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1. Introduction

1.1. Presentation

In this paper, we present our progress in the investigations of spectral properties of the
abelian convolution algebra associated with a nilpotent Gelfand pair. The properties we
are interested in can be rephrased with essentially two different equivalent viewpoints:
on one hand in terms of functions defined on the spectrum of this algebra and on the
other hand as spectral multipliers in several operators. In the Euclidean setting, this
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equivalence follows readily from the basic properties of the Fourier transform and is
commonly used when studying or using Euclidean Fourier multipliers. Nilpotent Gelfand
pairs provide a natural setting and a relatively explicit model where these questions can
be investigated further.

Let N be a connected and simply connected nilpotent Lie group and K a compact
group of automorphisms of N. We say that (N, K) is a nilpotent Gelfand pair if the
convolution algebra L'(N)X of K-invariant integrable functions on N is commutative.
This is equivalent to saying that (K x N, K) is a Gelfand pair in the ordinary sense
[6,24]. It must be mentioned from the very beginning that the group N in a nilpotent
Gelfand pair cannot [3] have step greater than 2.

In this paper we address the following problem concerning smoothness preserving
properties of the spherical transform G on (N, K).

It has been established in [8] that the Gelfand spectrum of L'(N)¥ can be identified
with a closed subset of R? for some d. In fact, there are many such identifications,
depending on the choice of a generating set D = (Dy, ..., Dy) for the algebra D(N)¥ of
left- and K-invariant differential operators on N, with D; symmetric for every j.

This identification consists in associating to each bounded spherical function ¢ the
d-tuple (&1(9),...,&(p)) of eigenvalues of ¢ under Dy, ..., Dy. The closed set ¥p of
these d-tuples is then a homeomorphic image of the Gelfand spectrum ¥ and is also the
joint L2-spectrum of (the self-adjoint extensions of) the D;.

Examples of immersions of Gelfand spectra in R? are

o the orbit space R"/K, with N = R™ and K C O,, realised as the image of R" in
R? under the polynomial map P(x) = (pl(x), . ,pd(x)), for a given choice of the
Hilbert basis (py,...,pq) of R[R™]¥;

« the Heisenberg fan in R?, with N = H,,, the (2n + 1)-dimensional Heisenberg group,
K = U, and D consisting of the sub-Laplacian and the central derivative.

The problem we address is whether the spherical transform maps injectively the

K onto the space S(Xp) of restrictions to Yp of

K-invariant Schwartz space S(N)
Schwartz functions on R?. We call this property (S); see Section 2.4 for the precise
formulation.

Property (S) is known to hold for all pairs in which N equal to R™ or to a Heisenberg
group and for pairs where the action of K on the centre of n is rank-one, i.e., orbits are
full spheres [1,2,9,10].

The scope of this paper is to provide a general inductive scheme which allows to
deduce property (S) on more complex pairs from its validity on simpler ones.

One feature of our approach to the general problem is that it does not rely on explicit
formulas for spherical functions or for the differential operators involved, but rather on
a bootstrapping procedure. Explicit formulas of the kind mentioned above have been
found only for special pairs with N equal to the Heisenberg group [7].
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We first prove, in Section 3, that property (S) is “hereditary” under the following
operations:

o central reductions of N, obtained by replacing N with a quotient modulo a
K-invariant central subgroup;

« normal extensions of K, obtained by replacing K by a larger compact group K* of
automorphisms of N, in which K is normal;

o taking direct products (N1 x Na, K1 X K3) of pairs (N7, K;), (Na, K2) both with
property (S).

The central part of the paper is devoted to proving our main result, Theorem 6.6,
stating that, for a general nilpotent Gelfand pair, property (S) holds provided two hy-
potheses are verified:

(i) property (S) holds for a family of lower-dimensional “quotient pairs”;
(ii) there is a Hadamard-type expansion formula for spherical transforms at points of a
“singular subset” of ¥p; we call this hypothesis (H).

The notion of quotient pair and hypothesis (H) will be presented and studied in
Sections 4 and 6 respectively.

In the last part of the paper we apply the previous results to prove property (S) for
the following pairs' with a higher rank action of K on the centre of N:

K v & W
1| SO, R” & so, n >4
2 U, cC" @ u, n>2
3| Sp, H* @© (HSZH"®ImH)|n>2 (1.1)
4|SUg, 1 | C?HL @ A2C2 n>1
5| Ugppr |CFL @ (A2C"M1@R) |n>1
6| SUs, C™ @ (A’C"9R) n>2

These pairs appear in Vinberg’s classification [22] of nilpotent Gelfand pairs with the
two properties that v is irreducible under K and that they cannot be obtained from
others by means of normal extensions or central reductions.

The pairs in Table (1.1) do not exhaust the full Vinberg classification. As to the other
Vinberg pairs, we have a proof that they also have property (S), but we do not include
the proof in this paper in order to avoid extra arguments which at the moment only

! The table gives the Lie algebra n of N split as n = v @ v with o = [n,n] and v K-invariant. The
limitations on n in the right-most column are meant to avoid superpositions with already known cases. For
non-obvious notation and the explicit forms of the Lie brackets, see Section 7.
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apply to individual cases.? One advantage in restricting ourselves to the pairs in Table
(1.1) is that this family of pairs is self-contained, in the sense that the quotient pairs
that intervene belong to the same class or have rank-one action on the centre.

1.2. The state of the art about property (S)

We have already mentioned that, given self-adjoint operators D1, ..., Dy generating
D(N)X, their joint L? spectrum is the set Yp C R? of d-tuples of their eigenvalues on
the bounded spherical functions, cf. Section 2.3. One of the two implications in property
(S) is already known, namely

m e S(Ep) = G 'me S(N)X.

This follows from the fact that G~ !m is the convolution kernel K,, of the operator
m(Dy,...,Dy), i.e. such that

m(Dy, ..., Da)f = f * Ko |

and that the D; can be assumed to be Rockland operators; see Section 2.4, in particular
Theorem 2.8.

Hence the crucial question is the opposite implication in property (S): given a
K-invariant Schwartz function F on N, does GF extend from Yp to a Schwartz function
on R%? It must be noticed that the answer does not depend on the choice of the system
D of differential operators (Proposition 2.6).

In the most elementary case of N = R", with K C O,, the (positive) answer fol-
lows directly from the G. Schwarz theorem [18] about representability of K-invariant
C*°-functions on R™ as C*°-functions on a system of fundamental invariants, cf. [2] for
a detailed discussion.

The next level of complexity is that of the Heisenberg group H, = C" x R as N,
K being a closed subgroup of U,, giving the required commutativity of L'(N)%. The
method of proof, given in the general case in [2], is an early use of the hypotheses (i), (ii)
above. The quotient pair in (i) is in this case (C", K), while the singular subset of Xp in
(ii) is the set of spherical functions with eigenvalue 0 relative to the central derivative 0;.
The Hadamard expansion is then done in the spectral variable A corresponding to 9.
One proves that, for F € S(H,,)¥ and every N,

GF(&,A) = go(§) + 91N+ gn (ONY + AVTIGEN (€, 2) |

with go,...,gn € S(R) and Fx € S(H,,)X. Here ¢ denote the (d — 1)-tuple of remaining
spectral coordinates.

2 Hypothesis (H) has been proved to hold for all Vinberg pairs in [11]. A proof of property (S) for the
remaining Vinberg pairs will appear elsewhere.
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When we pass to step-two groups different from the Heisenberg group, i.e., with
a higher dimensional centre, matters become more complicated because two aspects
must be taken into account: the action of K on the centre 3 of n is no longer trivial
in general, and the derived algebra w = [n,n] may be properly contained in 3. These
elements have an effect on the structure of the Gelfand spectrum X, since the bounded
spherical functions (which are all of positive type by [3]) are coeflicients of the irreducible
unitary representations on IV, for which one of the parameters is given by the K-orbits
in to.

This justifies that the first level of complexity beyond Heisenberg groups is that of
groups with a rank-one action of K on 3, for which there is only a one-parameter family
of orbits in 3 (and hence tv = 3). More elaborated applications of hypotheses (i) and (ii)
to prove condition (S) on these pairs are in [9,10].

1.8. Plan of the paper

The paper is organised as follows.

In Section 2, we set the basic notation and recall the general facts on nilpotent Gelfand
pairs and property (S). In Section 3 we prove the above mentioned hereditary properties
of pairs with property (S).

In Section 4 we introduce the quotient pairs appearing in hypothesis (i). For t € to,
we denote by K the stabilizer of ¢ in K, by T;(Kt) the tangent space at ¢ to the K-orbit
Kt, and by the central quotient n, = v ® (m /Ty (K t)) To avoid trivialities, we assume
that ¢ is not fixed by K.

We then split w0 as

mo@ﬁ:ﬁ

where 1o is the space of K-fixed elements and g is its K-invariant complement. To each
t € wg \ {0} we associate the quotient pair (N, Ky).

Using the notion of slice for a linear action of a group on a vector space, we present
the radialisation method for constructing K-invariant functions on N from K;-invariant
functions on Ng.

In Section 5 we prove that, under the only assumption that (i) holds, property (S)
holds limited to F in the space So(IN)X of Schwartz functions which have vanishing
moments of any order in the top-variables.

In Section 6, we introduce the singular subset of the Gelfand spectrum mentioned
in (ii), defined as the set of spherical functions which have eigenvalue 0 relative to
derivatives in the tog-variables. This set is naturally identified with the Gelfand spectrum
of (N, K) with #i = v & (tv/1vg).

We then show how hypothesis (H) allows to remove the vanishing moments condition
and obtain property (S) under assumptions (i) and (ii) above.

In Section 7, we prove that property (S) holds for the pairs in Table (1.1).
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2. Generalities on nilpotent Gelfand pairs and property (S)

This section is devoted to some generalities regarding nilpotent Gelfand pairs and
property (S). In Section 2.1, we recall the equivalent definitions of a nilpotent Gelfand
pair (N, K) and set some notation for N. In Section 2.2, we give equivalent descriptions
of spherical functions and Gelfand spectra. We discuss property (S) in Section 2.4. We
eventually recall the notions of symmetrisation and Hilbert basis in Sections 2.5 and 2.6
respectively.

2.1. Definitions and notation

Let N be a nilpotent, connected and simply connected Lie group, and let K be a
compact group of automorphisms of N.

Definition 2.1. (N, K) is a nilpotent Gelfand pair if either of any of the following equiv-
alent conditions is satisfied:

(i) the convolution algebra L!(N)X of integrable K-invariant functions on N is com-
mutative;

(ii) the algebra D(N)¥ of left-invariant and K-invariant differential operators on N is
commutative;

(iii) if 7 is an irreducible unitary representation of N and K, is the stabiliser in K of
the equivalence class of 7, then the representation space H, decomposes under K
without multiplicities;

(iv) same as (iii), for 7 generic.

This is the same as saying that (K x N, K) is a Gelfand pair. With n denoting the
Lie algebra of N, we often write (n, K) instead of (N, K).
We recall the following basic result from [3].

Theorem 2.2. If (N, K) is a nilpotent Gelfand pair, N has step at most 2.

We can then split n as the direct sum v @ v, where to = [n,n] is the derived algebra
and v a K-invariant complement of it. As N has step at most 2, to is abelian and is
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contained in the centre 3 of n. We regard the Lie bracket on n as a skew-symmetric
bilinear map from v X v to .

Using the exponential coordinates to parametrise elements of N, the product on N is
expressed as an operation on v @ t, via the Baker—-Campbell-Hausdorff formula

(v,w) - (v, w'") = (v + v w+w + %[v,v’]) :
Accordingly, 0 will denote the identity element of N.
Introducing a K-invariant inner product ( , ) on v @to under which v L w, we identify
n* with n throughout the paper.
On N, as well as on its Lie algebra n = v @ v, we consider the automorphic (group)
dilations

5 (v,w) = (62v,6w), 6> 0. (2.1)

We say that a function f, resp. a differential operator D on N, is homogeneous of degree v
(with respect to the group dilations) when

[ (v,w)) =6"f(v,w), §>0, (v,w) €N,
respectively
(D(f(0-)) (v,w) =8"Df(v,w), §>0, (vw) €N, feC>?(N).

However, the expressions “degree of a polynomial” and “order of a differential opera-
tor” will have the ordinary meaning.

We fix Lebesgue measures dv on v and dw on to and the Haar measure dz = dvdw
on N.

2.2. Spherical functions

Harmonic analysis on Gelfand pairs is based on the notions of spherical function
(with particular emphasis on the bounded ones) and spherical transform, see e.g. [6],
[15, Ch. TV]. In this section and the next, we recall these notions in the context of
nilpotent Gelfand pairs and the basic properties which will be relevant for us.

Let (N,K) be a nilpotent Gelfand pair. The spherical functions are the joint
K-invariant functions ¢ on N which are eigenfunctions of all operators in D(N)X and
take value 1 at the identity. Spherical functions are real-analytic. Given D € D(N)¥
and a spherical function ¢, we denote by (D, ¢) the corresponding eigenvalue. Hence a
smooth K-invariant function ¢ on N is a spherical function whenever

VD e D(N)K (D, p)eC Do =¢&(D,p) ¢, and ¢(0) =1.
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The bounded spherical functions are characterised by the multiplicative identity

[ rs@etade = ( [ 1@eedn)( [ oo o)

N

for all f,g € LY(N)¥.

It has been proved in [3] that all bounded spherical functions of (N, K) are of pos-
itive type. Hence they are in one-to-one correspondence with (equivalence classes of)
irreducible unitary representations of K x N admitting non-trivial K-invariant vectors
and can be expressed as diagonal matrix entries of such representations. However, we
prefer to view these expressions as partial traces of irreducible unitary representations
of N, see (2.4) below.

For ¢ € w, denote by to C v the radical of the bilinear form B¢ (v,v") = (¢, [v,v']).
The following statement is a direct consequence of the Stone-von Neumann theorem and
we omit its proof.

Lemma 2.3. For each ( € to there is a unique, up to equivalence, irreducible unitary
representation ¢ of N such that dme(0,w) = (¢, w)I for all w € w and dr¢(v,0) =0
for all v € xe.

For each ¢ € w and w € v¢, define the irreducible representation m¢ , by the condition

dre o (v,w) = dre(v,w) + i{v,w)I . (2.2)
FEvery irreducible unitary representation of N is equivalent to one, and only one, m¢ .
We denote by H, the representation space of the representations m¢ . The stabiliser

K¢, C K of the point w 4 ¢ € n also stabilises the equivalence class of 7¢ ., giving rise
to a unitary representation® o of K¢, on H, such that

Tew(kv, kw) = o(k)me o (v, w)a(k)*l

for k € K¢ .
We have the following characterisation, cf. [5,21].

Proposition 2.4. (N, K) is a nilpotent Gelfand pair if and only if, for each (resp. for
generic) (,w, H¢ decomposes without multiplicities into irreducible components under
the action of K¢ .

3 In general, this operation leads to a projective representation of the stabiliser in K. In our case we

obtain true representations, since restriction of the metaplectic representation of Sp(té‘, B¢) to a compact
subgroup can be linearised [12].
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Hence, if (N, K) is a nilpotent Gelfand pair,

He= > Vi), with X, C K. (2.3)
pneEXe o

To each i € X¢ ., we can associate the spherical function
(0.0) = = [t (e, k), ) db (2.4
Pt = G v ) e B v S |
K
For a given k € K, we have Xjp¢ r, = X¢w, under the natural identification of the
dual object K¢, of K¢, with the dual object of Kw’g = k:_lKWC,wk, and
Ph k. = Pl - (2.5)

Up to this K-equivariance, the parametrisation of the spherical function via ¢¢ ., , is
unique.

2.8. Gelfand spectrum and spherical transform

The Gelfand spectrum of the nilpotent Gelfand pair (N, K) is the spectrum of the
commutative convolution algebra L'(N)¥,

S(N, K) = {¢: ¢ bounded spherical function }

with the compact-open topology. We will denote it just by ¥ if there is no ambiguity.
The spherical transform of a function F' € L*(N)¥ is defined via

GF(p) = /F(x)cp(:rfl) dr, @eX. (2.6)
N

This yields a continuous linear one-to-one mapping G : L' (N)X — Cy(2) which trans-
forms convolution into pointwise multiplication.

The last part of the previous section shows that X (N, K) can be parametrised by
triples (¢, w, i), precisely

S(N,K) =2 {(Cw,p) s €w,we e, p€ K }/K, (2.7)

where the action of K is expressed by (2.5).
But a different kind of parametrisation provides topological embeddings of ¥ into
Fuclidean spaces in the following way. Let

D=(D1,...,Dq),
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be a d-tuple of essentially self-adjoint operators which generate D(N)¥ as an algebra.
Such a tuple exists and form a family of strongly commuting self-adjoint operators
whose joint L2?-spectrum can be identified with the Gelfand spectrum, see [9]. In-
deed, given ¢ € X, denote by &;(¢) € R the eigenvalue £(Dj,¢) of ¢ under D; for
each j = 1,...,d. Every bounded spherical function ¢ is identified by the d-tuple
E=¢(p) = (51(90), . 7fd(c,o)) of eigenvalues of ¢ relative to D; moreover the d-tuples
&(p) form a closed subset

Sp = {&(p) = (&1(9), - .-, Ealy)) : p € B} (2.8)

of R% which is homeomorphic to ¥, see [8]. Consequently the spherical transform GF in
(2.6) can be viewed as a function on ¥p. The particular choice of a d-tuple D to realise
a Gelfand spectrum as ¥p C R? is often irrelevant as there is always some polynomial
mappings between two finite sets of generators of D(N)X:

Lemma 2.5. Let D = (Dy,...,Dq) and D' = (Dj,...,D},) be two tuples of operators
generating the algebra D(N)X. Then there exist polynomials P, 5=1,...,d, and Qy,
k =1,...d such that D; = P;j(D') for all j = 1,...,d, and D) = Qi(D) for all
k=1,...,d. The maps

P:(Pl,...,Pd)7 Q:(Q17"'7Qd’)

are homeomorphisms of Xp: onto Yp, resp. of Xp onto Xps, and are inverse of each
other.

In the case where N = R™ and K is trivial, D(R")¥ is the algebra of all constant
coefficient differential operators, and the bounded spherical functions are the unitary
characters oy (z) = e, for A € R™. Taking

D= (i""0p,...,i "0u,),
we have £(¢y) = A, so that ¥p =R", and GF = F'is the ordinary Fourier transform.

2.4. Property (S)

In this section, we give the precise formulation of property (S) and summarise the
known results about it.
Let S(N)X denote the Fréchet space of K-invariant Schwartz function on N. Let

def

S(Zp) = SRY/AS : fizp =0}

be the space of restrictions to ¥p of Schwartz functions on R?, with the quotient topology.
Property (S) is stated as follows:
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The spherical transform G maps the Fréchet space S(N)X
isomorphically onto S(Xp).

(S)

The following statement follows directly from Lemma 2.5, see [2] and [9]:
Proposition 2.6. The validity of property (S) is independent of the choice of D.

Property (S) has been proved to hold in several cases. For ‘abelian pairs’, i.e., with
N =R" and K C GL,(R) compact, it has been shown in [2] that property (S) follows
from G. Schwarz’s extension [18] of Whitney’s theorem [23] to general linear actions of
compact groups on R"™.

For nonabelian N, property (S) has been proved in the following cases:

(i) pairs in which N is a Heisenberg group or a complexified Heisenberg group [1,2];
(ii) “rank-one” pairs, where tv = 3, the centre of n, and the K-orbits in tv are full
spheres [9,10].

The argument used in Section 5 of [1] also allows to obtain the following statement.
We omit its proof, which only requires minor modifications.

Proposition 2.7. Let (N, K) be a nilpotent Gelfand pair where K acts trivially on .
Then property (S) is satisfied.

As we have already mentioned in the introduction, one of the two implications which
constitute property (S) is a matter of functional calculus on Rockland operators on

graded groups (i.e., with a graded Lie algebra), due to the following equivalence for
K € LY(N)X:

9g(D1,...,Dg)f = [+ K <— QK:g|ED .

It was proved in [16] that if L is a Rockland operator and g is a Schwartz function
on the line, then the operator g(L) is given by convolution with a Schwartz kernel. This
statement has been later extended to commuting families of d Rockland operators and
g € S(RY), cf. [20] and [2, Th. 5.2].

On any nilpotent Gelfand pair, we always have a system D consisting of Rockland
operators [2] and this has the following consequence.

Theorem 2.8 (/2,9]). Let (N, K) be a nilpotent Gelfand pair, and D, ¥p C R% as above.
Given any Schwartz function g on R%, there is a K -invariant Schwartz function F on N,
depending continuously on g, such that GF = Il -

In other words, the continuous inclusion

S(Ep) C G(S(VN)F) (2.9)
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holds for any nilpotent Gelfand pair. As G is linear and one-to-one, the open mapping
theorem for Fréchet spaces [19] implies that the proof of property (S) reduces to proving
the opposite inclusion, i.e., that the spherical transform of any function in S(N)¥, viewed
as a function on Yp, admits a Schwartz extension to R<.

By Proposition 2.6, property (S) is independent of the choice of D. Convenient choices
of D will be obtained by applying the symmetrisation mapping to polynomials on n.

2.5. Symmetrisation

In this section, we set some notation and recall some properties of the symmetrisation
mapping.

The symmetrisation mapping can be defined for any Lie group N and is completely
independent of the notion of nilpotent Gelfand pair. Denoting by n the Lie algebra of NV,
the symmetrisation mapping A = Ay is the unique linear bijection from the symmetric
algebra &(n) onto the universal enveloping algebra (n) which satisfies the identity
A(X™) = X™ for every X € nand n € N [15, Theorem 4.3 in Ch. II]. The symmetric
algebra G(n) may be viewed as the space P(n*) of polynomials on the dual space n*, and,
after identifying n* and n, as the space P(n) of polynomials on n. When the elements
of U(n) are regarded as left-invariant differential operators on N, we use the notation
D(N).

Following [10, Sect. 2.2], we will use a modified symmetrisation Ay : P(n) — D(N),
which maps the polynomial p € P(n) to the differential operator

N(P)F =p(i 'V, i Vi) F((v,w)- (v, w") . (2.10)

lo/ —w/—0
ie., N(p) = A(p(i*-)), in terms of the standard symmetrisation \. Hence only constants
are changed with this modification but its advantage is that polynomials with real coef-
ficients are transformed by ) into formally self-adjoint differential operators.” When it
is necessary to specify the group NN, we write Ay instead of X'.

In the next lemma, we summarise some properties of A’ which are readily checked, like
the compatibility with the usual and homogeneous degrees for polynomials and differen-
tial operators (Parts (1) and (2) resp.), with the action of a compact group (Part (3)).
We also give some weak properties on symmetrisation of product of polynomials in Parts

(1), (2) and (4).

Lemma 2.9. We consider the symmetrisation X' on a Lie group N as above. It is a linear
isomorphism from the space P(n) onto D(N) which satisfies the following property:

4 The first two authors take this opportunity to correct an error in the formulation of Proposition 3.1 in
[9]: it applies to operators D = X' (p) with p real.
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(1) The degree of p € P(n) is equal to the order of N (p). Furthermore, if p1,ps €
P(n) are polynomials of degree dy, ds respectively, the differential operator N (p1p2)—
N (p1)N (p2) is of order < dy + da.

(2) With respect to the group dilations defined in (2.1), the homogeneous degree of the
polynomial p € P(n) is equal to the homogeneous degree of the differential operator
X (p). Furthermore, if p1,pa € P(n) have homogeneous degree dy,ds respectively, the
differential operator N (p1)XN (p2) is homogeneous of order dy + ds.

(3) Let K be a compact group which acts by automorphism on the group N. The map
N :P(n) = D(N) is equivariant for the natural actions of K, that is,

N(pok) (f)=X(p) (fok™), peP), ke K, feC(N).

Consequently, if the polynomial p is K-invariant, then the operator XN (p) is
K -invariant.

(4) Let 5 be the centre of the Lie algebra n. If p1 € P(3) and ps € P(n) then
N(pip2) = XN (p)N (p2) and  XN(p1) = p1(i”'V,).

The proof of Lemma 2.9 is left to the reader.

Convenient choices of D will be obtained by applying A’ to certain families of polyno-
mials on n, as explained in the next section.

2.6. Hilbert bases

Let (N, K) be a nilpotent Gelfand pair.

We say that a polynomial p € P(n) has bi-degree (r,s) if p € P"(b) @ P*(t). Notice
that the homogeneous degree of p is then v = § + s.

By a bi-homogeneous Hilbert basis of (n, K), we mean a d-tuple p = (p1,...,pq) of
real, K-invariant polynomials on n generating the K-invariant polynomial algebra P(n)%
over n and with each p; has bi-degree (r;, s;).

We set D; = X(p;) and D = (Dy,...,Dg). Then D generates D(N)X and each D;
is homogeneous of degree v; = r; 4+ 2s; with respect to the group dilations. It is not
difficult to see that if ¢ € X, then also ¢°(v,t) = (6 - (v,w)) is a bounded spherical
function for every § > 0. Consequently we have:

E(Dj,¢°) = 67Dy, 9) -
Hence Yp is invariant under the anisotropic dilations on R4
E=(&1,...,8) — (6"&,...,8"¢&) = D(0)E, (6>0). (2.11)
We split to as

w=1to)D, (2.12)
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where 10 denotes the subspace of K-fixed elements of tv, and tog its (unique) K-invariant
complement in tv.
We will privilege bi-homogeneous Hilbert bases p which split as p = (pmo,pﬁ,,

puvpu,mo>

(i) P, is a homogeneous Hilbert basis of P(tg);

(iii) p, is a homogeneous Hilbert basis of P(0)X;

)
(i) pg is any system of coordinate functions on tv;
)
iv consists of bi-homogeneous polynomials in (P77 (v) ® P*% (tvg K with s,
pU,mo g J

Sj>0.

The existence of such Hilbert bases is obvious. We denote by Dy, Dy, Do, Dy, the
families of operators corresponding to the corresponding subfamilies of polynomials in p
via the symmetrisation mapping \'.

Denoting by dw,, di, dv, do,rw, the number of elements in each subfamily, we split R¢
as

R? = R0 x R4 x R% x Rfvwo |
and set

£(0) = (Ewo (), £ (©), €0(0), Eo oo ()

for the eigenvalues of a function ¢ € ¥(N, K) for D.

Whenever a unified notation for all invariants on to is preferable, we will use the
symbols p,, dw, &w(p), ete.

In Section 4.3, we will need a different splitting of the family p, which takes into
account the degrees of polynomials in the v-variables (in the ordinary sense). Then Pk
will denote the (possibly empty) set of elements which have degree k in the v-variables.
In particular, p) = p,. In this situation, the elements of p(;y will be labelled as
(Pr,1s- - Pk,d<k))~ Accordingly, we split D and the corresponding set of eigenvalues as
D = (Dgiy)r>0 and & = (Ek))rz0 € R

3. Hereditarity of property (S)

In this section, we list certain procedures on the groups N and/or K which, if applied
to pairs satisfying property (S), produce new ones also satisfying property (S). These
operations are: normal extensions of K, direct products of pairs, central reductions®
of N. They are stated below in Propositions 3.1, 3.2, and 3.3 respectively.

5 The expression “central reduction” is kept, here and in the sequel, as in [21] for linguistic convenience,
though it only refers to subspaces of the derived algebra to. Nonetheless, Proposition 3.3 still holds if s is
taken as a subspace of 3.
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Proposition 3.1 (Normal extension of K ). Let K* be a compact group of automorphisms
of a nilpotent Lie group N, and K a normal subgroup of K#.

If (N, K) is a nilpotent Gelfand pair satisfying property (S), then (N, K#) is also a
nilpotent Gelfand pair satisfying property (S).

The proof of Proposition 3.1 was given in [10] (thereby extending an argument of [2]).

Proposition 3.2 (Direct product). If (N1, K1), (N2, K3) are two nilpotent Gelfand pairs
satisfying (S), then their direct product (N1 X Na, K1 x Ks) is also a nilpotent Gelfand
pair satisfying (S).

Proposition 3.3 (Central reduction). Let (N, K) be a nilpotent Gelfand pair. If s is a
K -invariant subspace of v, denote by N' the quotient group with Lie algebra n/s.

If the pair (N, K) satisfies property (S) then (N', K) is also a nilpotent Gelfand pair
satisfying property (S).

In Section 3.1, we give the proof of Proposition 3.2. In Section 3.2, we introduce some
notions attached with quotients of a nilpotent Gelfand pair which will be useful in the

proof of Proposition 3.3 (given in Section 3.3) as well as in other parts of the paper.
Proposition 3.3 has been announced in [11] without proof.

3.1. Proof of Proposition 3.2

We will need the following property of decompositions of Schwartz functions on the
product of two Euclidean spaces. We use the following Schwartz norms on S(R™):

Iflls@mae = flle = sup  (1+[z)M0*f(z)] , MeN.
|| <M,z €R™

Lemma 3.4. Let ny and no be two positive integers. Set n = nj + no.
Let also v, v = 1,2, be smooth function on R™ | supported in [—1,1]™ and satisfying:

3 3n
<y, <1 d L, =1 —22 v
0<7v, < an ) on [ . 4]
For v = 172; ll/7m1/ S Zn,,; set
Hl(:,)my (1'1/) — em""”“w,,(x,, + l,,) )
Then the following properties hold.

(a) Letv =1 or2. Given M € N there is a constant Cpr > 0 such that,

Vi, m, €Z™ ,  ||HY

L, ,my

s@mym < Caur(L+ L] + |my ) (3.1)
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(b) For any function F € S(R™) there exist coefficients ¢;,m, € C, 1 = (I1,12), m =
(my,me) € Z" = Z™ x Z™2, such that

F= Y caumh, oH? (3.2)

l2,m2
l,mez™

(¢) For any M € N, there is a constant Cyy, independent of F', such that the coefficients
Cl,m Satisfy:

ViimeZ"  |em| < CumllFlls@ny (1411 +[m))~* . (3.3)

Proof of Lemma 3.4. The inequalities in (3.1) are trivially satisfied. For v = 1,2, we

—%, %]”V, l, € Z", and the partition of

unity obtained from a smooth function ¢, on R™ supported in [f%, %]"V such that

consider a partition of R™ with the cubes [, + |

11
0§¢y§ 1 s ¢V:10n [*Z,Z]ny and VSUV GRHV g ¢u(3§'u+lu):1 .
l,eZ™v

In particular, ¢, = ¢,v,,.
For each I = (I1,12) € Z™ xZ™2, the function & = (21, x2) — F(x)d1(x1+11)d2(x2+1s)
3 3

is smooth and supported in —I+[—3,2]". If 3 . ¢; me™™™ is the Fourier series of its

2m-periodic extension in each variable, it is easy to see that the coefficients ¢; ., satisfy
(3.3) for any M € N. We can write

F(z) = Z F(x)p1(z1 + 1) pa(22 + 12)

(ll,lz)EZ’Ll X Zm2

= > F(z)¢1(z1 + h)a(z2 + l2)Y1 (21 + 11)Ya(z2 + 1)

(ll o ) EL™1L XL™2

= Z Cl,meim'mﬂfl(ml + )2z + 12)

l,mezn
which gives (3.2). O

Corollary 3.5. For v = 1,2, let K, be a compact subgroup of GL,, (R). For v = 1,2,
l,,m, € Z™, there exist K,-invariant smooth functions Hl(:’)my on R"™ such that the
conclusions of Lemma 3.4 hold, with ﬁl(:’zu in place of Hl(:,)m,,’ for F in S(R™) and
K x Ks-invariant.

Proof. Just take as H. z(:)m, the K, -average of H l(:)my. The conclusion is quite obvious. O

We can now give the proof of Proposition 3.2.
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Proof of Proposition 3.2. We fix two families, DY) = (Dgl)7 e Déll)) and D? =
(Df), e D((i)), of generators of D(N; )%t and D(N,)%2 respectively. We keep the same

)

notation when the operators D§V are applied to functions on N = Ny x Ny by differen-

tiating in the NN, -variables.
Then D = (Dgl), .. .,D((i?,Dgz), .. -’Di)) is a family of generators of D(N)X, K =
Kl X Kg,

Yp =Y¥p, x 8p, C RE x R% |
and, if Gy, Go, G are the corresponding Gelfand transforms, then
G @ Fy) = (G1F1) ® (GaFh) .

Identifying N7 and N, with their Lie algebras, we consider the K;-invariant functions
}:’l(:/,)rn,,’ v=1,2andl,,m, € Z", satisfying the properties of Corollary 3.5.

Given F € S(N)X | we decompose it as

_ 7 (1) i7(2)
= Z cl7mHllym1 ®le,m2 ’

l,mezn

with coefficients ¢; , satisfying (3.3). Then

gF: Z Cl,111g1-[€[l(11’).m1 ®g2ﬁl(22,)m2 .

l,mezZn

Since we are assuming that each (N,, K, ) satisfies property (S), given any M € N,
there are functions hl(:nj\ﬁ € S(R%), for v = 1,2 and l,,,m, € Z™, and an integer Ay,
such that
(i) hl(:f:[u) coincides with G, ")

ly,my

. v,M rr(v
(i) 150 |l sqayar < CarllHY ), lsvny,an < Car(L+ ] + my [)>45.

on Xp,,

If we set

hz(,]\:@) — pLM) ® B(2M) c S(Rd) ’

l1,m1 l2,m2

where d = dy + ds, we have, for any I, m € Z",

R sy ar < Car (L + 1] + [ml) > . (3.4)

Combining the rapid decay of the coefficients with the polynomial growth (3.4) of the
M-th Schwartz norm of the A", we obtain that

lm
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M
3 Jermlln sy ar < Carl Fllsny,zar + (3.5)

l,mezLm

Given My € N, we want to construct a Schwartz extension f(M°) of GF whose Mo-th
Schwartz norm is controlled by a constant, independent of F, times [|F||s(x), By, -

By (3.5), for every M > M), there exists ayr = anr,m,,r € N such that

M _
S JeamllbDls@aar < 2 M IFllsin), 5, - (3.6)

l,m €ezZ"
[t +|m| > am

The ays can be inductively chosen to be non-decreasing. Then we define f(Mo) ag

f(Mo) _ Z Cl,mhl(f\éo) + i Z Cl7mhl(%) .

I,meZ" M=My+1 lL,meZ"
1]+ Im| < any+1 ay < U+ |m| < angr
Clearly, the series converges on Xp to GF'. To show that it defines a Schwartz function
on all of R?, notice that, for every My € N with M; > M, and every M > M, we have
by (3.6) that

M M _
ST amllB ls@ayan < lemlllhi sy < 27 MFlsv), parg -
l,mezZ"™ l,mezZ"™
ay < ||+ |m| < anrs1 an < |+ |m|

This implies that || f||s(ga),az, is finite. Moreover, combining (3.5) and (3.6) together,
we have that

1F M s@ay, e < (Catg + 27 M) Flls(v),Bagg »

as required. O
3.2. Quotienting by a subspace of o

In this section, we consider quotients in the derived algebra and define various objects
attached with them which will be essential in the study of quotient pairs later on.

3.2.1. Push-forward of functions and differential operators

We consider a general connected and simply connected nilpotent Lie group IV of step
two, and a decomposition n = v @ w of its Lie algebra with to = [n,n]. We consider a
non-trivial subspace s of tv.

We denote by n’ the quotient algebra n/s and by N’ the corresponding quotient group.
If o’ is a complement of 5 in to, i.e. to = to’ & 5, then n’ can be regarded as v @ w’ with
Lie bracket
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[U7w]n’ = proj[v,w] )

where proj denotes the projection of tv onto w’ along s. Note that [0, n'], = w’.
For any function F' € S(N), we define the function R*F € S(N') via

RF(v,w') = /F(v,w' +s)ds . (3.7)

S

For any F' € S(N) and G € L>®(N'), we have the identity

/RSF(U, w)G(v,w") dvdw' = /F(v7 w)(G o proj) (v, w) dvdw ,
N/ N

i.e., R® is the formal adjoint of the lifting operator from functions on N’ to functions
on N. Accordingly, given D € D(N), we define R*D € D(N') as the operator such that

((R°D)G) o proj = D(G o proj) , G € C®(N'). (3.8)
Using the formula for the symmetrisation given in (2.10), we can check easily that
D = Ny(p) eD(N) = R°D = My (p.,) € D(V'). (3.9)
Moreover, for F,G € C*(N), D, Dy, Dy € D(N),

R (F %y G) = (R°F) xnv (R°G),
R*(DF) = (R°D)(R°F), (3.10)
R*(D1Ds) = (R°D1)(R°Ds).

3.2.2. Action of a compact group

Keeping the notation above, we also assume that we are given a compact group K
acting by automorphisms on N. Hence we can endow n with a K-invariant inner product
and we choose v = ' in n and v’ = s in tv. Then proj is the orthogonal projection of
1w onto tv’. We denote by K’ the stabiliser of s in K and fix Lebesgue measures dv, dw’,
ds on v, W', 5, respectively.

One checks readily that if a Schwartz F' is K-invariant, then R*F' is also Schwartz

and K’-invariant, i.e.,
FeS8S(N)KX — R°FeSN)K.

For differential operators, if D € D(N)* then R*D € D(N')X".
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3.2.8. Case of a nilpotent Gelfand pair

We continue with the notation above. Notice that if (IV, K) is a nilpotent Gelfand
pair and if K’ is a subgroup of K which stabilises s, then (N’, K’) is not necessarily a
nilpotent Gelfand pair. For future reference (Section 4), we state the following sufficient
condition.

Lemma 3.6. Assume that (N, K) is a nilpotent Gelfand pair and, for generic ¢’ € w’, the
stabiliser K¢ of (" in K is contained in K'. Then (N',K') is a nilpotent Gelfand pair.

Proof. For ¢’ € w’, the representations m¢s , of N defined in Lemma 2.3 factor to N’
giving all its irreducible unitary representations. According to Proposition 2.4, (N, K')
is a nilpotent Gelfand pair if and only if, for generic ’,w, the representation space
decomposes without multiplicities under the action of K 2,. Under the present hypotheses,
this condition is satisfied because Ké, =Kq.o O

In the case that both (N, K) and (N’, K’) are nilpotent Gelfand pairs, we can define
a map (denoted A® below) between the Gelfand spectra.

Proposition 3.7. Let (N, K) be a nilpotent Gelfand pair. We consider a non-trivial sub-
space s of the derived algebra vw of n and a subgroup K' of K which stabilises 5. Suppose
that (N', K') is a nilpotent Gelfand pair, where n’ = n/s.

If ¢ is a bounded spherical function on N', then the function A®¢’ defined via

AQ' (v,w) = /(gol o proj)(kv, kw)dk , (v,w) € N,
K

is a bounded spherical function on N. This defines a map A® : X(N',K') — %(N, K)
which is continuous.
Denoting by G and G’ the spherical transform of (N, K) and (N', K'), we have

VE e S(N)X, Vo' e S(N,K')  G'(R°F)(¢') =G(F)(A°Y).
Proof. We keep the notation of the statement. One checks easily that A®¢’ is a bounded

smooth K-invariant function on N which is equal to 1 at 0. It remains to see that it is
an eigenfunction for every D € D(NN)X and, for this, we compute easily using (3.8):

DAY ) (v, w) = /D((p' o proj) (kv, kw) dk
K

= / ((R°D)¢") o proj(kv, kw) dk
K

=AY (v,w)
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where £ = £(R®D, ¢’). This proves that A®¢’ is a bounded spherical function for (N, K).
Hence the map A® is well defined. One checks easily the continuity of A® for the compact-
open topology.

For any F € S(N)X and ¢’ € £(N’, K'), we have

G(F)(A* ) = / F(v,w)(¢" o proj) (v, w)dvdw
b Xt
= / RF (v, w")¢' (v, w")dvdw'
vXto’
=G (R°F)(¥).
This shows the last property of the statement. 0O

Keeping the notation of Proposition 3.7, we see that we have also obtained the fol-
lowing relation between tuples of eigenvalues associated with ¢’ and A%y’

VD e D(N)X  &(D,A°¢") = E(RD, ') . (3.11)
In particular, this implies that the map A® is smooth in the following sense:

Proposition 3.8. In the setting of Proposition 3.7, let D, resp. D', be a d-tuple, resp. a
d'-tuple, of operators generating the algebra D(N)X, resp. ID)(N’)K/. Then A®, regarded
as a map from X5, to Ep, is the restriction of a polynomial map from RY to R4,

Proof. Let D = (D1,...,Dy) and D' = (D},...,D),). For each j = 1,...,d, R°D; €
D(N")X". Hence there exists a polynomial p; in d’ variables such that R®D; = p,(D").
By (3.11), given a K’-spherical function ¢’ on N’ with d’-tuple of eigenvalues &', we
have

§(Dj, N°p") =p;(&) . m

Parametrising the bounded spherical function as in (2.4) and keeping the notation of
Lemma 2.3, we can describe the image of A® in the following way.

Proposition 3.9. In the setting of Proposition 3.7, let ¢’ = 9027%,] be a bounded spherical
function on N as in (2.4), where € W', w € v¢c and V'(v) an irreducible K[ -invariant
subspace of the representation space H¢. If V(u) is the irreducible K¢ ., -invariant sub-
space containing V' (v), we have:

Aﬁ‘P/g,w,u = Pl w,p-

In particular, the image of A® consists of those ¢ € 3 which can be expressed as ©¢ u,u
for some ¢ € ’.
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Proof. Let m , be the representation of N’ associated with (¢, w) as in Lemma (2.3).
AsCew = 5 , one checks easily that w € v is in the (-radical for n and n’. Hence we
can also consider the unitary irreducible representation 7, of N. Lemma (2.3) implies
easily that 7/ , = (m¢ )N/ and furthermore that

Tew = Wé)w o proj.

By (2.4), the spherical function ¢¢ , , € X(N', K’) is given via
]‘ !/ !
) tr (¢, (hv, hw)‘v,(y)) dh, (v,w)e€ N".

dim V/(v
K/

Pl (VW) =

Hence, for any (v, w) € N, we have
ANl (v,w) = L tr (m¢ w(kv, kw),, ) dk .
Gt dim V’(v) ’ ’ Vi)
K

As Ké,w C K¢, the decomposition H¢ = Zuexg
> uex.., V(n). Since both decompositions are multiplicity-free, each V/(u) is a finite

V'(v) is a refinement of H, =

sum of V'(v). We observe that, by Schur’s lemma, for every u € X, and every unit
vector e € V (), we have

/<7T<7w(kv,kw)e,e> dk = dlmV /tr e w(kv, kw)‘vw))dk , (v,w) € N.
K K

Consequently, when V'(v) C V(u), we have:

1
(hm—‘/v(y)/tr (chw(k’l),k’LU)lvl(y))dk dlmV /t]f' 7T<w k'U kw)‘vm)dk,

K K

and thus A®¢f = pcwpu. O

Propositions 3.7-3.9 will be an essential tool in Section 4.2 to understand the local
identifications between the spectrum of a given nilpotent Gelfand pair (N, K) and those
of its quotient pairs. At the moment, we use these results to conclude the present section
with the proof of Proposition 3.3.

3.8. Proof of Proposition 3.3

We keep the same notation of Section 3.2 for N,n = v @ tv,s5 C to, N/, R, K. We
suppose furthermore that (N, K) is a nilpotent Gelfand pair and that the subspace s is
invariant under K. The group K’ stabilising s is then K itself. It is proved in [22] (and
follows from Lemma 3.6 above) that (N', K) is a nilpotent Gelfand pair.
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Simplifying the proof of Proposition 3.7, one easily checks that, under these assump-
tions, if ¢’ is spherical and bounded on N’, then ¢’ o proj is also spherical and bounded
on N. Moreover, the map A® in Proposition 3.7 reduces to composition with proj, that is,

A" = ¢’ o proj.

In particular, A® is injective and admits a simple realisation once we choose suitable gen-
erators for D(N)X and D(N')¥ in the following way. We fix a Hilbert basis (p1, . . ., par) of
K-invariants on v @ to’, and complete it into a Hilbert basis (p1,. .., par, par+1s - - - pd) of
K-invariants on n, where each of the added polynomials pg 41 (v, w'+5),..., pa(v,w' +5)
vanishes for s = 0. Applying the symmetrisation (2.10) on N and N’ respectively, we
obtain the generating systems of differential operators

D= (Dy,...,Dy), D' = (Dy,...,D}),

on N and N’ respectively. The equality in (3.9) implies that

rep. _ [Dp Hi=lod
U lo ifj=d+1,....d.

The link between the eigenvalues associated with ¢’ and A%y’ in (3.11) then yields
E(A*¢") = (£(¢'),0). This shows that, if the Gelfand spectra are realised with D and D',
the map A® becomes the injection & — (£,0) from Yp C R? into ¥p € RY. This
allows us to consider X X {0} as a subset of Xp.

Let G and G’ be the spherical transforms of (N, K) and (N’, K') respectively. We fix
a smooth and compactly supported function ¥ on s with integral 1. Hence for any F' €
S(NYE (F @) (v,w' + s) = F(v,w')(s) defines a Schwartz function F ® ¢ € S(N)¥
with R*(F ® ) = F, and, by Proposition 3.7, we have G'F(¢') = G(F ® ¢)(A%¢’) for
any ¢’ € X(N', K). Realising the Gelfand spectra as ¥p and Yp/, we have obtained

GFE)=G(Foy)(¢,0) forany & € Xp. (3.12)

One checks readily that the map F +— F ® 1) is continuous and linear from S(N’)%
to S(N)X.

We now assume that (N, K) satisfies property (S). This means that G : S(N)X —
S(¥p) is an isomorphism of Fréchet spaces. Consequently, for any F € S(N')X, G(F®1)
extends to a Schwartz function f € S(R?). The equality in (3.12) implies that G'F
extends to the function & — f(&',0) which is in S(R?'). Together with (2.9), this shows
that (N’, K) satisfies property (S), and this is the desired conclusion.

4. Quotient pairs, slices and radialisation

In this section, we define the notion of quotient pairs which appears in the formulation
of hypothesis (i) stated in the introduction. In order to prove that they are nilpotent
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Gelfand pairs, we must appeal to the slice theorem for actions of compact Lie groups
on vector spaces. This is done in Sections 4.1 and 4.2, where the related notion of
radialisation of a function on a slice is also presented. In Section 4.3 we fix convenient
Hilbert bases which will be used in Section 4.4 to establish relations between the Gelfand
spectrum of (N, K) and that of a quotient pair.

We fix a nilpotent Gelfand pair (N, K). Given a point ¢ € o, we define the two
following subspaces of to:

tc=¢t-t and o= (E-t)L

Here £ is the Lie algebra of K thus t; is the tangent space in t to the K-orbit K -t in 1.
As the action of £ is skew adjoint, we have t € ;. With respect to the decomposition
= tog @ 10 in (2.12), we also have 1o C tv;.

In order to avoid the trivial situation t; = {0}, w; = 1, we also assume ¢ ¢ 0. So, for
t € 1 \ 10, we consider the quotient algebra

ng = U/tt,
denoting the canonical projection by proj,. Notice however that the decomposition
=1t P o

only depends on the tvg-component of ¢.

As in Section 3.2, we regard n; as v ¢ toy, with Lie bracket [v,v'],, = proj,[v,v']. By
N; we denote the quotient group N/ expt;.

We observe that the subspaces t; and t; of tv are invariant under the action of the
stabiliser K; of ¢t in K. Hence, passing to the quotient, we obtain an action of K; on N;.
We call (N, Ky) a quotient pair of (N, K).

4.1. Generalities on slices and radialisation

We start this section by recalling some known facts about the action of a compact
group on a vector space and the notion of slices.

A construction of a slice for a compact group action goes back to Gleason [14]. We
will need the “linear” version of the slice theorem.

Theorem 4.1. Let W be a Euclidean vector space and let K be a compact real Lie group
K acting orthogonally on W. For any x € W, we denote by K, the stabiliser of z in K
and by (€-x)* the normal space to the orbit Kx at x. There is an open and K ,-invariant
(Euclidean) neighbourhood S, of 0 in (&-z)% such that the K-equivariant map

0: K xg, Sog — W,
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given by o(k,y) = k(x+vy), is a diffeomorphism of K X i S, onto the open neighbourhood
K(x+5;) of Ku.

We call S, a slice at . The notation K x g, S, stands for the quotient of K x S,
modulo the action of K, i.e., (kk/,x) is equivalent to (k,k'z) for k' € K.

The proof of Theorem 4.1 can be found, for instance, in [4, Ch. 2, Section 5], in
particular, see Corollary 5.2 therein. The theorem has the following almost immediate
consequence (for part (i), see e.g. [4, Ch. 2, Sections 4, 5]).

Corollary 4.2. We keep the notation of Theorem 4.1.

(i) For everyy € x+ S, we have the inclusion K, C K., more explicitly K, = (K),.
(ii) Two points in x + S, are conjugate under K if and only if they are conjugate
under K.
(iii) Suppose that [ is a K,-invariant smooth function on x + S,. Then [ extends in a
unique way to a smooth K-invariant function 4 on K(z + S.).

We call 24 the radialisation of f.

Remark 4.3. This notion of radialisation extends the one used in [9] to general pairs,
including the rank-one pairs considered in [10]. We notice that the arguments in the rest
of this paper will not rely on the results of [10], which in fact are being given a different
proof.

We also have the following consequence in terms of Hilbert bases. Let p = (p1,. .., p4,)
be a homogeneous real Hilbert basis for the orthogonal action of a compact real Lie
group K on a FEuclidean vector space W. We fix a point x € W and we consider a
bi-homogeneous real Hilbert basis 7 = (71, ..., 7q, ) for the action of the stabiliser K, of
2 in K on the normal space (£ - )+ to the orbit Kz at x. By the properties of Hilbert
bases, there exists a polynomial map P : R% — R% such that P|(tg)r = PoT on (£-)*.

The next statement says that P admits a smooth right-inverse on a slice at x. In order
to formulate it precisely, we need to introduce the space

O(W):{fZW—>(C:VOé Ipa € P(W) s.t. |8af|§pa}. (4.1)

A scalar (or vector-valued) function is called a slowly increasing smooth function if it
(or each of its components) is in O(W).
Corollary 4.4. Let S, be an open K,-invariant neighbourhood of 0 in (& - z)* as in
Theorem 4.1. Then x + S, C (¢-x)%. Let U be a Euclidean neighbourhood of x such
that U is K -invariant, relatively compact and strictly included in x + S,. There exists
a slowly increasing smooth map U : R% — R4 such that T = Vo p on U, i.e.,
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Yw e U, T(w) = ¥(p(w)).
Hence Po ¥ =id on p(U).

Proof. As the action of K is orthogonal, one checks easily that 1 ¢z thus = + S, C
(- x)*.

Let x € C°(x + S;) be K -invariant and equal to 1 on U. For j = 1,...,d,, thanks
to Corollary 4.2, we may define u; € C*°(W) via

w;(w) = { (xm)*Y(w), ifwe K(zx+S,)
! 0 if w¢ K(z+85,).

By G. Schwarz’s theorem [18], there exists a smooth function ¥; € C°°(R%) such that
uj =W 0pon W. Writing u = (ui,...,uq,) and ¥ = (¥y,..., ¥, ), we see that on U,
T=u=Yop.

Using the homogeneity properties of the two bases, it is possible to construct ¥ homo-
geneous under dyadic scaling, hence with polynomial growth in all derivatives, cf. [2]. O

4.2. The Gelfand spectrum of a quotient pair

We first observe that the quotient pairs defined at the beginning of Section 4 are
Gelfand.

Corollary 4.5. Assume that (N, K) is a nilpotent Gelfand pair. Then, for everyt € w\ v,
also (N, Ky) is a nilpotent Gelfand pair.

Proof. By Corollary 4.2, Part (i), we can apply Lemma 3.6 with o’ = 1;. O

We will denote by 3, resp. 3, the Gelfand spectrum of (N, K), resp. of its quotient
pair (N, K;). We also write R? instead of R and

A2t ®
instead of A% for the continuous mapping defined in Proposition 3.7.
We denote by G; the spherical transform of the pair (N, K;). By Proposition 3.7, we
have, for any F' € S(N)X,
Gi(R'F) = (GF) o A" . (4.2)
Also recall that, by Proposition 3.8, A! is the restriction of a polynomial map when

regarded as a map from X, to ¥p, for given generating systems D and D' in D(N)X
and D(N;)%+ respectively.
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4.3. Choice of Hilbert bases on n and ny

We continue with the setting of Section 4.2. We choose Hilbert bases p and pt of
(N, K) and (Ny, K;) satistying (1)—(iv) of Section 2.6. Denote by p(y), resp. pfk) the
invariants in p, resp. p’, which have degree k in the v-variables (in the ordinary sense).
Then py = py and pfo) = P, We label the elements in pgy as (k.- - -5 Prdg )
Similarly pzk) = (Pras-- ,p‘,;’d?k)).

The basic properties of Hilbert bases implies that the restriction of an element of p to
n; can be expressed as a polynomial in the elements of p'. Necessarily, for polynomials
only in tv, the restrictions must be of the form:

po’jlmt = Qo’j © pzo) (43)
whereas for non-zero v-degrees k € N, we have

t
d(r)

prdp,, = 2 (Qrsee plo) phe + Rigo (Ploys- - Pliry) (4.4)
=1

where the @)’s and the R’s are polynomials, with Ry, ; (pfo), ceey pfk_l)) of degree k in v.
In an analogous way, we split D = M\ (p) and the corresponding d-tuples of eigenvalues
as

D = (Dy)kens € = (Ek))ren € RY, (4.5)

with Dy = Ny (p(k)), and similarly, with D! = A, (pY),

D' = (Dék))kGNv ¢ = (ff;@)keN € R%. (4.6)

We apply the symmetrisation Ay, to both sides of (4.3) and (4.4).
By Lemma 2.9, for polynomials p on n which only depend on w, we have the identity
N(p) = p(i~'Vy), and similarly on n,. It follows that

R'Doj = Qo ; (Dfo)). (4.7)
For v-degrees k # 0, we have
()
RtDk,j = ZQk,M(DEo)) Dli,e + R;c,j(Dfo)a cee apfk—l))' (4.8)
=1

The polynomials Qo ; in (4.7) and Qg j,; in (4.8) are the same as in (4.3) and (4.4) respec-
tively. However the polynomials Ry ; in (4.4) have to be modified to take into account
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the lower-order terms in Lemma 2.9 produced by symmetrisation. Degree considerations
imply that X(Rk,j(Pfo), e >p€k71))) is a polynomial I} ; in Dfo)v . 7D€k71) only.

By (3.11), the relations (4.7) and (4.8) extend to relations between tuples of eigenval-
ues of pairs of corresponding spherical functions under A’. Precisely, given &' € X%, as
in (4.6), the point £ = A*¢t € ¥p is given by

d(x)
fO,j = QO,j(ffo)) and fk,j = ZQk,j,é(ffo))flte,e + R;f,j(ffo)v s 7§€k))- (4-9)

{=1

We have obtained the following property:

Lemma 4.6. When realising the spectra of (N,K) and (N, K;) as Xp and Xk, respec-

tively, the map At is given by A*(€Y) = € where €8 = (ffk))kel\b €= (&) )ren as in (4.5),
(4.6) and the components of each {1 are given by (4.9).

4.4. Slices and radialisation applied to quotient pairs

We will apply the results of Sections 3.2 and 4.1 to prove that the map A can be
locally inverted by means of smooth functions on the set of spherical functions ¢¢ .,
with ¢ close to t.

We continue with the notation of Sections 4.2 and 4.3 regarding quotient pairs (N, K3)
and the choice of Hilbert bases p and p'. For each t € w \ 10, let S; C tv; be a slice at ¢
in to.

The first step consists in expressing locally the elements of p’ as smooth functions
of p. We decompose £ € R? as & = ({1))r>0, £ € R% as (§fk))k20 as in Section 3.2, and
express ®(¢) as () (5))k20.

Proposition 4.7. Let (N, K) be a nilpotent Gelfand pair, t € w\ 10 and U be a Euclidean
neighbourhood of t, K¢-invariant and relatively compact in t + Sy.
Then there exists a slowly increasing smooth function ® : R — RY such that

pl=®op onvxU,
and, denoting by @) the component of ® with values in ]Rdf’f),

(1) @y only depends on &y,
(2) for k >0, ®y only depends on (&), ...,Ew)) and each of its component has the

form
i)
By (€) = Tp i (€0)s- 2 €)= D Pre(€0))Eke + D Whjial€0)ENER €000
(=1 a

(4.10)
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where @, 1, Vi i o € O(RYO) and the summation is extended to those o such that
(-1

the polynomial p(af)p?;) e p(k71)) has degree k in v.

The proof of Proposition 4.7, given below, makes use of the following consequence
of the G. Schwarz theorem [18], which can be shown by adapting the arguments in [11,
Prop. 2.1]. We recall that the space O(w) of slowly increasing smooth functions has been
defined in (4.1).

Lemma 4.8. We have the identity
(P(v) ® O(w))"™ = P()O() ",
i.e., every function ¢ € (P(v) ® (’)(m))K can be decomposed as a finite sum

1/)(71710) = Zua(p(o))p?ll)p?;) Tty (411)

with ue € O()X.

Proof of Proposition 4.7. The existence of @) follows directly from Corollary 4.4 ap-
plied to W = v and the Hilbert bases p(g), pfo).

Formula (4.10) is proved with the following modification of the proof of Corollary 4.4.
For k > 0 we regard v x S; as a slice at (0,¢) in v@w. Let x € C°(t+S;) be Ky-invariant
and equal to 1 on U. The radialisation of XPZ, ¢ is a smooth K-invariant function on v x tv.
rad g g
K

Since (xp}, )™ (v, guw) = x(w)pl o9~ 0,10) for w € £+ 5, and g € K, (xph)
homogeneous polynomial of degree k in the v-variable for every w, i.e., in (P(0)®O())
Then (4.10) follows from Lemma 4.8 and homogeneity considerations. 0O

The parametrisation of bounded spherical functions in (2.7) together with the slice
properties in Theorem 4.1 and Corollary 4.2 implies the ‘local bijectivity’ of A* between
the subsets of the two spectra where the parameter ¢ can be taken in t + S;.

Proposition 4.9. For each t € to \ tv, let S; C to; be a slice at t in w. The map A' is a
bijection from the set

Ai = {(pé’w’u cCet+S,wer,peXent C i
onto the set
Ay ={pcwpn:CEt+ S,were,ue Xt CX.

Proof. For ¢ € t+.5;, K¢ = (K¢)¢ by Corollary 4.2 (i). Consequently, K¢,y = (K¢)(¢,w)
for any w € v, so that the decomposition of H¢ is the same. The K-equivariance of
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spherical functions, see (2.5), implies that the spherical function ¢¢ ., € ¥ given in

Pl = Phrwo = P —twu = MNO¢ k1004
This easily implies the statement. O

Note that Lemma 4.6 already described the map Ay, but in terms of the embeddings
Yp, B4, of the two spectra, whereas Proposition 4.9 states the existence of the inverse
map A; ' : A, — AL In the next section we described A; ! : Ay, — A? in terms of the
embeddings ¥p, XL,,.

4.5. Extension of the symmetrisation

The next step consists in transforming the relations between the two Hilbert bases
p, pt obtained in Proposition 4.7 into relations among the corresponding differential
operators. In order to do so, we need to extend the notion of symmetrisations to functions
that are not polynomials in w.

We continue with the notation of Section 4.2 regarding quotient pairs (N, K;) of a
given nilpotent pair (N, K) and the choice of Hilbert bases p and p’ and their symmetri-
sations D = Ny (p), Dy = Ny, (p*). For each ¢t € w \ 10, let S; C 1o, be a slice at ¢ in w,
and let U be an open, relatively compact, K;-invariant neighbourhood of ¢ in ¢ 4+ .S;; we
also consider the smooth function ® : R? — R4" described in Proposition 4.7.

Observe first of all that, for ¢ € P(tv), the operator Ny (q) = q(i " !Vy) can be
expressed as a Fourier multiplier operator in the w-variables:

M (@) F = Fo' (aFw F),

where Fi, denotes the partial Fourier transform of F' in w,

FoF(v,w') = /F(v,11))e_i<7“”’w/> dw. (4.12)

o

In this form, we can replace the polynomial g by any slowly increasing smooth function
u € O(w) and set

My (W) F = Fol(uFuF) = F (60 @ F'u) = (6 @ F 1) x F. (4.13)

We are using the fact that O(1) can be identified as the space of pointwise multipliers
of S(iv) into itself [19].

The operators Ay (u) are central, which allows a linear extension of Xy to P(v)®O(tv):
if ¢ =3, pj ®u; with p; € P(v), u; € O(w) and D; = Ny (p;), then
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ANy ()F = Ny (pj) Ny () F

J

= D;(F (60 ®F 'u;)) = > (D;F)* (8 ® F 'uy)).

J J

(4.14)

Notice that

o formula (4.14) also makes sense for F' € S'(N);

o Ny (¥) is K-invariant if and only if ¢ is K-invariant.

o if Y(v,w) = p(v,w)u(w) with p € P(n) and u € O(w), then Ny (¢) = Ny (p) Ny (w);
o if 7 is as above and ¢, is the representation of N defined in Lemma 2.3, then, for

F e S(N),
e w(AN (W) F) = u(Q)mew(F)dme o (A (p))-
We then set

dr¢ (N (1)) = u(CQ)dme w (Ny (p)- (4.15)

Lemma 4.10. Let ¢ o, be the spherical function (2.4). Then, given ¢ =73, p;(v, w)u;(w)
m (P(U) X O(m))K, with p; € P(H)K, Uu; € O(m)K, we have

My ()¢ o = ( D EN D)) o)ty (C)) P¢ o,
J

Proof. We have

Ay (V) e = Y EAN(P1)s 0c.0) N (45) P -
J

By (2.4) and the definition of 7, in Lemma 2.3,

1
= m /tr (7TC7w(k'U, k‘w)|v(u)) dk

K

P¢,w,u(v, W)
1

— ik~ w)
= V) /tr (Wgyw(kv,())w(w)e dk.
K

Hence Fr@¢ ., is a measure’ supported on v x K(.

8 It can be formally written as

/tr e ,w(kv,0) Mm)éch(w)dk
K

Fropcwn = dim V(;L
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Then, for each j, u; Frn@¢w,p = 4j(¢)Fropc,w,, and therefore

A;V(uj)SOCM,/L = u;(C) ¢ w,u- O

Hence we may consider A (® o p) component-wise and the extension of the properties
in Lemma 2.9 yields:

(1) For k =0, observing that ®(g) o p(g) € O(w) by Corollary 4.4, we have

My (@(0) 0 p)F = My (D(0) © p0)) F = Fra (0 © p(oy) Fuu F).

We can formally write

My (Do) 0 p) = (D(0) © P(0)) (i~ Vo) = ®(0)(D(0))-

2) For k > 0, observing that Ay (p%) - - p{* 7)) equals ’Dﬁ1 . pPe-y plus K-invariant
N (PG Py @ P

terms of lower order in v, we have

dkO
Ny (®r,j 0 p) Z Pr,j,¢(D(0)) D + Z U, j,a (Do) A (P(3) - P((lk(k )
“ (4.16)

dig

8
= Z‘I’k,y, ©)Dre + > 5(P0) DGy - D5y s
B

where \Il§~c 8 € O(R%®) and the last summation ranges over the multiindices 3 such

that the order in v of D?ll) = D?k(:l)) is not greater than k (recall that the order is
meant in the usual sense and not as a degree of homogeneity).

We will need the following observations concerning the interactions of the extended
symmetrisations Xy, Ay, with R'.
For ¢ € P(v) ® O(tv) we define R* Ny, () via the same formula as in (3.9):

RNy (1) = Xy, (¥yn,)-

It is not hard to verify that the last two identities in (3.10) remain true if D (resp.
Dy, Dy) is replaced by XNy (v) (resp. Xy (¢1), Ny (¢2)) with ¢, 11,12 € P(v) ® O(w).

Furthermore, if we apply R! (XN (¢)) to a spherical function @E,w,y as in (2.4) with
¢ € U, it follows from Lemma 4.10 that

RNy ()@l o = A, (1) o = Ay (X 1)@l o = R (N (X)) 06 o1

where x € C°(n;) is Ky-invariant and equal to 1 on v x U and supported in v x (£ +.S;).
Since x ® o p|,, = x p' by Proposition 4.7 and Ny, (p*) = D*, the observations above
yield
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R Ay (@ op, )0t wu =D e  CEU

We can also extend (3.11) to obtain that the D*-eigenvalues £ of * = ¢t ,  are equal
to the eigenvalues of ¢ = ¢ ., for Ny (® o p). Consequently, & = (§€k))k € R% satisfies

{% = %0 &) , (4.17)
5}2,3‘ - Ze:{ q)k,j,f(g(o))fk,ﬁ + 25 \I/;cyj,ﬁ(g(()))gff) T f(k(k_za)v (k > 0)

where {) = (T,1,- - -, Th,dg, )- The functions i ;, and \I];c,j,ﬁ are slowly increasing and
were given in Proposition 4.7 and in (4.16) respectively.

We have thus obtained the expression for the local inverse of A announced after
Proposition 4.9:

Lemma 4.11. We keep the notation above and realise A* as a map from Xk, to Xp, i.e.
AL(EY) = € with & = (ffk))keN € Xh and & = (§u))ken € Xp; the splittings are as in
(4.5) and (4.6). Let Ayp C Ep, Ai,D C XL, the sets introduced in Proposition 4.9, so
that there exists (A')™' : Ayp — A} . Then the components of & = (A")~1(£) are
given by (4.17).

5. Extending Gelfand transforms on So(IN)¥

The analysis developed in Section 4 allows us to give a first result towards property
(S). More precisely, we will be concerned with the space So(IN) of Schwartz functions
with vanishing moments of any order in the tog-variables. In order to define this notion,
we recall the decomposition tv = g + to in (2.12), where tvy denotes the orthogonal
complement in to to the subspace 0 of K-fixed elements. We will write w € v as wg +u
with wg € g, u € to. We then say that a function F' has vanishing moment of order
B € Nwo in the wg-variables if

/ng(v,wo,u)dwozo,

o

for every v € v, u € 0.
In this section we prove the following statement.

Proposition 5.1. Let (N, K) be a nilpotent Gelfand pair. We assume that all the quotient
pairs (Ny, Ky) fort € wq \ {0} satisfies (S). Let D be a generating system in D(N)¥.
If F € So(N)X, then its spherical transform can be extended from Yp to a function
[ € SRY.
Furthermore, if we choose D = X' (p) where p = (Pw,» Pios Pos Po.w,) 5 a Hilbert basis
satisfying (i)-(iv) in Section 2.6, then f can be chosen vanishing with all its derivatives
on {0} x Rds x Rde x Rdv.wo,
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In Section 5.1, we define the projection of the Gelfand spectrum onto p,(to). In
Section 5.2, we prepare a technical tool which yields a partition of unity on py, (o).
In Section 5.3, we give equivalent descriptions of So(N)¥. Eventually in Section 5.4, we
prove Proposition 5.1.

5.1. The projection 11

If ¢ is a polynomial on tv, then \'(q) = q(i"'Vy) by Lemma 2.9 Part (4) and one
checks readily that for any bounded spherical function ¢ = ¢, given via (2.4), we
have

N(@)e = a(i™ Vi)p = a(C)¢.
Applying this to the polynomials in p,,, we obtain
§wlp) = Pu(Q) ¥ =cwn €D
This gives the following.

Lemma 5.2. Let p be a bi-homogeneous Hilbert basis p of a nilpotent Gelfand pair (N, K)
which splits as p = (Pry» Pios Pos Po.w,)- The canonical projection I1 from R? onto Réw
restricts to a surjective map

M, :E¥p — py(w),
and, for &y € py,(10),
I (&) = {6(pcin)  Pu(C) = Eu} -

In particular, the map which assigns to a spherical function ¢, € 3(N,K) the
value py,(¢) € R4 is continuous.

As p,, is a Hilbert basis on to for the action of K, p,,(tv) is homeomorphic to the
orbit space /K. Since p,, = (P, Pry) and py consists of a set of coordinate functions
on 10, we have:

Pro(10) = Py, (109) x R,

and p,, (o) is homeomorphic to the orbit space /K.
As the polynomials in p,, are homogeneous, 0 € p, (o). The pre-image

Hl;; ({0} x R%=) (5.1)

in p of {0} x R% C p, (o) x R% under II will play a special role in the proof of
Proposition 5.1.
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5.2. Partitions of unity

The constructions in Section 4.4 present a natural homogeneity with respect to the
dilations on tvg, as well as translation-invariance with respect to to. Precisely if, for
to € wo \ {0}, the conclusions of Proposition 4.7 are satisfied on a tv; -neighbourhood
U Cto+ Sy, of to, then they are also satisfied

(i) on the neighbourhood 0U of dty, for § > 0;
(i) on the neighbourhood U + u of tg + u, for u € 1v.

Also notice that, since K acts trivially on tb, we may assume that the to-variables do
not appear in components of p other than pg. Since tb C w; for every ¢t € w, we may
also assume the same on the components of p' for every ¢ € w \ to.

We denote by Q; : R% — R the map given via (4.9), that is,

t
d(r)

Q10,4(€") = Qo (&) and Qi ;(E) = ZQk,j,z(f€o))fltc,z + Ry (Eoyr - &)
=1

We denote by ®; : R? — R% the map in (4.17), i.e

dig

Dy 0(€) = Po)(§0y) and Py (€ Z‘Pk,;, )6k,e + % i ()5 Ek—1))- (5:2)

We denote by D(6) the dilations (2.11) on R? with exponents v; equal to the degrees
of homogeneity of the elements of p. Similarly, D!(§) denotes the dilations on R% with
exponents v equal to the degrees of homogeneity of the elements of p'.

All this has the following implications on the maps constructed in Section 4.4.

(i) The maps Q;, ®; contain the identity function in the {z-component, and all the
other components do not involve the £y-variables.

(ii) In Section 4.4, the slice Sy at ¢t = tg + u, tg # 0, can be chosen by first taking a
slice So 4, at to in g and then set S; = Sp 4, + 0. In the same way the relatively
compact neighbourhood Uy C t+ S; can be taken of the form Uy ¢, + 1. Notice that
0¢ Upt,-

(iii) Then, for 6 > 0, Qs; = Q; and D(4) o Q; = Q; o D'(9).

(iv) Once ®; has been chosen for ¢ € w with [t| = 1, $s5; can be chosen, for § > 0, as

ds = D) o D, 0 D(67 ). (5.3)

Let T be a finite set of points on the unit sphere in tog such that {KUp}rer covers
the unit sphere. Then there is > 1 such that the annulus {wy € wo : 1 < |w| < 7}
satisfies:
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{wOEYU()ZlS |U)0| S’I’}C UKUO,t~ (54)
teT

Therefore {r! KUy +}ter, jez is a locally finite covering of wg \ {0}.

For each t € T' we choose x; > 0 in C2°(w; Nwy) supported on Uy so that >, x; > 0
on {w € 1wy : 1 < |Jw| < r}. By Corollary 4.2, we can define ij € C¢°(wg) supported in
7 KUp+ and such that

Xt (w) = x4 (r ).

Up to dividing each Xt 5 by ZteT jez Xt j» we may assume that the xffj form a par-
tition of unity on tvg \ {0} subordinated to the covering {r/ KUy }ter jez.-

Lemma 5.3. There exists a family {n: ;}tcr, jez of nonnegative functions on R0 and a
D(8)-invariant neighbourhood 0 of py,, (100) \ {0} in R0 such that

Somi@=1, ((€), (5.5)

teT, jET.

and, for everyt,j,

(i) 1,5 € O (R0 \ {0});
(ii) ne,;(&) = e, O(D( 13 ) (where v > 1 was fized above as satisfying (5.4));
(iif) (suppne,;) ﬁpmo(mo) C Proy (17U t);

) ",

(iv) 71,5 (Prog () = Xt,]( w) for all w € wy.

Proof. By [18], there exist smooth functions us, t € T', on R%vo such that

Ut (Pro, () = X (w) = x7(w) -

Setting uy ; = ug o D(r=7), we have Xffj(w) = usj (Pr, (w)), for every ¢ and j.

Since py,, (supp XZ& o) does not contain the origin, we may assume that each u;, t € T,
is supported on a fixed compact set E of R%0 not containing the origin. Moreover,
since py,, is a proper map, and p, (o \ KUp,) is closed in R0 and disjoint from
Pro, (SUPD Xf,&o)v we may also assume that (Supp us) NPy, (00) C P, (KUot) = Py, (Vo t)-

Clearly, >, ;utj =1 on py, (o) \ {0}. Therefore, if we set

N = U, 4
tg — ~— >
Sy

Nt,j = Uz on Py (W), and the sum of the 7, ; remains equal to 1 where some 7, ; is
positive. Then (5.5) and properties (i)—(iv) follow easily. O
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5.3. Characterisations of functions in So(N)¥

If g is an integrable function on vy and F and integrable function on N, we set

F #py g(v, w0, u) = /F(uwo — wp, u)g(wy) dwy (5.6)

oo

This can be regarded as the convolution on N of F' and the finite measure §y ® g,
where dy is the Dirac delta at the origin in b ® 1. We use the symbol ~ to denote Fourier
transform in the wg-variables. For a function on IV we then set

F(v,¢,u) = /F(uwo,u)e_“w”’C> dwy , (5.7)

o

for v € v, { € wg, u € 0. For F and g as in (5.6), F/*r:g(ug,u) = F\(v,c,u)’g\(@.
Finally, we denote by 1); ; the inverse Fourier transform of Xf ;- Recall that r > 1 has
been fixed as satisfying (5.4).

Lemma 5.4. The following are equivalent for a function F € S(N):

(i
(ii) F(v,(,u) vanishes with all its derivatives for ( = 0;

) e So(N);
)

(iii) for every k €N, F(v,w) = 32, _), 05Ga(v, w), with Go € S(N) for every o;
)
)

F
F

(iv) the series 3 ycp jez B *w, Yt converges to F' in every Schwartz norm; .
(v) for every Schwartz norm || ||s(vy,m and every g € N, ||[Fwo bt jll sy, = o(r=191)
as j — *oo.

Proof. The equivalence of (i) and (ii) is a direct consequence of the definition of So(N).
The equivalence of (ii) and (iii) follows from Hadamard’s lemma, cf. [11]. Finally, the
equivalence among (ii), (iv) and (v) can be easily seen on the rg-Fourier transform
side. O

5.4. Proof of Proposition 5.1

Let (N, K) be a nilpotent Gelfand pair. We assume that all the quotient pairs (Ny, Ky)
for t € g \ {0} satisfies (S). We continue with the notation of Sections 5.2 and 4.4.
Let F € So(N)¥. Decompose F according to Lemma 5.4 (iv). Then

gF = Z g(F *ro, wt,j) .

teT, jEL
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Denoting by p;; the measure dg ® vy j, where g is the Dirac delta at the origin in
0 @ 10, G(F #w, ¢y,;) is the product of GF and Gy ;. By (2.4), if ( = (o + ¢ € 1o @ 10,
then

Griej(Pcp) = / ey (100) @ (0, —w0, 0) v

o

://qpt,j(wo)e*i“mkw@dkdwo

o K

= Xz%j(CO) :
Thena fOI' § = (gmmgﬁ:vfn)fu,mo) e ED)
G(F #r00 ¥1,5)(€) = GF()1.5(Ew ) - (5-8)

Set Fyj = F sy, 1+ j, and consider R'F; ;. Since we are assuming that property (S)
holds for (N, K), we have G,(R'F} ;) € S(X%.). Moreover, for every M,q € N,

||gt(RtFt,j)||M,S(EtDt) = O(’l"_qu‘) ,

by Part (v) of Lemma 5.4 and the continuity of G; and R!.
For fixed M, there exist functions hif\;{) € S(R?) such that

M M
By s, =GR E) 0 assa < 2060 RF ) ansiss,) -

Recall that the maps ®; and ®,.;; are defined via (5.2) and (5.3). Since GF; ; is supported

in ¥p NII~1 (pmo(ron,t)), (4.2) and Lemma 4.6 imply that the composition gt(y) =

hgy) o ®,;; coincides with GF} ; on Xp.

Therefore, for every choice of the integers M;, we can say that the series

ST g (Ewe)als ()

t,t'eT, j,5' €L

converges pointwise to GF on Yp. In fact, many of the terms will vanish identically on
Yp, and this surely occurs when pmo(rj/UO,t/) N P, (17Uot) = 0. Therefore, if By ; =
{(t',5') : Prog (1 Uo,11) N proy (1! Uo,t) # 0},

SN Ee)al €)= GF () (5.9)

teT, jEZ (t',j')EE:,;

on Yp. Notice that, by construction, there is A > 0 such that |j—j'| < Afor (¢, j') € Ey ;.
In particular, the sets E; ; are finite and their cardinalities have a uniform upper bound.
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We claim that, choosing the M; appropriately, we can make the series (5.9) converge
to the required Schwartz extension of GF'.

In order to estimate the Schwartz norms of m/,jrgt(y), for (t',j') € E;, observe
that, by Proposition 4.7, the tog-variables are bounded to a compact set, and the other
variables appear in ®; as polynomial factors. Taking this into account, together with the
scaling properties of ®,;; and ny jr, cf. (5.3) and Lemma 5.3 (ii), it is not hard to see
that there is pys depending only on M such that, for (¢, j') € E ;,

595 g sy < CrIIP¥ IR, sy -

Hence,

|\77t/,j’9t(§M)||M,s(Rd) = o(r~ 1) |

for every ¢ and (¢, ') € Ey ;.
By induction, we can then select a strictly increasing sequence {j,}qen of integers,
such that jo = 0 and

H77t/,j’g£§q) |q,S(]Rd) S qu\jl ,
for j > j, and (t',j") € Ey ;. For j, < j < jgt1, we select M; = p, and consider the
following special case of (5.9):

0= Y S g (G (€) -

=0 jq<j<jgt1 (¢',j')€E:;
teT

Then the series converges in every Schwartz norm. This defines g € S(R?). We check
easily that g coincides with GF on Yp. This shows the first part of Proposition 5.1, as
the corresponding property does not depend on a choice of D, see Lemma 2.5.

Since each term vanishes identically on a neighbourhood of {0} x R%s x R%> x R¥v.wo
the sum must have all derivatives vanishing on this set. This concludes the proof of
Proposition 5.1.

6. The pair (N, K) and hypothesis (H)

Section 5 shows the Schwartz extension property we want but only for functions in
So(N)E and provided that all the proper quotient pairs satisfy (S). We now show that
under certain conditions, we can subtract from a general function F' € S(N)¥ a function
G with Schwartz spherical transform so that F — G € So(N)X.

Proposition 6.1. Let (N, K) be a nilpotent Gelfand pair satisfying hypothesis (H). Given
F € S(N)X, there is G € G7H(S(R?)) such that F — G € So(N)¥.
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The condition named hypothesis (H) will be formulated in Section 6.1. In Section 6.2,
we explain our concept of dominant variable on the Gelfand spectrum; this concept will
be essential in the proofs of Proposition 6.4 and Proposition 6.1 in Sections 6.3 and 6.4
respectively.

6.1. Hypothesis (H)

Let (N, K) be a nilpotent Gelfand pair. We consider # = v @ tv and the nilpotent
Gelfand pair (N, K) obtained by central reduction of wg. By Proposition 2.7, (N, K)
satisfies property (S).

We fix a Hilbert basis p = (py,; Pios Pos Po.w,) @S in Section 2.6. For a multi-index
a=(a/,a") € Niwo xNdv.wo | we denote by [a] the degree of P Y, in the wg-variables.

For p; € pr, U Py, leb D e D(N) ® P(wg) denote (N ® I)(pj), where A is the
symmetrisation operator (2.10) for N, and p; is regarded as an element of P (1) @ P (o).
If a = (o/,a") € Ndwo x N%.vo  then

has degree [a] in the tog-variables.

Definition 6.2. We say that (N, K) satisfies hypothesis (H) if, for any K-invariant func-
tion G on N x g of the form

G(v,wg, u Z wyG , (6.1)

IvI=k
with G, € S(N), there exist functions H, € S(N)¥, for [a] = k, such that
1 -
G = [Z aDaHa : (6.2)
al=k

The following statement has been essentially proved in [11]. We give the explicit proof
for completeness.

Proposition 6.3. If 10 is trivial, i.e. if N is abelian, hypothesis (H) is satisfied.

Proof. Under our hypotheses we are given G(v,wo) = >, _; woG,(v) € (S(v) ®
”Pk(mo))K. The same holds for the partial Fourier transform in v,

G(v,wp) E wl G (v

lv|=k
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By Lemma 4.8, adapted to Schwartz functions, cf. [11, Prop. 2.1],
E o1 Q2
U wO Uy pmo Py pu,mo'

Undoing the Fourier transform, we obtain (6.2). O

Hypothesis (H) was proved in [11] for the nilpotent Gelfand pairs in Vinberg’s classi-
fication [22], including those listed in Table (1.1) and discussed in Section 7.
At the heart of the proof of Proposition 6.1 is the following property.

Proposition 6.4. Let (N, K) be a nilpotent Gelfand pair satisfying hypothesis (H). We
keep the notation of hypothesis (H). We also consider the family of operators D =
(Dt Drogs Do, Do) obtained by symmetrisation of p via Ny. Let F € S(N)X, and
assume that

F(v,wg,u ZaRme%
[v|=k

with Ry € S(N) for every . Then, for every a with [a] = k, there exists a function
F, € S(N)X such that

gFa(g) = ha(ftﬁvfn) ) (f € ZD) s

with he € S(RT+4v)  and

F(v,wo,u Z DF (v, wo,u Z 87 vwo,),

)=k ol I/ [=k+1

with R, € S(N) for every +'.

The proof of Proposition 6.4 will be given in Section 6.3. It relies on the notion of
dominant variable in the Gelfand spectrum explained in the next section.

Before going into it, we need the following notation and observations. Consider the
transform 7V€ defined as in (3.7) and (3.8) with § = vy and mapping S(N) — S(N) and
D(N) to D(N). As the restrictions to @t of Pr, and p, ., are zero, by (3.9), we have:

RDp, =0 and RDy w, = 0.
Recall that pg is a system of coordinates of tb since the action of K on tv is trivial, and

that p, is a Hilbert basis for the action of K on v. Hence p,,, p; form a Hilbert basis p
for (N , K). The operators obtained by symmetrisation are by (3.9)
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Dy =RDy, and Dy =RDy =i 'Vy,

and form a generating family D = (D,, Dy ) of D(N)X.

Denote by ¥, ¥ the Gelfand spectra of (N, K) and (N, K) and by Xp, f)f) their
realisations via D and D respectively. The proof of Proposition 3.3 given in Section 3.3
implies that we may consider ¥ as the following subset of X:

Sp = {(0,£5,£.0) : (§5,&) € Xp ) ; (6.3)
Moreover, denoting by G the Gelfand transform of (N , K), we have the identity
G(RF) (&, 60) = GF(0, 65,60, 0) - (6:4)
6.2. Dominant variables of the Gelfand spectrum

Let (N, K) be a nilpotent Gelfand pair. We fix a Hilbert basis p = (P, Po> Po> Lo,
as in Section 2.6 and the corresponding family of operators D = (Dg, Dy, Pos Do,wy)
obtained by symmetrisation.

We have already observed that the choice of bi-homogeneous Hilbert basis yields
natural dilations D(0) given in (2.11) on the realisation ¥p of the spectrum. This leads
us to introduce the homogeneous norm on R?, compatible with the dilations D(J),

d
EDNIEN (6.5)
j=1

We may write any element ¢ of R = R%o x R% x R% x Rewo as & =
(fmo, ITHIT §nym0) and allow ourselves to write

€00 [l = [l (€00 0,0, 0) 1,

and similarly for &g, &o, &o,wo-
In the sense of the next lemma, the variable £, dominates the others on the spec-
trum Xp:

Lemma 6.5. Let p be a bi-homogeneous Hilbert basis p of a nilpotent Gelfand pair (N, K)
which splits as p = (Prys Prios Pos Po.wy)- Let also D = N (p) be the associated d-tuple of
differential operators. Let & = (&g &y v, Ev,wy) be a point in the spectrum Xp. We have
the following inequalities:

(i) if pj € P¥i(0) @ PY (wo), with v}, v > 0, then |&j] < C||&o| # [|€wo|™7 ;
(ii) [l < Cll& |-

In particular, if £w, = 0, then also &, w, = 0.
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Proof. Let p(v) = |v|?, where | | denotes the norm induced by a K-invariant inner
product on v. Denote by X, the left-invariant vector field equal to 0, at the identity
of N. Then X(p) is the sublaplacian L = — " X EQJ,, where {e;} is an orthonormal basis
of v. Then L is hypoelliptic and, for every vy,...,v,, € v and F € S(N),

[Xoy -+ Xop Fll2 < Coy, o ILEF 2
cf. [13]. For wy,...,w,, € tvg and F € S(N), we also have, by classical Fourier analysis,
||8w1 "'ameHQ < Cw1y~-~7w771. A‘EOF”Q .

Therefore,

Ha’LUI T awm/Xm o 'vaF”% = ’<812ul U afuml Fv Xv1 T vava T XU1F>|
L™ Fl2[| A, Fll2 -

~~~~~ Um W1y, Wyt H

If p; € PYi(b) @ P (1vg), then D; = X(pj) is a linear combination of terms of this
kind, with m = v} and m’ = v. Therefore, for I' € S(N),

’ 1 v 1
ID;Fll2 < CIIL F|3 | A Fl3 - (6.6)

We may assume that p, contains the squares py = |vg|? of the norm restricted to
mutually orthogonal irreducible components of v. Then p is the sum of such pi. The
same can be said about g(wg) = |wg|? on wy.

Denote by & the component of £, corresponding to A (pg), £ the component of &y,
corresponding to A’'(ge), and &; the component of &, v, corresponding to D;. Then, since
N (pr) and N (qr) are positive operators, we have &, & > 0 in Xp. Hence (6.6) implies
that, on ¥p,

4
vi o
J

Gl<o(Fa)” (&) <Cllel ¥ lewo

k L

NSN

This proves (i). To prove (ii) it suffices to prove that ||£w || < C||&]. For this, it suffices
to observe that every derivative 05 in the t-variables can be expressed as a combination
of products X,, --- X, with m = 2|a|. Then, for every F € S(N),

|95 Fllz < CIILF|l2 . O
6.3. Proof of Proposition 6.}

Let (N, K) be a nilpotent Gelfand pair. We keep the notation of Sections 6.1 and 6.2.
We assume that (N, K) satisfies hypothesis (H) and recall that the nilpotent Gelfand
pair (N, K) satisfies (S).
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Consider the Fourier transform (5.7) of F' in the tog-variables. Then

Fv,¢,u) =" Y 'Ry (v, ¢ u) .

lvI=Fk

Setting G (v,u) = i* R, (v,0,u) € S(N), we have

F(v,¢,u) = Z "Gy (v,u) + Z C'YlSA,/(v,C,u) .

IvI=k Iy [=k+1
Since G = Z'v ("G, is K-invariant, as hypothesis (H) is satisfied, see Section 6.1,
there exist H, € S(N)X such that

Flo.Guy= Y LD H)w G+ Y ¢Sy Gu).
[a)=k |y |=k+1

By property (S) for the pair (N, K), for every a there is h, € S(R% *dv) such that
GH, = ha)y, - By Lemma 6.5 (ii), |{w| and [y w,| are bounded up to constants by
D
powers of |£,| on Xp. By (6.3) and (6.4), we then have that

ha(€) = ha(&s: owo) € S(Ep) -
If F, € S(N)X is the function such that GF, equals he on Ep, it follows from (6.4)
that H, = RF, for every . This is equivalent to saying that F,(v,0,u) = H,(v,u). By

Hadamard’s lemma,

g

ﬁa(vv C7 U) - Ha(’U, U) = Z CjKj(va Cv u) 5
j=1
with K; smooth. Therefore,

o,y = 3 (D F)(w.60)

[a]=k
dw 1
=D D SGDUEw Gu)+ Y Sy (v Gu)
[a]=kj=1 " |y |=k+1
1 -~ ~ /
= Z J(DQF(I)(U7C7U)+ Z CA/ S://(U,C,U) :
la]=k v/ |=k+1

Notice that S" =3/ ;11 OlSﬁ/, € S(N x 1yg) because it is the difference of two
Schwartz functions. Since the derivatives of order up to k vanish for ¢ = 0, it follows
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from Hadamard’s lemma that the same sum S’ can be obtained by replacing each S'/y’
by a function S, € S(N x ).

Now we can undo the Fourier transform. In doing so, the monomials in  are turned
into derivatives in the tvg-variables, and each bj is turned into the differential operator
Ng(pj), where the symmetrisation is taken on the direct product N = N x wo. We
denote by D; this operator.

We then have

F=3 %DQFQ+ o oayuy,

)=k " v |=h+1

where F,, satisfies the stated requirements and U, € S(N) for every v'.

It only remains to replace each operator D® with the corresponding D®. In order to
do this, it is sufficient to compare the left-invariant vector field X,, on N corresponding
to an element vy € v with the left-invariant vector field X,, on N corresponding to the
same vg. Clearly, the difference X,, — X,, is a linear combination Z;lz‘i 0 (v) 0y, Where
the £; ., are linear functionals on v. Therefore, any difference D® — D is a sum of terms,
each of which contains at least k 4 1 derivatives in the tg-variables. The corresponding
term (D® — D®)F, is absorbed by the remainder term.

This concludes the proof of Proposition 6.4.

6.4. Proof of Proposition 6.1

Let (N, K) be a nilpotent Gelfand pair satisfying hypothesis (H). We keep the notation
of Definition 6.2 and fix F € S(N)&

Consider the restriction of GF to the set Y in (6.3), which equals G(RF) by (6.4).
By Proposition 2.7, (N, K) satisfies property (S). Hence there exists hy € S(R%s+dv)
extending G(RF). By Lemma 6.5, h(€) = ho(€g, &) € S(Ep). Let Fy € S(N)X be the
function such that GFy(§) = h.

Then R(F — Fy) = 0, which implies that F — Fy = Zj;‘i Ow, Gy, with G; € S(N). B
iterated application of Proposition 6.4, we find a family {Fa}aeNdmo «Ndv.wo Such that,
for every k,

F = Z Lpop, + > LR, (6.7)

o ly|=k+1

and, for every o, GF,(€) = ha(£s, &), With hy € S(RTetde),
By Whitney’s extension theorem [17] (see [2] for a proof in the Schwartz setting),
there is a function g € S(R?) such that, for every a = (o/, o) € N¥wo x No.wo

’

ag;oagn,,mo (07 g‘b? gu’ O) = h’Ol (gt{n gb) .
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We take as G the function in S(N)* such that GG = g|s;,. We must then prove that
G-FesS, (N)K

Take a monomial wg on tvg. Given an integer k > ||, decompose F as in (6.7) and
observe that

[ (@ w0.0) = P, ) g = / =Y DR (el duy

oo [a]<k

since the remainder term gives integral 0 by integration by parts.
We set

(O =90~ Y~ hal6or C)EREE

[e]<k

so that 1y = G(G = X (<p a1 D" Fa ) on Xp.
Then Lemma 5.3 gives the pointwise identity on >p

=Y DUE)@O = Y rel€m(6n)

[o] <k : teT, jEL

We claim that k can be chosen large enough so that, undoing the Gelfand transform,
the series

CEDSE TS B

teT, jET, (a<k &

converges in the (S(V), |3|)-norm (in which case it converges to G — 3, <, LDoF,).
By the continuity of G, there are m € N and C' > 0, depending on |3|, such that,
for every t, j, k,

(6~ 5 20oE)em

[a]<k

Cllrine; ”S(Rd

S(N), Iﬂ\

Hence we look for k such that |[7xn: || smay,m = O(r~1l) for every t € T; recall that
r > 1 has been fixed as satisfying (5.4). We first do so with rj, replaced by the remainder
sg in Taylor’s formula,

€)= 9(6) = D0 TihalC E)ENESmy

|| <K’

Then, for v € N? with |y| < m and for every M € N,
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107 (skme,3)(€)] < Crnnr (14 27™) (1 + &6 1) ™M (Jwo | + \Sn,mo\)k/ﬂ_m ,

where m only depends on m.
From Lemma 6.5 we obtain that there are positive exponents a, b, ¢, a’, b, ¢’ such that,
on Xp,

[Swol S 160l
|£u,m0| 5 |£U|b |§m0‘c .

€m0l S 160l
|§U7mo| 5 ‘§U|b‘§mo|c ’

for |¢] small: { for |¢] large: { (6.8)

Since the inequalities of Lemma 6.5 remain valid in a D(¢)-invariant neighbourhood
of ¥p, we may assume that (6.8) hold uniformly on the support of each spn ;.

Since there are 7,7/ > 0 such that, on the support of 7 j, |&w,| < r™ if j < 0, and
|€wo| < 779 if j > 0, we can choose k' such that sk, |l sray.m = O(r=H).

Finally, we choose k = max{[c] : || < k’}. Since k > ¥/,

]_ o ea
Tk — Sk = Z ah(x(éﬁngv)fmogn,mo .

la| >k, [a]<k

The estimates on [|(7% — sx/)nt,j||ls(rd),m are basically the same.

Now, (G — Z[a]<k éDO‘Fa) *wo Ut; € So(N)X, because its tog-Fourier transform

vanishes for ( € g close to the origin. We now observe that integration against wé’

is a continuous operation in the (S(IV),|8])-norm. This concludes the proof of Proposi-
tion 6.1.

6.5. The main theorem

We can finally prove the main results of the paper. Theorem 6.6 is obtained by com-
bining together the partial results stated in Propositions 5.1 and 6.1. It will be used in
Section 7 to prove by a recursive argument that the pairs in Table (1.1) satisfy prop-
erty (S).

Theorem 6.6. Let (N, K) be a nilpotent Gelfand pair. We assume that

(1) all the quotient pairs (N, Ky) for t € 30\{0} satisfy property (S);
(2) the pair (N, K) satisfies hypothesis (H).

Then (N, K) satisfies property (S).
Proof. Given F' € S(N)X | let G be as in Proposition 6.1 and g € ¢S(R?) have G(G) =

g‘ s+ By Proposition 5.1, G(F—G) admits a Schwartz extension h. Then g+h is a Schwartz
extension of GF. Together with (2.9), this shows that (N, K) satisfies property (S). O
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7. Application to the pairs in Table (1.1)

Corollary 7.1. Property (S) holds for all the nilpotent Gelfand pairs (N, K) described in
Table (1.1).

Proof. We apply inductively Theorem 6.6 to the pairs in Table (1.1). Indeed, the
classification of quotient pairs given below shows that this set of pairs is essentially
self-contained, up to the procedures described in Section 3 which guarantee hereditarity
of property (S); the lowest-rank pairs that need to be considered in order to start the
induction are the following:

e line 1: the trivial pair (R, {1}) and (H7,SO3);

e line 2: (Hy,Uy) & (Hy,SOs);

o line 3: the quaternionic Heisenberg group with Lie algebra H @ Im H, and with Sp,
acting nontrivially only on v = Hj

o lines 4, 5, 6: (C,{1}), (H1,Uy), and (R, {1}), respectively.

Since in all these cases property (S) is either trivial or proved in [1], Part (1) of the
hypotheses in Theorem 6.6 is satisfied recursively. Part (2) is also satisfied since either
N is abelian, in which case we appeal to Proposition 6.3, or (N,K) is a (complex or
quaternionic) Heisenberg pair for which property (S) has been proven in [1]. Hypothesis
(H) for all these pairs was proved to be satisfied for certain nilpotent Gelfand pairs in
[11]. This yields Corollary 7.1 modulo verification of the list of quotient pairs. O

In the rest of this section, we list all the quotient pairs of the pairs in Table (1.1), in
order to verify that they are products of pairs with factors in the same list or for which
property (S) is known.

Let I, (resp 0,) be the identity (resp. zero) p x p matrix and let J, be the (2p) x (2p)
matrix given by

1
Jp :=diag(J,J,...,J) where J=J = ( 0 )
—_—— -1 0

p times

The Lie bracket [, ] is understood as a map from v x v to tv, elements of R™, C" etc.
as column vectors.

7.1. The pair (R™ & s0,,S0,,)
The Lie bracket is

1
[v,0] = 5(1} v —v ) .
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Up to conjugation by an element of K, we may assume that ¢ € wo\{0} has the form
t = diag(t1Jp,, ..., tedp,,0q) ,
with 2p1 + -+ +2pr + ¢ =n and ¢; # t; # 0 for every 7 # j. Then we have

K, =U, x---xU, xS0,
Wy =Up, & DUy, S50g,

n=(C"ou,)d & (C”" dupy,) & (R @ s0g) .
7.2. The pair (C" ® u,, U,)

The Lie bracket is

1 *
[v,0"] = a(vv’ —v'v") .

Up to conjugation by an element of K, we may assume that ¢ € wo\{0} has the form
t = diag(itilp,,. .., itklp,) ,
with p1 + -+ pr =n and t; # ¢; for every i # j, tr¢t = 0, and we have

K, =U, x---xU,,
Wy =uy - DUy, ,
= (C"aw,)s - (C"aw,).
7.3. The pair (H" & (HSZH" & Im H), Sp,,)
Here HS?H" stands for the space of n x n matrices whose coefficients are quaternionic

numbers and which are hermitian, while 0 stands for vanishing trace.
The Lie bracket is

x ‘ 1 - .
[v,0'] = (viv’ —v'iv* — tr (viv'" — v'w*)In) & Im (v*0")
1
2

* ) 1
(viv'" —v'iv*) — —Imi(v*v’)In) @ Im (v*0') |
n

where Im; denotes the i-component of the argument.
Up to conjugation by an element of K, we may assume that ¢ € w\{0} has the form

t= diag(tllpl, e ,tklpk) s
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with p1 +---+pr = n and t; # ¢; for every 7 # j, and we have

Ki=Sp,, X+ %x8p,, ,
v, = (HS*HP' @ --- & HS*HP*)o & ImH .
Decomposing v € H" as v; @ - - - @ v;, with v; € HP/, the Lie bracket in n, is
$(vriv'] — vjiv}) — LIm;(v* '),
[’U’ Ul]t =
vpiv'y, — vhivy — LIm,(v*o') I,
@ Im (v*0') .
If we consider, for 1 < j <k, the subalgebra b; of n; generated by HP7,
h; =HP & (HS’HP @ ImH) = (H” ¢ (HSGH” @ ImH)) &R,
we easily see that it is Ky-invariant and only the factor Sppj of K; acts nontrivially on
it. Since h; commutes with b, for j # j/, it follows that n; is the quotient, modulo a
central ideal, of the product of the ;.

We conclude that (n;, K;) is a central reduction of the product of the pairs (f;, Spy, ),
where, in turn, each (b, Sppj) is the product of (Hpj @ (HS2HPi @ Im H), Sppj) and the
trivial pair (R, {1}).

7.4. The pairs (C*"T1 @ A2C?"+1 SUs,41) and (C?FL @ (A2C?" L @ R)), Ugpyt)

To fix the notation, we consider the second family of pairs, the other being analogous
and simpler. The Lie bracket is

[v,0] = %( W' — o' ) @ Im (v*') . (7.1)
Up to conjugation by an element of K, we may assume that ¢ € w\{0} has the form
t =diag(t1Jp,, - - s tkdpy, 02g+1) »
with py +---+pr +g=nand t; € R, t; #t; # 0 for i # j, we have

Kt = Sppl X oo X Sppk X U2q+1
1y = HSQHPIJpl APD--- @HSQHPI«ka @A2C2q+1 oR .

Here H S?HP: Jp,; is the sets of products AJ,, with A € HS?HP: .
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Like in the previous case, we split C2"+! ag C?P1 @ - .- @ C?P» @ C2¢+! and set
by =C* @ (HS*HP Jp, ®R), (j=1,...,k),  bpy1 =C* @ (A°CHH @R),
i.e., the subalgebra generated by the j-th summand in C2"*+!. Then, for 1 < j <k,
by P & (HSZEP & )

and (b, Sppj) is isomorphic to a central reduction of the pair in subsection 7.3. Finally,
(ng, Ky) is isomorphic to a central reduction of the product of k pairs of this kind and
the pair (hgt1, Uzgs1).

7.5. The pair (C*" @ (A2C*" ® R),SU,,)

The Lie bracket is given by (7.1). Any element wq of p\{0} is conjugate, modulo an
element of Usy,, to an element of the form

t= diag(tlJpl, ey thpk’OQQ) s (72)
with p1 + -+ pr +¢=mn and t; € R\{0}, t; # t; for i # j.

If ¢ > 0, then wy and ¢ are also conjugate under SUs,. If ¢ = 0, then there exists e?,
unique up to a 2n-th root of unity, such that wg is conjugate to

ty = diag(t1eJ,,, ..., tre?Jy,) .
Then

Ko, = K, , 10,0, = %10, .
For an element ¢ as in (7.2), we have

K¢ =S8p,, x---x8Sp,, xSUy,
_ [HS*HP I, @ - @ HS?HP: ], ® A’CH o R ifg#0,
=
HS?HPJ,, & - @ HS?HPx J,, @ iRdiag(t;  Jp,,. ...t ' Jp) @R ifg=0.

The discussion proceeds as in subsection 7.4.
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