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Abstract

In this paper we construct entire solutions to the phase field equation of Willmore type
—A(=Au + W/(u)) +w” (u)(—Au + w’ (u)) = 0 in the Euclidean plane, where W (u) is the
standard double-well potential i(l —u?)2. Such solutions have a non-trivial profile that shadows
a Willmore planar curve, and converge uniformly to +1 as x2 — Fo0o. These solutions give a
counterexample to the counterpart of Gibbons’ conjecture for the fourth-order counterpart of the
Allen-Cahn equation. We also study the z2-derivative of these solutions using the special structure
of Willmore’s equation.
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1 Introduction

The Cahn-Hilliard equation was introduced in [14] to model phase separation of binary fluids.
Typically, in experiments, a mixture of fluids tends to gradually self-arrange into more regular os-
cillatory patterns, with a sharp transition from one component to the other. Applications of this
model include complex fluids and soft matter, such as polymer science. The goal of this paper is
to rigorously construct planar solutions modelling wiggly transient patterns exhibited by a Cahn-
Hilliard-Willmore equation, and to relate them to some existing literature concerning the Allen-Cahn
equation, a second-order counterpart describing phase separation in alloys.

Let us begin by recalling some basic features about the Allen-Cahn equation

—Au=u—u?, (1)

introduced in [5]. Here u represents, up to an affine transformation, the density of one of the compo-
nents of an alloy, whose energy per unit volume is given by a double-well potential W

W(u) = i(l —u?)?. (2)

Global minimizers (for example taken among functions with a prescribed average) of the integral of
W consist of the functions attaining only the values +1. Since of course this set of functions has no
structure whatsoever, usually a regularization of the energy of the following type is considered

E.(u) = /Q (;|Vu|2 + (14;‘2)2)61:5,

which penalizes too frequent phase transitions.

It was shown in [32] that under suitable assumptions E. Gamma-converges as ¢ — 0 to the
perimeter functional and therefore its critical points are expected to have transitions approximating
surfaces with zero mean curvature. In particular, minimizers for E. should produce interfaces that
are stable minimal surfaces, see [31], [38] (and also [26]). The relation between stability of solutions
to (1) and their monotonicity has been the subject of several investigations, see for example [3], [24],
[37]. In particular a celebrated conjecture by E. De Giorgi ([20]) states that solutions to (1) that are
monotone in some direction should depend on one variable only in dimension n < 8. This restriction
on n is crucial, since in large dimension there exist stable minimal surfaces that are not planar, see
[12], and recently some entire solutions modelled on them were constructed in [18]. Further solutions
with non-trivial profiles were produced for example in [2], [13], [16], [17], [19].

Another related conjecture named as the Gibbons conjecture, motivated by problems in cosmology,
asserts that solutions to (1) such that

w(z',z,) = £1  as x, — oo uniformly for #’ € R 1,

should also be one-dimensional. This conjecture was indeed fully proved in all dimensions, see [7],
[11], [22], [24].

We turn next to the following geometric equation
—A(=Au+ W (W) + W () (~Au+ W (u) =0, (3)

which from now on we will refer to as the Cahn-Hilliard- Willmore equation.
Similarly to (1), also this equation is variational: introducing a scaling parameter ¢ > 0, its
Euler-Lagrange functional is given by

We(u) l/ﬂ(sAu—VV(u))zdx.

T2 €

Notice that when the integrand vanishes identically u solves a scaled version of (1). As for E., also
W. has a geometric interpretation as ¢ — 0. Although the characterization of Gamma-limit is not



as complete as for the Allen-Cahn equation, some partial results are known about convergence to (a
multiple of) the Willmore energy of the limit interface, i.e. the integral of the mean curvature squared

Wo(u) = / HE () dHN
OENQ

In [10] G. Bellettini and M. Paolini proved the I' — lim sup inequality for smooth Willmore hypersur-
faces, while the I' — liminf inequality has been proved in dimension N = 2,3 by M. Roger and R.
Schétzle in [36], and, independently, in dimension N = 2, by Y. Nagase and Y. Tonegawa in [33]. It
is an open problem to study in higher dimension, as well as to understand for which class of sets the
Gamma-limit might exist.

Apart from the relation to the Cahn-Hilliard-Willmore energy, the Willmore functional appears
as bending energy of plates and membranes in mechanics and in biology, and it also enters in general
relativity as the Hawking mass of a portion of space-time. This energy has also interest in geometry,
since it is invariant under Mobius transformations. Critical surfaces of W are called Willmore hyper-
surfaces, and they are known to exist for any genus, see [8]. The Euler equation satisfied by this kind
of hypersurfaces is

1
—AxH = §H3 —2HK.

Interesting Willmore surfaces are Clifford tori (and their Mobius transformations), that can be ob-
tained by rotating around the z-axis a circle of radius 1 and with center at distance /2 from the axis.
Due to a recent result in [30], establishing the so-called Willmore conjecture, this torus minimizes
the Willmore energy among all surfaces of positive genus. In [35], up to a small Lagrange multiplier,
solutions of (3) in R? were found with interfaces approaching a Clifford torus, converging to —1 in its
interior and to +1 on its exterior.

Here we will show existence of solutions to (3) in the plane with an interface periodic in xy,
shadowing a T-periodic (in the arc-length parameter) Willmore curve 7, whose profile is given in
the picture below. Notice that, by the vanishing of Gaussian curvature of cylindrical surfaces, for
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Figure 1: The Willmore curve ~yp

one-dimensional curves the Willmore equation reduces to an ODE for the planar curvature, namely
1
k' = -k
2

This equation can be explicitly solved using special functions, and then integrated to produce the
above Willmore curves vr. Indeed, every non-affine complete planar Willmore curve coincides, up to
an affine transformation with the curve yr, see [29].

Apart from producing a first non-compact profile of this type for the equation, our aim is to
explore the relation between one-dimensionality of solutions and their limit properties. In fact, our
construction shows that the straightforward counterpart of Gibbons’ conjecture for (1) is false. Our
main result reads as follows.



Theorem 1. There exists Ty > 0 such that, for any T > Ty there exists a T -periodic planar Willmore
curve yr and a solution ur to

—~A(=Aup + W (ur)) + W (ur)(—Augp + W (ur)) =0,

such that
ur(xy,x9) = 1 as x9 — +oo uniformly for x1 € R,
and .
dist(yr, {r € R? : up(z) = 0}) < T (4)
The function ur also satisfies the symmetries
L 2
ur(z1,22) = —ur(—2x1, —22) = —ur | 1 + 5 o2 for every x € R=.

In particular, it is L-periodic in the x1 variable, where L := (yp)1(T)—(vr)1(0) > 0, and furthermore,
there exists a fixed constant Cy such that

Opyur(21,20) > —Co T3 for all (z1,z2) € R? and all T > T. (5)

In the literature there are nowadays several constructions of interfaces starting from given limit
profiles via Lyapunov-Schmidt reductions, see the above-mentioned references. However, being the
Cahn-Hilliard-Willmore equation of fourth order, here one needs a rather careful expansion using
also smoothing operators. Moreover, to our knowledge, our solution seems to be the first one in the
literature with a non-compact (and non-trivial) transition profile for (3).

Notice also that the curve ~r is vertical at an equally-spaced sequence of points lying on the xz-axis.
Therefore the gradient of ur is nearly horizontal at these points, and it is quite difficult to understand
the monotonicity (in z2) of the solutions in these regions. Apart from the fact that the equation is of
fourth-order, and hence rather involved to analyse, we need to expand a formally (3) up to the fifth
order in % for proving the estimate (5). In practice, we need to find a sufficiently good approximate
solution to (3) by adding suitable corrections to a naive transition layer along 7, and then by tilting
properly the transition profile by a T-periodic function ¢. This tilting, which is of order O(T~1),
satisfies a linearized Willmore equation of the form

£O$:Fa

where F'(t) is an explicit function of the curvature of v and its derivatives. The special structure of
the right-hand side in our case and the special structure of the Willmore equation make it possible to
find an explicit solution (again, in terms of special functions) for ¢, depending only on the curvature
of yp and its derivatives.

Remark 2. Unfortunately the main order term ¢ in the perpendicular tilting of the interface with
respect to yr s flat at its vertical points, so we can neither claim a full monotonicity of the solutions,
nor disprove it. With our analysis and some extra work it should be possible to prove monotonicity of
ur in suitable portions of the plane, however to understand the monotonicity near those special points
one would need either much more involved expansions and/or different ideas.

The plan of the paper is the following. In Section 2 we study planar Willmore curves, and analyse
some properties, including the spectral ones, of the linearised Willmore equation. In Section 3 we
construct approximate solutions, expanding (3) up to the fifth order in 7!, in order to understand
the normal tilting of the interface to yr. In Section 4 we give the outline of the proof of our main
result, performing a Lyapunov-Schmidt reduction of the problem on the normal tilting ¢. Sections
5 and the appendix are devoted to the proofs of some technical results: the former, concerning the
reduction technique, while the latter dealing with the main order term ¢ in the expansion of ¢.
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2 Planar Willmore curves

In this section we collect some material about existence of planar Willmore curves, analysing then
their spectral properties with respect to the second variation of the Willmore energy.
Recall that the Willmore energy of a curve v : [0, 1] — R? is defined as the integral of the curvature

squared
/ k(s)*ds.
¥

Extremizing with respect to variations that are compactly supported in (0,1) one finds that critical
points satisfy the Willmore equation

//__1 3
K= =2k, (6)

2.1 Existence of Willmore curves

Recall first the definition of the Jacobi cosine function, see for example [9]. For m € (0,1) define

@ do
o(p,m) = B e
0 vV1—msin“6
and then implicitly the function cn by
cn (o(p,m)|m) = cos ¢. (7)
The above equation (6) admits (only) periodic solutions that, up to a dilation and translation are
given by

k(s)zﬂcn<s+f/4\ ;) (8)

For this choice, the period T has the approximate value 7' ~ 10.488. Using the conservation of
Hamiltonian energy, this function satisfies
k*(s)

(K)2(s) = =

The above function can be integrated to produce a Willmore curve, by the formula (with an abuse of
notation, we will always use the same letter both for the curve and for its parametrization)

(- sin(fos k(7)dr)
7(s) _/0 ( cos(fos k(r)dr) ds.
Notice that v is parametrized by arc length. If we set 7 (s) := e 1y(es), for e = T /T, then it is still
true that |yp(s)| = 1 for any s € R. In other words, yr also denotes the rescaled curve {e !¢ : ¢ € v},

still parametrized by arc length. Our aim is to construct solutions ur with a transition layer close to
~yr, that are odd and periodic in z; and fulfilling the symmetry property

41 9)

L
ur(ene0) = —ur(-o1,~az) = ~ur (w14 5.0 ) L= Grn(D) = (en©). (10
The curvature of v is defined by

ke(s) == —(yp(s)yp(s)"),  wh = (mwa,un),

and clearly by the arc-length parametrisation one has y;.(s) = k.(s)y(s)*. In what follows, when
the subscript € is omitted, it will be assumed to be equal to 1, that is we will set v := 71, k := kq,
etc..



2.2 The linearized problem

We discuss next the linearization of the Willmore equation, namely we consider the problem
Lyp=g iR, (11)

where g : R — R is a given T—periodic function. Recall from formula (33) in [27] that Lg is given by
2 (4) 9.9 7\ "2 1.4 (4) 9.9 1 9.4
Lo¢p=¢ +(§k¢)+(3(k) —Ekﬁb:(ﬁ +(§k¢)+(3—1k)¢, (12)

where the conservation law (9) has been used. Given the symmetries of the problem, we are interested
in right-hand sides g that satisfy the following conditions

g(s) = —g(—s) = —g(s + T/2),

hence we define the spaces

epe®) = {oe 0m Ry o06) = —o(-s) = —o(s+ 3 ) (13)

where T > 0, n > 0 is an integer, 0 < o < 1 and C™%(R) is the space of functions ¢ : R — R that are

n times differentiable and whose n-th derivative is Holder continuous of exponent . We endow the
n,o .

spaces 2" (R) with the norms

61 (s) = 9 (1)]

|t — s|@

lgllcmom = _IVI¢llLem) + Silf
=0 s

Roughly speaking, these spaces consist of functions that respect the symmetries of the curve v, in the
sense that they are even, periodic with period T, and they change sign after a translation of half a
period. We have then the following result.

Proposition 3. Let T > 0. Let g € C%%(R) satisfy g(s) = —g(—s) = —g(s +T/2) for all s € R.
Then there is a unique function ¢ € CH*(R) that solves equation (11) and satisfies

¢(s) = —d(=s) = —¢(s +T/2)  VseR.
Moreover, the estimate ||¢||cs.o®) < c||g]|co.aw) holds for some positive number c independent of g.

Proof. By considering extensions by periodicity, it is sufficient to prove unique resolvability of Lop=g
on [0,7] for ¢ in the space

CE([0,T)) = {6lp,71 : 6 € Cx*(R)}
={¢ € C*([0,T)) : ¢(s) = —¢(T — 5) = —¢(s + T/2) for 0<s<T/2}.

We observe that, by construction, any function ¢ € C%([0,7]) satisfies () (0) = ¢U)(T), 0 < j < 4,
hence we can extend ¢ to a function in C’%’O‘ (R).
We denote by (—A)~2h the unique solution ¢ to

oW =h on [0,7];
#(0) =¢(T)=¢ (0)=¢ (T) =0 (homogeneous Navier boundary conditions),

where h € C2:*(R) is given. Such a solution ¢ is in C*+*([0,7]) and fulfils the estimate

l[¢llcaam®) = [|8llcaeo,r) < cllhllcoao,r) = cllhllcoa)-

Since h verifies the symmetries h(s) = —h(T —s) = —h(s+T/2), for any 0 < s < T/2, then also does
¢, thus ¢ € C22([0,T]).



Then Lo ¢ = g is equivalent to
—o( /9,2 v 5 _ _
6+ (—8) 2GR0 + (3= 7k)9) = (~8)(9).

In particular the Fredholm alternative in the space C;L—J%([O, T)) applies, so the equation is solvable for

every g € C’%Q(R) if and only if the homogeneous problem is uniquely solvable.
Exploiting the symmetries of the Willmore equation, if v, denotes the normal vector to the curve
v, the following four functions represent Jacobi fields for the linearized Willmore equation

1 = ((0,=1),v4); Y2 = ((1,0),v4); Y3 = ((72, =71), V) Y = ((71,72)s Vy)-
Using the fact that v, = (v5, —71) (here y1 and 2 represent the horizontal and vertical components
of 7) one finds that

(1,5 a) = (71572 MV + 7272, V1Ya — V271)-

We claim that these functions are linearly independent: indeed, using &'(0) = & (T) = —1 and
1(T) # 0 we get

¥1(0) 0 $2(0) 1

di(T) | _ [0 ea(T) | _ 1

1 (0) s ¥ (0) {o)”

Y1 (T) 1 Yo (T) 0
¥3(0) 0 ¥4(0) 0
bs(T) | _ | 0 a(T) | _ [ n(T)
13 (0) o | A B 0
Y5 (T) 71(T) Yy (T) 0

Being the homogeneous ODE qu’) = 0 of fourth order in ¢, all its T-periodic solutions are spanned
by {t1,%2,v3,%4}. From the above formulas one infers that a function ¢ € C%”%([O,T]) that is a
linear combination (1, 12,13, 14) satisfies homogeneous Navier boundary conditions if and only if it
is trivial. Hence the homogeneous problem has only the trivial solution, and the equation Lo o=y
(with the desired boundary conditions) is uniquely solvable in C’%’%([O,T 1), as claimed. The norm
estimate follows from )

H¢||C4vﬂ(R) = ||¢\|c4‘a(o,T) < C||£/||cowa(o,T) = CHQH(JM(R),

where the inequality results from higher order Schauder estimates, see e.g. [23]. Notice that reducing
the problem on R to a problem on [0, 7] ensures compactness. O

We need next to invert the linearized operator for a specific right-hand side, arising from high-order
expansion (in e = %) of the approximate solutions, see Section 3. We have the following result.

Proposition 4. Let

9(s) = gh(s)® — Ok(s)K' ()"

Then the equation Lo ¢ =g admits a unique smooth solution ¢ € C%’a (R) which additionally satisfies
(i) é(s)k(s) >0 for all s € R,
(i) ¢'(s) = 0 whenever k(s) = 0.

Remark 5. The solution ¢ can be written explicitly in terms of hyper-geometric functions, see Chapter
15 in [1] or [6] for the notation we are using and additional properties. Indeed, for every o, 1 € R
a formal solution ¢ is given by the formula ¢(s) = ®(k(s)), where

37 — 40po «

®(2) := puoz + 1 2° + og0 2 T riz) Fra(z) £ (),



for functions ri,re, 13 given by

5 11 24 41 7 13 2*
Tl(Z) = %27 2F1 (1, Z’ Z, 4) 5 7”2(2) = —@29 2F1 (1,4,4, 4) 5

3 465\ 7511 24
S (. R (1,5 2.2 3.2
T‘S(Z) < 896u0+7168)z 3 2( 49 4737 4)

This representation, however, does not seem to be helpful when discussing the reqularity properties of
the function ® o k as we will discuss in the proof below.

Proof. Since we are looking for an odd solution ¢ € C’%’O‘(R)7 motivated by the special features of

Willmore’s equation we consider the ansatz ¢(s) = ®(k(s)). After some calculations it is possible to
write Lo ¢ = g as an ODE for ®, namely

1

o ((24 —4)20W () + 125321 — 4)0®) (2) + 222(132% — 28)0"(2)

14)

27 (

~16(2 — 2)2@(2) + (48 — 20z4)(1>(z)> = —9z+ 2.

This equation can be solved explicitly in terms of a series ®(z) = Z?;O Wi Z , where the parameters

Lo, 11 are free and ps, s, . .. are determined recursively by the above ODE. Their precise definition

are provided in the Appendix, see (85). This series has convergence radius V2 so it is not clear a

priori whether s — ¢(s) = ®(k(s)) defines a function of C;—Jo‘ (R). In order to ensure this we impose

that the solution ¢ is even about —7/4 and T/4, i.e. we require
&(s) =0, ¢"(s) =0 as|s|—T/4 (15)

Notice that k(s) converges to v/2 as |s| — 2. The calculations from the Appendix show that (15)
holds if and only if we choose

2k+1

[\

™

8T (

po =0, = (16)

)

[N}

The corresponding solution is given by

b(s) M i ( Mk(5)4m+5+ Ml{(s)‘lm*?’)_

s) — _
64T(3)2 <=\ 2-4mD(m+9) AnT(m+ 1)

Thanks to (15) this solution can be reflected evenly about s = +T/4, so we obtain by standard
arguments that ¢ € C;’Q(R). From the above formula we find ¢'(s) = O(k'(s)k(s)?) — 0 as k(s) — 0

as well as
_ 3nV2k(s)t Dim+32) k(s)2  T(m+ 1)\ k(s)*\™
o(s)k(s) = 64T (2)? g::o ( TTm19 2 Tmt g))( 1 )
3mV2k(s)! '(m + %) L(m + i) k(s)t\m
T 64T(3)2 '2(_r(m+2)+r(m+1))( 4 ) =0
>0
Hence, claim (i) and (ii) are proved and we can conclude. O

3 Approximate solutions

In this section we introduce an approximate solution of (2), which we need to expand up to the
fifth order in e = T/T. For doing this, we use Fermi coordinates around a perturbation of the curve

yr(-) = %’y (€); €= %
(v is the Willmore curve constructed in Section 2) and we expand both the Laplace operator and Cahn-
Hilliard-Willmore equation. We also need to add suitable corrections to the approximate solution in
order to improve its accuracy: these will allow us to study in more detail the transition curve {ur = 0}
of the solution constructed in Theorem 1.



3.1 Fermi coordinates near ~r

As in [35], we want to use Fermi coordinates near a normal perturbation of the dilated periodic
curve yr. To this end, we fix ¢ € C%’O‘(R) (recall (13)) such that ||¢[|cs.a@®) < 1, and for T large (i.e.

for e = % small) we define the planar map

Ze(st) = yr(s) + (t+ dles)rr(s)™,  wh = (—wz,wn). (17)

1

Using the fact that vp := e~ 'y(es) and |yp| = 1 we find

det(0sZ.,0:Z.) = det (7/ (es)",7 (es) + e¢ (es)y (e5)" £ (t + d(es))ek(es)y (ES))

= det(y (es)t,7 (es)) - (1 + ek(es)(t + p(es)))
>1—V2(t| + 1)e

1 for |t < L

4

2v/2¢

This shows that in the above region the map Z. is invertible. Moreover, define

>

1
Veo = {x e R?: dist(z,vr,¢) < 48} ,

and 7.4 == y7(s) + d(es)yp(s)*. Since ¢ € CH*(R) it follows also that Z. : R x (—& &) = Veg s

a C*“diffeomorphism. With an abuse of notation, we will write u for u(s,t). We also set
2. g 1
Vei= <z e R dist(z,yr) < [ (18)

3.2 The Laplacian in Fermi coordinates

We are interested in the expression of the Laplacian in the above coordinates (s,t). First we
assume that ¢ = 0, that is we consider the diffeomorphism

Z.:Rx (—1/4¢e,1/4e) — V.
defined by
Ze(s,2) = r(s) + 2y7(s)*. (19)

The euclidean metric in these coordinates is

. [(1 —6zok(ss))2 (1)} |

with determinant det g = gs = (1 — ezk(es))? and inverse given by

g = [k 0]

From now on, the curvature k and its derivatives will always be evaluated at es. Using that ¢%° = g..!,
the Laplacian with respect to this metric is given by

1 1
0y 02 0u) +
i (V9ss9 ) i

1 1 0.9ss
= ——0s(——=0su) + 0*u + 0,u 20
vV Gss (\/ Jss ) 295.9 ( )

Pu 0ygss
= - dsu+ 02u +
gss 292, T 2g.

Au = 0,(1/gss0-u)

aZgSS a

zU.



Now we compute

8ng$ — 75 k
2G5 1—ezk’

Taylor expanding in €, we get

. = k4 ek?z + 2k32% + 3k423 + k52 + 5h(es, 2),
—ez

where the remainder term h(es, 2) satisfies
OWh(es, z) = O(e'20); i>0.

Therefore, using the same notation h(es, z) for a remainder term similar to the previous one we also
have

0 _
255 ek — &2 — SSE322 — A4S — SR04 + eSh(es, 2),
29ss
Now we Taylor-expand in ¢ the following quantities
1 1 _
; = m = ]. + 2€Zk + 35222k2 + 6301(58, 2)7

asgss _ e2zk
292, (1—ezk)?

= %2k (1 4 3ezk + £%b(es, 2)),

where the remainders a(es, 2), b(es, 2) satisfy
0Wd(es, z) = O(e'2"+3), OWb(es, z) = O(e'2'1?), i >0.
In conclusion, the expansion of the Laplacian in the above coordinates (s, z) (see (19)) is
A= 5‘3 + 53 —ckd, — 2k220, — 3k32%0, — *k*2%0, — PkP2%0, + 565(53, 2) (21)
+e2(2k0? + ek'05) + €222 (3k20? 4 3ckk'0) + €3 (a(es, 2)02 + ezk'b(es, 2)0s),

where, we recall, k and its derivatives are evaluated at es.
Given a function

f:RZ=R

of class C?, it is possible to make the change of variables t := z — ¢(es). In other words, we define
f:R? SR

by setting f(s, z) := f(s,z — ¢(es)). A straightforward computation shows that

0.f(s,2) = 0 f(s,2 — 8);

0sf(s,2) = 0sf(y, 2 — &) — ¢ O f (5,2 — ¢);

02f(s,2) = 02f(y, 2 — ¢) — 229 astf(y, z—9);
—220 0 f (y, 2 — ¢) + (¢ )20} f(y, 2 — ¢),

where, we recall, ¢ and its derivatives are evaluated at es. Hence by (20) the expansion we are
interested in, using the latter coordinates (s,t), is given by

A=02+02 —ckd; — 2(t+ Q)k20y — 3(t + ¢)2k30; — X (t + ¢)3k*0; (22)
—5(t + ) K50y — ShO, — 20" 0y — 266 Dgy + £2( )20?
+e(t + ¢){2k0? + ek 0y — e2(2kd + k ¢ )0y — dcke gy + 222k(¢ )202}
+&2(t + ¢)*{3k20? + 3ckk' 0y — £2(3k2¢" + 3kK ¢ )0, — 6ek> Dt + 3e2k2(¢ )02}
+e3{a(es, 1) (02 — 260 Dy + 24 0y + £(¢)202) + e(t + )k b(es, t)(ds — e Dr)},
see also formulas (28) and (29) in [35].

3
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3.3 Construction of the approximate solution

We proceed by fixing a function ¢ € C;’Q(R) such that ||@||c4.e(r)y < 1 (recall (13)) and constructing
an approximate solution v, 4 whose nodal set is a perturbation of the initial curve v, tilting it
transversally in the normal direction by ¢ (scaling properly its argument). This approximate solution
is constructed in such a way that v 4 — +1 when the distance from ¢ tends to infinity from different
sides. More precisely, we observe that vy divides R? into two open unbounded regions: an upper part
7;5 and a lower part v .

We set
1 ifx e 'y;
H(z) =40 ifxeqyr
-1 ifxer,

and introduce a C'*° cutoff function ¢ : R — R such that

1 fort<1
t) =
<) {O for t > 2.

For any € > 0 and for any integer [ > 0, recalling the definition of V in (18), we set

et —E - ifa=Z(s,t) €V,
xi(@) = {0 it x € R2\V,.

We will start by constructing an approximate solution 9, ¢4 in V;, and then globalize it using the above
cut-off functions, introducing

Veo () = X5(2)0e 6(2) + (1 = x5(2))H(z), = €R™. (23)

Since v, 4 coincides with 9. 4 near yr, it is convenient to define 9, 4 through the Fermi coordinates
(s,t), see (17). In order to do so, we first define a function 0. 4(s,t) on R?, in such a way that its zero
set is close to {t = 0}, then we set

6o () = | Dol @) i € Ve
€,¢ = 0 ifz€R2\VE'

In order to have a global definition of v 4, the value of 9. ¢ far from the curve is not relevant, since
it is multiplied by a cut-off function that is identically zero there. We stress that, by the symmetries
of ¢, v. 4 satisfies the symmetry properties (10) if 0. 4 does.

A natural first guess for an approximate solution is ¥¢ 4(s,t) := wvo(t), where vy is the unique
solution to the problem
—U(/)/ =wvg—v§ onR
v9(0) =0
vg — *£1 as t — +oo,

with explicit formula vg(t) := tanh(t/+/2). In this way, the nodal set would be exactly the image of
the curve

1.6 = {91(s) + dles)yp(s)* ).

However, this simple approximation is not suitable for our purposes, and we need to correct it in two
aspects. First, in order to recognize the linearized Willmore equation after the Lyapunov-Schmidt
reduction, we have to improve the accuracy of the solution by adding further correction terms. Sec-
ondly, formally expanding in ¢ the Cahn-Hilliard-Willmore equation on the above function we will
produce error terms involving derivatives of ¢ up to the order six multiplied by high powers of €; hence
we will get an equation that, in principle, we would not be able to solve in ¢. In order to avoid this

11



problem, we use a family {Ry}y>1 of smoothing operators on periodic functions on [0, T, introduced
by Alinhac and Gérard (see [4]), namely operators satisfying

[[Roo||creom < clldllor ooy i k+a <k +a; (24)
1Ro@llcre o,y < €O F NGl lowar oy Ik +a >k +a; (25)
¢ — Rodlcr.aqpo,1)) < CQHQ%LQI\|¢||ck'va'([o,f]) ifk+a <k +a. (26)

Such operators are obtained by, roughly, truncating the Fourier modes higher than 6. It is possible to
find further details in [15], where the periodic case is specifically treated. This latter issue is common
to interface constructions, see for example [34] and [35], and treated in a similar manner.

Now we set ¢, := Ry ,.¢ and we consider the change of variables ¢ := 2z — ¢, (es), which corresponds
to replacing ¢ by ¢, in the expansion of the Laplacian (22). The Cahn-Hilliard-Willmore equation
evaluated on the above function vy (t) is formally of order £2. To correct the terms of order 2 we can
consider

vo(t) + v1,6,4(8,t) +v2.0,4(s,t)

as an approximate solution near the curve, as in [35], Subsection 5.1. Here, vq . 4 is given by

V1,6,6(5,1) := vo(t + du(es) — d(es)) — vo(t), (27)
and
Vs.ep(5,1) 1= e2(~K%(e5) + eLo (e5))n(t) + (61 (e5)) (D), (28)
where
Lp = —2k¢ — 2k>¢, (29)
and

)= =ej(0) [ e 2as [ 9,

—0o0

In the above formulas, vg + v1 4 represents the tilted profile vo(t + ¢y (es) — ¢(es)) rewritten conve-
niently in this way for computational purposes. The function 7 is exponentially decaying, odd in ¢
and solves

Lun(t) := =" (&) + W (v (£)n(t) = Ftvg(t)

Here L, represents the second variation of the one-dimensional Allen-Cahn energy evaluated at vg.
Similarly, 7(t) := —tvy(t)/2 solves

L*ﬁ(t) =Yy (t)
/f;(t)ug(t)dt =0.
R
We note that, in particular, L2n = —v(/]/.

In order to understand the xo-dependence of ur, see (5), we are interested in determining the
main-order term of ¢, which will turn out to be of order . We then take ¢ of the form

¢ :=e(h+ 1),

where h is an explicit multiple of ¢ (see Propositions 4 and 12) and v is some fixed small C%’O‘(R)—
function, in the sense that [[1)||c4.«r) < ce, for some constant ¢ > 1 to be determined later with
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the aid of a fixed point argument. Now we have to compute the error, that is we have to apply the
Cahn-Hilliard-Willmore operator F’

Fu) = —A(=Au+ W () + W (u)(—Au+ W (u)) (30)

to the approximate solution. Since the approximate solution is defined in a neighbourhood of the
perturbed curve 7 4, namely in V; 4, all the computations below will be performed in the coordinates
(s,t) € R x (—1/4e,1/4¢). Using then cut-off functions, we then extend F' to be identically zero for
[t|] > 1/4e.

It turns out that, thanks to this last choice of the approximate solution, the Willmore equation,

(22) and a Taylor expansion of the potential W in (2), the error is of order 3. More precisely, for

[t] < 1/4¢ we have

3 " ’ 1" " ’
F(vg + v, + V2,00) = —§s3k3(2tvo + ) + {4k vy + k' — tog(3k* + (K)?)}  (31)
4+ (= (Y + Doy + (B + 0 (3K tvy — k2vy + 6k2(vy + 2ty ))
HM+@MM@%—%+&%+wwru*+mx9www4w%—a> 0)
(b — b+ 1 — ) Dy + 2k (h; + )2 (205 — tLyvg)
’ 1" 1" ’ ’ 5 ’ ’ ’
+EP (—4t%v, — 5t3vy + 2ty + 120 v + 61v, + 31+ k(K2 (—9t%vy — 4n )} + S F2 ().
In (31), the right-hand side is evaluated at (es,t). The term F! is defined to be identically zero

for |t| > 1/4e and can be suitably estimated using weighted norms. To introduce these, for any
0<6<+v2and z = (r1,22) € R? define

%ﬁuw:/“mewﬂ@x (32)

where G is the Green function of —A + §% in R%2. We denote by C™%(R?) the space of functions
u : R? — R that are n times differentiable and whose n-th derivatives are Hélder continuous with
exponent . For L := (v7)1(T) — (v7)1(0), we set

n,o n,o — L
CL:5 (RQ) = {u e(C™ (RQ) : ||u<,057(1;| coma 2y < 00,u(r1,22) = —u(—r1, —T2) = —u (wl + 3 —x2> },

where

0 -y
[[ul| g @2y = Z||VJu||LOQ %2) + SUp sup |9pu(z) §u<y)\_ (33)
=0 zy |Bl=n lz =y

Functions belonging to these spaces decay exponentially away from the curve vz, with rate e~9¢(-77)
and satisfy the symmetries of the curve, that is they are even, periodic with period L, and they change
sign after translation of half a period and a reflection about the x5 axis. We endow these spaces with
the norms

lullope@e) = llup glloma g2y (34)

Using this notation and recalling (23), we have that the error term F! in (31) satisfies

IXaF2 (W)l oo ey < € (35)
IXaF2 (1) = XaF2($2)ll oo z2y < ellvr — ¥allcre ),
for 1/171/)171/)2 € O%Q(R) such that Hw”c‘ha(R)v H¢i|‘c4*”(R) <1 ) 1= 17 2.

In what follows, we will solve the Cahn-Hilliard-Willmore equation through a Lyapunov-Schmidt
reduction, and to deal with the bifurcation equation we will need to consider the projection of the
error terms in the Cahn-Hilliard-Willmore equation along the kernel of its linearised operator. Fixing
s, this corresponds to multiplying the error term by v,(t) (and a cut-off function in ¢) and integrating
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in t. For instance, if y; is the cut-off function introduced at the beginning of this Subsection, the
projection

GL()(s) = / xa(t)FL (@) (5, tyvg (£t
of xaF1 (1) fulfils

IGL(W)lcoew) < ¢ (36)
|G (41) — GLH(tb2)||co.ar) < cllthr — Yal|caa(m).-

In other words, apart from the coefficient of order €5, we get a remainder which is uniformly bounded
for ¢ in the unit ball of C*(R), with Lipschitz dependence.
Setting

Cy = /R(v(l))th > 0, (37)

" ’ 1
/ tugvgdt = —-c,4,
R 2

we can see that the projection of the linear term in h + v (and their derivatives) appearing at order
e® is given by

and using the fact that

/ (b + By + (B + ) (3k2tvg — kv + 6k2(vg + 2ty )) (38)

+(h, + 0. kK (8tvy — vy + 6(vy + 2tvy))
+ (R + 100 (9 vy — Akt vy — 3(K)2vg) + (hy — h+ 1, — ) Doy Yogdt =

")?v
—co(Lo(hy + 1) — (h — by 4+ — )@ =
4
e(Folh+ ) + (Eof%)(hﬁhwﬁw),

where we recall that (see (12))

5

Log = 0D + 2(K29) + BH)? — 2K,

The terms of order €% in (31) can be eliminated by adding to the approximate solution an extra
correction of the form

3
’U3757¢(57t) = §€3k37717
where 77 solves

{LQTH = 2t’U0 +U07 (39)

o muodt = 0.

We point out that (39) is solvable since the first right-hand side is orthogonal to v, i.e.

/ (2t + vl )vndt = 0.
R

As it is well-known, see e.g. [28], the (decaying) kernel of L, is generated by v, so the existence of 7
follows from Fredholm’s theory.

14



As a consequence, using (22) once again and an expansion similar to (31), for |t| < 1/4e we have

F(ug+vie¢+V2e¢+V3e4) = 54{—4/@4252113 + k4n” - tv/0(3k4 + (K)?) + 3k* (L)'} (40)
+&{(h — hy + 100 — ) Drg — (B + M )ug + (1 + 6,) (3K tvg — kv + 6k2 (v + 2tvy)
—|—(h/* + ¢;)kk’(8tvg - vé) + 6(1)/0 + 2tvg)) +(h+ 1/)*)(—9k4tvg - 4l<:4v(l) — 3(k/)2’06)
3+ 9

7 G " " ’ ’ 5 !
+E5 (—4t%v, — 5t3vy + 2ty + 120m v + 61vy + 3+ 3t(L,m) — 3+ §L*771)

k()2 (=9t%vg — 41 — 18L.m) + 2k(R, +¥,)% (20 — tLyvg )} + S {FL (W) + F2(¥)}.

Notice that F(vg + v1,e,6 + V2,c,6 + V3,e,6) and F2(¢)) vanish identically for |t| > 1/4e, F2 (1) satisfies
(35) and the projection

G2()(s) == / Xa(t)F2(60) (5, tyog (1)t
R

fulfils estimates similar to (36). Once again, in (40) the right-hand side is evaluated at (s, t). Similarly,
we can improve our approximate solution by correcting the terms of order * in (40). Integrating by
parts we have that

" ’ " 1 ’ ’
/{—3(L*7]1)' + 4t*vy + 3tvg —n — §Q(n,n)}v0dt = / t(vg)2dt = 0,
R R

where we have set

Qu,w) = —(W " (vo)vw)” + W (o)W (vo)ow + W (vo)(vLyw + wL,v) = (41)
L,(W" (vo)ow) + W (vo)(vLyw + wL,v).

Therefore by the above comments we can solve

{Lfnz = —3(L.m) + 4205 +3tvy — " — 3Q(n,m);

fR ngv(l)dt =0,
and
L2ns = tU(l);
{fR nsvgdt = 0.
Finally, we set
Ve, (8,8) = 00(t) + V1,,6(8,8) + V2e 6(8,1) + V32,6(5,t) + vVae (s, t), (42)

where vy 5(s,t) = e*(k'nz + (k')*n3). For |t| < 1/4e, using expansions similar to the previous ones
we compute
F(e9) = e {— (WY + 0 vy + (1] + ;) (3k* v — K>vg + 6k (v + 2ty ) (43)
+(he, + ) kK (8tvy — v + 6(vg + 2tvy )
F(he 4+ 90) (9K vy — dktvg — 3(K)2vg) + (hy — h+ dp — ¢) Dy
+85(es,t) + 2h(h, + ) (20 — tLivg)} + H{FL(0) + F2(8) + F2(1)}

Here

’ " " 3
Es(s,t) := k*(—4t?v — 5t°vy + 2ty — 5@(7777]1) + 3t(Lum)’
’ 9 7 3 9 5 ’
+12nn vo + 610y — 5771 + §L*771 + §7I +2(Lyn2)")

+k(E)2(2(Lns) — 9t2vy — 4y — 18L,m1),
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F3 is identically zero for [t| > 1/4¢ and satisfies the counterpart of (35) and

€

G3()(s) = / Xa(E)F3 (1) (5, £y (t)

R

fulfils estimates similar to (36). In order to handle the error, we introduce a suitable function space
and we endow it with an appropriate weighted norm. We set, for 0 < § < v/2,

Ws(@) = (lz2]) + (1 = ¢(|wa]))e 1! (44)

where ( is defined in (3.3). Now, we define the spaces

n,x n,x T
Drps (R?) := {U € O™ 1 ||UWs||gnoa(r2) < 00,U (21, 32) = —U(—21, —22) = —U(ml + 3 —x2> },

endowed with the norms

|[ul D} (R2) = Huw5||C”v“(R2)~ (45)

The difference between the space D7'5(R?) and the space C}’§(R?) introduced previously are the

weight function, which depends just on one variable in the case of D7§ (R?), and the period.
Recalling (37), define the constant

d, = / £2(u)2dt > 0 (46)
R
and recall the definition of ¢ in Proposition 4. From the previous computations, we have the following

result.

Proposition 6. There exist a constant ¢ > 0 such that
1F (e, | oo oy < 67, (47)

for any ¢ € C%’Q(R) such that ¢ = 5(‘5—:54— V), with ||| ca.em) < 1.

Remark 7. The estimate in Proposition 6 holds for any function ¢ of order € in C** norm. However,
for later purposes, we will need to take ¢ = E(g—zqﬁ + ) as above in order to determine the principal
term in the expansion after projecting onto v, when dealing with the bifurcation equation.

4 The Lyapunov-Schmidt reduction

Up to now, we have only constructed an approximate solution to (3), not a true solution, since
F(ve,4) is small but not zero (see (30) and (23)). Therefore we try to add a small correction w =
we,» : R? — R in such a way that F(ve, 4 +w) = 0. Rephrasing our problem in this way, the unknowns
are ¢ and w, for any ¢ > 0 small but fixed (recall that e = %) Expanding F' in Taylor series, our
equation becomes

F(veg) + F (ve)[w] + Q. (w) = 0,

where

Qu.p(w) = /0 dt /0 F' (ve.g + sw)[w, w]ds. (48)

In order to study (4), we use a Lyapunov-Schmidt reduction, consisting in an auziliary equation in w
and a bifurcation equation in ¢.
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4.1 The auxiliary equation: a gluing procedure

Recalling the definition of the cut-off y; in Subsection 3.3, we look for a correction w of the
following form

w(@) = xa2(x)U(x) + V(2),

where V, U are defined in R2. Since U is multiplied by a cut-off function that is identically zero far
from 7, we look for some suitable function U = U(t, s) defined in R?, then we set (see (18))

Ul - U(ZY(x)), ifxeV
"o if 2 € R2\V..

As above, the value of U far from the curve does not matter, since it is multiplied by a cut-off function.

Remark 8. Let 0. 4 be as in Proposition 6 and let v o be as in (23) (see also the subsequent formula).
Then the potential

"

Teg(@) = (1= x1(@)W (ve,p) + x1(x) W (1) (W"(1) =2)

is positive and bounded away from 0 in the whole R?. Precisely, for any 0 < § < /2, we have
0 < 62 < T.y(x) < 2 provided e is small enough, the estimate being uniform in ¢. By construction,
I 4 € CY*(R?), it is periodic of period L (the x1-period of yr), and the L> norms of the derivatives
are bounded uniformly in ¢ and in €.

Using the fact that x2x1 = X1, x2xa = X2 (recall (23)) and the Taylor expansion (4), we can see
that the Cahn-Hilliard-Willmore equation F(v. ¢ + w) = 0 can be rewritten as

F(veg) + F (ve,0)w + Qe g (w)
= X2{X4F(@s,¢') + F/('ﬁa,tb)U + X1Q8,¢(X2U + V) + XlMe,Gﬁ(V)}

H(=A+Te )V + (1= x2) F(veys) + (1 = X1)Qep(x2U + V) + Ne g (U) + PL o (V),

where
M. (V) = (W (ie) = W (1)(—AV + T, 4V) (49)
H=A+ W (0e,0)) [(W (be6) — W (1)V];
Neo(0) = =2(Vxa, V(=AU + W (0..4)0)) — Axa(—AU + W (6..4)0) (50)
H=A+ W (0e,9)) (—2(Vxa, VU) — Axal);
P (V) = =2(Vx1, V(W (be6) = W ())V)) = Axa (W (0e 9) — W (1))V (51)

11

AW (0e.p) (—Ave g + W (ve,6))V-

By the expansion of the Laplacian (22), we can see that, expressing F'(0. ) in the (s, t)-coordinates,
for |t| < 1/4e,

F(tey) = L2+ Reg, (52)

where

L= =02 +07) + W (vo(1)) (53)
and R, 4 = O(e), in the sense that (recall (45))

||X4RE,¢U||D2’“(R2) < C<€||U||D§'°‘(]R2)'
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Once again, we have extended R. 4 to be identically zero for |t| > 1/4¢. Hence we have reduced our
problem to finding a solution (¢, V,U) to the system

(—A+ F5’¢)2V + (1= x2)F(ve,6) + (1 - Xl)QE,¢>(XZU +V) (54)

+Ne(U) + Pey(V) = 0; in R?

XaF (De,6) + L2U 4+ xaRe gU + x1Qc.6(x2U + V(Z:(5,1))) + xaMe ¢(V) =0 for [t| < 1/8¢ (53)
It is understood that, in equation (55), the cut-off functions and V' are evaluated at Z.(s,t), see (17).
First we fix ¢ and U and we solve the auxiliary equation (54) by a fixed point argument, using the

coercivity of the operator (—A+T. 4)?. This is possible due to fact that the potential I'. 4 is bounded
from above and from below by positive constants (see Remark 8).

We have next the following result, that will be proved in Section 5 (recall (45) and (34)).

Proposition 9. For any ¢ > 0 small enough, for any U € D;:%‘(Rz) such that ||U||D§,Q(R2) <1 and
forany ¢ € C%’Q(R) with ||¢]|ca.ew) < 1, equation (54) admits a solution V_ 4 v € C’i’f; (R?) satisfying

‘|‘/;7¢:U|‘C§*O‘(R2) S 016_6/85;

Veio,on = Vestall oo ey < c1e™3|UL = Usll ptia(gay;
Ve, = Voo Ul oo ey < cre™/%[|é1 — ¢allcaem),

for any Uy, Uy with |\U1|\D§,a(R2), HUQHDﬁ,a(RQ) < 1, for any ¢1,¢2 € C%’O‘(R) with ||¢i||caem < 1,
i =1,2, and for some constant c; > 0 independent of U, € and ¢.

Since we reduced solving the Cahn-Hilliard-Willmore equation to the system (54)-(55), it remains
to solve the second component. The operator £2 (see (53)) is not uniformly coercive as ¢ — 0: in
fact, in the ¢ component it annihilates v((t), while due to the fact that s lies in an expanding domain,
the spectrum of 92 approaches zero. Due to the consequent lack of invertibility of £? we need some
orthogonality condition to solve equation £2U = f, that is

/ Fls,)ug(t)dt =0 Vs € R,
R

as we will see in Subsection 5.1, and the solution will satisfy the same orthogonality condition (for a
detailed discussion, see Section 5). As a consequence, equation (55) cannot be solved directly, through
a fixed point argument, hence we subtract the projection along v{, of the right-hand side. In other
words, setting

T(U,V,¢) = x1Qc.6(x2U + V) + xaRe,6(U) + x1M¢ (V) (56)
and
1 > B ,
pol)i= = [ (F(ee) + T Vo) s, 0 67)
we can solve
L2U = —x4F(8,4) — T(U, Vg0, 8) + o (5)p(2) (58)

/ U(s,t)up(t)dt =0 Vs € R.
R

in U, for any small but fixed ¢ € C’%’a(R). Concerning the operator near vyr, we have the following
result, that will be proved in Section 5.

Proposition 10. For any ¢ > 0 small enough and for any ¢ € C%’Q(R) with ||@||ca.em) < 1, we can
find a solution U, ¢4 € Dé’cg (R?) to equation (58) satisfying the orthogonality condition

/ Us.o(s,)op(t)dt =0, Vs € R (59)
R
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and the estimates

5
{||U57¢||D§TO‘(R2) S C2€ (60)

Ue.p1 = Ue gl prooray < c2°ld1 — d2llcaam),

for any ¢1,¢o € C’;{’O‘(R) with ||¢i||caem) <1, i = 1,2, for some constant ca > 0 independent of c.

4.2 The bifurcation equation

Using the notation in the previous subsection (see in particular the discussion before Proposition
10), the Cahn-Hilliard-Willmore equation reduces to

LU = —xaF(Ve,9) = T(U, Verp,0, 9).
Recalling (58), in order to conclude the proof it remains to solve the bifurcation equation
Dy(s) =0 for all s e R (61)

with respect to ¢, where p, is the projection of the right-hand side of equation (55) along v (see
(57) and (56)). Since the Cahn-Hilliard-Willmore functional is related via Gamma convergence to the
Willmore’s, the principal part of the bifurcation equation turns out to be the linearized Willmore’s,
appearing in the second variation of the Willmore energy. Recalling (33) from [27], on a hypersurface
> the latter second variation is given by

W ()¢, v] = /2 (Log)v do,
where do is the area form and Ly is the self-adjoint operator given by
~ 3
Lop = L§¢ + §H2Lo¢ — H(Vx¢,VsH) +2(AVs¢, Vs H) +

2H (A, V?¢) + ¢(2(A, V2H) + |V H|? + 2HtrA®).

Here, Lo¢p = —Ax¢ — |A|?¢ is the Jacobi operator (related to the second variation of the area func-
tional), A is the second fundamental form, H is the mean curvature and trA3 is the trace of A3.
Recalling (6) and (9), on planar curves Ly can be written as

D4y, _
— 2k )¢ =

12 r 5
oW + gk% +5kk ¢ + (3 - 1k

Lop =9 + (&) + (3

Lemma 11. Recalling the definition of the constants (see (37) and (46))

¢y = /(vg)%zt > 0, d, ;:/t2(vg)2dt >0,
R R
the bifurcation equation can be written in the form

e teiLog = ciLo(h+ ) = d.G+£G-(¥),
where G satisfies estimates similar to (36).

Proof. In view of (43) and (38) (see also Subsection 3.3 for the definition of the G%’s and for the
Fourier-truncation ¢ — ¢, ) one has

[ F o)ttt = e Loth +0) + (Lo = )b = =)

ted / Ex(es, oy (8)dt + 2k 5 (h, + )2 + & / (200 — tL vl Yoo (£)dt
R R

+GL(Y) + G2(Y) + GE(v) + GL(y),
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where G1(¢), G2(¢), G2(¢) are defined in subsection 3.3 and

G = [ (aalt) = DF (o) 0y (0)de

R

is exponentially small in ¢, thus in particular it also satisfies the counterpart of (36). Integrating by
parts, it is possible to see that the last term vanishes. By the properties of the smoothing operators
(see (26)), the term of order &5 satisfies

4

- d
H(Lo— @

d84)(h* _h—’_w* —QZ))

< c&||h+ Yllcaam),
CO.>(R)

since Lo — j—; is a second-order differential operator. It remains to deal with the contribution of the
term involving E5. We compute

Cy = /(v(l))th =2 lim (v)?(t)dt =
R

Tr—r00 0

2 lim <38mh (%) - sinh (%)) sech” (%) _2V2
@00 62 3

and

dy = / tz(v/O)th =2 lim tz(vé)th =
R

Tr— 00 0

1
2 $1eréo 1 <12\/§L12(—e‘/§w) — 6V22?% + 6227 tanh(\%)
—24xlog(e™V2® + 1) — 6v/2tanh 2z
o ) (%)
x x \/§
+3z(vV2z tanh(—=) + 2)sech?(—= +\/§7r2> = (7% —6).
( (J5)+ Dseci®( ) Z(n* ~ 6)
Here Lis is the dilogarithmic function, defined as
* logt
Lis(z) = — / 98° at,
L t—1
and satisfies
d .. —v2z\ _ —2z . . - . o w2
£L12 ( e ) =V2log (e + 1) , with  Lis (0) =0, Lis (—1) = T

For these and further details about the dilogarithmic function, see for instance [1], page 1004.
Now we deal with the projection of E5. Integrating by parts, it is possible to see that

/t%gvédt = —§d*;
R 2
r ]_
N vedt = —dy;
o=
2/(L*773)’v6dt: —2/ L*ngvgdt:/L*n;jL*(tvé)dt;
R R R
= / L2nstvogdt = d,,
R
and that

k(k/)2/(2t(Lm1)’ — 9t%vy — 4y — 18L,y )vydt = —9k(K')?d,.
R
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Moreover, since due to (41)

/Q 7,7 tvodt —12/1}01}077 dt—|—6/t2 )2vondt,
R

2/ *7]2 / *ngtvodt

3
—§d*—/tn vodt+6/vovon2dt— /t2 )2 nuodt.

The quadratic term in 1 gives

12/T]’I]I’Ué’l)odt+6/7]2(vé))2dt: 76/vovg772dt.
R R R

With a similar reasoning, the quadratic term containing n and 7; gives

we have

%

=

dy / /
/vo(v0)277dt+3/tvo(vo)indt.
R R

*

’ , 3
/Q(nml)vodt: —3/1}0(1)0)277t2dt+
R R

Moreover,

/ (Lo ) vydt = —é.
R 2

We note that
L, (tvovy/V2) = vy + 3tvg(vg)?,
Ly (tog(1 + V2tvg) /4) =ty + gt%o(u’o)%
L, (vovy /3V/2) = vo(vé)z.

thus

2 ’ ]_ ! d
vy + 3tvg(v th:—/tva* dt:_i,
[ m sty = = [ oLt = =5

" 3 , 5
/n(tvo + 2t UO( Z)dt = - / t’UO(l + \/52‘:1]0)L*77dt = —d*’
R

) 1

1y 16
/ v(v/)zdt—i/vvlL dt—i
T R Jy T T 18R

In order to prove (62), (63) and (64) we observe that, concerning the first integral

1 or e
ﬁ/o tvovgLamdt = 288( 72\fL12( )—6\/5 (7r2—6x2)

+ 2V2(~182 + 7% + 12) tanh (\2)

+ 3z (62° — 7 +6) sech? (\%)

+ <\/§ (~182 + 7* — 6) tanh (\%) = 36:c> sech? (\%)
+ 144zlog (e*ﬁm + 1)) .
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Concerning the second integral, one has indeed

1T,
- / tvg(1 + V2twg)Lyndt = 60v/2 L12< f 2e) — 9z3sech?
4 Jo 288

S\&\_/

+ 5(ﬁ(w2—6x)+6fx—1 tan( )

— 2gzlog (e*ﬁf + 1)) (66)

¢ (7)) (35))

1 z , (—6\@95 + 4 sinh (\/ix) + sinh (2\/595)) sech? (%)
e L.,ndt = .
3v2 /o Hoto Tt 283v/2

Taking the sum, we get

For the third integral, one has that

/ s (s, o (£)dt = %d*k5(s) —Ok(K)2(s)dy = d.3. (67)
R
To conclude the proof we observe that, thanks to Propositions 9 and 10,
G2W)(s) == [ DU Ve ) 5.0 0
R

satisfies (36). Therefore, if we set

d* ~
Ge(¥) == 6’2(@ = Lo)(h — h+ 1t — ) + GL(Y) + G2(¥) + G2(¥) + GZ(¥) + G2(v),  (68)
the Lemma is then proved. O

Proposition 12. Fore > 0 small enough, the bifurcation equation (61) admits a solution ¢ € C;l—;’o‘ (R),
such that

dy—
p=ec—¢+ev,
Cx
with ¢ € C’;l—,’a Julfilling ||¢Y||ca.ew) < ce for some constant ¢ > 0 and where c,, d, are given by (37)
and (46).

Proof. We recall that we look for a solution of the form ¢ = ¢(h+1) and, by Lemma 11, the bifurcation
equation can be written in the form

Lo(h+4) =g +G:(¥),
where G, is given by (68). In order to solve it, first we set h := ‘Z—Ia, in such a way that

~ d*
Loh = g,
Cy

(see Proposition 4), then we treat the fixed point problem

-Z/O’l/) =& gs(w)v

using the inverse of Lo constructed in Proposition 3. In order to apply the contraction mapping
theorem, we need to prove the Lipschitz character of G.. This follows from the definitions of p, and T
(see (57) and (56)), the Lipschitz regularity of G%, i = 1,...,5 (they all meet (36)), which follows from
property (35), satisfied by F!, F2 and F2 and the Lipschitz dependence of U and V on the datum ¢
(see Propositions 10 and 9). O
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4.3 Proof of Theorem 1

Thanks to the results in the previous subsections, proving existence of a symmetric solution to
(1), we only need to prove (5). By the symmetries of ur, we can reduce ourselves to study the sign of
Oz, u in the strip {0 < 1 < (yr)1(T/4)}.

Before proceeding, similarly to (17), for any = € V; (see (18)) we set

t = Za(5,) = vr(5) + 27(s) 1r(s) = Z7(es).

Since v (s) = +'(e s), the latter formula becomes

Zo(s,2) = é’y(ss) 2y (es)t.

We would like to understand the inverse function, namely the dependence of (, z) on (1, x2), especially
near the xi-axis. We notice first that Z.(0, z) = (z,0), and that

(85951 85952) _ (—(1 - Ezk(sgg) sin [ k(T)dr  (1- gzk(ssgs) cos [;° k:(T)dT)
0,11 0,9 cos [, k(r)dr sin [ k(7)dr '

Recalling that %(0) = 0 and that &’(0) < 0, differentiating the definition of Z. and taking the scalar
product with 7/(gs)1, it is easy to see that 9,,2 = 7} (es) in V., then near the origin one has, for § > 0
small

_ K0
O0p,2 = 5

After these preliminaries, we have the following result.

8

r3e%(1 4 0.(1)); x€eVe, zol < -

(69)

Proposition 13. Let ¢ 4(s,t) be the approzimate solution defined in (42). Then there exists a fized
constant C' such that

o0v )
LSS P in V..
8%2

Proof. Recall that in V. we defined
Ve, p(8,8) = 00(t) + V1,6,6(8,8) + v2e6(8,t) + V3c.6(5,t) + vVae (s, t).
We begin by estimating the zqo-derivative of the first term. Recalling that t = z — ¢, (es), we have
Oy v0(t) = v (t) [Ory2 — €@ (€8) s, ] -
Concerning the function ¢, we recall that by (26), for a € (0,1) and § = 1 one has
16 = dullcra < CE¥|dllona < Ce™.

Moreover, by Proposition 12 we had that

< Ce%.
04,41

dy—
623
c

*

The latter two formulas imply that near the origin
¢l (es) > —Ce®,
and therefore that also near the x; axis, by (69)
Ou,v0(t) > —Ce® + %x%eQ(l + 0:(1)).
Concerning instead v; ¢ ¢, defined in (27), we have that

Oay V16,6 = (Vo(t+ u(e5) — d(es)) — ' (1)) [0z, 2 — €6, (€5)0n, 5] + v (E+ i — §) (41 (€5) — ¢ (€5))Oay 5.
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This term can be estimated by
Cllps — dllL]0n,2 — £ (€5)0uy 8| + Cebu — Pll 1.0

Using (26) we can check that this term is of order &°.

We turn next to va e g, see (28). The first summand in its definition is quite easy to treat. The
terms &3 Lo, (e5)n(t) and £2¢/, (e5)%7(t), involving the Fourier truncation ¢, might seem more delicate.
However, being L of second order (see (29)), using (26) and recalling that ||¢||c1.e < ce, one has that
the z5-derivative of both these terms is of order .

All other terms in ¥, 4 can be estimated quite easily, and it is also straightforward to show the

monotonicity of 9 4 in xg in V, for |z5| > g, since in this region vg(t) has xs-derivative bounded away
from zero. O

Proof of Theorem 1 completed. We notice that the solution ur is obtained by multiplying . 4 by
a cut-off function (not identically equal to 1 in a region where 9. 4 is exponentially small in €) and
by adding a correction w which is of order £° in C* norm, see the beginning of Section 4. Then (5)
follows from Proposition 13.

The weighted norm estimate on the correction w, the fact that v{(¢) has non zero gradient for ¢
close to zero, and the construction of v, 4 also imply (4) by a direct application of the implicit function
theorem. W

5 Proof of some technical results

In this section we collect the proofs of some technical results, most notably of Proposition 9 and
Proposition 10.

5.1 Proof of Proposition 9

Our main strategy is the following: if I'. 4 is as in Remark 8, we first we study the linear equation
(A +T.¢)°u=f inR% (70)

where f is a fixed function with finite C’%’g (R?) norm (see (34)), that is decaying away from the curve

yr at rate e %477) | even and periodic with period L in z; (see Section 4,2). The aim is to construct

a right inverse of the operator (—A+T'; 4)?, in order to solve equation (54) by a fixed point argument
(see Subsection 4.2).

In order to treat equation (54), we will endow the space CZ:?(IW) with the norm introduced in
(33).

5.1.1 The linear problem
In order to solve (70), we first consider the second order equation
—Au+T.4pu=f inR? (71)

proving the following result (recall (13)).

Lemma 14. Let f € C’g”‘g(Rz), 0 < & < /2. Then, for ¢ small enough and ¢ € C3*(R) with
|0]|ca.omy < 1, equation (71) admits a unique solution u := . 4(f) € C’if{(R% satisfying ||UHC§,@(R2) <
CHf“Cg’“(R?)’ for some constant ¢ > 0 independent of ¢ and ¢.

Proof. Step (i): existence, uniqueness and local Holder regularity on a strip.
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Recalling that L is the x;-period of ~r, define the strip
S=(-L/2,L/2) x R.
First we look for a solution to the Neumann problem

(72)

—-Au+T.pu=f inS;
Opyu=0 on 08,

and then we will extend it by periodicity to the whole R2. By definition, w € H'(S) is a weak solution
to problem (72) if

/(Vw, Vu)dzr + / L. sjwvde = / fvdz, for any v € H(S). (73)
s s S

Existence and uniqueness of such a solution follow from the Riesz representation theorem. Since
f € C%(8), it follows that w € C*%(S). Moreover, choosing an arbitrary test function v € C*(S)
and applying the divergence theorem, we can see that

/v(—Aw—i—Fg,st)dx—i—/ Oy, uv dxq :/fvdac.
s a8 s

Taking v € C§°(9), the PDE is satisfied in the classical sense. Taking once again v € C*(S), we have
that also 0,,w =0 on J5.

Step (ii): Symmetry and extension to an entire solution

By the symmetries of the Laplacian and the uniqueness of the solution, if f is even in x; then
the same is true for w, thus w(—L/2,22) = w(L/2,22) and 97 w(—L/2,22) = 07 w(L/2,22). As a
consequence, it is possible to extend w by periodicity to an entire solution u € C%*(R?).

Step (iii): u € L>=(R?).
By elliptic estimates and the Sobolev embeddings
ull Lo By (2)) < ellullw22(By @) < cllullL2pa@) + I1fll2(B: @)
<c(lwllzzesy + [l Lo we)) < 00

for any x € R?, thus u € L>=(R?).

Step (iv): Decay of the solution: uw;é € L>®(R?) (see (32) for the definition of p.5), 0 < § < \/2.

For suitable constants A\, 7 > 0, we will use the function Ay + 7¢p~! as a barrier, where we have

set ¢ := ¢ 5. More precisely, we fix p > 0 and z € R? with d(z,77) > p. Then we fix 7 > 0 small
and R > |d(z,vr)|. Therefore u fulfils

u(@) < [Jullp=e) < Xp(@) < Ap(e) + 7o~ (2)

if d(x,y7) = p, provided A > |[ul| Lo (r2) SUP (5 .)=) ¢~ ! > 0. Furthermore

Ye)
u < HU||LOO(R2) <t l<Ap+Tpt
if d(z,vyr) = R, provided R is large enough. Moreover,

(—A+Teg)(u—(Ap+719 ")) <
(c=ATep— %))

2
—Trp 1 {Fs«ﬁ +62 — 21@} <0 forx e,
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where Q := {z : p < d(x,vr) < R}, if X is large enough. We observe that, if we fix 0 < 8 < W”(l)752,
then, for € small enough,

Tep— 0% =0 — D)W (1) =W (54)) + W' (1) = 8* > W'(1) =6 = B> 0. (74)
Thus the function ¢/(I'. , —6?) is bounded from above, therefore we can take A > sup,cq ¢/(Lz 5 —62).
The term multiplying —7¢ ™! is positive, due to the estimate |V¢|?/¢? < 6% and (74). Therefore, by
the maximum principle we get that u(z) < Ap + 79!, in the complement of the region {|t| < p} and

for any 7 > 0. In the same way, one can prove that u(z) > —Ap — 7~ 1. Letting 0 — 0, we get that
up~t € L>=(R?).

Step (v): estimate of the L -norm ofugpa_é.
Let us set w := uw;%. It is possible to possible to show that

—2(Vu, Vo) —ulp™! = (75)

f
r ~ -1 ~ |V¥"2 _ -1\ _ 7 _ - -1 2~
[ =20V, Vo) +a (2 ” pAp | = =2p(Vu, Vo) + 674,
(once again, we have set ¢ := ¢, s in the above computation). First we assume that there exists
a point y € R? such that |a(y)| = max,epe |a(z)]. If @(y) > 0, then y is a maximum point, thus
Vi(y) =0 and

(Te,o(y) — 52)?(1/)
< —Ai(y) + (Te,s(y) — 6*)aly) = f(y),

and therefore
@l Loo 2y < [ fl] Lo (2)-
A similar argument shows that the same estimate is true if @(y) < 0 (a minimum point).

If the maximum is not achieved, then there exists a sequence (xy)r C R? such that |a(zz)| —
sup,cg2 |@(z)|. Then we define iy (z) := @(z + z1). Up to a subsequence, iy, — w in CZ_(R?), and w
is still a solution to the linear equation

~Aw+T.4w=f inR2
Moreover, [w(0)| = ||w||pem2) < Hf”Loo(RQ). As a consequence, by the previous step,

@] oo (r2) = [[w]|Loo ®2) < | fllLoe (m2)-

Step (vi): Decay of the derivatives.

By (75), step (v) and [25] (Chapter 6.1, Corollary 6.3),
il c2.0 By @)y < (il @2y + | fllcon®e) < el fllcoeme) < oo,
for any x € R?, thus u € C2%(R?) and
lllc2e(g2) < ]l fllcoae)-

This concludes the proof. O]

Lemma 15. Let f € Cg:‘;(]l@), with 0 < § < /2. Then, for ¢ small enough and ¢ € C;’Q(R)
with ||@||ce.er) < 1, equation (70) admits a unique solution V := W, 4(f) € Ci’f; (R?) satisfying the
estimate HVHC;;,(V(RZ) < C||f|‘c§v”(R2) for some constant ¢ > 0 independent of € and ¢.
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Proof. Given f € C%f;(]Rz), we have to find V € C’i’fg (R?) fulfilling
(—A+T.4)*V=Ff
HVHC;L“(RS) < C||f‘|cgv&(R2)-
In order to do so, we use Lemma 14 twice to find u € C’i’fg (R?) and V € Ci’f; (R?), such that

(7A + FE@)V

)

{(—A +Top)u=f

and

lullgzo ey < cllfllcoe @)
V2o ey < cllull oo ge)-

Now it remains to estimate the higher-order derivatives of w. For this purpose, we differentiate the
equation satisfied by u to get

(—A+ T )V =u; — (Tep);V

for j =1,...,3. By Proposition 14, we can find a unique solution V € Cif; (R?) such that

||V||C§>°‘(]R2) < C(H“’j”c’g’“(R?) + ||f|‘c§v“(R2)) < C||f|‘c§v“(R2)a

hence V = V.
Similarly, differentiating the equation once again, we see that

(=A+Te)Vij = uij — (Teg)iVi — (Tep);Vi = (Tep)is V)
fori,7 =1,...,3, so in particular V;; € Ci’g(ﬂ@) and
||Vij||c§’a(R2) < C(||Uij‘|cgﬂ(R2) + Hf||cg=a(R2)) < C|‘f||cg=a(R2)-
This concludes the proof. O

5.1.2 A fixed point argument

Equation (54), whose resolvability is the purpose of this subsection, is equivalent to the fixed point
problem

V=38(V):= —‘I’s,cﬁ{(l —x2)F(vep) + (1 = x1) Qe 02U + V) + Ne p(U) + Ps,¢(V)}~

We will solve by showing that Sy is a contraction on the ball
Ay :={V e CL5(R?): IVl sy < Cre—d/5e),

provided the constant C; is large enough. This step of the proof is similar to that in Section 6,2
of [35]. In order to prove existence, we have to show that S; maps the ball into itself, provided the
constant is large enough, and that it is Lipschitz continuous in V' with Lipschitz constant of order .
The Lipschitz dependence on the data is proved exploiting the Lipschitz character of N, 4, Q- 4 and
I'c.4 (see (48), (50) and Remark 8) with respect to U and ¢. More precisely, we use the fact that

||NE,¢(U1) - N€,¢(U2)||Cg’“(]1{3) < 6676/88||U2 - Ul“D;""(]R?)?
1P (Ves,tn) = Pes(Ves,vn)llcoe ey < ce” /% Vepvn = Vestallote me):

P = Degalloogay < ce™®/*lé1 = dallcnam).
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5.2 Proof of Proposition 10
The aim of this section is to solve equation (58). Recall that we defined (see (53))

L= —(02+02)+ W (v(1)).
We first consider the linear problem

{ﬁ U=f in R2, 76

JoU(s,t)ug(t)dt =0 Vs € R,

in order to produce a right inverse of £2 (see Subsection 5.1). Then we apply this right inverse to de-
fine a contraction on a suitable small ball that will give us the solution through a fixed point argument.

We recall that we endowed the spaces D75 (R?) with the weighted norms

|| proe ey = [[Us|

Cn,e (R2) 5

where 95 is defined in (44).

5.2.1 The linear problem

As in Section 4, we first consider the second order problem

{c U= f in R?, -

JrU( t)ydt=0 VseR.

In order to get an estimate in weighted norm, we need an a priori estimate, that we will state in
the next Lemma. This result is similar to Lemma 6,2 in [18], but here the situation is simpler since
we just have exponential weights on the ¢-variable, while in [18] there is also a weight in the limit
manifold, which is non-periodic.

Lemma 16 (A priori estimate). Let 0 < < /2, f € D%’%(RQ) and U € D**(R?) be a solution to
LU =f
/ U(s, t)v(t)dt =0, Vs e R,
R

satisfying
T 9
U(xy,20) = —U(—21,29) = -U| 21 + 30732 ), Vo = (x1,22) € R?,

and such that Utys € L*®(R?). Then U € D33(R?) and
HUHD;“(RZ) SCHfHDg’“(]RZ) (78)

for some constant ¢ > 0 independent of €.

Proof. As above, we set U := Uts and f = fibs (we recall that s is a function of the ¢-variable).
Since U fulfils the equation

—AU + 2¢_50150,0 + (W (v(t)) — 2(4h_50415)? + 1b_s0,5)U = f,

where Y_; := 1/15_1, then by elliptic estimates it is enough to show that

|Uhs || Loo(r2) < €| fs]| oo m2)-

28



We argue by contradiction, that is we suppose that there exists a sequence &, — 0, Ty = &1,
fn € D%ﬂ‘fé(R% such that anHDg,u(Rz) — 0 and a sequence U,, € D%ﬂa (R?) of solutions to
LU, =f, inRZ%
/ Uy (s, v (t)dt =0 Vs € R, (79)
R

such that ||U,s|| 2y = 1. In particular, there exists (s, t,) € R? such that |U,, (sp, tn)|ts (tn) — 1
We distinguish among three cases.

(i) First we assume that |s,| + |t,] is bounded. By the uniform bound on the norms, up to a
subsequence, U,, converges in the C? (R?) sense to a bounded C?(R?)-solution U, to

~AUs + W (00(t))Us =0 in R2. (80)

Hence, by Lemma 6,1 in [18], Us, = Awy(t) for some A € R. Moreover, by (79),
OZ/U(stvO dt—>/ (s,t)vp(t)dt Vs € R, (81)

thus Uy, = 0. However, up to a subsequence, s, — Soo and t, — ts, hence |Uy,(Sp,tn)|0s(tn) —
|Uoo (Soos too) |5 (tes) = 1, a contradiction.

(#i) Now we assume that ¢,, is unbounded. We set
Un(5,t) := Up (5 + 8p, t + tn)0s(t + ).

As above, exploiting the equation satisfied by U,,, the uniform bound of the L*> norms of U,s and
elliptic estimates, we have that, up to a subsequence, U,, converges in the C7 (R?) sense to a bounded
solution Uy, to

— AUy +200,Us + (W' (1) = 62)Us = 0.
By construction,
|ﬁn(070)| = |Un(sn, tn)[¥05(tn) — 1

and |U,(s,t)| < 1 for any (s,t) € R2, thus |Us(0,0)] = 1 = SUP(5,1)cR2 |Uso|. If, for instance,

Us(0,0) = 1, then it is a maximum, hence

(W (1) = 6%) = (W' (1) — 6*)U(0,0)
< —AUse + 260,Une + (W' (1) — 6*)Use = 0,

a contradiction. With a similar argument, we can also exclude the case Us (0,0) = —
(#4) Tt remains to rule out the case where ¢, is bounded and s,, is unbounded. We define
Un(s,t) := Up(s + sn, ).

As above, we have convergence, up to a subsequence to a bounded C? solution to (80). Since (81) is
still true, once again we conclude that U,, = 0. Nevertheless, extracting a subsequence t,, — t, if
necessary, we have

|Un(07tn)| = |Un(5mtn)| — w—é(tOC)a

hence |Uso (0, t00)| = ¥_5(too) > 0, a contradiction. O
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Lemma 17. Let 0 < 0 < /2, and let f € D%’;(RQ) satisfy

/ F(s,t)op(t)dt =0 Vs € R, (82)
R

Then, for € > 0 small enough, there exist a unique solution U = G.(f) € D;’%(RQ) to (77) such that
WU p2. g2y < ClI S|l poee 2y

for some constant C > 0 independent of € and ¢.

Proof. Exploiting the periodicity, first we look for a weak solution Z € H*(S) to the problem

"

—AZ4+W (v(t)Z = f in S;
0sZ(—m/e,t) = 0sZ(w/e,t) =0 VteR;
Jo Z(s,t)ve(t)dt = 0 Vs € (-T,T),

where S := (=T,T) x R, then we extend it to the whole R%. In other words, we look for a function
Z € H*(S) satisfying

/(VZ, vu>+/W”(v0(t))Zv:/fv Yo € HY(S),
S S S
/Z(s,t)vé(t)dt =0 ae se(-T,7).
R
Since
L@ W et > elol

for any v € H*(R) such that

/ vv(/)dt =0,
R

b(Z,v) = /S (VZ,Vv) + /S W (vo(t)) Zv

the symmetric bilinear form defined by

is coercive on the closed subspace

X = {Z € HY(S) /RZ(s,t)vg(t)dt —0 ae se(-T, T)}.

Therefore, by the Lax-Milgram theorem, there exists a unique Z € X such that
b(Z,v) :/fv Yo e X. (83)
s

In order to show that Z is actually a weak solution, we need to prove that (83) is true for any
v € HY(S). In order to do so, we decompose an arbitrary v € H!(S) as

v(s,t) = 0(s, 1) + c(s)vy(t),

where a(s) := [,

R vuydt/ fR(vé)zdt is chosen in such a way that o € X. We observe that, since

/fvgdtzo, Vs e (-T,7T),
S
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we have

[/ s | i o

Moreover, an integration by parts and Fubini-Tonelli’s Theorem show that

T T
b(Z,cv(/)) :/ 850(5)8S/Zv6dt+/ c(s)/ZL*védtzO.
T R -T R

In conclusion,

b(Z,v):b(Z,a)er(Z,cv;):/fﬁdt:/fv.
S S

In order to prove symmetry and to extend Z to an entire solution U € C%%(R?), see Step (ii) of the
proof of Lemma 14. Arguing as in Step (iii) of that proof, it is possible to show that U € L*°(R?).
In order to show that U; € L>®(R?), we use the function e °I* + gedltl as a barrier, for suitable
constant A and 7. Here there is a slight difference with respect to the proof of Lemma 14, due the
fact that the potential is not uniformly positive. This is actually not so relevant, since w” (vo(t)) is
close to W (1) = 2 for |¢| large enough. O

Now we can solve the fourth-order problem (76), by applying iteratively Lemma 17.

Lemma 18. Let 0 < § < /2 and let f € D%%(Rz) satisfy (82). Then there exists a unique solution
U=G.(f) e D4T”§(R2) to (76) such that

||U||D§‘“(R2) < C||f|‘D%f§(R2)7
for some constant C > 0 independent of .

5.2.2 Proof of Proposition 10 completed

The proof is based on a fixed point argument. In fact, we have to find a fixed point of the map

$uU) = Gof 4B (0) = 2V Veor 8) + o0 (s4)
on a suitable small metric ball of the form
Ay = {U € Dy*(R?) : / U(s,t)og(t)dt =0 Vs € R, ||U||D;1,a(R2) < 0255},
R

provided Cy > 0 is large enough. Once again, we will prove that Ss is a contraction As. First we
observe that, by definition of py, the quantity inside brackets in (84) is orthogonal to v(')(t) for any
s € R, thus we can actually apply the operator G.. Moreover, if U respects the symmetries of the
curve, then also the right-hand side does, hence applying G. we get once again something that respects
these symmetries.

In order to prove that Sy is a contraction, we note that

1P ()| ppo oy < 2

(see (47)), and a similar estimate is true for py(s)vg(t). The term T(U, Ve 4.1, ¢) defined in (56) is
smaller. For instance, using (48) and the fact that V is exponentially small, one has that

1X1Qe,6(U + V)| poie gay < ce™.

Similarly, we can see that HM57¢(V)||D2’“(R2) < ce”9/¢ Tn addition, since all the coefficients of R. 4
are at least of order €, we get that

||R57¢(U)‘|ng“(]g2) < CEHUHDg,a(RZ) < ceb.
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For the definitions of M, 4, R. 4 and Q. ¢, see (49), (52) and (48).
As regards the Lipschitz dependence on U, we observe that

IX1(Qe.s (U1 + V) = Qe,s(Uz + V)l ppo oy < c€°[|Us — Vsl p gy
and
[Re,6(U1) = Re 6 (U2)l| pore g2y < cellUn = Uzl pie gay-

It follows from the Lipschitz character of the potential W that the solution U depends on ¢ in a
Lipschitz way.

6 Appendix

In this section we provide a full proof of our claims from Proposition 4, and in particular of (16). To
this end, we consider the solutions ®(z) = >~ _ ;2™ of the ODE (14). A coefficient comparison
yields that ps, us, ... are explicitly given in terms of pg, 1 via the formulas

C3nv2 T(m-—3) o L(m+ 3)
32I(3)2 4mT(m+2) /7 4mT(m+1)(4m —1)’
3VA(3)?  D(m+ 1)
Ham+1 = : 7 M
8w 4mI(m + 1)

Ham =
(85)

By the asymptotics of the Gamma function, see e.g. [21], the convergence radius of this series is v/2.
Following the reasoning from Proposition 4 let us now derive two linear equations for yg, 1 so that
any corresponding solution ¢ = ® o k satisfies ¢'(s), @' (s) — 0 as |k(s)| — V2, i.e. as |s| — T/4. Tt

will turn out that the solution of this system is unique and given by ug = 0, u; = %, in accordance
4

with (16).

Proof of (16) To this end we first calculate the derivatives of ¢. For all m € Ny we set
Q= (2m+ D,
1
by = —5(2m +3)2m+ 1)(m + D) + 2(2m + 5)(m + 2)(2m + 3) thmt2-

Then, for all s € (—T/4,T/4) we have |k(s)| < v/2 and thus we obtain from (6) and (9)

m(k”(s)k(s)Qm + 2mk’(s)2k’(s)2m_1) + apk”(s)

<
o
I
M2
S

= 1 - L .
_ mzlam( — SR+ 2k (1= Th(s)Y)) — k(s)’

=5 (= 2+ Dam + 2 + 2)amsa )P + 201k(s)

m=0 2
¢ (s) =D bmk'(s)k(5)*™ 2 + 201K (s).
m=0

For the analysis of convergence, we rewrite ¢’, ¢"” as follows:

¢'(s) = K'(s) - Z (%m + 2a2m+1 + a2mi1(k(s)? — 2))k(3)4m,
m=0
¢"'(s) = K'(s)k(s)* - Z (b2m + 20211 + bam1 (k(s)? — 2))k(5)4m + 2a1k'(s).
m=0
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Therefore we have to investigate the behaviour of the terms as,, + 2a2m 11, b2m + 2b2m 41, G2m+1, b2m+1
as m — oo. To this end we use the known asymptotics (see p.1 in [21])

Fz+a) _ o (a—P)at+p-1) -
mfz ﬂ~<1+ 5% +O0(z 2)) as z — 00 (86)

for any fixed a, 8 € R.
We start with analysing the behaviour of ¢'(s) as |s| — T'/4. We have

= (dm + 1)p2m +2(4m + 3)pam+1
3mv2  T(m—13)  po I'(m+3) )

= (4m+ 1) . (_ 321—\(%)2 : 4mr(m+ g) o ﬁ 4mF(m+ 1)(4m_ 1)
3Var(3)2u  T(m+ 1)

a2m + 202m 41

+2(4dm +3) - - '4mf‘(m—|—£)
1 3rv2 T(m—13) p T(m+3)(dm+1)
_4m'( 8L(2)2 T(m+1) & T(m+1)(4m—1)
3ff(%) T(m +1))
m L(m+9)

1 3mv2 1 3V2I(3)? .
:4mm1/2'( 8T(3)? \/7?'“°+7r()'”1+0(m ))’

S T R N WS
et o 4mT(m 4 3) — 4m '

Therefore we must require
3mv2 1 3v2r(3)?
Tpo
ECNCEY
Once this equation is satisfied we have for some positive C,C” as |s| — T'/4

()] < |K'(s)] - i (4m|a2m + 2agm 41| + 4" [agm 1 |[k(s)? — 2') (k(z)4>m

,u1=0

m=0
< dli'(s (mewu z (s? -2 (K5
< ) (14 k)~ 2] 1_%(*)) = o(1),
4

so the desired asymptotics for @' holds. Hence, we have shown that any couple po, p1; satisfying (87)
yields the convergence of ¢'(s) as s — T'/4.
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Now we turn to the third-order derivatives. We have

b = —%(4m +3)(Am 4+ 1)(2m + Vi + 2(4m + 5)(2m + 2) (41 + 3)ptam 1o
3mv/2 ' (4m +3)(4m +1)(2m + 1)I'(m — 1)

64T (2)2 4mT(m 4+ )
312 ~(4m +5)(2m + 2)(4m + 3)I'(m + 3)
16I(3)2 4mH1D(m + 9)
po  (4m+3)(dm+1)(2m+ 1)I(m + 1)
NN 4mT (m +1)(4m — 1)
200 (4m +5)(2m + 2)(4m + 3)I'(m + 3)
T 4mHIT (m + 2)(4m + 3)
3rv2 1 /dm+3)2m+1)I(m— 1)  (4m+3)(2m+2)(m + 2)
T 16r(3)2 le( T(m+ 1) - T(m+ 2) )
po 1 /(@m+3)dm+1)2m+1)0(m+ 1) (Am+5)(2m+2)I'(m + 2)
+ﬁ'fm( (4m — 1)D(m + 1) a L(m+2) )

as well as

1
bomi1 = —5(4m +5)(4m + 3)(2m + 2)poma1 + 2(4dm + 7)(2m + 3)(dm + 5) piom+3
U 3VRL(§)’m (4m +5)(4m +3)(2m + 2)T(m + §)

160 4mT(m + 1)
N 3V2L ()% 4(4m +7)(2m + 3)(4m + 5)0(m + 3)
47 4mHT (m 4+ 1)
_ 3VRL(3)Pm 1 ( C @m+5)@m+2)0(m+ 1) | (2m+3)(dm + 5 (m + g>)
dm 4m L(m+3) L(m+ %) '

Using the asymptotics of the Gamma function, from (86) we obtain

bom + 2bamt1 = 4m,7111/2 : (lgliéiﬁ + % o — @ cp1+ O(m_l))7
bomi1 = 4% -O(m~Y?),
This leads us to require .
m+%'uo—£@~m=0. (55)

As before we obtain that every pg, yt1 satisfying (88) makes sure that ¢ (s) tends to zero as s — T'/4,
ie. as |k(s)| — V2.
Collecting all the above reasoning, we find that ¢'(s), "' (s) — 0 as |k(s)| — /2 provided puo, i1

solve (87),(88), which is a linear system with a unique solution py = 0, 1 = T Plugging these
4

N

values into the formula for ¢(s) = ®(k(s)) we get

oy _ 37T\/§ = F(m + %) 4m F(m + %) 4m
¢(S) - 64F(%)2 ) Z (_ mk(s) +5 + mk‘(S) +3)7

m=0

which is precisely the formula from Proposition 4. B
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