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DC CALCULUS

LUIGI AMBROSIO AND JEROME BERTRAND

ABSTRACT. In this paper, we extend the DC Calculus introduced by Perelman on finite dimen-
sional Alexandrov spaces with curvature bounded below. Among other things, our results allow
us to define the Hessian and the Laplacian of DC functions (including distance functions as a
particular instance) as a measure-valued tensor and a Radon measure respectively. We show that
these objects share various properties with their analogues on smooth Riemannian manifolds.
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1. INTRODUCTION

= 00 J O Oy O W W

In this paper, we investigate the DC Calculus introduced by Perelman in [17] on the manifold
part X* of a finite dimensional Alexandrov space X with curvature bounded below. The term “DC”
stands for difference of concave functions. The main point is that, contrary to the set of (semi-
Jeoncave functions, the set of DC functions on Euclidean space is an algebra. Perelman showed
the existence of an atlas on X* compatible with the distance whose transition maps are Euclidean
DC functions. Moreover, he also showed that DC functions on Alexandrov spaces (defined in
geometric terms involving geodesics) are standard Euclidean DC' functions when read in a chart.
This notion is also natural if one considers the particular case of closed convex hypersurfaces in

1



2 LUIGI AMBROSIO AND JEROME BERTRAND

Euclidean space where the standard charts are inverse of convex functions. The DC structure is
also considered in [14] in connection with properties of the heat kernel on Alexandrov space.

Besides providing a complete proof of the results related to this calculus discussed in [17], we
also generalize them in some aspects. Note that we choose to present our results in the case of ten-
sors (mainly covariant ones) instead of differential forms as it is in the case in the aforementioned
papers. However, it is then a standard algebraic matter to infer from our results the corresponding
statements on differential forms (up to considering the orientable double cover of X* if necessary).
More precisely, the calculus we develop allows us to consider general bounded BV functions (com-
pared to standard BV functions, the BY functions satisfy an additional weak continuity property,
see (3)), thus removing the restriction to bounded BV functions with no jump part in their de-
rivative (these functions are called BV} functions in Perelman’s paper)® as in [17, 14]. The main
result on tensors can be summarized as the existence of a covariant derivative operator on tensors
S with BY components (thus DS is a measure-valued tensor) that satisfies the same properties
as on a smooth Riemannian manifold. We are also able to define the norm of a measure-valued
tensor that coincides with the standard norm in the case of function-valued tensor and gives us,
for example, an intrinsic notion of total variation |df| for a function of bounded variation f on X*.

Our particular interest in covariant tensors stems from our will to define the Hessian of a distance
function d, as a measure-valued tensor. Indeed, even in the case of a smooth Riemannian manifold,
the distributional Hessian Hessd, of d, is not, in general, absolutely continuous with respect to
the volume measure, see for instance [15] for a nice and comprehensive discussion of this fact. The
extra term in Hessd), is of jump type, namely it is concentrated on the Cut Locus of p which is
(N —1)-dimensional in general, being N the dimension of the Riemannian manifold. For example,
this phenomenon arises on the real projective space, details can be found in [11]. Consequently,
even on a smooth Riemannian manifold, the Riemannian gradient Vd, does not belong to the class
BVj defined by Perelman in general. Our results allow us to define the Hessian of any distance
function d, as a particular instance of a result for arbitrary DC functions. This generalization
requires fine properties of BV functions and a thorough study of the jump part of the Hessian.
Technically speaking, the primary issue is that, given two BV functions f, h defined on an open
set of Euclidean space, the standard chain rule

A(fh) oh af

6.%1' - f@xl + h@xl

does not hold true when f, h have non-trivial jump parts in their derivatives (see however Lemma 4.8).
However, even when jump parts in the derivatives are present, it may happen that cancellation
properties occur, so that some standard formulas and definitions of tensor calculus retain their
validity (see Proposition 5.3 and Proposition 6.2 as a particular instances of this phenomenon).

As a consequence of this extended DC' Calculus, we also prove that the DC' Laplacian (namely
the trace of Hessian with respect to the Riemannian metric) of DC' functions coincides with the
weak Laplacian defined through integration by parts (see Proposition 5.9). This fact has been used
in [20] without an explicit proof.

We are also able to prove that for a DC' function f and BY vector fields X, Y, the Hessian of
f is related to the covariant derivative in the same way as in the smooth case in the sense that

Hessf(X,Y) = D(df(Y))(X) — df (DxY)

(where D stands either for the differential of function or the (measure-valued) covariant derivative
of vector field, depending on the context). We also prove that the classical formula

1
Dy yVy = §V(\V¢|§)

remains valid in this setting.

IWe invite the reader to compare our Section 3 with lemma p5 in Perelman’s paper [17], and our Section 4.4
with Section 4.3 in the same paper
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The formula above is then used to prove that the Hessian we define satisfies an integration by
parts formula in the same spirit as in the I'y calculus [6], see Proposition 6.2. This consistency
result is particularly relevant in connection with the coordinate-free approach to calculus in metric
measure spaces, which works particularly well under Ricci lower bounds on curvature, still expressed
in terms of the I's tensor, see [12]. We know after [20] and [5] that spaces with sectional curvature
bounded from below satisfy Ricci lower bounds in this sense, see also [22] for a very nice application
of these calculus tools to Alexandrov spaces. Nevertheless the connection between this viewpoint
and the one developed in this paper is not yet completely clear, since the calculus developed in
[12, 5] allows to handle, so to speak, only sections of the tangent bundle defined up to N-negligible
sets, while the calculus in coordinates allows to handle sections of the tangent bundle defined up
to (N — 1)-dimensional sets.

The DC Calculus allows Perelman to improve an important result of Otsu and Shioya in [16]
where the authors prove that the distance on Alexandrov space X derives from a continuous (in a
weak sense, see Theorem B in [16]) Riemannian metric defined almost everywhere on X*. Perelman
proves that the Riemannian metric components, when read in a chart, are actually functions of
local bounded variation. In [3], we improve these results in the case of surfaces.

This paper is organized as follows. In the first part, we introduce the function spaces related
to the DC' Calculus. We then introduce the notion of DCy Riemannian manifold, which provides
a natural setting where the DC' Calculus can be defined. In the subsequent part, we study the
covariant tensors and their covariant derivatives on a DCy Riemannian manifold. Due to the low
regularity, we use the old-fashioned approach consisting in defining tensors in charts and imposing
a compatibility condition (see [21] for more on this point of view). The antepenultimate section is
devoted to the Laplacian and Hessian of a DC function. The penultimate one is devoted to the
integration by parts formula involving Hessian. In the last part, we establish that the subset X*
of a finite dimensional Alexandrov space X is indeed a DCy Riemannian manifold.

2. FUNCTION SPACES FOR DC CALCULUS
2.1. DC, BV and C,, functions.

Definition 2.1 (DC functions). Let & C RY be an open set. A function f: Q — R is said to be
a DC function on € if it is locally representable in 2 as a difference of two semiconcave functions.

A similar definition will be used for vector-valued maps, arguing componentwise. Since SC
functions are defined by a local property, a simple partition of unity shows that DC functions in
an open set can also be globally represented by the difference of two SC functions. It is also easy
to check that the class of DC functions is a vector space. In the note [13], Hartman proved that
the space of DC functions is indeed an algebra, i.e. stable under multiplication. A more general
statement, that encompasses also this property, is given below.

Theorem 2.2 (Stability of DC). Given f: U CRM — V c RN and g : V — R with U and
V' two open sets, the function go f is DC on U if f and g are DC on U and V respectively. As a
consequence, the set of real-valued DC' functions on U is an algebra.

It is a classical result that the second distributional derivative of a SC function in an open
set V C RV is a symmetric matrix-valued Radon measure in V whose positive part is absolutely
continuous with respect to the Lebesgue measure .ZV, and that SC functions admit at almost
every point a second order Taylor expansion [1]. In particular, by linearity, the first derivatives of
a DC function are functions of locally bounded variation. For later use, let us quickly review some
basic definitions and results on BV functions on Euclidean spaces.

Definition 2.3 (BV functions). Let V be an open set of RY. A function f : V — R belongs
to BV(V) if f € L(V) and the derivative in the sense of distributions of f is representable by a
vector-valued measure

Df = (Dif,...,Dnf)
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with finite total variation in V. Equivalently, |D f|(V) < co and

9 . ‘ .- ,
Afaxld$——L¢lef \V/Z—17,N’ gbeL'ch(V)

Here Lip.(V) stands for the set of Lipschitz functions with compact support on V.
The function f is said to be in BV,.(V) if it is a BV function on every open set V' € V.

Again, a similar definition can be given componentwise for maps f : V — RM and in this
case Df will be viewed as a (M x N)-matrix of measures D; fU). Denoting by %, k > 0, the
k-dimensional Hausdorfl measure (the ambient space is irrelevant and it will not appear in the
notation), we recall that a set £ C RY is said to be o-finite w.r.t. #* if E is the union of
an increasing sequence of sets with finite J#* measure. If £k > 1 is an integer, we say that a
set E C RY is countably S#"-rectifiable if there exist countably many closed sets C; C R* and
Lipschitz functions f; : C; — R” such that

HME\ U fi(Ci)) = 0.
i=0

Remark 2.4. Throughout this paper, (-,-) stands for the standard Euclidean inner product and
|| - ||2 for its induced norm.

Given a locally integrable function f we say that z is an approximate continuity point of f if
there exists f(z) € R satisfying

(1) lim f(y) = (@) dL™ (y) =0,

PO ) By (@)
where, here and in the sequel, B,(z) denotes the open ball with radius p and center z and f, f dpu
denotes the averaged integral, ie. || g fdu/p(B). The complement of the set of approximate
continuity points will be denoted by S¢. We shall also use the same notation and concept for
vector-valued functions, arguing componentwise.

Theorem 2.5 (Decomposition of Df). Let V. C RN be an open set. For all f € BViyo(V) the
following properties hold:

(a) |Df| vanishes on N~ negligible sets.
(b) Df admits the mutually singular decomposition

(2> Df:DaCf+Dsif:DaCf+Djuf+Dcaf7

where D f is the absolutely continuous part w.r.t. Lebesque measure LN, D f is the
singular part, which can be further split in jump part D% f and Cantor part D f, the
former concentrated on a set o-finite w.r.t. N1 and the latter vanishing on all sets
with finite N1 measure.

(c) DI“f is concentrated on the set of approzimate jump points Jy and the set Jy is a count-
ably AN~ -rectifiable set. Moreover up to a SN ~'-negligible set, J¢ coincides with the
approzimate discontinuity set Sy of f.

(d) By the very definition of Js, all points x € J; one can identify two values f*(z), the
so-called one-sided approximate limits, such that an approximate continuity property holds
by averaging along an halfspace passing through x. More precisely, there exists a Borel
function v(z) € SN7L, such that

lim [f(y) = £ (2)|dL (y) = 0,

PO JBE (z,v(x))

where

B, (z,v(z)) = {y € By(2); {y — z,v(2)) > 0}, B, (x,v(x)) ={y € B,(a): (y — z,v(x)) <O}
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The triple (v(z), fT(x), f~(z)) is uniquely determined up to v(x) — —v(x) that maps
fr(x) to f~(x) and vice versa. The jump part of Df is equal to

Df = (fF(w) = £ (@)w(x) AN LTy

For a proof of this proposition, we refer to the the book [4, Chapter 3| (see also Definition 2.8
below).
We will also use the following result.

Theorem 2.6. Let F : U — V be a biLipschitz homeomorphism between open subsets of RN such
that, either det dF > 0 N -a.e. on U or detdF < 0 s#N-a.e. on U. Then, for all f € BV (U)
the function f o F~1 belongs to BV (V) and

|D(f o F~Y)| < (Lip F)N ' F(IDf)),
where -y stands for the pushforward of a measure (see Section 3.3).
For a proof, we refer to [4, Theorem 3.16].

Lemma 2.7. Let f € BV (), with Q@ C RN open and connected. If DI*f = 0 and, for any ball
B,(z) € Q one has |f|7 € L>(B,(z)), then the sign of f is constant.

Proof. By the connectivity of Q, it suffices to show that if B is a ball, f € BV(B), |f|~! € L>(B)
and D’*f = 0 in B imply that f has constant sign in B. Notice that D/“f = 0 in B implies
A#N-1(BNS;) =0. If f has not a constant sign, then both {f > 0} and {f < 0} have positive
N -measure. By the coarea formula we can find s, t > 0 with |f| > max{s,t} in B such that
{f < —s} and {f > t} have finite perimeter. By our choice of s and ¢ and by the hypothesis on
|f|~1, B is partitioned up to #"-negligible sets in two sets of finite perimeter which therefore
have in B the same essential boundary (namely the set of points of density neither 0 nor 1). On
the other hand, since (1) implies that all sets
{yeBy(x): |fly)—f(@)|>€} >0

have 0 density at « whenever x ¢ Sy, it follows that any point in the intersection of the essential
boundaries of {f < —s} and {f > t} belongs to Sy. It follows that the essential boundary of these
sets is 57V ~lnegligible in B, and this forces one of the two sets (by the relative isoperimetric
inequality for sets of finite perimeter) to be #¥-negligible and the other one to coincide, up to
N -negligible sets, with B. O

Definition 2.8 (Precise representative of a BV function). Let Q C RY open and f € BV (Q).
Recall that, by definition, at all points x € 2\ Sy there exists a number, called approximate limit

and denoted f(x), satisfying [, @) |f — f(z)|dy = o(r"). In addition, Lebesgue’s theorem gives

that f = f .#N-ae. in Q.

Analogously, at all points + € J; one can identify two values f*(x), the so-called one-sided
approximate limits, where an analogous property holds by averaging along an halfspace passing
through « (see Theorem 2.5 (d)). The precise representative f* is defined on Q\ (Sy \ J¢) by

) = f(x) ifxeQ\Sy;
%(f*(m)—i—f’(m)) if z € Jy.

and it is left undefined on the s#Y ~1-negligible set Sy \ J; (in particular, Df = Df*). In the rest
of this paper a BV function f will be always identified with its precise representative.

We refer to [4, Corollary 3.80] for more on the precise representative. Notice that the use of the
representative is necessary in several results in this paper. For instance, the precise representative
f* will be used when the chain rule formula [4, Theorem 3.96] is applied in our setting, see also
Lemma 4.8.
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2.2. C,, functions, geometric BV functions and Radon measures.

Definition 2.9 (C,, and C,, , functions). Let Q C RY be an open set and f : O — R. We say
that f € C,,(Q) if there exists a set S, o-finite with respect to /" ~1, such that:

(a) fla\s is continuous;

(b) flays is locally bounded in €, i.e. for all x € Q one has supp (,)\s |f| < oo for some ball

B, (z) € Q.
We say that f € Oy () if, in addition, S can be chosen to be 7N ~lnegligible.
Notice that (a) does not imply (b), unless S = ). Occasionally we will use the notation C', (£, S)

or Cy ,(£2,S) to emphasize the role of the set S in the defining properties of the classes C,,(£2)
and Cy, ().

It is obvious that if f € C\(£,S), then Sy C S and f = f=f*onQ \ S. In particular, for
f € BVioe(2) N Cy.0(£2), the precise representative coincides with f 7Y ~!-a.e. on Q. Most of the
results stated below in the class C\,(©2) N BV (Q) (for instance Lemma 4.8 below) could actually
be stated and proved in the class BV (2) using the precise representative; however the use of the
spaces Cy, () and C,, () is compatible with our geometric applications and it simplifies some
technical aspects.

Notice also that the Euclidean gradient Vf of a DC function f : Q@ ¢ RY — R (arbitrarily
defined on the set of points where f is not differentiable) belongs to C., (2). The following definition,
then, is natural.

Definition 2.10 (The class DCy(Q)). Let © C RY be an open set. DCy(12) is the collection of
all functions f € DC(Q) such that Vf € (Cy,,(22))". Analogously, DCy(£2, S) is the collection of
all functions f € DC() such that Vf € (Cy (2, S))V.

For later use, let us also introduce
(3) BY(§2) := BVj0e(Q2) N Cy () and BYo(2) := BVipe(Q2) N Cyy 0 ().
Analogous definitions can be given for the subclasses BY(Q, S), BV (€2, S).

The natural Radon measures related to these spaces are introduced in the following definition.

Definition 2.11 (GM(Q) and GM(2) Radon measures). The set of Radon measures on 2 that
vanish on 7V ~1-negligible sets is denoted by GM (), whereas the set of Radon measures on (2
that vanish on ¥ ~!finite sets is denoted by GM; ().

Remark 2.12. In our terminology, a Radon measure p on €2 has finite total variation only on
compact subset of Q. Consequently, if 1 is a signed Radon measure, u(B) makes sense only for
Borel sets B with compact support in . Note that the derivative of f € BVy(Q2) has no jump
part, therefore according to Theorem 2.5 it belongs to GM(2) .

3. DCy RIEMANNIAN MANIFOLDS

3.1. Definition and properties of DCy; Riemannian manifolds. We start with the definition
of the class of manifolds we are interested in.

Definition 3.1 (DCy Riemannian manifolds). A countable at infinity N dimensional topological
manifold X* is said to be a DCj (open) Riemannian manifold if the following two properties hold:

(a) There exist a singular set S C X* and a maximal atlas of X* (U, ¢o)aca made of charts
b : Uy — RY which are homeomorphisms onto their image such that for any o, 8 € A,

0a(UsNS) is 2N "L negligible,
and any transition map
F=¢50067":Up = ¢a(Us NUs) = ¢3(Us NUg) =: Up
belongs to DCy(¢a(Ua NUp), 9o (Us NS)).
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(b) X* is endowed with a Riemannian metric g defined on X*\ S whose components g;;, when
read in a chart (U, ¢), belong to BVo(d(U), o(U N'S)) and satisfy
1
(4) @lelg > Y gij(@pip; > c(@)|pll3 forall pe RN, for all z € (U \ S),
1<i,j<N

with ¢ and ¢! locally bounded in ¢(U).

Remark 3.2 (Sign of determinant of transition maps). The determinant det dF' of the transition
map is a BV function with no jump part of derivative. Therefore, Lemma 2.7 and condition
(b) in Definition 3.1 give that the sign of detdF is (#"-almost everywhere) constant on the
connected components of the domain of F. This allows us the application of Theorem 2.6, namely
the invariance of the BV property under composition with F~1.

Remark 3.3. The Riemannian metric in (b) is in particular a covariant 2-tensor. This means that
the components of g when read in two different charts satisfy a compatibility condition. This
condition is recalled in Section 4.

Remark 3.4. Note that a DC(y Riemannian manifold is in particular a Lipschitz manifold. There-
fore, there is a well-defined first order calculus for locally Lipschitz functions. Namely, a function f
is said to be locally Lipschitz if fo@ ™! is a locally Lipschitz function with respect to the Euclidean
norm when read in an arbitrary chart (U, ¢). Throughout this paper, “locally Lipschitz” will always
refer to this definition.

We can extend all the definitions of Section 2.2 to functions or Radon measures on a DCy
Riemannian manifold, by requiring that the corresponding definition given there is satisfied when
the object is read in any chart (U, ¢). Namely, a function f belongs to the space “X” if and only
if fo ¢! belongs to the space “X” in the Euclidean sense, and a Radon measure yu belongs to the
space “X" if ¢yu belongs to the same space in the Euclidean sense. The well-posedness of these
definitions is guaranteed by the fact that a DC| transformation map is in particular a biLipschitz
homeomorphism, and the fact that sets which are o-finite or negligible w.r.t. J#N~! are invariant
under biLipschitz maps.

3.2. Properties of the metric. We end this part with technical results that will be used in the
sequel.

Lemma 3.5. Let X* be a DCy Riemannian manifold. We set G~(z) = (9" (x))1<ij<n the
inverse at x € ¢(U\ S) of the matriz (g:;(z))1<ij<n read in a chart (U, ¢). Then, G~ belongs to

BYo(¢(U)N".

Proof. Let Q = ¢(U) and let S be the s# ~!-negligible singular set of g, in these local coordinates.
Using the expression of the inverse of a matrix in terms of the matrix of cofactors and the fact
that BV, is an algebra, it suffices to prove that 1/g, with g = det(g,;), belongs to BV,.(€2) and is
locally bounded in €, according to Definition 2.9. Local boundedness of 1/7 follows immediately
by condition (b) in Definition 3.1. The fact that 1/g belongs to BV,.(€2) follows from the local
boundedness and from the chain rule formula for the left composition with a Lipschitz function
(see for instance [4, Theorem 3.96]), which gives

1 1

g g
provided we work with the precise representative (recall also that g has no jump part in its derivative
since it belongs to BV, (Q)). O

For later use, we also mention the following result whose proof is along the same lines as the
one above, thus is left to the reader.
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Lemma 3.6. Let X* be a DCy Riemannian manifold and let G be the BV-metric read in a chart.
Then, understanding the derivatives in the sense of distributions, one has

® ) (ve) - L
k,s

8xi 2 £

To conclude this part, we notice that as in the smooth case, a Riemannian metric can be defined
locally first and then be extended to a global tensor on the DCy manifold. Indeed, it is easy to
check that (4) is preserved by DCj transformation map and the lemma below guarantees the
existence of DCj partition of unity.

Lemma 3.7. Given a locally finite atlas (U;, ¢;)icr on X*, there exists a partition of unity (¥;)icr
subordinate to (U;);cr where ¥; are compactly supported Lipschitz DCy functions in U;.

Proof. X* is paracompact, thus there exists a locally finite subcover (U/);er of (U;);er with U] €
U;. Since in Euclidean spaces one can always find, given open sets A € B, a function ¢ € C°(B)
with 0 < ¢ < 1 and ¢ = 1 in a neighbourhood of A, we can pull these maps (with A = A; = ¢;(U)),
B = B; = ¢,(U;)) to obtain DCy functions 1; and build out of them the desired partition of
unity. O

3.3. Pull-back of function and measure on a DCj; Riemannian manifold. Recall that, for
a proper map F': X — Y, the push-forward operator F; maps Radon measures in X to Radon
measures in Y via the formula Fyu(B) = u(F~1(B)) for any Borel set B with compact support in
Y. Equivalently, since Borel functions can be approximated with simple Borel functions, one can
characterize Fypu via the change of variables formula

/gadFuu:/gooqu.
Y X

In particular, we obtain the useful formula
(6) Fy((ko F)u) = kFyu for any locally bounded Borel function &k : Y — R,
since (by applying the chance of variables formula with ¢ = kxg)

Fﬁ((koF)u)(B)/Fl(B)koqu/Bdeﬁu

for any Borel set B with compact support.
For geometrical purposes, we need also to introduce the pull-back of measures, in a form that
takes into account the Jacobian determinant of F', see (7) below.

Definition 3.8 (Pull-back of functions and measures). Let X* be a DC( manifold. Let F : U—s
V be a DCj transition map. Given f € C\ (V) we define the pull-back of f through F by

F*(f)=foF.
Analogously, given u € QM(‘/}), we define the pull-back of p through F' by

(P ).} = [ w0 P detdP i),

where 1) is any compactly supported and bounded Borel function on U. Equivalently, taking the
change of variables formula for F} into account, one can write
(7) F*(p) = (F~ V(| det dF | ).

Combining (6) and (7) we immediately get a formula “dual” to (6), namely

(8) F*(kp) = (ko F)F*(p) for any locally bounded Borel function k.
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If = psN and v is any compactly supported and bounded Borel function, the change of
variable formula of s# for biLipschitz homeomorphisms gives

[o@ir @i = [o@ )| detdr ! pla)da
[ v@) p(F@) s

Thus,
9) F*(pA™N) = (F*p)™
and the two definitions given above, for functions and measures, are mutually consistent.

Remark 3.9. Note that z — |detd, F~!| belongs to BVy(V) thus, in particular, it is defined
p-almost everywhere whenever u € GM(V).

3.3.1. Approzimation result and geometrical consequences. In this part we prove a proposition
whose corollary will be used many times in the rest of the paper.

Proposition 3.10. Let Q be an open subset of RY and h : Q@ — R bounded. Assume that either
h e Cyo) and p € GM(Q), or h € Cpy(Q) and p € GMo(R). Let (p12)e>0 be Radon measures
with finite total variation in Q0 absolutely continuous with respect to N such that . — p in the
duality with C.(2). We further assume that

(10) limfoup |pe|(2) < |l (€2) < oo
€

Then hu. — hu in the duality with Cy(QY), the class of bounded continuous functions in Q.

Proof. The leading idea of the proof is that the set of discontinuity points of a suitable restriction
of h is negligible with respect to p and p.. From [4, Theorem 2.2], we infer that |u.| — || in the
duality with C,(€2). As a consequence, we clearly have that y* — u* in the duality with C.(f).
Combining this remark with the analogous decomposition of h into its positive and negative part,
the boundedness of h reduces the proof to the case when p. > 0 and h is nonnegative and bounded.

Let us consider the case h € C,,(£2,5) and p € BVy(f2), the proof in the other case is similar.
We then define the lower semi-continuous envelope h_ : 2 — R

h_(z) = inf{liminf h(z,); z, € @\ S and lim z, = z}.
n— oo
We define the upper-semicontinuous hy envelope analogously. Now, using that A_ > 0 is lower-

semicontinuous and p > 0, we get (see for instance [4, Proposition 1.62] for a proof) for any
nonnegative continuous function

lim inf / Vh_ due > / h_ du.
el0

Analogously, if ¢ is also bounded, we have
1imsup/wh+ dpe < /wh+ dis.
el0
Now, the continuity assumption on h yields hy = h_ on Q\ S, so that

[ ohsdue = [on-du.= [ wnan.
[onsdu= [ wn_dp= [ vnp.

This proves the convergence of hu,. to hu in the duality with bounded and nonnegative continuous
functions. The general case can be achieved splitting the test function % in positive and negative
part. U

and
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Corollary 3.11. Let F : U — V be a DCy transition map. Assuming that h € BV(‘A/), the
following chain rule in the sense of Radon measures holds:

) N 9F, [ 0h
(11) axi(hoF)_;amiF (8%)

foranyie{l,--- N} and F = (Fy,--- ,Fn).

Proof. We set he = h x p. with p. a family of mollifiers. Then, h. and h. o F' are locally Lipschitz
functions. Thus, (11) holds with A, instead of h. Since h. o F — ho F in L} (U), one has

loc
O(he o F) d(hoF)
8a:i - 8Ii

in the duality with C2°(U), and then in the duality with C.(U). On the other hand, using
F*(hp) = (ho F) F*(u), we can rewrite the right-hand side of (11) as

N N
OF, . (0h\ <~ . (0F. __, 0h
SZ:;BQJZ-F <8ys>_ZF <8miOF 8y5>'

s=1

=1,---,N

Now, p. = Oh. /0y satisfy the hypotheses in Proposition 3.10 (a proof is given in [4, Theorem
2.2| for instance), Oh/dys € GM(V), |detdF | OF;/0z; 0 F~1 € Cy o(V) therefore Proposition
3.10 yields

OF, oh OF, oh
det dF ™| == o F~" =N — |detdF™'| .= o F*
| ¢ | al’z ° ays - | ¢ ‘ axl ° ays
in the duality with Cc(ff). This implies, using F*(u) = Fu71(| det dF~1|p),
OF, oh OF, Oh
Fr(=—=oF ' =Ny 5 F*(-=0oF !
( 8.’171‘ ° ays ) - ( 8(Ei ° ays)
in the duality with Co(U). By combining this convergence with (8), we get (11). O

3.3.2. Measure induced by a system of measures.

Definition 3.12 (System of Radon measures). Let X* be a DCjy Riemannian manifold with charts
(Ua, Pa)aca. A family of Radon measures (pq)aca, where p, is a Radon measure on ¢, (U, ) is
called a system of Radon measures if it further satisfies the compatibility condition F*(ug) = pa
in ¢n(Us N UB)'

Note that the above condition is not equivalent to Fy(uq) = pg. However, we have the following
result.

Lemma 3.13. Let F: U — V be a DCy transition map. Suppose we are given [ € QM(‘A/) and
set u=F*(p) € GM(U). Then,

Fy(Vdet Gu) = Vdet G,
where G and G are the metrics in the respective coordinate systems.

Proof. Let 1 be a bounded Borel function with compact support. In this proof, we will need the
fact that
G = YdF)(GoF)(dF)
and
G = (dr P (G o F)' (dr FTY).
where * M stands for matrix transposition. These relations are nothing but a reformulation in terms
of matrices of the compatibility condition applied to the covariant 2-tensor g in different charts.
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This compatibility condition is recalled in Definition 4.4. We infer from the equalities above that

Vdet G = Vdet G o F~1| det dF~1|. Thus, we get

(B (Vdet G i), ) = / o F1(y)Vdet G(y) fildy)

/¢OF Vet G o F~1(y)| det dF~|(y) ji(dy)
= (Vdet GF™ (1), ¢),
where we used the identity F*(hu) = (ho F)F*(u) to get the last equality. O

For later use, let us also point out that combining the fact that F' is a homeomorphism, F* (i) =
“(|det dF~|fi), and |det dF~'| > 0 yields

(12) |l = F*([al)

by uniqueness of the Radon-Nikodym decomposition (see [4, Corollary 1.29] for a precise state-
ment).

Lemma 3.14. Let X* be a DCy Riemannian manifold with charts (Uy, ¢o)aca- Then, any system
of Radon measures (fta)aca With pa € GM(¢a(Us)) for all o € A, induces a Radon measure
w € GM(X™*), characterized by

(13) w(B) = / Vdet G, () dpg () for any Borel set B C U,,.
«(B)

The total variation of this measure is then given by

(14) ] 4 / Vdet Go () dlpa|(z for any Borel set B C U,,.

Morever, if o € GMo(da(U. )) for all o« € A, then p € GMo(X*).

Proof. The proof is based on a standard argument involving partitions of unity. Recall that,
according to Lemma 3.7, there exists a locally finite partition of unity (¢4)aca subordinate to
(Ua)aea where 1), are compactly supported Lipschitz DCy functions. Then, given any bounded
Borel function y with compact support, we set

/*Xdﬂ = Z/ (Pax) 0 ¢ (2) v/det Go () dpto(x

a€cA

Using Lemma 3.13 and (12), it is a standard fact that the measure is well-defined (i.e. that it
does not depend on the partition of unity) and that it satisfies (13) and (14). We refer to [11]
or to [21] for more details. Moreover, it is immediately seen that g € GMy(X*) whenever all

o € GMo(da(Ua)). O

4. TENSORS ON DCy RIEMANNIAN MANIFOLDS

Our goal in this section is to prove that there is a well-defined tensor calculus on DCy Riemannian
manifolds, including covariant derivative of tensors, provided that the components of the tensor
belong to BY. We restrict our attention to covariant tensors since we are mainly interested in
defining the Hessian of a DC function on a DCj Riemannian manifold (this will be done in the
next section). However, we will also need to consider BY vector fields as a simple instance of
contravariant tensors in order to evaluate our tensor fields, this is done in a dedicated part. It is
simple, on the basis of these considerations, to extend our arguments to general tensors; the details
are left to the reader.
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4.1. Definition of tensors on X*.

Definition 4.1 (Covariant tensors on an open set V C RY). A covariant p-tensor S on V with
BY (resp. GM) components is by definition,

S: Z Sjl]pdyjl ®®dyjp

where the multi-indices (j1,--- ,jp) run into {1,--- , N}? and S}, ...;, € BY(V) (resp. GM(V)).

Now, we define the pull-back of a covariant tensor with components in BV(IA/) or in g/\/l(f/)7
through a transition map.

Definition 4.2 (Pull back of a tensor). Given F' : U —» V a DCy transition map and S a
covariant 6 p-tensor on V with components in BV(V ) (resp. GM(V')), we define a covariant p-tensor
F*Son U by the formula

OF;,  OF; , ,
(15) FrsS= > > 3x]1 JPF*(sjl,,,jp)dxh®...®dxlp,

i1, dp 1 dp

Remark 4.3. F*S has BY components according to Theorem 2.6. According to the fact that
BV (U) is an algebra and Remark 3.9, the components of F*S belong to BVo(U) (resp. GM(U))
whenever the components of S belong to BV, (V) (resp. GM(V)).

Definition 4.4 (Covariant tensors on a DCy manifold X*). A covariant p-tensor S on an open
subset ) C X* with BY (resp. GM) components is, by definition, a family

S = {Sa}aeA

where for each « such that U,NQ # ), S, is a covariant p-tensor on ¢, (U, N) with BY(p,, (U,NY))
(resp. GM (¢a(UoNN))) components. The family of tensors is required to satisfy the compatibility
condition

F*SQZ (¢20¢f1)*52 :Sl in d)l(UlﬂUzmQ),
as Radon measures or for 7 N-a.e points, depending on the regularity of the components, and for
any pair of charts (U, ¢1), (Ua, ¢2) such that U3 NUz NQ # (.
We define similarly covariant p-tensors S on an open subset  C X* with BVy (resp. GMy)
components.

4.2. Covariant derivative of tensors on X*. Our next task is to define the covariant derivative
DS of a BY tensor S on X*. We proceed as above, by defining first DS in a chart and then verifying
the compatibility condition.

4.2.1. Local definition of covariant derivative. To this aim, we have to introduce the Christoffel
symbols.

Definition 4.5 (Christoffel symbols). Let X* be a DCj manifold with Riemannian metric g. The
Christoffel symbols are then defined as a collection of Radon measures {(T'(®)) ¥ }aen, where
N
1 Ogii 0915  0gi
16 ) R —— ki ((Z96 Y915 Y95
( ) K 2 lz:;g 81}]‘ + 81}1 al'l

belongs to GM, with singular set S, the superscript (*) is omitted for simplicity, and gi; are the
components of the metric in the chart (Uy, ¢4 ).

Remark 4.6. In the appendix, it is proved that the Christoffel symbols read in different charts
satisfy the same compatibility relation as on a smooth Riemannian manifold.

With this definition in hands, we can now introduce the notion of covariant derivative.



DC CALCULUS 13

Definition 4.7 (Covariant derivative of a BV tensor in a chart V c RV ). Given a covariant
p-tensor S on V = ¢(V) with BY components, we define a covariant (p + 1)-tensor DS by the
formula

DS = Z (DS)ioMipdmiO ®--® dm%?

20, " p

8Si i, = .
(17) (DS)ig.i, = e SN Siiyymiy iy i
0

j=1m=1

The components of DS belong to GM (‘A/)

In order to infer from the above definition a well-defined notion of covariant derivative of tensor
on any open subset of X*, it remains to prove the compatibility formula

F*(DS) = D(F*S).

This is the goal of the next section.

4.2.2. Covariant derivative of BV tensors on X*. We start with the following fact.

Lemma 4.8. Let Q@ C RY be an open set and f, h € BV(Q). Assume that at least one of the two
functions f, h belongs to BVo(Q). Then, for any i € {1,--- ,N}, it holds

a(fh)  .oh  Of

Proof. For mere BY(Q) functions, the above formula is not true in general because of the jump
part of the derivatives (for instance if f = h is a characteristic function). Under the assumption of
the lemma, at most one of the two functions has a jump part in its derivative. Then, the standard
chain rule formula holds as proved in [4, Theorem 3.96] for instance. (Il

Proposition 4.9. Let F : U—Vobea DCy transition map. Let S be a covariant p-tensor with
components in BY(V). Then, the following equality of Radon measures holds:

(18) F*(DS) = D(F*S).

Proof. By linearity of F*, and up to a permutation of the coordinates, it is sufficient to prove
(18) in the case when S = Sy.., dy' ® --- @ dy?. We start with F*(DS). In the following, we set
i = (ig, -+ ,ip) and j = (jo,- - ,Jjp) for arbitrary multi-indices in {1,---, N}P™!. By definition of
covariant derivative,

05;,...;
ayjo

P N
m
E : E :Sjl"'jk—lmjk+1"'ijjojk’

k=1m=1

(DS); =

where the f%k stand for the Christoffel symbols in the chart relative to V. This yields

FA(DS) = X, 5, 5 g2 F((DS),) da® © - @ da'.
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Therefore, the components of F*(DS) satisfy

. OF;,  OFj, (. (0S; .,
o), = S g (7 ()
dFj,  OF;
_ZZ Z Ox; .- le Sjl"'jk:_lmjk,+1...jp o F F* (P;,()L]k)
j k=1m=1 io Zi,

Thus, using that S = S1.., dy' @ - @ dyP,

OF. OF OF, 0S51..,
(19) (F*(DS))Q = Z 8155: 81'111 axi (F*( a;mp))

_ oFy OF,  OF,\ 0F;, 0F;, .
;J()ij <ax” axlk a‘rip) al'io a.%'ik Sl" P ° FF (FJOJk)'

Now, we compute the components of D(F*S). Starting from

OF; )
S = Z 3:1:111 psl poFdet @ @ d,
we get,
* a *
(DE*S)) = 5 ((F"S)ir-i,)
_Z Z F* 11 U 1MIk g1 1przozk
=1m=1
. aF oF, 0 o (0F  OF
(20) (D(F S))z - 8301 '.'ax'p ox; (Sl"'pOF)Jr(SlmpOF)@a:' (ax'l "'&c?)
D N

LSy O OB OB Oy g pm
-

— 8:@-1 8.%%71 8xm a%ip foik”

Now according to (11) in Corollary 3.11, we have

(21) 0 (S1.poF) = Z

Oz,

8.’)%0 (%) ’

Therefore, according to (19), (20), and (21), F*(DS) = D(F*S) if and only if for any multi-index

1 we have

OF,  OF.  OF,\OF;, OF .
YN (g S S S o p ()

k=1 jo,jk i
- o (OF, OF,
= (51...p o F) 8mi0 (axll - axip)
B aF1  OF1 OF,  OF, N
Z Z O0xg,_, 0T Oz, S1ep © F gy

klml

This equality can be obtained from the following transformation law of the Christoffel symbols
(whose proof in our setting is given in the appendix):

oF;! OF, 8F oF! 0%F,
2 i, = '
( 3) 10tk za: (Z amzo al.z ) + Z aye 8;1% 8:%
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Indeed, from the above formula we infer

P N
T3 OF,  0F,4 OF,  OF, Su o FTT

ox; ox;, , Oz, ox; otk
1 k—1

k=1m=1 p
_z”:i OF  OFi1 OF,  OF, OF(N OF, OF ;! F)
N Oy, Ozyy_, Oxy, Oz, bop 0Ty Oyg

OF, OF, _, 0°Fy
(Zaxm 8xl,€F () + 6$i08xik>]

B oF, OF),_, OF OF, OF;, 0F;, .k

B Z Z [axil Ox;,_, Ox;, axzp 8@0 0x;, S1op @ FE(1,5,)
0 (8F1 an)

8:1:i0 (3'171'1 al’ip

1 gfk 8y6 o F = dgp in BVo(U ) to get the first equality, and Lemma 4.8

to get the last one. Inserting the last equality into (22) gives the result. O

where we use that >V

4.3. Vector fields. Let us recall that the notion of DC{y Riemannian manifold is a particular
instance of Lipschitz manifold. Therefore, vector fields are well-defined objects on such a manifold.
In this part, we briefly give the definition of C,,, BV, and GM vector fields on a DC{ Riemannian
manifold X* (BY vector fields are well-defined thanks to Theorem 2.6 and the fact that BY is an
algebra). After that, we verify that we can evaluate GM tensors by means of BV or C,, , vector
fields and get an intrinsic system of Radon measures.

4.3.1. Cy, BV, and GM vector fields.

Definition 4.10 (C,,, BV, and GM vector fields). Let Q2 C X* be an open set. A C,, (resp. BY,
GM) vector field on  is the datum of a system of vector fields. Namely, for any chart (U, ¢) such
that U N Q # (), we are given a vector field

Xo= (X} XN 00 (U, N Q) — RY

with components in C, (o (Us N Q)) (resp. BV (¢po(Ua NQ)), GM(¢a(Uy NY))). Moreover, we
assume that for any pair of charts (¢a,Us), (¢s,Us) such that U, N Ug N # 0, the following
compatibility condition holds

N _

(24) Z 8(33 =X, AN —ae.

Remark 4.11. Our definition of vector field is a bit non-standard. Here, we identify vector field
with contravariant 1-tensor. However, using that F' is a biLipschitz homeomorphism differentiable
at any point out of the range of S, it is easily seen that (24) is equivalent to

(25) Z ax] X, =F"(X}) AV -ae

for all j € {1,--- , N}. In the sequel, we freely use both conditions.

Remark 4.12 (Existence of local orthonormal frame made of C,, , vector fields). Let ( -)1<i<n
be the constant vector fields induced by a coordinate bybtem These vectors obviously belong to
Cu,0(S). By applying the Gram-Schmidt process to the ( -) with respect to g(z) at each point z
in the domain of the chart where g is defined (i.e out of the i nnage of §), we get a local orthornormal
frame (E;) where the (E;) are continuous out of the image of S through the chart (indeed the metric
components satisfy this continuity property). Since the (E;) are unit vectors with respect to g, the
property (4) on g yields that the (F;) are locally bounded out of a .#V-negligible set. Combining



16 LUIGI AMBROSIO AND JEROME BERTRAND

this with the continuity property we just mentioned shows the (E;) are Cy , vector fields with
singular set the image of S.

Lemma 4.13. Let Q) C X* be an open set and let X be a BY wvector field on Q2. Then, given two
charts (¢, Ua), (¢5,Up) such that U, NUgNQ # 0, if X, is a precise representative of X read in
the chart (¢o,Us), then dF,(Xo(x)) is a precise representative of Xgo F.

Proof. Since X, coincides with its precise representative on the image of 2\ S through ¢, and F
is differentiable at such points, it suffices to prove that for #V~1 almost every approximate jump
point z, of X, F(x,) is an approximate jump point of Xz and the one-sided approximate limits
satisty
X5 (F(za)) + X5 (F(2a)) = do, F(XJ (za) + X{ (2a))-
We shall prove this formula for approximate jump points z, € Q N U, \ S which is sufficient for
our purpose.
According to Theorem 2.5, for such a z,, there exists a Borel map v : Jx, — SV ! such that

lim [ Xo(2) = XE(24)2dLN () = 0.
PO JBE (20,v(24))

hWe set 25 = F(24), (F(x)) = (*(dF)) " (v(z)), and /(y) = £(y)/||k(y)|l2. We have to show
that

lim | 1X5(y) — o F(XZE(20))||2dL™ (y) = 0.
PO JBE (g0 (25))

To this aim, we point out that F~'(B,(zs)) C Brip(r-1),(a) and F~(y) € BE(za,v(za))
whenever y € B;t(scg, V'(zg)) and p is sufficiently small. Indeed, since xg is a regular point by
assumption, F~! is differentiable at x; hence

(F7H(y) = F~H(2p), v(@a)) = (doy F ' (y — 2), v(wa)) + 0(ly — z5]|2)
= (y = 2p," (dop P~ )0(wa)) + 0|y — 25]2)
= lls@@a)ll2(y — 23,V (2p)) + olly — z3]2)-

Therefore, applying the change of variable formula, we get

/. 1X5(0) — do, F(XE () 242V () <
By (zp,v'(28))

| X5 0 F(z) — dy, F(XE(24))]|2 | det dp F|dLN ()

* (Ta,v(za))

B
Lip(F~1)p

< (LipF)N " o e F(Xa(2)) = do (X3 (2)) |2 4L (2)
Lip(p—1)p \FarVTa

by (25). We conclude by using that d, F' is continuous at x,, and z,, is an approximate jump point
of X,. O

4.3.2. Covariant derivative of BY vector fields. As for covariant tensors, we start with the definition
when read in a chart.

Definition 4.14 (Covariant derivative of a BY vector field in a chart V C RY). Given a vector

field Y on V = ¢(V) with BY components, we define a (1,1)-tensor DY by the formula

s ] 6
DY =Y (DY);dy’ @ o

J»s
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where
N
Y,
Y, I3,
0y, +vz;: "

(26) (DY); =

The components of DY belong to QM(‘A/)

Definition 4.15 (Pull-back of (1,1)-tensor). Given a DCj transition map F : U— Vand a
(1,1)-tensor S aon V

with components S% in BY(V) (resp. GM(V)), we define a (1,1)-tensor F*S on U by the formula
OF; OF, " .0

27 F*S = LE o FFH(S5)dat @ ——.

0 ijzksaxi ays (554 S o

We refer to [21] for a general definition for (p, k)-tensors. As for covariant tensors, in order to
infer from this local definition a well-defined notion of covariant derivative of BY vector field on
any open subset of X*, it remains to prove a compatibility formula.

Proposition 4.16. Let F : U—V bea DCy transition map. Let Y be a vector field with
components in BV(V'). Then, the following compatibility formula holds

(28) D(F*Y)=F*(DY).
The proof is very similar to that of Proposition 4.9, thus the details are left to the reader.

4.4. Norm of tensors. In order to define the norm of tensor with Radon measures components,
we cannot apply the standard definition for smooth tensors on smooth Riemannian manifolds (see
for instance [18, Section 6.3]). Indeed, the classical definition involves products of components of
the tensor and thus does not apply to our setting. However, in the case when the tensor components
are functions, our definition coincides with the standard one.

4.4.1. FEvaluation of tensors.

Definition 4.17 (Evaluation of tensors). Given  C X* open, a covariant p-tensor S with GM
components on Q, and X, ---, X, vector fields with C,, ,(€2) components, we may evaluate the
tensor on the vector fields by the formula in any local coordinates

Sp(Xp1,- Xop) = Y X5 X758,
J

Note that it is also possible to evaluate tensors by BV vector fields. However, it is necessary to
use the precise representatives of the vector fields for the formula to make sense, since Sg ; need
not be absolutely continuous w.r.t. 7. Whatever the regularity of the vector fields, what really
matters is that they are defined everywhere out of a .7~ ~!-negligible set and bounded in the sense
of Definition 2.9.

The following lemma shows that this definition satisfies a compatibility condition.

Lemma 4.18. Suppose we are given a covariant p-tensor S with GM components defined on an
open set Q C X* and BVor Cy , vector fields Xy, -+, X, on Q. Then, for any pair of charts
(¢a,Ua), (¢3,Ug) such that Uy, N Uz NQ # 0, the following compatibility conditions holds

F*(Sﬁ(Xﬂvl, cee ,X57p)) = SQ(XO‘J, cee 7on,p) mn (,ZSO,(UO, N UB N Q)

Therefore the collection of measures (So(Xa1, -, Xap))aca in GM is a system of Radon mea-
sures on §2 according to Definition 3.12.
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Remark 4.19. Note that given f a BY function and X a BV vector field defined on (2, the above
result and Lemma 3.14 yield that df (X) is a well-defined Radon measure on €.

Proof. By definition,

Sﬁ(XﬁJv"’ 7Xﬁ,p) :ZX,(]; XJ S]l Jp*
J
In other terms, Sg(Xg1,---,Xp,p) is a sum of measures where each summand is a product of a
locally bounded Borel function and a Radon measure in GM (¢o (U, NUNKQY)). Therefore, applying
(8), we infer
F*(Sp(Xp1,-» Xpp)) = D (XF 0 F)--- (X3, 0 F)F*(S ;).
J

Now, by definition of vector field (see (25)) and according to Lemma 4.13, we have the following
equality up to a s#N ~l-negligible set

. OF. .
Jk _ Jk 1k
X oF= > S X

1<ig<N K

Besides, by definition of F* on tensors,

Zaxz R (55) = (F (S

Lip

By combining all of this, we finally get
F*(S3(Xp1,+ Xpp) = > _(F*(Sp)i X2, - X2,

3

= (Sa)iXdly - X&,

= Sa(Xa,la e 7Xoc,p)a
and the proof is complete. O

Remark 4.20. It is also possible to evaluate a covariant 1-tensor with BY components on a vector
field with GM components. The above proof applies with minor changes.

4.4.2. Local definition of the morm of tensor. We first define the norm of a tensor in a chart.
Recall that the existence of local orthonormal frames made of C, ,(S) vector fields is guaranteed
by Remark 4.12.

Definition 4.21 (Local definition of |S|;). Let S be a covariant p-tensor defined on an open
set @ C X* with GM() components and (U,, ¢,) a chart of X*. Let (E;)i<i<ny be a local
orthonormal frame in ¢o(2 N Uy) with E; € Cy (9o (2N Uy), da(SNU,)). We define the norm

|Salg of Sa as the total variation of the RY”-valued Radon measure defined as

(29) (S(E“, R 7Eip))(i1,--- 71‘10)6{17... 71\[}p.

Here and in the sequel, we always assume that local orthonormal frames are C, , regular out
of the image of S through the chart. Next, we show that Definition 4.21 is well posed.

Lemma 4.22. Let S be a covariant p-tensor defined on Q C X* with GM () components and let
(Ua, ¢a) be a chart of X*. Then, the norm |S, |, does not depend on the choice of the local frame.

Proof. Let (E;)1<i<N, (Ei)lgigN be local orthonormal frames on € and let P : © — RY” be the
change-of-basis matrix with respect to (E;) and (E;), i.e. Ef => PigEf. We denote by o = ||
the total variation of the vector-valued measure in (29) and by & and X the analogous quantities
for Ei. Our goal is to show that ¢ and o coincide as measures in €. To this aim, we will find a
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representation of X in terms of A. Let 7 : © — RY” be a Borel unit vector field providing the polar
representation of A, i.e.

S(Ei,- E)=To for all i = (ir, -+ ,i,) € {1,--- , N}
and, writing S = 3", S dy”t @ - @ dy’», let us compute:

S(E;,, - ,Eip) = ZSZEZ?: Eff
J

N
P 41 ] Lp
Z Z Slp“gl Ejl o ‘Plpszjp
G ly=1 j

N
= Z Pig Py, S(Ep -, Ey,)
w

ela ) p:1
N
= E Pio, - Pie, 1oy, 0, 0
‘617 'a‘ep*l

Setting (P*)y = Pi,¢, -+ Pi,¢,, this proves that

A=Y (PuTyo.

/4

Since P is an orthogonal matrix and ||T'(x)||2 = 1, it is easily seen that ||P*T(z)||2 = 1, therefore
A\l = 0. O

We can now check that |S|, is a well-defined Radon measure on €.

Lemma 4.23. Let S be a covariant p-tensor defined on Q C X* with GM(Q) components. Then
(1Salg)aca is a system of GM measures. Thus, it induces a measure |S|, € GM(Q) defined by
(14) called the norm of S.

Proof. By definition of tensor, for any pair of charts (¢, Us), (¢, Us) such that U, NUzNQ # 0,
the following compatibility conditions holds

F*(Ss(Eg1,  , Epp)) = Sa(Bais s Eap)

where (Eq 1, -+, FEon)and (Eg1,- -+, Eg n) are local orthormal frames in ¢, (U, N$Y) and ¢g(UgN
Q) respectively. The result then follows from Lemmas 3.13 and 3.14. O

Remark 4.24. Let f € BV(Q), being Q@ C X* an open set. Then, the differential of f is a covariant
1-tensor with GM () components. As a consequence, the above result applies and gives us an
intrinsic notion of “total variation” |df|, of the measure-valued 1-form df.

The arguments above can easily be adapted to show that there is a well-defined notion of norm
for vector field with GM components. We give the formal definition below and leave the details to
the reader.

Definition 4.25 (Norm of a vector field with GM components). Let X be a vector field with
GM(Q) components, being Q@ C X* an open set. Then the norm |X|, € GM(Q) of X is defined
as the nonnegative measure induced by the following system of measures. These local measures
are defined in each chart whose domain intersects 2 as the total variation of the RY-valued Radon
measure (01, ,0V) where (6");<;<n are the local coordinates of X with respect to a local
orthonormal frame. This definition does not depend on the choice of the orthonormal frame.

As in the smooth setting, the norm of tensor can be used in the following estimate.
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Lemma 4.26. Suppose we are given a covariant p-tensor S with GM components defined on an
open set ) C X* and BY or C,,, vector fields X1,---,X, on €. Then, the following inequality
between measures holds

|S(X1a"' 7Xp)| < |X1|g"'|Xp|y|S|97

where |X,’|g = \/g(Xiin)-

Proof. Since we proved that |S(X1,---,X,)| and |S|, are both systems of Radon measures, we
can work in local coordinates (U, ¢) omitting the -, for simplicity. Let (E;) be a local orthonormal
frame. Then, according to Definition 4.21, the Radon-Nikodym theorem implies the existence of a
RN”-valued map M (x) with unit Euclidean norm such that

(S(Eiys- 5 Ei,))i-on iy = M(2)|S]g.
Decomposing X7, -+ , X, in the basis (E;) as X = vazl 0L E;, yields for any Borel set A
1S(X1,-, Xp)(A) =] Y 6707 S(Eiy,--- By )(A)]

S ‘/AZ Qil(m)e;f(fb)M“’zp(fE) d|S|g(1‘)

v Lip

: /AZ 05 105 @ 1Moy () 1815 ()

< /A Xaly [ Xply dS] ()
S ‘X1|g T |Xp|g|5‘g(A)a

where to get the penultimate inequality we use the Cauchy-Schwarz inequality, the fact that M (x)
has unit Euclidean norm, and that (E;) is a local orthormal frame for g, hence 1 (61)% = | X2,
Consequently, since A is arbitrary, we get the result by the definition of total variation. |

5. HESSIAN AND LAPLACIAN OF A DC FUNCTION

In this section, we use the tensor calculus we introduced in order to define the Hessian, its norm,
and the Laplacian of a DC function. Let f: Q@ C X* — R (with Q an open set) be a DC' function.
Then df is a covariant 1-tensor with BV components whose representation in a chart (U, ¢) is

d<f0¢_1) — Z 8(f0¢_ )dxz

"
i=1 Oz

5.1. Hessian of a DC function. We can define the Hessian of f as follows.

Definition 5.1 (Hessian of a DC function). Let X* be a DCy Riemannian manifold and let f
be a DC function defined on an open subset of X*. We define the Hessian of f as the covariant
2-tensor

Hessf = Ddf.
When read in a chart (U, ¢), the components of Hessf are given by
P(fod™h) o Ifod™h) 4
( eSS¢f) J axzaxj ; 8$k ij

The norm of Hessf is then defined as in Lemma 4.23.

Remark 5.2. Note that the components (Hessyf);; of Hessf in local coordinates are symmetric
with respect to ¢, j. Therefore, the Hessian of a DC' function can also be considered as a symmetric
matrix-valued Radon measure.
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Proposition 5.3. Let Q C X* be an open set, f € DC(Q), and X,Y € BV(QQ). Then, the
following equality in GM(Q) holds

(30) Hessf(X,Y) = D(df (Y))(X) — df (DxY).

Remark 5.4. df is a covariant 1-tensor with ) components, therefore it makes sense to evaluate
it on a GM vector field, see Remark 4.20. D(df(Y)) stands for the derivative of the BY function

df (Y') (which is usually not written d(df(Y")) to avoid confusion with the exterior derivative of
differential forms).

Proof. Tt is sufficient to check that both measures coincide when read in a chart. For simplicity,
we keep the same notations for the function and the vector fields read in a chart. Let us recall
that read in a chart,

(31) Hess/(X,Y)= Y X, ]( O f of 1, )

TN dw;d0x; 8x

while the right-hand side of (30) is the sum of
of
32) D)) = Y Xig(5v)

1<i,j<N

and, using DxY =32, .oy X (SYJ —|—Zg 1YSI‘j )i

- Y a2

ox;
1<i,j,s<N J

(33) ~df(DxY) =~ )

1<i,j<N

From (31), (32) and (33), it is then clear that the absolutely continuous part and the Cantor
part of both measures coincide since

ax] le

Di(uv) = uD'v +vD'u
when u, v are BV functions and D? stands for either the absolutely continuous part or the Cantor
part of the derivative, we refer to [4] for a proof. Therefore, it remains to study the jump part of

the measures. Let us recall that, according to Theorem 2.5(d), the jump part of the derivative of
f € BV has the following structure

DI = (f* = vy da™ Ly
where vy 1 Jy — is a Borel function, the so-called approximate unit normal, and Jy is the

set of approximate jump points of f.
To this aim, we fix ¢, j € {1,--- , N} and compute the jump part of %(%Yj) appearing in
i J

SNfl

(32). According to the chain rule formula, we have to consider three cases. Below, we write -/*
for the jump part of the partial derivative and (-, -) for the standard Euclidean inner product. We
also use many times that we are considering the precise representatives of Y; and 597{_, which are
“undefined” only on the .V ~1-negligible set of approximate discontinuity points which are not
approximate jump points.

First, on Jy, \ Jor/., one has

o 0 0
2Ly of

(V" =Y )(0/0xi,vy,) dAN L (Jy, \ Jagsos,)-

o2 a9 = B
Second, on Jaf/am \ Jy, one has
of of * of - _
8:10 (633 Yj) = Y(Bm ~ )0/, va5j02,) AN L (Jog 00, \ Jy,)-
A 7 J

Last, assuming with no loss of generality that vy, = vay /o, HN~"1ae. on Jagjox; N Jy; (here
we use the fact that the approximate unit normals coincide up to the sign #V~l-a.e. on the
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intersection of approximate jump points, see [4, Example 3.97], and so we can assume that they
coincide, up to a permutation of the right and left approximate limits), on Jy¢ Joz; M Jy; one has
of ~

of * _ -
f 333 }/J aix] )(8/a$i,yaf/azj>d%N 1|_(J3f/3mjﬁc]yj).

u o of | N
371(37%1/3) (Y;

According to (32), (33), we have to compute the density § with respect to s#¥ =1 of
o 0 af ov
(Uy,y 0L07,

6561' 67563 J 8756331'1 J

On Jy, \ Jos/a.; we have

_(of O e e o
0= (az](yf V)= g Y, ))(8/8157VKQ )
On Jf)f/f):pj \Jy] we have

of T of ~

Finally, on Jas 9., N Jy;, writing 6 = 5(8/8;@-, Vof/ow,) = 5(8/8:61-,1/;/].), on this intersection we
have

~ of t w— L, Of T of
92((37jyj oz, Y7) - g(Yf_Yj)(aTjj +37j)>

of * _ of = _
3% 0+ -5k ()

- ((“lf+ af - )Y, )
&rj 8:5] )
Therefore in each case the measure

8ﬁ‘(8f}i)_ of o,

8ZEZ‘ 87563 J 671‘38131 J

coincides with the jump part of Y} a 8 . Since i, j are arbitrary, the proof is complete. |

5.2. Laplacian of a DC function. In order to define AYf, we proceed as for tensors by defining
the Laplacian locally in a chart first and then verifying the required compatibility formula.

Definition 5.5 (Local definition of AYf). Let f: Q C X* — R be a DC function with 2 an open
set. We define the Laplacian Agf of f read in the chart ¢ as the trace of Hessy f with respect
to g. More precisely, if (U, ¢) is a chart of X* such that U N Q # @, in the system of coordinates
induced by ¢ one defines

82( 1
Bof = Z g" 8@89:]

1<4,j<N

Mz

Nfoo™)) ) in (U N Q).

k=1

Now, we prove that the local definition Ay f of AYf provided above induces a system of Radon
measures.

Lemma 5.6. Let F' : U — V be a DCy transition map relative to the charts (U, ¢) and (V, 5)
Let f:Q — R be a DC function and suppose QNU NV # (. Then,

(34) F(B3f) = Auf.
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Proof. Note that in the following argument, the Hessian is considered as symmetric matrix-valued
Radon measure. By definition,

F*(Agf) = F*(tr(G~'Hess;f)).

We set F™*((Hess 5 f)..) the symmetric matrix-valued Radon measure whose entries are F™* ((Hess 5 f)i;)
in the sense of Definition 3.8. With this notation, we can rephrase the above equality in the fol-
lowing way

(35) F*(Azf) = tr (é*l 0 FF*((Hessaf)‘.)) :
From the tensor equality Hessy f = F"*(Hess; f), we infer the following equality of matrices
Hess, f =" (dF)F*((Hess(;f)..)(alF)7
which is equivalent to
F*((Hesszf)..) = Y(dF) 'Hessg f(dF) !

By combining this together with

Gl o F = (dF) (G™Y)' (dF)
and then inserting these equalities in (35), we obtain

Fr(Agf) =tr ((G™")Hesssf)
and the proof is complete. ([

Now, using Lemma 5.6 and Lemma 3.14, we can define the Laplacian of a DC' function on ).

Definition 5.7 (Laplacian). Let f : Q@ C X* — R be a DC function. We set AYf the Radon
measure defined by (13).

Our goal is now to prove that AY f coincides with the weak Laplacian defined through integration
by parts. To this aim we generalize to our setting the following classical formula.

Proposition 5.8. Let X* be a DCy Riemannian manifold and f be a DC function defined on an
open subset of X*. Then the local expression Ay f of A9f in a chart (U, @) is given by

1 9 ( i 9(fo ¢_1))
Ayf = J AU SRV
(36) of APNE 1§%:3N oz, (g Vdet G o,

Proof. Let us set f: f o ¢! for notational simplicity. We expand

aJ? k 1 8f kl agjl g1 8!]1‘;‘
ij 99 pk _ ij _
Z g 8xk1—‘” Z 28zkg g ox; + Oz oxy

1<i,j k<N 1<i,5,kI<N

oxy, ox; 2(‘330;

1<i,5,k,ISN

since g¥ = ¢7°. By differentiating with respect to z; the equality di<i<N g7 gj1 = 8y in BV, we
infer o

8]7 ikl <89jl> aJ? kl (3gij> 3f dg"
DO AL & el Bl SR 1 == 2 G aur
1< sra<n Ok Oz 1<igen O Ori 1<t 74w 0% O
so that the definition of Ay f gives
ij 8f 897 1 Of s w09
Asf = v ) .
(37) of= 2 9 8x ax] Z . 0 Fral 2 azx” Y oy

1<ij<N 2 <israsN
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Now, we expand the right-hand term in (36) using Lemma 4.8, and then apply (5) to get
1 o) ( Wrrore: af> O f af dgii
— ) det G 3 g + 2L
det G 1<ij<N Oz Oz, 1<i,j<N 9z;0x; 1<ij<N Oz; d;
1 0VdetG
3 il e
1<ij<N Tj Vdet G Li

3 v i (iagij

+
D0z 1§m‘§Na 5 O

1<i,j<N
1 OF ii 1sOks
4= ~J g ks
2 Z 8xj 99 8l’i
1<4,5,k,s<N

and the proof can be completed comparing with (37). |
Proposition 5.9. Let f: Q C X* — R be a DC function and ¢ € Lip.(Q?). Then,

| o(v1 90 d, = [ vary.

Proof. By using a Lipschitz and locally finite partition of unity ), 6, = 1 subordinate to the
atlas of X*, we have

/wAgf 3

/ Yo ¢ 00 0 67 VA G AyS
o (QNUL)

aEN
_ —1 -1 8 ii 6(fo¢—1)
_(;\/d)a(ﬂmja)i/)o(ba 040 ¢ Z@Tcz (QJ\/maxj>
_ 1/1 ¢ 0 O¢ ) iA a(fo¢71)
;\/QQOU)Z] o, Jdex
:_Z/ 00 9(V, V) dvg +0
acl

where, to get the last equality, we use the fact that the partition is locallly finite and thus for
AN-ae x€Q V(X cpba)(@) =0 O

6. INTEGRATION BY PARTS FORMULA FOR THE HESSIAN

In this section, we prove that the Hessian of a DC' function satisfies the same integration by
part formula as in the I'y calculus, see [6] for a precise definition.
To this aim, we generalize to our setting the following classical formula.

Proposition 6.1. Let ¥ be a DC function. The following equality of Radon measures holds
1
Doy = S(IVY12)

Proof. 1t suffices to prove the result when the objects are read in a chart (U, ¢). However for
simplicity, we drop o ¢! and simply write f and v in the computations below. Let us recall that
in a chart, the covariant derivative of a vector field Y with BY components is defined as

DY = ZDYlkdm ®ai

xr
i,k k

where
N

Y}, .
DY) = Y. T
(38) ( )1 k a + z; S -8

’ x;
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Decomposing Vi in the standard basis, we get

<hen Oxs Oxp,
This leads to
1o}
Doy = Y D, vy
1<k,s<N Ls Ok
0 0 0 0
= X e | X
1<k,s,I<N s kB \1<i<n t !
o
It 9
NYp ., 2
+1<tZ<Ng O, O

Now, if f, g € BV(Q) are such that at least one of the two functions f, g belongs to BVy(Q2),
then for any ¢ € {1,---, N}, it holds

9fg _ f 99 , Of
83@ al‘i gaﬁbi '
This yields
(39) DyyVi = A+ B,

where

oy 0% 0
_ ks It Y
A= Z g 0xs 0x0x: 01

1<k,s,lt<N
oY O (Bg” 0 .
B = g — (ZZ—=—+¢"D o 2 ).
lgk,s;th Oxs Oxy \ Oz, Oxy Bey, 021
Now, we compute g(Dyy, V), %) for a fixed ¢ € {1,---, N}. We notice that
oY Oy
9 ks
g(B> aaji) = Z g 7Cl,t,i
1<k,s,l,t<N Oz, Oz
where
o It
Cti = 8%9“ +3" D Thgui
k 1<u<N
Using that
(40) > qug" =6
1<I<N

hence a constant function (here ¢ stands for the Kronecker symbol) whose derivative is null, we

can rewrite
g1
Y Ciri= ) (—7ax;g“+g” > F}izgm)-

1<I<N 1<I<N 1<u<N

: _ 1 Ou (0910 9gke 99k ;
Now, since I'}; = 5(21§0§N g “(axk + o m)), we get by expanding ., < n I} Gui

1 Ogrki  Og1i  Ogwi
Z Cii = Z 59”(37@ Q. Om )

1<I<N 1<I<N
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We finally obtain

oxy oxy,  Ox;

g g
2
1<k,s,l,t<N Ozs Oz

Ly L g0 00 O
2 O0xs Oxy Ox;

Z 1 s O OY (391“‘ Ogi; agkl)

R}
=
oy}
S
—
I

1<k,s,lt<N

since the other terms cancel because of the symmetries. Using (40) again yields

. 1 0y Oy 0g*®
(41) 9B, )= > s
<t 2 Oz Oxy Ox;

2
The next step is to compute % algflg . Starting from the equality

vi= Y g0

b
xs OF
1<t,s<N Oz Iy

we infer

oIVl s oy 9
(42) 305t = 9B )t 5 N cieen 9 o (a;i T“ﬁ)
By comparing (42) with (39) and (41), we get

P 1 0IVYl; ks 0% _ 94 1 ks & (0% o
(43)  9(Dve VY, 557) = 3 ~am, - = X<k <N 9 Bx, Dadr; 2 21<k,s<N I B \ Bx, Dap

where we use (40) to simplify the first term on the right-hand side. Now, if ¢) were a DC{ function
then it would be no jump part in its second derivatives and we would get

9 (oY N P oy O

" Ox;01s Oz | 007k OTs

Since the second distributional derivative of a function is a symmetric matrix-valued Radon mea-
sure, the result is proved in this special case. But 1 is not DC{ in general, thus we have to
compute the jump part of the term in the right-hand side of (43) and prove that it vanishes. By

symmetry of the second derivative, for any ¢,s € {1,---, N}, the jump part of af2gzt and afjg;

coincide. Let us also recall properties of the jump part ; in the following V4 stands for the
Euclidean gradient of ¢. First, for s#Y 1-a.e. point in Jow NJow, Voy = Voy = vy ey and
Oz, fe Oz, dxg

Ts

up to a s#N~1 negligible set Jyey = UﬁzlJ;%. In what follows, we make the convention that

+ - . . .
8‘97#; = % = (%i out of J 2u 80 that the precise representative satisfies

o0 _L(eT, o
83% N 2 6xk 6l‘k

everywhere out of a #V~! negligible set. This convention allows us to write for any k €
{1,---,N},

vEy "

oyt o 9\ N-1 oyt op - 0\ ypN-1
(87% T Oz ><’/§’;ﬁc’87i>‘%p LJ% = (37,9 ~ Bzn ><VVvaaTi><%ﬁ L

i



DC CALCULUS 27

Using these properties, we can now compare the jump parts of the derivatives. Starting with

ks 6¢ 62'¢ B ks aw 62’(/}
1§k,Zs;§N Oxs Oxpdx; 1§’§SN o, 01,02,
= g ovt Ty ow T ow -
B 1§’§§N T(axs " Oxs )(87% oxy, )<V§zt 311 >%N 1|—J88;z;c
gks oY + o~ o + aw
- <1<k%:<N 2 (8% ’ Oz )<37$k 3mk ))<VVE¢’ ': >'%0N 1I—Jva

( > gj(&ﬁazﬁ O~ 9y~

I 1% _a %N_ll_ .
\<haen 2 \Oxs Oz Oxs Oz, ))< va’Bwi> Ty

: 1 o (oy o
We now consider 3 Zlgk,sgN gks RED (891 d—;i)
o (oY d oy T oy T O ~ 9 T N—
On Jgu NJgu, g (Be) = ( 2 T;Q 24 )@v%%mﬂ Wi,
o oy 9y _ oy T N-1
On ‘]aaTd; \ JBBIwS ' Oz (8:}0é m) — Oz, (sz - awk )< M’ >‘% I_Jva
_ oy t+ L o o aw - N—1
- ( Bzzcg ) (87 = Oxzy ><VVETZJ73,L”>‘%0 I_JVEw

g (oY & _ oyt oy~ N—1
Ongge \Tges Ar(8088) = (87— 8 Yvon g0 s
_1f{opt | oy oy T oy~ N-1
- §<sz + Oz, ><0w5 T Oz, ><VVE¢,%>% I—Jva

Consequently, we get thanks to the symmetry with respect to k and s,

1 ks O (OY O\ g T oYt 9T oy T

2 2 9 8wi<3x58xk>_( D, 2 (81‘8 dry  Ory dxp )><”V%3%>JVE¢'
1<k,s<N 1<k,s,<N

The equality is proved. O

With the above result at our disposal, we can now establish the integration by parts formula
involving the Hessian.

Proposition 6.2 (Integration by parts formula). Let v (respectively u) be a DC (resp. DCy)
function defined on an open subset 2 of X*. Then, for any compactly supported Lipschitz function
¥ defined on 2, the following equality holds

/wHessv(Vu Vu) /wg (Vv,Vu) Agu—f/ ¥ g(Vv, V|Vu| )— /g(Vv,Vu)g(Vu,Vw) dv,.

Proof. The claim follows from the integration by parts formula

(44) /ng(Vv,Vu)Agu: —/Qg(Vu,V(g(VU,Vu)z/J))

proved below. Let us first explain how to complete the proof from this equality. First, notice that
g(Vv, Vu) and ¢ are BY functions on {2 and that ¢ has no jump part in its derivative. Therefore
according to Lemma 4.8, the Leibniz rule holds for these functions:

V(g(Vo, Vu)) = ¥V (g(Vu, Vu)) + g(Vo, Vu) V2N
This yields

(45) /Qi/)g(Vv,Vu)Agu: —/Qi/}g(Vu,V(g(Vv,Vu))—/Qg(Vv,Vu)g(Vu,Vi/})d%N.
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Now we can rewrite the first term on the right-hand side as

/ 0 9(Vu, V(g(Vo, Vi) = /  D(dv(Vu)) (Vu)
Q Q

/wHessv(Vu,Vu)—i—/wg(VuDVuVu).
Q Q

(46) = /QwHessv(Vu,Vu)+%/Q¢9(VU7V|V“|_¢2;)

where we used Proposition 5.3 to get the second equality, and Proposition 6.1 to get the last one.
Inserting (46) into (45) gives the result.

It remains to prove (44). Reasoning as in the proof of Proposition 5.9, we can further assume
that 1 is supported in the domain of a chart, thus it suffices to prove the result in local coordinates
defined on an open subset of RV that we also called 2 for simplicity. Let (p:)e>o be a family
of standard radial mollifiers. Let us set h = g(Vv, Vu) and note that h € C, (). Therefore,
h * p. — h pointwise out of a o-finite set with respect to .##V~!. The Lebesgue dominated
convergence theorem then yields

/ Y g(Vo, Vu)A9u = lim/ Wh*p. Adu

Q el0 Jo

(47) = liJI}Jl </ ¥ g(Vh * po, Vu)dvg + / h * pe g(V1, Vu)dvg)
€ Q Q

Since |g(V, Vu)| is compactly supported and bounded, it is clear that

liﬁl/ h* pe g(V, Vu)dv, = / 9(Vv,Vu) g(Vi, Vu)dug.
10 Jo Q

We prove the convergence of the remaining integral thanks to Proposition 3.10. Let us check that
the hypotheses of Proposition 3.10 are satisfied. Using the coordinate system (x;)1<;<n, we get

N

o O0u  O(h*pe)
h =N g Ty B
g(Vh* po, Vu) - g 8$iw 0z
By assumption, g% %77[] € Cy,0(2) while gThj € GM(Q). Moreover the convergence 8(37;;)5) - gTZ

in the duality with C,(€) and (10) hold (see for instance [4, Theorem 2.2|). Therefore
lim [ ¢ g(Vh*pe,Vu) = [ 1 g(Vh,Vu)
10 Ja Q
and the proof of (44) is complete. O

7. ALEXANDROV SPACES

In this part we prove that our results apply to an open dense subset X™* of a finite dimensional
Alexandrov space (X, d) with curvature bounded from below. For an introduction to these spaces
we refer to the book [7], see also [2] where all the notions below are discussed with further details.

7.1. The quasiregular set of an Alexandrov space is a DC Riemannian manifold.

Definition 7.1 (Quasiregular set X*). Let (X,d) be an N-dimensional Alexandrov space with
curvature bounded below by k. Given § > 0, a point x is d-regular if there exist NV pairs of points

(p1,q1), -, (pN,qn) such that
Zpﬂpj >3 =6 foralli#j,
Apixg; >m—06  forall ¢
where nyz stands for the angle at y of a comparison triangle in the space form of curvature k.

The collection of pairs (p1,q1) - (pn,qn) is called a d-strainer (at x). By lower semicontinuity
of angles with respect to z, the set of d-regular points is open. We shall denote by X* the set
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of quasiregular points, namely the set of dy-regular points for a fixed §y < 1/N, omitting the
dependence of §y for simplicity of notation.

Remark 7.2. It is proved in [7] (see also the original paper [8]) that iy = g is a suitable
choice. Namely, for such a choice, the open set X* is a dense subset of X and a Lipschitz manifold.
Note that it can be proved that these properties remain true for the set of §-regular points where
0 < d <y (see[7, Corollary 10.8.24]).

Definition 7.3 (Reg(X) and Sing(X)). The set Reg(X) of regular points is the set of points
whose tangent cone is isometric to N—dimensional Euclidean space. Equivalently, it is the set of
points which are o-regular for any 6 > 0. The complement in X of Reg(X) is called singular set
and denoted by Sing(X).

Later, it was proved that actually X* is a DCy Riemannian manifold according to our termi-
nology.

Theorem 7.4. Given (X,d) a N-dimensional Alexandrov space with curvature bounded from be-
low, its quasireqular set X* is a DCy Riemannian manifold with singular set S = X* N Sing(X).
More precisely, there exist a Riemannian metric g and locally biLipschitz charts qg : U(g — R”
defined by the formula

&5: (gl\pu"' 7C/l\pn)

where
dula) = d(0) V()
B(pi,eq)

such that X* is a DCy Riemannian manifold. Moreover, the components g;; of the Riemannian
metric when read in a chart, belong to BYy and satisfy

1 ~
(48) “lIpl3 <D gii(@pip; < clpl3 for allp € RY, for z € 6(U\S),
i.j

with ¢ = ¢(U’) > 0 for all U' € U. Last, the components g;; are differentiable Lebesgue almost
everywhere.

Proof. Property (a) of the definition of DCy Riemannian manifold was proved by Otsu and Shioya
[16] (with the exception of the DCy character of the transition maps which is due to Perelman
[17]) as well as the existence of a Riemannian metric g whose components g;; are in C, o out of
S = Sing(X). The BV character as well as the differentiability property of g;; was proved by
Perelman in [17]. The estimate (48) is a consequence of results proved in these papers but is not
properly stated as such. Let us give a proof of it for the sake of completeness. In the following
(+, )z stands for the inner product defined on the tangent cone K, (note that, strictly speaking, it
is an inner product only when z € Reg(X) and in this case it coincides with g at ) by the formula

(u,v), = |ul|v| cos Lu,v.

Now, any f; = c?pi is a semiconcave function, thus it admits directional derivative (see [19])
along any tangent vector u € K,. Moreover, the directional derivative satisfies for all = € Uq@ and
u € K,
where &;(z) is the “gradient” of f; at = (see [19] for more details). Using the definition of f; as an
average of distance functions, one can prove that

for all u € Kﬁva fz/(x7u) = (£Z<$),U)w
whenever x € Reg(X).

Indeed, given a unitary geodesic ~ starting at x, the first variation formula (and Lebesgue’s
dominated convergence theorem) yields

fi(v(s)) = file) + f cos £ (0), 12 AN (p) + 04(s)

B(pi,ei)
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where 12 stands for the unit direction of the (unique for s#V-a.e. p € B(p;,e;)) geodesic from z
to p. See [16] for more details. Consequently,

][ (7/(0),1%)0 7N (p) = ][ cos £/(0), 15 do™ (p) = f{(2,7'(0)) < (&i(2),7'(0))2

B(pisei) B(pi,ei)

and, by density of the geodesic directions 7'(0) in the space of directions ¥, (X) (the unit sphere

of K,), the above formula holds for any v € K,. Since the extreme terms are both linear with

respect to u when z € Reg(X), we do have equality in the inequality above whenever x € Reg(X).
Let now U’ € U. Using this equality for all ¢ € {1,---, N} and the fact that q@ is a locally

biLipschitz map, namely the existence of ¢ = ¢(U’) > 0 satisfying

L) < 19) — B < cd(ry) Ve yel,

we get, for all x € Reg(X)NU', u € K,
1
(49) - S (& (@), waizisnllz <

since a’(x, u) = ((&(x),u)z)1<i<n. We also infer from the above formula that (¢;(z))1<i<n forms
a basis of K, whenever z is a regular point. In particular for all p € RY we can find up € K, such
that

Q/b\l(xv up) =D
Then, (49) yields

1
- (up, up)z < ||pl2 < e/ (up, up)e

by homogeneity and the proof is complete. |

7.2. Almost everywhere second order Taylor expansion for DC' functions. In this part,
following Perelman’s ideas [17], we fully extend to the setting of Alexandrov spaces the classical
result of Alexandrov on the existence of second order Taylor expansion for a convex function at
Lebesgue almost every point. To be more specific, our goal is to prove the following result.

Proposition 7.5. Let f be a DC function defined on Q C X*. Then, for N -a.e. point z,

1 ac
f(y) = f@) + |eyldf (z) (1) + §|$y|2H€88 F@Y 19 +o(|zyl?)
where |zy| = d(z,y) and 1Y denotes the direction at x of an arbitrary geodesic from x to y.

Remark 7.6. We don’t know whether this result holds on any DC{ Riemannian manifold. The
proof we give below follows the arguments given by Perelman in [17, Proposition p7] with more
details added. Indeed, this result is of local nature, so there is no need to have a well-defined global
object Hess to consider this question. However, as stated, it shows that our notion of Hess gives
geometric informations on the function.

To prove the result above, we need first to introduce normal coordinates.

7.2.1. Normal coordinates. In this part, following Perelman’s ideas, we establish some properties
of normal coordinates around “good” points of Alexandrov space. We think these results could be
useful in other contexts, so we state them independently of Proposition 7.5.

Remark 7.7. Note that by definition of a DCjy Riemannian manifold, if the metric components are
differentiable at point F'(z), x € Reg(X), when read in a chart F' then this is also true in any other
chart whose domain contains . The same property holds for the second order Taylor expansion
of any DC' function defined on an open subset of X*. Consequently, it makes sense to say that the
metric g (or a mere function) is differentiable at a point € Reg(X). According to Theorem 7.4,
g is differentiable at .#"-almost every point.
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Proposition 7.8. Consider a point x € Reg(X) where the metric is differentiable. Then, there
exists a normal coordinate system N defined on a neighborhood of x and compatible with the DCy
structure (i.e. it makes a DCy mapping when composed with the inverse of any chart). Namely,
in the coordinate system N, we have the following properties:

(a) 19i5(N(y)) = dij| = o(|zyl) for all y € Reg(X);

(b) Izl = [IN(y)N(2)l]2] = o(max{|zyl, |zz]})[yz];
c) lim, . £g TN(y) N(x)N(y)) = 0, where £ stands for the standard Fuclidean angle and TN(y)
Y N(x N(z)

stands for the image through N of the direction 1Y of a geodesic from x to y;

(d) |Lyzz — £pN(y)N(z)N(2)| = o(|yz|) when all the angles of N(x)N(y)N(z) are bounded away
from 0. (The same estimate holds if we consider a comparison triangle in R? and replace £yxz
by its Euclidean counterpart).

Proof. In order to define N, we consider the bilinear form (g;;); ; defined in the chart F' by the
formula

N

_ _ 891
gij( _gm +Z Z_m 8117]1 LL‘)

being g;; the components of the metric read in F' and T = F(z), Z = F(z). For z close to z,
(Gij)i,; is a smooth Riemannian metric whose value at T coincides with that of (g;;);; and the
same property is true for the first derivatives of g;;. Therefore, we can find a smooth normal
coordinate system for g;; and we call N the coordinate system obtained by composing it with
F. Note that in particular N is compatible with the DCj structure. By definition of a normal
coordinate system, the metric components of g read in this normal coordinate system satisfy (we
keep the same notation for simplicity)

9ij(T) = 0;; and 8g”( ) =0 for all i, 7, k.
8.7;‘k

Therefore, by construction, the same properties hold for g at N(x) when read in the chart N. The
first item then immediately follows. Let us prove the second one.

Set 7 a constant speed geodesic defined on [0, 1] from y to z. Note that by density, it is sufficient
to prove (b) for y, 2 € Reg(X). According to [16], F() belongs to C1((0,1)), therefore o := N(v)
belongs to C1((0,1)) as well. More generally, Otsu and Shioya proved [16, Proposition 6.2] that
the length L(6) of any C! curve 6 : [0,1] — Reg(X) satisfies

1
(50) £0) = [ oo @).0')) ds.

Now, we infer from (a) the following estimate

o’ ()15 = |o" (s)[3]
0" (s)l|2 + |0’ (s)lg

where we use the fact that N is in particular biLipschitz (thus o(| - |) = o(|| - ||2)). Integrating the
inequality above leads to

NN (2)ll2 < Ly, (0) < lyz] + o(max{|zyl, [x2})]yz|

where L., (o) stands for the length of o with respect to Euclidean metric. The converse inequality
is proved in the same way, up to replace the segment [N (y)N(z)] by an arbitrary close and parallel
segment of same (Euclidean) length. Indeed, first notice that the Coarea inequality (see for instance
[10, Theorem 2.10.25]) yields

e (s)ll2 = lo" (s)]g] =

< o(max{|zyl, [xz})]yz|

0=2N"1(Sing(X)NR) > - HV(Sing(X) Np~(2))dz,
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being R a cylinder with axis [N(y)N(z)], and p the projection parallel to N(y)N(z). Therefore,
by continuity, we can assume without loss of generality that [N(y)N(z)] N Sing(X) = 0 so that
the equality (50) holds and the previous argument applies.

We now prove (c). For any integer k > 0, set my, := 7(2%), being 7 a constant speed geodesic
from z to y, parameterized on [0, 1] (so that mg = y, m is a midpoint of x and y and so on). Note
that for any vector u,

Jim Lp(N(@)N (i), u) = £(ty (), )

Let us fix k > 1. Elementary computations together with (b) lead to
cos AgN(x)N(my)N(mg—1) + 1 < o|zmp_1]).
Therefore, for y sufficiently close to x, we get
LN (mg)N(@)N(my_1) < /|omg_i|e(jemy )
|zy|

0. By definition, [rmy_1| = 5z=r. Moreover, up to reducing |ry|, we can
1 on [0, |zy|]. Consequently, we get

where lim;_,ge(t) =
assume that |e(s)| <

Lp(tNG) N(@)N () < Vzy] Z
k=0
and the proof of (¢) is complete.

It remains to prove (d). First, notice that since the angles of N(z)N(y)N(z) are assumed to
be bounded away from 0, the error terms o(|N(z)N(y)|), o(|N(z)N(2)|), o(|N(2)N(y)|) are all the
same and the property remains true if we use |zy|, |zz|, |yz| instead since N is locally a biLipschitz
map. Second, since these distances are assumed to be small, the law of cosines in the space form
of curvature k implies that

(51) | cos Lyxzz — cos Loyxz| < O(|zy|?)

being Zoyxz the angle at = of a comparison triangle in R?. Now, using the Euclidean law of cosines
for both N(z)N(y)N(z) and a Euclidean comparison triangle of xyz, and the estimate (2) (recall
that o(|zy|) = o(|zz|) = o(|yz|)) gives |cos LgN(y)N(z)N(z) — cos Loyaz| = o(|zy|?). Finally,
combining this with (51) yields

|cos Lyzz — cos £g N (y)N(z)N(2)| < O(|zy|?).

Using again the fact that the angles of N(z)N(y)N(z) are bounded away from 0 (and 7 as well)
allows us to conclude. U

7.2.2. Proof of Proposition 7.5. We will use the notation introduced in Proposition 7.8. By defi-
nition, a DCjy Riemannian manifold can be covered by countably many domains of (biLipschitz)
charts, therefore it suffices to prove the result locally. Also, recall Theorem 7.4 asserting that the
metric g is differentiable ##V-almost everywhere (see Remark 7.7). Therefore, according to Propo-
sition 7.8, it suffices to prove the result at every point z € Reg(X) where g is differentiable and the
first and second derivatives of f do exist, and we can use a normal coordinate system N around z
to proceed. (Strictly speaking, to guarantee that it is indeed Hess®®f that appears in the Taylor
expansion, we have to discard a .7V -negligible set of points where the second derivatives of f and
the derivatives of the metric are not approximately continuous, and |Hess® f|(B(z,r) = o(rV) is
not satisfied. For more details, we refer to the proof of Alexandrov’s theorem p242 in [9] or to
the proof of Theorem 3.83 in [4].) For the rest of the proof, we fix such a point z and a normal
coordinate system N around x. We have (writing f instead of f o N—1)

fy) = f(@) +dy@) f(N(@)N(y)) + QDN(z)f(N($>N(y>7 N(z)N(y)) + o(|N (z)N(y)[*).
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Note that in a normal coordinate system around z, DN(w J = Hessn(y)f. Therefore, in view of
Proposition 7.8, we are done if we can prove

(52) L TN, N(@)N () = ol |2y)).

To this aim, we first claim that
<5 N TN —4BN N (@)N(2)] = |£ 14,13 LN ()N (@)N(2)] = ofly2])
when all the angles of N(2)N(y)N(z) are bounded away from 0.

The first equality follows from the definition of normal coordinate system.To prove the second
one, take a point p such that N(p) is the plane N(y)N(x)N(z), N(x) is contained in the triangle
N(p)N(y)N(z) and all the angles formed by these four points are bounded away from zero. Recall
that for any triple z, y, z, one has £ 1¥,12> Ayxz by definition of Alexandrov space. Property
(d) in Proposition 7.8 then gives

LA 15 +L AL +L 12,1
> LpN(y)N(z)N(2) + £pN(2)N(2)N(p) + LeN(p)N(x)N(y) + of|yz|)
= 27+ o(lyz]).
On the other hand, £ t¥,1% +4& 12,12 44 12 1Y < 27 (this is a consequence of the quadruple

condition, see for instance [7]) and the claim is proved.
The proof of (52) is by contradiction. Take a point y; such that |zy;| = |zy|/2 and the direction

AW s between N(z)N(y) and N(xz)N(y1). In particular, this gives

N(x)
Lo NG N@N@) 2 Lo 10N — e 1N NN G)
> Lp Ty AN —LeN()N(@)N @) + £5 TN, N(@)N(y)
> ofjzyl) + £ Ty, N(@)N(y),
Thus if (52) were false, then we could construct a sequence y; — = with £ T%Ez") N(z)N(yx)

bounded away from 0 and this would contradict (c¢) in Proposition 7.8.

APPENDIX: THE TRANSFORMATION LAW OF THE CHRISTOFFEL SYMBOLS

The goal of this part is to prove, in our nonsmooth setup, the following classical formula (53)
for the transformation of Christoffel symbols.

5'F_ OF,, OF; 5'F_ O?F,
E _ b 9
(53) Fap = - (Z Oz, 8xb > Z 8y9 81:a81:b

used in the proof of Proposition 4.9 (see (23)), where F : U — V is a transition map and T, r
denote the Christoffel symbols in U and V respectively.

We have not been able to locate a proof of (53) in the literature which is only based on (54).
So we provide such a proof for the sake of completeness. The tools we need to do so are basically
those obtained in Corollary 3.11. Let us recall that, by definition,

k ki (Oqi | Ogi;  0gij
2Fij7;g (amj+ ox; 8m1>'

For the sake of clarity, we shall use as much as possible matrix products to write down the formulas.
For instance, the above formula can be rephrased in the following way

1 0G oG 09ij
Ik — - 17 — kt 29w
Y (G O ) ki i (G Iz ) kj ; ! O’

where G denotes the matrix (g;;), i.e. the metric in the coordinate system of U.
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We set A; = G™1 %. Denoting by G= (9)i; the metric in the coordinate system of ‘A/, we shall
; :
use the fact that (denoting by *M matrix transposition)

G = !dF)(GoF)(dF)
(54) and N t
G = (e F ) (G0 B (e F ).
Thus,
(55) (gg) _t (aij(dF))(@ o F)(dF) +* (dF)(aij(é o F))(dF) +' (dF)(G o F)(aij(dF)).

Accordingly, we decompose A; into three terms:

where

A = (dr(FT) (G o F) (dr F7Y) (52 (dF)) (G o F) (dF)
(56) Bj = (dp(yF7') (G o F) (5 (G o F))(dF)

Oj = (dF(.)F_l)(%(dF)).

We first consider C; and we compute (C})g;:
Z 8F . BQFS
Oy 8zj3xi'
Using the symmetry of the second distributional derivatives, we get
8F . 82Fg
Cj)ii = —.
(Cj)wi Z Ys ascjaxi

Now, we treat the term B;. We shall use that for h € BVy (see (11) in Corollary 3.11), the
chain rule formula holds in the following form

) " OF, ., Oh
(57) 5o, o F) :; e (8%).
Thus,
OF, LN ., 0G
B = X 50 @ PG e Y () @)
and we get by expanding this expression
B OF, OF, ! ~_1 ., 0G OF;
(Bj)ki = . Du; Oy oF (G 1o F)(F (aym)) o,
Similarly,
OF, OF ~ . [0G OF,,
o= Zatereen (- (5) %

By adding the two formulas above, we get

OF,, OF, OF, !
(Bi)ki+ Bk = Y e

FF
= Ox; O0x; Oys °

i), (%),

where we use the fact that for a € BV, p € GM, F*(ap) = (ao (1) (see Corollary 3.11).
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Let us notice that

((G 196 <élaé>sm)

8ym ayt

s ~s agmt
F* (QF e+ 00 0 E >
™ ~ 8§mt
F* (21 0 o FF* .
( mt) + Zeg © < aye >

Therefore, if we combine all the equalities above, we get

oF, ! OF,, OF, OF, e
_22 En axjaxz Z oz, om; oy, LT (Fo) +
OF,, OF, OF, ' _, (G | N
o Ozx; O0x; Oys oFgToFE ( Oy ) + (Aj)ki+ (Al)kj ;g Oz,

The proof is then complete if we prove that

OF, OF, 0F " o ((OGmi ‘ A w09
o, 0, oy, 19 T gy, +<AJ)ki+(Al)kj‘Zu:9 Oy O

(58)

m,s,t,

To this aim, we write according to (56)

oF ! OF; ! O*F, OF
A = Fg"oF F ‘3 F==.
(4;)ki N t;} " 0Ys ° ° Yy ° 0x 0z, Jow © ox;
By writing (A4;)x; the same way (exchanging the role of v and w) and then adding the two
expressions, we get

OF; ! OF ! P 9] (aFwaFu)_

(59) (A)kj + (Aj)ki = Z “ys 0 F g o FguyoF B Y oz Vo oz
s u 7 7

s,t,u,v,w

To conclude, it remains to rewrite Y, g 2% 89” . Using (55), we obtain

0gi; 0 8F 8F oF, 0F, 0 ,.
oF + — (Guv o F).
oz, Z 6$u ox; 81‘] z; Ox; Oxj 0xy (g ° )
Then, combining this together with (54):
oF, ! OF, !
ku — k_oFgtoF oF
83/5 ayt

s,t

yield,

dgi; oF' _9F7' 9 ,0F,dF, _
ku Yo k u st
(60) zu:g oz 2 oy F oy °F 0wy Vous 0w, g0 FgToF

w,w,v,s,t

(D)

—1 —1
S OF ' L OF,'  OF, OF, 0

e ~st
Oy Oy dz; Oxj 0wy, (Guo 0 F)g™ o F.

u,w,v,s,t

()
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According to (59), (A;)k; + (4;)ki = (D). To complete the proof, we apply (57) to gy in (E).

This gives

oF ! OF ! oF, OF,, OF, a7,
E) = E_oF —Y—oF — 2 LF" ()" oF
(E) Zta AYs ° Oy ° 0z, 0z; Oz ( g )g °
u,w,v,8,t, N——————

Eu:(ste

OF; ' OF, 0F, _, 0Guwy\ s
= F— F*(——)¢*" o F.
2 By, 0w O (e 190

w,v,s,0

Therefore (E) coincides with the first term in (58) and the proof is complete.
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