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Abstra(t ?

We report the development of a real time“propagation method for solving the time-
dependent relativistic exact two-componeat denSity functional theory equations (RT-
X2C-TDDFT). The method is fundamengallynon-perturbative and may be employed
to study nonlinear responses for hdavaelements, which require a relativistic Hamil-
tonian. We apply the method to &h‘%up 12 atoms as well as heavy-element
hydrides, comparing with the e ﬁmye theoretical and experimental studies on this
system, which demonstrates Q%fo dctnéss of our approach. Because the exact two-

component Hamiltonian conta spitsorbit operators, the method is able to describe
the non-zero transition m otherwise spin-forbidden processes in non-relativistic
theory. Furthermore, the tw nent approach is more cost effective than the full

four-component app h. with similar accuracy. The RT-X2C-TDDFT will be useful
in future studies Of% containing heavy elements interacting with strong external

&
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Publishiig Introduction

Relativistic effects are known to be important for the description of heavy elements. For
example, the yellow color of gold and the fact that mercury is liquid at room temperature
are both the result of including relativistic corrections to the non-relativistic Schrédinger
equation.'™ The proper starting point for the description of molegular relativistic effects
is the Dirac-Hartree-Fock/Dirac-Kohn-Sham four-component Hapfiiltonian. However, be-
cause of its four-component nature, the Dirac-Hartree-Fock /Dirag-Kohm-Sham Hamiltonian
quickly becomes an expensive Hamiltonian to use in realistic -a@lation involving heavy
elements. Furthermore, there is additional work in the full four-egmponent calculations in
ligation

that the Dirac equation also contains negative energy solut rresponding to positronic
solutions."? These are often of little interest to chemical &ppli . Therefore, much effort
has been spent to decouple the four-component equatiens, inte two-component electronic and
positronic equations, which retain the physical relativistic e%ec of the full four-component

equations, but at reduced cost.!*? _

One of the most promising two-component “QE-}(IO in recent times has been the intro-
duction of the exact two-component transformasion Xgé).‘lw X2C approximately decouples
the parent four-component Hamiltonian inté a re e‘a'dimension electronic two-component
Hamiltonian. For one-electron systems, X2C will récover the exact four component eigen-
spectrum of the underlying four-comp e)&t%'u'ac equation. Other two-component methods
of note are the normalized eliminatio;&kh'?‘mall component (NESC),'*'® the Douglas-
Kroll-Hess transformation,'®?? and rotheorder-regular approximation (ZORA).!-23-25

Relations between these methodﬁife ée?detailed in Ref. 12.

Given the success of such re \S\tl Hamiltonians for ground state properties, it is
natural to consider the effec Gﬁ%%f heir extension to excited state properties, such as
optical absorption spectra. In pagticular, relativistic effects are necessary to qualitatively
describe excited states 'ﬂsl;ig)in—orbit and spin-spin interactions. Both four-component

h

and two-component rel amiltonians have been successfully applied to the descrip-
linear response (LR) formalism.?37 However, the linear
response formalisnd isMundamentally limited to system response of small, perturbative fields.
If one desires toz’ ute'nonlinear response properties and the response of systems contain-
ing heavy ele s in“strong fields, it may be necessary to employ a real-time propagation
zpixe time-dependent relativistic equations.

l-time (RT) propagation approach for the four-component Dirac-Kohn-
as presented.*! The method was able to describe the response of strong
within a fully relativistic theory, and was able to describe spin-forbidden

rather e%pensive. Here, we present a real-time propagation approach utilizing the time-
epe t two-component X2C Hamiltonian. The solution of these equations provides an
cenomical approach to describing the response of systems containing heavy elements. We
briefly describe the two component transformation and our real-time propagation scheme for
two component Hamiltonians, based off our previous work propagating non-relativistic two-
component equations.’®>*? We demonstrate the correctness of our approach by comparing
with linear response two-component time-dependent density functional theory (TDDFT), as
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Publishi#gl as the four-component RT-TDDFT results. Finally, we look forward to the potential of
real-time time-dependent X2C for strong fields and spin-dependent dynamics.

2 Theory

Here we briefly outline the exact two-component transformation [/smg atomic units. We
follow the notation of Peng, et al., as our implementation closely \N\thﬂf X2C implemen-
tation outlined in their paper. Bold formatting M indicateg matrices i two-component
(2¢) space and for matrix representation of four-component rs we use the split nota-
tion for large (L) and small (S) components. In some cases, four-component (4c) matrices
will be indicated by blackboard bold M. Finally, sans-s 1f‘§atri ; M correspond to com-
plex matrices in a basis set of spin-free functions. ¢r interested readers to Ref. 9
for more details. The goal of X2C, as with most two-compouent methods, is to exactly

decouple the large and small components of the four-compongnt one-electron modified Dirac
equation. X2C accomplishes this goal by exactly‘decou 1ing the one-electron Dirac equation

represented in a restricted kinetically balancedbasts gi n as
Cy
Cs
- et 0
Here V, T, and S are the non-rela atrlx representations of the one-electron potential
energy operator (V), the klne C ene erator, and the overlap, respectively. W, however,
is the relativistic potential ener ator represented as
(@ PV a-plx) (2)
where p'is the linear orpaent vector and & is the vector containing the Pauli spin operators.
All the matrlces res ted over two-component spinor functions, {x;}. Finally, ¢ is
the speed of hg nd e collect the wave function coefficients and orbital energies,
respectively.
To decou q. (1), we seek a unitary transformation U that block diagonalizes the
4c Dirac ian into two, two-component equations. The decoupled equations will
correspon pogitive and negative energy states, and we seek solutions only to the positive

) = (Utht Ush) ( M ! ) ( v ) (3)

T (HW-T) Ust
>aH§ﬁed. In the X2C method, the matrix representation of U is given by

B SR S S
= ( g gss ) = | 0N e (1)
- - !/
U u X =  xx7
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Publishi®gich only holds in an orthonormal basis, denoted by the primes. The X2C method extracts
a matrix representation of X’ by solving the one-electron modified Dirac Hamiltonian in an

orthonormal basis. N c+
/( : ) - ( : )E+ ’
H Cd C{, ®)

From the solution of Eq. (5), the explicit matrix expression for X n be obtained from the

wave function coefficients .
X' = C - (CF) \ (6)

Plugging Eq. (6) into Eq. (4) and generating the X2C Hamjltoni
transformation from 4-component to 2-component in the X2 et
The extension to many electron systems corresponds tg@'the ansformatlon in Eq. (3)
but for the modified four-component Dirac-Hartree-Fock uaﬂ‘oﬂ. In our implementation,
we do not transform the matrix representation of th two-electron operator. This is equiv-
alent to the Dirac-Coulomb approximation for the twq-electron operator. We do however,
include an empirical correction in the one—electgrilterm account for the screening due
to the two-electron terms.?® Furthermore, thegw ecfb)n interactions depend on the X2C
density, which generates some relativistic dependence’te the two electron interaction.

— VT () VEIT (Po) (1)

Here h contains the transformed o —Min egrals, J contains the Coulomb integrals,
and K contains the exchange integrals notes a spin-projection component, spin-up
(a) or spin-down (8). VPFT and{\(D¥ re the DFT exchange and correlation functionals,
respectively. 6 denotes a mixing parameter that mixes in a certain amount of Hartree-Fock
exchange. For pure DFT 0 is Nfor pure Hartree-Fock 6 = 1. (For pure Hartree-Fock

we omit VPFT as well.)
Density functionals

Vla Eq. (3) defines our

Fao' _ haa’ + 5JU’J (Paa + P,BB) — 0K o

nly developed for quantum chemical calculations are only
formulated for syste llinear density for which the spin magnetization is oriented
along the z axis at in space. Common exchange-correlation kernels only depend
on P2 and P?? tHerefare, iw order to use such functionals to describe systems with a non-

, the functional dependence must be reformulated to account for
%Qro magnetization oriented along the z and y directions, as well as
the case of GGA functionals) in Eq. (7). The non-collinear XC kernel
been explored by Liu, et al.?%3%3%4 We employ a recently reported

mponents into account. This form has the advantage of exerting a non-zero
lo al torque acting on the magnetization, while yielding a vanishing total torque, as expected
fifbm the, oxact functional.®
Jo p})pagate the X2C equations in time, we must consider the time-dependent version
‘e«%he C Hamiltonian.

N

(P PO\ (FR) FOn (PR P 5
ot \ PP(t) PPP(t) ) [\ FP(t) FPP(t) )7\ PP(t) PPA(1)
We integrate Eq. (8) with a modified midpoint and unitary transformation (MMUT) algo-
rithm.?®°%°! In the MMUT method, the time-evolution operator is a unitary transformation

4
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Publishifigirix Q(t,) that is constructed from the eigenvectors C(t,) and eigenvalues €(t,) of the
X2C Hamiltonian matrix at time ¢,:

CT(tn) F(t,) - C(tn) = €(tn) 9)
and

Qta) = exp i - 201 - F(t,)] /
= C(t,) - exp [—i - 2At - €(t,)] - (10)

where At is the time step. Then, the density matrix is p 0‘%%\6 om time t, 1 to t,11

using the time-evolution operator Q(t,):

P(tni1) = Q(tn) (11)
The MMUT method accounts for linear Changesqn“t 1ty matrix during the time step
because it computes the X2C Hamiltonian matri midpoint. MMUT is a symplectic

integration scheme which allows for a large ste
numerical noise and integration errors.®

To excite all dipole-allowed electronic tragsitiens, it is necessary to perturb Eq. (7) with
an electric field along each real-space coerdi e.g. x,y, z). This modifies the X2C Hamil-

tonian matrix such that

sizé,.While simultaneously controlling for

field, k(t) is the field strength e t, and (r,) are the atomic-orbital based length-
gauge dipole integrals a -omponent g. The electric dipole operator matrix (r,) used
D

> wl)(ry) (12)
\GH 9=T,Y,2
where Fy(t) is the time- depe% amiltonian matrix containing the external electric
c

in the propagation is subject to the X2C picture-change transformation. In the electric-
dipole approximatiod in t gth gauge, the electric field does not couple different spin
components.*®52 ASq résult, the X2C transformation matrix is invariant with respect to an
external electric field perturbation. Therefore, the same X2C transformation matrix is used
to transform the electeic dipole operator matrix that goes into Eq. (12).

Because time js discretized, the perturbation corresponds to a step function lineshape

lasting fooq e initial time-step of width At, e.g.
max, 0 <t <At
K K(t) = {K (13)

0, else

this c e, the discrete Fourier transform of x(t) will simply be Kpax. One important caveat
mg the electric dipole field in the X2C equations is that the atomic orbital electric
mtegrals must also be transformed using the transformation matrix in Eq. (4). This
rects for the so-called “picture-change” error in two-component methods that originates
froth transforming the four-component picture to the two-component picture.’


http://dx.doi.org/10.1063/1.4962422

! I P | This manuscript was accepted by J. Chem. Phys. Click here to see the version of record.

PublishiBg Results and Discussion

The real-time propagation of the X2C Hamiltonian was implemented in a locally modi-
fied copy of the developer’s version of the Gaussian electronic structure program.®* All
calculations were performed using the SVWN55%5 density functional with the Sapporo-
DKH3-DZP-2012 gaussian basis set including diffuse-sp functions.’”, The density functional
and basis set were chosen in order to be able to compare with exigling relativistic response
theory implementations, which will be discussed below. After state density opti-
mization, each system was perturbed with an electric dipole ulse corresponding to a
Kmax Of 0.0001 au along each unique Cartesian axis. Each réal-timge calculation was propa-
gated using a maximum time step of 0.0012 fs for at least Afs\.%e‘r y was conserved to at
least 1078 au. To accelerate the convergence of the Fouri Daisfor , a Padé transformation
scheme was utilized.”® The electric dipole response was.expenentially damped so as to give
each peak a Lorentzian line shape with full-width half-max ¢f 0.01 eV.

To obtain the optical absorption spectra, Wq.ak he s‘ourier transform of the time-

dependent electric dipole moment u(w) parallel §o thé polarization of the electric field per-
turbation . This corresponds to the frequéﬁ\;{ eddent polarizability. The isotropic

dipole strength function S(w) is proportional to theimaginary component of the trace of the
frequency dependent polarizability. That

?F} Im“”‘ ] (14)

In order to test our 1mplemen follow the pioneering four-component RT-TDDFT
work of Repisky, et al.*! dy the excitation energies of three Group 12 atoms
and two heavy-element hydrldes llows us to compare not only with a four-component

RT-TDDFT implement
component relativistic
experimental data fof thes

svstems, which allows us to compare directly with experiment.
For the heavy-eleme I{yd )d s, TIH and AuH, experimental equilibrium geometries were
used (rr—p =1 = 1.52385 A) in accordance with previous investigations.?% %
We make the i tlfic on of smglet and triplet states based on the intensity of the transition.
We begi e"hvestiga’cing the Group 12 atoms, which have been throughly investigated
both expefimentally and theoretically. The states that we investigate correspond to s to
p type tr ifions, Because our RT-TDDFT method can only detect electronically allowed
transifions, t (/ly reason we are able to detect the singlet to triplet transitions (the *P;
states),is beéjtuse the two-component X2C Hamiltonian includes spin-orbit couplings which
erwise spin-forbidden transitions to become weakly allowed. The spectra are
giyen in Kig. 1. For Zn (and to some extent Cd), the spin-forbidden transition appears almost
on-existent. Despite this, the two-component X2C RT-TDDFT method can still observe
‘%ight optical transition, which is observed experimentally. By the time we get to Hg,
the singlet to triplet transition is relatively bright. A comparison of our results with both
four-component RT-TDDFT and four- and two-component LR-TDDFT is given in Tab. 1.
In general we find excellent agreement with both four- and two-component methods for RT-
TDDFT and LR-TDDFT, as well as the experimental values obtained from Ref 59. The



http://dx.doi.org/10.1063/1.4962422

! I P | This manuscript was accepted by J. Chem. Phys. Click here to see the version of record. |

Publishifg tively slight differences between methods likely corresponds to differences in the choice
ot basis set.

Finally, we compare our results for two diatomic heavy-element hydrides, TIH and AuH.
These too have been the subject of much experimental and theoretical studies. Plots of the
computed absorption spectrum are given in Figs. 2 and 3 and comparison of selected low
energy states with existing theoretical methods are given in Tab. 2¢ For TIH, we examine
the two lowest states, corresponding to *II and 'II states. Our lts for TIH agree very
closely with the two-component ZORA with Slater-type functions.gbtained by Wang, et al..
We observe a non-zero transition moment to the 3II state, '(;Ss possible only because
our two-component X2C Hamiltonian contains spin-orbit int 5 to allow this otherwise
spin-forbidden transition. We observe a similar behavior and our results are only
a few hundredths of an eV different from both four- and t onent results. We also note
that our results, along with the other literature resultg; agreéstrongly with the experimental
data, taken from Ref. 60. 5

4 Conclusion &

Here we have implemented a real-time pr W 1ethod for solving the relativistic two-
component time-dependent X2C equati n%m he context of density functional theory.
We have compared our results for a varie \f?n'ﬂ-ple benchmark systems that have been thor-
oughly investigated by four- and two t relativistic methods based on both real-time
and linear response approaches. ©Qur 'S'show very good agreement with previous stud-
ies. We show that the accuracy%“ ethod is comparable to the full four-component
relativistic equations, yet wi

cost because we work within the two-component
space. This is the clearest adva er the previously reported real-time four-component
TDDFT method. Beca he realtime approach is fundamentally non-perturbative, this
%‘“:)
e

method is easily extend dy non-linear responses and molecules in strong fields, which
is not possible withi response formalism. Additionally, because the two compo-
nent X2C 1nclude ntf)rb perators, this method will be suitable for the description of

otherwise sp1n f ransitions as well as for the description of spin-orbit corrections to
high energy e tes such as those found in X-ray spectroscopy.

5 A n,ov‘v/ dgements

The e:c-ﬁod evelopment is supported by the Department of Energy under the contract no.
D ;_% 06863 to X.L. The University of Washington Student Technology Fund is gratefully
atknowl d. This work is further supported by the U.S. National Science Foundation
Research Fellowship No. DGE-1256082 to J.J.G, and the PNNL-UW Graduate



http://dx.doi.org/10.1063/1.4962422

! I P | This manuscript was accepted by J. Chem. Phys. Click here to see the version of record.

Pub||sh|ng Table 1. Calculated ns?> — ns'np' Excitation Energies of Group 12 Atoms
(n =4 -6 for Zn, Cd, Hg)

Excitation Energy (eV)

RT-TDDFT LR-TDDFT
atom state this work Repisky?!  Gao?®/Li*" Bast?” Wang® Nakata’® Kiihn?® exp®
Zn p, 5.90 5.84 6.07/5.77 5.76 ?.’76 6.20 — 5.80
3P, 4.30 4.30 4.40/4.35 4.35 4.39 4.41 — 4.03
Cd 'p, 0.31 5.44 5.50/5.47 5.34 j?E\ 5.74 5.47 5.42
3P, 3.82 4.02 4.04/4.03 4.02 .02 4.11 4.12 3.80
Hg 1p, 6.99 6.56 6.66,/6.54 6.53 23 6.85 6.57 6.70
3P, 5.24 5.06 5.12/5.10 0'8) 9.09 5.26 5.12 4.89
—~
—
Table 2. Vertical Excitation Energies of Low-Lying Elec&son c States of TIH and
AuH I
Exgi gt.ion Buergy (eV)

RT-TDDFT \ L LR-TDDFT

molecule  state  this work Rep'sﬁ“\ ang?®  Gao®® Kiihn?®  exp%
TIH 311 2.10 x 2.08 — 2.09 2.20

2
1 2.88 2.88 — 2.64  3.00
AuH 1yt 3.48 3. 3.42 3.39 — 3.43
311 4.65 \ 252 4.70 4.66 — 4.78

I 4.98 \\’.21 5.01 4.96 — 5.32

K. ) Introduction to Relativistic Quantum Chemistry Oxford

2 2007
07/

[2] M. Reiher. a . Wolf Relativistic Quantum Chemistry Wiley-VCH: second ed.2015.
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igure 1. Computed optical absorption spectra of (a) Zn, (b) Cd, and (c) Hg
5 using RT-X2C-TDDFT within the SVWNS5/Sapporo-DKH3-2012 level of theory
with diffuse-sp functions.
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Figure 2. Computed optical absorption spectraof TTH using RT-X2C-TDDFT
within the SVWN5/Sapporo-DKH3-20124evel of thegry with diffuse-sp functions.
The TIH bond length corresponds to an expeti eftbal equilibrium length of 1.8702
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5 Figure 3. Computed optical absorption spectra of AuH using RT-X2C-TDDFT

within the SVWN5/Sapporo-DKH3-2012 level of theory with diffuse-sp func-

S tions. The AuH bond length corresponds to an experimental equilibrium length
Y of 1.52385 A.
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