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ABSTRACT. Let G be a connected reductive complex algebraic group and B a
Borel subgroup of G. We consider a subgroup H C B which acts with finitely
many orbits on the flag variety G/B, and we classify the H-orbits in G/B
in terms of suitable root systems. As well, we study the Weyl group action
defined by Knop on the set of H-orbits in G/B, and we give a combinatorial
model for this action in terms of weight polytopes.

INTRODUCTION

Let G be a connected complex reductive algebraic group and let B C G be a
Borel subgroup. A subgroup H C G is called spherical if it has an open orbit on
the flag variety G/B. If this is the case, as independently proved by Brion [7] and
Vinberg [35], then H acts with finitely many orbits on G/B.

The best known example is that of B itself, and more generally any parabolic
subgroup of G. The B-orbits in G/B are indeed the Schubert cells, and are finitely
many thanks to the Bruhat decomposition. Another well studied case is that of
the symmetric subgroups of G, i.e. when H is the subgroup of fixed points of some
algebraic involution of G. Especially in this case, the study of the H-orbits on
G/ B, their classification and the geometry of their closures are important in rep-
resentation theory (see e.g. [33], [37]). An equivalent problem is the study of the
B-orbits in G/H, and the geometry of their closures: they are fundamental objects
to understand the topology of G/H and of its embeddings (see [15]).

Spherical subgroups are classified in combinatorial terms, see [22], [8], [27], [25],
[26] where several particular classes of subgroups are considered, and the more re-
cent papers [24], [6], [13] where the classification is completed in full generality.
Nevertheless the set B(G/H) of the B-orbits in G/H is still far from being un-
derstood, essentially except for the cases of the parabolic subgroups and of the
symmetric subgroups of G (the latter especially thanks to the work of Richardson
and Springer [31], [32]).

The goal of the present paper is to explicitly understand the set Z(G/H) in
some other case, and to produce some combinatorial model for it. More precisely,
we consider the case of the strongly solvable spherical subgroups of G, that is,
spherical subgroups of G which are contained in a Borel subgroup. As a consequence
of a theorem of Brion (see [10, Theorem 6]), under these assumptions the H-orbit
closures in G/ B provide nice generalizations of the Schubert varieties: even though
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H might be not connected, they are always irreducible, and they have rational
singularities, so that in particular they are normal and Cohen-Macaulay.

When H is a strongly solvable spherical subgroup, the set 2(G/H) has already
been studied in the literature in some special cases: Timashev [34] treated the
case where H = TU’ (where T denotes a maximal torus of B and U’ the derived
subgroup of the unipotent radical of B), and Hashimoto [I7] treated the case where
G = SL,, and H is a Borel subgroup of SL,,_1, regarded as a subgroup of SL,,.

Let ® be the root system of G and let W be its Weyl group. Given a strongly solv-
able spherical subgroup H C G, in our main result we give an explicit parametriza-
tion of the set Z(G/H) by attaching to every B-orbit an element of W and a root
subsystem of ®. To do this, we build upon known results about the classification
of strongly solvable subgroups, which is available in three different forms. The first
one was given by Luna in 1993 (see [25]), the second one emerged in the framework
of the general classification of spherical subgroups, and the third one, more explicit,
has been given recently by Avdeev in [2] (see [3] for a comparison between the three
approaches).

Our results on #(G/H) also provide a nice description of the action of W on
P#(G/H), defined by Knop in [20] for any spherical subgroup H C G. While the
simple reflections of W act in a rather explicit way, the resulting action of the entire
W is quite difficult to study. When H is strongly solvable, we will see how this
action becomes actually very simple: the fact that two B-orbits are in the same
W-orbit will boil down to the fact that the associated root subsystems are W-
conjugated. This will enable us to give a simple combinatorial model for Z(G/H)
as a finite set endowed with an action of W in terms of “generalized faces” of weight
polytopes.

We now explain our results in more detail. Fix a maximal torus T' C B and
denote by U the unipotent radical of B. We also denote by ® the root system
associated with T, by W = Ng(T)/T its Weyl group, by &+ C ® the set of positive
roots associated with B and by A C ®T the corresponding basis of ®. Let H
be a strongly solvable spherical subgroup of G, up to conjugation we may assume
H C B. Up to conjugation by an element of B, we may assume as well that "N H
is a maximal diagonalizable subgroup of H. Given a € ®*, let U, C U be the
associated unipotent one dimensional subgroup.

Two natural sets which are attached to H are the set of active roots

V={aecdt:U,¢H},
introduced by Avdeev in [2], and the corresponding set of restricted characters
@ = {a|TﬁH eAS \Ij}

From a geometrical point of view, ¥ is canonically identified with the set of the
B-stable prime divisors in G/H which map dominantly to G/B via the natural
projection (see Section . Given I C W, let ¥; C ¥ be the subset of those roots
a such that o)y € I and set

b, =7Z¥; N

This is a parabolic subsystem of ® which is explicitly described once H is described
in terms of active roots following Avdeev’s classification, and the intersections <I>IjE =
®; N ®* define a subdivision of ®; into positive and negative roots.
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Given w € W and I C ¥, we say that (w,I) is a reduced pair if w(®}) C ®~.
Our first main result is the following.

Theorem 1 (Corollary . Let H be a spherical subgroup of G contained in B.
There is a natural bijection between the set of reduced pairs and the set of B-orbits
in G/H.

Given a reduced pair (w,I) we denote by &, the corresponding B-orbit in
G/H. Reduced pairs encode important properties of the corresponding B-orbit,
and they can be used to encode combinatorial properties of the entire set #(G/H)
as well. Denote by W; the Weyl group of ®;, canonically embedded in W. Our
next main result describes in these terms the action of W on #(G/H).

Theorem 2 (Theorems and Corollary. Let H be a spherical subgroup
of G contained in B and let (w,I) be a reduced pair, then Staby (O 1) = wWrw™!.
Moreover two orbits Oy, 1 and O, j are in the same W-orbit if and only if I = J,
in which case O, 1 = wv=t - 0, 1. In particular, the following formula holds:

[B(G/H)| =) |W/Wil.
Ic¥

A very special example of a strongly spherical subgroup was treated by Timashev
in [34], where the corresponding set of B-orbits is studied. More precisely, let U’
be the derived subgroup of U, namely U’ = [[ 4+ Ua, and consider the subgroup
TU' C G: this is a spherical subgroup of G contained in B, and we have equalities
W =¥ = A. In this case the parametrization of the B-orbits in terms of reduced
pairs can be proved in a simple way by using the commutation relations among
root subgroups, and the set of reduced pairs (w, ) is easily seen to be in a W-
equivariant bijection with the set of faces of the weight polytope associated with
any given dominant regular weight of G. This elegant description generalizes to the
case of any strongly solvable spherical subgroup as follows.

Let A be a regular dominant weight and let P = conv(WA\) be the associated
weight polytope in Ag = A ®z Q, where A denotes the weight lattice of G. Since
A is regular, the elements wA with w € W are all distinct and coincide with the
vertices of P. By a subpolytope of P we mean the convex hull of a subset of vertices
of P. Notice that P is naturally endowed with an action of W which permutes the
subpolytopes of P, and we denote by .#(P) the set of subpolytopes of P.

Given a spherical subgroup H C G contained in B, to any reduced pair (w,I)
we may associate a subpolytope of P by setting .7, 1 = conv(wWA). This enables
us to reformulate our combinatorial model of Z(G/H) as follows.

Theorem 3 (Theorem [5.14)). Let H be a spherical subgroup of G contained in B,
then the map (w,I) — Sy 1 defines a W-equivariant injective map %B(G/H) —
S (P). Moreover, %, 1 is described as the intersection of P with a cone in Ag as
follows

wa =PnN ('LU>\ + @20(11}(‘1)]_)))

The map (w,I) — %, 1 is not surjective in general, but applying the last part
of the previous theorem it is possible in any given example to describe explicitly
the image of the map. Moreover, this map has the advantage of being compati-
ble with the Bruhat order, i.e. the inclusion relation between B-orbit closures: if
(v,J) and (w,I) are reduced pairs such that ., ;y C 7, 1, then 0, ; C O, 1 (see
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Proposition . Unfortunately the converse of the previous statement is false in
general, and a complete description of the Bruhat order of #(G/H) remains an
open problem.

In case H = TU’ is easy to see that the image of the map (w, ) — .7, 1 equals
the set of faces of P. It was conjectured by Knop that G/TU’ has the largest
number of B-orbits among all the spherical homogeneous spaces for G. Using our
formula for the cardinality of #(G/H) we prove this in the solvable case.

Theorem 4 (Theorem [6.1). The spherical homogeneous space G/TU’ has the
largest number of B-orbits among the homogeneous spherical varieties G/H with
H a solvable subgroup of G.

We explain now the structure of the paper. In Section [I] we explain our notations
and collect some basic facts about spherical varieties and toric varieties. Then we
restrict to the case of a spherical subgroup H C G contained in B, and in Section
we study the variety B/H: this is an affine toric T-variety whose set of T-stable
prime divisors is naturally parametrized by ¥, and whose set of T-orbits is natu-
rally parametrized by the subsets of . In Section [3| we introduce the notion of
weakly active Toot. These are the roots a € ® whose associated root subgroup
U, C B acts non-trivially on B/H, and we use them to attach a root system ®;
to every subset I C W, thus to every T-orbit in B/H. In Section |4 we introduce
the notion of reduced pair (and the analogous one of extended pair), and we prove
Theorem (1} Finally, in Section [5| we study the action of W on %(G/H) and we
prove Theorems [2] and [3] and in Section [6] we prove Theorem [
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1. NOTATIONS AND PRELIMINARIES

1.1. Generalities. All varieties and algebraic groups that we will consider will
be defined over the complex numbers. Let G be a connected reductive algebraic
group. Given a subgroup K C G, we denote by X(K) the group of characters of
K and by K" the unipotent radical of K. The Lie algebra of K will be denoted
either by Lie K or by the corresponding fraktur letter (here €). Given g € G we set
K9 = ¢g7'Kg and 9K = gKg~'. If K acts on an algebraic variety X, we denote
by Divg(X) the set of K-stable prime divisors of X. If S is a group acting on an
algebraic variety X and if z € X, we denote by Stabg(z) the stabilizer of x in S. If
M is a lattice (that is, a free and finitely generated abelian group), the dual lattice
is MV = Homg(M,Z), and the corresponding Q-vector space M ®z Q is denoted
by MQ.
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Let B be a connected solvable group and let T' C B be a maximal torus. Suppose
that Z is a homogeneous B-variety. The weight lattice of Z is the lattice

Xp(Z) = {B-weights of non-zero rational B-eigenfunctions f € C(Z)},

and the rank of Z is by definition the rank of its weight lattice. When the acting
group is clear from the context, we will drop the subscript and write simply X (Z).
By C(Z)®) we will denote the set of non-zero rational B-eigenfunctions of Z. We
say that z € Z is a standard base point for Z (with respect to T') if Stabrp(z) is
a maximal diagonalizable subgroup of Stabg(z). Notice that standard base points
always exist: indeed, since B is connected, every diagonalizable subgroup of B is
contained in a maximal torus, and the maximal tori of B are all conjugated (see
[18, Theorem 19.3 and Proposition 19.4]). Notice also that, if z € Z is standard,
then every 2’ € Tz is standard as well.

Lemma 1.1. Let Z be a homogeneous B-variety and let zo € Z be a standard
base point, then Tz is a closed T-orbit. If moreover H = Stabp(zp), then H =
(TN H)H" and the followings equalities hold:

Xp(Z) = X(B)H = Xp(T2)
(where X (B)H denotes the subgroup of X(B) of characters that are trivial on H ).

Proof. For all z € Z the stabilizer Staby(z) is a diagonalizable subgroup of Stabg ().
On the other hand Z is homogeneous, therefore all the stabilizers Stabp(z) are iso-
morphic and the maximal dimension for Stabr(z) is the dimension of a maximal
torus of Stabp(z). By definition Stabr(zp) contains a maximal torus of Stabp(z),
therefore Tzp has minimal dimension in Z, hence it is closed. The last claim is
immediate. g

From now on B will denote a Borel subgroup of G, T C B a maximal torus,
and U = B" the unipotent radical of B. Let ® C X(T) be the root system
of G associated with T, ®1 (resp. ®~) the set of positive (resp. negative) roots
determined by B and A C ®* the corresponding set of simple roots. When dealing
with an explicit irreducible root system we will enumerate the simple roots following
Bourbaki’s notation [4]. We also set A~ = —A.

If 3 € & and a € A we denote by [3 : a] the coefficient of « in 3 as a sum of
simple roots, and we define the support of 8 as

supp(B) ={a € A : [B:a] > 0}.

Let W = Ng(T)/T be the Weyl group of G with respect to T. If o € ®, we
denote by s, € W the corresponding reflection and by U, C G the unipotent root
subgroup associated with a. If o € A, we denote by P, the minimal parabolic
subgroup of G containing B associated with a. If w € W, we denote by & (w) the
corresponding inversion set, i.e.

Ot (w) ={ac d" : w(a)c d},

and by [(w) the length of w, that is the cardinality of ®*(w). Denote by wq be the
longest element of W. If & is a T-stable subset of a G-variety and n € Ng(T'), then
nO only depends on the class w of n in W, therefore we will denote n& simply by
w0
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1.2. Spherical varieties and toric varieties. An irreducible normal G-variety
X is called spherical if it contains an open B-orbit. See [I9] as a general refer-
ence for spherical varieties. In particular, X contains an open G-orbit, which is a
spherical homogeneous variety. Following [7] and [35], X is spherical if and only if
B possesses finitely many orbits on it. Therefore, following the definition we gave
in the introduction, a homogeneous variety G/H is spherical if and only if H is a
spherical subgroup of G.

Let X be a spherical G-variety. Every B-stable prime divisor D € Divg(X)
induces a discrete valuation vp on C(X), which is trivial on the constant functions.
On the other hand, since X contains an open B-orbit, every function f € C(X)(?)
is uniquely determined by its weight up to a scalar factor. By restricting valuations
to C(X)B) we get then a map

p:Divp(X) — X(X)V,

defined by (p(D), x) = vp(fy) where f, € C(X)®) is any non-zero B-semiinvariant
function of weight .

When G = B =T is a torus, we will also say that X is a toric variety. Notice
that, differently form the standard literature on toric varieties, we will not assume
that the action of T" on X is effective. As a general reference on toric varieties see
[12).

Let X be an affine toric T-variety. The cone of X is the rational polyhedral
cone in X'(X)¢ defined as

ox = cone(p(D) : D € Divp(X))

This cone encodes important information on the geometry of X. In particular, there
is an order reversing one-to-one correspondence between the set of T-orbits on X
(ordered with the inclusion of orbit closures) and the set of faces of ox (ordered
with the inclusion). Given a face 7 of ox we denote by %, the corresponding T-
orbit in X, in particular %, is the unique closed orbit of X and %4 is the open
orbit of X.

Definition 1.2 (see [23] Definition 2.3]). Let X be an affine toric T-variety. An
element o € X(X) is called a root of X if there exists §(«) € Divy(X) such that
(p(6()), ) = =1, and (p(D),a) = 0 for all D € Divp(X) \ {6()}.

We will denote by Root(X) the set of roots of an affine toric variety X. Notice
that by its definition Root(X) comes with a map

(1) 0 : Root(X) — Divy(X).

For the notion of root of a toric variety, which goes back to Demazure, see also
[T, Definition 2.1] and [29] Proposition 3.13]. Following [14] and [23], there is a one-
to-one correspondence between the roots of X and the one parameter unipotent
subgroups of Aut(X) normalized by T, see [23 §2] and [I, §2]. More precisely,
every o € Root(X) defines a locally nilpotent derivation 9, of the graded algebra
C[X], which acts on C[X] by the rule

(2) 9o (fx) = (p(0()), X) fta

where x € X(X) and where f, € C(X)) has weight x. Notice that the line C9,
is fixed by the action of T', which acts on it via the weight «. By exponentiating d,,
we get then a one parameter unipotent subgroup V, C Aut(X) normalized by T,
that is V, = Ao (C) where A\, denotes the one parameter subgroup & — exp(£09,).
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We gather in the following proposition some properties, that we will need later,
of the action of the group V,, on the T-orbits of X.

Proposition 1.3 ([I, Lemma 2.1, Proposition 2.1 and Lemma 2.2]). Let X be an
affine toric T-variety, let T,7" be faces of cx and let a € Root(X).

i) Vo, decomposes into the union of at most two T-orbits.
ii) 6(a) is the unique T-stable prime divisor of X which is not stable under
the action of V.
iii) Suppose that U, C U, then U, C Vo2, if and only if aj <0 and T is
the codimension one face of T’ defined by the equation T = 7’ Nker a.

2. STRONGLY SOLVABLE SPHERICAL SUBGROUPS AND
ASSOCIATED TORIC VARIETIES

From now on, if not differently stated, H will be a strongly solvable spherical
subgroup of G. Up to conjugating H in G we may assume that H is contained
in B, in which case H* = U N H. Up to conjugating H in B we may and will
also assume that Ty = TN H is a maximal diagonalizable subgroup of H. By
Lemmall.1|it follows then that TH/H ~ T /Ty is a closed T-orbit in B/H, and that
Xp(B/H) = Xp(T/Ty). In particular we get the equality rk B/H =1k G —rk H.

In order to classify the strongly solvable spherical subgroups H of G, Avdeev
introduced the active roots of H, defined as

U={acd:U,¢ H},

and developed a combinatorial theory of such roots. We refer to [2], [3] for details
on this construction.

2.1. The structure of B/H as a toric variety. Counsider the projection G/H —

G/B, denote by #*(G/H) the set of the B-orbits in G/H which project domi-

nantly on G/B and by Div(G/H) the set of the B-stable prime divisors of G/H

which project dominantly on G/B. Since G/H possesses finitely many B-orbits,

Divy(G/H) equals the set of closures of the codimension one B-orbits in *(G/H).
Since it will be a fundamental object in what follows, we denote

9 = Divy(B/H).

Proposition 2.1. The map & — woONB/H induces a bijection between %*(G/H)
and the set of T-orbits in B/H, which preserves codimensions and inclusions of

orbit closures. In particular, the map D — woD N B/H induces a bijection between
Divp(G/H) and 2.

Proof. Let 0 € *(G/H). The image of ¢ in G/B is the dense B-orbit BwyB/B,
therefore there exists u € B such that ¢ = BwouH/H. Then

wo0 N B/H = (BN B*)uH/H = TuH/H,

that is, wo@ N B/H is a single T-orbit. Conversely, if % C B/H is a T-orbit,
then we get an element ¢ € £*(G/H) by setting & = Bwy% . The equalities
O = Bwo(woO NB/H) and % = wo(Bwy% )N B/H imply the first claim, and the
rest is an obvious consequence. (I

Corollary 2.2. B/H is a smooth affine toric T-variety.
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Proof. Since it is homogeneous under the action of a solvable group, B/H is smooth
and affine (see e.g. [34, Lemma 2.12]). Notice also that B/H is irreducible since B
is connected. Therefore the fact that B/H is toric under the action of T follows by
the sphericity of H thanks to Proposition since *(G/H) is a finite set. [

Proposition 2.3. The following hold.
i) As a T-variety, the weight lattice of B/H is woX(G/H).
ii) For any D € Divy(G/H), the T-invariant valuation of B/H defined by the
T-stable prime divisor woD N B/H € 9 coincides with wop(D).

Proof. Up to twisting the T-action by wq, the T-varieties B/H and woB/H are
isomorphic. Since the B-orbit of woB/B is dense in G/B and since BN BY° =T,
the T-stable prime divisors of woB/H coincide with the intersections D NwyB/H,
where D € Divp(G/H). To prove the proposition we may then replace B/H with
woB/H, and show instead the equality Xr(woB/H) = Xp(G/H) and that the
T-invariant valuation of woB/H defined by D NwoB/H is p(D).

Consider the open subset BwoB/H C G/H, and notice that we have an isomor-
phism BwoB/H ~ B xT wyB/H. Then restriction to woB/H induces a bijection
between B-semiinvariant rational functions on G/H and T-semiinvariant rational
functions on woB/H, and i) follows.

Identifying C(G/H)®) and C(woB/H)™), we get as well an identification be-
tween the discrete valuation of C(G/H) associated with a B-stable prime divisor
D C G/H which intersects BwoB/H (hence woB/H) with the discrete valuation
of C(wyB/H) associated with D NwoB/H, and ii) follows. O

The set of active roots of H is closely related to the structure of B/H as a
toric variety. Consider indeed the Levi decompositions B = TU ~ T x U and
H = TyH" ~ Ty x H". These induce a projection B/H — T/Ty, and a T-
equivariant isomorphism

(3) B/H ~T xTn Uy/H".

In other words, B/H is a homogeneous vector bundle over T/Ty, with fiber the
Ty-module U/H". Therefore the T-orbits in B/H correspond naturally to the
Ty-orbits in U/H", and it follows that U/H"™ possesses an open Tg-orbit.

Denote 7 : X(T') — X(Ty) the restriction map and set

U ={r(a) : v € U}

Since Ty is a diagonalizable group, the Tr-module structure of U/H" is completely
determined by its Tg-weights, namely by . The fact that U/H" possesses an open
Ty-orbit is then equivalent to the fact that it is a multiplicity-free Ty-module,
that is U is linearly independent. Given m € X(Tx), we denote by C, the one
dimensional Ty-module defined by 7. By [28, Lemma 1.4] the exponential map
induces a Ty-equivariant isomorphism u/h* — U/H", hence we get isomorphisms
of Tg-modules

(4) U/H“:u/h“:@((jﬁ.
Tew
In particular, ¥ parametrizes the set Divy, (U/HY), and summarizing the pre-

vious discussion we get canonical bijections
(5) Divy(G/H) +— 2 +— Divy, (U/H"Y) +— U.
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Definition 2.4. A root a € ®7 is called weakly active for H if U,, acts non-trivially
on B/H.

We denote by U# C &+ the set of weakly active roots of H.

As an immediate consequence of the definitions, notice that every active root
is weakly active. Moreover, if a € ¥¥, by definition we have a non-trivial homo-
morphism U, — Aut(B/H), which must be injective since U, has no non-trivial
proper subgroups (see [I8, Theorem 20.5]). On the other hand U, is normalized
by T, which by definition acts on the Lie algebra u, with the character a € X(T).
By the one-to-one correspondence between one parameter unipotent subgroups of
Aut(B/H) normalized by T and roots of B/H recalled in Subsection it follows
that every weakly active root for H is a root for B/H in the sense of Definition
and in the notation therein we have an isomorphism U, ~ V,, C Aut(B/H).
Therefore we have W* C Root(B/H), and in particular W¥ C Xr(B/H).

Following Definition the inclusion U# C Root(B/H) yields by restriction a
map

5|\Ilﬁ : \I/ﬁ — 9

Proposition 2.5. Let a € W', Then 6(c) is uniquely determined by (), and it
is the unique T-stable prime divisor of B/H which is not U,-stable.

Proof. By , the T-stable prime divisors of B/H correspond to the Ty-stable
prime divisors of U/H". If D € 2, it follows that the evaluation of a along
D coincides with the evaluation of its restriction 7(a) € Xp, (U/H") along the
intersection D N U/H" € Divy, (U/H"). In particular 7(«) € Root(U/H"), and
d(«) is uniquely determined by the restriction 7(«).

As we already noticed, the morphism of algebraic groups B — Aut(B/H) maps
U, onto the one parameter unipotent subgroup V, C Aut(B/H) determined by «
as a root of B/H. Therefore the second claim follows by Proposition ([l

We will need the following characterization of the active roots in terms of the
corresponding evaluation.

Theorem 2.6 (|3, Theorem 5.34 (b)]). Let a € N®T and assume that o € Z'V.
Then o € ¥ if and only if there exists Do € 2 such that {(p(D,),a) = —1 and
(p(D),a) =0 for all D € 2 \ {D,}, in which case D, = 6(«).

For o € W¥, let f_, € C(B/H)™) be an eigenfunction of weight —a (uniquely
determined up to a scalar factor). Since a € Root(B/H), it follows by Definition
that f_, vanishes with order 1 along d(«), and d(«) is the unique T-stable
prime divisor of B/H where f_, vanishes. Notice that, when « € ¥, the function
f—a is nothing but the obvious lifting of the coordinate of u/h" corresponding to

7(a) via and ([4).
Corollary 2.7. Let a € V¢, Then o € ¥ if and only if (D,a) < 0 for all D €

9. 1If moreover a € U, then f_, € C[B/H] is a global equation for §(«), and
ud(a) Nd(a) = @ for all non trivial element u € U,.

Proof. The first implication follows by Theorem Suppose that a € Uf and
suppose that (p(D),«) < 0 for all D € 2. It follows that f_, has no pole on any
T-stable divisor of the smooth variety B/H, hence f_, € C[B/H]. Moreover f_,,
is a global equation for §(«), because it vanishes with order 1 on d(«), and it is
non-zero on every other T-stable prime divisor of B/H.
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We claim that ud(«) N () = @ for all non-trivial elements u € U,. Let indeed
0 be the locally nilpotent derivation of C[B/H] associated to «. By (2)) it follows
that 0,(f_a) is a non-zero function, which is constant on B/H. Exponentiating
0o we obtain f_o(uq(§)z) = foo(x) + € for all £ € C (where C is regarded as
the T-module of weight o and u, : C — U, is a T-equivariant parametrization).
Therefore u(£)d(a) N () = @ for all £ € C different from zero.

Since TH/H C B/H is the unique closed T-orbit, it holds TH/H C J§(«).
Therefore by the previous discussion we get U,TH/H ¢ TH/H, namely U, ¢
H. O

Corollary 2.8. Let a, € ¥, then §(a) = 6(B) if and only if T(a)) = 7(B).

Proof. We already noticed in Proposition that for all o € WF the divisor
d(a) is uniquely determined by the restriction 7(a). Conversely, if a, 8 € ¥ and
d(a) = 6(B), then by Corollary it follows that the restrictions (f_q)jv/mv and
(f-4) v/ m= both belong to C[U/H"](T#) and they are both global equation for the
Ty-stable prime divisor 6(a) NU/H" = §(5) NU/H".

On the other hand by U/H" is Ty-equivariantly isomorphic to the toric
module @ .3 Cr, and the Tx-stable prime divisors of U/H" are precisely the
coordinate hyperplanes of @ .3 Cr. Therefore under the isomorphism the
restrictions of f_, and f_g both correspond to the unique coordinate corresponding
to 6(a) NU/H" = 6(8) NU/H". 1t follows that (f_a)jy/me and (f-g)ju/me have
the same Ty-weight, namely 7(a) = 7(58). d

Corollary 2.9. Via the bijection 2 < U of (@), the map oy : ¥ — 7 is identified
with Ty : ¥ — V. In particular, |y is surjective.

2.2. Orbits of T on B/H via active roots. Since it is an affine toric variety,
B/ H possesses a unique closed T-orbit, namely T'H/H, which is contained in every
T-stable divisor of B/H. Moreover, since it is smooth, the cone associated to B/H
is simplicial, therefore the T-orbits in B/H are parametrized by the subsets of Z.
Given I C 2 we denote by %; the corresponding T-orbit in B/H. To be more
explicit, by Proposition % is defined by the equality

I={DeP:%¢ D}

In particular, % is the closed orbit of B/H, and %4 is the open orbit. The goal
of this subsection is to give an explicit description of the T-orbits %}, by giving
canonical base points defined in terms of the active roots of H.

Proposition 2.10. Fiz an enumeration 9 = {D1,..., Dy}, let 1 < i1 < ... <
ip, <m and set I = {Dy,,...,D;, }. For every choice of elements f31,...,3, € ¥
with §(B1) = Dy,,...,6(8,) = D, and for every choice of non-trivial elements
ur € Ugy, ..., up € Ug,, it holds the equality

U =Tuy---u,H/H.

Proof. Denote % = Tus ---u,H/H. The point u; - --u,H/H is obtained by suc-
cessively applying the elements u; on the base point H € B/H, which is contained
in every T-stable prime divisor of B/H. By Proposition the root group Usg,
stabilizes every D € 2~ {§(8;)}. Therefore the definition of 1, ..., 5, implies that
% is contained in every D, for all D € 2\ {D;,,...,D;, }.
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It remains to prove that %; is not contained in §(3;) for all j = 1,...,p.
By Proposition it follows that &(8;) is stable under the action of Ug, for all
k # j, whereas by Corollary we have u;0(5;) Né(B;) = @. It follows that
wjp1---upH/H € §(B;) and w;---upH/H ¢ §(B;). Therefore uy---u,H/H ¢
d(B;) as well, and the claim follows. O

We deduce immediately from Proposition [2.10] the following description of the
T-stable prime divisors of B/H in terms of active roots.

Corollary 2.11. With the notation of Proposition[2.10, we have

6(8i) =TUg, -~ Up, -+ Up, H/H

3. WEAKLY ACTIVE ROOTS AND ROOT SYSTEMS

In this section we will extend the study of the active roots to the weakly active
roots, and we will give two alternative combinatorial definitions of them. This will
provide the technical tools needed for the description of (G /H) given in the next
section. We keep the assumptions of the previous section.

Recall the dominance order on X (T'), defined by A < p if and only if u— A € NA.
Given « € VU, denote F(«) the family of active roots generated by «, defined as

Fa)={BeW: B<a}.

We collect in the following proposition some properties of the families of active
roots from [2] that will be very useful in what follows.

Proposition 3.1 (|2, Lemma 5, Corollaries 2 and 3]). Let o € .
i) The family F(a) is a linearly independent set of roots, and 6(8) # §(5')

for all 5,8 € F(a).
i) If 6 € ¥, then 8 € F(a) if and only if supp(8) C supp(a).

3.1. Weakly active roots. We will give two different combinatorial characteriza-
tions of the weakly active roots. To do this, we will need a couple of preliminary
lemmas.

Lemma 3.2. Leta € U* and B € W be such that (p(6(3)), ) > 0. Then a+j3 € Ut,
and 0(a+ B) = §(a).

Proof. Notice that oo + 3 € Root(B/H): indeed o + € X(B/H) and by Theo-
rem [2.6]it satisfies the condition of Definition[.2] Moreover, as (p(8(8)), a+8) = 0,
it follows that d(a + ) = ().

To conclude the proof, we need to show that a+ 3 € ®* and that U, acts non-
trivially on B/H. As in Section given v € Root(B/H), we denote by V, the
associated one parameter unipotent subgroup of Aut(B/H), so that Lie(V,) acts as
a derivation on C(B/H) according to (2)). In particular, given 1,72 € Root(B/H),
we get that 0,, and 0,, commute if and only if

(p(6(m)),72) = (p(6(72)), M)-

Since (p(6(a)), B) = 0 and (p(4(B)), @) > 0, it follows by the previous discussion
that J, and d3 do not commute, hence Lie(Vyyg) = [Lie(Vy), Lie(V3)]. Consider
now the homomorphism of algebraic groups ¢ : B — Aut(B/H) induced by the
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action of B on B/H. By definition, U, and Ug act non-trivially on B/H, hence
Y(Uy) = Vo and ¢(Ug) = V. Therefore

Lie(Vig) = [Lie(V,), Lie(Vs)] = di[ua, ug).
It follows that [u,ug] is non-zero, hence a4+ 8 € T and Y(Up1p) = Vastp- O

Given a root @ € ®T, we define the following sets:
Pt (a) = (a+NOT)N T, U(a) = (a+ N¥)N P,

Lemma 3.3. Let « € ®F and 8 € @+ (a) \ {a}. There exist Bo, ..., B, € ®T with
Bo=a, Bn=p and B; — Bi_1 € ®F for alli < n.

Proof. Let ay,...,q,, € ®* with = a+a1+...+a,,. Assume that m is minimal
with this property, we prove the claim by induction on m. Set y = —a. If m=1
the claim is true. Assume m > 1, then by the minimality of m it follows that
v & ®*. Since v € N®T_ it follows then v ¢ ®, hence (8,a) < 0, where (—, —)
denotes an ad-invariant scalar product on t*. Hence

(@) +(v,0) = (a+7,a) = (8,a) <O
an we get (v,a) < —(a,a) < 0. Up to reordering the indices, we may assume

that (a1,a) < 0, hence @ = o+ a1 € ®F. On the other hand 8 € ®T(a’) and
B=a +as+...+ a,,, therefore the claim follows by induction. |

Lemma 3.4. Given o € ®T, the ideal (u,) generated by u, in u is the direct sum
of the root spaces ug with § € ®*(a).

Proof. Denote v = P geq+ (o) us- We show that v C uis an ideal and that v C (ua),
whence the lemma. To show that v is an ideal, it is enough to notice that for all
B € &t () and for all v € &7 it holds either [ug,u,] = 0 or [ug,u,] = ugy,, in
which case 8+ v € &1 ().

Let 8 € ®T (). By Lemma there exist Bg, ..., 3, € T with 8y = «, B, =
and 3; — B;_1 € ®T for all i < n. Forevery i = 1,...,n — 1 define o; = 3; — Bi_1,
then we have

[uﬁi’ua7‘,+1] =Ug; 7é 0.

It follows that ug C (u,) for all 8 € ®* (), hence t C (uq). O
Theorem 3.5. Let o € ®T. The following statements are equivalent:

i) ac Wt

i) W(a) £ o;

iii) T (a) NP #£ 2.
If moreover a € W¥, then we have §(a) = &(B) for all B € ¥(a).

Proof. 1) = ii) For all D € 2, fix a root fp € ¥ such that 6(8p) = D. This is
possible thanks to Corollary Let now a € ¥ and consider the element

(6) B=a+ > (p(D),a)Bp.
DeD~{5(a)}

By Lemma it follows that 8 € !, On the other hand, if D € 2, then Proposi-
tion [2.3] and Theorem [2.6] imply

{(p(D),B) = { 21 g g i ggz%
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Therefore 3 € ¥ by Corollary and we get ii).

ii) = iii) Obvious.

iii) = i) Suppose that U, acts trivially on B/H, we show that ®*(a) NV = @.
Denote N the kernel of the action of U on B/H. Given u € U, we have u € N if
and only if ubH = bH for all b € B. On the other hand, for all b € B, the equality
ubH = bH holds if and only if u € bHb~!. Therefore N is the intersection of U
with the biggest normal subgroup of B contained in H. Equivalently, N is the
biggest T-stable normal subgroup of U contained in H. It follows that N is stable
under conjugation by T, hence it is the product of the root subgroups U, which
are contained in it.

By assumption we have U, C N, hence u, C n. By Lemma the ideal (uy)
generated by u, in u is the direct sum of the root spaces ug with 8 € ®*(a). On
the other hand n is an ideal of u, and by definition no root space u, with o € ¥ is
contained in h. Therefore T (a) NV = 2.

For the last statement of the theorem, let o € U# and 8 € ¥(a). By Theorem
it follows that (p(d(a)),8) < —1. On the other hand (p(D),s) = 0 for all D €
2\ {6(B)}, therefore 6(8) = §(a). O

As a first consequence of the previous theorem, we generalize Lemma to
arbitrary pairs of weakly active roots.

Lemma 3.6. Let o, 3 € U¥ be such that (p(6(B)),a) > 0. Then a+ B € V¥, and
o+ B) =d(a).

Proof. Let 8’ € U(B), then 6(8') = §(8) and Lemma implies that o + 3’ € W,
and 6(a+ B') = 6(a). Let v € ¥(a+ '), then v = a+8+m + ... + "
for some ~y1,...,7, € ¥ and Theorem implies 6(y) = 0(«). Therefore, by
Theorem [2.6] (p(D),v) = 0 for all D € 2 ~\ {6(a)}, and (p(d(c)),7) = —1. As

{71,---,7} C F(v), by Proposition i) it follows &(v;) # () for all i, hence
(p(6(e)),~;) = 0 for all ¢ by Theorem [2.6] and it follows
(p(d(a)),a+ B) = (p(d(a)),”) = —1.

On the other hand the hypothesis of the lemma implies (p(§(5)), @+ 8) = 0, hence
(p(D),ac+ B) =2 0 for all D € 2 ~ {6(a)} and following Definition we get
a+ B € Root(B/H) and d(a + B) = §(w).

To conclude the proof, we need to show that a + 8 € ®* and that U, acts
non-trivially on B/H. This is shown with the same argument used in Lemma
which applies without any change in this more general case. (|

Given I C 2 we denote
U;={ae¥: ju)el}
In case I = {D} is a single element, then we will also denote ¥ simply by ¥ p.

Definition 3.7. Let I C 2 and o € ¥, then we say that « is activated by I if
there is 8 € NU; with a4+ 8 € ¥, and we say that « stabilizes I if there is § € NU
with o + 5 € Uy.

We denote by
O; ={ac ¥ : 3 NU; with a + 3 € U}
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the set of the weakly active roots activated by I, and by \113 the set of the weakly
active roots which stabilize I. By Theorem [3.5] we have

U= {aeO; : §a)el}

Notice that, for all I C &, we have ¥ C O; and ¥; C \IIﬁI
In the language just introduced, we have the following consequence of Theo-
rem

Proposition 3.8. Let a € V! and I C 9. Then
i) @ €Oy if and only if (p(D),a) <0 for all D € P\ 1,
i) a€ \I'ul if and only if (p(D),a) =0 for all D € 2 \ 1.
In particular, we have the equality \Ifg = N\IIﬁI Nk,

Proof. Let o € Oy, then there exists § € ¥ such that § — a € NU;. Applying
Theorem [2.6]to 3 it follows that (p(D),a) < 0 for all D € Z\I. Conversely, if such
inequalities are all satisfied, then we may consider the element 8 € ¥(«) defined as
in (6). Then by Theorem [3.5] we have 6(3) = 6(c), and since (p(D), ) > 0 for all
D e 2~ {6(a)} it follows that 3 — a € N¥;. This shows i). Claim ii) follows by
noticing that, if « € ©y, then by definition o € \I'ul if and only if 6(«) € I, if and
only if (p(D),B) > 0forall D € 2 \ 1. O

Given I C 9, let o7 C X(B/H)¢ be the cone of the affine open subset of B/H
with closed T-orbit %;. By definition oy is generated by the one dimensional rays in
X(B/H)g, which correspond to the T-stable prime divisors of B/H which contain
7, namely the elements of 2 \ I. Hence

or =cone(p(D) : De 2\1),
and we may rephrase Proposition [3.8] as follows.

Proposition 3.9. Let a € V! and I C 9. Then o € Oy if and only if ale; <0,
and o € \IIﬁI if and only if a5, = 0.

Given a € U, we are now ready to describe combinatorially the action of the
root subgroup U, on the set of T-orbits on B/H in terms of weakly active roots.

Proposition 3.10. Let a € U and I C 9. Then %; is not stable under the action
of Uy if and only if a € Oy. If this is the case, then we have

U U %Iu{é(a)} ifa € O \I/ﬁI

Uatty = { .
! U U 52/1\{5(&)} ifa € \I/ﬁl

In particular, Uy%; C % 1 if and only if either o € \I/ﬁl or a & Oy.

Proof. Consider the homomorphism of algebraic groups B — Aut(B/H), then in
the notation of Section the root group U, acts on B/H as the one parameter
unipotent subgroup V, C Aut(B/H). Suppose that %; is not stable under the
action of U,. Then by Proposition i) the set U,%; decomposes in the union of
two T-orbits % U % for some J.

Suppose |I| < |J|, then %; C %; and Proposition iii) implies a|,, < 0 and
oy = orNkera is a facet of o;. By Propositionwe get then a € O \ \I/ul If
instead |I| > |.J|, then %; C % and the same proposition implies a), < 0 and
or = oy Nkera, hence a € \Ilg by Proposition
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Conversely, suppose that a« € ©;. Then Proposition @ implies a),, < 0, and
by the description of o; it follows a|,, = 0 if and only if §(a) € I. Then the
claim follows by Proposition iii) applied to the pair %7 5(a) C U or to the pair
Ur C Urus(a), depending on whether 6(a) € I or 6(ar) & 1. O

Remark 3.11. In particular, given a € Uf and I C 2, we have the following
properties:

i) If Uy % # %, then the closure U is U, stable if and only if o € \I/ﬁI

i) If o € U4, then o € O7 (5(a))-

3.2. Combinatorics related to the weakly active roots. Recall the following
fundamental property of the active roots.

Lemma 3.12 ([2| Lemma 7]). For all § € F(a) ~ {a} it holds « — B € ®T.

We will need a generalization of the previous property, which holds for any
combination of roots in F'(«).

Lemma 3.13. Let o € ¥ and let § € NU be such that 8 < «, then o — 3 € T

Proof. Write « — 3 = a1 + ...+ oy, with o; € &7, we show the claim by induction
on n. We have o € &+ (a; )NV for alli € {1,...,n}, so Theoremyields a; € UE,

Notice that by Theorem we have (p(D),5) < 0 for all D € 2, hence
(p(D), a0 — B) < 0 at most for one D € &, and if such D exists then it is §(«). On
the other hand, write 8 = 81 +...+ 8y, for B1,...,Bm € ¥: then §; < o for all j and
from Proposition i) we deduce 6(5;) # (). Therefore (p(d(e)), — B) = —1,
and following Definition [1.2| we get a1 + ... + a,, € Root(B/H).

Suppose that n > 1, then there is at least one index ¢ with 6(«c;) # §(«), say
i = 1: this implies (p(d(a1)),a) = 0 by Theorem Since (p(d(a1)), 1) =
—1 and (p(d(a1)),5) < 0, it follows that there is at least one index ¢ such that
(p(06(a)), i) > 0, say i = 2. It follows by Lemmathat ay + ag € V¥ therefore
we can apply the inductive hypothesis and we get o € ®T. (]

Thanks to Theorem we deduce the following descriptions.
Corollary 3.14. Let I C 2, then we have the equalities
O;={a—-0:ae¥, NV, §<a},
\I/ulz{a—ﬂ ca eV, BN, <al.
Let o € U* and let 8 € ¥ be such that a + 8 € ¥, then [2, Proposition 1]

shows that a4+ 8’ € ¥ for all ' € ¥ with §(8') = §(8). We will need the following
generalization of this property.

Proposition 3.15. Let « € NO and let (1, ..., [0, € ¥ be such that a+Y_, a;,3; €
W for some ay,...,a, € N. Then o € V¥, and a+ Y, a;8, € U for all B},..., [, €
U such that §(B1) = 6(81),...,0(Bn) = d(B;,). Moreover we have 6(a+ ), a;f;) =
S(a+ 32, aif).

Proof. Denote v = o + Y. a;3;. We show the claim by induction on the sum
a =), a;. Suppose that a = 1, thenn = 1 and Lemmashows a=vy-p € 0T,
Therefore the claim follows by [2, Proposition 1].

Suppose now that n > 1, then 3, € F(vy) and Lemma implies

a+ alﬂl +...+ an—lﬁn—l + (an - 1)671 S (I)Jr-
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Setting o = a + B/, by [2, Proposition 1] it follows
0/ + alﬂl + ...+ an—lﬂn—l + (an - 1)671 S \Ila
and we conclude that o + ), a;5, € ¥ by the inductive hypothesis.

For the last claim, notice that o € ¥¥ by Lemma Denote v/ = a+ > a; 5,
then we have v,~" € ¥(«), therefore 6(y') = §(y) = 6(«) by Theorem (3.5 O

We now show that the semigroup generated by the set of weakly active roots \IfﬁI
which stabilize a given subset I C & is saturated in the root lattice ZA, that is

N\Ilﬁl = cone(\Ilg) NZA.

More precisely, we will show that N \I/ﬁI is the intersection of the semigroup generated
by the positive roots with the rational vector space generated by ¥;. In order to
do this, we will need a couple of preliminary lemmas.

Definition 3.16. We denote by X the union of the sets supp(3) for g € ¥.

Proposition 3.17. We have the equality ¥ = U N A. In particular Z¥ = Z¥* =
7Y% and ZV NNA = NU# = NX.

Proof. Let o € U# N A, then by Theorem it follows ¥(«) # &, hence a € X.
Suppose conversely that a € ¥, then by definition ®*(a)NV¥ # @, therefore o € WF
by Theorem again. The last equalities follow immediately by the inclusions
ZY C ZV* C ZV C ZY and NY C N¥* C Z¥ NNA C NX. O

Remark 3.18. Up to a twist, the set X of Definition is the set of the spherical
roots attached to G/H following the theory of spherical varieties (see e.g. [21}
Theorem 1.3] for the general case, and [3, Theorem 5.28] for the case where H
is a strongly solvable spherical subgroup). More precisely, if ¥/ is the set of
the spherical roots of G/H, then we have Xg/g = —wo(X): the twist appearing
here is due to the equality of weight lattices X(G/H) = —woX(B/H) proved in
Proposition (for this reason the subgroup H in [3] is assumed to be contained
in the opposite Borel subgroup B™°).

Proposition 3.19. Given I C &, we have
NU4 = ZU; N NA = Q¥; NNA.
Proof. By the definition of ¥ together with Proposition [3.17] we have
QU NNA = Q¥ NNY = NX = NU¥,
Therefore the claim is equivalent to the equalities
N} = 20, NNU = QU; N NEH,

By the definition of ¥ we have the inclusions N¥U% ¢ Z¥; "\NU! ¢ QU; NN,
Let o € QU; NNV and write o = 8y + ... + 3, with 8; € W%, By Proposition
we have (p(D), @) = 0 for every D € 2~ I. Proceeding by induction on n, we show
that we may choose ; in \Ilul for all i. If n = 1, then we have o € ¥¥, hence o € \IJﬁI
by Proposition Suppose n > 1 and assume that f; ¢ \I/ﬁI for some i. Then the
same corollary implies {p(D), ;) # 0 for some D € 2 \ 1.

Suppose that (p(D), 8;) > 0. As (p(D), ) = 0, it follows (p(D), B;) < 0 for some
j # i, hence D = §(53;) and B; +3; € ¥* by Lemma Similarly, if (p(D), 8;) < 0,
then D = §(B;) and there is some j # i with (p(6(8;)), B;) > 0, hence B; + 3; € V¥
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by Lemma [3.6] again. Therefore a can be written as a sum of n — 1 weakly active
roots, and we conclude by the inductive assumption. ([

3.3. The root system associated to a T-orbit in B/H. Recall that a root
subsystem ® C ® is closed if, for all o, 8 € ®' such that o + 8 € ®, it holds
a+ B € d as well. Given I C Z we denote

O, =72V, NP, df = 20, N oE.

It follows easily by its definition that ®; is a closed root subsystem of ®, and that

@? C ®; is a system of positive roots. We denote by Ay C <I>I+ the corresponding

basis and by W; the Weyl group of ®; (notice that in general Ay ¢ A).
Proposition readily implies the following property of the root system ®;.

Proposition 3.20. Given I C &, we have the following equalities:
i) & =QU; Ndt = NI N,
i) U4 =®F N and Uy = N0,

In particular A; C \Ifﬁl, and I is recovered by ®;j.

Proof. By Proposition we get the equalities @7 = QU; N &+ = NU! N &+,
and the inclusion Ay C U} follows as well. Combining with Proposition we get
then \I/§ = q)}r N ¥# and since ¥; = \I/ﬁl N U the last equality follows as well. The
last claim follows by noticing that I = 5(\115) = §(®F N k). O

We say that a root subsystem ®' C @ is parabolic if there exists w € W such
that w(®’) is generated by a subset of simple roots of ®. This is equivalent to the
property that ® = Q®' N ® (see [4, Ch. VI, § 1, Proposition 24]), therefore we get
the following corollary.

Corollary 3.21. Let I C &, then ®; is a parabolic root subsystem of ®.

Since &; C P is a closed root subsystem, to every I C 2 we may also attach a
reductive subgroup G of G, namely the subgroup generated by T' together with
the root subgroups U, with o € ®;. We denote by B; the Borel subgroup of
G associated with <I>}r, that is By = Gy N B, and by U; its unipotent radical.
The following proposition provides a first link between the root system ®; and the
geometry of the corresponding T-orbit %;.

Proposition 3.22. Let I C 9, then %; = BiH/H and X (%) = 291 + X (Uy).

Proof. By Proposition it follows that %; is U,-stable for all a € \I/ﬁl On
the other hand by Proposition every a € @?‘ ~ \I/ul acts trivially on B/H,
therefore % ; is Br-stable. Moreover we have % C B;yH/H by Proposition
and BrH/H C % by Propositions and and the first claim follows.

To show the second claim, it follows by the previous discussion that X (%;) =
X(BrH/H). Reasoning as in (3), the projection B;/B; N H — T/Ty induces a
T-equivariant isomorphism

Br/BiNH~T x™ U; /U N H.

Being a smooth and affine toric variety, By /BN H has trivial class group, therefore
we get a surjective homomorphism ¢ : X(B;H/H) — Div? (B;/Br N H) defined
by sending the character x to the divisor of a rational T-eigenfunction of weight
X (see e.g. [12, Theorem 4.1.3]). Since the T-stable prime divisors of B;/Br N H
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correspond to the Ty-stable hyperplanes of the fiber U;/U; N H (which is a affine
space), it follows that the kernel of ¢ equals X(T/Ty) = X(%z). On the other
hand by Corollaryevery T-stable prime divisor on By H/H has a global equation
of weight —« with « € Uy, therefore X (%) = X(BrH/H) is generated by X (%)
together with ZV; = Z®;. O

Corollary 3.23. Let I C 2, then the following inequalities hold
1] < 1k ®; < dim(T/Ti) + |1

Proof. This follows from the equality tk X(%;) = dim(%;) = dim(T/Txy) + ||
together with the inclusion ¥; C ®;. O

Remark 3.24. By the definition of ®; we have rk(®;) = dim(Q¥;). In some cases
this rank is easily computable:
- 0 <rk(®r) < X
- 1k(®;) =0 if and only if I = @.
- 1k(®;) = |¥] if and only if I = 2.
If I = {D} then rk(®;) = |§~1(D)]| (this follows by [2, Corollary 1]).
- If T C H then rk(®;) = |I] for all I C 2 (this follows by [2, Theorem 1]).

3.4. Explicit description of the basis A;. By making use of the classification
of the active roots, we will give in this subsection some more explicit description of
the root systems ®; and of their bases A;. We will not use these results until the
last section of the paper, where we will prove a bound for the number of B-orbits
in G/H.

Suppose that H C B is a spherical subgroup of G (possibly not containing 7).
In the following theorem we recall Avdeev’s classification of the active roots, as
well as some of their properties (see [2], Proposition 3, Corollary 6, Theorem 3, and
Lemma 10), and deduce some corollaries.

Theorem 3.25 ([2]). Let 8 € U, then the following properties hold.

i) There exists a unique simple root w([3) € supp(f) with the following prop-
erty: if B = B1 + B2 for some 81,82 € ®T, then B1 € U if and only if
m(B) & supp(B).

ii) The map B’ — 7(B') induces a bijection between F(3) and supp(B).

iil) If 1,82 € ¥ and w(B1) = w(B2), then §(51) = 6(B2).
iv) The active root B appears in Tablem and [B:7(B)] = 1.

We will call the integer appearing in the first column of Table [I] the type of an
active root.

Let 8 € U, we say that a subset A C supp(f) is connected (resp. co-connected) if
A (resp. supp(fB) \ A) is connected as a set of vertices in the Dynkin diagram of ®.
If B’ € F(B), it follows by a direct inspection of Table that supp(’) C supp(p) is
co-connected, whereas Theorem [3.25]1) shows that, if 8 # 3, then m(3) & supp(5').

Notice that Theorem allows to construct the whole family F(3) from 8 and
7m(8). In particular we have the following property.

Corollary 3.26. Let B € U and let A C supp(3). Then A = supp(8’) for some
B € F(B) {8} if and only if A is connected and co-connected, and 7(8) & A.

INotice that when supp(f) is of type F4 our enumeration of the set supp(8) in Table [1] differs
from the one in [2]: following [4] for us a1 and ag are the long simple roots.
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[Type | supp(B) | B
1. any of rank n ar+ -+ a,
2. B., a4 g + 20,
3. Cn, 200 + -+ 20,1 + apy,
4. F4 a1 + ag + 20[3 + 20(4
5. Gy 201 +
6. G2 30[1 + i

TABLE 1. Active roots

Proof. As already noticed, every active root 8 € F(8)\ {8} satisfies the properties
of the claim. The corollary follows then by Theorem ii) by noticing that the
number of subsets A C supp(5) which are connected and co-connected such that
m(8) € A is the number of edges of the Dynkin diagram of supp(8). Indeed,
associating to A the unique edge connecting a simple root of A to a simple root of
supp(B) \ A is a bijection. On the other hand, the number of such edges is precisely

| supp(B)] — 1. 0

In particular we get the following characterization of the pairs (o, ) € ¥# x ¥
with 8 € ¥(a).

Corollary 3.27. Let o € @1 and 8 € ¥, and suppose that o < 3. Then 8 € ¥(«)
if and only if w(B) € supp(«).

Proof. Since 3 € ®*(a), by Theorem it follows that a € Wf. If supp(a) #
supp(B), let A C supp(B) \ supp(a) be a connected component. Notice that A is
both connected and co-connected in supp(f), therefore by Corollary there is
B’ € ¥ with supp(’) = A. On the other hand (3’, ") < 0, therefore a + 3’ € T,
and since a+ ' < 8 by Theoremwe still have o+ 3’ € W%, On the other hand,
B — ' € ®F by Lemma hence 7(8) & supp(8’) by Theorem Therefore
m(B) € supp(«) if and only if 7(8) € supp(a + ).

It follows that the claim holds for « if and only if it holds for o + 3’. Therefore
we may assume that supp(a) = supp(f), in which case the claim can be easily
checked by making use of Theorem and Table

i) If B is of type 1, then a = 3, which is absurd.

ii) If g is of type 2, then o = § — a,, and «a,, € V.

iii) If B is of type 3, then @ = 8 — (a1 + ... + ;) for some i < n, and
ay+...+a; €V for all i < n.

iv) If B is of type 4, then either « = 8 — (a3 + a4) or & = 8 — a4, and both
a3 + a4 and a4 are active roots.

v) If B is of type 5, then « =  — a3, and oy € V.

vi) If B is of type 6, then either « = f — a3 or @« = 8 — 21, and o € U. [

In particular, the previous corollary shows that 5 € U(w(8)) for all 3 € ¥. In
this case we can be even more precise.

Corollary 3.28. Let 8 € ¥ and 8’ € F(B), then ' is mazimal in F(B8) ~ {8} if
and only if supp(3’) is a connected component of supp(8) ~ {w(8)} if and only if



20 JACOPO GANDINI, GUIDO PEZZINI

m(8) and w(B") are non-orthogonal. Moreover

m(B)=p8— Z ag,y7
yemax(F(8)~{8})
where max(F(5) ~{B}) denotes the set of the maximal elements in F(8)~ {8} and
where ag , € N is the mazimum such that ag 7y < 3.

Proof. Notice that every connected component of supp(5) ~ {m(5)} is co-connected.
The first claim follows then by Corollary together with Proposition ii).
Let o/ € supp(B’) non-orthogonal to 7(f), notice that such root is unique since
supp(/3) contains no loops. Then supp(f’) \ {a’} is connected and co-connected in
supp(f3), and since it does not contain 7(3) by Corollary there is 8" € F(j)

such that supp(5”) = supp(8’) \ {a’}. Since supp(8”) C supp(’), Proposition
implies that 8” € F(3’) and 8/ — 8” € ®*. On the other hand by Theorem
7(B") € supp(B8’) \ supp(B”), therefore it must be 7(5’) = o’'.

The last claim can be easily deduced by the previous discussion together with a
direct inspection based on Theorem and Table [T} O

Another technical property that we will need and that we can deduce from
Theorem [3.25] is the following.

Lemma 3.29. Let 8 € U and let $1, B2 € F(B). If supp(B1)Usupp(B2) is connected,
then 81 and (s are comparable.

Proof. By Corollary the complementary
supp () ~ (supp(B1) Usupp(B2)) = (supp(B) ~ supp(B1)) N (supp(B) ~ supp(f2))

is the intersection of two connected subsets of supp(f), so it is connected since
the Dynkin diagram of supp(f) has no loops. Therefore supp(51) U supp(32) is
connected and co-connected, and by Corollary there exists v € F(8) such that

supp(7) = supp(B1) U supp(z).
Suppose that « is different both from §8; and Bs. For ¢ = 1,2, we have then

B; € F() by Proposition ii), and v — B; € ®* by Lemma Therefore by
Theorem i) w(vy) ¢ supp(B;), which is absurd by the definition of «y. Therefore
v is either 81 or Bs, hence 1 and By are comparable by Proposition ii). O

Let I C 2 and 8 € ¥;. Denote Fr(8) = (F(8) N¥r) ~ {B} and define
Bi=8- Y ag,
y€Emax(Fr(B))
where max(F7(5)) is the set of the maximal elements in F7(5) and where ag ., € N
is the maximum such that ag,y < 8. By Theorem it holds ,6’? € \Ilﬁl, and
1) (5?) = §(B): indeed, being pairwise incomparable, by Lemma M the elements
in max(F(B)) have pairwise disjoint support.

Theorem 3.30. Let [ C 9, then Ay = {ﬁ? : eV}

Proof. Suppose that a € Ay, then by Corollary we may write a = § — (1 +
...+ Bp) for some B € ¥; and some Bi,...,0, € Fr(B). Suppose that p > 0,
otherwise there is nothing to show. We claim that

™) Bt < Y as

yEmax(Fr(8))
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The inequality is clear if the supports of 3i,..., [, are pairwise disconnected,
e.g. if the active root § is of type 1. Suppose that this is not the case and that (up
to reordering the indices) supp(81)Nsupp(B2) # &. Then B; and B2 are comparable
by Lemma [3.29] and we may assume that 8; < 2. Since 81 4+ 82 < 3, arguing with
Theorem and Table [T we have the following possibilities:

i) B is of type 2, and 51 = B2 = au;
ii) 8 is of type 3, and there are indices 7,5 with 1 < ¢ < j < n such that
Bi=o1+...+a;and By = a1 + ...+ ay;
iii) B is of type 4, and there are indices 4,j with 3 < i < j < 4 such that
Bi=0a;+...+asand Bo = a; + ...+ a;
iv) B is of type 5 or 6, and 1 = B2 = .
If v € max(F;(B)) is such that B2 < 7, in all these cases we get that 81+ 82 < ag 7.

By making use of Theorem it is easy to see that for all 8 € F(8) \ {8}
the family F'(5’) is totally ordered by the dominance order. On the other hand, we
see by Table [I| that the coefficient of the active root 8 along a simple root can be
at most 2, unless 3 is of Type 6. Provided that g is not of type 6, it follows that
no root f3; with ¢ > 2 is in F'(v), since otherwise 81 + f2 + 8; € 8, and inequality
@ follows by summing up all the roots with intersecting supports. Finally, the
inequality is immediately checked if § = 3a; + as is of type 6, in which case o = s
and 1 = B2 = B3 = ai.

As a consequence of , we get the inequality B? < a. Since by assumption «
is minimal in ®; and since ﬁ? € ®f, it follows that a = f%. Therefore we have
proved the inclusion Ay C {6? : B € I}. We now show that for all 3 € U the
clement % is indecomposable in @} .

Suppose that 5 € ¥ and let v1,...,7, € ¥y be such that

B = () + ...+ ()

By Deﬁnition for all ¢ the evaluation of ('yi){i, takes exactly one negative value
on 2. As §(8}) = 0(B), there exists v € {y1,...,7n} with §(8) = d(y). Therefore
7? < B§ < B, and w(y) = W(’yﬁ) € supp(f). By [2, Corollary 11] we get then
() = 7r('y§), and Corollary shows that 8 € \Il(ﬁ) Therefore there are
Bi,...,Bm € F(B) such that 8 =~ + B1 +...4 Bpm. Then (p(8(5:)),7%) > 0 for all
t=1,...,m, and by Propositionit follows 6(f;) € I, that is 8; € ¥;. Therefore
the definition of B? implies 5§ < 7p, that is n =1 and ﬁ§ = 7?. O

We assume for the rest of the section that H C G is a spherical subgroup such
that T C H C B. Then §|g : ¥ — 2 is bijective by Corollary and m: ¥ — A
is injective by Theorem iii). We will identify the set of divisors Z with the set
of active roots W.

Define a graph G(¥) with set of vertices ¥ as follows: two active roots 3,5’
are connected by an edge if and only if they are not strongly orthogonal (namely,
neither their sum nor their difference is in ®). Given I C ¥, we denote by G(I) the
associated subgraph of G(¥). Notice that, if 3,8’ belong to the same connected
component of G(I), then they belong to the same irreducible component of ®;: if
indeed {$,0'} C I is an edge of G(I), then either 8+ ' € &y or B — 5’ € P;.

If I C ¥ we denote by @/ the root system generated by the simple roots 7(5)
with 8 € I, and by W} the Weyl group of ®7.
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Proposition 3.31. Suppose that T C H, let I C ¥ and suppose that w(I) is
connected. Then the followings hold:

i) @5 is an irreducible parabolic subsystems of ® of rank |I|.
it) If @ is simply laced, then ®1 and O’ are isomorphic root systems.
iii) If ® is not simply laced and w(I) contains both long and short roots, then
®; and D are isomorphic root systems.

Proof. i) Let 3,8" € I, denote o = w(8) and o/ = 7(/’) and suppose {¢/,a") < 0.
Suppose that there is some active root whose family contains both 8 and §’: then 3
and ' are comparable by Lemma hence {8, 8’} is an edge of G(I). Therefore
3, 8" belong to the same component of ®;.

Suppose that there is no active root whose family contains both 8 and 8. We
claim that in this case supp(8) Nsupp(8’) = &. Indeed, if this intersection is not
empty then a € supp(f’) or o € supp(B) (because the Dynkin diagram of G has
no loops). Assume that o’ € supp(8), then by Theorem [3.25]ii) there is 3" € F(3)
with 7(8”) = o/, which implies 8 = ' by the injectivity of 7. Therefore 5’ € F(8),
contradicting the assumption.

Therefore supp(8) Nsupp(B’) = @, and since « € supp(B) and o’ € supp(3’) are
non-orthogonal Theorem [3.25 iv) implies that (8, 3Y) = (a/,a") < 0. Therefore
B+ 0 € <I>}r, hence 3,3 belong to the same component of ®;. It follows that
®; is an irreducible subsystem of ® (whose rank is |I| by Remark 7 and it is

parabolic by Corollar
ii) By Theorem A = {ﬁ? : B € I} is a basis of ;. Let § € I. By
Corollary if o/ € w(I) adjacent to w(8) then the root 8 € I such that

m(B8') = a is maximal in F(8) \ {8}, hence ' € max(F;(8)), which implies that Bg
doesn’t have o’ in its support. In other words supp(ﬂ?) N7 (I) contains m(B) but
none of the roots of w(I) adjacent to it: thanks to the fact that supp(ﬁ?) Nn(I) is
connected, we deduce that supp(ﬂ?) Nm(I) = {w(B)}. Notice also that all elements
of supp(ﬁ?) ~ {7(B)} are orthogonal to the elements of w(I) \ {m(3)}, otherwise
the Dynkin diagram of ® would have a loop. Since all the roots in ® have the
same length, it follows that the root systems generated by A; and by 7w (I) are
isomorphic.

iii) Let Ag C A be the connected component containing 7(I). Denote ®( the
corresponding irreducible subsystem of ® and enumerate Ag = {a1,...,a,} as in
[4]. We also enumerate I by setting 8; = 7 (o) for all o; € w(I). If w(I) = Ay,
then the claim is clear, since i) implies then ®; = ®7 = ®(. In particular we may
assume that @/ is not of type F4 nor of type Go.

Suppose first that ®¢ is of type B,, or C,,. Then n(I) = {ay,...,a,} for some
p with 1 < p < n. Notice that the claim follows once we prove that ®; contains
roots of different length: indeed by i) ®; and @} are both irreducible parabolic
subsystems of @ of rank |I|. By Corollary it follows that I contains all the
maximal elements in F(8,) \ {8,}, therefore (Bn)ﬁl = 7(Bn) = a, and we get
a, € <I>I+.

Suppose that @ is of type B,,, then a,, is short. On the other hand a positive
root v with [y : a,—1] = 1 is short if and only if v = a; + ... + «,, for some i < n,
therefore either 3,,_; is long or 5,_1 — a;, is long, and the claim follows since ®; is
a parabolic subsystem of ®.
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Suppose that ®q is of type C,,, then «,, is long. On the other hand a positive
root y with [y : a,,—1] = 1 is necessarily short, and the claim follows.

Suppose now that ®q is of type Fy, then by the assumption 7(I) D {ag, as}. If
U ger supp(f) is of type B or C the same arguments as before apply, suppose that
this is not the case. A direct inspection based on Theorem shows that (3 is
necessarily a short root, and that either 35 is a long root or B3 — B3 is a long root.
Therefore ®; contains roots of different lengths, hence it is of type B or C7. If
|I| = 2 then the claim follows.

Suppose that |[I| = 3. If 81 € I, then it follows by Corollary [3.28]that I contains
all the maximal elements in F'(51) \ {1} and in F(B2) \ {B2}. Therefore (ﬁl)ﬁl =
m(8i) = «; for i = 1,2, and it follows that A; contains two long roots, hence ®;
is of type Bs. Similarly, if 84 € I we conclude that A; contains two short roots,
hence ®; is of type Cs. O

4. COMBINATORIAL PARAMETERS FOR THE ORBITS OF B ON G/H

We are now ready to give a combinatorial parametrization of the B-orbits in
G/H, where H is a spherical subgroup of G contained in B, in terms of the root
systems introduced in the previous sections.

4.1. Reduced and extended pairs. Consider the projection G/H — G/B. By
the Bruhat decomposition, every B-orbit ¢ in G/H uniquely determines a Weyl
group element, namely the element w € W such that the image of & in G/B is the
Schubert cell BwB/B. Given w € W and I C 2, notice that w%; is a well defined
T-orbit in G/H, mapping on the T-fixed point wB/B € G/B. Therefore to every
pair (w,I) with w € W and I C &, we may associate a B-orbit in G/H by setting
ﬁu,J = B’LU%].

Notice that every B-orbit in G/H is of the shape 0, ; for some w € W and
some I C 2. Suppose indeed that & is a B-orbit in G/H which projects on the
Schubert cell BwB/B. Then, reasoning as in Proposition the intersection
w=r0 N B/H is a (BN B%)-orbit in B/H, hence it is T-stable. If %; is any T-
orbit in w™'¢' N B/H, we have then the equality ¢ = €, ;. While w is uniquely
determined by O, in general there are several choices for I C Z.

We will say that I C 2 is a representative for a B-orbit & if 0 = 0, for
some w € W. The goal of the following theorem is to show that there are canon-
ical minimal and maximal representatives for the B-orbits in G/H, and to give
combinatorial characterizations of such pairs.

Theorem 4.1. Let 0 be a B-orbit in G/H. There exist a unique minimal repre-
sentative m and a unique mazximal representative M for €, and I is a representative
for O if and only if m C I C M. Suppose moreover that 0 = O,, 1 and denote

I(w) =6(07 \ @F(w)).

i) We have the equalities m = I \ I(w) and M = T U I(w).
ii) The following formulae hold:

dim(0) = dim(B/H) + l(w) — |2 ~ M|,
tk(0) =rk(B/H) + |m]|.

More precisely, Xp(0) = wXp(%n), and in particular w(®y,) C Xp(0).
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Proof. Let w € W and I C 2 be such that & = 0, ; and denote Z = w='¢NB/H.
By the discussion at the beginning of this section, the first claim is equivalent to
the fact that Z contains a unique minimal T-orbit and a unique maximal T-orbit
(ordered via inclusion of closures). Since Z = (B N BY)%;, it follows that Z is
homogeneous under the action of a connected solvable group, and reasoning as in
Corollary it follows that Z is an irreducible T-stable affine subvariety of B/H.

In particular, Z is itself a toric variety under the action of 7. Since it is irre-
ducible, there exists a unique maximal T-orbit 2 C Z, and since it is affine there
exists a unique closed T-orbit %, C Z. To show that %; C Z for every J with
m C J C M, notice that Z is open in its closure. Therefore the boundary Z \ Z is
closed and T-stable, and if %; C Z ~\ Z then it must be m ¢ J because %, C Z.
Therefore Z is the union of all %; C B/H such that %, C Uy C U

i) First at all, notice that I(w) C M. Indeed B N B" is the product of the root
subgroups U, with a € ®* \ ®T(w). If @ € O; \ ®T(w), by Proposition
it follows then %50y C Ua%1 C (BN BY)%, hence I U {§(a)} C M by the
maximality of M.

Similarly, notice that m C I \ I(w): if indeed o € O \ ®*(w) and §(«) € I,
then %1 s5(a) C Ua1 C (BN BY)%r, hence m C I \ {6(a)} by the minimality of
m. At this point, to conclude it is enough to show the equality M = m U I(w). We
have already proved the inclusion m U I(w) C M. Since m(w) C I(w), the reverse
inclusion M C m U I(w) follows if we prove that M\ m C m(w).

We claim that

(8) VDeM~m 38€¥Up IyeN¥, : [-yeNT ot (w).
Indeed, given a € ®*, we have U, C BN B if and only if « ¢ ®*(w). Since
U C (BN BY)%,, it follows then by Proposition that there is a sequence
ag,. .., a, € UINOF (w) such that Mam = {d(ay),...,6(an)} and Uy, - - - Uy, %in D
;. Moreover, every root «; has to be activated by mU{d(a1),...,0(a;—1)}, that
is: for all i = 1,...,n there are v; € NU,,, 81 € ¥s0,y, -+ Bisic1 € Ys(a,_,) and
non-negative integers a; 1, ..., a;;—1 such that
Br:=a1+7 € ¥sa,)
B2 :=az+v2+a11811 € Ysa)
B3 := a3z +v3+a21821 + a22822 € ¥say)
Bn = Qp + Yt amlﬁn,l +...+ an,nflﬂn,nfl S \IJ5(0471)
By Proposition [3.15] it follows then
Bl =1 +7 € Ysay)
By = az+ 72+ a1,18] € ¥s(a,)
By :=as + 3+ az18] + 2285 € Ws(ay)
ﬂ; =yt Yn + an,lﬁi +...+ an,nflﬂ»;fl S \Ilé(an)

In particular, for every ¢ = 1,...,n, it follows that 5 = o +~! with v/ € N¥,, and
o} € Nag + ...+ Nay, and follows.

Let now D € M\ m, 8 € Up and v € NV, as in , and set « = 8 — 7.
Then by Lemma we have o € ®T, hence a € ©,,. On the other hand we
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have w(a) € N®T, hence a € &+ \ &+ (w). Therefore o € O, \ & (w), and by
Theorem [3.5| we get D = §(«), which shows that D € m(w).

ii) For the dimension formula, notice that the action of G on G/H induces an
isomorphism of varieties

UNn(wU w™ ') xwB/H — BwB/H
If ¢ C BwB/H it follows that dim(&) = [(w) + dim(w~'¢ N B/H). On the other
hand, since B/H is a smooth affine toric variety, if I C & we have
dim(%;) = dim(B/H) — |2 \ I| = dim(%y) + |1],

therefore the formula follows by the definition of M.

For the rank formula, fix a point z,, € %,. Notice that x,, is a standard
base point in (B N BY)%,, as a homogeneous space under B N B™. Indeed, if
z € (BNB™)%y is a standard base point, then Tz is a closed T-orbit by Lemmal[L.1]
On the other hand %, C (B N BY)%y is the unique closed T-orbit, therefore
Tx =Tz, and x,, is a standard base point too.

It follows that wz,, € & is a standard base point as well. Indeed, since z,, € B/H
and H C B, we have Stabg(zy,) = bHb™! = Stabg(x,,), hence

Stabp(wzm) = B Nw Stabg(zm)w ™! = B Nw Stabp (2y,)w ™.

On the other hand the latter equals w Stabpnpw (2m)w ™!, and since Staby (W, ) =
w Staby (2 )w ™! it follows that wz,, € € is a standard base point because x, €
(BN BY)%y, is so.
By Lemma [I.1] we have then
XB(ﬁ) = XT(’LU%m) = wXT(%m),

therefore rk(0) = dim(%,) = dim(%z) + |m|. On the other hand, by Lemma
again, we have rk(B/H) = dim(%4), and the rank formula follows. Finally, the
inclusion w(®y,) C Xp(&) follows by Proposition O

Given w € W and I C 2 we will denote by m,, ; the minimal representative of
Oy,r and by M,, ; the maximal representative of &, 1.

Definition 4.2. Let w € W and I C 2. We say that (w,I) is a reduced pair if
I=m,; (ie., if INI(w) =), and we say that it is an extended pair if I = M,,
(ie., if I(w) C I). Given w € W and I C 2, we will call (w,m,, ;) and (w, M, 1)
respectively the reduction and the extension of (w,I).
Remark 4.3. Given I C Z, we have by definition \IJﬁI = 07 N6 (1), whereas by
Theorem {.1| we have the inclusion © \ \Ili/[wyl C @t (w). The following character-
izations of reduced pairs and of extended pairs follow immediately:

i) The pair (w,I) is reduced if and only if \Ilﬁl C ®*(w), if and only if ] C

Dt (w).
ii) The pair (w, I) is extended if and only if ©; \ ¥} C &+ (w).

To summarize:

Corollary 4.4. The map (w,I) — Oy 1 gives a parametrization by reduced (resp.
extended) pairs

{(w, 1) : ®F C ®*(w)} «— B(G/H) +— {(w,I) : O; ~ ¥’ C & (w)}.

Moreover:
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i) If (w,I) is reduced, then tk(0,, 1) = rk(B/H) + |1].
it) If (w,I) is extended, then dim(0, 1) = dim(B/H) + l(w) — |2 \ 1|.

Remark 4.5. The following properties easily follow from Remark [4.3}

i) All the pairs of the shape (w, &) are reduced, and all the pairs of the shape
(w, ) are extended. All the pairs of the shape (wg,I) are both reduced
and extended.

ii) If (w,I) is reduced and if J C I, then (w, J) is also reduced.

iii) If (w,I) is reduced (resp. extended) and if w < v (i.e. w is a right subex-
pression of v), then (v, I) is also reduced (resp. extended).

Corollary 4.6. Suppose that (w,I) is reduced. Then O,  is closed in G/H if and
only if all of the following conditions hold:
i) I=o;
ii) ®F(w ) cv;
i) Ws(p+(w)) = 2T (w);
V) Sja+(w) : T (w) = Z is injective.

Proof. As a consequence of the main theorem in [30], every closed B-orbit has
minimal rank. Therefore every closed B-orbit in G/H is of the shape 0, & for
some w € W. On the other hand B/H is a closed B-orbit, and by [d, Proposition
2.2] all closed B-orbits have the same dimension, therefore &, & is closed if and
only if dim(0,, ») = dim(B/H).

By Theorem the maximal representative of 0, & is M = §(¥ \ &1 (w)),
therefore dim(0,, ) = dim(B/H) if and only if |2 ~ M| = [(w). On the other
hand

DSV DT (w)) CHT NI (w))
and the latter has cardinality at most [(w), therefore |2 ~ M| = [(w) if and only if
Ot (w) CVand Z\6(¥ NPT (w)) =§(PT(w)) has cardinality I(w). Assuming ii),
the claim follows by noticing that the equality 2 \ §(¥ \ ®T(w)) = §(®T (w)) is
equivalent to iii), whereas the equality [§(®F(w))| = I(w) is equivalent to iv). [

Ezample 4.7. In this example, we study the special case where H contains a max-
imal torus of G, and we show how the theory developed in this section simplifies
under this assumption. Assume that T C H.

i) Notice that dim(B/H) = |¥| and rk(B/H) = 0. The first formula is clear,
whereas the second one follows by Lemma because B/H contains a
T-fixed point.

ii) The restriction |y : ¥ — 2 is bijective by Corollary therefore we may
identify ¥ and & (as we will in the following points), and regard djy: as a
map V¥ — ¥ which extends the identity.

iii) Let (w,I) be a reduced pair, then by Corollary 4.6 we have

Oy is closed <= [ =@ and &1 (w) C ¥

iv) Let (w,T) be an extended pair and denote ®T(w,I) = &1 (w) \ (¥ \ I),
then we have
dim O, 1 = |¥| + | (w, I)].

Indeed U . I = ¥ N (O ~ ¥¥), therefore ¥ . I ¢ &+ (w) by Remark
and the formula follows by by Corollary
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v) Let (w,I) be a reduced pair, then rk(&,, ;) = |I| and
dim Oy, 1 > || + |®F .

The rank formula follows by Theorem thanks to i). The dimension
formula follows by iii), thanks to the inclusion ®; C ®*(w, M) (where
(w, M) denotes the extension of (w,I)): indeed ® C ®*(w) by Remark
and if we regard dys as a map U# — ¥ then by Proposition m we
have U N ®F =1 C M.

Ezample 4.8 (see [34]). Let U’ = [[,co+-.a Ua be the derived subgroup of U, then
H = TU' is a spherical subgroup of G which is contained in B. In particular T C H,
therefore the discussion of Example [£.7] applies. Notice that ¥ = A is the set of
the simple roots, therefore we can identify 2 with A via the map §. Notice that
Ut = U = A: indeed by definition ¥# ¢ ®*, and by Theorem for all o € Wt
there exists 8 € ¥ such that a < 5.

Given w € W and I C A, we have by definition I(w) = I \ ®*(w). Therefore
by Remark the pair (w,I) is reduced if and only if I C ®*(w), whereas it is
extended if and only if A \ ®T(w) C I. In particular if (w, I) is reduced then we
have rk(&, 1) = |I] and

dim(0, 1) = l(w) + 1] + |A ~ & (w)].

4.2. Comparison with the wonderful case. An important class of spherical
subgroups of a reductive group G is that of wonderful subgroups (see e.g. [B]).
This class plays a prominent role in the theory of spherical varieties, both in their
classification and in the study of their geometry. Wonderful subgroups can be
characterized in terms of their spherical roots: by definition, the spherical roots of
a spherical subgroup H C G are a distinguished set of elements in the weight lattice
X(G/H) (see the references in Remark [3.18|for the definition), and H is wonderful
if and only if the corresponding spherical roots form a basis of X(G/H).

To any spherical subgroup H one may canonically associate a wonderful subgroup
H containing H, called the spherical closure of H. Given a spherical subgroup H
contained in B, the aim of this subsection is to compare the set of B-orbits in G/H
with that of G/H, and to show that these two sets are canonically identified. We
keep the notations introduced in Section [1.2

Restricting to the strongly solvable case, we say that a spherical subgroup H C G
contained in B is wonderful if woX(G/H) = ZX, where ¥ is the set introduced
in Definition |3.16 The fact that this definition agrees with the general one is a
consequence of Proposition (see Remark .

If H is a spherical subgroup of G, then Ng(H) acts by conjugation on X (H).
The spherical closure H of H is by definition the kernel of this action, and we say
that H is spherically closed if H = H. Notice that we have inclusions H C H and
Z(G) C H C Ng(H), where Z(G) denotes the center of G. By [3, Corollary 5.25],
it follows that if H is contained in B, then H is also contained in B.

By a general theorem of Knop [2I] Theorem 7.5 and Corollary 7.6], the spherical
closure of a spherical subgroup of G is wonderful. In the case of a strongly solvable
spherical subgroup H C G, the converse also is true: H is wonderful if and only if
it is spherically closed (see [3, Corollary 3.42]).
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Let H C G be a wonderful spherical subgroup contained in B, and denote
Ya/a = —wo(X). Then by definition ¥, g is a basis for X'(G/H), whose elements
are simple roots of G.

Lemma 4.9. Suppose that G is adjoint and let H C G be a strongly solvable
wonderful subgroup. Then H is connected.

Proof. Let H° C H be the identity component. Since H° has finite index in H and
since H has an open orbit on G/B, it follows that H° has an open orbit on G/B as
well, hence it is spherical. The pull-back of rational functions along the projection
G/H® — G/H identifies the weight lattice X' (G/H) with a sublattice of X' (G/H?®),
which has finite index because H/H® ~ X(G/H°)/X(G/H) (see e.g. [16, Lemma
2.4]).

Since G is adjoint we have X(G/H°) C X(T) = ZA. On the other hand
X(G/H) = ZX¢, u is generated by a subset of A. Since X(G/H) C X(G/H®) C
ZA and since the first inclusion has finite index, it follows the equality X (G/H) =
X(G/H®). The equality H = H° follows then by applying the isomorphism
H/H® ~ X(G/H®°)/X(G/H) once more. |

Corollary 4.10. Suppose that H C G is spherical and strongly solvable. Then the
projection G/H — G/H induces a bijection between B(G/H) and B(G/H).

Proof. Denote H' = HZ(G). Since, as we already recalled, H contains both H
and Z(G), we have H' C H. The projection G/H — G/H' induces a bijection
between B(G/H) and #B(G/H'). Therefore we may replace H with H', and since
Z(G) C H' we may also assume that G is adjoint. On the other hand by Lemma
it follows that the quotient H/H is the image of a connected variety, hence it is
connected as well and the claim follows by [10, Lemma 3]. O

5. THE WEYL GROUP ACTION ON #(G/H)

5.1. Preliminaries. We denote by M (W) the Richardson-Springer monoid, namely
the monoid generated by elements m(s,) (o € A) with defining relations m(s,)? =

m(sq) for all & € A and the braid relations

m(sa)m(sg)m(sq) ... =m(sg)m(sq)m(sg) ...
for all o, B € A, the number of factors on both sides being the order of sqos5 in W
(see [311 3.10]).

As a set, M(W) is identified with W, and given w € W we will denote by
m(w) € M (W) the corresponding element. Hence we may consider the Richardson-
Springer monoid as the Weyl group with a different multiplication, defined by the
following rule: if w € W and a € A, then

m(sam(w) = {

From a geometrical point of view, the multiplication on M (W) coincides with the
one defined on the Weyl group by the multiplication of Bruhat cells, namely we
have BwBw’B = Bw" B, where w” € W is the element defined by the equality
m(w”) = m(w)m(w’). Sometime we will identify M (W) and W as sets, in that
case we will denote the product in M (W) of two elements w,w’ € W by w x w’.
Given a spherical homogeneous variety G/H, both W and M (W) act on the set
of B-orbits #(G/H). The action of M (W) was defined by Richardson and Springer

m(sqw) i I(sqw) > l(w)
m(w) if I(sqw) < l(w)
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in the case of a symmetric homogeneous variety (see [31, 4.7]), and the definition
carries over without modifications to the spherical case. To define the action of
M (W) in the case of a simple reflection, given o € A and € € #(G/H), consider
P,0. This is an irreducible B-variety, and since G/H is spherical it decomposes
into finitely many B-orbits. The element m(s,) - € is defined then as the open
B-orbit in P,&. This definition extends to an action of the monoid M (W) on
PB(G/H), and it allows to define a partial order < on #B(G/H) (called the weak
order) as follows:

0 =<0 ifandonly if JweW : 0 =m(w) O

The action of W on #(G/H) is much more subtle than that of M (W) and was
defined by Knop [20]. We recall the definition of this action in the case of a spherical
subgroup H C G contained in B, where the involved considerations turn out to be
easier. By a case-by-case consideration (see [20, Lemma 3.2] and [0, Lemma 5
iv)]), the B-stable variety P, decomposes in the union of two B-orbits or in the
union of three B-orbits. More precisely we have the following possibilities:

U) Suppose that P, = ¢ U ¢’ decomposes in the union of two orbits, and
assume for simplicity that & is the open one. Then dim ¢’ = dim & — 1
and X(0') = s, X(0), and we define s, - 0 = 0.

T) Suppose that P,& = ¢ U &' U 0" decomposes in the union of three or-
bits, and assume for simplicity that & is the open one. Then dim 0’ =
dim0” = dim & — 1 and s, X(0") = X(0") C X(O) = 5,X(0), where
X(0)/X(0") ~ 7, and we define s, - 0 = 0 and s, - 0" = 0"

By [20, Theorem 5.9], the s,-actions defined above glue together into an action
of W on #B(G/H). As a consequence of the previous analysis, notice that the rank
of a B-orbit is invariant for this action, which agrees with the action of W on the
weight lattices X(0), where ¢ € Z(G/H).

Ezample 5.1. Consider the case H = B. Then #(G/B) = {BwB/B : we W}is
the set of the Schubert cells. Notice that all B-orbits of G/B have rank 0: indeed
any such orbit is homogeneous under the action of a suitable unipotent subgroup
of B, hence every B-semiinvariant function on such orbit is constant. If « € A
and w € W, it follows that PywB/B = BwB/B U Bs,wB/B is of type (U), hence
Sq - BwB/B = Bs,wB/B. Therefore the W action on Z(G/B) is induced by the
action of W on itself by right multiplication.

In some special cases the rank uniquely identifies the W-orbit, in particular this
happens when the rank of a B-orbit is maximal and minimal. This is summarized
in the following theorem, which holds for any spherical subgroup H: the case of
maximal rank being due to Knop (see [20, Theorem 6.2]) and that of minimal rank
to Ressayre (see [30, Corollary 3.1 and Theorem 4.2]).

Theorem 5.2. Let 0,0 € B(G/H) and suppose that tk &0 = rk 0" = 1k G/H
(resp. tk 0 =1k 0" =1k G —1k H). Then there exists w € W such that 0' = w- 0.

5.2. Stabilizers for the W-action on %(G/H). We now describe the actions
of W and of M(W) on #(G/H) in the case of a strongly solvable spherical sub-
group H C G contained in B, in terms of the combinatorial parametrization of

Corollary
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In order to study the actions of W and of M (W) in terms of reduced and extended
pairs, we take a closer look at the possible cases arising in the decomposition of the
B-stable subsets P, 0y, 1, where O, 1 € #(G/H) and o € A.

Lemma 5.3. Let w € W and a € A. Let 8 be the unique positive root in the set
{w™(a), —w™(a)}, then the following hold.

i) Suppose that (w,I) is a reduced pair, then

6 G =4 Our  fBEV
x T Osow1 otherwise

(where all the orbits above are expressed in terms of reduced pairs).
ii) Suppose that (w, I) is an extended pair, then

) _J Ospwuispyy fBEO;
m(Sa) ﬁw,[ - { ﬁsa*w,f Zfﬂ Q @I

(where all the orbits above are expressed in terms of extended pairs). In
particular, m(sq) - Oy 1 = Oy 1 if and only if § € @ (w) \ (O \ \IIﬁI)

Proof. Let w € W and I C Z. By the results recalled in Section the B-stable
subset P, 0y, 1 = P,w% decomposes either in the union of two B-orbits which are
permuted by the action of s, or in the union of three B-orbits, an open one fixed
by s, and two of codimension one which are permuted by s,,.

Notice that if &, ; C P, 0., 1 is the open orbit, then it must be v = s, *w, namely
v is the longest element between w and s,w. Indeed P, 0y, iNB(sq*w)B/H is a B-
stable dense open subset, hence it must be &, ;j C B(sq * w)B/H because P,0,, 1
is irreducible and and the intersection of two open non-empty subsets therein is
always non-empty. It follows that &, ; C P, 0, is the open orbit if and only if
v has maximal length and J has maximal cardinality among all the reduced pairs
(’Ul, J/) with ﬁU/,J/ C PaﬁwJ.

Recall that w < s,w in W if and only if w™1(«) € ®F, in which case ®* (s,w) =
O (w)U{w (a)}. We will distinguish two different cases, depending on s,w < w
or Suw > w.

Case 1. Suppose that 8 = —w~!(a) and denote v = s,w, so that I(v) = [(w)—1.
The decomposition

P, = Bs,UBsyBs, = Bs, UBU_,
implies that P, 0y 1 = Bv#r U BwUg%;. By Proposition we get

%] lf 5 S (p+ AN @]
U = U U %Iu{é(,@)} if €07~ \Ifﬁl
U U %1\{5(3)} if € \Ifﬁj
By the discussion in Subsection we have the following three possibilities, that
we denote by U), T1) and T2) and that we describe in detail here below. Denote
m = m,, 7 and M = M, r:
U) Suppose that 8 € &+ \ Oy, or that 8 € O, N \I/?v[ N2
By Theorem we have in both these cases that Us%; C (B N BY):
indeed in the first case Ug%n = %, whereas in the second case Ug%m =
U U Unuisp)y, so that all subsets of & that arise by applying Up to
Uy are still representatives for &, ;. Therefore BwUg% = O, 1, and
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P,Oy 1 = 0y U 0, 1 decomposes in the union of two orbits, and since
v < w the open orbit is &, ;. Therefore we have:

— dim ﬁv’[ = dim ﬁwJ — ].;

— 1k ﬁv’[ =rk ﬁw’[;

- Mv,I = Ma

— Iy, 7 = .

ﬁw,m = CUwM

ﬁv,m = UyM

T1) Suppose that 3 € W .

We have in this case Ug%; = %1%+, where I' = IN{(8)}, and sincem ¢
I Theoremshows that Oy 17 # Oy, 1. Therefore POy 1 = Oy U0, 11U
Oy,1 decomposes in the union of three orbits. Since v < w and m,, ; =
m \ {§(0)}, it follows that €, s is the open orbit. On the other hand by
Proposition we have 8 € O, and since 3 € ®T(v) by assumption,
by Theorem [4.1) we get §(8) € I(v), namely &, ; = O, . Therefore the
following hold:

— dim ﬁv,[ = dim ﬁw,]’ = dim ﬁw)] — 1;

—rk ﬁy’[ = I'kﬁwyp = I'kﬁwJ — ].;

- M’U,I = M7 Mw,l’ =M~ {5(6)}7

—m,;=my,p =m- {68}

ﬁw,m = CUwM

A

Oy m{5(8)} = OvM Owm~(6(8)} = OwM~{5(8)}

T2) Suppose that 8 € Oy, \ \Illﬁv[

Then Usg% = % %, where we set I' = TU{6(5)}, and by Theorem
we have O, 17 # Oy, 1. Therefore P,O 1 = O, U0y 1 U0y 1 decomposes
in the union of three orbits as represented by the following diagram, and
we have:

- dim &, =dim 0, =dim 0, p — 1;

— 1k Oy =1k 0y =1k 0Oy 1 —1;

— Myr =My, r = MU{0(8)};

—m,;=m, m,, =mU{§s)}.

Owmu{s(8)} = OwMu{s(8)}

ﬁv,m = Yo, MU{s(B)} ﬁw,m = ﬁw,M

Case 2. Suppose now that 3 = w~!(a) and denote v = s,w, so that I(v) =
I(w) + 1. The decomposition

P, = BUBs,B = BU Bs,U,.

implies that P, &y, ; = Bw%; U BoUg%;. Since (w,I) is reduced we have 8 ¢ \IJﬁI
and f & O \ \Ilg\/[ By the discussion in Subsection we have the following two
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possibilities, that we denote by U) and T) and that we describe in detail here below.
Denote m = my, ;, M = M,, 1, M' =M, 1:

U) Suppose that 3 € T\ O, or € O, N \Illﬁw NV
Then Ug%; C (BN BY)%r, hence BvUg% = O, ;. Therefore PO, 1 =
Oy,1 U Oy,1 decomposes in the union of two orbits as represented in the
following diagram, where we have:
— dim ﬁw’] = dim ﬁv,[ — ].;
— 1k ﬁw,[ =rk ﬁ%[;
- Mv,I = M;

— Iy, 7 = .

ﬁv,m = UyM

ﬁwﬂn = VwM

T) Suppose that 8 € Oy, \Il%/[,.

Then Ug%; = U1 U %, where we set I' = IU{6(3)}, and by Theorem
it follows O, 1 # Oy, 1. Therefore P, 0 = Oy U0, 1 U0, 1+ decomposes
in the union of three orbits as represented by the following diagram, where
we have:

— dim ﬁ%] = dim ﬁwJ = dim ﬁfu,p - 1;

—rk ﬁ%[ = I‘kﬁwJ = I‘kﬁv,p — 1;

- MUJ =M~ {(5(5)}, MU’]/ = M;

- m,;=m, m,; =mU{§s)}.

Oy mu{s(3)} = OvM

ﬁw,m = OwM ﬁv,m = Uy, M~{(8)}

The claims follow now by applying the definitions of the actions of s, and of
m(s,) in all the possibilities presented above. O

Remark 5.4. In what follows, reduced pairs will play a main role in the under-
standing of the Weyl group action on Z(G/H). In particular, we will be interested
in the stabilizer of &, ; under the action of W. If we restrict to the simple re-
flections which stabilize &, ;, we see by Lemma that so - Oy, 1 = Oy 1 if and
only if —w~!(a) is a weakly active root which stabilizes I in the sense of Defini-
tion Such simple reflections are parametrized by the set of weakly active roots
—w Ha) ew (A7) N \Ilul Notice that

wHAT) NS =w HAT) NV =w (A7) N AL

Indeed, we have the inclusions A; C \Ilg C ®F C ®*(w), and by definition Ay is a
basis for ®;. If o« € A and —w™!(a) € ®F, It follows that there exist fBi,...,53, €
Ay such that —w™(a) = 81 + ...+ B,. Therefore —a = w(B1) + ... +w(B,), and
since o € A we get n = 1.
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Corollary 5.5. Let (w,I) be an extended pair. The orbit O, 1 is minimal w.r.t.
the weak order on B(G/H) if and only if

wH(AT)N®T c O\ Uk

Proof. Let o € A. Then P,0, 1 N BsqwH/H # @, therefore P, 0, ; contains at
least two B-orbits. In particular, it follows that &, ; is minimal w.r.t. the weak
order if and only if m(sy) - Oy 1 # Oy 1 for all @ € A. On the other hand, by the
analysis in the proof of Proposition we have that m(sq) - O, 1 # Oy 1 if and
only if either w1(a) € ®+ or —w~!(a) € O; ~ W%, Therefore &, ; is minimal if
and only if w1 (A7) N &+ c O \ W O

We now focus on the action of W on %(G/H). First we show that the minimal
representative of an orbit is a complete invariant for the action of W, namely it is
invariant and it distinguishes the W-orbits. Then we will describe the stabilizers
of the action in terms of reduced pairs.

Theorem 5.6. Let (w, 1), (v,J) be reduced pairs. Then Oy 1 and O, j are in the
same W-orbit if and only if I = J, in which case we have 0, = vw™ - Owr-

Proof. By Lemma i) it follows that the minimal representative I is an invariant
for the action of W. To show that it uniquely determines the W-orbit, we show that
if (w, I) is reduced then &, 1 = wow ™1t - Oy,1- In particular, this will imply that
every W-orbit in (G/H) contains a unique element which projects dominantly
on G/B.
Suppose that (w, I) is reduced and let wow ™' = $4, « -+ S, be a reduced expres-
-1

sion. Then w; ; (a;) € & for every i = 1,...n, where we denote

wj_{w ifj=n+1

Sa; " Sap W if0<j<n

1

Therefore, for every i < n, we have @+ (w;) = ®+(w;41) U {w;}}; (;)}. Since (w, )
is reduced, it follows that ®7 C ®*(w), thus ®F C & (w;) for all i < n. It
follows that (w;,I) is reduced as well for all i < n, and by Lemma we get
Ow,_1,1 = Si—1 * Oy, 1. Combining all the steps we get Oy,.1 = wow ™1 - Ow,1, and
the last claim also follows. O

Corollary 5.7. The Weyl group W has 217! orbits in B(G/H), and a complete set
of representatives is given by the orbits which project dominantly on G/B, namely
by the subsets of 9.

It follows by Theorem that every W-orbit contains a distinguished element.
Corollary 5.8. Let (w,I) be a reduced pair, then the element w="' - 0, 1 depends
only on I and not on w.

Given a reduced pair (w, ), we set ﬁ’ﬁ = w ! 0,;. We now turn to the
description of the stabilizers for the action of W on %(G/H), and we prove the
following theorem.

Theorem 5.9. Let (w, ) be a reduced pair. Then Stabw (O 1) = wWiw™?.

Together with Theorem [5.6] the previous theorem gives a formula to compute
the number of B-orbits in G/H in terms of the root systems ®;.
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Corollary 5.10. The number of B-orbits in G/H is given by the formula
Z [W/Wri|.

IC9
To prove Theorem we proceed by steps. First we prove one of the two
inclusions.

Lemma 5.11. Let (w, ) be a reduced pair. Then Staby (0, 1) C wWiw™?

Proof. Let v € Staby (0, 1), we proceed by induction on the length of v. If {(v) =

1, then by Lemmawe have v = s, for some « € w(\I'ﬁI), hence we assume [(v) >
1. Let v = s4,, -+ Sq, be a reduced expression, for ¢« < m we set v; = 54, * - Sa,
and 0; = v; - Oy 1. Suppose 0; # 0;_; for all i < m, then Lemma implies
V- Oy, 1 = Oyy,1, hence vw = w and v = e. Otherwise, let n < m be such that
O, = Op_1, and assume that n is minimal with this property.

If n = 1 the claim follows by the inductive hypothesis, suppose n > 1. Denote
a=uv"' (), then v = v's,, where v/ = 54, -84, - Sa,. By construction

ﬁn—l =Un-1" ﬁw,] = ﬁvn,lw,l
and s,, € Stabw (0,_1), and it follows s, € Stabw (&, ;). On the other hand we
have w™ v, (o) € \Ilﬁl by Lemma E hence a € w(\IlﬁI) is of the desired shape

and s, € wWrw™t. Finally v' € Staby (0, ;) and [(v') < I(v), therefore we may
apply the inductive hypothesis and it follows v € wWw ™. [

Corollary 5.12. Let wy € Wy be the longest element, then we have ﬁ? = Ow, 1

Proof. Let w € W be such that ﬁ}i = Oy,1- By the definition of ﬁ? we have the
equality 0, j = w™! - O, 1, hence w € Staby (0, 1), and by Lemma we get
w € Wr. On the other hand W; contains a unique element such that ®; C ®*(w),
namely wy. (I

Proof of Theorem[5.9 Since ﬁw I=w- ﬁ}i, by the previous corollary it is enough
to show the equality Stabw(ﬁ ) = Wi. The inclusion Stabw(ﬁﬁ) C Wi follows
from Lemma [5.11] we show the other inclusion.

Let v € Wy, we show v € Stabw(ﬁg) proceeding by induction on I(v), where
we regard v as an element of W. If I(v) = 1, then we have v = s, for some
a € AN®F C Ay, hence a = —w(B3) for some other root 8 € Ar. On the other
hand A; C %, and Lemmaimplies 54 € Staby (OF).

Suppose now that I(v) > 1, and let v = s, - -S4, be a reduced expression of v
as an element of W. If i < n, we denote v; = Sq, -~ Sa, and O; = v; - ﬁ}. Suppose
O; #+ U;_4 for all i < n, then Lemma 1mphes that v - Oy, 1 = Oy, 1 and that
(vwr, I) is a reduced pair. On the other hand vw; € Wi, and wy is the unique
element in W7 such that <I>I+ C @T (wy). Therefore vw; = wy, which is absurd since
v # e. Therefore s,, € Staby (O)_1) for some k < n. Assume that k is minimal
with this property, then Lemma implies

Or—1 = Vj—1 - ﬁ] = Oy _qwy.I

By construction s,, € Stabw (O)_1), hence —wrv, - 1(ozk) € \Ilﬁl by Lemma

Denote a = v~ 1(0%) then s, € Stabw(ﬁﬂ) and o € <I> , hence s, € W;. On the
other hand v = s4,, -+ 84, " * - Sa, Sa, therefore s,, -+ 54, -+ Sa, € W and applying
the inductive hypothesm it follows v € Stabw(ﬁﬁ). O
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5.3. Reduced pairs and weight polytopes. Building upon Theorem [5.9, we
now produce a combinatorial model for the action of W on #(G/H) in terms of
weight polytopes.

Consider the Weyl group W;. The system of positive roots <I>}r induces a Bruhat
order <; on Wy, which is compatible with the restriction of the Bruhat order < on
W in the following sense.

Lemma 5.13. Let (w,I) be a reduced pair. Let vi,v3 € Wt be such that v1 <1 va,
then wvy < wvy. In particular, the left coset wWy possesses a unique minimal
element and a unique maximal element with respect to <, namely wwy and w.

Proof. Recall that G; C G is the reductive subgroup generated by 1" together with
the root spaces U, with a € ®;, and B; C Gy is the Borel subgroup BN Gy. As
v1 <1 V3, it follows wrvs <1 wrvy, hence wrvs € Brwrv, Br.

Since ®; C ®F(w) N ®F(wy), it follows & (ww;) N @} = &, hence we get the
equality Bww;T = Bww;Bj. Therefore

wvy € BwwyBrwive By C BwwiBrwivy By C Bwvy By C Bwv, B
and the claim follows. O

Denote by A the weight lattice of T' and let A € A be a regular dominant weight.
Denote P = conv(WA) the weight polytope of A in Ag, then the vertices of P
correspond bijectively to the elements of W. By a subpolytope of P we mean the
convex hull of a subset of vertices of P. Denote .7 (P) the set of subpolytopes of P,
then the Weyl group acts naturally on . (P). Given I C 2 we set /7 = conv(Wj\),
and for a reduced pair (w, I) we set

S 1 = w1 = conv(wWiA) = conv (vw(/\) = Stabw(ﬁwyf))
(where the last equality follows from Theorem [5.9)). Denote moreover
Cuw,1 = cone(—w(‘llg)) = cone(—w(®7)) = —w(Q¥; NQxoA)

Theorem 5.14. The map Oy 1 — .1 15 a W-equivariant embedding of (G /H)
into . (P). Moreover we have the equality

yw,] =PnN (ngJ + w/\),
and in particular dim(.%, 1) = rk(Py).

Proof. Let I C 2 and denote by #1(G/H) the corresponding W-orbit in #(G/H).
We claim that the map 0, 1 — L1, regarded as a map B;(G/H) — S (P), is
injective and W-equivariant. Indeed, since (w,I) is reduced, by construction we
have
Stabw(ﬁwJ) = Stabw(wa).

Since #;(G/H) is a single W-orbit, this shows that the map is injective, and since
by Lemma the actions of the simple reflections on &y, ; and on .%,, 1 coincide,
it shows that it is W-equivariant as well.

In particular the map Z(G/H) — 7 (P) is W-equivariant and we need only to
show the injectivity, namely that I is determined by .7, ;. First of all, notice that
w is determined by .7, ;. Indeed, by Lemma [5.13} w is maximal in wW; w.r.t. the
Bruhat order, and is uniquely determined by this property. It follows that w is
the unique minimal vertex of .#,, y w.r.t. the dominance order, hence w is uniquely
determined by ., ;. Then the equality .7, 1 = conv(wWy\) implies that the set
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of differences {vA — w\ : v\ € .7, 1} generates the semigroup w(N®}), hence
we recover I from w and .7, ; thanks to Proposition The last claim also
follows. O

We conclude this subsection by showing that the parametrization of orbits via
subpolytopes of P of Theorem is compatible with the Bruhat order on #(G/H)
in the following sense.

Proposition 5.15. Let (w,I) and (v, J) be reduced pairs and suppose that %, j C
Fw,1- Then we have O, ; C Oy 1.

The proposition is an easy consequence of the following lemma.

Lemma 5.16. Let (w,I) be a reduced pair and let J C My, ;. If v € wWj, then
ﬁv,] C ﬁw,P

Proof. We will make use of the following fact, which follows by the description of
the T-stable curves in G/B (see [11, Proposition 3.9]): if z € W and a € &7 (x),
then xs, € BzU,.

Let ai,...,am € A be such that w™v = s4, -+ 84,, is a reduced expression
and, for ¢ < m, denote w; = wsq, - Sq,- Then by Lemma [5.13] we have the
following chain in the Bruhat order

V=Wp < ...<w; <...<w <w.

Denote M = M, ;. As J C M, it follows &, ; C m, therefore to prove the

theorem it is enough to consider the case J = M. In particular, we have the inclusion

I C J, hence Ay C \I'ﬁl C \I/?] It follows then by Propositionthat Uy = By %

is U,,-stable for all i. In particular we have that Uy, Us, - - - Us, %5 C %, and by

the remark at the beginning of the proof we get the inclusions

ﬁw’[ = Bw%jy = Banl s Uan%J D) Bwanz s Uan%J DD Bw,%; D Bv¥j.
|

Proof of Proposition[5.15. Notice that vW; C wWj, hence w—'v € W; implies
W € Wr. In particular it follows (I>JJr - <I>I+, therefore

J =65 NTH) Co(@f N =1,
and the claim follows by Lemma [5.16 O

6. A BOUND FOR THE NUMBER OF B-ORBITS IN G/H.

A conjecture of Knop states that the homogeneous variety G/TU’ of Example
has the largest number of B-orbits among all the homogeneous spherical G-varieties.
In this section we prove such bound in the setting of solvable spherical subgroups.
That is, we prove the following theorem.

Theorem 6.1. The spherical variety G/TU’ has the largest number of B-orbits
among the homogeneous spherical varieties G/H with H a solvable subgroup of G.

The set B(G/TU’) is nicely described in terms of faces .7#(P) of the weight
polytope P of a regular dominant weight. Indeed, in this case the embedding of
Theorem induces a W-equivariant bijection between B(G/TU’) and % (P)
(see also [34, Proposition 3.5] and [36, Section 3] for a description of .% (P) and of
PB(G/TU’) in terms of the W-action).
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We first prove Theorem [6.1]in the basic case of a maximal rank strongly solvable
spherical subgroup of G.

Lemma 6.2. The spherical variety G/TU’ has the largest number of B-orbits
among the homogeneous spherical varieties G/H with H a strongly solvable sub-
group of G of mazimal rank.

Proof. Suppose that w(I) C ¥ is connected. By Proposition m ®; and P} are
both irreducible of rank |I|. In particular, if ®/ is of type A, then it follows the
inequality |Wj| < |Wj|. Otherwise, if ®; is not of type A, then Proposition m
shows that W; = W;.

Consider now an arbitrary subset I C ¥ and let I = I; U...U I, correspond to
the decomposition of (/) into connected components. Then ®} = &7 x...x®} |
and for all j = 1,...,m it holds |WI’]| < |Wp,|. Since ¥ is linearly independent,
®;, NP, = @ for all h # k, hence Wy, N Wy, = {e} for all h # k, and it follows
that

(Wil =W, x ..o x W [ < W x ..o x W, | < [Wq.
Therefore by Corollary we get

[ B(GIH) =Y [W/Wil <D IW/Wil < Y [W/Wr|=|2(G/H"). O
Icw Icw I'cA
Proof of Theorem[6.1. We reduce the proof of the theorem to the case of a strongly
solvable spherical subgroup of G, which is treated in the previous lemma.

Suppose that H is a solvable spherical subgroup and denote by H° C H the
identity component. Clearly G/H® has a larger number of B-orbits than G/H,
and since it is solvable and connected H® is contained inside a Borel subgroup of
G. Therefore we may assume that H is strongly solvable.

Suppose now that H is a strongly solvable spherical subgroup, assume that
H C B and that TN H contains a maximal torus Ty C H. Recall the restriction
T: ¥ — X(Ty), following the discussion at the end of Section [2| we identify the
maps 7: ¥ - Vand §: ¥ — 2. If D € 2, denote ¥p = §~1(D). Asin [2, §2],
define a partial order on 2 as follows: D < D’ if there are 8 € ¥p and 5/ € ¥
with 8 < . Equivalently, by [2| Proposition 1], we have D < D’ if and only if
there exists o € ®t such that Vp +a C Up.

Pick a representative 8p € ¥p for all D € 2. Set 2' = 2 and let 2; be the
set of the maximal elements in 2. We define inductively

Gt — gi U d(F(Bp)),
De2;

and we define Z;,; as the set of the maximal elements in 2T, Let p be the
maximum such that 2, is not empty and set 2, = |J k<p Zk- Finally, define

v = U F(Bp).
DeD.

We devote the following paragraphs to show that d;g : ¥ — 2 is bijective.
Indeed, it is surjective by construction. Suppose by contradiction that it is not
injective and let «, @’ € ¥’ be such that a # o/ and 6(«) = §(o’). Let D, D’ € 9,
and let 7,7 € ¥ be maximal elements such that

a<fBp <7y and o < Bp <A
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Since the maps 7 : ¥ — U and § : ¥ — 2 are canonically identified and since
d(a) = 6(c'), by [2, Lemma 5] it follows that Sp # Sp/, hence D # D’. Similarly,
by [2, Lemma 8 and Lemma 11] it follows that §(vy) = §(7') and vy —a =+" — .

By Proposition we have Bp — a € ¥ and Bp — o € W, Setting moreover
BD =o' +fBp—aand BD/ = a+ Bp — a’, by the same proposition we see that BD
and fBp are active roots, and they satisfy the equalities

8(Bp) = 6(Bp) = D, §(Bp) =6(Bp)) =D’
Since v — a = 7' — o/, we have the inequalities
a<fBp <y and o <fp <.

Notice that 8p and fBps are comparable by Lemma indeed o € F(8p) N
F(Bp), thus supp(8p) N supp(Bps) is not empty, and supp(Bp) U supp(Bpr) is
connected. Therefore we have either that Sp € F(fp) or that 8p € F(Bp/). It
follows that either D’ € §(F(8p)) or D € §(F(Bp)), and by the definition of Z,
we get D = D', a contradiction.

Therefore we proved the bijectivity of the map oy : ¥/ — 2, and it follows
that 7j¢ : ¥ — U is bijective as well. By making use of the properties of ¥/,
we now construct a strongly solvable spherical subgroup H’ containg T such that
B(G/H)| < |B(G/H')| -

Notice that the elements of ¥’ are linearly independent: indeed 7y : ¥/ — W is
bijective, and W is linearly independent in X (T ) by [2, Theorem 1]. Let o, o/ € &7
and suppose that a + o’ € ¥’. Since §h C g is a subalgebra and since by definition
Uata € B, it follows that either u, ¢ h or uy ¢ b. It follows that either o« € ¥ or
o' € ¥, hence either « € ¥’ or o/ € ¥’'. Therefore

H=T ][] Ua
acedt T/
is a strongly solvable subgroup of G, and by [2, Theorem 1] it is spherical because
U’ is linearly independent.

We claim that |ZA(G/H)| < |%(G/H')|. Denote indeed ¥’ = Divy(B/H’).
Then by Corollary we have a bijection ¥/ — 2’ and by the discussion above
the restriction gives a bijection ¥/ — W. Thus we have a bijection 2’ — 2, and
by Corollary [5.7| we get that W acts on Z(G/H) and on B(G/H') with the same
number of orbits. On the other hand, if I C & and ®; = Z¥, N @ is the root
system associated to the corresponding T-orbit in B/H’, then by construction we
have U C ¥y, hence ®; C ®;. Denoting by W] be the Weyl group of &/, it follows
that W} C Wy, thus by Corollary we get

| B(G/H)| =Y [W/Wil <Y |W/Wi| =|8(G/H').

IC2 IC9
On the other hand by construction H' is a strongly solvable spherical subgroup of
G of maximal rank, therefore |2(G/H")| < |#(G/TU’)| by Lemma [6.2] O
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