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Abstract

In this paper we provide a complete analogy between the Cauchy-Lipschitz and the
DiPerna-Lions theories for ODE’s, by developing a local version of the DiPerna-Lions
theory. More precisely, we prove existence and uniqueness of a maximal regular flow
for the DiPerna-Lions theory using only local regularity and summability assumptions
on the vector field, in analogy with the classical theory, which uses only local regularity
assumptions. We also study the behaviour of the ODE trajectories before the maximal
existence time. Unlike the Cauchy-Lipschitz theory, this behaviour crucially depends
on the nature of the bounds imposed on the spatial divergence of the vector field. In
particular, a global assumption on the divergence is needed to obtain a proper blow-up
of the trajectories.
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1 Introduction

Given a vector field b(t,z) in R?, the theory of DiPerna-Lions, introduced in the seminal
paper [21], provides existence and uniqueness of the flow (in the almost everywhere sense,
with respect to Lebesgue measure .£%) under weak regularity assumptions on b, for instance
when b(t, ) is Sobolev [21] or BV [2] and satisfies global bounds on the divergence. In this
respect, this theory could be considered as a weak Cauchy-Lipschitz theory for ODE’s. This
analogy is confirmed by many global existence results, by a kind of Lusin type approximation
of DiPerna-Lions flows by Lipschitz flows [6, 19], and even by differentiability properties of
the flow [22]. However, this analogy is presently not perfect, and the main aim of this paper
is to fill this gap.

Indeed, the Cauchy-Lipschitz theory is not only pointwise but also purely local, meaning
that existence and uniqueness for small intervals of time depend only on local regularity
properties of the vector fields b(¢,z). On the other hand, not only the DiPerna-Lions
theory is an almost everywhere theory (and this really seems to be unavoidable) but also
the existence results for the flow depend on global in space growth estimates on |b|, the
most typical one being

|b(t, )|
1+ |z

e L'((0,7); L' (R%)) + L' ((0,T); L (RY)). (1.1)

This is in contrast with the fact that the so-called “renormalization property”, which plays
a key role in the theory, seems to depend only on local properties of b, because it deals with
distributional solutions to a continuity/transport equation with a source term: as a matter
of fact, it is proved using only local regularity properties of b.
Given an open set Q C R? in this paper we consider vector fields b : (0,7) x Q — R?
satisfying only the local integrability property fOT Jo Ibldzdt < oo for all € € Q, a local
one-sided bound on the distributional divergence, and the property that the continuity
equation with velocity b is well-posed in the class of nonnegative bounded and compactly
supported functions in €2. As illustrated in Remark 3.1, this last assumption is fulfilled
in many cases of interest and it is known to be deeply linked to the uniqueness of the
flow; in addition, building on the superposition principle (Theorem 2.1), it is proved in the
appendix that even this assumption is purely local, as well as the other two ones concerning
integrability and bounds on divergence.
Under these three assumptions we prove existence of a unique mazimal reqular flow X (t, )
in ©, defined up to a maximal time T x (z) which is positive #%-a.e. in Q2. Here “maximal”
refers to

limsup Vo(X(t,z)) = o0 for L%a.e. x € {Tox <T}, (1.2)

1T x ()

where Vg : © — [0, 00) is a given continuous “confining potential”, namely with V' (z) — oo
as * — 0Q; hence, (1.2) is a synthetic way to state that, for any Q' € Q, X (¢, ) is not
contained in ' for ¢ close to T x (x). In our axiomatization, which parallels the one of
[2] and slightly differs from the one of the DiPerna-Lions theory (being only based on one-
sided bounds on divergence and independent of the semigroup property), “regular” means



the existence of constants C(€', X) such that
/ H(X(t,x))dx <C(Y, X) [ o(y)dy for all ¢ € C.(R?) nonnegative (1.3)
Q' N{hgr >t} R4

for all ¢t € [0,7], @ € Q, where ho/(x) € [0,Tq x(z)] is the first time that X (-,z) hits
R4\ Q. Under global bounds on the divergence, (1.3) can be improved to

/ (X (t,z))de < Cu(X) [ o(y)dy for all ¢ € C.(R?) nonnegative (1.4)
QN{Tq x>t} R4

for all ¢ € [0,7] and for a constant C\(X) > 0, but many structural properties can be
proved with (1.3) only.

Uniqueness of the maximal regular flow follows basically from the “probabilistic” techniques
developed in [2], which allow one to transfer uniqueness results at the level of the PDE (the
continuity equation), here axiomatized, into uniqueness results at the level of the ODE.
Existence follows by analogous techniques; the main new difficulty here is that even if we
truncate b by multiplying it by a C2°(Q2) cut-off function, the resulting vector field has not
divergence in L™ (just L', actually, when |b;| ¢ L (€2)), hence the standard theory is not
applicable. Hence, several new ideas and techniques need to be introduced to handle this
new situation. These results are achieved in Section 5.

Besides existence and uniqueness, in Section 6 we prove a natural semigroup property for
X and for T x and some additional properties which depend on global bounds on the
divergence, more precisely on (1.4). The first property, well known in the classical setting,
is properness of the blow-up, namely this enforcement of (1.2):

lim Vo(X(t,z)) =00 for Z%a.e. x € {Tox < T} (1.5)
tTTgyx(l‘)

In other terms, for any ' € 2 we have that X (¢, z) ¢ ' for ¢ sufficiently close to T x (z).
In Q = R% d > 2, we also provide an example of an autonomous Sobolev vector field
showing that (1.2) cannot be improved to (1.5) when only local bounds on divergence are
present. We also discuss the 2-dimensional case for BV}, vector fields; these examples are
presented in Section 7.1. The second property is the continuity of X (-,z) up to To, x (z),
discussed in Theorem 7.5, and sufficient conditions for To x () = T'. Finally, we discuss the
stability properties of X before the blow-up time T'x with respect to perturbations of b.

As shown in [4] (see also [18]) existence and uniqueness of a maximal regular flow can be
applied to describe the Lagrangian structure of weak solutions to the transport equations,
and in particular it has interesting consequences on kinetic equations such as the Vlasov-
Poisson system. Indeed, in [4] we show that Eulerian solutions correspond to a Lagrangian
evolution of particles even in the context of weak solutions; for instance, bounded solutions
are transported by a suitable notion of maximal regular flow in the phase space. Moreover,
thanks to the stability of maximal regular flows we prove new global existence results for
weak solutions. Since in the Vlasov-Poisson system the vector field b is coupled with the
solution of the continuity equation via the Poisson equation, having stability results in



this new setting plays a crucial role to obtain existence of solutions via an approximation
argument.
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2 Notation and preliminary results

We mostly use standard notation, denoting by .Z¢ the Lebesgue measure in R¢, and by
fxp the push-forward of a Borel nonnegative measure p under the action of a Borel map f,
namely fyu(B) = p(f~1(B)) for any Borel set B in the target space. We denote by B(R?)
the family of all Borel sets in R%. In the family of positive finite measures in an open set
Q, we will consider both the weak topology induced by the duality with Cj(£2) that we will
call narrow topology, and the weak topology induced by C.(€2).

If J C R is an interval and t € J, we denote by e; : C(J;R?) — RY the evaluation map at
time ¢, namely e;(n) := n(t) for any continuous curve 1 : J — R?. The rest of the section
is devoted to the discussion of preliminary results on solutions to the continuity equation,
with statements and proofs adapted to our problem. Also, .Z. (Rd) will denote the space
of finite Borel measures on R?, while Q(Rd) denotes the space of probability measures.
Let us fix T € (0,00) and consider a weakly continuous family 1, € . (R?), ¢t € [0,T7,
solving in the sense of distributions the continuity equation

%ut + V- (byy) =0 in (0,7) x R?

for a Borel vector field b : (0, T) x R — R?, locally integrable with respect to the space-time
measure (:dt. When we restrict ourselves to probability measures p;, then weak and narrow
continuity w.r.t. ¢ are equivalent; analogously, we may equivalently consider compactly
supported test functions ¢(¢,z) in the weak formulation of the continuity equation, or
functions with bounded C* norm whose support is contained in I x R? with I € (0, 7).
We now recall the so-called superposition principle. We prove it under the general assump-
tion that p; may a priori vanish for some ¢ € [0, 7], but satisfies (2.1); we see in Remark 77
that this assumption implies that there is no mass loss, namely j;(R?) = po(R%) for every
t € [0,T]. Remark ?? allows the reduction of the superposition principle, as stated below,
to [5, Theorem 12], which presents the same result assuming that the family p; is made of
probability measures. We mention also [10, Theorem 8.2.1], where a proof is presented in
the even more special case of LP integrability on b for some p > 1

/OT /Rd |be(2) [P dpse () dt < oo,



The superposition principle will play a role in the proof of the comparison principle stated
in Proposition 3.3 and in the blow-up criterion of Theorem 7.6.

Theorem 2.1 (Superposition principle and approximation). Let b : (0,7) x R — R? be
a Borel vector field. Let Nt € ///+( ) 0 <t <T, with u, weakly continuous in [0, T
solution to the equation dt“t +div (buy) = 0 in (0,T) x R?, with

/ /Rd |1bjr ] (z) dt < . (2.1)

Then there exists n € M4 (C([0,T|;R?)) satisfying:

(i) m is concentrated on absolutely continuous curves n in [0,T], solving the ODE n =

bi(n) L'-a.e. in (0,T);
(ii) pe = (er)ym (so, in particular, i (RY) = po(RY)) for all t € [0,T).

Moreover, there exists a family of measures pft € ,///+( ), nar'rowly continuous in [0,T1],
solving the continuity equation and supported on Br, such that pf* 1 py as R — oo for all
te[0,T].

Proof. We first show that u; does not lose nor gain mass, namely
pe(RY) = po(RY) vt €0, 7. (2:2)

Indeed, let R > 1 and xr € C* (BgR) be a cut-off function with 0 < yg <1, xg =1 on a
neighborhood of By, and |Vxg| < + 7 XBsr\Bg- Since p solves the continuity equation and
1/R <4/(1+ |z|) for z € Bsg \ Br, we have

T T
d
)/ XRduo—/ XRth‘ S/ ‘d/ XRdNt’dt:/ ’/ by - Vxrduz| dt
R4 R 0 t Jra 0 Bsr\Br
1 /T T
< / / |bt| dp dt < 4/ / 10:(=)] dp(z) dt
R Jo JByp\Bg 0 JBsp\Bg 1+ |7

T bi(x
po(Br) — p(Bsr) S/ XRdMo—/ Xrdp < 4/ / B:(=)] du(z)dt  (2.3)
Rd Rd 0 JBsp\Bg 1+ |7]

and

which gives

b
1e(Br) — po(Bsr) < / X dist — / Xr dyio < 4 / / @l a2
R4 R4 Bsr\Br 1+ ‘l"

Letting R — oo in (2.3) and (2.4), the right-hand sides converge to 0 by (2.1) and we find
(2.2).
Thanks to (2.2), the first part of the theorem follows directly from [5, Theorem 12], while
the last statement is obtained by restricting 1 to the class of curves contained in By for all
t € [0, T)] to obtain positive finite measures % < n which satisfy n’* 1 1, and then defining
R ._ R
pit = (e)wm™.
O



3 Integrability and uniqueness of bounded solutions of the
continuity equation

Given a closed interval I C R and an open set © C R%, let us define the class Ly q of all
nonnegative functions which are essentially bounded, nonnegative, and compactly supported
in Q:

Lro:=L> (I; Lf(Q)) N {w : suppw is a compact subset of I X Q} (3.1)

We say that p € Lo is weakly” continuous if there is a representative p; with ¢t — p;
continuous in I w.r.t. the weak® topology of L>°(€2). Notice that, in the class L; o, weak*
continuity of p is equivalent to the narrow continuity of the corresponding measures p; :=
ptgd S %+ (Rd) .

For T € (0,00) we are given a Borel vector field b : (0,T) x Q — RY satisfying:

(a-Q) fOT Jo 1b(t, )| dedt < oo for any Q' €

(b-€2) for any nonnegative p € L5°(§2) with compact support in € and any closed interval
I =[a,b] C [0,T7], the continuity equation

d
7P +div (bpy) =0 in (a,b) x Q (3.2)

has at most one weakly* continuous solution I 3 ¢t — p; € L with p, = p.

Remark 3.1. Assumption (b-2) is known to be true in many cases. The following list does
not pretend to be exhaustive:

— Sobolev vector fields [21], BV vector fields whose divergence is a locally integrable function
in space [13, 2, 16, 17|, some classes of vector fields of bounded deformation [6];

— vector fields B(z,y) = (bi(x,y), ba(z,y)) with different regularity w.r.t. = and y [22, 23];
— two-dimensional Hamiltonian vector fields [1] (within this class, property (b-€2) has been
characterized in terms of the so-called weak Sard property);

— vector fields arising from the convolution of L' functions with singular integrals [14, 15].
In this case, the authors proved uniqueness of the regular lagrangian flow associated to b; we
outline in the next remark how to obtain the eulerian uniqueness property (b-Q2) following
their argument.

Remark 3.2. Under the assumptions on the vector field b considered in [15], the authors
proved in [15, Theorem 6.2] the uniqueness of the lagrangian flow. In their key estimate,
the authors take two regular lagrangian flows X and Y, provide an upper and lower bound
for the quantity

By(t) = /log (1+ X (¢ 2) 5 Y, ”3”) dx

in terms of a parameter § > 0, and eventually let 6 — 0. To show that property (b-2)
holds, we consider two nonnegative bounded solutions of the continuity equation with the
same initial datum which are compactly supported in [a,b] x Q. By Theorem 2.1 there

te0,7] (3.3)



exist n',n? € 2(C([a,b);R?)) which are concentrated on absolutely continuous solutions
n € AC([a,b];Q) of the ODE 7 = b(t,n) L -a.e. in (a,b), and satisfy (e;)yn’ < C.L4
for any ¢ € [a,b], i = 1,2. Moreover, we have that (e,)xn' = (eq)xn*. Given § > 0, we
consider the quantity

wit)= [ [ [row (14 PO anepanz iy aeoon’lo)  ve et ()

where 1}, n2 are the conditional measures of ' and n? with respect to the map e,. Since
n' and n? are concentrated on curves in C([a, b]; ), to show that n' = n? we can neglect
the behavior of b outside Q. Following the same computations of [15] with the functional
(3.4) instead of (3.3), we show that n. = n2 for (e,)gn'-a.e. x € Q and this implies the
validity of property (b-2).

More recently, these well-posedness results have also been extended to vector fields in
infinite-dimensional spaces (see [8] and the bibliography therein). It is interesting to ob-
serve that the uniqueness assumption in (b-2) actually implies the validity of a comparison
principle.

Proposition 3.3 (Comparison principle). If (a-Q) and (b-Q2) are satisfied, then the follow-
ing tmplication holds:

ppo<py = pi<pi Ytel0T]
for all weakly* continuous solutions of (3.2) in the class L1 -

Proof. Let m' be representing i := pi.#? according to Theorem 2.1, and let i’ be the
conditional probability measures induced by e, that is

/F(n) dn’ = / (/ F(n) dni) dp () VF:C([0,T];RY) — R bounded,
R4
or (in a compact form) n'(dn) = [ 1t (dn) du}(x). Defining

n(dn) :=/nidué(w), fit 2= (et) #1,

because pf < ,u%, we get 17 < n%. Moreover, the densities of measures fi; and p; provide
two elements in Ly 770, solving the continuity equation with the same initial condition
p1g. Therefore assumption (b-Q) gives fiy = p} for all t € [0,T), and p} = fir = (e)pn <
(et)¢m? = pi for all t € [0,T7], as desired. O

Theorem 3.4. Assume that b satisfies (a-2) and (b-Q), and let X\ € 2(C([0,T];R?))
satisfy:

(i) X is concentrated on

{n e AC([0,T);Q) : n(t) = b(t,n(t)) for L -ae. t € (0,T)};

7



(i1) there exists Cy € (0,00) such that

(er)uX < Co.2%  Vtelo,T). (3.5)

Then the conditional probability measures A, induced by the map eg are Dirac masses for
(€0)uA-a.e. x; equivalenty, there exist curves n, € AC([0,T]; Q) solving the Cauchy problem
1 = b(t,n) with the initial condition n(0) = x, satisfying

A= [y diten)sN(@)

Proof. Let {Ay}nen be an increasing family of open subsets of 2 whose union is 2, with
Ay € At € Q) for every n. Possibly considering the restriction of 1 to the sets

{neC(o,T);RY) : n(t) € 4, for every t € [0,T]}

it is not restrictive to assume that m is concentrated on a family I' of curves satisfying
UT7€F n([0,T]) € Q. Then, using the uniqueness assumption for uniformly bounded and
compactly supported solutions to the continuity equation, the result follows from the de-
composition procedure of [5, Theorem 18] (notice that the latter slightly improves the orig-
inal argument of [2, Theorem 5.4], where comparison principle for the continuity equation
was assumed, see also Proposition 3.3 and its proof). [l

Remark 3.5. The assumption (b-2) is purely local, as it is proved in the Appendix. More-
over, it could be reformulated in terms of a local uniqueness property of regular lagrangian
flows: for any tg > 0,29 € Q there exists € := &(tg,z9) > 0 such that for any Borel set
B C B.(xp) C Q and any closed interval I = [a,b] C [to — &, tg + €] N [0, T], there exists at
most one regular lagrangian flow in B x [a, b] with values in B.(x) (see Definition 4.1).
Indeed, (b-§2) implies the local uniqueness of regular lagrangian flows by Theorem 3.4
applied to A = %IB((SX('J) + 0y (.2)) d.Z%(x), where X and Y are regular lagrangian flows
in B x [a, b]; on the other hand, we obtain the converse implication through the superposition
principle. This approach has the advantage to state the assumptions and the results of this
paper only in terms of the lagrangian point of view on the continuity equation. On the
other hand, in concrete examples it is usually easier to verify assumption (b-2) than the
corresponding lagrangian formulation.

4 Regular flow, hitting time, maximal flow

Definition 4.1 (Local regular flow). Let B € B(R?), 7 > 0, and b : (0,7) x R — R? Borel.
We say that X : [0,7] x B — R? is a local regular flow starting from B (relative to b) up
to T if the following two properties hold:

(i) for L%-a.e. v € B, X(-,z) € AC(0,7];R?Y) and solves the ODE i(t) = b(t,z(t))
Lla.e. in (0,7), with the initial condition X (0,x) = x;

ii) there exists a constant C = C(X) satisfying X (t,)u(ZLLB) < C.Z%.
(ii) #



In the previous definition, as long as the image of [0,7] x B through X is contained in an
open set §2, it is not necessary to specify the vector field b outside €2; the flow is called
“regular” because of the bounded compression condition (ii). By Theorem 3.4 we obtain
a consistency result of the local regular flows with values in 2 in the intersection of their
domains.

Lemma 4.2 (Consistency of local regular flows). Assume that b satisfies (a-2) and (b-Q2).
Let X; be local regular flows starting from B; up to 7, i = 1, 2, with X;([0,7;] x B;) C Q.
Then

X1(z) = Xo(,x) in[0,7 AT, for £%-a.e. x € By N By. (4.1)

Proof. Take B C ByN By Borel with .2¢(B) finite, and apply Theorem 3.4 with T = 7y A 7o,
m = d, and

1
A= / (01 + o)) AL (),
where fg is the normalized Lebesgue measure on B. ([

If we consider a smooth vector field b in a domain €2, a maximal flow of b in 2 would be
given by the trajectories of b until they hit the boundary of 2. In order to deal at the same
time with bounded and unbounded domains (including the case Q = R%) we introduce a
continuous potential function Vg : Q — [0, 00) satisfying

lim V; = 4.2
im Vo(z) = oo, (4.2)
meaning that for any M > 0 there exists K € Q with Vo > M on Q \ K (in particular,
when Q = R, Vo (x) — oo as || — oo). For instance, an admissible potential is given by

Va(x) = max{[dist(x, R\ Q)]71, |=|}.

Definition 4.3 (Hitting time in Q). Let 7 > 0, Q C R? open and 7 : [0,7) — R? continuous.
We define the hitting time of n in Q as

ha(n) := sup{t € [0,7) : max Va(n) < oo},

)

with the convention hq(n) =0 if n(0) ¢ Q.

It is easily seen that this definition is independent of the choice of Vq, that hq(n) > 0
whenever 7(0) € €2, and that

ho(n) <7 == limsup Vo(n(t)) = oc. (4.3)
ttha(n)

Using Vq we can also define the concept of maximal regular flow.

Definition 4.4 (Maximal regular flow in an open set Q). Let b : (0,T) x Q — R? be a
Borel vector field. We say that a Borel map X s a maximal regular flow relative to b in
Q if there exists a Borel map To x : Q@ — (0,T) such that X(t,z) is defined in the set
{(t,x): t <Tqx(x)} and the following properties hold:



(i) for L%a.e. v € Q, X(-,2) € AC1e([0, To,x (2));R?), and solves the ODE i(t) =
b(t,z(t)) L -a.e. in (0,Tqx(x)), with the initial condition X (0,r) = x;

(ii) for any Q' € Q there exists a constant C(Q', X) such that

X(t,)p (LW Ty >t}) <C(Q, X)L Yte[0,T], (4.4)
where ,
(o) = { JrXO) e e
(i) limsup V(X (t,z)) = oo for Z%-a.e. x € Q such that To x(z) < T.
11T x ()

In the previous definition, “regular” refers to the local bounded compression condition in
(ii) and “maximal” refers to (iii). For Z%-a.e. x € €, the function T x(z) represents
the mazimal existence time (often called blow-up time in the following) of the trajectory
X (-, z). Notice that (4.4) could be equivalently written as

X(t,)p( LTy > t}) < C(Q, X)2?  forall t€[0,T],

because the push-forward measure is concentrated on €'; so the real meaning of this re-
quirement is that the push forward measure must have a bounded density w.r.t. 2%, at
least as long as the trajectories remain inside €.

Remark 4.5 (Maximal regular flows induce regular flows). Given any maximal regular
flow X in Q, 7 € (0,7), and a Borel set B C € such that T x > 7 on B and

{X(t,:l:) cxeB, te [0,7‘]} € Q,
we have an induced local regular flow in the set B up to time 7.

Remark 4.6 (Invariance in the equivalence class of b). It is important and technically
useful (see for instance [3]) to underline that the concepts of local regular flow and of max-
imal regular flow are invariant in the Lebesgue equivalent class, exactly as our constitutive
assumptions (a-2), (b-2), and the global/local bounds on the divergence of b. Indeed, for
local regular flows, Definition 4.1(ii) in conjunction with Fubini’s theorem implies that for
any .Z1*-negligible set N C (0,T) x R? the set

{reB: L' {te(0,7): (t,X(t,x)) € N}) >0}

is Z%-negligible. An analogous argument, based on (4.4), applies to maximal regular flows.

5 Existence and uniqueness of the maximal regular flow

In this section we consider a Borel vector field b : (0,7) x Q — R? which satisfies the
assumptions (a-(2), (b-€2) of Section 3, and such that the spatial divergence div b(t, -) in the
sense of distributions satisfies

T
vQ' e Q, divb(t,-) >m(t) inQ, with L(,b) := / Im(t)| dt < . (5.1)
0

10



Remark 5.1. Assumption (5.1) could be weakened to m € L*(0,Tp) for all Ty € (0,T), but
we made it global in time to avoid time-dependent constants in our estimates (and, in any

case, the maximal flow could be obtained in this latter case by gluing together the maximal
flows in (0,Tp) for 7o T 7).

The first step in the construction of the maximal regular flow will be the following local
existence result.

Theorem 5.2 (Local existence). Let b : (0,T) x Q — R be a Borel vector field which
satisfies (a-Q2), (b-Q2), (5.1), and let A € Q2 be open. Then there exist a Borel map Ta :
A — (0,T) and a Borel map X (t,x), defined for x € A and t € [0,Ta(x)], such that:

(a) for L%a.e. x € A, X(-,2) € AC([0,T4(2)];R?Y), X(0,2) = 2, X(t,z) € A for all
t €[0,Ta(z)), and X (Ta(x),x) € OA when Tx(x) < T;

(b) for £%-a.e. x € A, X(-,x) solves the ODE % = b(t,y) L -a.c. in (0,Ta(z));

() X(t, )y (LUNATa > t}) < HAD LI A for all t € [0,T), where L(A,b) is the
constant in (5.1).

Notice that since the statement of the theorem is local (see also the appendix, in connection
with property (b-Q2)), we need only to prove it under the assumption |b| € L'((0,T) x Q),
which is stronger than (a-2).

We will obtain Theorem 5.2 via an approximation procedure which involves the concept of
regular generalized flow in closed domains, where now “regular” refers to the fact that the
bounded compression condition is imposed only in the interior of the domain.

Definition 5.3 (Regular generalized flow in A). Let A C R? be an open set and let c :
(0,T) x A — R? be a Borel vector field. A probability measure m in C([0,T); R?) is said to
be a regular generalized flow on A if the following two conditions hold:

(i) m is concentrated on

{ne AC([0,T); A) : 0(t) = c(t,n(t)) for L -a.e. t € (0,T)};

(i) there exists a constant C(n) € (0,00) satisfying

((e)gm)LA<CZ?  Vte|0,T]. (5.2)

Any constant C' for which (5.2) holds is called a compressibility constant of 1.

The class of regular generalized flows enjoys good tightness and stability properties. We
recall that a sequence n"™ € 2(C([0,T]; A)) is said tight if for every e > 0 there exists a
compact set I'. € C([0,T]; A) such that n"(C([0,7]; A) \ T'z) < ¢ for every n € N. Equiv-
alently, the sequence 1" is said to be tight if there exists a coercive, lower semicontinuous
functional ¥ : C([0,T]; A) — [0, 0o] such that sup,cy [ Zdn™ < oc.

We state the tightness and stability properties in the case of interest for us, namely when
the velocity vanishes at the boundary.
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Theorem 5.4 (Tightness and stability of regular generalized flows in A). Let A C R? be a
bounded open set, let ¢, " : (0,T) x A — R? be Borel vector fields such that ¢ = ¢* =0 on
(0,T) x OA and
lim ¢"=c¢  in L'((0,T) x A;R%). (5.3)
n—oo
Letn™ € 9(0([0, T];Z)) be reqular generalized flows of ¢ in A and let us assume that the
best compressibility constants Cy, of n" satisfy sup,, Cp, < co. Then (n™) is tight, any limit
point 1 is a reqular generalized flow of ¢ in A, and the following implication holds:

((e)gM"LT)L A" < ¢, 2% for some ey, >0 = ((e)p(mLT))LA < (limninfcn)gd

(5.4)
for any choice of open sets T C C([0,T]; A) and A’ C A.

In the previous theorem the assumption that all the vector fields vanish on the boundary of
A allows us to say the following: if an integral curve of ¢” in A hits A and stops there, then
it is still an integral curve of ¢ on the whole A. We remark that the previous theorem is
invariant if the vector fields ¢” are modified on a set of Lebesgue measure zero in (0,7 x A,
thanks to the compressibility condition (5.2) required in A; on the contrary, the value of ¢"
on 0A has to be understood in a pointwise sense.

Proof of Theorem 5.4. By Dunford-Pettis’ theorem, since the family {c"} is compact in
L'(A;R?) (recall that c,(t,-) vanish outside of A), there exists a modulus of integrability
for ¢, namely an increasing, convex, superlinear function F' : [0,00) — [0,00) such that
F(0) =0 and
T
sup/ /F(\c"(t,xﬂ) dxdt < 0. (5.5)
A

neNJO

Let us introduce the functional ¥ : C([0, T]; R%) — [0, oc] as follows

{ [T F Ydt if n € AC([0,T); A),
if n € C([0,T];RY) \ AC([0,T]; A).

Using Ascoli-Arzela theorem, the compactness of A, and a well-known lower semiconti-
nuity result due to Ioffe (see for instance [9, Theorem 5.8]), it turns out that X is lower
semicontinuous and coercive, namely its sublevels {¥ < M} are compact.

Since 1" is concentrated on AC([0,7T]; A) we get

/Edn // FE(|n|) dt dn™( / / (|c"]) d[(et)gm"] dt < C,, / /F (Ic"]) dz dt,

so that that [ X dn" is uniformly bounded thanks to (5.5). Therefore Prokhorov com-
pactness theorem provides the existence of limit points. Since X is lower semicontinuous
we obtain that any limit point 7 satisfies [Xdn < oo, therefore n is concentrated on

AC([0,T]; A).
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Let C := liminf,cn Cp, < 0o. Since (e;)xn™ narrowly converge to (e;)xn, we know that for
any open set A’ C A there holds

(en)4n(4') < liminf(e,) g (A) < L) Vie[o,T)

Since A’ is arbitrary we deduce that m satisfies (5.2). A similar argument provides its
localized version (5.4). To show that 1 is concentrated on integral curves of ¢, it suffices to

show that .
/ n(t) - n(0) - /0 e(s,(s)) ds

for any ¢ € [0,7]. The technical difficulty is that this test function, due to the lack of
regularity of ¢, is not continuous. To this aim, we prove that

dn(n) =0 (5.6)

dn(n) <C lc — | dx dt (5.7)
(0,7)xA

[ by =0~ [ ts.ntenas

for any continuous vector field ¢’ : [0, 7] x A — R? with ¢/ = 0in [0, T] x 9A. Then, choosing
a sequence (c/,) of such vector fields converging to ¢ in L'(A; R?) and noticing that

T T
/ / e(s,1(s)) (s, 1(s)) | dsdm(n) = / / le—cy|d(es) s ds < Ch le—c,| dz dt,
0 0.Ja (0,T)x A

converges to 0 as n goes to oo, we can take the limit in (5.7) with ¢/ = ¢}, to obtain (5.6).
It remains to show (5.7). This is a limiting argument based on the fact that (5.6) holds for

c',n™
t t
/ 'n(t)—n(O)— | entnas o =[] [ (@ snts) = sn) ds| dnn)
t
< [ [ e =€l s
t
= [ [ 1er = cldeprlds
0o JA
t
< Cn//|c”c'|dmd5.
0 JA
Taking the limit in the chain of inequalities above we obtain (5.7). O

Now we show how Theorem 5.2 can be deduced from the existence of regular generalized
flows in A; at the same time, we show that flows associated to sufficiently smooth vector
fields induce regular generalized flows (actually even classical ones, but we will need them
in generalized form to take limits).

Proposition 5.5. (i) Let b: (0,T) x Q — R? be a Borel vector field which satisfies (a-Q)
and (b-Q), let A € Q be an open set, and let n be a regular generalized flow in A relative
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to ¢ = xab with compressibility constant C' and that satisfies (eg)4m = p0-L with pg > 0
ZL%-a.e. in A. Then there exist X and Ta as in Theorem 5.2(a)-(b) that satisfy

X(t,)u(pol{Ta > t}) <CLA (5.8)

for allt € [0,T7].
(i4) Let b € C([0,T] x A;R?). Then there exists a reqular generalized flow 1 associated to
bxa, with (eg)4m equal to the normalized Lebesgue measure in A and satisfying

oL(A"b)

gd(A).zd Vit e[0,T] (5.9)

((er)gml{ha(-) >tHLA <

for any open set A’ @ A.

Proof.  We first prove (i). Set po = po-£¢ and consider a family {n,} c 2(C([0,T]; A))
of conditional probability measures, concentrated on

{ne AC([0,T);A) : 1= c(t,n) L -ae. in (0,T), n(0) =z}
and representing 7, i.e., [ 1, duo(z) =n. We claim that pp-almost every z € A:
(1) ha(n) is equal to a positive constant for n -a.e. n;
(2) if Ta(x) is the constant in (1), (e4)xm, is a Dirac mass for all ¢ € [0, T4 (x)].

By our assumption on fi, the properties stated in the claim hold .#%a.e. in A. Hence,
given the claim, if we define

X(t,x) = / n(t) dn, (n)

then for Z%a.e. € A the integrand 7(t) is independent of 7 as soon as t < T4(x), hence
X (t,x) satisfies (a) and (b) in the statement of Theorem 5.2. The compressibility property
(5.8) follows immediately from (5.2).

Let us prove our claim. We notice that the hitting time is positive for pp-a.e. = € A. For
q€QnN(0,7T), we shall denote by I'; the set {n: ha(n) > ¢} and by £¢:T'; — C([0,¢]; A)
the map induced by restriction to [0, g], namely X%(n) = (g q-

In order to prove the claim it clearly suffices to show that, for all ¢ € QN (0,7), Z;(nz LTy)
is either a Dirac mass or it is null. So, for ¢ € QN (0,7") and ¢ € (0,1) fixed, it suffices to

show that 1

is a Dirac mass for po-a.e. x satisfying n,(I'y) > 9.
By construction the measures A, satisfy A, < 2;1#(171, LT,)/6 and they are concentrated on

curves [0,q] > t — n(t) starting at = and solving the ODE 7 = b(t,n) £!-a.e. in (0,q).
Therefore

2% (m,LTg) € 2(C([0,q); A))

T

A ::/ Az dpo(z) € 2(C([0,q; A))
{z€A: n,(Tg)>4}
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satisfies all the assumptions of Theorem 3.4 with T' = ¢ and Q) = A, provided we check
(3.5). To check this property with Co = C/9, for ¢t € [0,q] and ¢ € C.(A) nonnegative we
use the fact that A, < ¥%(n,LI'y)/d and the fact that C' is a compressibility constant of
7 to estimate

1 1 C
/ pd(er) g < / pd(e)u(nmLTy) < / pd(e)yn < / @dx.
R4 1) Rd o R4 0 A

Therefore Theorem 3.4 can be invoked: A, is a Dirac mass for pg-a.e. z and this gives that
Az is a Dirac mass po-a.e. in {n,(I'y) > d}. This concludes the proof of (i).

For (ii), we begin by defining n with the standard Cauchy-Lipschitz theory. More precisely,
for x € A we let X (¢,x) be the unique solution to the ODE 1 = b(t,n) with n(0) = x until
the first time T4 (z) that X (¢, x) hits 0A, and then we define X (t,x) = X (t,T4(z)) for all
t € [Ta(z),T]. Finally, denoting by .#¢ the normalized Lebesgue measure in A, we define
1 as the law under fg of the map = — X (-,z). With this construction it is clear that
condition (i) in Definition 5.3 holds.

Let us check condition (ii) as well, in the stronger form (5.9). Recall that X is smooth
before the hitting time and that the map ¢ — J(t) := det V, X (¢, x) is nonnegative and
solves the ODE

{ J(t) = J(t)divb(t, X (t, x)), (5.10)

J(0) = 1.

Now, fix an open set A’ € A, and observe that (5.9) is equivalent to prove that for every
te[0,7)

/ O(X (t,2))de < "0 [ o(z)da for every p € C.(4').
A'n{a:h 4 (X (-x)) >t} A’

Fix ¢ € C.(A’) nonnegative and notice that ¢(X(t,z)) = 0 if t > ha(X(-,2)), hence
supp ¢ o X (t,-) is a compact subset of the open set Gy := {z : ha(X(-,z)) > t}. By the
change of variables formula

/ (X (t,z))det V, X (t, ) dx:/ () dx,
Rd Rd
in order to estimate from below the left-hand side it suffices to estimate from below

det Vo, X (t,x) in Gy; using (5.10) and Gronwall’s lemma, this estimate is provided by
—L(A"b) 0
e .

Remark 5.6. For the proof of Theorem 6.2 we record the following facts, proved but not
stated in Proposition 5.5: if n is as in the statement of the proposition, then for (eg)n-a.e.
x the hitting time h4(n) is equal to a positive constant T4 (z) for n,-a.e. n; furthermore,
(er)4m, is a Dirac mass for all ¢ € [0, Ta(x)].

Proof of Theorem 5.2. By the first part of Proposition 5.5, it suffices to build a regular
generalized flow 7 in A relative to ¢ = x4b with compressibility constant e(40) / 24 (A)
such that (eg)xn = 0oL with pg > 0 .Z%a.e. in A. By the second part of the proposition,
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we have existence of n with (eg)xn equal to the normalized Lebesgue measure .i”jf‘l and
satisfying (5.9) whenever b € C>([0, T] x A;R?).

Hence, to use this fact, extend b with the 0 value to R x R? and let b. be mollified vector
fields. We have that L(A, b.) are uniformly bounded (because A € Q) and, in addition, the
properties of convolution immediately yield

limsup L(A’,b.) < L(A, b) for any A" € A open. (5.11)
el0

If i, are regular generalized flows associated to c. = xab., we can apply Theorem 5.4
to get that any limit point 7 is a regular generalized flow associated to ¢ and it satisfies
(e0)ym = Z4. In addition, given A’ € A open we have

LA be)
((er)gm-Liha() > L A" < W(A).Zd vt el0,T],
thus (5.4) and (5.11) yield
oL(AD)
((er)gnli{ha(-) > tHLA < fd(A)zd Yt € [0,T).
Letting A’ T A gives that eX(4:0) / 29(A) is a compressibility constant for 7. O]

Using a gluing procedure in space, we can now build the maximal regular flow in ) using
the flows provided by Theorem 5.2 in domains 2, € Q2,11 with Q, T Q.

Theorem 5.7. Let b: (0,T) x Q — R be a Borel vector field which satisfies (a-2) and (b-
Q). Then the mazimal regular flow is unique, and existence is ensured under the additional
assumption (5.1). In addition,

(a) for any Q' € Q the compressibility constant C(QY, X) in Definition 4.4 can be taken
to be eL(Y8) where L(SY,b) is the constant in (5.1);

(b) if Y is a regular flow in B up to T with values in Q, then Tq x > T L?a.e. in B and

X(,z)=Y(,z) inl0,7], for L%a.e. z € B. (5.12)

Proof. Let us prove first the uniqueness of the maximal regular flow in Q. Given regular
maximal flows X* in ©, ¢ = 1, 2, by Lemma 4.2 and Remark 4.5 we easily obtain

X', z)=X?(,z) in [0, T4 x1(z) AT x2(2)), for ZLhae. x e

On the other hand, for Z%a.e. z € {Tq x1 > Tq x2}, the image of [0,Tq yx2(x)] through
Va(X1(-,2)) is bounded in R, whereas the image of [0, T¢, x2(x)) through Va(X2(-,x)) is
not. It follows that the set {Ty1 > T2} is .Z%-negligible. Reversing the roles of X! and
X? we obtain that To x =T x» Z%a.e. in Q.

In order to show existence we are going to use auxiliary flows X, in ,, with hitting times
Ty : Q — (0,7, ie.,
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(1) for L%ae. x € Qp, X, (-, 2) € AC([0, Ty, (2)];RY), X,(0,2) = z, X,(t,z) € Q,, for
all t € [0, T, (2)), and X, (T (2),z) € 90, when T,,(z) < T, so that hg, (X,(-,z)) =
Ty (x);

(2) for L%a.e. x € Qy,, X, (-, 2) solves the ODE 4 = b(t,v) L -a.e. in (0,T,(z));

(3) Xn(t, ) g (LUAT, > t}) < PO 241 Q for all t € [0, T], where L(Q,,b) is given
as in (5.1).

The existence of X,,, T,, as in (1), (2), (3) has been achieved in Theorem 5.2.

If n < m, the uniqueness argument outlined at the beginning of this proof gives immediately
that T),(z) < Tpn(z), and that X, (-, z) = X (-, z) in [0, T}, (2)] for L%-a.e. x € Q,,. Hence
the limits

To,x(z) = lim T,(z), X(t,z) = lim X, (t,z) te[0,Tox(x)) (5.13)

n—oo n—oo

are well defined for .Z%a.e. = € Q. By construction
X(,z)=Xp(,x)  in[0,T,(x)), for L%a.e. e Q,. (5.14)

We now check that X and T x satisfy the conditions (i), (ii), (iii) of Definition 4.4.
Property (i) is a direct consequence of property (2) of X, (5.13), and (5.14).

In connection with property (ii) of Definition 4.4, in the more specific form stated in (a)
for any open set ' @ €, it suffices to check it for all open sets €2,,: indeed, it is clear that
in the uniqueness proof we need it only for a family of sets that invade 2 and, as soon as
uniqueness is estabilished, we can always assume in our construction that €’ is one of the
sets ,. Now, given n, we first remark that property (1) of X, yields T},(z) = hq, (X (-, z))
for Z%a.e. x € Q,; moreover (5.14) gives

X (t, ) (LNTn > 1) = Xn(t, )4 (L{T0 > 1})
for all ¢ € [0,T]. Hence, we can now use property (3) of X, to get
X (t, )4 (LT, > t}) < ¥ 24, for every t € [0,T), (5.15)

which together with the identity T}, (z) = hg, (X (-, z)) for Z%a.c. = € Q, concludes the
verification of Definition 4.4(ii).

Now we check Definition 4.4(iii): we obtain that limsup Vo (X (t,z)) = oo as t 1 To x ()
for #%-a.e. x € Q such that T x(z) < T from the fact that X (¢, 7, (x)) € 9y, and the
sets €1, contain eventually any set K & (). This completes the existence proof and the
verification of the more specific property (a).

The proof of property (b) in the statement of the theorem follows at once from Lemma 4.2
and Remark 4.5. O
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6 Main properties of the maximal regular flow

6.1 Semigroup property

In order to discuss the semigroup property, we double the time variable and denote by
X(t,s,x), t>s,

the maximal flow with s as initial time, so that X (¢,0,2) = X (¢t,z) and X (s,s,2) = =.
The maximal time of X (-, s, z) will be denoted by T x s(z).

The proof of the semigroup property and of the identity T x (X (s,x)) = T, x (x) satisfied
by the maximal existence time follows the classical scheme. It is however a bit more involved
than usual because we are assuming only one-sided bounds on the divergence of b, therefore
the inverse of the map X (s,-) (which corresponds to a flow with reversed time) is a priori
not defined. For this reason, using conditional measures, we define in the proof a kind of
multi-valued inverse of X (s,-).

Theorem 6.1 (Semigroup property). Under assumptions (a-§), (b-2), and (5.1) on b, for
all s € [0,T] the mazximal regular flow X satisfies

Tox s(X(s,2)) =To x () for L a.e. x € {Ta.x > s}, (6.1)

X (s, X(s,2)) = X(-,z) in[s,Tox(2)), for L%a.e. v € {Tox > s}. (6.2)

Proof. Let us fix s > 0 and assume without loss of generality that £({Tq x > s}) > 0.
Let us fix a Borel By C {Tq x > s} with positive and finite measure, and let £ denote the
renormalized Lebesgue measure on By, namely £ := £ B,/.%%(B,). We denote by p,
the bounded density of the probability measure X (s, -)#.jfsd with respect to .Z¢. We can
disintegrate the probability measure 7 := (Id x X (s, )23 with respect to ps, getting a
family {7,} of probability measures in R? such that m = J my ® 6y ps(y) dy. Notice that in
the case when X (s,-) is (essentially) injective, m, is the Dirac mass at (X (s,-))"!(y) for
X (s, )pLae. y.

For € > 0, let us set

T = / Ty ® 0y dy € @(Rw)
{ps>e}

Since em. <, the first marginal . of 7. is bounded from above by .Z¢/e, therefore it has
a bounded density . with respect to .Z?. Moreover, since m < || ps]| Loo(Rd) SUPz( Te and
the first marginal of 7 is .Z%, we obtain

sup pe(x) >0 for £%-a.e. x € B,. (6.3)
e>0

Now, for 7 > s and € > 0 fixed, let B] := {To x > 7} and define a generalized flow
N, € P(C([s,7];R)) by

me = | Sx oy g () dy = [ by el d (6.4)
(z,y)€BT x{ps>¢} BT
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For any 7 € [s, 7] and any ¢ € C,(R?) nonnegative there holds

| edewnd= [ oX(ra)puo)de < Ll | 6()ds
R4 BT R4
Evaluating at » = s, a similar computation gives

(68)#777',5 = X(S, ')#(XB;’ﬁS)‘

By Theorem 3.4 (applied in the time interval [s, 7] instead of [0,77]) it follows that

o= [ B dltesm, o). (6.5)

Now, it is clear that W (-, z) := n,(:) is a regular flow in [s, 7], hence (by uniqueness)
n. = X(:,8,2) for (es)xn, -a.e. z. Returning to (6.5) we get

/ 5x(msy dl(es) g / (s X (0P () (6.6)

where in the second equality we used the formula for (es)ymn,.. Comparing formulas
(6.4) and (6.6), and taking (6.3) into account, we find that T x s(X(s,2)) > 7 and that
X(,5,X(s,z)) = X(-,2) in [s, 7], for L%a.e. € B]. Since T > s is arbitrary, it follows
that T, x +(X (s,z)) > T, x(z) and that X (¢, s, X (s,z)) = X (t,2) L% a.e. in B,.

If To,x () < T, by the semigroup identity it follows that

limsup Vo(X(¢,5,X(s,z))) = limsup Vo(X(t,2)) = oo,

tTTQ’X(QE) tTTQ,X (z)
and hence
To,x s(X(s,2)) =To x () for #%-a.e. x € B,. (6.7)
Eventually we use the arbitrariness of By to conclude (6.1) and (6.2). O

6.2 Stability

The following theorem provides a stability result for maximal regular flows in 2 when the
vector fields converge strongly in space and weakly in time, in analogy with the classical
theory (see also Remark 6.3 below).

Theorem 6.2 (Stability of maximal regular flows in Q). Let Q@ C R?% be an open set.
Let X™ be maximal reqular flows in Q relative to locally integrable Borel vector fields b™ :
(0,T) x Q — R Assume that:

(a) for any A € § open the compressibility constants C(A, X™) in Definition 4.4 are
uniformly bounded;
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(b) for any A € Q open, setting A° := {x € A : dist(x,R*\ A) > ¢} fore > 0, there holds,
uniformly w.r.t. n,

}llii% |XAW (x + h)b"(t,z + h) — xa(z)b"(t, 1‘)| =0 in LY((0,T) x A); (6.8)

(c) there exists a Borel vector field b : (0,T) x Q — R satisfying (a-Q2) and (b-Q) such
that
b" —b weakly in LY((0,T) x A; R?) for all A € Q open. (6.9)

Then there exists a unique mazimal reqular flow X for b and, for every t € [0,T] and any
open set A € ), we have

lim
n—oo

max | X7 (s, ) - X(s,-)| A1
s€[0,t]

. = (6.10)
LY ({z: ha(X(-2))>1})

where
n _ ] X"(t,x) fort € [0,ha(X" (-, 2))],
Xt ) = { X"(ha(X"™(-,2)),x) forte [ha(X"(-,z)),T].

Remark 6.3. The convergence (6.9) and (6.8) of b" to b is implied by the strong con-
vergence of b" to b in space-time. It is however quite natural to state the convergence in
these terms in view of some applications. For example, the weak convergence of (6.9) and
the boundedness in a fractional Sobolev space " € L'((0,T); W™P(R%)), p > 1,m > 0,
is enough to guarantee that (6.8) holds. The same kind of convergence appears in [21,
Theorem I1.7] to prove convergence of distributional solutions of the continuity equation,
and in [19, Remark 2.11] in the context of quantitative estimates on the flows of Sobolev
vector fields.

The convergence of the flows in (6.10) is localised to the trajectories of b which are inside A
in [0,¢]. This is indeed natural: even with smooth vector fields one can construct examples
where the existence time of X (-, x) is strictly smaller than the existence time of X" (-, x)
and the convergence of X" (-, z) to X (-, x), or to its constant extension beyond the existence
time To, x (), fails after T x (x) (see Figure 1).

The stability of maximal flows in Theorem 6.2 implies a lower semicontinuity property of
hitting times.

Corollary 6.4 (Semicontinuity of hitting times). With the same notation and assumptions
of Theorem 6.2, for every t € [0,T] we have that

lim 2 ({z: ha(X"(-,2)) <t <ha(X(-,2))}) =0. (6.11)

n—o0

In particular, there exists a subsequence n(k) — oo (which depends, in particular, on A)
such that
mm@mg@mmaWMQ)fwamA (6.12)
—00
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Figure 1: One can build a sequence of smooth vector fields b" whose trajectories X" (-, z)
starting from a point x is drawn in the figure. These trajectories fail to converge to the
constant extension of X (-, x) after T x ().

Proof. For every x such that ha(X"(-,x)) <t < ha(X(-,z)) we have that

m[zgx] | X" (s, ) — X (s,2)| > dist(0A, X ([0,t],2)) > 0.
se|0,t
It implies, together with (6.10), that (6.11) holds.
Up to a subsequence and with a diagonal argument, by (6.11) we deduce that for every ¢ €
QN [0,T7] the functions 1{hA(Xn(k)(_’m))§t} converge pointwise a.e. to 0 in {ha(X(-,z)) > t}
and therefore for .#%-a.e. z such that ¢t < h(X(-,2)) we have ha(X"(-,z)) > t for n large
enough. This implies that for every t € QN [0, T], for .£%a.e. = such that t < ha(X (-, z))
we have

t <liminfha(X"® (. 2)) ZL%ae. in A,

k—o0

which implies (6.12). O

The proof of the stability of maximal regular flows in €2 is based on a tightness and stability
result for regular generalized flows in A (according to Definition 5.3), as the one presented

in Theorem 5.4 under the assumption of the strong space-time convergence of the vector
fields.

Proposition 6.5 (Tightness and stability of generalized regular flows). Let A C R be
a bounded open set. The result of Theorem 5.4 holds true also if we replace the strong
convergence of the vector fields (5.3) with the assumptions

’llin%)XAw(aH—h)c”(t,x—kh) = xalx)c(t,x) in L'((0,T) x A), uniformly w.r.t. n, (6.13)
—

" —c  weakly in L'((0,T) x A), (6.14)
where A® == {x € A :dist(z,R?\ A) > ¢} for e >0 (compare with (6.8) and (6.9)).
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Proof. The tightness was based on Dunford-Pettis’ theorem and it can be repeated in this
context thanks to (6.14): in particular, there exists a modulus of integrability F' such that

T
sup//o F(n(t)]) dt dn" < . (6.15)

neN

We show that 7 is concentrated on integral curves of ¢, namely

[ 01 =0~ [ ets.ntenas

dn(n) = 0 (6.16)

for any ¢ € [0,T]. To this end we consider ¢ := (cx ) * p-, where p.(z) := e 9p(x/c), p €
C>(R%) nonnegative, is a standard convolution kernel in the space variable with compact
support in the unit ball. Notice that ¢® € L'((0,7T); C°(4;R%)) and that |¢ — ¢| — 0 in
LY((0,T) x A) as ¢ — 0. Similarly, for every n € N we set ¢ := (c"xa:) * p.. We first
prove that, for every € > 0,

/ ‘n(t)—n(o)— [ st as| anto) < wie) (6.17)

where w : (0,00) — (0,00) is a nondecreasing function which goes to 0 as ¢ — 0 to be
chosen later.

Since the integrand is a continuous (possibly unbounded) function of € C([0, T]; R?) and
1" is concentrated on integral curves of ¢”, by the triangular inequality we have the estimate

/ 'n(t) —n(0) - | (s, m(s)) ds| dn(n) (6.18)

IN

imint [ fnc) -0~ (s, n(s)) ds| dn ()

lim inf [ /
n—oo

To estimate the first term in the right-hand side of (6.18), we notice that

IN

t t
/0 [ — &)(s,(s)) ds /0 [ — (s, 7(s)) ds

dn™(n) + /

dn”(n)}

sup [l = " L10,1)x a) < w(E)
neN

and w(e) — 0 as € — 0. Indeed, consider a nondecreasing function wy : (0,00) — (0,00)
which goes to 0 as ¢ — 0 and such that

X 4l (x = R)e"(t, 2 — h) — xa(z)e" (t, 2)|| L1 ((0,1)x 4) < wo(|h]) (6.19)
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for every n € N, which exists thanks to (6.13). We notice that

/ /|c”€— ”|dxdt</ pe(z / /XAew—z "(t,x—z) — c"(t,x)| dedtdz

< [ oo / [ Bl = 2) = xaeto = 2)je .z = )| dadr
+/ pe(z / /|XA||37—2) "(t,x —z) — c"(t,x)|dxdtdz
< [0 [ ] eat) — el etz + e

and the first term converges to 0 uniformly in n thanks to (6.14), Dunford-Pettis’ theorem
and since A* T A as e — 0.

Hence, using the fact that ¢” = 0 on JA and the definition (5.2) of compressibility constant
C, for n" we get

/

We now estimate the second term in the right-hand side of (6.18). To this end, for every
k > 0 we consider the set of curves

t t
/ (€ — ¢™|(s,n(s)) ds| dn™(n) < Ci / / € — €| dsdz < sup Cpw(e).  (6.20)
0 QJO n

T
Iy o= {n € AC(0.7): ) - /0 F(i(t)]) dt <k},

We notice that all curves in I'y, have a uniform modulus of continuity that we denote by wy.
By Chebyshev’s inequality and (6.15) we deduce that

= Q

n"(C([0,T]; A)\Ty) <

for some constant C' > 0, hence in the complement of I'y, we estimate the integrand with its
L*> norm:

Jy

T

/[cn,sci](s77](s)) ds| dn"(n) <mn (FC)/ ||[Cn’€*cs](5a')HL°°(A) ds
0 0

(6.21)

Q

< 2 e = ellnyomyxalpellesa).

Hence, choosing k large enough we can make this term as small as we wish uniformly with
respect to n, since ||c” — ¢|r10,1r)xa) < €21 ((0,7)xa) + lellL1(0,7)x 4y is bounded.

In I'g, for any N € N we can use the triangular inequality, the fact that ¢»® and ¢ are null
on (0,T) x DA, and the bounded compression condition (e;/n)xn" LA < Cp,. 2 for every
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t=1,...,N, to get

J,

t
e = At as " (n)6.22)

dn"(n) < Z/F

[ 16 =l n(s) ds

< Z/F / I (s,n(t")) ds| dn"(n)
+wk Z/ IV[e™ = (s, )| Loo(a) ds
< —cflds| dx

- (t\yn
W’“(N)”C — ellzrom) <) IVPell o ray,

where t;N =it/N. Choosing N large enough we can make the second term in the right-hand
side as small as we want, uniformly in n. Letting n — oo in (6.22), each term in the first
sum in the right-hand side converges to 0 pointwise in = by the weak convergence (6.9)
tested with the function ¢, (s,y) = 1[tﬁl,t§V](5)P5(f —y), namely, for every x € A,

Ny v
lim [ = cf](s,z)ds = lim Z [€" = c](s,y)ps(x —y)ds = 0.
These functions are bounded by [[¢" — ¢|| 11 ((0,7)x 4)l| Pz || Lo (ray, thus by dominated conver-
gence the first sum in the right-hand side of (6.22) converges to 0. It follows that, given
¢ and k, by choosing N sufficiently large we can make also this term as small as we wish,
hence (6.17) follows from (6.18). We now let ¢ — 0 in (6.17) and notice that, since n
satisfies (5.2) with C = liminf,, C,, and ¢ — ¢ in LY((0,T) x A),

t
lim /[c—c]( n(s))ds| dn(n <Chm//]c—c€]dsda;—0
e—0 0

proving the validity of (6.16). O

The following lemma is a standard tool in optimal transport theory (for a proof, see for
instance [3, Lemma 22|, or [24, Corollary 5.23]).

Lemma 6.6. Let X1, Xo be Polish metric spaces, let i € @(Xl), and let F,, : X1 — X5
be a sequence of Borel functions. If

(Id, F)ppe — (Id, F) 40 narrowly in (X1 x Xs), (6.23)
then F,, converge to F' in p-measure, namely

li_}m u{dx,(Fn, F)>¢e})=0 Ve > 0.
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Proof of Theorem 6.2. Fix A €  open, denote by #¢ the normalized Lebesgue measure
on A, and define X'} as in the statement of the theorem. Then the laws n" of z —
X" (-, ) under .i”jll define regular generalized flows in A relative to ¢® = y4b", according
to Definition 5.3, with compressibility constants C,, = C(A4, X").

Hence we can apply Proposition 6.5 to obtain that, up to a subsequence, n" weakly converge
to a generalized flow 1 in A relative to the vector field ¢ = x b, with compressibility
constant C = liminf, C,. Let m, be the conditional probability measures induced by
the map e, and let X 4 and T4 be given by Proposition 5.5; recall that X 4(-,z) is an
integral curve of b in [0, T4(x)], that X 4([0,T4(x)),z) C A, and that X o(Ta(x),z) € 0A
if Ta(z) < T; as explained in Remark 5.6, for #{-almost every z the hitting time h4(n)
is equal to Ta(z) for m,-a.e. n, and (e;)yn, = dx ,(t,2) for all t € [0,Ta(z)]. For every
t €[0,T] we set Ey g := {Ta(x) > t}; since

X a(s, )4(LILEpa) = (es)#/ 0x o) 1L < (e)yn < CL? Vs e[0,1],
Ey A

we obtain that X 4 is a regular flow for b on [0,t] x E;. Applying Theorem 5.7(b) to X 4,
and X 4, with A; C Ay we deduce that X 4, = X 4, on E; 4,, and this allows us (by a
gluing argument) to obtain a maximal regular flow for b.

To prove the last statement, we apply Lemma 6.6 with X; = RY, p = (L {Ty >
t})/gd({TA > t})7 Xy = C([O,t];Z), Fn(x) = XZ(‘,%), F('CC) - XA('ax)' More pre-
cisely, we consider the laws 7" € 22(C([0,t];R?)) of z — X"j(-,z) under p; with the same
argument as above, we know that 1" weakly converge to 17 and that the disintegration
7, coincides with 0x ,(. ) for p-ae. z € R (notice that X 4(-,x) is defined in [0,] for
p-a.e. x). The assumption (6.23) is satisfied, since for every bounded continuous function
¢ : R x C([0,T]; A) — R we have

/ (7)1, X7, 2))pa(,7) = / o(1(0).7) dii" ()

(and similarly with 1) and the weak convergence of 71" to 1 shows that

lim | p(,7) d(1d, X7, 2))spa(z, ) = / o(,7) A, X A(, 7)) 1(2, 7).

n—oo
We deduce the convergence in p-measure of X’ to X 4 in C([0,t]; 4), i.
lim Zd<{x€{TA>t}: sup | X% (s,x) — X a(s,x)| > ¢ > = Ve >0,
n—00 s€[0,t]
from which (6.10) follows easily. O

7 Further properties implied by global bounds on divergence

7.1 Proper blow-up of trajectories

Recall that the blow-up time T x (z) for maximal regular flows is characterized by the
property limsupyr, o (2) V(X (t,2)) = oo when To x (z) < T. We say that X (-,z) blows
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up properly (i.e. with no oscillations) if the stronger condition limyr, ¢ (@) Va(X(t,x)) = 00
holds. In the following theorem we prove this property when a global bounded compression
condition on X is available, see (7.2) below. Thanks to the properties of the maximal
regular flow the global bounded compression condition is fulfilled, for instance, in all cases
when the divergence bounds L(€') in (5.1) are uniformly bounded. More precisely

T
divd(t,-) > m(t) in Q, with L(Q) := / |m(t)] dt < oo (7.1)
0

implies (7.2) with C, < M%),

Theorem 7.1. Let X be a mazimal reqular flow relative to a Borel vector field b satisfying
(a-2) and (b-52), and assume that the bounded compression condition is global, namely there
exists a constant C, > 0 satisfying

X(t,)u( LM {Tax >t}) <C.2%T  vVte0,T). (7.2)
Then

liminf |X (¢, 2)| = o0 for L%-a.e. x € R such that limsup |X(t,z)| = oo,
tTTQ,X (z) tTTQ,X (z)

and in particular impr, 5 () Vo(X (¢, 2)) = oo for ZLa.e. x with Tox(z) <T.

Proof. Let ), be open sets with 0, € Q,4+1 € Q, with U,Q,, = Q2. We consider cut-off
functions v, € C°(Qy,41) with 0 <1, <1 and v, = 1 on a neighborhood of Q.
Since X (-,z) is an integral curve of b for Z%a.e x € Q we can use (7.2) to estimate

L
QJo

TQ, (z)
(X a|dear < [ [ 90X ) b0 X ()] drda

T
—[ [ VX (o)l X o) deds
0 {TQ’X>t}

T
<c. /0 /R V) 1b(t. )] dy de

T
SCHV?%HLOO(Q)/O /Q |b(t, z)| dx dt.
n+1
(7.3)

Hence ¢, (X (-,z)) is the restriction of an absolutely continuous map in [0, 7o, x ()] (and
therefore uniformly continuous in [0, T x (z))) for Z%-a.e. z € Q.

Let us fix x € Q such that lim SUPHT,, x (2) Va(X(t,x)) = oo and ¥, (X (+,x)) is uniformly
continuous in [0, T x (z)) for every n € N. The limsup condition yields that the limit of
all ¥, (X (t,x)) as t T T, x (z) must be 0. On the other hand, if the liminf of Vo(X (¢, x))
as t T To x (x) were finite, we could find an integer n and t; T Tq x (x) with X (¢, x) € Qy,
for all k. Since tp11(X (tx,z)) = 1 we obtain a contradiction. O
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Remark 7.2. Under the assumptions of the previous theorem with = R? given any
probability measure o < C.Z? for some C' > 0, it can be easily shown that the measure

pe = X (t, ) u(ol{Tx > t}), te0,T] (7.4)

is a bounded (by (7.2)), weakly™ continuous, distributional solution to the continuity equa-
tion. We notice that the same statement is not true if we assume only a local bound on div b,
since the measure (7.4) can be locally unbounded, as in the example of Proposition 7.3, and
therefore we cannot write the distributional formulation of the continuity equation.

To see that (7.4) is a distributional solution of the continuity equation, we consider ¢ €
C°(R?) and we define the function g(t,z) as (X (t,x)) if t < Tx (x) or t = T (x) = T, and
g(t,x) = 0 otherwise. By Theorem 7.1 we notice that g(¢,x) is absolutely continuous with
respect to ¢ for Z%-a.e. x € R? and that Lg(t,z) = Lty ()5t V(X (8, 2))b(t, X (¢, 2)) for
ZLlae. t € (0,T), for L%ae. v RY We deduce that t — f{TX>t} o(X (t,z)) duo(z) is
absolutely continuous and that its derivative is given by

d

d
iy XN 00 = Gy [ olt.2) o)

_ / V(X (t,2))b(t, X (1, 2)) dpo(x).
{Tx >t}

The proper blow up may fail for the maximal regular flow due only to the lack of a global
bound on the divergence of b, as shown in the next example.

In the following we denote by ey, ..., e4 the canonical basis of R¢ and Bﬁdil) (z') c R41
the ball of center 2/ € R%! and radius r. We denote each point z € R? as z = (@, 2q),

where 2" are the first d — 1 coordinates of . For simplicity we write T’x for Tga x-

Proposition 7.3. Let d > 3. There exist an autonomous vector field b : R — R? and
a Borel set of positive measure ¥ C R? such that b € VVli’f(Rd;Rd) for some p > 1,
divb € L (R?), and

loc

Tx(x) <2, liminf | X (¢,2)| = 0, limsup | X (¢, z)| = 00 (7.5)
Ty () HTx (z)
for every x € 3.

Proof. We build a vector field whose trajectories are represented in Figure 2.
Let {ar}ren be a fastly decaying sequence to be chosen later. For every k = 1,2,... we
define the cylinders

1) x [—2F71 2K if k£ is odd
1) x [—2F, 2k=1] if k is even.

We also define
Ey =B Y(271e;) x (o0, —1].

1
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Ty

\J

Figure 2: The trajectories of b oscillate between 0 and co.

Let ¢ € C§° (Bgd_l)) be a nonnegative cutoff function which is equal to 1 in By /5. In every
E). the vector field b points in the d-th direction and it depends only on the first d — 1
variables

I 27]6
(—1)k+14k¢<u)ed Ve e By, k>1
b(l’) = ! — 2_161 Uk (76)
4@(a7>ed VI'GEO
1

Notice that divb = 0 in every Ej and that b is 0 on the lateral boundary of every cylinder
E}, since ¢ is compactly supported.
For every k > 1 we define the cylinders E} C R? as

o ) o
B B ) (27 er) x [-2571, 2 it & is odd
CT B Diater) x [~24, 261 if k is even,

For every k € N we define a handle Fj, which connects Fj with Ei.; as in Figure 3. It is
made of a family of smooth, nonintersecting curves of length less than 1 which connect the
top of Ej, to the top of Eyiy and Ej with £j ;. We denote by Fj, the handle between Ej
and Ej_,, as in Figure 3.

The vector field b is extended to be 0 outside U2 (£} U Fy). Tt is extended inside every Fj,
by choosing a smooth extension in a neighborhood of each handle, whose trajectories are
the ones described by the handle. The modulus of b is chosen to be between 4* and 4**!
in F} (notice that |b(z)| = 4* on the top of Ej thanks to (7.6)).

With this choice, every trajectory in FJ, is not longer than 1 and the vector field b is of size
4% We deduce that the handle is covered in time less than 4%,
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TTTE T b iz e I
}

ﬂl R

Figure 3: The sets Ey, Fy, E},, and F}, and the vector field b.

By the construction it is clear that b is smooth in R?\ Rey. We show that b € Wi’f(Rd; R)
for some p > 1 by estimating the WP norm of b in every ball Bg. With this estimate, one
can easily see that b is the limit of smooth vector fields with bounded WP norms on Bp;
it is enough to consider the restriction of b to the first n sets E, U Fy.

Fix R > 0. The W'? norm of b in By is estimated by

16llwrr(Br) < I0llwir(EonBR) + Z Ibllwip(FnBg) + Z Ibllw1p(z,)- (7.7)
=1 k=1

The first term is obviously finite (depending on R); since Bp intersects at most finitely
many Fj, the second sum in the right-hand side of (7.7) has only finitely many nonzero
terms. As regards the third sum, we compute the WP norm of b in each set Ej. For every
keN

' — 27 ke _
) — 45 2Raf )P g

18l 2oy < 45 (2R)7||oo

d—1
ay L (B (2-%e)) Lr(B{*Y)

and similarly

4F(2Ra—1)1/p

4k(2R)Y/P x' —27 e B
HVSO( )‘ rr (B V(2rer)) a

ag

Vbl o5, <

||VSOHL;J(B§‘1*1))‘

Since aj < 1, the series in the right-hand side of (7.7) is estimated by

3 - d— —_
ST Ibllwramy < CR, @)D 4Fal=D/P!
k=1 1
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d=1-p)  Hence

and it is convergent for every p < d — 1 provided that we take aj < 8 Pk/(
b € W'P(Bg;R?) for every R > 0.

To check that divb € L (R?), we notice that b is divergence free in R?\ U° F}, and that
for every R > 0 the ball Bp intersects only finitely many handles Fj; in particular b is
divergence free in Bj. Since b is smooth in a neighbourhood of each handle, we deduce that
div b is bounded in every Bg.

Finally we set ¥ = B, 2(e1/2) x [0,1] and we show that for every x € X the smooth
trajectory of b starting from z satisfies (7.5). The trajectory of x lies by construction in
U2 o(EL U Fy). For every k € N, the time requested to cross the set Ej is 2F /4 and, as

observed before, the time requested to cross Fj, is less than 4=k Hence

X 5k
2" 41
k=1

The other properties in (7.5) are satisfied by construction. O

In dimension d = 2, thanks to the smoothness of the vector field built in the previous
example outside the xo-axis, there exists only an integral curve of b for every x € R?\
{z1 = 0}. Hence, thanks to the superposition principle the previous example satisfies the
assumption (b-2) on b and therefore provides a two-dimensional counterexample to the
proper blow-up of trajectories. On the other hand, the vector field built in the previous
example is not in BVj..(R?%;R?). We show indeed in the next proposition that for any
autonomous BV, vector field in dimension d = 2 the behavior of the previous example
(see Figure 2) cannot happen and the trajectories must blow up properly. It looks likely
that, with d = 2 and a nonautonomous vector field, one can build an example following the
lines of the example in Proposition 7.3.

Proposition 7.4. Let b € BVi,.(R?;R?), divb € L (R?). Then

loc

liminf | X (¢,2)| = o0 for L?-a.e. x € R? such that limsup | X (t,z)] = oco.  (7.8)
t1Tx (z) tTx (x)

Proof. Step 1. Let R > 0. We prove that for every vector field b € BVi,.(R?; R?)

R+1 1
/ esssup |b(x)| dr < —— b(2)| dz + |Db|(Bryy \ Br).  (7.9)
R IE@BT Q’R—R BR+1\BR

For this, let b. be a sequence of smooth vector fields which approximate b in BV (Br+1\BRr),
namely

lim[b. —b| =0 in LY(Bgs1 \ Br), lim |Vb.(x)| dx = |Db|(Bgy1 \ Bg).
&

e—0 BR+1\BR
Up to a subsequence (not relabeled) we deduce that for Z*-a.e. r € (R, R+ 1)

limb. =b  in LY(0B,;R?).

e—0
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Figure 4: For an autonomous vector field b in the plane, we consider an integral curve of
a suitable representative of b, namely a vector field which coincides .Z?-a.e. with b. Given
R > 0, the time needed for the integral curve to cross the annulus Bry1 \ Bpg is greater or
equal than the constant ||esssupyp |b| HZ%(R’RH) (see (7.10) below). For this reason, every
trajectory can cross only finitely many times the annulus in finite time and therefore every
unbounded trajectory must blow up properly, as in (7.5).

Since we can control the supremum of the one dimensional restriction of b. to 9B, through
the L! norm of b, and the total variation we have that

1
sup [b. ()] < / ]bg(:c)]dac—l—/ Vb (2)] da.
0B, OBy

x€0B, - 27r

Hence, integrating with respect to r in (R, R+ 1), (7.9) holds for b,:

R+1 1
/ sup [be(2)] dr < —— 1b.(2)] dz +/ Vb ()] da.
R IEaBT 27TR BR+1\BR BR+1\BR

Taking the liminf in both sides as € goes to 0, by Fatou lemma we deduce that

R+1
/ esssup|b($)|dr§/ liminf sup |b.(z)|dr
R z€dB, Bri1\Br 70 ze€dB,

R+1
gliminf/ sup |bs(x)|dr

e=0 JrR  zedB,

< lim (1/ \bg(x)\quL/ (Db ()] d)
e—0 \2TR Bri1\Br Br+1\Br
1

= — b(z)|dz + |Db|(B Bp).
37 Jy 1, [P+ DBI(Bris \ Br)

Step 2. Let R > 0 and let ¢ : R? — R? be a Borel vector field such that

f(r):= sup |e(z)| € LY(R,R+1).
x€0B;
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Let v : [0,7] — Br+1\ Br be an absolutely continuous integral curve of ¢ (namely 4 = ¢(7)
Z'a.e. in (0,7)) such that y(0) € dBg and (1) € OBry1. We claim that

T > (/RRH f(r) dr>_1. (7.10)

To prove this, we define the nondecreasing function o : [0,7] — R

o(t) = max |y(s)| vVt e [0,7]; (7.11)
s€[0,t]

we have that 0(0) = R and o(7) = R+ 1. For every s, t € [0, 7] with s < ¢ there holds

0<a(t)~o(s) < sup ()|~ () < [ | Thlldr< [ Bl

re(s,t]

Thus o is absolutely continuous and ¢ < |§| Z!-a.e in (0,7). In addition, for every t €
(0,7) such that o(t) # |y(t)| the function o is constant in a neighborhood of ¢, hence
& < X{ozly} 17| £ -a.e. in (0,7). Therefore

5(t) < Loy (O] = Loz (Dle(v())] < fo(t)  for Ll-ae. t € (0,7).

By Hélder inequality and the change of variable formula we deduce that

L<fotr)—o@P < ([

0

T

. 2 . 2

s(t)dt) < /0 (O dt
T R+1

<7 /0 5(0)f(o(t) dt = / f(0) do,

R
which proves (7.10).

Step 3. We conclude the proof. Using the invariance of the concept of maximal regular flow
(see Remark 4.6) we can work with a well-chosen representative which allows us to apply
the estimate in Step 2. For this specific representation of b, we show that every integral
unbounded trajectory blows up properly.

For #%a.e. r > 0 the restriction b.(x) = b(rz), x € S, of the vector field b to IB, is
BV. We remind that every 1-dimensional BV function has a precise representative given
at every point by the average of the right approximate limit and of the left approximate
limit, which exist everywhere. We define the Borel vector field ¢ : R? — R as

c(rz) = the precise representative of b, at x Ve e st

for all » such that b, € BV(S'), and 0 otherwise. Notice that, by Fubini theorem, ¢
coincides .#?-a.e. with b, and that sup |c(r-)| < esssup |b(r-)| for all r > 0.

Let us assume by contradiction the existence of Z € R? such that X (-,Z) is an integral
curve of the precise representative ¢ and

liminf | X (¢, )| < oo, limsup | X (¢, z)| = oo. (7.12)
1Tx (%) HTx (Z)
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We fix R > 0 greater than the liminf in (7.12), as in Figure 4 and we define f(r) :=
SUp,eap, |c(z)], r € [R, R+1]. Thanks to (7.9) applied to ¢, we deduce that f € L*(R, R+1).
Therefore we can apply Step 2 to deduce that every transition from inside Bg to outside
Bpr+1 requires at least time 1/ f[|1(g r41) > 0. Hence the trajectory X(-,z) can cross the
set Br11 \ Br only finitely many times in finite time, a contradiction. ]

7.2 No blow-up criteria

If one is interested in estimating the blow-up time T x of the maximal regular flow, or
even if one wants to rule out the blow up, one may easily adapt to this framework the
classical criterion based on the existence of a Lyapunov function ¥ : R — [0, oo] satisfying
U(z) — o0 as |z| — oo and

L w(a(t)) < Cu(1 + W(x(1))

along absolutely continuous solutions to @ = b(¢,z). On the other hand, in some cases, by
a suitable approximation argument one can exhibit a solution p; = p.Z? to the continuity
equation with velocity field b with |b:|p; integrable. As in [10, Proposition 8.1.8] (where
locally Lipschitz vector fields were considered) we can use the existence of this solution to
rule out the blow-up.

In the next theorem we provide a sufficient condition for the continuity of X at the blow-up
time, using a global version of (a-{2) and the global bounded compression condition (7.2),
implied by the global bound on divergence (7.1).

Theorem 7.5. Let b € L'((0,T)xQ;RY) satisfy (b-Q) and assume that the mazimal regular
flow X satisfies (7.2). Then X (-,x) is absolutely continuous in [0,Tq x ()] for £?-a.e.
x € €, and the limit of X (t,x) ast 1 Tq x(x) belongs to O whenever T x(x) < T.

Proof. By (7.2) we have that

QX TQ,X(”C)
// X(t2) dtdr — // Ib(t, X (£, 2))| dt da:
QJ0

T
_ / / 1b(t, X (1, 2))| da dt
0 {TQ’X>t}

T
< c*/ /b(t,z)|dzdt.
0 Q

Hence X satisfies (7.2). Then X (-, x) is absolutely continuous in [0, T x (z)] for #%-a.e.
x € Q. Since the limsup V(X (¢,2)) as t T T x is co whenever T x (x) < T, we obtain
that in this case the limit of X (¢,z) as t — T x («) belongs to 0. O

In the case Q = R% we now prove a simple criterion for global existence, which allows us
to recover the classical result in the DiPerna-Lions theory on the existence of a global flow
under the growth condition

|b(t, z)]

Tl e LY((0,T); LY (RY)) + LY((0, T); L= (R%)). (7.13)
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As in the previous section, we will use in the next theorem the simplified notation T'x for
TRd X

Theorem 7.6 (No blow-up criterion). Let b : (0,7) xR? — R? be a Borel vector field which
satisfies (a-R?) and (b-R?), and assume that the mazximal reqular flow X satisfies (7.2).
Assume that p; € L>((0,T); L(R?)) is a weakly* continuous solution of the continuity
equation satisfying the integrability condition

/ /Rd 1+|x| (x) dx dt < oo. (7.14)

Then Tx(x) = T and X (-,x) € AC([0,T];R?) for poL-a.e. = € R In addition, if the
growth condition (7.13) holds, then p; satisfying (7.14) ewist for any py € L' N L=°(R?)
nonnegative, so that X is defined in the whole [0,T] x RY.

Proof.  For the first part of the statement we apply Theorem 2.1 to deduce that p; is
the marginal at time ¢ of a measure n € Z, (C ([O,T];Rd)) concentrated on absolutely
continuous curves 7 in [0, 7] solving the ODE 1 = b(t,n). We then apply Theorem 3.4 to
obtain that the conditional probability measures 7, induced by the map ey are Dirac masses
for (eg)xm-a.e. x, hence (by uniqueness of the maximal regular flow) p; is transported by X.
Notice that, as a consequence of the fact that i is concentrated on absolutely continuous
curves in [0, 77, the flow is globally defined on [0, 7], thus T'x (z) = T

For the second part, under assumption (7.13) the existence of a nonnegative and weakly™
continuous solution of the continuity equation p; in L ((0,T); L'NL>(R?)) can be achieved
by a simple smoothing argument. So, the bound in L' N L> on p; can be combined with
(7.13) to obtain (7.14). O

Remark 7.7. We remark that if only a local bound on the divergence is assumed as in
Section 5, the growth assumption (7.13) is not enough to guarantee that the trajectories
of the regular flow do not blow up. On the other hand, it can be easily seen that if we
assume that b satisfies (a-R?), (b-R%), (5.1) and |b(t,z)|/(1 + |z|) € L'((0,T); L=(R?)),
every integral curve of b cannot blow up in finite time and therefore the maximal regular
flow satisfies T (z) = T and X (-,2) € AC([0, T];RY) for L% -a.e. z € RY.

Theorem 7.6 is useful in applications when one constructs solutions by approximation. For
instance, for the Vlasov-Poisson system in dimension d = 2 and 3, this result can be used to
show that trajectories which transport a bounded solution with finite energy do not explode
in the phase space (see [4]).

Appendix: On the local character of the assumption (b-{2)

Here we prove that the property (b-2) of Section 3 is local, in analogy with the other
assumptions ((a-2) and the local bounds on distributional divergence) made throughout
this paper. More precisely, the following assumption is equivalent to (b-Q):
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(b-Q) for any ty > 0,29 € Q there exists € := &(tg,zg) > 0 such that for any nonnegative
p € L™®(R?) with compact support contained in B (zg) C Q and any closed interval
I =[a,b] C [to —e,to + €] N [0,T], the continuity equation

d

pTi + div (bp) =0 in (a,b) x R?

has at most one weakly* continuous solution I >t — p; € Lo with p, = p and p;
compactly supported in B.(z) for every ¢ € [a, b].

Lemma 7.8. If the assumptions (a-2) and (b’-2) on the vector field b are satisfied, then
(b-Q) is satisfied.

Proof. Step 1. Let n € @(C’([a, b];Rd)), 0 <a<b<T,be concentrated on absolutely
continuous curves n € AC([a,b]; K) for some K C Q compact, solving the ODE 7 = b(t, n)
Zlae. in (a,b), and such that (e;)yn < CZ? for any t € [0,T]. We claim that the
conditional probability measures 1, induced by the map e, are Dirac masses for (eq)4n-
a.e. T.

To this end, for s,t € [a,b], s < t, we denote by X! : C([a,b]; RY) — C([s,t]; R?) the map
induced by restriction to [s, ], namely ¥%*(n) = nj;4. For (eq)gn-ac. x € R? we define
7(z) the first splitting time of n,, namely the infimum of all ¢ > a such that (X%').mn,
is not a Dirac mass. We agree that 7(x) = T if n, is a Dirac mass. We also define the
splitting point B(x) as n(7(z)) for any n € suppn,. By contradiction, we assume that the
set {z € R?: 7(z) < T} has positive (eq)4n measure.

For every tg > 0 and x¢ € R let £(tg, z9) > 0 be as in (b-Q). By a covering argument, we
can take a finite cover of [a,b] x K with sets of the form

Ly 20,e(to,m0) = (to — €(to, o), to + €(to, 70)) X Be(tg,z0)/2(T0)-
We deduce that there exist ty > 0 and zy € R% such that the set
Ey:={zeR*:7(z) < T, (1(2), B(2)) € Iy 2y c(to.20) } (7.15)

has positive (e,)xn measure.
For every p,q € Q with a < p < ¢ < b we define the open set

EIMZ = {77 € C([av b];Rd) : 77([1), Q]) C Bs(to,:po)/2(x0)}'

We claim that there exist a set £y C Ey and p,q € QN[a, b, p < ¢ such that (e,)xm(E1) >0
and for every x € F; the measure Ei’q(l E, M) is not a Dirac delta.

To this end, it is enough to show that for £%a.e. x € Ey there exist p;,q, € QN [a,b],
Pz < ¢y such that X57% (1, n,) is not a Dirac delta.

Let us consider 71 € suppmn,; it satisfies 71(7(z)) = B(z) € B.y,20)/2(0). Let p, gu
be chosen such that n1([ps,qz]) € Be(to,mo)/2(70). By definition of 7(z) we know that
2% n, is not a Dirac delta. Hence there exists 72 € C([a, b; R9) such that 1y € supp(n,),
I(7(2)) = B(z), m(t) # m(t) for every t € [a,7(x)], m(t) # m(t) for some t € [1(z), qu].
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Up to reducing ¢,, we can assume that XP=9=(n;), ¥P=% (n,) are curves whose image is
contained in By, z4)/2(T0), so that n1,m2 € Ep, 4,, and which do not coincide. Moreover,
since supp(X“n,) = ¥Po (suppn,), we deduce that both XP=% () and TP+ (1)
belong to the support of Efg’qz (n,) and hence Zi‘“q“(l Epy g M) = Lspeas(B,, ) pz’qznz is
not a Dirac delta.

Let 6 > 0 be small enough so that Es = EyN{z : n,(E, ) > d} has positive (e,)xn-measure.

)

We introduce the probability measure 1 € 2 (C([a,b]; R?))

1Epaq
nx(Ep,q)

which is nonnegative, and less than or equal to 17/5. Moreover X%, qn IS @(C ([p, ql; Rd)) is
concentrated on curves in B., 4,)/2(%0), and

7= ((ea) gL By) & ( n,) = ((ca)ynlEs) & 7.,

Zp q(]'Ep qnx)
N2 (Ep,q)

Applying Theorem 3.4 with A = Ziqﬁ, Q = B.(ty,20)(Z0), in the time interval [p, ¢, and
thanks to the local uniqueness of bounded, nonnegative solutions of the continuity equation
(to,z0)> Which in turn follows from (b-Q), we deduce that the disintegration %% 4 n,

S0, is not a Dirac mass for (e,)xn-a.e. € Ey.

mn Ito,ro,ﬁ

of ¥5%% induced by e, is a Dirac mass for (e,)xn-a.e. z € Es. By the uniqueness of the
# #
disintegration, we obtain a contradiction.

Step 2. Let p! and p? be two solutions of the continuity equation as in (b) with the same
initial datum. Let n',n? € 22(C([a,b];R?)) be the representation of ! and p* obtained
through the superposition principle they are concentrated on absolutely continuous integral
curves of b and they satisfy pi; = (er)ym’ for any t € [0,T), i = 1,2. Since there exists a
compact set K C €2 such that p¢ is concentrated on K for every t € [O T], ' is concentrated
on absolutely continuous curves contained in K for ¢ = 1,2. Then by the linearity of the
continuity equation (e¢)x[(my + m2)/2] = (ui + p7)/2 is still a solution to the continuity
equation; by Step 1 we obtain that (n. +n?2)/2 are Dirac masses for pp-a.e. . This shows
that nL = n2 for ug-a.e. x and therefore that u} = u? for every t € [0, T]. O
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