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Abstract

Our general platform integrating time-independent and time-dependent evaluations of vibronic 

effects at the harmonic level for different kinds of absorption and emission one-photon, 

conventional and chiral spectroscopies has been extended to support various sets of internal 

coordinates. Thanks to the implementation of analytical first and second derivatives of different 

internal coordinates with respect to cartesian ones, both vertical and adiabatic models are 

available, with the inclusion of mode mixing and, possibly, Herzberg-Teller contributions. 

Furthermore, all supported non-redundant sets of coordinates are built from a fully automatized 

algorithm using only a primitive redundant set derived from a bond order-based molecular 

topology. Together with conventional stretching, bending and torsion coordinates, the availability 

of additional coordinates (including linear and out-of-plane bendings) allows a proper treatment of 

specific systems, including, for instance, inter-molecular hydrogen bridges.

A number of case studies are analysed, showing that cartesian and internal coordinates are nearly 

equivalent for semi-rigid systems not experiencing significant geometry distortions between initial 

and final electronic states. At variance, delocalized (possibly weighted) internal coordinates 

become much more effective than their cartesian counterparts for flexible systems and/or in the 

presence of significant geometry distortions accompanying electronic transitions.

I Introduction

Electronic spectroscopy remains one of the most used experimental techniques for the study 

and the characterization of chemical systems. In fact, combining the more standard 

techniques, like one-photon absorption (OPA) and one-photon emission (OPE), with more 

recent non-linear techniques, such as resonance Raman (RR)1 and two-photon absorption 

(TPA),2,3 an extensive characterization of molecular systems is often possible. Furthermore, 

thanks to the development of chiroptical electronic spectroscopies, such as electronic 

circular dichroism (ECD) and circularly polarized luminescence (CPL), chiral systems can 

be investigated with remarkable accuracy. Analysis and interpretation of the rich information 

provided by experimental spectra can be greatly aided by quantum mechanical (QM) 

computations. In this regard, the increasing accuracy of methods based on the density 
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functional theory (DFT) and its time-dependent extension (TD-DFT)4–6 paves the way to 

reliable computations even for medium- and large-size flexible systems.

However, electronic spectra are usually reproduced with a single peak per electronic 

transition, band-broadening effects being taken into account by phenomenological and 

usually symmetric distribution functions. This oversimplified approach, which fully neglects 

vibro-electronic (vibronic) effects, does not permit a reliable interpretation of high-

resolution electronic spectra, where individual vibronic bands are present, but is also 

insufficient for low-resolution spectra with an asymmetric bandshape. From a computational 

point of view, the methods developed for the simulation of vibronic spectra can be divided in 

two main classes: in the so-called time-independent (TI) approaches,7–9 the spectrum is 

obtained as a sum of individual vibronic transitions, which are treated independently. On the 

other hand, in the time-dependent (TD)10–12 formulations, based on the pioneering work of 

Heller,13,14 the vibronic spectrum is obtained as the Fourier transform of the transition 

dipole moment autocorrelation function. In our group, a general platform has been recently 

implemented, which supports both TI15,16 and TD17 approaches at the harmonic level, and 

includes within a single formulation both OPA and OPE, as well as ECD and CPL spectra.

16,18 This framework has been since then further extended to the simulation of RR and 

RROA spectra.19–21 It is noteworthy that this computational tool has been recently 

extended by some of us to include non-adiabatic effects within the TD framework,22 based 

on the formulations presented in ref.11,23–25 However, for the sake of simplicity, the 

current discussion will be set within the Born-Oppenheimer approximation.

Most of the models used to simulate vibronic spectra, both at the TD and TI levels, are based 

on the harmonic approximation, and the normal modes of both electronic states are usually 

expressed in terms of cartesian coordinates. However, even if those approximations are well-

suited for semi-rigid systems, they become quite inaccurate to describe large and flexible 

molecules, where large-amplitude deformations accompany electronic transitions. In order 

to overcome those limitations, anharmonic vibronic models in cartesian coordinates, based 

either on perturbative26 or variational27 approaches, have been proposed. However, the 

computational costs of those models grows quickly with the size of the systems, restricting 

so far their application, to the best of our knowledge, to small-size molecules. A simpler, but 

still effective solution is offered by the use of a curvilinear set of internal coordinates within 

the harmonic approximation.28 For vibrational spectroscopies, where a single reference 

geometry is of interest, it is possible to prove that the same results are obtained in cartesian 

and internal coordinates, provided that the harmonic approximation is employed. However, 

for vibronic spectroscopy, two different structures (i.e. the equilibrium geometries of the 

electronic states involved in the transition) must be described using a single coordinate 

system. Since the shift between those geometries is not, in general, infinitesimal, the results 

depend on the coordinate set used. In practice, the quantity which changes with the 

coordinate system is the Duschinsky transformation. As already discussed by Reimers,29 the 

vibronic models developed for the cartesian representation still hold in internal coordinates, 

provided that the Duschinsky transformation is properly formulated for a general set of 

curvilinear coordinates.30 Therefore, once this generalization has been performed, the same 

implementation developed for cartesian coordinates can be used.
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Several vibronic models in internal coordinates have been already proposed in the literature,

31–35 with promising results for the simulation of vibronic spectra of small- and medium-

size flexible systems. However, most of those models are limited to the simulation of OPA 

spectra within the TI formulation at the Franck-Condon level. Here, a more general 

approach will be followed, adapted to the versatility of our framework. In order to cover the 

many diverse features already built within the platform, the extension to support internal 

coordinates will be presented sequentially, starting from a general discussion on the 

simulation of one-photon spectroscopies, including the chiral ones. The treatment of 

Herzberg-Teller effects, which may be significant in several cases, such as for nearly 

forbidden electronic transitions, as well as for ECD and CPL spectra, will be also discussed. 

A complete formulation of vertical models in internal coordinates will be also presented, 

highlighting the approximations under which internal and cartesian coordinates become 

equivalent. All these extensions are needed in order to support internal coordinates at the 

same level of approximation as their cartesian counterparts. Furthermore, the reduced-

dimensionality schemes, previously derived for the cartesian case,36 will be extended to 

internal coordinates. This subject is particularly appealing since, when internal coordinates 

are used, mode coupling is significantly lower. As a consequence, the use of internal 

coordinates paves the route toward hybrid schemes, where different modes are treated at 

different levels of approximation.

Let us recall that most vibronic models proposed until now employ a non-redundant set of 

internal coordinates based on chemical intuition. However, this task becomes challenging 

when targeting larger systems. In order to develop a robust, general, and user-friendly 

computational procedure, an automatic algorithm to select a non-redundant set of internal 

coordinates starting from the molecular topology must be developed. Even if this problem 

has been discussed both for geometry optimization techniques,37–40 and for vibrational 

spectroscopy,41–44 it has been rarely analyzed in the field of vibronic spectroscopy, which 

involves two different electronic states. In our previous work,45 we showed that delocalized 

internal coordinates46 are more reliable with respect to the widely used Z-matrix internal 

coordinates, especially for systems with a complex molecular topology. In the present work, 

delocalized internal coordinates will be compared to other choices of internal coordinates 

generated automatically from the molecular topology in terms of generality and accuracy.

The work is organized as follows: in section II, the theoretical framework of vibronic 

spectroscopy in internal coordinates is presented, starting from two different algorithms to 

generate a non-redundant set of internal coordinates. Then, the extension of the theory of 

vibronic spectroscopy to support also internal coordinates is described, including vertical 

models and reduced-dimensionality schemes. After the description of the computational 

details in section III, section IV presents the applications of the theoretical framework to the 

study of different vibronic spectra of three medium-size systems: imidazole, 4-pentyl-4’-

cyanobiphenyl and (1S)-dehydro-epicamphore.

Baiardi et al. Page 3

J Chem Phys. Author manuscript; available in PMC 2017 December 16.

 E
urope PM

C
 Funders A

uthor M
anuscripts

 E
urope PM

C
 Funders A

uthor M
anuscripts



II Theory

A Vibronic models in cartesian coordinates

Before introducing the theory of internal coordinates, it is useful to describe briefly the 

general framework we are using for the calculation of vibronic spectra in the cartesian 

representation.15,16,47 Within this framework, absorption and emission one-photon spectra, 

employing natural or circulary polarized radiation, can be simulated using a single, general 

formula:16–18

(1)

where I is a generic experimental observable, ω is the incident frequency, m and n are the 

molecular states of the initial and final electronic states with energies Em and En 

respectively, and  and  represent generic transition dipole moments between those 2 

states, which can correspond to the electric or magnetic dipole moments, for instance, 

depending on the spectroscopy of interest. Finally, ργ is the Boltzmann population of the 

initial state. The definition of I,  γ, α and β is given in table I. In practice, 

additional approximations must be introduced to use equation 1. First of all, the Born-

Oppenheimer approximation is employed to factorize the molecular wavefunction in a 

nuclear and an electronic part, and non-adiabatic couplings between different electronic 

states are neglected. Furthermore, the couplings between vibrational and rotational motions 

are minimized by employing the Eckart conditions.48 Finally, the vibrational wavefunctions 

of both electronic states are calculated under the harmonic approximation. In the framework 

of those assumptions,  can be expressed in terms of the electronic transition dipole 

moment  where the indexes m and n are used here to label the electronic states |ϕm 〉 
and |ϕn 〉. Since no analytical expressions for the electronic transition moments are known, a 

Taylor series with respect to the mass-weighted cartesian normal coordinates Q about the 

equilibrium geometry of one of the electronic states is usually employed,

(2)

where X can be either A or B, and Nvib is the total number of normal modes. The expansion 

is commonly limited to the first two terms in equation 2, with the zeroth-order term 

corresponding to the Franck-Condon approximation49,50 and the first-order correction to 

the Herzberg-Teller approximation.51 Finally, the linear transformation proposed by 

Duschinsky30 is used to relate the cartesian-based normal coordinates of the two electronic 

states,

(3)
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where Q̄ and Q̿ are the normal coordinates of the initial and final states, respectively. In the 

following, single overbar will refer to a quantity related to the initial state and a double 

overbar to the final state’s. J is the Duschinsky matrix and K the shift vector. The definition 

of J and K depends on the model, which is used for the final state PES. Indeed, due to the 

limitations of the harmonic approximation, two different representations can be chosen. In 

the first one, referred to as adiabatic, the PES of the final state is expanded about its own 

equilibrium position (Adiabatic Hessian, AH), while in the vertical one it is expanded about 

the equilibrium geometry of the initial state (Vertical Hessian, VH). In both cases, simplified 

models, where mode-mixing as well as frequency change effects are neglected, can be 

derived (Adiabatic Shift, AS and Vertical Gradient, VG, respectively).15,16

Two parallel approaches can be followed to compute the spectral band-shape. The form of 

equation 1 corresponds to the time-independent (TI) approach, in which each transition is 

calculated from the overlap integrals between the vibrational states of the electronic states. 

These integrals can be obtained either from analytical or recursive formulas.9,52,53 In this 

approach, the contribution of a single transition to the band-shape can be known precisely, 

giving the possibility to assign the bands observed in the spectrum, but the computational 

cost can become unsustainable since the number of transitions is virtually infinite. This 

hurdle can be greatly reduced by the help of prescreening methods to select the predominant 

ones, resulting in fast and reliable simulations.54,55 Alternatively, equation 1 can be 

rewritten within a time-domain representation, as the Fourier transform of the transition 

dipole moment autocorrelation function.13 An important feature of this time-dependent 

(TD) model is that, within the harmonic approximation, the autocorrelation function has an 

analytical expression,10,17,56–58 and therefore the vibronic spectrum can be obtained 

performing the Fourier integral numerically. Thanks to the automatic inclusion of all 

transitions, the TD formalism does not suffer from the main drawbacks of the TI framework. 

Indeed, it is simpler and more cost-effective to generate fully converged band-shapes, 

especially in presence of temperature effects by the TD route, while the TI one can provide 

additional information on the contributions of the transitions to each visible band. The 

computational tool developed in our group supports both the approaches15–17 at the 

harmonic level, using cartesian coordinates and with the inclusion of all the effects outlined 

above. Furthermore, it has been more recently extended to the calculation of resonance 

Raman (RR)19,20,59 and resonance Raman optical activity (RROA)21 spectra. As a 

conclusion, let us recall that, under the harmonic approximation, the TI and TD approaches 

share the same set of input data, which are J, K, the harmonic frequencies of the two 

electronic states, together with the transition dipole moment and its derivatives. Therefore, in 

order to support internal coordinates at the harmonic level, the definition of those quantities 

for curvilinear coordinates must be derived, and then the same formalism as for the cartesian 

case can be used. Those definitions will be derived in the following sections, within the 

framework of adiabatic and vertical vibronic models, after a detailed description of several 

algorithms which can be used to build a non-redundant set of internal coordinates.

B Selection of the non-redundant internal coordinates

In order to extend the vibronic models presented above to support internal coordinates, the 

well-known Wilson theory28 can be used. Within this framework, the internal coordinates s, 
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which are in general non-linear functions of the cartesian ones x, are expanded as Taylor 

series in power of x as reported below:

(4)

The matrix containing the first-order derivatives (∂si/∂xj)eq is usually referred to as the 

Wilson matrix B. Furthermore, we will refer to the tensor containing the second-order terms 

(∂2si/∂xj∂xk)eq as the Wilson matrix B first derivative B′, where 

 The number of elements of a complete set of internal 

coordinates is equal to the number of vibrational degrees of freedom of the molecule Nvib 

(3Nat − 5 for linear molecules, 3Nat − 6 otherwise) and therefore B is a rectangular Nvib × 

3Nat matrix. However, the number of internal coordinates is usually larger than Nvib, the s 
set is redundant and a non-redundant subset must be extracted before performing the 

computation.

Within this work, the so-called primitive internal coordinates (PICs) composed, for a single 

molecule, by all possible bond lengths, valence and dihedral angles, will be used as the 

redundant set. In order to define unambiguously PICs, a threshold δij must be set and two 

atoms i and j are connected if and only if |ri − rj| ≤ δij. Once the bond connectivity has been 

defined, the valence and dihedral angles can be defined unambiguously.

PICs, referred to in the following as s, are usually redundant, and therefore a non-redundant 

subset of them, referred to as s′ must be determined. The s′ coordinates are usually 

expressed as linear combinations of s:

(5)

The definition of the matrix A changes with the algorithm used to define the non-redundant 

coordinates. The first route to build non-redundant internal coordinates is based on the so-

called delocalized internal coordinates (DICs), which are becoming the most used 

coordinates in geometry optimizations.39,46 The algorithm used to generate the DICs is 

based on the singular value decomposition (SVD) to determine the range and the null space 

of B. Let us calculate the SVD of B as follows,

(6)

where U and V are NPIC × NPIC and 3Nat × 3Nat square matrices, respectively, whereas Λ is 

a rectangular diagonal matrix (only the elements Λii of Λ are different from zero). The 

number of non-null elements of Λ is equal to the rank of B, which is, in turn, equal to the 

number of vibrational degrees of freedom of the molecule for a complete set of internal 
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coordinates. Furthermore, the columns of U corresponding to non-zero diagonal elements of 

Λ span the rank of B. As a consequence, DICs are defined as follows:

(7)

where U′ is a Nvib × NPIC matrix containing only the columns of U corresponding to non-

null singular values. This set of internal coordinates has been introduced by Baker and co-

workers46 and is usually referred to as delocalized, since it includes linear combinations of 

internal coordinates of different types localized on different portions of the molecule. Let us 

recall that, when applied to geometry optimization algorithms, DICs are nearly equivalent to 

redundant internal coordinates. In fact, when geometry optimizations are performed using 

redundant internal coordinates, the pseudo-inverse of the redundant Wilson matrix B is 

calculated by means of SVD for each step of the optimization procedure, and this is 

equivalent to the calculation of DICs at every step. Conversely, in the simulation of vibronic 

spectra, DICs are calculated taking the equilibrium geometry of one of the two electronic 

states as a reference and using the resulting coordinate set to describe also the other 

electronic state. Since the difference between the two equilibrium geometries is, in general, 

not infinitesimal, the choice of the reference geometry to calculate DICs is relevant.

Different methods have been proposed to avoid the mixing of coordinates of different types. 

Amongst them, let us recall the so-called weighted internal coordinates (WICs), introduced 

by Lindh60, where the Wilson matrix B is scaled by a square, NPIC × NPIC matrix W before 

identifying the redundancies by calculating the SVD of WB. The final set of non-redundant 

internal coordinates changes with W since PICs associated to elements of W of significantly 

different orders of magnitude are not mixed. Even if in the original formulation of Lindh, W 
is an approximation of the exact energy Hessian of the molecule,61 a simpler but still 

effective procedure has been proposed more recently by Swart,62 where W is a diagonal 

matrix whose elements are expressed in terms of the bond order ρij of the atoms involved in 

the internal coordinate, which is defined as follows:

(8)

where rij is the distance between the i-th and the j-th atom and Cij is the sum of their 

covalent radii. Then, the diagonal elements of W are calculated using the following 

relations:

(9)

where the first expression given in equation 9 is used for each bond between atoms i and j, 
the second one is used for each angle between atoms i, j and k, where j is the central atom, 
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and the third equation is used for each dihedral angle between atoms i, j, k, l, where the bond 

between atoms j and k is the central bond. f is a fixed parameter, which is set to 0.12 in 

agreement with the original work of Swart.62 For the sake of completeness, let us recall that 

using WICs, a smooth delocalization of the internal coordinates is obtained. In fact, the 

mixing between coordinates of different types cannot be minimized by calculating the SVD 

of B separately for different types of coordinates, since this procedure may produce an 

incorrect number of non redundant internal coordinates, and therefore is ill-suited for a 

general and robust implementation.44

Let us remark that both DICs and WICs give the correct number of non-redundant internal 

coordinates, except when separate, non-bonded fragments are present in the system under 

investigation. However, in this case, for each pair of fragments a bond between the two 

nearest atoms can be added to overcome this problem.

Let us finally recall that the so-called Z-matrix coordinates are still also widely used, since 

this set is non-redundant by definition. However, as already pointed out for geometry 

optimizations,37 and discussed by us more recently in the context of RR spectroscopy,45 Z-

matrix coordinates are ill-suited for a general and robust implementation. In fact, in the 

presence of complex molecular topologies, like fused rings of bicyclic structures, it is not 

straightforward to define a non-redundant Z-matrix with the correct number of parameters. 

On the other hand, if standard Z-matrices are used, unreliable results are obtained. As a 

consequence, Z-matrix coordinates will not be used in the following.

C Special cases: out-of-plane and linear angles

The procedure outlined above to build PICs must be modified in presence of particular 

molecular arrangements. For example, for planar tricoordinated centers, out-of-plane 

coordinates can be profitably added to better describe deformations from the planar 

geometry. This coordinate is defined, as the angle between one of the bonds, and the plane 

defined by the other two bonds28,63 In our implementation, the number of out-of-plane 

coordinates which are added, as well as the bond used to define them, changes with the 

number of terminal atoms bonded to the tricoordinated center based on the following rules:

1. in presence of one terminal atom, a single out-of-plane coordinate is added, 

defined from the bond involving the terminal atom. When two terminal atoms are 

present, the out-of-plane coordinate defined by the bond involving the third, non-

terminal atom, is added.

2. if no terminal atoms are present, the symmetric linear combinations of the three 

out-of-plane coordinates is included.

3. if the tricoordinated center is part of a ring, the out-of-plane coordinates defined 

by the bond, which is not part of the ring, is added. The same procedure is 

adopted when three terminal centers are present (as, for example, in ammonia)

Let us recall that usually, even if the out-of-plane coordinates are not added, the algorithm 

used to generate DICs and WICs will produce the correct number of non-redundant 

coordinates. However, the vibrations involving out-of-plane motions would be described in 
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terms of linear combinations of valence and dihedral angles, and therefore the coupling 

between different internal coordinates would be higher.

The procedure outlined above to build a non-redundant set of internal coordinates can be 

further generalized in order to support also linear chains. Let us consider, for example, the 

general situation sketched in the left panel of figure 1, where the collinear atoms are 

identified as A, B and D. Using the procedure outlined above, the angle  as well as all 

dihedrals Ri–A–B–D and A–B–D–Li (where i is an integer number ≤ 3) are included in the 

definition of the PICs. However, as already pointed out,64 the values of B and B′ for those 

coordinates diverge, and therefore the numerical stability of the overall procedure is poor. To 

overcome this limitation, the A–B–D angle is substituted with two appropriate linear 

bending coordinates, whose definition can be found, for example, in refs.28,63 Furthermore, 

the dihedral angles involving the A–B–D chain are removed, and all dihedrals Ri–A–C–Lj 

are added.

By using this protocol, the Wilson matrix B and its derivatives can be safely computed, and 

the final number of non-redundant internal coordinates is correct. This protocol can be 

further modified to improve the description of linear angles, where the central atom (B in the 

left panel of figure 1) is a light atom, as occurs, for instance, in hydrogen bonds. In fact, as 

will be discussed in the following sections, for those systems an incorrect definition of the 

internal coordinates involving the linear chain may lead to a large coupling between internal 

coordinates. For the sake of simplicity, let us consider the situation reported in the right 

panel of figure 1, where the linear chain involves an hydrogen bond with a water molecule. 

Even if this case is not fully general, the discussion can be easily extended to other 

hydrogen-bond patterns, as well as to cases, in which the light atom is different. The main 

limitation of the definition of PICs outlined above for linear chains lies in the two linear 

bending coordinates. In fact, the definition of G = BM−1BT , which is involved in the 

calculation of the normal modes in internal coordinates, changes significantly even for small 

displacements from the linear arrangement, and this introduces the unwanted couplings. In 

order to overcome this problem, the molecular topology can be modified by substituting the 

hydrogen bond with the A-O bond. Then, PICs are built following the strategy outlined 

above, without including the HA–A–O bond, as well as the two HO–O–A–HA dihedral 

angles. As a conclusion, it is noteworthy that this procedure can be used also when the linear 

angle does not involve an hydrogen bond. For example, if a valence angle is linear at the 

equilibrium geometry of only one electronic state, the linear bending coordinates should not 

be used, since they are ill-suited for the description of the electronic state, where the linear 

configuration is not present. On the other hand, by using the second procedure, only 

standard valence coordinates are introduced.

D Adiabatic models in internal coordinates

The Duschinsky transformation can be generalized to support a curvilinear set of internal 

coordinates. For the sake of simplicity, here we will focus on adiabatic models, whereas the 

extension to vertical models will be described in the next paragraph. As discussed in the 

literature28,44, for a single electronic state the harmonic frequencies do not depend on the 

coordinate system and the same holds true for normal modes in the approximation of 
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infinitesimal displacements from the equilibrium position. However, this equivalence may 

not hold for vibronic spectroscopy, since the normal modes are used to describe, through the 

Duschinsky transformation, the displacement between the equilibrium geometries of the 

electronic states involved in the transition. Since this displacement is, in general, not 

infinitesimal, the expression for J and K changes with the coordinate system.

In order to express the Duschinsky transformation in terms of internal coordinates, the 

energy gradient and Hessian, g and H respectively, must be converted from the cartesian to 

the curvilinear representation. As already discussed in the literature,43,46,65 both B and B′ 
are needed to perform this transformation, which is reported below:

(10)

where the subscripts x and s refer to quantities related to cartesian or internal coordinates 

respectively. Particular care must be used when the relations given in equation 10 are 

inverted, since the Wilson matrix B for a non-redundant set of coordinates is rectangular (its 

shape is Nvib × 3Nat). This problem may be solved by including six (or five for linear 

systems) rows to B associated to coordinates representing overall rotations and translations 

of the molecule.66 However, a simpler solution is offered by the theory of pseudo-inverse 

matrices. Since B is a full row rank matrix, its right Moore-Penrose pseudoinverse is B+ = 

BT (BBT)−1. As recently discussed by Brandhorst and coworkers67, B+ can be used to derive 

the following expressions for gs and Hs:

(11)

Let us recall that, in order to get rid of contributions due to overall translations and rotations, 

both gx and Hx must be projected onto the pure vibrational subspace of the molecule. While 

several procedures have been proposed to build the projection matrix P to perform this step,

66,68 a simple relation can be derived in terms of the pseudo-inverse B+ as P = B+B.67 By 

using Pgx in place of gx and  in place of  the 

contribution of translations and rotations vanishes.

Once the Wilson matrix G = BM−1BT is built, where M is the diagonal matrix of the atomic 

masses, the internal coordinate normal modes Ls are defined as the eigenvectors of GHs.

28,69 The curvilinear normal modes Ls satisfy the following generalized orthogonality 

relation:

(12)
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As a consequence, the matrix Ls is not orthogonal, since G is not diagonal. Anyway, the 

definition of the Duschinsky matrix and shift vector in internal coordinates can be derived 

following the same strategy as in the cartesian case. Let us start from the definition of the 

curvilinear normal modes Q̄
s and Q̿

s reported below:

(13)

Using the second relation of equation 13 to express s in terms of Q̿, and using this relation in 

the first equation, the following expressions for Js and Ks can be derived:29,34

(14)

where L̄
s and L̿

s are the transformation matrices from internal coordinates to curvilinear 

normal modes for the initial and final states, respectively.

The previous equation permits to highlight the origin of the differences between Js and Jx. 

Since our derivation holds for adiabatic models, gx vanishes for both electronic states. 

Therefore, using equation 11, Js can be expressed as follows:

(15)

As previously discussed45 Js = Jx only if B̄−1B̿ = I. The reference geometry used to 

compute the first-order derivatives needed to build B is different for the two electronic states. 

As a consequence, the deviation of the product B−̄1B̿ from the identity matrix increases with 

the extent of the geometry change. As a consequence, for systems undergoing large-

amplitude deformations, Jx and Js may be significantly different.

A similar analysis can be performed for the shift vector K. Following the same strategy used 

above, the following relation can be derived:

(16)

In this case, the indentity Kx = Ks holds when s̿eq − s̄eq = B̄(x̿eq − x̄eq). This relation is valid 

if the difference (x̿eq − x̄eq) is small, but this is not the case for flexible system, where the 

deformation can be significant.

E Extension to vertical models

In order to derive the Duschinsky transformation for vertical models in internal coordinates, 

a slightly different procedure must be followed, as for cartesian coordinates.70 In this case, 

the difference between cartesian and internal coordinates is not caused by the presence of 

two different equilibrium structures, since the reference geometry is the same for both the 
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PESs. However, the PES of the final state is expanded about a non-stationary point, and 

therefore the Wilson B matrix derivative (B′) is needed to calculate the Hessian matrix in 

internal coordinates. The presence of B′ generates the difference between cartesian and 

internal coordinates, as already discussed by Truhlar and co-workers in deriving the 

reaction-path Hamiltonian in internal coordinates.43,65

As a first step, let us express the final state potential energy, referred to as V̿, as a Taylor 

series about the equilibrium geometry of the initial state in terms of the curvilinear normal 

coordinates Q̄
s of the initial state:

(17)

where g̿ (Q̄
s,eq) and H̿(Q̄

s,eq) are the gradient and Hessian of the final state PES calculated at 

the equilibrium geometry of the initial state and expressed in terms of the normal modes of 

the initial state. The energy derivatives with respect to the curvilinear normal modes Qs can 

be then expressed in terms of the internal coordinates s by taking advantage of the linear 

relation between those two sets of coordinates:

(18)

Alternatively, the final-state potential energy can be expressed also as a Taylor series in 

terms of the final-state normal coordinates Q̿
s about their equilibrium position Q̿

s,eq, as 

reported below:

(19)

Ω̿2 is a diagonal matrix, whose diagonal elements are the square roots of the harmonic 

frequencies. In order to express both Taylor expansions in terms of the same coordinate 

system, the Duschinsky transformation reported in equation 3 can be inverted to express Q̿
s 

in terms of Q̄
s as,

(20)

By using this relation, equation 19 can be written as follows:

(21)
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Equations 17 and 21 must be equivalent for each value of Q̄
s. As a consequence, the 

coefficients of the zeroth-, first- and second-order terms in Q̄
s must be equal. The 

equivalence between the second-order terms can be used to derive the following expression 

for the Duschinsky matrix Js:

(22)

Thus, the Duschinsky matrix Js can be obtained by diagonalizing the Hessian matrix in 

internal coordinates H̿ (Q̄
s). On the other hand, the equivalence of the first-order terms of 

equations 17 and 21 can be used to derive the following expression for the shift vector Ks:

(23)

Following the same strategy as in the previous section, it is possible to prove that equation 

23 holds also in the reduced-dimensionality approximation, where L̄
s is a rectangular matrix. 

As a conclusion, let us recall that the previous expressions can be simplified within the VG 

model, where the Duschinsky matrix is assumed to be equal to the identity matrix I. In this 

case, equation 23 can be recast as,

(24)

As discussed in ref.45, starting from equation 24 it is possible to prove that the VG model is 

equivalent in cartesian and internal coordinates. This is the explanation of the better 

accuracy of vertical models with respect to adiabatic ones in cartesian coordinates when 

large amplitude deformations are present.34,35,71 However, the equivalence does not hold 

anymore for the VH model. In fact, as shown in equation 22, the Duschinsky matrix is 

obtained by diagonalizing the Hessian matrix in internal coordinates Hs, and both the 

gradient and the Hessian in cartesian coordinates are required to compute Hs. As a 

consequence, the normal modes obtained issuing from the two representations are not 

equivalent.

F Reduced-dimensionality schemes

In order to make the computational protocol described above feasible also for large-size 

systems, we will describe how it can be modified to support also reduced-dimensionality 

schemes, following the procedure already used for the cartesian case.36 When reduced-

dimensionality models are built, a subset of nRD normal modes of one of the states is 

selected. Those so-called active modes are then used to define a consistent model system, 

sufficiently uncoupled from the rest of the real system. Vibronic calculations are then carried 

out on the reduced system. To illustrate the construction of the active ensemble, let us 

consider as a starting point a subset S̄ of nRD normal modes chosen from the initial state. 
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The extent of coupling tolerated in the construction of the active block is defined through a 

positive parameter η, whose value cannot exceed 1. A high value for η ensures that this 

coupling will be very small. A corresponding subset S̿ of the modes of the final state can be 

found such that:

(25)

The construction of S̄ and S̿ is done iteratively, until their content is stabilized. The number 

of modes included in S̿ changes with η. If mode-mixing effects are negligible for the modes 

in S̄, the elements of S̿ are nRD even for values of η close to 1, otherwise smaller values of η 
can be used. In this case, a potentially significant portion of J may be neglected, lowering 

the reliability of the reduced-dimensionality approximation. The detailed construction of the 

model system can be found in refs.8,36

Some care must be paid when this framework must be generalized to internal coordinates. In 

fact, the relation given in equation 25 assumes that J is orthogonal. Indeed, in this case the 

sums of the squared elements of a row or a column of J are equal to 1, and therefore η needs 

not exceed 1. In order to extend this definition to support curvilinear internal coordinates as 

well, equation 25 must be modified as follows:

(26)

The normalization factor of equation 26 sets the upper limit of the sums to 1, and therefore 

the same definition of η as in the cartesian case can be used.

Once the active normal modes have been selected, the Duschinsky transformation for the 

reduced-dimensionality scheme must be defined. For curvilinear sets of coordinates, this 

definition is not as straightforward as in the cartesian case. Let us start from the definition of 

the curvilinear normal modes given in equation 13 where, for reduced-dimensionality 

schemes, L̄
s and L̿

s are nRD × 3Nat rectangular matrices. Following the same strategy used 

above, the following relation can be derived:

(27)

Particular care must be used when equation 27 is inverted, since L ̄
s is rectangular. However, 

equation 12 still holds also for L̄
s and L̿

s, and therefore equation 27 can be inverted by 

multiplying both lhs and rhs by L̄
s
TḠ−1. The final definition of Js and Ks is,

(28)
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Let us remark that the relations given in equation 28 are equivalent to those, which have 

been derived by Reimers29 and used more recently by Santoro and coworkers.34 Even if 

when the full system is considered instead of the reduced-dimensionality one, the relations 

given in equations 14 and 28 are equivalent, the latter is more general, since it can be 

extended also to reduced-dimensionality schemes.

G Inclusion of Herzberg-Teller effects

As remarked above, most vibronic models in internal coordinates have been limited to the 

Franck-Condon approximation,32,34,35,71 and the extension to Herzberg-Teller (HT) 

effects has been rarely discussed. However, the Franck-Condon approximation can be ill-

suited in several cases, such as weakly-allowed or dipole-forbidden electronic transitions, or 

for chiral electronic spectroscopies (ECD and CPL), where the electric and magnetic 

transition dipole moments can be nearly orthogonal. Therefore, the inclusion of first-order 

terms in the transition dipole moment expansion is critical to get a proper simulation of 

vibronic spectra. With respect to the general discussion at the beginning of this section, a 

slightly different notation will be adopted here for the sake of readability. The transition 

dipole moment between the initial (I) and final (F) electronic states will be written as 

First of all, the derivatives of the transition dipole moment must be expressed in terms of the 

non-redundant internal coordinates s′, starting from the cartesian derivatives. Following the 

same strategy used to express the energy gradient in terms of internal coordinates, it turns 

out that only the non redundant Wilson matrix B is needed to perform this transformation, 

which is given as,

(29)

However, B must be inverted to use equation 29 in order to express  in terms of 

 Following the procedure used in the previous section, this transformation can 

be safely performed by using the pseudo-inverse (BT)+ and the projector operator P,

(30)

Once the transformation reported above has been performed, the derivative of the transition 

dipole moment must be expressed in terms of curvilinear normal-modes. The transformation 

between non-redundant internal coordinates s′ and curvilinear normal modes Qs is linear, 

and therefore Ls is sufficient to perform this second conversion,

(31)
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Let us remark that, even if no overbars are specified in equation 31, both B and L(Qs) must 

be calculated with respect to the same reference geometry, which can be either the initial- or 

the final-state equilibrium geometry, depending on the vibronic model which is used. Even 

if, for adiabatic models, the previous relation can be further simplified using the same 

strategy as for equation 15, equation 31 will be preferred in order to make the theoretical 

derivation as much general as possible.

The coordinates used to express the derivatives of the transition dipole moment depend on 

the nature of the transition, even if they are usually computed with respect to the excited-

state coordinates. For example, in emission spectroscopies (OPE and CPL), those derivatives 

are usually computed with respect to the final electronic state (which corresponds to the 

ground state), and therefore an additional transformation is needed. As has been already 

remarked17,72, the Duschinsky transformation can be used to perform this transformation. 

However, this framework assumes the orthogonality of the Duschinsky transformation, and 

must be modified to support also internal coordinates.

To do so, we will derive both the general transformation of the transition dipole moment 

derivatives from Q̄
s to Q̿

s and the inverse transformation, from Q̿
s to Q̄

s. By assuming that 

the HT approximation is exact, the following relation holds:

(32)

The Duschinsky relation in internal coordinates, given in equation 14, can then be used to 

express Q̿
s in terms of Q̄

s. Let us consider the transformation from Q̄
s to Q̿

s. In this case, 

equation 3 can be used directly to express equation 32 in terms of the coordinates of the final 

state. Then, the equivalence of the zeroth- and first-order terms of the expansions in the lhs 

and rhs of equation 32 can be used to derive the following relations:

(33)

On the other hand, if the derivatives expressed in terms of the coordinates Q̿s must be 

expressed in terms of the normal coordinates of the initial state, equation 20 must be used in 

order to arrive at the following final expression:
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(34)

III Computational Details

All the computations have been performed with a development version of the GAUSSIAN suite 

of quantum chemical programs73 extended to the internal coordinate framework presented 

in section II. Electronic structure calculations were carried out using density functional 

theory (DFT) and its time-dependent extension (TD-DFT), for ground and excited states, 

respectively. The B3LYP exchange-correlation functional,74 has been employed in 

conjunction with the SNSD basis set75, which is obtained adding to the 6-31G(d,p) basis set 

a minimal number of core-valence (one s function on all non-hydrogen atoms) and diffuse 

(s,p,d on non-hydrogen atoms and p on hydrogen atoms) functions optimized specifically for 

global hybrid functionals.76,77

Bulk solvent effects have been included in the QM calculations by means of the polarizable 

continuum model (PCM),78,79 within its integral-equation formulation (IEF-PCM)80. The 

solute cavity has been built by using a set of interlocking spheres centered on the atoms with 

the following radii (in Å): 1.443 for hydrogen, 1.926 for carbon, 1.750 for oxygen and 1.830 

for nitrogen, each scaled by a factor of 1.1. The values of the solvent static and dynamic 

dielectric constants used are ϵ = 78.36 and ϵ∞ = 1.78 for water, ϵ = 24.85 and ϵ∞ = 1.852 

for ethanol, ϵ = 1.911 and ϵ∞ = 1.925 for n-heptane. For the sake of uniformity, the 

equilibrium solvation regime has been enforced in all calculations. A more detailed 

discussion about different solvation regimes in connection with spectroscopic parameters 

can be found, for instance, in ref.20

In all TD calculations, the Fourier transform of the transition dipole moment has been 

computed numerically using a fast Fourier transform (FFT) algorithm, by sampling the 

autocorrelation function in 224 time steps, for a total time of propagation of 10−10 s. 

Following the computational procedure presented in our previous work,17 a square window 

function with a width of 216 steps has been used to improve the stability of the numerical 

integration. For the TI calculations, if not otherwise specified, the standard parameters of the 

class-based prescreening scheme have been used, which are reported in the following:

where  is the maximum number of Franck-Condon integrals to compute in a given 

class, and  and  are the maximum excitations of the vibrational levels included in 

class 1 (overtones) and 2 (combination of 2 modes), respectively. Additional details about 

the prescreening scheme can be found in refs.54,55 Furthermore, vibrational levels of the 
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excited states with up to 7 simultaneously exited modes have been taken into account (class 

7). In all cases, temperature effects have been neglected.

Regarding the generation of internal coordinates, as outlined in section II, the only input data 

needed to build the non-redundant internal coordinate set is the molecular topology. In all 

cases considered in the following, the topology has been generated automatically by the 

code, defining two atoms X and Y as bonded if their distance is shorter than 130 % of their 

average XY bond length. Following the GAUSSIAN standard parameters, those values are 

taken from B3LYP/6-31G(d) results. The well-known analytical expressions for bond 

lengths, valence, out-of-plane and dihedral angles (given for example in ref.28,64) have been 

used to generate the redundant Wilson matrix B. The analytical expression for the elements 

of the Wilson matrix B and its derivatives for linear bendings is reported, for example, in ref.

63. Finally, in all cases, a threshold of 10−5 on the absolute value of the eigenvalues has been 

used to select the eigenvectors corresponding to non-zero eigenvalues.

IV Examples of Application

A OPA spectrum of imidazole in water

The first test-case is imidazole. Imidazole derivatives are interesting model systems for the 

more complex biological models, like histidine, as their spectroscopic properties can provide 

some insights on the latter’s. Therefore, several studies, both experimental and theoretical, 

are available for those systems.81–83 In our recent work,45 the internal coordinate 

framework presented in section II had been used to simulate the RR spectrum of imidazole 

using different coordinate systems with the inclusion of solvent effects. In that work we 

showed that, when solvent effects are included by means of PCM, a large-amplitude 

deformation of the ring from the planar configuration occurs upon the electronic excitation 

to the first bright excited state (π → π* transition), and therefore only by using delocalized 

internal coordinates can a satisfactory match be reached with the experimental data. On the 

other hand, using either Z-matrix internal coordinates or the cartesian ones, inaccurate 

results are obtained. Here, the analysis will be extended to OPA spectroscopy, again with the 

inclusion of bulk solvent effects by means of PCM. Furthermore, specific solvent effects will 

be also included by adding two explicit water molecules in the quantum mechanical (QM) 

simulation, as shown in figure 2, in order to analyse the reliability of our approach in 

presence of hydrogen bonds.

The comparison of the computed OPA spectra for the π → π* transition in vacuum using 

cartesian coordinates, DICs and WICs within both TD (solid lines) and TI (dashed lines) 

approaches is reported in supplemental figure S1.84 It is noteworthy that the bandshapes 

obtained using the three different coordinate systems are very close. In fact, the shift 

between the equilibrium geometries of the ground and excited state is negligible, and all the 

coordinate systems are equivalent for small geometry deformations. Furthermore, within the 

same coordinate system, TI and TD results are nearly superimposable. In fact, the 

convergence of the TI simulation is almost complete (> 99 %), since the Duschinsky matrix 

is nearly diagonal and the geometry shift is small, so the two methods are expected to give 

the same results.
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In figure 3, the theoretical OPA spectra of imidazole in water computed at the TD AH|FC 

level using different coordinate systems are reported. Solvent effects have been included by 

means of PCM, as described in the computational details. At variance with the calculations 

in vacuum, in this case the overall broadening of the cartesian spectrum is larger than the 

one of the DIC and WIC spectra, even if the same half-width at half-maximum (HWHM) 

has been used for each vibronic peak. As remarked before, in this case, even if the five-

membered ring is planar in S0, a significant out-of-plane deformation occurs in the 

equilibrium geometry of the S2 excited state. Those deformations are described in an 

inaccurate way using cartesian coordinates and, as a consequence, a poor definition of the 

Duschinsky matrix J is obtained. On the other hand, DICs and WICs provide nearly 

equivalent results.

As already pointed out in our previous work,45 the inaccurate description of large-amplitude 

motions in terms of cartesian coordinates introduces large off-diagonal terms in J, which are 

not present in internal coordinates. The nearly block-diagonal structure of the Duschinsky 

matrix in internal coordinates opens the possibility of treating normal modes belonging to 

different blocks at different levels of approximation. For instance, anharmonic models may 

be used for a limited number of low-frequency modes, whereas the harmonic approximation 

is used for the other vibrations. The development of such anharmonic models goes beyond 

the goals of the present work, so that here we will only verify the block-diagonal structure of 

J in delocalized internal coordinates. In this case the five lowest energy normal modes are 

strongly mixed, but their coupling with the other vibrations is negligible, and may be 

neglected. In figure 4, the TD AH|FC spectrum obtained neglecting the coupling elements of 

J between those modes and the other ones is reported, together with the spectrum obtained 

using the full expression of J. The two spectra are nearly superimposable, and this result is a 

confirmation of the block structure of J.

The OPA spectrum of imidazole has been simulated also using vertical models. The 

theoretical spectra calculated at the TD VH|FC level using cartesian and delocalized internal 

coordinates are reported in figure S2.84 At the equilibrium geometry of S0, the PES of the 

S2 electronic state exhibits two normal modes with imaginary frequencies, which cannot be 

described at the harmonic level. As a first approximation, those normal modes have been 

neglected, by uncoupling them from the other ones using the reduced-dimensionality 

scheme presented in section II. In the cartesian case, η must be set to 0.4, whereas in internal 

coordinates it can be set to 0.7, and this suggests that the offending modes are more mixed in 

the cartesian representation than in the internal ones. Even if the theoretical spectra obtained 

using the different coordinate systems are nearly equivalent (only slight differences can be 

detected in the spectrum, where a brodadening function with an HWHM of 100 cm−1 is 

used), the definition of the Duschinsky transformation changes significantly. As shown in 

the graphical representation reported in figure S3,84 the couplings between the two normal 

modes associated to negative frequencies and the other ones is larger in the cartesian case 

than in the internal one. For example, the mode 1̿ (ring deformation) of the final state is 

mostly coupled to the mode 2̿ (ring deformation) of the initial one in internal coordinates, 

whereas it is significantly coupled to the four modes 1̿-4̿ in the cartesian representation. As 

for the low-frequency modes discussed before, imaginary-frequency modes in internal 
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coordinates are less coupled to the rest of the system, paving the route toward a more 

accurate treatment for them using low-dimensional anharmonic models.

Specific solvent effects have been simulated including two explicit water molecules in the 

QM calculation (the structure of the imidazole-water cluster is shown in figure 2), and the 

results are reported in figure 5. First of all, also for this case, the spectrum in cartesian 

coordinates is much more broadened with respect to the ones in internal coordinates. 

Moreover, for the simulations performed using delocalized internal coordinates (green lines), 

both the standard algorithm used to generate the molecular topology (dashed line), and the 

one, developed to support the presence of hydrogen bonds (solid line), have been used. Even 

if the results obtained with the two different algorithms are nearly equivalent, the definition 

of the Duschinsky transformation changes significantly. The most significant changes are 

visible in the Sharp and Rosenstock C matrix,7,52,54 Within the recursive formulation 

proposed by Ruhoff, the FC integrals between two vibronic states can be related to lower 

quanta ones though those matrices. Since temperature effects are neglected here, only final 

states have excited modes. In this case, as shown in the appendix, the influence of the 

coupling between the final state modes on the FC integrals is directly related to C. The C 
matrix calculated using cartesian coordinates, DICs with the standard connectivity and DICs 

with modified connectivity in the presence of H bonds are reported in figure 6. First of all, it 

is noteworthy that the number of off-diagonal couplings between the modes is larger in the 

cartesian representation than in the internal coordinate case. Furthermore, using DICs, the 

structure of C changes with the used topology. More in detail, even if for the high-energy 

modes the elements of C are nearly equivalent, for the lowest frequency modes, involving a 

distortion of the hydrogen bonds, the couplings with the other modes are significantly 

smaller when the modified topology is used. This example shows that, in the presence of 

weak bonds, such as hydrogen bonds, a careful choice of the coordinate system is critical to 

describe correctly the normal modes and especially to limit their coupling, even if those 

differences have a negligible impact on the final vibronic spectrum.

B OPE spectrum of cyanobiphenyl

The second system studied in this work is 4-pentyl-4’-cyanobiphenyl (referred to as 4,4’-CB 

in the following, and whose structure is reported in figure 2). The central part of this 

molecule is composed by two bridged phenyl rings, and the PES along the dihedral angle 

between those rings is usually flat and, upon electronic excitation, the equilibrium value of 

this dihedral angle may change significantly. This deformation corresponds to a large 

amplitude motion, and therefore the impact of the coordinate system used in the simulations 

is expected to be important. It is noteworthy that, unlike simpler biphenyl derivatives, 4,4’-

CB contains also a linear CN group, and therefore, by studying this system, it is possible to 

check the reliability of our implementation in presence of linear structures.

The spectra calculated at the TD AH|FC level using cartesian coordinates, DICs and WICs 

are reported in the upper panel of figure 7. Like for imidazole, the results obtained using 

DICs and WICs are nearly equivalent, even if in the low-energy region the WIC spectrum is 

more intense than the DIC one. On the other hand, a very large and featureless bands is 

obtained in cartesian coordinates, with no detectable vibronic bands. Furthermore, due to the 
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large broadening, the value of the intensity maximum is significantly lower in cartesian 

coordinates. The spectrum has been simulated also using the simplified TD AS|FC model, in 

order to highlight the impact of mode-mixing effects, and the results are reported in the 

lower panel of figure 7. AS and AH results are nearly equivalent, which means that mode-

mixing is not the main source of inaccuracies, so that the discrepancies between cartesian 

and internal coordinates are mainly due to an inaccurate definition of the shift vector K. The 

graphical representation of the shift vector calculated in cartesian (Kx) and delocalized 

internal coordinates (Ks), which is reported in figure 9, shows that, even if the elements of 

Kx and Ks associated to the low-frequency modes are similar, for the other vibrations the 

shift is usually larger in cartesian than in internal coordinates. As a consequence, the 

broadening is caused by a larger number of significantly shifted normal modes.

As mentioned above, vertical models are usually employed to recover the inaccuracy of 

adiabatic models in cartesian coordinates in the description of large-amplitude deformations. 

For 4,4’-CB, only simulations at the VG level have been performed, whereas the more 

refined VH model has not been used due to the presence of 5 imaginary frequencies of the 

excited state PES at the equilibrium geometry of the electronic ground state. The 

comparison of the TD VG|FC OPA spectrum with the TD AS|FC one is reported in figure 8. 

The VG spectrum is shifted towards higher energies with respect to the AS one since, as 

discussed for example in ref.15,16, the adiabatic separation energy between the PESs is 

different in the two models. Furthermore, even if the agreement with the internal coordinate 

results is improved with respect to the AH|FC results in cartesian coordinates, several 

discrepancies are still present. However, due to the impossibility of using the more refined 

VH models, it is not possible to check the impact of including the mode-mixing effects. This 

is a relevant limitation of vertical models with respect to the adiabatic ones in internal 

coordinates.

In order to check the reliability of the theoretical results, the computed OPA spectra have 

been compared with the experimental data (taken from ref.85) in figure 10. Since the 

experimental spectrum has been recorded in n-heptane solution, all the electronic structure 

calculations have been carried out including solvent effects by means of the PCM. Even if 

the low resolution of the experimental spectrum does not allow to identify single vibronic 

peaks, the overall bandshape is well simulated using both WICs and DICs, especially when 

Gaussian broadening functions with a large HWHM (400 cm−1) are employed. For the sake 

of simplicity, the spectrum computed using cartesian coordinates has not been included in 

figure 10, since the results reported in figure 7 clearly show that in this case the bandshape is 

reproduced poorly.

In order to check the reliability of the theory presented in the previous section for emission 

spectroscopies, the OPE spectrum of 4,4’-CB has been computed using all the different 

coordinate sets at the TD AH|FC level. The results of the simulations, reported in 

supplemental figure S4,84 show that for the OPE spectrum as well many low-intensity 

transitions contribute to the spectrum in cartesian coordinates, at variance with the internal 

ones, resulting in a very large bandshape. The spectra collected in figure 11, show that also 

in this case the agreement between theoretical and experimental results85 is much better in 

internal coordinates than in cartesian coordinates, and the overall vibronic pattern is 
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reproduced satisfactory, even if slight differences in the intensity of the two main peaks are 

still present.

C ECD of (1S)-dehydro-epicamphore

The third system, which has been chosen to test the reliability of our theoretical formulation 

is (1S,4R)-4,7,7-trimethylbicyclo[2.2.1]hept-5-en-2-one (the structure is reported in figure 

2), also known as (1S)-dehydro-epicamphor. From a theoretical point of view, the definition 

of a non-redundant set of internal coordinates for this system, as well as for other organic 

bicyclic compounds, is quite challenging. First of all, due to its complex topology, with two 

fused rings, the definition of a non-redundant Z-matrix is far from straightforward. On the 

other hand, DICs and WICs can be easily built since only the molecular topology is 

required. Even if for several years only the ECD and the CPL spectra of (1R)-

camphorquinone have been measured,86 an extensive study of the experimental ECD and 

CPL spectra of camphore derivatives has been provided recently by Longhi and co-workers,

87 and therefore the reliability of the computational model can be checked by comparing 

theoretical and experimental results. Here, we will focus on (1S)-dehydro-epicamphor since, 

due to its flexibility upon the electronic excitation, the choice of the coordinate system is 

critical for a correct reproduction of the vibronic bandshape. The first bright absorption of 

(1S)-dehydro-epicamphor is associated to the S1 ← S0 (π → π*) electronic transition. The 

graphical representation of the equibrium geometries of the two electronic states, reported in 

figure 12, shows that the largest distorsion involves an out-of-plane motion of the carbonyl 

group. This deformation, as already pointed out by Longhi and co-workers,87 defines the 

sign of the ECD and CPL spectrum according to the so-called octant rule.88

The ECD spectra of (1S)-dehydro-epicamphore calculated at the TD AH|FC level using 

different coordinate systems are reported in figure S5.84 Similarly to the previous systems, 

DICs and WICs give nearly equivalent results, whereas the spectrum in cartesian coordinates 

is significantly more broadened. For the previous systems, the difference between the 

coordinate systems has been highlighted by analyzing the structure of the Duschinsky matrix 

J. However, as shown in figure 13, in this case little differences are visible between Jx and 

Js. As for imidazole, a more significant quantity to analyze is the Sharp and Rosenstock C 
matrix, which is remarkably more diagonal when internal coordinates are used, as shown in 

figure 13. More in detail, when internal coordinates are used, a large coupling between this 

vibration and the mode 47, corresponding to the C=O stretching, is present. This large 

coupling arises from the inaccurate description of out-of-plane motions as linear 

combinations of cartesian coordinates, and it disappears if delocalized internal coordinates 

are used.

The theoretical results have been next compared with the spectrum recorded by Longhi and 

co-workers,87 shown in figure 14. It is noteworthy that, even if the resolution of the 

experimental spectrum is low, and single vibronic peaks cannot be detected, the reproduction 

of the overall bandshape is rather poor in cartesian coordinates since the convolution of all 

the vibronic transitions gives an excessively broadened spectrum. On the other hand, using 

delocalized internal coordinates, the agreement between experimental and theoretical spectra 

becomes satisfactory, even if a constant shift between the theoretical and the experimental 
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spectra is still present. Since the experimental spectrum has been recorded in ethanol 

solution, the optimized structures and frequencies of both electronic states have been 

calculated in this solvent too, using the PCM. At this level, the absolute position of the 

spectrum is reproduced satisfactorly, and the bandshape does not change significantly. For 

the sake of completeness, HT effects have been included in the simulation as well. However, 

unlike other camphore derivatives18, in this case the AH|FC and the AH|FCHT spectra are 

nearly superimposable, showing that HT effects are negligible.

V Conclusions

An algorithm to generate automatically (possibly weighted) delocalized internal coordinates, 

supporting also complex topologies such as fused-rings, has been designed and implemented 

in our general platform dedicated to the computation of vibronic structures in the electronic 

spectra by means of either time-dependent and time-independent approaches. As expected, 

for rigid systems, both cartesian and internal coordinates provide nearly equivalent results, 

whereas significant geometry distortions accompanying electronic transitions can be better 

taken into account employing internal coordinates. Indeed, off-diagonal couplings are 

significantly smaller in internal coordinates than in cartesian ones. Thanks to this, it is 

possible to define the overlap integrals as product of lower-dimensionality blocks. In this 

configuration, it is possible to isolate and treat adequately large-amplitude motions by 

including anharmonic effects for instance. Work is in progress in our laboratory along these 

and related directions.

In our opinion, even pending these further developments, the availability of a general and 

robust tool for simulating all kinds of one-photon spectra employing different sets of 

coordinates extends the applicability of vibronic simulations to a wider range of molecular 

systems, for instance of biological interest. As a result, this will lead to a further increase of 

the role of computational studies to complement and interpret experimental spectroscopic 

outcomes in terms of suitable chemical models.
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Appendix

Starting from the Sharp and Rosenstock methodology,52 Ruhoff derived two equations to 

compute recursively the overlap integrals (〈v̄ | v̿〉).7,54,70 In absence of temperature effects 

only one is of interest,

(35)
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(36)

where C and D are defined as follows:

(37)

(38)

Γ̄ and Γ̿〉 are diagonal matrices containing the reduced frequencies of the initial and the final 

state, respectively. By applying recursively equation 36, it is straightforward to show that 

only the overlap integral between the vibrational ground states 〈 0̄ | 0̿〉 needs to be known 

analytically. From there, and considering only the FC case for the sake of simplicity, one can 

see that vibrational progressions (overtones) will be determined from Di and the diagonal 

elements of C, while the intensity of combination bands will depend on the off-diagonal 

elements Cij. Thus, for combination bands to give a significant contribution to the band-

shape, the elements Cij must have significant magnitude. This is the reason why in chapter 

IV C has been used to visualize the mixings between the different normal modes.
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Fig. 1. 
Upper panel: graphical representation of linear structures within a molecule. The three 

collinear atoms are labelled as A, B and D, and the atoms bonded to A and D are indicated 

as Li and Ri, respectively, where i is an integer number. Lower panel: graphical 

representation of an hydrogen bond between the hydrogen atom bonded to the generic atom 

A and a water molecule. For the sake of clarity, the hydrogen bonded to A has been labelled 

as HA, while the hydrogen atoms of the water have been labelled as HO.
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Fig. 2. 
Graphical representation of the molecules studied in this work: imidazole (a), (1S)-dehydro-

epicamphor (b) and 4-pentyl-4’-cyanobiphenyl (c), the complex composed by one molecule 

of imidazole and two molecules of water (d).
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Fig. 3. 
Theoretical OPA spectra of the S2 ← S0 transition of imidazole in water simulated at the 

TD AH|FC level using cartesian (red line) delocalized (green line) and weighted internal 

coordinates (blue line). Gaussian broadening functions with HWHM of 100 cm−1 have been 

used to simulate broadening effects.
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Fig. 4. 
Theoretical OPA spectra of the S2 ← S0 transition of imidazole in water simulated at the 

TD AH|FC level using DICs with the full Duschinsky matrix (solid green line) and a block 

Duschinsky matrix, where the coupling elements between the five lowest energy normal 

modes and the other modes have been neglected. Gaussian broadening functions with 

HWHM of 100 cm−1 have been used to simulate the broadening effects.
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Fig. 5. 
Theoretical OPA spectra of the S2 ← S0 transition of imidazole in water, where solvent 

effects have been simulated adding two explicit water molecules in the QM calculation. All 

simulations have been performed at the TD AH|FC level, using cartesian (red line), 

delocalized (green line) and weighted internal coordinates (blue line) using the standard 

connectivity matrix (solid lines) and the one, which has been modified to support the 

presence of hydrogen bonds (dashed lines). Gaussian distribution functions with HWHM of 

100 cm−1 have been used to reproduce broadening effects.
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Fig. 6. 
Graphical representation of the Sharp and Rosenstock matrix C for the S2 ← S0 transition 

of imidazole in water at the VH|FC level. Solvent effects have been included by performing 

the calculations on the cluster, shown in figure 2. The representation is obtained by 

calculating the square of the elements of C and normalizing them with respect to the 

maximum value of  (0.51 for Cart., 0.32 for DICs in both cases). In order to facilitate the 

visual comparison, the highest maximum (0.51) was used to divide each element of the three 
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matrices. A shade of gray is associated to each element (i,j) in the figure with white for 0 

and black for 1.
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Fig. 7. 
Theoretical OPA spectrum for the S1 ← S0 transition of 4,4’-CB calculated in vacuum at the 

TD AH|FC (upper panel) and TD AS|FC (lower panel) levels using cartesian coordinates 

(solid red line), DICs (solid green line) and WICs (solid blue line). Gaussian distribution 

functions with HWHM of 100 cm−1 have been used to reproduce broadening effects.
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Fig. 8. 
Theoretical OPA spectrum for the S1 ← S0 transition of 4,4’-CB calculated at the TD AS|

FC (solid red line) with DICs, and at the TD VG|FC (solid green line) level. The TD VG|FC 

spectrum, scaled by a factor of 2.59 to match the intensity of the maximum with the one of 

the TD AS|FC spectrum, is also reported (dashed green line). Gaussian distribution functions 

with HWHM of 100 cm−1 have been used to reproduce broadening effects.
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Fig. 9. 
Graphical representation of the shift vector K relative to the S1 ← S0 transition of 4,4’-CB 

in cartesian (upper panel) and delocalized internal coordinates (lower panel). Positive shifts 

are indicated with red bars, while the negative ones with blue bars.
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Fig. 10. 
Theoretical OPA spectrum for the S1 ← S0 transition of 4,4’-CB calculated in n-heptane at 

the TD AH|FC level using delocalized (solid green line) and weighted internal coordinates 

(solid blue line), together with the experimental spectrum, taken from ref.85 Solvent effects 

have been included by means of PCM. Gaussian distribution functions with HWHM of 100 

cm−1 have been used to reproduce broadening effects.
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Fig. 11. 
Comparison between the theoretical OPE spectra for the S1 → S0 transition of 4,4’-CB 

calculated in n-heptane at the TD AH|FC level using delocalized internal coordinates (green 

line) and weighted internal coordinates (red line). Gaussian distribution functions with 

HWHM of 100 cm−1 (solid lines) and 400 cm−1 (dashed lines) have been used to reproduce 

broadening effects. The experimental spectrum is also reported (dashed, black lines, taken 

from ref.85), to which a constant shift of 4500 cm−1 has been applied, in order to facilitate 

the comparison with the theoretical results.
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Fig. 12. 
Graphical representation of the optimized structures of the S0 (red) and S1 (blue) electronic 

states of (1S)-dehydro-epicamphor
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Fig. 13. 
Graphical representation of the Duschinsky matrix J (upper panels) and of the Sharp and 

Rosenstock matrix C (lower panels) for the S1 ← S0 transition of (1S)-dehydro-epicamphor 

in vacuum using cartesian (left panels) and delocalized internal coordinates (right panels). 

The representation of the Duschinsky matrix is obtained as follows: the elements 

 are calculated and a shade of gray is associated to each element (i,j) in the 
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figure based on the equivalence (0, white; 1, black). The representation of C is obtained as in 

figure 6 for C.
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Fig. 14. 
Comparison between the experimental ECD spectrum for the S1 ← S0 transition of (1S)-

dehydroepicamphor (taken from ref.87) and the theoretical results in cartesian and 

delocalized internal coordinates computed at the TD AH|FC levels in vacuum and solvent 

(ethanol). Solvent effects have been included by means of PCM. Gaussian distribution 

functions with HWHM of 100 cm−1 have been used to reproduce broadening effects.
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Table I

Equivalence table giving the quantities, to use in equation 1 for the different types of one-photon 

spectroscopies.

OPA: I = ε(ω)
α =

10π𝒩A
3 ϵ0 ln(10)ℏc

β = 1 γ = m dmn
A = dmn

B = μmn

OPE: I = Iem/Nn
α =

2𝒩A

3 ϵ0 c3
β = 4 γ = n dmn

A = dmn
B = μmn

ECD: I = Δε(ω)
α =

40𝒩Aπ

3 ϵ0 ln(10)ℏc2
β = 1 γ = m dmn

A = μmn , dmn
B = ℑ mmn

CPL: I = ΔIem/Nn
α =

8𝒩A

3 ϵ0 c4
β = 4 γ = n dmn

A = μmn , dmn
B = ℑ mmn
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