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Abstract

Prescribing conformally the scalar curvature of a Riemannian manifold as a given function consists in
solving an elliptic PDE involving the critical Sobolev exponent. One way of attacking this problem
consist in using subcritical approximations for the equation, gaining compactness properties. Together
with the results in [30], we completely describe the blow-up phenomenon in case of uniformly bounded
energy, zero weak limit and positive Yamabe invariant. In particular, for dimension greater or equal
to five, Morse functions and with non-zero Laplacian at each critical point, we show that subsets
of critical points with negative Laplacian are in one-to-one correspondence with such subcritical
blowing-up solutions.
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1 Introduction

Consider a compact manifold (M™, go) with n > 3 and a conformal metric g = uﬁgo, u > 0: with this
notation the scalar curvature transforms in the following way (see [4])

n 4 —!

with Ay the Laplace-Beltrami operator of go. Lg, is called the conformal Laplacian and transforms
according to the law Ly (u¢) = uns L, ().

In the 70’s, Kazdan and Warner considered in [28] the problem of prescribing the scalar curvature of
manifolds via conformal deformation of the metric, see also [26], [27]. By the above transformation law,
if one wishes to prescribe R, as a given function K then would need to solve

Lgou:Ku% on (M,go). (1.1)



There are rather easy obstructions to the solvability of : for example, if the sign of K is constant, it
has to coincide with that of the first eigenvalue of L,,. Depending on the latter sign, which is conformally
invariant, a conformal class of metrics is said to be of negative, zero or positive Yamabe class. We will
discuss for simplicity the case of function K with constant sign, despite in the literature there are many
interesting papers dealing with changing-sign functions.

In 28], Kazdan and Warner proved some existence results for zero or negative Yamabe classes using
the sub- and super-solution method. For positive Yamabe class instead, they found a now well-known
obstruction to existence on the sphere, namely that if u solves , then for f affine on S™ one must
have

/ (VE,Vf)gantin2 dpug,, =0, (1.2)

and hence, for conformal curvatures K, the function (VK, Vf),., must change sign.

Later on, some existence results were found under conditions that would imply topological richness
of the sub-levels of K, contrary to the above example. In two dimensions, where is replaced by an
equation in exponential form, J. Moser showed that the problem is solvable on the standard sphere if K
is antipodally symmetric. In higher dimensions, existence results under the action of symmetry groups
were proven in [20] and [21], [22].

A general difficulty in studying is the lack of compactness due to the presence of the critical
exponent. A typical phenomenon encountered here is that of bubbling. Bubbles are solutions of on
S™ with K = 1: these arise as profiles of general diverging solutions and were classified in [I1], see also
[3], [36]. From the variational point of view, bubbles generate diverging Palais-Smale sequences for the

Euler-Lagrange energy of (1.1), given by J = Jk:

Ju (cn|Vu|§0 + Ryyu?) dpg,
2n_ n—2 °
(Jor Kun=2dpigy) =
As seen from a formal expansion of J on a finite sum of bubbles, cf. the introduction in [30], the mutual
interaction among bubbles becomes weaker as n increases. As a consequence in case n = 3 at most one
bubble can form. Exploiting this and after some work on S? by A. Chang and P. Yang in [16], [17], A.
Bahri and J.M. Coron proved an existence result in [6] on S? assuming that K is a Morse function and

J(u) =

{VK =0} N {AK =0} = 0; (1.3)
> (—1)m 0 £ 1, (1.4)

{zeM : VK (z)=0,AK(z)<0}

where m(z, K) stands for the Morse index of K at z, see also [12] and [35] for more general related results.
The above existence statement was extended to arbitrary dimensions in [24] for functions satisfying a
suitable flatness condition, and in [I8], [1], [29] for functions K close to a positive constant in the C-sense.

In four dimensions, see [7] and [25], it was shown that even if multiple bubbles can form, they cannot
be too close to each-other; such phenomenon is usually refereed to as isolated simple blow-up. Results of
different kind were also proven in [I9] for n = 2 and in [9] [8], [10]: see also Chapter 6 in [4].

Two main approaches have been used to understand the blow-up phenomenon: sub-critical approx-
imations or the construction of pseudo-gradient flows. In this paper we focus on the former, while the
other one will be the subject of [3I], where a one-to-one correspondence of blowing-up solutions with
bounded energy (and zero weak limit) and critical points at infinity is shown. Consider the problem

—angUu—FRgou:Ku%g_T, 0<7<kl, (1.5)
which upon rescaling is the Euler-Lagrange equation for the functional

= fM (C”|vu|!210 + R90u2> dpig,
(fy; Kurttdpg,) 7T

(1) . ueA (1.6)

Being now the exponent lower than critical, solutions can be easily found, even though one could lose
uniform estimates as 7 tends to zero. In [12], [35], [24] the single-bubbling behaviour for diverging



solutions of was proved. Then, by degree- or Morse-theoretical arguments it was shown that under
(1.4) there must be families of solutions that stay uniformly bounded, therefore converging to solutions
of (1.1). For this argument to work, one crucial step was to completely characterize blowing-up solutions
of (L.5), showing that in three dimensions single blow-ups occur at any critical point of K with negative
Laplacian and that they are unique. On four-dimensional spheres, a similar property was proved in [25]
for multiple blow-ups (see also [7]), assuming a suitable condition related to the multi-bubble interactions.

For Morse functions, if n > 5 the situation is more involved, and blow-ups might be possibly of infinite
energy, see e.g. [13], [14], [15], [37]. In [30] it was however proved that if a sequence of blowing-up solutions
has uniformly-bounded W'-2-energy and zero weak limit, then blow-ups are still isolated simple. Although
the result is similar to the case of dimensions three and four, the phenomenon is somehow opposite since
it is driven by the function K rather than from the mutual bubble interactions. Both assumptions, zero
weak limit and bounded energy, are indeed natural: if the former fails then problem would have a
solution; the second one instead is usually found when using min-max or Morse-theoretical arguments, as
it will be done in [32]. However, differently from n = 3,4, in [30] no restriction is proven on the number
or location of blow-up points, provided they occur at critical points of K with negative Laplacian.

The goal of this paper is to show that the characterization of the above blow-ups in [30] is sharp,
namely that they can occur at arbitrary subsets of {VK = 0} N {AK < 0}. Furthermore, we prove
uniqueness of such solutions, their non-degeneracy and determine their Morse index. Our main result is
the following one, that follows from Theorem 1 in [30] and from Proposition Corollary .

Theorem 1. Let (M, g) be a compact manifold of dimension n > 5 of positive Yamabe invariant and let
K : M — R be a positive Morse function satisfying . Let xy,...,24 be distinct critical points of
K with negative Laplacian. Then there exists, as 7 — 0 and up to scaling, a unique solution u; 4, . ..z,
developing a simple bubble at each point x; converging weakly to zero in WY2(M, g) as T — 0. Moreover
and up to scaling Ur,g1,...,z, 15 NON-degenerate for J. and

m( T tre,e,) = (@ = 1)+ Y (0 —m(K, z:)).

i=1
Conversely all blow-ups of uniformly bounded energy and zero weak limit type are as above.

As it will be shown in [32], for n > 5 there cannot be a direct counterpart of (|1.4)), which is an index-
counting condition. However, existence results of different type will be derived there.

Remark 1.1. (i) A more precise expression for ur z, . .. s given by the following formula

q

—0 as m — o0,
W1.2(M,go)

q
Uy — E jmON; s m
=1

e 1
=————+4o0(), ajm—x; and N, =\, =Tn>.
K(x;) T

aj,m

Here the multiplicative constant © depends on the blowing-up solutions but it is independent of j.
For this and more precise formulas we refer to Section[3 and Theorem[] in the Appendiz. If n = 4,
the same conclusions hold replacing AK (a;) < 0 for all j with (iv) of Theorem 2 in [30].

(i) Even though upon scaling the above solutions Uy s, ... ., are non-degenerate, they Hessian of J, there
has Y1, (n —m(K,z;)) eigenvalues approaching zero as T — 0, see Section .

(i4i) Theorem |1| gives a one-to-one correspondence of zero weak limit subcritical blow-up solutions to
subsets of critical points of K with negative Laplacian, while in [31] this correspondence will be
shown with zero weak limit, i.e. pure critical points at infinity of energy decreasing type, cf.[3], [33).

The proof of Theorem [I| relies on the estimates in [30] and a finite-dimensional reduction, see e.g. [2],
with a careful asymptotic analysis. In dimension four, this approach was used in Section 2 of [25]: here



we show that in higher dimensions blow-up might occur at arbitrary critical points of K with negative
Laplacian, which affects the global structure of the solutions of problem . Via careful expansions,
we also determine the Hessian of the Euler-Lagrange functional and the Morse index of these solutions,
which we prove to be non-degenerate.

The solutions we consider here lie in a set V (g, ¢) in the functional space W12(M, go) which contains
a manifold of approximate solutions for , D a'¢a, z,, which is transversally non-degenerate (see
Section [2|for the notation used here). This allows to solve orthogonally to this manifold via a proper
transversal correction to the approximate solutions, see Definition [3.I] and Lemma [3:1] and reduce to the
study of the tangent component. By Theorcm from [30] we can reduce ourselves to a smaller set V (g, €),
see , where more precise estimates hold for the gradient of J.. These allow us to use an orthogonal
correction ¥ small in size, solve also for the tangent component and to estimate the second differential
of J. at Y.I_, a'pq, r, + U, see Section 4l Finally, this allows in turn to compute the Morse index of the
solutions ur 4, ...z, and to prove their uniqueness. In this step we show that even though the correction v
is of the same order as some eigenvalues of 92.J, some cancellation occur in the corresponding estimates.

The plan of the paper is the following: in Section [2] we collect some preliminary material concerning
approximate solutions and the finite-dimensional reduction of the problem, which is then worked-out in
detail in Section In Section 4] we study the Hessian of the Euler-Lagrange functional .J, in V (g, ),
finding a proper base with respect to which the Hessian nearly diagonalizes. Finally, we collect in an
Appendix some useful and technical estimates from [30] and a table of constants.

Acknowledgments. A.M. has been supported by the project Geometric Variational Problems and
Finanziamento a supporto della ricerca di base from Scuola Normale Superiore and by MIUR Bando
PRIN 2015 2015 KB9WPTqg;. He is also member of GNAMPA as part of INAAM.

2 Preliminaries

In this section we collect some background and preliminary material, concerning the variational properties
of the problem and some estimates on highly-concentrated approximate solutions of bubble type.

We consider a smooth, closed Riemannian manifold M = (M™,gy) with volume measure pg, and
scalar curvature Rgy,. Letting A = {u € WH?(M, go) | u > 0,u # 0, } the Yamabe invariant is defined as

Ik (cn|Vu|§0 + Ry u?) dpg, n—1
— i cp=4

_2n_ )
(Jun=2dpg,) n-2

and it turns out to depend only on the conformal class of gg. We will assume that this invariant is
positive, i.e. (M, go) to be of positive Yamabe class. As a consequence the conformal Laplacian

Y (M =inf
( ago) 13

Ly, = —cnAg, + Ry,
is a positive and self-adjoint operator. Without loss of generality we assume Ry, > 0 and denote by
Ggo : M x M\ A — R4
the Green’s function of L,,. Considering a conformal metric g = g, = ez go, there holds

n+2 n+2

dug, = u%l?d,ug0 and R=R, =u »2(—cpdgu+ Rgu) =u 2Ly u.

Note that
c||uHW1,2(M’g0) S /uLgoudugo = / (cn|Vu|f]0 +R90U2) d/,Lgo S CHu||W1»2(M,go)'

In particular we may define
Jull? = Null,, = [ uLoguda,



and use || - || as an equivalent norm on W2(M, go). Setting R = R, for g = g, = uw2 gy, we have

r="Tu= /Rd:ugu = /ULgOUd.ugm (2.1)
and hence
Jo(u) = ——  with &, = / K uPdpg, . (2.2)

The first- and second-order derivatives of the functional J are given by

2 r
OJ(u)v = kpil[/Lgouvdugo e /Kupvd,ugo]; (2.3)
and
9 2 T p—1
0% J (u)vw :—%[ Lg,vwdjig, P KuP~ vwdpg, |
kz+ T
4 p P
F[ Lgyuvdug, | KuPwdpg, + [ Lg,uwdpg, [ Ku vdugo} (2.4)
P
p+3
kp+1+2 /K uPudpg, /Ku wdtg, -

In particular, J; is of class 012 2*(A) and, for € > 0, uniformly Hélder continuous on each set of the form

Us={ucAle<|ul, J-(u) <e '}

To understand the blow-up phenomenon, it is convenient to consider some highly concentrated ap-
proximate solutions to . Let us first recall the construction of conformal normal coordinates from
[23]: given a € M, these are defined as geodesic normal coordinates for a suitable conformal metric
da € [90]. Let rq be the geodesic distance from a with respect to the metric g,: with this choice, the
expression of the Green’s function G, for the conformal Laplacian L,, with pole at a € M, denoted by
Gq = Gy, (a,-), simplifies cons1derab1y In Section 6 of [23] one can ﬁnd the expansion

1

Ga = dn(n — 1wy,

(r§7"+Ha)y Tazdga( ) Ha—Hra+Hsa for ga_ua 90 (2'5)

Here H, , € Clof, while the singular error term is of the type:
Tq for n=25
Hso=0|Inr, forn==6

ré=m for n > 7

[W(a)|”
288cn

The leading term in H; , for n =6is — Inr, with W the Weyl tensor. For A > 0 large define

n—2

A : >
Pa,X = Uq (2) s Go = Gga (aa ')» Tn = (4n(n - :l)('un)m (26)
14+ X2y, Ge™

We notice that the constant v, is chosen so that
2
WGa " () =d2 (a,2) + o(d (a,x)) as z — a.

Such functions are approximate solutions of see Lemma [5.1] and for suitable values of A depending
-

on 7 these are also approximate solutions of (|1.5]), see Lemma for a multi-bubble version.



Notation. For p > 1, L} will stand for the family of functions of class L? with respect to the measure
djg,- Recall also that for u € W'2(M, go) we have set r, = [uLg udpg,, while for a € M we de-
note by r, the geodesic distance from a with respect to the conformal metric g, introduced before. For a
finite set of points {a;}; of M we will denote by K;, VK;, W;, the quantities K (a;), VK (a;), [W(a;)|?, etc..

For k,i=1,2,3and \; >0,a; e M,i=1,...,q, let
() @i = a;n and (di,dai,ds) = (1, =X, 3 Va,);
(i) b1 =i, d2i = —XiOnPi» 930 = 3= Va,Pis SO i = di ipi-

With these definitions, the ¢y ;’s are uniformly bounded in W2(M, go) for every value of the \;’s.

We next recall a standard finite-dimensional reduction for functions that are close in W12 to a finite
sum of bubbles. It is useful to define the following quantity

2—n
Aj i =2 2
gig =3+ T AN mGe " (i aj) ~ (2.7)
NN

Givene >0, ¢ € N, u € Wh?(M, go) and (o, \;, a;) € (RL,RY, M?), we set
=

ra" "~ K(a;)

1— An(n—1)k,

(i) AU(q,E) = {(O‘iv )‘i’ai) | Z )‘i_la)‘j_lagi-,ja ’”U - ai@am)\i <é, /\;r <1 +5};
i#]

(i)  V(g.e) ={ue W"(M,g0) | Aulg,€) # 0},
see (2.1), (2.2) and (2.6). For A,(g,e) to be non-empty, we will always assume that 7 < e. Under

the above conditions on the parameters «;,a; and \;, the functions y 7, a'pq, ; constitute a smooth

manifold in W12(M, go), which implies the following well known result (see e.g. [5]).

Proposition 2.1. Given g > 0 there exists €1 > 0 such that for u € V(q,€) with € < €1, the problem

; Inf /(“ — &5, 3,)Lgo (u— &'y, 5,)dpg,
(Gis@i,Mi) EAu(g,2€0) X/ i\

admits an unique minimizer (o, a;, ;) € Ay(q,€0) and we set
©i = Pa; A v=u—ady;, K, = K(a;). (2.8)
Moreover, (o, a;, \;) depends smoothly on w.
The term v = u — a’ep; is orthogonal to all ¢;, —\;0x, ¥, )\%Vai @i, with respect to the product
oy = (Las ez
Finally, for u € V(g,¢) let

1
—Va, goi>LL90 . (2.9)

H, = Hy(q,€) = (¢i, \iOx, @i, "

3 Existence of subcritical solutions

Theorem [2} from [30], describes in detail the behaviour as 7 — 0 of blowing-up solutions to with
uniformly bounded energy and zero weak limit in V' (g, €), providing positive lower bounds on ||0.J.|| in a
suitable subset of the functional space. In view of this, we can restrict our attention to centers ai,...,aq
close to distinct critical points x1,...,z4 of K with negative Laplacian: more precisely, for n > 6 we can
assume the following conditions (for n = 5 they are slightly modified: see the above-mentioned statement)




. Y IEY .
(i) -0 ®oyl < 3w

(i) |% +C1(V2K(3’;j))_Tﬂ"| < %;

(i) N2+ o)< &,

for A = L and some z; € {VK =0} N {AK < 0} with @; # z;, i # j. Here, © > 0 (uniformly bounded
and bounded away from zero) depends on the function in V(q,¢), determined in Remark 6.2 of [30].

We next define the following (refined) neighbourhood of potential subcritical blowing-up solutions as
V(g,e) ={uecV(ge)| (i), (i) and (iii) above hold true.} (3.1)

From Lemmata and it follows that (recalling (2.2))) there exists é > 0, tending to zero as
€ — 0, such that

|07 (uw)| 2 % for ue€ V(g,e)\V(g,e) with k, =1,

so this justifies to look for solutions in V (g, ) only.

For a’p; € V(q,¢) with ¢ < a; < C, we have the expansion
Jr (ot +v) = J (b)) + 0T (' pi)v + iazJT(algai)vz +O(|[v]|?). (3.2)

Recall the uniform positivity of 92.J-(a’y;) on H,(q,¢) (see (2.9) and [5]), which justifies the following

Definition 3.1. For a'p; € V(q,c) we define v as the unique solution of the minimization problem

J-(alpi +0) = vEHa?ir,leH<€ Jr(alp; + ). (3.3)
Lemma 3.1. Let v be as in the above definition. Then one has the following properties
(i) for alp; € V(q,€) there holds ||v]| S 55 ~ 7;
(i3) if u € V(q,€) is such that 0J.(u) = 0, then a'p; € V(q,e) and u = a’p; + .
Moreover, for a'p; € V(q,€) one has that

€

T (o' +v) = O(ﬁ)’ where € — 0 as € — 0. (3.4)
Proof. We first justify Definition [3.I} which amounts to solving in a unique way

U, 0J-(a'p; +0) =0 (3.5)

denoting by II Hyi,. the projection onto H,:,,. Equivalently, as 0%J, is invertible on the latter subspace,
U= —(Hpip,0° - (o 03)) 1 [0, (i) + (8T, (ap; + 1) — 8T, (a'p;) — 0T (o' p;)D)] -
Note, that by Lemma and for a’y; € V(q,¢) we have [|0.J;(a’y;)|| < 5=. Moreover
Jr(a'p; 4+ ) — 0T (a'p;) — 02 J- (i) v = o(||0]])
by Hoélder’s continuity. Hence we may use a contraction argument in a ball
B%(O) C Hyiy,

to obtain existence of some @ solving (3.5) and satisfying estimate (). Uniqueness follows from the
aforementioned invertibility. Hence we have justified Definition We are left with proving (ii).



By the definition of ¥ and the above contraction argument we have that
) X 1

D*J () = —0J-(a'p;) + O(ﬁ

Testing thus 0.J, (a’y;) on (¢.;), we find from Lemmata and again for a‘p; € V(q,¢)

i €
|0J- (' i) dr.i| < PR

) on () e (3.6)

It is easy to see from (2.4)) and Lemma that 9%J-¢y,; = o(%), and since ||v]| < 5z we have that

82J7(ai90i)17¢k,i = 0(%), (3.7)

More in general, one finds also that

i o 1
O*J(a'p; + 00)vgy ; = O(F)
for any 6 € (0,1). To see this, since v € <¢k,i>J‘LHO, recalling (2.4)) it is sufficient to show that

, o o 1
/K(algoi + 0v)P 1vg0jdugo - /K(a ;)P 1v<pjd,ugo = O(F)

This, in turn, can be verified by dividing the domain of integration into {|o| < a’p;} and its complemen-
tary set, using Holder’s inequality and the fact that [|v]| < 5z. Consequently

AT (o' p; +0) = 0J-(a'pi +0) (4= 8J7'(aig0i)|,<¢k,i>+0(%) = O(%),
where € tends to zero as e does. Finally, if a solution 0J,(u) = 0 exists on V(g,¢), then we may write
u=a'p,+ 0+ 0 with o Lr,, (@k,i)-
But then
0 =0J(a"p; + 0+ D)0 = 0J-(a'p; + D) + 0*J, (a’p; + )00 + o(|7]?),
whence necessarily o = 0 by uniform positivity of 9%.J, (a’p;) on (¢ ;)= 5. Thus
0J.(u) =0 with u € V(g,e) = wu=a'p;+7

where ¥ = U4,4,) is the unique solution to (3.3, for which a‘y; + v € V(q, ). O

Remark 3.1. For a‘p; € V(q,e) and v € WY2(M, go) with ||v|| =1 it can be shown that

2
(kr)pjl_ . . n42 n—2 c n+2 2 ¢ _4_
#aJﬁr i) =—a =2 10 (1 4+ \2r2) "3 _ 9w “1 4"72&0- i | vd
STL(TL _ 1) (a SO )V a'T / (SOZ n( + 'LT ) c1 801, + n — 2 Co @1 )\7,@ v /’Lg()
Bs(ai)
‘ GAN? mE2 o Gey m2 2§ 4
+a'r / el - 2T + o PN | vdpg,
Gy 2n Cacy n—2co
Bs(ai)
. V% lKi ko AK: 9 L‘FE 1
N > _ ? "2 5d -
¢ /BE<M>( 2k T aar Ve o)

referring to the table at the end of the paper for the definition of the constants. As a consequence of these
formulas, one can prove that v is indeed of order )\1—2 and not smaller, as well as determine the leading
order in its expansion. Anyway, due to some cancellation properties, this will not substantially affect the
eigenvalues of the Hessian of J, at o'p; + ¥, estimated in the next section.



Let us now set (d1;,dai,d3;) = (1,—X\iOx,, + x Va,), fori=1,...,q.

Lemma 3.2. For u = a'p; +v € V(q,e) there holds

_ _ 1
1oll, lidusoll = O(53)-
Proof. The bound on ||7|| follows from Lemma Differentiating (¢, v)r,, = 0 we obtain
(Bk,ir di,j0) L, = —{di,jPr,is V)1, = O(|9]]),

whence denoting by Iy, ,y the orthogonal projection onto Iy, ), we have [Tl o[ =~ % due to

[0]] £ 5%. Moreover, since dJ(a’p; + v)v = 0 for every smoothly-varying vector field v € (Gpi)Eoo of
unit norm we have

0 :dl,j(c?‘JT(aicpi + o)) = 82JT(0/'<,0¢ + ﬁ)dlﬁj(o/goi +o)v+ 8JT(0/<,02- +v)d; ;v
and we can estimate the last summand above as
0 (0 i + 0)dy jv =0J-(a' i + V)i, ) (dijv) = O80T, (@i + 0)[[[0]),
since (¢r,i, di,jv) = (di jdr,i,v) = O(||v]|). Thence, AJ, (alp; +v) = O()\—Q) implies
) . 1
5%J (a i + 0)vd; U = —8%J, (a'@; +v)vd ;(a'p;) + O(ﬁ)

Then the claim would follow from [TI;4, ,y(di;0)|| ~ 5z, which we had seen before, and the uniform

positivity of 92J,(aip;) on (¢ ;) "0, provided we show
- _ 1
DT, (ol i + 1)y jv :O(F)’ (3.8)
cf. (4.1) and (4.7) for weaker statements. Let us prove (3.8]) for I = 1. We next claim that
) . 1
0% I, (a'pi + 0)pju = 02T, (a'pi)pjv + O(33)-

From (2.4)), since v € (¢;m~>J‘L90 , it is sufficient to show that we must show (see the proof of Lemma
i —\p— i _ 1
[ K@it 07 opdug, — [ Ko ugsdig, = 0(55).

Again, this can be seen considering the set {|7] < aipi} and its complementary, using Holder’s inequality
and [|7]| < 5. Thus from the above claim and we find, due to the orthogonalities (¢y.i,v)r,, =0,

1 2p O‘ i
0*J- (i) piv = — w /K "0i)P T pjudpg,
()17, (o

atp;
4 i i

- ﬁ/l’go(a @i)@jdﬂgo/K(a @) vdpig,

(k )P+1
atp;
(P +3)raiy,
+ 7;@/—[{ (a 901) Spjdﬂgo/K QDZ) vdjig, -
(k )P+1+
atp;
By definition of V(g,¢) we have 7 ~ V and recalling (5.2) and (| we may simplify this to
) 2
9% J (' pi)pjv = —dn(n — 1)”+ azn /K i) 72 pjudg,
"o CVK T
2 i i\ ntZ
— = [ Lao(@'wi)pjdpg, | K(a'pi) =2 vdpy,
Coa ;
(2£2 4 3)ax A . oni2
+4n(n — 1 T /K o' )= z%dﬂgo/K(a ©i) "2 vdpg,
colag))



up to error O(55). Moreover, from and ( we have

) B 1
/Lgo (@"pi)pidug, = 4n(n — 1)coor; + O(ﬁ)

and since d(a;,a;) ~ 1, we find by expanding and using Lemma

n+2

(i) [E(@'e) 2 pudug, =a) Zchp" 2 vdjigy;

n+2

. i \nE2 o2
(i) [ K(a'pi) 2udpg, =32 07" [ Kol vdpg,;

(i) [ K(a'p:)= Q@Jdﬂgo = ag@d fK‘P;degw
nt2 nt2

(iv)  [E(aip) " 2udug, = Y, a0 % [ Kol vdpg,,

up to errors of order O( /\12) Therefore, since WK | — O(%) due to , we obtain

; n+2 a2 e nt2
9T, (o) pjv ~ — dn(n — 1)n —3 ,7%2}(2'% 2 /% *vdpg,
e

8n(n — 1)y nt2 nt2
J K. ,—2
- 2n E iain ©; Ud:ugo
n—2 B
OK,r

(n+2 +3) ::+2 +2 ;iir2
+4n(n — 1) "5 ——a/* JZKQ Z/Lpi *vdpg,

(O‘KT)

up to an error O(55). Therefore using again (3.1]) we have

n+2 ::+2 la e71e ni2
O*J (i) pjv >~ — P “vdpg, — QZ J /gpl *vdpg, + (—— Z J/ 2vdpg,
up to the same error. Thus 02.J;(a’p;)p;v = O(55) using (5.6), obtaining (3.8) for I = 1.
For | = 2,3 one can reason analogously. O

Theorem [I] follows from the next proposition, based on the analysis of Section [d] and Corollary

Proposition 3.1. Letn>5 and let K : M — R be a positive Morse function satisfying (1.3)).
Then for every subset
{z1,...,24} CT{VK =0} N{AK < 0}

and, as T — 0, there exists a unique
u=0a'pa . +7€V(ge) with ||uH%q0 =1, d(as,z;) =0(1) and I9J.(u) =

Proof. Due to (3.4) we have

0] < F on V(ge) and |9J] > % on AV (q,e)

as long as ¢ < a; < C. Thus by (ii) in Lemma [3.1]it is sufficient to look for critical points in the set
C:= {u(a, A\, a) == a'p; + 5(a, A\, a) € V(g,e) | ||11H%g0 =1},

which is a smooth (3(n + 2) — 1)-dimensional manifold in W2(M, go).

Vice-versa, we claim that a critical point of J;|s is indeed a critical point of J;. In fact, by Lagrange
multiplier’s rule, the gradient of .J, at a constrained critical point @y must be orthogonal to C. Since J; is
scaling invariant, its gradient on C must be tangent to the unit sphere in the [| - ||z, norm. On the other
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hand, by construction of o, the gradient of J, at g is tangent to C := {a‘p; € V(q,¢) | ||uH%q0 =1} at
the point ug such that @y = ug + 7o (with obvious notation). By the estimate on the derivatives of ¥ in
Lemma T;,C is nearly parallel to T,,,C, which implies that d.J, (@) = 0, as desired.

It remains to prove existence and uniqueness of critical points of J;[s. For the existence part, one
can use the expansions in Lemmas and together with the definition of V'(g,¢) to show that
0J; is non-vanishing on the boundary of C. For example (see (iii) in the definition of V' (g, ¢€)), suppose

A =—¢ LK(%) + c 1 =T

J 2 K(xj;)T 22’ A2

From Lemma [5.5 one deduces that there exists € > 0, tending to zero as e —» 0, such that

i €
Aoy, Jr(a'pi) > B
From Lemmas [3.1] and one has also that
1 €
Aoy, Jr(u(a, A, a)) > %
with a similar reversed inequality, with opposite sign, if A3 = —c; L;‘(ﬁ(f)’g — 5. Analogous estimates

can be derived for the a— and a—derivatives, yielding that the degree of d.J, on C is well-defined and
non-zero. This shows the existence of a critical point for J |z, which is (freely) critical for J. by the
above discussion. Since by construction the negative part of the above solutions is small in W2 norm,
it is possible to show from Sobolev’s inequality that it has to vanish identically, so full positivity follows
then from the maximum principle.

Uniqueness follows from Lemma [3.2] and Proposition [£.I] implying the strict convexity or concavity
of J;|s with respect to all parameters a’s, A’s and the coordinates of the points a;, provided they are
chosen so that V2K (z;) is diagonal. O

4 The second variation

Let V(g,€) be the open set defined in (3.1)): the aim of this section is to find there a nearly diagonal form
of the second differential of J,. Let us recall our notation from Section [2] and in particular that of the

orthogonal space H, in (2.9).

Proposition 4.1. For a'y; + v € V(q,¢), consider the decomposition
1,2 vai
WHA(M, go) = Huip, @ (i)1<i<q @ MO pi)1<izq ® (T @i)1gizg = V O Xa @ X5 @ Xa.
X3

Then there exists a basis B of W12(M, go) with elements in the subspaces of the above decomposition,
such that the coefficients of the the second differential of J. with respect to B have the form

Ve 0 0 0
1[0 Agio O 0 1
2| o 0 A

V2K
0 0 0 —%

[aQJT(O‘kSOk + ’D)]IB =

(i) Vi represents the coefficients of a symmetric, positive-definite operator on V with eigenvalues uni-
formly bounded away from zero;

(11) Aq—1,0 has ¢—1 negative eigenvalues uniformly bounded away from zero and one-dimensional kernel;

(1i1) Ay is positive-definite, with eigenvalues uniformly bounded away from zero;

V3K,
K

i

(iv) —VQTK stands for the diagonal matriz —( )i=1,....q-

11



Remark 4.1. The basis elements in B corresponding to the first two blocks have norms of order %, while
the ones corresponding to the last two blocks have norm of order 1. We made this choice to guarantee the
off-diagonal terms in the above matriz to be of order o(%).

Proof. We will analyse (2.4) for u = a’p; + v € V(q,¢). Recall from Section
WLQ(Ma gO) = <¢k,i>k,i @ Haigoia
We then choose a (-, -)Lgo -orthonormal basis {vg, v1, 1, ...} for Hgip, and for some \ ~ \; ~ % define

7 ~ i vai Vj .
B:{¢k,ivuj}:: {:;7)\7,8)\19017TS017X]}7 k:172737 zzla"wq'
3 3

With this choice it is not hard to see that the coefficients [0%.J,(a* ), + ¥)]p are all of order O(5%), and
our goal is to make their estimates more precise, considering different matrix blocks.

First block. The fact that 02J-(a'y;) is (uniformly) positive-definite on H,i,, is well-known, see e.g.
[5]. The positivity of 92J.(alp; + €,) on the same subspace follows from the Hélder continuity of the
second differential and the fact that [|7]| = O(55).

First two blocks. Testing the second differential with 7; and ¢~517j = % we get

L 1
P I pi + V)i j = O(F) (4.1)
using the orthogonality (7;, q@l,jﬁgg = 0, Lemma and the fact that [|0]| < §5. Moreover, from (2.4)

and the fact that qgu is of order %, we find

~ 16n(n — 1)¢g apQ dx
?J (o or + 0)didn,; = ( o )5 (=0hi + —50) = Aigi <o / e (42)
D) S
up to an error of order 0(%). Let us compare the above expression to
2 2n 4 2n
« 2 n—
f(a):m; o= Za7;27 aKz ::ZKiai 27
(ap™2)= i=1 i=1
with first- and second-order derivatives given by
2 = 2
1 Q; o’ Kal? Q; «a 4
58047 f(a) = ( ’271274) _o - ( 2777421) n1_2+1 = ( 27121) n_2 (]‘ - 27712 K’Lai : )7
S N O e O
1 1 n+2 o? s Q;Q a? =1 o
78041‘8‘11‘ f(a) = 5i’j 2n_ (1 - 2n Kiai 2) +2 AZ J, _2n_ Kiai szaj ’
2 (an72)"n2 n—2an72 (a7172)¥+1an—2
K K K K

"y 4 4 2 2 n42 nt2

T N D = — Ko 2 K]
(a?)%+1 n—2 (a;72)7L52+2 .

_2n_
The function f is scaling invariant and restricted to {aj;* = 1} attains its maximum at (o ); satisfying

a2 _4
— Ko/ =1 forall i=1,...,q,
ap?
where we have
1 4 ;0
§8ai5ajf( ) = = (=0 + azj )- (4.3)
(n—2)(ag ")



Comparing (4.2)) and (4.3) we conclude, with obvious notation

Vs 0 I 0py 07Ty
2 k N 0 A0 PTigige OPJrgos 1
TIACATOE = 2 605 92dbads P driade 0 rada | TON

PI s 02 h3dr O Jrds, o 02,33

Terms off 2x2 blocks. Let us consider next the interaction of 7; with qgk,j = ¢y, for k =2,3. Since

1 - 1 1
v = O(ﬁ% U = 0(})’ (Ph Pr )Ly, = O(ﬁ) and  (vi, ¢k j)L,, =0
we simply find for ([2.4)
N~ 1 ~ 7 ZpTDLi i —1~ 7
P I (g + V)i p = 0% T, (ol o) Dighp = — %fl /K(al%)p '0igj kg, (4.4)
R

up to an error of order o(55). Indeed, by (2.4), the crucial estimates needed to verify (£.4) are

- 1 ~
[ K@ e mdg, = ol55) = [ KlaloPdnsduy, (4.5)
These however follow easily by expansion and interaction estimates using
1 n+2 . _
(P1s Prj) Ly = O(p% (Vis Ok,j) L,y = 0, Lg,o1 = 4n(n — 1)@, 2 + o(1) in W—"2(M, go)

and Lemma For the remaining integral in (4.4)), we then have

L~ .~ 1
/K(Oéls@z)p i kdpg, = K /(alsﬁl)p i kdpg, +0(§)

. 1 1
=K; (') 0 wdpg, + O3 D el @5l wa1) + 0(<5)
’ {0i>2  alei} ! % /\; ! AR A2 (4.6)
B - | ) ) 1
—rjep ! | O Bidiadii + O(5 3 It ™ s + ey ) +0(55)
{pi>2 0 ot} §#l Lor

and therefore, using Lemma (with p = 242 — 7)

1~ 7 _ 1~ 7 1
/K(al(pl)p 11/1-Q§j7kd,u,go :Kjaé? 1/@? 1V¢¢j,kdﬂgo +O(F)

Then, since [|7;|| = O(3), 7 = O(5%) and &,,s = O(52), we find

- A 1 1
[ K@t sy, K07 [ 67 ndsadng, + ol55) = ol35),

where the last inequality follows from Lemma and (¢, U;) Ly, = 0. Thus

_4
prye

o~ 1
*J, (ol +0) i ; = O(F) for k=2,3. (4.7
By exactly the same arguments with qgl)i = O(%) as for (4.5 there holds
b1,

T (algy + D)y bk j = 9, (alp + D)

1 1
/\’ bk, = X82JT(alSDI)SDi¢k,j = O(F)

for k = 2,3. Thus we arrive at

S 0 0
~ 0 zAi-10 0 0 1
2 ! _ a2 g1, . . =
O Tlefatols =1 0 O Jrdas 0 Jrdads olze)
0 0 O*Jrpsps  0*J 03, b3
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Last 2x2 block. We are left with the estimate of

P T (Fpp +0)brarj = T (aFpp + D) bt

for k,l = 2,3. Using the fact that
/¢lm g0 (@ <Pm+v)d,uq0—o /(ﬁkl a™ oy +0)Pdug, for k=2,3,

which follows from ||9]| = O(5%), Lemma and Lemma we find for (2.4)

T (™ o + V) r,i

2 Tam g+ . o
:T/ [¢k7iLgo¢l,j _p(k)i’%K(a Om + )P 1¢k,i¢l,j] djig,
o e T (4.8)
2 9 9 .
R = 4T (h—l)=——=——(h - 12)+0(>\2).
(k7)o +a (Fr)amg,, +o (coag? )

In the latter formula, recalling (2.2)) and the definition of V' (g, ), we have used the fact that

27nn2

_2
(k‘r);:‘laperv - (C()CVK T ) + 0(]‘)

and that both I, I are of order % Let us first compute I, for which we clearly have

Tam R ’r’am D
B = et [ R gt + 0l — D =2 [ (a0 20000
7' amtpm—i-v T oc’"gom-‘rv
up to an error o(5z), as ||v]| = O(5%), and therefore still up to an error o(55)
_ T(X Ym+U
I AR K(a L brir g,
'r a’”cpm+v
n+ 2 4 m 6—n _
+4n(n — 1)n 55 % /K(a Om) "2 Pp i1, VAL g, -

OéK,'r

As due to d(a;,a;) ~ 1 for i # j the interactions terms ¢; ; in are of order 17— = o(5z), we find

Tom m U — —
I =p—2"#mT_5, ab 1/K¢f Yoridridig,
(kf)a’”som-&-ﬁ
n+2 4 o S=n = _
o g = 0 Q/K% * On,idu,ivdpg,
Qg

\T

+4n(n—1)

up to an error 0()\1—2). Up to the same error and using (3.1) we may simplify this to

N - n+2 V2K; , -4
I :p%tﬁﬂﬁaf 1/ ¢k z¢’l zdﬂgo -+ 4n(n — 1) 0; / 5L’2<pi 2¢k,i¢l,idﬂgo

kr)amep,, +o —2 2K;
Be(a;)
n—+ 2 4 —1 ?L_fn _
+4n(n — 1)n > m‘si,j% /@i * Or,ipr,ivdpg,
for some ¢ > 0 small and fixed. Moreover, by orthogonality and (5.12))
Taicm-i-f) _ Taisai — 4n(n _ 1)0472(1 _ (ﬁ _ ‘0;1672)7_) + 0(i)
(k.r)ai%Jr{, (/{T)aiw a’;;':; Co Co Cp A2



whence by (3.1) and the fact that p = ”—4'2 — 7 we arrive at

n+2 n—2 ¢ € C 0 / 1
I, =4 -1 1- - — = A6 i P iD1ad
s =dn(n =) [01 - (A + 2 cm) NG [ G bnididpag

n 4+ 2 V2K; 3
+4TL(TL— 1)n_ .7 / : 2 . ¢k zqslzd,ugo
Bs(az)

n+2 4 _ S-n _
Hdn(n —1) 2 ——dijo; ! /% * fr,ibr, Vg,

Let us compute the last integral above, which is of order O(5%), as it is ||o||. There holds

6=—n
/@;72 ¢k,i¢l,i77d;ugo = /dk 1901 ¢l zvdﬂgg
_4 ’i
de,i/%"*z@,ﬂ?dugo —/%"*Qdk,i@,i@dugo —/ 77 duid,ivdpg,.

n—2
Due to orthogonality the first integral above is of order 0(%) and denoting by

W= H(m e W for w e WH%(M, go) (4.9)

the orthogonal projection onto <¢5k7i>J‘Lgo we have up to an error 0(%2)
4
/ i Vdpg, = / @i " diidr,iVdpg,

due to the orthogonalities (0, ¢x )1, = 0 and ||5]| = O(5z). Hence, using the same notation as in (4.9),
we arrive at

n+ 2 n—2 ¢ CC 0 -1
I =dn(n — 1 1 - AN | P dradad
=l = )21 = (g + 2 = D2 [ oo,
n+2 V2K- s
dn(n —1 5i, L2202 b irid
N n(n ) -2 Ac(ai) 2K; TP ¢k7 (bl’ Hao

n+2 -1 mt T = 7
—dn(n —1)——0d; 05 ([ 0] " di,idri0dpg, + [ 0" b idy,iVdpg,).
n—2

Due to |9 = O(%) we have still up to a 0(%)

_ 8n(n—-1) L 2 el
) m 9o _ oo
a JT(a spm)"U (Coa%_i_l) = <47’L(7’l _ 1)1) n—2 ;@m ’U> )

and we recall from (3.6) that

1
azJT(O‘mQDm)?7 = —=0J-(a"pm) + O(ﬁ) on <¢l,j>LLgO~

From this we deduce, again by smallness of interactions terms ¢; ;

_  ptlyn=2 _
n+2 4~ (Coai ) —  (0,dritni)L
n— d . . d — ’ a‘]T m d . . S MRl 90.
n_9 / k,z(bl,zv Hgo Sn(n _ 1) (Oé @m) k,z¢l,z + 4n(n - 1)

and, by orthogonality and Lemma there holds up to an error 0(%)

T 7 nt2
(0, dk,ibu,i) Ly, = — (dk,i0, Pri) L, = —4n(n — 1)/dkﬂ-vdlvigan72 dig,

n+2

=—4n(n—1) 5
" —

_4
/ G777 dy v idiig,
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We therefore conclude that up to an error 0(%)
R P e 1 R e i SR -3 P DUD Y (O N
2 = n—2 n-+2 Co Ga Co T)A; 045 P k,iPliGHg,
n+2 V2K, 5 4
(=)0 / o, © P Priduidig,
Bs(ai)
n—2

(o)™ —

—4 —1)6; a; ! T AT (o) dr D1 s,

n(n —1)d; jo; 8n(n —1) (@™ pm)dg. i,

at which point ¥ has been eliminated from the

g, (a™

S0 we may pass from dZ(b\lz to dg,;¢1,; in the above formulas and, as 90J; (a™¢,,) = O(

n—2

)

(ool

OJ- (@™ @um) kit

main terms in the expansion. By Lemma 3.1 we then have

1
(Pm) |_<¢7k,i>: O(ﬁ))

1

3z ); We obtain

8n(n —1)
n42 e c n42 2 C _4_
=—aT / <s0#z2 In(1+A2,2) 5 — Lpi™ QCl%zkmBAmwm) di,ibridpig,
( ) C1 n—z:Co
Be(am
m G A, m2 e 22 2 4 i
+oatT G0 9 = 2*307” AmOx,, om | di,id1id g,
B ) Co n C2C1 n—zcy
m V2K, AK,, 22
-« / ( 2K .’L‘Q - QTLK 7‘2)()0m 2dk,i¢l,id:ugo~
Ba(am)
Still by the fact that ; ; = o(5z) we therefore arrive at
n+2 n—2 ¢ C1 Co 0 p—1
Iy =4n(n — 1)n 5 [(1— (n T2 g%)ﬂ])\i dij [ ©i  Pkibiidiig,
n+2 V2K, 5 45
+4n(n — 1)m ij oK, i * Oritidpig,
Bs(ai)
" 2. 2\n=2  C1 7% C1 23
—dn(n—1)8; ;| —7 o P In(1+M7r) = — —pf 5o P AiOxi |diiduidpg,
(@) C1 n — zCy
B.(a;
61 )\%T’2 Z—fz 5162 :114:2 2 61 ﬁ
+T = Ton i T3 i o P AiOx, @i | di,i 01,5 1bg,
5 (a.) C2 n CoC1 n—4:C
VQKZ' AKl :fQ
- / ( 2K x2 - 27’LKT2)SD’L 2dk,i¢l,id/’[’go)a

B, ((17,)
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up to some o(%) By oddness, we may simplify this to

Iy =n(n - 1>Zf§[<1 G + 2 NG b [ W s
VK, , 4,
ann = D250 [ el o id,
Be(ai) '
n+2 C n+2 C
—4n(n 1)5i,j5k,z< @2 In(1+ M%) Cf D n—27(p’ T, O, %)dk iOk,iLg,
Be(ai)
G1 AIr? nt2 Gy ni2 2 & A
T / (cz 2n Tt Gt n—27% A %)dkz¢klduq°
Be(ai)
2K . n+2
- / (2[52552 - ;I[?ir2)90in?dk,i¢k,id/‘go>
B:(ai)

By Lemma it follows that for k = 2,3 and up to some 0(%)

2
4dn(n — 1)n7+2
n—

=(XiOx, pis (di,i)*0i) 1, = dii(NiOx, @i, dii0i) L,

1
=dk,i{P2,is Pk,i) Ly, — ikiax,;Wi,iHLgo = o(1),

0

as (¢2.i, Pr.i)L,, and |65 L,

are almost constant in a; and \;.

4 _
/QDZHQ )\ié)Aigpidk,iqSk’idugo = Lgo()\iakisﬁi)dk,iﬁbk,idﬂgo

= (NiOx, ki 0is Ai,itPi) L,

So we simplify to

I n+2 n—2 61 C1 C2 0 / 1
= 1-— —_ - == A; 0 30 iOd
4n(n . 1) n— 2 [( (n + 2 &2 EO) )] ) k,l SD’L ¢k3 (bka /'I'g(]
n -+ 2 VzKi n% n=2 c nt2
+ o= 52 G0k, / 9K 2?07 Bridn,iditg, — i 0k, ( -7 / <1H(1 + M%) — ci)% *di, i idpig,
Be(a;) Be(ai)
C1 )\ 7“ 6162 "fg / (V2Ki 9 AKZ* 2 ”Jjg
— == " ?di ;Pr.id — - "2 dp i Ok ad .
+7 / <02 o 5201)% ki Pk id gy oK, ¥ T onk," )oi 7 dr i P idpig,
B (a;) Be(ai)

Next for the first summand above we find that up to an error o(

A?/wﬁ-’

T Bridridig, =/ 77 b ik idpng, + /

3)

P 2()‘9 ;= 1)bn,idk,idpg,

Bs(ai)
n—2 = 5 2e0
=g | Bl nadng + [ @l (L X" = D idnidug,
B.(a;)
1 n—2 4
_mn+2<¢m,¢m> +0 / @07 7 (1 + N2 i dridng,
B (a;)
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using Lemma, and properly expanding. Recalling (4.8]), we thus conclude

(k )gj—nl m+0 2 m _ -
Wfl)a ( ¢m+v)¢k,i¢l,j —/m

n+2¢ ¢c 4 n-+2 a ns
:&,j%,l((l + " (Tl — 71?2))7'/% 2¢k7i¢k>id/’(’!]0 — mT / o ? In(1 +)\12r2) = i bnidpig,

L, I
iPu,id —
¢k ¢l gy — 4n(n — 1)

Ba(ai)
e s )\2 C1C n42
—T / <1n(1 + )\?TQ) nz C1>% 2 dy Ok, zdﬂgo + 7 / (01 o f102>%ﬂ2 dk,i¢k,idugo
Co n CoC1
Be(a:) Be(a;)
V Kz 2 AKZ 2 2 n+2 VQKZ 9 %
"2d d _ =] ; d
/ ( 2K 2nK )Saz k, Z¢k Qg n—2 / 2K,L =y, (bk, ¢k,z Lhgo
Bs(ai) Bg(ai)
(4.10)
and in particular for i = 1,...,q, and k,l = 1,...,n we have up to an error 0($)
Vi 0 0 0
0 A 10 0 0
2 k _ o N2 f2q—1,
[8 J‘r(a Pk + U)]B - 0 0 82JT)\ia)\iS0i)\ia)\iQ0i 0
0 0 0 92J. (V;:)kso (Va )lst

Last diagonal terms. Concerning A-derivatives, we first notice that mixed derivatives in different \;’s
are of order A>~", which is a o(A~2) since n > 5. Therefore it is sufficient to compute second derivatives
with respect to the same \;. This corresponds to

(k- )p:r”lsa + n+2 ¢ C1 Co 4
T e omtl 2 5 o m 0+ 5) (A0, i2: 1 1 c1C / 3 b d
Sn(n — 1) ( Pm + U)( X P ) ( + " 2(50 % 50))7— (N ¢k, (bk, Lgo
n+2 .
n — 2 / Lpz ln( >‘2 2) 2 |/\ 8/\ 901‘ dlugo
Ba(ai)
n c s é1 N2 gpe nt2
- In(1 + A22)"2° = & 072 (N0 id / = — A2 o2 (N0 )20d
T / (n( + Air?) o (X0, ) @idpg, + T % o e )Y (NiO, ) pidpig,
Be(as) Bl(as)
VIK; 5 AK; 5 5 n+2 V2K; 27
/ 3k, ok, P = (Aidn,)? Pidpg, = —— / oK, 7 N, i P
Be(a:) Be(a;)

The second-last summand vanishes and [ ¢ _1¢k7iq§k7idugo = ¢, +o(1), cf. Lemma whence

(k)i 0 _ n+2&  &é
Wim;)r82 ( m‘pm +’U)()\z‘a,\i80i)2 :Cg(l—‘r 1 12

2 n—2 C nt2
— :LL + 27’ / 2 111(1 —+ )\2 2) 2 ‘)\ a)\ %) | d,ugo / <1n(1 + )\127"2)T — 21)90:2 (Aiaki)Q(pidﬂ,go
- 1

Bc(a;) B.(as)
RS EA T n+2 AK;
A, ) pidpig, — —— Xy, pil2d
+7 / (02 o (;2(;1)% ® (N0, 2pidyug, Ty r% 7| N0, i 2dpig,
Beles) Bl(a:)
Moreover,
= nt2 n-+2 _4 2

/ P Oid ity = X / P MO piditgo = / P Nidnpil*dpg, = ——— s+ o(1),
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and

- / r’or 7 Ao il dpg, = / 2N pidiOn ] dpug,

Bs(ai) Bs(ai)

nt2
=0y, / X0, pip] 7 dpig, — / r SDZL 2(>\ O, )2 pidiig,-
B/—:(ai) Bs(at)

Thus recalling (3.1)), in particular ¢ 7+ ¢ ﬁ_’ig = o(5%), we arrive at
A2

r)anp o )5#*"’”” 2T (0" g+ B) N, ) = ear — 27 / P In(1 4 A2r2) 5 Moy, i Pdp
8n(n —1) ’ n—2 g0
Be(a:)
nt2 nt2
- / (1 + A2r2) 2" o7 (i, ) 2idpig, + = 2 T / P2 XiOxpip] dptg,,
BE(ai) Bs(ai)
and for the last integral above we find passing to integration over R™
n+2 2
)\2-8,\1. / r )\ 8)\ (plcpz d/l,go =\ 8,\ / r )\ 8,\ (50)\ (50 i
B:(ai)
n— 2 2n_ n—2 r? n—2 ¢y
A0 2553 da = Aidx, )2 (A2 dr) =
s [0 de = "0 P [ e = P2

up to some error of order o(1). Consequently

(k )gz;tll@m+va2 ( m +1—))()\a _)2 =c (1+ n_26152 ’
Sn(n— 1) pm oL = AU T 602 Gcy
"+2 o7 = 2.2 2. 2vm=2 wE o o
" In(1 + X272) "% |\, @il dprg, — In(1 +A7r7) 77 0 (X0, )" pidyg, -
- Be(al)

B, ((ll)

Finally, we calculate passing to integration over R™ and up to a o(1)

2
2 [ e ) o i,
Bs(ai)

:/ In(1 + A2r2)“° A;05, 600, \i, 50"/\2dxf)\8,\/ In(1+ M\r?) 2 A6A50A50;2d:r

n

Apr? s 2.2 s
—(n— 2)/ WAia)‘iaoAi&i;i dx — / In(1+ A;r ) ()\ Oh, ) 50’)‘i66t;\i dx,
R’L i n

where the first summand above vanishes by rescaling, and we are reduced to

2,’,.2 n+42

gz O dordisrd

(kr )ptblgo + n — 2 ¢1éa
MaQ m Db o 2 _ ) L /
Sn(n _ 1) ( ©m + U)( i )\,,Qoz) 02( —+ 16n2 6202 )7- + (TL )7_ A

where up to some o(1)
)\2 2 nt2 -2 2 1— 2 -2 2 1— 2
/Zir&a&é%é(;;jdx = /(r A=r) g, TCs. iy = —/(T(r)dm. (4.11)

1+ )\?7‘2 2 1+ r2)nt2 1+ r2)n+2
R~ R~ Rn

By an explicit computation of the above constants we conclude that up to an error o()\l—z)

(ko) THE n—28&6, (n-2)7° (n —2)°T*(3)
am™p, UaQ m m - )\la 0, 2 _ 1 _ A N = N2
snm—1) 0 Trla"em +0)Adrei)” = e+ 355 o 2 128nT(n + 1)
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Thence with i =1,...,gand k,l = 1,...,n we arrive at

Vi 0 0 0
0 =hAg10 O 0
2 k = _ AZPRg—1,
[0° T (e + D) = 0 0 %Aﬁ’
0 0 0 g2, ke, Buliy,

up to o(5%), where Ay > 0 is as in the statement. For instance consider

(k"')pijnl v m — Va, 1
Sn(an f’"l"’)'” 82‘]7'(0‘ Pm + U)(( al)

n+2, ¢ C1 Co 4 Vai n+2 4 n—2 vai
—a+ 2@ agy, forn ek ey, - 222 [ ofmna ) s Eeke pa,

n—27c¢ CC i 2
Bs(ai)
n—2 C n+2 (V ) 61 )\27‘2 5162 n+2 (V )
_ In(1 A2 2 22 _ ﬂ n—2 ai/)1\2 d / “1 7 _ n—2 ai/)1\2 -d
T / ( n(l+ A7) PAL ( X ) pidpg, + 7 Ga 2n CaC1 o ( \; )= pidpig,
B (a;) Be(as)
VZK; 5 AK; 5 22 (Vi) n—+2 V2K; 5 -+ (Va,)
T _ K n— a; zd 7 n—2 ai)1 i 2d )
/ ( 2K1 € QnKlr )SD'L ( Al ) ¥ /1’90 —9 2K1 T 2 | )\z ¥ | /1’90
Bs(ai) Bs(ai)
At this point some simplifications occur. From the relation
- . AK; 1
7+ CQ—KM? = O(F)
we obtain cancellation of the terms involving AK; and % ’\'2?;2. Using as well the relations
e (vﬂi) c3 :lt2 (vﬂi) n+2c
/‘Pz‘ ’ |T190¢\2dﬂgo =5 T o(1); /‘Pi ’ (Tl)z%dﬂgo = o Tan " o(1)
together with (;—(1) - ;—;;—s)% = (% — %f—f)% due ¢y = ¢1 and ¢y = 3, we find
PEa
(k)2 o (Va,)
o m TV 82J7- m = a1 \2
8’)’L(7’L — 1) (04 Pm + ’U)( X (pt)
= 2 4 n— Va. n— nt2 va.
:CiT— nt T / ol 1n(1+)\?r2)72|7( 1)1‘pi|2dﬂgo -7 / ln(1+)\?r2)7290i"*2(( oA )290id/igg
n n—2 i Ai
Be(a:) Be(a;)
V2K 5 222 (Va,), n+2 V2K 5 %5 (Va,)
- | St Epbpodu, - 152 [ TRt Bk pay,,,
Bg(ai) B. (al)

Moreover we have, passing to integration over R™, up to an error o(1)

_4_ n— ) n— ) nt2 )
[ ermmenzey ek g ey, = [ ez s ek g ok o,

Be(ai)

N1 22 (V) n—2 242 (V)
=~ (-2 /]R T 22008y, dondr = /n In(1+Xfr®) =057 (3 )dode

n+2
n—2

and find for the first summand

Xizy 22 (V) 74 (Va,) 2
—2 0y 80 dr = — 573 80 |fdr = ——=.
(n )/Rn 1+ )\?7“2 0 A /\i 0,2 4% /Rn 0, I /\z 0 v n
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We therefore are left with

(k)5 (Va,)
@ m 'Ua2 m ai/1 s 2
8n(n —1) (@ pm +0)( i #)
VKZ %0 2+2 (V,.), n+2 / V2K 5 =45 (Va,) 9
Zd e i d .
“( N L) pidpg, — — ok, " | N, @il “dpg,
Bs(”‘t)

Finally, passing to integration over R™up to some o(1) there holds

n+2 =) (Vai) (vai) Z# (Vai)

n_2 / Y 2‘T190i|2dﬂgo = /]R" i \; 150)\12 N =g,z dx

BE(ai)
L1 oo (val) (vai) w3 (Vai)
= — 251,l /” )\7160 /\2 )\Z L 507,\id$ — /n .TZQ )\Z L 50’)\3( )\2 ! )2507)\1,651‘,
and similarly for j = 2,...,n. Diagonalizing the Hessian we have V2K;z? = Yoy 8l2Kixl2 and
Va,) x3 n—2 r?
5"2( Loondz =—(n—2 52 L _dr=— / d
/n X, 0 X 0,X; AL (n ) - 0\ 1+/\2r2 x n>\12 g (14 r2)ntl T,
(and similarly for j = 2,...,n), so we conclude that
(k- )”fnz, + (Va,) PK;
@ m U82 m m = ai/1 ; - _ 1 'L.
8n(n —1) (@™ om +0)( Ai @) cKi)‘g

Similarly, one can show analogous formula for any couple of indices

<k )é,t,l m+D m Va )k Va ! alei
Wfﬂa? (0™ +0)Yede Ve o

The proof is thereby complete. O

From Proposition we deduce that the kernel of 92.J, is potentially one-dimensional. On the other
hand the presence of an at one dimensional kernel at a solution is necessary due to the scaling invariance
of J.. Hence it is natural to impose some homogeneous constraint.

Corollary 4.1. Let
I = el e,y =11 o Lr = Jrlppp, =1)

and let @ denote the corresponding normalization of a solution u of (L.5)) in V(q,€). Then

(IT,u)qulJanf (K, a;)).

=1

5 Appendix: Some estimates and list of constants

In this appendix, recalling our notation, we collect some useful statements and formulas proved in [30].

n+2

Lemma 5.1. There holds Lg, 4. = O((pf). More precisely on a geodesic ball B, (a) for oo > 0 small

n+42 n+2 2 _n_ n+42

nt2 R,
Lgo@ax = 4n(n — 1), = 2ncnry 2 ((n — 1) Ho + 140, Ha) oy 7 + /\” @ Ppan Folri e,

where r, = dg, (a,-). Since Ry, = O(r2) in conformal normal coordinates, cf. [23], we obtain
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n+2

(Z) Lgopar = 4”(” - 1)[1 - %TQ_Q(Ha(a) + nVHa( )x )](P;AQ + O()‘_Q‘Pa)\) for n=5;

n+2 n4+2

(i)  Lgypar = 4n(n — 1)(,0;’;\2 =dn(n - 1)1+ FW(a )lnr]go" >+ 0N "2p,)  forn=6;

n42

(iii)  Lgypax =4n(n —1)@;3* + OA"%pan)  forn =T,

o 2 . . . Vﬂ, . .
where W(a) = |W(a)|*. The expansions stated above persist upon taking AOX and 5= derivatives.

Lemma 5.2. Let 0 = %727' and k,1=1,2,3 and i,j =1,...,q. There holds uniformly as0 <717 — 0
(1) |bril, |XiOx Ohils |3V dril < Coi;

(ii) )ﬁfcpz qi)k iOk,idig, = ¢k - id + O(T + )\Hg) ¢ > 0;

n+2

(iii)  for i # j up to some error of order O(72 + Z#j(/\i? +e.7 )

n+2 n+
/\6/ d)’wd“go = bgdyicij = /% “Tdy JP5 “dpigy;

(iv) )\gfgo" 2 (bk,qb“dugo = O(%z) fork #1 and for k =2,3

N7 forn =5
)‘0 f % ¢k alpg, =0 | T+ h;\i‘ forn==6 :
A forn>7T

(v) )\ffgo?_fcpfd,ugo = O(sgj) fori#j, a+p= %, a—7>"L5>pB>1;
(i) [ el P dug, = O(e] 2 Inegy ), i # j;
(vii) (1,0, , = » Va)eij = 0(gij), i # 4,

cf.([2.7), with constants by, = [ ﬁ fork=1,2,3 and
R™ 1472
[t =2 (1= 1p (Y
a= | qrem 27 , = .
(14r2)n 4 (1 + r2)n+2 n 1+ 22
R™ R™ Rn

Lemma 5.3. Foru € V(q,e) with k; =1, ¢f. (2.2),and v € H,(q,€) there holds

n+2

onta'er=0(| X G+ S5 + L + 25 1)

Lemma 5.4. Foru € V(q,€) and € > 0 sufficiently small the three quantities 0.J.(u)¢1 ;, OJ- (' ;)1 5,
Oa, Jr(atp;) can be written as

2
Qi . « K p—1 AKk ak
n_ n_2 (60(1 o aP‘H )\9 @ ) - 2 K )\2 Z Kk)\2 a2

n—2
(OéKﬂ_) n K,T
H; o? H
7;,Zk b forn=5
3 (77187} ; b 2
b € _ e ) —=d WilnA; ln)\ ap Wi ln ) —
+ 01 E 02 k,l E a; 1,J 1 Zk% k/\4 k fornfﬁ
k£l i k
0 form >7
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up to an error of order O(T2 + Zr;&s hZ:Ja

n+2 NN
T )\4 +ert +|0J-(uw)]?), with positive constants ¢o, &2, b1, dy
N 8n(n—1)(n+2 . 8n(n —1 . 8n(n—1) - . 2
by = (,L 5 i )bh Co = ¥027 dy = %dh ¢o =8n(n—1)cg . (5.1)
& (n—2) Gy G
In particular for all j
a? K; -
F)\@ a2t =14 0( T+Z +srs+\aj( ).
K,

r;és

Lemma 5.5. Foru € V(q,e) and £ > 0 sufficiently small the three quantities OJ;(u)p2 j, OJr(a'p;)pa,;
and 2L aA (alp;) can be written as

AK, I;\I—?J for n=5
Q; ~ Q; 7| w,ma,
Py (ClT + CzK )\2 — by Z EjAjaAjEi’j +dy -7/\; i for n=6]| |,
(O‘K,T) " J# 0 for n>17
S 5T 2 VK2 1, P 2
with positive constants ¢1,¢a,d1,by up to some error O(T + Z#s =t ar Ferd 107 (u)] )

Lemma 5.6. For u € V(q,e) and € > 0 sufficiently small the three quantities 0J-(u)@3 ;, 8J7(aicp¢)¢37j
avaj -(alp;) can be written as

. O[j p VK 4+ & VAK B (673 &6 )
@iz \ K AN T Lo
K,

j#i J

with positive constants ¢s,C4,bs up to some error O(

3 VB 0 1 o, (w)]?).
Lemma 5.7. For every u € V(q,¢€) there holds

|VK\ o K, :
0T (W) ST+ + - el Yored ol
r#s T KT T

Theorem 2. Suppose that n > 5, K : M — R is positive, Morse and satisfies (1.3). Then for e > 0
sufficiently small there exists ¢ > 0 such that for any u € V(q,e) with k, =1 there holds

\V -l a? K
0J (w)| > ¢(r +Z )\2+|1 7 /\g o +eps),
r#s

unless there is a violation of at least one of the four conditions
(i) T>0;
(i1)  there exists x; # x; € {VK =0} N {AK < 0} and d(a;, z;) = O(%),
6
(iii) ;=0 (3£)77 1+0(%)'

(iv) &1 = —czﬁ v 0(%)

where © is a positive constant, uniformly bounded and bounded away from zero, that depends on u (see
Remark 6.2 in [30]). In the latter case there holds Ay =~ ... \; ~ \ = —=

75 and setting a; = eXPgw.(aj)
J
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we still have up to an error o(55) the lower bound

2AKx) 512Hx (@3, 2;)
oJ(u)| Z _— )/ J Gy, (i, J
0 (u)| 2 Zl +97T ; %(AA) 7|
aj 4 2 -1 VAK(ZL'])
Y4 (VK () e,
+ij\Aj g (VK@) T
AK(x H(x
3 oy -0 A a2l AK(x;) | 2816 H(z;) PO Q%K(ék;;i)
s RN e s . . i
J K(aj) 90 K(I])A] e )‘j Zk; 4]

n casen =5 and

1 VAK (z;)
/\3
J

ZEEY CQ“”JN 2+ R )

e | +]a; —©

o
)
(aj)

in case n > 6. The constants appearing above are defined by ¢y = fRn (1+r2

& = n(n—l)(n—2)2/ 1—r? In 1 d 62__(n—1)(n—2)/ r2(1—r?) .
B n—2 2\n+1 27 B n—2 2\yn+1 7"
Eon Rn(1+r ) * 1+r Eon ]Rn(1+r ) "

. 4(n—1)(n—-2) . 2(n—1)r?
‘/W“ 04—/nmd”’
= dn(n—1) dx = dn(n—1) , (n+2—nr?)
b 2 / ( dy = /n

r
1 + 7‘2) n«2¢»2 ; E(;L;Z (1 + T.2)n+2

xX.

From the proof of Proposition 5.1 and Sections 4,5 and 6 in [30] we will need the following estimates

(i) up to an error of order O<7’ +>. /\4 2 g” ) there holds (b1 = 22 b,)

i K; _ K _AK; 2=
/K(a Sﬁi)p+1dﬂgo = Z (C() )\9 1 +01Fai 2T+C2W0li 2)

i

H;
- K; 2= .A? . - rdx
Fa Y K w305 g di= [
— )Y i (1 +r )
i ? 0 i#£] Rn

(ii) recalling ([2.7) one has

2

n42 -
/% Lyypjdpig, = bici,j + O( Z g Terk ) bi=dn(n—1by;
r#s T

(iii) up to an error O(7? + 57), there holds
@ilLg, pi _
_FrHgorr g .
/ 4dn(n — 1) Hgo =€03
nt2
iv) up to an error of order O 72 + L+ % |. one has
( ) p X\ r#s =T

atal /%L 0 Piditg, =4n(n —1)¢o Za + by Zazajsu.
i#£j
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(v) If ; is as in (2.6)), then

wir Lo s P for n=5
4 n— ES —10

’/ “vdpig,| < [|v ’4n(20_ IR ’ an = O | nf A\, B for n=6]llvl;  (5.6)

Lgo A4 for n>7

(vi) up to an error O(72 + ) one has
H;
_ A3+e 2
1 coK; K'r AK; Wiln A, _ 1 rédz '
/K(p dpig, _T? +c )\9 + ¢ 2)\2+9 +d1 K )\fge ; C2 = m mv (5.7)
RTL

n+2
vii) up to an error or order O(72 + K, [? + L+ erjs ) there holds
r#s )\ AL

) iaj 30 ©; d/’(‘ iaj SO 0; d:U’ ~ K. a2
Jr(al@i)— f g0+ gurge f v 00+1J 9o 1—0127; ZZ'n. T
fK az@z P+1)p+1 (CO 21 Y ap )p+1 7 >\7,' a[n{—TQ
A o7 S = (58)
B K; a Yoy et _ o Pa; K;
7CQZ>\2+0 Zn_ dlz)\e leig/\ %blzzznzj)\;’fi,j)&
TN g 0 ) okl A ez N
(viil) if e; ; is as in (2.7]), then
2—n 1 nt2 . .
AjOx;€ij = —5 G + O(F +e;7 ) incase j<i or dg,(ai,a;)# o(1). (5.9)
J

Finally, we derive one last technical estimate. Recalling (2.1)), from (.5 we have up to an error o(5%),
Taigp, =a'al /Lgowmdugo = dn(n—1)eg »_ af = 4n(n — 1)ega’ (5.10)

i

with ¢y = [5. ﬁ From (5.2) instead we get

i Kz K 2n B AKz nzlL
/K(a So’i)p+1dp“90 = Z < )\9 P+1 + Cl )\9 z 27— + CQWQ’L' 2)
7 g %
2n
fcoa’;;rel + Z 7)\; (ClT + Co 7 )\2>
i 7 7

up to an error o(5y) and with constants given by

)\2
2 In(1 2 1 2
¢ = / n(l+r )dac, and ¢ = —/ S A— (5.11)
n—2 Jgn (14+7r2)" 2n Jgn (L4727
Therefore
2n
2 2 n—2 = =
Toig, o o K;o] <cl Ca AK@) 1

—F =A4n(n — —4n(n—1 E i +o(—
(k-,—)aiw ( ) ;';{4_; ( )(Q%T;)Q P )\f Co Co KZ)‘zQ ()\2)

and we conclude again from ([3.1) that

9 _ .
Taig; « C1 C1 C2 1

—— =4dnn—-1)—1 - (= — ==)7) +o(=)- 5.12
(kr)aip, ( )a?;( (Co Co Co) ) ()\2) (5.12)



At last we display for the reader’s convenience the equations where some dimensional constants appear.

co 5.10 (5.1)

c1 || Lemmal|5.2[ | (5.11 Theorem [2

¢o || Lemmal5.2| | (5.11 (5.1) | Theorem [2

cs || Lemmal5.2 (4.11) Theorem |2
C4 Theorem [2
dq 5.2 5.1) | Theorem

b1 || Lemmal5.2] | (5.2 5.1 (15.3)

bs || Lemmal5.2 Theorem I§|

bs || Lemma[5.2
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