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ABSTRACT. 3D stochastic Euler equations with a special form of multiplica-
tive noise are considered. A Constantin-Iyer type representation in Euler-
Lagrangian form is given, based on stochastic characteristics. Local existence
and uniqueness of solutions in suitable Holder spaces is proved from the Euler-
Lagrangian formulation.

1. Introduction. Recently the vorticity equation (Euler type) with noise

dws + (us - Vwr — wy - Vug) dt 4+ Z (ok - Vwr —wy - Vog) o thk =0 (1)
k
with divu; = 0, curlu; = wy, divog = 0, has been studied by Darryl Holm and
other authors, see [15, 14, 5]. We assume, to avoid technical difficulties, that there
are finitely many smooth and divergence free vector fields {oy}. The equation can
be written as

dw; + Lo, wy At + Z Ly, wi o dW}F =0, (2)
k

where L,,w; = [ut, wt] = us - Vw —wy - Vg is the Lie derivative. Equations related
to fluid dynamics with multiplicative noise appeared in several other works, see for
instance [2, 11, 7, 19, 10] and many others. However, the geometric structure in (1)
has special properties, revealed also by the present work.

A first intermediate question we address is finding the noise form when the equa-
tion is rewritten in the velocity-pressure variables (u,p), instead of the velocity-
vorticity variables (u,w). The dual operators £, appear. This is an intermediate
step in order to investigate the main topic of this work, namely the Euler-Lagrangian
formulation, called also Constantin-Iyer representation after [3, 4]; among related
works, see for instance [21, 8]. We prove both the (u, p)-formulation and the Euler-
Lagrangian one in Proposition 2.1. The Euler-Lagrangian form is then used to prove
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a local in time existence and uniqueness result for solutions in suitable Holder spaces,
new for equation (1). At the end of the paper we heuristically digress on potential
singularities from the viewpoint of this stochastic model and its Euler-Lagrangian
formulation, adding some remarks to the discussion of P. Constantin [3, Section 5].
Finally we remark that we restrict ourselves to the three dimensional torus T3 for
simplicity, though the results remain valid in more general settings under suitable
conditions.

2. Equation for the velocity and its representation. Let £ be the adjoint
operator of £,, with respect to the inner product in L?*(T?,R?):

*
(Lov,w), == (v, Loyw) .
Since oy, is divergence free, we have
L v=o0pVv+ (Vop)v.

where, for i = 1,2,3, ((Vop)*v); = ijl v;0;(ox);. Note that if the vector fields
o and v are divergence free, then div(L,, v) = 0, but this is not necessarily true
for L7 v.

Consider the following equation of characteristics, associated to (1):

dXt = Ut (Xt) dt + Z Ok (Xt) @) thk. (3)
k

Assume the random field u; (-, w) € G (TS, R3) is defined for t in a random local
time interval [0, 7(w)] where 7 is a stopping time, I > 1, a € (0,1]. We can simply
write u € C([0, 7], C'™®), see the next section for the definition of Hélder spaces.
Consider the extended random field @ (7, w) = Usrr(w)(z,w), which is globally
defined and let Xt(a:,w) be the global regular stochastic flow associated to the
equation (cf. [18])
AX, =iy (Xy) dt + ) op(Xy) o dW/.
k

Define the local stochastic flow X;(z,w) as X,(z,w) restricted to t € [0, 7(w)]. No-
tice that, for t € [0, 7(w)], the function x — X, (x,w) is globally defined on T? and is
as smooth as the diffeomorphism x — Xt(x7 w). This justifies several passages made
below. In the previous definition of local flow we have used a particular stopping
time 7; if we consider two stopping times 7y, 7 and we construct the corresponding
local flows, they can be shown to coincide for ¢t € [0,7; A 72]. Elaborating this
argument, we may define the local flow on the maximal time of existence of u.

Proposition 2.1. Assume | > 2 and that the pair (u,p) € C([0,7],C" x C') solves
the stochastic Fuler equation

duy + (up - Vg + Vpe) dt + Y L5 up 0 dWF =0 (4)
k

with divuy = 0. Then, a.s., the pair (wy, us) with wy = curlu; is a solution to (2)
fort < 1. Moreover, if | > 3, then the vector field u € C([O,T],CHO‘) given below
is a solution to (4):

dX, = Z ok (Xy) o AWE + uy(Xy) dt,
k t <, (5)
u =P(VX ) uo (X1,
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where P is the Leray—Hodge projection and * means the transposition of matrices.

Remark 2.2. The stochastic equation (4) is understood as follows: for any smooth
divergence free field v on T3, for all ¢ > 0,

tAT
(winr, v)r2 :<'UJO7'U>L2_/ (us -+ Vus, v) 2 dS—Z/ 5ol V), 0 AW

0
t/\T

tAT
= (ug,v) 2 +/ (us,us - Vo) 2 ds+2/ us, ode
0

Since Ly, v is divergence free, we have
dug, Lo 0),, - AWE = (ug, L2 v),, ds.

Hence, we get
tAT

<Ut/\'ra >L2 = an L2 + Z/ <usv o, U L2 de
(6)

t/\T

tAT
+ = Z/ us, 12 ds +/ (ug,us - Voypz ds
0

Proof of Proposition 2.1. Let us show the first fact. For ¢ < 7, using curluy = w;
and the fact that {0} are divergence free, we have the vector identities
1
Wi X U = *§V(Ut . ’U,t) + Uy - V"U,t
and
wy X o = =V (op - ug) + (Vor)" ug + op - Vg
=-V (G'k . Ut) + ﬁ:‘,kut.
Hence, equation (4) can be rewritten as

du + (wi X wg + V) dt + > (wi X 0% + V(o - uy)) o dWF =0,
k

where p; is a new pressure. Taking curl and using the facts
curl (wy X ug) = Ly,we, curl(Vpy) =0, curl (wy X ok) = Lo, we,

we get the equation (2) for ¢t < 7.
Next we prove the second assertion. Let u be expressed as in (5). For any
divergence free vector field v, we have, a.s. for t < 7,

(ug,v) 2 :/<(VXt_1)*u0(Xt_l),v> dz
/<u0 N, (VX >dx
:/<u0,(VX;1(Xt))v(Xt)>dx,

where in the last step we have used the change of variable formula and the fact that
X, preserves the Lebesgue measure on T3, which is a consequence of the divergence
free properties of u; and op. Recall that (VX (X)) v(X;) = (X; ). is the
pull-back of v by the diffeomorphism X;, thus we obtain, a.s.,

(uins,v) 2 = (uo, (X{AlT)*U>L2 for all ¢ > 0. (7)
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This equality holds for any divergence free vector field v.

Now we use Kunita’s formula which gives the equation satisfied by the pull-back
of vector fields under stochastic flows, see for instance [17, p.265, Theorem 2.1] or
[18, Theorem 4.9.1]. Although these formulae were presented for global stochastic
flow of diffeomorphisms associated to SDEs, Kunita mentioned that they can be
extended to the local case, see the middle of p.202 in [18]. We have

tAT
(KX)o =v+3 / (X5 (L) A
k 0

1

[ )+ T2, 0)]as
0 k

Substituting this expression into (7) yields

tAT
(utpr,v)rz = {ug,v)r2 + Z/ (uo, (Xs_l),k([:mcv))L2 dwk
w Jo

+/0 T {<u0, (Xs_l)*(ﬁuﬂ»y + % Z<u0, (Xs—l)*(/:gkv»w} ds.
k

Since the vector fields L,, v, £, v and L2 v are all divergence free, we apply (7)
and get

tAT
(Wines 00z = (0, o)1+ 3 [ ey Loy 0 AW
k 0

tAT 1 )
+/0 [(us,ﬁusvﬁz + 5 Z <us,£0kv>L2]ds.

k
Note that

<u37£uSU>L2 = <uS7uS : V'U>L? - (us,v : Vus>L2 = <’U,5,’U,S : VU>L?7

therefore, we obtain (6). O

3. Local existence of the representation (5). In this section we aim at proving
the local existence of the system (5), by following the arguments in [3, 16]. First
we introduce some notations about Holder (semi-)norms. For a function or vector
field u defined on T3 and « € (0,1), [ € N,

o sup 12 =10

z,yeT3 |:lj - yla

luli = >~ sup 0™ u(x)],

)

\'rn\glIeTS
lallia = llull: + D 0™ ula,
|m|=l

where 0™ denotes the derivative with respect to the multi-index m € N3. Note that
|| - llo is the usual supremum norm. We denote by C! and C** the Hélder spaces
with norms |lul|; and ||ul|;,«, respectively.

We use the idea of [1, 20] to solve the SDE in the system (5). More precisely, we
first solve the equation without drift:
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doy = Zak(%) odWf, o =1, (8)
K

where I is the identity diffeomorphism of T3. Since there are only finitely many
smooth vector fields {0}, the above equation generates a stochastic flow {¢;}i>0
of C*°-diffeomorphisms on T2.

In this section we denote by w a generic random element in a probability space
Q; there will be no confusion with the notation of vorticity, since the latter does not
appear in the current section. For a given random vector field w : Q x [0, 7] x T3 —
R3, where 7 is a stopping time, we define, for t < 7,

i (w,z) = [(pr(w,)7), w(w, )] (2) (9)
which is the pull-back of the field u;(w, -) by the stochastic flow {¢;(w, ) }r>0. If we
denote by K;(w,z) = (Vi (w,z))71, i.e., the inverse of the Jacobi matrix, then

at(wa $> = Kt(wa $) ut(wa @t(wv I))
From this expression we see that if u € C’([O, 7], Cl“’a) a.s., then one also has a.s.

U € C([O,T], CH‘LO‘). Moreover, if the process u is adapted, then so is %. Now for
a.s. w, we consider the random ODE

Y, =iy(w,Y;), Yo=I (10)
for t < 7(w). Applying the generalized It6 formula, we see that (cf. [1, 20])
Xt =ptoYy

is the flow of C!*1* diffeomorphisms associated to the SDE in (5).

Once we have the stochastic flow {X,},<-, we can use the second formula in (5)
to obtain a new random vector field 4. Our purpose is to show that this series of
transforms have a fixed point.

From the above discussions, we see that we can fix a random element w € Qg,
where € is some full measure set, and consider ¢;(w,-), ut(w,-) and so on as
deterministic objects. Hence in Section 3.1 we solve a deterministic fixed-point
problem, and apply this result in Section 3.2 to prove the local existence of the
system (5).

3.1. Deterministic case. In this section, we assume that we are given a deter-
ministic family of diffeomorphisms {¢ }4e(o,7] of T satisfying ¢ € C ([0, T7, Clre)
and pg = 1. For u € C’([O, T), CHLe (T3, Rg)), we consider the following system:
iy (x) = [(o7 1) wur] (),
Y, = (i), Yo=1,
Xt = (Y1),
a(z) = P[(VX; ) uo (X, )] (2).
Following the arguments in [3, Section 4] and [16, Section 4], we shall prove that
the map defined by & = ®(u) has a fixed point in

(11)

Ury = {u € C([0,7], C*H(T?, R?)) : sup [Jue)lis1,0 < U, div(ug) =0, uli—o = Uo}
t<t

for some deterministic small 7 and big U. Here is the main result of this section.

Theorem 3.1. There exists U = U(l, ||uolli+1,o) and 7 = 7(I,U, ¢) such that the
map ® : U,y = Ur v has a unique fized point.
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We need some preparations. The following result is taken from [16, Lemma 4.1].

Lemma 3.2. Ifl > 1 and o € (0,1), then there exists C = C(l, ) such that

I+1
1£ 0 gllea < Cllfla(+Vglli-1.a)

[fiogi — faog2llia <CL+ IVaili-1,a + IVg2lli=1,a
< [Ifr = fallia + (IVfillia AV f2llia) 91 = g2llial-
Lemma 3.3. Let u € C([0,T],C"1(T3,R?)) and consider the ODE
Y, =w(Y;), Yo=L

Denote by Uy = sup,<; [us|liy1,0 and X =Y =1, £ =Y ' —1. Then there exists a
continuous function fi o : [0,T] x Ry — Ry, which is increasing in both variables
and f1,4(0,0) =0 for all 6 > 0, such that

||V)\tHl,o¢ S fl,oz(t7 Ut)v ||v£t||l,a S fl,a(ta Ut)a 4 S T.

Proof. We first prove the case for [ = 0. Using the integral form of the ODE;, it is
clear that

)l+1

V&zi/QVuQOQ(P+VAQd& (12)
0

where I is the 3 x 3 identity matrix. Therefore,

t t
IV A¢]lo S/ [(Vus)(Yo)llo [T+ VAsllods < Ut/ (L+[[VAsllo) ds.
0 0

The Gronwall inequality implies that
T4 [|[VAlo < etV (13)
Now for z,y € T3, x # y, we deduce from (12) that

V(@) = V)] _ /t |(Vus) (Ys(2) = (Vus) (Ys(y))] 11+ V()] ds
0

|z —yl|* |z —yl|>

V() — VA (y)] ds (14)

+ e

We have
t t
B2 [ IVlal DY+ A0 ds < [ [Vuada(1+ [TAo) 4 ds
0 0

t
S / Us 6(1+o¢)sUS ds S
0 1 +«

where the third inequality follows from (13). Moreover,

(6(1+oz)tUt _ 1) 7

t t
bg/ﬁw%mw&mwg/fgWMbﬁ.
0 0

Substituting the estimates J; and Js into (14), we deduce that
t

1
< (+a)tle _ q / ) . .
VAt < 1Jroz(e ) + i Us [V Ao ds

Gronwall’s inequality leads to
tUs

VAila < —

(14a)tUs _
1—1—04(6 1).



EULER-LAGRANGIAN APPROACH 159

Combining this estimate with (13) and using the simple inequality e — 1 < te’ (¢ >
0), we conclude that
HV)‘tHOJI S QtUt 6(2+a)tUt, t S T.

Now we prove the general case by induction. Taking the C***-norm in (12) and
using Lemma 3.2, we obtain

t
VA1 < Cl/ IVeusllta @+ 1VYalli1.0) ™ (1 + [[VAla) ds
0

t
< Cl/ Vus|lia(2 + HV)‘SHFLOL)Z—H(I + ||V>‘8||l,a)d5~
0

Using the induction hypothesis, we have

t
||V)\tHl,a < / Us(2 + fl—l,a(Sa Us))l+1(1 + ||v>\s||l,a) ds.
0

Again by Gronwall’s inequality,
L+ [[VAla < exp [CitU(2 + fi—1,a(t, Up)) .

The proof of the first estimate is complete.

To prove the second assertion, note that the inverse flow Y;~! can be obtained
by reversing the time. More precisely, fix any ¢ € (0,7] and consider

Vi=—u (YY), 0<s<t VY=L

Then Y} = Y,7!. Similar to the above arguments, we can prove estimates for
M =Y!—1, and hence for £, = Y, =1 =Y} — 1= X!, which only depends on the
C*1@ norm of u, for s € [0,¢], the latter being dominated by U;. In this way, we
obtain the second result. O

We need the following key technical result, see [3, Proposition 1] or [16, Corollary
3.1].

Lemma 3.4. Forl > 1, the operator W : (£,v) — P[(I+ V{)*v] is well defined on
Che x Ch with values in CH*; moreover, there is C > 0 depending only on | and
a such that

[W(0)llna < CA+[[VEi—1,0)l|v]1,0-

Recall the map defined by (11). Now we can prove

Proposition 3.5. There exist U = U(1, ||uolli+1,o) > 0 and 1 = 7 ([,U,¢) > 0
such that Uy, v) C U U

Proof. Let U > 0 be a constant which will be determined later. We divide the proof
into four steps.

Step 1. Take u € Up,y. By the definition of % in (11), we have
e lli+1,0 < Cill(Ver) M litt,allue o @elliti,a
< Cill(Ver) Hlernalluelien,a (L + [ Verllia) 2.
Note that
1(Vee) Hlitra = (Ver ) o @illisra < ClIVer Hlirn,a(l + Ve

Therefore,

+2

l,a)

Ut ‘= sup Hﬂs||l+1,a < Cl,(p,t Uy,
s<t
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where

)2l+5

Clpt = sup (T+ llesllirza Vlles Hive.a (15)
s<t

Step 2. Let Y be the flow generated by @, and denote by ¢ = Y~! — 1. Then
applying Lemma 3.3 with u replaced by u gives us

IVll1a < fl,oz(ta Ut) < fr.at,Cre e Uy), t<T.

Step 3. Let X; = ¢; o Y; and denote by m; = gpt_l —1,0<t<T. Then we have
X =Y o =g oy =T my+ Lo
By Lemma 3.2 and Step 2,
IV 0oy it < Cil(VE) 0 07 DlnalVer Hlia
_ I+1 _
< CVELa(1+11Ve; Hi1a) I1VE: e
< Cl,gﬂ,t fl,()é(ta Ol,tp,t Ut)a
where Cj ,; is defined in (15).
Let £ =m+ Lo " and Cppp, i= sup,<; [[Vmsllio. Then

V2o < IVmella + 1V (G 0 97 Dllia < it + Crp fialt, Crps Up)- - (16)

Step 4. By the definitions of @ in (11) and ¢ in Step 3, we have
= P(VX; ) uo(X; )] = W (L, uo(X, ).
Lemmas 3.4 and 3.2 imply that
liaellir1,0 < COF VA La)lluoo T8 11,0 < Cilluollirr,a(L+]VElla) . (17)

Let U = 2!73C)||lug]/i41.,a- Since po = I, one has mg = 0 which implies that Cj,
decreases to 0 as t — 0. Hence, by the definitions of C;,,; and f; (t,0), we see
that

71 = inf {t >0:Cpmye+ Cl,%t fl)a(t, 017%15 U) > 1} > 0.

For u € U, i, one has Uy = sup,<; ||usli41,o < U forallt < 7. By (16), V2|10 <
1 for all + < 7y. Thus (17) implies that a[.c[o,r,] € Ur,,u. Now it is clear that one
has ®(U,, ) C U, v for U and 7 defined above. O

The next estimate is need for establishing contraction property of ®.
Lemma 3.6. Let u,u € C([0,T], C'™(T? R?)) be satisfying
sup (lusllisra V laslizra) < U, te(0,T].
s<t
Let Y, Y be the flows generated by u and U, respectively. Then there exists a con-

tinuous function ﬁ)a :[0,T] x Ry — Ry which is increasing in both variables, such
that

IY; - Y,

t

o VIV = Y e < a6 00 [ o = s
0

Proof. We have

Y, -V, = /0 (us(Ys) — s(¥5)) ds.
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Therefore, by Lemma 3.2,

t
1Y = Vil < [ fuel¥e) = (Vo) ds
0

t
= l
gcn/‘@+nvnm4@+wvnm4ﬂ)“
0

X [Hus - ﬂsnl,a + (”v“s

[ AV

o) |Ys = Yelli,a] ds,
Lemma 3.3 implies that
IVYillimt,a = T4 VAsflim1,0 £ 1+ fra(s, Us).
Similarly, [|[VYs|i—1.a < 1+ fi.a(s,Us). Substituting these estimates into the above
inequality yields
|mnmﬂgwwyfh+ﬁM&mW“m%mnauwnnmqm.

From this and Gronwall’s inequality we obtain the first assertion. The estimate on
the inverse flows follows analogously by reversing the time, see the end of the proof
of Lemma 3.3. O

Before proving that the map ® is a contraction in a certain space, we introduce
the following property of the operator W defined in Lemma 3.4 (see [16, Proposition
3.1]).

Lemma 3.7. Let > 1 and {;,v; € Cb?, satisfying
[Veli-1a <L, lvillie <V, i=1,2.

Then there exists C = C(I,«, L) such that

W (l1,01) = W (la, v2)|[1,0 < C(V |l — bo

1,0 + |lv1 — UQ||l,oc)~

Proposition 3.8. Let U be given in Proposition 3.5. There exists T € (0,71] such
that ® : Uy — Uru is a contraction with respect to the weaker norm ||[ully, , =
supy< [|utlla-

Proof. Step 1. Let uy,ug € Uy, . Define 4,4z as in (11). We have by Lemma
3.2 that

lare = G2,ellia < Cill (Vo) ™ lnallure o or — uze o @illia
< Cll(Ver) Hlnallure = uz a1+ IVoei-1.0)™ (18)

< Crpillure — w2 illian

where ), ; is defined in (15). Recall that by Step 1 in the proof of Proposition
3.5, we have

Uy = sup (la1,sllir1.a V l[G2,slli41,0)
s<t (19)
S Cl,tp,t sup (Hul,sHlJrl,a V HU2,5||I+1,0¢) S Cl,ga,t U
s<t
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Step 2. Let Y; be the flow associated to @; and £; = Yi_1 —1,i=1,2. By Lemma
3.6,

t
||€1,t - eZ,t”l,a = ||Y1Ttl - ngtlHl o S fl,a(ta Ut)/ Hal,s - a?,s”l,a ds
’ 0

t
< Crpifialt,Cret U)/ [lur,s — uss
0

|l70¢ dS,

where the last inequality follows from (18) and (19).

Step 3. Recall that m; = gat_l — 1. Now for Zi,t =my+¥; 0 got_l, 1 = 1,2, one has,
by Lemma 3.2 and Step 2,

101t — Cotllie = ||lre 007" — a0 <,0,5_1Hl’a
< Cilrs — loillio(1+ Ve 1) ™ (20)
< Cf i fr.alt,Crp s U) /Ot [ut,s — 25|10 ds.
By the definition of 7 which depends only on ¢ and U, we have
IVlilia <1, t<m, i=1,2 (21)

Step 4. Denote by X,’7t = Pt O )/i,t; then Xi_)tl =1+ giﬂg and ﬁ’i,t = W(gi,t,uo o
X;tl), i =1,2. By (21) and Lemma 3.7, there exists a constant C' depending only
on [ and « such that

1, — d2¢llie < C(Villlre — Collia + o o Xi¢ — 1o 0 X5} l1.a), (22)

where

ta < Clluol

)lJrl

-1 -1
Vi= e o © X;; Lo 0OX I+ IV li-1a

)l+1

< Clluolli,a max (1+ ||V€~i,t||171,a < C2% M ugll1a < T,

where the third inequality follows from (21). By Lemma 3.2,

_ _ _ - 1+1
[[uo Xl,tl —Uo© Xz,tlul,a < C(l + ||VX1,t1||l—1,a + ||VX2,t1Hl—1706)

x | Vuollual X1 — X3z
< U||171,t - g2,t||l,o¢~

Il,a

Therefore, substituting this estimate into (22) yields

t
||7-A’41,t - a2,t||l,a < CU”€1,t - eQ,t”l,a < Cl%g;)t Ufl,a(t; Cl,np,t U) / ||u1,s - u2,sHl,o¢ dS,
0

where the last inequality follows from (20). Consequently,

sup [|i1,s — 1,50 < CPypt Ufralt, Crp U) tsup [lug s — ui o|1.a-
s<t s<t
Define
mi=inf{t € (0,71]: C7,, Ufr.a(t,Crp: U)t >1/2} (23)
with the convention that inf ) = ;. Then it is clear that the map ® is a contraction
on Uy iy with respect to the norm [Jully, , = sup,<, [[utlli,a- O

Finally we are ready to prove Theorem 3.1.
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Proof of Theorem 3.1. With the above preparations, the proof is the same as that in
[16]. The existence of a fixed point of ® follows by successive iteration. We define
Uny1 = ®(uy,). The sequence converges strongly with respect to the C'**-norm.
Since U, is closed and convex, and the sequence {uy}n>1 is uniformly bounded
in the C**1®norm, it must have a weak limit u € U: . Since @ is continuous with
respect to the weaker C®-norm, this limit must be a fixed point of ®, and thus a
solution of the deterministic system (11). O

3.2. Local existence of (5). Let 5 C Q be a full measure set such that for all
w € Do, pi(w,) is a C*22diffeomorphism on T? for any ¢ > 0. Let ®,, be the map
in Theorem 3.1 associated to {¢¢(w, ) }+>0. By Theorem 3.1, there exists 7(w) > 0
and a time-dependent vector field u.(w) € U, (v such that @, (u.(w)) = u.(w). It
follows from the definition of 7 in (23) that it is a stopping time. Then the random
vector field u(w) : [0, 7(w)] x T2 3 (t,2) — u(w,z) € R? is a solution to (5).

4. Discussions. The inverse flow A,(z) = X; () is a random vector field, solu-
tion of the stochastic transport equation

dA(z) + (@) - VAy() dt + Y o(x) - VAy(x) o AW/ =0.
k

This equation does not contain stretching terms of the form A;(z) - Vuy(x) dt and
Ay(z) - Vo (z) o dWE, hence the quantity A;(z) is only transported. Therefore we
do not expect a blow-up of A;(x) itself. We may however expect, in analogy with
shocks appearing in nonlinear transport equations (like Burgers equation), that
space derivatives of A;(x) may blow-up. This is the potential mechanism which
could lead to blow-up in the formula

wy(z) = P[(VA) ug o 4] (z)

as discussed in [3, Section 5].

The question posed by the presence of noise is: could the noise prevent or mitigate
blow-up of VA;? If u;(z), in the SPDE above, would be given (passive field A;)
and deterministic, several results of regularization due to noise have been proved
for similar equations, for instance the absence of shocks for the scalar transport
equation with u of class L4 (O,T; L (Rd,Rd)) with % + % < 1 (see [9]), or the
absence of singularity for a passive magnetic field proved in [12, 13] under various
assumptions. The intuitive reason is that noise prevents A;(x) to stretch for too
much time around the more singular points of u;(x), because A(x) is continuosly
randomly displaced. However, no result of this form has been proved until now in
the case when u(z) is random (see [6] for a related work), as it is in the nonlinear
case; the obstruction is not technical but conceptual: the singularities of u;(x) move
accordingly to noise and to A;(x) itself, hence there is no straightforward reason
why noise should displace A;(x) to avoid those singularities.

Thus the question of singularities remains open, as it is in the deterministic case
but here, thanks to the noise, new intuitions may develop.

Remark 4.1. As remarked by an anonymous referee, one could introduce a size
parameter, say v/2v, v > 0, in the vector fields o, and try to prove that the results
above are better for a large value of the parameter v > 0, namely for stronger
noise. In particular, the Ito-Stratonovich corrector, in special cases, is a Laplacian
multiplied by v > 0, hence the parameter may be intuitively associated to a concept
of viscosity. Unfortunately there is no technology nowadays to understand whether
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these intuitions correspond to true facts; there are positive results in the linear case,
see [9, 10, 12], but not in the nonlinear one. On the contrary, unfortunately, our
estimates proved above go in the opposite direction. In our proof, we first solve
the Stratonovich equation without drift to get a smooth stochastic flow; then, using
the stochastic flow, we define a random vector field and consider the corresponding
ODE. The regularity (i.e. the norm in certain Holder spaces) of the vector field
depends on that of the stochastic flow. If v is larger, then we get worse regularity
estimates on the random vector field, which in turn implies existence of solution to
the ODE with shorter lifetime.

Acknowledgments. Both authors warmly thank the referees for useful comments
and suggestions of corrections.
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