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1 Introduction and summary

Nonlinear realizations of supersymmetry via constrained superfields [1–4] have been re-

cently the focus of a wide activity, since the convenient off-shell formulations proposed

in [5–8] have paved a way to a wide range of generalizations [9–11] and applications. The

latter include supergravity models of the inflationary phase [12–15] (see [16] for a recent

review), the coupling of the Volkov-Akulov model to supergravity, in its dual (higher-

derivative [17–22] and two-derivative [23, 24]) forms, toy models of orientifold vacua [25–34]

with “brane supersymmetry breaking” [35–41] and detailed realizations of the KKLT con-

struction [42–46], whose potential uplift emerges from similar aspects of D-brane dynamics.

It is well known that one can build an N = 2 vector multiplet combining an N = 1

vector multiplet V = (Aµ, λ,D) and anN = 1 chiral multiplet Φ = (Z,ψ, F ) [47], while also

attaining an off-shell formulation. One can thus address a number of interesting questions

in a relatively handy way, in particular working in terms of N = 1 superfields. One of the

supersymmetries is then manifest in superspace, while the other mixes the two superfields

according to

δ2 Φ = i
√

2 εα2 Wα ,

δ2Wα = −i
√

2

(
m− 1

4
D

2
Φ

)
ε2α +

√
2σµαα̇ ∂µΦε2

α̇. (1.1)

Here m is the “magnetic” parameter of [50], whose role in the partial breaking of super-

symmetry [48, 49] was clarified in [50–53], and following common practice we are resorting

to the two-component formalism in the notation of [47].
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The vacuum shifts of the two Fermi fields follow from eqs. (1.1) and from their N = 1

superfield counterparts, and are encoded in the complex two-by-two matrix

M =

(√
2F iD

iD
√

2
(
F +m

)) , (1.2)

so that the transformations at stake read(
δψ

δλ

)
=

(√
2F iD

iD
√

2(F +m)

)(
ε1
ε2

)
+ · · · . (1.3)

Notice also that

tr
(
M†M

)
= 2

[
|F |2 + |F +m|2 + D2

]
, (1.4)

det
(
M†M

)
=
∣∣2F (F +m

)
+D2

∣∣2. (1.5)

Let us anticipate that, up to a normalization, eq. (1.4) defines the N = 2 vacuum en-

ergy determined by the supersymmetry Ward identities [50, 54], while the determinant in

eq. (1.5) defines a scale

Λ =
∣∣D2 + 2F (F + m)

∣∣ 14 , (1.6)

which will play a central role in the ensuing discussion and vanishes in the vacuum if at

least one supersymmetry is unbroken. Clearly, if both supersymmetries are unbroken, the

trace in eq. (1.4) also vanishes in the vacuum. Moreover, if at least one supersymmetry

is unbroken, the N = 2 vacuum energy differs in general from the N = 1 vacuum energy

computed from superspace F and D-terms [50, 54]. The eigenvalues of M†M are of

the form

V± = V ± |µ| , (1.7)

where the trace determines the N = 2 vacuum energy, and if V = |µ| one of the supersym-

metries is unbroken.

The non-linear limit of the partial N = 2 → N = 1 breaking was studied long ago

in [55], where it was connected to the N = 1 supersymmetric Born-Infeld theory [56–58].

Important additions to the picture can be found in a number of subsequent works, and in

particular in [59–65]. For the ensuing discussion, the highlight of these developments is the

quadratic constraint

C2 : WαWα − 2 Φ

(
1

4
D

2
Φ−m

)
= 0 , (1.8)

which was identified in [55] and encodes the non-linear realization of the second supersym-

metry. Eq. (1.8) expresses all components of the chiral multiplet Φ in terms of the vector

multiplet, and consistently with their elimination has two notable consequences,

Φ2 = 0 and ΦWα = 0 , (1.9)

to which we shall return shortly.
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In view of the ensuing discussion, it is important to stress that the two conditions in

eq. (1.9), the first of which also entered the early construction in [5, 6], have different types

of solutions. A first type of solution leaves no residual supersymmetry and eliminates the

gaugino in terms of the Volkov-Akulov goldstino [7, 8], which is left over together with the

gauge field. In contrast, a second type of solution determines Φ in terms of Wα and W α̇.

Only if one demands that the second nonlinear supersymmetry of eq. (1.1) be present,

however, does the solution become unique, with the goldstino that completes the N = 1

vector multiplet. On the other hand, without the second supersymmetry eqs. (1.9) admit

an infinite class of N = 1 supersymmetric solutions. The simplest is perhaps Φ = W 2,

which adds to the supersymmetric Maxwell theory a quartic interaction arising from the

D-density of the squared supercurrent.

As shown in [66, 67], the constraint of eq. (1.8) affords a natural generalization to the

case of several Abelian vector multiplets,1

dABC

[
WαBWC

α − 2 ΦB

(
1

4
D

2
Φ
C −mC

)]
= 0 , (1.10)

which rests on the totally symmetric coefficients dABC and gives rise to multi-field Abelian

extensions of the Born-Infeld model. There is however a different non-linear limit, which

is interesting in its own right, where both supersymmetries are broken in the presence of

a vector multiplet, and in N = 1 superspace one can address it via suitably constrained

superfields.

In this paper we would like to supplement the available list of superfield constraints

with a new entry describing the N = 2→ N = 0 breaking. It is a simple cubic modification

of eq. (1.8),

C3 : ΦWαWα − Φ2

(
1

4
D

2
Φ−m

)
= 0 , (1.11)

and the reader should note that a factor 2 is present in eq. (1.8), but not in eq. (1.11).

In order to justify the emergence of this new constraint, let us begin by recovering the

2→ 1 constraint (1.8) of [55] starting from the nilpotency condition

Φ2 = 0. (1.12)

Its variation under the second supersymmetry of eqs. (1.1) yields a new constraint,

ΦWα = 0 , (1.13)

and one more variation yields finally the constraint (1.8), together with an additional term

involving the derivative of the “primary” constraint of eq. (1.12). The reason behind this

pattern is that the three constraints of eqs. (1.8), (1.12) and (1.13) build the chiral N = 2

constraint [59, 60]

X 2 = 0 , (1.14)

1We use a different notation here, which results from some rescalings and is meant to stress the symmetric

behavior of the system under the two supersymmetry transformations.
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where

X = Φ + i
√

2θ̃αWα − θ̃ 2

(
1

4
D̄2 Φ̄−m

)
. (1.15)

In a similar fashion, starting from the cubic counterpart of eq. (1.12),

Φ3 = 0 , (1.16)

the same steps lead to

Φ2Wα = 0 , (1.17)

and finally to eq. (1.11), together with another term involving the derivative of eq. (1.16),

which are the three N = 1 superfield components of the chiral N = 2 cubic constraint

X 3 = 0. (1.18)

The fact that two different constraints are available for the N = 2 vector multiplet re-

flects the existence of two available options for N = 2 supersymmetry, the partial breaking

to N = 1 and the total breaking. As a matter of fact, the new constraint of eq. (1.11) ad-

mits necessarily a 2→ 1 branch of solutions. This is evident in N = 2 language, given the

form of eqs. (1.14) and (1.18), but it is instructive to look into this fact in N = 1 language.

The lesson is that, although the two sides of eqs. (1.8) and (1.11) involve different relative

coefficients, if eqs. (1.12) and (1.13) hold, which is the case for the solution of [55], the

cubic constraint (1.11) also does, since both sides vanish. As we shall see, however, away

from a singular corner the solution of C3 implements the total breaking of supersymmetry.

Let us also stress that the setting that we are exploring for the total breaking differs from

the one captured by extensions of the N = 2 Volkov-Akulov Lagrangian (see [68–70] for

a recent comprehensive discussion): when starting from an N = 2 vector multiplet, the

low-energy dynamics that we are describing involves a vector field Aµ, in addition to the

expected goldstini. As we shall see, the N = 2 vector multiplet will enter the equations

and the effective Lagrangian only through the abelian field strength, as in the Born-Infeld

construction of [55] or in the model of [7, 8] that rests on the constraints X2 = XWα = 0,

so that the final spectrum will include a massless vector field.

We have convinced ourselves that the cubic constraint of eq. (1.11) is the only possible

generalization of the quadratic constraint (1.1), while all higher-order options that are

apparently available do not yield new independent solutions. This phenomenon has a

counterpart in the N = 1 Volkov-Akulov multiplet, where starting from a chiral superfield

X the only consistent solution [71] of the cubic constraint X3 = 0 also solves the quadratic

constraint X2 = 0 of [5–8].2

As we have anticipated, away from a singular corner the cubic constraint of eq. (1.11)

describes the total breaking of N = 2 supersymmetry. The scalar field Z is then determined

solving its θ2-component,[
D2 + 2F (F +m)− 1

2
Fµν F

µν − i

2
Fµν F̃

µν − 2 i ψ σµ ∂µψ̄ − 2 i λ σµ ∂µλ̄+ Z2Z̄

]
Z

=
(
F + m

)
ψ ψ − i

√
2ψ (D + i σµνFµν)λ+ F λλ , (1.19)

2When several chiral multiplets are present, higher-order constraints can also arise in the IR from

microscopic models, with solutions that differ from the standard one of the quadratic constraint X2 = 0 [72].
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by a number of iterations, somehow in analogy with the simpler procedure followed for the

quadratic Volkov-Akulov constraint of [5–8]. One can verify that the lower components of

eq. (1.11) are identically satisfied by the solution of eq. (1.19).

This is the generic state of affairs, but there is indeed a singular corner. When the

parameters in the Lagrangian realizing the N = 2→ N = 0 breaking make the combination

D2 + 2F (F + m), and thus the scale Λ of eq. (1.6), vanish in the vacuum, this branch

disappears but the partial breaking N = 2→ N = 1 solution is still available, and makes

both sides of eq. (1.19) vanish. In this singular corner, one can recover the expected N =

2→ N = 1 supersymmetric Born-Infeld structure, since one is then solving effectively the

quadratic constraint of [55]. Generically, however, the Lagrangian that we shall associate

to eq. (1.11) does not embody a Born-Infeld structure. This behavior is reminiscent of the

N = 1 → N = 0 breaking in the presence of a vector multiplet discussed in [7, 8]. Still,

we shall see that one can introduce vector self-couplings via additional terms involving

integrals over the full N = 2 superspace.

The contents of this paper are as follows. After identifying the new constraint in

section 2 and after solving it in the generic case in section 3, in section 4 we rephrase matters

inN = 2 language and then turn to examine in detail, in section 5, the construction starting

from the simplest choice of Lagrangian. In section 6 we examine its singular N = 2 →
N = 1 corner, in order to elaborate on the Born-Infeld action in the presence of a Fayet-

Iliopoulos term. In section 7 we discuss how to enforce a nonlinear structure, in particular

of the Born-Infeld type, in the generic N = 2 → N = 0 case. In section 8 we provide

a microscopic derivation of the cubic constraint (1.11), along the lines of [7, 8], before

concluding in section 9 with some considerations related to the N = 2 tensor multiplet.

2 A simple way of identifying the constraint (1.11)

In order to justify the form of the new constraint (1.11) in simple and intuitive terms, let us

confine momentarily our attention to the case of constant fields, while taking into account

that the N = 2→ N = 0 breaking ought to identify the two fermions of the N = 2 vector

multiplet, ψ and λ, as goldstini for the two broken supersymmetries. In analogy with the

more familiar N = 1→ N = 0 case [5–8], it is then natural to demand that the constraint

eliminate the scalar Z in terms of bilinear combinations of the two fermions. These would

also depend, in general, on the gauge field strength, but if all fields are constant the gauge

field strength vanishes and one is left with a generic combination of Fermi bilinears,

Z = aψ ψ + b ψ λ+ c λ λ , (2.1)

pretty much along the lines of [5–8]. The three constants a, b, c are then to be chosen

so that both sides behave identically under the two supersymmetries, which in this limit

reduce to their non-derivative portions,

δ Z =
√

2 (ε1 ψ + ε2 λ) ,

δ ψ =
√

2 ε1 F + i ε2D ,

δ λ = i ε1D +
√

2
(
m+ F

)
ε2. (2.2)
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One is thus led to an over-determined linear system for a, b and c, which admits nonetheless

the unique solution

Z =

(
F +m

)
ψ ψ − i

√
2Dψ λ + F λλ[

D2 + 2F
(
F + m

)] . (2.3)

This expression is well defined if the denominator, whose absolute value already appeared

in eq. (1.5) and is related to the scale Λ of eq. (1.6), does not vanish. When this is case,

both supersymmetries are broken.

For constant field configurations, eq. (2.3) solves indeed the θ2-portion of the con-

straint (1.11). On the other hand, its lower components reduce to

Zλλ− Z2
(
F +m

)
= 0 ,

λ λψα + i
√

2Z Dλα − 2Z ψα
(
F +m

)
= 0 , (2.4)

and are solved identically by the composite scalar field Z of eq. (2.3), in close analogy with

what happens for the N = 1→ N = 0 constraint of [5–8]. This result should be contrasted

with the behavior of the N = 2→ N = 1 constraint of [55], which works quite differently.

Its components determine indeed, independently, the three fields of the chiral multiplet in

terms of the vector multiplet.

For generic field configurations, expanding the superfields in eq. (1.11) one can recover

the terms in eq. (2.3), together with others that contain derivatives and were neglected in

the preceding argument. In particular, the complete θ2-component reads[
D2 + 2F (F +m)− 1

2
Fµν F

µν − i

2
Fµν F̃

µν − 2 i ψ σµ ∂µψ̄ − 2 i λ σµ ∂µλ̄+ Z2Z̄

]
Z

=
(
F + m

)
ψ ψ − i

√
2ψ (D + i σµνFµν)λ+ F λλ. (2.5)

This is a seemingly complicated non-linear differential equation for Z. However, the pres-

ence of anticommuting terms makes it possible to solve it, as we can now show.

3 Explicit solution of the constraint (1.11)

We can now describe how to obtain an explicit solution of the N = 2→ N = 0 constraint

of eq. (1.11). To this end, let us begin by noticing that eq. (2.5) is of the form(
a+ Z 2Z

)
Z = b , (3.1)

with

a = D2 + 2F (F +m)− 1

2
Fµν

(
Fµν + i F̃µν

)
− 2 i ψ σµ ∂µψ̄ − 2 i λ σµ ∂µλ̄ , (3.2)

b =
(
F + m

)
ψ ψ − i

√
2ψ (D + i σµνFµν)λ+ F λλ. (3.3)

Notice that b is a combination of fermionic bilinears. Its two important properties for

us are

b2 = a0 (ψ ψ) (λλ) ,

b3 = 0 , (3.4)

– 6 –
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where a0 denotes the purely bosonic portion of a:

a0 = D2 + 2F (F +m)− 1

2
Fµν F

µν − i

2
Fµν F̃

µν . (3.5)

A first direct consequence of the preceding relation is a very simple solution for Z2,

Z 2 =
(ψ ψ) (λλ)

a0
. (3.6)

This result holds since all other contributions vanish identically due to the anticommuting

nature of the two-component spinors ψ and λ.

Solving for Z, however, is a more difficult task that requires a few steps. To begin

with, eq. (3.1) can be reduced to the linear constraint

Z =
b

a

(
1− b

a2
2Z

)
, (3.7)

making use of eqs. (3.4), and this result reflects another simple relation:

b

a
Z =

b2

a2
. (3.8)

One can do better, however, since combining eq. (3.7) with its complex conjugate leads to

a linear differential equation for Z alone,[
1− b2

a3
2

(
b
2

a3
2

)]
Z =

b

a

[
1− b

a2
2

(
b

a

)]
, (3.9)

which can be solved by successive iterations. To this end, it is convenient to define

u =
b2

a3
=

(ψ ψ) (λλ)

a20
, O =

b

a
− u2

(
b

a

)
, (3.10)

and to notice that eq. (3.4) has some clear implications, including

u∂µ b = 0 , ∂µ u∂ν u = 0 , u∂µ ∂ν u = 0 , (3.11)

since a product of two u’s vanishes unless at least four derivatives are distributed

among them.

Taking these restrictions into account, one can show that the series terminates after

one step, so that the complete solution reads

Z = O + u2 (u2O) . (3.12)

Let us also note, for future reference, that up to total derivatives that we shall ignore in

the action,

Z 2Z = O2O + 2 (u2O) 2
(
u2O

)
. (3.13)

The two discrete symmetries

ψ →i λ , λ→± i ψ , F →−
(
F +m

)
, Z →Z

F →−
(
F +m

)
, D →∓D , Aµ →±Aµ (3.14)
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corresponding to the upper or lower signs above, are similar to the discrete R-symmetry

described by Fayet in [73] and can flip, independently, the signs of D or Aµ in the solution

for Z of eq. (3.12). This property is very interesting: it implies that the gauge multiplet

can be consistently removed from the Lagrangian that in section 5 we shall associate to

the N = 2 → N = 0 breaking and that, in the absence of the Fayet-Iliopoulos term,

D = 0 solves its equation of motion. Our construction therefore reduces, in this case, to

the Volkov-Akulov model of [5–8].

4 N = 2 superspace and the cubic constraint (1.11)

In the superspace approach of [74], the N = 2 vector multiplet can be accommodated in

doubly chiral superfield as

X = Φ + i
√

2θ̃αWα − θ̃ 2

(
1

4
D̄2 Φ̄−m

)
, (4.1)

where θ̃ is a second fermionic superspace coordinate and m is the (magnetic) deformation

parameter responsible for the partial breaking of supersymmetry [50, 55, 59, 60]. One can

simply verify that in this formalism the constraint (1.8) of [55] that encodes the partial

breaking of supersymmetry is simply

X 2 = 0. (4.2)

On the other hand, the constraint (1.11) that in this paper we are associating to the total

N = 2→ N = 0 supersymmetry breaking in a vector multiplet reads

X 3 = 0. (4.3)

The Lagrangian for an N = 2 vector multiplet rests on an integral over the chiral half

of the N = 2 superspace, and reads

L = Im

∫
d2θ d2θ̃F(X ) + Im

∫
d2θecΦ , (4.4)

where ec is a complex charge and F(X ) is the N = 2 prepotential. Notice that the second

term is also allowed, since it varies into a total derivative under the transformations in

eq. (1.1).3 Computing the chiral θ̃ integral leads to the formulation in N = 1 superspace,

L =

∫
d4θK(Φ, Φ̄) +

(∫
d2θ

[
1

4
f(Φ)WαWα +W(Φ)

]
+ h.c.

)
, (4.5)

where

K =
i

2

(
Φ
∂F̄
∂Φ̄
− Φ̄

∂F
∂Φ

)
,

f = −i ∂
2F
∂ Φ2

, W = − i ec
2

Φ− im

2

∂ F
∂ Φ

. (4.6)

3A Fayet-Iliopoulos term is also allowed by N = 2 supersymmetry.
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In general, N = 2 Fayet-Iliopoulos terms are given in terms of electric and magnetic

fluxes eX and mX , (X = 1, 2, 3), which are triplets of the SU(2) R-symmetry. In N = 1

language, the complexified electric and magnetic charges ec = e1− i e2 and m1 + im2 enter

the superpotential, while the third components are N = 1 Fayet-Iliopoulos terms. Using

the SU(2) R-symmetry, one can always set e3 = 0 and m2 = m3 = 0, so that one is left with

a complexified electric charge ec and a real magnetic charge m, as in the preceding expres-

sions. This standard choice was made in [55, 59, 60, 66, 67] to analyze the supersymmetric

Born-Infeld system, and has the virtue of aligning the unbroken supersymmetry with the

N = 1 superspace. This would not be the case if one introduced a Fayet-Iliopoulos term,

as in the original work of [50]. We shall return to this issue in section 6.

The quantity

µX = εXY Ze
YmZ (4.7)

determines the splitting of the two eigenvalues of the matrix M of eq. (1.2) that encodes

the vacuum fermionic shifts, to which we shall return in the next section, according to

V± = V ± |µ| , (4.8)

and with the preceding choice of charges |µ| = |me2|.
The N = 2→ N = 1 case of [55] rests on the choice4

F =
i

2
X 2 , (4.9)

where X is subject to the constraint of (4.2). Alternatively one can use, to begin with,

F = 0, and in both cases one is finally led to

L = Im

∫
d2θecΦ , (4.10)

consistently with the vanishing of the N = 2 prepotential on the constraint surface. The

completeN = 1 supersymmetric Born-Infeld Lagrangian is thus recovered from the F -term.

On the other hand, in the N = 2 → N = 0 case one must start with proper kinetic

terms, since as we have seen the cubic constraint of eq. (1.11) expresses the scalar field Z

of the Wess-Zumino multiplet in terms of fermionic bilinears. The simplest option is

F =
i

2
X 2 , (4.11)

with X subject to the constraint of eq. (4.3), and the resulting Lagrangian is

L =

∫
d4θΦ̄ Φ + Im

∫
d2θecΦ +

[
1

4

∫
d2θWαWα +

m

2

∫
d2θφ + h.c.

]
. (4.12)

In conclusion, one can describe the partial or total breaking of N = 2 supersymmetry

combining the prepotential of eq. (4.11) with one of the two constraints

N = 2→ N = 1 : X 2 = 0 ,

N = 2→ N = 0 : X 3 = 0. (4.13)

4A microscopic description of the Born-Infeld Lagrangian would also require, as in [59, 60, 66, 67], a

cubic term in the prepotential, but once the constraint is assumed this choice is sufficient.
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The first choice yields the supersymmetric Born-Infeld Lagrangian [55, 58], while the second

leads to non-linear contributions that are confined to fermionic couplings, and thus to an

N = 2 counterpart of the Volkov-Akulov construction. The resulting model captures a

total breaking of supersymmetry that leaves behind, at low energies, not only a pair of

goldstini but also a gauge field. Finally, let us stress again that no higher (quartic, etc)

superfield constraints are expected to yield independent consistent solutions.

5 On the non-linear N = 2 → N = 0 Lagrangian

The nature of the cubic constraints of eq. (1.11), which relate the scalar Z to fermion

bilinears, leads naturally to select the quadratic prepotential in eq. (4.13) for a model

Lagrangian, in order to grant proper kinetic terms to all fields. We shall explore this

type of system, which bears some similarities to the Volkov-Akulov model in [5–8], in two

contexts, first introducing a Fayet-Iliopoulos term ξ and a real electric charge e and then

introducing only a complex electric charge ec, as in the preceding section.

The first type of low-energy Lagrangian of interest is therefore

L =

∫
d4θ

(
Φ Φ + ξV

)
+

(∫
d2θ

[
1

4
WαWα +

1

2
(m − ie) Φ

]
+ h.c.

)
. (5.1)

On the constraint surface of eq. (2.5), which can generally be solved for Z, this Lagrangian

describes the N = 2 → N = 0 breaking in the non-linear limit. Its component form is

simply

L = −i ψσµ∂µψ̄ − i λ σµ∂µλ̄−
1

4
Fµν F

µν + |F |2

+
1

2
(m − ie)F +

1

2
(m + ie)F +

1

2
D2 +

ξ

2
D + Z̄ 2Z. (5.2)

In this expression one ought to introduce the solution of the constraint (3.12), which was

given in eq. (3.13), to then solve for the F and D auxiliary fields accordingly, again by

successive iterations. These solutions would result in expansions of the type

F = −1

2
(m + ie) + O(4− Fermi) , D = −ξ

2
+O(4− Fermi). (5.3)

For brevity, here we shall confine our attention to the lowest-order terms, which suffice

to exhibit four-fermion interactions and contain already some interesting lessons, leaving

aside the corrections that we left implicit in eqs. (5.3). All in all, up to and including

four-Fermi terms one is thus led to

L = −2(e2 + m2) + ξ2

8
− i ψ σµ ∂µψ̄ − i λ σµ ∂µλ̄−

1

4
Fµν F

µν + Z̄02Z0 , (5.4)

with

Z0 =
(m + i e)(ψ ψ − λλ) +

√
2ψ(i ξ + 2σµνFµν)λ

ξ2

2 − (m + i e)2 − Fµν Fµν − i FµνF̃µν
. (5.5)

Some comments are now in order. First of all, the structure of eq. (2.5) implies, in

view of the discrete symmetry of section 3, that one can consistently set to zero the entire
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the gauge multiplet (Aµ, λ,D). As a result, in this case the complete theory, including

all higher-order corrections, would reduce to the Volkov-Akulov Lagrangian, up to field

redefinitions as in [7, 8]. Moreover D = 0 solves the corresponding equation in the absence

of a Fayet-Iliopoulos term. The next comment concerns the detailed nature of the non-linear

couplings. Indeed, while the corrected Lagrangian of eqs. (5.4) and (5.5) contains a number

of higher-order gauge field couplings, these are always dressed by fermionic bilinears, along

the lines of what was found in [7, 8] for the N = 1→ N = 0 case. There a Volkov-Akulov

model was coupled to a gauge multiplet, while the constraint XWα = 0 eliminated the

gaugino from the spectrum. The corresponding N = 1→ N = 0 action was also nonlinear

in the gauge field [7, 8], due to the presence of terms dressed by fermion bilinears. Therefore,

both settings contain no analog of the Born-Infeld vector self-couplings that accompany in

the N = 2→ N = 1 case.

We can now address the relation of the electric and magnetic parameters of the model

Lagrangian (5.1) to the supersymmetry breaking scale(s) and the vacuum energy. These

data ought to reflect themselves in the vacuum energy entering eq. (5.4), and it suffices to

confine the attention to the lowest-order terms in the supersymmetry variations of the two

goldstini. These can be encoded, in general, in the two-by-two matrix

M =

(√
2F iD

iD
√

2
(
F +m

)) , (5.6)

which enters their transformations(
δψ

δλ

)
=

(√
2F iD

iD
√

2(F +m)

)(
ε1
ε2

)
+ · · · , (5.7)

and determines the two important quantities

tr
(
M†M

)
= 2

[
|F |2 + |F +m|2 + D2

]
,

Λ8 = det
(
M†M

)
=
∣∣2F (F +m

)
+D2

∣∣2. (5.8)

The first line in eq. (5.8) defines, up to a normalization, the vacuum energy associated

to theN = 2 algebra. Notice that this differs in general from the vacuum energy determined

via F and D terms in N = 1 superspace, as stressed in [50, 54]. Moreover, the determinant

in the second line of eq. (5.8) is related to the scale Λ of eq. (1.6). It defines the range

of validity of the iterative solution described in section 3 and used here, and thus of the

resulting low-energy effective field theory.

Taking into account the vacuum values in eq. (5.3), in the vacuum of our La-

grangian (5.4) M becomes

M =
1√
2

(
− (m+ i e) −i ξ√

2

−i ξ√
2

m+ i e

)
, (5.9)

and

M†M =

(
e2 +m2

2
+
ξ2

4

)
I2 −

ξ m√
2
σ2. (5.10)
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Therefore

tr
(
M†M

)
= 2

[
|F |2 + |F +m|2 + D2

]
= e2 +m2 +

ξ2

2
, (5.11)

while the eigenvalues are

V± =
1

2

[
e2 +

(
m ± 1√

2
ξ

)2
]

(5.12)

which coincide in the absence of a Fayet-Iliopoulos term, and consequently

Λ8 = det
(
M†M

)
=

1

4

[
e2 +

(
m +

1√
2
ξ

)2
][

e2 +

(
m − 1√

2
ξ

)2
]
. (5.13)

In this example, eq. (5.11) is actually proportional to the vacuum energy obtained

from F and D terms in eq. (5.4), since the matrix M in eq. (5.6) is traceless, but we

shall exhibit a counterexample shortly. Before proceeding, however, let us also notice that

there are choices of parameters for which the determinant vanishes, and thus the 2 → 0

solution becomes singular, namely e = 0, m = ± ξ√
2
. On the other hand, in the absence

of a Fayet-Iliopoulos term the two eigenvalues of the matrix M†M coincide and do not

vanish for nonzero choices of e and m. At the singular point, the scale Λ vanishes and the

whole construction is to be reconsidered, since the expansion in section 3 becomes singular.

The Born-Infeld branch of the solutions of eq. (2.5), which makes both sides of it vanish,

continues to be available at these special points of parameter space. We shall return to it

shortly.

There is an alternative way of describing this type of system, via the Lagrangian of

eq. (4.12) where the Fayet-Iliopoulos term (D-term) was traded, via an SU(2) R-symmetry

rotation, for a complexified charge ec = e1 − ie2 in the superpotential (F -term), as in

section 4. Retracing the preceding steps one would then be led to

M =
1√
2

(
− (m+ e2 + i e1) 0

0 m− e2 + i e1

)
, (5.14)

and therefore to

M†M =
e21 + e22 + m2

2
I2 +me2σ3. (5.15)

Now M is not traceless, and so one is readily confronted with the subtlety that we had

anticipated: the N = 2 vacuum energy, proportional to

tr
(
M†M

)
= e21 + e22 +m2 , (5.16)

differs from the value that would be determined by the N = 1 F and D terms. On the

other hand, eq. (5.16) is the correct value expected from the N = 2 Ward identity, while

the N = 1 superspace formula does not take into account all contributions. The difference

is conceptually important, although it only concerns a constant shift.

In general there are again two distinct eigenvalues,

V± =
1

2

[
e21 + (m ∓ e2)

2
]
, (5.17)
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so that

det
(
M†M

)
=

1

4

[
e21 + (m+ e2)

2
] [
e21 + (m− e2)2

]
. (5.18)

The two eigenvalues coincide if me2 = 0, and therefore for the generic N = 2 → N = 0

branch one can confine the attention to the case e2 = 0.

In conclusion, the Lagrangian

L =

∫
d4θΦ Φ +

(∫
d2θ

[
1

4
WαWα +

1

2
(m − iec) Φ

]
+ h.c.

)
, (5.19)

to which eq. (5.1) reduces in the absence of a Fayet-Iliopoulos term, when combined with

eq. (2.5) embodies a non-linear realization where N = 2 supersymmetry is fully broken.

The resulting couplings are fully determined by the solution for Z in section 3 and by

the consequent iterative solution for the auxiliary field F , while D vanishes. If e1 = 0

and m = ∓e2 the system with a complex electric coupling also degenerates, the iterative

solution of eq. (2.5) becomes singular since Λ vanishes, and one is led again to the Born-

Infeld branch, for which its sides both vanish.

6 Born-Infeld revisited

It is instructive to retrace the steps in [59, 60], enforcing the quadratic constraint of eq. (1.8)

while also adding a Fayet-Iliopoulos term.5 The theory would thus involve, to begin with,

four parameters, the complex electric charge ec, the scale m entering the supersymmetry

transformations and the constraint (1.8) and the Fayet-Iliopoulos coefficient ξ. On the

quadratic constraint, however, the Lagrangian reduces to

L = − i
2
ec F +

i

2
e?c F +

ξ

2
D , (6.1)

with ec = e1 − ie2 as above, and it is instructive to work out its bosonic terms in detail.

To this end, one first solves for the auxiliary field F from

D2 + 2F (F +m)− 1

2
Fµν F

µν − i

2
Fµν F̃

µν = 0 , (6.2)

which gives

F = −m
2

[
1−

√
1− 2D2

m2
+

1

m2
Fµν Fµν −

1

4m4

(
F · F̃

)2 ]
+

i

4m
Fµν F̃

µν , (6.3)

The resulting Lagrangian in eq. (6.1), which now reads

L =
e1

4m
F · F̃ +

ξ

2
D

+
me2

2

[
1−

√
1− 2D2

m2
+

1

m2
Fµν Fµν −

1

4m4

(
F · F̃

)2 ]
, (6.4)

5We recently became aware that there is a large overlap between the analysis presented in this section,

which was motivated by the issue of the N = 2 vacuum energy, and the discussion in [75].
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is then to be extremized with respect to D, which gives

D = − ξ m

2 e2
√

1 + ξ2

2 e22

√
1 +

1

m2
Fµν Fµν −

1

4m4

(
F · F̃

)2
. (6.5)

As a result, the Lagrangian in eq. (6.1) can be finally cast in the form

L =
e1

4m
F · F̃ − me2

2

[√
1 +

ξ2

2 e22
− 1

]

+
me2

2

√
1 +

ξ2

2 e22

[
1−

√
1 +

1

m2
Fµν Fµν −

1

4m4

(
F · F̃

)2 ]
. (6.6)

The Maxwell kinetic term contained in this expression is not in conventional form, but this

can be recovered letting

Fµν −→ Fµν

 m

e2
√

1 + ξ2

2 e22

 1
2

, (6.7)

which turns the Lagrangian into

L =
θ

4
F · F̃ − me2

2

[√
1 +

ξ2

2 e22
− 1

]

+
ρ 2

2

[
1−

√
1 +

1

ρ2
Fµν Fµν −

1

4 ρ4

(
F · F̃

)2 ]
. (6.8)

Here

ρ 2 = me2

√
1 +

ξ2

2 e22
,

θ =
e1

e2
√

1 + ξ2

2 e22

, (6.9)

and the four original parameters (m, e1, e2, ξ) have thus combined into three independent

quantities: ρ, θ and the vacuum energy

E0 =
me2

2

[√
1 +

ξ2

2 e22
− 1

]
. (6.10)

We would like to conclude this section with some comments on this result.

To begin with, the system describes an N = 2→ N = 1 breaking, even in the presence

of the Fayet-Iliopoulos term, since for one matter eq. (6.2) implies that, in the vacuum, the

determinant of the matrix M of eq. (5.6) vanishes. Notice that in this case

M =


m√

2

−1 +
1√

1 + ξ2

2 e22

 − i ξ m

2 e2
√

1 + ξ2

2 e22

− i ξ m

2 e2
√

1 + ξ2

2 e22

m√
2

1 +
1√

1 + ξ2

2 e22



 , (6.11)
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which also depends on ξ and e2, as the N = 1 energy E0 of eq. (6.10). However, the N = 2

vacuum energy,

tr
(
M†M

)
= 2m2 , (6.12)

only depends on m. There is, however, an apparent discrepancy between the vacuum

energy E0 and the value that one would expect from the algebra,

2 |F |2 +D2 = m2

1− 1√
1 + ξ2

2 e22

 , (6.13)

which differs from it by a multiplicative factor. This is actually a nice illustration of

a subtlety spelled out in [76]: in higher-derivative theories Fermi fields can undergo a

wavefunction renormalization, which must be properly taken into account in comparing

these quantities! The proper rescaling is precisely due to the factor in eq. (6.7), since the

Fermi kinetic terms go along with the vector one, as can be seen from eq. (2.5). Once

this fact is taken into account, the complete parameter dependence of the N = 1 vacuum

energy in eq. (6.10) is recovered from the algebra.

Why are we getting the peculiar non-vanishing result of eq. (6.10) for the N = 1 vac-

uum energy, which actually vanishes for ξ = 0, in a theory with one unbroken supersym-

metry? Simply because the introduction of ξ has misaligned the unbroken supersymmetry

with respect to the manifest N = 1 superspace [50, 54]. F and D have both a non-vanishing

vacuum value, and the Fayet-Iliopoulos term introduces no other effects, consistently with

its redundancy. Indeed, in the N = 2 microscopic formulation of [50], as we have stressed

above, ξ could be rotated away by an SU(2) R-symmetry transformation, reducing the

two SU(2) triplets of electric and magnetic Fayet-Iliopoulos terms to three independent

parameters (e1, e2, 0) and (m, 0, 0). This exercise can thus convey a few instructive lessons,

and confirms in particular the relevance of the N = 2 vacuum energy for the dynamics of

this class of models.

7 An N = 2 → N = 0 model with a Born-Infeld structure

The action for the N = 2 vector multiplet considered so far rests on an integral over the

chiral half of the N = 2 superspace, combined with the triplet of Fayet-Iliopoulos terms,

and reads

L0 = Im

∫
d2θ d2θ̃

i

2
X 2 + Im

∫
d2θec Φ , (7.1)

with X subject to the cubic constraint of eq. (4.13). While in the partial N = 2→ N = 1

breaking case the Lagrangian induced by the quadratic constraint in eq. (4.13) led to the

Born-Infeld structure, here this is not true anymore. In the N = 2 → N = 0 case there

are no other contributions resting on chiral superspace integrals, but there are other terms

that involve integrals over the full N = 2 superspace. The one of interest for us is

L1 =

∫
d4θ d4θ̃B(C, C̄)X 2X̄ 2 , (7.2)
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where the function B is given in [77],

B =
1

1− 1
2 (C + C̄) +

√
1 − C − C̄ + 1

4 (C − C̄)2
, (7.3)

and

C =
1

2
D̄4X 2. (7.4)

By construction, L0 + L1 has a Born-Infeld structure, and without the cubic constraint of

eq. (4.13) it would have N = 2 supersymmetry and would in principle describe a partial

breaking N = 4 → N = 2. There is some controversy in the literature on the original

construction in [77], since the action lacks the manifest shift symmetry in the scalar Z

that would be expected for an interpretation in terms of brane position for a D3 brane

propagating in six dimensions [78, 79]. In our case, however, the scalar Z is eliminated by

the constraint. Hence, the D-brane interpretation of our results, if any, should involve a

fractional brane (i.e. a brane confined to some orbifold fixed point, which would therefore

lack the corresponding translational modes).

8 A microscopic model leading to the constraint (1.11)

One can also exhibit a microscopic origin for the cubic constraint of eq. (1.11). As we shall

see shortly there is an analogy, in this respect, with the N = 1 → N = 0 case discussed

in [7, 8], where the chiral constraint X2 = 0 was recovered starting from a microscopic

action of the type

Lρ =

∫
d4θ

[
XX − ρ (XX)2

]
+

(∫
d2θf X + h.c.

)
. (8.1)

For ρ > 0, the quartic term gives a large mass to the scalar sgoldstino, and effectively

imposes the constraint X2 = 0 at scales below its mass.

In our N = 2→ N = 0 case, it can be shown that any Lagrangian based on integrals

over a chiral half of the superspace, for any prepotential that is polynomial in the superfield

X , generates a tachyonic eigenvalue in the scalar mass matrix, as already noticed in [50].

However, one can give rise to heavy scalars, and thus to large positive eigenvalues of the

scalar mass matrix, adding integrals over the full N = 2 superspace. It turns out that

the lowest-order polynomial leading to non-tachyonic scalar masses, in N = 2 superspace

formalism, is

Lρ = −ρ
9

∫
d4θd4θ̃X 3X 3

. (8.2)

In the standard N = 1 superspace formalism, this expression translates into

Lρ = −ρ
∫
d4θ

∣∣∣∣ΦWαWα −
1

2
Φ2

(
1

4
D

2
Φ−m

)∣∣∣∣2 = ρ |aZ − b|2 + · · · , (8.3)

up to terms containing more derivative operators, which would not contribute to scalar

masses, and where a, b are defined in eqs. (3.2) and (3.3).

– 16 –



J
H
E
P
0
8
(
2
0
1
7
)
1
0
9

The operator Lρ therefore generates diagonal scalar masses, with m2
Z = ρ|a|2, once

vacuum values of the auxiliary fields induce the N = 2 → N = 0 breaking of supersym-

metry. At energies below these scalar masses mZ , the effective low energy theory would

involve (ψ, λ,Aµ), together with the auxiliary fields (F,D) encoded in the vector multiplet

X , in the presence of the cubic constraint of eq. (4.13). One can understand this result

noticing that in the large ρ limit eq. (8.3) implies for Z the equation of motion Z = b
a .

This is precisely the zero-momentum limit of the full solution (3.12), whose momentum-

dependent part is then completely determined by nonlinear supersymmetry, as prescribed

by the cubic constraint of eq. (1.11).

9 A linear multiplet counterpart

The nonlinear realization of N = 2 supersymmetry based on the N = 2 tensor multiplet

provides a natural counterpart of our construction. In N = 2 language [59, 60, 81, 82]

this multiplet is described by a real SU(2) triplet of superfields LI , or equivalently by a

symmetric bi-spinor Lab =
(
σI σ2

)
ab
LI , with Lab subject to the irreducibility constraint

Dα (a Lbc) = 0 (a, b, c = 1, 2) , (9.1)

where the Dαa are N = 2 covariant derivatives.

In N = 1 language, the field content translates into a pair of antichiral superfields

X̃ = L1 − i L2 and ψ̃α, where ψ̃α = DαL
3, with L3 a N = 1 real linear multiplet (D 2 L3 =

D
2
L3 = 0). ψ̃α then plays the same role as Wα does for the vector multiplet, albeit with

a reversed chirality, since Dβ ψ̃α = 0. The physical degrees of freedom contained in L are

a scalar φ, an antisymmetric tensor Bµν and a fermion. It is well known [80] that this

collection of fields can be a Goldstone multiplet for the partial breaking N = 2→ N = 1.

The quadratic constraint of eq. (1.8), with the appropriate replacements,

ψ̃α ψ̃α = 2 X̃

(
1

4
D 2 X̃ −m

)
, (9.2)

implies the two constraints

X̃2 = 0 , X̃ψ̃α = 0. (9.3)

As a result, it is natural to consider the counterpart of eq. (1.11), the cubic constraint

X̃ψ̃α ψ̃α = X̃2

(
1

4
D 2 X̃ −m

)
, (9.4)

which by N = 2 supersymmetry would also imply

X̃3 = 0, X̃2 ψ̃α = 0. (9.5)

Notice that ψ̃α admits the antichiral expansion

ψ̃α = λα + θ̄α̇Hαα̇ + i θ̄2 ∂αα̇λ̄
α̇ , (9.6)
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where

Hαα̇σ
α α̇
µ = ∂µ φ+ iHµ. (9.7)

Here Hµ is the dual of the antisymmetric tensor field strength, which satisfies the condition

∂µHµ = 0. This theory has a gauge symmetry for Bµν and a shift symmetry in φ.

In analogy with the previous case of the N = 2 vector multiplet, the cubic constraint

of eq. (9.4) eliminates the scalar in X and gives rise, generically, to a nonlinear Lagrangian

describing the total breaking of supersymmetry N = 2 → N = 0. The resulting physical

degrees of freedom would be the two goldstini, the scalar φ and the antisymmetric tensor

bµν . Again, the simplest Lagrangian constructed as an integral over half of N = 2 super-

space does not accommodate a Born-Infeld-like structure. As before, however, this could

be induced by an additional term involving an integral over the full N = 2 superspace.

Notice that the constraints of eq. (9.3) have also solutions that break spontaneously N = 1

to N = 0, leaving behind one goldstino, the scalar φ and the antisymmetric tensor [83].
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