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Abstract
We consider the SU(3) singular Toda system on a compact surface (3, g)
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where h; are smooth positive functions on ¥, p; € Ry, py € ¥ and aiim, > —1.

We give both existence and non-existence results under some conditions on the parameters p;
and aim. Existence results are obtained using variational methods, which involve a geometric
inequality of new type; non-existence results are obtained using blow-up analysis and localized
Pohozaev-type identities.

)

1 Introduction

Let X be a closed surface and ¢g a Riemannian metric on 3. Consider the following system on X:
2 M
— Auz = Zaijpj(hje“j — 1) —d4m Z aim(épm — 1), = 1,2, (1)
Jj=1 m=1

where A = A, is the Laplace-Beltrami operator, p; are positive parameters, h; are smooth positive
functions on X, o, are real numbers greater than —1, p,, are given points of 3, and A = (a;;)4; is
the Cartan matrix of SU(3)
2 -1
(2)

System (1) is known as the SU(3) singular Toda system. Together with its N x N extension, it
has been widely studied in literature due to its important role in both geometry and mathemat-
ical physics. In geometry, it appears in the description of holomorphic curves in CP3 (see e.g.
[10, 17, 9]), while in mathematical physics it arises in the non-abelian Chern-Simons theory (see
[19, 42, 38]). The singularities represent respectively the ramification points of the complex curves
and the vortices of the wave functions.

To better understand this system, it is convenient to re-write it in an equivalent form. Let G, be
the Green function of —A centered at a point p € ¥, namely the solution of

~AG, =5, 1

/ GpdV, =0
b
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Consider now the substitution w; — u; + 4w Z imGp,,: the newly-defined u = (uq,u2) solves
m=1
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where the new functions E have the expression

~ M

hi = hie 1T EHa amGrn 21
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hi € C®°(S\ {p1,...,pm}) ils\gpr.. pary > 0 hi ~ d(-, pm)?®™  near pp.  (2)

Integrating by parts over the whole ¥, we deduce

/Elemdvg = / hie'2dV, =1,
b)) 2

therefore the system is equivalent to
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Problem (3) admits a variational formulation, that is its solutions are critical points of the following
energy functional defined on H'(X)?:

Jy(u) == /E Q(u)dVg—i pi (log /E hie®dV, — /E uidVg>. (4)

Here, Q(u) is given by

Q(u) _ |VU1|2 + V’Uqg))V’UQ + |vu2|2’

V =V, is the gradient given by the metric g and - denotes the Riemannian scalar product.

To study the properties of the functional J,, a basic tool is the Moser-Trudinger inequality, which
was proved in [7, 4] (and, for the regular case, in [25]).

2
471'Zmin{1,1 +Ir717i1n aim} (log/zﬁie""dVg —/ZuidVg) < /EQ(u)dVg +C. (5)
i=1

As a consequence, J, is bounded from below as long as p; < 4w min{l, 1 + min aim} for both

m
i = 1,2. Moreover, if both parameters are strictly smaller than these thresholds, the functional is
coercive in the space of functions with zero average; there will be no loss of generality in restricting
the problem to this space, since both (3) and (4) are invariant by addition of constants. Hence, in
this case we get minimizing solutions.

If one (or both) of the p; is allowed to attain greater values, then one can build suitable test func-
tions to show that the energy functional is unbounded from below, as was done in the same papers
where (5) is proved. Therefore, one can no longer use minimization techniques to find critical
points. However it is possible to prove that when the Euler-Lagrange energy (4) becomes largely
negative at least one of the functions ﬁie“i has to concentrate near a finite number of points. One
can eventually derive existence results out of this statement using min-max or Morse theory.



To describe in more detail the situation we first consider Liouwille’s equation, that is the scalar
counterpart of (3):

M
he"
~Du=2p (e = 1) =47 Y (0, — 1).
u p(fE he“dVg ) ™ Q@ (pnz )

m=1

Through a change of variable similar to that before (3), this is equivalent to

CAu—2p (D). (6)
J5 heudV,

with A having the same behavior as in (2) around singular points.

Liouville’s equation has also great importance in geometry and mathematical physics: it appears
in the problem of prescribing the Gaussian curvature on surfaces with conical singularities and in
models from abelian Chern-Simons theory. This problem has also been very much studied in litera-
ture, with many results concerning existence of solutions, compactness properties, blow-up analysis
et al., which have been summarized e.g. in the reviews [31, 39].

(6) is the Euler-Lagrange equation for the functional

1 ~
I,(u) = i/z\VuFdVg —2p <log/2he“dVg /ZudVg>. (7)

The classical Moser-Trudinger inequality and its extension to the singular cases ([35, 20, 15, 40])
yield boundedness from below of I, if and only if p < 47 min {1, 1 4 min am} and coercivity if and
m

only if p is strictly smaller than this value.

For larger values of p, despite the lack of lower bounds on the energy I,, it is however possible
to prove that functions with low energy must concentrate near finitely-many points. A heuristic
reason for this fact goes as follows: the Moser-Trudinger inequality can be localized on any region
of 3 via cut-off functions, see [16]. A consequence of this fact is that functions that are spread over
3 satisfy a Moser-Trudinger inequality with an improved constant, which favors lower bounds on
1,. Hence, if lower bounds fail, u should concentrate rather than spread.

Notice that when all the «;’s are negative the localized Moser-Trudinger constant near a singular
point p; is 47(1 + «;), while near a regular point it is simply 47. Based on these considerations, in
[12] the following weighted cardinality w, on finite sets was introduced:

14+ oa, ifr=pny o .
wa({z}) = { | oz o) wa (ij{xk}) =Yl ®

and it was shown that if a function u has low energy, then the normalized measure he" must
distributionally approach the following set of measures (appeared also in [18])

Yoo i= { Z 10z, @ T € 2, t, > 0, Z tr =1, drwe (J) < p}.

€T €T

Using variational methods, a compactness result in [3] and a monotonicity argument in [37] it was
also shown that, endowing ¥, , with the weak topology of distributions, solutions to (6) (up to a
discrete set of p’s, for compactness reasons) exist provided X, , is non-contractible. We notice that
the problem is not always solvable, as in the classical case of the teardrop: the sphere with only one
singular point. Sufficient and necessary conditions for contractibility were given in [11].

The case of positive singularities was treated in [1] on surfaces with positive genus. There are some
other existence results ([2, 33]) which also work for the case of the sphere or of the real projective
plane. We also refer to [14] for the derivation of a degree-counting formula.



We turn now to system (3): for the regular case some existence results were found in [32] (p1 < 47

and p2 & 47N), in [34] (p; € (47, 87)), [23] (p1 € (47, 87) and py & 47N) and in [6] (¥ of positive
genus and p; ¢ 47N). In the latter paper, with a construction related to that in [I], the case
of positive singular weights was also treated while in [5], still for positive genus, some cases with

negative coefficients ., were discussed.

The above reasoning for the scalar singular equation allows to prove a related alternative for the

two components of the system. If we use the compact notation a; := (aq1,...,01m), @y =
(a21,- .., a2m), then it turns out that for J,(u) low either hje*! is distributionally close to X, o,
or hge"? is close to X, o,. To express this (non-exclusive) alternative, it is natural introduce the
join of two topological spaces X and Y (see for instance [22]):
X xY x|0,1
Xxy = 22X 200 (9)

where ~ is the equivalence relation among triples (z,vy,t) given by
(x,9,0) ~ (x,9',0) Voxe X, Vyy €Y (r,y,1) ~ (2',y,1) Va,2' € X,VyeY.

The join of X,, o and ¥,, o, could then be used to characterize low-energy levels of .J,,, with the

join parameter s € [0, 1] expressing whether hie™ is closer to Ypia, OF hae™ is closer to Ypsa,

(for example s = 5 would describe couples with the same scale of concentration).

This description is however not optimal in general, as it does not take accurately into account the
interaction between two components u; and us. For the regular case of (3), in [31] it was shown
that the relative rate of concentration of the two components plays a role in this matter.

More precisely, it was shown that if w1, us concentrate near the same point and with the same scale
(see Section 2 for a more precise definition of the latter), then the Moser-Trudinger constants for
the system double. As a consequence of this fact it turns out that, when p1, p2 € (47,87) and no

1
singularities occur, then join elements of the form (a:,x, 2), x € ¥ have to be excluded (see [23]

for higher values of p;).

One of the main goals of this paper is to show a new improved inequality for the singular system
(3), in order to understand at the same time the effect of the interaction of the two components
among themselves and with the singularities. We prove in particular (see Section 5) that if the
two components are concentrated near the same singular point with the same rate, coercivity of
the Euler-Lagrange energy holds provided p1,p2 < 47(2 + a1 + a2) (notice that with no extra
assumption coercivity holds under the weaker condition p; < 4w (1 4 a;) for all i’s).

We expect these new improved inequalities would allow us to prove existence results in rather
general cases. However for simplicity here we restrict ourselves here to relatively low values of
p1, p2, in such a way that that the above-defined measures 3, , are supported in at most one
singular point of X. Precisely, defining the two numbers '

p1 = 47 min {1, min (2 + a1, + alm/)} Py 1= 4mmin {17 min (2 + agy, + agm/)} , (10)
m#m/ m#m/

by choosing p; < p;, ¥, o, Will contain only Dirac deltas centered at singular points p,, for some

m € {1,...,M}. In fact, p; < 47 regular points are excluded, while p; < p, ensures the one-point

support condition.

The first main result contained in this paper is the following one. We would need to exclude some
null set T' of R? for compactness reasons, see Section 2.

Theorem 1.1. Let I' as in (14), (py,ps) be as in (10), and let p € R:\ T satisfy p; < p; for both
i=1,2.



Define integer numbers My, Mo, M3 by:

My = #{m : 47T(1 + alm) < pl} My = #{m : 47T(1 + Olgm) < pg}
Ms = #{m : A7 (1 4+ qim) < pi and p; < 47(2 + 1 + Q2m) for both i = 1,2}. (11)

Then system (3) admits solutions provided the following condition holds
(M, My, M3) & {(1,m,0),(m,1,0),(2,2,1),(2,3,2),(3,2,2), m € N}.

Remark 1.2. We will see that the above assumptions on the M;’s are necessary: in fact we will
get a non-existence result for every case not covered by the theorem.

By the previous description low sub-levels of J, can be identified with the topological join of ¥, »,
and of ¥, ,, with some points removed. Under the assumptions on the p;’s this join consists of a
graph X made of segments whose end-points belong to {p1,...,pm}. For a more precise description
of it we refer to Section 3, where some pictures are also included. The conditions on (M, My, M3)
in the previous theorem ensure that this graph is non contractible.

The second part of this paper, see Section 7 will be devoted to the proof of some non-existence
results, showing that in general some assumptions on the parameters p; is necessary to get existence
of solutions. We begin by considering a simple situation: the unit disk of R? with a singularity at
the origin, and solutions satisfying Dirichlet boundary conditions.

Theorem 1.3. Let (]E%Q,go) be the standard unit disk, suppose hi,hs =1, M =1 and let oy, ap >
—1 be the singular weights of the point p =0 € B. If p satisfies

pi— prp1+ p5 — dn(1+ ar)p1 — 4m(1 + ag)pa > 0,

then there are no solutions to the system

|$‘2a16u1 |1,|20626u2
—Aur =2p o [ePerem@de P [pPeren@dy
CAws = 2 || 202 guz _ |21 et . (12)
o Jp |z |22 en2(@)dg . Jp [z e @de

ui|om = uzlos =0

This result is proved via the Pohozaev identity, and extends a scalar one from [2].

With a similar proof, one can find non-existence for (3) on the standard sphere with one singular
point or two antipodal ones. We remark that, as for Theorem 1.3, the following result still holds if
we allow the coefficients «;,, to be positive, thus showing that the general existence result contained
in [0] cannot be extended to spheres.

As shown by pictures in Section 7, non-existence occurs on a region delimited by four curves:
we get two or three connected components, which intersect the axis p; in the segment joining
(0,47(1 4+ a21)) and (0,47(1 + ag2)), thus including the scalar case considered in [2]. More-
over, such regions also include some cases which are not covered by Theorem 1.1, in particular
(M, My, M3) € {(1,m,0), (m,1,0),(2,2,1)}.

Theorem 1.4. Let (X,g9) = (Sg,go) be the standard sphere, suppose hi,ho = 1, M = 2, let

(11, a21) # (@2, 09) be the weights of the antipodal points {p1,p2} C S*, with oy > —1. If
either ) )
p1+pz — pip2 —Am(1+ ai1)pr — 4m(l + az1)p2 <0
pT+ p3 — prp2 — Am(1+ arz)pr — 4Am(1 4 az2)p2 > 0
pT = py — Am(1+ o11)p1 + 4m(1 + a)pz < 0
pt = p3 —Am(1+ a12)p1 + 4m(1 + az1)pz > 0

(13)

and at least one inequality is strict, or if all the opposite inequalities hold, then system (3) admits
no solutions.



The third result we present makes no assumptions on the topology of X. In fact, its proof will use a

localized blow-up analysis around one singular point, similarly to some result in [11]. We argue by
contradiction, assuming that a solution u™ of (3) exists for a sequence (a7, afsy) - (—1,-1).
n——+0oo

Such a sequence must blow-up, hence we consider all the possibilities given by concentration-
compactness Theorems (from [30, 25, 7], which we will recall in Section 2). We will exclude all
of these cases but the blow-up around the point p;. Finally, we will also rule this out by a local
version of the Pohozaev identity, hence getting a contradiction.

Just like Theorem 1.4, the following result shows the sharpness of assuming all the singularities
to be non-negative in [6]. In fact, the statement still holds true if we allow all the coefficients
12, .-, Q1M Q23, - - ., Q2 tO be positive and only a1, a2 < 0.

Theorem 1.5. Let Ty ;o). C R2 be as in (14), with ag = (o, ..., ;) and let p € Rﬁ_\I‘gﬁ,gﬁ
and Q1a,...,Q10,Q29,... ,0op be fized. Then, there exists a, € (—1,0) such that the system
(3) is not solvable for aj1,a12 < an. Moreover, a, can be chosen uniformly for p in a given
KeRiI\T

Qq7:Qa7 "

The last non-existence result gives a counterexample to Theorem 1.1, in the case (M, My, M3) =
(2,3,2) (which was not covered by Theorem 1.4). We basically combine arguments from Theorems
1.4 and 1.5: we consider the standard unit sphere, take p;, a;my, so that we have (M, My, M3) =
(2,3,2) and we let one of the parameters @, go to —1. By a blow-up analysis we reduce ourselves
to the scalar version of Theorem 1.4 (see [2], Proposition 5.8) and we prove that no solution can
exist if that coefficient is too close to —1.

Theorem 1.6. Let (X,g) = (SQ,go) be the standard sphere, py,py be as in (10), suppose hi, hy =
1, M = 3 with p1,p2 being anti-podal and ay3 = 0, and let p1, @11, Q12, 21, a2 be fized so that

Ar(1+ a1m) < p1 < max {Py, 4m(2 + a1 + aom)} Vm=1,2.
Then, there exists cv. € (—1,0) such that (3) is not solvable if aaz < i and pa satisfies
Am(1 4 aom) < p2 < max {pq, 47(2 + a1m + Q2m)} VYm=1,2,3.

The paper is organized as follows. In Section 2 we provide some notation and preliminary results
that will be used later on. In Section 3 we introduce the above-mentioned space X and study its
topology and homology groups. Section 4 is devoted to the construction of test functions from X
to arbitrarily low sub-levels of J,, whereas in Section 5 we prove new improved Moser-Trudinger
inequalities which will be used. In Section 6 Theorem 1.1 will be proved using the strategy described
before. Finally, Section 7 will be concerned with the non-existence Theorems 1.3, 1.4, 1.5 and 1.6.

2 Notation and preliminaries

In this section we will provide some notation and some known preliminary results that will be used
throughout the rest of the paper.

2.1 Notation
We will denote the indicator function of a set Q C X as

1 iftzeQ
la(@) '_{ 0 ifrgQ

The metric distance between two points p,q € ¥ will be denoted by d(zx,y); similarly, for any
Q,Q c ¥ we will write:

d(z,Q) := inf{d(z,y) : © € Q} d(Q,Q) = inf{d(z,y): z€Q,y e U}



If Q has a smooth boundary, given z € 99, the outer normal at = will be denoted as v(z). The
open metric disk centered at p € ¥ with radius r > 0 will be indicated as B,(p). For o > 11 >0
we denote the open annulus centered at p with radii r1, 7y as

ATl,T2(p) = {.’)3 €X:irn < d(x,p) < TQ} = BTz(p> \ BT1 (p)

If Q C ¥ has a smooth boundary, for any = € 9 we will denote the outer normal at z as v(x).
For a given u € L'(Q) and a measurable set Q C ¥ with positive measure, the average of u on

will be denoted as 1
udV, = —/ udVj,.
]{z [ P

In particular, since we are assuming || = 1

/udVg = ][ udVy.
b)) by

The subset of the space H'(X) consisting of functions with null average is denoted as

—1

H (%) := {ueHl(Z):/EudVg:O}.

As recalled before, both the system (3) and its energy functional J, defined in (4) are invariant by
adding constants to the components u;. Therefore, there will be no loss of generality in restricting
our study of the problem on H (X)°.

The sub-levels of J,, which, as anticipated, will play an essential role throughout the whole paper,

will be denoted as

Jy = {ue H(Z)*: J,(u) < a}.
We will denote with the symbol X ~ Y a homotopy equivalence between two topological spaces X
and Y.

The composition of two homotopy equivalences Fy : X x[0,1] — Y and F» : Y x [0, 1] — Z satisfying
Fi(-,1) = F»(+,0) is the map Fy x F} : X x [0,1] — Z defined by

Fi(x,2s) if s <
Fy« Fy: (x,8) —

N N~

Fy(z,2s —1) ifs>

The identity map on X will be denoted as Idx.
H,(X) will stand for the ¢"® homology group with coefficient in Z of a topological space X as
H,(X). An isomorphism between two homology groups will be denoted just by equality sign.

Reduced homology groups will be denoted as ﬁq(X ), namely
Ho(X) = Hy(X)® Z Hy(X)=Hy(X) ifqg>1.

The ¢"™ Betti number of X, namely the dimension of its ¢ group of homology, will be indicated
by by(X) := rank(H,(X)). The symbol b,(X) will stand for the dimension of H,(X), that is

bo(X) = by(X) —1 by(X) = by(X) ifqg>1.

Throughout the paper we will use the letter C' to denote large constants which can vary between
different formulas or lines. To stress the dependence on some parameter(s) we may add subscripts
such as C,. We will denote by the symbol o0,(1) a quantity tending to 0 as « — 0 or as o« — +00.
Subscripts will be omitted when they are evident by the context. Similarly, we will use the symbol
x(a) ~q y(a) to express that the ratio between z(a) and y(«) is bounded both from above and

z(a)

below by two positive constants as a goes to 0 or to +0o. In other words, log = 04(1).

y(a)




2.2 Compactness results

We first state the compactness result for solutions of (3): it can be deduced by a concentration-

compactness alternative from [7, 8, 30] and a quantization of local blow-up limits from [24, 27, 41].
A global compactness result was already given in [3] using the quantization result from [27]. In the
same way, we here deduce an improvement using [41]. We present the concentration-compactness

theorem in a slightly more general form, which will be useful in the proof of Theorem 1.5.

Theorem 2.1. (/30], Theorem 4.2; [7], Theorem 2.1; [5], Theorem 2.1) Let @ C ¥ be an open
domain and {u" = (uT,ul)}tnen be a sequence of solutions of (3) on Q with h " h; >0 in
n—-+oo

ct (ﬁ) and p;! — p;. Define
n—-+o0o

Si = {x eX: 3{z"}, ey CE: uf(z") - log/E hiei dV, noho +OO} .
Then, up to subsequences, one of the following alternatives occurs:

o (Compactness) For each i = 1,2 either uj’ — log/ h udV, is uniformly bounded in LS. (9)
b
or it tends locally uniformly to —oo.
e (Blow-up) The blow-up set S := &1 U Sy is non-empty and finite.

Moreover,

o _ — — o:(x
" fg hpertdv, noree 2€S; o

in the sense of measures, with r; € L*(Q) and o;(z) defined by
hpevay,
oi(z) :=lim lim p?%ﬂg.
r—0n—+oo fz h?eui dvg

Finally, if x € S\ {p1,-..,pm} and 20,(x) — o3_;(x) > 4m, then r; = 0. The same holds if p,, € S;
and 20;(pm) — 03—i(Pm) = 47 (1 + aim).

We next have the following quantization result for (o1(z), o2(x)).

Theorem 2.2. ([2/], Proposition 2.4; [27], Theorem 1.1; [/1]) Let S, c;(x) be defined as in Theorem
2.1 and suppose x € S. If x & {p1,...,pm}, then (o1(x),02(x)) is one of the following:

(47, 0) (0, 4m) (4, 8m) (8, 4m) (8, 8m).
If ¢ = pp, and a1, aom < 0, then (01(pm), 02(pm)) is one of the following:
(47 (1 4 a1m),0) (0,47 (1 + aom)) (A (1 4 a1m), 47(2 + a1m + @2m))

(A7 (2 + a1m + aom), 47(1 + aom)) (47 (2 + 1m + a2m), 47(2 + a1m + Qom)).
In particular, either ry =0 or ro = 0.

By putting together Theorems 2.1 (applied with A = h; on the whole ¥) and 2.2 we get the
following:

Corollary 2.3. Let T'; \s C Ry be defined, fori=1,2 and M C {1,..., M}, by

NV ::4#{71—1— Z (14 aim) + Z(2+a1m+a2m):nEN,M/C{l,...,M}\M}.
m’eM’ meM



and define I' =Ty o,, where

Tovoy,= U <F’LM x [Z 47r(1+a2m),+oo> U [Z 477(1+a1m),+oo> X F’ZM).
LM}

McCA1,.. meM meM
(14)

Then the family of solutions {u,},cx C Hl(Z)z of (3) is uniformly bounded in W*4(X)? for some
q > 1 for any given K € RZ \ T

Actually, Theorem 2.2 holds in this form only assuming ai,,, as,m < ap for some o9 > 0. For
general values of ;,;, a finite number of other local blow-up limits is allowed (see [27], Proposition
2.4 for details), therefore a global compactness result similar to 2.3 still holds true. Anyway, all the
cases which are not considered in the previously stated results verify o;(p,,) > 4x for both i’s, so
as long as we are assuming pi, p2 < 47 the values we have to exclude are all contained in T.

Concerning compactness, we have a useful result which can be deduced from minor modifications
of the argument in [29]. It basically states the existence of bounded Palais-Smale sequences for p
belonging to a dense set of Ri \T'. Putting together with the compactness result stated before, we
get:

Lemma 2.4. Let p € T' be given and let a < b be such that (3) has no solutions in {J, € [a,b]}.
Then, J, is a deformation retract of J;j.

We also deduce that .J, is uniformly bounded from above on solutions, hence we have:

Corollary 2.5. Let p ¢ T' be given. Then, there exists L > 0 such that JPL is a deformation retract
of H ()?; in particular, it is contractible.

From now on, we will always assume to take p € Ri \ T, except in Section 7.

2.3 Moser-Trudinger inequalities and their improved versions

We have the following Moser-Trudinger inequalities for the scalar Liouville equation and for the
Toda system respectively.

Theorem 2.6. ([75], Theorem 2; [20], Theorem 1.7; [15], Theorem I; [}0], Corollary 10.) Let h
be as in (2). Then, there exists C' = Cs > 0 such that any u € H'(X)? satisfies

167rmin{1,1+minam} <log/ hetdv, —/uidVg) < / IVul2dV, + C. (15)
m by by by

Equivalently, 1, defined by (7) is bounded from below if and only if p < 47 min {1, 1 + min ozm} and

it is coercive if and only if p < 167 min {1, 1+ min am}.

In the latter case, it admits a global minimizers u which solves (6).

Theorem 2.7. ([25], Theorem 1.3; [7], Theorem 1.1.) Inequality (5) holds for any u = (uy,us) €
HY(X)?. Equivalently, J, defined by (4) is bounded from below in H'(X)* if and only if p; <
47 min {1, 1 + min aim} forbothi = 1,2, and it is coercive if and only if p; < 47 min {1, 1+ min aim}.
In the latter case, it admits a global minimizer u = (u1,u2) which solves (3).

We also need a Moser-Trudinger inequality on manifolds with boundary, which extends the scalar
inequality from [13].

Before the statement, we introduce a class of smooth open subset of 3 which satisfy an exterior
and interior sphere condition with radius § > 0:

As = {Q CY:VzedNIr e, 2" eX\Q: z=Bs(z')NoN = Bg(x”)ﬂaQ} (16)



Theorem 2.8. Tuke B := B1(0) C R? and u = (u1,uz) € H'(B)?. Then, there exists C > 0 such

that
2772 (log/ “’(I)dx—][ w;i(x dx) / Qu(x))dx + C.

The same result holds sz is replaced by a simply connected domain belonging to As for some § > 0,
with the constant C' is replaced with some Cs > Q.

As a sketch of a proof, consider a conformal diffeomorphism from B to the unit upper half-sphere
and reflect the image of u through the equator. Now, apply the Moser-Trudinger inequality to the
reflected u’, which is defined on S®. The Dirichlet integral of u’ will be twice the one of u on B,
while the average and the integral of ¢ will be the same, up to the conformal factor. Therefore
the constant 47 is halved to 27. Starting from a simply connected domain, one can exploit the
Riemann mapping theorem to map it conformally on the unit disk and repeat the same argument.
The exterior and interior sphere condition ensures the boundedness of the conformal factor.

From the inequality in Theorem 2.8 one can easily deduce a localized Moser-Trudinger inequality,
arguing via cut-off and Fourier decomposition as in [34].

Lemma 2.9. For any e > 0, a1, as € (—1,0] there exists C = C. such that for any u € H*(B)?

2
4772(1—!—0%) 1og/ || 2 g dx— u, (1+¢) / Q(u(z))dz +C, (17)
i— B1(0)

dr(1+ 1) log/ |22 e (@) g —][ wi(z)dz | + 27 log/ 2@ dy —][ ug(z)dz | <
By (0) B A B

1
e 1

1+5/Q Ndz+C. (18)
We will now discuss some inequalities of improved type, which hold for special classes of functions.
First, we will provide a macroscopic improved Moser-Trudinger inequality for the Toda system.
Basically, if u; and us are spread in different sets at a positive distance within each other, then

we can get a better constant than in Theorem 2.7. Before stating the improved inequality, let us
introduce the space of positive normalized L' functions

:{fELl(Z): f>0ae. and /degzl}. (19)
b

We can associate to any function u € H'(X)? a couple of elements of A, through the map

hl et hg el

fZ 77,16"1 dVg ’ fE %26"2 dVg

(ur,ug) — < ) =: (fr,u, fo,u)- (20)

Such a map is easily seen to be continuous, through the scalar Moser-Trudinger inequality (15).

Lemma 2.10. ([5], Lemma 4.3)
Let § > 0, Jl,Kl,Jg,Kg € N be given, let {m1,...,m15,,mo1,...,may,t C{1,..., M} be a selec-

tion of indices, {S;; M= 0y T he measurable subsets of X such that
Qim,; <0 Vi=1,2,7=1,...,J;
d(Q5,Q50) >0 Vi=1,2,Vjj =1,...,J; + Ki, j # ]
d(Pm,Qij) > 8 Vi=1,2Vji=1,....,K;+M,Vm=1,..., M, m # m;
and u € H'(X)? satisfy
/ findVy >0 Vi=1,2,Vj=1,....Ji + K;.

10



Then, for any € > 0 there exists C = Cs, 5.1, . K,,.J2,K5,c > 0 such that

Ji

2
175 Ko+ S (1 + i) <log/2hie“idvg_/2uidvg> < (1+s)/EQ(u)dVg+C.
i=1 =1

Let us recall the weighted barycenters defined in (8). These are a subset of the space M(X) of the
Radon measures of 3, endowed with the Lip’ norm, using duality with Lipschitz functions:

/Egbdu‘ . (21)

We will denote the distance induced by this norm by di;y (5. One can easily see that M(X)
contains the space A defined in (19).

From now on we will assume, until Section 6, that p; < P, p2 < Py (see (10)), hence each measure
in ¥, o, will be supported at only one point of 3. Therefore we can identify, with a little abuse of
notation, d; € ¥, o, With z € X and write

tllip () == S
ELIp(D), ¢l Lip(s) <1

Spia, = {r €Y drws ({z}) < pi} = {pm : (1 + i) < pi} C T

Notice that, by choosing in (21), ¢ = d(-,y) we have di;p/(s)(dz,0y) ~ d(z,y) for any z,y € .
This means that, allowing p to attain higher values (as was done in [5, 12]), we get a space which
contains a homeomorphical copy of X.

In terms of X, , , from Lemma 2.10 we deduce that at least one between f; ,, and fa ,, is arbitrarily
close to the respective weighted barycentric space.

We need to define, for each f € A, a center of mass and a scale of concentration, inspired by [34]
(Proposition 3.1) but such that the center of mass belongs to a given finite set F C ¥ (which will
be, in our applications, a subset of the singular points). As in [34], we will map .4 on the topological
cone over F of height §, which is defined by
F x [0,8

CsF = g, (22)
where the equivalence relation ~ is given by (z,6) ~ (2/,6) for any x € X. The meaning of
such an identification is the following: if a function f € A does not concentrate around any point
x € F, then we cannot define a center of mass: in this case we set the scale equals to d, that is large.

Lemma 2.11. Let F := {x1,...,xx} C X be a given finite set and A, Cs be defined by (19) and
(22). Then, for 6 > 0 small enough there exists a map ¥ = (8,<) = (BF,s7) : A — CsF such that:

o Ifs(f) =46, then either/ fdV, > & or there exists ', 2" € F with 2’ # z" and
AN\Uzer Bs(@)

/ fAV, >4 / fdV, > 6
Bs(z') Bs(z'")

o Ifc(f) <4, then

/ fdv, > 6 / £V, > 6.
Be(r)(B(F)) E\Bo(r) (B())
Moreover, if f" = 3z for some x € F, then (B(f"),<(f™)) = (2,0).

. !
MiNg o/ e F, £z’ d(% €z )

2

1
Proof. Fix T € (2, 1>, take § < and define, for k =1,..., K,

k
L(f) = /B vy I(f) = / oy =100

k=1

11



Choose now indices E, % such that

L(f) = ke{rgﬁfmfk(f) L(f) = I}?j%—’k(f)'

We will define the map v depending on k and L(f):

e k = 0. Since f has little mass around each of the points z;, we set ¢(f) = ¢ and do not
define S(f), as it would be irrelevant by the equivalence relation in (22). The assertion of the
Lemma is verified, up to taking a smaller §, because

1
FAV, = Io(f) > )
/E\Uze; Bs(x) K+1

~ K
e k>1,L(f) < 1 _TT Iz (f). Here, f has still little mass around the point x; (which could not

be uniquely defined), so again we set ¢(f) :=J. It is easy to see that I;(f) >

1—71
K

, SO

1—7

v, > av,
/35(%) fdVs 2 /Ba(zg) Vs 2 5
~ Kr

o k> 1,I(f) > ﬁfg(f). Now, Iz(f) > 7, so one can define a scale of concentration

s (zg, f) € (0,6) of f around z, uniquely determined by

/Bs(m,;,f) o fdv, =r.

We can also define a center of mass 3(f) = 2z but we have to interpolate for the scale:

2K
— Case I(f) < 1 7—Ig(f): setting
T

1—71
K(l+7)

/ fav, = | AV, =7 >
Bop) (B(f) B, (o) (78)

we get s (7, f) < <(f) < &; moreover, I(f) > , hence

1—-7
fdvy > / fAV, > ——— >4
/E\B<<f'>(ﬂ(f)) T Sy T K(147)

— Case I;(f) > fﬁlz(f): we just set <(f) : s (7, f) and we get
T

/ fdv, =7>46 / fdv, =1-7>4.
By (B(F)) S\Be () (B(F)

To prove the final assertion, write (up to sub-sequences), (8oo,$00) = lim (B(f"),s(f™)).

n——+oo
For large n we will have

6 é
/ frav, < 3 / frav, < 3 for any 2" € F\ {z},
S\U,r e Bi(a) Bs (@)

12



which excludes ¢, = §. We also exclude ¢ € (0,6) as it would give

/ v, >0 / frav, > 6.

which is a contradictions since F N <A%o’%goo (Bm)) = 0.

Finally, we exclude 8., # x because we would get the following contradiction:

/ frdv, > 6.
Bs(ﬁoc)

The number 7 in the proof of Lemma 2.11 will be chosen later in Section 6 in such a way that it
verifies some good properties when evaluated on the test functions constructed in Section 4. O

Combining such a map 1 with Lemma 2.10 we deduce some extra information on low sub-levels of J,,.

Corollary 2.12. Let 6,9 be as in Lemma 2.11 and define, for u € H'(X)?,

Bi(u) = Bs,, o, (fru)s si(u) =¢s,, ., (f2.u) Ba(u) = Bs,, o, (fo,u), 2(u) =S, a0, (f2,u)-
Then for any &' > 0 there exists Ls such that if g;(u) > &' for both i = 1,2, then J,(u) > —Lg.

Proof. Assume first ¢1(u) = d: from the statement of Lemma 2.12, we get one of the following:

5
L4 / fl,uqu Z P
S\UML, Bs (pm) 2

d
. f1,4dVy > —— for some pp, € Xy, o,
/;6(17777,) I 2M P

. / f1,.dV, > 6, f1,.dV, > 8 for some m’ #m”.
Bs(p?,) Bs(pymr)

Depending on which possibility occurs, define respectively

M
o O =%\ U Bs(pm),

p=1
o Oy := Bé(Pm)»
o Oy := st(pm’), Qg = BJ(Pm")~

It is easy to verify that such sets satisfy the hypotheses of Lemma 2.10, up to eventually redefining
minm;«ém’ d(pwnpm/)

the map v with a smaller § < : in the first case, we have J; = 0,K; =1, in

4
the second case either J; = 0,K; =1or J; =1,K; =0 but p < 47(1 4+ a1,,), and in the third case
we have J; =2, K; =0.

If ' < ¢ (u) <4, then / f1,.dVy > 6, so we have one between thw following:
S\ By (B1(u))

P
d / fl,udvg Z o
S\UMN_, Bs(2) 2

1)
° / frudVy > 6, f1,.dVy > —— for some p,,, # S1(u).
Bs(61(w) Bi(pm) 2M

hd / fl,ud‘/g-
Asr s(B1(u))

Depending on which is the case, define:

13



M
o Q1 =3\ | Bs(pm)-

m=1

[ ] Qll = Bg(u)(ﬂl(u)), 912 = B(g(an).
o (= A&/,é(ﬂl(u))

Repeat the same argument for us to get similarly 251, and possibly 295. Now apply Lemma 2.10
and you will get J,(u) > —Lg. O

In Section 5, we will need to combine different types of improved Moser-Trudinger inequalities. To
do this, we will need the following technical estimates concerning averages of functions on balls and
their boundary:

Lemma 2.13. There exists C > 0 such that for any u € H*(X), x € ¥, r > 0 one has

][ udV, —][ udVy| < C / [Vul2dV.
B, (x) 9B, (z) B, (x)

Moreover, for any R > 1 there exists C' = Cr such that

][ udV, —][ udVy| < C / |Vu|2dV,.
By (z) Brr(z) Br(x)

The same inequalities hold if B, (x) is replaced by a domain Q C Bgr,(z) such that Q € s, for
some § > 0, with C and Cg replaced by some Cs,Cr s > 0, respectively.

The proof of the above Lemma follows from the Poincaré-Wirtinger and trace inequalities, which
are invariant by dilation. Details can be found, for instance, in [21]. We will also need the following
estimate on harmonic liftings.

Lemma 2.14. Let vy > r; > 0, f € H'(B,,(0)) with / f(z)dx = 0 be given and u be the
B (0)
solution of '
—Au=0 in A (0)
u=f on 0B, (0)
u=0 on 0B, (0)

Then, there exists C = Cra > 0 such that
1

/ Vu(z)2dz < 0/ IV f () 2dz
Aryr(©) Aryry (0

Again, the proof uses elementary techniques in elliptic PDEs, such as Dirichlet principle and
Poincaré inequality, hence can be found in most textbooks.

3 The topology of the space X

Let us introduce the space X', which will play a fundamental role in all the rest of the paper. It
is obtained removing some points from the join of the weighted barycenters ¥,, o *¥,, o, defined
by (8) and (9). The points to exclude correspond to improved inequalities for functions centered
around the same point and at the same rate of concentration (see Section 5 for more details).
Precisely, we have:

1
X =%, a0, *Ypsa, \ {(pm,pm, 2) D p1,pe < Am(24 ap;m + azm)} . (23)
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In this Section, we will prove that, under the assumptions of Theorem 1.1, the space X is not
contractible. In particular, we will prove that it has a non-trivial homology group.

In order to do this, we will recall how to calculate the homology groups of the join of two known
spaces. Since the join is homotopically equivalent to a smash product of X, Y and S' (see [22] for
details), its homology groups only depend on the homology of X and Y.

Theorem 3.1. (/22], Theorem 3.21) Let X and Y be two topological spaces. Then,

Hy(X +Y) = Z Hy (X) & Hy— g1 (Y).
q’'=0

In particular, if X = (SDl)VNl andY = (SDz)VN2 are wedge sum of spheres, then X xY has the

N1 N.
same homology of (SD1+D2+1)V )

Actually, in the same book [22] it is shown that the following homotopical equivalence holds:
(SDI)VNl « (SDZ)\/NQ ~ (SD1+D2+1)VN1N2'

Here is the main result of this section:

Theorem 3.2. Let My, My, M5 be as in (11) and X be as in (23) and suppose
(M, My, M3) & {(1,m,0),(m,1,0),(2,2,1),(2,3,2),(3,2,2), m € N}. (24)
Then, the space X has non-trivial homology groups. In particular, it is not contractible.

The assumptions on the My, M, M3, that is, respectively on the cardinality of X, » , ¥,, o, and
on the number of midpoints to be removed, are actually sharp.

This can be seen clearly from the Figure 1: the configurations M; = 1, M3 = 0 are star-shaped,
and even in the two remaining case it is easy to see X has trivial topology. On the other hand,
Figure 2 shows a non-contractible configuration.

2 3 4 2 2

Figure 1: The space X in the cases (My, Mo, M3) € {(1,3,0),(2,2,1),(2,3,2)} (contractible).
1

2

Figure 2: The space X in the case My = 2, My = 4, M5 = 2 (not contractible).
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Proof of Theorem 5.2. The spaces 3, . are discrete sets of M; points, for i = 1,2, that is a wedge

sum of M; — 1 copies of S°. Therefore, by Theorem 3.1, Ypi.a, * Xp,.a, has the same homology as
(SI)V(Ml—l)(M2—1)

The set we have to remove from the join is made up by Mj singular points {pp,,. .. ,pmM3} for
some {mq,...,mu,} C{1,...,M}.

M3
1 1
Defining then, for some fixed § < 2 Y= U Bs (pmj,pmj, 2), Y retracts on {pml, e ,pmMs}.
j=1
On the other hand, X N Y is a disjoint union of M3 punctured intervals, that is a discrete set of
2M3 points, and X U Y is the whole join. Therefore, the Mayer-Vietoris sequence yields

Hi(XNY) = H(X)® H (V) » Hi(XUY) = Hy(XNY) — Ho(X) & Ho(Y) — Hy(XUY).
0 0 7,(My—1)(May—1) 72M3—1 Mgz —1 0

The exactness of the sequence implies that by (X) — bo(X) = (M; — 1)(Ms — 1) — M, so if the latter
number is not zero we get at least a non-trivial homology group.

Algebraic computations show that, under the assumption My, My > M3, (M7 — 1)(M2 — 1) # Mj3
is equivalent to (24), therefore the proof is complete. O

4 Construction of test functions

We will now introduce some test functions from the space X, introduced in Section 3, to arbitrarily
low sub-levels. Such test functions will have a profile which resembles the entire solutions of the
Liouville equation and of the Toda system: it will not always suffice to consider the standard bubbles

‘P;\,a = —2logmax {1, (Ad(.’p))2(1+a)} ’

which roughly resemble the solutions of the scalar Liouville equation. This is because, when the
two components are centered at the same points, a higher amount of energy is needed due to the
expression of @ (see the Introduction) which penalizes parallel gradients. . This is basically the
reason that the join is punctured in (23).

We will need two more profiles for the construction of ®*, which have been considered in [23] for
the regular Toda system.

50/1)9\,041,&2 = —2log max {1, (Ad(~,p))2(2+al+a2)} )
@ avan = —2logmax {1, N2t g p)20ten L

We will use suitable interpolation between each of the above three profiles depending on whether
the points z; € X, . coincide or not and depending on which of the parameters p; is greater or
less than 47 (wa, ({#:}) + wa, ({2:})), see (8). The map ®* will therefore be defined case by case,
hence its definition will be quite lengthy and will be postponed in the proof of the Theorem, rather
than in its statement. As a final remark, we considered a truncated version of the bubbles instead
of the usual smooth ones. Under this change we get very similar estimates, though with simpler
calculations, since truncated functions are easy to handle.

Theorem 4.1. There exists a family of maps {<I>)‘}>\>2 : X = HY(X)? such that

Jp (@A(()) — —00 uniformly for ( € X.

A——+oco
. A ©2 ¥1 by
Proof. Let us start by defining ®*(¢) = (g@l —gP2 ?> when ¢ = (P, Pm, t) for some m. &

will be defined in different ways, depending on the relative positions of p1, p2, @1, @2y, in R.
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(<<) p1,p2 < AT(2 + Q1m + Q2m):
—2log max {17 ()\d(~7pm))2(1+““”)} ift <
0 ift >

0 ift<

N O =] 0| —

—2log max {1, ()\d(-,pm))Q(Ho‘?’")} if t >

(<>) P < 47T(2 + a1m + Otgm) < p2:
p1 := —2log max { 1, max {1, ()\t)2(1+a2’")} ()\d(',pm))2(1+a1m)}
2 := —2logmax 41, ()\td(-,pm))2(2+a1"”+o‘2m)} )
(><) p2 < 4A7(2 4 aim + aom) < p1:
@1 1= —2logmax < 1, (A1 — t)d(:, p,y, )23 Feam+azm)

2 := —2logmax < 1, max {1, (A1 - t))z(H‘”’”)} ()\d(',pm))Q(Ho‘z”")} .

(>>) p1,p2 > 4AT(2 + Q1 + Q2m):

max{1, At} Freum e

max{1,A\(1 —1)}

max{1, A(1 — )} >Formtoem
max{1, At}

o1 := —2logmax< 1, <)\ d(-,pm)Q(Ho‘lm), (/\d(~,pm))2(2+a1m+°‘2m)

A+, P )20F02m) (A, ppp )2 Fo1mF02m)

2 = —2logmax < 1, (A

We will need some estimates on ®*, which will be proved in three separates lemmas and which,
combined, will give the proof of the Theorem. O

Convention: When using normal coordinates near the peaks of the test functions, the metric
coefficients will slightly deviate from the Euclidean ones. We will then have coefficients of order
(1+0x(1)) in front of the logarithmic terms appearing below. To keep the formulas shorter, we will
omit them, as they will be harmless for the final estimates.

Lemma 4.2. Let p1, s be as in Theorem j.1. Then, setting Q := / Q (<p1 — %,(pg — %) dvy,
b

in each case we have for A\ large

8T(1 4 aim)?log A+ O(1) ift <
(<) Q9=
87(1 + agm)?log A+ O(1) ift >

N =N =

1
(<>) Q=872+ aim + azm)?* logmax{1, Mt} + 87 (1 + a1,,)? log min {/\, t} +0(1).

1
(><) Q=872+ a1y + azm)?*logmax{1, \(1 — t)} + 87(1 + ag,,)? log min {)\, lt} +0(1).

(>>)  Q=8m(2+ aim + azm)?log A+ O(1).

1 1
Proof. Let us start by the case (<<). We assume ¢ < ok since the case t > 5 can be treated in the
very same way just switching the indices. There holds

0 it d(-,pm) <

Ver= Vd(:, pm)

Vs = 0.
_4(1 + a1m) d( » )

it d(x, pm) >
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Therefore, since |Vd(-,pn,)| = 1 a.e. on X, we get

v,

——9 = 81(1+a,)?logA+0(1).  (25)
\By () 405 Pm)?

1
Q: */ ‘V@1|2d%:4(1+a1m)2/
4 b b

In the case (<>) we can assume At > 1, since otherwise @1, 2 are defined just like the previous
section. We have

. 1
0 if d('7pm) < Tfaomg,
Vo, — A(At) TFerm
w1 = Vd('vpm) : 1 ’
—4(1 + alm) d if d(ib,pm) > 1taomy,
(s Pm) A(At) TFatm
. 1
0 ifd(-,pm) < —
Vg = Vd(-, pm) &
—4(2 Ao PmI sy _
( + a1, + OZQnL) d(,pm 1 d(ﬂ%p*m) > Y
therefore
1 9 1 1 9
Q = 3 [Vipr]*dV, — 1 [ Ve VeedVy + 2 [Vipa|?dV,
= = b
dV, dvV,
= 4(1+a1m)2/ d702 —4(2+a1m+a2m)(1+a1m)/ digz
S\B L (pm) ('apm) E\B%(pm) (',pm)
A(At) 1+a§2
dVy

+ 4(2+a1m+a2m)2/ -9
\B g (pm) A5 Pm)?

= 87(1 + aim)?log A + 87(1 + a1m) (1 + oy, ) log(At)
87(2 + i + aom) (1 + a1m) log(At) + 87(2 + aim + aom)? log(At) + O(1)

1
= 87(2+ aim + azm)?log(At) + 47 (1 + agm)? log n +0(1).

In the case (><) we can argue as in (<>) just switching the indices; similar calculations also yield
the last case (>>). O

Lemma 4.3. Let p1, 92 be as above. Then, in each case we have:

(<<)
1
—4(1 + am)log A+ 0O(1) ift < = 0
/ <)01qu = % ) / 902qu -
0 if t > 3 by —4(1 4 azm)log A+ 0O(1)
(<>)
/ 01dVy = —4(1 4 a1m) log A — 4(1 + agy,) log max{1, At} + O(1),
)
/ p2dV, = —4(2 + a1 + aop) logmax{1, At} + O(1).
b
(><)

/ 01dVy, = —4(2 4 a1m + a2m) logmax{1,A\(1 — t)} + O(1),
)

/ p2dV, = —4(1 + agm) log A — 4(1 + aqp) logmax{1, A\(1 — t)} + O(1).
b
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(>>)
/ p1dVy = / w2dVy + O(1) = —4(2 + i + a2m) log A + O(1).
b )
. 1 .
Proof. Let us consider the case (<<), t < 3 Since we have

—4(1 + a1pm) logmax{1,d(-,pm)} < 1 +4(1 + a1m) log A < —4(1 + a1, ) logd(-, pm),

with both the first and the last function having finite average over X, we are done.

The same argument also works in all the other cases. O
Lemma 4.4. Let p1, 92 be as above. Then, in each case we have:
(<<)
1
N —2(1+ aym)log A +O(1) ift < =
1og/ hie? =7 dV, = ?
b 2(1 4+ aom)logA+0(1)  ift> B
1
- 2(1 +agm)log A+ O(1)  dift< =
log/ hoe?2~ 3 dV, = 1
> —2(14 agm)logA+0O(1) ift > 3
(<>)
log/ Elew_%d‘/g = —=2(1+ a1m) log A — 2(1 + agy,) logmax{1, At},
b
T a2l . 1
log/ hoe??™ 2 dV, = 2(1 + a1y,) min {/\, t} .
by
(><)
~ 5 1
log/ hle‘or%dvg = 2(1 + aay,) min {)\, } ,
. 1—t
log/ ?Lge‘”_%dVg = —2(1 + agm)log A — 2(1 + ay,) logmax{1, A(1 —¢)}.
b
(>>)
~ p 1, At}
log [ Trie? =2 dV, = —(2 1 agn + gy ) log [ A2l 1
og/Z 1€ dV, (24 apm + as )og( max{L A1 = D] +0(1)
T pp—fL max{1,A\(1 —1)}
1 hee??~ 2 dV, = —(2 m m) 1 A 1
Og/z 2e727 2 dV (2 + a1m + aam) og( max{1, M} +0(1)
Proof. Again, we will just consider the first case.
Given any ¢ > 0, if d(, p,) > d one has
-5 Cs p1=F 5 Oy A21Hem)
€ = Na(l+aim) € =ts ’
therefore we will suffice to consider only the integral on Bs(pm,):
7 _®2 20 _P2
log hief1=2dV, = log d(-,pm)““me?r =7 dV, + O(1)
Bs(pm) Bs(pm)
dV,

+0(1)

= log / d(_7pm)2a1mdv +)\—4(1+a1m)/ o avy,
By (bm) !  d(, p)2@For0)

A%Yg(p'm

A2 o) A2t arm)

= =214 aim)logA+0O(1),
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log/ Elew—%dvg = log / d(.7pm)2azmd%+)\2(1+a1nL)/ d(_’pm)2(1+mm+azm)dvg +O(1)
Bs(pm) B%(pm) A%,g(pm)

~AT2(0+a2m) ~1

2(1 + agm) log A + O(1),

O

Proof of Theorem 4.1, continued. From the previous lemmas we can easily prove the Theorem in
the case x1 = x5. In fact, writing

2
® % % ® ~ o $3=i 1
%@”‘f#h—J)ZAQQQ‘zam‘Sjﬂ?ijm@%A“”Z2d%‘ﬂf””*2éw3ﬂ%»
i=1

we get, in each case,

(<<)
. 1
; ((pl 2 oy ﬂ) B 21+ a1m) (A7 (2 + a1m) — p1)log A+ O(1) ift < ?
p ) = )
2 2 2(1 + 02) (47 (2 + 02en) — p2) log A+ O(1) if > 3
(<>)
. 1
Jp (901 - %,4,02 - %) = 214+ aym)(@r(1 4+ a1m) — p1) log min {)\, t}
+ 224+ arm + aom)(A7(2 + a1m + @2m) — p2) log max{1, At} + O(1),
(><)
J, (gpl — %,@2 - %) = 224 aim + a2m) (@72 + aym + aom) — p1) logmax{1, A\(1 — )}
1
201+ a) ({1 + ) = ) ogmin { A, 7+ O(1),
(>>)
P2 2 B max{1,A(1 —¢)}
Jo (@1 5 P27 ) = (24 a1m + aom) (@72 + a1m + a2m) — p1) log ()\ max{1, M}

max{1, At}
max{1,\(1 —¢t)}

+ (24 arm + aom)(@r(2 + a1m + aom) — p2) log ()\ ) + 0(1),

which all tend to —oo independently of ¢.

Let us now consider the case x1 # x5.
Here, we define ®* just by interpolating linearly between the test functions defined before:

PNy, w2, 1) = PV (21,21, 0) + O (22, 22, 1).

Since d(pm, pms) = 6 > 0, then the bubbles centered at p,, and p,,, do not interact, therefore the
estimates from Lemmas 4.2, 4.3, 4.4 also work for such test functions. We will show this fact in
detail in the case p1, p2 < 47(2 + a1 + Qom),47(2 + a1 + Qo). Writing

(p1,92) = (—210g max {1, (A1 - t)d(-,pm))Q(H‘“m)} , —2log max {1, (Mtd(-, pr)) 2 F2m) }) ,
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by the previous explicit computation of V1, Vs we get

1 1
o = ;[ aPwri[ el +on)
Bs(pm) Bs(Prmr)

= 87(1 + aim)?logmax{1, A\(1 — 1)} + 87(2 + ag,)? log max{1, At} + O(1). (26)

Moreover, by linearity,

/ o1dV,, = —4(1+a1) log max{1, A\(1—£)}+0(1) / 2V, = —4(1+azm) log max{1, M}+O(1).
2 b

(27)
Finally, as before the integral of hy 17 s negligible outside Bs(ps,), and inside the ball we have
1
— < |p2 — / p2dVy| < C on Bj(psm,), hence
Cs 5 :
log/ Elewl—%dVg = log [ max{1, )\t}2(1+a2m/)/ (-, pm) 21 dV,
> (Pm)

1
max{1,A(1—¢t)}

dV,
+ max{1, AP0 max {1, A(L — )} 20 /A oy A pm 2T
%‘apm sy Fm

2(1 + agpy) logmax{1, At} — 2(1 4+ a1,,) logmax{1, A\(1 —t)} + O(1)

and similarly
log/ 7126“"2*%dVg = 2(1 4 a1m)logmax{1,A\(1 — t)} — 2(1 + a1 ) log max{1, At} + O(1).
b

Therefore, by (26), (27) and (28) we deduce

Jy (gpl - %, P2 — %) = 2(1+ a1m)@dnr(1 4+ aim) — p1)logmax{1, A\(1 —t)}
+ 2(1+ agm)@r(1 + agp) — p1) logmax{1, At} + O(1).
This concludes the proof. O

5 Improved Moser-Trudinger inequalities

In this Section we will deduce some improved Moser-Trudinger inequalities when the two compo-
nents have the same center and mass of concentration, in the sense defined by Lemma 2.11.

Theorem 5.1. Let f;(u),s;(u) be as in Corollary 2.12. There exists L >> 0 such that if

{ B1(u) = Ba(u) = pp,  with p1, p2 < 47(2 + a1 + @2m)
si(u) = c2(u) ’

then J,(u) > —L.

Theorem 5.1 is based on the following two lemmas, inspired by [34]. Basically, we assume wu; and
ug to have the same center and scale of concentration and we provide local estimates in a ball
which is roughly centered at the center of mass and whose radius is roughly the same as the scale
of concentration. Inner estimates use a dilation argument, outer estimates use a Kelvin transform.
With respect to the above-cited paper, we also have to consider concentration around the boundary
of the ball, hence we will combine those arguments with Theorem 2.8 and Lemma 2.9.
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Lemma 5.2. For any e > 0, a1, as € (—1,0] there exists C = C. such that for any p € ¥, s > 0
small enough and v € H'(X)? one has

IN

d(-,p)*“ie"idV, — ][ uidVg> +8m ((1+a1)*+ (14 a2)?) logs
Bs(p)

4 Z(l + ;) (log/B

(1+¢) /B o Q(u)dVy + C, (29)

4 (14 1) <10g/ d(',p)Q(’le“ldVg _ ][ U1dVg>
Bz (p) B (p)

2rmin{l,2 + a1 + as} (log/ d(-, p)2*2e*2dV, — ungg>
As (p) B (p)

£ (p)

4 (2(1+ a1)? + min{1,2 + g + az}(1 + az)) log s

(1+¢) (w)dV, + C, (30)
B;(p)
2
27r2min{1,2+041 + as} (log/ d(-,p)2e™dv, 7][ uidVg>
i=1 A%,S(P) Bs(p)

47 min {2 +a1+as, (24 ay + 042)2} log s

(1+6)/B()Q(u)dVQ+C’. (31)

The last statement holds true if Bs(p) is replaced by Qs simply connected belonging to Ass (see (16))
and such that B(%H)s(p) C Qs C Bs(p) for some § > 0, with C replaced with some Cs > 0.

Proof. By assuming s small enough, we can suppose the metric to be flat on Bs(p), up to negligible
remainder terms. Therefore, we will assume to work on a Euclidean ball centered at the origin: we
will indicate such balls simply as B, omitting their center, and we will use a similar convention for
annuli. Moreover, we will write |z| for d(z,p).

111
Consider the dilation v;(z) = u;(sz) for z € By. It verifies, for r € { }

812

/ ‘Z|2ai6vi(z)dz _ 5727204,; / |.Z‘|2ai€ui(x)dx,
B, Brs

/ |Z‘2a7~,evi(z)dz — 8727204,; / |$|2ai€ui(m)dl‘.
Ar,l Ars,s

. Q(v(z))dz = 5 Q(u(z))dx, ]{31 v(z)dz = ][ u(z)de,

s

To get (29), it suffices to apply (17) to v = (v1,v2):

2
4m 3 (14 ) <log /B \x|2aiew<w>dx—]é ui<x>dx+2<1+ai>logs>
i=1

% s

2
< 4#2(1—1—0@) log/ |z|20"‘e“i(z)dz—][ v;(z)dz
i=1 B% B

< (1+¢) Qv(z))dz + C
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1
For (30), one has to use (18) on v, and the elementary fact that ° <|z|**2 < C on Ay

4 (1 + ay) <10g/ |z e @ dy — ][ up(x)der + 2(1 4 1) log s)
S B
8

s

+ 27min{l,2+ a3 + as} <10g/ |z [202 @AV (z) — ][ 2z )dm+2(1+a2)10gs>
A

S
1

IA

dr(1+ aq) log/ |z|2°‘16”1(2)dz—
B

+ 27min{l,2+ a1 + a2} log/ ev2(2) dV, (= ][ va(z
1 B,

70!

IN

(1+¢) Q(v(z))dz +C
= 1+5/ Q(u(z))dx + C.

Finally, (31) follows from Theorem 2.8:

2

QWme{l 2+ ag + as} <log/

i=1

|z 2 et (@) dg — ][ wi(x)da + 2(1 + a;) log 3)
s BS

As
2°°

< 27TZmin{1,2+041+042} log/ evi(z)dzf][ vi(z)dz | +C
i=1 AL, B
< (1+¢) Q( (2))dz +C
= (1+¢) / Q(u(x))dx + C.
The final remark holds true because of the final remarks in Lemmas 2.8 and 2.13. O

Lemma 5.3. For any e > 0, a1,z € (—1,0], d > 0 small there exists C = C. such that for any
d
pEN, sE (07 8) and u € H'(X)? with u;|pp,p) =0 one has

47ri(1 + as,i)log/

i=1 Azs,a(p)
— 8r(1+e) ((1+)®+ (1+az)?) logs

< / Qu)AV, +¢ [ Quav, + ¢, (32)
s,a(p)

Ba(p)

2
d(-,p)**e"dV, + 4n (1 +¢) Z 14+ o) ][ u; dVy
i=1 Bs

4 (1 + ag) log/

d(-p)*1 e dV, + 4r(1 +£)(1 + ar) ][ wdv,
Asgs,a(p)

Bs(p)
+ 27min{l,2+4+ a1 + a2} <log/ d(.7p)2azeu2dVg +(1 _|_€)][ quVg>

As,15(p) Bs(p)
— dr(l1+¢e) (2(14+ a1)® + min{1,2 + a; + ax}(1 4+ az)) log s

/ Qudv,+e [ Qudv, +¢, (33)
s,a(p)

Ba(p)

IN
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2
27 Z min{l,2 + a1 + as} log/ d(-,p)**ie idV, + (1 + 5)][ u;dV,
As,?s (P) B (p)

i=1
— 4w(1+€)min{2+a1+a2,(2+a1 +a2)2}logs (34)

< / Q(u)dVg +e Q(u)dVg +C.
As a(p) Ba(p)

The last statement holds true if Bs(p) is replaced by a simply connected domain Qs belonging to Uss
and such that Bss(p) C Qs C B(2+%)S(p) for some 6 > 0, with C replaced by some Cs > 0.

Proof. Just like Lemma 5.2, we will work with flat Euclidean balls, whose centers will be omitted.

Moreover, it will not be restrictive to assume ][ u;(x)da = 0 for both ’s.
Ba
Define, for z € By and ¢1,c2 < —2(2 4+ ay + ag),

(2¢; — c3—;)log s if z € B,
vi(z) == <d8|2) + (2¢; — 0371.) log |z‘ ifze Asq

111
By a change of variable we find, for r € {8’ T 2},

/ |o| A2 2eiteamigui(a) gy = / |24 (4s7) g (ds)=272 / |22 () dg
As rd Bs rd

As 4

S
T

/ evi(z)dz ~ / |Z‘_4_2ai_26i+63_i€1}i(z)dz — (ds)—2—2a7¢ / |$‘2al€ul(z)dl‘
Ard,d Ard,d A

s,

S lw

Moreover, by Lemma 2.13, we get

]{35 w;(x)da — ]{Bd vi(z)dz| < - ]{935 wi(x)da| + ]iBs w;(z)de — ]éBd v;(2)dz
+ . v;(z)dz — ]{Bd v;(2)dz
< C / [Vu(z)]2dx + |(2¢; — c3—;) logd| + C |Vo(z)]2dz <
By
< / Q(u(z))dx + &' Q(v(z))derCd.

Concerning the Dirichlet integral, we can write

d?s? z z z
Voui(z) - Vui(z)dz = / (Vui ( ) Vu,; (ds) —(2¢; — e3_3)sd—= - Vu; (ds)
g ) V() NEE o) Ve \Bp) T e T s Vs \ b

z z (2¢; — e3-4)(2¢5 — c3—5)
- (2¢; — C3_j)de - Vu, <3d|22> + EE 4 22 ) dz

= [ V) Vu@de - Ga-a [
Ava Aga |z|

x
- (2¢; — C3_j)/A e Vu;(z)dr — 27(2¢; — c3-)(2¢; — c3—;) log s
s,d

+ 27T(26i — Cg_i)(QCj — Cg_j) logd

= / Vu;(z) - Vuj(z)dz + 2m(2¢; — c3-;) ]([9B uj(z)de

+ 27m(2¢; —c3—j) ][ wi(z)de — 27 (2¢; — ¢3—3)(2¢; — c3—j) log s + Cq,
9By
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therefore, since v has constant components in By,

dz_/ Q(u dx+27chZ][ (z)dz — 27 (¢} — c1c2 + ¢3) log s + C.

The assertion of the Lemma follows by applying Lemma 2.9 on By to v with different choices of
c1,co. If we take ¢; = co = —2(2 4 a1 + ), then we get

IN

IN

IN

<

+

2

Am Z(l + 043_1‘) log/ |m|2aieui(m)dx

i=1 A25,d

2
47 Z(l + az—;) log/ |z|2@3-iev () dz + 2(1 + o) log s | +C
. Bd

(1+¢) . Q(v(2))dz + 4m ;(1 + az_;) ]{Bd vi(2)dz +167(1 + a1)(1 + az)logs + C

14 &") / Qu(z))dz + &” Q(u(m))dx + 47 Z(l + az_;) ][ u;(z)dz

Bs
47 (1+5I/ 2+C¥1 + o Z][ d$+8ﬂ'( (]. +C¥1)(1 +a2) _ (1 +€H)(2+a1 +C¥2)2) 10g5+C
2
1+ 5’// / Q dx + " Q(U(x))dl‘ + 47 Z((l + Oég_i) — (1 + E///)(Q + oy + 042))][ Uz($)dl‘
Ba i=1 B,

87 (2(1+ a1)(1 + az) — (1 +€")(2+ a1 + a2)?) log s + C,

that is, re-naming ¢ properly, (32).

Choosing ¢; = —2(2 4 a1 + ag) and ¢; = —2min{1,2 + a1 + as} =: —2m, we get

IN + IA

IN -+

+

IN

+

47(1 + a9) log/

ASs,d

|Z|max{2+2a1+4a2,2a2}ev1(z)dz+27rm10g/ evg(z)dz
AQ d
ol

lz2* e @) dz + 27m log/ |22 42 (@) g
A s

4r(1 1
(1-+a)log | %
Ar(2(1 + aq)(1 + a2) + m(1 4+ o)) logs + C
(1+¢€") Q(U(z))dz +47(1 + az) ][ v1(2)dz + 2mm 4 wva(z)dz
By By
47r(1—|—a2 1—|—a1)—|—m)1ogs+C
(1+¢&") / Q(u(x))dz + £” Q(u(m))dx—f—élﬂ(l —1—042)][

up (z)dz + 27rm][ ug(z)dx
B, B,

Ar(1+ ") (2 + a1 + as) ][ uy(z)de —4n(1+€")m ug(z)dz
0B, OB,

A (14 a2)(2(1+ ar) +m) —2(1+ ") (2 + a1 + a2)® = m(2+ o1 + az) + m?)) logs + C
(14" / Q(u(z))dz + & Q(u(z))dz
As,a Bq

Ar((1+a2) — (1+&")(2+ a1 + Oég))]i

Ar((1+a2)2(1+ 1) +m) —2(1+ ") (1 + 1) (2 + a1 + az) + (1 + az)m)) log s + C,

uy (z )dx—27r(1+25’”m][ ug(z)dx

namely (33).
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Finally, taking ¢; = ¢; = —2m one finds (34):

2
27r2min{1,2+a1+a2}10g/ 2P e (D g

i=1 As 2
2
< 27er log/ e Fdz +2(1+ a;)logs | +C
i=1 Ad 4
2
< (1+¢€) Q(v(z))dz + 2mm Z][ vi(2)dz +4mm(2 + a1 + az)logs + C
Ba i=1" Ba
2
Bu By — /B,
2
— 4m(1+ e”)mZ][ wi(z)dz +4m (m(2 + a1 + a2) — 2(1 +£")m?) log s + C
i=179B
2
< (1+4¢€") (u(z))dx + " (u(z))dz —2m(1 + 25”')mz][ wi(z)dx
By By i—1 Y Bs

— Ar(1+2¢")m(2 + a1 + az)log s + C.

The final remark holds true, like in Lemma 5.2, because of the final remarks in Lemmas 2.8 and
2.13. In particular, when integrating by parts, one gets

/ = Vu;(z)dz = / u;(x) iz -v(x)de =,
Bs\Q. ||
———

z|? 0Q,

=:f(x)

c_c

with / f(x)de =27 and |f(2)] < — <
o, s = 19|

, therefore, by the Poincaré-Wirtinger inequality

oo, f() (Ui(m) - ]{ms ui(y)dy) dy‘

cfms u(z) — ][80 u(y)dy‘ dz
C/Q |V (x)|?dz

[, w@ss—or [ <y>dy\

IN

IN

< 5/9 Q(u(zx))dx + C¢,

and

][ u;(z)dz —f w;(z)dx| < 5/ Q(u(x))dx + C. by Lemma 2.13. O
a0, oB, Q.

To prove Theorem 5.1 we also need the following lemma. It basically allows us to divide a disk in
two domains in such a way that the integrals of two given functions are both split exactly in two.

Lemma 5.4. Consider B := B1(0) C R? and fi, fo € L*(B) such that f; > 0 a.e. © € B for both
i=1,2 and/ fi(z)de = / fo(x)dx = 1. Then, there exists 0 € S* and a € (—1,1) such that
B B

/ fi(x)dx = / fa(x)dx = B
{z€B:z-0<a} {z€B:z-0>a}

Proof. Define, for (6,a) € S' x (—1,1),

L(0,a) := fi(x)da.

/{mEB:x~9<a1(9)}
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1
For any given 6 there exists a unique aq(6), smoothly depending on 6 such that I;(0,a,(0)) = 3

Define similarly I2(0,a) and a2 (0).
Let us now show the existence of 8 such that a1(0) = a2(6) := a, hence the proof of the Lemma
will follow. Suppose by contradiction that a1(0) < a2(6) for any 6. Then, by definition, we get

a1(—0) = —a1(0) > —az(0) = az(—0),
which is a contradiction. One similarly excludes the case a1(6) > a2(0). O

Proof of Theorem 5.1. From Lemma 2.11 we have 8 € ¥, o, NX,, 4,,5 € (0,0) such that

[ onaveze [ paavze [ gz [ paavze
Bq(B) E\B:(8) B.(B) E\B(8)

Moreover, from Corollary 2.12, we will suffice to prove the Theorem for ¢ < 92— 45
We have to consider several cases, roughly following the proof of Proposition 3.2 in [34].

o
Case 1 : / fiudVy > = for both i = 1,2, where ¢’ := 2-25.
A5 (8) B

2
As a first thing, we modify u so that it vanishes outside Bs(3): we take n € [1, } such that
€

/ Qu)dV, <¢ / Q(u)dVy
Azn,715112n+15’(ﬂ) z

and we define u; as the solution of

—Au; =0 in Agn-14 gn+16/(83)

u, = u; — ][ uw;dVy  on 0Bang (B)
Byn s (B)

U; =0 on BBQTL‘FI(S/(/B)

w;, verifies, by Lemma 2.14,

/ Quav, <c | Qv < = [ Quav,,
Agn—15r gn+14/(B) Apn—151 on+14/(B) b

We obtained a function for which Lemma 5.3 can be applied on Bs(8). This was done at
small price, since the Dirichlet integral only increased by ; moreover, u’ and u coincide (up
to an additive constant) on Bs:(8), which is where both f; ,,’s attain most of their mass.

1)

Case l.a : / fiudVy > - for both i =1,2.
By () 2

We apply Lemma 5.2 to u on By g), With a; 1= ap, for i = 1,2. From (29) we get

2
A7y (14 aim) log/ %ie“idV —
zZ::l ( % ! Bg ()

2
47 Z(l + im) <log/ Eie“idVg - ][ uidVg>
i=1 B (B) Bs(8)

2
+ 87 (14 aum)® + (1 + azm)?) log % + log 5

47r§:(1 + Qim) <log/B

+ 87 ((1 + a1m)? 4+ (14 Oégm)2) log % +C

uidVg> + 87 ((1 + a1m)? 4+ (14 Oégm)2)

IN

IN

d(- 6)2ameuiqu - “idvg>
<(B) Bs(B)

4

IN

(1+¢) /B » Q(u)dv, + C.

S
2
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We then apply Lemma 5.3 to u’ on Bs(3) \ Bs(8).

2
4772 1+o03-im log/he dVy +4n(1+¢) Zl—i—am ][ (B)Uidvg
=1 i=1 B%

— 8m(l+4¢) ((1 + a1m)? 4+ (14 Oégm)Q) 1og =

2
2
4m Z(l + a3_im) log/
i1

Ag 50 (B)

IN

2
hiet dV —|—4ﬂ'1—|—621—|—am][ u;dV,
i=1 B (B)

2
— 8m(l4¢) (14 aim)* + (1 + azm)?) log% + log 3

2

4 Z(l + as—im) log/

i=1 A 51(B)
— 87(1+2) (L+a1m)® + (14 azm)?) log 5 +C

< / Qu")dV, + 5/ Qu)dV, + C
As 5/(B) B/ (B)

IN

2
d(-, B)** et dVy + dn(1+ ) Y (1 + ctim) f; " wdV,
i=1 3

AN

IN

/ Q(u)dV, + Ce / Q(u)dV, + C. (36)
Ag 51(B) =

By summing (35) and (36) and renaming properly € we get J,_, (u) > —L for p. :=
47(2 4+ a1y + @2m) — €, which means, being ¢ arbitrary, J,(u) > —L.

)
Case 1.b : / fiudVy > — for both i =1,2.
Age,s50(B) 4

The result follows arguing as before, still applying Lemmas 5.2, 5.3, but this time on

Bag(B) and Asq 5(8)-

Case l.c :

5 5 5 5
/ fl,ud‘/;] Z 5 / fl,ud‘/g Z Rl / fQ,udVg Z P / fQ,udVg Z R
By (8) 2 Jag s 4 Jas L6 Acac(8)

s
8

[\]
>~

We still apply Lemmas 5.2 and 5.3, respectively on B.(8) and A, s (53), but this time we
will exploit (30) and (33): we get

A7(1 4 a1m) 1og/ﬁlewdvg—][ uydV,
> B.(8)

+ 27min{l,2 + a1, + aom} log/ E2€u2d% — ][ uadVy,
= B.(B)

4+ Ar (2(1 + a1m)® + min{1,2 + o1 + a2 }H1 + agp)) logo + C

dm(1+ 1) <log/ d(.7ﬂ)2a1meu1dvg 7][ uldvg>
B¢ (B) B:(B)

d(-, B)**2me2dV, — uzdV,
B.(8)

IN

+ 27min{l,2+ a1m + aom log/
As - (B)

+ 4r (2(1 + 1)? 4+ min{1,2 + a1y, + o F(1 + agm)) logo + C

<+ , Qv ¢, (37)
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and

47r(1+a2m)log/ hie*dv, +47r(1—|—6)(1+oz1m)][ uydV,
b Bq(p)

+ 27min{l,2 4 a1m + @2m } <log/ EzerVg +(1+ 5)][ uldVg>
by Bq(p)

— 4n(1+¢) (2(1 + alm)2 + min{1,2 + a1, + aom (1 + agm)) log o

4 (1 4 aom) log/

ASg,d(p)

+ 27min{l,2+ a1, + aom} <log/
A

IN

d(-, p)2rm eV, + 4m(1 + £)(1 + a1m) ][ 4dv,
B (p)

d(~,p)2a2’”e“'2dvg +(1+ E)fB o Ulzdvg>
<P

;,4;(1))
— Ar(1+e) (2(1 4 aim)® + min{1,2 + aypm + a2m H1 4 azm)) logo + C

< NV, + NV, + C,

/<<sf(ﬁ)Q(U) ! 6/35/@)@@) !

< / Qu)dV, + Ce / Qu)aV, + C, (38)
<6/ (B) b

As before, J,(u) > —L follows from (37), (38) and a suitable redefinition of .

Case 1.d :
0

[\)

5 5
/ fl,udvg > o) / fl udVg > Rl / fQ,UdVYg > P / f2,ud‘/;] >
As L(8) A ae(8) 4 Jpgs) 20 Jag 08

Here we argue as in case 1.b, just exchanging the roles of u; and wus.

Case l.e : / fiwdVy > g for both i =1, 2.
ASC,%(B)

We would like to apply (31) and (34) and argue as in the previous cases. Anyway, we

first need to define {2 such that both components have some mass in both sets. We cover

Asq, s (B) with balls of radius 5—4; by compactness, we have Ag; < (8) = U B¢ (1), with
1=1

)
L not depending on ¢, therefore there will be x;,, z;, such that / fiuwdVy >
ng(m ) AL

We will proceed differently depending whether z;, and z;, are close or not.

Case 1.¢’ : d(x,,x1,) > N

We divide each of the balls B ¢ (z1,), B, (71,) with a segment {z : (v —y,)-0; = a;},

ith 0, ¢ St e (S SN s
with 6; € S* and «; € ( 61 61) in such a way that
/ fi / fradVy > 2
7 u g = 7, g = o7 °
{IEB& (wzi),(x—wli)~97:<ai} 8L {J/EBL acl ) (1 T, )9 >al} 8L

We can define €. as the region of Bs/(3) delimited by the curve defined in the
following way:

Since d (Bg (z1,), Bg (21,)) > %, we can attach smoothly one endpoint of each

segment without intersecting the two balls. We then join the other endpoint of each
segment winding around f.

Since B (1,) C Agq, < (8), we can build Q¢ in such a way that 0% C Ajoq, 5 (s)
and Qc e Asc (see (16) and the pictures below). Moreover, by construction,

1)
fz udV 2 o7 / fl u fl
/Bg(m\m 7 8L Va2 8L
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hence Lemmas 5.2 and 5.3 still yield the proof.

Case 1.€” : d(z;,,x1,) < liﬁ

. Eie“i
Since Bg (21,)UB 5 (21,) C B s ((4,,) We apply Lemma 5.4 to f; := i oy
By (o) i€ dVs
to find 0 € S*,a € _2 3U such that
’ 64" 64
) 0
fadVyz o [ fradVy > 2
/{xEBﬁc(le),(x—le)~0<a} ! 8L {xEB%g‘(aﬁzl)7(a:—le)~9>a} ’ 8L

We now join smoothly (and without intersecting the balls) the endpoints of the
segment {z : (x —x;,) -0 = a} with an arc winding around 5. Then, we define Q) as
the region of B§(3) delimited by the curve made by such an arc and that segment.
Since B ¢(x1,) C Agg s,(8), as before we will have B (8) C Q¢ C Bigo (/) and
Q. € Asc, and we can argue again as before because clearly

5 5
) > ; > —.
Ammwkﬂﬂﬂg_SL Aéﬂ“MG_SL

Figure 3: The set Q, respectively in the cases 1.¢’ and 1.e".

1)
Case 2 : / fiudVy > - for some i.
S\ By (5) 2

It will be not restrictive to assume 7 = 1. If we also have / fo.udVy > g, with
\Bsr (B)

§" 12728, then we get Jy(u) > —L by applying Lemma 2.10, as in the proof of Corollary

2.12. Therefore will will assume

1)
/ FaudVy > 5.
Ag,éu(ﬁ)

The idea is to combine the previous arguments with a macroscopic improved Moser-Trudinger
inequality.
As a first thing, define u” as the solution of

_A’L[,{L/ =0 in A2n—16//’2n+16// (ﬁ)
u;’ = U; — ]L; ) UldVg on 832n5//(ﬁ)
u;/ = 0 o on aan+16// (ﬁ)
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2
with n € [1, J such that

/ Qv < C / Qu)dV, < Ce / Qu)dv,.
A2n—15//7271+15/(ﬁ) A2n71§//12n+15//(6) z

Suppose u satisfies the hypotheses of Case 1.a, that is /
Ag 511(B)

0
fiuwdVy > 3 for both ¢ =1, 2.

Then, clearly (35) still holds, whereas (36) does not because we cannot estimate the integral

of ﬁleuldVg with the same integral evaluated over A¢ 5.

b
Anyway, by Jensen’s inequality and Lemma 2.13 we get

log / hierdV, > log / hie"dV, — ][ uydV,
A 51(8) A (6) Bon 511 (8)

> ][ u1dVy + log ‘ALH 5,,(3)‘ +][ logﬁldVg _
Asr o, (B) 2 Asn 0 (8) Bansi (B)
2 2
S / Qu)av, — C,
b))
hence we obtain

4 (1 + agm)][ widVy + 47 (1 + a1m) log/ Eg@“QdVg

Byn s (B) =

2
+ 4dr(l+e) Z(l + aim)][ w;dVy —8m(1+¢€) (1 + a1m)® + (1 4 azm)?) log )
B (8)

i=1

< / Qu)dV, + Ce / Qu)aV, + C.
Ag 51(8) S

2

(39)

Now, by Jensen’s inequality and a variation of the localized Moser-Trudinger inequality (17),

4r <1+ min alm/) log / hye"dV, — / udV,
m’#m £\ By (8) b

IN

i=1

< a4a [ Quavc
E\B%(ﬁ)

By summing (35), (39) and (40) we get J,,_ p,. (u) > —L, with

2
4 1,1+ min aim/> log/ E—e“idV —/uidV +C
Z ( m’/#m ( S\B;/ (8) I b I

p1e = 4mmin {2 + a1 + a2, 1+ gy + H,l;lén (1 =+ alm/)}_s P2e = 47(2+a1m+a2m)_5a
)

therefore J,(u) > —L. We argue similarly if we are under the condition of Cases 1.b, 1.b, 1.d, 1.e.

The proof is thereby concluded.

6 Proof of Theorem 1.1

O

We are finally in position to prove the main existence theorem of this paper. Their proof will follow

by showing that low sub-levels are dominated by the space X (see |

], page 528), which is not

contractible by the results contained in Section 3. In particular, we have the following Lemma,

whose proof is given below.
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Lemma 6.1. For L > 0 large enough there exist maps ® : X — JP_L and VU : JP_L — X such that
W o & is homotopically equivalent to Id .

Proof of Theorem 1.1. Suppose by contradiction that the system (3) has no solutions. By Lemma
2.4, Jp_L is a deformation retract of JPL, hence by Corollary 2.5 it is contractible. Let H((,s) :
X x[0,1] — X the homotopy equivalence defined in Lemma 6.1 and let H' be a homotopy equivalence
between a constant map and Id g

Then H"(¢,s) = V(H(®(¢),s)) : X x [0,1] — X is an equivalence between the maps ¥ o ® and
a constant and H” * H is an equivalence between Idy and a constant map. This means that X is
contractible, in contradiction with Theorem 3.2. O

To prove Lemma 6.1 we need the following estimate. Notice that the choice of 7 (see the proof of
Lemma 2.11), which was not relevant in all the rest of this paper, will be made in the proof of this
lemma to let the following result hold true.

Lemma 6.2. Let 6 be as in Lemma 2.11, B;(u),s;(u) be as in Corollary 2.12 and ®* as in Theorem
4.1. Then, for a suitable choice of T, there exists Co > 0,8’ € (0,6) such that:

1
t> -

‘ Co 2 A
o [feithert>1— N @1 =2 = pm , then ¢ ((I) (O) >4

p1,p2 < 477(2 + arm + 042m)
otherwise, s (2*(¢)) < 0 and By (2*(¢)) = 1.

. 1

< 2
1 = T2 = Pm ’
P1,Pp2 < 47‘(’(2 +aim + a2m)
otherwise, s3 (2*(¢)) < 0 and B2 (2*(()) = 2.

o [f eithert < % or then ¢ (@A(C)) >;

Proof. We will only prove the statements involving ¢; and f; gx(¢), since the same proof will work
for the rest, up to switching indexes i = 1,2. We will show the proof only in the case zo = pl,,, p2 >

47 (2 + Q1 + Qa), which is somehow trickier because @1 does not vanish when ¢t > 1 — % Let

us write
= (A elh) = (A9 2t 1, ()
p2 = ((p;\’(plgt) + @%,tpm/) = (ng\’(p{:t) -2 IOg max {17 ()\td(-7pm,))2(2+0¢1m/+0¢2m’) }) .

From the definition of ¢;, we have to show that, if t > 1 — %, then

/ fl’q>k(c)qu<T le/:17...,M.
B (Pyr)
It is not hard to see that, for any m” # m,m’,

Bé/ Pt

which is smaller than any given 7 if §’ is taken small enough. Roughly speaking, J1,82(¢) cannot
attain mass too near p,, because its scale depends on A(1 — t) which is bounded from above.

Moreover, @i‘(l_t) is constant in B _2tarmtaeom, , hence for large C
o (A(1-t)) eim  (pm)
1
/ frordVy < chma“”)/ (-, pm)**mdV, < 3 <T
B _1_Ctormtaony) (Pm B _(Ctormtoom) (pm)

T+oq Tfo;
CO m C0 m
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On the other hand, a part of the mass of fi () could actually concentrate near p..,, but not all
of it. Here, we will have to take 7 properly. Since

A(1—t)

_ I, <¢f(1 t) M)dV
_¥2 = Pm 2 9 9 ,
/ hie?*72dVy, < Ce / d(+, pmy )21 AV,
Bs (Ppnr) B 2vaystoy . (Ph)
(At) Tag s
+ ()\t) 4(2+‘X1m’+042m/)/ d(',pm)_2(2+a1m’)dVg
A 2oy tagn (Prnt)
(At) Ttay e
+ ()\t) 4(2+O‘1m’+0‘2m ) Qo dV
A1 5 (Pmr)
N2
A(1—t) ‘PQ Pm av
< C@f):< Frem ) ! 2+a17n’+a27n’)
and
(o mg:m”)dv
7 _¥2 = 1,pm 2 g _
/ hlew 2 d% > 66 ()\t) 4(2+0‘1m’+a2m/)/ d('vpm’)QagmldVg
As 5(Pmr) As 5Pmr)
Jelerhr? _25m” \av
l =\ : ! Mt =42+ Fag,)
- Ce ( ) I
then

/ fBé (pm/) flv(?A(C)dVg C2
f17q>A C dV < 2 S .
Bs (Ppr) 7 fBé(pm,) frexdVy 1+C?
02

1+C2’

Therefore, setting 7 := we proved the first part of the Lemma.

C
Let us now assume ¢t < 1 — TO. From the proof of Lemma 4.4, we deduce that the ratio

fBé (pm,) f17(b>\ (C) dVg

fBg(pmu) frexdVy
the mass of fi () will be around p,,, hence by definition we will have and 3, (@A(C)) = pp, and

a1 (@M(¢)) < 6. O

Proof of Lemma 6.1. Let 6 be as in Lemma 2.11, $;(u),<;(u) be as in Corollary 2.12 and §’ be as
in Lemma 6.2. Take now L so large that Corollary 2.12 and Theorem 5.1 apply.
We define ® = ®*° as in Theorem 4.1, with )\ such that ®*(X) C Jp_2L for any A > Xp. As for

v Jp_2L — X, we write

increases arbitrarily as A(1 — ¢) increases. Therefore, for large Cp, most of

0 if ¢o(u) > o
W) = (o), Aol a(ha)  with ¢ () ) = { g i) ) <
1 if ¢ (u) > ¢

Let us verify the well-posedness of U. The definition of ¢ makes sense because, from Corollary
212, J,(u) < —L implies min{q; (u),s2(u)} < &'. Moreover, if t' > 0 (respectively, ¢’ < 1), then
¢1 < 0 is well-defined (respectively, ¢o < § is well-defined), hence 8 (respectively, 82) is also de-
fined. Finally, ¥ is mapped on X because, from Theorem 5.1, when J,(u) < —L we cannot have

(5100, (0. (100, 2(0)) = (P ;) with 1, pa < 47(2 + Q1 + Q2.
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To get a homotopy between the two maps, we first let A tend to 400, in order to get 1 and xo,
then we apply a linear interpolation for the parameter ¢.
Writing ¥ (@2(¢)) = (87(€), 85 (¢),*(¢)), we have F = F,  Fy, with

Ao A

Fu(Cs) = (a0, 1), 8) o ( 0.8 <<>,t“°<<>)

By (z1,22,870(C)) = (21,22, (1 — )t (C) + st) .

We have to verify that all is well-defined.

Co(l - S)

2o C
If we cannot define 3, °(¢), then by Lemma 6.2 we either have t > 1 — >1— 29 or we

0 0
are on the first half of the punctured segment. By the same Lemma, we get ¢; (@AO(C)) > ¢’ that

Ao
is #"20(¢) = 1. For the same reason, if B ° (¢) is not defined, then t**(¢) =0, so Fy : X x [0,1] —
Yp1.a, * Xpsy.a, makes sense.
Its image is actually contained in & because, from Lemma 6.2, if 1 = z9 and p < 47 (wgl (z) + wa, (a:)),

1
then either 20 (¢) € {0, 1}, hence in particular it does not equal 5

2o C
Concerning Fs, the previous Lemma implies 5, 7°(() = 1 if t < 1 — —0(1 — 8), hence in par-
ticular passing to the limit as s — 1, if £ < 1. A similar condition holds for £, which gives
Fy(-,0) = Fi(-,1). If 2 is not defined then #*°(¢) = 1, hence (1 — s)t"*°(¢) + st = 1, and sim-
ilarly there are no issues when xs cannot be defined. Finally, by the argument used before, if

X1 = Tg = Py and p1, p2 < 47(2 + a1m + @2 ), then (1 — S0 (C) + st # 7 O

7 Proofs on the non-existence results

7.1 Proof of Theorems 1.3,1.4

In this Section we will consider some cases that are not covered by Theorem 1.1. They are both
inspired by [2] (Propositions 5.7 and 5.8, respectively).

We start by considering the case of the unit disk (B, gg) with one singularity in its center. Even
though we are not dealing with a closed surface, most of the variational theory for the Liouville
equations and the Toda system can be applied in the very same way to Euclidean domains (or
surfaces with boundary) with Dirichlet boundary conditions. This was explicitly pointed out in
[2, 4] for the Liouville equations, but still holds true for the Toda system, since blow-up on the
boundary was excluded in [28]. In particular, the general existence result contained in [6] holds
on any non-simply connected open domain of the plane, since such domains can be retracted on a
bouquet of circles.

Concerning simply connected domains, we have minimizing solutions in the range of parameters
p1 < 4An(1+ aq), p2 < 4n(1 4+ az), as well as the configuration (M7, M, M3) = (1,1,0) in Theorem
1.1. The region generating minimizing solution is colored in orange in Figure 4, the region gener-
ating min-max solutions in colored in green.

By Pohozaev identity we show that most of the remaining set of parameters yields no solutions,
colored in blue in the figure, and this holds in particular if one or both p;’s are large enough.

Theorem 1.3 still holds if & = ae = 0, that is if we consider the regular Toda system. Here we
still have solutions in the second square (47, 87)?%; arguing as in [34] we get low sub-levels being
dominated by a space which is homeomorphic to R® \ R® ~ §%. This was confirmed in [26], where
the degree for the Toda system is computed, and in this case it equals —1. Figure 4 shows that
there might not be solutions in each of all the other squared which are delimited by integer numbers
of 4. In particular, this shows that the degree is 0 in all these regions.

Proof of Theorem 1.3. Let u = (uy,u2) be a solution of (12). Since both components vanish on the
boundary, for any x € 0B one has Vu;(z) = (Vu;(z) - v(x))v(z) =: dyu;(z)v(z) for both i =1,2.
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Figure 4: Values of p which yield existence and non-existence results for (IBSQ, go).

Therefore, one can apply a standard Pohozaev identity:
/ ((Our)?® + w1 0pus + (Dyuz)?) do
B

2 ) 5
2/ ((ayul)z Vul? oo UQMH@W)ZW) "
OB 2 2 9

/B (2(z - Vug (x))Aug () + (z - Vur(x))Aug(x) + (x - Vue(z))Au (z) 4+ 2(z - Vug(z))Aug(z)) dz

= -3 AL /(:v~Vu1(x))|x\2ale“1(’”)dx— 3f P2 /(a? Vg (x))[a[**2e2) da
B B

Jg lzPore @) dx g |z[2ezen2(@)dx
6 Jog |- P11 do Jop |- Pre*2do
plf |$|2O‘16ul z)dx f]B |z|2o¢26u2(z)dx

+6(1+ai)pr + 6p2

+ 6(1 + Olz)pz.

For the boundary integral, we can perform an algebraic manipulation, use Holder’s inequality and
then integrate by parts:

((&,ul + 8 ula U + (8 UQ) )do’

(Oyuq + 20,u9)* + i(a,,ul)2> do

\%

|
S %\m

OB 4

(i
(311,

(( i) T ) ([ oo ) ([ amac) ([ ad)>
(e mtee) (f i) i)'

(pT = p1p2 + p3) -

2 4 2
Oy,urdo + 2 8Vqua> + - ( &,ulda) )
B

l\l}"_A

Fle F[=

Therefore, we get as a necessary condition for existence of solutions:

fa]ﬂg | - |2a16u1d0

Jys - Poevzdo
p% —p1p2+p§ - (plf |z|201eur (=) dy L+ a)ptp !

f |z |22 eu2(=) A

+ 1+ az)pa
> Ar(l4 aq)pr +47(1 + a2)pe
This concludes the proof. O

Let us now consider the standard sphere (SQ, go) with two antipodal singularities.
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In Theorem 1.4 we perform a stereographic projection that transforms the solutions of (3) on S? on
entire solutions on the plane, and then we use a Pohozaev identity for the latter problem, getting
necessary algebraic condition for the existence of solutions.

Such a Pohozaev identity yields an algebraic condition which is similar to the one which appears in
Theorem 1.3. It can be deduced in the same way as was done in [16] for the scalar Liouville equation.

Theorem 7.1. Let H,,H, € L (RQ) be such that, for suitable a > 0,b> -2, C > 0,

loc

@ < Hy(z) < C|z|® Vz e B1(0)\ {0} 0 < Hi(z) < Clz|* VaeR?\ Bi(0);
let U = (Uy,Us) be a solution of
—AU; = 2H eV — Hyel? on R?
—AU, = 2HeY2 — HyeV on R?

/ (|=|* + |x|b) 1@ dz < 400
2
(lz|* + |z]*) "2 dz < o0
R2
and define

Pi ::/ H;(x)eV @ dz, \Ti = / (z - VH;(x))eY " @dg, 1=1,2.
R2 R2

Then,
p? — p1p2 + pg —Amp1 —4Ampe — 27Ty — 272 = 0.

We get non-existence of solution for the parameter p belonging to two or more regions of the posi-
tive quadrant. Such regions are colored in blue in Figure 5, whereas orange and green regions are
the ones for which we have existence of solutions. The pictures show that non-existence phenom-
ena may occur in each of the rectangles where the analysis of Theorem 1.1 gave no information.
Using the notation of the Theorem, these are the cases (M1, Ma, M3) € {(1,m,0), (m,1,0),(2,2,1)}.

We remark that Theorem 1.4 also applies to the case of a;,, > 0. This show that the existence
result in [6] cannot be extended if the hypothesis of positive genus of ¥ is removed.

i 4

Figure 5: Values of p which yield existence and non-existence results for (SQ, go), in two different
configurations of aj1, a2, a1, aoo.

Proof of Theorem 1.4. Let u = (u1,us) be a solution of

A 2 c ! c” L)y by — ) —4 5

- U = —_—— — | = —— — — | —47r« - — | —4dra -

ot = T emadv,,  ar) P\ L e=dv,  ir BT g 2\
U2 1 U1 1

e e 1
—-A =2p | +—F—-— ) — ——— ] -4 8y, —— | —4 5y, —
ol =52\ eav, ax) " ( o emdv,, 4x) 0% ( n 477) e < P2
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and let TT : S\ {p2} — R? the stereographic projection. Consider now, for 2 € R?,

U (z) :=uy (IT7 1 (x)) +log(4p1) — log/2 e dVy, — 2aq; log |z| + (% 2 11 — a12)1 (14 |z?)

47

Us(x) == up (II"*(2)) + log(4pz) — log jQ e"*dVy, — 2as: log |z| + (& P - Oézz) log (1 + |z[*)
$

2 47
U = (U1, Us) solves
7AU1 = 2H16U1 - H26U2

2c
~AU, = 2Hye%? — Hye™ Hi(x) = [ i
U ) (1+ |x‘2)2+a11+012*ﬂ+4£
Hy(z)e 1@ qp = 01 with S

’ U. HQ(x) = 241 o — 52+ 4%

Hy(z)eV2®dx = py (1+ [z[?) "

R2
From Theorem 7.1, a necessary condition for existence of solutions is
P2 — pipa + pa — dmpy — dmpy — 2T — 27T = 0. (41)

with 71, 72 as in the Lemma. Moreover, by the definition of Hy, Hs, we have

Pi | P3—i |z
VH;(z) = 20 H; —2(2 a o — 2 ) H,
x - VH;(x) a1 Hi(x) + a1 + yo 27r+ i ) T+ o (x)

for both i’s, hence we get

_ Pi | P3—i\ : r_ |z
T = QOZilpi -2 (2 + a1 + Qo — % + A ) T; with T; = ‘/]RZ TWHZ((E)CL’IJ

Therefore the necessary condition (41) becomes

P34 p5—pip2 —An(1 +ar1)pr —4r(1 4+ az)p2  + 4w (2 +op1 + o — py p—z) o (42)

2 4w
P2 P1 /
4 (2 -2 —) =
+ A7 (24 a9 + aos 27r+47r 5 = 0.

=P

> 27
, one can easily see by algebraic computation that (13) and their opposite inequalities are in

Using the straightforward inequalities 0 < Ti’ < p; and discussing the cases 2 + ;1 + a2
P3—i

contradiction with the aforementioned necessary condition.

P1 P2
2+ontop=5-——

Notice that if %77 %W then (42) just becomes p? + p2 — p1 pa —4m(1+a11)p1 —
2+0421+0422—7—E

4w (14 a91)p2 = 0. Anyway, one can easily see that these two conditions are equivalent to having all
equalities in (13); this is the reason why we need to assume at least one inequality to be strict. O

7.2 Proof of Theorems 1.5 and 1.6

We start by proving Theorem 1.5. We will argue by contradiction, following [11] (Theorem 4.1).

Basically, we will assume that a solution exists for some af;, afs =7 —1. We will consider such
n——+00

a sequence of solutions u", we will perform a blow-up analysis, following Theorem 2.1 and we will
reach a contradiction.

Proof of Theorem 1.5. Assume the thesis is false. Then, for some given a7, @57, p € T'a ;.a,;, there

exist a sequence (afy, ab;) By (=1,—1) and a sequence u" = (uf, uy) of solutions of

—+o0
hreut hBeus
Js hieridV s hedv,
hlevs hreut ’
—Aug =2y (T | e
s heidv, Js hiretidVy
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with E’f,ﬁg such that E? ~ d(-,p1)?*1. Tt is not restrictive to assume

/ npettdv, = / hie'sdv, = 1.
b =

We would like to apply Theorem 2.1 to the sequence u™. Anyway, since the coefficients o} are not
bounded away from —1, we cannot use such a Theorem on the whole ¥, but we have to remove a
neighborhood of p;. A first piece of information about blow-up is given by the following Lemma,
inspired by [11], Lemma 4.3. O

Lemma 7.2. Let 6 > 0 small be given and u™ be as in the proof of Theorem 1.5. Then, uf,uy
cannot be both uniformly bounded from below on OBs(p1).

2 n n
Proof. Assume by contradiction that inf wu] > —C for both i’s and define v" := M Then

0Bs(p1) 3

—Av" = P1 (%’{Leu? - 1) 2 —P1 in B(s(pl)
> O on dBs(p1)

By the maximum principle, v > —C on Bj(p1), therefore by the convexity of the exponential
function we get the following contradiction:

n—-+oo

too  — / d(-, py)2minted o gy,
Bs(p1)

< C d(-,p1)2 min{a]"l,a;"l}ev" dVg
Bs(p1)

2 H n n n 1 N n n n
C (3 / d(.7p1)2m1n{0‘11»0‘21}e“1 d‘/’g + = / d(.’pl)Qan{a117a21}eu2 dVg)
Bs(p1) Bs(p1)

< C / hire" dV, + / hie'z dV,
Bs(p1) Bs(p1)

< C.

IN

This concludes the proof. O

Proof of Theorem 1.5, continued. Let us apply Theorem 2.1 to " on  := X\ B; (p1) for some

given small § > 0. By Lemma 7.2, boundedness from below cannot occur for both component,

therefore we either have blow-up or (up to switching the indexes) uf — —oo uniformly on
n

——+o0
¥\ Bs(p1). In other words,

hheut hieus
P gy - Zal(az)ém P Ay,
Js hitevidV, S\ B (1) noree S5 Js ez dV,

{ LD DL LS
S\ Bs(p1) z€8

where we set S = 0 if blow up does not occur. Anyway, being § arbitrary, a diagonal argument
gives

g n e n
hie* he"2

plf — 01($)5 +0'1(p1)6 1 pgf — ro—+ 0'2(17)5 +O'2(p1)5 19
fE h?eul dVg n—-+oo ;S‘ T P fz hELe“? qu n—-+4oo g;s x P
with o1(p1) = p1 — Z o1(x) and oo(p1) = p2 — Z oa(x) — / rodVj.

z€S z€S x
By a variation of the Pohozaev identity (see [27], Proposition 3.1 and [8], Lemma 2.4), we get

o1(p1)? — o1(p1)oa2(p1) + o2(p1)* = 0,
that is o1(p) = o2(p) = 0. In particular, we get p; = Z o1(x), which means either p; = 0 or

z€S
p € I'a s a,. This contradicts the assumptions and proves the Theorem. O
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We conclude by proving Theorem 1.6. The argument is somehow similar: we assume, by contra-

diction, to have a solution satisfying all the hypotheses for asj; —+> —1. Then, we perform a
n——+0oo

blow-up analysis and we rule out the last case using Theorem 1.4.

Proof of Theorem 1.6. Assume by contradiction there exists a sequence asg —+> —1 such that
n——+0oo

(3) has a solution u" satisfying all the hypotheses of Theorem 1.6 and, w.l.o.g., / E?e“?dVg =
b

TLSe"EldVg = 1. In particular, since 47(1 + aom) < p5 < 47(2 + agm + aby) for m = 1,2, then
by
pg n—>—+>oo 47T(1 + 0421) = 471'(1 + 0522).

As in the proof of Theorem 1.5, we must have inf wi — —oo for small J, because otherwise
Bs(ps3) n—+oo

we would have

12/ ?Lge“;dVg > C d(-,ps)*edV, — +oo.
Bs(ps)

n—4-o0 Bs(ps) n—+00

Unlike before, we cannot apply the maximum principle to get inf wujy — —oo. Anyway, this
0Bs(ps3) n—+00

could be ruled out by the following argument: if u5 were uniformly bounded from below on 9Bs(p3)

and uy(z") — —oo for some " — x € Bjs(ps), then applying Theorem 2.1 we would get
n——+00 n—-+00

blow-up at x of the first component alone, which would give p; > o1(x) > 4m, in contradiction
to the assumptions of the Theorem. Therefore, 4} must go to —oo uniformly on dBs(ps), which
means, by Theorem 2.1, blow-up with ro = 0.

The assumption py < 47 implies that such blow-up must occur at a subset of {p1, p2, p3}. Blow-up
in p3 is also excluded because, by standard blow-up analysis (one can argue for instance as in [36],
Lemma 9) it would imply p; > o1(ps) > 4m; therefore, we must have 77,26“; njroo A7 (1 + aom)dp,,

for some m = 1, 2; since the role of p; and ps is interchangeable, we can assume m = 1.

Let us now consider u}: it cannot blow up at p;, because p; < 47(2 4+ a11 + a12), and it cannot
even blow up at any other points: in fact, since uy only blows up at p;, then by Theorem 2.1 we
would get p; = Z o1(x), again contradicting the assumptions. Therefore, 4] must converge to

€S
some wuy, which solves (up to subtracting a suitable combination of Green’s functions)

et 1 1 1
_AU1 = 2p1 (M - 47‘(‘> — 47T(2 + 11 + C¥21) (6171 — 47‘(’) — 471’0412 <6p2 — 47T> .

By applying Theorem 1.4 with p; = 0, or equivalently Proposition 5.8 in [2], we see that the last
equation is not solvable since 47 (1 4+ a12) < p1 < 47(2 + @11 + a91). This gives a contradictions
and proves the Theorem. O

Notice that, by repeating the same argument, we can find similar non-existence results in the
cases (My, My, M3) = (2,2,1) and (1,m,0), with one coefficient being very close to —1. In the
case (1,m,0), we can also drop the assumptions on ¥ to be a standard sphere with antipodal
singularities.
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