/ ‘ce cs’
< ducd = dusd
—//Rdmr BT f Jow T T
< // Cs‘d ds+/t/ 1%~ %l gueds
- Rd 1+|| Hs 0 R4 1+|$’ :us ’

dpg ()




In the last inequalities we added and subtracted ¢f := (cput) * pe/pg. Since ¢ — ¢; uniformly
as € J 0 thanks to the uniform continuity of ¢, passing to the limit in the chain of inequalities
above we obtain (15). O

The applicability of Theorem 9 is strongly limited by the fact that, on one hand, pointwise
uniqueness properties for the ODE are known only in very special situations, for instance when
there is a Lipschitz or a one-sided Lipschitz (or log-Lipschitz, Osgood...) condition on b. On
the other hand, also uniqueness for general measure-valued solutions is known only in special
situations. It turns out that in many cases uniqueness of the PDE can only be proved in smaller
classes .Z of solutions, and it is natural to think that this should reflect into a weaker uniqueness
condition at the level of the ODE.

We will see indeed that there is uniqueness in the “selection sense”. In order to illustrate this
concept, in the following we consider a convex class %, of measure-valued solutions y; € . (R%)
of the continuity equation relative to b, satifying the following monotonicity property:

0< <€y = i € %, (16)

whenever ;. still solves the continuity equation relative to b, and the integrability condition

by (x
dt < +
//RdHI! (@) >

The typical application will be with absolutely continuous measures p; = w;. 2%, whose densities
satisfy some quantitative and possibly time-depending bound (e.g. L°°(L') N L>(L>)).

Definition 13 (.Z,-Lagrangian flows) Given the class £, we say that X(t,z) is a Z,-
Lagrangian flow starting from fi € . (R?) (at time 0) if the following two properties hold:

(a) X (-, x) is absolutely continuous in [0, T] and satisfies
t
X(t,x) :x—|—/ bs(X (s,r))ds vt € [0,T]
0

for p-a.e. x;
(b) jy = X (1,) i € L.

Heuristically .Z}-Lagrangian flows can be thought as suitable selections of the solutions of the
ODE (possibly non unique), made in such a way to produce a density in .Z,, see Example 1 for
an illustration of this concept.

We will show that the .Z}-Lagrangian flow starting from z is unique, modulo ji-negligible sets,
whenever well-posedness for the PDE holds in the class .Z}.

Before stating and proving the uniqueness theorem for .} -Lagrangian flows, we state two ele-
mentary but useful results. The first one is a simple exercise:

Exercise 14 Let 0 € .#(I'r) and let D C [0,7] be a dense set. Show that ¢ is a Dirac mass
in Ty iff its projections (e(t))xo, t € D, are Dirac masses in RY.
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The second one is concerned with a family of measures n,:

Lemma 15 Let n, be a measurable family of positive finite measures in I'r with the following
property: for any t € [0,T] and any pair of disjoint Borel sets E, E' C R* we have

. ({r: 4 € ENm, ({7 10 € B'Y) =0 fiace. in R (17)
Then m, s a Dirac mass for ji-a.e. x.

Proof.  Taking into account Exercise 14, for a fixed ¢ € (0,7] it suffices to check that the
measures A, := y(t)4n, are Dirac masses for fi-a.e. . Then (17) gives Az (E)A\;(E') = 0 fi-a.e.
for any pair of disjoint Borel sets E, E' C R%. Let § > 0 and let us consider a partition of R?
in countably many Borel sets R; having diameter less then 6. Then, as A\;(R;) Az (R;) = 0 p-a.e.
whenever i # j, we have a corresponding decomposition of ji-almost all of R? in Borel sets A;
such that supp A, C R; for any x € A; (just take {\;(R;) > 0} and subtract from it all other
sets {A\z(R;) > 0}, j # i). Since 0 is arbitrary the statement is proved. O

Theorem 16 (Uniqueness of % -Lagrangian flows) Assume that the PDE is well posed in
Z,. Then the £, -Lagrangian flow starting from [i is unique, i.e. two different selections X 1(t, x)
and Xo(t,z) of solutions of the ODE inducing solutions of the the continuity equation in 2,
satisfy

Xi(-,2) = Xo(, 2) in Ty, for fi-a.e. x.

Proof. If the statement were false we could produce a measure 1 not concentrated on a graph
inducing a solution p' € %, of the PDE. But this is not possible, since it would contradict
Theorem 18. Such measure 7 can be easily built as follows:

1 1 _ _
mi= S 0r 4 0?) = o1 X () i+ (@ Xa ()]
. . . 1 1 2
Since %, is convex we still have ' = 5(/4’ +u ) € %, O

Remark 17 In the same vein, one can also show that
Xi1(-,x) = Xo(,x) in T'p for i1 A fig-a.e. x
whenever X1, X are .Z,-Lagrangian flows starting respectively from fi; and fis.

We used the following basic result, having some analogy with Kantorovich’s and Mather’s the-
ories.

Theorem 18 Assume that the PDE is well posed in £,,. Letn € My (R T'7) be concentrated
on the pairs (z,7) with v absolutely continuous solution of the ODE, and assume that u; € %
Then n is concentrated on a graph, i.e. there exists a function x +— X(-,x) € I'p such that

n= (.T,X(,:U))#ﬂ, with i = (WRd)#n = Mg
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Proof. We use the representation (10) of 1, given by the disintegration theorem, the criterion
stated in Lemma 15 and argue by contradiction. If the thesis were false then 1, would not be
a Dirac mass in a set of fi-positive measure and we could find ¢t € (0,7], disjoint Borel sets
E, E' ¢ R? and a Borel set C with i(C) > 0 such that

ne.({v: vt e EYn, ({v: 7(t) € E'}) >0  Vzel.

Possibly passing to a smaller set having still strictly positive i-measure we can assume that

n.({7: () € BY)
0 ery =M

for some constant M < +oo. Denoting by 3 the quotient in (18), we define measures n', n?
whose disintegrations i}, n2 are given by

0<

Ve e C (18)

ny = xc@m,L{v: v(t) € B},  ni:=Bx)xc(@)n,{y: y(t) € E'}

and denote by ! the (superposition) solutions of the continuity equation induced by n‘. Then

po=n,({y: v(t) e EHaLC,  pg=B@)m,({v: () € E'})aLC,

so that the definition of 3 yields u} = p3. On the other hand, y} is orthogonal to u?: precisely,
denoting by n,, the image of 1, under the map ~ — ~(t), we have

utl:/Cnml—Edu(-’L')LM/me'—E’du(m):u?-

Notice also that ui < y; and so the monotonicity assumption (16) on %} gives pf € .%,. This
contradicts the assumption on the validity of the comparison principle in .%Z,. O

Now we come to the ezistence of .Z}-Lagrangian flows.

Theorem 19 (Existence of %} -Lagrangian flows) Assume that the PDE is well posed in
£, and that for some fi € M (R there exists a solution j; € 2, with g = ji. Then there
exists a (unique) £, -Lagrangian flow starting from fi.

Proof. By the superposition principle we can represent p; as (e;)xn for some n € Mo (R x
I'7) concentrated on pairs (x,7) solutions of the ODE. Then, Theorem 18 tells us that n is
concentrated on a graph, i.e. there exists a function x — X (-, x) € I'p such that

(377 X (-, .%'))#ﬂ =n-

Pushing both sides via e; we obtain

X(tv )#/j’ = (et)#n =t € jba

and therefore X is a .Z)-Lagrangian flow. O
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Finally, let us discuss the stability issue. This is particularly relevant, as we will see, in connection
with the applications to PDE’s.

Definition 20 (Convergence of velocity fields) We define the convergence of b" to bin a
indirect way, defining rather a convergence of th to £, we require that

bl — by in (0,7) x R? and we € 2L
whenever pu} € %, and up — py weakly for all t € [0, 7).
For instance, in the typical case when .Z is bounded and closed, w.r.t the weak* topology, in

L®(LY) N L®(L®), and

fczzgﬂ{w: Cf;fw—i—Dgc-(cw):O}

the implication is fulfilled whenever b" — b strongly in L.

For the flows, the natural convergence in the stability theorem is convergence in measure. Let
us recall that a Y-valued sequence (vy,) is said to converge in fi-measure to v if

lim g ({dy(vp,v) > d}) =0 v > 0.
h—o00
This is equivalent to the L! convergence to 0 of the R*-valued maps 1 A dy (vp,, v).

Recall also that convergence fi-a.e. implies convergence in ji-measure, and that the converse
implication is true passing to a suitable subsequence.

Theorem 21 (Stability of Z-Lagrangian flows) Assume that
(i) £, converge to Zy;

(ii) X" are Zyn-flows relative to b starting from i € M1 (R?) and X is the £, -flow relative
to b starting from [i;

(iii) setting uft = X"(t,-)yfi, we have

= g weakly as h — oo for all t € [0,T] (19)
T h T
, (b)) , n O([bt))
lim sup/ / duldt < / / dpdt < +o0o 20
hosoe Jo Jra T ]zl o Jpa T+ ] G0

for some strictly convex function © : R™ — R having more than linear growth at infinity;
(i) the PDE is well posed in Z,.

Then py = X (t, )i and x — X"(-,x) converge to x — X (-, z) in fi-measure, i.e.

lim 1 Asup | X"(-,z) — X(-,z)| dfi(z) = 0.
h—oo JRd [0,T7]

17



Proof. Following the same strategy used in the proof of the superposition principle, we push
onto the graph of the map = — X"(-, z), i.e.

0" = (2, X"(2)) i
#
and we obtain, using (20) and the same argument used in Step 2 of the proof of the superposition
principle, that 5" is tight in ., (R? x T'p).
Let now 1 be any limit point of " in the weak topology. Using the same argument used in
Step 3 of the proof of the superposition principle and (20) we obtain that 1 is concentrated

on pairs (x,v) with v absolutely continuous solution of the ODE relative to b starting from .
Indeed, this argument was using only the property

T
b
lim//|t ct‘d hdt — // 1o =il
h—)ooo R4 1+|| R4 1+||

for any continuous function ¢ with compact support in (0,7") X R?, and this property is ensured

by Lemma 23 below.

Let ;= (et)4n and notice that ul = (e;)xn", hence uft — p; weakly for any t € [0,7]. As
he &, assumption (i) gives that y; € %, and assumption (iv) together with Theorem 18

imply that n is concentrated on the graph of the map = — X(-,z), where X is the unique

Z,-Lagrangian flow. We have thus obtained that

(quh("x))#ﬂ - (.T,X(,:U))#ﬂ
By applying the following general principle we conclude. O

Lemma 22 (Weak convergence and convergence in measure) Let vy, v : X — Y be
Borel maps and let p € M+ (X). Then vy, — v in fi-measure iff

(x,vh(z))pf converges to (x,v(x))pp weakly in A (X xY).

Proof.  If v, — v in fi-measure then ¢(z,vy(x)) converges in L'(fi) to ¢(z,v(z)), and we
immediately obtain the convergence of the push-forward measures. Conversely, let § > 0 and,
for any € > 0, let w € Cp(X;Y) be such that a({v # w}) < e. We define

dy (y, w(z

oz, y) == 1A ; () € Cy(X xY)

and notice that

A({v# w}) + /X il = il{dy (v,0) > 6),

[ edwo@)pn < a{w # o).
XxY
Taking into account the weak convergence of the push-forward we obtain that

lim sup i({dy (v, vh) > 6}) < 20({w # v}) < 2

h—o0

and since € is arbitrary the proof is achieved. ]
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Lemma 23 Let A C R™ be an open set, and let " € ., (A) be weakly converging to o €
My (A). Let f € LY(A, 0" RF), f € L' (A, 0,RF) and assume that

(i) flo" weakly converge, in the duality with C.(A;R¥), to fo;
(ii) hm sup J46( (|f) doh < J4©(f]) do < +o0 for some strictly convex function © : RT — R
havmg a more than linear growth at infinity.
Then [, |f" —c|do™ — [, |f — c|do for any c € Cy(A;RF).

Proof. We consider the measures v" := (z, f"(2))go" in A x R* and we assume, possibly
extracting a subsequence, that v — v, with v € .#, (A x R¥), in the duality with C.(A x R¥).
Using condition (ii), the weak convergence of ¢" and a truncation argument it is easy to see
that the convergence actually occurs for any continuous test function ¢ (x,y) satisfying

L S, [, y)

=0.
ly|—o0 O(lyl)

Furthermore, for nonnegative continuous functions 1, we have also

/ Ydv < liminf/ Y dyp,. (21)
AxRFK h—oo J AxRE

Then, choosing test functions ¥ = 9(z) € Cy(A), the weak convergence of o” to o gives

/AXRkwdu—/Awda

and therefore, according to the disintegration theorem, we can represent v as

/Aka U(z,y) dv(z,y) / </ Y(x,y) dvy( )) do(x) (22)

for a suitable Borel family of probability measures v, in R¥. Next, we can use Y(z)y; as test
functions and assumption (i), to obtain

. h h _ 1: . h _ .
hlggo/Afjwdu = lim o Y(x)y; dv —/wa) (/Rk Yj dvx(y)> do(z).

As ¢ and j are arbitrary, this means that the first moment vy, i.e. [ydy,, is equal to f(z) for
o-a.e. T.
On the other hand, choosing ¥ (y) = O(]y|) as test function in (21), assumption (ii) gives

|| et ivwaota) <tmint [ ey’ = timsup [ €5 do" = [ €11y do

hence [O(ly|)dv, = f(z) = @(Uydyx}) for o-a.e. x. As O is strictly convex, this can happen
only if v, = dp(,) for o-a.e. x.

Finally, taking into account the representation (22) of v with v, = dg(,), the convergence
statement can be achieved just choosing the test function ¥ (z,y) = |y — ¢(x)|. O
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4  Vector fields with Sobolev spatial regularity

Here we discuss the well-posedness of the continuity or transport equations assuming the by(+)
has Sobolev regularity, following [72]. Then, the general theory previously developed provides
existence, uniqueness and stability of the .Z-Lagrangian flow, with & := L*(L') N L>(L>).
We denote by I C R an open interval.

Definition 24 (Renormalized solutions) Let b € L} . (I; L} (R4 RY)) be such that Db, =
div b, L% for L -a.e. t € I, with

divh, € L., (I; Llloc(Rd)> .

Let w € Li? (I; Ly (Rd)) and assume that, in the sense of distributions, there holds

loc loc
d
¢i= W +b-Vw e L (I x RY). (23)

Then, we say that w is a renormalized solution of (23) if

%mw) +b-VB(w) = cf(w) VB eCR).

Equivalently, recalling the definition of the distribution b - Vw, the definition could be given in
a conservative form, writing

%B(w) + Dy - (bB(w)) = B (w) + B(w)div b.

Notice also that the concept makes sense, choosing properly the class of “test” functions (3, also
for functions w that do not satisfy (23), not even locally integrable. This is particularly relevant
in connection with DiPerna-Lions’s existence theorem for Boltzmann’s equation [73], or with
the case when w is the characteristic of an unbounded vector field b.

This concept is also reminiscent of Kruzkhov’s concept of entropy solution for a scalar conser-
vation law

%u+Dm-(f(u)):0, u: (0,400) x RT = R.

In this case only a distributional one-sided inequality is required:

d
@ p(w) + D, - (aw) <0
for any convex entropy-entropy flux pair (1, q) (i.e.  is convex and 7' f' = q').

Remark 25 (Time continuity) Using the fact that both ¢ — w; and t — [B(w;) have a
uniformly continuous representative (w.r.t. the w* — L® topology), we obtain that, for any

renormalized solution w, t — w; has a unique representative which is continuous w.r.t. the

20



LllOC topology at almost every time. The proof follows by a classical weak-strong convergence
argument:

fo=Ff Bfn)=8(f) = fo—=f

provided S is strictly convex. In the case of scalar conservation laws there are analogous results
[103, 92]. We remark the fact that, in general, a renormalized solution does not need to have a
representative which is strongly continuous for every t. This can be seen using a variation of an
example given by Depauw [68]. Depauw’s example provides a divergence free vector field a €
L>([0,1] x R%;R?), with a(t, ) € BWoc(R?%;R?) for Lt-a.e. t €[0,1] (but a ¢ L1([0, 1]; BVioe))
such that the Cauchy problem

ou+a-Vu=0
u(0,-) =0

has a nontrivial solution, with |a| = 1 #3-a.e. in [0, 1] x R? and with the property that u(t,-) — 0
as t | 0, but this convergence is not strong. Now consider a vector field b on [—1, 1] x R? defined
as Depauw’s vector field for ¢ > 0, and set b(t,x) = —a(—t,z) for t < 0. It is simple to check (as
only affine functions 3 (t) = a + bt need to be checked, because for any § there exists an affine
3 such that B(:I:l) = [(£1)) that the function

_ _foaltx) ift>0
o(t,z) = { u(—t,x) ift<0

is a renormalized solution of dyw + b - Vw = 0, but this solution is not strongly continuous at
t=0.

Remark 26 A new insight in the theory of renormalized solutions has been obtained in [34].
In particular, it is proved that for a vector field b € L>([0,T] x R%; R%) with zero divergence
(and without any regularity assumption) the following two conditions are equivalent (the L2
framework has been considered just for simplicity):

(i) b has the uniqueness property for weak solutions in C([0,T];w — L?(R%)) for both the
forward and the backward Cauchy problems starting respectively from 0 and T, i.e. the
only solutions in C([0, T];w — L?(R%)) to the problems

Owup +b-Vup =0 and ougp+b-Vug =0
uF<O7) =0 UB(T7'> =0
are up =0 and ug = 0;

(ii) every weak solution in C([0,T];w — L?(R%)) of Gyu + b- Vu = 0 is strongly continuous
(i.e. lies in C([0,T]; s — L2(R%))) and is a renormalized solution.

The proof of this equivalence is obtained through the study of the approximation properties of
the solution of the transport equation, with respect to the norm of the graph of the transport
operator (see Theorem 2.1 of [34] for the details).
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Using the concept of renormalized solution we can prove a comparison principle (and therefore
well-posedness) in the following natural class .Z:

z = {w e L™ ([o,T];Ll(Rd)) nL> ([O,T];LOO(Rd)) : (24)
weC ([O,T];w* - LOO(]Rd)> }

Theorem 27 (Comparison principle) Assume that

|b] oo .
T € Lt ([O,T],L (Rd)> + ! ([o,T],Ll(Rd)), (25)

that D - by = div by.L? for L -a.e. t €[0,T], and that
[div by~ € LL, ([o,T) x Rd> . (26)

Setting by = 0 for t < 0, assume in addition that any solution of (23) in (—oo,T) x R?
1s renormalized. Then the comparison principle, and therefore uniqueness, for the continuity
equation hold in the class £ defined in (24).

Proof. By the linearity of the equation, it suffices to show that w € £ and wg < 0 implies
wy < 0for any t € [0,T]. We extend first the PDE to negative times, setting w; = wy. Then, fix a
cut-off function p € C°(R?) with supp ¢ C B2(0) and ¢ = 1 on B;(0), and the renormalization
functions
Be(t) == /2 + (t1)2 — e € C(R).

Notice that

B) et asel0, A1) — Belt) € [0,¢] (27)
We know that

5 elun) + D - (b (w0)) = div by (wr) — )

in the sense of distributions in (—oco,T) x R?. Plugging ¢r(-) := ¢(-/R), with R > 1, into the
PDE we obtain

d

p o ORrPe(wy) de = /Rd Be(we) (b, Vor) dz + /Rd ©rdiv by (Be(wy) — wtﬂé(wt)) dzx.

Splitting b as by + by, with

bl 1 d b2 1 1/md
el (O,T;LOOR ) and €L (O,T;L R )
o € 1 (10 o) o € L (0 2 )
and using the inequality
3
RX{R<lal<2ry < 77 [ YRS lal)
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we can estimate the first integral in the right hand side with

b1

|b1s]
31V llooll oo / ] dz + 3]Vl oo [0t o / .
1+ |z {|«|>R} {lz/>Ry 1 + ||

The second integral can be estimated with

e/ er[divd]” dx.
Rd

Passing to the limit first as ¢ | 0 and then as R — +oo and using the integrability assumptions
on b and w we get

d +
— dx <
dt/Rdwt z <0

in the distribution sense in R. Since the function vanishes for negative times, this suffices to
conclude using Gronwall lemma. O

Remark 28 It would be nice to have a completely non-linear comparison principle between
renormalized solutions, as in the Kruzkhov theory. Here, on the other hand, we rather used the
fact that the difference of the two solutions is renormalized.

In any case, DiPerna and Lions proved that all distributional solutions are renormalized when
there is Sobolev regularity with respect to the spatial variables.

loc loc loc

Theorem 29 Letb € L (I; whH (R, Rd)) and let w € L (I xR?) be a distributional solution

of (23). Then w is a renormalized solution.

Proof. We mollify with respect to the spatial variables and we set
r©:=(b-Vw)xp. — b (V(wx*p.)), W = w * pe

to obtain

d
£11)6—|—b~VwE =cx* pe —re.
By the smoothness of w® w.r.t. z, the PDE above tells us that %wf € Llloc, therefore w€ €

I/Vlicl (I x Rd) and we can apply the standard chain rule in Sobolev spaces, getting

%5(@06) +b- VAW = B (w)e # pe — B (w)re.

When we let € | 0 the convergence in the distribution sense of all terms in the identity above is
trivial, with the exception of the last one. To ensure its convergence to zero, it seems necessary
to show that ¢ — 0 strongly in L} _ (remember that 8’(w®) is locally equibounded w.r.t. €). It
will be proven in the next proposition that this is indeed the case, and it is exactly here that

the Sobolev regularity plays a role. O

23



Proposition 30 (Strong convergence of commutators) If w € L2 (I x RY) and
be Ll (I; I/Vli’cl (Rd;Rd)> we have

loc

Ll

loc

-lim (b-Vw) * pe —b- (V(w*p)) = 0.

Proof. Playing with the definitions of b- Vw and convolution product of a distribution and a
smooth function, one proves first the identity

r(t,z) = / w(t, 2)(bi(z) — be(x)) - Vpe(x — 2),dz — (wdiv by) * pe(x). (28)
Rd
Indeed, to prove (28) we introduce the commutators in the (easier) conservative form
R := (D, - (bw)) * pc — Dy - (bw®)

(here we set again w® := w * p¢). In order to get (28) it suffices to show that R® = L€ — wediv by,
where

Le(t,x) == /Rd w(t, 2)(bi(2) — be(x)) - Vpe(x — 2) dz.

Indeed, for any test function ¢, we have that (R€, ) is given by

—//wb-V,OE * odydt — //(pb-Vpe*wdazdt— //wecpdivbtdt
I I I

= — [ | [ wtmin) - Tody - ayeta) dadyat

_/I//bt(SC)VPe<$—y)wt(y)go(x)dydmdt—/[/wegpdiv by dxdt

= //Legodwdt—//wegpdivbtd:rdt
I I

(in the last equality we used the fact that Vp is odd).
Now we change variables and write (28) in the form

(be(x — ey) — by(z)) - Vp(y)

€

re(t,z) = /Rd w(t, z — ey) dy — (wdiv by) * pe(z). (29)

Then, one uses the strong convergence of translations in LP and the strong convergence of the
difference quotients (a property that characterizes functions in Sobolev spaces)

u(z + €z) — u(z)

— Vu(x)z strongly in LL ., for u € W,

loc

to obtain that ¢ strongly converge in LL (I x R%) to

loc
—w(t, x) /Rd (Vb (z)y, Vp(y)) dy — w(t, x)div by(x).
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The elementary identity

dp
i=—(y) dy = —0;;
/Rdy 8yj(y) Yy j

then shows that the limit is 0 (this can also be derived by the fact that, in any case, the limit of

in the distribution sense should be 0, so the main point here is the strength of the convergence).
O

In this context, given i = p.Z? with p € L' N L™, the .Z-Lagrangian flow starting from fi (at
time 0) is defined by the following two properties:

(a) X (-, ) is absolutely continuous in [0, 7] and satisfies
t
X(t,x) :x—i—/ bs(X (s,z))ds  Vtel0,T]
0

for fi-a.e. x;
(b) X (t," )i < CZL? for all t € [0, T], with C independent of ¢.

The assumption (b) expresses in a quantitative way the condition that “trajectories do not
concentrate too much”. It can be equivalently stated as

/¢<X<t,x>>dxsc () dy
Rd Rd

for all positive p € C.(R9).
Summing up what we obtained so far, the general theory provides us with the following existence
and uniqueness result.

Theorem 31 (Existence and uniqueness of Z-Lagrangian flows) Let
be Ll ([07 T]? Wi;l(Rd; Rd)) be Satzsfymg

C

|b|
1+ |z

(i) [divb,]~ € L* ([0,T]; L= (R%)).

(1)

er! ([o,T];Ll(Rd)) Lt ([O,T]; LOO(Rd)),-

Then the £ -Lagrangian flow relative to b exists and is unique.

Proof. By the previous results, well-posedness holds for the continuity equation relative to b.
Therefore the general theory previously developed applies, and Theorem 16 provides uniqueness
of the .Z-Lagrangian flow.

As for the existence, still the general theory (Theorem 19) tells us that it can be achieved
provided we are able to solve, within %, the continuity equation

d
Zw+ Dy - (bw) =0 (30)
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for any nonnegative initial datum wo € L' N L. The existence of these solutions can be

immediately achieved by a smoothing argument: we approximate b in LllOC by smooth b" with

a uniform bound in L'(L*) for [div b}]~. This bound, in turn, provides a uniform lower bound
on JX" and finally a uniform upper bound on w} = (wo/JX") o (X)~1, solving

d
%wh + D, - (b"w") = 0.

Therefore, any weak limit of w” solves (30). O

Notice also that, choosing for instance a Gaussian, we obtain that the .Z-Lagrangian flow is
well defined up to Z?-negligible sets (and independent of fi < £¢, thanks to Remark 17).

It is interesting to compare our characterization of Lagrangian flows with the one given in
[72]. Heuristically, while the DiPerna-Lions one is based on the semigroup of transformations
x — X (t,x), ours is based on the properties of the map x — X (-, x).

Remark 32 The definition of the flow in [72] is based on the following three properties:

Y
(a) 887§(t’ s,2) =b(t,Y(t,s,x)) and Y (s, s,2) = z in the distribution sense in (0,T) x R%;

(b) the image \; of 2% under Y (t, s, -) satisfies

1
afd <\ < C? for some constant C' > 0;

(c) for all s, s',t € [0,T] we have

Y (t, s, Y (s, s/,x)) =Y (t5, ) for Z%a.e. x.

Then, Y (t, s, x) corresponds, in our notation, to the flow X*(¢, z) starting at time s (well defined
even for t < s if one has two-sided L> bounds on the divergence).

In our setting condition (c) can be recovered as a consequence with the following argument:
assume to fix the ideas that s’ < s < T and define

X*(t,z) if t € [¢,s];
X(t,x) =
X° (t,Xs/(s,x)) ift € [s,T].
It is immediate to check that X (-,z) is an integral solution of the ODE in [¢,T] for Z%a.e.
x and that X (t,-)f is bounded by C?%#?. Then, Theorem 31 (with s’ as initial time) gives
X (-,x) = X(-,8,x) in [¢/,T] for £%a.e. x, whence (c) follows.

Moreover, the stability Theorem 21 can be read in this context as follows. We state it for
simplicity only in the case of equi-bounded vectorfields (see [13] for more general results).
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loc

flows relative to b", b, let i = pL* € M (RY) and assume that

Theorem 33 (Stability) Letb", b e L ([O,T]; Wl (R Rd)), let X", X be the £ -Lagrangian

(i) b" = b in L}

loc

((0,7) x RY);

(ii) |bp| < C for some constant C independent of h;
(iii) [div b~ is bounded in L' ([0, T; L>°(R9)).
Then,

li Xh . — X (- A dr = 0.
R Joa B~ X O ARl

Proof. It is not restrictive, by an approximation argument, to assume that p has compact
support. Under this assumption, (i) and (iii) ensure that uf! < Myp,.£? for some constants M
and R independent of h and t. Denoting by s the weak limit of u?, choosing ©(z) = |z|? in
(iii) of Theorem 21, we have to check that

// o hdt—/T/ LI (31)
A e T ] = ) T ) el

Let € > 0 and let B C (0,7") x Bgr be an open set given by Egorov theorem, such that b, — b
uniformly on [0, 7] x Br \ B and .91 (B) < . Let also b, be such that |b.| < C and b, = b on
[0,7] x Bgr \ B. We write

T 2 2 2 _ 2 2 _ 2
b b b b b
o Jral+ |9C’ rd 1+ ’33| orxBa\s Ltz

so that
[ ot [ [ 50
a1+ ] o Jpa 1+ |z M
// dt/T/ LI
6—)0 Rd1+’ /Jlt o 0 Rdl—f—’(ﬂ‘ it

this proves that (31) is fulfilled. O

lim sup < 2C%*Me.

h—00

As € is arbitrary and

Finally, we conclude this section with the illustration of some recent results [83, 17, 18] that
seem to be more specific of the Sobolev case, concerned with the “differentiability” w.r.t. to =
of the flow X (¢, x), see [13] for a more detailed treatment of this topic. These results provide a
sort of bridge with the standard Cauchy-Lipschitz calculus:

Theorem 34 There exist Borel maps Ly : R* — M? satisfying

lim X(t,x+h)—X(t,z) — Li(x)h
h—0 |h

=0 locally in measure
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for any t € [0,T]. If, in addition, we assume that

T
/ / |Vbi| In(2 + |Vby|) dedt < 400 VR >0
0 Bgr

then the flow has the following “local” Lipschitz property: for any € > 0 there exists a Borel set
A with i(R%\ A) < e such that X (t,-)|a is Lipschitz for any t € [0,T].

According to this result, L can be thought as a (very) weak derivative of the flow X. It is still not
clear whether the local Lipschitz property holds in the I/Vlicl case, or in the BV, case discussed
in the next section. Also compare with the approximate differentiability results presented in
Section 6.5.

9 Vector fields with BV spatial regularity

In this section we prove the renormalization Theorem 29 under the weaker assumption of a BV
dependence w.r.t. the spatial variables, but still assuming that

Db, < %% for Lhae te(0,T). (32)

Theorem 35 Let b € Li_ ((0,T); BVioe(RGR?)) be satisfying (32). Then any distributional

loc

solution w € L2, ((0,T) x RY) of

loc

d _ 1 d
Zw+ Dy (bw) = c € Li,, ((O,T) « R )

1s a renormalized solution.

We try to give a reasonably detailed proof of this result, referring to the original paper [10] for
minor details. Before doing that we set up some notation, denoting by Db; = D%b; + Db, =
Vb:. 2%+ D*b; the Radon-Nikodym decomposition of Dby in absolutely continuous and singular
part w.r.t. 2% We also introduce the space-time measures | Db| and | D*b| by integration w.r.t.

the time variable, i.e.
T
/cp(t,a:)d|Db| ::/ / o(t, z) d|Dby| dt,
0 JRd

T
/@(t, x)d|D*b| ::/ / o(t, z) d|Dby| dt.
0 R4

We shall also assume, by homogeneity and locality of the arguments involved, that ||w||s < 1.
We are going to find two estimates on the commutators, quite sensitive to the choice of the
convolution kernel, and then combine them in a (pointwise) kernel optimization argument.
Step 1 (anisotropic estimate). Let us start from the expression

(bi(z — ey) — bi(z)) - Vp(y)

€

dy — (wdiv by) * pc(z) (33)

(o) = [ wito—a)
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of the commutators (b- Vw) * p. — b - (V(w * p.)): since by ¢ WH! we cannot use anymore the
strong convergence of the difference quotients. However, for any function u € BVj,. and any
z € R? with |z| < € we have a classical L' estimate on the difference quotients

/ lu(x + 2) — u(z)|de < |D,u|(K.) for any K c R? compact,
K

where Du = (Dyu,...,Dgu) stands for the distributional derivative of u, D,u = (Du,z) =
>; ziDiu denotes the component along z of Du and K. is the open e-neighbourhood of K. Its
proof follows from an elementary smoothing and lower semicontinuity argument.

We notice that, setting Db, = M| Db;|, we have

D, (b, Vp(z)) = (M(-)z,Vp(2))| Db Vz € RY

and therefore (using that div b;.2? is the trace of D%;) the L' estimate on difference quotients
gives the anisotropic estimate

i /K | dar < /K /R M)z, Vp())| d=d| D1, 7) + d| D] (K) (34)

for any compact set K C (0,T) x R%.

Step 2 (isotropic estimate). On the other hand, a different estimate of the commutators
that reduces to the standard one when b(t,-) € T/Vlicl can be achieved as follows. Let us start
from the case d = 1: if p is a R™-valued measure in R with locally finite variation, then by

Jensen’s inequality the functions

N t,t+e X[—¢,0
je(t) o= M LE D Xty
satisfy
/ |fie| dt < |u|(K.) for any compact set K C R, (35)
K

where K. is again the open e neighbourhood of K. A density argument based on (35) then
shows that fi converge in L{ (R) to the density of u with respect to .#! whenever p < £1. If

loc

u € BVjy. and € > 0 we know that

wz+e) —u(z) Du([z,z + €]) _ Du([x,x + €]) N Diu([z, z + €])

for #'-a.e. x (the exceptional set possibly depends on ¢). In this way we have canonically
split the difference quotient of u as the sum of two functions, one strongly converging to Vu in
Llloc, and the other one having an L' norm on any compact set K asymptotically smaller than
|D*u|(K).

If we fix the direction z of the difference quotient, the slicing theory of BV functions gives that
this decomposition can be carried on also in d dimensions, showing that the difference quotients

bi(z +ez) — by(x)

€
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can be canonically split into two parts, the first one strongly converging in L%OC(Rd) to Vby(z)z,
and the second one having an L' norm on K asymptotically smaller than [(D*by, z)|(K). Then,
repeating the DiPerna—Lions argument and taking into account the error induced by the presence
of the second part of the difference quotients, we get the isotropic estimate

limsup/ |r€| dz < </ / \zHVp(z)\dz) d|D®b|(t, x) (36)
el JK K JRd

for any compact set K C (0,T) x R%.

Step 3 (reduction to a pointwise optimization problem). Roughly speaking, the isotropic
estimate is useful in the regions where the absolutely continuous part is the dominant one, so
that |D®b|(K) < |D®b|(K), while the anisotropic one turns out to be useful in the regions where
the dominant part is the singular one, i.e. |D%|(K) < |D*b|(K). Since the two measures are
mutually singular, for a typical small ball K only one of these two situations occurs. Let us see
how the two estimates can be combined: coming back to the smoothing scheme, we have

SB0w) +b - VBw) — B )e s pe = B (37)

Let L be the supremum of || on [—1,1]. Then, since K is an arbitrary compact set, (36) tells
us that any limit measure v of |3 (w®)r¢|.Z? as € | 0 satisfies

v < LI(p)|D°| with I(p) :—/ 2|V ()] dz.
]R‘i

and, in particular, is singular with respect to .Z¢. On the other hand, the estimate (34) tells
also us that

v < L/ (M.()2,Vp(2))| d2|Db| + d|D*|(K).
R4
The second estimate and the singularity of v with respect to .£% give
v<L / [(M.(-)z, Vp(2)) | dz| D). (38)
R4

Notice that in this way we got rid of the potentially dangerous term I(p): in fact, we are going
to choose very anisotropic kernels p on which I(p) can be arbitrarily large. The measure v can
of course depend on the choice of p, but (37) tells us that the “defect” measure

7= %ﬁ(wt) +b- VB (wr) — e (wr),

clearly independent of p, satisfies |o| < v. Eventually we obtain

lo| < LA(M.(-), p)| Db with A(N, p) ::/Rd|(Nz,Vp(z))|dz. (39)
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For (z,t) fized, we are thus led to the minimum problem

G(N) ::inf{A(N,p): peCX(B1), p>0, /dezl} (40)

with N = M;(z). Indeed, notice that (39) gives
o] < L inf AQM(), )| D
for any countable set D of kernels p, and the continuity of p — A(N,p) w.r.t. the WhHl(By)
norm and the separability of Wi1(By) give
o] < LG(M.(-)|D*b]. (41)
Notice now that the assumption that D - b; < £ for Z'-a.e. t € (0,T) gives
trace My(z)|D°by| = 0 for Lt-ae. t e (0,T).

Hence, recalling the definition of | D*b|, the trace of M;(z) vanishes for | D*bl|-a.e. (¢, x). Applying
the following lemma, a courtesy of Alberti, and using (41) we obtain that o = 0, thus concluding
the proof.

Lemma 36 (Alberti) For any d x d matriz N the infimum in (40) is |trace N|.

Proof. Since [(Nz,Vp(z))dz = —trace N, we have to build kernels p in such a way that the
field Nz is as much tangential as possible to the level sets of p. Notice first that the lower bound
follows immediately by the identity

/ (Nz,Vp(z))dz = / —p(z)div Nz + div (p(2)Nz) dz = —trace N.
Rd Rd

Hence, we have to show only the upper bound. Again, by the identity
(Nz,Vp(z)) = div (Nzp(z)) — trace Np(z)

it suffices to show that for any 7" > 0 there exists p such that

/R Jdiv (N2p(2))] dz < % (42)

The heuristic idea is (again...) to build p as the superposition of elementary probability measures
associated to the curves eVz, 0 < t < T, on which the divergence operator can be easily
estimated. Given a smooth convolution kernel § with compact support, it turns out that the
function

1 T
o(2) = / O(etN z)ettrace N gy (43)
0

has the required properties (here eV = S, Nz /i! is the solution of the ODE 4 = N+ with
the initial condition v(0) = ). Indeed, it is immediate to check that p is smooth and compactly
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supported. To estimate the divergence of Nzp(z), we notice that p = [ 6(x)u, dz, where p,
are the probability 1-dimensional measures concentrated on the image of the curves t — e!Nx
defined by

pe = (eNa)y (%.,2”1 L[o, T]> .

Indeed, for any ¢ € C°(R?) we have

1 T
/Rd 0(2) (pig, @) dz = T/o /]Rd O(x)cp(etNx) dxdt
1 T
_ T/O . 0(€—tNy)e—ttrace N(P(y) dydt
= / P(y)e(y) dy.
Rd

By the linearity of the divergence operator, it suffices to check that

2
|D. - (Nzp,)|(RY) < Vo € RY.

T

But this is elementary, since

1 (T TN\ _
[ V=T dia(2) = [N, e gy ar = AT )
Rd T 0 T
for any ¢ € C°(R?), so that TD, - (Nzpiz) = 6z — 67N . 0

The original argument in [10] was slightly different and used, instead of Lemma 36, a much
deeper result, still due to Alberti, saying that for a BVj.. function v : R? — R™ the matrix
M(x) in the polar decomposition Du = M|Du| has rank 1 for |D%ul-a.e. z, i.e. there exist
unit vectors &(z) € R? and n(z) € R™ such that M(z)z = n(z)(z,&(z)). In this case the
asymptotically optimal kernels are much easier to build, by mollifying in the £ direction much
faster than in all other ones. This is precisely what Bouchut and Lions did in some particular
cases (respectively “Hamiltonian” vector fields and piecewise Sobolev ones).

As in the Sobolev case we can now obtain from the general theory given in Section 3 ex-
istence and uniqueness of £-Lagrangian flows, with ¢ = L*(LY) N L*(L>): we just re-
place in the statement of Theorem 31 the assumption b € L! ([O,T]; Wl’l(Rd;Rd)) with b €

loc
L' ([0, T); BVioe(R%; R?)), assuming as usual that D - b, < .£% for Z'-a.e. t € [0,7].
Analogously, with the same replacements in Theorem 33 (for b and bh) we obtain stability of
Z-Lagrangian flows.

6 Quantitative ODE estimates: W'? regularity with p > 1

In this and in the next section we introduce a further approach to the well-posedness of the
ODE, based on quantitative a priori estimates, as an alternative to the approach exploiting
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the well-posedness of the continuity equation (in the various regularity contexts) and the link
between the ODE and the continuity equation, described in Section 3.

We restrict here our attentions to .Z-Lagrangian flows with .# := L*(L>°), and for simplicity
we refer to them (in this and in the next section) simply as regular Lagrangian flows. We recall
that, given a vector field b : [0, 7] x R? — R?, we are considering as “admissible solutions to the
ODE” those maps X : [0,7] x RY — R? such that:

(i) For Z%a.e. z € R? the function t — X (¢,z) is a solution of the ODE in the integral
sense;

(ii) There exists a constant L > 0 such that X (¢,-)x%¢ < L4 for all t € [0, 7).

The constant L in (ii) is called compressibility constant of the flow X.

For simplicity, in this and in the next section we only consider globally bounded vector fields:
the extension to more general growth conditions does not pose any problem, but makes some
of the computations much longer. At many occurrences we will also avoid to explicitly indicate
the time dependence. We deal with three different regularity classes: WP with p > 1 (in this
section), W1 and the case in which the derivative is a singular integral of an L' function (in
the next section). We remark that we do not systematically assume conditions about the spatial
divergence div b: divergence bounds will be needed for the existence result only.

The objective is to develop in the non-Lipschitz context a theory for the ODE which is “parallel”
to the usual Cauchy-Lipschitz theory for the Lipschitz context, and which is independent from
the PDE theory. In particular, this approach allows to recover for the ODE:

e Existence and uniqueness;

e Stability (with respect to approximations of the vector field), with an explicit convergence
rate;

e Compactness, under natural bounds (this is relevant in view of applications to nonlinear

PDEs);

e Regularity of the flow X (¢, z) with respect to the initial position x (this also gives some
mild propagation of regularity for the transport equation).

The presentation is based on [61, 36]. Some ideas originated from [17, 83].

6.1 An integral quantity and the lower bound

Remember the very basic estimate providing (2), in the context of Lipschitz vector fields. A
variant of it can be performed using the following formal estimate for the logarithm of the spatial
derivative of the flow:

1

=:ﬁi§NVU%XD|=IVbNX)‘ (44)

d 1 |d
L og VX< — | Svx
i 81V ‘—]VX]‘dtv ’

Again, when b is Lipschitz, we recover that the flow is Lipschitz, with a Lipschitz constant
depending exponentially on the Lipschitz constant of b.
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The relevance of (44) is that it admits an integral version, which is working well even out of the
Lipschitz case, in some weak regularity contexts.

Let us fix two regular Lagrangian flows X1 and X4, associated to the vector fields by and bs,
and with compressibility constants L and Lo. Given a (small) parameter 6 > 0 and a truncation
radius R > 0, we consider the following (time dependent) quantity:

Ds(t) = /B log (1 + X (t,2) — Xg(t,ac)\) dx . (45)

4]

We start by establishing a simple but useful lower bound for ®5. Given an arbitrary v > 0 we
can compute

Dy(t) > / log (1 + %) dz = 2% (Br N {|X1 — Xa| > 7)) log (1 + %) . (46)
BrN{|X1—-X2|>v}

In particular, in the special case by = by = b (in which ®; is somehow “measuring the non
uniqueness” ), we deduce that in order to have non uniqueness, ®5 must blow up at least as fast
as log(1/d) as § — 0. More in general, we understand that upper bounds on ®s are going to
provide upper estimates on the measure of the superlevels {| X — Xo| > ~v}.

6.2 The maximal function

Since we have now dropped the Lipschitz context, the difference quotients

|b(x) — b(y)|
[z =y
are no more uniformly bounded. In the proof of the upper bounds for the functional &5, we will
have to deal again with difference quotients, but we will take advantage of the fact that they
will always appear under the integral sign.
Suitable estimates can be provided using the classical maximal function. Given f € LIIOC(Rd; R™),
we define its maximal function as

M () = sup f f@W)ldy, @ eR-. (47)
r>0 JB(z,r)

Similarly, when p is a R™-valued measure in R? with locally finite total variation, we define

Mu(x) = i1>118 W , reRY. (48)

Notice that since |f.Z4| = |f|-£9, the two definitions are consistent, namely M (f.2?%) = M.
Notice that, if f € L'(R%R™), or if p is a measure with globally finite total variation in R,
then the maximal function is .#%a.e. finite.

A fundamental question is to provide bounds for this operator. It is immediate to see that

IM fllLee < | fllzee - (49)
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Remarkably, the analogue property involving L' does not hold. Only the weak estimate

fllz (50)

holds, where the weak Lebesgue space M1 (R) is defined as the space consisting of all measurable
function g on R? such that

M fll[ar < Canl

gl = sup { A2 ({z : |g(@)| < A}) } < o
A>0

Note carefully that the quantity |||g|||3s1 is not a norm, and for this reason we have chosen the
notation with the triple vertical bar.
By interpolating (49) and (50) we can obtain the strong estimate

IMfller < Capll fllLe (51)

valid for every 1 < p < oo, with a constant Cy ), which blows up as p — 1.
The maximal function is relevant in our context because of the following property. Assume that
f € BV(R?). Then there exists a Lebesgue negligible set N C R? such that

(@)= f§)| < Cla—y|(MDf(2) + MDf(y))  Va,y eRT\N, (52)

where C' is a dimensional constant. Estimate (52) provides a control of the difference quotients
with the maximal function of the derivative. We are going to exploit this property instead of
the Lipschitz assumption in the estimates for ®.

Exercise 37 Prove formula (52) (a detailed proof is, for instance, in Theorem 5.34 of [9]).

For a detailed exposition of the theory of maximal functions we refer for instance to [98].

6.3 Upper bound for the integral quantity

We derive now an upper bound on ®5 which makes use of the dynamics of our situation, that
is, we start to exploit the fact that X; and X are regular Lagrangian flows. The following
estimates will rely on the WP regularity of the vector fields by and by (we assume p > 1 in this
section, while p = 1 will be considered in the next section), and on the compressibility constants
of the regular Lagrangian flows. Also notice that, if # € Bg, then X;(t,7) € Bryr|p,|.. for all
t €10,7T].
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We estimate the time derivative of ®5 as follows:

b1(X1) — ba(X7)|
o (t </ | dx
() = By O0+|X1— Xo

b1(X2) — ba(X2)| b1(X 1) — b1(X2)]
S/BR d /BR d

0+ X1 — X 0+ 1X1 — X9
1 ) 2]bi]lee | [B1(X 1) — b1 (X2)]
< = b1(X9) —by(X da:+/ min ; dx
o BR| 1(X2) = ba(Xo)l Br { 0 | X1 — Xof
L2 . 2||b1||oo
< —Z|lb; — b - = MVb (X MVb (X dr .
< 5 llbs 2HL1(BR+THb2Hoo) +/BRH1111{ 5 70( Vb1(X1) + MVby( 2)) T
(53)
We can estimate
Br Bri1|b; 0o

< CHMVIHHL;; < CHVbIHva

where the constant C' depends on L;, p, ||b;|lcc, R and T. Note that with a bit more care this
estimate could be made local, so to depend on the norm of Vb; on a compact set only.
Hence, for a vector field b € WP with p > 1 we deduce

C
D5(t) < 5161 = b2y + Ol Vil 1z,
and so, since ®5(0) = 0, we have

C
©5(t) < 5 l1b1 = ball Ly py) + ClIVOL Ly 1) -
Putting this together with (46) we conclude

29(Br{IX1(t,) = Xa(t.2)| > 7))

C C 54
< ——F——=~ b1 — b2||L1(L1) + 7|Wb1”L1(L£) : oY
5log (1+1) T log (Hl) t
5 5

This is the fundamental estimate, which will allow us to deduce many of the well-posedness
results for the ODE.

6.4 Well-posedness of the ODE: W!? regularity

We start with uniqueness, which is an immediate consequence of (54). Since we look at by = bo,
we have
2(Br 0 {1X1(t,) = Xa(t, )] > 7}) <

o
— 5 Vol
log <1 Z) ¢ (L)
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for every > 0 and every R > 0. It suffices to let § — 0.

Next, we discuss stability. Consider b € Ltl(W; ) and a sequence (b,) convergent to b in Li.
equibounded in L*°. Assume that the regular Lagrangian flows X and X, have equibounded
compressibility constants. The fundamental estimate (54) now reads

fd(BRﬂ{\Xn(t ) - X<t7 )‘ > 7})

C C
< 5log(1+g)ubn - bHL%(Li,loc) + m

Given v, n > 0, we choose 0 > 0 so small that 1T < n/2. This fixes the quantity W(M in
I. Therefore we can find 7 so large that I <n/2 for all n > n.

Hence we have discovered that: given v > 0 and R > 0, for every 1 > 0 we can find n such that
29(BrO{1Xalt,) - X(6) > 7)) <0 vz,

This means that X, is converging to X locally in measure in R%. Since X and X, are locally
equibounded, this also implies LllOC convergence: given R > 0, for every n > 0 we can find n
such that

/ X, (t2)— X(ta)de<n  Yn> .
Br

Note the important fact that stability comes with a quantitative rate: the values n only depends
on 7 and on the equibounds on the sequence.

The proof of the compactness goes along the same line. Consider a sequence (b,,) which is equi-
bounded in L*° and in L%(Wg} P). Assume that there exist associated regular Lagrangian flows
X, with equibounded compressibility constants. Then we can use the fundamental estimate
(54) to write

gd(BRm“Xn(t, D)= Xom(t, )] > v})
< ¢ <

STy e

= [+1I,

where the constant C' in IT also depends on the equibounds on [ Dby || 1z

Given n > 0, we find § > 0 such that IT < n/2. Correspondingly, we find n such that I < 7/2
for every n, m > n.

Summarizing, we have proven that, given v > 0 and R > 0, for every n > 0 we can find 7 such
that

/ | Xn(t,x) — Xp(t,x)| de <7 Vn,m >mn,
Br

that is, the sequence (X,,) is locally precompact in measure. As for the stability, thanks to the
local equiboundedness of X ,,, precompactness in LllOC can be deduced from this.
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Remark 38 The analogue compactness statement under L' bounds on Vb, instead of LP
bounds, is the content of a conjecture due to Bressan [45]. The W' theory presented in the
next section will replace the L? bounds on Vb,, with equi-integrability bounds.

The compactness is the key property in order to prove existence of the regular Lagrangian
flow associated to a bounded vector field b € L%(W; 7). At this point, we have to assume some
condition about the divergence of b and, for simplicity, we assume divb € L.

We regularize b by convolution, in order to get a sequence b,, of smooth vector fields which are
equibounded in L N LY (W,?), and with div b,, equibounded in L. Remembering (7), we infer
that the (classical) flows associated to b, have equibounded compressibility constant. We are
therefore in the position to apply the compactness property, and it is simple to prove that this
produces a regular Lagrangian flow associated to b.

6.5 A mild regularity property of the regular Lagrangian flow

Remember that, for Lipschitz vector fields, the flow inherits regularity with respect to the spatial
variable: z +— X (¢, x) is Lipschitz, with Lipschitz constant depending exponentially on the time
and on the Lipschitz constant of the vector field (compare once again (2)).

We want now to derive a similar result for Sobolev vector fields. In order to do this, we consider
a functional Uy, strictly related to the functional ®5(¢) in (45), that is

sup sup ][ log <1 + | Xt z) — X(t’?/)‘> dy
B(z,r)

U(X)=
) 0<t<T r>0 r

, (55)
LY (BR)

where R > 0 is fixed.
We want to derive upper bounds for the functional ¥(X). We begin by differentiating with
respect to time the integral:

d
log (1 +

% B(z,r)
S][ b(X(t,2)) — b(X(t,y))|
B(z,r)

X~ XG0l

r

X(to) - Xty Y

<C ][ [MVb(X(t,x)) +MVb(X(t,y))} dy
B(z,r)
— CMVb(X(t,2)) + C MVb(X (t,y))dy.

B(z,r)

Integrating in time we deduce

][ log(1—|— IX(t,w)—X(t,y)l) dy < ][ log<1+ Ix—y|> dy
B(z,r) r B(z,r) "

t t
+C / MVb(X(s,2))ds + C / ][ MVb(X (s,y)) dy ds
0 0 B(z,r)

t t
§10g2+C'/ MVb(X(s,x))ds—i—C/ ][ MVb(X(s,y))dyds.
0 0 B(z,r)
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Taking the sup over 0 <t < T and over r > 0, and finally the Lﬁ(B r) norm we deduce

ds

T T
U(X) < C+C/O IMVb(X (s, 2))| Lr(Bp) d3+0/0 HM[MW’(X(S"))H L»(Br)

T T
§C+C/ | MVb|| L ds+C/ [MVb(X(s,-))| e ds
0 0

T

< C+ CIIVbll ) +c/ |MVb| 10 ds
0

< C+CVblm < C.

where the constant C only depends on the bounds on b and on the compressibility constant of
the regular Lagrangian flow X.
We are going to utilize Chebyshev inequality, which asserts that for every 1 < p < oo and every
A > 0 we can estimate
£ 1170
AP

211> A} <

Applying this with A = C/e'/? to the function of  introduced in (55), we obtain the existence
of a set K C Bg with Z4(Br\ K) < ¢ such that

X(t,z)— X C
sup sup ][ 10g<1+’ (t,2) (,y)]) dyg—l/p Vr e K.
0<t<T r>0 B(x r) T €

X - X
[ o1 XY,
B(z,r) r e/p

for every x € K, every 7 > 0 and every 0 <t < T.
We apply this in order to derive the Lipschitz estimate for the regular Lagrangian flow X. Let
x and 2’ be points of K, and set r = |x — 2’|. Define

This means that

Cypw = B(z,7) N B(a', 7).

Notice that .i”d(CLx/) = ¢qr?, for a positive dimensional constant ¢;. We can estimate

o (14 KER=XCAN [ (), K= XE)
C, 2

r

.
X(t —Xt7 X(t, o) — X(t
<]1 10g<1+‘ RS (N PY G e (A e
Cy 2t

, J—
<C][ 10g< XODXCN 4o f g (14 KED=XCD)
(z,r) r B(z',r)
C

r

el/p
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As a consequence
C
| X (t,x) — X (t,2')] < |z — 2| exp (1)
€ /P

for every x and 2’ belonging to K, that is
. C
el/p

Remember that the set K C Bg was such that Z4(Bgr \ K) < .

Remark 39 The Lipschitz property we have proven is usually called Lusin-type approximation
with Lipschitz function. From this, approximate differentiability .#%-a.e. of the map x — X (t, )
can be deduced.

Exercise 40 Using Ascoli-Arzeld Theorem, find another proof of the compactness of the regular
Lagrangian flow. Notice that it is essential that the control on the Lipschitz constant provided
by (57) is quantitative.

7 Quantitative ODE estimates: W!! regularity and singular integrals

In the previous section we have described the quantitative estimates and their consequences in
the case of WP regularity of the vector field, when p > 1. The case p = 1 (and a fortiori the
BV case) was not covered by this analysis, due to the lack of strong estimates for p = 1 for the
maximal function: (51) does not hold for p = 1, and only the weak estimate (50) is available.
However, (50) seems to be of no help for our purposes: we need to bound an integral of difference
quotients, which are in turn bounded by the maximal function of the gradient of the vector field.
The bound in M' coming from (50) does not even guarantee integrability!

The good news is that there is an additional element that can be exploited in our analysis,
and this refined proof will allow to obtain the same theory (except for the regularity results in
Section 6.5) in the W! case (but unfortunately not in the BV case, presently only covered by
the theory of renormalized solutions).

In the derivation of the upper bound for the functional ®5(¢), after differentiation in time, we
obtained the bound

L 2[[01] 0
Cbg(t) < *52 |br — bal| 11 —I—/ min {H (15’ ; C’(MVbl(Xl) + MVbl(X2)>}d:U.
Br

Afterwards, we proceeded with the estimate of the difference quotients, simply “forgetting” the
first term inside the minimum.

In this section we describe how an interpolation argument (exploiting the L term % in the
above minimum) will allow to recover both the Wl case, and the case in which the derivative
of the vector field is a singular integral of an L' function. Notice that this second class is not
included in, nor it includes, BV. We also remark that equi-integrability bounds will play a role

in the estimates: this is the obstruction in pushing this W' technique to BV.
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7.1 Weak Lebesgue spaces and interpolation

In order to address the case p = 1, some additional tools will be needed. Recall that the weak
Lebesgue space M'(R?) is defined as the space consisting of all measurable function g on R?
such that

[lgll[ar = ililg{)\.iﬂd({x g(z)] < )\})} < 00.

We already noticed that the maximal function satisfies a weak inequality from L' into M?,
expressed by (50). The same holds when we consider the maximal function of a measure,
defined as in (48):

1M plllar < Caallplla, (58)

where on the right hand side we have the total variation norm.

The space M! is strictly bigger than L'. For instance, on the real line, 1/ belongs to M! but
fails to be in L! (even locally, due to the blow up at the origin). The following interpolation
inequality may be interpreted by informally saying that “M? is not too distant from L'”:

Ol
tHlos (mmel)] ' 59)

Indeed, we can bound the L! norm with the M! (pseudo)norm, up to a logarithm of the L>
norm. We notice that (59) holds for functions defined on a compact set, and that one could
similarly interpolate between M' and LP, for any p > 1.

11z < (LA ar

Exercise 41 Prove the interpolation inequality (59). In order to do this, rewrite the L' norm
of f as the integral of the distribution function of f defined as usual by a(\) = . Z4({|f| > \}).
Split the integral in the sum of the integrals over [0, A] and [A, || f||z], use suitable estimates
in the two intervals, and conclude by optimizing over A.

7.2 Uniqueness for the ODE: W!! regularity

We show now how to extend the estimates in Section 6.3 to include the case p = 1. For clearness
and simplicity of exposition, we focus our presentation on the uniqueness issue, but all the well-
posedness results of Section 6.4 could be proven in this context along the same lines. However,
it is less clear how to extend to this case the Lischitz estimates in Section 6.5.

Given a vector field b € W', we consider two regular Lagrangian flows X and X, with
compressibility constants given respectively by L; and Ly. Proceeding as in (53) we estimate

(1) < /BR mm{m%”‘” : C(MDb(Xl) +MDb(X2))}da:

bl
§C(L1+L2)/ min{”(g; MDb}dx.
Briribje
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By integrating with respect to the time we arrive at

T
Os5(t) < C(L1 + Lz)/ / min {Hbyoo ; MDb} dxds. (60)
0 Bririblo

We now set

¢(s,r) = min {Hb(goo ; MDb} (61)

and observe that we have the two bounds

bl
Il < LBl gl < NIAZDB g - (62)
5 tx tx

We can exploit the interpolation inequality (59) and the bounds (62), together with the fact
that the function z — log z is increasing and the function z — z[1 + log(c/z)] is increasing for

z < ¢/d, to obtain
Cl|dll g
1+ log [ —oNEE
<|||¢|||Mgz

1+ log —CHbHL?:
SIMDB] Iy ) |

1Dl < [|I11MDB g

Ds(t)

IN

Clliélll

IN

C||[M Db 1

From (58) we simply obtain

S CIDblzg e

and using again the fact that the function z — z[1+log(c/z)] is increasing for z < ¢/¢ this gives

C
1+1 _—
+loe <5HDbHngx>)] / (03)

in which ||b||c has been absorbed in the constant.

This upper bound is exactly on the critical scale discriminating for uniqueness in (46)! This
means that (63) (valid even for BV vector fields) is not enough to conclude.

However, in the Wb case we can “play with the constants”. Indeed, given € > 0, the derivative
Vb € L'([0,T] x R?) can be split as

B5(t) < C|[Dbl| s

Vb =g+, (64)

with HgEIHL%(L%) < € and HngL%(L%) < C.. The constant C. blows up as € — 0 and depends on

the equi-integrability of Vb. Using this argument, we are able to proceed in the W! case only,
and the more general BV case (still allowed in (63)) has to be abandoned. A decomposition as
n (64) does not hold for a measure.
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With this decomposition we can estimate the function ¢ in (61) as follows:

bl
¢(s,7) < min{”(!;MgHMg?}

IN

n{”bg“; Mgi} +min{|b<’$oo; Mg?} = ¢(s,2) +¢°(s,2).

Reasoning as before and exploiting (64) we have

b
16 e < 18l gt < gl < 1826 Ilan
tx 5 tx tx T

< C||951|\L§(L;) < Ce

L}
and
H¢?”L%(L%) < CHQ?”L%(L%) < CCe.

We use these two estimates in the bound for ®;. The “borderline” estimate (63) is utilized
with the term gel, while the term g? is treated according to the analysis for the case p > 1 in
Section 6.3. We finally get an estimate of the form

1+1log (£) CC.
log (l—i—%) log (1—1—%) ’

gd(BRﬂﬂXl - Xo| > ’y}) < Ce

and we conclude by choosing first € and then § sufficiently small.

Remark 42 The extension of this proof to the BV case is an important open problem. This
would solve the compactness conjecture proposed by Bressan in [45].

7.3 An extension to a case involving singular integrals

We want to extend the argument in Section 7.2 to a more general case, involving singular
integrals of L' functions. We start by presenting a motivation for this setting.
The Euler equation in vorticity form in two dimension reads

Ow + div (vw) = 0. (65)

This is a continuity equation for the fluid vorticity w, which is transported by the (divergence
free) fluid velocity v. This is indeed a nonlinear continuity equation, due to the structural
condition w = curlv. Both the vorticity and the velocity are unknowns of the problem, and the
coupling can be rewritten as a convolution:

v=Kx*w. (66)

In the above formula, the Biot-Savart kernel is defined (up to multiplicative constants) by
K(z) =zt /|z|?.

In order to proceed with the analysis of (65), it is necessary to understand the regularity of the
fluid velocity v. A formal differentiation if the convolution product in (66) gives Dv = DK * w.
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The problem is now that |[DK| ~ 1/|x|? around the origin in R?, hence it is in general not even
locally integrable. We cannot give a meaning to the formula for the derivative of v as a usual
convolution of distributions.

However, the actual expression of DK (without the modulus!) retains enough cancellations to
allow for a definition of the “convolution” in the sense of Calderén-Zygmund singular integrals
(see [98] for a detailed description of this topic).

The analysis of Section 7.2 extends naturally to the case in which the derivative of the vector
field b is given by singular integrals of L' functions:

0;b' = Z Sijk Gijk »
k
where g1 € L' and each Sijk is a singular integral operator, associated to a kernel Kj;;, €
S'(RY) N CH R\ {0}), satisfying

C C
=~ |IDK (z)] < P

and the cancellation property

/ K(z)dx
Ri<|z|<R2

Remark 43 This class of vector fields is motivated by the example of the two-dimensional Euler
equation with L' vorticity. It includes W', but is strictly bigger; on the other hand, it is not
included in, nor it includes, BV'.

<C VO< R < Ry < .

We now describe the main ideas from this proof. Analogously to maximal functions, singular
integrals satisfy strong estimates

1SFllze < Cyll fllzr

for every 1 < p < oo, but only the weak estimate

1S Flllare < Cull £l

when p = 1. Given two singular integral operators S; and So, associated to regular enough
singular kernel K; and K, the composition S = S5 0 S is again a singular integral operator,
associated to the singular kernel K = K5 * K. This means that the weak estimate

IS Flllare = 11152 0 Suflllar < Cillfllzr

holds. Notice carefully that this estimate cannot be obtained by composing the two weak
estimates from L! into M valid for S; and Sy separately. The idea is that cancellations in the
formal convolution product Ky * K7 are exploited.
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We go back to our uniqueness argument, involving the search for upper bounds for the functional
®s5. We would like to obtain something similar to (63) (with ||g||;: instead of ||Db||;1 on the
right hand side). We realize that we need an estimate of the form

M Db]|[xrr = [[IMSgll[ar < Cllgllzr - (67)

The classical maximal function in (47) is “too rough” to allow for such an estimate. The idea is
that we can choose a “smooth maximal function”, with absolute value outside the integral, and
with a smooth weight. More precisely, given p € CZ°, we define

Tld/de(x;y> f(y)dy’-

It can be proven that this smooth maximal function (also known as the grand maximal function
in the context of Hardy spaces) is still suitable for the estimate of difference quotients as in (52).
Moreover, the cancellations properties of the kernel p play together with those of the singular
integral S, allowing to get estimate (67). We refer to [36] for the exact statements and for the
proofs.

M, f(z) = sup

r>0

8 Some applications

8.1 A system of conservation laws.

Let us consider the Cauchy problem (studied in one space dimension by Keyfitz—Kranzer in [82])

d
d 0
P E 1 B (fi(jluhu) =0,  w:R?x (0,+00) — R (68)

with the initial condition u(-,0) = @. Here f : R — R? is a O function.

In [46], Bressan showed that the problem can be ill-posed for L initial data and he conjectured
that it could be well posed for BV initial data, suggesting to extend to this case the classical
method of characteristics. In [11] it has been proved that this procedure can really be imple-
mented, thanks to the results in [10], for initial data @ such that p := |u| € BV N L*™, with
1/|a| € L*. Later on [14] it has been proved that the lower bound on p is not necessary and,
moreover, that the solution built in [11] is unique in a suitable class of admissible functions:
those whose modulus p satisfies the scalar PDE

d &Ko
@P T2 gy File)p) =0 (69)
i=1

in the Kruzhkov sense (i.e. n(p):+ Dz -(g(p)) < 0 for any convex entropy-entropy flux pair (7, q),
here (sf)'(s)n'(s) = q'(s), see [65] for existence, uniqueness and regularity results for Kruzhkov
solutions), with the initial condition p(0,-) = p.
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Notice that the regularity theory for this class of solutions gives that p € L>°NBWVjsc ([0, +00) X ]R{d),
due to the BV regularity and the boundedness of |u|. Furthermore the maximum principle gives
0<1/p<1/|ul € L.

In order to obtain the (or, better, a) solution u we can formally decouple the system, writing

u="06p, u=46p, |0=10=1,

thus reducing the problem to the system (decoupled, if one neglects the constraint |§| = 1) of
transport equations

d
0t Y o (Filp)) =0 (70)
i=1 "

with the initial condition 6(0,-) = 6.
A formal solution of the system, satisfying also the constraint |#| = 1, is given by

H(tv‘r) =0 ([X(ta )}71(1’)) )

where X (t,-) is the flow associated to f(p). Notice that the non-autonomous vector field f(p)
is bounded and of class BVj,., but the theory illustrated in these lectures is not immediately
applicable because its divergence is not absolutely continuous with respect to .Z%!. In this
case, however, a simple argument still allows the use of the theory, representing f(p) as a part
of the autonomous vector field b := (p, pf(p)) in Rt x R%. This new vector field is still BVjo.
and bounded, and it is divergence-free due to (69).

At this point, it is not hard to see that the reparameterization of the flow (¢(s),x(s)) associated
to b

(i(s), 2(s5)) = (p(t(s), ®(5)), £ (p(t(s), 2(s)))p(t(s), 2(5)))

defined by &(t) = x(t(s)~(t)) (and here we use the assumption p > 0) defines a flow for the
vector field f(p) we were originally interested to.

In this way we get a kind of formal, or pointwise, solution of the system (69), that could in
principle be very far from being a distributional solution.

But here comes into play the stability theorem, showing that all formal computations above
can be justified just assuming first (p, f(p)) smooth, and then by approximation (see [11] for
details).

8.2 Lagrangian solutions of semi-geostrophic equations.
The semigeostrophic equations are a simplifies model of the atmosphere/ocean flows [62], de-

scribed by the system of transport equations

d
d—82p +u-Voop = —uz + ip

(SGE) Ealp +u - valp = —-ui — (92]7

%83]9 +u-Vosp =0.
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Here u, the velocity, is a divergence-free field, p is the pressure and p := —03p represents the
density of the fluid. We consider the problem in [0, 7] x €2, with © bounded and convex. Initial
conditions are given on the pressure and a no-flux condition through 92 is imposed for all times.
Introducing the modified pressure P;(z) := py(z) + (22 +23)/2, (SGE) can be written in a more
compact form as

—1
iVPqLu-VQP:J(VP—x) with J := 0
0

7 (71)

o = O
o O O

Existence of solutions has been for this problem has been open until very recent times, while
uniqueness is still open. In [28, 63], existence results have been obtained in the so-called dual
coordinates, where we replace the physical variable x by X = VP,(z). Under this change of
variables, and assuming P; to be conver, the system becomes

d
with a; := (VP)x(%,) (here we denote by %, the restriction of #? to Q). Indeed, for any
test function ¢ we can use the fact that w is divergence-free to obtain:

d

d
- = P)-—VP,
o Rdgpdozt y Vo(VF) dtv y d

= / Vo(VP,) - J(VP, —x)dx +/ Vo(VP)V?P; - udx
R4 Rd

= Vo -J(X =VPF)dor+ | V(poVPF)- udx
Rd Rd

= V(,O . Ut dozt.
R4

Existence of a solution to (72) can be obtained by a suitable time discretization scheme. Now
the question is: can we go back to the original physical variables? An important step forward
has been achieved by Cullen and Feldman in [64], with the concept of Lagrangian solution of
(SGE).

Taking into account that the vector field U(X) = J(X — VP/(X)) is BV, bounded and
divergence-free, there is a well defined, stable and measure preserving flow X (¢, X) = X(X)
relative to U. This flow can be carried back to the physical space with the transformation

Fy(z) := VP o X; 0 VFy(x),

thus defining maps F; preserving Zg.
Using the stability theorem can also show that Z;(x) := VP(F;(x)) solve, in the distributions
sense, the Lagrangian form of (71), i.e.

d

%Zt(fﬂ) =J(Z; - ) (73)
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This provides us with a sort of weak solution of (71). In connection with existence of solutions
to the semi-geostrophic problem in the original physical variables, a formal argument suggests
that, given P, the velocity w should be defined by

WV P} (VP(2)) + V2P (VPi(2))J] (VP(z) — z).

On the other hand, the a-priori regularity on VP, (ensured by the convexity of P;) is a BV
regularity. In more recent times, using refined regularity results on Alexandrov solutions to
Monge-Ampére equations which provide not only BV regularity, but also Sobolev regularity
(169, 70, 96], improving earlier results in [47, 48, 49, 50, 101, 102] in the borderline case when
the right hand side is bounded away from 0 and oo, but only Borel), in [23, 24] distributional
solutions for the Eulerian form of the PDE have been recovered.

9 Open problems, bibliographical notes, and references

Section 2. The material contained in this section is classical. Good references are [75], Chapter
8 of [16], [42] and [72]. For the proof of the area formula, see for instance [9], [74], [78].

The proof of the second local variant, under the stronger assumption fOT fRd |be| dpedt < 400, is
given in Proposition 8.1.8 of [16]. The same proof works under the weaker assumption (8).

Section 3. Many ideas of this section, and in particular the idea of looking at measures in the
space of continuous maps to characterize the flow and prove its stability, are borrowed from [10],
dealing with BV vector fields. Later on, the arguments have been put in a more general form,
independent of the specific class of vector fields under consideration, in [12], see also [13] which
provides more insight into the quantitative side of the theory and the differentiability properties
of the flow.

The idea of a probabilistic representation is of course classical, and appears in many contexts
(particularly for equations of diffusion type); to our knowledge the first reference in the context
of conservation laws and fluid mechanics is [37], where a similar approach is proposed for the
incompressible Euler equation (see also [38, 39, 40]): in this case the compact (but neither
metrizable, nor separable) space X 071 with X c R% compact, has been considered.

This approach is by now a familiar one also in optimal transport theory, where transport maps
and transference plans can be thought in a natural way as measures in the space of minimizing
geodesics [95], and in the so called irrigation problems, a nice variant of the optimal transport
problem [30]. See also [26] for a similar approach within Mather’s theory. The Lecture Notes
[105] (see also the Appendix of [88]) contain, among several other things, a comprehensive
treatment of the topic of measures in the space of action-minimizing curves, including at the
same time the optimal transport and the dynamical systems case (this unified treatment was
inspired by [29]). Another related reference is [67].

The superposition principle is proved, under the weaker assumption fOT fRd |b¢|P dpdt < +o00 for
some p > 1, in Theorem 8.2.1 of [16], see also [89] for the extension to the case p =1 and to the
non-homogeneous continuity equation. Very closely related results, relative to the representation
of a vector field as the superposition of “elementary” vector fields associated to curves, appear
in [97, 26].
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In [20] an interesting variant of the stability Theorems 21 and 33 is discussed, peculiar of the
case when the limit vector field b is a sufficiently regular gradient. In this case it has been proved
in [20] that weak convergence of uf' to u; for all ¢ € [0,T] and the energy estimate

T T
limsup/ / |bf|2duf”dt§/ / |by|? dpedt < 400
h—oo JO JRA 0 JRd

are sufficient to obtain the stability property. This is due to the fact that, given pu;, gradient
vector fields minimize fOT [ let|? dpy among all velocity fields ¢, for which the continuity equation
% e+ Dz (eipr) = 0 holds (see Chapter 8 of [16] for a general proof of this fact, and for references
to earlier works of Otto, Benamou-Brenier).

Section 4. The definition of renormalized solution and the strong convergence of commutators
are entirely borrowed from [72]. See also [73] for the relevance of this concept in connection with
the existence theory for Boltzmann equation.

The differentiability properties of the flow have been found in [83]: later on, this differentiability
property has been characterized and compared with the more classical approximate differentia-
bility ([78]) in [18], while [17] contains the proof of the stronger “local” Lipschitz properties.
Theorem 34 summarizes all these results. The paper [61] contains also more explicit Lipschitz
estimates and an independent proof of the compactness of flows.

See also [51] for a proof, using radial convolution kernels, of the renormalization property for
vector fields satisfying D;b/ + Djbi € Llloc.
Both methods, the one illustrated in these lecture notes and the DiPerna—Lions one, are based
on abstract compactness arguments and do not provide a rate of convergence in the stability
theorem.

A few existence result for Sobolev vector fields seem to be known in the infinite-dimensional case,
see [31] and the more recent paper [22]. Also the investigation of non-Euclidean geometries, e.g.
Carnot groups and horizontal vector fields, could provide interesting results.

Finally, notice that the theory has a natural invariance, namely if X is a flow relative to b,
then X is a flow relative to b whenever {b # b} is .#'*%-negligible in (0,T) x R?. So a natural
question is whether the uniqueness “in the selection sense” might be enforced by choosing a
canonical representative b in the equivalence class of b: in other words we may think that, for
a suitable choice of b, the ODE #(t) = by(y(t)) has a unique absolutely continuous solution
starting from x for Z%-a.e. .

Section 5. Here we followed closely [10]. The main idea of this section, i.e. the adaptation of
the convolution kernel to the local behaviour of the vector field, has been used at various levels
of generality in [43, 85, 56] (see also [52, 53| for related results independent of this technique),
until the general result [10].

The optimal regularity condition on b ensuring the renormalization property, and therefore the
well-posedness in %, is still not known. New results, both in the Sobolev and in the BV
framework, are presented in [15, 83, 84].

As mentioned in Remark 26, it is proved in [34] that the renormalization property can be char-
acterised in terms of the uniqueness (for both the forward and the backward Cauchy problems)
and the strong continuity of weak solutions, or in terms of the density of smooth functions with
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respect to a suitable “graph norm”. This is some sense tells that the renormalization property
is more that a “technical tool” to prove uniqueness, but really a substantial property related to
the well-posedness.

In [19] the possibility to prove the renormalization property for nearly incompressible BV}, N L
fields b is investigated: nearly incompressible fields are defined by requiring the existence of a
positive function p, with In p € L*°, such that the space-time field (p, pb) is divergence free. As
in the case of the Keyfitz-Kranzer system, the existence a function p with this property seems
to be a natural replacement of the condition D, - b € L*> (and is actually implied by it); as
explained in [14], a proof of the renormalization property in this context would lead to a proof
of a conjecture, due to Bressan, on the compactness of flows associated to a sequence of vector
fields bounded in BV'.

The situation in the two-dimensional context is somehow more “rigid”. In the series of papers
[5, 6, 7] a characterisation of the uniqueness for the continuity equation is proved, in the context
of two-dimensional bounded autonomous divergence-free vector fields. To any such vector field
b a Lipschitz function f : R? — R so that b = V' f can be associated. The main result of
[5] is the equivalence between the uniqueness and a “measure theoretical version” of the Sard
property for the function f, which apart from a minor technical detail reads

fu(L?L{Vf=0}) L.£. (74)

The heart of the proof is a suitable disintegration of the PDE along level sets of f. In this way,
two-dimensional uniqueness is linked to uniqueness on the level sets. It turns out that (74) is
the condition characterising uniqueness for such one-dimensional problems.

Section 6. The presentation in this section is based on [61]. Some related analysis, with further
developments in the case of kinetic equations, is contained in [81, 54].

Section 7. Here the analysis follows [36], but in order to make the presentation more accessible,
we skipped most of the details and we essentially tried to convey the general ideas. A similar
presentation can be found in [35, 59].

The main open problem in this context is clearly the extension of the quantitative estimates to
BV vector fields, or even more to vector fields whose gradient is given by singular integrals of
measures (and not just of L' functions). In the work in progress [33] the following split-case is
addressed: the derivatives with respect to some coordinates are singular integrals of measures,
while all other derivatives are singular integrals of L' functions. The strategy is based on an
anisotropic version of the functional.

The quantitative estimates in the context of singular integrals are relevant for applications to
nonlinear PDEs. In particular, in [32] we plan to study existence and energy concentration for
solutions to the two-dimensional Euler equation with L' vorticity, and some existence settings
for the Vlasov-Poisson equation.

Section 8. In connection with the Keyfitz—Kranzer system there are several open questions:
in particular one would like to obtain uniqueness (and stability) of the solution in more general
classes of admissible functions (partial results in this direction are given in [14]). A strictly
related problem is the convergence of the vanishing viscosity method to the solution built in
[11]. Also, very little about the regularity of solutions is presently known: we know [66] that
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BV estimates do not hold and, besides, that the construction in [11] seems not applicable to
more general systems of triangular type, see the counterexample in [60].
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