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A well-known high-school problem asking the final temperature of two identical spheres that are

given the same amount of heat, one lying on a table and the other hanging from a thread, is

re-examined. The conventional solution states that the sphere on the table ends up colder, because

thermal expansion raises its center of mass. This solution violates the second law of

thermodynamics and is therefore incorrect. Two different new solutions are proposed. The first

uses statistical mechanics, while the second is based on purely classical thermodynamical

arguments. Gravity produces a counterintuitive effect on the heat capacity, and the new answer to

the problem goes in the opposite direction of what has been traditionally thought. VC 2015 American

Association of Physics Teachers.

[http://dx.doi.org/10.1119/1.4922257]

I. INTRODUCTION AND STATEMENT OF THE

PROBLEM

In the very first International Physics Olympiad in 1967,
the following problem1–3 was assigned:

“Consider two identical homogeneous balls, A and B, with
the same initial temperatures. One of them is at rest on a hor-
izontal plane, while the second one hangs on a thread. The
same quantities of heat have been supplied to both balls. Are
the final temperatures of the balls the same or not? Justify
your answer. (All kinds of heat losses are negligible.)”

The scenario is shown in Fig. 1. This problem is now well
known and can be found in several problem books and
collections.4–9 The main reason for its popularity is that the
solution usually presented, while being tricky to find, is sim-
ple and elegant, and uses tools accessible to a high-school
student. In this paper we show that this solution, which we
will refer to as the conventional solution, is incorrect because
it violates the second law of thermodynamics. We propose a
new result and we derive it using two rather different
approaches: first through statistical physics and second
through classical thermodynamics.

II. THE CONVENTIONAL SOLUTION

The most common reaction when one first tries to solve
the problem is to be puzzled. Why should there be any differ-
ence at all between the balls? All kinds of heat losses, such
as thermal conduction with the air and the ground are to be
neglected! Closer scrutiny reveals that there are some rele-
vant differences. The conventional solution relies on a differ-
ence related to thermal expansion to argue as follows. When
heat is supplied, ball A on the horizontal plane expands, and
its center of mass rises. Therefore, ball A uses part of the
heat supplied to increase the gravitational potential energy of
its center of mass and will have the lower final temperature.
On the other hand, the center of mass of the ball B is lowered
by thermal expansion and its gravitational energy decreases,
therefore the final temperature of ball B will be higher.

Let us write down some formulas corresponding to this
conventional solution. We are interested in the change in the

heat capacity when a constant gravitational field is applied,
with respect to the zero-gravity case. Let C0 be the heat
capacity of a ball in the absence of gravity. According to the
conventional solution, when ball A is heated, the center of
mass rises by an amount dR¼ aRdT, where dT is the increase
in temperature, a is the coefficient of thermal expansion, and
R is the radius of the ball. The ball gains a potential energy
dU¼mgdR, where m is the mass of the ball and g the gravi-
tational field strength. Thus, when an amount of heat dQ is
supplied to the system, we have

dQ ¼ C0 dT þMg dR ¼ C0 dT þMgaR dT

¼ ðC0 þMgaRÞdT: (1)

We can rephrase this by saying that the heat capacity (in
presence of gravity) of ball A is

CA ¼ C0 þMgaR: (2)

Fig. 1. Ball A rests on a tabletop while ball B hangs from a thread. Both

expand when they are heated.
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Following a similar reasoning, the heat capacity for ball B
would be

CB ¼ C0 �MgaR: (3)

These results amount to saying that the heat capacity C is
changed in the presence of a small gravitational field by an
amount

@C g; Tð Þ
@g

¼ MaR: (4)

For most materials a> 0, which implies CA>CB. Therefore,
the conventional solution says that the final temperature of
ball A is lower than the final temperature of ball B.

III. THE CONVENTIONAL SOLUTION VIOLATES

THE 2ND LAW OF THERMODYNAMICS

What is wrong with the above solution? A first insight can
be gained by the following considerations.

Assume, as is implicitly done in the conventional solution
that the internal energy U and the radius R of the ball depend
only on the temperature T and not on g and consider the fol-
lowing cycle. Start with the ball on the table at some cold
temperature T1. Then connect the ball to a warm heat bath at
temperature T2¼T1þ dT> T1. According to the conven-
tional solution, the warm bath will transfer an amount of
heat dQabs¼ (C0þMgaR)dT to the ball, and its center of
mass will rise by dR¼ aRdT. Now attach a taut thread
extending upward from the ball and remove the table. Since
we assumed that R depends only on T, the position of the
center of mass will not change. Finally connect the ball to a
cold bath at temperature T1. The ball radius will go back to
its original value, and the center of mass will rise again
(because this time it is hanging from the thread). In doing
this, an amount of heat dQrel¼ (C0 � MgaR)dT will be trans-
ferred from the ball to the cold bath (to first order in dT).

Let us calculate the net result of this process. The ball has
risen by a total displacement 2dR¼ 2aRdT. The correspond-
ing gravitational energy gain is potentially convertible into
work by letting the ball fall. The efficiency g of this process
is given by the ratio of the work produced to the amount of
heat absorbed

g ¼ 2MgaR

C0 þMgaR
: (5)

Thus g does not depend on dT, and in particular it does not
tend to zero as dT tends to zero. Yet one version of the sec-
ond law of thermodynamics states that any cycle working
between the two temperatures T1 and T2 cannot be more effi-
cient than a Carnot cycle working between the same temper-
atures, whose efficiency is10

gCarnot ¼
dT

T2

: (6)

Therefore, if dT is small enough, the efficiency of the cycle
with the balls becomes greater than the efficiency of a
Carnot cycle. In other words, the conventional solution pre-
sented above violates the second law of thermodynamics.

The reader may now ask what happens when one actually
tries to perform the cycle described above. We know that the

second law cannot be violated in the real world. Up to now,
we have always assumed that the balls remain exactly spheri-
cal, and that gravity does not affect their radius or their
shape. In reality, when the sphere lies on the table at thermal
equilibrium, it is a bit squashed by gravity in the vertical
direction, while when it hangs from the thread, it is a bit
stretched. Thus, in reality, when the thread is attached and
the table is removed, the sphere stretches and its center of
mass falls by a nonzero amount, and we should take this
effect explicitly into account if we wish to discuss the cycle
correctly. In the limit dT ! 0, this dropping of the ball
remains nonzero and becomes greater than the rise due to
thermal expansion (which tends to zero). Thus, when dT is
small enough, the net result is that after the cooling the
center of mass is lower than at the beginning of the cycle,
and we cannot easily conclude as before that the second law
is violated. A further difficulty is that sudden removal of the
table is an irreversible process; if we wish to keep the cycle
reversible, the table must be removed slowly, while the ball
deforms and the force sustaining the ball gradually shifts
from being provided by the table to being provided by the
thread.

Naively, it could appear that these squashing and stretch-
ing effects can be neglected compared to thermal expansion
or at least can be considered independent from it. The cycle
argument above shows that this is not the case, because it
would allow us to violate the second law. Another warning
that such effects should not be neglected comes from solid
state physics. An alternative way of saying that one ball is
squashed and the other is stretched is to say that one is under
compression and the other under tension. It is well known
that materials can change their heat capacities under com-
pression.11 It is also well known that a purely harmonic crys-
tal, i.e., an ideal material made of masses with Hooke’s law
springs holding it together, would have no thermal expansion
at all and would not have a change in heat capacity under
compression. Thus, both the change in heat capacity under
compression and the thermal expansion depend on the same
quantity, namely the anharmonicity of the interatomic poten-
tial and are therefore not independent. The conclusion is that
we should explicitly take into account the change in heat
capacity under compression.

A re-analysis of the cycle that takes into account all the
non-negligible details would be cumbersome, and we do not
do it here. If we are interested in calculating a corrected
version of Eq. (4), it is easier to simply admit that we cannot
assume that the internal energy U and the radius R of the
sphere depend only on T; they must also depend on g. When
this is done, the analysis below shows that the change in heat
capacity due to the presence of the gravitational field can be
calculated exactly as a function of the coefficient of linear
expansion [see Eq. (23)]. This calculation also shows that
assuming that only R depends on both g and T, with U still
depending only on T, is not enough to derive a correct result
and still leads to a violation of the second law. To derive a
correct result, it is crucial to admit that U depends on both g
and T.

IV. RE-EXAMINATION OF THE PROBLEM

We now re-examine the problem to find the correct an-
swer. In order to treat the two balls in a common way, we
consider a single ball glued to the table. The case B with the
ball hanging from the thread can be recovered by applying a
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gravitational field pointing upward, and the glue will prevent
the ball from flying away. We will neglect any work done on
the surrounding air by expansion—we can imagine that
everything takes place in vacuum.18

In the conventional solution, the shape of the balls is im-
plicitly assumed to remain always spherical. Our solutions
below drop this assumption, taking into account the possibil-
ity that the shape of the ball is distorted. We will use Y to
denote the height of the center of mass of the ball, which is a
well-defined concept for any shape. For the particular case in
which the shape of the ball and the symmetry of the density
distribution inside it are exactly spherical, Y coincides with
the radius of the sphere R.

A. Statistical mechanics derivation

In this section, we use statistical mechanics to determine
how the heat capacity changes when a gravitational field is
applied. Consider the ball at temperature T glued to the
ground. Let Ĥ be its Hamiltonian, containing all the interac-
tions between the molecules of the ball, the interaction that
keeps it glued to the ground, and gravity. We put a hat on the
symbol H to remind us that we are working in the framework
of quantum mechanics and therefore the Hamiltonian is an
operator, but all of the following steps would be valid after a
slight change in notation for a purely classical system.
Although the formal steps would be identical, we prefer to
work in the framework of quantum mechanics because solids
are intrinsically quantum objects that cannot be described
classically.

The equilibrium state of the ball at temperature T depends
in general on the Hamiltonian. Changing the gravitational
field changes the Hamiltonian, and hence changes the equi-
librium state and its properties, such as the equilibrium
height of the center of mass—the stronger the gravitational
field, the more the ball will be compressed in the vertical
direction.

Let Ĥ0 be the Hamiltonian in the absence of a gravita-
tional field. We can write the Hamiltonian in the presence of
a gravitational field as

ĤðgÞ ¼ Ĥ0 þ mgŶ ; (7)

where m is the mass of the ball, Ŷ is the center-of-mass
height operator, and g is the gravitational field strength. As
noted above, we do not require the ball to remain spherical;
the center of mass is a well-defined concept for any shape.
Since Ĥ0 contains all the interactions between particles and
the gluing to the ground, it is a very complicated
Hamiltonian, but it will turn out that its details are not
important.

Most of the following manipulations do not depend on
particular form of the Hamiltonian (7). In fact, we won’t
need the explicit form of ĤðgÞ until much later. Therefore,
we start by considering a generic Hamiltonian depending on

an external parameter g: Ĥ ¼ ĤðgÞ.

1. Formula for the heat capacity

We work in the canonical13 ensemble, i.e., we assign to
each energy eigenstate jwii with energy Ei a probability

Pi ¼
e�bEi

Z
; (8)

where b¼ 1/(kBT) is the inverse temperature and the normal-
ization factor Z is the partition function. In quantum statisti-
cal mechanics, it is convenient to characterize the state of
the system with the so-called density matrix q̂. In this for-
malism, the average of an observable O—the mean value of
the measurable quantity O that we would obtain by meas-
uring many copies of the system, all in the same quantum
state q̂—is given by

hÔi ¼ TrðÔq̂Þ; (9)

where Tr indicates the trace, and Ô is the quantum operator
associated with the observable. A system described by the
canonical ensemble is associated with the density matrix

q̂ ¼ e�bĤ

Z
: (10)

The partition function, which is a function of g and T, is
given by

Zðg; TÞ ¼ Trðe�bĤðgÞÞ: (11)

Now define the quantity

F g; Tð Þ ¼ � ln Z

b
: (12)

Combining Eqs. (9)–(12), we find that the average value of
the Hamiltonian can be expressed as

h g; Tð Þ ¼ hĤi ¼ 1

Z
Tr Ĥ e�bĤ
� �

¼ � @ ln Z

@b

¼ Fþ b
@F

@b
¼ F� T

@F

@T
: (13)

Normally, we would call this quantity (the mean value of the
Hamiltonian) the energy of the system, and F would be the
free energy. However, we must resist this temptation in order
to keep our notation consistent throughout the paper. The
reason is that Ĥ includes the gravitational potential energy,
which is not included in what we have called U, the internal
energy of the system. In this statistical mechanics derivation,
U corresponds to the mean value of Ĥ0 over the ensemble
given by Eq. (10) (where in this latter equation we need to
put the full Hamiltonian Ĥ). The quantity h is the mean total
energy of the system, the sum of the mean internal energy
plus the mean gravitational energy, and it will turn out to
correspond to the enthalpy in the purely thermodynamical
derivation below. The calculations in this section are, how-
ever, self-consistent and can be understood without referring
to the other derivation.

We are interested in what happens when heat is supplied
to the system during a process in which the gravitational field
g is kept constant. In particular, we are interested in the heat
capacity, which is defined as the quantity of heat needed to
raise the temperature by one unit.12 This clearly depends on
the conditions under which the heating takes place; in our
case, the condition is that g is constant. Since the table is not
moved and the experiment takes place in vacuum, the only
external force that can perform work on the sphere is gravity.
However, we have already included the gravitational poten-
tial energy in the Hamiltonian, so if g does not change, the
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heat supplied to the sphere goes entirely to increase the aver-
age value of Ĥ (i.e., the mean total energy h). Therefore, the
heat capacity is

Cg g; Tð Þ ¼ @h

@T
¼ �T

@2F

@T2
: (14)

2. Dependence of C on the parameter g

We now consider how the equilibrium state changes when
g is varied at fixed temperature. We have

@F

@g
¼ � 1

b Z

@Z

@g
¼ 1

Z
Tr

@Ĥ

@g
e�bĤ

 !
¼ @Ĥ

@g

� �
: (15)

Using Eqs. (13) and (14), the changes in the total energy and
heat capacity when g is varied can be written as

@h g;Tð Þ
@g

¼ 1�T
@

@T

� �
@F

@g
¼ 1�T

@

@T

� �
@Ĥ

@g

� �
; (16)

@C g; Tð Þ
@g

¼ �T
@2

@T2

@F

@g
¼ �T

@2

@T2

@Ĥ

@g

� �
: (17)

Using the explicit form of the Hamiltonian, given by Eq. (7),
we have

@Ĥ

@g

� �
¼ mhŶi: (18)

Define Y to be the average height of the center of mass:

Yðg; TÞ ¼ hŶi: (19)

Then Eqs. (16) and (17) become

@h

@g
¼ mY � mT

@Y

@T
; (20)

@Cg

@g
¼ �m T

@2Y

@T2
: (21)

Defining the linear expansion coefficient along the vertical
direction (which is in general temperature dependent) as

a g; Tð Þ ¼ 1

Y

@Y

@T
; (22)

we arrive at

@Cg g; Tð Þ
@g

¼ �mTY a2 þ @a
@T

� �
: (23)

This is the result we were looking for. It states that, in the
presence of a weak gravitational field g the amount of heat
necessary to raise the temperature by dT changes, with
respect to the case with no gravity, by an amount equal to
the right-hand side of Eq. (23) times gdT. For most materi-
als,14–16 @a/@T is positive, hence the quantity on the right-
hand side of Eq. (23) is negative. Therefore, we need less
heat to raise the temperature by the same amount dT if a
downward gravitational field is present compared to the

zero-gravity case. The final temperature of the ball on the ta-
ble will be higher. The direction of this result is opposite to
that of the conventional solution.

Note that even though in our problem, we allow for non-
spherical deformations and isotropy is not assumed, the
right-hand side of Eq. (23) should be calculated for g¼ 0,
hence the value of a to be used here is the one in absence of
gravity. If the balls are made of a material that is isotropic
when no gravity is applied, then the isotropic value of a
should be used in the formula. We can also replace Y with R
if the balls are spherical in the absence of gravity. The result
(23) is valid up to first order in g, under the assumption that
this can be treated as a small parameter. Such an assumption
could (and should) be verified experimentally by measuring
the coefficient a(g, T) for various values of g. Finally, notice
also that, if a does not depend on T, the new result contains
only a2 and does not depend on the sign of a, while the
conventional result does.

B. Classical thermodynamics derivation

A classical thermodynamical PVT (pressure-volume-tem-
perature) system admits an equation of state relating these
three quantities, allowing us to find any one of them as a
function of the other two. We can make an analogy between
such a system and our situation. In our case, we expect the
equilibrium height Y of the center of mass of the ball to be
determined if we know g and T. If we increase T (keeping g
constant), Y will presumably increase, due to thermal expan-
sion. If we imagine gradually increasing g (keeping T
constant), Y will probably decrease. Thus, there must be an
equation of state of the form Y¼Y (g, T) for our system.

We can derive our previous result [Eq. (23)] assuming that
such an equation of state exists, and that our system obeys
the first and second laws of thermodynamics, with no further
assumptions. We write the first law in the form

dQ ¼ dU þ mg dY; (24)

where U is the internal energy of the system. This equation
states that the heat given to the ball goes partly into internal
energy and partly into gravitational energy. The gravitational
energy of the system is treated as an external energy and is
not included in U. This is because it is possible in principle
to convert all the gravitational energy into work, by letting
the ball fall. If you have any doubt that Eq. (24) correctly
accounts for transformations in which g is slowly changed,
you can imagine an analogous problem where instead of
gravity, each atom of the ball is connected to the ground
through a spring whose force is independent of the distance
(these springs do not obey Hooke’s law). The ball pulls up
on the springs (in the case where g points downward) with a
force mg. Clearly, from the point of view of the ball there is
no difference between this situation and the situation where
a gravitational field is present. If you now imagine the ball as
a gas pushing up and down on these springs, the formula
(24) should be clear. You can, for example, imagine adia-
batic transformations (dQ¼ 0).

The ball could also be able to store energy as internal
stresses. This energy would be due to the interaction poten-
tial between the molecules, and we choose20 to include such
contributions in the internal energy U.

A statement equivalent to the second law is that there
exists a state function S called entropy such that
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dS ¼ dU þ mg dY

T
: (25)

In other words, dS defined in this way is an exact
differential.

From the formulas above, we can see that our system is
analogous to a classical PVT system where P has been
replaced by mg and V has been replaced by Y. In our prob-
lem, we want to heat the system keeping g constant. We can
express the heat capacity for such a process as

Cg ¼
dQ

dT

����
g

; (26)

where the subscript g means that we are considering a revers-
ible transformation that keeps g constant. The quantity Cg is
analogous to the heat capacity at constant pressure in a PVT
system.

With all the ingredients in hand, we now need to calculate
the result. Consider the quantity

h ¼ U þ mgY ; (27)

which is the sum of internal plus gravitational energy of the
ball and is the analog of enthalpy for a classical PVT system
(for which the enthalpy is defined as h¼UþPV). There is
no need to be familiar with properties of this quantity to
understand the following. In general, U and h will be func-
tions of two independent quantities among Y, g, T. For exam-
ple, if we consider g and T to be independent variables,
U¼U(g, T) and h¼ h(g, T). The quantity we want, Cg, will
be in general a function of g and T and can be obtained as a
derivative of h

Cg g; Tð Þ ¼ @h g; Tð Þ
@T

: (28)

This can be seen by noting that for a transformation with
dg¼ 0,

dh ¼ dU þ mY dgþ mg dY (29)

coincides with dQ, and then using Eq. (26). We now want to
calculate @Cg(g, T)/@g, which tells us how the heat capacity
changes when a gravitational field is applied with respect to
the zero-gravity situation. The proof relies on the fact that dS
in Eq. (25) is an exact differential. First note that [combine
Eq. (25) and Eq. (29)]

dS ¼ 1

T
dh� mY dgð Þ: (30)

Expanding dh(g, T) and using Eq. (28), we can rewrite dS
as

dS ¼ 1

T
Cg dT þ @h g; Tð Þ

@g
dg� mY dg

� �
: (31)

From this last equation, we have

@S g; Tð Þ
@g

¼ 1

T

@h g; Tð Þ
@g

� mY

T
and

@S g; Tð Þ
@T

¼ Cg

T
:

(32)

Now calculate both of the mixed partial derivatives:

@

@g

@S g; Tð Þ
@T

¼ 1

T

@Cg g; Tð Þ
@g

; (33)

@

@T

@S g; Tð Þ
@g

¼ � 1

T2

@h g; Tð Þ
@g

� mY

� �

þ 1

T

@2h g; Tð Þ
@T@g

� m

T

@Y g; Tð Þ
@T

: (34)

The second law of thermodynamics (i.e., dS is an exact dif-
ferential) is implemented by imposing that the mixed deriva-
tives are equal:

@2S g; Tð Þ
@T@g

¼ @
2S g; Tð Þ
@g@T

: (35)

Equating Eqs. (33) and (34) and noting that

@2h g; Tð Þ
@T@g

¼ @
2h g; Tð Þ
@g@T

¼ @Cg g; Tð Þ
@g

; (36)

we obtain

@h g; Tð Þ
@g

¼ �m
@Y g; Tð Þ
@T

T þ mY: (37)

This is equivalent to Eq. (20). Now, as before, take the deriv-
ative with respect to T of this last equation and use the defini-
tion of a¼ (1/Y)(@Y (g, T)/@T) and Eq. (36) to recover our
previous result [Eq. (23)]:

@Cg g; Tð Þ
@g

¼ �mTY a2 þ @a g; Tð Þ
@T

� �
: (38)

Note that if we had made the (incorrect) assumption that
U(g, T) depends only on T and not on g, which might have
been considered reasonable (a similar statement is true for an
ideal gas, for example), we would have obtained the conven-
tional result. This can be seen if we note that Cg can be
obtained by dividing Eq. (24) by dT for a transformation at
constant g:

Cg ¼
dQ

dT

����
g

¼ @U g; Tð Þ
@T

þ mg
@Y g; Tð Þ
@T

: (39)

If we assume that U(g, T) does not depend on g, then @U(g,
T)/@T can be calculated in the case g¼ 0, and it would also
coincide with the heat capacity in the absence of gravity,
@U(g, T)/@T¼Cg(g¼ 0, T)¼C0(T). Plugging into Eq. (39)
the definition of a, we would obtain Cg(g, T)¼C0(T)
þmgaY, which is the same as the incorrect result [Eq. (4)]
upon replacing the center-of-mass height Y with the radius of
the sphere R. Thus, the hidden incorrect assumption made
using the conventional solution, as claimed in the discussion
of the violation of the second law, is that U depends only
on T.

V. CONCLUSIONS AND FINAL REMARKS

In this paper, we have re-examined a well-known problem
showing that the conventional solution leads to a paradoxical
situation that violates the second law of thermodynamics and
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is therefore incorrect. We have proposed a new result worked
out through two different methods. Our solution provides an
unusual application of thermodynamics that is reminiscent of
the thermodynamics of a rubber band.10,17

This problem teaches us two main lessons. First, it makes
us reflect on the definition of temperature. We associate tem-
perature with the average kinetic energy of a molecule (by
analogy with an ideal gas or recalling the equipartition theo-
rem) and this may lead to the belief that the internal energy
U of the ball does not depend on gravity. This leads to the
conventional incorrect solution. However, U includes not
only kinetic but also interparticle potential energy contribu-
tions. In the context of classical thermodynamics, tempera-
ture is defined as the state function such that dQ/T is the
exact differential of another state function S. Only in certain
special cases is this related in a simple way to the mean inter-
nal energy per particle (which includes kinetic and interpar-
ticle potential energy contributions). We have seen how our
problem is not one of these cases, and the correct definition
can be counterintuitive since the existence of the state
function S, together with the values of the linear expansion
coefficient found experimentally, imply that U must depend
on g as well as on the temperature.19

The solution using statistical mechanics provides another
way of understanding this. Gravity contributes to the average
total energy h in two ways: it adds the average value of the
gravitational potential to it, and it changes the equilibrium
state since it changes the Hamiltonian. This change in the
equilibrium state means that gravity also modifies the inter-
nal energy, i.e., U depends on g. A physical way of under-
standing this goes as follows. At zero temperature and
without gravity, the ball is in the minimum-energy configura-
tion, so that the distance between two adjacent molecules
minimizes their interaction potential. As we increase the
temperature, the molecules will start to oscillate, and since
the ball expands, the average distance between two adjacent
molecules will be greater than the minimum of the potential,
resulting in a greater internal energy. Now we switch gravity
on. Consider the ball A on the ground: gravity acts against its
expansion, so it decreases the average distance between two
adjacent molecules, making it closer to the minimum of the
potential. The opposite happens for the ball B on the thread,
and we can now understand how U can decrease as g
increases in a neighbourhood of g¼ 0. This effect goes in the
opposite direction with respect to the first (the addition of the
gravitational potential) and is completely neglected by the
standard solution, which accounts correctly only for the first.
However, from the correct solution, we know that the two
effects are related, and actually the second always wins over
the first, so it can never be neglected.

Finally, this problem highlights the generality of thermo-
dynamics. The idealized problem can be solved without
resorting to any approximation, and the solution does not
depend on the internal details of the system: neither the
spherical shape nor the atomic-level structure of the ball, nor
how it is glued to the ground are relevant. Whether the world
is classical or quantum does not matter; the first solution
uses quantum statistical mechanics but by replacing the
traces with phase-space integrals it can be rewritten with
classical statistical mechanics and the results will be identi-
cal. This fact is more explicit in the second solution, which
assumes neither classical nor quantum mechanics (except for
the fact that macroscopic observables do have well-defined
classical values). Everything is a simple consequence of

macroscopic energy conservation and the second law of
thermodynamics.
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metal ball have a temperature dependence significantly different from that

of an ideal gas.
20The reader may at this point ask whether it is legitimate to include such

terms in U, since it could be possible to extract work from them. To con-

vince yourself of this, imagine that the sphere is now wrapped inside an

elastic balloon, whose energy stored as surface tension is a function of

the surface area of the ball. It is possible to remove the balloon at any

time and extract its energy. Let the energy stored as a function of the area

A be R(A). At thermal equilibrium, when the ball wrapped inside the bal-

loon is relaxed, A will be a function of any two of the three independent

variables g, T, and Y; in the following take A¼A(g, T). The surface area

of the ball, and therefore the energy stored in the balloon, can vary as

transformations are performed on the system. Thus, one might want to

change the first law to dQ ¼ dU þ mg dY þ R0ðAÞ dA, where R0 denotes

the derivative of R with respect to A, and dA is the change in surface area

in the transformation. Accordingly, one should change the definition

of the analog of enthalpy to h¼UþmgYþR(A). It is easy to see that

Eqs. (28), (30), and (31) would be identical after these redefinitions [use

the fact that dA can be expressed as dA¼ (@A/@T) dTþ (@A/@g) dg], and

hence the result (38) would also look identical. It is understood here that

the equation of state Y(g, T), and hence the expansion coefficient, takes

into account the balloon and is therefore different from the case without

the balloon. The result (38) should be used after we have experimentally

determined the equation of state, and hence the value of a. Eventual

stresses inside the sphere can be considered as analogous to the balloon,

and it makes no difference to the result (38) whether we count them as

part of U or not.The reason why we can consider stresses as part of U is

perhaps easier to see in the statistical mechanics derivation. Here, the

interactions responsible for the stresses are included inside Ĥ0, whose

average value gives U. If we wrap the ball inside the balloon, we would

change Ĥ0, which would modify the equation of state, but not the result

(23). The crucial point here is that, with or without the balloon, Ĥ0 does

not depend on g. This is true because the part of Ĥ0 that describes

stresses inside the ball (or inside the balloon) depends not on g, but on

the variables defining the microscopic state of the ball (or of the balloon)

such as the positions of all its atoms. This implies that the partial deriva-

tive of Ĥ0 with respect to g is zero and allows the derivation to proceed

as described in the text.

729 Am. J. Phys., Vol. 83, No. 8, August 2015 G. De Palma and M. C. Sormani 729

 This article is copyrighted as indicated in the article. Reuse of AAPT content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to IP:

192.167.204.254 On: Tue, 16 Feb 2016 09:17:42


