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We prove existence of solutions to continuity equations in a separable Hilbert
space. We look for solutions which are absolutely continuous with respect to a
reference measure v which is Fomin-differentiable with exponentially integrable
partial logarithmic derivatives. We describe a class of examples to which our
result applies and for which we can prove also uniqueness. Finally, we consider
the case where ~ is the invariant measure of a reaction—diffusion equation and
prove uniqueness of solutions in this case. We exploit that the gradient operator
D, is closable with respect to LP(H,~) and a recent formula for the commutator
Dy P, — PiD, where P; is the transition semigroup corresponding to the reaction—
diffusion equation, [10]. We stress that P; is not necessarily symmetric in this case.
This uniqueness result is an extension to such 7 of that in [12] where v was the
Gaussian invariant measure of a suitable Ornstein—Uhlenbeck process.
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RESUME

On démontre I'existence d’une solution de quelques équations de continuité dans
un espace de Hilbert séparable. On s’interesse aux solutions absolument continues
par rapport & une mesure de reference v que l'on suppose dérivable au sens de
Fomin et ayant les derivées partielles logarithmiques exponentiellement intégrables.
On décrit une classe d’exemples a qui nos résultats s’ appliquent et dont on peut
aussi montrer I'unicité. Finalment on considére le cas ol 7y est la mesure invariante
d’une équation de réaction—diffusion dont l'on prouve 'unicité des solutions. On
utilise le fait que le gradient D, est fermable dans LP(H,~) et aussi une récente
formule pour le commutateur D, P, — P;D,, P; étant le sémigroupe de transitions
qui corréspond & ’équation de réaction—diffusion considerée [10]. On souligne que
dans ce cas P; n’est pas nécessairement symétrique. Ce résultat d’unicité est une
extension de celui obtenu dans [12] ou « été la mesure invariante Gaussienne d’un
processus de Ornstein—Uhlenbeck approprié.
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1. Introduction

We are given a separable Hilbert space H (norm |- |g, inner product (-,-)), a Borel vector field F' :
[0,T] x H— H and a Borel probability measure ¢ on H. We are concerned with the following continuity
equation,

T
// Dyu(t, z) + (Dyu(t, ), F(t,x))] vi(de) dt = /u(O,x) ¢(dx), Vuce (JPCZ},Ta (1.1)
0 H

H

where the unknown v = (1¢):eo,1) is a probability kernel such that vy = ¢. Moreover, D, represents the
gradient operator and ?CiT is defined as follows: let FCF and FC¥, for k € N U {cc}, denote the set of all
functions f : H — R of the form

f(@) = f((hr,2), - (b, 2)), @€ H,

where N € N, f € CF(RY), CE(RYN) respectively (i.e. f has compact support) and hy,--- ,hy € Y, where
Y is a dense linear subspace of H to be specified later. Then ?Cﬁ 7 is defined to be the R-linear span of all
functions w : [0,T] x H — R of the form

u(tvx) = g(t)f(:l?), (t,:E) € [OvT} x H,

where g € C1([0,T];R) with ¢g(T) = 0 and f € FCF. Correspondingly, let VS‘“C{;T be the set of all maps
G:[0,T] x H— H of the form

x) = Zui(t,a:)hi, (t,x) € [0,T] x H, (1.2)

where N € N, uy, -+ ,uy € fr"C’f’T and hy,--- ,hy €Y. Clearly, FC;%7 is dense in LP([0,T] x H,v) for all
finite Borel measures v on [0,7] x H and all p € [1,00). VFCF denotes the set of all G as in (1.2) with
u; € FCF 1 replaced by u; € FCF. Of course, all these spaces G—"C{f, FC§, FCf p, VFCF, VFCE 1 depend on
Y. But since v in Hypothesis 1 below will be fixed and hence the corresponding Y defined there will be
fixed we do not express this dependence in the notation.

It is well known that problem (1.1) in general admits several solutions even when H is finite dimensional.
So, it is natural to look for well posedness of (1.1) within the special class of measures (v4)e[o,77 Which
are absolutely continuous with respect to a given reference measure . In this case, denoting by p(¢,-) the
density of 1, with respect to v,

Vt(dx) = p(tvx)’Y(dI)’ te [O7T]7

equation (1.1) becomes

/ / Dult,) + (Daut, ), F(t,2))] p(t, ) 7(dz) dt
0 i1 (1.3)

f/u(O,x) po(z)v(dx), Vuce ?CI},T.
H

Here pg := p(0,-) is given and p(t,-), t € [0,T], is the unknown.
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In this paper we prove existence and uniqueness results for solutions to (1.3).
Our basic assumption on = is the following

Hypothesis 1. v is a nonnegative measure on (H,B(H)) with v(H) < oo such that there exists a dense
linear subspace Y C H having the following properties:
For all h € Y there exists 8y, : H — R Borel measurable such that for some ¢, > 0

/echlﬁhl d,y < 00
H
and
[onudy =~ [usnan,
H H

where Opu denotes the partial derivative of w in the direction h.

Assume from now on that - satisfies Hypothesis 1.
Remark 1.1. It is well known that the operator D, = Fréchet—derivative with domain S"Cl} is closable in
LP(H,~) for all p € [1,00), see e.g. [1]. Its closure will again be denoted by D, and its domain will be
denoted by WP (H, ).

Let D : dom(D:) C L*(H,~; H) — L*(H,~) denote the adjoint of D,.

Lemma 1.2. VFC} C dom(D3) and for G € VFC}, G = vazl uzh; we have

N

DG == (On,ui + Br,us).

Proof. For v € 3"0; we have

I
M=

/6h vu,)dy — Z/vi‘)h w; dry

z:lH le

= /v Z Op,ui + Pr,ui)dy. O
H

i=1

We stress that if H is infinite dimensional, (3 is typically not bounded and not continuous. Here are
some examples. For G as in Lemma 1.2, below we sometimes use the notation

N
div G := Z@hiui.

i=1
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Example 1.3. (i) Let @ be a symmetric positive definite operator of trace class on H and v := N(0,Q),
i.e. the centered Gaussian measure on H with covariance operator (). Assume that ker @ = {0} and let
Y be the linear span of all eigenvectors of Q). Then Hypothesis 1 is fulfilled with this Y and for h € Y,
h =aihy + -+ ayhy with Qh; = \; ' h;, we have

Zal (hi,z)g, x € H.

This, in particular, covers the case studied in [12], where only uniqueness of solutions to (1.3) was studied.
(i) Let H := L?((0,1),d€) and A := A with zero boundary conditions.
We recall that N (0, 3(—A)~1)((C([0,1];R)) = 1. Define for p € (2, 00) and « € [0, 00)

1 _a (1. P _
Yda) = €7 o IO N (0, 3 (- 4) ) (da),

N

where

7= /e*% S 1@ d€ N (0, 1 (— A)~)(da).
H

Then with Y as in (i) for @ = 3 (—A4)~! we find for h = a1hy + -+ - + anhy as in (i)

1

Zaz i(hi, )y a/hi(f) lz(&) P2 () d¢ for N(0,% (-4) V)-ae. z € H (1.4)

0

and obviously also the exponential integrability condition holds in Hypothesis 1.
(iii) Let H and A be as in (ii) and let  be the invariant measure of the solution to

{ dX(t) = [AX(t) + p(X(t))]dt + BdW (¢), (15)

X(0)==z, =z€H,

where p is a decreasing polynomial of odd degree equal to N > 1, B € L(H) with a bounded inverse and W
is an H—valued cylindrical Wiener process on a filtered probability space (2, F, (F¢)t>0, P) (see [11]). Then
it was proved in [11, Proposition 3.5] that Hypothesis 1 holds with Y := D(A), where A is as in (ii) above
except that each 3, was only proved to be LP(L?(0,1),v) for every p > 1. More precisely, it was proved
(see [11, eq. (3.17)]) that for all h € D(A)

p

/ BalPdy | < ColAnl, ¥p>2,
£2(0,1)

where C), is the constant of the Burkholder-Davis—-Gundy inequality for p > 2 which (when proved by Itd’s
formula) can easily be seen to be smaller than 12 p if p > 4. For the reader’s convenience we include a proof
in Appendix B below. Hence, because for all n € N by Stirling’s formula

1 1 1
1 n 1 n 1 n
<El2" n”) <12n (E NI e ) =12e (E) " Inn L 1%¢ asn — 0,
we have for all € € (0, (12¢|Ah|)~1),h € D(A)\ {0},
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— 1
el dny < Z 567112” n"|Ah|" < oo.

£2(0,1) n=0

So, for any ¢y, € (0, (12¢|Ah|)~1), exponential integrability holds for |3;| and Hypothesis 1 is satisfied.
Define for an orthonormal basis {e;, i« € N} of H consisting of elements in ¥ and N € N

Hy :=lin span {ej, ....,en}

and let Iy : H — Ey be the orthogonal projection onto Ey := Hy;, where Hy is the orthogonal comple-
ment of Hy, i.e.

H=Hy®Ey =R x Ey, (1.6)

hence, for z € H, z = (x,y) with unique x € RY, y € Ey.
Letting vy := yoIly' be the image measure on (Ey, B(Ey)) of v under Il y. Then we have the following
well known disintegration result for :

Lemma 1.4. There ezists Uy : RN x Exy — [0,00), B(RY x Ex)-measurable such that
Y(dz) = y(dw dy) = U3, (2, y)dz vy (dy), (1.7)
where dx denotes Lebesgue measure on RY. Furthermore, for every y € En
Un(y) € H(RY dx), (1.8)
i.e. the Sobolev space of order 1 in L*(RY, dx).
Proof. See [2, Proposition 4.1]. O

We have by Hypothesis 1 that for all 1 < ¢ < N there exists ¢; € (0, 00) such that

oo > /ecilﬁei|d7://ec"mci(“”y)‘\I'?V(x,y)dva(dy)

H En RN
5 (1.9)
= [ [ew o] e wian|| vt
Enx RN ‘
where we used that for 1 << N
_ 9 U3 v2 RN x Exy =H 1.1
Bfii(x’y) - N(‘T,y)/ N(way), (‘Tvy) € X N — ) ( . O)

ami

which is an immediate consequence of the disintegration (1.7), and the right hand side of (1.10) is defined
to be zero on {¥y = 0}. Hence

I

RN

0
. ‘Ilf\,(a:,y)/\IJ?V(x,y)H U3 (2, y)dz < oo for vy-ae., y € Ey (1.11)

Define for M,l € N and (z,y) € RN x Ex(= H)

Uy iz, y) = Un(z,y) if (-, y)is C2, strictly positive and bounded
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and otherwise

Uy oar(z,y) = (0 (z,y) A MV M2

Uy iz, y) = (‘I’N,M( y) * 51)1/2( )s

where §;(z) = [Vn(lz), » € RY, n € C§(RY) with support in the unit ball, n > 0, n(z) = n(—

and fRN ndx = 1). We note that then clearly W s ;(z,y) > M~! for all z € RY. Obviously,

axi \I’?V,M,I(W y) aﬂvi W?V,M(" y)

U a0 Y) U3y y) inL}, (RN dr)asl — oo, Vy€ Ey, 1 <i<N.

Concerning F in (1.1) we assume for v and Y given as in Hypothesis 1.

Hypothesis 2. (i) F : [0,7] x H — H is Borel measurable and bounded.

47

(1.12)
(1.13)

x), v € RV,

(1.14)

(ii) There exists an orthonormal basis {e,, n € N} of H consisting of elements in Y such that for every

N e N and vy a.e. y € En

0 V(ay) 1
G ONUY) e 1 (RN, da).
W (y) © Llee(® A1)

(Please see the “Note added in proof” before the acknowledgements.)
(iii) There exist F; : [0,7] x H — H, j € N, such that for some N; € N increasing in j,

N;
z) =Y fij(t,v)e;, (t,x) €[0,T] x H,
i1
(with e; as in (ii)), where for 1 <14 < N;

fij(ta I) = chvij(u (<$, 61>’ ey <QZ, 6Nj>))

(1.15)

with fi; € Cy([0,T] x RVi;R) and fi;(t,-) € C2(RNi;R) for all ¢ € [0,T] such that all first and all second

partial derivatives are in C([0,T] x RNi;R),

lim F; =F dt ®-a.e.

Jj—o0

sup | Fjlloo < 00,

JEN
36 > 0 such that M := sup CF,(d) < oo,
JEN
where Cp, (6 fE Cr, (8, y) vn,(dy) and
T
x Cma)) T
Cr;(6,y) == sup / / R A | \I/N (2, y) de dt,
M,leN
0 N
with
N

J

" 0
DByt ) = = 3 (00 fist0) 4 Fs(t0) o B ) B s ) ).

i=1

(1.16)
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Remark 1.5. We shall see in Example 2.9 below that Hypothesis 2(ii) is trivially fulfilled in Examples 1.3(i)
and (ii). Whether it holds in Example 1.3(iii) is an open problem (see Remark 3.13 below) and will be a
subject of further study.

Here is an abstract condition which ensures Hypothesis 2. Some concrete examples will be given later.
Proposition 1.6. Let v be a nonnegative measure satisfying Hypothesis 1; let Uy (z,y) be defined by (1.7).

Let A : H — H be a positive selfadjoint Hilbert-Schmidt operator with Ae,, = epey, for a sequence {e,} such
that >°°° €2 < co. Let F : [0,T] x H — H satisfying the conditions below. Assume:

n=1"n

i) Un (,y) is of class C* (RY), bounded and strictly positive for ally € Ey
it) F'= AFy, where Fy : [0,T] x H— H is uniformly continuous and bounded
iii) (divergence bounded from below) for some constant C > 0

N
Z Oe, (F (t,z),e,) > —C for every N and x € H
n=1

iv) for some constants 6 > 0

/66 Lzt enlfen @y (dr) < 0.
H

Then Hypothesis 2 is fulfilled.

Proof. Step 1 (definition of Fiy). In the verification of Hypothesis 2 we shall take N; = j hence, for simplicity
of notations, we use N in place of j. For every n, N € N with n < N define f}ol’]\,7 fan:[0,T] xRN = R as

N
f:;?,N (t,ml,...,l‘]\]) = <F0 (t,Zmiei> 7€n>

N
fa.n (t 21, TN) = <F (t,in@) ,en> =enfpn (21, TN).
i=1

For every N € N, let Y : RV — R be a smooth probability density with support in the unit ball of center
zero and for every § > 0 set

05 (x) =6"NoN (67 ')
Let (0n) be an infinitesimal sequence. Define f{ v, fun : [0,T] x RY — R as
Jo (b, cnn) = (08 Fo (£)) (@1, ).

fan (21, aN) = (95;\; * fn’N (t, )) (x1,...,zy) = enfS’N (t,z1,....,TN) .

Then define

N
Fy (t,z) = Z fan (& (z,e1) ..., (T, en)) en.

The structure and regularity of Fi (¢, x) are obviously satisfied.
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Step 2 (convergence of F). We prove here that the sequence of functions Fi (¢,2) converges pointwise
to F (t,x). Let (¢,z) € [0,T] x H be given. From the inequalities

o)
Ean (x,e1) (z,en)) E (t,x),en) en

n=1 H
N o]
<2 (fan (t(ze1) o (zien)) — (F(£2) ea))? +2 Y (F(ta),en)?
n=1 n=N+1
N 9 0o
< 226%( g,N (t’ <$,€1>,..., <.73,€N>) - <F0 (t’x) 7€n>) +2||F0||io Z 6721
n=1 n=N-+1

and the convergence of > | €2 < co we see that it is sufficient to prove
2
lim sup ( nN (t, (x,e1),....{x,en)) — (Fo (t,x), en>) =0.

N—>oon<N

Since (a priori we have to write lim sup instead of lim)

N 2
]\}gnoo SER <<Fo (t, ; (x,e;) ei> ,en> —(Fy (t,x), e”>>

because of the uniform continuity of Fp, we see it is sufficient to prove that

N N 2
]\;gnoo ( ’S,N (ta <$,61>,...7<$,6N>)— <F0 (t,Z(x,eﬁ ei) ,€n>> =0.
n=1 =1

Denote <F0 (t7 Zf\;l (x,e;) ei) ,en> by hn.n (¢, ). We have

ZmzN (@,e1) sy (T,en) = Buy ()]

Il
MZ
~/~
D>
sz
2=
*
et
2
~
~——
=
8
8
-
w
o
z
=
s
E
—
T~
8
~

n=1

9(1;\1[\, ( Az, ej) — x;, ) Z

/95N o (myeg) —afy, )
RN

IN
2\

N 2
<F0 <t, ngel) ,en> — hpn (tz)| do)..dz'y
i=1

/ /
dzi...dxyy.
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Since 8V has support in the unit ball of center zero, 9(1;\17\, has support in the ball or radius 5 and center
zero. Denoting by ny the numbers (related to modulus of continuity)

N N
FO (t, Z acgei> - Fo (t, Z <LE, 61‘> €i> ‘
i=1 i=1

Z!fﬁiw (@, e1) s o (@ en)) = h v (7)< .

N = sSup
‘Zl 1 ’EZP, _Ziv:1 <mvei>ei|H§6N

we have

Since dy — 0 and Fp is uniformly continuous, we deduce % — 0 and the proof is complete. The proof of
the equi-boundedness of the family Fi (¢, ) is similar (we only sketch the main steps):

N )
=N (SO (4 z en) s (men))) < N F)12 S €2
n=1

Step 3 (exponential bound). Finally, let us check the last condition of Hypothesis 2. Since ¥y (-, y) is of
class C? (RN) and bounded, we can take Uy pry (z,y) = Un (-, y). If Gy (z) = 25:1 U, () ey, then, with
the notations used above,

N
Dy aiGw (2, y) Z (Oe, tn (@) + un () Be,, (z,¥)) -
n=1
Hence
Dy Fn (L (2, y)

= 72 aen.an ZE 61> <xaeN>)+fn,N (ta <’I,€1>,...,<£L’,€N>),Ben (xay))

N
<= <0(]§\sz * Z aen,ﬁL,N (t’ )) (<$761> ER) <x7€N>) + Zen |f2,N (ta <:L'7€1> y ey <xv€N>)’ |B€n ($,y)| :

n=1 n=1
But
N B N
ZaenfnJV (t,.fl,...,.TN) - Z €en < ( Z.’If el> s n> 2 —C
n=1 n=1
hence
N ~
- <05sfv £ Oe, fan (t, ~>> (@, €1) o (m,en)) < C.
n=1
And

[0 (1 Gyen) s )] < [(08 « F2 e (8)) ((@1) s ()
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N
< /9(];\17V (cons (2, €5) — 2, 00) ‘<F0 (t,ZwieZ) ,en>
v i1

dat...da'y < ||Foll., -

Summarizing,

N
DiariFn (8 (2,9) < C+ Bl Y €nlBe,, (2,7)

n=1

and thus, finally,

T
sup/ sup //e‘;Df*V»MJFN(t’(I’y))\II?VMZ(x,y)dxdt vy (dy) dt
NeNJ M,eN BN Y

N

E
< T/eé[mmnm el @l (d) < oo
H

for some 6 > 0. O

Definition 1.7. Let py € L'(H,v)). A solution of the continuity equation (1.3) is a function p €
LY(0,T; L*(H,~) such that p(0,-) = po and (1.3) is fulfilled.

If polnpy € L'(H,7), in Section 2, we shall prove existence of a solution of (1.3) by introducing the
following approximating equation, where F' is replaced by (F}) (fulfilling Hypothesis 2) and po by pjo,
where (p;0) is a sequence in FC}, converging to po in L'(H,v):

T
[ [ 1Deatt,a) + (Dt ), Eyt. ) ps(t.0) 2 (o)
0 I (1.17)

=— /u(O, ) pjo(x)y(dx), YueFCyyp,
H

which has a solution p; since Fj is regular. Then we shall show that a subsequence of (p;) converges
weakly to a solution of (1.3). In Section 3 we prove uniqueness of solutions to (1.3) for a whole class of
(non—Gaussian) reference measures v based on an infinite dimensional analogue of DiPerna—Lions type
commutator estimates (see [14]).

We present a whole explicit class of examples to which our results apply, i.e. for which we have both
existence and uniqueness of solutions to (1.3) (see Example 2.9 below).

To our knowledge, earliest existence (and uniqueness) results for equation (1.3) concern the case where
H is finite dimensional and the reference measure is the Lebesgue measure, see the seminal papers [14] and
[3]. If H is infinite dimensional and 7 is a Gaussian measure, problem (1.1) has been studied in [4], [16]
and [12]. In [17] also non—Gaussian measures, 7, e.g. Gibbs measures were studied. However, only in the
case where F' does not depend on t. A very general approach in metric spaces has been presented in [5],
but under the assumption div,F' is bounded. Our assumptions for getting existence of solutions, however,
do not require div,F' to be bounded and our uniqueness results include cases where the reference measure
7 is not Gaussian and not even Gibbsian, i.e. the smoothing semigroup P. is not symmetric on L?(H, 7).

We finish this section with some notations and preliminaries. B(H) denotes the set of all Borel subsets and
P(H) the set of all Borel probabilities on H. A probability kernel in [0, T is a mapping [0, 7] — P(H), t — p,
such that the mapping [0,7] — R, ¢+ p:(I) is measurable for any I € B(H). L(H) is the set of all linear
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bounded operators in H, Cy(H), Cy(H; H) the space of all real continuous and bounded mappings ¢: H — R
and ¢: H — H respectively, endowed with the sup norm

[¢lloe = sup [p(2)],
x€eH

whereas CF(H), k > 1, will denote the space of all real functions which are continuous and bounded together
with their derivatives of order less or equal to k. By(H) will represent the space of all real, bounded and
Borel mappings on H. Moreover, we shall denote by || ||, the norm in LP(H,~), p € [1,00]. For any xz,y € H
we denote either by (x,y) or by x - y the scalar product between = and y. Finally, if (ep,) is an orthonormal
basis in H we set x;, = (z,ep,) for all x € H and G}, = (G, ep), h € N, for all G € L?(H,v; H). Finally, we
state a lemma, needed in what follows, whose straightforward proof is left to the reader.

Lemma 1.8. Assume, besides Hypothesis 1, that F € dom (D) and ¢ € C}(H). Then oF € dom (D?) and
we have

Dy (¢F) = ¢ Dy(F) — (Dap, F). (1.18)
2. The main existence result

First we notice that if F' € dom (D7) then a regular solution p to (1.3) solves the equation

{ Dip+(F,Dyp) — DyF p =0,
(2.1)
p(0,-) = po,
and vice-versa. In fact, since for all u € FC ;.
T T
/Dtu(t,m) p(t,z)dt = — /u(t,x) Dyp(t,z)dt —u(0,2)p(0,2), =z € H, (2.2)
0 0
and (thanks to Lemma 1.8)
/<Dzu(t7$)aF(tvx)>P(t7$)7(d$) = /(Dzu(taw),p(tx)F(txDV(dx)
H H
— [ ult.o) DioF)t.0)1(do) = [ utt2) it 2) D () (do) (23)
H H
- [ ult.) (Daptt ), Fit. )2 (do).
H
Clearly (2.2) and (2.3) imply that (1.3) is equivalent to
[ [t =Dottn) + DiF Gt 0) — Dapltn) F) @)t =0.
0 H '

p(07 ) = Po;

for all u € FC; . By the density of VFCy . in L*([0,T] x H,dt ® dry) we obtain (2.1).
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Theorem 2.1. Assume that Hypotheses 1 and 2 hold. Let ¢ := po -7y be a probability measure on (H, B(H))
such that

/po In po dy < 0. (2.5)
H

Then there exists p : [0,T] x H — R4, B([0,T] x H)-measurable such that vi(dx) = p(t,x)y(dx), t € [0,T],
are probability measures on (H,B(H)) such that (1.1) (equivalently (1.3)) holds. In addition,

T
//p(t,:c) In p(t, ) v(dz) dt < oo. (2.6)
0 H

Proof. By disintegration we shall reduce the proof to the case H = RY and by regularization to Corol-
lary A.2 in Appendix A. Let {e,, n € N} be the orthonormal basis from Hypothesis 2(ii).
Case 1. Suppose first that F : [0,7] x H — H is as an F}; from Hypothesis 2(iii), po € FC§, po > 0.
Hence for some N € N (which we fix below and shall no longer explicitly express in the notation below,
i.e. write Uy as Uy, E instead of Ey, etc.)

N
F(t,z) =Y fit,x)ei, (t,x)€[0,T] x H, (2.7)
=1
where for 1 <i¢ < N,

filt, ) = filt, (e1,2), ..., (en, x))

and

pO(x) = /36(<61,1'>, ceey <6N7x>)

with gy € CL(RYN) and f; as in Hypothesis 2(iii).
Then by Corollary A.2 applied with ¥ = \I/%M(o, y), we know that

it (,9)) = po(&(T, T — t,x)) elo Paaa P (€Tt du (¢ gy € [0, T] x RY, (2.8)

where (see Lemma 1.2 and (1.16))

N d
DigaFyr (o) = = 3 (Bufislt.) + £it.0) 5 W) W) (2.9)

=1

€10,T], x € RY, solves

{ DtpM,l(t’ (xay)) + <F(t7x)7DmpM,l(tv (x,y))} - D*IVI,IF(t’ (QZ, y))PMJ(t, (QZ, y)) = Oﬂ (2 10)

par,(0, (2, y)) = po(x).

Since pp has compact support in RY and since F' is bounded, we see from (2.8) that there exists a closed
ball Kr C RV, centered at zero and radius R > 1, such that

pomat,(y) =0 onRN\ Kp for all (t,y) € [0,T] x E; M,l € N. (2.11)
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Furthermore, rewriting (2.8) as (2.1) one easily sees that for all ¢t € [0,T]

[ pruatt (@) Wiy do = [ po(e) Wgy(ay) d 212)
RN RN

Below all statements are claimed to hold for v-a.e., y € E.
We need a few further lemmas of which the first is the most crucial, to prove Case 1.

Lemma 2.2. Let € > 0. Then for all1 <i< N,I,M € N

/ (exp [e (a;jj\j’l /\P?\4[> (x,y)
RN

gR[ (e |

< / (exp € B, (2. 9)]] — 1) W2(z ) da.

RN

] — 1) \P?\/I’l(x,y) dx

Proof. Obviously, the left hand side of (2.13) is equal to

[ e |e] [ (520180 ) o Wit bt = 2 (st ™| | <1 ) Baslote. - @219

Taking the modulus under the integral and applying Jensen’s inequality for fixed € RY to the probability
measure

Uiy a(2,y) " O (3,y) Gi(x — 7) di

and the convex function r — e — 1, r > 0, we obtain that (2.14) is dominated by

R{R[ (eXp [6 (‘65\-11—}’/‘1’%0 @y)} - 1> U2, (&,y) 6(x — ¥) d& du.

By Young’s inequality and since ||d;||z1 g~y = 1, the latter is dominated by

2
[ (el (e
RN

Hence the first inequality in (2.13) is proved. To show the second we note that

/qf%v,) (x,y)} — 1) U2 (2,y) dx. (2.15)

oV, Ow?
oz, (y) = L1 cw2 ()< M} aixi(gy), dr-a.s..

Hence the integral in (2.15) is dominated by

ov?
Lip—1cwzy)<my | €XDP |€ 9z
RN '

which in turn by (1.10) is dominated by the last integral in (2.13). O

/\112> (w,y)] - 1> V2 (2, y) de,
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Lemma 2.3. For § > 0 let Cp(0) and Cr(6,y) be as in Hypothesis 2(iii). Then for

Ci

0= inf ——M
145N N([file + 1)’

we have

+
r(d,y) < sup / (expl 5zaelfta:1

M,leN
0 RN

x exp [62 1 filloe ( ) <x,y>] - 1) W, (e, y) de dt < oo

and Cp(d) < oo.

Proof. By (1.10), (1.11) and convexity of the function r +— be® — 1, r > 0, for a,b > 0, this follows
immediately from Lemma 2.2 and (1.9). O

Lemma 2.4. (i) We have for all M € N, t € [0,T)

al o2
hm DMlF Z |:66le t € +fl(t .’IJ) ( axM /\II?\/[> (xvy):| = D;‘WF(ta (.’I,‘,y)>7
=1 v
and
N
A}gnooDij ; 8 fz t x +fz(t x)Be (x y)] :D;F(ta (‘Tvy))v
in L} (RN dz).

(71) Let par and p be defined as pary with Dy F replaced by Dy F' and D3 F' respectively.
Then there exist subsequences (Iy)ren, (My)ren such that we have for dz—a.e. ¥ € RN, for all M € N

e par, (8 (2,9)) = par(t, (2,y)), V¢ €[0,7]
and
i pag (4 (2,9)) = pts (,y)),  VEe[0,T].
Proof. (i) Obviously, for all M € N by (1.14)

(RN, dz), ¥Vt €[0,T).

lim Diy F(t, (,y) = Dy F(t (,y), i L,
The second assertion follows, because

(8;?\4 A5, > (@,9) = Lar—1.an) (P2(,9)) (g;\yz

) (x,y). (2.16)
(ii) Fix ¢t € [0,T]. Then for all u € [0, t]

x> (T —u,T—t,x)
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is a C'-diffeomorphism on R™. Let ¢, ; : RY — RY be its inverse (i.e. just the corresponding backward
flow). Then for every K C RY, K compact, and ADy F = |Dy ' = Dy, F| we have

t
//AD}‘\MF(T—m E(T —u, T —t,x),y)dudx
K 0

t

—[ | ADFE - ue) | det Dos(a)] dodu
0 &(T—u,T—t,K)

Since F is bounded, there exists a ball Br(0) so that for large enough R > 0, {(T" — u,T — ¢, K) C Bg(0)
for all ¢ € [0,T]. Hence by Fubini’s Theorem the above integral is dominated by

t

/ / |det Dy ¢ (z)|AD}  F(T — u, (z,y)) dv du. (2.17)
Bg(0) 0

The specific dependence of F' on T — u and the well known explicit formula of det D¢, ¢ (recall ¢, is a
flow) implies that

¢
T /|det D¢, ()] fi(T = u, ) du
0

is locally bounded on R¥ | so that (1.14) can be applied to show that the term in (2.17) converges to zero
as [ — oo. So, the first assertion follows. Then also the second assertion follows by (1.15), (2.16) and the
same arguments. 0O

Lemma 2.5. Let |, M € N. Then for allt € [0,T] and § > 0

/ paralt, (@,9)) (I para(t, (2, 9)) — 1) Wy () da
]RN

<€’ [ / po(@)| I po(x) — 1| Wi, (2,y) do + Cr (8, y) (2.18)
RN

t t
+g|ln5|/00($)‘1’?\4,1(9373/) dx + M|KR+1|+t/‘I’2($7y)d4
RN RN

where Cr(d,y) is as defined in Hypothesis 2(iii) and |Kgry1| denotes the Lebesgue measure of the ball
Kpri1 CRY, centered at 0 and radius R+ 1, where R is as in (2.11).

Proof. Since par,(t, (-,y) has compact support in R for all (¢,y) € [0,T] x E by the regularity properties
of pa 1 stated in Corollary A.2 of Appendix A, all integrals below are well defined. Since M,! € N and
y € E are fixed, for simplicity of notation we denote the maps « — par;(¢, (z,y)) and  — Uz (x,y) by
p(t), ¥ respectively. Then for ¢ € [0, 7],

[ o0 (o) - 1) wda

RN
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/po(lnpo—l R4 dx—i—//ds Y(In p(s) — 1)) ds V2dx

RN 0

= /po(lnpo — 1) 2z + / /lnp s)Dyp(s) ds U2dx

RN 0

RN
= / po(ln po — 1) Vidx — / /(F(sw),DI(p(s)(ln p(s) — 1)) Vidx ds
RN 0 RN

4 [ [ D Fs,Conots) 1 pls) whdo s

0 RN

= [ oottmpn ) Wda s [ [ Digy Fs. (ot Wi ds

RN 0 RN

t
< / po(ln pg — 1) Uidx +/ / [e‘s(Df*Wvl UCHCIDIAg $p(s) (In(3 p(s)) — 1)} Uda ds

RN 0 RN

+t / U (z,y) dy,

Kr

where in the third equality we used (2.10), in the fourth equality we used Fubini’s theorem and the definition
of D}, and finally, in the last inequality we used (2.11) and that ab < e® +b(Inb — 1) for a,b > 0. Now the
assertion follows by Gronwall’s lemma, since by (2.12)

/ pM,l(tv (x,y)) \I’?\Ll(x’y) dx = /po(.l‘) W%V[,l(x’y) de, V € [O7T}7 (219)
RN RN

and since

1
/‘I’?\/[,z(%y) dr < Vi |Krt1] + / U2 (2,y)de. O
Kr RN

Lemma 2.6. Let M € N, puri,(t,z) == paa(t, (z,y)), t € [0,T], x € RY, and Uy, (z) = Vpri(z,y),
z € RN. Then {pnr1,y - \I/M 1y ¢+ L € N} is uniformly integrable with respect to the measure x(z) dx dt, where
X is the indicator function of an arbitrary compact set in RY.

Proof. Let ¢ € (1,00). Then for all I € N and p; := pari,y, Vi = Variy,

//ﬂ{pLW?ZC} o 0% x dx dt < ﬁ//ﬂ{m‘lﬁzZC} (Inp; 4+ In U3 p W7 y da dt

0 RN 0 RN
T
_%//|pllnpl|\112dardt+ln(ﬁ{jl)//,@\lﬂdxdt
0 RN 0 RN

Since rlnr —r > —1, r € [0, 00), it follows by Lemma 2.5 and (2.19), that both integrals on the right hand
side of the last inequality are uniformly bounded in [ and the assertion follows. O
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Now we proceed with the proof of Case 1 of Theorem 2.1. It follows by (2.10) (analogously to (2.1)—(2.4)
above) that for all

u(t,x) = g(t)f(x), t€[0,T], zcRY, (2.20)

g € C([0,T];R) with g(T) =0 and f € C3(RY) that

T
/ / (Dyu(t,z) + (Dyult, 2), F(t,2))] parat, (z.9)) Oy, (o, ) de it
0 RN (2.21)

—— [ w0.2)o00) Wiy (o.v) do
RN

By Lemma 2.4(ii) and Lemma 2.6 we can pass to the limit in (2.21) along the subsequence (Ig)ren from
Lemma 2.4 to conclude that for such u

/ / (Deu(t, ) + (Dyu(t, ), F(t,2))] par(t, (2, 9)) W2, (2, ) dx
0 RV (2.22)

—— [ 0.2)00(0) ¥ (. d
RN

We can also pass to the limit in (2.19) to get
[ ot o) W@y do = [ @) ¥s(e,0)do, Vi€ 0.7) (223)
R¥ RN

Furthermore, by Lemma 2.4(ii) and Lemma 2.5 we deduce from (2.18) by Fatou’s lemma that for all

te[0,7],6>0

/ par(t, (2, ) (I pag (t, (20, )) — 1) W2, () dx

RN
<[ [ pa(@)npo(o) = 1| Wy o9) do + Co6.9) + §1n| [ pola) Wy(w)de 220
RN RN
K pa [ W@y d
2 R / Y m]
RN

Taking now the subsequence (Mj)gen from Lemma 2.4 instead of M and using exactly analogous argu-
ments as above, we can pass to the limit in (2.22), (2.23) and (2.24) to obtain that for all u as in (2.20)

T
/ / (Dyult, ) + (Dau(t, 2), F(t,2))] p(t, (2, 9)) U (. y) da dt
0 B¥ (2.25)

:—/u(O,x)po(x) U3 (z,y) dz,

RN

and for all ¢ € [0, 7]
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/ ot (2. 9)) U (x, ) di = / po() V() d, (2.26)

RN RN

and for all t € [0,T], 5 >0

/ plt (. 9) (i plt, (2,9)) — 1) V() d

RN
< et/? { / po(2)|In po(z) — 1| ¥?(z,y) dx + Cp (6, y) + L[ In 4| / po(x) V2 (z,y) dx (2.27)
RN RN
+t / U2 (z,y) dx]
RN

Taking the special § from Lemma 2.3 and Cr(d,y) as in Lemma 2.4 in the situation of Case 1 the assertion
of Theorem 2.1 now follows easily from the disintegration formula (1.7), integrating (2.25) with respect to v
and by approximating the functions w in (1.1) in the obvious way. From (2.27) we get (2.6) after integrating
over y with respect to v. O

Remark 2.7. (i) We here emphasize that in the situation of Case 1 we have an explicit formula for the
solution density in (2.25) given by

plt, (2,)) = po(&(T, T — t,z))e™ Jo Pl (Tmuwd(T=uT=t))du (2.28)

for t € [0,T] and dr-a.e. x € RY with ¢ given as in Corollary A.2 of Appendix A.
(ii) Integrating (2.27) over y € E with respect to v, from Lemma 1.4 we obtain that for all ¢ € [0, T,
0>0

/p(t,x)(lnp(t,m) —1)y(dx) < e/? L/po| Inpg — 1| dy 4+ Cp(d) + | In4| /po dy + ty(H) (2.29)
H H

and likewise from (2.26) that for all ¢ € [0, 7]

[ rtte)atdn) = [ o)t = 1. (2.30)

H H

Case 2. Let F};, j € N, be as in Hypothesis 2. Choose nonnegative pg ; € FC} such that

lim po; = po inL'(H,7) (2.31)
Jj—o0

and
Sup/pg,j In po ; dy < oo. (2.32)
jeEN

For existence of such pg j, j € N, see Corollary C.3 in Appendix C below.
Let p; be the corresponding solutions to (1.1) with F; replacing F' and ¢ := py - 7, which exist by Case
1. Then by (2.29) with p;, F}, po,; replacing p, F' and pg respectively, Hypothesis 2 and (2.30) imply that
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sup sup /pj(t,x) Inp;(t,z) y(dz) < oc. (2.33)
JEN tG[O,T]H

By Case 1 we have for all u € FCy 1
T

[t

/u (0, ) po,j(z)y(dx).

H

(Dgu(t,x), Fj(t,x))u | pi(t, z)y(dx)dt

E:|&

(2.34)

So, by (2.31) we only have to consider the convergence of the left hand side of (2.34), more precisely only
the part of it involving F};. But

T

// ((Dyu, Fj) i pj — (Dyu, F) g p) dy dt

0

; (2.35)

< ||Du\|oo//|Fj—F|Hpjdvdt // (F, Du) (p; — p) dydt
0 H

0

Because of the boundedness of (F, Du) the second term on the right hand side of (2.35) converges to 0 if
j — oo. Let € > 0. Then, by Young’s inequality, the first term on the right hand side of (2.35) is up to a

constant dominated by
T T
//eilFJ‘*FlH d’ydt—i-e//p] In(ep,) dy dt,
0 H 0 H

of which the first summand converges to zero as j — oo, since Fj, F' are uniformly bounded, while the
second summand is dominated by

€

St~

/pjlnpj dydt+ elne,
H

which can be made arbitrarily small uniformly in j because of (2.33). Hence putting all this together
we conclude that the right hand side of (2.35) converges to 0 as j — oo. (2.6) then follows by weak lower
semi—continuity. Finally from (2.30) and (2.31) it follows that v;(dzx) := p(¢, z) y(dz) is a probability measure
for all t € [0,T]. Thus Theorem 2.1 is completely proved.

Remark 2.8. Though the finite entropy condition in the initial measure pg is crucial in the proof of The-
orem 2.1, it could be replaced by a corresponding assumption with r — r(lnr — 1) replaced by another
Young function (see Appendix C below) and adjusting Hypothesis 2(ii) accordingly. In particular, we can
take e.g. r — P, r > 0, p > 1. Then the exponential integrability condition on D*F in Hypothesis 2(iii)
can be replaced by an L -integrability condition with p’ = . Hence the solution p to (1.3) would be in
L?([0,T] x H,dt ® 7), provided py € LP(H,~). Therefore, we get existence of solutions also in the situation
of Section 3, provided B in (3.1) is the identity operator (see Corollary 3.12 below). Likewise, e.g. for the
Young 7 — 7P, r > 0, p > 1, one can relax the assumption on exponential integrability on £, h € Y, in
Hypothesis 1 by LP(H, ) integrability.
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Example 2.9. Let us discuss Hypothesis 2(ii) for v as in Example 1.3(ii). In this case we choose {e,, : n € N}
to be the eigenbasis of A given by

en(§) = \/g sin(nm§), ¢ €[0,1], n € N.

Then for Ane, = —Ane, with A, := 72 n2, n € N. Now consider the corresponding disintegration (1.7). Then
N(0, % (—A)~1) is by independence equal to the convolutions of his projections on Hy and Ey respectively.
Hence

L N
1 1
V@) = ooz O | / [2(€) + y(O)I" € — ZzlA;%ei,xV
0 =

where y € Ex and z(€) = (x,e1)e1(§)+- -+ {(z, en)en(€). So, obviously for vy—a.e. y € En, z +— U3 (x,y) is
continuous and strictly positive on Hy, since z+y € LP(0,1) =: LP, because N (0, 3(—A4)~1)(C([0,1];R)) =
1. Thus (1.15) holds. Unfortunately so far we do not know whether (1.15) holds in case of v as in 1.3—(iii).
Now consider again the situation of 1.3—(ii). We are now going to present a class F' : [0,7] x H — H for
which Theorem 2.1 applies: Let f € C,([0,T] x R;R) such that f(t,-) € C1(R;R) for every t € [0,T] and
there exist K € (0,00), 0 € (0,p) such that for f'(¢t,7) = f.(¢,r)
flt,r) > =K1+ 7>+ a|rP~%), VY (t,r) €[0,T] x R.
Define Fy : [0, 7] x L?(0,1) — L?(0,1) by
Folt,)(€) = f(t,a(€)), €€ (0,1), t € [0,T]]

and F : [0,T] x L?(0,1) — L?(0,1) by

F(t,x) := (A" Fy(t,z), x e L*0,1), t€[0,T]. (2.36)

Now we want to check Hypothesis 2 for this type of F'.

Claim 1. For every € > 0 there exists C. € (0,00) such that

N
Z@EiF"(t,x) > —C. — e(|z)32 +a|x|1£p]), x € LP(0,1),t€[0,T], N € N,

i=1

where
Fi(t,z) := (e;, F(t,x)).

Proof of Claim 1. Let x € LP(0,1), ¢t € [0,T]. Then

S Ata, / e:(6) f(t, 2(6)) de

i=1 0

N
D0, F(t )
i=1

i=1

= YN [0 £t de



62 G. Da Prato et al. / J. Math. Pures Appl. 128 (2019) 42-86

o 1

SO [0 0+ O + alae)p ) de
0
> O ella(©)f +ala(©)f,)

by Young’s inequality. O

Claim 2. For every € > 0 there exists C. € (0,00) such that
Zﬁl VFi(t,x) > —Ce — e(|z(&)|72 + alz(§)],), Yo e LP(0,1),t€[0,T], N€N.

Proof of Claim 2. Let x € L”(0,1), ¢t € [0,T]. Then by (1.4)

1

N 1
Zﬂz Fita) = = [a©a©ds [ el s
0 0

N 1 1
a3 A [al@ O a©de [ el f(ta(©) de
i=1 0 0

> —(Pylo(t,z), Pna) — @Z A oo \/g leilee [P~ Lo/
i=1

o0

> —|Fo(t )2 |zl —ad AT floo 2l2lfy”
i=1

> —Cc— f(lxﬁﬁ + a‘xﬁ,?)v

where Py denotes the orthogonal projection in L?(0,1) onto Hy, i.e. the linear span of {e1,...,ex}. O

We note that C. can be taken in both claims to be a function only on §, K and |f|. which is increasing
in K and |f]|s, while decreasing in .

Now let us prove that by Claim 1 and Claim 2 that Hypothesis 2 is satisfied. To avoid a fur-
ther regularization procedure let us additionally assume that f(t,-) € CZ%(R) for all t € [0,T] and
2 1(t,), % f(t,-) € C([0,T] x R). Define for j € N, z € H, t € [0,T]

i 1
Fj(t,x) == PiF(t,Pz) = > [ A7 /ei(f)f(ta (Piz)(€)) dS | e (2.37)
i=1 0

where P; is the orthogonal projection onto the linear span of {ei,...,e;} in H = L?(0,1). Then obviously
F; is as in Hypothesis 2(iii) with N; = j and

! i
ﬁ(t,l’l,...,ﬂf]’) = )‘Z/el(g)f <taleel(€)> d£7
0 =1

for (z1,...,2;) € R7. Now let us consider the corresponding C,(d) from Hypothesis 2(iii) and ¥ defined
in Lemma 2.3. Note that ¥%(-,y) above is C? and strictly positive on H; = R7 for vy-a.e. y € E. Hence
by definition %, ,,, = W% for all M,l € N. Hence for (z,y) € H; ® H;", t € [0,T] by Claim 1 and Claim 2
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Dy, s Fj (¢, (2,9)) < Ce+ e|(2,9) |12 + ol (@, y)[7,)-

Here we used that || Pj||zr—rr < ¢p € (0,00) which is independent of j (see e.g. [19, Section 2C16]). Hence
obviously for § € (0,1)

sup CF, () < oo.
jeN

Hence by Theorem 2.1 we have a solution
vi(dx) = p(t,z)y(dz), te€][0,T],

with v as above, for equation (1.1) for F' as above with initial condition pg vy with pg in Llog L with respect
to 7.

Now we shall prove that this solution is also unique provided a > 0, so v is not Gaussian. We shall,
however, apply a uniqueness result for the Gaussian reference measure N (0, 3(—A) ") proved in [12], because
V¢ has the density

p(t,z) = p(t,x) L e #1lr (1,2) €[0,T] x H

with respect to N (0, 5(—A)™!). Let us first show that p is bounded in (¢,z). To this end we first note that

because 50 A7 < oo,

R :=sup |||Fj|ze ||, < oc.
jEN

Hence the corresponding flows &; from (A.1) with F} replacing F will all stay in the L? ball BY.,(z) for all
times in [0, T'] when started at  in LP(0, 1). This implies by Claim 1 and 2 that the exponent of the density
P’ in (2.28) with F}; replacing F will also have an upper bound of type

Ce +e(jalZ> + alalf,), Vo e LP(0,1)
independent of j. Hence it follows that
P(tx)=p(ta) ke #"lr (t,2) €[0,T] x H
is N(0, 3(—A)~!)-essentially bounded, uniformly in j, hence so is its a.e. limit p.
Now we can apply Theorem 2.3 in [12] for p = oo (which by a misprint there, seems to be excluded, but

is in fact included in that theorem) to conclude uniqueness if we can prove the following properties (a)—(c)
of F defined above. For this we additionally assume:

There exists C, M € (0,00) such that |f'(t,r)| < C(1 +|r|™), reR. (2.38)
(a) F([0,T] x H) C (—A)~V2(H).

(b) There exists s € (1,00) such that

T
//|(*A)1/2F(t,x)|§ﬂ0(dx) dt < oco.
0 H

(c) F e L?(0,T;WYs(H; H,~), which is defined as the closure of all vector fields F([0,T] x H) — H of
type (2.7) with respect to the norm



64 G. Da Prato et al. / J. Math. Pures Appl. 128 (2019) 42-86

T 1/s
T / / (IDF(,0)%, 0 + 1Pt 2) ) volda) dt |
0 H

where || - ||, (zr) denotes the Hilbert—Schmidt norm and v = N (0, 1(—4) 7).

By the definition of F' in (2.36) property (a) obviously holds. (b) holds for all s € (1, 00) since
(=A)2F(t,2) | = |[(—A) "2 Fo(t,2) i < const.| fllo.

So, let us check (c): Let Fiy be as in (2.37). Then for 1 <i,57 < N

1
e, (i, Fn(t,2)) = )\%/ei(f) e; (E)f'(t, (Pne)(€)) d€,  (t,x) €[0,T] x H.
0

Hence by (2.38) for some constant ¢; € (0, 00)

o
Il
N

IDFV () Em = 33 [ O (0 (Pra)e)I de

IN

oo
1
el E — sup ||Pn||33hpen (14 [2]350) .
~ \i NeN

Hence Fy(t,z)), N € N, is bounded in the norm | - ||1,2,7. Since sup, ¢y [|[Fnllo < o0 and Fy — F
dt ® yo—a.e., (c) follows for s = 2, because the operator D is closable.

3. Uniqueness

In Example 2.9 of previous section we proved uniqueness for (1.3) using the uniqueness result from [12]
for Gaussian reference measures . For non-Gaussian, reference measures v uniqueness for (1.3) is much
more difficult to prove. In this section we do that for a whole class of non Gaussian, reference measures .

3.1. Notations and preliminaries

In this section, we take as reference measure v the invariant measure of the following reaction—diffusion
equation in H := L?(0,1),

{ dX(t) = [AX(t) + p(X(¢))]dt + BdW (t), 51)

X(0)=z =x€H,
where A is the realization of the Laplace operator Dg equipped with Dirichlet boundary conditions,
Az =Dz, x€D(A), D(A)=H*0,1)nH;(0,1),
p is a decreasing polynomial of odd degree equal to N > 1, B € L(H) with a bounded inverse and W is

an H—valued cylindrical Wiener process on a filtered probability space (Q, F, (F¢)i=0, P). Let us recall the
definition of solution of (3.1).
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Definition 3.1. (7). Let x € L*N(0,1); we say that X € Cyw ([0, T]; H)" is a mild solution of problem (3.1) if
X (t) € L?N(0,1) for all t > 0 and fulfills the following integral equation

t ¢
X(t)=elz + /e(t_s)Ap(X(s))ds + /e(t_s)AdW(s), t>0. (3.2)
0 0

(ii). Let © € H; we say that X € Cw ([0, T]; H) is a generalized solution of problem (3.1) if there exists a
sequence (z,,) C L?N(0,1), such that

lim z, =z in L?(0,1),
n—0o0

and

lim X(,2,) = X(-,2) in Cw([0,T]; H).

n—oo

It is convenient to introduce the following approximating problem

{ dXo(t) = (AXa(t) + pa(Xa(t))dt + B dW (1), (33)

Xo(0)=2x€ H,
where for any a € (0, 1], p, are the Yosida approximations of p, that is

1

Pa(r) = — (r=Ja(r)), Ja(r) = (1 —ap())"'(r), reR.

Notice that, since p, is Lipschitz continuous, then for any « > 0, and any = € H, problem (3.3) has a
unique solution X, (-, z) € Cw ([0,T); H).

The following result is proved in [8, Theorem 4.8]
Proposition 3.2. Let T > 0, then

(i) If x € L?*N(0,1), problem (3.1) has a unique mild solution X (-,x).
(i) If z € L%(0,1), problem (3.1) has a unique generalized solution X (-,x).
In both cases hIIlOXa(~7x) = X(-,z) in Cw([0,T]; H).
a—

Let us introduce now the transition semigroups P and P, setting
Pp(z) = Elp(X(t,x))], ¢ € By(H) (3.4)
and

Plo(x) = Elp(Xa(t, )], ¢ € By(H).

This definition extends to vector fields: if G : H — H is measurable bounded, we call (P:G) (z) the
element of H such that

1 By Cw ([0, T]; H) we mean the set of H—valued stochastic processes continuous in mean square and adapted to the filtration

(Fe)-
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(P:G) (z), )y = E[G (X (t,2)), ) g]
for every h € H. It exists since
[E[(G (X (e,2)), h)yll <E[|G(t, 2)|u] |kl < Cg |hla

where C¢ bounds G. In the sequel we shall use the notation

(I_tPt) G (t, )

) and for analogous expressions. We shall use similar notations for the semigroups

for C2)=(PeG(t)(

associate to the Yosida regularizations, P and P§.
Denote by Ly (H) (resp. £ (H)) the Hilbert-Schmidt norm (resp. operator norm) of operators in H.
The sequence (e;)

e;(€) = \/2 sin(jme), €c[0.1], jEN, (3.5)
is an orthonormal basis in H and it results
Aej = —aje;, VjeN, (3.6)
where
aj =252 VjeN.
Lemma 3.3. For every 0y > 1/4 we have (—A)~% € Ly(H).

Proof. We have in fact

— — . —46
(=A%, = D= el =D i7" <o O
jeN jEN

In the sequel we denote by 6y any number in (i, %) We need 6y < % for the results on stochastic
convolution.

Remark 3.4. When B is equal to the identity, (3.1) is a gradient system and the corresponding transition
semigroup P; is symmetric whereas if B # I, P, is not symmetric.

For P/ the following Bismut-Elworthy-Li formula holds, see [15] and [13].

(DoPrp() ) = 1 E | o(Xa(t.2) [(B1ih(s,0) dW ()| . he B (37)
0

where for any h € H, n(t,z) =: D, X,(t,x) - h is the differential of X, (¢,z) with respect to z in the
direction h. n”(t,z) is the solution of the following equation with random coefficients

Dtng(tﬂ ;C) = Ang(tvx) + Dxpa(Xa(t71'))ng(t,.’E)7 772(07 w) = h. (3'8)

The proof of the following lemma is a straightforward consequence of the dissipativity of p(-).
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Lemma 3.5. It results
" (t,2)| g < |hlg, Yt>0,z,heH, ac(0,1] (3.9)

Proposition 3.6. Semigroups P, and P{ have unique invariant measures v,v* respectively. Moreover v is
weakly convergent to v and for any N € N there exists cy > 0 such that

/ 22 (0.)7°(d2) < e, / 223 01, 7(d) < e (3.10)
H

(See [8, Proposition 4.20] and [10, Proposition 15].)

Corollary 3.7. Let h(z) € D(A)v-a.e. v € H, and Ah € L*(H),~). Then there exists K > 0 such that

/|Dpa 23(dz) < K AB|2a ., ¥ a € (0,1, (3.11)

Proof. Let h(z) € D(A). Then there is Ky > 0 such that

P (@)h(@)]* < Kala™ P [h(@) Dy < Kilzf72572% () B a)-

Integrating with respect to v over H and using Holder’s inequality, yields

/ 1P (@)h(2)[2 1(dx) < K / 2252, | Ah(z)[2 1(da)
<K, / (2[4, 7(d) [ AR|Z -

Now the conclusion follows from (3.10). O

Let us finally recall the elementary identity, see [10]

t
(P{ Dy, h) = (Do P o, h) — /Pta—sKAh + Dap®(2)h, Do PJ )] ds, (3.12)
0

where h € D(A) and ¢ € C}(H).
3.2. The range condition

Let us consider the Kolmogorov operator
Ku(t,z) = Dyu(t, z) + (F(t,z), Dyu(t, x)), (3.13)

defined for all u € S"C’l}’T, the space of all functions u defined in Section 1 with Y = D(A).
Now the continuity equation (1.3) can be written as

T

//fKu(t,m) p(t, x) y(dx)dt = —/u(O,x)po(m)’y(dx), u € FCOL. (3.14)

0 H H
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The following result has be proven in [12].
Proposition 3.8. Assume that for p € [1,00) the following range condition is fulfilled
K(FCy p) is dense in LP([0,T]; LP(H, 7)). (3.15)

Then if p1 and py are two solutions of (3.14) in LP ([0,T]; L¥ (H,~)), with p' = 21, v = By, we have

p—1’
p1 = p2-

Let now consider the approximating equation

{ Dyu;(t, @) + (Fj(t, 2), Dou;(t, x)) = f(t,2),
(3.16)

Uj (T, ) = 0,

where (F};) where defined in Hypothesis 2 and f € fr"C’l}’T. Problem (3.16) has a unique classical solution

given by
T
u;(t, x) = —/f(s,éj(s, t,z))ds, (3.17)
where ¢; is the solution to
d
2 &) = F(6,£;(2)),  &(s) =z (3.18)

Let us consider a further approximation Peu;(t, x) of u(t,z), where P, is the transition semigroup defined
n (3.4) and € € (0,1]. Applying P, to both sides of equation (3.16) we have

Dy(Peuj) + (F, Dy Peuj) = Pef + (F = Fj, Dy Peuj) + Be(Fj, ug),
where B.(Fj,u;) is the DiPerna-Lions commutator defined for € € (0,1] as
Be(u, F)(t,z) := (Dy Peu(t, ), F(t,2)) — P({(Dgu(t,x), F(t,x))), Yu€FCypp , FeVFCyp. (3.19)
Now the range condition follows provided

lim lim B.(u;,F;) =0 inwue L*([0,7],L'(H,7)). (3.20)

e—0j—o0
As shown in [12], the basic tool to show (3.20) is provided by an estimate for the integral

T
//|B€(u,F)|dtd'y, c€(0,1], Yue3FCly, FeVFCLy,
0 H

in terms of ||ul|s independent of .
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3.3. Main result

To express the main result of this section we need some definitions.
Definition 3.9. We call V (H,~y) the space of all measurable functions ¢ : H — R such that

2 Pp— < I_P€
61y = st Z o0 (1) o @) (a0

is finite and we endow V (H,7) by the norm (¢ly .- Similarly we call V (H, H,) the space of all mea-
surable vector fields G : H — R such that

161 = s [ ((F5) G(x>,G<x>>Hv<dx>

ec(0,1
( )H

is finite and we endow V (H,H,v) by the norm ||G||y s g .-
We note that in the symmetric case (B = I), V (H,~) coincides with D((—£)/2).

Lemma 3.10. The space FCZ(H) is contained in V (H,~). Similar result holds for every vector field G of the
form G =3"7_, Grep, with Gy, € FCE for allh =1,...,n.

Proof. We have

€

(I-P)o(x)= /PSLgb(:z:) ds

0

where £ is the infinitesimal generator of P;. One can check that £¢ is a bounded continuous function; in
particular this is true for the term (p (x), D, ¢ (z)) because the argument of ¢ is in the space of continuous
functions. Hence (I_EPE) ¢ is also bounded and thus ¢ € V(H,v). O

Finally, we have our main estimate. Given 6y € (%, %) and 0 € (907 %), we define

0
1Pl gy = || (=)™ P

n H(_A)1/2+9F

p_
Lr=1(0,T;V(H,H,Y))

P + Hle F” p p .
L7 (0,75L9 (H,)) Lt (o,T;Lp—l (Hm)

Theorem 3.11. For every p, q satisfying

1 1
p€(2,00>, _+_<1a
p q

v T 5 finite, there is at most one

for every vector field F : [0,T] x H — D ((—A)1/2+9) such that || F||
q

solution of the continuity equation in LY ([0,T); L? (H,~)), with p' = ﬁ, q = =

Proof. The conclusion of the theorem follows from the rank condition proved in Theorem 3.19 below, and
Proposition 3.8. 0O
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Corollary 3.12. If B in (3.1) is the identity, then under the conditions of Theorem 3.11 there exists a unique
solution of the continuity equation in LY ([0, T); LY (H,~)).

Proof. The existence follows by Theorem 2.1 and Remark 2.8. O

Remark 3.13. As already mentioned in Remark 1.5, so far we cannot prove whether Hypothesis 2(ii) holds
for v as in Example 1.3(iii), if B in (1.5), (3.1) is not the identity operator. In this case it was proved
in [7], [9] that v has a density f with respect to 7o := N(0, 3 (—A)~') such that /f € W'2(H, 7o), i.e.
the Sobolev space of order 1 in L?(H,~y). To verify Hypothesis 2(ii) it would be enough to show that
x = f(z,y),(z,y) € Hy ® Ey, is continuous and strictly positive on Hy, for all N € N and vy—a.e.
y € En, where A, Hy, En and vy are as in Example 2.9. However, so far we did not succeed to prove this.
If this could be shown, Corollary 3.12 would hold for any B in (1.5), (3.1).

3.4. Estimating the commutator

We first express the DiPerna—Lions commutator Be(u, F') using the identity (3.12). It is convenient to
introduce the approximating commutator

B2 (u, F)(t,z) := Dy P2u(t,x)-F(t,z) — P*(Dgu(t,x) - F(t,x)), VueFCyp(H),FeVFCyp(H) (3.21)
for any a € (0,1].
Lemma 3.14. Assume that F =Y, _, F'ey,, with F" € VIC} p(D(A)), h =1, ...,n. Then we have

€

Bl (u, F) = %IE u(t, Xo(e,2))(F(t, x) — F(t, Xa(€,)) - /(DxXa(n,x))*ﬂn(Bfl)*dW(n)
0

€ . l
+O/P€"{77E[ (t, Xa(n, 2)) (3.22)

<(F(t.Xa(n.2). [(4+ Dpa(@))(DeXaOh ) (B dW(N))] }dn
0

+P%(udiv F),
where T, is the orthogonal projector on (ey,...,en).

Proof. Taking into account (3.12), we write

*(Du - F) Z (DpuF") =" P*(Dp(uF")) — P*(udiv F)
h=1 h=1
n (3.23)
=Y DyPH(uF") - Z/ [D. P (uFy,) - (Aep, + Dpaen)] dn — P (udiv F).
h=1 h=17

Therefore

B&(u, F) Z [Dp P (u)Fy, — Dy (P (uFy,)]
h=1
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+ Z P2 [D. P2 (uFy,) - (Aen + Dopa(x)en)]dn + P2 (udiv F) (3.24)

Let us write I; and I in a more compact way. Recalling the Bismut-Elworthy-Li formula (3.7) we have

n

I, = E ZE u(t, Xo(e,2)) (Fr(t,x) — Fh(t,Xa(e,x))/DxXa(r],:L’)eh) (BT AW (n)
0

€
h=1

(3.25)

= %IE u(t, Xo(e, 2)(F(t,x) — F(t, Xo(e,2)) - /(DxXa(n,x))*wn(Bfl)*dW(n)
0

(the last integral is well defined because obviously 7, (B~1)*(X,(n,x))* is Hilbert-Schmidt). As for I we
have, using again (3.7)

€

L=%" / P2, [DuP(uFy) - (Aen + Dopal@)en)]dn
h=1Y)

€

:§!¢4

h=1

E [u(t, Xa(n,2)) Fiu(t, Xa(n, z)))

|-

X / (B7'DyXo(\ 2)(Amtnen + Dupatnen), dW(A»] }dn (3.26)
0

E |u(t, Xo(n, 2)) F(t, Xa(n,2)))

—

'/(A+Dxpa(x))((DxXa(nvx))*Wn(Bil)*dW(A)] }dﬁ-
0

So, (3.22) follows. O
The following corollary is a consequence of Lemma 3.14 taking into account the invariance of ~,.

Corollary 3.15. Assume that F =Y _, F'ey,, with F" € FC}(D(A)), h =1,...,n. Then we have,

/ B (u, F)|dva

H

IN
a | =

E U(tha(éyx))(F(t,w)*F(LXa(é,I))'/(DxXa(n,w))*ﬂn(B*I)*dW(ﬁ) Yo
0

E|u(Xa (n,2)) F(X (n,2))) (3.27)

| =

o
o R
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n
'/(A + Dypo(2))) (Do Xa(n, ) mn (B~ dW (A) |dn dye
0
+/|udivF\ dye =: J1 + Jo + J3.

To estimate [}, |Be(u, )| dy we need some preliminary results.

Proposition 3.16. For every p € (2, 0] there is a constant C), > 0, independent of a and €, such that

l/1E u(t,x)<F(t,a:)—F(t,Xa (e,ac)),/(Dan (n,2))" (B—l)*dW(n)> Yo (d2)

€
0

H
SCA,B,p(’/ ((F75) ™ Fa) (A F(ta)) 2o o) : JEI NS N

H

where Ca,gp = Cp H(—A)fﬂ0

o) HB_1||L(H) for some constant Cp, > 0.

Proof. Call I the integral we have to estimate. To shorten the notations, call I’ the stochastic integral

€

I= / (—A)™ (D, Xo (n,2))" (B~Y)"dW (n).

0

We have

1

I=- /IE [u(t,2) (=) F (t,2) = (=4)* F (t, Xa (6,2)),I') | 70 (d)
€
H
1/2

1 P 2

| [E||-a — (A" F (t, Xa (2))] | 7a (da)

€

1/p 1/7(p)
/ u(t) o) | | 2 [I157] e (@0
H
with % +1+ T(lp) = 1 namely r (p) = % and in particular with the condition
€ (2, 00].
By the Burkholder-Davies—Gundy inequality,
r(p)/2
2
E[I1{"] < GE /H B d
[\ Xo(,2)" (B) | 0
» P r(p)/2
6o ||"P —1r(®) 2
<G| I E / 1D Xee 1,2) 2 31
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r(p) .
oo 1B G (V)

Gy |(=4)”

because, by dissipativity of the reaction diffusion system,

||DIX0¢ (777*7:)HL(H) S 1.
Therefore
1/2 1/p
6o 0o 2 .
I< 7 (/E U(—A) F(t,z) — (=A)" F(t, X4 (e,x))’H] Yo (dx)) (!m(t,xn Yo (d@)

where C = C’;/T(p) (—A)~% . Finally, writing G (¢, 2) = (—A)% F (t,z),

-1
o 1B L

/]E U(—A)l/QF(t,x) — (=AY F (t, X, (e,z))m Yo (dz)

H
— [ (160~ 2E (G (t.2),6 (¢, Xa (0] + E[|G (6 Xa (62 3] ) 70 ().
H
Now
E [<G (tvx) ’ G (6 $))>H} = <G (ta {E) 7E [G (ta Xa (Evm))bH = <G (tvx) ’ (P?G (t7 )) (x)>H
/ G (X ()l () = [ (P16 (1)) (07 ()
H H

~ [16 ) 70 (d2)
H
because 7, is invariant for P, hence
2
/]E U(-A)”"’F(t z) = (A2 F (1, X, (e,x))‘H] Yo (do)

(IG 2 = (G (), (PEG () (@) 1) 7a ()

Il
N

::\ m\

) = (PEG(t,2)) (2)) g Yo (d) -

Collecting these facts, we have proved the proposition. O

Proposition 3.17. Under the assumptions of Theorem 3.11 there exist constants Ca g, (given by Proposi-
tion 3.16) and Ca,B,p,q,0, both independent of o and €, such that

/ B2 (u, F) (t,2) | 7o (d2)

H

< Coap I (6 Moty ( S5 A>9°F<t,x>,<A>9°F<t,x>>Hmdx>)l/2

H
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+CaBpaqollult,) ||LP(H,A/Q)

(-4 P ()

La(H,va)

M oy 145V F () ey gy

for all functions u € ?C&T(H) and vector field F of the form F =%} _, Frep,, with F}, € S"Cg’T(H) for all
h=1,...,n

Proof. Step 1. We know

182 . F) () 0 () < 1+ o+

where
Jy = 1/IE [u(t,x) F(t,z) — F(t, X, (e,m)),/(Dan ()" (B™")"dW (n)> ] Yo (dz)

ng//%lE [u(t,Xo (n,2)) (F(t, Xo (n,2)), J3)|] dndya (x)
H 0

J3= [ u(t,z)div F (t,2) v, (dz),
Z

where for shortness we wrote
n
Jh = /(A + Dype (7)) (DeXo (N, 2))* (B71) " dW (M)
0

The estimate for J; has been made above and the estimate for J3 is trivial. We need only to estimate Js.
Let r > 0 be such that

Then

€ 1/p
Iy < / Ly (,/ E [Ju (t, Xa (1, 2)”] 7a (dw>>
1/q 1/r
(/IE 1/2+9 F(t, X, (n,x))’j{} o (da:)) (/IE [|J§|;J o (dx))
. 1/p !
/ %dn ( Z (P2 (Ju (£, )")) (#) 7 <dm>)
1/q

~ ( [ (B (jen™ P e))]) @ <dw>)

H
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r/2 1/r
Ll12
/ /H T2 (A4 Dupa (1)) (DoXa (M2)" (B || e (de)
Ly(H)
and using invariance of 7, for P;* and the fact that B ~!is bounded,
T2 < 1B g gary € (60:7) 1t () o [[ (=402 F (1,0)
2 = || ||L(H) (6, ,T’) ||U( s )”L (H,va) ( ) ( 5 ) L9(H )
where C (¢,0,r) and g(x) are given respectively by:
. n ,',,/2 1/7‘
1 — — * *
[ran| [e|{ [ s Do) Guxa 0y [ an] | vt
n Ly (H)
0 H 0
€ n /2 yr
< [Lan| [ / [ Daxa oy’ x| 9@ (o)
5 " H 0 FaiD)

_ H TP (A Dypa ()" (—A) TP .

It remains to estimate C (e, 8, r,6) (which a priori may be infinite).
Step 2. From [11, Corollary 2.3], we have, for § € (0,1 — a),

n
2
_ (—a=8)/2 S 2
/‘( A) D, X, () B, dt < C (T) A @) Wl ore
0

where

Ar () =1+ sup ||Dupa (Xa (t,2))]%
t€[0,T]

(it is a random variable). In particular, choosing ¢ very small and o =1 — 26 < 1 — ¢, since the H norm is
bounded by any D ((—A)%)-norm for € > 0, we get

n
/ 1D, Xo (1)l dt < O/(T) Ar (@)1 Wy orone)

Hence, for 6 = 0 — 0y (all constants denoted by C,C (T') below, different from line to line, may depend on
T but not on «),

mn
Cn1/2-0 d
/H< A) (DaXa (A, 2)) Lz(H)dA
0
n
B 1/2—6
7/HD9”X@()\7$)( 4) ‘LQ(H)d)\
0

n
- Z/‘sza (A z) (A0 ek‘sz
k0
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2

<C(T)Ar (z) P00 Z ’(_A)1/279 ek’D((A)—l/H(e—eo))
k

= C(T) Ar (2)n" " Y |(-a) ™" ek‘j{
k

= C(T) A () 7~

Hence

<C (T)Ar (x) n?=b

C(e0,r) < /E%dn (”/E
0

AR (G

€

1/r
o / wcm (N/IE [Ar (2"2] 9 (@) 70 (dx))
0

It remains to bound

H

- ! E [Ar @] | (=472 (At Do @) ()T ()

gc/E[A ()] (1+H( A) V2 D,pe (x) (—A) 7 ;(H>va (da)
H

(] (e len e parn

1/2
2r d
( )) 'Ya( {L‘)

renaming the constants. We have

Ar(z) <1+C sup |Xa(t,a)| V"
te[0,T]

and thus, by [11, Theorem 4.8 (iii)],
E[Ar (z)] < C+Clz|jV

which implies

/ E[Ar (2)'] e (d2) < C.

Finally, since

(Dapa () 1) (§) = P'(Ja(x(£)))A(E)
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we have
N_
|Dupa () by < Cllzl|lX " 1k
namely
IDapo ()] oy < C a7

and therefore, being both (—A)71/2+9 and (—A)fl/%e bounded in H (recall that 6 < 3),

(=A™ Dupa @) ()| < 1Dpa @)l o gy < € X

L(H)
which implies

2r

/ (1 + H(—A)—1/2+6 Dapa () (—A) /27

H

. (dx) < C.
Lw))v(m)_ -

Corollary 3.18. Under the assumption of Theorem 5.11 there exist constants Ca g p, Ca.Bpq,6, independent
of €, such that

fo
< . — .
[ 1B F) ()l (@) < Ca [0 ) oy | P

0
+ Ca o 10 (6 iy | (425 F (1)

potiy 1 a1 F )]y

for all functions u € ?CiiT and vector field F of the form F = >} _, Frep, with F € SFCiT for all
h=1,...,n

Proof. Let us consider term by term the main inequality of Proposition 3.17. Since x +— u (¢, -) is bounded
continuous function,

b ()0, = i [ 060 ) = [ a8 ()
H

because 7, converges weakly to . The same argument applies to the terms H(—A)1/2+9 F (¢ )‘

and ||div F (¢,-)]| e
L7 (o)
We have to prove that

Lq(H:"/a)

hm/|B w, F) (£, 2)] e (dz) = /|BE (u, F) (t,2)| 7 (dz) .

H

‘We have

H

where



78 G. Da Prato et al. / J. Math. Pures Appl. 128 (2019) 42-86
L :/HB? (u, F) (£, )| = [Be (u, ) (£, 2)|[ 7o (dz)
H
o= [ 1B F) 40) v ) — [ 1B () ()] ().
H H

Recall that ¢ bounded continuous implies z — (P¢) (x) continuous and bounded by ||¢| .. One can prove
that when ¢ has also bounded continuous derivatives, z +— (D, P*¢) (x) is also continuous and uniformly
bounded in «. The same is true without «. Then |Be (u, F) (¢, x)| is bounded continuous. It follows that
|I3] — 0 as a — 0, because 7, converges weakly to 7. Moreover, since the family {v,} is tight, given n > 0
there is a compact set K, C H such that v, (K;) > 1 —n for all ; and for what we have just said, outside
K, we may use the fact that |B& (u, F') (t,z)| is uniformly bounded in o. Then we rewrite

n< [ 1B2 0 F) (@) = |B. (0. F) (4:9) | (do) + O
Ky

Recall that, when ¢ is bounded continuous, P*¢ converges to P.¢ as o — 0 uniformly on bounded sets
of H; and when ¢ has also bounded continuous derivatives, also D,P*¢ converges to D, P.¢ as a — 0,
uniformly on bounded sets of H. Hence ||B* (u, F) (t,z)| — | B (u, F) (¢, z)|| converges to zero uniformly on
K,.

With the same argument, given ¢ € FCZ, for every €, we have

. T=PEN oy (@) = [ 6 (225 6 (2)~ (do).
hmlmm( )¢()7(d)I!¢()< )o@ (@)

a—0 € €

Then, for every e,

a—0 €

. I-re 7) Vo (dz) < .
. ZM( )¢>()v (d2) < 161z,

We apply this inequality in the vector case to (—A4)® F (¢,-). O
Finally, we have our main estimate.

Theorem 3.19. Under the assumptions of Theorem 3.11 there exist constants Ca g p, Ca,Bp,q.0 such that

T

[ﬂ&mm@@mmmgaww
H

0

|u||Lp(07T;LP(Hﬂ)) ||F||p7q7'y,T

for all functions w € LP(0,T;LP(H,v)) and vector fields F' : [0,T] x H — D ((fA)l/HG) such that

IIE| 1 s finite. Moreover, for such (u, F),

P,a,7,

e—0

T
hmJ!BJMHw@MM@ﬁzﬁ

Under these conditions, the rank condition follows.

Proof. The proof is similar to [12]. O
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Note added in proof

After this paper had been accepted for publication by JMPA in final form, we noticed that as a simple
consequence of Proposition 6.4.1 in [6], our Hypothesis 2(ii) is in fact a consequence of our Hypothesis 1,
Lemma 1.4 and (1.9). Hypothesis 2(ii) can hence be dropped. In particular, our results therefore also apply
to our Example 1.3(iii) and Remarks 1.5 and 3.13 can be dropped as well. We would like to thank Alexander
Shaposhnikov for pointing out this particular result in the above reference to us.
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Appendix A. Deterministic Feynman—Kac formula and the solution of (2.1) for sufficiently regular F'
Consider the equation

d ~
S €0 = Fle,0))
£(s) =z, xcRY,

(A1)

with F' regular, namely it belongs to the class VFCL(H). Let V: [0,T] x R? — R be also regular. We want
to solve

{ vs(s,x) 4+ (Dyv(s,z),F(s,2)) + V(s,x)v(s,z) =0, 0<s<T, (A.2)

o(T,z) = ¢(z), x€H.
The following result is well known, see e.g. [20]. We present, however, a proof for the reader’s convenience.

Proposition A.1. Assume F € Cy([0,T] x R%:RY) such that F(t,-) € CYRY RY) for all t € [0,T] and let
V € C([0,T] x R?) such that V(t,-) € C*(R?) for all t € [0,T] such that D,V : [0,T] x R? — R? is
continuous. Let ¢ € CY(R?). Then the solution to (A.2) is given by

0(s,3) = @(&(T, 5, z))els Vmtlwsa)du (g 0y e [0, 7] x RY, (A.3)

where for s < t, £(t,s,x) denotes the solution to (A.1) at time t when started at time s at x € Re. In
particular, v(-,x) € CL([0,T]) for every x € R and Dy € C([0,T] x RY).

Proof. We only present the main steps. We shall check that v defined by (A.3) is a solution to (A.2).

For any decomposition {s =sg < s1 < -+ < s, =T} of [s,T] we write

,U(va) - 90(1') = Z[U(skax) - v(sk—lax)]a

k=1

which is equivalent to,
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v(s,z) — p(r) = — Z[U(Sk, x) — v(sk, § (5K, Sk—1,7))]
=t (A4)

Z 0(8k, E(Sky Sk—1,2)) — v(Sk—1,2)] =t J1 — Ja.
k=1

Concerning .J; we write thanks to Taylor’s formula

Ty~ Y (Dpv(sk, ), E(sk, S—1, 2 ~ > (Dyv(sk, @), F(si, 7)) (sk — sk—1)
- k=1
(A.5)
— /(Dzv(r,x),ﬁ(r,:r))dr.
Concerning J, we write”
Jo =Y (s, &(sk, 851, 7)) — 0(sk-1,7))
k=1
= D GLET, 50, (s i) el VS Sl
k=1
n T
S (T, s, ) s VS
k=1
(A.6)

jz; V(u,(u,sk—1,))du efg;*l V(u,&(u,sk—1,x))du

AT, 510.2) e

I
NE

~
Il
-

v(sk—1,2)) (67]:’5*1 Viutlusr-r,z))du _ 1)

v(sg—1,2)V(sg—1,2) (8K — Sk—1) = —/v(r, x)V (r,x)dr.

1 s

I
NE

~
Il

4=~

~ —

k

Replacing J; and Jo given by (A.5) and (A.6) respectively in (A.4), yields
T T
v(s, ) —|—/ L0(7, ) :E))dr—i—/v(r,x)V(r,x)dr

and the claim is proved. O
As a trivial consequence we obtain

Corollary A.2. Let ¥ € C?(R?), U bounded and strictly positive. Let F € Cy([0,T] x R%R%) such that
F(t,") € CL{R4RY) and define

DIF(t,) = —div F(t,") — (F(t,"), Dy¥/T)ga

T

2 In the second line below we use that &(T, sk, £(sk, sk—1,2)) = E(T, $p—1, ).
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Assume that D:F(t,-) € CY(R?) for allt € [0,T], and D:F € C([0,T] x R?), D,D:F € C([0,T] x R4 R?).
Then for every po € CH(RY), po > 0,

p(t,.’E) — Po(f(T, T _ t,x))efof D F(T—u,{(T—u,T—t,xz))du

is a solution of (2.1), where £(-,s,x) is the solution to (A.1) started at time s at & € RY, with F(t,z) :=
—F(T—t, ), (t,2) € [0, T|xRY. Furthermore, p(-,x) € C*([0,T)]) for every x € R and D;p € C([0, T]|xR9).

Proof. Apply Proposition A.1 with F as in the assertion above,
V(t,z) = DiF(T —t,z), (t,z) € [0,T] x R?
and ¢ :=pg. O
Appendix B. A remark on the Burkholder-Davis—Gundy inequality
Our aim in this section is to prove the following proposition.

Proposition B.1. Let p > 4. Then for every t > 0,

t p t p/2
E sup /(I)(s)dW(s) <e, |E /||q>(s)\|§gds , (B.1)
s€[0,t]
0 0

where ¢, :=12P pP.

Proof. Set
t
Z(t) = /@(s)dW(s), t>0,
0

and apply Itd’s formula to f(Z(-)) where f(z) = |z|P, x € H. Since
fao(@) =p(p = 2|2l e @ a + plal’1, x€H,
we have
| foa(@)]| < p(p — 1)|2P~2,
therefore
Tr &*(t) fuu (Z(1))2(H)Q] < p(p — 1) Z()[P7?[|2(t)]| -

By taking expectation in the identity

DN | =

20F = [126)P 221,42 + 5 [ Tr 07 (9)£(2(5)B()Qds,

we obtain by the Burkholder-Davis—Gundy inequality for p =1
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t

pp—1 _

E sup |Z(s)" < PPV g / 1Z(5)[P 2| @(5)||24 ds
s€[0,4] 2 ) 2

1/2

t
3 || [ 12y 2P 2ds
0

t

-1

<2 D { s 1200072 [ (s Iy
2 s€[0,4] , 2

1/2

t
+3pE | sup |Z(s)[P~! /”‘I’(S)H%MS
s€[0,t] ) :

Pfl + % %
S | sup (2P| |B ( [ 1212 s
0

s€[0,t]

= Jl + JQ.

For J; we use Young’s inequality with exponents 17%2 and £ and find

1
RS E| s 2@

s€[0,t]

t
4P E / [@(s) 24ds
0

For J5 we use Young’s inequality with exponents p%l and p and find

sup | Z(s)[”

1
Jo<-F
4 s€[0,t]

Now (B.1) with ¢, := 127 p? follows. O

SN

[NIS]

[NS]

t
1
+ 12 PR /H@(s)nigczs
0

Appendix C. Density of ?Cg in Orlicz spaces

Let N : R — [0,00) be continuous and a Young function, i.e. convex, even and N(0) = 0.

Consider the measure space (H, B(H),~), where H is as before a separable real Hilbert space with Borel
o—algebra B(H) and v a nonnegative finite measure on (H,B(H)). We recall that the Orlicz space Ly

corresponding to IV is defined as

Ly :=Ln(H,y):={f: H—R: fis B(H)-measurable and /N(af)d7 < 00 for some a > 0}
H

or equivalently
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Ly :={f:H—R: fis B(H)-measurable and |f||Ly < o0},

where
Il :=inf S A >0 /N(f/)\)d»yg 1
H
(L, || |zy) is a Banach space (see e.g. [21]).
Proposition C.1. FC} is dense in ((Ln, || - ||Ly), where FC} is defined as in Section 1. Furthermore, if

f € LN, f>0, then there exist nonnegative f, € FC}, n € N, such that
Tim [If  Fullw =0.
Both assertions remain true, if FC} is replaced by FC§
Proof. We need the following lemma whose proof is straightforward, see e.g. [18, Lemma 1.16]
Lemma C.2. Let f,, € Ly, n € N. Then the following assertions are equivalent:

(i)l [fullw =0
(it) For all a € (0, 00)

n—o0

limsup/N(afn) dy <1
H

(iii) For all a € (0, 00)

lim [ N(af,)dy=0.
n—oo
H

Proof of Proposition C.1.
We shall use a monotone class argument. Define

M= {f :H — R : fbounded, B(H)-measurable such that

ILm If = fully =0, for some f, € FCL, n € N}.

Obviously, M is a linear space, FC} C M and FC} is closed under multiplication and contains the constant
function 1. Furthermore, if 0 < u,, € M, n € N, such that u,, T u as n — oo for some bounded v : H —
[0,00), then for each n € N there exists f,, € FC} such that

(C.1)

S

||un - anLN <

But since N is continuous on R, hence locally bounded, we have that for every a € (0,00), N(a(u—uy)), n €
N, are uniformly bounded. Consequently, by Lebesgue’s dominated convergence theorem and Lemma C.2,
we conclude that

lim ||u— un||Ly = 0. (C.2)

n—oo
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(C.1) and (C.2) imply that u € M, and therefore M is a monotone vector space and thus by the monotone
class theorem M is equal to the set of all bounded o(FC})-measurable functions on H. But o(FC}) = B(H),
since the weak and norm—Borel o—algebra on a separable Banach space coincide. Hence M is equal to all
bounded B(H )-measurable functions on H. Since by Lemma C.2 and the same arguments as above every f
in Ly can be approximated in the norm || - ||, by bounded B(H )-measurable functions, the first assertion
of the proposition is proved.

Now let f € Ly, f > 0. By the argument above we may assume that f is bounded. Then by what we
have just proved we can find f,, € FC} such that

Jim [|f = fally =0

Since |f — 7| =|ft = ff| <|f — fu| for all n € N and N is even and increasing on [0, c0) (because N is
convex and N(0) = 0), Lemma C.2 immediately implies that

. ot _
Jim [|f = £y =0

Fix n € N and for € > 0 take an increasing function y. € C*(R), x.(s) = s, Vs € [0,00) and x.(s) = —e if
s € (—o0, —2¢). Then for each n € N
= ()| =0

So, again by Lemma C.2 and Lebesgue’s dominated convergence theorem it follows that

= (vt + 5

But obviously, x 1 (fn) + % € FC}, m € N, and each such function is nonnegative. Hence the second part

lim
m—o0

=0.
Ln

hm

of the assertion follows. The third part of the assertion then follows by similar arguments and multiplying
by a sequence of suitable localizing functions. O

Corollary C.3. Let p > 0, B(H)-measurable such that
/p log pdy < o0.
H

Then there exist nonnegative p, € FC}, n € N, such that
lim p, =p inL'(H,~)

n—oo

and

sup /pn log pp, dy < o0.
nENH

Proof. Let N(s):= (|s|+1) In(]s|+ 1) —|s|, s € R. Then it is easy to check that N is a continuous Young
function. Hence by Proposition C.1 we can find p,, € FC}, p, > 0, n € N, such that

Jim [ = pnllry =0 (C.3)
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Since Ly C L'(H, ) continuously (see [18, Proposition 1.15]), the first assertion follows. Furthermore, we
have for all s € (0, 00)

slns—s<sln(s+1)<(s+1)In(s+1) —s= N(s)

and hence for n € N by the convexity of N and every a € (0, 00)

1
pn Inpy dy = a /apn In(apy) dy — lna/pn dvy
H H

1
E/N(apn) d7—|—|1—lna|/pnd7
H H

T

IA

IA

1 1
%/N@a(pn—p)) d7+%/N(2ap) dv+|1—1na|/pnd7.
H H H

Hence by the first part of the assertion, (C.3) and Lemma C.2, it follows that

n—oo

1
limsup/pn In p,, dy < 2—/N(2ap) d7+|1—1na|/pd'y.
a
H H

But since p € Ly we can find a > 0 such that the right hand side is finite. Hence the second part of the
assertion also follows. O
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