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In most communication schemes information is transmitted via travelling modes of
electromagnetic radiation. These modes are unavoidably subject to environmental
noise along any physical transmission medium and the quality of the communication
channel strongly depends on the minimum noise achievable at the output. For classi-
cal signals such noise can be rigorously quantified in terms of the associated Shannon
entropy and it is subject to a fundamental lower bound called entropy power in-
equality. Electromagnetic fields are however quantum mechanical systems and then,
especially in low intensity signals, the quantum nature of the information carrier
cannot be neglected and many important results derived within classical information
theory require non-trivial extensions to the quantum regime. Here we prove one pos-
sible generalization of the Entropy Power Inequality to quantum bosonic systems.

The impact of this inequality in quantum information theory is potentially large and

some relevant implications are considered in this work.



I. INTRODUCTION

In standard communication schemes, even if based on a digital encoding, the signals
which are physically transmitted are intrinsically analogical in the sense that they can as-
sume a continuous set of values. For example, the usual paradigm is the transmission of
information via amplitude and phase modulation of an electromagnetic field. In general, a
continuous signal with £ components can be modeled by a random variable X with values
in R* associated with a probability measure du(z) = p(x)d*zr on R*. For example, a single
mode of electromagnetic radiation is determined by a complex amplitude and therefore it
can be classically described by a random variable X with & = 2 real components. The

Shannon differential entropy™ of a general random variable X is defined as

H(X):—/Rkp(x)lnp(x) d*zr, z€RF, (1)

and plays a fundamental role in information theory. Indeed depending on the context H(X)
quantifies the noise affecting the signal or, alternatively, the amount of information poten-
tially encoded in the variable X.

Now, assume to miz two random variables A and B and to get the new variable C' =
VA A+ +/1—=X B with X\ € [0,1] (see Fig. . For example this is exactly the situation
in which two optical signals are physically mixed via a beam—splitter of transmissivity .
What can be said about the entropy of the output variable C'? It can be shown that, if the
inputs A and B are independent, the following Entropy Power Inequality (EPI) holds®*

Q2HOV/k 5 )\ 2H(A)/k (1—A) 2HB)E 2)

stating that for fixed H(A), H(B), the output entropy H(C') is minimized taking A and B
Gaussian with proportional covariance matrices. This is basically a lower bound on H(C')
and the name entropy power is motivated by the fact that if p(x) is a product of k equal

2HX)/k = 52 where 02 is the variance of each Gaussian which

isotropic Gaussians one has ﬁe
is usually identified with the energy or power of the signal’. In the context of (classical)
probability theory, several equivalent reformulations® and generalizations®™ of Eq. have
been proposed, whose proofs have recently renewed the interest in the field. As a matter of
fact, these inequalities play a fundamental role in classical information theory, by providing

computable bounds for the information capacities of various models of noisy channels™.
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FIG. 1. Graphical representation of the coherent mixing of the two inputs A and B. For the
quantum mechanical analogue the two input signals correspond to electromagnetic modes which
are coherently mixed at a beam-—splitter of transmissivity A. The entropy of the output signal
is lower bounded by a function of the input entropies via the quantum entropy power inequality

defined in Eq. .

The need for a quantum version of the EPI has arisen in the attempt of solving some
fundamental problems in quantum communication theory. In particular the EPI has come
into play when it has been realized that a suitable generalization to the quantum setting,
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called Entropy Photon number Inequality (EPnl) , would directly imply the solution of

several optimization problems, including the determination of the classical capacity of Gaus-
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sian channels and of the capacity region of the bosonic broadcast channe . Up to now

the EPnl is still unproved and, while the classical capacity has been recently computed#42
by proving the bosonic minimum output entropy conjecture'®, the exact capacity region of
the broadcast channel remains undetermined. In 2012 another quantum generalization of
the EPI has been proposed, called quantum Entropy Power Inequality (QqEPT)*™¥, together
with its proof valid only for the 50 : 50 beam—splitter corresponding to the case A = % The

contribution of this paper is to show the validity of this inequality for any beam-—splitter

and to extend it also to the quantum amplifier.

The qEPI proved in this work, while directly giving tight bounds on several entropic

quantities, also constitutes a potentially powerful tool which could be used in quantum



information theory in the same spirit in which the classical EPI was instrumental in deriving
important classical results like: a bound to the capacity of non-Gaussian channels®, the
convergence of the central limit theorem™, the secrecy capacity of the Gaussian wire-tap
channel”, the capacity region of broadcast channels®, etc.. In this work we consider some of
the direct consequences of the qEPI and we hope to stimulate the research of other important

implications in the field.

II. THE QUANTUM ENTROPY POWER INEQUALITY AND ITS PROOF

In order to define the quantum mechanical analogue of Eq. , we follow the reasoning
line of Ref.s [10, 11} [I7, and 18 where the classical random variable X is replaced by a
collection of independent bosonic modes. Specifically consider n optical modes described by
ai, as, ..., a, annihilation operators obeying the bosonic commutation rules [ai, aﬂ = §;;2%L
This system represents the quantum analogue of the classical random variable A. We observe
that, since the phase space of each mode is 2-dimensional, the total number of phase space
variables is 2n and this should be identified with the number k appearing in the classical
EPI . A similar collection of bosonic modes by, bs, ..., b, will play the role of system
B. The natural way of mixing the two signals is via a beam-—splitter of transmissivity

N?2_ which in the quantum optics formalism is represented by the unitary operation U =

/TX S (ofh—aibt : : :
erreten v/ 152 g (a)bi—a;8) | Ty produces n output modes with bosonic operators

G=VAa;+V1I—=XAb;, j=1,2,....n. (3)
In the Schrodinger picture the above transformation corresponds to a quantum channel®

mapping the input state pap to the output state
pc = E(pa) = Trp [UpasU'] (4)

where the partial trace Trg stems for the fact that we discard one of the two output ports
of the beam—splitter. We consider the case of independent inputs A, B, with a factorized

density matrix pap = pa ® pp. The quantum Entropy Power Inequality ((EPI) reads then
eSc)in > ) eSlea)/n 4 (1-X) eSen)in (5)

where the classical Shannon entropy has been replaced by the quantum von Neumann en-
tropy S(p) = —Tr[plnp]. Unlike the classical case, the qEPI is not saturated by Gaus-

sian states with proportional covariance matrices, unless they have the same entropy. The
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qEPI was conjectured in Ref. (18 where it was shown to hold only for the special case

of A\ = % In this work we prove that inequality is indeed valid for every A. More-

over we extend the qEPI to the case in which the two input states are mixed via a quan-

tum amplifier, i.e. when the unitary U is replaced by the two-mode squeezing® operation
K— tot b . . .

U = eretanhy/ 5t 5 (ajbi—asbs) it g € [1,00]. In this case the modes a; are amplified and

the modes b; are phase-conjugated. In the Heisenberg picture we get
cj:\/Eaj—l—\//i—lb;, ji=12,..n, (6)

and the amplifier version of the qEPI becomes
eSrelin > g eSleal/n o (5 1) Sen)/n (7)

In the rest of the paper we are going to prove the validity of both inequalities and
and to show some of their direct implications.

A. Properties of quantum Fisher information

Almost all classical proofs? of the EPI are based on two properties of the Fisher informa-
tion: the Fisher information inequality (or Stam inequality™?*) and the de Bruijn identity®.
Here we follow the approach of [17/in order to generalize such properties to quantum systems.
Given a smooth family of states § — p@ the associated quantum Fisher information can be

defined in terms of the relative entropy:

2

T(P7:0)] 4y = %5 G (8)
where S(p1||p2) = Tr [p1 (In p; — In py)]. Since the relative entropy is non-negative and van-
ishes for § = 0, we necessarily have J (p(g); 9) > 0 and from the definition it is clear that
J (p(ca); 9) =c2J (p(e); 9). Moreover, from the data processing inequality for the relative
entropy its counterpart for the quantum Fisher information follows: for every quantum
channel &, one has J (5 (p(e)) ;9) <J (p(a); 9)17. For our purposes, the relevant cases are
when @ is associated with translations along the phase space axes, i.e. p(@Fi) = s p e=Fs
and p@P@) = =9 p ¢#2  where as usual Q; = (aj + a})/\/ﬁ, P =i (a} - aj>/\/§.
In this situation one can generalize important results form classical information theory. In

particular if two input states are mixed via a beam-splitter or via a quantum amplifier as



described in Eq. , one can derive from the data processing inequality the quantum version

of the Stam inequality:

(9)

AA= A Ap=1-—X (beam-—splitter) (10)

M=K Ap=k—1 (amplifier) . (11)

The proof of @ for the beam—splitter in the special case \ = % was given in Ref. [17. The
key point of this paper is the generalization of this proof to any beam—splitter and amplifier,

crucial for the derivation of the qEPIs and . In 17, @D is derived from the inequality

w%JC < wiJa +whJp Ywy, wg €R, (12)
IUC:\/AA U}A—f-\/)\B wg , (13)

proven for any beam-splitter (see Methods for the proof in the amplifier case). Our main
idea is to choose w4 and wpg in order to get from the strongest possible inequality. For

. . 2
this purpose, we can rewrite wg as

2
A /A
w%:< J—::UJA JA+ J_in JB> <

A A
< (J_A + J—f;) (wiJA + w%JB) , (14)

where we have used the Cauchy—Schwarz inequality. Equality holds iff

VAa Vs

wA:kJ—A, wp =k Js )

and with this choice becomes exactly the generalized Stam inequality @

keR, (15)

Another important and useful property is the quantum analogue of the de Bruijn identity

which relates the Fisher information to the the entropy flow under additive Gaussian noise,

7= 3T (o0 50) + 7 (o)) = 45 S(0(0), (16)
where p(t) = e“'p(0) and
£() = =3 3 (105 (@ pl) + [ [P 1) (17)

The proof, repeated in the Methods, simply follows from the definition of the ensembles
p(pvQ]) and p((LPJ)l?



B. Proof of quantum Entropy Power Inequality

The argument is similar to the one used in the derivation of the classical EPI. This tech-
nique, which is based on the addition of white Gaussian noise in the system, was extended
to the quantum domain in Ref. [17/in order to prove the qEPI for the special case of A = %
Here we use the properties @D and of the quantum Fisher information and we show
that the qEPI is valid for all A € [0, 1] (beam-splitter) and for all x > 1 (amplifier).

The key idea borrowed from the classical proof is to notice that, for highly entropic
thermal states, inequalities and are almost saturated. Then if we evolve the inputs
adding classical Gaussian noise, and will asymptotically hold in the infinite time
limit, and we just need to prove that the added noise has not improved the inequalities.
This can be achieved in the quantum setting by the application of the Gaussian additive
noise channel

p(t)=e“p, (18)
where the Liouvillian operator £ is the one defined in Eq. . We need an asymptotic
estimate for the entropy of p(t) as t — oo. Intuitively, one can guess that for large times the
memory of the input state is washed out and that the leading contribution to the entropy
comes from the Gaussian noise alone. Indeed it can be shown (see Methods) that, for every
input state p(0),

t
oSe®)/m _ % +O(1). (19)

We then consider as input states the evolved p4(t4) and pp(tp), where we still have the

freedom to let A and B evolve with different speeds by suitably choosing the dependence of
their times t4(t) and ¢5(t) on a common time ¢, with the conditions:

t4(0) =tp(0) =0, (20)

ta, tg 00 for t—o00. (21)

From the composition laws of Gaussian channels, it follows that evolving p4 and pg by times

t4 and tp before the application of the beam—splitter (or of the amplifier) produces at the

output the state po evolved by a time
to = Aata + A\ptp . (22)

The corresponding time dependent version of the qEPIs and can be rearranged in

the following form:



. ; AgeSleattal/n oy o eSles(ts)l//n
- eSlec(te)l/n

(23)

Now if we plug in the asymptotic behavior , we see that the inequality is saturated for
t — oco. The qEPI that we need to prove is simply for t = 0 and this can be achieved
if we are able to show that the RHS of is monotonically increasing in time, i.e. that

d Ae i + A eE
B < S, b 2 O ) (24)
dt o
where we have put for simplicity
SX:S[px(tX)] for X:A,B7O (25)

From the quantum de Bruijn identity , the positivity of the derivative in (24]) can be

expressed as
)

Sa . Sg .7 Sa Sp .
AaerTaia + Age ® Jpip > ()\AeT + )\BeT> Jotc . (26)
Now we make use of the freedom that we have in choosing the functions t4(t), tz(t) and we

impose them to satisfy the differential equation
LiX:eS(tX)/n, X:A,B, (27)
with initial condition
tx(0)=0. (28)

Since the entropy is nonnegative, ty > 1 and is satisfied. From Eq. we have
te = Aata + Aptp and so the condition reduces to

2 ? 2 2
<)\AGSTA + /\BesTB) JC S )\AG%JA + /\BG%JB . (29)

At this point our quantum version of the Stam inequality @ comes into play providing a

useful upper bound to Jg,

Jadp
Jo < ——m—. 30
“ = Xadp + Apa (30)
By plugging it into (29) and rearranging the terms we get
MAp (JaeSa/m — JpeSe/m)?
ag (Ja pe/") >0, (31)

Mg+ ApJa
which is trivially satisfied because of the non-negativity of the Fisher information. This
concludes the proof of both inequalities and @ and we can now focus on some of their

direct implications.



C. Linear inequalities

One of the features of the qEPI is that it is a significantly strong bound. For example
from the concavity of the logarithm we directly get from and the respective linear

relations, i.e.

S(pc) 2 AS(pa) + (1 = A)S(ps), (32)

S(pc) > PHLIELEZDSEN) 4y 31, (33

In the classical setting, the analogue of the first of these expressions is known to be formally
equivalent to Eq. . For the quantum case however, such correspondence is no longer valid
and Eqgs. and appear to be weaker than and , respectively. We remind also
that Eq. was originally conjectured in [10/ and proven by Konig and Smith in [17 for all
A € [0,1].

a. Bound on the EPnl.— It turns out that Eq. is not the only way of generalizing
the classical inequality . Another possible generalization was proposed and conjectured

in Ref. 10l and [I1. This is the Entropy Photon number Inequality (EPnl):

N(pe) = A N(pa) + (1— ) N(pp) | (34)

where g(N) = (N+1)In(N+1)— NIn N is the entropy of a single mode thermal state with
mean photon number N, and N(p) = g~' (S(p)/n) is the mean photon number per mode of
an n—mode thermal state with the same entropy of p. The EPnl states that fixing the input
entropies S, Sg, the output entropy S¢ is minimum when the inputs are thermal. Since
the qEPI is not saturated by thermal states (unless they have the same entropy), it is
weaker than (and it is actually implied by) the EPnl , so our proof of qEPI does not
imply the EPnl, which still remains an open conjecture. However, as we are going to show,
the validity of the qEPI imposes a very tight bound (of the order of 0.132) on the maximum
allowed violation of the EPnl .

The map €5®/™ s N(p) from the entropy power to the entropy photon-number is the
function f(z) = ¢ '(In(z)) defined on the interval [1, cc]. Unfortunately it is convex and we
cannot obtain the EPnl from . Fortunately however, f(x) is not too convez and is well
approximated by a linear function. It is easy to show indeed that f(x) = —1/2+x/e+d(x),
where 0 < §(x) < (1) =1/2 —1/e ~ 0.132. This directly implies that the entropy photon
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number inequality is valid up to such a small error,
N(pe) = AN(pa) — (1 = NN (pg) > /e — 1/2. (35)

As a side remark on the EPnl, we conjecture that an inequality similar to should hold

also in the case in which the mixing channel is the quantum amplifier,

°

N(pc) 2 & N(pa) + (k= 1) (N(pp) +1) . (36)

but even in this case we do not have a proof.

D. Generalized minimum output entropy conjecture

Recently the so called minimum output entropy conjecture has been proved*123 Tt
claims (in the notation of this work) that when p,4 is a Gaussian thermal state, the minimum
output entropy S(p¢) is achieved when the input pp is the vacuum. The dual problem™*
is to fix pp = ]0)(0| and to ask what is the minimum of S(pc) with the constraint that
the input entropy is fixed S(ps) = S > 0. In Ref. [0 and [I1] it was proved that the
EPnl implies that the minimum is achieved by the Gaussian centred thermal state with
entropy S, corresponding to an output entropy of g ()\g_1 (S’)) Together with the EPnl,
this generalized conjecture is still an open problem, however we can use our qEPI to obtain

a tight lower bound on S(pc). The bound follows directly from (5] for S(pp) = 0 and can

be expressed as

S(pe) > In [)\ &5+ (1 A)} . (37)

The RHS of is extremely close to the conjectured minimum g (Ag‘1 (5)) Indeed the
error between the two quantities A(S,A) = g (Ag™* (S)) —In [/\eg + (1 = )] is bounded by
~ 0.107 and moreover it decays to zero in large part of the parameter space (S, \) (see Fig.
. The plot in Fig. 2| provides also a useful hint about the small parameter region where a
potential counter-example disproving the conjecture should be looked for.

Our qEPI , and in particular inequality , are also useful for bounding the capacity

region of the bosonic broadcast channel. As explicitly discussed in the Methods, this bound

12013 TOULT

is very close to the optimal one*#** which however relies on the still unproven conjecture

mentioned above.
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FIG. 2. a Plot of the output entropies as functions of A and for different input entropies
S = 0.5,1,1.5. In full lines are the entropy achievable with a Gaussian input state while the
dotted lines represent the lower bound . The corresponding minimum output entropies are
necessarily constrained within the green regions. Notice that larger values of input entropies S are
not considered in this plot because the Gaussian ansatz and the bound becomes practically indis-
tinguishable. b Maximum allowed violation A(S,\) of the generalized minimum output entropy
conjecture. The two axes are the input entropy S and the beam-splitter transmissivity A. It is
evident that the a potential violation of the conjecture is necessarily localized in the parameter

space.

III. DISCUSSION

U represents

Understanding the complex physics of continuous variable quantum systems
a fundamental challenge of modern science which is crucial for developing an information
technology capable of taking full advantage of quantum effects**2®. This task appears now to
be within our grasp due to a series of very recent works which have solved a collection of long
standing conjectures. Specifically, the minimum output entropy and output majorization
conjectures (proposed in Ref. 16 and solved in Ref.s 14l and 25 respectively), the optimal
Gaussian ensemble and the additivity conjecture (proposed in 27 and solved in Ref. [14]), the
optimality of Gaussian decomposition in the calculation of entanglement of formation®® and
of Guassian discord** for two-mode gaussian states (both solved in Ref. [15)), the proof of

the strong converse of the classical capacity theorem®!. Our work represents a fundamental

further step in this direction by extending the proof of [17| for the gEPI conjecture to include
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all beam splitter transmissivities and by generalizing it to active bosonic transformations

(e.g. amplification processes).

IV. METHODS
A. Proof of inequality

In this section we will prove the inequality
wiJo < wiJa+whJp (38)

for the quantum amplifier. Since the proof is analogue to the beam—splitter case, for clarity
we present both.
We start recalling some basic characteristics of these channels. Their n output modes

have annihilation operators
G=vVAai+\VAgb i=1,....,n (beam-splitter) (39)
G =vVAiai++Agbl i=1,...,n (amplifier) (40)

with A4, Agp > 0 such that
A+ Ap =1 (beam-splitter) , (41)
Aa—Ap =1 (amplifier). (42)
Let T be the time reversal matrix acting on the phase space, which reverses the signs of the

quadratures P; and satisfies

T=T=T". (43)

Let v4 and vp be the covariance matrices of the two inputs; then the output will have a

covariance matrix

Yo = Aava + AgYB (beam-—splitter) , (44)
Yo = Aaya + AgTysT (amplifier) . (45)

For the displacement vectors we have instead

de =/ Aada+ VAs dp (beam—splitter) , (46)
de =\ Aada+ /ApTdg (amplifier) . (47)
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1. Compatibility with the Liouvillian

We recall Lemma IIL.1 of I7: for any ¢ > 0, the CPTPM e'* is a Gaussian map acting

on covariance matrices and displacement vectors by

v =y =yt tla,,

(48)
dw—d = d.

Then, if we choose as inputs the states p4(t4) and pg(tp) evolved with times t4 and tp, the

output will have covariance matrix and displacement vector

Yo (t) = Aava + Apys + Aatala, + Aptplsy, =
=7c(0) +tclay (49)
do(t) = \/da da + /g dp = de(0) (50)

in the case of the beam—splitter, and

Yo(t) = Aava + AT YT + Aatalon + Aptpla, =
=70(0) +tola, , (51)
de(t) = v/Aa da +/Ap Tdg = de(0) (52)

in the case of the amplifier, where we have used 72 = 1,, and we have put
to :)\AtA—i-)\BtB . (53)

Then, first evolving the inputs with times ¢4, tp and then applying the beam-splitter /
amplifier is the same as first applying the beam-splitter /amplifier and then evolving the
output with time ¢¢ as in (53)).

2. Properties of quantum Fisher information

To prove inequality (38)), we will follow the proof of the beam-splitter version for A = %
in [I7. First, given a smooth parametric family of states  +— p®), one can define (see Eq.

(69) in [I7)) the associated quantum Fisher information with

d2
J (p\7;0) = WS (o] p\) L (54)
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It is linear in the parameter (17 Lemma IV.1):
J (p“D;0) = 2T (p9;0) | (55)
and additive on product states (17 Lemma IV.3):
J (p(:) ®pg);9) =J (pf);9) +J (Pg);9> : (56)
It is also always nonnegative (17 Lemma IV.2):
J (,0(0); ) >0, (57)

and vanishes for 6 = 0, where it has a minimum. Then the data processing inequality for
the relative entropy

S(Ep)lE(e)) < S(pllo) (58)

implies that the quantum Fisher information is non—increasing under the application of any

CPTP map &£ (17 Theorem IV .4):
J(£(p1"):0) < T (p:0) . (59)

If the family is generated by conjugation with an exponential as in formula (76) of [I'7:

p(e) — eiGHp(O)e—zﬂH 7 (60)
then (I7 Lemma IV.5)
J(p;0) = Te (o [H, [H,In p]]) =
=Tr ([H, [H, p(o)” Inp@) . (61)

For R € {Qj;, P;} we define the displacement operator in the direction R as in 17, formula
(79):
eij if R= Q] s
Drg(0) = ' (62)
e~ it R=1"P;.
For a state p, we consider the family of translated states

p " = Dr(0)pDr(0)" (63)

14



and its Fisher information J (p® #);60). We define the quantity J(p) as the sum of the
quantum Fisher information along all the phase space directions:

2n

(o) =37 (o)) | (64)

k=1

Using , we get

)= ST (P [P +

+1Qi, [Qi, p]]) Inp?) (65)
and since
d
75 (o) ==Tr(L(p)np) , (66)
t=0
we finally get
dS(p(t)) 1
B~ 20, (67)
as in Theorem V.1 of 17l The key point here is that if we define J with the time inverted
quadratures
2n
T(p) =Y T (p*T):0) (68)
k=1
the two definitions coincide:
T(p) = J(p) , (69)

since the P; appear always quadratically in (65]).
We now want to apply the data processing inequality to our beam—splitter /amplifier

channel to obtain the quantum Fisher information inequality.

3. Compatibility with translations
Let £ be the channel associated with the beam—splitter /amplifier. Then
£ (p(X”AQ’R) ® py Bm) =& (pa @ pp) ™, (70)
for the beam—splitter, and
£ (4" @ ply= T — € (pa @ pi) (71)
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for the amplifier, i.e. translating the inputs by

da = waldr dp = wplhdg (beam-—splitter) , (72)
dy =wabdg dp = wplTdg (amplifier) , (73)

(notice the time reversal) and then applying the beam-splitter/amplifier is the same as
applying the beam—splitter /amplifier and translating the output by wc60dg, where dp is the

phase space vector associated to the operator R and

Wo = \/Aa wa+ VA wp . (74)

The proof follows straightforwardly evaluating the displacement vectors with , :

if we translate the inputs and then apply the beam—splitter we have

da(0) = da +wabdg , (75)
dp(0) = dp + wpbdg , (76)
de(0) = /A da(0) + /A dp(0) =
= /A da+ Vg dp + VA waBdp+
+ v/ Ag wgbdr =
=dc(0) + webdg , (77)

which is what we would get translating the output by wcfdr. The same happens for the
amplifier:
da(f) = da +wabdg , (78)
dp(0) = dp +wpbhTdg , (79)
do(0) = V/Aa da(9) + /g Tdp(9) =
= /A da+ VAp Tdp + /s wabdp+
+ /A wpldr =
— do(0) + weldy . (80)

Now we can apply the data processing inequality to and . Using the additivity
and the linearity of the Fisher information, we get

wdd (p07:0) < wid (p97:6) + whd (p°:6) (31)
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for the beam-splitter, and
w2CJ (pg’R); 6’) < wiJ <p(A€’R);9> + w%J (p(e’TR);G) , (82)

for the amplifier. These two results are identical, apart from the time reversal in B in the
amplifier case. Finally, summing over the phase space direction we get in both cases the

desired inequality

wiJo < wiJa +whJp (83)

since we have proved in that the time reversal does not affect the sum.

B. Proof of the asymptotic scaling

In 17, Corollary ITI-4 it is shown that

exp (%S (ewﬁ)> > %t +0O(1); (84)
here we prove the upper bound.

Let pg be the Gaussianized version of p, i.e. the Gaussian state with the same first
and second moments. Since Gaussianization always increases entropy®® and commutes with
the Liouvillean £17, S (e“p) < S (e'*p¢). The covariance matrix of e'“p and e'“pg is (17,
Lemma III.1) o + t1,,, where o is the one of p. Let Ay be the maximum eigenvalue of
o. Then o + tly, < (Ao + t)1g,, i.e. the Gaussian thermal state with covariance matrix
(Ao +1)1, can be obtained adding (non-white) Gaussian noise to e*jg. Since the additive

noise channel is unital, it always increases the entropy, and

-1
S (e"“pc) < ng (AO%) . (85)

Since
1 1
glr—35 = In(ezx) + O = for x — oo, (86)

putting all together we get

exp (%s (é%)) <Z+00). (87)



C. Capacity region of the bosonic broadcast channel

In Ref. 12/ and [13] it is proven that, trusting the minimum output entropy conjecture of
10l and [I1] (which is a particular case of the still unproven EPnl), the capacity region for a

lossless bosonic broadcast channel is parametrically described by the inequalities
Ro <g((1=XAN)—g((1=XNBN) ,

with Rp and R¢ representing the achievable communication rates the sender of the infor-
mation can establish when signaling simultaneously to two independent receivers B and C,
respectively, when coding his messages into a single bosonic mode which splits at a beam
splitter of transmissivity A > % (the transmitted signals being routed to B and the reflected
ones to C, see [12] and 13| for details). In this expression 5 € [0, 1] represents the fraction
of the sender’s average photon number that is meant to convey information to B, with the
remainder to be used to communicate information to C. N > 0 instead is the maximum
average mean input photon number employed in the communication per channel uses. Our

qEPI inequality provides instead the weaker bound

Rp < g(ABN) , (89)
(1= N)e?MN) y oy —1

3 .
A comparison between Eq. and the conjectured region is shown in Fig. 3} the

Re<g((1—=X)N)—In

discrepancy being small.

REFERENCES

!Shannon C. E., A Mathematical Theory of Communication, Bell Syst. Tech. J. 27, 379-423
(1948).
2Dembo, A., Cover, T. & Thomas, J., Information theoretic inequalities. IEEE Trans. Inf.
Theory 37, 1501-1518 (1991).
3Stam, A., Some inequalities satisfied by the quantities of information of Fisher and Shan-
non. Inform. Control 2, 101-112 (1959).
“Blachman, N., The convolution inequality for entropy powers. IEEE Trans. Inf. Theory
11, 267-271 (1965).

18



FIG. 3. Capacity region (expressed in nats per channel uses) for a broadcasting channel?13 in
which the sender is communicating simultaneously with two receivers (B and C') via a single bosonic
mode which splits at a beam splitter of transmissivity A (B receiving the transmitted signals, while
C receiving the reflected one), under input energy constraint which limits the mean photon number
of the input messages to be smaller than N. The region delimited by the red curve represents the
achievable rates Rp and R¢c which would apply if the (still unproven) EPnl conjecture held.
The green curve instead is the bound one can derive via Eq. from the EPI inequality we

have proven in this paper.

*Verdd, S. & Guo, D., A simple proof of the entropy-power inequality. IEEE Trans. Inf.
Theory 52, 2165-2166 (2006).
6Rioul, O., Information theoretic proofs of entropy power inequalities. IEEE Trans. Inf.

Theory 57, 33-55 (2011).

19



"Guo, D., Shamai, S. & Verdd, S. Proof of Entropy Power Inequalities Via MMSE in
Proceedings of Information Theory 2006, IEEE International Symposium on Information
Theory, 1011-1015 (2006).

8Bergmans, P., A simple converse for broadcast channels with additive white Gaussian noise
(corresp.). IEEE Trans. Inf. Theory 20, 279-280 (1974).

9Leung-Yan-Cheong, S. & Hellman, M., The Gaussian wire-tap channel. IEEE Trans. Inf.
Theory 24, 451-456 (1978).

YGuha, S., Erkmen, B.I. & Shapiro, J.H., The Entropy Photon-Number Inequality and its
consequences. Information Theory and Applications Workshop, 128-130 (2008)

"Guha, S., Shapiro, J. & Erkmen, B., Capacity of the bosonic wiretap channel and the
entropy photon-number inequality in Proceedings of Information Theory 2008, IEEE In-
ternational Symposium on Information Theory, 91-95 (2008).

12Guha, S. & Shapiro, J., Classical Information Capacity of the Bosonic Broadcast Channel
in Proceedings of Information Theory 2007, IEEE International Symposium on Information
Theory, 1896-1900 (2007).

13Guha S., Shapiro, J. H. & Erkmen, B. I., Classical capacity of bosonic broadcast commu-
nication and a minimum output entropy conjecture. Phys. Rev. A 76, 032303 (2007).

“Giovannetti V., Holevo, A. S. & Garcia-Patrén, R., A solution of the Gaussian optimizer
conjecture. Preprint at http://lanl.arxiv.org/abs/1312.2251 (2013).

15Giovannetti V., Garcia-Patrén R., Cerf, N. J. & Holevo A. S., Ultimate communication ca-
pacity of quantum optical channels by solving the Gaussian minimum-entropy conjecture.
Preprint at http://lanl.arxiv.org/abs/1312.6225 (2013).

YGiovannetti V., Guha, S., Lloyd, S., Maccone, L. & Shapiro, J. H., Minimum output
entropy of bosonic channels: A conjecture. Phys. Rev. A 70, 032315 (2004).

"Ko6nig R. & Smith G., The Entropy Power Inequality for Quantum Systems. IEEE Trans.
Inf. Theory 60, 1536-1548 (2014).

18K6nig R. and Smith G., Limits on classical communication from quantum entropy power
inequalities. Nature Photon. 7, 142-146 (2013).

YBarron, A. R., Entropy and the Central Limit Theorem. Ann. Prob. 14, 336-342 (1986).

2Braunstein S. L. and van Loock P., Quantum information with continuous variables. Rev.

Mod. Phys. 77, 513-577 (2005).

20



HWeedbroock C. et al., Gaussian Quantum Information. Rev. Mod. Phys. 84, 621-669
(2012).

22Walls D. F. & Milburn G. J., Quantum Optics (Springer, 1994).

BHolevo, A. S., Quantum systems, channels, information: a mathematical introduction,
(Walter de Gruyter, 2012).

2Kagan, A. & Yu, T., Some inequalities related to the Stam inequality. Appl. Math. 53,
195-205 (2008).

2Mari, A., Giovannetti V. & Holevo, A. S., Quantum state majorization at the output of
bosonic Gaussian channels. Nature Commun. 5, 3826 (2014).

2%Caves C. M. & Drummond P. B., Quantum limits on bosonic communication rates, Rev.
Mod. Phys. 66, 481-537 (1994).

Holevo A. S. & Werner R. F., Evaluating capacities of bosonic Gaus- sian channels, Phys.
Rev. A 63, 032312 (2001).

BGiedke G., Wolf, M. M., Kriiger, O., Werner, R. F. & Cirac, J. 1., Entanglement of
Formation for Symmetric Gaussian States, Phys. Rev. Lett. 91, 107901 (2003).

PModi, K., Brodutch, A., Cable, H., Paterck, T. & Vedral, V., The classical-quantum
boundary for correlations: Discord and related measures. Rev. Mod. Phys. 84, 1655-1707
(2012).

30Pirandola, S., Cerf, N. J., Braunstein, S. L. & Lloyd, S., Optimality of Gaussian discord.
Preprint at http://lanl.arxiv.org/abs/1309.2215 (2013).

31Bardhan, B. R., Garcfa-Patrén, R., Wilde, M. M. & Winter, A., Strong converse
for the classical capacity of optical quantum communication channels. Preprint at
http://lanl.arxiv.org/abs/1401.4161 (2014).

32M. M. Wolf, G. Giedke, & J. I. Cirac, Extremality of Gaussian quantum states, Phys. Rev.
Lett. 96, 080502 (2006).

V. ACKNOWLEDGEMENTS

The authors are grateful to L. Ambrosio, S. Di Marino, and A. S. Holevo for comments
and discussions. AM acknowledges support from Progetto Giovani Ricercatori 2013 of Scuola

Normale Superiore.

21



VI. SUPPLEMENTARY MATERIAL
A. Linear inequality for the quantum amplifier

The proof of the inequality
o [5(pa) + (v = 1)5(pp)

In(2xk — 1
for the amplifier is straightforward: the entropy power inequality @ can be rewritten as
Se>In| —————e A+ ———e7F In (A A 91
C_n()\A-i-)\Be +/\A+>\Be +n(A+ 3)7 ( )
which for the concavity of the logarithm implies
AaSa+ AgS
SC > M—f-ln()\A—F)\B) , (92)

T Aat 2B
i.e. (33).
This result can also be proven without recurring to the qEPI: let us evolve with the
Liouvillian the inputs with equal times

ta=tp=t. (93)

The corresponding evolution time for the output will be

to = ()\A + )\B)t . (94)
Recalling the asymptotic behaviour of the entropies , both sides of behave as
t 1
ln% +In(As+Ap)+ O (2) (95)
for t — oo, and is asymptotically saturated. Then we have only to check that
d d AaSa+ ApSp
— S < s oD 96
A" T dt Mg+ g (56)
i.e. that
AaJa+ ApJp
Jo < ————"— | 97
C= Tt Ap)? (97)
where we have used
d
ESC = ()\A + )\B)JC . (98)

But is exactly what we get if we plug in the quantum Fisher information inequality

(38)

wa =, (99)
wp =g . (100)
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B. Bound on EPnl

We want to evaluate how close is qEPI to EPnl and prove . implies for

the output entropy photon number
Ne > g7} (ln ()\Aeg(NA) + )\Beg(NB))) )
(34) is stronger than , and in fact

g7 (In (A ae?@4) 4 \pet™B))) <N 4N4y + A\pNp |

(101)

(102)

since the function ¢! (In (x)) is increasing and convex. Since e9®) for N — oo goes like

1 1
g(N) _ N+ = =
e e( +2)+(9<N),

we have for z — oo

1 1
Lnz)=-—-+0(=).
g (nx) e 2+ T
If we define as in the main text
T 1
ox)=qg ' (1 —— 4=
(0)= g7 (a) =2+ 3,

0 is convex, decreasing and

lim §(x) =0
Tr—r0o0
We can also evaluate
1 1
6(l)==—=
M=5-:,

and for any x4, g > 1 we have

1 1
d(Aaza + Apzp) > Aad(xa) + Apd(zp) — (— — —) .

2 e
Since
g (In (A awa + ApxB)) —
—dg t(nzy) — Apgt (Inxp) =
=0 (/\AJ:A + )\Bl‘B) - )\A(S(:BA) — )\35(1'3) s
in the case T4 = eSA, rg = eS8 we get
g_l (1[1 ()\ABSA + )\BBSB)) — ANy — AgNg =

=9 (/\AeSA + /\BGSB) - /\A(;(GSA) — )\35(653) s

23

(103)

(104)

(105)

(106)

(107)

(108)

(109)

(110)



and we can conclude from (101]) that

No 2 ANy + ApNp+

+0(Aae + Ape B) — A0 (e®4) — Apd(e”?) >

1 1
> ANy + ApNp — (5 - g) , (111)

so the violation can be at most

—_
—_

- T ~0.132. (112)

(\]
gy
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