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Abstract: Generalized matrix functions were first introduced in [J. B. Hawkins and A. Ben-Israel, Linear and
Multilinear Algebra, 1(2), 1973, pp. 163-171]. Recently, it has been recognized that these matrix functions arise
in a number of applications, and various numerical methods have been proposed for their computation. The
exploitation of structural properties, when present, can lead to more efficient and accurate algorithms. The
main goal of this paper is to identify structural properties of matrices which are preserved by generalized
matrix functions. In cases where a given property is not preserved in general, we provide conditions on the
underlying scalar function under which the property of interest will be preserved by the corresponding gen-
eralized matrix function.
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1 Introduction

A generalized matrix function (GMF) is a type of matrix function that is defined in terms of the singular value
decomposition (SVD), and that can be applied to rectangular matrices. For many years after their introduc-
tion in [9], there was very little interest in GMFs. Recently, however, it has been recognized that GMFs pro-
vide a framework for formulating and solving various problems arising in data science, ranging from rank-
constrained matrix optimization problems to the analysis of directed networks; see, e.g., [1, 2] and the ref-
erences therein. GMFs also arise naturally in the context of Hamiltonian dynamical systems [7, 8], such as
the wave equation on graphs [5]. This realization has prompted several authors to take a new look at GMFs,
leading to several papers, both theoretical and computational in nature [1, 3, 5, 15].

This paper is aimed at deepening our theoretical understanding of generalized matrix functions, in par-
ticular we are interested in studying those matrix properties that are invariant under generalized matrix func-
tions. In the case of standard matrix functions, advance knowledge of the structural properties of f(A4) can
lead to more accurate and efficient algorithms; for example, when A is a triangular Toeplitz matrix and f is a
function such that f(A) is defined, the fact that f(A) is also triangular and Toeplitz can lead to significant sav-
ings when computing it. Similar savings may be expected in the case of generalized matrix functions when
the matrix A has certain structural properties. Some of the properties preserved by standard matrix functions
are not preserved by generalized matrix functions; conversely, there exist structural properties preserved by
generalized matrix functions which are not preserved by standard matrix functions. It is therefore necessary
to systematically investigate the structural properties that are preserved by GMFs and, more generally, the
interplay between matrix structures and GMFs.
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The remainder of the paper is organized as follows. In section 2 we give some basic definitions and review
useful properties of GMFs. In section 3 we prove the invariance under GMFs of a number of different matrix
properties, and we derive a few invariance results under some conditions on the scalar function f for other
types of matrix structures. In section 4 we show that GMFs are well behaved with respect to the isomorphism
between complex n x n matrices and their canonical real representation as 2n x 2n real matrices. A few ad-
ditional results are given in section 5, where we consider the invariance of certain matrix cones under GMFs.
Section 6 contains a few concluding remarks and points to possible topics for further research.

2 Preliminaries

Let A ¢ C™", Consider the singular value decomposition
A=UzvH,

with U and V unitary and X being a diagonal matrix with the singular values of A on the main diagonal
in non-increasing order [13]. Let r be the rank of A. Consider the matrices U, and V, formed with the first
r columns of U and V, and let X be the leading r x r principal submatrix of X whose diagonal entries are
01 20y 2+ 2 0r > 0. Then we have the compact SVD:

A=U2ZVH

Let f : R — R be a scalar function such that f(o;) is defined for alli = 1, 2, ..., r. Define the generalized
matrix function induced by f as
FO(A) = Uf(EnVE, §)

where

f(o1)

£z - fle)

f(or)

We observe that f©(A) reduces to the standard matrix function f(A) whenever A is Hermitian positive definite,
or when A is Hermitian positive semidefinite and f satisfies f(0) = 0. We also note that the rank of f©(4) can
never exceed r, the rank of A, a property which does not hold, in general, for standard matrix functions.
Another important observation is that we can assume f to be an odd function, since the function f need
only be defined for positive real values, and any such function can be completed to an odd function by setting
f(0) = 0 and f(-x) = —f(x) for all x < O (note that the values of f outside the interval [-01, 0] are irrelevant).
Setting
0O A

of =
AR o

, @

we have that any real-valued odd function defined on [-01, 0] satisfies

0 f°)

f(@%)= fO(A)H 0

€)

Equation (3) is one of several important formulas relating generalized matrix functions with standard ones.
Additional basic properties of generalized matrix functions are given in the following propositions.

Proposition 1. ([3]) Let A € C™™" be a matrix of rank r. Let f : R — R be a scalar function, and let f© :
C™" — C"™™M e the induced generalized matrix function. Then

@ IO = FoaM.

(ii) Let X € C™™ and Y € C™™ be two unitary matrices, then f°(XAY) = X[f®(A)]Y.



DE GRUYTER Some matrix properties preserved by generalized matrix functions == 29

(i) [fA=A1®A; & & Ay, then fO(A) = fO(A1) & fO(A2) & - - & FO(AY).
(iv) fO(4) = f(VAAH)(VAAH)'A = A(VAHA) f(VAHA), where M' is the Moore—Penrose pseudoinverse of
M.

We will also make use of the following simple result.

Proposition 2. Let A € C™" be a matrix of rank r. Let f : R — R be a scalar function, and let f¢ : C™" —
C™" pe the induced generalized matrix function. Then

@ [P = oA,

(i) fO(A) = fO(A).

Proof. (i) Assume A has the SVD: A = USV. Observing that UT and V are also unitary, AT has the compact
SVD: AT = 7,2, U!, hence fO(AT) = V,f (2 UL = FO(4)T.
(ii) The proof is similar to (i) . O

3 Matrix structures preserved by GMFs

In this section we identify several classes of matrices whose properties are preserved under (certain) general-
ized matrix functions. We deal primarily (but not exclusively) with square matrices, since there are relatively
few types of structured rectangular (non-square) matrices. We emphasize that since f(4) cannot (in general)
be represented as a polynomial in A, it is not typically true that associative matrix algebras are closed under
GMFs. This is a major difference with respect to standard matrix functions. Nevertheless, we will see that a
number of important matrix classes are indeed closed under GMFs.

Similar to [10, page 314], we present several important matrix structures in Table 1. These matrices cor-
respond to the classical Lie and Jordan matrix algebras over the real and the complex numbers, and can be
described in terms of symmetry, or anti-symmetry, with respect to a prescribed bilinear or sesquilinear form.
In the Table, the following notation is used:

Rn = > ]=[O In}, Zp,q={lp (I)] with p+g=n,
—1q

and
o M YATM for bilinear forms,
MAPM for sesquilinear forms,

where M is one of the matrices defining the above bilinear or sesquilinear forms. We remark that we adhere
here to the terminology used in [10], and that different terms are often found in the literature for some of the
matrix structures discussed below. Our first result is the following.

Theorem 3. Let .2 be one of the classes in Table 1. If A € .# and f° (A) is well defined, then f°(A) € ..
Proof. tis obvious that R, J and X 4 are unitary, so in each case the matrix M corresponding to the algebra

to which A belongs is unitary. Thus by Propositions 1(ii) and 2 we have

Oca* M fO(A)TM = f(A)"  for bilinear forms,
fr(A) = “1£0¢ aVH OS¢ AV o
M fY(A)"M = fY(A)" for sesquilinear forms.

Hence, for the Jordan algebra case, we have f®(4)" = f®(4") = f°(A), and similarly for the Lie algebra case
we have fO(A4)" = fO(A") = fO(-4) = -f°(A). O
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Table 1: Structured matrices associated with certain bilinear and sesquilinear forms

Space M JordanAlgebra 7 = {A: A" = A} Lie Algebra .2 = {A: A" = -A}
Bilinear forms

R" I Symmetrics Skew-symmetrics

cn I Complex symmetrics Complex skew-symmetrics

R Zp.q Pseudosymmetrics Pseudoskew-symmetrics

cn Zp.q Complex pseudo-symmetrics Complex pseudo-skew-symmetrics

R™ Rn Persymmetrics Perskew-symmetrics

R2" J Skew-Hamiltonians Hamiltonians

c*n J Complex J-skew-symmetrics Complex J-symmetrics
Sesquilinear forms

cn I Hermitians Skew-Hermitians

C"  Zpgq Pseudo-Hermitians Pseudoskew-Hermitians

cn Rn Perhermitians Skew-perhermitians

c2n ] J-skew-Hermitians J-Hermitians

A simple but worth mentioning consequence of this result is the observation that for any matrix A of rank r,
the structure of the left and right singular vectors u;, v; (1 < i < r) alone determines whether or not A belongs
to one of the matrix classes in Table 1. The singular values o4, ..., 0r play no role, since replacing them with
arbitrary real numbers produces a matrix in the same class.

There are several other matrix classes that are preserved by arbitrary generalized matrix functions. We
recall the definition of a centrohermitian (skew-centrohermitian) matrix, not necessarily square [14].

Definition 4. A € C™™" is centrohermitian (skew-centrohermitian) if RmARn = A (respectively, RmARn =
-A).

The next result provides another list of structured matrix classes that are preserved by any well-defined gen-
eralized matrix function.

Theorem 5. Let A € C™" be a matrix of rank r. Let f : R — R be a scalar function, and let f© : C™" — C™"
be the induced generalized matrix function, which is assumed to be well defined at A.

(i) If A is centrohermitian (skew-centrohermitian), then f¢(A) is also centrohermitian (skew-
centrohermitian).

(i) If m = n and A is normal, then f°(A) is also normal.

(iti) If m = n and A is circulant, then f©(A) is also circulant.

(iv) If A is a block-circulant matrix with circulant blocks, then f°(A) is also a block-circulant matrix with
circulant blocks. This generalizes (iii).

Proof. (i) First, if A is centrohermitian, then RmARy, = A. Since R, and R, are unitary, by Propositions 1 (ii)
and 2 (ii) we have Rinf®(A)Rn = fO(RmAR») = fO(A4) = fO(A).

Second, if A is skew-centrohermitian, then RmAR, = —A. Hence, Rnf®(A)Rn = fO(RmARy) = fO(-4) =
-fO(A) = -fO(A).

(ii) Since A is normal, there exists V € C™" unitary such that A = VAV where A is diagonal with
the eigenvalues A; of A on the main diagonal. Assuming that A has rank r and that the eigenvalues of A are
numbered so that [A1] > |Ay| = -+ 2 |Af| > |Ars1| = - - - = |An| = O, we can write A = VQZVH where

Q=diag<£,...,ﬁ,1,...,1) and X =diag(|A4],...,|As/,0,...,0).
A1 |Ar|
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Noting that Q is unitary, A has the singular value decomposition A = USVH with U = VQ. Let A = U,%,VH be
the corresponding compact SVD, then

fO4) = Uf V¥ = vov#
with

D = diag (%f(ml\),...,&—:'f(lilr\),O,...,O). (4)

Therefore, f°(A) is normal.
(iii) Recall that circulant matrices are precisely those that are diagonalized by the Discrete Fourier Trans-
form (DFT) matrix

1 1 1 v 1
1 w w? ... o't
U, = 111 w? w* ... w2 )
vn |,
1 vl @2 @V

where w = e’zT"i; see [6, Theorems 3.3.2-3.3.3]. Thus, we have
A =UAU",

where A is diagonal and contains the eigenvalues of A. Arguing as in the proof of (ii), we conclude that f®(4) =
UDU" where D is given by (4), hence f©(A) is diagonalized by the DFT matrix and is therefore circulant.

(iv) Let U = Um ® Un, with Up, and Uy, being the DFT matrices of dimension m and n, respectively. Note
that U is unitary. It is known that A € C™™" is a block-circulant matrix with m x m blocks, where each block
is a n x n circulant matrix, if and only if A has the decomposition A = UAU* where A is a diagonal matrix [6,
Theorem 5.8.1]. Then using a similar argument as in (iii) we obtain the result. O

Remark 6. We should mention that in [9], Hawkins and Ben-Israel adopt a somewhat different definition of
generalized matrix function which allows for “complex singular values"; i.e., the (real) singular values o; of A
can be multiplied by (complex) phase factors e'% , where 0; € [0, 2m). For f ©(A) to be defined, the scalar function
f needs to be defined at all these possibly complex values. It is clear that with this definition of f°, the results in
of items (ii)-(iv) would be immediate. When using our definition of ¢, which only allows for real singular values
and functions f of a real variable, the results are not immediately obvious and need proof.

While normality, as we saw, is always preserved by GMFs, the weaker property of being diagonalizable is not,
generally speaking. As an example, let 0; > 0, > 0 and consider the 2 x 2 matrix

A=
() 0

0 01
= 0'1816% + 0'2626’{.

Note that A is diagonalizable (having two distinct eigenvalues). If f is any function defined for x > 0 such that
f(o1) # 0 and f(o,) = 0 (or f(g1) = 0 and f(0>) # 0), the matrix f°(A) is not diagonalizable. Note that this
cannot happen with standard matrix functions.

The next result concerns the preservation of zero entries in certain positions by generalized matrix func-
tions.

Theorem 7. Let A € C™" and let f°(A) be defined.

(i) If the ith column (row) of A consists of all zeros, then the ith column (row) of f©(A) also consists of all
zeros.

(ii) If there exist permutation matrices P € R™" and Q € R™" such that PAQ is block diagonal, then the
same property holds for f°(A).
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Proof. (i) Without loss of generality, we may assume the last column of A is 0, since f©(AP) = f©(A)P for any
permutation matrix P. Write A = [A 0] and assume we have an SVD of 4,

A=037".
This induces an SVD of A:

VE o
0

A={A o}=f1[§ o] - UsvH,

Assuming A has rank r, we have that
fO(A) = UfEn Vi

with Uy, 2r and V, defined as usual. Observing that the last row of V; consists of all zeros, we conclude that
the last column of f©(4) is also 0.

Similarly, for the case that A has a row consisting of all zeros, we have that AH has a column of all zeros.
Using the fact that f©(4)" = f°(AH¥) we easily obtain the result.

(ii) This is a straightforward consequence of Proposition 1 (ii)-(iii). We emphasize that A need not be
square, and neither do the individual blocks. O

For some structured matrices, although their structural properties may not be preserved by every generalized
matrix function, we can place some restrictions on the function f so that f© (A) has the same structure as A. We
first illustrate this on matrix groups corresponding to the Lie and Jordan algebras in Table 1. Our classification
closely follows [10, page 314]. Here the matrices R, J, X 4 and A" are defined as before. We have the following
simple result.

Theorem 8. Let ¥ be one of the matrix groups in Table 2. If A ¢ ¥, f is defined for x > 0 and satisfies f(x)f( %) =
1forx >0, then fO(A) € 9.

Proof. Since Ry, J and %) 4 are unitary, so is the matrix M in each case corresponding to the second column
of Table 2. Thus by Proposition 1 and 2 we have

£a%) = M) = f°(A)"  for bilinear forms,
M fOA)M = fO(A)" for sesquilinear forms.

Hence, for A in each of the above matrix groups, we have f®(4)" = f(4") = f°A™) = V,f(z; ) UH
Vif(E) U = FOa)

O

We remark that the condition f(x)f(x™!) = 1 (for all x > 0) is satisfied in particular by the functions f(x) = x*
and f(x) = —x* with a € R arbitrary. A complete characterization of all (meromorphic) functions satisfying
such condition can be found in [11]. We also note the recent work [4], where the general problem of deter-
mining conditions on f that guarantee the preservation of a given matrix structure by the corresponding f°
is briefly mentioned.

We note that in the case of a unitary matrix A we have f°(A) = f(1)A, therefore f°(A) = A for any scalar
function f satisfying f(1) = 1. Hence, generalized matrix functions behave trivially on unitary matrices. This
holds more generally for any matrix of the form A = U, V¥ where Uy, V; € C" have orthonormal columns.

The next result concerns preservation of nonnegativity of the entries. Recall that if f is an analytic func-
tion expressed by a Maclaurin series expansion with nonnegative coefficients and A is a square nonnegative
matrix, then the standard matrix function f(A), if defined, is also nonnegative. The corresponding result for
generalized matrix functions of possibly rectangular nonnegative matrices is the first part of the following
theorem.

Theorem 9. (i) Let A € R™" be nonnegative and let f be the odd part of an analytic function which has the
Maclaurin expansion of the form f(2) = > ., ckzX with cyp,1 = 0, assumed to be convergent for |z] < R with
R > ||Al|2. Then f©(A) is well-defined, and f° (A) is also nonnegative.
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Table 2: Matrix groups associated with certain bilinear and sesquilinear forms

Space M  Automorphism Group¥ = {A: A" = A"}
Bilinear forms

R" I Real orthogonals
cn I Complex orthogonals
R" X4 Pseudo-orthogonals
cn Zp.q Complex pseudo-orthogonals
R™ Ry Real perplectics
R2" ] Real symplectics
c*n J Complex symplectics
Sesquilinear forms
cn I Unitaries
C* X4 Pseudo-unitaries
cn Rn Complex perplectics
c" J Conjugate symplectics

(ii) If A € R™" is doubly stochastic, f satisfies the same assumptions as in (i) and in addition f(1) = 1, then
f°(A) is also doubly stochastic.

Proof. (i) Without loss of generality, we can assume that f is odd and that f(x) = ;7 Core1 X2L, a series
with nonnegative coefficients. The condition on the radius of convergence of the Maclaurin series guarantees
that f©(A) is well-defined. The result then follows immediately from (3), noting that the matrix . in (2) is
nonnegative. Alternatively, assume we have the compact SVD of A: A = U,2, V], then AAT = U,22UT >
0. Therefore (AAT)*A = U,Z3*1VT > 0. It follows that fO(A) = USf(ENVF = U(X o Corn1 ZH VT =
Y ho Coke UrZFIVT > 0.,

(ii) First note that £ (A) is nonnegative by (i). Next, let e be the vector of all 1. Then for a doubly stochastic
matrix we have

Ae=ATe=e.

Hence,
U, Vie=e and V2. Ule =e.

Left-multiplying by UT both sides of the first equation and by Z, V[ both sides of the second equation, we get
S Vle=Ule and 22ule=x,Vle.
Combining the equations above we have
S}vie=Vie and ZiUle=1Ue.

Note that AT A is also doubly stochastic, hence the largest singular value of A is equal to 1. Let k be its multi-

T
plicity. Let Vle = [bl b, ... b,} , then the first of the two equations above becomes
(1 17 br1 [ b1
1 bi | _ | bk
0]2<+1 b1 b1
L 0'% 1L br | br
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Hence, ol-zbi =b;,fori=k+1,...,r.Because 0; < 1, we have b; =0, fori =k +1,...,r. Therefore,

fO(A)e = Uf(E)Vie

[f(1) 1 [h1] [f(1)b4]
_ f) by o |[f@by
U f(Oks1) 0 U™y
L f(Ur)_ _(.)_ L O J
b
b
=f()U; 0 =f(1)Ae=f(1)e=e.
o]

Hence, f°(A) is row-stochastic. A similar argument can be used to show that f®(A) is also column-stochastic
and thus doubly stochastic. O

4 GMFs and the complex-to-real isomorphism

In this section we show that GMFs are well-behaved with respect to the canonical isomorphism between the
algebra of n x n complex matrices (over the reals) and the subalgebra of the algebra of real 2n x 2n matrices

consisting of all block matrices of the form [LC? _BC] where B, C € R™",

Theorem 10. Let A = B +iC € C™" (with B and C real) have rank r. Let f : R — R be a scalar function;
without loss of generality, we assume that f(0) = 0 if r < n. Let f© : C™" — C™" be the induced generalized
B
C

matrix function from R*™2" to R2™2" induced by f. Then f©(®(A)) is well defined and f© commutes with @:

matrix function. Let @ : C™" — R?™2" pe the mapping O(A) =

_BC] . We also denote by f the generalized

(@A) = D(FO(4)).
Proof. We have

A=B+iC
- usvi
= (Uy +iU,)S(Vy +iVy)H
= (Uy +iU,)E(V{ - iV3)
= U zVvi v U svE v iUVl - UsvD),

and fO(4) = Urf(O)V] + Uof(X)VI +i(Uof(X)VT - Uif(£)VI). Hence,

UifEVT + Uof OVE  -Uaf VT + Ui f(2)V]

O -
PED =\ gpov - vVl vV vV |
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Next, observe that @(A4) = ? _BC} has the decomposition:
T
B —c| |y -u||z o] |wvi -v,
C B Uz U1 0o X V2 Vl

Because U is unitary, we have (U, + iUz)(UlT - iUZT) =Jand (UlT - iUzT)(Ul +1iU,) = I, therefore U; UlT +
U,UY = Iand U, UT = U, UT.

Thus Ui -0 is orthogonal. Similarly, V1
Uz U] V2

By Proposition 1, parts (ii) and (iii), we have

_Vz] is also orthogonal.
|41

o | -0 [P o vl vl
N = U Ui | 0o fO)|-vi Vi
Jun -] [fe o ][vi V]
| ]| o f@] |-V V]
U@V + UGV -Uf V] + Uif(E)V]
U V] -ULfDIV]  UfEV] + Uf V] |
Therefore, @(f°(4)) = f°(D(A4)). O

As a consequence, if a class of n x n complex matrices <7 is invariant under a generalized matrix function £ :
C™™ — C™", then the corresponding class of 2n x 2n real matrices @(.7) is invariant under the generalized
matrix function f© : R?™2" — R?™2" induced by the same scalar function f; and conversely.

Theorem 10 may be useful in case it is desirable to avoid complex arithmetic in the computation of GMFs
of complex matrices.

5 Invariant matrix cones

In Theorem 9 we stated conditions under which the cone of nonnegative matrices in R™" is preserved under
GMFs. In this section we consider the invariance of a different type of matrix cone under GMFs.
Let U € C™™ and V € C™" be two fixed unitary matrices. The set .7,y of all m x n complex matrices of
the form
A=UzVE 3 =diag(oy,0,,..., op) € R™™,  p =min{m, n},

where the g; are arbitrary real numbers satisfying g, = 0, = -+ = 0p = 0, is a closed convex cone, i.e.,
it is closed under nonnegative linear combinations and is closed in C"™" under the Euclidean topology. Its
interior is the set of all matrices A € .% y with rank(4) = p.

It is obvious that if f : R — R is any nonnegative function which is non-increasing for x > 0, then for
any choice of U and V the cone .y v is invariant under the action of the induced GMF, fOUIf f(x) > O for
x > 0, then f % maps the interior of the cone to itself. Hence, if matrices in .7y v exhibit a certain structure,
this structure will be preserved by such GMFs.

As an illustration, consider the case where U and V are discrete Fourier transform matrices of order m
and n, respectively. When m = n the set ./} v is just the positive cone of Hermitian positive semidefinite
circulants, and this cone is invariant under any nonnegative GMF; if we restrict our attention to those scalar
functions f such that f(0) = 0, the induced GMF is actually a standard matrix function. But what happens
if we allow m # n? The following result reveals the structure of complex rectangular matrices of the form
A = UsVH where U = Uy, and V = U, are DFT matrices of (possibly) different size.
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Theorem 11. Let U be the m x m DFT matrix, let Un be the n x n DFT matrix, and let A € .y, y,. Then A has
the following structure:
H
a u
|

v B

where a € R, u and v are centrohermitian vectors, and B € Cm-Dx(n-1) js q centrohermitian matrix. In other

terms,u; = u,, i=1,...,n-1;v;=Vy, j=1,...,m-1; by =by tni, 1l<t<m-1, 1<ks<n-1

Proof. Consider the m x m circulant permutation matrix

1
1
Pm = 1
1
Because w? = w*m-p, we have that

1 1 1 v 1

1 wm? w2 .. w
1 2m-2 2m-4 2 H
U P = 1 w w cee w =y,
mim \/m m

1 @mD Hm-Dm-2) (m-1)

Hence, Uum Um = Im. Slmllarly, we haVe UnPnUn = In. Therefore, UumUmZ = ZUnPnUn. It fOHOWS that
PnA = PnUn2 U# = ng UnPn = UnZUHP,, because DFT matrices are symmetric. Thus, we have shown
that PmA = APy,

H
Partition A into a , Pm into L - 0 , and P, into L « 0 . Then
v B 0 Py 0 Ppa

1 0 ||la v |a W1 o0

0 pm—l 14 B 1% B 0 Pn—l
and therefore

a ufl | e ulftP,
lsm_lv pm—lB 14 Bﬁ)n—l )

Thus, a is a real number, u and v are centrohermitian vectors, and B is a centrohermitian matrix [14]. O

As a consequence, any matrix M = f(A) with A € .7, y, where Un and Uy are DFT matrices and f is
nonnegative and nonincreasing for x > 0 has the same structure (5) as A.

6 Conclusions and open questions

In this paper we have identified several types of matrix properties that are preserved under generalized matrix
functions. It is interesting to observe that standard and generalized matrix functions behave rather differently
from this point of view. There are a few properties that are preserved by both types of matrix function: for in-
stance, being normal or circulant. On the other hand, being triangular or diagonalizable is always preserved
by standard matrix functions, but not (in general) by generalized ones. Conversely, Theorem 3 provides sev-
eral examples of properties that are preserved by generalized matrix functions but not necessarily by standard
ones: for instance, f(A) is not generally Hamiltonian when A is Hamiltonian, whereas f O(4) is always such.
We do not claim to have exhausted the list of matrix properties that are preserved by GMFs. Many interesting
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open questions remain. For instance, whenever a certain property is not preserved in general, one may ask
for conditions on the scalar function f under which the property in question is preserved. In this paper we
have seen some instances of this (see Theorems 8-9), but many more such examples are sure to exist.

Finally, although the notion of generalized matrix function applies also to non-square matrices, most of
the properties studied in this paper pertain to square matrices only. This is likely a consequence of the fact that
square matrices admit a much richer spectral theory and are far more important in applications in other areas
of mathematics and science. Nevertheless, it would be interesting to carry out a more complete investigation
of structural properties of rectangular matrices and their invariance (or lack thereof) under GMFs.
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