THE ENTROPIC REGULARIZATION OF THE MONGE PROBLEM
ON THE REAL LINE

SIMONE DI MARINO AND JEAN LOUET

ABsTrRACT. We study the entropic regularization of the optimal transport problem in dimen-
sion 1 when the cost function is the distance c(z,y) = |y — z|. The selected plan at the limit
is, among those which are optimal for the non-penalized problem, the most “diffuse” one on
the zones where it may have a density.

1. INTRODUCTION

In this paper, we are concerned with the following approximation of the optimal transportation
problem: given two probability measures p, v on R? and € > 0, find the minimizer of

(1) Jg:w//|y—x|dv<m,y>+e//10g$dv

among all the measures v on R? x R? which have a density with respect to p ® v and whose
first and second marginals are equal to pu and v, respectively. At the limit ¢ — 0, we expect
the minimizer 7. to converge to an optimal measure for the energy [ |y — x| dy with prescribed
marginals, and our goal is to understand which one is selected.

The corresponding problem with ¢ = 0 is the “distance cost” version of the classical optimal
transport problem, whose original formulation, due to Monge in the 18th century [26], consists
in looking for the map 7' : R? — R¢ which minimizes

[ e T@) dute)

Rd

where ¢ is a given positive function and 7" must satisfy the constraint
(2) for any Borel set B ¢ RY, u(T~'(B)) = v(B).

Due to the difficulty of this image-measure constraint, this problem remained quite difficult to
solve during many years. A suitable relaxation, which corresponds to our problem with
no penalization, was introduced by Kantorovich in the 40s [19, [20], namely the minimization
problem:

3) wi{ [ camares) e}

where TI(y, v) is the set of probability measures v on R? x R? having y and v as marginals, that

is,

(4) for any Borel set B C R?, (B x R%) = u(B) and ~(R? x B) = v(B).

The problem is a generalization of the Monge’s problem as, from any map T satisfying the

above measure constraint, it is easy to build a measure v € II(u,r) which is concentrated on

the graph of T' and has same total energy; moreover, due to the compactness properties of

II(p, v) for the weak topology of measures, proving the existence of solutions of is easy by

the direct methods of the calculus of variations. Thanks to a suitable convex duality argument,
1
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it is possible to prove [I1} 12}, 18], under suitable assumptions on the data and the cost function
¢ (which include the case ¢ = |y — z|P for 1 < p < +00), that the problem admits a unique
solution which is induced by a map 7', yielding optimality of this map for the original Monge
problem. In the case ¢ = |y — x|, the existence results are more recent and the uniqueness is not
guaranteed anymore, cf. [I]. We refer to the monographs [3, 31, [32] 28] for a complete overview
of the optimal transportation theory.

Although it was already present in much earlier works, the penalization has been recently
reintroduced for numerical reasons. Indeed, computing numerically the optimal transport map T’
remained for a long time a very challenging problem; a first major achievement appeared in
the beginning of the 2000s, when Benamou and Brenier [5] introduced the so-called dynamical
formulation (based on the minimization of the kinetic energy among the curves of measures and
velocity fields satisfying a mass conservation equation), which can be solved by an augmented
Lagragian method after a convex change of variables. Let us also mention the algorithms due
to Angenent, Hacker and Tannenbaum [4], which also rely on fluid-mechanics formulations, and
more recently the approaches by discretization of the Monge-Ampére equation [7] [8] or via semi-
discrete optimal transport [25] 23].

The numerical interest of the approaches similar to (1) has been show in the last few years. The
general idea consists in perturbing the Kantorovich problem by the so-called entropy functional

defined as
dv) .
log| — | dy ifvy<p,
Ent(y]p) = / g(dp 7RSS

400 otherwise.

and in focusing, given a suitable small parameter € > 0, on the problem

(5) inf {// c(z,y)dy(z,y) + eEnt(y|lp®@v) + v € H(p, V)} ~

Among other properties, the function Ent(-|uz ® v) enforces v to be an absolutely continuous
measure with respect to the tensor product p ® v and favors such transport plans which are as
diffuse as possible (on the set TI(u, V), its unique minimizer is u ® v). The idea of the entropic
penalization goes actually back from Schrodinger’s works [29]; moreover, the algebraic proper-
ties of the entropy functional and of the dual problem of make much easier the numerical
computation of its solution, thanks to the so-called Sinkhorn’s algorithm involving alternated
projections. We refer to the papers [I5], [6] and the PhD. thesis [27] for more details on the
theoretical and numerical properties of this class of algorithms.

From a theoretical point of view, the convergence of the solution of as € — 0 has been
recently proven in [I4] (we also mention [21], 22] in which similar problems are studied in a much
more abstract framework): therein, the authors showed that the family of functionals

(6) v e l(p,v) — /cd’y+sEnt(7|,u® V)

is T-converging, as ¢ — 0, to the transport energy v — [ c¢dy. Therefore, when c¢ is one of the
costs for which there exists a unique optimal plan « for the Kantorovich problem , the family
(7= )e of minimizers of (6]) converges to 7.

In this paper, we are interested in the following theoretical question: what’s happening if
there are several minimal plans vy for the cost function ¢? As usual in minimization problems
of penalized functionals, it is natural to guess that, when the set O, of optimal plans for cost
function ¢ has at least two elements, the family (v.). of minimizers of J. will converge to the
“most diffuse” element of O., namely the one which minimizes the entropy functional E(-|u® v).
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However, the existence of an optimal plan with finite entropy is far to be clear, and is generally
false depending on the cost function ¢ and the data.

We here focus on the case where ¢(z,y) = |y — z|, which was the original cost function
proposed by Monge. This cost function is certainly the most studied one for which it is known
that the uniqueness of optimal plan and optimal map fails, and approximating this transport
energy through more “regular” ones is quite common: this is classically done through strictly
convex costs which brings to the monotone transport, see for instance [I3}, [I7, [B0] for existence
of optimal maps and [24] for very partial regularity results (we also mention the quite different
approximation proposed in [16], where the “regularizing” term enforces the transport plan to be
induced by a regular map). In the present paper, we concentrate on the entropic regularization
of this problem where the measures are supported on the real line. In higher dimension, let us
just notice that the structure of optimal Monge’s plans is much more complicated, involving the
geometric notion of transport rays (see for instance [I] or [28, Chapter 3|), and although one
may guess that the “most diffuse transport plans on each rays” will be selected, attacking this
regularization problem on the Euclidean space would probably require very different techniques
from ours.

In the one-dimensional case, the contributions and results of this paper are the following:

e First of all, we need a complete description of the set of one-dimensional optimal transport
plans for the distance cost ¢(z,y) = |y — x|; although this result is natural and its proof
is not complicated, it was not present in the literature at that time for the best of our
knowledge. The structure of optimal plans is described in Proposition [3.1 and can be
summarized as follows: denoting by T the monotone rearrangement (that is, the unique
non-decreasing transport map) between p to v, the optimal plans « are those such that,
if (z,y) is in the support of ~, then

— if T(x) = z, then y must be exactly equal to z;
— if = belongs to some interval where 7" — id > 0, then y must belong to the same
interval and be larger than z; and the analogous constraint holds where T'—id < 0.
In particular, any optimal transport plan can be decomposed into a “bad plan” which is
concentrated on the graph on the identity map (and therefore is singular with respect to
the Lebesgue measure), and a “possibly good plan” which must only respect the sign of
T —id, and is allowed to have a density.

e Once stated this structural result, our main theorem studies the I'-convergence of the

penalized functional. Actually, we need to consider the “rescaled functional”

Foiyos 2 ([ = aldy = W) ) + But(rlus ) - u(a) log(22)

where A is the set {z € R : T'(z) = x} and W1 (p, v) the minimal transport energy for the
distance cost. For fixed ¢, the functional F, admits exactly the same minimizers as J..
In Theorem we prove, under technical assumptions on the data, that its I'-limit is
400 outside of the set of optimal plans, and that, in this set, it is equal to

F:vy—=Ent(yL(R\ A)?|p@v)+C

where the constant C' only depends on the data. In particular, the unique minimizer
of F' is the plan which is optimal for distance cost and whose “good part” is “as diffuse
as possible”, as we could naturally expect. Moreover, this result implies the asymptotic
expansion

min J, = Wi (u,v) + u(A)e|log(2¢)| + e min F 4 o(e);
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notice that the excess of order ¢|loge| is a common phenomenon with the penalization
of the Monge problem proposed in [16].

e Finally, Section [f] studies the explicit form of the optimal plan which is selected at the
limit, 7.e. the minimizer of F'; the precise result is stated in Theorem [5.1] which also
gives a necessary and sufficient condition for F' to be not identically +occ. This section
relies on entropy-minimization problems of “good part of optimal plans”, which can be
re-written

min { Ent (7| (4() @ v() LI x 1) - Ly |

on maximal positivity intervals I of T'— id (and as analogous minimization problems on
their negative counterparts). Similar problems were already deeply analyzed in [9] [I0],
and we here provide new self-contained proofs more suitable for our needs.

2. NOTATIONS AND PRELIMINARY RESULTS

In this section, we collect the notations and well-known facts on measure theory and optimal
transportation which will be used throughout the paper.

Let X and Y be two Polish spaces (in this paper, we will only focus on the case X =Y =R),
and u, v be two positive measures on X, Y whose total masses are finite and equal. We denote
II(p, v) the set of transport plans from u to v, that is, the set of positive measures on X x Y
satisfying ; recall that this constraint can be reformulated as

for any (p,0) € () x Y, [ ety = [eduand [[ v drte) = [vav

When T : X — Y is a map, we call it transport map from p to v if it satisfies . This is
equivalent to say that the measure vy defined as

for any f & Cy(X x V), [ farr = [ 1. 7)) dute)

belongs to II(p,v). Equivalently, this means that the equality [ o Tdu = [¢dv for any
p € Cp(X). A useful property of II(u,v) is the following:

Proposition 2.1. Let X,Y be Polish spaces, and p,v positive measures on X,Y with finite
mass. Then the set II(u, v) is compact with respect to the narrow topology of measures.

We now introduce the definition of relative entropy:

Definition 2.1. Let p be a fized positive measure on R, d > 1. For any positive measure vy on

RY, we set
/1 dy d if v <<
Ent(vy|p) := B\ap) T UTSe

400 otherwise.

and the functional Ent(-|p) is called relative entropy with respect to p.
The following properties of the functional Ent are classical (see for instance [2, Theorem 2.34]):

Proposition 2.2. Let p be a fived positive measure on R, d > 1. Then the functional Ent(-|p)
s strictly conver, and it is lower semi-continuous with respect to the narrow convergence of
measures.

In this paper, we are interested in the optimal transport problem when c is given by the
distance c(z,y) = |y — z|. In that case, the so-called duality formula of the optimal transport
problem takes the following form:
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Theorem 2.1. Given u,v € P(RY), we have the equality

(7) inf{/|y—xd’y(m,y) : ’76H(M,l/)} :sup{/udu—/udu : uELipl(Rd)}

where Lip; (R?) stands for the set of Lipschitz functions on R having Lipschitz constant at
most 1. The common optimal value will be denoted by W1 (p,v) and the set of optimal transport
plans by O1(p,v); a mazimizer of the dual problem will be called Kantorovich potential.

As a consequence of , given a function u € Lip; (RY) and a transport plan v € U(p,v), the
following properties are equivalent:

(i) u is a Kantorovich potential and v € O1(u,v);
(i) for v-a.e. (z,y), |y — x| = u(y) — u(z).

The last theoretical notion we will need in this paper is the notion of I'-convergence:
Definition 2.2. Let X be a complete metric space and (Fy,)n, F' be functionals X — RU {+o0}.
We say that (F,), T'-converges to F if, for any x € X, the two following inequalities are satisfied:

e for any sequence (xy,), of X converging to x, liminf F, (z,) > F(z) (I-liminf inequality);
e there exists a sequence (xy,)n of X converging tg x and such that limsup Fy,(x,) < F(x)
n

(T-limsup inequality).

The main interests of this notion are its implications in terms of convergence of minima and
minimizers:
Theorem 2.2. Let (F,), be a sequence of functions X — RU{+oo} and assume that F, LF
n

Assume moreover that there exists a compact and non-empty subset K of X such that

Vn € N, inf F,, = inf F,
X K

(we say that (F,), is equi-mildly coercive on X ). Then F admits a minimum on X and the
sequence (inf x Fy,), converges to min F.. Moreover, if (z,,)y is a sequence of X such that

lim F, (z,) = lim(igl(f F,)
and if (Ty(n))n is a subsequence of (xy)n having a limit x, then F'(x) = infx F.

In our settings, all the functionals that we consider will be defined on the space II(u,v).
Thanks to its compactness property, the equi-coercivity assumption of Theorem [2.2] will always
be satisfied in this paper: therefore, in order to conclude that the minimal values and the
minimizers of a given family of functionals are converging to those of a given “target” functional,
checking the upper and lower limit conditions of Def. 2.2] will be enough.

We recall now the already known I'-convergence result in entropic regularization, see [14]
Theorem 2.7| (where the proof is given for c(x,y) = |y — z|?, but can easily be adapted for a
much larger class of cost functions):

Theorem 2.3 (Zeroth-order I'-convergence). Let ¢ : R? — R? be continuous and p,v be two
probability measures on R® having compact support and being absolutely continuous with respect
to the Lebesgue measure. Assume that

du dv
/log@du, /log@dl/< ~+00.

Then the family of functionals

Jo iy € Mp,v) — /cd’y—&-EEnt(ﬂu@u)
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1s I'-converging, as € — 0, to v +— /cdy.

We end this section by the “first-order I'-convergence” result, which completes the previous
one:

Proposition 2.3 (First-order I'-convergence). Under the same assumptions as Theorem
denoting by W.(u,v) the minimal transport energy for cost ¢ and by O.(u,v) the set of corre-
sponding optimal plans, the family of functionals

1
H576HWW%%€(/ah—Wumm)+EMWM®W
18 I'-converging to

. Ent(y[p®@v) ify€ Oclp,v),
H vy e(p,v) { +00 otherwise.

Proof. The I'-limsup inequality is trivial since, given v € II(u, v):

e if H(y) = 400, there is nothing to prove;

e if H(vy) < +00, this means that E(y|u ® v) is finite and [ c¢dy = W, (u,v). Taking for
(Ve )e the constant family equal to 7, we have immediately that H.(v.) = H(~) for any
€, such that the upper limit condition is satisfied.

As for the I-liminf, given 7. — 7 in (g, v), then:

o if v ¢ O.(i,v), since the entropy is positive on II(u,v), and [cdy. — [ cdy, we have
that for € small enough

1002 1 ( [ et =wiun) 2 o ([ ear=wigun) = 4o

e otherwise, it is enough to observe, for any € > 0, the inequality H.(v:) > Ent(y.|u ® v),
and to conclude by semi-continuity of the entropy. O

The consequences of Theorem [2.3] and Prop. [2.3] are the following:

e the minimal value and the minimizers of J. are converging (up to subsequences) to the
minimal transport energy and to an optimal transport plan for cost ¢, respectively. In
particular, if there is only one optimal transport plan, then this plan is selected at the
limit by the entropic regularization;

e if the set O.(u, ) contains at least one plan with finite entropy (which is equivalent to
say that H is not identically +00), then the plan which is selected at the limit is the one
having minimal entropy in the set O.(u, V), and we have the asymptotic expansion

min J. = We.(u,v) + e min H 4 o(e) as € — 0;

e in the converse case, and if there is no uniqueness of the optimal plan for cost ¢, then the
plan which is selected at the limit is unknown, and the only information on the behavior
of the minimal value is (inf J. — W.(u,v))/e = +00.

As we will see later on in the paper, this last case may occur when ¢(z,y) = |y — x|, depending
on the data p and v; precisely, the next section gives a general description of the optimal plans
for distance cost in dimension one.
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3. STRUCTURE OF ONE-DIMENSIONAL OPTIMAL PLANS

3.1. Additional notations and the monotone transport map. First of all, let us recall
the precise definition of the monotone transport map that we will use, which is essentially taken
from [28, Chapter 2]. Let u, v be two probability measures on R compactly supported and with
no atom, and let us denote by F},, F,, the cumulative distribution functions of u, v respectively;
we notice that since neither p or v have any atom, both F,, and F), are continuous on R. We
define

T(x) := inf {y eER: F,(y) > Fu(x)}
We can then prove the following properties, thanks to the boundedness of the supports of p, v
and to the continuity of F),, F):

e the map T is finitely valued on (inf(supp i), +00);
o for any = with inf(supp ¢) < z, the infimum in the definition of T'(z) is attained; therefore,

F,(T(x)) = Fyu(x)
(8) { and, for any y < T($)7 Fu(y> < Fp('r);

The following theorem then holds:

Theorem 3.1. The map T' is non-decreasing and satisfies Ty = v. Moreover, any other such
map coincides with T except on a p-negligible set. Finally, for any cost function ¢ having form
c(z,y) = h(y — x) with h convez, the map T is optimal for the transport problem with cost c.

The following lemma is useful in order to precise the links between F),, F), and the sign of
T —id.

Lemma 3.1. For p-a.e. every point of R, the following equivalences are true:
(a) T(z) =« if and only if F,(z) = F,(x);
(b) T(z) < z if and only if F,(z) < F,(x);
(c) T'(x) > x if and only if F,(x) > F,(x).

Proof. Let us start by the equivalence (b). First of all, let « be a point of the support of pu,
different of its bounds, and such that T'(z) < x; in particular, the monotonicity of F, implies
that F,(T(z)) < F,(z). Assume moreover that F,(z) > F,(z): keeping in mind that F, o T'
and F), coincide, this enforces F, (z) = F,(T(z)). We deduce that the interval (T'(x),z) does not
meet the support of v: therefore, T'(x), which belongs to supp v, is actually a boundary point of
one of the connected components of R \ supp v. These boundary points being countably many,
they form a v-negligible set, and the pre-image of this set by T is therefore u-negligible, proving
that the direct implication in (b) is true for p-a.e. .

Conversely, let  be such that F),(z) < F,(z) and assume that T'(z) > x: therefore, since F,
is nondecreasing,

F,(T(x)) > F,(z) > F,(x)

which is impossible since F,, (T'(z)) = F.(z).

The equivalence (c) can be proved by pretty similar arguments, and (a) is an obvious conse-
quence of (b) and (c). O

In what follows in the paper, we will often use the following sets:
A= {:I: ER: Fy(z) = Fl,(x)}
and AT = {x eR: F,(z) > Fl,(m)}, AT = {x eR: F,(z) < Fl,(x)}

We notice AT and A~ are both open, and that A, which is the complementary set of their union,
is closed. Moreover, thanks to the Lemma these three sets coincide, up to p-negligible sets,
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with the sets where T — id is respectively zero, positive and negative. The following remark,
though obvious, will be also sometimes useful:

Lemma 3.2. Let I be a maximal interval fully included in A= or in AT. Then u(I) = v(I).

Proof. Such an T is necessarily an open and bounded interval of R; calling it (a,b) and using its
maximality and the continuity of F},, F,,, we can easily see that F),(a) = F,(a) and F},(b) = F,(b),
so that u(I) = v(I). O

We can now state the precise result on the structure of one-dimensional optimal plans:

Proposition 3.1. Let u,v € P(R) be atomless and compactly supported. Then the optimal plans
for the Monge problem are exactly the transport plans from p to v such that, for y-a.e. (x,y) € R?:
(a) if x € A, theny = x;
(b) if x € AT, then y > x, and y belongs to the same connected component of AT as x;
(c) similarly, if x € A~, then y <z, and y belongs to the same connected component of A~
as x.

The key point of the proof of Prop. [3.] consists in building a suitable Kantorovich potential,
which is the topic of the next paragraph.

3.2. Construction of a Kantorovich potential.

Lemma 3.3. For xz € R, define

u(x) = / (]]-A+ - ]].A—)(t) dt.
0
Then u is a Kantorovich potential from u to v, that is, a maximizer of the problem .

Proof of Lemma[3.3 The fact that u is 1-Lipschitz being obvious, the only non-trivial point of
the proof is checking that

(9) w(T(z)) —u(z) =|T(z) — x| for p-ae. x,

which will ensure that u is optimal for the dual problem. Let then x be a point of the support
of p1 such that T(z) # x (otherwise the equality (0] is obviously satisfied); assume without loss
of generality that T'(z) > z. By contradiction, suppose that u(T(z)) — u(z) < |T'(z) — x| (the
converse inequality cannot hold since w is a 1-Lipschitz function): from the definition of w, this
implies that £([z, T'(z)]\ A") # 0 and in particular there exists a point y such that < y < T'(x)
and y ¢ A™, that is, F,,(y) < F,(y). By the property (§)), we deduce y > T(y): summarizing,

{ x <y;

T(z) >y =>T(y)

Since T is a non-decreasing function, this is impossible. The arguments are identical in the case

T(z) < x. O
The two following paragraphs are then devoted to the rigorous proof of Prop. 3]

3.3. Necessary condition to be optimal. In this paragraph, we prove that all the optimal
plans for the Monge problem must satisfy properties (a)-(c) of Prop. [3.1 We then fix v €
O1(u,v).

Step I: for any T € A, we have y((—00, ] X [T, +00)) = ([T, +00) X (—00,Z]) = 0. Let T € A,
and assume by contradiction that

(10) Y((—00, ] X [T, +00)) > 0.
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Notice that implies that 0 < F,(Z) = F,(T) < 1. We first show that
(11) v([F, +o0) X (—00,T]) > 0.
Indeed, if was false, then we would have
v((7, +00)) = p([z, +00)) = ([T, +00) X R) = ([F, +50)?)
and consequently
V((=00, 7] x [T, +00)) = ¥([T, +00)) = ([T, +-00) x [T, +-00)) = 0,

which contradicts (10)
From and (11)), we deduce that there exists (x1,%1) and (2, %2) in the support of v with

1 <T<y and Y3 <T < xs.

Theorem and the continuity of w imply that u(y;) — u(x1) = y1 — 21 and u(y2) — u(xse) =
—(y2 — x2): since w is 1-Lipschitz, this enforces u to be an affine function with slope 1 and —1
on the whole intervals [z1,y1] and[ys,z2], respectively. But these intervals have non-trivial
intersection, which leads to a contradiction.

Step II: v satisfies the property (a) of Prop.|3.1. Let x € A, let y such that (z,y) belongs to
the support of v, and assume by contradiction that y > x. Without loss of generality, we may
assume

(x,y) N A # 0.

Indeed, if this was not the case, x would be a boundary point of one of the connected components
of R\ A: since this set is open, such points are countably many, forming then a p-negligible set.
Let then 2’ € A such that x < 2’ < y. From the result of Step I, it holds

(12) Y((=00,2'] x [2/,+00)) = 0.

In particular, selecting a positive ¢ < min(z’ — z,y — z'), we deduce from that v([z £+ €] x
[y £ ¢]) =0 so that (z,y) does not belong to the support of 7, a contradiction. Analogously, we
prove that the inequality y < x can not hold except for at most countably points z.

Step III: ~ satisfies the properties (b) and (c) of Prop.|3.1 Let x € AT and y € R be such
that (z,y) belongs to the support of v and u(y) — u(z) = |y — z|. First, assume that y < z,
which implies

xr
—/ (Ta+ —1y-) =2 —y;
y
in particular, since AT is an open set and does not meet A~, we must have AT N (y,z) = 0; but
since = belongs to AT which is open, this is impossible.

We then have y > z; let us now prove that y belongs to the same connected component of
A" as z. Since AT is an open set it suffices to prove that (z,y) C A*. As just above, we deduce
from the equality u(y) — u(xz) = |y — z| that A~ N (z,y) = 0; therefore it suffices to prove that
(x,y) does not meet A. Assume then that there exists z € A with x < z < y; the result of Step I
gives then

¥((—00, 2] X [z,400)) = 0.
By selecting a positive € < min(z — z,y — z) we obtain again y([xt —e,x +¢| X [y — ¢,y +¢]) =0,

a contradiction since (x,y) belongs to the support of v. As before, the arguments in the case
x € A~ are identical.
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3.4. Sufficient condition to be optimal. We now focus on the converse implication of Prop.
and denote by (1;7);, (I, )k the connected components of A=, AT respectively (which are at most
countably many). We also set for each j, k:

py = pl Iy, pb = pl I,
and V] —VI_I vy —VI_I+

Lemmaimplies that p;, v (resp. uk U ) have same mass. Moreover, thanks to the previous
paragraph, the points (a)-(c) of Prop. ! apply for the plan which is induced by the map T,
which enforces, for any j, k,

- _ - + _ +
vy =Typ; and v =Tup; .

Using also Lemma [3.1], we deduce

/|T ) — 2] du(x)
*Z/_ z) —z)du(z +Z/ x—T(x))du(z)

(13) —Z (/ydu /xduj )+Z </wduk /ydu,j(y)>.

Let now ~ be a transport plan from p to v satisfying conditions (a)-(c) of Prop. Then we
have

y—xdvx,y=/ y—z|dy(z,y) + / y—z|dvy(z,y) + / y—z|dy(z,y).
/I |dy(z,y) AxR\ I()zj:qul I();I:X]R\ | dy(z,y)

From the property |(a)l we immediately deduce that the first integral in the sum above is zero;
and from and [(c), we infer that, for any j, k,

/ ly — x| dy(z,y) =/ (x —y)dy(z,y) = /wdu; - /de;
Ij’ xR Ij’xlj’

and / ly — x| dy(z,y) =/ (y —z) dy(z,y) =/ydvlj—/xdu$-
IF xR LExrt

Adding on all the indexes j, k and using leads to [ |y — z|dy(z,y) = Wi(u, v), so that v is
optimal, as required.

4. I'-CONVERGENCE RESULT

4.1. Statement of the main theorem. Having at hand the notations of the previous section
and of Prop. we can now state the main result of this paper.

Theorem 4.1. Let p,v € P(R) be two probability measures with bounded support such that
Ent(u|LY), Ent(v|LY) < oo; in particular they are absolutely continuous with respect to the
Lebesgue measure. Assume that the following assumptions are true.

(H1) The set ANsupp p has Lebesque-negligible boundary, and its interior has form
int(A Asupp p) = | J(as, bi)

i

where the intervals (a;,b;) are pairwise disjoint and satisfy

b;
(14) - Z / log(min{z — a;,b; — z}) du(z) < +o0.
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This assumption is in particular satisfied in the two following cases:
(Hla) p has bounded density on A and Z la; — b;|log |a; — b;| < 400, or

(H1b) we have Z la; — bi|*=° < +o0 for some § > 0.

(H2) There exists an optimal plan ~ for the Monge problem such that y_(R\ A)? has finite
entropy with respect to yu ® v.

Then the family (F.)e of functionals defined on the set I1(u,v) by

F0) = 2 ([ = sldy = Wagu)) + Bt ) ~ |Hog(22)lu4)

is T'-converging, as € — 0, to the functional F which is finite only on the set O1(u,v) of optimal
plans for the Monge problem, and is then equal to

F(3) = EntOLER\ APl v) - [ 1og (ddg) .

The main qualitative consequence of this result is that the minimizer which is select by the
entropic regularization is exactly “the most diffuse one on the zone where an optimal transport
plan may have a density”, if such a plan having also finite entropy exists (which is the sense of
the assumption (H2)). Indeed, Prop. implies that, if the set A has positive mass for u, all
the elements of O1(u,r) have infinite entropy, since their restriction to A x A is concentrated
on the graph on the one-dimensional function 7. On the contrary, it is natural to guess that
there should exist 2-dimensional densities on the squares (I} )2, (I;7)? which respect the sign of
T —id: selecting the most diffuse such density (that is, the one which minimizes the entropy with
respect to p ® p on these squares, provided that such a density exists), we obtain exactly the
minimizer of the target functionals F'. Since, for fixed € > 0, the functional F; is only a rescaling
version of the original functional J., it admits exactly the same minimizers, which are therefore
converging to the (only) minimizer of F.

As we said in the introduction, we may also notice that Theorem allows to know precisely
the asymptotic behavior of the minimal value of the penalized problem: precisely, as € — 0,

min J. = Wi (u,v) + €| log(2e)|u(A) + emin F + o(e).

The excess of order |loge| is a common phenomenon with another type of approximation of the
Monge problem where the regularization impacts the transport map itself, see [I6]. Moreover,
this was also the order of convergence of the construction proposed by Carlier et al. in [I4] (“block
approximation”) to prove the density, in the set of transport plans, of transport plans having
finite entropy (see Prop. 2.14 therein).

We postpone to the last section an explicit representation formula for the minimizer of the
entropy restricted to the squares (I;° )2, (I;F)?, and in particular a necessary and sufficient con-
dition for the assumption (H2). Concerning the assumption (H1), it is essentially needed for
technical reasons; we do not claim it to be necessary for the I'-convergence result, but unfortu-
nately we were not able to conclude the lower limit estimate without it (see below the proof in

Paragraph .

4.2. T-limsup inequality. In this section, we prove the I'-limsup inequality of Theorem [4.1
that is, for any fixed v € II(u, v), building a family (v.). in TI(x, ) having v as limit and such
that

limsup F(7:) < F(7).

e—0
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We then select v € TI(u, v) such that F'(y) < +o00, otherwise there is nothing to prove: therefore, y
satisfies the conditions |(a)f(c)| and the assumption (H2) of Prop. Let € > 0 be fixed. We
will define separately two densities whose sum will be our approximating transport plan.

Our first transport plan is simply v} := vL (R \ A)2. Thanks to the result of Prop. 3.1} it is
exactly the part of v where there is some displacement, so that its Monge cost has value Wy (u, v).

In order to get a transport plan 7. from u to v, we have to build a “complementary transport
plan” 42 € T(ul A, uL_ A), and to set 7. = 72 + 2. Let us now see what are the requirement
so that the family (v.). that we will obtain satisfies the I'-limsup condition. Assume then that
72 € M(ul A, ul_ A) is given: then, . connects p to v and we have, on one hand

(15) [ 1v=aldrate.) = [ 1y ol dyZ) + Watuv)
and on the other one, since v} and ~?2 have disjoint supports,
(16) Ent(7|n ® v) = Ent(y2|p @ v) + Ent (32 [p @ v).

Plugging back the equalities and into the expression of F, we can see that the mea-
sure 42 that we want to build must be a transport plan from pl_ A to itself which satisfies

1 d
a0 2 [l ald2ep) + ButoZn ) < ()] log(22)] — [ log gy du-+o(1).

From now, we will denote by 4 the density of the measure pl A; with a slight abuse of notations,
we will also use, when required, the same symbols for positive measure on R? which are absolutely
continuous with respect to the Lebesgue measure and, in that case, their densities (notice that
by “density”, we mean “density with respect to £2”, and not to p ® v).

Step I: the definition of v2. The strategy would be easy if we knew exactly the expression of
the transport plan which minimizes, for fixed € > 0, the energy [ |y — z|dy + ¢ Ent(y|px ® v) on
the set II(pa, pta). From the dual formulation of this last problem, it is not hard to see that
this plan must have form a.(x)a.(y)e™1¥=*/¢ for some positive function a.; unfortunately, the
function a. seems difficult to compute explicitly. Instead, our strategy will be to define directly
a first density 7. which “looks like a.(z)a.(y)e™!¥~*I/*” and whose marginals are almost pl_ A
and are dominated by L A; then, we will build another “complement” 7, between the remaining
part of the marginals.

Precisely, the first density that we define is given by

o—ly—zl/e

Ye(z,y) = min(pa(x), pa(y)) 72

We notice that, for y-a.e. x € A, we have

o—ly—al/e

(15) Ay < pato) | Sy = pua(a),

Let us denote by 7i, the first marginal of 7., which coincides with the second one, and let us set
fie = pA — . therefore, implies that . is a positive measure on R. It then remains to
build a complementary transport plan 7. belonging to II(fic, fic); then, setting 72 := 7. + 7. will
be enough to get a transport plan from pa to itself.

Our construction of 7. is inspired by the “block approximation” in [I4, Definition 2.9] and
consists in building a density which is piecewise equal, on small squares, to the multiplication
of 1c ® fic by appropriate constants, keeping in mind that 7. must satisfy a marginal condition.
Precisely, we select a family (Q);); of segments recovering the support of ulL_ A (and so of i.) and
having all length at most €; notice that thanks to the boundedness of A, the number N. of such
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segments which are needed is bounded by C/e for a universal constant C'. Now we set, for any
Borel set B C R2,

It is then easy to check that 7. is, as required, a transport plan from p. to itself. In the next
steps, we prove that 7, + 7. satisfies .

() = Y B D0 x Q)

Step II: the total mass of ji. vanishes as ¢ — 0. The result of this step will be proved by a
dominated convergence argument: we thus begin by showing that

for pa-a.e. z, fic(xr) — 0 as e — 0.

From the definition of &z, and [, it is clear that, for pa-a.e. x,

—ly—zl|/e
~ e
0<Fe@) < [ Jualy) - palo)| 5 du.
yeR €
re"/e
Denoting by a.(r) := Q= it follows

o—ly—al/e +0 0
/yeR la(y) — MA(x)|T dy = /yeR </7-—|y_x 2(7, ) d?‘) lpa(y) — pa(r)|dy

- /im (5 / + 1a(y) — pa(a)] dy) ac(r) dr.

by the Fubini theorem. Now we notice that, as a measure, a. weakly converges to the Dirac
mass dp; on the other hand, we have

1 xT+r
lim ([ — — z)|dy | =0
HO<2T /x_r na(y) = pa(@)| y)
as soon as z is a Lebesgue point of u4. This proves that, for pa-a.e. z € R, the pointwise
convergence of densities fic(x) — 0. The domination assumption can then easily be checked,

concluding the proof of this step.

Before passing to the next steps, let us decompose the energy we are interested in in several
terms, namely

1
2 [y el a2 + Bnt(2les )
= —2/uAloguAdx

42 [-aldry + [ogr)dn o

42 [y ol dieten) (m
+ / log (1 + zj v, (I11)
+ [ log( +7.) 5 ().

We will estimate successively the terms (I), (II), (III) and (IV).



14 SIMONE DI MARINO AND JEAN LOUET

Step III: estimates on the terms (I), (II) and (III). Starting from the definition of ¥, (x,y), we
have for any (z,y) € R%:

_ . 1
log 7, (7,y) = logmin(pa(r), pa(y)) — log(2e) — gly —zl.

Integrating with respect to 7, and coming back on the expression of (I) leads to

o—lu—zl/e
(19) (1) = —log(2)7.(B?) + / logmin(pa(z), pa(y)) min(pa (z), pa(y) —— dody.

Donoting by f(s.y) = min{a(x) 1 (1)} og(anin{a(a), () an () = o () 0B ().
we claim that

—ly—=|/e
(20) //fA(%y)eT dxdy;—y/Rg(x)d:r.

This can be proved exactly in the same way as the result of Step II; more precisely, we notice
that we have |fa(z,y) — g(z)| < |g9(y) — g(x)|, since fa(z,y) is either g(x) or g(y). In particular
we have

e~ ly—=l/e 1 et
[ e s s [ (5[ ) - sl an) actoyar
yeR € r>0 T Jo—r
with the same kernel a. as above. It can be checked that the mean value in r goes to zero

for a.e. z thanks to the fact that g € L', and since (a.). has dp as limit in the weak sense of
measures, this proves (20).

By combining and , we conclude

(21) (1) = 7.(R?) - | log(2¢)] + / log jua djia + of1).

We now pass to the terms (II) and (III), which are the two easiest terms. First, since 7. is
supported in the union of the squares @Q; x Q; which have length at most €, we have |y —xz| < v/2¢
for 4.-a.e. (z,y), so that

since, thanks to the result of Step II, we have f.(R) — 0 as ¢ — 0.
On the other hand, it also holds by the concavity of the logarithm:

0 < (III) = /log <1 + 7) dy, < /;— 47y, = 7:(R?)
€

€

which is again equal to fi.(R) and therefore vanishes as € — 0. The two terms (II) and (III) have
therefore zero as limit as € — 0.

Step IV: estimate on the term (IV). This one is the most difficult. Recall that, from the
definition of 7. and 7., we have for any (x,y) € R?:

~ Be(@)pe(y) _ pa(z)paly)

@Y =Ty S @)
e*‘y*ﬂ/E T
and 7 (2,y) = min(pa(2), na(y)) —; Sug(s)'

It immediately follows

pa(@)paly) | pal)\ -
(IV)SXZ_:/?IOE;< AﬁE(Q?) + gg )d%(l’,y)-
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We separate this sum into two terms, depending if i.(Q;) is larger or smaller than 2¢; therefore,
we denote by Igman the set of indexes i such that fi.(Q;) < 2¢, by Iiarge its complementary set
and also set

small U Qz and Alarge = U Qz .

1€ Isman i€ Narge

Denoting by (IV.a) the part of the sum above whose indexes belong to Igyan, we have therefore

Va)s 2. /zlg< 2+ Eigy) dte)

1€ 1sm

< S0 [ (logueale)) + log(ua(y) + 1)) . — fe(@:) o (7:(Q1)

1€ Ismall Q7

<2 /A log(pale) + 1) djic — 3 7ie(Qi) log (7ie(Q1)).

small 1€ Ismall

Consequently, since log(pa(xz)+1) is pa integrable and pa > i, — 0 thanks to results of Step I,
by dominated convergence we get

(22) (IVa) <o(1) = Y fic(Qi)log fic (Qi).
1€ Ismal

For the second term, denoting by N, the number of indexes in Igyan, the convexity of ¢ — tlogt
gives

1 - - 1 1 -
7@ ‘ Z ﬂs(Qi)lOgﬂs(Qi) < - (]VE . Z NE(Q )) log (N Z ﬂs(Qz))

1€ Isman 1€ Isman 1€ Ismall

1 _ -
< FME (Asmall) (1Og NE - log He (Asmall)) .
Plugging this inequality into provides
(IV.a) < fic(Asman) log Ne + 0(1)

as, at € goes to 0, the term [ic (Asman) 10g(fe (Asman)) vanishes (thus gives a negligible term once
we multiply it by ¢). Keeping in mind that N. < C/e for a constant C' which does not depend
on ¢ and using again the convergence fic(Asman) — 0, we infer

(23) (IV.a) < |loge|fic (Asman) + o(€).
On the other hand, recall that we have (IV) < (IV.a) 4 (IV.b) with

IVh):= > /Q log (“A(I)“A(y) + “A(z)> . (2, y)

) 2e 2e
i€ Narge
< Z / (log(uA(x)) +log(pa(y) + 1)) d¥e — fe(Q:) log (2¢)
t€Narge Q7

< / log(pa(z) + 1) dZie + |log 2[7ie (Atarge)
A

large
= |log 2¢|fi= (Alarge) + 0(1)
using again that the pa > i — 0 and dominate convergence. Putting together this last estimate

with , we get
(IV) < [log(2e) e (R) + o(1).
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Finally, by adding this last estimate to and using that both (IT) and (III) have zero limit
as € = 0, we get

2 [y el dy2 ) + But(o2ln e v) < (.(R) + Fe(R) og(22)] ~ [ logpadua -+ o(1)
< n(W)[1og(22)] ~ [ walogpada +o(1)

so that is proven.

4.3. I-liminf inequality. Let (7.). be a family of transport plans having a limit v as ¢ — 0
for the weak convergence of measures. First of all, we start by eliminating the case where +y is
not an optimal transport plan for the Monge problem by noticing that, in that case,

F(0e) > 2 — p(4)] log(2e)]

for some positive constant M, thus the I'-liminf inequality is obviously satisfied. We now assume
that v € O (u, v), so that it verifies the statement of Prop. we moreover may assume without
loss of generality that all the 4., for € > 0 small enough, have finite energy F. and consequently
that all of them have a density with respect to the 2-dimensional Lebesgue measure. Again we
will use generally the same notations for the measures . and their 2-dimensional densities with
respect to the Lebesgue measure (and not to p ® v).

Let u be the Kantorovich potential given by Lemma [3.3] Using the 1-Lipschitz property of u,
we may write

([ = aldrton) - winn ) = 2 [ (1o~ @) - ute)) areten

3

2 (=l = )~ ule)) drufan)

g

Y

Let us denote by v = 7.LLA x R and 4. = 7. —v2. Notice that the first marginal of v
is precisely 4 while the second marginal may be different and we call it v.; notice that v, —
v A = 4 but, thanks to the fact that [vlogr < co, we still have [ v logr — [, palogia.

Since 4. and v are concentrated on disjoint sets and have 7. as sum, we have

Ent(v.|u ® v) = Ent(5.|u ® v) + Ent(y2 |1 @ v).

Moreover, it is clear that 4. weakly converges, as e — 0, to yL_(R\ A)?; by the lower-semicontinuity
property of the entropy functional, it follows

lim iglf Ent(4:|p ® v) > Ent(yL(R\ A)?|p @ v).
e—

Putting together the above estimates, and using the lower semi-continuity of the entropy, it is
clear that the I'-liminf inequality we look for reduces to

// (|y —a| = (u(y) - U(JC))) dy2(z,y) + e Ent(72p @ v)
> < () og(z2)] - [ 108(3) an) + o)
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which, by noticing that Ent(v2|u ® v) = [[ 2 logy2 — 2 [, paloga + o(1), is equivalent to

@) [ (o=l = ) @) @)+ ] aogyd
> (wltog2e) + [ plog) +o(e)

In order to prove , we will make use of the following lemma.

Lemma 4.1. Let f,c be measurable positive functions, such that cf € L*(R) and f € Llog L(R).
Let € > 0. Then the following inequality holds:

/(c(m)f(x) +ef(x)log(f(x))) dz > e ((/ f) log (/ f) - (/ f) log (/ e—c/€)> .

Proof of Lemma[{.1, We write the left-handside as

- 1 (z) f(@) _
o/ c(z)/
e X (/e 5) X fe_C/E @/ log (e—C(x)/e e ¢ de

and the claimed inequality is then a direct consequence of Jensen inequality, applied to the convex
efc(m)/a dx

function ¢ — tlogt and the probability measure ﬁ g
o

Let ¢ > 0 and x € A be fixed, and let [a,b] be a bounded interval containing the supports of p
and v. We apply Lemma to the function f, : y — v (x,y) and the function ¢ defined as

cz(y) = (ly — 2| = (u(y) — u())) La<y<sp.
We then obtain

/ab (\y — | = (u(y) - U(x)))%(fcvy) dy + 6/: log Ve (%, y)ve (2, y) dy

> (/abw, ->> log (/ab%u,-)) e (/:w, -)dy> log (/abew)/s dy>

b
> cepa(x)logpa(xr) —ep(z)log (/ e cW)/e dy> .

After integrating with respect to z, it remains to prove the following lower estimate:

b
- 1og ( [ e dy) dpu(x) > p(A)|log(22)| + o).
A a
We notice that, from the definition of the Kantorovich potential u, it holds

Iy = al = (u(y) - u(@))| < £1(AN [z,9])

for any z,y € R (and where the notation [z, y] is used alternatively for [z, y] and [y, =], depending
if 2 <y or y <z). Consequently, it is enough to prove the following:

b
—/ log </ e L' (wwlna)/e dy> dp(z) > p(A)|log(2e)| 4+ o(1),
A a

which can be written, after changing of variable y = x + &t, as

1 ! A
(25) liminf/ —log 7/ exp <—|t| Lmztetin )> dt | du(x) >0,
e—0 A 2 I.(x) E|t|
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where we denote by I.(x) the interval [—(z — a)/e, (b — x)/e].
We prove by a dominated convergence argument. Denote by

1 LYz, z+et]N A
Z.(x) ::2/1( )exp <—|t|- (0 o7 ] )> dt.

Let = be a fixed Lebesgue point of A for  and let o > 0 be arbitrary small. Let > 0 be fixed
such that

L ([z,y] N A)
ly — =

for any y € [z —n,z + n]. Setting y = x + et, we obtain after multiplying by ¢, composing with

the function exp(—-) and integrating:

(26) 14%04 (1-expo (-0 + 7)) < ;/1/; . (_ﬂ ' 51([:1:,24;'515] ﬂA)) »

< (i-en(-a-a).

The other part of Z.(x) can be estimated simply by noticing that, for any ¢ such that |t| > n/e,
it holds

1l—a< <l+a«

L[z, z +et]nA) > LY[z,z +n]NA) >0,

the last inequality coming from the fact that = is a Lebesgue point of A. Therefore,

1
(27) 1/ oL (matetna) gy < b—a exp (_E ([x,2 +n] N A)) '
2 J1.@\[-n/em/e) 2 e

Using and and sending ¢ to 0, we obtain

< liminf Z, <l T <
e
and since « > 0 is arbitrary, we conclude that —logZ.(z) — 0, for p-a.e. z € A.
To conclude the proof, we have to control —logZ.(z) by an p-integrable function which does
not depend on ¢; here our assumption (H1) on the structure of the set A comes into play.

Denote by
[(z) = min ((aj —a;), (x — bi)> for € int(ANsupp p), a; < x < b;.

Since A has negligible boundary, the function [ is well-defined p-a.e. on A. Let now x be a point
of the interior of A and ¢ such that a; < x < b;. We claim that

1 ly — 2|
(28) for any y € I, L ([z,y] N A) > o )l(:lc)

—a
Indeed, this inequality is clearly true if y € (a;, b;), since this implies £!([z,y] N A) = |y — x| and
since [(z) < b— a; on the other hand, if y > b; for instance, then £!([x,y]NA) > (b; —x) > I(z),
and since y and x both belong to [a, b], yielding |y — z|/(b—a) > 1.
Inequality directly implies

sz (i) o

and we also notice, by simply using the inequality £!([z,z + et] N A) < et for any z, that Z.(x)
is also always at least equal to 1, for any x. Therefore,

0 < logZ.(z) < log (bl(;)“> .
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The domination assumption is therefore satisfied as soon as [, [logi(z)|du(x) < 400, as it was

stated in (H1).
It remains to prove that (H1) holds as soon as (Hla) or (H1b) does. Let us write, for each 4,

las, bi] = [as, oi] + [, Bi] + [Bi, bs] where

i+ b i +0i
ai_min(ai+1’a; > and ﬂi_max<bil,a; )

We then obtain, by controlling I(z) with b — a on each [a §;]:
bi
[ Negt@an) = 3 [ jogi(@)]duta)
' (o7} bi
Z (—/ log(z — a;) du(x) — / log(b; — x) d,u(m))
+ Z | log

(b —a)lu(lai, bi]).
The last term in is exactly pu(A)|log(b — a)l, so it remains to control the two first terms. In
case assumption (H1a) is true, we simply notice

IN

0<— /ai log(z — a;) du(x)

1|oo(ai - ai)(log(ai —a;) — 1)

)

)| du(x) by exactly the same computation,

< —lp

bi—ai bi—ai
< — (1 4+ |I
< oo 5% (1+ log ™5

leading to
/A [log ()] dp() < |ullooL! (A Nsupp ) + | log(b — a)lu(A) + 3 (bi — a;)| log(b; — a,)|

which is finite by assumption (Hla).
Assume now instead that (H1b) holds. We then use the inequality dtu < ulogu 4 ¢! and
get

5 / log(z — ag)lu(a)do < [ o5 ot [ log(u(a)te) d

i 7

_ / a ﬁdx + / a log (u(x) () dar

i

Sleel " log(u(e))(z) da.

i

Using a similar argument for the intervals (;, b; and then summing up we get
5 [ gt dnte) <2 [ tog(unar + [1og(s ~ () + 175 30

concluding the proof.
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5. AN EXPLICIT FORM OF THE MINIMIZER

In this section we will try to compute explicitly what will be the plan we are selecting via
the limit procedure, that is, the minimizer of F. Given the expression of F' and the result of
Prop. on the structure of O;(u,v), it is enough to know, on each maximal interval I where
F,, — F, has constant sign, the minimizer of the entropy among all the plans 7 such that y — x
has good sign for y-a.e. pairs (z,y).

In particular, for each j (and using the notations of Paragraph , this plan will be the
minimizer, on the set (I, v I), of the entropy with respect to the measure k = pi @uy -
1,~z. This problem is well known in the literature (see for example [I0]), and the shape of the
minimizer is know to be of the form a(z) ® b(y) - k. The proof of [10] relies on an abstract and
general result of [9]: to be more precise the usual proof relies on the existence of maximizers in
the dual problem if the entropy minimization has a finite value; then, using the duality relation,
we can get that the minimizer has the special shape a(z) ® b(y) - k.

We will provide a self-contained proof of this result, in a more suitable context for our needs:
precisely, we prove the existence of a plan with this special shape, independently of the finiteness
of the entropy (see Proposition below), which we think it is a interesting result itself. It
would anyway be interesting to know when there exists a plan of the form a(x) ® b(y) - k still
when the entropy minimization problem is not finite, besides our case.

In Proposition [5.2) we then prove that the construction in Prop. gives in fact the unique
minimizer in the optimization problem, whenever its value is finite; here we in fact pass to the
dual problem and we use the dual functions given by the particular shape found in Prop.

Then, thanks to the explicit construction given in Prop. [5.1] we can state in Theorem. [5.1] a
necessary and sufficient condition in order to satisfy assumption (H2).

Proposition 5.1. Let u,v be two probability measures on R, compactly supported and with no
atom, and denote by F = F,, — F,, (where F),, F, are the cumulative distribution functions of
w, v respectively). Let I = (a,b) be a mazimal positivity interval for F, that is F(a) = F(b) =0
and F >0 on I. Then there exist two nonnegative measures p1, pa on I such that, defining

G(x) = pa([2,0]) and  F(y) := p1(la, y])

{G~p1:u on I

for any x,y € I, we have

F-pa=v
Moreover G and F are continuous and positive on (a,b), and the positive measure
Yoz, y) = p1(z) @ p2(y) - Ly>a
1s a transport plan between pul_I and vI_1I.

Similarly, if I is a mazimal negativity interval of F, there exist two positive measures p1, p2
with densities such that

{ ?Z;?j where F(y) = p1([y,b]), G(x) = p2([a, z]),

the functions G and F being continuous and positive on (a,b), and

Yo(2,y) = pr(x) @ p2(y) - Ty<s
belongs to M(ulI,vL_1T).

Proof. We treat only the case where I is a maximal positivity interval of F and claim that the
proof is similar for their negative counterpart. Denote by

G, v p(la,z]) = Fu(xz) — Fu(a)
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and define the function GG, in the same way; in particular, the assumption on F, a, b implies that
G,>G,onl, andG,la)=Gy(a)=0, G,(b)=G,(b) = ().

On the other hand, the function F is continuous and strictly positive on the whole I; we can
thus define an integral of 1/F on I and call it 7. We then observe that p/F > p/G,, so that we
have, for any zo,2 € I and using that Dlog G, = (/G

° 1
T(xq / —d,u> / R dp =log G, (x0) —log G ().
x 14
In particular, since G, (a) = 0 we have T'(a) = —oo. Let us define
f
F:zelwe™™ and G:ye[wﬁ.
F(y)
The observations above imply F'(a) = 0. Similarly, G(b) = 0 and log(G) is a primitive of —v/F.
Finally, we define p; = DF and ps = —DG as derivative of BV}, functions (since they are

increasing and locally bounded); notice by construction F and G are continuous, so p; and pg
will have no atoms. Since T and F' are BV, without jump part, the chain rule holds:

K
=DF=Del = - DT =F-
€ Fo G

In other words, we have G - p; = p and we can prove the equality F'- po = v in the same way. By
construction F' and G are continuous and nonnegative; moreover, F'- G = F > 0 on I, so that
neither F' and G may vanish on I.

Define now 7y as in the statement of Prop. it is then clear that, for any ¢ € Cp(R),

/, pla)dnolay) = / o(2)G(x) dpy (z) = / o(z) du(z)

and that, similarly, the second marginal of ~yq is v. O

The next result proves that the transport plan vy defined in Prop. [5.1]is actually the minimizer
of the entropy among the transport plans on I? satisfying the corresponding sign constraint.

Proposition 5.2. Let u,v,p1,p2, I and o as in Prop.[5.1l Let Ty be the set of optimal plans
from pul_T to vLLI (that is, the set of v € (uLI,vLI) such that y —x > 0 for v-a.e. (x,y)).
Then we have

(29) min Ent(y] @ v) = Ent(y0lu @ v),
v€lo
this equality being also true if both sides are +00. Moreover, whenever Ent(yg|u ® v) < oo, the
only minimizer in 8 Yo-
In the proof of Prop. [5.2] we will make use of the following lemma:

Lemma 5.1. Let a,b two Borel functions defined on an open set Q and let us consider a finite
measure p on Q. Then, we have that

/Q (@) + on(8)+ du /Q (a+ )+ dp /Q (n(a) + on(8)— du — /Q (a+b)_du

where @, (t) = max{—n, min{t,n}}. In particular, if either (a +b)_ or (a +b)y is in L'(u), we
have also

/ (@) + o (8)) du / (@ +b)da.
Q Q
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Proof. First we claim that

(30) (Spn(a) + <pn(b))-‘r < (a + b)-i-

(and similarly (¢n(a) + @n(b))— < (a+b)_).
If a,b > 0 this is obvious, so let us suppose a > 0 and b < 0, witha+b=k > 0thena=k—>
and so

pn(a) = pn(k —b) < @n(k) + pn(=b) = pn(k) — ¢n(b) <k — @n(b),
where we used that ¢, is odd and it is sub additive on the positive numbers. In order to conclude
the proof of Equation [30| we need to show that ¢, (a) + ¢, (b) < 0 whenever a + b < 0, but this
is obvious from the fact that ¢, is increasing and odd and in particular if a + b < 0 we have
a < —b and so
©n(a) + ¢n(b) < on(=b) + ¢n(b) = 0.
In particular, using Equation [30] we immediately get

limsup /Q (@) + n(B)4 du < /Q (a+b)4 dp,

n— oo

while, since lim,,—, oo (¢n(a) + ¢n(b))+ = (a + b)4, by Fatou lemma we have

timint [ (pul@) +¢a®)sdn > [ (@t by dn

n— oo

thus giving us that [ (¢, (a)+¢n(b))+ — [(a+0b);. We deal with the negative part in the same
way. O

Proof or Prop.[5.2 Again we only will deal with an interval I where F is positive. Assume that
Ent(-|p®v) is not identically 400 on I'y and let v € T’y having finite entropy; with a slight abuse
of notation, we will also denote by ~(x,y) the density of the plan v with respect to y ® v. Let
us denote Q = I x I N{y > x}; we know that for every bounded measurable couple of functions
A, B:1— R, we have

But(r]u ) = | (vlog() = (A(e) + Blo))y =) du(a)duly) + [ (A+ B+ 1),
Now we use that tlog(t) — ct > —e¢~! for any real numbers c, t; applying this with ¢ = A(z) +

B(y) 4+ 1 and t = y(z,y), we deduce

(31) Ent(y|lp®v) > —/

AW dydy + / (A(z) + By) + 1) dvolz, y).
Q

Q
Let now ¢, be defined as in Lemma [5.1] and define

An(z) = pn(—log(G(y))) and By (y) = on(—log(F(y))).

Equation holds in particular with A,, and B,, instead of A and B, and we will estimate the
two terms of the right-handside from below by Ent(o|u®v) as n — +0c0. By Lemmal5.1]we know
that (A, (z) + B,(y))+ < (—log G(x) —log F(y))+ and so eAn@+Bn) < max{1/G(z)F(y),1}.
Thus, by dominated convergence, we get

1
A,+B
e "d,udl/—>/ dudy—/ d~o.-
/Q o GF Q

As for the second term of (31)), it is clear that (—log G(x) — log(F(y))— € L' (7o) since

1 1
—log(G) — log(F))_ d :/10 — ) —=d ®y§/e_1d ® v < oo.
| (-108(G) —10g(P)- dvu = [ 10g(5) graner< [t
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In particular using again Lemma [5.1| we get

/Q(An(:c)Jan(y)Jrl)dyo %/Q(log(F(y;G(x)) +1> dr.

d 1
So, putting all the estimates together and using 3 o _ , we obtain

(nev)  Gx)F(y)

Bt L x D) = — [ @050 dndy+ [(40(0) + Baly) + Do)
Q

dvo
— /4 1 1) dyo = Ent
— /Q ’m+/ﬂ(og(du®y)+> Yo = Ent(yolp @ v),

proving that ~y minimizes Ent(-|;x ® v) on T'y. As for the uniqueness it is sufficient to observe
that Tg is a linear space and Ent(-|u ® v) is strictly convex. O

We can now prove the following result, which expresses exactly when the above assumption
(H2) holds depending on the cumulative distribution functions F,, F),.

Theorem 5.1. Let p,v be two probability measures on R, compactly supported and absolutely
continuous with respect to the Lebesgue measure. Let F = F, — F,, where F,, F, are the
cumulative distribution functions of u,v, and AT, A~ as in Section 3. Then a necessary and
sufficient condition for assumption (H2) is

—/ log | F(z)| dp(z) < +o0
ATUA-

and in that case, the minimal entropy among the elements of O1(u,v) is reached by the plan ~y
which coincides with the identity map on A x A and, on each square I? where I is a mazimal
positivity (resp. negativity) interval of F, is equal to the v defined by Prop. . Moreover, for
any such interval I, we have

(32) Ent(ooL 12 @ v) = = [ 1og|F(o)] dia) = (1),

Proof. Let I be a maximal positivity interval of F (the set where F is negative being treated in
a similar way). We first notice that, thanks to Proposition b) we have that yLj2 = v g =
vLgrxr and so it is an (optimal) plan between pl; and vL ;. Then we can deduce from Prop. (5.2
that the minimal entropy of vL ;2 among the elements of O;(u,v) is reached by o, even if it is
+o00; so it is sufficient to prove that equality holds, even when one of the two sides is not
finite. Let us assume, for simplicity, that I = (0,1). Then by definition

Ent(yolu ® v) = — / / log(G () F(y)) dpa(y) dpa (2).

We can split the logarithm in the inner integral since G(z) is constant and use the definition of
F, G and the results from Proposition [5.1] to get

But(ralu ) = [ (—1og<G<x>>G<x>+ / log<F<y>>dp2<y>) dpn (a).

Since —py, = DG we can use integration by parts in order to get

/ log(F () dDG(y) dy = |G(y) log(F(y)E = / ggidDF: —G(x)log F(x) — / iﬁ((yy)),
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where we used that G(y)log F(y) — 0 for y — 1. This is true since for y sufficiently close to 1
we have F(y) < 1 and so in particular F(1/2) < F(y) = F(y)/G(y) < 1/G(y). In particular,
using G(y) — 0 as y — 1 we get

0= lim G(y)log(F(1/2)) < lim G(y) log(F(y)) < lim —G(y) log(G(y)) = 0.

Now for any nonnegative measure 7 in (0, 1) we have that fol f(x) fml (g’((yy)) dz = n(0,1): it is true

by integration by parts for any measure compactly supported in (0,1), and then we reach every
measure by an approximation argument. We use this to get:

1 1
Ent(olu o) = | <log<G<x>>G<x>log<F<x>>G<x> / F(ly)du(y)) apr (@)

_/Ollog(]-")d(G~p1)/Ol di

—/0 log(F) dp — (1),

where we used F(z) - G(z) = F(z) and in the last passage G - p1 = pu, proving the desired
equality . O
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