ON CRITICAL POINTS OF THE RELATIVE FRACTIONAL
PERIMETER
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ABSTRACT. We study the localization of sets with constant nonlocal mean curvature and
prescribed small volume in a bounded open set, proving that they are sufficiently close to
critical points of a suitable nonlocal potential. We then consider the fractional perimeter
in half-spaces. We prove existence of minimizers under fixed volume constraint, and we
show some properties such as smoothness and rotational symmetry.
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1. INTRODUCTION

Isoperimetric problems play a crucial role in several areas such as geometry, linear
and nonlinear PDEs, probability, Banach space theory and others. The classical version
consists in studying least-area sets contained in a fixed region (the Euclidean space or any
given domain). If the ambient space is an N-dimensional manifold M*" with or without
boundary, the goal would be to find, among all the compact hypersurfaces ¥ C M which
bound a region € of given volume V() = m (for 0 < m < V(M)), those of minimal
area A(X). Such a region (2 is called an isoperimetric region and its boundary X is called
an isoperimetric hypersurface.

A first general existence and regularity result can be obtained for example combining
the results in |2| with those in ,. In particular we have that if N <7, ¥ is smooth.
We also refer the reader to the interesting survey [35].

Beyond the existence and the regularity problem, it is also interesting to study the
geometry and the topology of the solutions, and to give a qualitative description of the
isoperimetric regions. Concerning these issues, we recall that in [31] it was proved that
a region of small prescribed volume in a smooth and compact Riemannian manifold has
asymptotically (as the volume tends to zero) at least as much perimeter as a round ball.
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Afterwards, regarding critical points of the perimeter relative to a given set, in [19)
the existence of surfaces with the shape of half spheres was shown, surrounding a small
volume near nondegenerate critical points of the mean curvature of the boundary of an
open smooth set in R?. It was proved that the boundary mean curvature determines the
main terms, studying the problem via a Lyapunov-Schmidt reduction. In [18], the same
author showed that isoperimetric regions with small volume in a bounded smooth domain
(2 are near global maxima of the mean curvature of €.

Results of this type were proven in [14] and [39]. These authors considered closed
manifolds and proved that isoperimetric regions with small volume locate near the maxima
of the scalar curvature. In [39] a viceversa was also shown: for every non-degenerate
critical point p of the scalar curvature there exists a neighborhood of p foliated by constant
mean curvature hypersurfaces. Moreover, in [38] the boundary regularity question for the
capillarity problem was studied.

In recent years fractional operators have received considerable attention for both in
pure and applied motivations. In particular, regarding perimeter questions, in [5] the link
between the fractional perimeter and the classical De Giorgi’s perimeter was analyzed,
showing the equi-coercivity and the I'-convergence of the fractional perimeter, up to a
scaling factor wy' (1 — 2s), to the classical perimeter in the sense of De Giorgi and a
local convergence result for minimizers was deduced.

Another relevant result about fractional perimeter was obtained in [20], generalizing a
quantitative isoperimetric inequality to the fractional setting. Indeed, in the Euclidean
space, it is known that among all sets of prescribed measure, balls have the least perimeter,
i.e. for any Borel set £ C RY of finite Lebesgue measure, one has

(1.1) N|B,|¥|E|"~ < P(E)

with B; denoting the unit ball of RY with center at the origin and P(E) is the distribu-
tional perimeter of . The equality in holds if and only if F is a ball.

In [21] a similar result for the fractional perimeter P; (defined as in (2.3))) was obtained,
improved then in [20] showing the following fact: for every N > 2 and any sy € (0,1/2)
there exists C'(IV, s9) > 0 such that

P,(B))
1.2 Py(E) > —=+
12) (B2 S

whenever s € [sg,1/2] and 0 < |E| < oco. Here

_ o) [EAB ()] N
A(E) = 1nf{|E| cx eR }

stands for the Fraenkel asymmetry of E, measuring the L!-distance of E from the set of
balls of volume |E| and ri = (|E|/|B1|)"/" so that |E| = |B,,|.

In the same spirit of extension of classical results to the fractional setting, we also
mention [28]. Here the authors modify the classical Gauss free energy functional used in
capillarity theory by considering surface tension energies of nonlocal type. They consider
a family of problems including a nonlocal isoperimetric problem of geometric interest.
More precisely, given N > 2, s € (0,1/2), A > 1 and ¢ € [0,00] they introduce the
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interaction kernels K(N, s, \,¢), which are even functions K : R \ {0} — [0, +00) such
that

XBs(Z) < (Z)

N
o vz eRY\ {0},

= |z|Ntes
where B.(z) is the ball of center z and radius . Taking Q2 C RY and o € (—1,1) the
authors studied the nonlocal capillarity energy of E C €2 defined as

S(E):/E/ECQQK(x,y)da:dy—l—a/E/QCK(x,y)da:dy

with K € K(N, s, A, ¢), giving existence and regularity results, density estimates and new
equilibrium conditions with respect to those of the classical energy.

As it concerns constant nonlocal mean curvature, we mention the paper 9], where
it was proved the existence of Delaunay type surfaces, i.e. a smooth branch of periodic
topological cylinders with the same constant nonlocal mean curvature, and [30], where the
author constructs two families of hypersurfaces with constant nonlocal mean curvature.
Moreover, in [29] the axial symmetry of smooth critical points of the fractional perimeter
in a half-space was shown, using a variant of the moving plane method.

Motivated by these results, our aim is to study sets with constant nonlocal mean curva-
ture in an open bounded domain. Following [28], the notion of relative fractional perimeter
P,(E,Q) and of relative fractional mean curvature Hgyp that we shall use are given by
formulas and in the next section.

We point out that these are not the only possible definitions of fractional perimeter and
mean curvature localized in a set Q (for instance, one could consider a nonlocal kernel
depending on the set itself). However, on one hand it is a first natural choice, on the
other hand the methods and results in this paper could probably be extended to more
general kernels obtained by adding a smooth function possibly depending on 2.

In the first part of this paper we show the following existence result for sets with
constant nonlocal mean curvature and small volume.

Theorem 1.1. Let s € (0,1/2) and Q C RY be a bounded open set with smooth boundary.
For x € Q), we set

(1.3) Vo(z) ;:/Q

Then for every strict local extremal or non-degenerate critical point xo of Vg, there exists
€ > 0 such that for every 0 < ¢ < € there exist embedded spherical-shaped surfaces S
with constant HSSE curvature and enclosing volume identically equal to €, approaching x
as e — 0.

1

¢ |o — y|N+2s dy.

One of the main tools for proving this result relies on the non-degeneracy of spheres with
respect to the linearized non-local mean curvature equation, which follows from a result
in [9]. After non-degeneracy is established, we can use a Lyapunov-Schmidt reduction to
study a finite-dimensional problem, which is treated by carefully expanding the relative
fractional perimeter of balls with small volume. Thanks to classical results in min-max
theory, we obtain as a corollary a multiplicity result. Here and in the following, cat({2)
denotes the Lusternik-Schnirelman category of the set Q (see [27] and Section [2[ below for
more details).
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Corollary 1.2. Let s € (0,1/2) and Q@ C RY be a bounded open set with smooth boundary.
Then there exists € > 0 such that for every 0 < e < g there exist at least cat($) spherical-
shaped surfaces S, with constant H QS curvature and enclosing volume identically equal
to €.

In the last part of this work we study the existence and some properties of sets mini-
mizing the fractional perimeter in a particular domain, namely a half-space:

Theorem 1.3. For all m € (0,+00), there exists a minimizer E for the problem
(1.4) inf {PS(E,R]X) . ECRY, |E| = m},

where RY = {z = (2/,zn) € RN : xx > 0}. Moreover, up to a horizontal translation,
the set E is bounded, radially symmetric in z', and OE N {xy > 0} is of class C* out of
a singular set which is finite or accumulates at the origin.

This result is proved by showing first the existence of a properly rearranged minimizing
sequence which is axially symmetric, and then employing some results from [6], [10], [2§]
to prove a diameter bound and smoothness of the limit set.

The paper is organized as follows: In Section [2] we introduce some notation on fractional
perimeter and mean curvature, and we show some preliminary results, especially on the
linearized fractional mean curvature. We prove in particular the minimal degeneracy for
spheres, also relative to suitably large domains. In Section [3| we prove Theorem via
a Lyapunov-Schmidt reduction and Corollary through a well known result about the
Lusternik-Schnirelman category. Finally, in Section [l we prove Theorem [1.3]in two steps:
the existence of minimizers in a bounded domain is a standard consequence of the direct
method of the Calculus of Variations. We then show the symmetry of minimizers and,
using density estimates, we prove a bound on the diameter and hence the free minimality.
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2. NOTATION AND PRELIMINARY RESULTS

In this section we introduce the notation that will be used throughout the paper.
We first define fractional perimeter and fractional mean curvature, listing some of their
properties.

For 0 < s < 1/2 the fractional perimeter (or s-perimeter) of a measurable set £ C RY
is defined as

dx dy
2.1) V= e oy

where E€ is the complement of E. It has also a simple representation in terms of the
usual seminorm in the fractional Sobolev space H S(RN ), that is

P(E) = =[] e@) — )Py,
s XE] He ®Y) 7 Jon Jpn |x— | V+2s Y
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where yg denotes the characteristic function of E. We say that a set £ C RY has finite
s-perimeter if ([2.1)) is finite. If £ is an open set and OF is a smooth bounded surface, we
have from [5, Theorem 2] that as s — 1/2

(2.2) (1 - 25)P(E) = wy_1 P(E),

where wy_; denote the volume of the unit ball in R¥~! for N > 2 and P(E) is the
perimeter in the sense of De Giorgi.

Following [28], the notion of fractional perimeter can be considered also relative to an
open set Q C RY by the formula

dz dy
2.3 P.(E,Q) //
( ) O\E |ZE— |N+25

Let s € (0,1/2) and let Q C R”Y be an open set. We recall that the nonlocal mean
curvature of a set E at a point x € OF is defined as follows

XEC o X5(Y)
(24) H?BE / ; y|N+2S dy7

(see |28, Theorem 1.3 and Proposition 3.2 Wlth o = 0 and g = 0]) where xr denotes
the characteristic function of £, E¢ is the complement of E, and the integral has to be
understood in the principal value sense.

If F is smooth and compactly contained in €2, let w be a smooth function defined on
on OF, with small L>* norm. We call E,, the set whose boundary 0F,, is parametrized by

(2.5) OF, ={z +w(zx)vg(x)|zr € OF}
where vg is a normal vector field to OF exterior to E.
The first variation of the s-perimeter along normal perturbations is given by
d
=0~ dtji=o
for w of class C1# with 3 € (2s,1), see [15].

In the following, we let B,(£) be a ball with center ¢ € RY and radius r» > 0. Given
w e CH(0B;(0)) we denote by B(£,w) the normal graph

(2.6) 4 Py( B, Q) Po(Epw, Q) = /a Hpwdo,

(2.7) OB(&,w) :={y e RY 1y =€+ (1 +w(o))o,0 € 0B1(0)}.
Then we let
(2.8) Se:=0Bi(§) and  Pi(w):= PS(B(&,w),Q).

Moreover, for ¢ € C19(OB(¢, w)), we set

/
(PSS,ZE) (w)[ep] == /83(5@) Hgaﬁ(g,w)SD doy

where do,, stands for the area element of OB(&, w.(£)).
Consider next the spherical fractional Laplacmn

PV/ |g_U|N+2s do,

where S = 0B; and the above integral is understood in the principal value sense.
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It turns out that (see e.g. [9])

(2.9) Ly : CYP(S) — CP72(9).
The operator L, has an increasing sequence of eigenvalues 0 = \g < A\ < Ay < ---, whose
explicit expression is given by
r 2k + N 4+ 2s r N +2s
(210> >\k - W(Nil)/zr((l B 28)/2 ( 2 > _ < 2 )
(14 2s)22I((N + 2s)/2) F(2k+N—25—2> F(N—ZS—Q) ’
2 2

see |36, Lemma 6.26], where I is the Euler Gamma function. The eigenfunctions are the
usual spherical harmonics, i.e. one has

L) = A\ for every k € Nand v € &,

where & are the spherical harmonics of degree k and dimension ny = N, — Ni_o, with

(n+k—1)!

_ >0, N.=0 k<.
(n—1)k! = g

We recall that ng = 1 and that &, consists of constant functions, whereas ny = N and &;

is spanned by the restrictions of the coordinate functions in RY to the unit sphere S.

Ny, =

For sets that are suitable graphs over the unit sphere S of RY, we have the following re-
sult concerning fractional mean curvature relative to the whole space, see [9, Theorem 2.1,
Lemma 5.1 and Theorem 5.2] (see also formula (1.3) in the latter paper).

Proposition 2.1. Given 5 € (2s,1), consider the family of functions

1
Y=o e 0(S) : lgllimsy < 5}

Then the map ¢ +— HEgB(o,w) is a C™ function from Y into CP=2(S). Moreover, its
linearization at p = 0 is given by

(2.11) p > 2dno(Ls — M),
where Ay is defined in (2.10) and dy s == %, BN the unit ball in RN-1,

In the above formula, with an abuse of notation, we are viewing HEgB(E,@) as a function
defined on S via the formula

N N
HE Bt () = HE B0, (& + (1 +¢(0))o); SV

As a consequence of the latter result we have that every function in the kernel of the
above linearized nonlocal mean curvature is a linear combination of first-order spherical
harmonics, i.e. if w € Ker (Ls — A;), we have

N
(2.12) w=>y \Y;,
i=1
where {Y;}iz1... v € & and \; € R. Let us define
(2.13) W::{wECl’ﬁ(S):/inda:Oforizl,...,N};
S



(2.14) R= {heoﬁ—QS(S):/hnda:c)fom':L...,N};
S

it follows by Fredholm’s theory that L, — \; is invertible from W C C#~2%(S) into R.
Tautologically, if P is the orthogonal projection in L?(S) from C®~%5(S) onto R, the
operator Pg o (Ls — Ap) is invertible.

As a consequence of the above proposition, using a perturbation argument, we deduce
also the following result, for which we need to introduce some notation. Let €2 be a
bounded set in RY, and for ¢ > 0 let . := %Q Fix a compact set © in €0, and let
£Ee€ B, = %@. Consider then the operator L?g corresponding to the linearization of the
s-mean curvature at Bj(§) relative to ()., namely the non-local operator such that

d Q.

T
au:oHsvaB(E,tw) - Ls,g ¥,

see (2.7)). Similarly to before, we are transporting HSQgB( ) on S via the formula

Sty
HSEB@,@)(U) = H§53(5,<p)(f + (14 ¢(0))o); ogeEs.
We have then the following result.

Proposition 2.2. Let Q, ©, £ and L?Z be as above, and let € (2s,1). Consider the
family of functions

1
Y=o e (S) : lgllims < 5}

Then (&,¢) — HSC%B(E,SD) is a C®-map from O, x Y into C°~2(S), whose first- and
second-order derivatives in & tend to zero uniformly as € — 0. Moreover, if W and R are

as in (2.13)-(2.14), Pro L?Z is invertible with uniformly bounded inverse from W into R.
Proof. Consider the expression in (2.4) for ()., which for z € OF can be written as

0 . [ Xeere.(y) —xB(Y) —Xae | g~ 1
Hs,aE(x) T Jan z — y[N+2s dy = Hs,aE(ﬂf) - /QC mdy-

If¢ €O, pe¥ and E = B( ), in the last integral |z — y| is bounded below by a
positive constant (depending on ©) times % Notice also that the last integral is smooth
in (&, ¢) (x € IB(,p)) with zero-th, first- and second-order derivatives in £ that tend
to zero uniformly as ¢ — 0. The conclusion then follows from Proposition and the

comments after (2.14]). O

Given a topological space M and a subset A C M, we recall next the definition and
some properties of the Lusternik-Schnirelman category.

Definition 2.3. [3, Definition 9.2] The category of A with respect to M, denoted by
catys(A), is the least integer k such that A C A;U---UAg with A; closed and contractible
in M for every i =1,--- k.

We set cat(@) = 0 and caty;(A) = 400 if there are no integers with the above property.
We will use the notation cat(M) for caty (M).
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Remark 2.4. From Definition , it is easy to see that caty;(A) = catyr(A). Moreover,
if AC B C M, we have that caty(A) < caty(B), see [3, Lemma 9.6].

Then assuming that
(2.15) M = F(0), where FF € C*'(E,R) with E > M and F'(u) #0Y u € M,
we set
caty(M) = sup{caty (A) : A C M and A is compact}.

Note that if M is compact, caty(M) =cat(M). At this point we can state a useful result
about the Lusternik-Schnirelman category, see e.g. [3] for the definition of Palais-Smale
(PS) condition.

Theorem 2.5. |3, Theorem 9.10] Let M be a Hilbert space or a complete Banach mani-
folds. Let (2.15)) hold, let J € CYY(M,R) be bounded from below on M and let J satisfy
(PS)-condition. Then J has at least caty(M) critical points.

Remark 2.6. If M has boundary, under the same assumptions of Theorem one can
still find at least caty (M) critical points for J provided V.J is non zero on dM and points
in the outward direction.

3. EXISTENCE OF CRITICAL POINTS AND ASYMPTOTIC BEHAVIOR FOR SMALL
VOLUMES

In this section we prove Theorem via a finite-dimensional reduction. This will
determine the location of critical points of the relative s-perimeter depending on s and
the geometry of the domain. One of the main tools is the following asymptotic expansion

of the relative s-perimeter. Recall that for ¢ > 0 we set ). := —€), and we aim to prove
€

that the nonlocal mean curvature H'! of suitable small balls is sufficiently close to H]SRN
on the same sets. Hereafter we will write simply H, to denote HEN.

Lemma 3.1. Let © C Q be a fized compact set. For all € > 0 we consider By(Z) a ball

of center x € O, = %@ and with unit radius. Then, for the fractional perimeter, the
following expansion holds
(3.1) P,(B1(7),Q.) = Py(By(7)) — wne*Va(ez) + O(e') ase — 0,

where wy 1s the volume of the N-dimensional unit ball and Vg is defined in (1.3). More-
over one has that

(3.2) VzPy(Bi(Z), ) = —wne* TV (ez) + O(*7).
Proof. Taking ¢ small enough, we can assume that B;(Z) C Q.. From (2.3) we have

1
33 ﬂB’A%—&B":—/ /  dzdy.
(3-3) (Bi(%), %) (Bi(7)) () Jev\o. |z — y| V2 ray

If we replace x with x in the last integrand, we obtain

1 1 1 _ N
(34) |gj—y|N+25:|f‘—y|N+25+O<|f—y|N+25+l>’ IEGBl(l’), yER \Qg




Therefore
! L o(1)
by [t [ O,
/B1(fv) /RN\Qe |z — y|N+2s =N RN\Q. |Z — y|N+2s Y RN\Q. |T — y|N+2s+1 Yy
From the latter formulas and a change of variables one then finds

P.(Bi(7), Q) — Py(Bi(7)) = —¥wy /

d O 1+2s

which concludes the proof of (3.1). To prove (3.2), we differentiate (3.3) in Z and use
the fact that Py(B(x)) is independent of z, to obtain

1
V.P.(B ’,QE:—VE/ / . dzdy.
( 1(‘T) ) B1(7) RN\QE |x_y|N+28 rdy

We make the change of variables x = & + 2z to write the above formula as

1
VfPsB’,ng—Vf/ / _ dzdy,
(Bi(E), ) B0 Java, 7+ 2 — yvez oY

and the new changes of variable Z = ¢z, § = ey to transform it into
1
VaP(Bi(#), Q) = e N, [ ] dzdy.
(Bi(7), €2) (0) JRN\Q |eT + Z — g|N+2s Y

Since now the term x appears with a factor € in the last integral, we obtain an extra
power of ¢ when applying V;. Performing the reverse changes of variables and using

(3.4), formula (3.2) follows. O

Now we want to evaluate the deviation of the nonlocal mean curvature from a constant,
when it is computed relatively to a large domain. To do that, we define

ﬁs,g S —= R
(3.5) . e
Hsé(l’) =H E(I—i‘f)

Sy

Lemma 3.2. Let O, ©. be as before, and let 5 € (2s,1). For the (relative) fractional
mean curvature defined in (2.4)), the following expansion holds:

(3.6) H,e = cyq+ O(%) in CP72(S) for € € O,
where cys := Hy s, and we recall that S¢ = 0By (&) with Bi(&) denoting the ball of center
at & and unit radius. Moreover, one has that for allt=1,..., N,
9 -
(3.7) 8—5H575 = O(e*th) in CP725(S) for € € O..

Proof. Using the definition of (relative) fractional mean curvature (see (2.4))) and [37,
Lemma 2|, for x € 0B, we can write
dy

3.8 H, = CNs .
(3:8) el@) = ena RM\Q. |7 + & — y| VT2

where cn s = Hge(- +§).
Therefore we get that, for x € 9By,

(3.9) f]s,g(:v) =cCN;s+ O(e%).
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Then, using (3.8)) and differentiating with respect to &;, we find that, for all: =1,... N,

0 = 0 dy
‘.= 2
9&; >¢ & (CN’S * /RN\Qs |z + & — y|N+25>

dy
_ O / — O 2541 ]
< RN\QE ‘w+€_y‘N+2S+l> (6 )

Thus, we proved (3.6 and (3.7) in a pointwise sense. It is easy however to see that they
also hold in the C' sense on the unit sphere Sg, and therefore also in C#725()9). O

(3.10)

We turn next to a finite-dimensional reduction of the problem, which is possible by
the smallness of volume in the statement of Theorem We refer to [4] for a general
treatment of the subject.

Proposition 3.3. Suppose that Q is a smooth bounded set of RN, © a set compactly
contained in Q, and let § € (2s,1). Then, for € > 0 small, there exist w. : O, x S — R
and A= (A1, ,An) : 0. x S — RY such that

N
IB(E, we)| = wa; HSC%IB(E,wE) =c+ Z AiYs,

=1

where ¢ = cns as € — 0 and where {Y;}i—1.. v € & (extended as zero-homogeneous
function in a neighborhood of the unit sphere). Moreover, there exists C' > 0 (depending
on ©,Q, N and s) such that ||w.||c1.6(5) < Ce* and ||Ocwe||cr.5(5) < Ce*T.

Precisely, the above formula for HS* means that

N
Hgéﬁ(g,ws)(g +2(1 +w:(z))) =c+ Y NYi(z) for every xz € S.
i=1

Proof. Let us denote by R the family of functions in C®~2(S) that are L2-orthogonal,
with respect to the standard volume element of S, to constants and to the first-order
spherical harmonics. Notice that R C R, see . Let us consider the two-component
function Fiz: O, x CYP(S) — C#725(S) x R defined by

Fr(&w) = (Pr(H5p ) IBE w)] — wn ) ; wew,

where P : C?72%(S) — R the orthogonal L*-projection onto the space R, with respect to
the standard volume element of S. With this notation, we want to find w € W such that

FR(€,w) = (0,0).
By Lemma [3.2] we have that

(3.11) Fg(8,0) = (0(e™),0),

where the latter quantity is intended to be bounded by Ce?* in the C#~2%(S) sense. In
our notation, the constant C' is allowed to vary from one formula to the other.
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By Proposition [2.2) and by the fact that
d
2 B - / d
L BEwlle= [

we have that L¢ := V,F5(£,0) € Inv(W,R x R) with HLngL(ﬁwa) < C. Hence

Fz(&,w) = (0,0) if and only if F(£,0) + Le[w] — Le[w] + Fp(&, w) — Fx(€,0) = (0,0),
which can be written as
w = Te(w) = —Lg ' [FR(§,0) — Le[w] + FR(¢, w) — Fg(€,0)].

Therefore Fr(§,w) = (0,0) if and only if w is a fixed point for T.
Let us show that T¢ is a contraction on a ball Bz, or radius Ce* in C9(S) for C
sufficiently large. From the definition of T¢, the above estimate (3.11)) and the fact that

HLEIHL(EXRW) <C,
we have
(3.12) T llons(s) = 1L [Fal€, ) ns(sy < 2.
Then, taking wy and wy € Bgge:(§) € W it follows that
(313)  [Te(w)) ~ Te(wa)llovs(s) < CllFp(€own) — Pl wz) — Leluwn — usllonsgsy

We notice that the map w — |B(&, w)]| is a smooth function from the metric ball of radius
: in C1?(S) into R. Thanks also to the smoothness statement in Proposition , the
right hand side in the latter formula can be bounded by

Fg(§ i) — FR(§w2) — Le[wy — ws] = /01 (VwFR(f, wa + t(wy — wy))

(3.14)
— Vo€ 0)wr — wa) ) dt < Cllwr = walfss)

Hence, in Bg.s € W the Lipschitz constant of T¢ is CCe?. So, choosing first any
C > 2C?, and then £ > 0 small enough, we find therefore that T¢ is a contraction in
Bg2s € W. As a consequence, there exists w, : ©. x.S — W such that [|w.||crsg) < Ce*
and such that F(§, w.) = (0,0).

We also recall that the fixed point w. is continuous and differentiable with respect to
the parameter £, (see e.g. 7], Section 2.6). Recall that w. = w.(§) solves

IB(§, w:)| =wny and PE(HSK’%E(&UE)) =0 for all ¢ € RY.

We want next to differentiate the above relations with respect to . For this purpose, it
is convenient to fix an index ¢, and to consider the one-parameter family of centers

Our aim is to understand the variation of 0B(&;, w.(&)) normal to OB(&, w.(§)). The above
variation is characterized by a translation in the i-th component and by a variation of w,,
which is in the radial direction with respect to the center £. Therefore, letting v, denote
the unit outer normal vector to 0B(&, w-(§)), the normal variation of OB(&(t), w-(£(t)))
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with respect to OB(&, w.(§)) (computed at t = 0) is the scalar product between the

pointwise shift e; + 8132@ and the outer unit normal v, to IB(§, w-(§)), that is,
Ow,
(3.16) Vi, - € + @ggf)x Vs xr € S.

Hence we have that

a Q. aws(f)
8& |B(§,w5)| =0 and Pj (a&HSaB f%({))) {sz e + 9, T - I/we} = 0.

Using (3.7), the fact that L, — A; sends constants to constants (see (2.9)) and the
proof of Proposition one finds from the second equation in the latter formula that
Viellcregs)y < Ce?*1 where v; . = P0¢,w.. Here W denotes the subspace of W orthogo—

e W,

nal to constant functions on S and Py the orthogonal projection onto it. Since §
1

it remains to control then the component of d¢,w. in the orthogonal complement of W,
namely its average.
Let us write
Og,We = Ve + Cie with ¢;. € R.
From a direct computation we have that

O B(e,w,)| = /S(1 +w) N (e + i) do

o
Since we know that v ||c1egy < Ce
|ci .| < Ce?*T1. Therefore one deduces

(3.17) Ha&wchl,B(s) < 0528+1a

2s+1 it follows from the latter formula that also

which is the desired conclusion, possibly relabelling the constant C. O

We next show how to find £’s so that the Lagrange multipliers \; in the statement
of Proposition vanish, thus obtaining surfaces with constant relative fractional mean
curvature.

Proposition 3.4. Let w. : S — R given by Proposition . Recalling (2.8)), for &€ € O,
we define ®¢ = P (B(&,w.)). Then, for e > 0 sufficiently small, if V§<I>§|£7g = 0 for
some & € O, one has
Q. _
Hs 8[3(5 ‘) = C,
where ¢ = ¢(g,§).
Proof. Recall that w. = w.(&) solves
B, w.)| =wny and Pg (HngB(gw ) =0 for all ¢ € RY.
Since [B({,w.)| = wy for any choice of £, it follows that the integral over IB(, w.()) of
the normal variation vanishes, i.e., recalling (3.16]), we have for £ = ¢

3105(5) x _5
3.18 w. * € T+ =V d w. :07
(3.18) /aﬁ(m@ [V = 06 |x —¢| e
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where do,,_stands for the area element of OB(&, w.(€)) and where we are identifying w. (o)
with w.(§ + (1 + w.(0))o) for o € S.
For the same reason, recalling (2.6) and (3.15]), we have that

d Q. _ Q. e Oue(€) = —¢ .
g =0 fs (B, w=(£(1)))) —/8]3@-,%@) H, om we) [V“’E %t o, |z — €| sz] 170

By our choice of £ we have that, foralli =1,..., N
0
o,
Recalling also that by Proposition , HS;B(&%) = c+ 2N, \Y; (see Section [2| for the

definition of the first-order spherical harmonics Y; and the formula after Proposition ,
from (3.18)) we have that for all i =1,... N

' 8w€(§) J”_g '
(3.19) 0= /615%(5 we (§)) (ZA Y) [ R sz] A7

Notice that by the estimates on w. and Jzw. in Proposition one has
D (E) o £
/ 3 -leng‘ei—i‘ we(l) @ é:‘l/“’f]d
OB (E,we (€)) 0 v —¢|

Therefore the system (3.19)) implies the vanishing of all \;’s, which gives the desired
conclusion. ]

|e—ePe = 0.

wszéij+05<1); /La]:L?N

The next step is to show that the fractional perimeter of B;(&) is sufficiently close to
the fractional perimeter of the deformed ball B(, w.), also when differentiating in &.

Proposition 3.5. Let w. be as Proposition[3.4. The following Taylor expansion holds:
(3.20) P (B(E, w.)) = P*(Bi(€)) + O(e™).

Moreover one has

9 po g )
agZP ( (€7w€)) aé.z

Proof. Thanks to the first statement of Lemma [3.2] following the notation in Section [2]
we get that
(3.22)

PP (B(S, we)) = P (B1(6)) + (P) (0)[we] + PP (B(E, we)) — (Pog ) (0)[we] — PP(Bi(S))
= P(B1(€)) + O(e™) + / (PQE (th—(PSg)’(O))[we}dt,

where (P$¥) is defined as in the formula after (2.6)).
Using the fact that the nonlocal mean curvature is smooth, we deduce then that

(P () = (P2 (0)) e de = O=*),

so the last two formulas imply ((3.20)).

(3.21) P2 (B(€)) + O(e').
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To prove (3.21), we use the estimate [Jzw:|lcresy < Ce*T from Proposition .
Calling 7; the quantity in (3.16]) and recalling the notation from Section , we write that

a Qe o Qc\/
AL (B(&, we)) = (Pg) (we)[mi].

Taylor-expanding the latter quantity we can write that

88& P (B(&,w.)) = (P5) (0)[r] + ;(Pj?g)”(o)[n] + (M%)
0

S
This concludes the proof. O

(3.23)

PR(By(¢)) + O("+).

Proof of Theorem[1.1. Suppose x is a strict local extremal of Vo, without loss of gener-
ality a minimum. Then there exists an open set T CC {2 such that Vg(aro) < infaT Vo—0
for some 6 > 0. Let ®¢ be defined as in Proposition E by the estimates (3.1) and (3 -
it follows that for every x € 1T
(3.24) ;= PRY(By(7)) — wne*Vo(eT) + O(e1+2).
Since PR (B, (z)) = PRN(Bl(“ ), we get
Poo — Oz = wne® (Vi(ez) — Val(zg)) + O(e' %)
(3:25) > e Vo(e8) — Vaao)) + O(=*)
> dwye® + O(e') > dwye® + Ce'™ > 0

for e < ‘SwTN where C' > 0 is a constant.
Hence, for ¢ sufficiently small,

Dazg >sup ..
iy

€

As a consequence ®. attains a maximum in the dilated domain %T, and the conclusion
follows from Proposition [3.4]

Suppose now that x( is a non-degenerate critical point of V. From and
one can find an open set T CC €2 such that

|
deg (vq>, T, 0) £0.

This implies that ®, has a critical point in %T, and the conclusion again follows from

Proposition
Since in both cases the set T containing zy can be taken arbitrarily small, the localiza-
tion statement in the theorem is also proved. O

Remark 3.6. From [4] Theorem 2.24| one has a relation between the Morse index of a
critical point as found in Proposition and the Morse index of the corresponding critical
point of ®. In our case, since round spheres are global minimizers for the s-perimeter
relative to R, these two indices coincide.



15

To prove Corollary we need the following Lemma.

Lemma 3.7. For all x € 0¥ one has
lim Vq(y) = +o0,

Qoy—zx

and
lim VVQ(?J) : Vag(x) = +OO,

Qoy—zx
where vy denotes the outer unit normal to OS2.

Proof. Letting d := dist(z,09) for x € €, thanks to the change of variables y' = ¥ we get

1 1
3.26 V :/ —d :d*%/ — vy
( ) () ¢ |z — y| N2 Yy ©@/a)C |x/d — y |N+2s Yy

If d — 0, since z/d has unit distance from the enlarged domain, setting RY = {z € R" :
xz > 0} we have

/ 1 d '—>/ 1 Ay < +
0
@) Jz/d — y' Ve Y ®N)C |y — (0,1)|N+2s Y ’

i.e. Vo behaves asymptotically as d=2* when d — 0. With a similar proof, one finds that
the component of VVq normal to 92 behaves as d=2*71. 0

Proof of Corollary[1.3. Given § > 0 small enough, let us define the set Q° C Q by
Q ={xecQ : dz0Q)>d}.

From Lemma we have
VVa - vggs >0 on 9.

As in the proof of Theorem [I.1] it turns out that
1
VO, - vy10s >0 ond-Q°,
: £

Clearly, since %Q‘S is compact, the (PS)-condition holds. Hence the conclusion follows

from Theorem 2.5l and Remark 2.6l O

Remark 3.8. It is interesting to see how the geometry of the domain (and not just
the topology, as in Corollary plays a role in order to obtain either uniqueness of
multiplicity of solutions.

In the Appendix we will prove uniqueness for the unit ball By, i.e. we will show that
Vp, has a unique critical point at the origin which is a non-degenarate minimum.

Secondly, we will give an example of dumble-bell domain, topologically equivalent to a
ball, such that the reduced functional ®, (defined as in Proposition has at least three
critical points, while Corollary [I.2] would give us only one solution.

4. EXISTENCE AND REGULARITY OF MINIMIZERS IN HALF-SPACES

In this section we prove Theorem on existence and regularity of minimizers for
Problem (1.4). Similarly to |[11}12] we shall first show the regularity and then the existence
of minimizers.
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4.1. Regularity and axial symmetry of minimizers. We first show the axial sym-
metry of minimizers.

Definition 4.1. Given a measurable set £ C RY, we let E* C RY be the radially sym-
metric rearrangement of £ with respect to 2/, which is defined by the following property:
for almost every ¢t > 0 the section E*N{xzy = t} is a ball centered at the origin of measure
|EN{xy =t} (see Figure [1)).

Lemma 4.2. For every E C RY, we have
P,(E",RY) < Py(E,RY),
and equality holds if and only if E = E*, up to translation and up to a negligible set.

Proof. Notice first that, given § > 0 and F, G C R¥~1 by Riesz inequality [34] we have
that

/ / d:L" dy/ B / / d:(,’/ dy/
FJRN-1\G Hx/ _ y/‘2 + 52‘1\“525 - FJrN-1 Hx, . y/|2 N 52’N42rzs

_// dz’ dy
FJG I |2 (')‘2 N;QS
2" = y'|* + 62|

dx’ dy’
= C((s,N)|F| _// N+t2s
FJG ||z — |2 4 62| 2
5 dx' dy’
> @ NIF =[]

x — y/|2 + 52' 2
B / / dz" dy’
= ® RNfl\G* l'/ . y/|2 + 52’ NerQs )

dz'" dy'
C(é, N) = /N71 N+2s )
R |‘x/_y/’2+52| 2
and equality holds if and only if G = G* and F' = F*, up to negligible sets.
Writing = (2/, xx) € RY and letting

E,={ze€E: zy=t} for t > 0,

where

by Fubini—Tonelli’s Theorem we then get

00 00 dxz' dy’
P,(E,RY) = / dzn / dyn / / Y _—
o Mo I e S Tl R ot g

dz' dy’
Z / de‘N/ dyN/ / i N+2s
R R iv VB |2 = Y2+ (an +yn)?] 2
= PS(E*7 Rf)a
and equality holds if and only if £ = E* (up to a negligible set). O

A direct consequence of Lemma [£.2]is the following
Corollary 4.3. Let E be a minimizer of (1.4), then E = E* (up to a negligible set).
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TN TN

RNfl RNfl

(a) Horizontal sections of E. (b) Horizontal sections of E*.

Figure 1. The radially symmetric rearrangement of E.

The regularity of minimizers follows from [28, Theorems 1.6 and 1.7] and [6].

Proposition 4.4. Let E be a minimizer of (1.4). Then E is a bounded set and OEN{xy >
0} is of class C* out of a countable singular set contained in its rotational axis, possibly
accumulating at the origin. at {xy = 0}.

Proof. By |28 Theorem 1.7] E satisfies uniform lower density estimates, so that in partic-
ular it is a bounded set. Moreover, by |28, Theorem 1.6] 9E N {zy > 0} is of class C'1*,
for some o € (0,1), out a closed singular set 3 of Hausdorff dimension at most N — 3.
Then, by a bootstrap argument as in |6, Theorem 1], which can be easily adapted to this
setting, one obtains that (OF \ ¥) N {xy > 0} is of class C™.

Being OF rotationally symmetric, the singular set 3 is necessarily contained in the
axis of rotation. Since the blow-up limit at each singular point of 0E N {zy > 0} is a
symmetric singular cone [10, Theorem 9.2|, it is uniquely determined by |15, Theorem
3]. Tt follows that each singular point with z > 0 is isolated, so that X is a sequence of
points possibly accumulating at {zy = 0}. O

4.2. Existence of minimizers. Let us first show that the functional P;(-, RY) satisfies
an isoperimetric inequality.
Given s € (0,1/2), E C RY and an open set Q C RY we let

/ / dzdy / / dxdy
e Jrn e |x —yV+2s T Jpa o |x — y[N+2s

be the localized fractional perimeter of E in €.

Notice that the functional Fs(-,€2) is lower semicontinuous with respect to the L!-
topology, Fs(E,Q) < Py(E,RY) and F,(E,RY) < Py(E,RY) for all sets E. Moreover,
given two disjoint sets Qy,Q C RY, it holds (cf. [11, Eq. (9)])

dxdy

|I _ |N+28

(E.0Q (E,Q) = Fu(B, 0 UQ)
FuB, Q) + Fo(E, Q) = Ful 1U2+Eml/g2\E

dxdy
41 / /
(4.1) B0 JonE |z — y|N+2s

Lemma 4.5. There ezists a constant C' = C(N, s) such that, for every unit cube Q C Rﬂ\f
and for every E C RY such that |[E N Q| < 1/2, it holds

Fu(E,Q) >ClENQ™™
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Proof. Given E,Q C RY we let
= BU{(e,zy) eRY : (2/,—zy) € E},
= QU{(,ry) eRY : (2/,—an) € Q}.
Notice that |[E N Q| = 2|E N Q| and

2F(E.Q) < P(E,Q) <4F(E,Q),

E Q / / dxdy / / dxdy
50 Jrv\ B |:c y N2 T Jpg Jove |$ y| N+

Since |[E N Q| < 1/2, by the relative fractional isoperimetric inequality |12, Lemma 2.5] E|
we then get

O oy

where we set

1— -~ 4 1 .
fs<E7Q> 2 ZPS(E7 Q) Z ZCN,S

N+25
where the constant C'y s, depends only on NV, s. This gives the thesis. U

We also recall a technical lemma which will be useful in the sequel (see |11, Lemma

5.2]).

Lemma 4.6. Let s € (0,1/2), and let {z;}; be a non-increasing sequence of positive real

numbers such that
oo

X N-—2s 1

inN <(C and Zmi:f,

i=1 i=1 2
k

for some C' > 0. Then there exists ky € N such that, for all k > kg it holds

Z x; < ( 2Ck’ﬁs.

i=k+1

We now show existence of minimizers, following closely the proof of |11, Theorem 4.2].
The main issue is controlling the loss of mass at infinity, as the ambient set Rf is not
compact.

Proposition 4.7. For each m € (0,400) there exists a minimizer of (1.4).

Proof. Without loss of generality we can assume that m = 1/2, since the argument is
the same for all values of m. Moreover, since the problem is scaling invariant, if E' is
a minimizer with volume 1/2 then the rescaled set E := (2m)NE is a minimizer with
volume m.
Let now E,, be a minimizing sequence for , that is,
lim Py(E,,RY) = inf P(E RY).
|Bl=3%

In particular, we have PS(En,Rf ) < C, where the constant C' does not depend on n.
Moreover, by Lemma [4.2] without loss of generality we can assume that the sets E,, are
rotationally symmetric around the axis {(0,zy) : xy € R}.

'In [12, Lemma 2.5] the inequality is proved when |E N Q| < 1/2, but the same holds under our
assumption.
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For n € N, we let {Q;,}ien be a partition of RY into disjoint unit cubes with vertices
on Z" such that the quantities z;, = |E, N Q;,| are non-increasing in . In particular,
there holds

1

(42) Z'Tiﬂ"b =m = —.
=1 2

Recalling the isoperimetric inequality in Lemma and (4.1]), we have

N—2s

szn S CZFS(Ein,n)
i=1
< 2eP(E,,RY) <,

for some constants ¢, ¢ > 0. By Lemma we then obtain that

(43) Z xi,n S C” ki% 9
i=k+1

for some ¢” > 0 and for all £ € N. By a diagonal argument, up to extracting a subsequence,
we can assume that x;,, — a; as n — oo, for some o; € [0,1/2]. By (4.2) and (4.3)) we
then get

(4.4) d ;= L
=1 2

Let now zi, = (2,,2y,) be the center of the cube Q;,. Up to extracting a further

subsequence, we can suppose that |z, — zj»| = ¢;; € [0,400] as n — +o00, and that there
exists G; C Rf such that G is rotationally symmetric and

(4.5) (E, — zin) — G; in the L, -topology,

for all 7 € N.

We say that i ~ j if ¢;; < +00. We denote by [i] the equivalence class of i, and we
let A := {[i] : i € N}. Notice that G; equals G; up to a translation, if i ~ j. Up to
horizontal translations, we can also assume that the sets G;’s are rotationally symmetric
around the axis {(0,zy) : xy € R}. Moreover, by the rotational symmetry of the sets

G, there exists at most one equivalence class [i] such that |G;| > 0 and the sequence 2

remains bounded as n — +oc for all i € [i].
We claim that

(4.6) P(GLRY) + > P(G) < lim Py(E,RY)= inf P(E,RY).

€A\ e |Bl=3

To prove it, we fix M € Nand R > 0. Let Qr = [ R, R]N. We take different equivalence

classes iy, i1, ...,%n With 49 = ¢, and we notice that if i, # i; then the set z;, , + Qg is
moving far apart from the set 2, , + Qr, and so we have
dx d
lim / _ ey 0
n——+00 2y m+Qn J 2 n QR ‘513' _ ‘N+25
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By (4.5), the lower semicontinuity of the fractional perimeter and (4.1]), we obtain

(Gz’QR + ZP szyQR) < llmll'lf ZJT: ny szn + QR))

k=1
/ dx dy
Zz n+QR ‘SE - y‘N+28

M
Sllmlnf.Fs(En,U szn+QR)+2 Z /
k=1

n—+oo o<k j<m ’ZigmtQR
z;ﬁézj
<liminf P,(E,,RY)= inf P,(E,RY).
n—+00 |E|_—

By sending first R — +oo and then M — 400, this yields (4.6)).
Now we claim that

1
(4.7) S (Gl =
[i]leA
Indeed, for every ¢« € N and R > 0 we have
|G| > |GiNQr| = hTOOKE"_Z@")HQRl'

If 7 is such that j ~ i and ¢;; < 5, possibly increasing R we have Q);,, — 2z C Qg for all
n € N, so that

|(E Zzn r\|C2R| Z| — Zin mQRm<QJTL Zz,n)|

and so

|G | > lim |(En_zi,n)ﬂQR| ZnEIJIrl Z |EnﬂQj7n| == Z ay.

n—+oo
J: Cl]<R J: C’L]<R

Letting R — +00 we then have
Gil > Z a; = Zajv
jiin jelil
hence, recalling (4.4]),
> G =
[i]leA 2
thus proving (4.7)) (since the other inequality is trivial).

Let now ‘
EY =B, Qs

jevi
and observe that we still have that the sets (El — z;,,) converge to G; as n — +oo0, in
the L -topology. From (4.6) we then get

(4.8) > PG, RY) < 1@&3(@,1@1) = 1nf P,(E,RY).

[{eA |E|=
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This means that G; (resp. G, with [i] # [i]) is a minimizer of P,(-,RY) (resp. P;("))
among sets of volume equal to |G7| (vesp. |Gj[). In particular, G; is bounded thanks to
Proposition , and G; is a ball for [i] # [i], by the fractional isoperimetric inequality

2.

If the set G is nonempty, then the rescaled set G = (2|G;|)~"/NG; is a minimizer of
(1.4) with volume 1/2; which would conclude the proof. If on the other hand G; = 0,
taking R such that wyRY = 1/2, recalling (4.7) we would have

Y PJGi) > P,(Bg(0)) > inf P(E,RY),
il €A\ IEl=3

contradicting (|4.6]). O
Proof of Theorem [1.5 Theorem [1.3] directly follows from Propositions 4.4 and 4.7 O

Eventually, we show that every minimizer necessarily touches the hyperplane {xy = 0}
(possibly at a singular point of its boundary).

Lemma 4.8. If E is a minimizer for (1.4)), then dist(E,{zy = 0}) =0.

Proof. By contradiction suppose that dist(E, {xy = 0}) > 0. Then, if e := (e,--- ,en)

is the canonical basis of RY and \ := dist(F, {zy = 0}) > 0, we consider the shifted set

E — Xey. Using the following change of variables (i.e. translating downwards the set E
Esz——12' =2 — ey € E— den,

RY\NE3yr—y =y— ey € RY\ (E — den),

we have
dz dy
QERN://
(49) ( ) +) E RN\E |:E—)\eN—y+)\€N|N+25
| dz dy N
> — PS E —_ )\ ,R .
/E Aen /RN\ E—)en) |x — |N+2S ( eN +>

This contradicts the minimality of E. B

Remark 4.9. If O0F N {zy = 0} is not a singular point, that is, it is a disk of positive
radius, it follows from |28, Theorem 1.4] that OF has a vertical contact angle with the
hyperplane {zx = 0}.

Remark 4.10. It would be interesting to know whether minimizers, or even critical
points, of the functional in are unique up to horizontal translations (see for instance
[23-25] for similar uniqueness results). It would also be interesting to understand if
minimizers are necessarily convex or at least everywhere regular, that is, if the singular
set X is empty.

5. APPENDIX
We prove here the assertions in Remark [3.8]

Lemma 5.1. If By is the unit ball of RN, then 0 € B, is a non-degenerate global minimum
of Vg, and it is the unique critical point.
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Proof. First of all we note that Vp, is a radial function, i.e. Vg, () = vp, (|x]). Hence,
since Vp, is smooth in the interior of the ball, it follows that v} (0) = 0. It is easily seen
that

where Bf denotes the complement of By. Therefore, since v}, (0) = 2AVp,(0), it follows

that for fixed § > 0 one has v} (t) > 0 for ¢ € [0, 6], which implies the non-degeneracy of
the origin as a critical point of Vp,.

It remains to show the monotonicity of vp, in the whole interval (0,1), but since
Lemma [3.7 holds, it is sufficient to show that

d

(5.1) EVBl (téy) £0 fort e [0,1— 4.
Recalling the definition (1.3]), we get

d . y1—t
5.2 SV, (te)) = / L dy,
( ) dt Bl( 61) CN, BC \y _ t61|N+25+2 Y

where Cy is a constant depending only on N and s, y = (y1,7/) € R x RV 1.
By Fubini—Tonelli Theorem

h—t ph—t
(5.3) /Blc ly — &, [N+ dy = /RN*1 dy’ /{ylz(yl,y’)er} ly — &, |V dy.
Since (y1,y') € B x RV~ we have two cases:
Difly|>1 = yeR;
2)if [yl <1 = p<—J1-PVy>/1-]y>
In the first case we obtain by oddness

Yy — 1t yr — ¢
5.4 / L dy = dy = 0.
(5:4) ttmaesy |y — e N2t T o cry (g — 02 + [y )22 Y

In the second case, using the changes of variables y; —t = s and z =t — y;, we get

/ not o
{y1:(y1,9")€BF} |y — té’llN+2s+2
not yr —t

- - dy + — dy
(5 5) {y1<—+/1-1¥'|2} |y - t61|N+25+2 {ylzm} |y _ t61|N+25+2
' z
- d
/{Z2t+m} (22 + [y [2)(N+25+2)/2 <
s

" (s>1/Toy -t} (82 + |y/|?) (N +2542)/2 dy >0,

since {z:z>t+/1—|y[?} C{z:2>/1—]|y|?> —t} and since the first integral is

negative.
Putting together (5.2)), (5.3)), (5.4)) and (5.5)) we obtain (5.1)) which concludes the proof.

O

Lemma 5.2. Let ®; be defined as in Proposition . There exist a dumble-bell domain
(as in Figure @) with the same topology of the ball, such that ®¢ has at least three critical
points.
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0

Figure 2. A dumb-bell domain °€Q.

Sketch of the Proof. We consider a sequence of domains °(2 as in Figure . Fixed r € (0, 1),
it is easy to see that

(5.6) Vig — Vg, in C*(B,(0)) asd — 0.

For ¢ small, by Lemma [5.1] we get that Vs has a unique non-degenerate minimum z; in
B, /2(0) and there exists v > 0 such that

inf Vsqg > sup Vg + 1.
U CR

By symmetry, we have a non-degenerate minimum point x5 in the other ball with the
same properties. Recall also that from Lemma that if z € 9(°Q2), it holds

lim Vig(y) = +oo.

SQoy—x

Hence, from (3.24)) (with a similar formula for the gradient in &) and the above ob-
servations, there exists a critical point of ® other that x; and x5, by Mountain Pass
Theorem. 0
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