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We present an asymptotic analysis of the effects of rapid rotation on the ground
state properties of a superfluid confined in a two-dimensional trap. The trapping
potential is assumed to be radial and homogeneous of degree larger than two in
addition to a quadratic term. Three critical rotational velocities are identified, marking,
respectively, the first appearance of vortices, the creation of a “hole” of low density
within a vortex lattice, and the emergence of a giant vortex state free of vortices in
the bulk. These phenomena have previously been established rigorously for a “flat”
trap with fixed boundary but the “soft” traps considered in the present paper exhibit
some significant differences, in particular the giant vortex regime, that necessitate a
new approach. These differences concern both the shape of the bulk profile and the
size of vortices relative to the width of the annulus where the bulk of the superfluid
resides. Close to the giant vortex transition the profile is of Thomas-Fermi type in
“flat” traps, whereas it is gaussian for soft traps, and the “last” vortices to survive
in the bulk before the giant vortex transition are small relative to the width of the
annulus in the former case but of comparable size in the latter. © 2012 American
Institute of Physics. [http://dx.doi.org/10.1063/1.3697418]

Dedicated to Elliott H. Lieb on the occasion of his 80th birthday

I. INTRODUCTION AND MAIN RESULTS

Since their first experimental realization in 1995, atomic Bose-Einstein condensates (BECs)
have become a subject of tremendous interest, stimulating intense theoretical activity. The BE-
condensed alkali vapors that are nowadays produced in many laboratories offer a spectacular level
of tunability for several experimental parameters, making them a favorite testing ground for many
intriguing quantum phenomena. Among these is superfluidity, i.e., the occurrence of frictionless
flow, previously observed in liquid helium. Atomic BECs offer a valuable alternative to the latter
system, since experiments with dilute gases of ultracold atoms allow to test theories of superfluidity
in much more detail.

From a theoretical point of view an appealing aspect of the field is its sound mathematical
foundation. The most commonly used model for the description of BECs, the so-called Gross-
Pitaevskii (GP) theory, is now supported both by extensive comparisons with experiments''® and a
solid mathematical basis.?? Indeed, substantial advances on the connection between GP theory and
many-body quantum physics have been made in recent years, leading to a rigorous derivation of
both the stationary’3%3* and dynamic aspects'®!”-37 of the theory.

One of the most striking features of superfluids is their response to rotation of the confining trap.
Typical experiments (see Ref. 18 for further details) start by cooling a Bose gas in a magneto-optical
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trap below the critical temperature for Bose-Einstein condensation. If the trap is set in rotational
motion the gas stays to begin with at rest in the inertial frame, but if the rotation speed exceeds some
critical value (called €2, below), vortices are nucleated and remain stable over a long time span.
This behavior is in strong contrast with that of a classical fluid, which in the stationary state rotates
like a rigid body and thus remains at rest in the rotating frame.

In a rotationally symmetric trap, the main two experimentally tunable parameters are the rotation
speed 2,0, and the strength of interparticle interactions, written as 1/e? with ¢ > 0 in the sequel. The
ground state of the system strongly depends on the relation between these two parameters.

In this paper we study the ground state of a rotating Bose gas in the framework of the two-
dimensional GP theory. Such a description is justified if the trap almost confines the gas on a plain
orthogonal to the axis of rotation or, on the contrary, the trap is very elongated along the axis, in
which case the behavior can be expected to be essentially independent of the coordinate in that
direction. We consider the minimization, under a unit mass constraint, of the GP functional

7} 4
ESF W] = /R dr {% (V= iAw) WP + (V) — 102,0) (W1 + '8—2'} (L1)

with
Arot = S2r0t AT = Qrotreﬁa (12)

where Q. is the rotational velocity, r = |r| withr € R? is the distance from the rotation axis, and
ey stands for the unit vector in the direction transverse to r. The subscript “phys” stands for physical,
i.e., this is the functional in the original physical variables, as opposed to the rescaled functionals
introduced in Sec. I A below. Units have been chosen such that /i as well as the mass are equal to 1.
The confinement is provided by a potential of the form

V() :=kr' +1Q% r? (1.3)

osc

with k > 0. We restrict to the case 2 < s < oo (anharmonic, “soft” potentials) and shall mainly study
the Thomas-Fermi (TF) limit ¢ — 0. The case s = 2 is special in many respects because the potential
—Q2 r? due to the centrifugal force is also a quadratic function of 7. As a consequence an upper
bound is set to the allowed values of the rotational speed and different physics is expected in the
regime where the centrifugal force nearly compensates the trapping force (see Ref. 1 and references
therein, Refs. 30 and 35).

We have studied before®!!:13:3% the case of a flat trap with the unit disc as boundary. It corre-
sponds formally to the potential

0, if r <1,
V(r) = (1.4)
+oo, ifr>1,

which amounts to restricting the integration domain to the unit disc. This model can formally be
regarded as the s — + oo limit of the theory with the trap (1.3) but we emphasize that this statement
has to be taken with care. Indeed, as revealed by the analysis of the present paper (see also Ref. 12,
Sec. III) the limit s — 4 oo cannot be interchanged with the TF limit ¢ — 0, which is the basis of
most rigorous treatments of the GP theory, including the present one.

Provided the confining potential is stronger than quadratic, i.e., s > 2, one can distinguish
three critical speeds at which major phase transitions occur in the BEC (references in the literature
concerning these phenomena include Refs. 8, 19-22, and 26-28):

e When Q2 < €2, the condensate is vortex-free. Vortices start to appear when the rotation speed
exceeds €2, and form regular patterns. An adaptation of the methods of Refs. 4, 5,23, and 24
shows that ., o ¢¥/¢*?|loge|. Note that in the cited papers the GP functional is rescaled
from the outset, as in Eq. (1.12) below, and in the rescaled variables the critical velocity is
¢, « |loge|. This is valid for all traps, including the harmonic trap s = 2 and the flat trap,
since the centrifugal force is negligible in this regime.

e When Q, < Qo K €, vortices are densely packed and uniformly distributed in the con-
densate. It is observed both numerically and experimentally that they arrange themselves into
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triangular arrays (Abrikosov lattices with hexagonal unit cells). It remains an open problem to
provide a rigorous proof of this fact but a heuristic argument based on an electrostatic analogy
and Newton’s theorem can be found in Refs. 14 and 42 contains a rigorous proof for a simplified
model. The distribution of vorticity has been shown to be uniform in this regime for the flat
trap case both with Neumann'# and Dirichlet boundary conditions.!! In this paper we adapt
this result to the case of soft potentials.

e When 2, reaches the second critical speed €2, , the centrifugal force dips a hole with strongly
depleted matter density around the center of the trap. Vortices are, however, still uniformly
distributed in the annular bulk where the mass of the condensate resides. In the flat trap
case” 13 the second critical speed is of order ¢ ~!. As shown in Ref. 10 and discussed further
in Sec. I B below, this order is changed in the case of a soft potential (1.3)to e g ~! provided s >
2. Notice that in the limit s — oo we recover the result for the flat trap case, despite the subtlety
of the exchange of limits (see below). Here the behavior of the gas differs markedly from that
in a purely harmonic trap where centrifugal effects start to compensate the trapping potential
in the regime 2, = O(1). In this case the state of the condensate is well approximated by a
wave function in the lowest Landau level® 33 of the magnetic Hamiltonian corresponding to
the first term in (1.1) and the GP theory ultimately loses its validity.*

e When €2, is further increased above a third critical speed €2.,, a new phase transition occurs
where vortices are expelled from the bulk of the condensate. All the vorticity resides in the
central hole created by the centrifugal force, resulting in a giant vortex phase. One of the main
results of this paper is that, for a potential of the form (1.3) with s > 2, Q,, is of order R,
This converges to ¢ ~* when s — + 0o, which is significantly larger than the value of Q. in
the flat trap case. The latter is, to leading order in &, given'>3? by (2/(37)) (¢?|log¢|) ~!. The
limits ¢ — 0 and s — 4 0o can thus not be interchanged in this regime. As we explain further
below, this is due to significantly different physical properties of the condensate in the two
kinds of traps close to the transition regime.

e When Qo > ,, the BEC is in a giant vortex phase and the energy is given to an excellent
approximation by a trial function with a single multiple vortex at the origin (of degree €2, to
leading approximation), accounting for the macroscopic circulation. Nevertheless, we prove
that rotational symmetry is still broken in any true ground state, namely, that no ground state
can be an eigenfunction of angular momentum.

The TF approximation in the regime Q¢, < Qt < €2, was studied in Ref. 10 where a prelimi-
nary upper bound for the vortex contribution was given. Precise upper and lower bounds are provided
in Theorem 1.1 below. The case of large rotation speeds with fixed coupling constant & ~2 has been
considered before®® for the special case of a quartic potential (i.e., s = 4). The present contribution
improves the results of that paper in several directions. In particular, although the appearance of a
giant vortex state has been proved in Ref. 38, no rigorous estimate of the third critical speed could
be provided. Such an estimate is given in Theorem 1.3 below.

In the remaining subsections of this introduction we define our setting more precisely and state
our main results. We start by discussing the scalings we shall use to study the functional (1.1).
We then state our results about the regimes ¢, K Qo K 2¢, and Qror X ¢, in two different
subsections and finally present our symmetry breaking theorem.

For a concise discussion of our results and methods the reader is referred to the companion
paper Ref. 12.

A. Scalings of the GP functional

In this paper we focus on the analysis of the minimization of the GP energy functional (1.1)
under the mass constraint

w3 :=/ dr [W> = 1.
R2
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The trapping is given by the potential (1.3) with Qs < Qq, and 0 < ¢ K 1, i.e., we study the TF
limit of the model. The power s in (1.3) characterizes the homogeneous trap and we assume that
2 < 5 < 00. We also introduce the parameter

Qeff = Q%m — Q(z)sw (15)
so that the effective potential in (1.1) can be written in the form
V(r) — 30 = kr® — 1Qer?. (1.6)

Since we are interested in exploring the rotation regime 2., — oo but want also to keep track of
the effect of the quadratic term in the expression above we shall assume that
QU = v, (1.7)

rot

for some given 0 < y < 1.

Since the profile of a minimizer of (1.1) expands if ., — oo and/or ¢ — 0 it is natural to
rescale all lengths as well as the rotational velocity. In fact, it is convenient to employ two different
scalings in different asymptotic regimes: If

Qo S 6757, (1.8)
we define x € R?, x = |x|, ¥(x),  and A, by writing
r = R,Xx, Y(r) = R;llﬂ(x), Qo = Rs_2a), A, = wxey, (1.9)
where
R = (ke?) ™ =0 (7). (1.10)
With these scalings the functional (1.1) can be rewritten as
ERF W] = RZESPIY], (1.11)
with
£ W] = A; dx {5 1(V = iA) Y + e [x* [y’ — syl + v ']}, (112
If on the other hand
Quot > 67552, (1.13)

a natural scaling parameter is given by the position Ry, of the unique minimum point of the effective
potential (1.6), which is explicitly given by

1
Q2 \ 2 2
Rpy = <—”Skf°‘> =0 (Q;J) . (1.14)

Writing now

r = RyX, W(r) = R, '"W(x), Qot = R7Q, Ag = Quxey, (1.15)
the GP energy functional (1.1) becomes
Egm Wl =RZ[EF VI + (+ —3) v?]. (1.16)
with
EFIY] = /R dx {51V —iA) V> + y QWY + 62|y ['] (1.17)

where the effective potential is given by

=1 x*-1

W(x):= i

(1.18)
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Note that for convenience we have extracted a negative additive constant in (1.11) exploiting the
L?-normalization of both W and 1, in order to obtain a positive trapping potential W > 0 with

xierlkﬂ Wx)=Ww(@1)=0. (1.19)
Note also that
Quot = (ke)) 20 = (sk/y) 22572, (1.20)
and the two rescaled velocities, w and €2, are related by
w=(s/y)e Q. (1.21)

For s — 00, i.e., a flat trap, ® = Q = Q.
To find the ground state energy and wave function of the system, we minimize the functionals
(1.12) or (1.17) on the domain

P :={y e HRY: |yl,=1}. (1.22)
We introduce the notation

GP ._ GP GP .__ GP
SRR S a2

for the ground state energies. Any corresponding minimizer will be denoted by S or wgp respec-
tively. The GP minimizer is in general not unique because vortices can break the rotational symmetry
(see Sec. I D) but any minimizer satisfies in R? a variational equation (GP equation) which is in the
case of (1.12)

LAY — oLy P 4 672 [rs +10 =yt +2 |1//§P|2] WP = Py CP (124)
whereas for (1.17) it becomes
_ 2
—IAYST — QLG + 1Y + y LPWOYS + 267 US| TvsT = ng vsT. (1.25)

Here L, = — idy stands for the z-component of the angular momentum and the chemical potentials
uSP and uSP are fixed by imposing the L2-normalization condition on S and ySF, respectively,
and are given by

W = B+ e [ ax

The functional (1.12) is used to analyze the behavior of the superfluid when Q. K Qo K Qc,,
which corresponds to |log ] <« @ < &~ ! whereas the scaling leading to (1.17) is more suited to the
regime Qo > Q,, corresponding to ¢ ~! « Q. The transition to a giant vortex phase occurs when
Qoce™ 4

For the sake of simplicity we will often omit the suffix w or € in 'SP, wSF, ESP, etc., when it is
clear the regime under discussion and/or the statement applies to all the regimes taken into account
in the paper, i.e., [loge| < o, @ e~ 4.

Y SR = EOP 4 g2 /Rz dx |y S°[t (1.26)

B. Between R, and ,: Vortex lattice and emergence of a hole

As we are going to see the leading order contribution to the GP energy ES? is determined in
this regime by the density pCF: =|6P|2, not the phase of the order parameter. Correspondingly, we
introduce a TF-like functional acting only on a density p: If

lloge| K 0 S &', (1.27)

we set

EMpl=¢72 A; dx [(x* 4+ p) p — Lyelwx?p], (1.28)
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with p belonging to the domain
D= {p e L’®?). |lplly =1: p=0,x"p € L'(R*)}. (1.29)

The minimization of £TF is straightforward (see Sec. Il A) and both the energy and minimizer have
explicit expressions: The latter is the compactly supported function

paf(x) = L [*ulf —x* + %y82w2x2]+ , (1.30)
where 1T is determined by the L!-normalization and [ - ] 4 stands for the positive part. We also set

EIF .= pg}fw EXlpl = &N [plF]- (1.31)

On the other hand if
el <Q«we™ (1.32)

(notice that by the scaling relation (1.21), Q2 = O™ if and only if w = O(¢7 1)), the scaling
defined in (1.15) becomes more useful and it is convenient to define the TF functional as

o' o] = f dx[e720% + yQ*W(x)p], (133)
R2
with p € DT, The TF energy and minimizer, defined analogously to (1.31), are now denoted by
E stF and ,ogTzF, respectively. The explicit expression for the latter is
py (xX) = 3 [y —ye?@XWW)], . (1.34)

As we are going to see (see Sec. II A for further details) there are critical values w., Q. = O(e™")
of the angular velocity satisfying

Q. = RAR*w., (1.35)

such that if @ > w. (respectively, 2 > .) then the TF density ,oaT)F (respectively, png) vanishes at
the origin. More precisely, if Q2 > €, there exists a disc of radius x;;, > 0 so that

pf(x) =0, forany 0 < x < xj,. (1.36)

We also point out that by the rescalings (1.9) and (1.15), v < w, holds if and only if Q < €, so
that the conditions [log e| < @ < w. and Q. < Q < & ~* cover all the possible asymptotic regimes
between €2, and €2,.

We can now formulate the result about the energy asymptotics of EOF:

Theorem 1.1 (GP ground state energy):
Iflloge] K w < w. as € — 0, then
ES* = E)F + 1o |log (2w)| (1 + o(1)), (1.37)
while, if Q. < Q K &4,
ES" = EL + 1Q [log (¢*Q)| (1 + o(1)). (1.38)

As we have anticipated a transition takes place when the angular velocity gets larger than some
critical value of order O(¢~!): A direct consequence of the asymptotics (1.37) and (1.38) (see, e.g.,
Ref. 11, Proposition 3.1) is that

[ = o™, = o 0™ (139)

i.e., the density [1/%)? is close in L(R?) to the TF density p'F, but when Q gets larger than Q. the
latter develops a hole and a macroscopic region where 1/ SF is exponentially small in & appears close
to the center of the trap. Next proposition shows that the threshold of such a transition is precisely
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2
=2 2 2 AN
Q, = ke, o2 | 28H2D (2)7 (1.40)
wy(s —2) \s

Proposition 1.1 (Emergence of a hole in y°F):

given by ., i.e.,

If ase — 0, Q> Qoe ~ ! with Qo > Q. there exists 0 < xpole < 1 such that
W] = 0>, (1.41)
for any x such that 0 < x < Xpole-

We conclude this section by stating a result about the vortex distribution and showing that
throughout the parameter region |loge| < w < &~ ! (respectively, e 7! < Q « & %), the vorticity
of YSP (respectively, ¥§") is uniformly distributed on a length scale Q=2 inside supp (poF),
(respectively, supp(png)), see also the remark after Theorem 1.2. For technical reasons, however, we
are not able to prove the result in the whole support of p'F, but we have to restrict the analysis to

the slightly smaller region
Roui = {x e R?: x. <x <x.}, (1.42)

where for some positive parameter 8: =p(¢e, 2) such that § — 0 as ¢ — 0 (see Eq. (2.76) for its
precise definition)
0, if |loge| K w < w,
Xo= Xo 1= Xou — B(e)Y3. (1.43)
xin + (R, if Qo< Qe

Here xj, and x,,, are the inner and outer radii of the support of the TF density. The definitions (1.43)
imply that

|supp (p™) \ Rpui| = O (B + (e2)*)™") < [supp (p™)

, (1.44)

and
HwGP ||L2(Rbulk) =1-o(1), (1.45)

i.e., Rouk contains the bulk of the mass of yCF.

In the following theorem, we describe the vorticity distribution in the bulk of the condensate
for rotation speeds between the first and third critical speeds. As it is usual in the Ginzburg-Landau
(GL) theory, this is done by investigating the asymptotic properties of a certain vorticity measure
whose definition is part of the statement of the theorem. Note that we do not tackle the question of
the precise location of the vortices, which should be on the sites of a hexagonal lattice. Proving this
fact rigorously remains a major open problem in both GP and GL theories, see Ref. 42 for the most
recent results in this direction.

In the statement of the theorem we use the notation B(x, p) for a closed disc (‘“ball””) with center
at x and radius p.

Theorem 1.2 (Uniform distribution of vorticity):

Ifllogel K w<e lore ' <Q« e *ase— 0, there exists a finite family of disjoint balls
{B:} := {B(xi, 0:)} C Rou, i =1, ..., N, such that

1. 0 <O V2 + Q712,302 < (14 (eQ)*3)7L;
2. Y% >00ndB;,i=1,....N.

Moreover, setting d; := deg{yF, 3B;} and defining the vorticity measure as

N
V=21 Y did(x —x;), (1.46)

i=1
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then, for any set S C Ry such that |S| > Q'|1log(e*Q)|*> as ¢ — 0,
v(S)
—
QlSl e—0

(1.47)

Remark 1.1 (Vortex balls):

By a closer inspection of the proof of the above Theorem 1.2, one can realize that there is more
information contained in the family of balls {I5;}: Each ball might contain a very large number of
vortices but almost all vortices are enclosed by those balls. More precisely, there exists a “good
region” in the condensate where all the possible zeros of 1S are contained in UB; and outside this
set YO is vortex free. There is also a complementary “bad region” where we are not able to prove
such a thing, but a key point of the proof of Theorem 1.2 is that the good region covers most of the
condensate, i.e., the ratio between the areas of the bad and good regions is o(1) as ¢ — 0.

C. The regime £ « ¢ ~%: Transition to a giant vortex state

In this section we consider 2 given as

Q=7 (1.48)

where € is a fixed constant while ¢ — 0.

A “giant vortex state,” that turns out to be an excellent approximation to the ground state for
large Q, is obtained by minimizing the GP functional over functions of the form f(x)e’*/? with f
real. Here | - | stands for the integer part. The giant vortex energy functional is given by

EV[f] = ESFLfe ] = /Rz dx {IVFIP+ QU@ 2 +e2 1, (1.49)
where
U):=31QPQ 2+ 1+ Ly (= 1) - Jy (x* = 1) — Qe (1.50)
By standard arguments (see Proposition 3.3) one can show that there exists a unique minimizer g,
of (1.49) in the domain
D= {f e H'RY): f=f"20 x> L'®R). |Ifll,=1}.
In addition, it is easily seen that g, is radial and does not vanish except at the origin. We also set

ev . v

E® = flerggvf [f]. (1.51)
The leading order of the GP energy and density will be given with very good accuracy by the
minimization of the simpler giant vortex energy functional. It is thus of importance to understand the
properties of the latter. When € <« & ~ 4, its minimization leads to a profile that is to leading order of
TF-type as discussed in Subsection I B. A salient feature of the regime (1.48) is the fact that, when €29
gets large, the giant vortex density g, changes from a TF profile to a gaussian distribution centered
on the circle of radius 1. This is most conveniently understood by using an auxiliary one-dimensional
energy functional (recall that g, is radial)

52111)([}(‘] — 27_[\/\ dx {%lf/|2+ %QZ(XZ(.X _ 1)2f2+872f4}
R

— ZnQ/Rdy {%|f/|2+ §a2y2f2+szg“2f4}, (1.52)
where

a =4+ 2s —2). (1.53)
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One obtains £ from (1.49) by expanding the potential around its minimum at x = 1 and neglecting
terms beyond quadratic in the expansion. The variable transformation y = Q"2(x — 1), f(y)
= QY4 f(x) is then used to blow-up to the characteristic size of the domain where the density is
confined. Itis clear that all three terms in (1.52) are of the same order of magnitude but the importance
of the last term diminishes with increasing €2y. The quadratic part of the energy is simply the energy
functional of the harmonic oscillator, so without the last term the minimizer is the Gaussian

gosc(y) = o/ exp{—Jay?). (1.54)

We expect and prove (see Sec. III B) that g, is close (after rescaling) to this function when € is
large. This behavior of the density profile is very different from that given by the TF theory discussed
before. The fact that the transition to a gaussian profile occurs in the same parameter regime as the
transition to a giant vortex phase is at the origin of several new features of the physics of the third
phase transition in a soft potential as compared to the theory in a flat trap. This does not seem to
have been noticed in the literature before: As far as we know, the profile is always assumed to be of
TF-type in previous papers dealing with the transition to a giant vortex state, with the exception of
Ref. 38.

To begin with, it is more delicate to define the bulk of the condensate in the regime €2 large.
The gaussian mass distribution has much slower decay and longer tails than a TF-like profile. As
a consequence the mass is much less concentrated and it is necessary to consider an annulus of
thickness much larger than the characteristic scale Q~!/2 = Q 262 of the gaussian distribution:

/2
Apu := {x e R?: 1 —c|loge|'?Q7"* <x < 1 +c|loge|'?Q7'?}, c<.=. (155
o

Our main result about the regime (1.48) is the following:
Theorem 1.3 (Absence of vortices in the bulk):

IfQ is given by (1.48), there exists a finite constant S such that for any Qo > Qq, no minimizer
WO has a zero inside Apu if € is sufficiently small.
More precisely, for any X € Apui,

[P ()| = gev(x) (1 + O log e| ™)) (1.56)
for any a > 0.

The estimate (1.56) justifies the notation Ay,x: Indeed, we have
/ dx [y =1 —o(D),
Abuik

because such an estimate holds true for gy, s0 Apyi contains the bulk of the mass. Theorem 1.3 then
characterizes the transition to a giant vortex phase where the bulk of the condensate resides in an
annulus free of vortices but with a macroscopic circulation around the origin. Recalling the results
of Theorem 1.2 we deduce that the third phase transition occurs when €2 is of order ¢ —4 Indeed,
for speeds much smaller than this threshold, vortices do occur in the annular bulk, whereas they are
absent if € is a sufficiently large multiple of & ~*.

The core of the proof of Theorem 1.3 is a detailed analysis of the asymptotic behavior of the
GP ground state energy, leading to the following estimate:

Theorem 1.4 (Ground state energy asymptotics):
If Q is given by (1.48) with Qo > Qg as in Theorem 1.3, then as ¢ — 0
EC? = E¥ + O(|loge|”?). (1.57)

We are also able to estimate the degree of the GP minimizer, ensuring that there is a macroscopic
phase circulation around the central low-density hole. This is the content of the following theorem.
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Theorem 1.5 (Asymptotics for the degree):
If Q is given by (1.48) with Qo > Qg as in Theorem 1.3 and R is any radius satisfying
R=14+0@Q7"?, (1.58)
then as ¢ — 0

deg (¥, 3Bg) = Q + O(Q|loge|”'*). (1.59)

As already mentioned, the physics of the giant vortex phase transition in a homogeneous
trap turns out to differ markedly from the corresponding regime in a flat trap that was studied in
Refs. 11,13, and 39. As a result, the technique of proof is different and does not rely on any
construction of vortex balls. The remaining part of this subsection aims at elucidating the main steps
in the proof. To bring out the salient points technical details are skipped and most of the following
equations will be written in a simplified form without the remainder terms. We remark also that the
method to be presented is simpler than that in Ref. 38 and leads to sharper results, although some
ideas are common to both papers.

As a starter let us note that in the soft potentials (s < co) we consider the centrifugal force
does not squeeze the condensate against a hard wall as in the flat potential (s = co) considered in
Ref. 11, although it still concentrates the scaled density in an annulus around x = 1. The soft
potential, however, allows more spreading of the matter density than a trap with a hard wall, so the
density is lower and vortices therefore energetically less costly. This explains the fact that the third
critical speed is considerably larger in a homogeneous potential than could be expected from the
analysis of the flat trap model.

It had been recognized before®® that for extreme rotation speeds the density profile would be
gaussian, but when studying the giant vortex transition a key difficulty originates from the fact that
the change from the TF profile to the gaussian distribution takes place in the same parameter regime
as the one where vortices are expelled from the bulk of the condensate. In a sense rwo distinct
transitions happen at the same time in the regime (1.48) and this is the main reason why the analysis
we perform in this paper is rather different from Refs. 11 and 13.

Indeed, in Refs. 11 and 13 the potential vortex cores were much smaller than the width of
the annular bulk of the condensate and vortices disappeared for energetic reasons. To analyze this
phenomenon precisely we had to adapt the method of vortex balls originally developed in the GL
theory (see Ref. 41 and references therein) and used to evaluate*?* Q.

In a homogeneous trap the cores of potential vortices turn out to be comparable in size to the
width of the annular bulk when © ~ .. It is thus not clear whether they disappear because of their
energy cost or are simply expelled from the condensate because they are too large to fit in. This
explains why we have not been able to give a precise estimate of the third critical speed: Potential
vortices are too large to treat them using the GL technology. Their energy cost cannot be evaluated
as accurately as in Refs. 13 and 39 and we have to rely on coarser estimates.

The starting point and the basic methodology is, however, reminiscent to that employed in
Refs. 11 and 13 and in works”?*?* dealing with the first critical speed in GP theory. We first
decouple the energy functional, an idea originating in Ref. 29 and used repeatedly in the literature.
Actually, it is more convenient to restrict the integration domain before performing the energy
decoupling. For technical reasons it is not sufficient to work on Ay, (defined by Eq. (1.55)) and we
consider instead a larger domain

A, ={xeR*: 1 —ne> <x < 1+n.e}, (1.60)

where we have some freedom in the choice of n, > 1. It should in any case satisfy the condition
ne > |loge|" in order for A,, to contain Apyyx but since we shall also need to consider A
we even require 1, > |loge|. If n, is chosen large enough, both the true GP minimizer and
the giant vortex density profile are exponentially small in & outside .A,, and one can restrict the
analysis to this annulus at the price of negligible remainders. On the other hand, the proof of energy
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estimates and the absence of vortices requires that 7, is not too large and we shall eventually choose
ne = |loge|*?, cf. Eq. (3.104).

By defining a giant vortex functional reduced to A, and minimizing it, we obtain an energy
E} and a profile &y. supported in the annulus .A,,_. We then write any test function r as

Y(x) = g, (x)e' A vu(x), (1.61)

which defines v on A, . Since g, is without zeros, the function v contains all possible zeros of ¥ in
the annulus. The variational equation for g, leads to

EPY] ~ EE + &, [v] (1.62)

with

Eng[v]:/ dxg; {3IVo* =B (iv, Vo) + &g, (1 — [v]})*}, (1.63)

Ne

where B = (Qx — I_QJx’l) ey and (iv, Vv) = %(vVv* — v*Vu). It is plausible that if we write
Y®) = g, (e ux), (1.64)

then the function u defined on A, should minimize &, under the constraint

/ dx g7 |ul* = 1. (1.65)
This is not fully rigorous because some remainder terms in (1.62) are neglected, most of which can
be controlled using the exponential smallness of ¥ outside of A, . Nevertheless, studying the
reduced problem of minimizing &, under the constraint (1.65) gives some valuable insight on the
full proof we are to develop in Sec. IIL.

The appropriate trial function is given by v = 1, which corresponds to a pure giant vortex ansatz.
This gives

Eplul <0

and the gist of the proof is the obtainment of the corresponding lower bound, proving that the
giant vortex trial function optimizes the energy up to small remainders. To this end one needs to
control the only possibly negative contribution originating in the second term of (1.63). This is most
conveniently done using a potential function defined as in Refs. 5 and 13:

X

F(x):/ dr (Q1 — |QJt™") gp (). (1.66)
1—e2n, '

This function satisfies V- F = g,zkfi and vanishes on the inner boundary of A4, . Using Stokes’

formula on the second term of (1.63) leads to

&, lul = / dx {3, |Vul> + Fu+¢e7%gy (1 — [ul*)*} — F(1 + ezng)/ do (iu, d;u).
A dB

Ne 14620
(1.67)
The quantity u is defined as

u = curl(iu, Vu), (1.68)

and is often referred to as the vorticity measure because in many situations involving vortices one can
prove that such a measure is close to measure of the form (1.46): a sum of Dirac masses counting the
vortices of u with multiplicity. It is not completely clear that . deserves such a denomination in the
regime we consider: As already emphasized, the cores of potential vortices are too large to employ a
jacobian estimate® that would put the comparison with a sum of Dirac masses on a rigorous ground.
The size of vortex cores can indeed be estimated by taking it as a variational parameter in a trial
function with prescribed zeros and minimizing the sum of the first and third terms in (1.63). For
illustration we shall employ the terminology nevertheless. It is justified by the fact that only the term
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involving u in &, [u] could favor the nucleation of vortices. Indeed, the other bulk terms are positive
and the boundary term should morally be negligible as we now explain.

Since Q2 is very large it is plausible that one can replace it with its integer part at negligible
cost. Also, the density profile should be almost symmetric about the radius 1. If it were exactly
symmetric, F(1 + n.&%) would be extremely small: As t — ¢~ ! is to a very good approximation
antisymmetric with respect to 1, F(1 + n.&%) would reduce to the integral of an odd function on
a domain symmetric with respect to the origin, which vanishes. The boundary term in (1.67) could
then be neglected, reducing the proof of the lower bound to the estimate of the second term in (1.67).

To deal with the term [ A, Fp we first remark that due to the Cauchy-Schwarz inequality we
have

Il < [Vul® (1.69)

pointwise, and in the regime (1.48) g, and F are of the same order of magnitude. It is thus plausible
that g,2]£|Vu|2 can control Fu pointwise. This is in marked contrast to the situation in a flat trap
where g, is much smaller than F, making the method of vortex balls indispensable to improve the
precision of the estimates.

For Q large enough, g, is approximately gaussian, so that one can use the ansatz (1.54) to
compute F and obtain

IFx)l <a'gr (x) (1.70)

for any x € Apyx and € large enough. As @ > 2 (see Eq. (1.53)), combining (1.69) with (1.70)
we can conclude that the kinetic energy term in (1.67) dominates the term involving the vorticity
measure, which leads to a lower bound confirming that the giant vortex ansatz is optimal (up to
negligible remainders). As a by-product of the proof one can also obtain an estimate of the third term
in (1.63) that contradicts the presence of vortices in Apyy: The technique, involving an estimate of
| Vul||,~, originates in Ref. 6 and has already been used in the flat trap case.'!?

What remains to be understood is the way in which one can justify the approximations made
above. We have assumed that © could be replaced by its integer part. This is harmless and the
corresponding remainder terms are ignored in what follows. More importantly we have assumed
that

e g, is aradial Gaussian centered on x = 1 for € large enough, which allows to prove (1.70);
e in particular g,_is symmetric withrespect to 1 so that the integration by parts in (1.67) produces
only very small remainder terms.

It is fairly easy to prove that g, is close to a Gaussian around the center of the bulk profile
where the matter density is large enough. However, we need to justify the pointwise estimate (1.70)
in a domain that is much larger than the bulk, including a region where the density g, is extremely
small. To obtain an appropriate lower bound to g,,_, a subsolution is constructed for the corresponding
variational equation. For the method to apply it is necessary to restrict to a smaller annulus: We are
able to prove that g,, is pointwise close to the optimal Gaussian only in A /. The region A, \ A z;
is dealt with using the exponential smallness of /¥ in the low density hole (there is some freedom
in the choice of A -, the essential point being that we can prove the appropriate lower bound on
gy, only in a smaller domain than A, ).

As for the boundary term in (1.67) one can prove that g, is to a very good approximation
symmetric around x = 1. Indeed, as we have explained, the profile becomes gradually gaussian
when € is increased, because the weight of the quartic component of the energy decreases. The
reason we have separated the discussion of the symmetry from that of the approximation by a
Gaussian is that g,_1is very close to a symmetric function even for £y small where the gaussian
approximation is not expected to be valid. In some sense g, is much more symmetric than it is
gaussian. To understand this, one can consider the energy functional (1.52) obtained by keeping
only the quadratic term in the Taylor expansion of the potentials: After rescaling, the minimizer is
symmetric for any 2, and one can prove that it approximates g, much better than the Gaussian
(1.54) (one can compare the remainders in (3.43) and (3.67) below).
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Making use of this property we show that F(1 + &27,) is indeed very small. Then one could
hope to conclude that the boundary term is negligible if a proper estimate of the phase circulation

/ do (iu, o;u)
9B

14+62ne

were available. This is, however, not easy to obtain because the integral is located in a region where
&y, 1s very small, casting doubt on the possibility to prove any estimate of the term above using the
kinetic energy 1 [ A, g |Vul®.

To get around this point we modify our strategy as follows: Instead of the potential function
(1.66) we use two different potentials F'y, F, vanishing, respectively, on 9 By_2, and 0B, . The
first is used to calculate the part of the momentum term residing between the inner boundary of A,
and the maximum point of g, _, while we use the second in the complementary region, leading to a
formula of the form

€. lul =~ /R x4 IVuP + (Fy+ B+ e (1~ Y]

— (Fi(1) — Fx(1)) do (iu, o;u), (1.71)
B,

with the convention that F; = 0 for r > 1 and F, = 0 for r < 1. In some sense we are using a
discontinuous potential, which has the effect to produce a boundary term on 0By, i.e., in the middle
of the bulk. More precisely the jump is at the maximum point of the profile, which is close to 1 but
not exactly equal to it. An important point is that |F} + F,| < % g,zh when 2 is large, which means
that the analysis of the bulk terms can be carried out exactly as sketched above.

On the other hand, the jump of the potential function F;(1) — F,(1) is roughly speaking given
by F(1 + &%n.) with F defined in (1.66) and is thus very small because of the symmetry of g, .
The key point is that this information can be combined with an efficient estimate of the phase
circulation of u# on dB;. Indeed, the boundary term is now located where the matter density is large,
which allows to control the phase circulation of u in terms of the kinetic term in the energy (see
Lemma 3.5). This control also leads to the degree estimate of Theorem 1.5 once u has been proved
to be vortex free.

The trick of using a discontinuous potential function to make boundary terms tractable in the
study of functionals such as Eq. (1.62) seems to be new. In situations considered before,>!!:13
the TF-like profile allowed to employ other methods for estimating boundary terms. These fail in
the context of the present paper due to the long tails of the approximately gaussian density profile.

D. Rotational symmetry breaking

The nucleation of vortices in a rotating superfluid trapped in a radial potential has an important
connection with the symmetry properties of the ground state. For example, when €2, is kept below
the first critical speed, the ground state is expected to be unique and rotationally symmetric. This
has recently been proved in Ref. 4 at least in the TF limit: The ground state for Q,r < €2, is equal
to the ground state without rotation, i.e., for ;o = 0, which is a radial function. When there is only
one vortex in the superfluid, it will sit at the center of the trap and the ground state, although not
radial any longer, is still an eigenfunction of the angular momentum, i.e., it is of the form f(r)eid”
with f a real-valued function and d € Z.

On the other hand, the occurrence of more than one vortex in the GP minimizer WGP is
automatically associated with a breaking of the rotational symmetry of the functional at the level of
the ground state (see, e.g., Refs. 9 and 43 for a detailed discussion of this phenomenon). Therefore,
Theorem 1.2 guarantees that rotational symmetry is actually broken for any |log s| < @, 2 < & ~4,
since the bulk of the condensate is filled with a large number of vortices, namely, of the order of the
angular velocity w or 2.
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However, the giant vortex transition described in Sec. IC seems to suggest a restoration of
the symmetry under rotations: For instance, the proof of Theorem 1.4 shows that a giant vortex
trial function with all the vorticity concentrated at the origin can reproduce the GP ground state
energy up to subleading order corrections. In addition, the bulk of the condensate is vortex free (see
Theorem 1.3) so all vorticity must reside in a region where the density is low.

In the following theorem we prove that the rotational symmetry is never restored even though the
angular velocity crosses the giant vortex threshold. This suggests that there is a nontrivial distribution
of vortices in the low density hole and it is an interesting open problem to locate them, or else find
other reasons for the symmetry breaking.

Theorem 1.6 (Rotational symmetry breaking):

If Q > &%, no minimizer % of the GP functional is an eigenfunction of angular momentum
for € sufficiently small.

Note that the theorem is stated for > ¢ ~%, i.e., in the giant vortex regime. This is the regime
where one could a priori hope that the ground state of the theory is exactly of the form f(r)e'®” .

The same result has already been proven for smaller angular velocities in Ref. 43, Theorem 2:
Assume, for instance, that |loge| < w < &~ !, then it is not difficult to realize that the total
winding number of any minimizer must be O(w). Therefore, if one picks some finite d > s/2 + 1,
Theorem 2 in Ref. 43 proves the instability of any symmetric vortex of degree n = O(w): Condition
(2.29) in Ref. 43 is indeed always satisfied for ¢ sufficiently small, since the chemical potential is of
order O(e~?), whereas the rhs of (2.29) is O(w?).

E. Organization of the paper

The proofs of the results stated above are given in the following sections. The vortex lattice
regime is discussed in Sec. II, beginning in Sec. I A with a comparison between the TF energy and
density with those of an energy functional where the vector potential responsible for the appearance
of vortices has been dropped. Section II B contains the proof of upper and lower bounds to the vortex
contributions to the energy. The uniform distribution of vorticity is proved in Sec. II C.

Section III is concerned with the giant vortex transition. After some preliminary estimates on
the ground state energy and minimizing wave functions in Sec. Il A, we study in Sec. I[IIB the
giant vortex density profile. The essential results here are the estimates on the deviation from a
Gaussian (Proposition 3.5) and from another profile symmetric about x = 1 (Proposition 3.7). The
basic energy estimates are given in Sec. III C, and in Sec. III D they are combined with gradient
estimates to establish the giant vortex transition.

Finally, breaking of rotational symmetry is proved in Sec. I'V.

Il. THE REGIME |loge| < 0, < e~ 4
A. The TF energies and densities

We start by summing up some important information about the minimization of the TF func-
tionals £TF and ELF (Egs. (1.28) and (1.33)): We often refer to Ref. 10 for a detailed analysis and
omit here the proof details.

The unique TF minimizer of the functional (1.28) for |loge| < w < &~ ! is the density (1.30),
ie.,

p;l;F(X) — % [82M£F — x4 %]/82(1)2)62]+

with uIF = ETF + ¢72||pTF||2. The support of pF is always a compact set since s > 2, and there
exists a critical value of the angular velocity @, = O(s~") such that

xeR?: x € [0, xoud}, if ® <.,
supp (p.F) = {{ ol ‘ 2.1)

{X eR?: x e [xin,xou[]}, if o> w,
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with x;, > 0. It is given by

s+

2

x 25 +2)\ %0

we =271y~ 12 2s+2) el (2.2)
(s —2)

If o = w., the outer radius is

1
Xout = (%yszwg) 2

For generic w neither x;, nor x, are explicitly given but can be obtained by solving the equations
,ouT)F(xin /out) = 0. Both radii are increasing functions of w, whereas both MI)F and xoyt — Xip, 1.€., the
width of supp (p2F), decrease as o increases.

When » becomes larger so that @ > & ~! (which is the same as > & ~!) we use the definition
(1.33) for the TF functional. The TF minimizer is in this case

Py (x) = 5[ ng —ye? XWX, . (2.3)
The support of pS is always compact, but if @ > ¢! is sufficiently large, the density vanishes
in a neighborhood of the origin. More precisely one can define an analogue, denoted by 2., of the
critical value @, as the smallest value of Q such that piF vanishes at the origin x = 0. A simple

computation shows that
2
2 2) [2\
Qo= RR 2w, =2, [ 28+ (2)7 -1 2.4)
wy(s —2) \ s

i.e., it agrees with what is implied by the scalings (1.9) and (1.15).
If Q> ¢~ ! all the expressions simplify and, by using the Taylor expansion

W) =1(s =21 —x)* + O (11 —x|%), (2.5)
and the fact that ,O;FZF()Cm Jout) = 0, one obtains
2
ny = 3y(s — 29 (1 = xXinjou)” (1 + OU1 = Xinjou))) » (2.6)

so that the normalization condition yields

1/3
|1 = Xinjou| = [m} / )7 (1 4+ 0= ™?)) 2.7)
and pudf = O(e7*/3Q?/3), which in turn implies that
|8 | ey = O™, 2.8)
Note also that for  >> & ~! the density can be written as
pg () = 3¥(s = 22 [(1 = Xinjou)®> = (1 = x)* + O () 7")], - 2.9)

For further convenience we introduce another reference density, which is obtained by minimizing a
GP-like energy obtained by adding some radial kinetic energy to £™F, i.e., if [loge| < @ < w,

ESPIf]:= /R dx {3IVFI? = Ly’ f2+ 72 [(x* + £7) 7]} (2.10)
and, if Q. < Q <&~ 4,
ESPLf = /R dx {IIVFP+y@PWE) 2+ 21, (2.11)
where f € ® and
DF = {feH' R, f=0: |fll,=1}. (2.12)

We also set

ES* .= inf EP[f1,  ESP:= inf ESPf], (2.13)
fE@GP fE@GP
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and in both cases we denote (with some abuse of notation) by g¢ the associated unique nonnegative
minimizer.

The energy ESF (respectively, ESF) is trivially bounded from below by E' (respectively, EZF).
Next proposition proves that it is also bounded from above by the same quantity up to smaller order
corrections:

Proposition 2.1 (Estimates for ES® and ESF):

If0<w < w:ase— 0then
E)f < ESF < E)F + O( logz)), (2.14)
while, if Q. < Q2 K e 4

EY < ES® < EF + O((e)*| log(*Q))). (2.15)

Remark 2.1 (Radial kinetic energy of pF):
Using (2.7) as well as (2.8) and the Taylor expansion (2.5), one easily obtains that
ES = 0@ 3Q), (2.16)

which is much larger than the error term in (2.15), i.e., the radial kinetic energy of the (regularized)
TF profile plF, for any <« & =4, since

(*Q)*3 | log(e*Q)| <« 1.

We also remark that employing the variational equation for gy one can show that ESP > EXF
+ c(eQ)*3| log(e*€2)| with some ¢ > 0.

Proof: The result is proven by evaluating the functional fSP (respectively, é’gl’ ) on a suitable

regularization of m (respectively, \/pTTZF ) like in Ref. 14. The regularization is necessary since
the kinetic energy density is otherwise not integrable around x = Xjpou. The error terms in (2.14)
and (2.15) are precisely given by the kinetic energy of such functions. For instance, if Q2 > Q., it
is clear that the kinetic energy of the TF profile far from xjyoy is of order (e©)*3, but one has to
regularize the density in a neighborhood of x;, and x,y : By a simple optimization, one can show
that the width of such regions has to be of order (¢*Q)%(eQ) ™% « (Xour — Xin) for some a > 0,
which produces the additional factor [log (¢*Q2)| (see, e.g., Ref. 11, Proposition 2.1). O

With some slight abuse of notation we denote by gy the minimizer of either (2.10) or (2.11).
It has other useful properties which can be easily proven: It is radial and strictly positive and has a
unique maximum. Moreover, one can show that it is suitably close to p™F: A trivial consequence of
(2.14) and (2.15) is (see, e.g., Ref. 13, Proposition 2.1):

|}g(2)—pgz}:||§§(’)(82|logs|), if 0<w<w; 2.17)

2 . _
lg6 — oo |, = OE" Q| log(e* @D, if Qe <@« (2.18)
One can also show as in Ref. 13, Proposition 2.1 that
| oaF [l (1 +o(1)) = O(D), if 0<w<w;
180112 ey < (2.19)
,ogZF(l)(l +o(1) = OE?RPQRM3) if Q. <Qwe™.

The estimates (2.17) and (2.18) can actually be improved as in next proposition. Note that
the condition @ < w, in the following should be thought of for w = O(s~!) as the stronger
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requirement @ = woe ~ ' for some constant wy < w.&. Similarly the condition > . means actually
Q> (1 — o(1))R2 and, if 2 is below €2, xj, has to be set equal to 0.

Proposition 2.2 (Pointwise estimate for go):

If0<w<w:ase— 0, then

|85(x) — paf(x)| < O(loge|™), (2.20)
uniformly in x € A, with
A, i={xeR*: 0 <x < xou — |loge|™'}. 2.21)
If on the other hand Q. < Q K ¢ —4
|25(x) — pg (x)] < O QP log(e* Q)1?) p&f (x) = o(1) &7 (x), (2.22)

uniformly in x € Agq with

Ag = {x € R?: xip + ()| log(e* Q)| ™" < x < xou — ()| loge* )"}, (2.23)

Remark 2.2 (Bulk of the condensate):

The annulus Ag contains automatically the bulk of the mass provided Q < & ~*: Using (2.7) it
is simple to verify that

1085 114y = 1 — O Tog(* Q)1 7), (2.24)
and
e (x) = C(eQ)™[log(e*Q) ™" > 0, (2.25)
for any x € Ag. The same obviously holds true for .4, as well:
oXF(x) > Clloge|™! > 0, ||p$F||L1(Am) =1—0(loge|™). (2.26)

As a direct consequence of the pointwise estimates (2.20) and (2.22), A,, and Agq contain the bulk
of the mass of g too:

lgollfzca,, =1 = Ollogel™),  if 0<w<a, (2.27)
lgol7ay) =1 — Ologe* @)%,  if Qe<Q<e™. (2.28)

Proof: The proof is done exactly as in Ref. 13, Proposition 2.6 (see also Ref. 11,
Proposition 2.3), i.e., by identifying local super- and subsolutions to the variational equation solved
by go, which can be rewritten

—g0 —x"'go = 4¢7" [ — 85] %0. (2.29)
where
% [azﬂgp —x¥ + %y82w2x2] , if 0 <w < w,,
p(x) = (2.30)
1[ead —ye W],  if Qe <™,
and the chemical potentials ﬁSP and ﬂgp are fixed by the L?>-normalization of gy. Note that 5 differs
from the TF densities pF and pIFf only by the chemical potential. However, combining (2.17)
and (2.18) with (2.19), one can easily obtain the following estimate of the difference between the
chemical potentials:

|ASP — uTF| < O Togel'),  if 0<w < 2.31)

A — 1l < o@lloge*Q)'?),  if Qo< <™ (2.32)
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This in turn yields a pointwise estimate of the difference between p and the TF densities, which
guarantees that g is strictly positive inside A, or Ag.

The rest of the proof consists in a local analysis of the variational equation (2.29) on the scales
gore?PQ- 1/3|10g Q) ifo<w.orQ <QKe ?, respectively. Note that in this second case
the blow-up scale remains much smaller than (¢Q) ~??|log (¢*2)| ! which appears in the definition
of Agq. O

We conclude this section by stating another pointwise estimate of gy which shows the exponential
smallness in ¢ of g outside of supp(p'F).

Proposition 2.3 (Exponential smallness of go):

There exists a constant C > 0 such that, if |loge| K w and Q K ¢ “4ase— 0,
Cexp {—&~ "2 dist (x, supp (02"))} . if |loge|l K w < w,
2
8o(x) < 3 2 - ) » (2.33)
C(eQ)*3 exp {—Q /2 dist (x, supp (,0Q ))}, if Q. <QKe™,

for any x € R2.

Proof: See, e.g., Ref. 13, Proposition 2.2: For instance, in the first case, i.e., when [log ¢| < w
< w,, one can show that if x > xou + /€, the rhs of (2.29) is negative and C exp { —& = (x
— Xou)} is @ supersolution to (2.29) for x > x4y and a suitably large constant C > 0. In the other
case when Q. < Q <« ¢ % one can investigate (2.29) separately for x < x;;, and x > x,,; and identify
appropriate supersolutions there. O

B. Energy asymptotics and emergence of a hole

In this section we first prove Theorem 1.1, i.e., the asymptotics of the GP ground state energy,
and show how this implies a phase transition at €2,, that is the occurrence of a macroscopic hole in
the condensate.

Proof of Theorem 1.1: For the sake of brevity we omit the proof of (1.37) and focus on the
regime Q. < Q « &~ *. The strategy as well as most of the estimates are basically the same for
(1.37) and (1.38) but the vanishing of the TF density for x < xj, makes the second case slightly
tougher to deal with.

As usual the result follows from a comparison of appropriate upper and lower bounds to the
GP energy Egp, but in order to simplify the analysis it is convenient to extract the leading order
term ELF from the outset. This can be done by using a very standard trick (see, e.g., Ref. 29), i.e., a
splitting of the energy: Exploiting the positivity of gy, we define a function ug € L _(R?) as

loc
SP(x) =1 go(x)ug(x), (2.34)
and compute, using the variational equation (2.29) solved by g,
EGF = EGF + Fluol, (2.35)

where F is the weighted GL-type functional
Flu] := / dx g2 {% I(V —iAg)ul* +e%g5 (1 — |u|2)2} ) (2.36)
]RZ

We can then focus on the reduced energy F[u] and prove upper and lower bounds for it. Note that
in the upper bound there is a normalization condition to fulfill, i.e.,

/ﬂ;z dx g5 luol* = 1. (2.37)

In the lower bound on the opposite we are going to remove this restriction and minimize with respect
to any u € L*(Agq), where Ag is given by (2.23).
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1. Upper bound

The trial function which is going to be used in the upper bound proof is very similar to the one in
Ref. 14, Proof of Proposition 4.1: Roughly speaking we pick a function u, Which is approximately
a phase factor, i.e., such that |uy,| >~ 1, but at the same time contains vortices of unit degree on a
regular lattice intersected with the support of the TF density plf. More precisely we denote by £ a
regular lattice with fundamental cell Q (triangular, square or hexagonal) and lattice spacing £ and
define

Ugial(X) 1= ¢ £(X) v(X), (2.38)

where ¢ >~ 1 is a normalization constant to enforce (2.37), v is a phase factor (here we denote a point
X = (x1, xp) € R? by the complex notation { = x; + ix;) given by
o {—=& .
v = [] T e {lipx)}, (2.39)
GeLNAg £=4&

and & regularizes the singularities of v at the lattice points,

1, if |x—x;|>1, forallx; € L,
E(x) = | ) (2.40)
T x—x, if |[x—x;| <t.
Here ¢ > 0 is a variational parameter (vortex core radius), such that
< Q712 (2.41)
We also choose the lattice spacing £ in such a way that
Q| =rQ ", (2.42)

which guarantees the “neutrality” of each cell of the lattice in the “electrostatic analogy” discussed
in Ref. 14, Proof of Proposition 4.1. Since |supp (,ong) | = O((e2)~/3), the total number of lattice
points inside supp (pSTZF) is O(e723Q71/6) » 1, as long as Q « ¢ ~*, and it is not difficult to verify
that

c=1+40E2BQ %2 =1 4+ 0(1), (2.43)

thanks to (2.41).
The evaluation of F[ui,] can be decomposed into two different estimates of the kinetic energy
and interaction energy, respectively. We are going to show that the former satisfies the inequality

%/Rz dx g5 |(V — iAg) ugial* < 2 (1 + 0(1) 2 |log (*Q)] . (2.44)

A simple computation yields (recall that & is real)

%/ dxg§|<V—iAQ)um|2=%czf dxg552|V¢—AQ|2+cZZ/ dx g3| V&I
R? R? [x—x;|<t

x; €L
1 2:2 2 172 00
< §(1+0(1))/~dxg05 Vo — Agl? + CQY21 + O(™),  (2.45)
A

where A is chosen in such a way that (2.33) yields the pointwise bound gy = O(¢*°) outside A
(the symbol O(e*) denotes a quantity vanishing faster than any power of ¢). Note that (2.33) also
implies an exponential decay in x of gg, which is used in order to estimate the remainder in (2.45).
A possible choice is

A={xeR* : xip — Q" [loge* Q) < x < xou + Q| log(*Q)*} . (2.46)
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Now we can apply the electrostatic computation in Ref. 14 to estimate the leading term in (2.45):
The first term on the rhs of (2.45) becomes

§/~ dx g5€% Vo — Agl* < 3 (1+ 0(Q'/%) Z sup g5(x) [ Alllog(*Q)] + O(1)],

A x;eLNA xed

(2.47)

as in Ref. 14, Eq. (4.37). In the above expression we have actually overestimated the contribution

in A\ Agq since v contains no vortices there and therefore one would easily get an upper bound
without the logarithmic term in the cell contained in A \ Aqg.

Using a Riemann sum approximation for the integral of g3 in A we can replace the sum in

(2.47) and obtain
3 /A dx g3£% Ve — Agl* < 1 (1 + o(1)) Q[|log(*Q)| + O(D)], (2.48)

thanks to (2.41) and

g0l 72z = [10a" | i ayy + 0D + 11801172 44,y = 1 +0(D) + O log(e* )| %) = 1 + o(1),

(2.49)
since g% < ((»9S2)2/3|10g(84s2)|’1 in A\AQ and Q’I/2|log Q) « ((>952)’2/3|10g(8452)|’1 for
any Q < e~ 4.

The upper bound (2.44) is then proven and it remains to compute the interaction energy of uyy
For any Q. < Q « & ~* one can show that

g2 / dx gt (1 = lugia?)’ < Ce™3Q%3, (2.50)
RZ

Indeed we note that |uyiy| = 1 in R? \ Agq, so that

/ dx 83 (1 - |utrial|2)2 =
R2

_ 2
/ dx gy (1 —1t7%|x — x;|?)
B(x;,1)

x;€LNAq

< C(e??|017 | Ag| < C2PQ1P2. (2.51)

Combining (2.35) with (2.44) and (2.50), we finally obtain
ES < EF 4+ 1 (14 0(1) Q2 |log (*Q)| + Ce Q% + o(1)

< EF + (1 +0(1)Qllog(s*Q)| + O(Q),  (2.52)

where we have chosen the vortex core radius r = ¢23Q ~ 13 and used (2.15). Note that our choice of
t is compatible with (2.41) as long as 2 < & ~*. Moreover, the radial kinetic energy of the profile
g0, which is O((e2)*3| log(¢*Q)|) according to (2.15), is much smaller than the remainder O(L) if
again Q@ < g~ 4.

2. Lower bound

A lower estimate matching (2.52) can be proven by following the same strategy as in
Ref. 14, Sec. V, i.e., first decomposing the support of plf into cells, then blowing-up the en-
ergy Flup] on each cell and finally using a lower bound for the GL functional with an applied
magnetic field between the second and third critical values (see, e.g., Refs. 40 and 41).

The starting point is a restriction of the integration in J to the domain Ag, which exploits the
positivity of the integrand. Then we decompose Ag, into cells: Let £ be the lattice

L ={x; =(ml,nl), mnell (2.53)
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with cells Q; and lattice spacing satisfying
Q Nlog(e* Q)| « 2 « e7*3Q =43, (2.54)

For convenience we have chosen a square regular lattice but any regular lattice covering the space
would have done the job. We easily obtain the lower bound

. _ 2
Flul= > / dxgé[%|(V—zAQ)u0|2+g 262 (1 — Juol?) }
~ Qi
x;,Q;CAq

>(1—o(1) Y g)FPuel, (259
x;,0;CAq
where we have used (2.22) and (2.25), which imply the lower bound
go(x) > C(eQ)*?|log(e*Q)| ", for any x € Ag, (2.56)

and introduced the functional

i . — _ 2
FOlug] :=/~ dX{%|(V—1AQ)u0|2+S 3023 log(e* @) ™! (1 — [uol?) } (2.57)
Qi

Note that the conditions (2.54) on the spacing £, which are essential for the proof, are compatible
as long as © <« & ~*: The upper bound on  is needed in order that the spacing is much smaller than
the width of supp (pgTzF) as required for the Riemann approximation we shall use. On the other hand,
the lower bound in (2.54) implies that the cells of the lattice £ are much larger than those of the
lattice considered in the proof of the upper bound. The reason is that we would like each cell of the
new lattice £ to contain a large number of vortices, diverging to oo as ¢ — 0. In fact, this is crucial
in order to make the whole proof strategy work since the GL estimate from Refs. 40 and 41 that we
are going to use holds only under this condition.
We now blow-up the energy in the cell Q; and sets := ~'(x — x;),

iio(s) := uop(x; + Ix),  A(s) := { Ag(x; + {s), (2.58)
so that ) becomes
FOug) = FOiag] := /Q ds {% (V= i&) | +e2 (1 - |ﬁ0|2)2} , (2.59)
1
where Q) stands for a unit square centered at the origin and we have introduced a new small
parameter € defined as
€ 1= 0 1?B3Q7 13 log(e* Q)| /2, (2.60)

which is much less than (¢*Q)"3|log (6*Q)|"> « 1 if Q « & ~* thanks to (2.54). The rescaled vector
potential A is explicitly given by

A(s)=Qle, Ax; + Qe A, (2.61)
and the corresponding magnetic field is
hex = curl A = Q27 (2.62)
Employing gauge invariance one obtains the lower bound
FOlig] >  inf / ds {310V = ihesec As)yul +e72 (1= JuP)’}, (2.63)
ueH Q) J g,

where the applied magnetic field A satisfies the conditions
|loge| < hex < €72, (2.64)
thanks to (2.54).



095203-22 Correggi et al. J. Math. Phys. 53, 095203 (2012)

We can now borrow a lower bound to the GL functional with an applied magnetic field between
the first and second critical fields (see, e.g., Refs. 40 and 41) to estimate the rhs of (2.63) and obtain

FOliig]l = (1 — o()hex log (e 7'h /%) = L(1 — 0(1)Q20?| log(e*Q)|. (2.65)

Putting together the above estimate with (2.55) and using again the Riemann sum approximation we
finally get

Flugl = ¢(1 = o(1)log(e* )l 18011724, = (1 — 0(1)Q] log(e* Q)] (2.66)

by (2.28). The splitting (2.35) as well as the trivial bound EgP > ESEF hence complete the proof of
the lower bound. g

The occurrence of a hole in the bulk of the condensate for 2 > €2, now follows as a straightfor-
ward consequence of the energy asymptotics proven in Theorem 1.1:

Proof of Proposition 1.1: The proof is very similar to the proof of Proposition 2.3 (see also
Ref. 13, Proposition 2.2): By setting p := [¢G"|* one easily obtains from (1.25) the inequality

_%AIOGP <2672 [ﬁGP _ pGP] 0P (2.67)
where
p(x) =1 [Pug” — vt LPW()]. (2.68)
Now the energy asymptotics (1.38) implies exactly as in the derivation of (2.18) and (2.19) that
WS < CEeP3, 0% = plf|; < Ce*QllogE ), (2.69)
which in turn (see, e.g., Ref. 13, Proposition 2.1) yield the estimate
Ins’ — ng | < Ce2PQY% log(e* Q)2 (2.70)
Now if Q2 > €, one can pick some 0 < § < 1 so that the above inequality implies (recall (2.5))
PP (x) < Ce"3 Q%0 log(e*Q)|Y? — C ()82, (2.71)
for any 0 < x < x;, — 8(¢2) ~?3. Hence if one takes, for instance,
§ = (e*)V12 | log(*Q)|, (2.72)
that is <1 as long as Q < & ~*, the inequality (2.67) becomes
—1Ap%F 4+ CePQY0p <0, forany 0 < x < xj, — 8(eQ)~ 3. (2.73)
To complete the proof it suffices therefore to note that the function
Cexp{—&~ Q7 (xin — x)}

is a supersolution to the equation — Af + Ce ~2?Q%%f = 0 in the ball 0 < x < x;, with boundary
condition f = C on dBy,,. One thus obtains

p%(x) = C [0, exp {—e 1P B — 0} (2.74)

for 0 < x < xj, but, if Q > Qpe ~! for Qy > e, then x;, > C > 0 and one can always find some 0
< Xhole < Xin such that the above upper bound yields the desired estimate. O

C. Uniform distribution of vorticity

The energy asymptotics proven in Theorem 1.1 is the main ingredient in the proof of the uniform
distribution of vorticity:

Proof of Theorem 1.2: The proof follows very closely Ref. 11, Proof of Theorem 1.1, which in
turn relies on Ref. 40, Proposition 5.1. For the sake of brevity we only enlighten the major differences
and assume that Q. < Q < ¢~ %,
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The starting point is the combination of the cell decomposition (2.55) with the global upper
bound (2.52), which gives (recall that £ is a regular square lattice with spacing ¢ satisfying (2.54))

> &) FOwl < tA+m Y gx)PQllog(e* Q). (2.75)
Xi,QiC.Asz XhQN,‘C.Asz

for some quantity n: =n(e, Q) suchthatn — Oase — 0, Q K e~ %.

In order to localize the above bound, one needs some control on the density gy and to this
purpose we set

B = B(e, ) = max (| logn| ™", |log(c*Q)|™"), (2.76)

and define Ryui as in (1.42), ie., Rpuk = {X : Xin + Q) 738 < x < xou — (62)7%/38}, so that
Rouk C .AQ and

g5 (x) > C(eQ)*?B, for any X € Rpul. 2.77)

Such a bound unfortunately is not sufficient to complete the localization of the energy and a certain
amount of bad cells has to be rejected. We say that a cell Q; is good if

FOlug < 1 [1 + min (ﬁ, szm)] Q| log(s*Q)|. (2.78)

Now given any set S C Rpyux With area much larger than £2 (2.75) implies that the total number of
bad cells contained inside S (denoted by Np) is much smaller than the total number of cells N, i.e.,
more precisely

Np < /nB™'N < min [ﬁ| lognl, €2/Q| 10g(54§2)|] N < N. (2.79)

On the other hand, one can use the upper bound (2.78) inside good cells to prove the final result
exactly as in Ref. 11 (Proof of Theorem 1.1). Note that the choice £ = Q~'/?| log(s*R2)| is compatible
with (2.54) and yields the lower bound on the measure of S, i.e., |S| > £ = Q7 !|log(¢*Q)]>. O

lil. THE GIANT VORTEX REGIME @ ~ ¢ ~4

Since throughout this section we deal only with the regime Q ~ & ~*, we remove any suffix

from wgp, E gp, etc., for the sake of simplicity and denote those quantities by WGP, ECP etc.

A. Preliminary estimates for ESF and y¢°P
We first introduce and recall some notation: We define a parameter « by setting
o> =4+ y(s—2),
and a vector field B given by
B=(Qr—[Qr")e,. (3.1

A Taylor expansion of the potential U(x) (see Eq. (1.50)) around x = 1 (e.g., for % <x< %) yields
Ux)=1B*(D)+ (1- Q1) x -1
43Pty -2l - D2+ O (- 1))

=1 - 1P+ 0@ H+0(x-1°). (32

Moreover, we denote by gosc the normalized ground state of the one-dimensional harmonic oscillator
(y € R)

Hye := —%83 + 1a?y?, (3.3)
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1.e.,
osc(y) := o M exp {—Lay?} . (3.4)

The starting point is a rough but useful upper bound on ES? which has several important conse-
quences:

Proposition 3.1 (Estimates for E°F and v °F):
If Q= Qe ~* with Qo > 0 and ¢ is sufficiently small,
EF <o@), |vo, < oE>Q. (3.5)
Moreover, there exists a finite constant C such that, for any X € R?,

[WP®)[* < Ceexp {—QY2 |1 — x|} (3.6)

Proof: In order to prove the upper bound on ES? it suffices to test the GP functional on a suitable
rescaling of the harmonic oscillator ground state (3.4) times a phase containing a giant vortex of
degree [€2] at the origin. More precisely we set

Viial(X) i= fuia(x)e 7 (3.7)

QY4 g0s (91/2(1 - x)) , ifx>1—e¢,
Suia(x) :=cq { f(x), if 1l -2e<x<1-—e¢, (3.8)
0, if0<x<1-2e,
where cq is a normalization constant and f a smooth function such that
fA=26)=0,  f(l—e)=gucl(R%) = O™),
which also allows to assume that ||V f|,, = O(¢*). A simple computation gives

I = [l = 27202 / dr x 2,(Q2(x — 1) + O(™)

1—¢

o0 o0
= 2mcl / dy(1 4+ Q7'2y)g2 .(v) + O(e™) = 2nch / dy g2. () + 073,

Q172 [}

so that
cq=Qn)7 " (1+0@7?). (3.9)

By using (3.2) and the exponential decay of gos. one has

o 2 _
Sgp [Wtrial] = 2716?2 / dx x [% (fl/rial) + QzU(x)ft?ial + Cé&‘ 2ft‘rlial}
0

I+e
r\2 _
= 2”0?2/ dx x {% (fri)” + QLU fifin + e 2f1?1a1] +OE™)
1

—&

Q2
— ’\2 22— —
= 2nc§29/_891/2 dy(1+Q7'%y) {% (ghe)” + La?y2g2, + c2e 2@ 1/zg§sC] + O + 0

1 o
—meli+2 |- o) =li+ = L Lo ). 10
Tea [2 Teay 3, T > T oy 2, TOCT) (3.10)
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The second statement in (3.5) is a consequence of the variational equation (1.25) which yields
_%A,OGPES [ 2, GP )/EZQZW szP] <8 [ 2 GP 2p ] GP (311)
where
P |y O (3.12)

and we have used the positivity of W. Now since ApSF < 0 at any maximum point of pSF, it
immediately follows that

[p% ] = 3671, (3.13)
which together with the definition of the chemical potential implies
_ 4
uOP = EOP 4 o2 ”wGP”4 < EOP 4 %MGP’
so that by (3.10)
P <2E < 0(Q), (3.14)

and thus (3.5) is proven.

In order to prove the pointwise estimate (3.6) we exhibit an explicit supersolution to the
variational equation (1.25). We first consider a ball B(1 — ae?) centered at the origin of radius
1 — ae?, witha = O(1) sufficiently large: The monotonicity of W together with the Taylor expansion
W(x) = (s —2)(1 — x)> + O ((1 — x)*), yields the bound

W(x) > Ca’s*

for some C > 0 and for any 0 < x < 1 — ae?. Therefore, inside B(1 — a&?) one has by (3.11) and
(3.14)

—%Apprg_z[ 2,,GP CangQ] —%Ca254§22pGP,
if a is taken sufficiently large. In the same region the function
Jap() :=Cq | 0| exp {-Q'*(1 — 0)}, (3.15)
satisfies
LA fup + 1Ca?e* @ fop = L [-QV2 — Qx + Ca?e* Q] fup > O,

if a is again large enough. Therefore f;,, provides a supersolution, since at the boundary 05(1 — as?)
one has

Funll — as®) = C, [0 exp | ~a2lf?] = o]

if C, is taken equal to exp{aQ(l)/ 2}. In conclusion, by the maximum principle (see, e.g., Ref. 44,
Exercise 2, p. 317 or Ref. 15, Theorem 1, p. 508) %P (%) < fsup(x) for any x € B;_,,> but the result
can be trivially extended to the whole ball B; thanks to the monotonicity of fep.

To complete the proof of the pointwise estimate (3.6), one has simply to repeat the argument
above in the complement of the region B2, exploiting the monotonicity of W there, and replace
the supersolution f,, with the function

Co o], exp {212~ )]
O

The decay of S outside of the bulk of the condensate can be estimated more precisely by
exploiting the Taylor expansion (2.5):
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Proposition 3.2 (Exponential decay of °F):

If Q= Qe * with Qy > 0and 1 € A < [loge|® for some b > 0 as ¢ — 0, there exist two
finite constants ¢ > 0 and C < oo independent of € and A such that

[y P)|* < Ce2exp {—csz (11— x| — 82)\)2} , (3.16)
for any x satisfying the condition

e2h < |1 — x| < &229, with a > 2. (3.17)

Proof: We first consider the region x < 1 — &2 and prove that the function
Ssup(x) 1= H,oGPHOO [exp {—cQ(1 —&®1 —x)*} +exp {—\/QO)LZ“Jrl ” (3.18)

provides a supersolution to (3.11) in the region A<l — x<gp2a+tl for any a > 2:
1 2 ) GP
(384 y@We + 2672 £, 1] fup =
[$cQ+ 1 —2 = AR —x)* — Ce 2% — CQ] fup =

e 306 =2 = ANYA® = C] faup =0, (3.19)

if 2 <5 — 2 and ¢ is sufficiently small (recall that by assumption A — oo as ¢ — 0). Moreover, at
the boundary

Fap(I =2 = [pF] . = pFA =1, fap(l — 227 > pOF(1 — 22%H), (3.20)

thanks to (3.6). Therefore, p < f, and in the region (3.17)
exp {cQ(l — e —x)?— w/szo,\zf‘“} < exp {—w/szo,\zf‘(,\ - C)} — o(1).

The proof for x > 1 + &2 is identical. O

B. The giant vortex density profile

In this section we investigate the properties of the giant vortex profile and the associated energy
functional defined in (1.49).

Proposition 3.3 (Minimization of £¢):

There exists a minimizer g4y of (1.49) that is unique up to a sign, radial and can be chosen to
be strictly positive for X # 0. It solves the variational equation

— 3 Agy + QU(X)gy + 267783, = 1= gy, (321

. 4 . . . .
with p& = E¥ 4+ g7 ||ggV H4. Moreover, gqy has a unique maximum and, if Q = Qoe ~* with

Q()>0,
a 1 [ « —3/4 “1n
E¥ =Q|l-4+— |—— 4+ 0 o], 3.22
[2+2n 2n90+ (82,77 4+ O( ) (3.22)

In addition, there exists a finite constant C such that

sup [V27 2 gy () = gose (221 = )| = €05 Ve, (3.23)

xeR?
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Finally, gg, decays exponentially far from x = 1. If 1 <K A K [loge|? for some b > O there exist
constants ¢ > 0 and C < oo independent of & and ) such that, for any &2A < 1 — x| < &2\ a > 2,

g2,(x) < Ce2exp {—csz (11 —x| - ezx)z} . (3.24)

Proof: All the properties of gy, can be deduced by standard arguments (see, e.g., Ref. 13,
Proposition 2.3 or Ref. 11, Proposition 4.1). For instance, the existence of a unique maximum point
of ggy can be proven by an adaptation of the argument in Ref. 11, Proposition 2.2, while the pointwise
estimate (3.24) can be proven exactly as (3.16).

The energy upper bound in (3.22), i.e.,

o 1
E® < Q| = oQ~1? 3.25
< [2+2n/290+ ( ), (3.25)

has already been proven in (3.10). In order to prove a lower bound matching with (3.10), one needs
first to show that

[ gev) — @) 722 e (2121 = )| 2 e, = o', (3.26)
After a rescaling of all lengths in the functional (1.49), i.e., setting y: =Q"?(1 — x), and denoting
B (y) = 2m)' 2@ gy, (1 —Q712y), (3.27)
one obtains

191/2

E® =& [gn] = Q(1 - 0(9_1/2))/ dy {2 |Vggv| +30%y°g, + 2m) 'R, /254 ]

> Q(1-0Q ") (o] Hose |8ev),  (3:28)

where we have used the Taylor expansion (3.2) and H, is defined in (3.3). Strictly speaking the
expectation value on the rhs of the above expressions is computed in L?(—oc0, $€!/2) but, exploiting
the exponential smallness (3.24) of g, aty = $Q'/2,itis not difficult to slightly extend g, smoothly
to y larger than %Ql/ 2 in such a way that the mean value can be computed in L>(R). The error O(>)
due to this procedure can safely be included in the remainder O(£2, 1/ 2).

We now decompose &gy in a Fourier series in terms of the normalized eigenfunctions g,(y),
n € N, of the harmonic oscillator (3.3) (with g9 = gosc), i-€., set

B (¥) = anga(y), (3.29)

and use the upper bounds above to get

1
“'“°' Z ol < aZ nt 1) lanl” = (B Hoe |8) = 5+ 5 [5=o+ 0@,

(3.30)

which immediately implies

o0
> lanl? = €9, (3.31)

n=1

since Y la,|> =1 — O@E™>) by (3.24). Therefore, (3.26) is proven and, since ||ggv Hoo < CSZ(I)/2 (see
below), one also has

|Zev ]} = Ngoselld — €2 || Zev — gosc |, — OCE™) = ligosclll — €™, (3.32)

which yields (3.22).
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In fact (3.31) has much stronger consequences than (3.26) and, if we define for any g € L*(R)
lgllose = (8] Hose 1) (3.33)

one has

”ggv — 8osc ”(2)50 = (ggv| Hose |ggv> -« (ggv|gosc> + %O{ = CQ(;I/Z» (3.34)

where we have used (3.22) and the inequality
(ggv|gosc) = 1- CQ(;I/Z,

which is a trivial consequence of (3.26). On the other hand the Sobolev embedding theorem in R
immediately implies

gl o) < Clglmm) < ClIgllose »

and therefore (3.23) follows from (3.34). Note that the prefactor in (3.23) is bounded independently
of Q¢ because it behaves as 2, '/*Q!/4. O

For technical reasons which will be clearer later we also consider a functional with a different
integration domain, i.e.,

A, ={xe R*: 1—&’n, <x<1+ ezns} , (3.35)
where
|loge| < 0. < |logel”, (3.36)

with b > 1 is a parameter which is later to be fixed as 7, = [loge|*?. Note that since 7, > 1 the
domain A,,g expands on a scale & ~ 2 which ensures that it contains the bulk of the mass. We define

Q%Z = {f € Hl(Ans) =1 ”f”LZ(A,]g) = 1} (3.37)
and set, for any f € DY,
ENLS] 12/ dx {}|VfP+ QU@ +e2 ). (3.38)
’ ‘Ans

We recall that
Ux)=1B*(0)+yW) = 3@l x 2+ I+ Ly (= 1) = Ly (> = 1) - [@JQ"' > 0.
The ground state energy is

ev . oV
Eff = inf E71/) (3.39)

ne

and we denote by g, any associated minimizer.
Proposition 3.4 (Minimization of £ ):

There exists a minimizer g, of (3.39) that is unique up to a sign, radial and can be chosen to
be strictly positive for x # 0. Inside A, it solves the variational equation

—3Agy, + QUX)g,, +267°g,) = g, (3.40)

with boundary conditions g:h(l +e2n.) =0 and uj) = Ej +¢&72 ”gns :. Moreover, g, has a
unique global maximum at Xmay. If 2 = Qe ~* with Qo > 0, then ||gm, io = O(2Q) and

ES = (14 0()) E®'. (3.41)

Proof: The only result which deserves a discussion is the energy upper bound (3.41) since
anything else can be dealt with as in the proof of Propositions 3.1 and 3.3. However, it suffices to
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test the functional 5,%: on a trial function of the form c,gey, where ¢, ensures the normalization in
L*(A,,), to get
4 4
ER [cogev] = €€ [gev] = IE®Y,

since ¢, > 1 and the energy is positive so that we can extend the integration domain from A, to
the whole of R?. It remains then to estimate the normalization constant, but the exponential decay
(3.24) together with the conditions (3.36) on n, guarantees that ¢, = 1 + O(g*). O

In the next proposition we prove the analogue of (3.24), i.e., an estimate of the decaying rate
of g,.. Actually, we also state more refined pointwise estimates of g, which will be crucial in the
proof of the absence of vortices.

Proposition 3.5 (Pointwise estimates for g, ):

If Q= Qoe ~* with Q¢ > 0, there exists constants C, ¢ > 0, such that for any x with |1 — x|

2,174
Zgné‘ )

&2 (x) < Cs2exp {—csz (11— x| - gzn;/4)2} . (3.42)
Moreover, if in addition Qo > Qo with Qo = O(1) large enough but independent of &, then
g0 = (1+0@") @) 720" g (221 =) (343)
uniformly inx € A /..
Remark 3.1 (Maximum of g, ):
A straightforward consequence of (3.43) is the estimate

2 <1 3a0 (1 + cszg”“) . (3.44)

On the other hand since g;h (X*max) = 0 and g;]’g (*max) < 0, the variational equation (3.40) implies the
following estimate of the maximum position

”gne

(1 — Xma)? < 2(@) 72 {18 — 267282 (Xman)] < (@)™ (1 + cszg”z) :

In fact, (3.48) below yields a better estimate:

e (1- 0o = (1-c2p'™) em 12l g2 0 < g2 ()

< g2 (Gma) < 3772VaQ (1 + cszg‘/“) exp {—aQ(1 —xmw)?}, (345
which implies

11— xoax| < C257/%62. (3.46)

Proof of Proposition 3.5: The proof of (3.42) is basically identical to the proof of (3.24). The
only difference is due to the fact that g, does not vanish at the boundary of A4, . This implies
that any legitimate supersolution to the variational equation (3.40) must be larger than g, at 9.4,,.
Alternatively, one can simply repeat the proof of (3.16) or (3.24), but extend g, outside A, toa
function which decays to zero. A simple way to achieve that is to construct a function g, which
equals g,, in A,, and satisfies the inequality

—3AZ, + QUMW +2¢7°8 < uf'g., (3.47)

in the region e2n, < |1 — x| < &%n?2, together with Dirichlet boundary conditions g, (1 £ &?n?) = 0.
Note that g, is a priori only a weak subsolution because it is in general only continuous at
1 & &%n.. However, any supersolution to (3.47) in the interval |1 — x| < &%5? provides a pointwise
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upper bound to g, in A, and, acting as in the proof of (3.24), it is not difficult to realize that the
rhs of (3.42) is a supersolution.

The second statement is obtained by combining the application of the maximum principle to
the variational equation (3.40) far from x,x with elliptic estimates like (3.23) in the central region
around X, Where g, is large enough. A direct consequence of the decay estimate (3.42) is indeed
that one can apply the analysis contained in the proof of Proposition 3.3. In particular the analogues
of (3.28)—(3.34) hold true, which yield as in the proof of (3.23),

Vom0 — g (@0 - )| = o0y (3.48)
Note that (3.42) is needed in order to extend the analysis to the whole real line exactly as in the
discussion after (3.28). The estimate above is already sufficient to obtain (3.43) in the region where
&n. 1s large enough, i.e., sufficiently close to xy.c. However, far from xp, a different approach is
needed. We start by proving the following upper bound: For any x € A, such that

11— x| > (@$20)" '€, (3.49)
there exists a constant ¢ so that
& (x) < (1 + ey 1/4) 7732 a2y exp {—asz (11— x| - 2(a90)”e2)2}. (3.50)

As above we use an extension g, of g, to the interval |1 — x| < &%n? and restrict for simplicity the
analysis to the region

1’ <x<1—(aQ) ', (3.51)
where we consider the function
F2500) = (1 T ‘/4) 172732 JaSh expl—aQ(l — (@) &2 —x)2], (3.52)

At the boundary of the interval (3.51) one certainly has g, < fy,p thanks to (3.48). Moreover, by
the following estimate of the chemical potential:

1 }
e = Q [% + - /2 o T O I O(Q"/z)} (3.53)

which is a consequence of (3.22), (3.41), and (3.48), one obtains

[ SA+QPU(x) 42677 fa (x) — u,%f] Fap@®) = [337'aQ (2x — 1+ (@) &%)
a0 (1= 4 @R &2 = x) + 2672 £2,00 — 18 — O] fup()
> JaSpe [\/(xQOs (1- 1@y e —x) + 7 exp{ —aQ(1— (@) e —x)z}
1232 (1 +0(Q, ”4))] fup(x).  (3.54)
Now we estimate for any §; such that 1 — §; (@)~ "2 <1 — (@)~ 'e?

\/(xQosz(l—(aQo)lsz—x)+7r3/zexp{—a9(1—((x§20) ¢ —x)z}

> L@@y P+ = (1= (@) & —x)’ = (1 — s — e

where we have used the trivial inequality e =¥ > 1 — x. On the other hand, if x <1 — §; (@)~

Ve (1= L@ e - x) z 8 (1- €2,'7).
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Hence, for any §; such that
<8 <1-—,
1 \/E

(e.g., 8; = %) and Q2 sufficiently large, the rhs of (3.54) is positive, i.e., fqp is a supersolution to
(3.47) and (3.50) follows.
We now focus on the pointwise lower bound and prove that for any x € A s such that

213

11— x| > 8 (a@)~"/2, with logv/2 < 82 < 1, (3.55)
one has the lower bound
gr(x) > (1= 0E™) 377 JaQqexp {—aQ (1 — x)*} . (3.56)

Define, for any x € A, ,

L foxp | -1 — 7] — exp -], for 11 - x| =5,
fs?]b(‘x) = 1 3.57)
132 JaShy [exp {282} — exp {—aQon2}], otherwise,

where 8,: =8(a2) ~ "2 and § = O(1) is a suitable parameter. Clearly, fi,, vanishes at x =1 — &1,
and, using (3.53), one can show that f, is a subsolution to (3.40) in A, : If |1 — x| > &,

- %Afsub + Qz Ufsub + 2(‘372.}(‘Sub3 - M%Zf@ub
= I:%OIQ + 77_3/2\/ af2g exp {—OIQ(I - x)2} - M%Z + 0(8_2778)] Ssub

< 27 PR Qe <1+ V2e P 4 090 fun 0. 359)

if 82 < log +/2 and Q is large enough. On the other hand for |1 — x| <8,
— 3 Afab + QU fab + 267 fan® — 1 foa < [%aw + 2 JaQee™ — g + 0<e*2>] Seab

< loq [52 1+ Cszg‘/z] fub <0, (3.59)

if § < 1 and Q is large enough. Hence, it suffices to take any & satisfying log +/2 < 82 < 1 to obtain
that fqp, is a subsolution and g, > fsu inside A, . However, since for any x € A 5,

exp {12 Q(1 — x)* — JaQn?} < exp {—LaQon.(n. — D} = OE™),

thanks to (3.36) and (3.42), then (3.56) is proven.
Collecting (3.48), (3.50), and (3.56), we obtain (3.43). O

Another crucial property of g, is its approximate symmetry with respect to x = 1: The potential
U is symmetric with respect to x = 1 up to small corrections, so one could expect that the same is
true for g,,_. We then introduce another reference profile gsym which is defined as the unique positive
minimizer of the one-dimensional energy functional

2
€7 MNe

EVM[f]:= 27 / e {5(f) + 307 Q70 =2 f7 + 672 f4) (3.60)

_827]6
where f € Dy with

&2

Dym i= {f e H'((1—&*ne, L+ €™, 0 f=f" 2n " dx f?(x) = 1}. (3.61)

2
—E e
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Note that £%™ coincides with £2* except for the different integration domain. We also define

EY™ .= inf EY™[f] = E¥™[geyml. (3.62)

f€Dgym

We collect some useful properties of gsyn, in the following
Proposition 3.6 (Symmetric profile ggym):
The profile gsym satisfies the variational equation
—384m + 30721 — X gyym + 26728 0 = 11V gym (3.63)

with Neumann conditions at the boundary g;ym(l + &2n,) = 0. Moreover, 8sym 1S symmetric under
inversion with respect to 1, i.e.,

8sym(X) = &sym(2 — x), (3.64)

foranyx € [1 — &2n,, 1 + &%n.], and it has a unique maximum point at x = 1.

Proof: Most of the results have already been proven in a slightly different setting in
Proposition 3.3 so we skip their discussion. The symmetry of ggm can be obtained by ex-
ploiting the invariance of the variational equation under inversion or by a rearrangement
argument. |

The relation between g, and gy, is discussed in the next proposition but we first need to state
an estimate of the gradient of g, . We actually state and prove two different estimates that we use
for different purposes: (3.65) below yields the L°°-bound one should expect from the scales of the
problem, whereas (3.66) yields the expected rate of exponential decay by giving a direct access to
the ratio g g,!.

Lemma 3.1 (Estimate for g, ):
If Q = Qoe ~* with Qo > 0, then uniformly inx € A,,,

g, ()] < C (@) e 2=, (3.65)

g, (0)] < CQinle gy, (x). (3.66)

Proof: The proof of (3.65) is identical to that of Ref. 38, Proposition 2.2 (actually Step 3 of that
proof). Starting from the L*°-estimate for g, we can use the variational equation to bound Ag,, .
Combining this with the Gagliardo-Nirenberg inequality Ref. 36, Theorem 1 we obtain the desired
bound.

To prove (3.66) we can assume that x < xax S0 that g,/k > 0, since the case x > xnax 1S identical.
By integrating the variational equation (3.40) from 1 — &?7, to x and using Neumann boundary
conditions, we get

- 38, (0) = /1 o {3178, O+ [ = 2677, (1) — QU (0)] g, (0}
> —CQ%g,,(x) dt (1 —1)* = —CQ%en]g,, (x),

1—&2n,

where we have used the monotonicity of g, for x < xp.x and the sup estimate g, < %82 u%f, which
is the analogue of (3.13). O

Proposition 3.7 (Estimate for g,. — 8sym):
If Q = Qe ~* with Q¢ > 0 large enough, one has
g0, () — gym(x)| = CQ™* (3.67)
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uniformly inx € A,,.

Proof: Several arguments of this proof can be taken over from a similar analysis in Ref. 38,
Sec. II. We thus focus on the main new features and skip some details for brevity.

It is more convenient to work with rescaled variables: We introduce

8. () = @) g, (@)"*(1-x)),

Zym(¥) = @) goym (@) (1 — x))
that are minimizers of the functionals

ENIfl= 2”/4 dy {30,/ + (39* + 0 (@7'2) £+ @02 74} (1 + @712 y)

.

£ f] = 2”/4 ay {3 [onf "+ 277 + @202 4.

TNe

where the integration is on the domain

A, = [—nea” 2 nea .

The quantity O((@£2)~'/?) in the potential term of &' comes from the Taylor expansion of the
original potential. This imprecise but concise form is convenient because the precise expression is
not relevant. Strictly speaking we should take into account the behavior of this term at infinity (since
the domain flm extends to the whole real line in the limit we are considering) but any unwanted
increasing term is compensated by the exponential fall-off of g, , inherited from that of g, . We
do not elaborate more on this point as very similar subtleties have been dealt with in Ref. 38,
Secs. [T and I'V. In the sequel we also replace fl,,g by the whole real line. Again, thanks to the fall-off
of the functions under consideration, this is harmless.
We have

(=400 + 59 + 28 Bom = 2" Em. (3.68)
where we have set
€= (af) 2

and A*®Y™ is a chemical potential fixed by the normalization, satisfying
ASYM — freym 6/ dy g;‘ym.
R
Because of (3.68), gsym is an eigenstate of the Schrodinger operator
HY™ = —307 + 3y° 4268 . (3.69)

As it is also positive (being the unique positive minimizer of (3.60)), it must be the ground state
(Ref. 31, Corollary 11.9). On the other hand, we have for g,

(=307 + 357 +22 ) & = 280, + Oz (@7'?), (3.70)
where
~ ~4
A= E%Z—I—E/Rdygm_,

and the symbol Oy, (d) denotes a function whose norm in the Banach space H is bounded by d. The
remainder in (3.70) has two origins (further details on a similar problem can be found in Ref. 38,
Proof of Theorem 2.1):

e The remainder in the Taylor expansion of the potential. As already explained, the exponential
decay of g, _allows to control the errors produced by the higher order terms in the expansion.
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o The fact that the energy density in &' is integrated against the measure (1 + ()~ 2y)dy.

Again, most terms are dealt with using the fall-off of g, . Note that there is also a term of the
form 9, g, (coming from the replacement of the 2D Laplacian of a radial function by a double
radial derivative). This one is controlled using Lemma 3.1.

We now write
h =gy — &sym- (3.71)
It is a simple matter to prove that
IAhll2w) = CE (3.72)

by noting that both g,, and g are close to gos. Similar arguments have already been used so we
omit the details. The rest of the proof consist in iteratively improving (3.72).
Taking the difference of equations (3.68) and (3.70) we see that

(H™ = 29™) b= (= 29™) &, + 208y, (B — &) + Oz (@2)77). (3.73)
We have

A — ASm E%:—E'Sym+€(/ dyg;;g —f dygfym),
R R
and easy energetic arguments combined with Schwarz inequality yield
|)» - )»Sym| < C@@)™"?+Celhl g, -
Similarly,
|#. (85m - 22)
Thus, multiplying (3.73) by % and integrating, we obtain
(Rl HY™ —23™ |h) < C (@)™ + CL||hl| ]2, - (3.74)

< Cel|h|;- .
iy = Cl g,

which simplifies to
(h| HY™ = 2™ |h) < C max((@)™'2, &)

by using (3.72). We thus have, combining the above and (3.72) and recalling that gy, is the ground
state of H*¥™ associated with the eigenvalue A%™

&r. = (1 4+ 0() gsym + Opsm (max [(@Q)~'2, £]) (3.75)

where H™™ is the Banach space obtained by taking the closure with respect to the norm induced by
H¥™ (which in particular dominates the harmonic oscillator norm), i.e.,

I £ 13 m i= (F1HY™ | f), (3.76)

and the remainder is orthogonal to ggym. Since both gy, and g,, are also normalized one obtains
from (3.75) the identity

1=(1+0)+ 0 (max [(@)", %)),
which implies that, since ¢ < 1,
O) = O (max [(@)", €°]), (3.77)
and therefore £ < («$2) ~!, thus proving from (3.75) that
7]l gm < C (@)™'/2. (3.78)
To obtain (3.67) it only remains

e to recall that we are dealing with 1D functions, thus the H*¥™-norm that controls the H L_norm
also controls the L*°-norm;
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e to scale back the variables.

C. Energy asymptotics and consequences

In this section we prove the energy asymptotics in the regime Q ~ & ~* and derive some bounds
on reduced energies that will lead to the proof of the absence of vortices in Sec. III D. As usual the
asymptotics is derived from upper and lower bounds to the energy, the former being quite simple to
obtain (see below) but the latter requiring more work.

The starting point is an energy decoupling already used in Sec. II B (in the context of GL and
GP theories the technique originates in Ref. 29).

Proposition 3.8 (Reduction to A, ):

Defining the function u € H' (A,,) by setting for x € A,,

YO x) = gy, (Dux) exp (i (]9}, (3.79)
the following holds
ES" > E& 4+ &, [u], (3.80)
with B given by (3.1) and
. _ 2
&, lu) == / dx g2 {% IVul? =B (iu, Vi) + £2g2 (1 lul?) } . (3.81)
Moreover, u satisfies the following equation on A, for some % € R
4
~V (g5 Vu) —ig; B- Vu+2—5 En  (jul? = 1) u = Ag; u. (3.82)

Proof: We first use the positivity of the energy density to restrict the integration in the GP
functional to the annulus A,,. A standard energy decoupling for which we refer to Ref. 13,
Proposition 3.1 or Ref. 11, Proposition 4.3 leads to (3.80). The variational equation satisfied by
&n, 1s used, as well as the Neumann boundary conditions which ensure that there are no boundary
terms in the decoupling. The derivation of Eq. (3.82) uses the same ingredients, we refer to Ref. 13,
Lemma 4.3. |

In order to conclude the proof of Theorem 1.4, it suffices to prove a lower bound to &,, [u] that
matches the trivial bound which is obtained by taking u = 1, i.e., using g, exp{i[€2]¥} as a trial
function for £6P. This function has of course to be extended to the whole space and normalized.
Using (3.42) to bound g, outside A,_ it is not difficult to estimate the remainders due to these
operations and obtain

E% < E¥ + O(™). (3.83)

To prove the corresponding lower bound we have to analyze in some details the reduced functional
&, [u]. As is common in the context of GP theory (see, e.g., Refs. 5,11,13, and 23), a crucial step is
an integration by parts of the angular momentum term. For technical reasons it will be convenient
to first replace B with

B(x):=Q (r — r_l) €y (3.84)

i.e., replace [€2] with €. We will also reduce the integration domain to A s where the crucial
L*°-estimate (3.43) holds true. These considerations lead to the definition of two potential functions
that are “anti-derivatives” of g,7 B vanishing at the boundaries of A i

x 1+&2 /0
Fi(x) = Q/ de (1 —17") g5 (), Fy(x) := —sz/ dr (1 —17") gl (1). (3.85)
1—e2 /e X )
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The use of two potential functions is a novelty of the present paper: When x is smaller than xy,,x we
have V1 F, = gfh]? and will use F as potential function, whereas F, will be used for x > xpax. In a
sense this means that we use a potential function that is discontinuous at xyax.

This apparently strange strategy is actually very useful to deal with the boundary term that the
integration by parts of the angular momentum term produces. With these definitions we shall have
to estimate a boundary term on the circle of radius Xm,x, i.€., in the middle of the bulk, where g,,
is large. This is much easier than estimating the term located on a boundary of A s where the
density is small, but such a term would be produced by considering a single potential function as in
Refs. 5 and 13. The necessity of this approach is due to the particular situation under consideration.
The density profile g, behaves as a Gaussian and the long tails of such a function impose the use
of a larger domain (which is apparent in the fact that .4, is much thicker than the characteristic
length of the Gaussian) than in former situations>'!!3 where the profile was of TF type. This
requirement rules out the trick we used in Ref. 11, Sec. IV, to avoid having to estimate any boundary
term at all.

We now turn to the proofs of two lemmas about the potential functions we just introduced. We
first estimate the difference between F'| and F at xp,x, in other words the jump of our “discontinuous
potential.” This quantity will appear in the boundary term produced by the integration by parts. The
second lemma is a pointwise estimate showing that F; and F, can be controlled by the density,
which is required for the treatment of the bulk term.

Lemma 3.2 (Estimate for F; — F»):

For any x € A s and in particular for x = Xmax

|Fi(x) — F>(x)| < CQon)>. (3.86)
Proof: We compute
14+€>/n:
Fi(x) — F>(x) = sz/ dr (1 —17") g (0
1—e2/ns ¢

and note that a Taylor expansion yields

1
= =2 =1+ 0"
on the domain we are considering. We thus have

1+62 /i
Fi(x) — F(x) = 29/ dr (1 — 1)g; (1) + O(Qone)
1—e2 /ne

1+£2\/ﬂ ) 5
=20 [ -0 (g0~ Eu) + 0@ (87
1—€2 /n;

where we have used the L?-normalization of g, and the symmetry of gym to obtain the first and
second error terms, respectively. Finally,

1+e2 /ie
'Q f dr (1= 1) (82,00 = 3,n(0) | = CR07"
1—&2 /i
by using the crucial estimate (3.67) and the upper bound on g, (3.44). Recalling that n, > 1, (3.86)
is proved. O

In the following statement we will denote by s the characteristic function of a set S.

Lemma 3.3 (Pointwise estimate for F; and F»):
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If Q = Qoe ~* and Qy > Qo with Qo = O(1) large enough but independent of ¢, then for any
X e Am
X112 it COVFL O]+ X 1462 i) (O P2 (0)] < @7 (1 + cszg‘/“) g7 (x), (3.88)

where the constant C > 0 does not depend on X.
Proof: We can assume without loss of generality that x < x;,,,x because in the opposite case the
proof is essentially the same. For any x € A s, (3.43) yields

|Fi(0)] < 3772 /a0 (1 + 0951/4)/ dr (1 — *exp {—aQ (1 — 17}
1—g2/7;

< 7732 /a2 (1+cgg‘/4)/ dz z exp {—aQz?)
1—x

< la=¥2g1nQl2 (1 n cszg”“) exp {—aQ(l —x)?} <! (1 n cszg”“) & (x). (3.89)
Od

The two above lemmas will be combined with some information about the function u. Again,
we distinguish the ingredients needed for estimating the boundary term from those needed for the
bulk term. The latter are quite simple actually: The bulk term involves the vorticity measure

= curl(iu, Vu) = 1i curl (uVu* — u*Vu), (3.90)

a quantity that is easily related to the kinetic energy density |Vu|2. Note that in our setting we do
not need to apply tools involving a construction of vortex balls to obtain a useful estimate.

Lemma 3.4 (Bound on the vorticity measure):
We have
Il < [Vul? (3.91)

pointwise in A, .

Proof: A straightforward computation shows that

= —2Im [81u (Bzu)*] ,
where 0; = 9y, for i = 1, 2 and Im stands for the imaginary part. On the other hand,
|01 @ou)*| < 3 (101ul* + 19,ul?)

which completes the proof. O

The estimate of the boundary term will rely on the fact that the degree of u around the circle of
radius Xy« 1S in a certain sense controlled by the kinetic energy. Note that we do not know yet that
u does not vanish on this circle, so (3.93) below is not truly a degree estimate. Note also that, as will
be clear from the proof, the estimate holds because the circle we are interested in lies in a region
where g, is large enough. This is the main motivation for the trick of choosing a potential function
discontinuous along this particular circle. If the potential function was continuous there, we would
have to estimate the degree on a circle were g,, is small (namely, on one of the boundaries of A /7.).
This would be much more difficult, if not impossible.

Lemma 3.5 (Circulation estimate):
Let R be a radius satisfying

R=1+0Q7%. (3.92)
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We have, for some constant C > 0 and any § > 0,

f do (iu, o u)
dBg

Proof: We use a smooth radial cut-off function x with support in [R, R], for some radius

< c[ Q'+ 5)f dx g2 |Vul” + 31]. (3.93)

ne

R=R—-cQ'? (3.94)
with ¢ > 0. Obviously, one can impose
x(R) =1,
xX(R) =0,
x|l =1,
Vx| <c '@z (3.95)

We then use Stokes’ formula to obtain

/ do (iu, 8@{):/ do x(iu, o;u) = —/ dXVJ‘x-(iu,Vu)+/ dx xu,
dBr dBR R2 R2

where the integrals on R? are actually reduced to the support of y. If we choose ¢ small enough in
(3.94), a combination of (3.43) and (3.92) shows that

g’%e = CQI/Z

in this region. Indeed, because of the assumptions (3.92) and (3.94), the region of interest is located
at a distance of at most O($2~'/2) from 1, i.e., in the middle of the bulk (see, e.g., Remark 3.1). We
thus estimate, using also (3.91) and (3.95),

/ do (iu, d,u)| < c91/2/ dx|u||Vu|+/ dx ||
8Bg R<x=<R R<x<R

< c/ dx g7 |ul|Vul +CQ*1/2/ dx g7 |Vul?
A ' A ‘

dx g Jul” + CQ—'/Z/ dx g [Vul*. (3.96)

< ca/ dxg$‘|Vu|2+C8_'/
A ) A A

There only remains to recall that g, |u| = [°F| is normalized in L?(R?) to complete the proof. O

ne

We are now able to conclude the proof of the energy lower bound. A corollary of the proof
below is the following useful estimate that will allow to complete the proof of the absence of vortices
in Sec. III D.

Corollary 3.1 (Estimates for reduced energies)
Denoting

F, [u] :=/ dx g2 [% Vul? + 6722 (1 - |u|2)2}, (3.97)

Ne

one has for Qq larger than some Qo = O(1)
|Ex. [ul] + Fy. [ul < CQn} (3.98)

for some finite constant C < oo.
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Proof of Theorem 1.4 and Corollary 3.1: The starting point is the energy decoupling of
Proposition 3.8 and the trivial upper bound (3.83). We now bound from below the reduced en-
ergy Ep [u]l. }

As announced we first replace B with B. The remainder produced by this operation is estimated
as follows:

f dx g7 (Q— [Q))x ey - (iu, Vu)
M ,

Ne

S%C,B/A dxgilulz—}-%Cﬁ_]/A dx g7 [Vul®

< %c,s-lfA dx g7 |Vul> + 3CB, (3.99)

where we have used the normalization of ¥S” and 8 > 0 is a constant to be fixed later in the proof.
We now reduce the integration domain to A - at the price of a second remainder (for a lower bound
we neglect the positive terms in the energy density)

/ dx g2 B - (iu, Vu)| < 1B dx g; |BJ*ul®
Ans \AJUT Avs \AJUT
+1p7! dx g2 |Vul* < %ﬂ*lf dx g |Vul* + O(™).
Aﬂs\Aﬂ Ans\Aﬂ

Here, we have used the exponential smallness of || = &y, lu| outside A i+ This requires
nS >> | log & | ’

which we are free to decide. After these two steps we have

ESP > E&¥ 1 dx g2 11 |Vul? — QB - (iu, Vi) + 622 (1 — |u|?)’
Ne Ne 2 Ne

A

_ 2 _ o
+f dngkl%|Vu|2+s 22 (1= ul?) }—%Cﬂ 1/ & |Vul — 1 — 0(>).
Ay \A i Ape

(3.100)
We now turn to the main part of the proof, namely, a lower bound to
_ _ 2
Eyilul = / dx g7 {% |Vul> — QB - (iu, Vu) + e g, (1 —[ul?) } ) (3.101)
A
As a first step we perform the integration by parts we have been alluding to. Since
VIF = Qgiﬁ, if 1-— 824/)76 < X < Xmax,
1 2R . 2
Vv FZZanSBv if xpax <x=<1+e¢ AV Mes

we have

/ dx g7 {3 |Vul> — QB - (iu, Vu)}
A

= / dx tg [Vul® +/ dx Fl(x)u+/ dxB(u
Ay 1 =2 /15 <X <Xmax Xmax <Y <1462 /e

— [F1(xmax) — Fz(xmax)]/ do (iu, 0;u), (3.102)
B

Xmax



095203-40 Correggi et al. J. Math. Phys. 53, 095203 (2012)

where p is the vorticity measure defined in (3.90). We then combine Lemmas 3.3 and 3.4 to control
the bulk terms produced by the integration by parts when Qg > Qo, the constant appearing in
Lemma 3.3:

/ dx %g% |Vul?> + / dx Fi(x)u + / dx Fr(x)u
‘A\/% 1752\/mfxfxmux xn]ux§X§1+52ﬁ

(o) |

For the boundary term we use Lemmas 3.2 and 3.5 to infer

2 2
dx g, [Vul”.

|Fl<xmax>—Fz(xmax>|‘ / do (iu, d.u) | < CQon? / do (iu, d,u)
BB/\max aBXmax
< CQun/*s7" + CQon? (Q—'/2+5)/ dx g2 [Vul®. (3.103)
A i )

We thus obtain

f dx g7 {3 [Vul> — QB - (iu, Vu)}
Are

> (% - CQOHZ/Z(S — a71 (1 + 0(961/4))) / dx gi |Vu|2 _ CQOTIS/2871'

ne

We now recall that @ > 2, which is obvious from its definition (1.53). It is thus sufficient to choose
§=CQy'n "

with a sufficiently small constant C to deduce from the above that, for some C > 0,

/ dx g7 {3 1Vul> — QB - (iu, Vu)} > c/ dx g7 |Vul*> — OQgn)).

Going back to (3.102) we have

4
8. 2
& sirlul > c/ dx g7 |Vul® +/ dx 8—”2 (1= ul?)” — O0gnd).
Ve

ne A ne

Combining this with (3.83) and (3.100) and taking
B =001)

large enough, we obtain for Q > Q

4
dx g7 |Vul? +/ dx 51 (1- |u|2)2 — O(e®) — O(Qn?),

E® +0O@E®) = E" > E¥ + C/ x
£ £ A”g 8

Ay
using again 1, > |log ¢|. For definiteness we fix
ne = |logel*’? (3.104)

in the sequel, a choice that indeed satisfies the requirements (3.36). Neglecting the positive
terms in the lower bound concludes the proof of Theorem 1.4, whereas keeping them proves
Corollary 3.1. |
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D. Transition to the giant vortex state

The proof of the absence of vortices requires one more ingredient, namely, an estimate on the
L*-norm of the gradient of u. It is proved in much the same way than the corresponding results in
Refs. 11 and 13 and we shall be brief on the details.

Lemma 3.6 (Gradient estimate for u):
For any ¢ > 0, let A, be the domain defined as
Ao ={x: 1—clloge|'*Q7"* <x < 1+c|loge|'?Q7"/?}. (3.105)
If the constant ¢ > 0 is chosen small enough in the above, there exists a C > 0 such that

L‘ZD(
IVull o,y < Ce2 2. (3.106)

Proof: The proof uses the equation (3.82) and the Gagliardo-Nirenberg inequality (see Ref. 36,
Theorem 1)

1 1/2
1Vull < € (Tl /2 1Aull2 + el )

as in Ref. 13, Lemma 5.1, which leads to the following bound (we omit the details)

_ 2 _
||V“||L°°(D) =Ce : (”wGP ||L°°(D) + ||1/fGP||L°°(D) ”gml LN(D))

FC I oy 185 e ( v+ Bl (3107

for any domain D C A,,. We will reduce to the domain (3.105) and bound the terms on the right-
hand side of the above equation. The most stringent requirement is the validity of a proper upper
bound on g, I, that requires a lower bound for g, . Using (3.43) one can see that we have

M2+ |8, Ve,

o
gy = Ce2

on A, provided c is small enough. Note that with our choice (3.104), i.e., n, = |log & 2, A. C A Ve
so one can use (3.43) on A.. For the sup estimate on ¥" we use (3.6), whereas Lemma 3.1 yields

2.2 3
Lo(A,) < CQue “|logel”.

”gn_glng
On A, the vector potential B is easily seen to satisfy
IBIl 4, < CQ0e %[ logel.
Finally, adapting the proof of Ref. 13, Eq. (4.28), we find
Al < |&.[ul| + Ce 7> F,, [u]'? < CQonl%e ™,

where the second inequality is a consequence of Corollary 3.1 and thus uses the assumption that €2
is large enough. Plugging these bounds in (3.107) we obtain the result. m|

We emphasize that on the domain .4, defined in (3.105) in the lemma we have the estimate

{.’Za
gy, > Ce2 L. (3.108)

We are now able to conclude the proof of the absence of vortices. The idea that we use, namely
the combination of bounds like those in Corollary 3.1 and a gradient estimate, was first introduced
in Ref. 6. We recall the definition of Apy:

2\ 172
Apu = {x € R?: 1 —c|loge|'?Q7* <x <1+ c|loge|'?Q "2}, c < (-) )
o
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Proof of Theorem 1.3: The argument is by contradiction. Let us assume that |1 — |u(X)|]
> |log e| ™ at some point x € Apyk for some power a > 0. Then (3.106) means that

(‘201
1 — |ul| > %| loge|™, on B (x, Ce*™ 7| loge|_“) N Apuk-

This implies

4
/ dx g—”; (1= uP)’ = Ce““ | loge| .
Ay €

This is a contradiction with (3.98) because of the choices

2\ /2
ne = |logel|*?, c< (—) .
o

Indeed, we would conclude that a negative power of ¢ is controlled by a power of |log |. We thus
obtain |1 — |u|| < |loge| % in Apyx for any power a > 0, and Theorem 1.3 is proved. O

The estimate of the degree of ¥OF is a consequence of Lemma 3.5 and of the energy estimates
of Corollary 3.1.

Proof of Theorem 1.5: Taking a radius R satisfying (1.58) we first note that the pointwise
estimate in (1.56) implies that /5P does not vanish on 3 Bg, so that its degree is indeed well defined.

We then compute
GP GP
—if do %Br (I/I—GP> = —i/ do Mat (ieimﬁ?) e il
0B ¥ 17aal 0By U |

2|9 —i/ do 110y, <i> (3.109)
dBg

u |ue]

27 deg(¥F, 9 BR)

the second term on the second line being the degree of u. Then

‘/ daM8r<i> f do (iu, d.u)
9Bg u u] 9Bg

where we have used that |¢| is bounded above and below by a constant on d Bg. It remains to combine
(3.93) and (3.98) (where we stick to the choice (3.104) n, = |log &|*? for definiteness and optimize
over §) and the result is proved. O

<

(3.110)

IV. ROTATIONAL SYMMETRY BREAKING

We complete in this section the proof of Theorem 1.6. The strategy of the proof is identical to
one followed in Ref. 11, Sec. V, so we often omit technical details.

A symmetric vortex minimizer is a function of the form f,(x) exp {in9 } where f, is real and
n € Z. For any given n there exists a minimizing function f, with energy E, but we are here
interested in a global minimizer, so we denote by 7 a minimizer of E, with respectton € Z . The
associated minimizing profile f;(x) is radial and positive far from the origin. Moreover, it has a
unique maximum at X, and is increasing for 0 < x < xp,x and decreasing everywhere else.

As in Ref. 11, Proof of Theorem 1.6 the result is proven by a direct inspection of the second
variation of the GP functional around a local minimizer, which in the case of a symmetric vortex
Ju(x) exp {in®¥ } becomes

Q,[E] := /zdx {31V —iAQ) B + yQ*WIE + 467> £7|B" — nal B’
R

+ 28—29t/ dx f28%exp (—2inv},  (4.1)
]RZ

where E € H'(R?) and p, is the chemical potential associated with £, i.e., , = E, + ¢ 2| full3.
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Proof of Theorem 1.6: We assume that the symmetric vortex with degree 7 is a global minimizer
of the GP functional £ES¥ and then show that this yields a contradiction since one can find a function
E which makes the quadratic form Q; negative.

However, we start by certain useful properties of f;. Since we have assume that
Y0P = fi(x)exp{in®}, the whole analysis contained in Sec. IIl A applies to f; too and a sim-
ple inspection shows that it can be extended to any Q > & ~*. In particular one can prove the
estimates

E? <0, il =06, 1P <Ceexp{-Q 1 —xl}, (42

for any x € R?, which imply that f; is concentrated in the annulus
Ai = {xeR*: 1-Q "?|loge|* <x <1+ Q"?logs|’1}, (4.3)
ie, || fallL2ca,) = 1 — o(1). The energy estimates (3.41) and (3.83) can as well be extended to angular

velocities much larger than & ~#, implying

OE™®) > %/ dx (Ax~' — Qx)2 fi=—o)(i—Q+0Q" loge|2))2,
which yields 7 = Q(1 + o(1)).
Now we can introduce the test function which coincides with the one used in Ref. 11, Proof of
Theorem 1.6, i.e.,

E(x) = (A(x) + B(x))e' ™7 4 (A(x) — B(x))e' ™7, (4.4)
x*Hf for 0 < x < Xiax, ix? fi, for 0 < x < Xpax,
A(x) := ) B(x):= 1 _ J ) 4.5)
0, otherwise, nxi, fa, otherwise.

A somewhat lengthy computation yields

Fmax

Q;[B] = 4n dx x®72 f f112(d + Dpa + 297 — (d + 2)Q2%x% = 2y(d + DQ* W (x)
0

o0
+y QLW (x) — 4d + D f7} + 2mnidx 8, / dex7'f2. (4.6

max

Now using the facts
n = Q1+ o(1)), Xmax = 1+ o(1), W(x) = o(1), W (x) = o(1), 4.7

for any x € Aj;, as well as the monotonicity of f; for x < xp.x, we obtain
Q;i[8] < —4nQ%d(1 — 0(1))f dx x2%2 f 1 4+ CQ*d?
0

< —27Q%d [(1 — o(1) f7(xmax) — Cd] <0,  (4.8)

for ¢ sufficiently small and any finite d > 0 since f2(xmay) = O(£2Q) > 1. ]
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