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Introduction

Monge’s original formulation of the optimal transport problem, going back to the eighteenth
century, can be described as follows (the original reference is [54]). We are given two
distribution functions f; and fs, corresponding to the height profile of a certain amount
of material in a region X and to an excavation Y to be filled. We are given a cost ¢ on
X x Y, accounting for the work to be spent for transporting a unit of mass from z € X
toy €Y. Let t : X — Y be the (Borel) rule of transportation, that is, the map which
identifies which arrival point y € Y corresponds to a starting point x € X. The quantity

/X (o, t(2)) fu()de

represents the total cost for the operation. The optimization problem consists in finding
the best way (i.e. the best t) to move the material, so that the total cost is minimized. Of
course, the conservation of mass constraint has to be taken into account, that is

/X filw) do = /Y fo(y) dy.

Moreover the mass corresponding to each portion of the material moved is conserved too,

that is
/ fo(y) dy = / fi(x) dx,
A t=1(A)

for any (Borel) subset A of Y. The latter conditions will be summarized with the notation
ty fi = fo. Hence, we can give the following formulation:

min{/xc(a:,t(x))fl(a:) iz - t#flzfg}.

We notice that the optimal transportation problem can be easily extended to general
measures, possibly without a density. The role of f;, fo will be played by py, po, and the
conservation of total mass (then normalized to 1 without loss of generality) is taken into
account by asking p, po to be probability measures over the suitable ambient space X,
that is pq, pe € Z(X).

This problem constitutes the basic tool of our analysis. In its more general form, due
to Kantorovich (we refer to Chapter 2 for details), it gives rise to the notion of optimal

v
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transportation distance in the space of probability measures. This way, two measures can
be seen as close if the relative transport cost is small. The nice structure induced is one of
the most relevant features, since &(X) turns out to be a suitable setting for developing
not only a metric, but even a differential calculus.

The main topic here will be the analysis of evolutionary equations (we refer to Chapters
3,4,5) with optimal transportation tools. In this case, De Giorgi’s minimizing movements
theory and the optimal transport can be combined to provide general existence and stability
results. Also, it turns out that solutions to equations of diffusion type are seen to correspond
to curves of maximal slope of suitable energy functionals in Z(X), and an important
parallel variational formulation is established. This is the approach introduced in the
papers [42, 56, 57, 58, 59|, and then developed by many other authors, for instance in
[53, 25, 26, 1, 7, §].

Of course, there are many other applications of optimal transport. In particular, we
will also discuss some different formulations, related to “optimal transport networks”. See
[20, 22] and the other references in Chapter 6, where a problem of this kind is analyzed.

We go into details with the following summary.

The first three chapters are meant to give a short, but as much as possible self-contained,
presentation of the theoretic background that is needed for the applications starting from
Chapter 4. The main reference is the book [4].

Chapter 1 introduces the measure theoretic framework and the other mathematical
tools. We consider the probability space &(X). Regarding X, we will assume it to be a
separable metric space satisfying the Radon property (see (1.0.1) below). For the moment,
we let X be a Hilbert space with norm | - | and orthonormal basis {e;};en. We introduce
the basic concepts like the moments f « |z[Pdp of p1, and the corresponding subspace of
probability measures with finite p-moments #2,(X). The standard narrow convergence of
measures

/wdunﬂ/wdu Y € CY(X)
X X

is considered over Z(X), and denoted by pu, — p. One of the basic tools is Prokhorov
theorem, characterizing compactness by means of tightness, that is, uniform approximation
by measures of compact sets of X. We refer to the monographs [3, 12, 13, 32] and to the
standard real analysis texts like [62].

We then introduce the first important concepts related to optimal transportation. A
Borel (or even p-measurable) map t : X — X such that tupy = po, ie. pa(A) =
pi(t71(A)), is called a transport map. A measure v € Z(X x X) such that the first and
second marginals are respectively p; and pg (ie. y(A X X) = pu1(A), (X x A) = ua(A))
is said to be a transport plan. We let

L(p, o) = {7 € (X x X): W;ﬂ = ul,wify = fia} .
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Plans constitute the basic ingredient for generalizing the Monge problem and constructing
a metric and differential structure on the whole of 22,(X), with no restriction on the
measures involved.

Next we introduce the standard disintegration theorem and the cylindrical projections
for measures and functions on X. Hence, for p € &(X) and a p-measurable function f,
we have the slicing formula

[ r@a=[ ( /(Hd)-lw) &) o) ) ().

Here z;, € X¢ and X? denotes a d-dimensional subspace, II¢ being the corresponding
orthogonal projection. The internal integral is taken on the fiber (I1¢)~1(xz4), with respect
to the disintegrated measure i, .

We also let Cyl(X) denote the set of smooth cylindrical functions over X, i.e. ((z) €
Cyl(X) is smooth and depends on a finite number of components of x.

In order to gain compactness in X, we need to introduce a weaker topology, but still
metrizable. For, we consider (as in [4]) the norm

o0

1
lzlZ = j—2<w,ej>2-

j=1

X4 denotes the space X endowed with the new topology, which induces a weaker topology
also on Z(X), to which we refer as Z(X,).

We then prove with some convergence lemmas involving transport maps and plans. We
analyze the behavior of sequences of the form (p,4pu,). Particular importance has to be
payed to sequences (p,) of functions with p, € LP(u,), so that each element belongs to
a different space. We define the convergence by duality with cylindrical functions, letting

P — p if
/X (@) pu(2) dpin(z) — /X C(@)p(x) du(z) V¢ € Cyl(X).

This notion of convergence will be important when dealing with finite dimensional approx-
imations.

In the last section we introduce some tools from geometric measure theory. We refer
for instance to [3, 34, 35]. First of all we recall the definition of Hausdorff measures H* on
R" and the definition of H*-rectifiable set. Then we introduce the approximate tangent
space, the tangent gradient and the distributional curvature, along with a result about the
differentiation of the H* measure of sets along smooth vector fields.

Chapter 2 deals with the rigorous formulation of the optimal transport problem. For
the theory in the first two sections, we refer to the results in [14, 15] and to the monographs
(71, 72]. In particular, we introduce the generalized Kantorovich version ([43, 44]), that is

inf {/Xxy c(z,y)dy(z,y) 1 v € F(uhuz)},



CONTENTS vii

Unlike the standard Monge problem, this linearized version is well-posed, as easily seen
by direct methods. As a consequence, we can define the set on which the infimum is
attained I'g(pq, o), and refer to its elements as optimal transport plans. It is clear that
this formulation contains the former, since any map t corresponds to the plan (I, t)x s,
where (I,t) : X — X x X is the product map. Of course, if we are to transport a Dirac
mass to a diffuse mass, the map from the support of the Dirac mass to the support of
the target one has to be multivalued, making the Monge problem ill-posed. On the other
hand, it is clear that no such restriction arises when dealing with plans, which include also
multivalued cases. In particular, plans correspond to maps when they are concentrated on
graphs.

We briefly recall some general results, like Kantorovich duality and c-monotonicity of
the support of optimal plans. We do not enter in the details, and we address the reader
to [71, 72], or also to [2, 4] for an exhaustive overview on optimal transportation. Here
we focus the attention on the case of the p-cost, that is ¢(z,y) = |z — y|?, p > 1, and
we state the result about existence of optimal maps. After the heuristics above, we see
that the only obstacle could be the concentration of the starting measure. Hence we let
11 be a regular measure, that is, null on Gauss null sets, or simply absolutely continuous
with respect to Lebesgue measure in the Euclidean case. The classical result says that
the optimal transport between p; and ps is induced by a unique map. In the case p = 2
on Euclidean spaces, the map is also given by the gradient of a convex l.s.c. function
(Brenier’s theorem, see [14, 15]). We also prove an injectivity result.

In the second part of the chapter we introduce the optimal transportation distance. It
is defined on &,(X) by

Wr(p,v) = inf {/XXX dP(xy, x9) dy(xy,22) : v € I'(u, 1/)} .

We need a lemma about composition of plans in order to show the triangle inequality. The
argument is based on the disintegration theorem recalled in Chapter 1. After, we prove
some other facts about the distance. It metrizes the natural weak topology of Z2,(X), that
is

Wolttnsp) =0 & = pand [ faPdp, — [ Jol?d
X X

so that from now on (Z2,(X), W,) becomes the ambient space for the analysis. Thanks to
this result, we are able to state some refined convergence results, in particular improving
the ones of Chapter 1. Most importantly, we characterize the Wasserstein (constant speed)
geodesics, that is, curves ¢t € [0, 1] — p € HP5(X) such that

Wo(ps, pir) = (t — 8)Walpo, 1) V0 <s <t <1

The characterization says that a curve is a geodesic if and only if there exists a plan
v € To(po, 1) such that

= ((1-t)r" + t772)#fy.
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The geodesical interpolation between po and 7 possesses good properties. For instance, if
fo is regular and g, is a geodesic, then i, is regular for any ¢ < 1, even if p; is not (with
the consequent existence of optimal maps).

After introducing the Wasserstein structure, in the third part of the chapter we go
on showing a first relation with PDE’s. We cite [4, 10, 58] as basic references. In the
(P5(X), W) framework, we will see how any absolutely continuous curve p; satisfies the
continuity equation

at,ut + div (Vt,ut> =0 (OOl)

in the sense of distributions, where v; is a suitable L?(X, us; X) vector field. The proof
will in fact show that v, can be chosen as an element of

L2(X,pt;X)

vi € {Vp:pe Cyl(X)} : (0.0.2)

for almost any t. This is a characterization of optimality in norm for the velocity field,
and it turns out that this is actually a tangent vector to u; in a suitable sense, as argued
in [58]. For a more detailed discussion of these geometric properties we refer to [39)].

We conclude the chapter devoted to optimal transport by introducing some related
formulations, concerning urban planning (see for instance [20, 22, 23]). Thinking to the
basic form of Monge problem in R?, here we are given again two measures p, fo, with
same mass. In this case they represents quantity of specific products, amounts of some
material, or densities of population in specific regions. For v € I'(uy, p2), we introduce the
cost

Iy = /ng ds(z,y) dy(z,y), (0.0.3)

where dy, is a distance depending on the presence of a transport line ¥, which can be for
instance a curve connecting the two reference regions. An example could be

d(z,y) A (dist (z, X) + dist (y, %)),

where d is the Euclidean distance and dist (x, X)) = inf{d(z,0) : 0 € ¥}. Here the goal is to
minimize the optimal transport cost with respect to X, subject to a constraint accounting
for the cost for constructing the network (for instance one fixes the length of ¥).

Chapter 3 is concerned with the differential structure of (P(X), Ws) and with the
theory of gradient flows. Here we show the main results to be applied for existence and
uniqueness of PDEs having the form of (0.0.1). We refer to [31] for the minimizing move-
ments scheme. We also refer to [52] for the definition of convexity in this framework, and
to [42, 57, 58, 59] for the application of the Wasserstein variational approach to evolution
equations. The theory here is systematically developed in [4].

We begin with the natural (sub)differential definition in the Wasserstein space. Given
a functional ¢ : P,(X) — R, we say that € € L*(X, u; X) is in the subdifferential d¢ (1)



CONTENTS ix
of the point p if

b(v) — Blu) > /X (€.£2(x) — 2) du(z) + o(Waljs, ), (0.0.4)

where t; denotes the optimal transport map between p and v. For this definition to make
sense, we need existence of optimal maps. So, we ask that any p in the domain of d¢ (such
that 0¢(p) is nonempty) is regular. This assumption is not strictly needed, since we could
also define a generalized differential in terms of transport plans, but simplifies much the
notation.
Our goal is to extend the natural steepest descent curves equation of Euclidean spaces,
that is
u' = —=V(p(u)), (0.0.5)

to more general spaces. We consider two strategies. The first one takes advantage of the
definition of tangent vector field and of subdifferential in the new context, as given by
(0.0.2) and (0.0.4). So that we can write the gradient flow equation

v € —0¢(u), (0.0.6)

where v, satisfies (0.0.2). The second one is a purely metric approach, consisting in regard-
ing the Euler implicit discretization (with time step 7) for (0.0.5) as the Euler-Lagrange
equation for the minimization problem

1 0|2

. = o 0 .
mulngzﬁ(u)+ 27_]u u u’ given.

We see that this relation is suitable to be generalized in (Z5(X), Ws), by

: 1 2 0
Mer;},g(lx)wu) + o Walp, 10). (0.0.7)

We minimize recursilvely, producing a sequence (u), k € N, of discrete minimizers. We
construct a piecewise constant interpolation p, (1) := /LLt/ I and we try passing to the limit
as 7 — 0, in the sense of measures, for any ¢, thus obtaining a curve u; in #5(X). In
a Hilbertian setting, this procedure is classical and known as implicit Euler scheme. De
Giorgi in [31] studied and generalized this in general metric spaces, calling this minimizing
movements scheme. We will show that, under suitable assumptions on functional ¢ (besides
lower semicontinuity, coercivity and regularity of measures in the domain of d¢), these two
approaches produce in fact the same solution.

We refer to two main results in Chapter 3. The first one (Theorem 3.4.4) assumes that
the sublevels of ¢ are compact. Then, there exist a solution of the minimizing movements
scheme, which also produces a limiting velocity which satisfies a relaxed gradient flow
relation. In some particular cases such relation can be shown to coincide with (0.0.6),
hence giving a gradient flow.
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On the other hand, the most powerful results are obtained in the case of a convex
functional. Here the convexity relation has to be understood in the Wasserstein sense,
that is, ¢ is A-geodesically convex if, for any p', u* € 2,(X), there exist v € To(u', pu?)
such that the inequality

¢ (L =t)m" + 7)) < (1= t)p(u') + to(p?) — %At(l —OWi(ptp®)  (0.0.8)

holds for any ¢ € [0,1]. Such notion was introduced in [52]. Actually we will sometimes
need a stronger convexity property, we refer to Definition 3.1.4. In the convex case (and
even if ¢ does not have compact sublevels) both the minimizing movements scheme and
the gradient flow inclusion (0.0.6) inherit many additional properties. For the latter, we
mention the fact that it can be translated in a system of evolution variational inequalities,
that is

1d 1
S W) + SAWE (u,v) < 6(0) = () for Ll-ae. t€ (0,7),

for any v € D(¢). This characterization holds only in the distinguished case p = 2, and we
point out that it is the basic tool for uniqueness and contractivity of gradient flows (see
Theorem 3.3.4). Moreover, we are able to give a characterization for the minimal norm in

oo (6() — $(0)*
. 1) — (v
S e Walu,)

= min {”€“L2(X,M;X) €€ a¢<:“)}

The left hand side is called the metric slope of the functional. Concerning the minimizing
movements scheme in the convex case, if p, is a discrete minimizer, the element of min-
imal norm of d¢(u) can be suitably approximated with subdifferentials at the points pu.,
as 7 — 0 (a closure property of the subdifferential). Moreover, strong convexity yields
uniqueness of each discrete minimizer. Finally, the main result asserts that there is a
unique gradient flow/minimizing movement for ¢, starting from each point p € P(X),
and that such solution is given by the action of contractive semigroup S(t) on % (X).
More properties are given in the statement, see Theorem 3.5.8.

Chapter 4 gives the first new application of the theory illustrated so far. The results
here are contained in the paper [5]. We consider the PDE

V(Lo p)

(%ut — div (
Pt

ut) in X x (0,7). (0.0.9)
Here L represents the nonlinearity, and p; denotes the density of the unknown pu; with
respect to a reference measure on v € Z(X). In the Euclidean case, we can choose
v =e VL" and if L is the identity we obtain the standard Fokker-Planck equation with
potential V. In the case L(z) = 2™, m > 1, we obtain the porous media equation. In the
pioneering paper [42], the authors studied the Fokker-Planck equation in the framework of
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minimizing movements with respect to the Wasserstein distance. The reference functional
for the scheme is the entropy

H(p) —/ plog pdy.
X

Hence this kind of problem motivates the development of the theory illustrated in Chapter
3. In [8] an infinite dimensional framework is considered, and the authors prove existence
and uniqueness of a gradient flow solution when 7 is a log-concave measure, that is, for any
couple of open sets A, B in X, there holds

logy((1 —t)A+tB) > (1 —t)logy(A) + tlogv(B).

Here in Chapter 4, we are concerned with the generalization to the nonlinear case, cor-
responding to different choices of the function L. We are in fact able to prove the same
result.

We consider the relative internal energy functional

Fu = [ F () o

Here F': R — R is a strictly convex function, related to L by L(z) = zF'(z) — F(z). Our
goal is to show that the element of minimal norm in the Wasserstein subdifferential of .%#
is exactly the velocity vector field appearing in (0.0.9). This way the theory developed in
Chapter 3, and in particular Theorem 3.5.8, is seen to apply. For, we take advantage of
the validity of the same result in Euclidean spaces (see [4]), we take projections on finite
dimensional subspaces of X and we pass to the limit. We need a definition of derivative in
Hilbert spaces, that is, if e; is a basis for X, a function u € L*(X,~) is said to have partial
derivative n; = de,u € L'(X, ) if

[ tetlet@ dre) = - [ m@c@ i) + [ u@@dogni) e ),

and then

[ee]
Vu = Z(@eju)ej.

j=1
In order to give sense to the latter definition, we need the distributional derivatives d, of
v to be absolutely continuous measures themselves. Also we should ask that « is bounded,
not to have ambiguities with the last integral. In fact, the latter assumption can be avoided
considering a generalized notion of differentiability, asking that all the truncates (—n)VuAn
are weakly differentiable. On the other hand, the former one is strictly needed, and we
are also able to show that, slightly modifying the argument of Chapter 2, that optimal
transport maps exist from such measures even if they are not regular. Moreover, log-
concavity of 7 and the McCann hypothesis (see [52]) on F, that is, e*F(e™*) is convex
and nonincreasing, ensure the geodesical convexity of the energy, so that we are in the
framework of Theorem 3.5.8.
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Finally, for our argument we need to generalize one of the results of Chapter 3 holding
in the convex case. We have mentioned that, by closure of the subdifferential, the element
of minimal norm in 8.% (11) can be approximated in L? (in the suitable sense) by a sequence
of elements in 0.% (., ), for 7, going to zero. Here p,, minimize the perturbed functionals
of the discrete problem (0.0.7). We show that the same holds true if p,, are minimizers of
suitable functionals I'-converging to .%. Hence, a section of the chapter will be focused on
I'-convergence.

The main result can be summarized as follows. For all u° € 22(X) there exists a
unique distributional solution p; = pyy to (0.0.9), satisfying Lr o py € WHH( X, v) for a.e.
t > 0 and:

€ L7 .(0,+00).
L2 (X, p;X)

HV(LF )
Pt

Furthermore, reasoning as done in [1] we are able to show that if u° < Cv, then p; < C
~v-a.e. for all t > 0.

Chapter 5 presents a second application to PDEs. The results here are contained
in particular in [7, 49]. We are concerned with a model for the evoltion of the so-called
Ginzburg-Landau vortices in a superconductor. The model, proposed in [27], is the follow-
ing.

d
pril div(Vhymp) =0 in D'((0,4+00) x ), (0.0.10)

where € is an open, bounded subset of R? and the velocity vector field is coupled with s,
for any ¢, by

—Ahy, +h, =p inQ

{ h, =1 on 09. (0.0.11)

We look for a solution u; which is a measure in P(Q) N H~1(Q2). We are working with
measures on ) in order to treat masses in € which vary during the evolution and may
concentrate on the boundary. For measures ; on 2 we make use of the notation p = 7+ 1,
where i = xou and @ = yaqu. The reference functional is

A 1
a() = @ = Su() + 5 /Q IVh|> + by — 12, A >0. (0.0.12)

It is related to the standard Ginzburg-Landau energy. In fact, it is shown in [63] that it
is the limit, in a suitable sense, of the Ginzburg-Landau functional in some asymptotic
range of parameters. In this case we do not have the geodesical convexity property, so we
will apply the theory of Section 3.4. Since we are in R?, we don’t have any problem for
compactness of sublevels.

After a brief physical introduction of the problem, we recall some results contained in
the seminal paper [7]. The main result therein reads as follows: given an initial datum p°
with ||fi]|.» = C, there exist a solution for (0.0.10) such that, for any ¢, ||fi||» < C. This
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result is based on the following facts. An entropy function ¢, behaving like the p-power,

can be exhibited such that
/ o(fy) < / o(n°).
Q Q

This is the essential element for the regularity part of the statement. Moreover, an Euler
Lagrange equation for the minimizing movements problem, starting from a generic p €
P5(2), is derived. Indeed, if p, is the corresponding discrete minimizer, there holds

It

T

— —Vh,,..

Since the left hand side is the discrete velocity of the scheme, }Jassing to the limit as
7 — 0, after constructing the piecewise constant interpolation uﬁ ﬂ, one obtains, for any
t, a characterization of the limiting velocity as v, = —Vh,,,. Then, by Theorem 3.4.4, the
couple (puy,v;) satisfies the continuity equation.

The main result of Chapter 5 is the global uniqueness of solutions. The main difficulty is
the potential presence of mass on the boundary. The question of giving natural boundary
conditions for the model is also strictly related. Hence, the main part of the analysis
consist in taking a new variation for the discrete minimization problem, taking into account
transportation of mass from 0f2. Given the initial point p and being i, the minimizer, we

compare it with
e =0+ Tey(c®o) + (1 — a®)7,

where o ~ 0 and € ~ 1 are suitable parameters and ¢ is an arbitrary diffuse measure, T is
the optimal transport map between ¢ and v, and

T.=(1—-e)l+eT, e€]0,1].

We see that pZ is built taking a portion « of the mass of 1, on the boundary and moving it
inside, in correspondence of . With this kind of variation we are able to show that there
exists a discrete minimizer pu, such that

(VR (z),y —2) >0 Y(z,y) € supp(fi-) x Q. (0.0.13)

This condition says that, at least if {2 is convex, that the velocity —Vh,, near the boundary
tends to be directed towards the exterior of the domain (and normally to the boundary).
This fact suggests that no mass is going to enter in €2 from 0€). Also, it suggests that
the actual velocity for the equation should be —xqoVh, , hence zero on the boundary.
Moreover, passing to the limit in (0.0.13) we obtain the condition which ensures global
uniqueness of L> solutions. The argument of the proof extends the one used for Theorem
3.3.4.

The actual model of [27] involves signed measures. In fact, Ginzburg-Landau vortices
possess a spin. In the second part of Chapter 5 we analyze the evolution of (0.0.12) in the
signed case. Of course we can no more apply the theory of the first chapters, suitable only
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for positive measures with the same mass. Given two signed measures u, v € M(Q) with
same integral, we have to define suitable cost functionals. A first choice is

Wo(u,v) == Wa(pu™ + v v +pu7). (0.0.14)

This is not a distance, but it can be bounded from below with a distance (if we have a
uniform bound on total masses), and we will show some properties of the transportation
given by Wy. In order not to have too many degrees of freedom, we also introduce, for

fixed p € M(Q) the following
Wi (v,p) = inf

A UA CT R A G
Even this new object can be bounded from below with a distance, so that we are still
able to construct a minimizing movement p;. Moreover, the map v +— Wh(v, ) is lower
semicontinuous in the weak topology of M () (which is again defined by the duality with
continuous and bounded functions). Then, we can reproduce the Euler-Lagrange equation,
which takes the form

N 1 ~ 1 ~
_Vhllé.uT = ;(I - Tl):u:r‘— + ;(I - T2)MT’

where r; and ry are optimal transport maps between portions of positive and negative
parts of the measures. Also, we are able to obtain L? regularity for discrete minimizers by
means of an entropy argument, as in the positive case.

We can no more apply Theorem 3.4.4. Still we can pass to the limit as 7 goes to zero,
and we obtain an equation like (0.0.10), that is

pril e div(xaVhuno) =0 in D'((0,400) x R?).

In the second term, a suitable measure g; > || appears in place of ||. It is not yet clear
whereas o; = || or not, this is related to the problem of proving convergence in stronger
topologies of this scheme and we plan to investigate this in the future, in collaboration
with L. Ambrosio and S. Serfaty:.

Chapter 6 deals with a shape optimization problem in R?, that is, a problem of the
form
min {F(X) : ¥ closed connected subset of R*}.

We refer in particular to [18]. The techniques developed and the results obtained have in
fact a little relation with the analysis of the previous chapters. Nevertheless, we decide to
add this part since this work has been done during the PhD studies and the problem is
strictly related to optimal transport.

We consider the following functional

F(5) = /R dist (a, ) dp().
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It is obtained as a particular instance of the transport network cost (0.0.3) discussed in
Section 2.4. In fact, we may think that we are concerned with a density p of population and
a transport line ¥ of fixed length to be constructed such that the average cost (proportional
to the distance) for citizens for reaching it is minimum. A constraint on the maximal length
of ¥ has to be introduced, so we will add a penalization term, proportional to H!(3). In
terms of Wasserstein distance, this minimization problem corresponds to

i%f{Wl(,u, v) + AHY(Z) : suppv € B}

Existence of a solution is achieved by standard compactness arguments. One of the most
important questions here is about the regularity of minimizers. But we do not address this
argument. Rather, we are interested in stationary points. First of all, since we do not have
a standard differentiable structure on closed connected subsets of R?, we have to find a
suitable definition. We show that, in the Hausdorff topology, it is not possible to satisfy
the usual first order stationarity equality. On the other hand, taking variations induced by
a smooth vector field X, hence without changing the topology of sets, we obtain the Euler
equation

[ S a0 =0

Here Hy. denotes the distributional curvature and 7> is the projection map on .

The rest of the analysis is concerned with this equation, with p being the Lebesgue
measure on some bounded subset of R%. We show that a stationary point (in the above
sense) can contain closed loops (whereas it is known that minimizers can not). We show
that a set with a corner between two segments can not be stationary. On the other hand,
we show that irregular sets can be stationary, since we are able to give an explicit example
of a stationary set ¥ containing a corner point. We also show that the same set can not
be stationary in a convex ( if the angle is too large.

In the final part of the chapter, we analyze a different functional, that is,

F(E) = / us(2) f(2) dz + NH(S),
Q
H! being the length. Here 2 C R? is a given bounded open set, f is a given function, and

us; is the unique solution of an elliptic PDE with ¥ N Q as Dirichlet region. We see how to
derive a similar Euler equation for this case.
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Notation

- Subset, possibly not strict
€  Compact subset
a.e.  Almost every, almost everywhere
l.s.c.  Lower semicontinuous
B,(xz)  Open ball of radius r and center x
|-|  Hilbertian norm, total variation of a measure

supp  Support

X" Dual space: linear continuous functionals on X
B(X)  Family of Borel subsets of X
M (X)  Set of nonnegative measures over X
M(X)  Set of real measures over X
M (X))  Set of real measures p over X with p(X) =k and |p|(X) < M
P(X)  Set of probability measures over X
Z,(X)  Measures in &(X) with finite p-th moment
Z,(X)  Regular measures in &(X) with finite p-th moment (Definition 1.4.5)
['(-,...,-)  Probability measures in a product space with given marginals
[o(+,-)  Optimal transport plans between given probability measures, see (2.1.4)
C°(X)  Continuous functions over X
C)(X)  Continuous and bounded functions over X
CY(X) Compactly supported continuous functions over X
C>*(X)  Compactly supported smooth functions over X
C**(X)  Holder spaces over X
Cyl(X)  Smooth cylindrical functions over X (Definition 1.4.3)
LP(X,p)  Real valued p-summable functions over X with respect to u
LP(X,p;Y)  Y-valued p-summable functions over X with respect to p
WkP(X)  Sobolev spaces over X
)

Lipschitz constant of f
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Optimal transport map between measures p and v
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k-dimensional Hausdorff measure

Approximate tangent space of the k-manifold 3 at « (Definition 1.6.4)
Tangential divergence of f with respect to the manifold ¥, see (1.6.1)
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Closed convex hull of €2

Absolutely continuous curves in a metric space E (Definition 2.3.1)
Metric derivative of the curve ¢ — g (Definition 2.3.2)

Effective domain of functional ¢, see (3.1.1)

Metric slope of functional ¢ at p (Definition 3.1.5)

Wasserstein subdifferential of functional ¢ at p (Definition 3.1.7)



Chapter 1

Measure theoretic setting

This first chapter is devoted to the introduction of the basic mathematical framework.

Let X be a separable metric space with distance d. Let B(X) denote the o-algebra of
all Borel subsets of X and Z(X) be the set of probability measures over (X, B(X)). The
space X is called a Radon space (see for instance [13, 66]) if the following inner regularity
property holds: given a measure p € Z(X),

VB e B(X),e >0, 3K & Bs.t. u(B\K) <e. (1.0.1)

In this chapter, X,Y, X,,,n € N will be understood to be separable metric Radon spaces.
Sometimes we will particularize the setting to Hilbert or Euclidean spaces. When X will
stand for a separable Hilbert space, we will denote by | - | the norm and by {e;};en the
reference orthonormal basis. Polish spaces satisfy the Radon property (1.0.1), but we will
have to deal also with non complete spaces.

1.1 The weak topology of probability spaces
We need to introduce a topological structure on Z(X).

Definition 1.1.1 (Weak convergence) We say that a sequence (u,) C P(X) is weakly
(or narrowly) converging to p € P (X) if, for any continuous and bounded function f on

X, there holds
/fd/ubn—>/fd/ub. (1.1.1)
X X

In this case we write pb, — .

Remark 1.1.2 If X is also locally compact, in view of the Riesz representation theorem
(see for instance [62, chapter 2]), the space of Radon measures over X can be identified
with the dual space of C?(X). In such context, the convergence in duality with CP(X) is
the weak* convergence in the dual space (CP(X))".

1
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In the case of a semicontinuous function, a suitable approximation argument with
Lipschitz functions allows to obtain an inequality (for the details we refer to [4, §5.1],
where the fact that it is enough to check (1.1.1) on Lipschitz functions is also remarked).
Let f: X — (—o0,+0o0] be Ls.c. and bounded from below. Let p,, — p. Then

fdu < liminf/ fdpi,. (1.1.2)
X oo JX
Analogously, if f is upper semicontinuous and bounded from above one obtains
fdu> limsup/ fdu,. (1.1.3)
X n—oo  JX

Applying the last two inequalities respectively to the characteristic function of an open
and a closed subset of X we find

p(A) <liminf p,(A) VA open, AC X, (1.1.4)
wu(A) > limsup p,(A) VA closed, A C X. (1.1.5)

Let now d be a distance on X and fix p > 0. In the sequel, we will say that a function
f on X has p-growth at infinity if, for some A, B > 0 and ¥ € X there holds

|f(x)]| < A+ Bd’(z,z) Vze X. (1.1.6)
Let us introduce the subset &2,(X) of probability measures with finite p-moment.

Definition 1.1.3 (Moments) We say that p € Z,(X) if its p-th moment is finite, that
18, for some T € X,

/ dP(z,z) dp < +o0. (1.1.7)

Moreover, we say that a set = C P(X) has uniformly integrable p-moments if, for some
re X,

lim sup/ d’(z,z)dp = 0. (1.1.8)
X\Br(7)

T00 e E
FEquivalently, one can ask that
sup/ fdu < +o0, (1.1.9)
X

HEE

for some positive function f whose growth at infinity is faster than p.

Concerning narrowly converging sequences of measures, we have the following characteri-
zation of uniform integrability of p-moments.

Proposition 1.1.4 Let {p,}nen C Pp(X) be such that p, — p € P(X). The family
{ttn }nen has uniformly integrable p-moments if and only if (1.1.1) holds for any continuous
function f on X with at most p-growth at infinity.
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Proof. Let p > 0, = € X. Suppose that the sequence (fu,) has uniformly integrable
p-moments and let f : X — R be such that (1.1.6) holds. Let moreover f, = f Ak, k > 0.
Since f is continuous and bounded from above, it satisfies (1.1.3), and since f > f, we
have

lim sup /X [(&) dta () = Timsup /X (f(2) = ful®)) dpin(x) + lim sup / fil) dta(

n—oo n—o0 n—0o0

< sup / (F(x) — k) dpn( / fola) duz
neN J{zeX:f(x)>k}

<su A+ BdP(z,z))duy, f ) dp(
p ( i ( p(x
{zeX:dr(z,2)>"5~}

neN

Taking the limit in k, since (p,,) has uniformly integrable p-moments, we see that f satisfies
(1.1.3). In order to show (1.1.2), one reasons in the same way with f, = (=k)V f, k >0,
and taking advantage of (1.1.6).

On the other hand, let (1.1.1) hold for any continuous function with p-growth. Hence
(1.1.1) holds in particular for the function d?(z, x) — d}(z, x), where d}.(z, z) := d*(z, z) Ak,
k > 0. Moreover, (1.1.5) can be applied to the d-closed set Dy :={z € X : d’(z,z) > k}
(complement of the open ball By1/,(Z)), for any k& > 0. Hence

lim sup /D (@) dpn () = limsup ( /X (@(z,2) — (7, ) din(x) + kun(Dk))

n—0o0 n—0o0

< [ @)~ @) duto) + k(D)
- [ @@ dua),

yielding
lim lim sup/ d’(z,x) dp,(z) = 0.
Dy

k—oo  n—oo

Here the limsup can be substituted with the supremum over N, since of course any finite
subset of {j, }nen has uniformly integrable p-moments, so that (1.1.8) is proved. O

It is natural to give the next definition.

Definition 1.1.5 (Convergence with moments) We say that a sequence (ji,) C Zp(X)
converges to p in Py(X) if p, — p and (1.1.1) holds for any continuous function f on

X with at most p-growth. After Proposition 1.1.4, it is equivalent to require that j, —

and, for some x € X,

/Xdp(:v,:f')dunﬁ/)(dp(:v,f)dp. (1.1.10)

We write p, — p in P,(X) to denote this convergence (or simply p, — p in the distin-
guished case p = 2).
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We also recall the following result about narrow convergence.

Proposition 1.1.6 Let p, — p. Then for any x € suppp there exist elements x, €
Supp ftn, such that x, — x in X.

Proof. Let x € supp i and consider the following sequence:
aj = min {n eN:apy <n, supppm N Big(z)#0 Ym> n} ,

with ag = 0. It is well defined since (1.1.4) gives 0 < pu(By/,(2)) < liminf, oo pin(Bik(2)).
Let (nx) C N be a sequence such that, a;, < ny < ap1. For any k£ € N, let z,,, be a point
in supp fin, N Bik(z). The sequence (x,, ) realizes the desired approximation. O

LP spaces
Let X, Y be separable metric Radon spaces with distances dx,dy. Let p € (X)) and let
f: X — R be p-measurable. f belongs to LP(X, p) if

/ |fIP dp < +o0.
b

As usual, with LP(X, u) we denote the corresponding quotient space with respect to the
equivalence relation which identifies functions agreeing p-a.e. on X. Now let p: X — Y
be a p-measurable vector map. We say that p € LP(X, u;Y) if, for some § € YV

/ng;(g, p(x)) du(z) < +oo. (1.1.11)

Given two functions p,, p, € LP(X, 11;Y), their LP distance is defined by
1/p
durixson(pr ) = ([ & or(ohpa) (o)) (1112)

Tightness and compactness
We introduce the following

Definition 1.1.7 (Tightness) A set K C Z(X) is said to be tight if for any € > 0 there
exist compact subsets K. of X such that

w(X\K.) <e, VYpek. (1.1.13)
An equivalent condition is given by
Proposition 1.1.8 A set = C P (X) is tight if and only if there exists a function ¢ :
X — [0, +o0] with compact sublevels such that

sup/ pdp < +00. (1.1.14)
X

pe=
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Proof. Let = C &(X) satisfy (1.1.14). Tschebyshev inequality gives

suppu({r € X :p(z) > 1/e}) < Ssup/Xgpdp.

HeE HEE
By (1.1.14) we deduce that, as ¢ — 0, sup,c= u({x € X : p(x) > 1/e}) — 0, and since the
sublevels of ¢ are compact, (1.1.13) follows choosing K. = {z € X : p(x) < 1/e}.

On the other hand, let (a,) € R be a sequence such that ::8 a, < +o0o and let K,

be a sequence of sets satisfying (1.1.13), and such that K., C K. ,,. Then
+oo
p(x) :=inf{neN:z e K. } = ZXX\KSn('I)
n=0
satisfies (1.1.14). O

Remark 1.1.9 If X is an Euclidean space, local compactness ensures that tightness, in
view of Proposition 1.1.8, is implied by (1.1.9), for any p > 0. This way, tightness can be
seen to follow from uniform integrability of moments.

The next theorem is the standard characterization of compactness in probability spaces
(see for instance [13, 32]).

Theorem 1.1.10 (Prokhorov) A set K C P(X) is relatively compact (with respect to
the weak topology in P (X)) if it is tight. The converse holds true in Polish (complete
separable metric) spaces.

In a Radon space, any measure u € &(X), as a singleton, is tight, thanks to the inner
approximation property with compact sets (1.0.1). Hence, a sequence (u,) C Z(X) is a
tight set if and only if

sup liminf p,,(K) = 1.

KeXx n—e©
Moreover, in a Radon space every weakly converging sequence (u,) € Z(X) is tight (see
45)).

1.2 Transport of measures and multiple plans

Push-forward

Let X;, X5 be Radon spaces, let € Z(X;) and let T : X; — X5 be a g-measurable map.
The push-forward (or transport) of u on Xy through T is the measure v € Z(X5) defined
by

v(B) = u(T7Y(B)), VB e B(X3). (1.2.1)

We write v = Typ and T is called a transport map between p and v.
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If f: Xy — Risa Tygpu-measurable function, then f o T is p-measurable and the
definition can be written in terms of the change of variables formula:

foTdu= fdT ypu. (1.2.2)

X1 Xo

A consequence of (1.2.2) is the following composition rule: if X3 is a third Radon space
and S : Xy — X3 is a Ty p-measurable map, then

Syu(Typ) = (SoT)yp. (1.2.3)

In fact from (1.2.2) one immediately has, for any Sy (T 4p)-measurable g : X3 — R,

/gd(S#(T#u))zf QOSdT#MZ/ goSonuz/ gd(SoT)yp.
X3 Xo X1

X3

The measure T4 is concentrated on the image of T, and we have

supp Typ C T(supp p). (1.2.4)

The inclusion is in general strict. The two sets coincide in the case of a continuous map T.

Product spaces, projections and multiple plans

Let Xi,..., X, be separable metric Radon spaces and consider the product space X =
[T, Xi. The projection map 7' : X — X; is defined by

7 (T, T) T

Analogously we define 7t with h <n and iy,...,1, € {1,...,n}, as
Tt (2, ) e (X, T

Clearly projection maps are continuous.

Given a probability measure v € &(X), the i-th marginal of ~ is the measure in #(X;)
given by 7. Multiple marginals are defined as 73"y € 2(X;, x ... x X,).

We now introduce the set of multiple plans of given marginals ' € Z(X;),i=1,...,n:
Cp'....p")={ve2X) myy=p'yi=1,...,n}. (1.2.5)
The set T'(p!, ..., u™) is always nonempty, since the product measure p' x ... x p™ is clearly

a multiple plan. Moreover, we have the following

Lemma 1.2.1 The set T'(p', ..., u") is compact in 2(X).
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Proof. Lete > 0. Foreachi € {1,...,n}, theset 7l y(I'(1', ..., u")) is the singleton {y'},
so it enjoys the inner regularity property (1.0.1) since we are working in Radon spaces.
Hence, we can find compact sets K; € X;, i = 1,...,n, such that W;')/(Xi\Ki) < ¢/n, for
any v € I'(u}, ..., pu"). By definition of push forward, it follows that v(X\(7") " (K;)) <
g/nforany i € {1,...,n} and v € I'(u',..., ™). Notice that the set

) (=) (K))

=1

is compact in X. We have
v (X\ N (Wi)_l(Kz-)> < ZV(X\<Wi>_1(Ki)) vy e D'y .., 1),

which gives tightness of I'(u!, ..., u™). Compactness follows from Prokhorov theorem. [J

A more general proposition about compactness and product spaces is the following (the
proof is analogous).

Proposition 1.2.2 Let p' : X — X' be continuous functions such that the vector map
p = (p',...,p") is proper. If 2 € P(X) is such that p'y(Z) is tight in P (X;) for any
i=1,...,n, then Z is tight in P (X).
The most important instance will be n = 2: if p! € 2(X;) and p? € Z(Xy,) the set of
2-plans of marginals p' and p? is
(', p?) ={ve 2(X1 x Xa) : 7T3¢’7 = ul,wiv =p’}. (1.2.6)

A measure v € ['(X; x X5) is called a transport plan between u' and 2. The terminology
is motivated by the fact that a transport plan can be seen as a generalization of a transport
map. Indeed, suppose that t : X; — X, is such that typu' = p?. Then it is clear that

(Lt)gu' € D(uh, 1),

In this case we say that 7 is induced by t. On the other hand, if v is not concentrated (in
X, x X5) on a graph of some p!'-measurable function from X; to Xy, then v is not induced
by a transport map (see [2]).

When dealing with a separable Hilbert space X with norm | - | and orthonormal basis
{e;};en, we will often use the notation X¢ to denote a d-dimensional subspace, whereas
1% : X — X9 will stand for the projection map on such subspace:

d
n: z— Z(x,ej> e;j.
j=1

Moreover, if v is a probability measure over X, we let
vt =M. (1.2.7)

We can consider v as a probability measure on the whole space X and we can state the
following
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Proposition 1.2.3 There holds Hjﬁku —v. Ifve Z,(X), then we also have H;&I/ — v n
Zp(X).
Proof. Let f: X — R be a continuous and bounded function. Then

/deiu:/foHddy.
X X

Notice that f o II? — f pointwise, and since f is bounded we get the weak convergence

v? — v. In the same way we have |z|P o II? — |2[P pointwise and monotonically, so v¢ — v

in Z,(X) if v has finite p-moment. O

Notation 1.2.4 Latin or Greek letters will be used to denote maps. Bold characters
will be used for maps taking values in infinite dimensional spaces (as t,v,I, p, &, w), but
sometimes we will omit the bold notation for Hilbert spaces. Measures and 2-plans will be
indicated with the Greek letters u, v, v, 3, 0,19, whereas the corresponding bold letters will
denote 3-plans or n-plans.

1.3 Disintegration

Let X3, X5 be separable metric Radon spaces and consider a mapping which associates to
each r; € X; a probability measure p,, € Z(X3). We say that such a map is Borel if
x1 > lg, (B) is a Borel map for any B € B(X5).

Proposition 1.3.1 Let f: X; x Xo — R be a Borel function. Then the map F': X1 — R
defined by

:clr—>/Xf(331,x2)dMa:1($2)

15 itself a Borel map.
Proof. See [3, Proposition 2.26] O

Let zy € Xy — pg, € Z(X3) be a Borel map as in the previous definition. Let v € 22(X)).
Then we can uniquely define a probability measure on the product space X; x Xy by

Y(A) = /X1 </X2 XA($17$2)sz1($2)) dv(zy),

for Borel sets A C X; x X,. Clearly 7'y = v. Such measure will be denoted by

/X ey AV (27), (1.3.1)

and we will say that p,, is the family of measures which disintegrates v with respect to
v. Another notation is v ) pu,,, since it is a generalized product between measures. The
integral of a Borel function f: X; x X, — R with respect to [ j,, dv(zy) is

/X1 < o) (l’lawz)duwl(xg)) dv ().
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Theorem 1.3.2 (Disintegration) Let Y be a Radon metric space. Let v € P(Y), let
V:Y — X, be Borel and let v = Wyy. Then, for v-a.e. x1 € X, there exists a measure
Uz, € P(Y) such that the map x1 — i, is Borel, ug, is concentrated on W=1(xy) and for
any Borel set A CY there holds

v(A) = /X oy (A) do(a1). (13.2)

Finally, p,, is uniquely determined up to v-negligible sets.
Proof.  See [3, Theorem 2.28] and [32]. O

As a consequence, for every Borel map f: Y — R there holds

L= [ ([ 1) dvten) (13)

The most interesting case of the disintegration theorem comes when Y is a product
space and W is a projection map on one of its factors: let Y = X; x Xy and ¥ = 7!, so
that =1 (z;) = {z1} x X, can be identified with X, for any x; € X;. This way p,, can

be seen as concentrated in Xy, for v-a.e 1 € X; and (1.3.2) becomes
+(A) = / fo {22 (21,22) € Abdu(z1), YA € B(X) x Xo).  (1.34)
X1

Next we investigate the relation between weak limits of a sequence of the form (v @) i) C
P (X1 x Xy) and weak limits of the disintegrations pf . It is clear that, if p} — pu,, for
v-a.e. 11 € Xy, then v @ ull, — v @ e, in Z(X; x X3). On the other hand we have the
following

Lemma 1.3.3 Let 1 € X; — p,, € P(X3) be a Borel map. Let v = v Q) uj, weakly
converge to vy in P (X1 x Xy). Let G, C P(Xs) be set of weak limit points of the sequence
(1) If oy is the disintegration of vy with respect to v, then

ty, C ConvG,, forv-a.e. x; € Xj.

Proof. Let f € CP(Xs). Possibly adding a constant, we can assume that f is positive. Let
A C X; be closed, so that xa(z1)f(z2) is upper semicontinuous. By the characterization
of tightness given in Proposition 1.1.8, we can find a function ¢ : Xy — [0, +o0] with
compact sublevels such that

Sup/ o(x9) dy™ (1, 19) = C < +00.
neN J X1 x Xo
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Then, by (1.1.3) and Fatou Lemma we have

/ f(2) dy (a1, 22) +<C > limsup / (f(ws) + ep(aa)) dy" (21, 2)
AxXo AxXa

n—oo

n—oo

> imint [ ([ (o) +plea) i, (22) dvle

e>0 n—oo

> /A (infliminf /X 2(f(:t2)+€g0(mg))dp;‘1(x2)> dv(zy).

By arbitrariness of A we find

f(z2) dpig, (z2) > inf liminf/ (f(w2) +ep(x2)) dpy, (x2) for v-ae. x; € X;. (1.3.5)
€ X

>0 n—oo

Xa

Since ¢ has compact sublevels, we can write

liminf/ (f(w2) + ep(x2)) dpy, (x2) > inf / f(z2)do(xy) for v-ae. z1 € X7,
Xo X2

n—oo 0€Gy,

Hence (1.3.5) gives

f(22) dpg, (z2) > inf f(x2)do(zy) for v-ae. 1 € X3. (1.3.6)

X2 O'EGzl X2

Choose now a sequence of bounded Lipschitz functions approximating f pointwise. There
exists a v-negligible set N € X; such that (1.3.6) holds for any function in such sequence
and any x; € X\, and this is enough to conclude that (1.3.6) holds for each f € C?(X3)
(see [4, §5.1]). The Hahn-Banach theorem now implies that pu,, C ConvG,, for any
r1 € X 1\N . O

1.4 Hilbertian framework

Suppose now that X is a separable Hilbert space and let v € Z(X). Let p € Z(X) be
absolutely continuous with respect to v, and let p : X — R be its density. Then we can

apply the disintegration theorem to the function p, as shown with the next lemma (recall
the notation (1.2.7)).

Lemma 1.4.1 Let u < . There holds ¢ < ~%, and the corresponding density is given
by

/X p(x) dypa (),

where v,a is the family of measures, concentrated on (14)~Y(x?), which disintegrate v with
respect to 2.
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Proof. Let A € B(X?). Let A € B(X) be the cylindrical set defined as A = {z € X :
((z,e1),...,(zx,eq4)) € A?}. Applying Theorem 1.3.2 (here z¢ will denote the variable in
X4) we find

A = [ vt dita’) = [ @) dute) = [ xaple) o)

— /Xd (/Hl(xd) xa(z)p(x) d%d(x)) iy (2)
— /Xd X aa(27) (/Hl(xd) p(x) d%d(x)> dy(z%)

:AAAWJ®MMOWW%

which is the thesis. O
We are led to the following

Definition 1.4.2 (Cylindrical projections) Letp € L'(X,~). If u = pv, then p? < v2
and its density p? is explicitly given by

pd(q:d):/xp(x) drya(z), (1.4.1)

as shown in Lemma 1.4.1. We shall call p® cylindrical projection of p in d dimension.

In addition, using for instance (1.4.1), one can prove that if u € L?(X, ), p € [1, +00),
then u? € LP(X,~%) and

ul o T — u in LP(X,v) as d — oo. (1.4.2)

Notice that (1.4.1) makes sense (componentwise) also for maps u taking values in X, and
if ue LP(X,v;X), then u? o I1¢ — w in LP(X,~; X).
Next we define the cylindrical functions.

Definition 1.4.3 (Smooth cylindrical functions) We say that ¢ : X — R is a smooth
cylindrical function if ¢ = ¢ oI1¢, where 11 is a projection map and 1 € C>®(RY). The set
of smooth cylindrical functions on X will be denoted by Cyl(X).

Definition 1.4.4 (Gaussian measures) A measure p € P (X) is a nondegenerate Gaus-
sian measure if, for any projection map I1¢, the induced measure ué = Hd#u on X% is the
law of a Gaussian random variable, that is,

1(A) (@=m) Q7 w=m)/2 gy (1.4.3)

1
N V/(2m)? det Q /Ae

for any Borel set A C X?, for some mean vector m and positive definite symmetric covari-
ance matriz ().
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Definition 1.4.5 (Regular measures) We say that p € Z(X) is reqular, and write
we 2"(X), if u(B) =0 whenever B is a Gaussian null set, that is v(B) = 0 for every
nondegenerate Gaussian measure v. Moreover, we denote by &) (X) the set of probability
measures on X which are both regqular and of finite p-moment.

Remark 1.4.6 In R? if ;i is a Gaussian measure then p < £4, the density being given
itself by (1.4.3). So, if X is an Euclidean space, a measure is regular simply if it is absolutely
continuous with respect to £2.

Next we introduce a weaker convergence for probability measure than the narrow one,
suitable to have local compactness in (X ) when X is a separable Hilbert space. In this
case, the standard weak topology of X is not metrizable. Hence, we introduce a topology
on X which no more makes it a complete space (here this is not crucial), but it is induced
by a norm. Recall that our theory works in general separable metric Radon spaces, even
non complete.

Definition 1.4.7 (A weak topology for X) We define, for x € X, the norm

o0
1
2 2

—

J
Notice that bounded sequences of X are compact with respect to the new norm. To see
this, let sup,, |z,| < +oco and let x,, be a subsequence weakly converging to x. Since for
any j € N we have (z,, —z,e;) — 0, we have

%)
. . 1

lim [z, 2 = lim 3 = (r, —z,¢;)? = 0
—00 k—oo = i

by the dominated convergence theorem. The space X, endowed with the || - || norm, will
be denoted by X, (the notation is borrowed from [4]). Notice that the narrow topology of
P (X ) is weaker than the standard narrow topology in Z2(X), since of course continuous
functions in CP(X,,) are less than the ones of Cp(X). A set = € Z2(X) is tight with respect
to the weak topology of Z(X,,) if and only if there exists a Borel function ¢ : X — [0, +00],
with h — +00 as |x| — 400, such that

igg/){gp(x) du(z) < +o0. (1.4.5)

Notice that we no longer require the compactness of the sublevels of ¢, as for the standard
tightness in #(X) in the characterization given by Proposition 1.1.8 (here the proof is
analogous).

Definition 1.4.8 (Barycenter) Lety = [, v, du(z1) be a plan in P (X x X) with first
marginal 7T71¢,u. Suppose that v, has finite first moment for p-a.e. x € X. The barycenter
v : X — X of v is defined, for p-a.e. v € X, by

(o) = /X 23 d, ().
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1.5 Convergence results

In this section we state some convergence results involving measures, transport maps and
transport plans. We begin with a result describing the convergence of measures of the form

Lemma 1.5.1 Let p,p, : X — Y, n € N, be Borel maps such that p, — p uniformly
on compact subsets of X, and let p be continuous. If (u,) C P(X) weakly converges to
we P(X), then Pnybn = Pyit- In particular, we have wyf, — Typ if 7 is a projection
map on a component of X (or on a subspace, if X is a linear space).

Proof. Let f:Y — R be bounded, Lipschitz and nonnegative. Since (p,) is tight, there
exist a sequence (K,) of compact subsets of X such that sup,,cy i, (X\K,,) goes to zero

as m goes to infinity. Moreover, (f o p,) is a sequence converging uniformly to f o p on
each K,,. By (1.1.2) we have

lim inf f op, di, > hm 1nf fopdu,

n—0o0 K
m

> (—sup f)sup pn (X\Kp,) +hm1nf/ fopduy,

rzeX neN

> (—sup f)sup pn(X\Ky) /fOpdu

reX neN

Passing to the limit as m — oo, we get the liminf inequality. If f has sign, simply add a
constant to f. The limsup inequality follows changing f with —f. As noticed is Section
1.1, it is enough to check (1.1.1) on Lipschitz functions. O

Lemma 1.5.2 Let X be a separable Hilbert space. Let p > 1 and ¢ = p/(p — 1). Let
(7n) € P(X x X) be a sequence weakly converging to v in P (X x Xg) and let

Sup/ (lza [P + |22|?) dyn (1, 22) < +o0. (1.5.1)
neN J X x X

If (7@1&%) has uniformly integrable p-moments or (Wi%) has uniformly integrable g-moments,
then

i [ (1,2 dya(en, o) = / (1, 52) Ay (0, 7).
XxX

n—=oo JXx X

Proof. Suppose that (7}7,) has uniformly integrable p-moments (the other case is anal-
ogous). Let m,k € N and CY := sup,cy [y [2|? dyn(21, 22). Clearly if |zq[|z2| > k and
|z1| < m, then |z5| > k/m, and then

/ (21][2] dyn (1, 32) <m0 / 2] dy(22)
{|z1]z2|>k} {lz2|=k/m}

1/p
+C (/ |21 |7 dﬂ;lga%(a?l)) :
{lz1|>m}
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By (1.5.1) and (1.1.9), (7%7,) has uniformly integrable 1-moments, hence

1/p
limsupsup/ |z1|| 22| dyn (1, 22) < supC (/ |z1|P dﬂ;ﬁn(ml)) (1.5.2)
{lz1|w2| >k} {lz1]=m}

k—oo neN neN

and the left hand side goes to 0 for m — oo, since (7}7,) has uniformly integrable p-
moments. Notice that the map (x1,x2) — (21, z2) is not continuous over X x X, (that is,
in the || - || X || - ||& topology), but it is continuous in the same topology when restricted
to X x B,(0) (on B,(0) the || - || topology coincides with the standard weak one). Let
k,l >0 and let

flr1,20) = (x1,22),  felzi,22) = (—k) V (21,22), fr = (—k)V (x1,20) AL

Of course f; is itself continuous on X X E(O) in the X x X topology. We consider a
l.s.c. extension over the whole space X x X, defined as

ka if(ZQ - Z§;(O>,

T1,Ta) = .
o1, 2) { I if e e X\B(0).

By lower semicontinuity g ; satisfies (1.1.2), and since gx,; > fi,1, we have

lim inf / fr,1dy, = liminf ( / Gr,1dVn + / (k= gk d%)
n=oo JXxX n—eo XxX (X x X)\(XxB,(0))

> /X Sty = (kD limsupa, (X x X)\(X < F(0))).

n—~o0

We let r — oo. The last term vanishes thanks to (1.5.1), which yields in particular
lim, o0 SUp, ey Yn (X x X)\(X x B,(0))) = 0. Then we let | — oo, making use of the
dominated convergence theorem in the right hand side, and since for any k£ and [ there
holds fi > fk,1, we get

liminf/ fr dyn 2/ S, dy. (1.5.3)
XxX XxX

n—oo

Next consider that

0 > liminf (f = fr)dym = —limsup/X X(fk—f)d% > —sup/X X(fk—f)an,

n—oo XxX n—oo neN

and since

SUP/ (fr(zr,22) — f(21,22)) dyn(x1, 22) < SUP/ 21| 22| dyn (21, 22),
XxX {lz1|z2]|>k}

neN neN

by (1.5.2) we see that liminf, o [y (f— fr) dyn goes to zero as k goes to infinity. Hence,
passing to the limit with respect to k in

liminf/ f dvy, = liminf (/ frdvn +/ (f — fk)d'yn) , (1.5.4)
e JXxX e XxX XxX
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with (1.5.3) and with the dominated convergence theorem again, we find
liminf/ (21, 29) dyn (21, 22) Z/ (1, 29) dry(xq, x2).
o JXxX XxX

In order to obtain the corresponding limsup inequality, one changes sign in (1.5.3), obtain-
ing the limsup inequality for (x;,z9) A k, and then the conclusion is analogous. U

In order to deal with sequences of pairs (p,,, i), where p, € LP(X, p,; X) and p,, are
measures on a Hilbert space X, we will need the following notion of convergence.

Definition 1.5.3 Let X be a separable Hilbert space. Let (p,) € P(X) be weakly conver-
gent to . Let p, € LY X, un; X) and p € LN X, u; X). We say that p, weakly converge
to p if

tin [ c@pidunte) = [ c@pinte (1.5.5)

for any ¢ € Cyl(X) and j € N, where Pl and p’ are respectively the components of p and
p,, along the basis (e;).
We say that p,, strongly converge to p in LP, p > 1, if in addition it holds

1 19l 203 ) = ]l 20303). (1.5.6)

Analogously, in the scalar case we say that p, € L'(X, u,) weakly converge to p €
LY(X, ) if

lim [ <)o (o / C@)pdulz)  VC € CYI(X), (1.5.7)

n—0o0

and strongly if moreover
lonll ey = lollLecxm, 1 — 400
We now state the related convergence lemma.

Lemma 1.5.4 Letp > 1. Let (u,) C P(X) be a weakly converging to p in P (Xy), and
let (p,) C LP(X, pn; X) be such that

sup/ |p,, ()P dpn () < +00. (1.5.8)

neN J X
Let v, := (I, p,,) sttin. Then
i) the sequence (v,) C P(X x X) has limit points in P (XuH X Xg).

i) If (V) 1s a subsequence converging weakly in (X5 x X5) to vy, then p,, converges
weakly as in Definition 1.5.3 to the barycenter of v and

[ o) dute) < timint [ g(p,,) dp (@) (15.9)

X
for any convexr and weakly l.s.c. function g : X — (—o0,400]. In particular, p,
weakly converges to p in the sense of Definition 1.5.3 if and only if p is the barycenter
of every limit point in P (X5 x Xg) of the sequence ().
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iii) If moreover p, strongly converge to p in LP in the sense of Definition 1.5.3, then =,
weakly converges to (I, p)yp in P(Xe X Xg) and

lim . %o dy (1, %2) = P10 (x )

Proof. The first marginals of ~,, are weakly convergent in & (X,), hence tight in Z(X).
The second ones are p,, 41, and (1.5.8) says that

sup [ fol d(p, 1) (w) < +ox.
neN J X

So, by the characterization of tightness in &?(X) given by (1.4.5), (7%7,) is also tight in
P (Xy). Then the statement of i) follows by Proposition 1.2.2.

We are tacitely assuming, with no loss of generality, that the reference orthonormal
system in X is the same {e;};cn we introduced for X. This way, Cyl(X) C C°(Xy)
and, for any j € N, the map z — (e;,z) belongs to C}(X). Hence, if (7,,) denotes a
subsequence of (7,) which converges weakly to v in Z(X, x X), for any 7 € N and any
¢ € Cyl(X) there holds

lim [ o(z)(e;, p,, () dpin, (z) = lim p(x1)(e), T2) dyn, (1, 72)
k—oo [ x k—oo [x v x

_ /X pln)ley, ) dyfar, ).

Notice that, disintegrating v with respect to its first marginal p, and denoting by 7 its
barycenter (see Definition 1.4.8), the last term is equal to

/X o(x)e;,7(x)) d().

This shows the weak convergence of p,, to 7. Then it is clear that if the full sequence (p,,)
converges weakly to p, the barycenter of any & (X, x X)) limit of v, has to be equal to p.
In this case, let g be l.s.c. and convex (this implies that it is also L.s.c. in the weak Z(X,)
topology). By definition of barycenter, Jensen inequality, disintegration and (1.1.2), we
have

[aorn = [ aan= [ o [ saraien) aute

</ /X 9(22) d (02) da(1) = /X gla) drfena) (1.5.10)

Sliminf/ 9(@2) d((L, pp)gepin) (21, 22) =1iminf/ 9(pn) dpin,
XxX X

n—oo n—~oo

which proves (1.5.9).
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Finally we show 7). For, let 7 be a generic weak (X, X X) limit point of v, =
(L, p,,) 4 ptn. Since p, — p weakly as in Definition 1.5.3, we have just seen in point i) that
p = 7. Then, by strong convergence of p, to p we have

i [ 1o, dien = [ 51 duta). (15.11)
Choosing ¢g(-) = | - [P in (1.5.10), by (1.5.11) we see that the Jensen inequality in (1.5.10)

is in fact an equality. Since for strictly convex functions like the p-power, p > 1, this
happens only for Dirac masses, we get v, = dp(s,) for p-a.e. x, € X, that is, v = (I, p) g4
Hence the full sequence =, converges to (I, p)xu. The strong convergence of p,, implies in
particular

i [ feal dyaos,aa) =l [ o) i) = [ pla)l dut)

n—~oo X

and the proof is completed. Il

1.6 Elements of geometric measure theory

Hausdorff measures and rectifiable sets

In this section and till the end of the chapter let X = R"™.
We recall that a function f: 2 C R” — R™ is Lipschitz if

[/ (z) = fy)]

Lip(f) := sup { —

:x,yGQ,x;«éy} < +o00.

The quantity Lip(f) is the Lipschitz constant of f. We state the classical differentiability
result (see for instance [33]).

Theorem 1.6.1 (Rademacher) Let f: Q C R" — R™ be a Lipschitz function. Then f
is differentiable at x for L — a.e.x € Q (in the classical sense). The a.e. derivative is a
L>(Q, L R™™) function which coincides with the distributional derivative of f.

Definition 1.6.2 (Hausdorff measures) LetQ C R" and k € [0, +00). The k-dimensional
Hausdorff measure of ) is given by

k R B k
HHS) = 1im H;(Q),

where
HE(Q) = % {Z diam ()" : Q € UQi,diam(Qi) < 0,1 countable} :
i€l i€l

wy being the volume of the k-dimensional unit ball.
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Definition 1.6.3 (Rectifiable sets) An H*-measurable set Q@ C R" is said to be H*-
rectifiable if H*(Q) < +oo and there exists countably many Lipschitz functions f; : R¥ —

R™ such that
) (Q\ Uﬁ»(R’f)) =0.
i=0

See [3, 34, 35] for other equivalent notions of rectifiability, and as general geometric measure
theory references.

Let us introduce the notation for the restriction of measures: if €2 is y-measurable then
€Y is defined by puLQ(A) = v(Q N A) for any p-measurable set A.

Next we give the definition of tangent space for rectifiable sets.

Definition 1.6.4 (Approximate tangent space) Let Q C R™ be an H"-rectifiable set.
Let k <n. We say that a k-plane P 1is the approximate tangent space Tank(Q, xo) of Q at

ZTo Zf
HA Q. r — HFLP

as r — 0, where Qy, , is the rescaled set 2(Q — o).

Tangential derivative to curves and manifolds

Let M be an HF-rectifiable set, k < n. Let ¢ : R® — R be a C* function. Let x € M be
a point where the approximate tangent space exists and let i be a vector in Tan®(M, x).
The directional derivative of f at x is defined by

Vif (@) == (Vé(a), h).
The tangential gradient of VM of ¢ at x is defined by

k
VYo(x) =D Vo b(x)m,
j=1
where {7;}jcq1,..1} is an orthonormal basis of Tan®(M, z). Hence VM¢ is just the or-
thogonal projection of V¢ on the approximate tangent space. If ¢ takes values in R™ we
have

Vio(z) =Y (Vo;(w
7j=1

,,,,,

Notice that the above derivatives are defined with respect to the usual tangent space
T, M when M is a C' k-manifold.
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Definition 1.6.5 (Tangential divergence) Let M be as above and ¢ € C'(R™;R™).
The tangential divergence of ¢ on M s defined as

m

divMo(x) =Y (VM¢;(x).e;), € M. (1.6.1)

j=1
For the next result we refer to [3, Theorem 7.31].

Theorem 1.6.6 Let M be an H*-rectifiable manifold in R™. Let Q be an open set con-
taining M and let £ € CHQ;R™). Let ¢. be a one parameter group of diffeomorphism on
Q) defined as ¢-(x) = x + e&(x) + o(e). Then there holds

LH (9. (M N )

= / divMe dHM. (1.6.2)
MNQ

e=0

Definition 1.6.7 (Distributional vector curvature) The distributional curvature Hy,
of an H*-rectifiable manifold M in R™ is the vector defined by

/ (€, Hy) dHF = —/ divMeaH* v¢ e CHR™R™).
M M

In the case of a smooth manifold, H,; is a normal vector, directed towards the center
of curvature, with modulus equal to the standard mean curvature. It can be defined at
r € M by —(div¥n(z))n(z), where n is any C' normal vector field. In the case of an
H!-rectifiable set, Hj, is given by d47 at any endpoint A, where T is the tangent vector in
A (pointing to the side of the curve itself). Similarly in correspondence of corner points.
For the details on this subject, we refer to [17, 37].



Chapter 2

Optimal transportation

2.1 Formulation of the problem and well-posedness
issues

Let p € Z(X), ve Z(Y). Let c: X xY — [0,400] be a Borel cost function. Given a
map t : X — Y transporting u to v, the corresponding transport cost is defined as

/Xc(x,t(a:)) du(z), (2.1.1)

so it is an average of the costs for transporting the point x to the point t(x). Monge’s
optimal transportation problem asks to find the map which minimizes the transport cost,
so it is formulated as

inf {/X c(w, 6(2)) dpu(z) : tap = ,,} . (2.1.2)

A relaxed formulation, involving transport plans rather than maps, is given by the
Kantorovich problem (we refer to [43, 44]), that is

inf {/XXY c(x,y)dy(z,y) : v €'y, u)} : (2.1.3)

First of all, notice that, as soon as the cost function cis l.s.c., the direct method immediately
gives a solution to (2.1.3), since I'(i, ) is nonempty and compact in Z(X x Y'), as shown
in Lemma 1.2.1. If 7 is solution to (2.1.3), we say that it is an optimal transport plan, or
that v € I'o(p, ), where

c(z,y) d’y(x,y)} -

(2.1.4)
On the other hand, problem (2.1.2) may be ill posed. In fact, if for example p is a Dirac
mass and v is not, there exists no transport map between p and v. One of the most

(. y) dry(z,y) < /

XxY

Lo(p,v) == {'y € L(p,v) : vy e Tk, V)’/X

xY

20
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important questions is to know when an optimal transport plan is induced by a map, so
that such map solves Monge’s problem.

Next we introduce some concepts which will be needed to answer the question. From
now on, ¢ will always be a proper l.s.c. cost function.

Definition 2.1.1 (c-transform) Let f: X — RU{—o00,+0}, g: Y — RU{—00, +o0}.
The c-transforms of f and g are defined (with the convention +oo — (+00) = +00) by

fily) = nf ez,y) = f(2), y ey,

9°(x) = inf c(z,y) —gly), z€X. (2.1.5)

Definition 2.1.2 (c-concavity) A function f : X — RU{—o00,+00} is c-concave if it
is the c-transform of some function g : Y — R U {—o00,+0c}. On the other hand, a
function g : Y — RU{—00,4+00} is c-concave if it is the c-transform of some function
f: X > RU{—00,+00}.

Definition 2.1.3 (c-monotonicity) Let = C X x Y. = is said to be c-monotone if, for
every (z1,Y1),- -, (Tn,Yn) € E and every permutation o of {1,...,n}, there holds

n n

D clwny) <@ o) (2.1.6)

i=1 i=1
The following two results constitute the main characterization of solutions to (2.1.3).

Theorem 2.1.4 (Dual problem) The minimum of (2.1.3) is equal to

sup {/X o(x) dp(z) + /Yw(w dv(y) : ¢(x) + ¥(y) < c(z,y), ¢ € L'(X, p), ¢ € LI(YEQV)l}?-)

Definition 2.1.5 (Kantorovich potential) A Borel function ¢ € L'(X, i) is said to be
a mazimal Kantorovich potential if the couple (¢, ¢°) is a mazximizing pair for (2.1.7).

Theorem 2.1.6 (Optimality conditions) About the dual problem just introduced, we
have the following propositions:

i) If v € Tolp,v) and [y, c(z,y)dy(z,y) < +oo, then v is concentrated on a c-
monotone Borel set in X XY (and supp~y is c-monotone if ¢ is continuous).

ii) Suppose that ¢ # +oo, that

o ({m € X: /Yc(a:,y) dv(y) < +oo}) , U ({y ey: /Xc(:my) du(x) < —I—oo}) ,
(2.1.8)

and that vy € T'(u,v) is concentrated on a c-monotone Borel set in X xY . Then there
exists a mazximal Kantorovich potential ¢, and it is c-concave. Moreover v is optimal

and [y, c(x,y) dy(z,y) < +o0.
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iii) Under the assumptions of ii), if the supremum in (2.1.3) is finite, then

o(z) + ¢°(y) = c(z,y) v-a.e. in X XY (2.1.9)

i) Under the assumptions of ii), if ¢ is a Borel potential in L*(X, ) satisfying (2.1.9),
then v € To(p,v).

Although the results we are going to present hold in more general settings, here and
in the sequel, in view of the applications of the next chapters, we will assume that X is a
separable Hilbert space and we will work with the p-cost function ¢(z,y) = | — y[P. For a
complete discussion, and for the proofs of Theorem 2.1.4 and Theorem 2.1.6, we refer to
14, 61, 71, 72].

The next result is crucial, since it gives sufficient conditions for the existence of optimal
transport maps.

Theorem 2.1.7 (Existence of the optimal transport map) Let p € Z7(X), v €
P(X). Then problem (2.1.3) possesses a unique solution v € I'(u,v), and there ezists
a Borel map t € LP(X, u; X) such that

v =(Lt)upu.

If moreover supp v is bounded, there exists a locally Lipschitz, c-concave mazimal Kan-
torovich potential @, with Gateauz differential Vi, such that

t(z) =2 —p' " YVp(2)|" 2 Ve(z) for p-a.e. x € X,

where g = p/(p —1).

Proof.  Let v € T'g(u,v). Let us begin with the case of bounded suppv. The strategy is
the following: first one makes use of the optimality conditions given by Theorem 2.1.6 to
find a locally Lipschitz maximal Kantorovich potential. Second, one has to differentiate
it, and so some Rademacher like result has to be invoked to guarantee existence of the
derivative outside of sets where p is null. This way one will show that ~ is concentrated
on a graph.

Fix a maximal Kantorovich potential ¢, which exists thanks to Theorem 2.1.6. Let

o(x) = inf{c(r,y) — ¢°(y) : y € suppv},

so that ¢ is Lipschitz on bounded subsets of X, and since ¢ is a maximal Kantorovich
potential, the infimum is achieved and ¢ = ¢ p-a.e. in X. Let

—00 otherwise,

by) = {cbc(y) if y € suppv,

and notice that ¢ is the c-transform of v, hence ¢° = (¢°)¢ > ¢ = ¢° on suppr. This
shows that ¢ is itself a maximal Kantorovich potential. So, for u-a.e. x € X, there exists
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y such that ¢(z) + ¢°(y) = |z — y|P. Since ¢ is locally Lipschitz, an extended version
of Rademacher theorem (see [12, Theorem 5.11.1]) shows that it is Gateaux differentiable
outside a Gaussian null set (by regularity of u, outside a p-negligible set). The function
2 |z—y[P —(z) attains its minimum for z = z (because ¢(x)+¢°(y) = |z —y|P y-a.e. in
X xY as @ is a maximal Kantorovich potential). We can Gateaux differentiate it obtaining

V(lz =yl — ¢(2)) = plz —yI" (2 —y) — V().

The Gateaux differential is zero at the minimum, so that

plz —ylP*(z —y) = V().

Inverting this relation we find
y=1—p V(@) Ve(r), ¢:=-—"

Hence y is uniquely determined by z, for p-a.e. x € X, but p(z) + ¢“(y) = |z — y|P y-a.e.
in X x Y, so that v is concentrated on a graph.

If supp v is unbounded, let 7,, = y.B,(0), n € N. Notice that w%gyn is regular and that
7% is bounded. Since suppy is | - [*-monotone (see statement 7) in Theorem 2.1.6), the
same is true for supp v,, therefore ~, is optimal itself. So, we can apply the previous part
of the proof to infer that -, is induced by an optimal map p,,, and clearly (I, pn)#(@wn) <
(L, p,,) 4 (Tyvm) if 0 < m, yielding p,(z) = p,,(x) for myy-ae. 2 € X if n < m. So the
definition p := p,, p,-a.e., for any n, is consistent. We find

V= = (L p)u(mhrm) = (L p)sp,

so v is induced by p.

In order to show uniqueness of the map, suppose by contradiction that p,, p, are
distinct optimal maps. Then (I, p;) g/ is an optimal plan, which can be disintegrated with
respect to its first marginal p, so that it has the form fX 0p,(z) dp(z), where 0p (1) is the
Dirac delta on the graph of p;. Similarly for (I, py)sp. But then 5 [\ (6p, () +0p,(x)) dp()
is itself optimal, but not concentrated on a graph, since the union of the graphs of p; and
p- is of course no more a graph. We have found an optimal plan not induced by a map, a
contradiction. U

In order to prove an injectivity result for the optimal transport map, we need the
following

Definition 2.1.8 (Inverse plan) We denote by ¢ : X xY — Y x X the map which
inverts the components, so s(z,y) = (y,x). Lety € P(X xY). We define by vy :=quy €
P(Y x X) the inverse plan of vy, that is, for any Borel bounded function f:Y x X — R,

fly,x)dy " (y,z) = fly,z)dy(z,y).

Y xX XxXY
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Lemma 2.1.9 Let p,v € Z)(X). Then the unique solution to problem (2.1.3) is induced
by a p-essentially injective optimal transport map t between p and v (that is, there exists
a p-negligible set N C X such that t is injective when restricted to X\ N ).

Proof. The existence of a unique optimal transport plan v solving (2.1.3), and induced by
a transport map t : X — X, is a consequence of Theorem 2.1.7. On the other hand, the
inverse plan y~! (defined in (2.1.8)) belongs to T'y(v, i), since the cost function is symmetric.
As v is regular, invoking again Theorem 2.1.7, we deduce that y~! is the unique element
of To(v, i), and it is induced by a map s : X — X. We get (I,t)xpn = ((I,s)4r)!, hence
sot=1Ip-a.e. in X.

g

2.2 The Wasserstein distance

Definition and basic results

Let X be a separable metric Radon space with distance d. The Wasserstein distance
between p, v € Z,(X) is defined as the Kantorovich optimal transport cost from p to v,
that is

WP(u,v) = inf {/XX &P (21, 22) dy (1, 29) v € D1, y)} . (2.2.1)

It is also called the optimal transportation distance. It is easily seen that W), is symmetric
and vanishes only when its arguments coincide. In order to verify the triangle inequality,
we need the following

Lemma 2.2.1 (Dudley’s lemma) Let X, Xy, X3 be separable metric Radon spaces. Let
Y2 e P(X) x Xa) and v13 € P (X, x X3) be two transport plans with same first marginal
p'. Then there exists v € P(X1 x Xy x X3) such that

7r3¢’2'7 =2 W;f"y =413 (2.2.2)
If 2,413, ~ are disintegrated with respect to p* respectively by the Borel families 712,713,
(2.2.2) is equivalent to

Yo, ET(122 7)) C P(Xy x X3)  for pl-ae. 21 € Xi.

Proof. Consider the family of product measures v1? x 713 € 2(X, x X3). It is clear that,
defining ~ as

[k x i@,
Xy
we have

Ty = / Yerdpt(11),  mty = / Yas dp' (1),
X1 X1

hence the thesis is achieved. O
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Remark 2.2.2 (Composition of plans) Let y'? € 2(X; x X;) and 7% € 2(X, x X3)
be such that 737" = 7},7** = p. Let 7,2 and 422 be their disintegration with respect to

(2. Then, after Lemma 2.2.1, we know that the plan
vim [ A B )
X2

satisfies W;Q’)’ = ~12 and Wi’?"y = 7?3, We define the composed plan 0~ € 2(X; x X3)
as
VB oql? = 71;23’7. (2.2.3)

Hence, for any bounded Borel function f : X; x X3 — R, we have

/ Hanm) A0 oy ) = /

X2

( [ o ﬁ;")m,xs)) a2 ().
X1xX3

Notice that this definition is consistent with the one of inverse plan (see Definition 2.1.8),

because if X3 = X, and 737" = 73,9* = ! we immediately get 7> o 4" = (L T)4p'.

Lemma 2.2.3 The application (p,v) € X x X — W,(u,v) € [0,+00) is a distance on
Pp(X).

Proof.  We show the triangle inequality in the following way. Let p', u?, p? € 2,(X),
let 12 € To(ut, p?) and v* € To(u?, 1). By Lemma 2.2.1 there exists a transport plan
v € Z(X x X x X) such that ﬁ;é’z'y = ~'2 and Wis’y =~ and W#g’)’ e I'(pt, ). In order
to give more clarity when dealing with three-plans, we let X, X5, X3 be three copies of X,
and we think to p', 2, 43 as probability measures on 2(X), Z(X3), 2(X3) respectively.
This way we have 7@’37 € Z(X; x X3). Changing variables we get

WE (', 1?) :/ & (w1, w2) dy"* (21, 22) = / & (31, 22) dy (1, 02, 73),
X1><X2 X1><X2><X3
Wf(/f’/«tg) = / dP (9, x3) dy* (9, 23) = / d’ (2, x3) dy (21, T2, T3),
X2><X3 X1><X2><X3
pr<:u17:u3) < / dp(xlvx?)) dﬂ;égv(xlux?)) = / dp(xlvxi'») d')/(xl?x%x?))'
X1xX3 X1xXaXxX X3
Hence

Wp(ﬁb1, MZ) = dLP(XlxXQXXg,’Y;X)(xlax2)7
Wp(ﬂQ, Mg) = dLP(X1 x X2x X3,7Y; X) ($2, $3),
W, (', 1i*) < drr(x) xXax X377 X) (L1, T3),

and the thesis follow applying the triangle inequality of the LP( X x X3 x X3, v; X) distance.
O
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Remark 2.2.4 Let 7 € X. Notice that I'(i, dz) is a singleton for any p € 22,(X). Indeed,
its only element is (I, z)xp. Hence, if p,v € 22,(X), there holds

1/p
W) < Wy 00) 4 Wy00) = ([ (an,on) L) g,

x X

1/p
+ (/ dp(xl,xg)d(I,x)#V(xl,xQ))
XxX
= de(X“u;X)(Q?, i’) + de(XJ,;X)(ZE, f)

and the last quantity is finite since p,v € Z2,(X). Hence W, # +oo. Endowing Z2,(X)
with the W, distance, we have that a set in = C Z2,(X) is bounded if and only if, for some
T € X, there exists R > 0 such that [, d”(z,z)du(x) < R for any p € =, that is, if and
only if the p-moment is uniformly bounded in =.

A first estimate on the Wasserstein distance is given by the following

Proposition 2.2.5 Letv e Z(Y), letr,s: Y — X be v-measurable maps. Then

Wp(T#V, S#l/) S de(KV;X)(T, S). (224)
Proof. Notice that (r,s)zv € I'(rygv, spv), hence

W;’(T#I/, spv) < /

XxX

& (2, ) d((r, 5) y) (&, ) = / &,(r() — 5(0)) d(©),

Y

which is the desired inequality. O

Next we consider a convergence result of optimal transport plans.

Lemma 2.2.6 Let (u,), (vn) C Zy(X) be weakly converging to u and v respectively. Let
Yn € To(in, vn), n € N, be such that fXxX dP(x1, x2) d7y, is bounded with respect to n. Then
the sequence (7y,) is weakly relatively compact in P (X x X) and if v is one of its weak
limit points, then v € T'o(u,v). Moreover

Wy (p,v) < liminf W, (pin, vn). (2.2.5)

n—oo

Proof. The relative compactness of the sequence follows from the tightness Proposition
1.2.2. Since (x1, 23) — d(x1, x5) is bounded below, we apply (1.1.2), with f =d, on X x X
to obtain (2.2.5). By optimality and continuity of the cost, supp v, is d”(-, -)-monotone for
every n, and so is supp vy applying Proposition 1.1.6. [l

The following result shows the relation between the convergence induced by W, and
the notions of convergence already introduced in the space of probability measures.
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Lemma 2.2.7 (W, metrizes the convergence with moments in &2,(X)) Let (11,,) be
a sequence in P,(X). Let € Py(X). Then Wy(pn, 1) — 0 if and only if p, — p in
Pp(X).

Proof. We limit ourselves to the complete case, which allows to apply a simpler argument.
For the general case, see [4, Lemma 7.1.5]. Let W, (4, 1t) — 0. Assume that X is complete.
Then, so is Z2,(X) endowed with the p-Wasserstein distance (see [71, Lemma 6.12]) hence
fn — . Let v, € To(pn, 1). Consider the elementary inequality dP(x,z) < C.dP(z,y) +
(1 +¢)dP(z,y), valid for any x,y, z € X, where C. is a suitable constant. Integrating we
get

LWxZWm)SQLXW@wMWWHﬂ+@Aﬂ@wW@

Since W, (pn, ) — 0 as n — oo, passing to the limit we have

limsup/Xdp(x,z) dpi,(x) < (1+€)/Xdp(x,z) du(z)

n—oo

This shows that (1,,) has uniformly integrable p-moments, then we conclude by Proposition
1.1.4.

Conversely, let p, — pin &Z,(X). Since weakly converging sequences are tight, letting
Yn € Do(fin, i), the sequence (7,) is tight too, thanks to Proposition 1.2.1. We extract,
without relabeling it, a subsequence weakly converging to v € Z(X x X). By Lemma
2.2.6, v € I'o(u, ), so that v = (I, I)4p. Now let z € X and R > 0. Notice that {(z,y) :
d(o,0) 2 7Y € ((5.9) s do,) 2 dony)/2 2 B2 U (o) dl2) 2 dlo)/2 2 R2)
We have

ww%mzéXﬂwwwmmzéxumwammw>
+wawm—mﬁmmm

< /X><X (d(x,y) N R)” dyn(z,y) + 2P /d(z 3 dP(x, 2) dpy, ()

2)>R/2

+2° / d’(z,y) du(y)
(y,2)>R/2

Since d(z,y) A R is continuous, bounded, null on the diagonal = = y, passing to the limit
in n we see that the first term in the right hand side goes to zero. Hence

lim sup W (1, pt) < 2P lim sup ( / d"(x, z) dpg(x) + / d"(z,y) du(y)> :
d(z,z)>R/2 (y,2)>R/2

n—oo n—oo

Taking the limit as R — 400, since (p,,) has uniformly integrable p-moments, we get the
thesis. U
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Now we are able to show a convergence result, taking advantage of Lemma 2.2.7.

Lemma 2.2.8 Let p, — p in P(Xg) and let [ | dpn(x) — [y |z]*du(x). Then p,
weakly converge to u also in Z(X).

Proof. By hypothesis, the sequence (11,,) has uniformly integrable 2-moments (with respect
to the distance induced by |- |), and since || - ||, the norm in X, satisfies || - || < |- |, we
have

lim sup/ 2|12, dn(x) < lim sup/ 2| dpin () = 0,

"= neN J X\ B, (0) "= neN J X\ B,(0)
so that (u,) has uniformly integrable 2-moments also with respect to the distance induced
by || - ||=- By applying Proposition 1.1.4 in X, we find

i [ ol dian(o) = [ ol du(o)

We conclude that p,, converges to u with 2-moments in (X)) (so, this is the convergence
with moments, but with a different underlying structure on X). Now let v, € I'(pp, 1),
and let each ~,, be optimal in &2,(X,) (that is, minimizing [, . ||z — y||Z d3, among all
An € T'(p, f1n)), so that Lemma 2.2.7 (which works also in non complete sapces) yields
Yo — (LI)pp in P(Xo x Xg). The convergence is in fact in Z(X x X)), since the first
marginal of v, is p, so it does not depend on n. For the same reason, (W%gyn) has uniformly
integrable 2-moments, and thanks to the hypothesis of convergence of moments of p,,, we
see that the assumptions of Lemma 1.5.2 are all satisfied. Then there holds

lim (21, 29) dyn (1, 29) = /

=0 JXxX XxX

(@1,02) d((L D )or,3) = [ [l o). (2:26)
X
Now consider the elementary equality
|J}1—ZE2|2: |fL’2|2— |ZL‘1|2—2<I’1,I2—ZE1> Vl’l,l‘g GX.

Let us integrate it with respect to 7,. We obtain

/ 21 — 22 dya (1, 72) :/ (J22f? — |o1f? — 21, 20 — 1)) dr (2, 22)
XxX

XxX

— [ 1oP dinte) [ Jof dita)
X X
s lPduGena) -2 [ (o) diee).
XxX XxX

The left hand side is the squared Wasserstein distance, and the second one, making use
of (2.2.6), tends to 0. We get Wa(un, ) — 0 as n — oo. Now, Lemma 2.2.7 allows to
conclude. U
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An important consequence of this result is the next strengthening of Lemma 1.5.4.

Lemma 2.2.9 Let u, — pu in Po(X). If p, strongly converge to p € L*(X, u; X) in the
sense of Definition 1.5.3, then

asn — oo and

lim. f( z, p, () dpin (z L/mf z, p(z (2.2.8)

for every continuous functzon f: X x X — R with at most 2-growth, that is
[f@y)l < A+ B(llel* + lyl*) V(z,y) € X x X (2.2.9)

for some A, B € R. More generally, (2.2.8) holds also if strong L* convergence is replaced
by

i [ g(pu(e)dn, = [ glple)dn (2.2.10)

n—oo X
for some strictly convex function g : X — R with at least 2-growth at infinity.

Proof.  In the hypotheses of Lemma 1.5.4, point ii), we proved that p,, plln = Py in
P(X) and (L p,)spin — (I, p)gp in P (X5 x X). But the second marginals of these
plans are strongly converging, that is, they satisfy (1.5.6) with p = 2, hence we can invoke
Lemma 2.2.8 and infer that actually the weak convergence is in &(X, x X). So, here we
conclude that (I, p,,)xptn — (I, p)up in Po(X x X), and (2.2.8) readily follows. The last
statement is proved as point i) of Lemma 1.5.4. In fact, it is enough to substitute the
p-power therein with a generic strictly convex function with the required growth. U

Wasserstein geodesics

Let X be a separable Hilbert space. We define constant speed geodesics in &,(X) with
respect to W, (or Wasserstein geodesics).

Definition 2.2.10 (Constant speed geodesic) We say that a curve t € [0,1] — p; €
Z,(X) is a constant speed geodesic connecting 1o and p1y if for any s,t such that 0 < s <
t <1 there holds

Wi (ps, te) = (t = 5)Wp(po, p11).- (2.2.11)

In the next theorem we are showing that a constant speed geodesic between g and iy can
be characterized as a convex interpolation of the marginals of some optimal transport plan

v € D(po, ).
In the sequel we make use of the following notation, for ¢ € [0, 1]:

7rt1’1ﬂ2 = (1 —t)xbt 4 txl2) 7rtlﬂ2’2 = (1 —t)7b? + tr2.
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Theorem 2.2.11 (Geodesical interpolation) Letp > 1. The following properties hold:

i) Let t € [0,1] — p € Z,(X) be a constant speed geodesic. If 0 < t < 1, then
there erists a unique optimal transport plan B3} between iy and uy, and such plan is
induced by a map t}. On the other hand, there exists a unique optimal transport plan
BE between g and iy, and its inverse is induced by a map t9. Letting 3 = (3} o 3%,
we have

By =(m ' 7B, B =(m P48 (2.2.12)

ii) A curvet € [0,1] — p € Z,(X) is a constant speed geodeisc connecting p11 and o
if and only if it can be written as

t ((1=t)r' +tr%) v (2.2.13)

for some v € To(pu1, p2).

Proof. 1) Fix t € (0,1) and let v € To(uo, ptt), 7" € To(pt, p11). Since we are going to
deal with plans composition, we let X, X5, X35 be copies of the space X and we consider
po € P(X1), i € P(Xa), up € P(X3). Let us disintegrate v and +" with respect to
the common marginal p,, so that we obtain two families of Borel measure valued maps
Ty € X1 Y € ZP(Xy) and 13 € Xy = 7, € P(X3), and we have

72/ Vas Apte(22), 7’2/ Vo, At (2).
X2 Xo

As in Remark 2.2.2, we define the measure A := [ % Yoo X Va, dpe(2), which satisfies
7@’2)\ =7, ’/Ti3>\ =7

Hence, W;f’)\ is the composition 4" oy € I'(ug, pt1). Let us show that 4" o v is optimal. For,
consider that ¢ — p is a geodesic, so by (2.2.11) we have

W (o, 1) = Wypo, pe) + Wylpu, ),

and since v and ~' are optimal,

1/p 1/p
W (o, 1) = (/ |71 — 22f” dV) + </ |2 — w3 CW)
X1xXo Xox X3
1/p 1/p
— (/ |z — xof? dw;z)\) + (/ |zy — 3P dﬁi?’)\)
X1xXo Xox X3
1/p 1/p
= (/ |ZE1 —l‘2|pdA) + (/ |£L‘2 —ZE3|pdA) .
X1><X2><X3 X1><X2><X3
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Hence, by the triangle inequality of the LP norm, and recalling the rule for composing
plans, we find

1/p
Wp(“Oa,ul) > </ ‘xl — 1133’;0 d}\)
X1 xXoxX3
1/p
= (/ (/ ’.I'l - 1'3‘]7 d(’yxz X ")/;2)(.771,%3))) d/flft(l'Q))
X2 X1xX3

1/p
= (/ ’.C(Zl — Z‘3|p d’}/ e} ’y(ZEl, l’g)) .
X1xXX3

This shows that 7'o7y is indeed optimal between pg and ;. Moreover, the triangle inequality
above is an equality, and since the LP norm is strictly convex, this implies that the three
vectors involved are parallel, that is, there exists a > 0 such that zo — x; = a(x3 — x7)
for A-a.e. (1,22, 23) € X5 x Xy x X3. Since W, (po, ptr) = tW, (1o, 11), we see that a = t.
We integrate such A-a.e. equality on X w.r.t. ~,, and, letting z(x5) be its barycenter (see
Definition 1.4.8), we find xo — 2z(x2) = t(x5 — 2(x3)) for 7/-a.e. (x2,23) € Xy x X3. This
means that x3 is uniquely determined by x», for u;-a.e. x9 € X5, and so v is concentrated
on a graph and induced by a map. ~ is unique because once 7 is fixed, z is fixed too.
Then, +' corresponds to the unique optimal plan 3! given in the statement of the theorem.

The uniqueness of the plan in I'g(puo, it¢), and the fact that its inverse is induced by a
map, is obtained with the same argument, starting from p; and going to pg. The relations
(2.2.2) are readily seen to follow.

ii) Let the curve t € [0, 1] — p; € Z,(X) enjoy the representation (2.2.13). By (2.2.4) we
have, for 0 < s <t <1,

W (e, p1s) < (8 — 8)Wp(pto, p1)-

By the triangle inequality, it is readily seen that this has to be an equality for any s, 1.

On the other hand, let » € [0,1] — p, € Z,(X) be a constant speed geodesic. Fix
t € (0,1) and let B, B! be the unique optimal plans of point i) and let 3 = 3} o 8. Now
s € [0,1] — pus is a constant speed geodesic between o and g, and since 3 is the unique
element of T'o(uo, 1), by the converse implication we see that s = ((1 — s)m! + sm%) 405
But

(1= s)m" +s7) 00 = (1 — s)7" + s7%) 0 7rt1’1*2)# B=((1—ts)r' +tsm*)up.

We have the desired representation of pu,. for r varying from 0 to ¢, and we get to 1 inverting
o with p; and repeating the same argument. ]

2.3 The continuity equation in (Z5(X), W)

In this section we discuss a first instance through which a relation with PDEs arises.
Absolutely continuous curves in &2,(X) are in fact strictly connected with the continuity
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equation, as we shall see.
We begin giving the basic definitions.

Definition 2.3.1 Let t € [a,b] — p € P,(X) be a curve. We say that it is absolutely
continuous, and write p; € AC([a,b]; Z,(X)), if

to
W (gt s piry) < / Ut)dt Va<t; <ty <b, (2.3.1)

t1

for some U € L'((a,b)). If moreover there is some U € LP((a,b)), p > 1, such that (2.3.1)
holds, then we say that u, € ACP([a,b]; Z,(X)).

Definition 2.3.2 Let t € [a,b] — . € Zp(X) be a curve. Its metric derivative at the
point t is defined as
: W, (/JJs ,ut)
|y = lim ——2 2 2.3.2
[1]¢ = lim P (2.3.2)

iof the limit exists.

The metric derivative plays the role of the modulus of the standard derivative of the
fundamental theorem of calculus. Indeed, it can be shown that, if i, € AC?([a, b]; Z,(X)),
then the limit in (2.3.2) exists L'-a.e. in (a,b) and metric the derivative |¢/|; so defined
belongs to LP((a,b)) and satisfies (2.3.1). Moreover, if U € LP((a,b)) satisfies (2.3.1) then
W] < U(t) L'-a.e. in (a,b) (see for instance [9]).

We are going to show that each absolutely continuous curve p; € AC([a,b]; P5(X))
satisfies the continuity equation

(9tut + div (Vt[Lt) = O, (233)

for some vector field v,(z) : (a,b) x X — X such that the map = € X — v;(z) belongs to
L3(X, puy; X) for L'-a.e. t € (a,b). Here, equation (2.3.3) has to be intended in the sense of
distributions, in duality with smooth cylindrical functions (introduced in Definition 1.4.3),
that is

b
/ /X (Opp(z,t) + (v(z), Vep(x, 1)) du(z)dt =0 Ve € Cyl((a,b) x X). (2.3.4)

In particular, among all the vector fields v; which, coupled to the curve pu;, satisfy
(2.3.3), the minimal L?(X, y;; X) norm is given by |¢/|;. Moreover, v; has minimal norm if

L2(X,pt;X)

vi € {Vyp:peCyl(X)} .

This set can also be seen as the tangent space to Z2(X) at p (see Remark 2.3.4 below).
For a complete discussion about the geometrical properties of Z5(X), see [39].
Now we state and prove the result, letting for simplicity (a,b) = (0, 1).
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Theorem 2.3.3 (Continuity equation) Let p, € AC([0,1]; Z2(X)) be an absolutely
continuous curve with metric derivative |i'|;. Then there exists a Borel vector field v :
(z,t) — vi(z) such that, for L'-a.e. t € (0,1), v; € L*(X, uy; X) and

[vellz2 ) < 1We; (2.3.5)

and such that (2.3.3) holds.
Proof. Let ¢ € Cyl(X), and v, ¢+ € T'o(pts, pi). Let moreover

H(z,y) = M ifx#£y
|z —y| |

There holds

[ e@aun@) = [ ol duta)

< / |l —ylH (z,y) dveen, (2, y)
XxX 1/2
< Walttesn, fe) ( Hz(“/’a!/) d’YtJrh,t(va/))

XxX
(2.3.6)
Notice that, as h | 0, yn,+ converges weakly in (X x X) to (I I)gu. In fact, t — g is
continuous in (X)), so that the marginals of 44,4, are both weakly converging to u; and
we can invoke Lemma 2.2.7. Suppose now that ¢ is a point where the metric derivative of
y exists. Therefore, passing to the limsup in (2.3.6) we find

1/2
. (@) d(preqn — p)(
lim sup fX () dpn (@) < | (/ H*(z,7) dut(x)) = ‘M/‘tHVSOHLQ(X,ut;X)'
X

h10 A
(2.3.7)
Now define the space time measure p = [, dt € Z(X x [0,1]). So p is the family of
measures which disintegrates p with respect to its second marginal £'L(0,1). Let (z,t) —
((z,t) € Cyl(X x [0,1]). Disintegrating u, (2.3.7) yields (with Fatou’s lemma and thanks
to the boundedness of ()

[ acen du(az,w] _
Xx[0,1]

/XthC(IEHh)—C( )du(fc t)‘

h|0

A imsup 1 ([ o0t - [ el af
< / ([ |vx<<x,t>\2dut<x>)l/2 it
<( 1 ) " (f . rvxcu,tﬂ?dut(x))m.
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Let Q:={V,(: (€ Cyl(X x[0,1])}, let £:Q — R be the linear functional defined by

£(V,0) = — / D¢, ) dpa(z, ). (2.3.8)

Xx[0,1]

We just proved that the operator £, defined on (2, is bounded with respect to the Li(X X
[0,1], u; X) norm, so that we can extend it uniquely to a bounded functional on €, the
closure being in L?(X x [0, 1], u; X). Hence, there is a unique v = v(x,t) € Q satisfying

£(V.() —/X , 1}<v(x,t),V%(m,t)}du(x,t) V¢ € Cyl(X x [0,1]). (2.3.9)

The element v is just the velocity for the continuity equation. In fact, let v; := v(x,t),
and combining (2.3.8) and (2.3.9) we get (2.3.4). In order to show the metric derivative
inequality (2.3.5), we introduce a cutoff function n € C2°(I), where I is an interval con-
tained in [0, 1], such that 0 < n < 1. We also introduce a sequence (V.(,) C §2 converging
to v in L*(X x [0,1], u; X). We have

/X 0 1}77(t)|v(:p7t)|2 dp(z,t) = lim n(t)(v(z,t), VaGu(z,t)) dp(w,t)

n=o0 J X x[0,1]

= lim £(V.(1G))

1/2 1/2
9 . 2
S </I ‘Iu |t dt) nLI& (AXI ’Van(fU’tﬂ dlu(x,t)>
1/2 1/2
~(fwra) ([ weoran)
I XxI

Now we let 1 approximate x;. We get

/I/X|Vt<x>|2d’ut<x>dt§/I‘,U//L?dt

and (2.3.5) follows. O

Remark 2.3.4 (Tangent vector) Let p; be an absolutely continuous curve and v; be
a vector field such that the continuity equation with the couple (p,v;) holds. Then vy
satisfies (2.3.5) if and only if

2 .
vie{Vp:pe€ Cyl(X)}L (i)
In fact, if this condition holds together with the continuity equation, then v, is unique, as
the continuity equation is linear in v, and the L? norm is strictly convex. On the other
hand, the vector field satisfying (2.3.4) and (2.3.5), explicitly exhibited in the proof of
Theorem 2.3.3, does satisfy (2.3.10) by construction. We express condition (2.3.10) by
saying that

for Ll-a.e. t € (0,1). (2.3.10)

v, € Tan,, 75 (X).

For a discussion about the tangent bundle of &%(X), we refer to [4, Chapter 8] and to
139, 40, 58]



2.4. TRANSPORT NETWORK PROBLEMS 35

We also have the following useful formula for computing the derivative of W5 along an
absolutely continuous curve (for the proof we refer to [4, Theorem 8.4.7]).

Lemma 2.3.5 Let t € [0,1] — p € P5(X) be an absolutely continuous curve, with
tangent vector vy. Let v € P9(X). Then there holds

d
awg(,ut, v) = 2/ (1 — x9, vi(x1)ydye Yy € To(pe, v), (2.3.11)
XxX

for L'-a.e. t € (0,1).

2.4 Transport network problems

In this section we briefly describe a family of minimization problems whose formulation is
strictly related to optimal transport. Here, let X be an Euclidean space, and let 2 C X
be an open bounded set.

The optimal transport problem, in its basic form (2.1.2) or the generalized one (2.1.3),
requires to find the best way to transport a given amount of material to a given site. The
source and the target are represented by two finite measures p, v with the same total mass.

An urban planning problem can be formulated in a very similar way (see for instance
[20] or [22]). We are given again two measures p, v, the first representing the population
density in a region €2, the second indicating the density of workplaces to be reached. We
consider a Borel set ¥ C € of finite H! measure, representing an urban transport network,
which has to be constructed minimizing the cost for transporting y to v. Here we consider
the cost

Iy = /QXQ ds(z,y) dy(z,y), (2.4.1)

with v € I'(u,v). The distance dy accounts for the cost for citizens to move from z to
y. In order to allow them optimize their cost by choosing to move on the network 2, or
without it (say on foot), we can define

ds(z,y) = f(H'(A\X)) + g(H' (AN X))

Citizens will move along curves A connecting x to y, f and g are functions accounting for
the different cost of the part of A on X and out of ¥. Let us assume that citizens prefer
not to move by own means, so that the cost for traveling by the network is negligible. Let
also consider the cost as proportional to the covered distances. In this case, the simplest
choice is

ds(z,y) = min{d(z,y), dist (z, X) + dist (y, 2)},

where d stands for the geodesic distance in © and dist (z, X)) := inf{d(x, z) : z € ¥}. Hence,
given a network X, the citizen will try to optimize his cost by choosing a transport plan ~y
which is optimal with respect to ds.
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From the point of view of the planner, the aim will be to minimize the cost Iy, among
the closed connected sets . A constraint on the cost of construction of the network has
to be considered. For instance we can suppose that it is proportional to its length so that
the problem will be

min{/s + AH'(2) : ¥ closed connected subset of Q},

where A > 0.

Next we consider a particular instance of this problem. Let u, v be probabilities for
simplicity. Suppose that the goal is simply to transport the source to 3. In thi case v is
not fixed, but optimally chosen among probability measures with support in . In this
case the distance dx(z,y) reduces to dist (x, %) and

Iy = / dist (z, X) du(z).
Q
We are lead to the so-called urrigation problem, or average distance problem:
min {/ dist (z, %) du(z) + AH' () : ¥ closed connected subset of Q} :
Q

We notice that the problem can be equivalently formulated in terms of Wasserstein distance

as
min{W; (1, v) + AH'(X) : suppv € 3, % closed connected subset of Q}.



Chapter 3

Minimizing movements and gradient

flows in (H5(X), Wo)

3.1 Convexity and subdifferential in (%5(X), W3)

In this section, let X be a separable Hilbert space, and let ¢ : P5(X) — (—o00, +00| be a
functional. The domain of ¢ is defined as

D(6) = {u € Po(X) : 6(u) < +oc} (3.1.1)

and we say that ¢ is proper if D(¢) # 0. The basic assumptions on ¢, which will be
understood to hold during the rest of this chapter, are now presented.

Assumption 3.1.1 ¢ is proper, l.s.c. (with respect to the convergence with moments) and
bounded from below.

We will need different notions of convexity.

Definition 3.1.2 (A-convexity along a curve) Let A € R. The functional ¢ is said to
be A-convex along the curve t € [0,1] — p; € Po(X) if

1
du) < (1= 1)d(po) + t6(m) = AL = Wy (10, ). (3.1.2)
Definition 3.1.3 (Geodesical convexity) Let A\ € R. We say that ¢ is A-geodesically

convez, or convex along (Wasserstein) geodesics, if, for any u', u*> € Py(X), there exists
v € To(ut, u?) such that the inequality

o (1= t)m" + 7)) < (L= )p(u") + to(p®) — %At(l —OWF(pt ) (3.1.3)

holds for any t € [0, 1].
In the case A = 0, we simply say that ¢ is geodesically convex (or convexr along geodesics).

37
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Definition 3.1.4 (Strong geodesical convexity) We say that ¢ : Po(X) — [0, +o0]
is strongly geodesically convex (or simply strongly convex) if it is convex along geodesics
and for any p,v,o € D(¢) there exists a continuous curve i : [0, 1] — Po(X), with py = p
and py = v, such that
w3 < (1—-t)W3 tW3 —t(1 —t)W3
{ Q(N’tva) — ( ) 2(M7U)+ 2(”70-) ( ) 2(:“’77/) Vit € [071] (314)

P(ue) < (1= 1)(p) +to(v)

Sometimes it will be important for ¢ to be convex also along some curve in Z5(X) on
which the Wasserstein distance itself behaves like a convex functional. This motivates the
introduction of the strong convexity. In fact, it can be shown with a counterexample that
for any A\ € R the application u? — Wy(u', u?), at least if the dimension of X is not 1, is
not A-geodesically convex (for more details see [4, §7.3])

Now we introduce the notions needed to develop a differential calculus in (P5(X), Wh).

Definition 3.1.5 (Metric slope) The metric slope of ¢ at the point u is given by

. (¢(v) — ()"
0 = limsu )
| ¢| (lu) v—p inﬁzgp(X) WQ(”? lu)

(3.1.5)

The application p +— |0¢|(1) is L.s.c. if ¢ is A-geodesically convex, as we shall see later.
In the sequel the following assumption on ¢ will be made.

Assumption 3.1.6 For each u € D(|0¢|) and for each v € P5(X), there exists a unique
optimal transport plan in I'(u, v), and such plan is induced by a map, which will be denoted
by t),.

For example, a condition guaranteeing these facts is D(|0¢|) C Z5(X), as a consequence
of Theorem 2.1.7.

Definition 3.1.7 (Wasserstein subdifferential) Let € D(|0¢]). The Wasserstein
subdifferential Op(u) of ¢ at p is the set of vectors &€ € L*(X, p; X) such that

b(v) — d(u) > /X (€. 62(x) — 2) du(z) + o(Wa(s, v)). (3.1.6)

In the case of A-convex functionals along Wasserstein geodesics, we have the following

Proposition 3.1.8 Let ¢ be A-geodesically convex. Then & € d¢(p) if and only if

60) ~ o) = [ (6(0)t1(0) ~ 3) dua) + AW (uv) W€ ZX). (3L

X
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Proof. 1f (3.1.7) holds for some A € R, then clearly (3.1.6) holds too. On the other hand,
suppose that € € d¢(u) and fix v € P9(X). Let p; be the Wasserstein geodesic connecting
i to v, given by p; := ((1 — I+ ttZ)# i (and this is an optimal transport, see Theorem

2.2.11). By definition of geodesic, Wa(u, ;) = tWa(p, v), and since & € dp(u),

iyt 3 (6(n) = 9(n) > limint 7 [ (€(e). ¢4 (0) o) due) = [ (€(a).45(0) =) o).

t—0 ¢ t—0 X

On the other hand, in this case the A-geodesical convexity relation (3.1.3) reads

() — o(p 1
) =90 < 40 — () — AL~ W3 ().
Combining the latter two inequalities, we get the thesis. U

3.2 The minimizing movements scheme

The minimizing movements scheme was proposed by De Giorgi (see for instance [31]), in
order to deal with steepest descent curves for functionals defined in generic metric spaces.
The idea of recursively descending along the gradient, with a Euler implicit discretization
scheme, is standard in the Euclidean framework, whereas it can be thought as a way to
define optimal curves in more general contexts. Although the setting could be much wider,
to keep a more coherent exposition we are going to present it in probability spaces.

Let X be a separable Hilbert space, let ¢ : &5(X) — R be a ls.c. and bounded from
below functional. Consider a uniform partition of the time interval [0, 7], let 7 be the
corresponding step, and fix g € 25(X). Consider the perturbed functional ®, (-, u°) :
P5(X) — R, defined as

1
O (v, 1°) == d(v) + EWQZ(V, o). (3.2.1)
The recursive scheme to be exploited is the following: given p?, ..., u¥, find p*** solving
in @, (v, u). 3.2.2
,uin (v, 1) (3.2.2)

Here, p is an approximation of u°, that is:

W — 1 in Z(X) and () — S’ as 7| 0. (3.23)

T

If minimizers exist, this procedure will produce a sequence {p* }reny C P5(X) (of course not
a unique one in general). Once such a sequence is constructed, we define a corresponding
piecewise constant interpolating curve fi; in &5(X) as follows:

0 .
_ [ itt=0,
~(t) = 3.2.4
pir(1) {uﬁ itt e ((k—1)7,krl, k> 0. (3:24)
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Equivalently,
I (t) = plt/71 v > 0. (3.2.5)

T

We are ready for the definition of minimizing movement.

Definition 3.2.1 (Minimizing movement) Let 7 > 0 and suppose thalt a sequence
(u¥) € Po(X) solving (3.2.2) ewists. Let fiy be the corresponding piecewise constant dis-
crete solution (defined by (3.2.4)). We say that a curve t € [0,T] — p € Po(X) is a
(generalized) minimizing movement for functional ® (defined in (3.2.1)), starting from 1°,
if there exists a sequence 7, | 0 such that

lim 6(u2) = 6(i') and fir, (£) = in P5(X), VE€[0,T].  (32.6)

n—oo

Within this construction, it is natural to give the following

Definition 3.2.2 (Discrete velocity) We define the discrete velocity of the minimizing

movements scheme as
g It
VE.= (3.2.7)

T

where t* is the optimal transport map between u* and pk=1. Also define the corresponding
piecewise constant interpolation

V. () :=VF forte((k—1)7 k7] (3.2.8)
With the next lemma we introduce some basic estimates. Consider the function

(u) = inf @, (v,pu). 3.2.9
¢ (1) ety (v, 1) (3.2.9)

It is called the Moreau-Yosida approximation of ¢. Being ¢ a proper functional, ¢, (u) is
finite for any p € P5(X). First of all, notice that, letting u, be a minimizer of &, (-, u),
we have

1

2 1 2
W < —W
27 2(”T7M)—¢(V)+27_ 2(”7:“’)7 VVEQQ(X)’

Qb'r(:u) = (b(ﬂ‘r) +
and choosing v = p we find ¢, (1) < ¢(u) and ¢(u,) < ¢(u) for any 7 > 0, and also

W3 (pir, 10)

o = o) = olur), (3.2.10)

yielding p, — p as 7 — 0.
Lemma 3.2.3 There hold:

i) (1, p) — ¢ (1) is continuous in (0,T) x Pa(X).
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i) If . is a minimizer for ®.(-, 1), there holds

1061 (117) < W3 (pe, 1)/ 7, (32.11)
so that D(|0¢|) is Wa-dense in D(¢).

ii1) If pr is a minimizer for ®,(-, p), then there exists a vanishing sequence (7,) such that
¢(pir,) — &(p) and

|a¢’2<u) = lim WZQ(MTnyﬂ) — lim (b(,U) - (b(:um)

n—oo 7'2 n—oo Tn

Zlimlionf|8¢\2(p7). (3.2.12)

Proof.  For proving i), let 7, — 7 and p, — p (with 7, distant from zero). Clearly we
can find a sequence (v,) C D(¢) such that (P, (v, ttn) — ¢, (ptn)) — 0 as n — oo. Since
¢r, () is bounded, so is @, (v, y,) and

limsup @, (Vn, ptn) = limsup ¢, (11n) < (v, 1)
for any v € H5(X). Taking the infimum w.r.t. v, by definition of the Moreau-Yosida
function we find limsup,, ¢, (ttn) < ¢,(i). In order to prove the corresponding liminf
inequality, notice that Ws(u,v,) is bounded. In fact, we have seen that @, (v, 1,) is
bounded, and since ¢ is a bounded from below functional and 7, is distant from zero, we
argue that Ws(u, v,) is bounded too. Hence

liminf ¢, (p,) = liminf @, (v, p,) > liminf

n—oo

<<W2(M7 l/n) - WQ(MTH :u))2

27,

+ Qb(”n))

> lim inf (%W;(Vn,,u) — %WQ(VW,U)W2(N7UHJ) + ¢(Vn)) > ¢ (1)

n—oo n

Concerning i), suppose that p, is a minimizer of ®,(-, ). It is easily seen that, for any

61— Ov) < W2 (o) — =W te) < o= Walvs i) (Walv, ) + Wals, ).

and dividing by Wy (v, p,) we find
WQ(V7 M)

: (Blpr) — o))" _ 1 _
hzrzriiljp Wal ) < h,r,iiljp > (Wa(v, ) + Wa(p, pir)) = — (3.2.13)

This proves 7). In order to show i), we start letting |0¢|(1) > 0 and 0 < a < |0¢|(u).
Consider, for b > 0, the identity

1 1 1
—b? =su bz——zQ):su (bz——zQ).
2 zeﬂlg < 2 z>Ib) 2
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< @W-sw)*

Waliw) hence making use

Since a < |0¢|(1), if Wa(u, v) is small enough we have a
of the previous identity we have

((p) — ¢<u>>+)2
WQ(M’ V)

1 i 1
5100200 = timswp 3 (

v—p InPs(X) 2

: z(p(p) — o(v))* 22)
— _Z
s s (LA D

o (6(p) — ()" Wa(p,v) Wi (g, V))

B V—};I?HS;QI?X) 0<’7’<1S/V1121();L,V)/a ( W2 (M? V) T 272

> limsup (qb(,u) — 9k — W3 (p MT)) = lim sup M, (3.2.14)
70 T 272 7—0 T

where we passed to computing the limit on the particular sequence p,, 7 — 0, and we
made use of the definition of ¢,(x). The latter also implies

W2
sup ((600) = o))" = 22 ) = 600 — 6,1,
v#p T
so that for small ¢
| (P(p) = d()* Wa(p,v)  Wi(n, V))
ook = tmaw o (GBI
(p(p) — o)t Walp,v) Wi, v)\ d(u) — o (1)
= o ( Wa(p,v) T 272 ) - T '

Taking the limit as e — 0, we get £]0¢|*(n) < limsup, _o(¢(1) — ¢(p,))/7, and by virtue
of (3.2.14) we see that such inequality is in fact an equality. Therefore, passing to a suitable
vanishing subsequence 7, and then taking advantage once more of the definition of ¢, (u)
and of metric slope, we get

o) = ¢r(1) _ <¢(u) — O(pr,) Wf(u,um))

1 :
51001°(1) = lim

n—oo Tn n—oo Tn 272
Wi oW ) (3.2.15)
: y? ILLTTL /‘1’7 ILLTn
< limsup (|0¢|(#) 2 - - 2 52 ) .

In view of (3.2.15), from the equalities

. . W ) Tn 2 . . W 9 Tn W2 Y Tn
tim i (|9 () — 22 ) [ g (|a¢\2<u>—2\a¢\<u> 2lsttn) | Waltt '>>
: Wolp, pir,) W3, i,
= 06f) — timsup (20| 21t - H2 )
we learn that W
limin ||06| () — J2U ) | (3.2.16)
n—00 Tn
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As a consequence, making use of (3.2.11) we have

n—oo Tn

it (1061 1,) ~ 001() < i (<224~ o)) <,

which yields the inequality liminf, o [0¢|*(i,) < [0¢|*(n) of (3.2.12). From (3.2.16)
we also infer that there exists a further subsequence (that we don’t relabel) such that
W31, i) /72 — |00|?(1), proving the first equality in (3.2.12). Then, from (3.2.15) we
readily see that also (¢(u) — ¢(ur,)) /7 — |00)*(1), and (3.2.12) is proven. The case
|0¢|(1v) = 0 is much simpler, we omit the details. O

3.3 The gradient flow equation

After the minimizing movements, we introduce a second issue in the study of trajectories
in #,(X) which are thought as steepest descent curves of a functional ¢ on Z,(X). We
give the following

Definition 3.3.1 (Gradient flow) Let u, € AC([0,T); P2(X)). After the results of §2.3,
we know that p; satisfies the continuity equation

81;[145 + le (Vt/Lt) = O (331)

in correspondence of the optimal L*(X, juy; X) vector field, (optimal in the sense that v, €
Tan,, P5(X), for L'-a.e. t € (0,T)).
We say that u; solves the gradient flow equation if

vi € —0¢(py)  for L'-a.e. t € (0,T). (3.3.2)

In the A-geodesically convex case, using Proposition 3.1.8 it is readily seen that if p,
satisfies the gradient flow equation, for v, € Tan,, % (X) there hold

Oyt + div (vepy) = 0,

3.3.3
/X<Vt»tZt — ) dpy < d(v) — d(pe) — 1 ( )

5AWs (i, v) Vv € D(9).

Here the family of inequalities holds for £'-a.e. ¢ € (0,T), and thanks to (2.3.11) it is
equivalent to

1d 1
577 Vs (e v) < 6(v) = () = 5AW; () Vv € D(6). (3.34)
The following result is strictly related to the formulation just given, and generalizations

to the case p # 2 are not known.
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Theorem 3.3.2 Let pi° € P5(X) and let y; satisfy iy — pu° in Po(X), ast | 0. Then y; is
a gradient flow for functional ¢ if and only if satisfies the system of Evolution Variational
Inequalities

1d

2dt
for any v € D(¢).
Proof. First suppose that p; is a gradient flow, with pu; — % in 2, (X) as t | 0. This
implications has already been shown through (3.3.3) and (3.3.4). On the other hand,
suppose that p; € AC([0,T]; P(X)) satisfies (3.3.5). Then it is clear that, if = € D(¢)
is a countabel set, there exists a L!-negligible set Nz such that the inequality in (3.3.3)
holds for any (¢,v) € ([0,7]\N=z) x =, making use of (2.3.11). Choose a countable set =
which is dense in D(¢) (recall that (Po(X), W) is separable). The density can be asked
also with respect to the stronger Wy (uut, %)+ |d(p') — ¢(p?)| metric. Now fix t € [0, T]\ Nz
and suppose that (1,) C Z is a sequence converging in &, (X) to v € D(¢). For any n,
the inequality in (3.3.3) holds:

W2(e, v) + %/\Wf(ut, V) < 6() — dlu) for Ll-ae. t € (0,T), (3.3.5)

[ 1otz =Ty < 600) = 9) = 5AWE )

The second member goes to ¢(v) — ¢(ue) — sAW3 (11, v) by density. The first one, letting

Vi = (L t]7) e, is equal to

/ (Vi) @2 — 21) dof,
XxX

and by virtue of Lemma 2.2.6 7} — 7, where v, € T'o(p,v) is an optimal plan (the
unique one, thanks to the regularity of ;). This convergence is also with moments since
Wa (v, i) — Wa(v, i) as n — oco. Hence the integral passes to the limit if v, is continuous
and bounded, and as well if it is not, by another density argument, using the fact that the
first marginal of ;" does not depend on n. O

We conclude this section with a uniqueness result, which also depends strictly on the choice
p = 2 of the moment exponent and on the convexity assumptions. Later in Chapter 5,
with the particular choice of ¢ therein, we will be able to show a uniqueness result for the
gradient flow in a non A-geodesically convex context, with a proof that makes use of some
of the ideas we are going to give in the next theorem. We need a preliminary

Lemma 3.3.3 Let f(s,t):]0,7] x [0,T] — R satisfy
|f(s1,t1) = f(s2,t1)| < lg(s1) —g(s2)|  and |f(s1,t1) — f(s1,t2)] < |g(t1) — g(t2)|

for any sy, s9,t1,ty € [0,T], where g : [0,T] — R is some absolutely continuous function.
Then t — f(t,t) is absolutely continuous on [0,T] and, for L'-a.e. t € (0,T), there holds
f(tvt)_f(t_hat) f(t7t+h)_f(t>t)

d
— f(t,t) < limsu + lim su )
/(1) 1 Sup - 2 Sup .
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Proof. The hypotheses yield |f(s,s) — f(t,t)] < 2|g(s) — g(t)|, therefore we get absolute
continuity. Now fix h, > 0 and ¢ € C°((0,7")) such that {x € R: z = t+h,t € suppp,0 <
h < h,} C (0,T). Hence, the changes of variables ¢ — ¢t — h and then ¢ +— ¢ + h entail

/ go(t+h})L Fe8dt = /ftt t_ht_h)gp(t)dt
bty = f(t—ht—h
:/f” z (t)dt+/0 flt = h1) fl(t L2 e (3.3.6)
f

B f(t,t) — Tt t+h) — f(t,t)
_ / dt+/0 .

By Fatou’s lemma we also have

- /OT Ft D () dt = /OT i 20 h]i =20 ¢ty ar

(t+ h)dt.

e (3.3.7)
T ot +h)— ot o
< limsup/ —SO( +h) — () f(t,t)dt.
no  Jo h
Since g is absolutely continuous, as h | 0 there hold
1 1 .
Z(f(t,t) = f(t = h,t)) < ~lg(t) — g(t = h)] — |¢'()| in L'(0,T),
h h (3.3.8)

(1) = F(,0) < 1ot + ) — 9] = (0] in 12(0,7).

Then, we combine (3.3.7) and (3.3.6), and we apply a generalized form of the Fatou’s
lemma to the left hand sides in (3.3.8) (indeed, the limsup inequality holds for a sequence
of functions v, if 1, < (, and ¢, — ( in L'). We get

T
- [ senewa
(t,t) — h,t (t — h,t) t—h,t—nh
<lim sup/ I .t @(t) dt + lim sup/ I f< ’ ) o(t) dt,
h10 hl0
t,t —h,t — h,t t—h,t—nh
g/ lim sup ftt) - f( .Y o(t )dt+/ lim sup ft=ht)= f( ’ )go(t) dt.
0 hlo h 0 hlo h
The thesis follows integrating by parts and by the arbitrariness of ¢. O

Theorem 3.3.4 (Uniqueness of the gradient flow) Let ¢ be a \-geodesically convex
functional and let p}, p? be two gradient flows (in the sense of (3.3.3)) satisfying respectively
the initial conditions p; — p' and p? — p? in Po(X), ast | 0. Then

Wa(ui, pi7) < e Wa(u',p?), t>0.

Hence, pi = i if p* = pi°.
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Proof. Notice that, by (3.3.5),

W2(ul, 12) — W2(ul . 12 d
hnlilsoup 2(/% Mt) - 2(Nt—h Nt) _ %WQZW;,U?)
s=t
< AW (s 1) + 20(i7) — 26(paz)
and
W2(ul, u2.,) — W2(ul, 12 d
lim sup Q(Mt /~Lt+h)h 2(:“’1& Mt) _ d_Wg(M%”ug)
R0 S s=t

< AWG (g 1) + 20() = 26(k).
Therefore, applying Lemma 3.3.3, with W3 (ul, u?) in the role of f(s,t), we get

d

@Wi(ui,u?) < =203 (g, 147),

so that Gronwall’s lemma immediately gives the thesis. Il

3.4 Existence of solutions

Next we discuss about the convergence of the minimizing movements scheme and the
solution of the gradient flow equation. As usual, here ¢ : P5(X) — (—o00,+00] will be a
proper, l.s.c. and bounded from below functional satisfying Assumption 3.1.6.

The first result we need is about the subdifferential of the perturbed functional char-
acterizing the minimizing movements scheme, defined by (3.2.1).

Lemma 3.4.1 Let pu, be a minimizer of ®.(-, u°), the functional defined by (3.2.1), for a
given 1i° € Py(X). Then p, € D(|0¢]) and

pl

M e 9p(pr). (3.4.1)

Proof. We have seen that p, € D(]0¢]) in Lemma 3.2.3. Since p, minimizes @, (-, u°) we
readily get, for any v € Z5(X)

1

5 (W3 (s 1) = W3 (v, 1) < () = d(p1-)- (3.4.2)
If t is a transport map between p, and v, applying (3.4.2) and the elementary identity
slal?* = 316 = (a,a — b) — 3|a — b, a,b € X, we get

o) = 0(ur) = 5- [ 160) =P dule) = 5- [ 16@) = (o) dirta)
- /X<t~<>—xt<>—x>duf< ——/|t ) — af? dyir(2)

T

1
2 [ () = 2it() ) o) — - Ty
X T

T
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The thesis follows, and notice that the inequality obtained is even stronger then (3.1.6),
since here t is not necessarily optimal. U

Corollary 3.4.2 The discrete velocity of the minimizing movements scheme, introduced
in Definition 3.2.2, satisfies

Ve —og(ub). (3.4.3)

In this section and in the subsequent one we are going to construct a curve t € [0, 7] —
e € Po(X) which is both a minimizing movement and a gradient flow for functional
¢. So, it will be clear that the two concepts are strictly related, in some sense the two
approaches lead to the same result. The minimizing movements scheme (which itself is
defined in general metric spaces) has indeed to be understood as the time discretization
of equation (3.3.2). Such a point of view, in the context of optimal transportation, was
introduced in the seminal paper [42], as we will remark better in Chapter 4.

We will present two main results, the first one needing the hypothesis of compactness
in Z5(X) for the sublevels of ¢, but without convexity assumptions, the second one con-
cerning A-geodesically convex functionals. In the first case, we are able to construct a
minimizing movement and to show that it satisfies the gradient flow equation in a relaxed
form that we are going to specify. For, we need a preliminary

Definition 3.4.3 (Limiting subdifferential) Let p € D(¢), let £ € L*(X,u; X). We
say that € belongs to the limiting subdifferential Oy (p) of ¢ at w if there exist two sequences
. C D(109]), (&) C L2(X, ju; X), such that &, € 0¢(ux), p, — p, &, — & weakly as in
Definition 1.5.3 and

sup [ |6u(a)F dun(o) < 4o
keN J x

Theorem 3.4.4 (Limit curve) Let ¢ be such that if = C Po(X) is bounded with respect
to Wy and contained in a sublevel of ¢, then = is compact in (Py(X), Ws). Let u° € D(¢).
Let (1,,) be a vanishing sequence of time steps, and let fi., be a discrete solution, defined
by (3.2.4), in correspondence of the initial datum ugn. Then there exists a subsequence

(still denoted by 1,) of time steps such that fi,, converges, identifying a limiting curve
t€[0,T] — u € Po(X), that is

fr, — it 10 Po(X), Vtel[0,T)]. (3.4.4)

The limit curve g is also absolutely continuous. Moreover, there exists a vector map
(z,t) — vi(x) belonging to L*(X x [0,T], u; X), where p = %fOT iy dt, such that

V. — v weakly in L* as in Definition 1.5.3.

Such convergence holds with respect to the product measures ji,, = % fOT fir, () dt, which
weakly converge in Z(X x [0,T]) to p. Finally, letting vi(x) = v(z,t), the couple (1, Vi)
satisfies the continuilty equation (2.3.3) and the relaxed gradient flow inclusion

vy € —Conv dpp(ps) for L-a.e. t € (0,T). (3.4.5)
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Proof. Step 1. Let us denote the finite infimum of ¢ by 2. Consider a sequence p* of
discrete minimizers for (3.2.1). Since

(DT k k-1 — : (I)T k—1
(k7 iz ) uin (v, p7 ),

we readily get
1

S W (s 1Y) + 0i7) < o), (3.4.6)
hence
o(1r) < ¢(u) Vk €N
This means that
sup @(fir(t)) < op(ul) Vr > 0. (3.4.7)
te[0,7)

Moreover, summing up in (3.4.6), we have
inw2’f’f—1< 0y —d(u™) < p(ud) =21 < C 3.4.8
2 Z 2(“77:“7- ) — ¢(:u‘r) ¢(:u7') — ¢(l’l’7‘> 1> Gy ( s )
k=1

where C' is a suitable positive constant which does not depend on 7 (the choice of such a
constant is possible thanks to (3.2.3)). Let now n > m. The triangle inequality entails

n

Wop i) <) Waul, pft),

k=m+1

2
and, by means of the elementary inequality (Zfil al-) <N ZN a?, we get

=1 "1

. 1/2
1
Wa(uil', plt) < (; > Wf(uf-;u’i”)) ((n—m)r)'/?.

k=m+1

Exploiting (3.4.8), we obtain
Wao(u*, pt) < /2(n —m)C'T. (3.4.9)

Considering (3.4.7) and (3.2.3), we learn that the family {fi-(t)}ic0,77,7>0 is a bounded
set contained in a sublevel of ¢, hence it is relatively compact in Z5(X) by hypothesis.
Moreover, connecting the consecutive values p*, u**! with geodesics, we obtain a family,
parametrized by 7, of continuous curves in %, (X). Let us denote such family by {i, () }-=o-

By virtue of (3.4.9), each curve in this family has C%!/2 regularity:
W3 (jir (1), fi-(5)) < Clt = s,

where the constant C' does not depend on 7. This uniform equicontinuity, together with
the compactness of the set of values assumed in (X)) by the curves, allows to apply
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the Ascoli-Arzela theorem and extract a sequence uniformly converging in [0, 77, that is,
a sequence of functions (fi,, (-)) converging to some p; in C°([0,T]; 25(X)). On the other
hand, taking advantage again of (3.4.9) we get

Wi (fir (8), o) < Wafir (1), e (£)) + Wafir (8), o) < CVT + Walfir(t), ) VE € [0,T],

and since /i, goes to p; uniformly as h — oo, we have Wy(fir, (1), 1r) — 0, hence
fir, (1) — g in Po(X) ¥Vt € [0,T]. (3.4.10)

Now we have to show that u, € AC([0,T]; P2(X)). For, define

k k—1
(1) = M for t € ((k — 1)r, k] (3.4.11)

and notice that, for any k£ > 0,

kT kT 2(.k  k—1
[ mod =ttty [P = PR g
(

k—1)T (k—1)r T

Fixing n > T'/7 and taking advantage of (3.4.8), we find

/ ) dt < - ZW2 kil < 20
0

This shows that the family of functions {|z.|(-)},~0 is bounded in L?*((0,7)), so that it
possesses a subsequence weakly converging to some U(+) in L?((0,7)). Let 0 < s; < 89 < T,
and making use of (3.2.5) and of the triangle inequality we get

(Ts2/mh )7

Walfin, (1), i, (52)) = Wa(ul/7), ul2/71) < /” AL (3.4.13)
S1/Th|)Th

As fir, (t) — p for any t € [0,7], we can invoke the semicontinuity property of Ws,
proved in Lemma 2.2.6. On the other hand, we have the just stated weak compactness of
{172 (-)}+=0 in L2((0,T)). Hence, possibly extracting one more subsequence, from (3.4.13)
we get
52
W2<M817/’L82> < lim sup W2(/17h(81)7 Hr), (52)) < / U(t) dt?

h—oo s1

which shows the absolute continuity of 1.

Step 2. Let, as usual, t**! be the optimal transport map between prtand p® and recall
the definition of discrete velocity given by (3.2.7)-(3.2.8). Let v* = (I, VF),u* and

() = (Lo (8)fis (1) it € (k= D k),
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As in the proof of Theorem 2.3.3, let us introduce space time probability measures over
X x [0,T], in correspondence of time dependent families of probability measures over
X: givent € [0,7] — 1 € P(X), let v := 1, QFL'(0,T) € P(X x [0,7]). So, in
correspondence of i, (t) and i, we have the measures fi,, u € Z(X x [0,7]). In particular,
since by (3.4.10) fi,, (t) = p; for any ¢ € [0,77, there holds

fir, = pin 2(X x [0,T)). (3.4.14)

Moreover, the piecewise constant map t +— VT(t) € L*(X, u; X) can be seen as an element

of L*(X x [0,T],fir; X). On the other hand, even the family of measures 7,(t) has its

counterpart 3, € Z((X x [0,7]) x X), and with the notation just introduced there holds
Vr = (IT7VT>#/:LT7

where I : X %[0, 7] — X x 0,77 is the identity in X x [0, 7). Let xr, xo denote respectively

the variable in the first and in the second factor of the product space (X x [0,7]) x X. If

n > T/7, we have, by (3.4.8),

— ~ 1 < |z — tF(2))? 2C
V. (z7)|? diis(z7) < = / T duk(x) < = 3.4.15
fog Ve dien) < 732 [ 5 (1)< % (3.415)

Together with (3.4.14), this shows that the hypotheses of point i) of Lemma 1.5.4 are
satisfied, yielding tightness for the family 4, in the Z((X, x [0,7]) x X) topology. Then
there exists a subsequence (that we don’t relabel) of 7, such that 7,, — v in Z((X5 X
0,T]) x X), and since 747, = fi, for any h, at the limit we find 7,y = p (here 7'
denotes the projection on the first factor X x [0,77]). We define the limit velocity as

v(zr) = /X:zrzm (z2), (3.4.16)

that is, v is the barycenter (see Definition 1.4.8) of the family xp € (X x [0,T]) > 7up €
Z(X) which disintegrates v w.r.t. its first marginal p. Since v is a barycenter, by Lemma
1.5.4 we also have that V,, weakly converges to v € L2(X x [0,T], ; X) in the sense of
Definition 1.5.3 and

/ |V]2d,u§1iminf/ V.., |? djir, - (3.4.17)
Xr h—oco Jx..

Step 3. We have to check that the vector v in (3.4.16) satisfies the continuity equation,
coupled with p. Let ¢ € Cyl(X). Then

/X @) dpz ™ () — /X p(x) diis(x) = / (p(x) — @t (2))) dpzt (2)

X

- /X (Vip(a), z — 64 (2)) dh+ () + RAH

= T/ (Ve(x1), 22) dyit! (21, m2) + R,
XxX
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where R¥*! is the remainder of the Taylor expansion. Writing it in integral form we see
that

RET =3 [ [ (Pt ¢ @) - ) di o)

< 2 sup | V2| / VA ()P dp (a).

Let ¢ € Cyl(X7) and choose ¢(-) = ¥(-,t). Recall that i, is a measure on X x [0,7]
and that its disintegration with respect to =£'([0,7T7]) is fi,(t), which is given by p¥ for

€ ((k — 1)7,k7]. Let also R.(t) = RF for t € ((k — 1)1, k7]. Hence, by the previous
estimate,

(3.4.18)

Op(x,t) du(x,t) = hm 6t@/1(x t)diir, (x,t)

Xr
hhm / (x,t+ 1) — (2, t) djis, (2,1)
1"
= — lim (Vio(xr), 22) 77, (21, 22) — lim —/ R, (t)dt.
h—o00 XpxX h—oo Th

But (3.4.18) and (3.4.15) show that the last limit is zero. We are left with

Do, 1) da(z, 1) = — /X (0. ) it )

X7

where v is the limiting velocity defined by (3.4.16). This is the continuity equation.

Finally, we are left to prove that the limiting velocity v(z,t) = v,(z), defined by
(3.4.16), satisfies (3.4.5). Splitting the integral in (3.4.15) and making use of Fatou Lemma,
from (3.4.15) we see that we can find a £'-negligible set N C (0,T) such that

lim inf / V., ()]? djir, (t) < +o0 ¥Vt € (0,T)\N. (3.4.19)
X

h—o0

Here V,, (t) is seen, for any fixed ¢, as a L?(X, uy; X) vector field. This implies that, for any
t ¢ N, V,, (t) has weak limit points in the sense of definition 1.5.3 (by Lemma 1.5.4). Since
—V,, (t) are subdifferentials of ¢ at fi,, (), from Definition 3.4.3 we see that 9y (p;) # 0
for any ¢ ¢ N. Recall that the limiting plan v is given by (I, v)gp € Z(Xr x X). It
is the limit of (Ip, V,, )i, in the 2(X, x [0,T] x X,) topology (on a subsequence,
that here we are not relabeling). Disintegrating w.r.t. ¢ we get the family of plans ¢ —
Y, (1) € P(X x X), where 7, (t) = (I, Vs, (t))#fir, (t). But (3.4.19) implies, by virtue of
Lemma 1.5.4, that ¥, (t) has limit points in the Z(X, x X ) topology, for any t ¢ N.
Let G denote the corresponding sets of accumulation points. On the other hand, the
disintegration of v w.r.t. ¢ is (I, v;)4xp. Invoking Lemma 1.3.3 we get

(I, vi)4pe € ConvG, for L'-ae. t €[0,T). (3.4.20)
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But limit points of 7, () correspond to weak (in the sense of Definition 1.5.3) limits of
VTh (). Indeed, by Lemma 1.5.4, the latter are barycenters of the elements of G;. Moreover,
the opposites of the limits of V, (¢) are the elements of the limiting subdifferential of ¢ at
. By (3.4.20), (I, vy)gp is the limit (in &2 (X, x X)), for fixed ¢) of a convex combination
of elements of G;. By the linearity of the barycentric projection operation, we get

—v; € Convdpp(py) for Ll-ae. t €[0,T]

Here the closure is the strong L?(j;) closure (strong and weak closure are the same for
convex sets). The proof is concluded. U

3.5 Existence of solutions: the convex case

In the convex case the minimization scheme inherits very nice properties. Before stating
the main convergence theorem, we will present some intermediate results which will be also
useful, in particular in Chapter 4. So, the first part of this section is meant to lead us to
a deeper insight on the consequences of A-geodesical convexity.

Theorem 3.5.1 (Slope and minimal selection in the subdifferential) Let ¢ be a A-
geodesically convex functional. Then p € D(|0¢|) if and only if 0p(u) is not empty and

|0¢(11) = min {[|€] z2(x ux) : € € OD() } - (3.5.1)

The minimum is realized in correspondence of a unique vector € € d¢(p), which we denote
by 0°¢(1).

Proof. By the definition of metric slope and Wasserstein subdifferential, we immediately
see that

[001(1) < [1€ll20xx) V€ € Io(p).
Let p € D(|0¢]) and let p, be a minimizer of the perturbed functional @ (-, ut), defined by
(3.2.1). Lemma 3.4.1 shows that the rescaled vector &, := (t, —I)/7 belongs to d¢(u.),

hence )
- Wi (ur, )
-

/X €. (0)]? dpir ()

By Lemma 3.2.3, we know that there exists a vanishing subsequence (7;,) such that p,, — p
and

(3.5.2)

lim . &5, (@) dpur, (2) = |00 (). (3.5.3)

It follows from Lemma 1.5.4 that & has some weak limit point £ € L*(X,p; X), in
the sense of Definition 1.5.3, as 7 — 0. We denote by u, and §,, the corresponding
sequences. We have to show that §& € d¢(u) and [06|(1) > ||€]|r2(x ux). Let v € D(¢),
with t; being the optimal transport map between p, and v as usual. Consider the 3-plan
Yo = (L&, ) )ppin. It is relatively compact in Z(X x X, x X). Indeed, the first and



3.5. EXISTENCE OF SOLUTIONS: THE CONVEX CASE 23

the third marginals are tight in Z?(X), whereas the second one is tight in Z(X), thanks
to (3.5.3) and (1.4.5), and we apply Proposition 1.2.1. By (3.1.7) we have

o) = o) + [

XxXxX

1
(x9, 23 — x1) dy, (21, T2, T3) + iAwg(un, v). (3.5.4)

Let « be a limit point of «,,. Since the first and the third marginal of v are converging in
P(X) (with moments), there holds

lim sup |$Z]2 dvy, (x1,x9,23) =0

T—00 N /(XxXXX)\Br(O)

for i = 1 and i = 3, where B,.(0) is the centered ball in X x X x X. Hence we can apply
Lemma 1.5.2 and the lower semicontinuity of ¢ to get

o(v) > () + /

1
- X<LU2, x3 — x1) dy(z1, T, 3) + §>\W22(,u, V). (3.5.5)
XA X

Since we are working under Assumption 3.1.6, p is regular and there exists the optimal
transport map t;,. Then, letting v = W# ®~, Lemma 2.2.1 gives

/ <:v2,x3—x1>d7(fc1,xz,w3)=/ (T2, t),(21) — 1) dy(01, 72),
XXXxX

XxX
hence

00) = 0l) = [ {oatyln) = 22) dr(onmn) + AV

> [ e, i) = 1) duto) + 50020,

where 7 is the barycenter of «, which corresponds to the limit £ of &,, by virtue of
Lemma 1.5.4. We conclude that & € d¢(u) and then (3.5.3) and (1.5.9) imply [0¢|(u) >

H€HL2(X,M;X)' g

Proposition 3.5.2 (Convexity of ®) Let ¢ be A-geodesically convex, let T > 0. Let
moreover 1°, ut € D(¢) and v; be a constant speed geodesic connecting ji° and p'. Then
there holds

(v, 1) < (1= )@ (0, 1°) + @, (1, 1°) — % (% + A) t(1—t)W2(p’, 1Y) (3.5.6)

Proof. A simple computation yields

1
D, (v, p1°) = ZWQQ(MOa’Yt) + ()
1
= ;ﬁsz(uO?ul) + ¢(7e)
1 1
< ;tzwz?(uo, ph) + (1 =)o) + to(u') — 5/\t(1 — )W (", p)
1

= (1 —=t)o(p°) +1 (¢(u1) + %Wf(uo,ul)) -3 (% + A) (1 — W5 (1, 1),
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where we made use of the definition of A-geodesical convexity. O

Remark 3.5.3 By the previous proposition we can not infer that @, (-, %) is (A + 1/7)-
geodesically convex. We have convexity only along geodesics starting from the base point
u°, and not for each couple of points in %, (X). By the way, when needed we will ask
strong geodesical convexity (see Definition 3.1.4). It is immediate to see that under such
assumption, ®,(-, "), with p° given in &5 (X), is l-convex along a suitable curve (not
necessarily a Wasserstein geodesic) with respect to an arbitrary base point.

Lemma 3.5.4 (Uniqueness of minimizers for strictly convex functionals) Let A >
0. Let ¢ be N\-geodesically convex. Then there ezists a unique minimizer fi for ¢ in Po(X).

Proof. Let v, be a minimizing sequence, so that there exists (w,) € R, w,, — 0, such that

¢(vn) < Veeig)gf(x) ¢(v) + wn. (3.5.7)

¢ is A-geodesically convex, so that, by definition, there exists a geodesic ;"™ connecting
v, to v, such that there holds

o) — o(vn)
t

< 0(vm) = 6(0) — SA1 = W (v 40).

Choosing ¢t = 1/2 in this relation, we find

1
20(0) — 200) < D) — 0(0i) — PWE i, ),
hence, . | , : 1
gAWg(Vn’ Vi) < B) (V) + ) (vn) — Qb(’/?/gl) < B W + 5 W

where we made use of (3.5.7). Since A > 0 and w, — 0, we learn that v, is a Cauchy
sequence in P5(X), which is complete since X is a Hilbert space (see [71, Lemma 6.12]).
Then there exists v such that v, — v in HP5(X). Since ¢ is l.s.c., we conclude that v is
a minimizer for ¢. Moreover, it is the unique minimizer. Indeed, suppose v; and v, and
are distinct minimum points. Let 14, be a Wasserstein geodesic connecting them. Since
¢ is A-geodesically convex, 1, can be chosen such that (3.1.3) holds, and such relation
immediately gives a contradiction. O

In the A-geodesical convex case, we can give the following representation for the metric
slope.

Lemma 3.5.5 (Metric slope in the convex case) Let A € R. If ¢ is A-geodesically
convezx, then there holds

o (O =) Ly N
|a¢|<u>—u;3( L) O ,m) v € D(g). (358)

Moreover, the application v — |0¢|(v) is l.s.c. in Pa(X).
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Proof. 1t is clear that

o (P(v) — o)™
1961(v) = “_}ilrilngf())() Wa(v, 1) : iig

o) — ) 1 "
(S + )

On the other hand, consider that, by A-geodesical convexity of ¢, there exists a Wasserstein
geodesic v; connecting v and p such that

o) — o) o tWa(v, ) (cb(V) — o(p)
Walv,vy) = Wav, 1)
Clearly there holds

1
ACT A1 = OWa(v, u)) (3.5.9)

: o) — o)
0¢(v)| > limsup —————,
|0¢(v)| = L APy

and using Wa(v, 1) = tWs(v, u), from (3.5.9) we get

oot = (22

Taking the supremum over p # v, we get (3.5.8). In order to show lower semicontinuity,
consider a sequence (v,,) converging to v in ,(X), and let u # v, so that, for n large
enough, v, # u. Then, thanks to (3.5.8) and to the lower semicontinuity of ¢,

(¢(Vn) — o(u)
WQ(VTL’ :u)

1 +
+ 5/\W2(1/, u)) :

1 +
+ 5/\W2(V, ,u)) :

lim inf |06(v)| > lim inf
L (2ot
a W2(V’ :u)

Again, the conclusion follows taking the supremum over p # v. U

1 JF
+ 5)\W2(Vna :u))

We also state the following result, in the same spirit of Lemma 3.5.4.

Proposition 3.5.6 Let ¢ be a strongly convez functional, let u € D(¢) and T > 0 . Then
O, (-, 1) admits a unique minimizer j, € Po(X).

Proof. Let ¢.(u) be the Moreau-Yosida approximation of ¢, (see (3.2.9)). ¢, depends
continuously on p (with respect to the Wy convergence), as shown in point i) of Lemma
3.2.3. Suppose now that (v,) is a minimizing sequence for @ (-, ). Then, since u € D(¢),
there exists a sequence (u,) C D(¢) converging to p in P»(X) such that

lim sup @+ (v, pt,) = limsup @ (v, ) < &7 (p). (3.5.10)

n—0o0 n—oo

Let us now take advantage of (3.1.4), choosing a continuous curve j; connecting v, to v,
with u, as a base point. We obtain

1
D (1), pin) = O(p12) + ng(lul/% fin)

1

< 5 (0004 3 W3] + 5 (000 + 3 W30 ) -

W22(Vm Vi)
2 2 ’

8T
(3.5.11)
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Now notice that the left hand side can be bounded from below with ¢, (u,), while the first
two terms in the right hand side are asymptotically smaller than 3¢, (x), by (3.5.10). We
conclude that W2(v,,, v,) — 0 as n, m — oo, whence v, — v in P5(X). Then, it follows
easily that v is a minimizer. Since the minimizing sequence was chosen arbitrarily, we also
conclude that v is the unique minimizer. O

Proposition 3.5.7 Let ¢ : Py(X) — (—o00,+00| be a strongly convexr functional, let
pl € Po(X) and let p, be a minimizer of ®,.(-, u°). Then
Wy (e v) = W5 (1", v) < 27[0(v) = d(n-)] Vv € D(9). (3.5.12)

Proof. Let vy = p,, v1 = v and consider the interpolating curve v; : [0, 1] — P5(X) along
which (3.1.4) holds. The minimality of x, and (3.1.4) give

1 1
Hpr) + 5 W3 (1, 1%) < 6(1) + > W3 (v, 1°)
1 1 1
<(1_— o2 0 R I T T e '
< (1) foljer) 4 5o W) o) + 5 WE )] — 100 =) - W)
Subtracting ¢(p,) + W3 (pr, 1°)/27 and dividing by ¢ > 0 we obtain:
1 1 1—-1
_ > L2 0y _  vir2(,, 0 L=ty
o(v) —o(ur) = or W3 (ks 17 o W3 (v, 1) + o W (pr,v)

> o[- ) Wiew) — Wi )]

Letting ¢ | 0 we have

W22(,u7'7 V) - WQQ(V7 MO) + WQQ(/J’M MO) <27 <¢<V> - ¢(NT>>7 (3513)

which yields (3.5.12). O

Now we are going to discuss the convergence results for the convex case. We will see
that stronger conclusions then the ones of Theorem 3.4.4 hold, even omitting one of the
hypotheses therein, that is, the compactness for sublevels of ¢. For simplicity, and since it
is enough for our subsequent purposes, we will restrict the analysis to the case A = 0, and
we address the reader to [4] for the general case. The main assumption here is the strong
geodesical convexity of functional ¢, as introduced in Definition 3.1.4.

Theorem 3.5.8 (Existence and uniqueness of gradient flows) Let ¢ be a strongly
convez functional. Then, for all u° € D(¢), there exists a limit curve p; for the minimizing
movements scheme, starting from u°, which is solution to (3.3.5) and the unique gradient
flow. g is given by a contraction semigroup S(t) on D(¢), it belongs to D(|0¢|) for any
t >0 and

Wa(S(t)(1°), S(s)(1°)) < V20 /|t — s, t,s>0, u° € Pr(X), (3.5.14)

where C' = ¢(u°) — inf ¢. The solution here provided satisfies the following additional
properties.
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i) Let fi-(t) be defined by (3.2.4). There holds
Wa(S(t)(1°), i (1)) < (3V2 +4)V7C
if u® € D(¢);

i) the following regularizing effect holds:

HSN(H) < inf ~W2(O,0) + d(v) < +o0

veD(¢) 2t

for allt >0, u° € D(p). Moreover, S(t)u’ € D(|0|) for any t > 0.
ii1) If po is a minimum point for ¢ and t > 0, then

W2 0
S(S(8) (") — o) < L)
and the map t — Wo(S(t)(1°), o) is nonincreasing.

Proof. Concerning uniqueness, we refer to Theorem 3.3.4.
In order to show existence, we consider first the case when p° € D(¢). Let p2 = u°.

pr L satisfies

S + 5 WEGAT 1) < 6() + MR ) W€ D(o) (3.5.15)

and reasoning as in the first part of the proof of Theorem 3.4.4, we are lead again to the
discrete C''/? estimate

Walfir (t), fir(s)) < V20|t — s| + T, (3.5.16)

where t,5 > 0 and C' > 0 is given by ¢(u°) — inf ¢ (mind that ¢ is bounded from below).
We do not have compactness of sublevels, nonetheless we can make use of the convexity
estimate (3.5.12). Let v’ € D(¢) and denote as usual by u,(t) the piecewise constant
interpolation of discrete minimizers starting from v°. We start proving that

W3 (e (8), 7o) = W5 (1, 07) < 27(6(v") — 1), (3.5.17)
for all 7 > 0 and all times ¢ that are integer multiples of 7, where ¢+ = inf ¢. To this aim,
notice that (3.5.12) implies, since i, ((k + 1)7) = p*1 is the discrete minimizer starting
from ji, (kT) = i,

W3 (i ((k + 1)7),v) = Wy (i (k7), v) < 27[6(v) = S ((k + 1)7))] (3.5.18)

for all v € D(¢). Replacing 7 with 7/2, u with v, v with 6 and choosing k = 0 and k = 1
we obtain the inequalities

WZQ(DT/Q(T/Q)7 9) - W22<V07 9) S T [¢(9) - qb(DT/Z(T/Q))} )

- o, - (3.5.19)
W2 (VT/2(T)7 6) - WZ (Z/T/2(T/2)7 9) <T |:¢(9) - ¢(VT/2(T)):| )
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for all € D(4). Summing up we have
W2(2r/a(7),0) — W2, 0) < 7 [20(6) — 6(5r/2(7/2)) — 0(ra(7))] (3.5.20)
for all 6 € D(¢). Still from (3.5.18) we get
W37, (7),0) — W2(H,0) < 27 [6(0) — 6(i(r))] V0 € D(o). (3.5.21)

Setting 6 = [i,(7) in (3.5.20) and 6 = v° in (3.5.21), we can add the resulting inequalities
to obtain

W3 (fir (1), Trjo(7)) = W3 (11-(0), 77 2(0)) < 27 (6(1°) — §(7r2(T)) » (3.5.22)
yielding (3.5.17) with ¢ = 7; by adding the inequalities analogous to (3.5.22) between
consecutive times m7, (m + 1), for m =0,..., N — 1, we obtain

W2(ir(N7), 52a(N7)) = W20, 1) < 27 (6(°) — 0(5r2(NT))) (3.5.23)

that yields (3.5.17). Now, from (3.5.17) with 1° = u° we get
Wo(fir jam (t), iz jam+1 (t)) < 27™2/27((u0) — 1) = 27™/2V/2CT

for all ¢ that are integer multiples of 7/2™. Now, if ¢ is an integer multiple of 7/27, j € N,
whenever m > j we have that ¢ is also integer multiple of 7/2™, and by triangle inequality
we deduce

n—1
Wofis o (8) iz e (1)) < > 272V2CT (35.24)

for all n > m. So, for any ¢ which is integer multiple of 7/27 (and therefore on a dense
set of times, since j is arbitrary) the sequence (fi-/on(t)) has the Cauchy property and
converges in Z,(X) to some limit, that we shall denote by . (¢)u’. Using the discrete
C%1/2 estimate (3.5.16) we obtain convergence for all times, as well as the uniform Hélder
continuity (3.5.14) of t — #(t)u°

We prove now that the curve t — . (t)u® is a gradient flow starting from ;" by showing
that it satisfies the evolution variational inequalities introduced in Theorem 3.3.2. Indeed,
we can read (3.5.18) as follows:

d1
S WR(in(t),) < TZ S (i) 61

for all v € D(¢), in the sense of distributions. Passing to the limit as n — oo , with 7
replaced by 7/2", the lower semicontinuity of ¢ gives

%%Wf(%(tmo, v) < [o(v) — o (")) Vv € D(9)
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in the sense of distributions. This proves that . (t)u° is a gradient flow starting from i,
and since we proved uniqueness for gradient flows, the semigroup property holds and from
now on we let S(t)u’ = S (¢t)u°. Contractivity of the semigroup for u° € D(¢) follows
taking to the limit as 7 | 0 in (3.5.17).

Next we prove i). Passing to the limit as n — oo in (3.5.24), with m = j = 0, we obtain

Wa(S(t)°, fir (1)) < 2(V2+ 1)V Cr

when /7 is an integer. Otherwise, let s/7 be the closest integer to t/7, so that [t —s| < 7.
By (3.5.16), (3.5.14) and the latter inequality we have

Wa(S(t)u°, itz () < Wa(S()p°, S(s)u°) + Wa(S(s)u’, iz (s)) + Walfir (s), fir(t))
< V2Ot = s|+2(V2 + DVCT + V2 /C(Jt — s| + 7)
< (3vV2+4)VOr,

that is 7).

For the proof of 7) when p° € D(¢), consider the inequalities, following from (3.5.18) and
(3.4.6),

Wg(ﬁr((k + 1)7—)’ V) - Wg(ﬂT(kT)’ V) <
< 27[p(v) = o(i-(NT))],

holding for k =0,...,N — 1, v € D(¢). Summing up we get
W (fir (NT),v) = W5 (1°, v) < 2N7[p(v) — ¢(fi-(NT))].
Replacing now 7 by 7/2™ in this inequality we have

% Hfir /o (NT/27)) < W3 (", v) + % é(v) Vv e D(g),

and defining N as the integer part of 2"t/ (so that N7/2™ — t), we can let m — oo to
obtain 7).

In order to prove contractivity and ii) when pu° € W we use a density argument.
Indeed, let 4 € D(¢) be converging to u € D(¢) in P5(X): by contractivity we ob-
tain that S(t)u® is a Cauchy sequence for all ¢ > 0, and therefore converges to some
limit, that we shall denote by S(¢)u°. It is not difficult to prove by approximation that
S(t)u° is a gradient flow, and it remains to show that it starts from u°. We have indeed
Wa(S()u’, S(t)py) < Wa(uy, 1°), so that

lim sup Wa (S (8)p”, 1) < 2Ws (i, 1°) + limsup Wa (S ()i, 1) = 2Wapay, 1)
t]0 t10

Letting n — oo we obtain that S(¢)u® — p® ast | 0.
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Notice that, letting u° € D(¢), since u; = S(t)uo is a gradient flow, it satisfies in
particular (3.3.2). This shows that d¢(u), t > 0, is not empty. By Theorem 3.5.1 we

conclude that pu; € D(]09)]).
Finally, the inequality of #7i) follows from (3.3.5), with A = 0, as well as the monotonicity

property for the map t — W5 (S(¢)u; 110), p1o being a minimum point for ¢.

g



Chapter 4

Nonlinear degenerate diffusion
equations in Hilbert spaces

4.1 Description of the problem

We are going to present the first application of the theory outlined in Chapter 3, that
is, the construction of solutions of PDEs as gradient flows in the space of probability
measures, endowed with the quadratic optimal transportation distance W5, of suitable
energy functionals. Starting from the seminal papers [56, 42], many studies have been
devoted to the description of classical and non-classical PDE’s in such framework. Here
we just mention [1, 25, 26, 57, 58, 59] and we refer to the monographs [4, 72, 71] for a
detailed (but already not completely up to date) description of the literature. We have
seen in Section 3.5 that this interpretation as a gradient flow, when associated to a convex
structure, inherits its full power and is extremely useful to derive existence, stability results
and trends to equilibrium. In [4] (see chapters 9, 10 and 11 therein) the approach has been
shown to be particularly suitable for evolution equation of diffusion type in R", that is

: OF .
Orp — div pV((s—) =0 in R"x (0,+00), (4.1.1)
)
characterized by the first variation % = F.(z,p,Vp) — div Fy(z, p, Vp) of an integral

functional like

F(p) = / F(a, pl), Vpla)) d.

Here F' = F(z,z,p) : R" x [0,400) x R" — R is a smooth integrand. We see that (4.1.1)
has the form of a continuity equation whose velocity vector field is a gradient.

We will focus the attention to the particular case in which F' depends directly only on
p, an instance which gives rise to different equations of interest in the applications. In [4],
a full theory for this case has been developed. On the other hand, the analogous result

61
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in a infinite dimensional Hilbert space X has been proven therein only for the case of the
linear Fokker planck equation (corresponding to F'(p) = plog p) with respect to a Gaussian
measure on X . Later, in [8], the authors obtained general existence and stability results for
infinite-dimensional Fokker-Planck equations spaces associated to log-concave probability
measures v: as we will see, when the PDE is regarded as the gradient flow of the relative
entropy functional

07F+/prgpwy
X

with respect to W, the log-concavity of 7 is (see [4]) precisely the property needed for
convexity. More recently this results have also been extended to the Ornstein-Uhlenbeck
operator in Wiener spaces (see [36, 48]).

In this chapter we investigate more in detail the nonlinear counterpart of these results,
corresponding to general energies

p=pm Z)i= [ Fo)d e ) (4.12)

(set equal to +oo if u is not absolutely continuous with respect to 7). In particular we
obtain well-posedness and regularizing properties for nonlinear evolution equations of the
form

{&m—V%V@OMﬂZOiﬂXXm*w% (4.1.3)

p
im 1 = [t

where p; represents the density of u; with respect to vy and L = Lr : R — R is the Legendre
transform of F. The reader may consult [29, 30] for a systematic study of evolution PDE’s
in infinite dimensions and the monograph [70] for the finite-dimensional theory of porous
media equations.

As soon as a convex structure is identified, the results Section of 3.5 provide existence
and uniqueness of the gradient flow, and several equivalent formulations of the evolution
problem; but, the interpretation of this evolution in conventional PDE terms might not
be immediate; in the case of Fokker-Planck equations, the connection with the point of
view of Dirichlet forms and of Markov processes is completely analyzed in [8], and tools
from the theory of optimal transportation are used to show closability of the Dirichlet form
JIVul]* dy.

In the nonlinear context provided by (4.1.2), our goal is relate the evolution semigroup
in Z5(X) to the classical viewpoint based on Sobolev spaces and integration by parts. To
this aim, we assume that an orthonormal system (that will be considered the reference basis
denoted by e;) of X exists, such that J,7 < 7 for all j > 1; notice that this assumption
is consistent with the model case of Gaussian measures . Notice however that it is not
needed for the existence of the evolution semigroup in & (X). On the other hand, in
order to have a convex structure we need some structural assumptions on F' which cover
all nonlinearities F'(z) = 2™, m > 1 (see Assumption 4.4.1) and the log-concavity of 7.
This last hypothesis covers all measures v of the form e~V~g with 7o Gaussian and V
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convex and lower semicontinuous, but we won’t need any absolute continuity assumption
w.r.t. a Gaussian.

By Definition 3.3.1, we know that a gradient flow p, in (P5(X), W3) is characterized
continuity the equation (in the weak sense of duality with cylindrical functions)

%ut + V- (vye) =0 (4.1.4)
coupled with a constitutive equation relating v; € L?(pus; X) to pg, namely —v; = 0°.F ().
In this context, "% (py) is the element with minimal L?(X, py; X) norm of 0.7 (py) and
the subdifferential relation is of course the Wasserstein one, described in Definition 3.1.7
(recall also the uniqueness of the minimal selection in the convex case, given by Theorem
3.5.1). The optimal transport map t between p = py and v appears therein, and it turns
out that the absolute continuity of all measures 0,7 suffices to show in Theorem 4.3.1
(following with minor variants Theorem 2.1.7) existence and uniqueness of optimal maps.
We remark that in comparison with the subdifferential analysis of [4, Chapter 10], our
proofs are simplified by the choice of the quadratic exponent (p = 2) and by the existence
of optimal maps, so that Kantorovich plans do not play an explicit role.

So, most of this chapter will be devoted to the identification of 9.7°(p7) and, in com-
parison to the linear Gaussian case considered in [4, 10.4.8], new difficulties are due to the
nonlinearity and to the generality of v. If p € L*°(X,~), we shall prove that 0.% (pv) is
not empty if and only if Lpop € WH(X,~) and V(Lp o p)/p € L*(X, py; X); if this is
the case, then

V(Lr o p)
p

In the case of unbounded densities p, membership to the Sobolev space can not be defined
because we assume only 0,7 < 7 (the assumption |Je,y| < Cy would be incompatible
even with the Gaussian case) and the integration by parts formula does not make sense. To
overcome this difficulty, we define (in the same spirit of [11, 28]) generalized Sobolev spaces
GWUH(X,~) in the “entropy” sense, by requiring that the truncated functions T, (p) =
—a V p A a belong to WHH(X,v) for all @ > 0 (see also [24] for a definition of entropy
solutions to some degenerate evolution equations). In this class a gradient can still be
defined and (4.1.5) remains true. Replacing (4.1.5) into (4.1.4) we find equation (4.1.3).

The main result, namely a well-posedness result for (4.1.3) (see Theorem 4.7.4), will
be obtained invoking Theorem 3.5.8. The solutions will inherits the additional properties
listed therein, and in particular they will be described by a contraction semigroup on
P5(X). We conclude noticing that our strategy (based on the perturbation argument, as
in [4, Remark 10.4.7]) identifies only the element with minimal norm and not the whole
0.F (p7y), in contrast with the known finite-dimensional result, recalled in Theorem 4.5.1.
Since the differential inclusion v; € —0.% (1) is equivalent to the equation vy = —9".F (1),
our result is sufficient to identify the PDE (4.1.3). A direct analysis of the subdifferential
relation seems to require change of variables formulas relative to =, a problem still open
under our weak assumptions on 7.

=3"Z (py). (4.1.5)
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4.2 Partial derivatives and gradient in Hilbert spaces

In this section we will introduce the weak directional derivatives, through the integration
by parts formula, and the Sobolev spaces over X. Moreover we will prove a useful chain
rule formula.

Let v be a probability measure on X and v € X, v # 0. The Fomin distributional
derivative (see for instance [12]) 0,7 is defined by the canonical duality

(0vy, ) = —/ Oypdy, ¢ € Cyl(X)
X

where 0, is the partial derivative of ¢ in the direction v. We say that 0,7 is an absolutely
continuous measure with respect to « if there exists g € L'(X,v) such that

/ Opipdy = —/ gpdy, Yo e Cyl(X). (4.2.1)
b's X
Throughout this chapter we shall make the following assumption:

Assumption 4.2.1 0.,y < 7y for all j > 1. The corresponding Radon-Nikodym deriva-
twes will be denoted by g;.

Now we can define the distributional partial derivative of a bounded function (see for
instance [12]).

Definition 4.2.2 (Partial derivative, gradient, Sobolev spaces) Under Assumption
4.2.1, a function v € L*>*(X,~) has partial deriative n; € L'(X,~) if

/%C(@M@ dy(z) = —/ n;(x)C(z) dv(x)Jr/ u(z)((z)g;(x) dy(z) V¢ e Cyl(X).
X X X

(4.2.2)
In this case, we write n; = agju, and simply Oeju when no ambiguity arises. In addition,

if this happens for all j > 1 and |/ (0e;u)? € LP(X,7), we write w € W'P(X, ) and set

Vu = Z(@eju)ej € LP(X,v; X).

J=1

We shall also use the fact that (recall the definition of cylindrical projection u¢ given
by (1.4.2))
e, (u?) = (0e,u)? (4.2.3)

whenever J;u exists and j < d. In fact, if j < d , clearly 7,4, which disintegrates v with
respect to y¢ = Hiﬂ, can be seen as a family of measures on (X%)*, so that, for fixed
% € X? | it does not depend on (z,e;) and then

Gej/Xu(:c) d’yzd(x):/xaeju(x) dry,a(z).
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We shall also need a chain rule formula and an existence result y-a.e. of directional
derivatives of Lipschitz functions; we recall briefly their proofs, that can be achieved by
standard arguments.

Theorem 4.2.3 (Chain rule) Let u € L>(X,v) with 0,u € L'(X,v), and let f €
Lip(R). Then O, (f ou) € L'(X,~) and

Oe;(fou) = f(u)0e,u ~y-a.e. in X. (4.2.4)

More precisely, denoting by ¥ the set where f is not differentiable, both Oe,u = 0 and
Do, (fou) =0 v-a.e. on u™(X), where (4.2.4) does not make sense.

Proof. We denote by Y the orthogonal subspace to e;, by w : X — Y the orthogonal
projection and by 7, € Z(R) the disintegrating family of measures, namely

[r@a = [ ([ @) dmao = [ [ e so o

for any Borel map f: X — R, or

V(B)Z/Yvy({t: y +te; € B}) dmwyy

for all Borel sets B C X, as seen with (1.3.3) and (1.3.4). We claim that v, < £' for
myy-a.e. y. To prove this, we shall prove that v, has derivative equal to f,v,, where
fy(t) = g;(y+te;), and use the well-known fact that this property, on the real line, implies
absolute continuity.

To prove the claim, fix ¢ € Cyl(Y) and ¢ € C}(R) and notice that, disintegrating,

/Y () / W) dry (1) dme g (y) = / () (, 05)) dy ()

_ /X Clm(@)) (. €5))g5 () dy(x)
_ /Y ) /R V() £, () dy (£) drgy (),

where we have integrated by parts with (4. 2 2) and used the fact that d,((m(z)) = 0.
Since ( is arbitrary, fR t) dy,(t) fR (t) dy,(t) for wuy-a.e. y. We can find a
7 4y-negligible set Y C Y such that the equahty holds for all y € Y\ Y’ and all ¢ in a
countable dense set in C!(R). By density, the claimed property holds for all y € Y\ Y.
With a very similar argument one can prove a second claim, that w,(t) = u(y +
te;) is differentiable according to (4.2.2) with X = R, v = ~,, for myy-a.e. y, with
Oy (t) = 0u(y + te;). In fact, choose again a cylindrical function ((z),x € X, of the
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form ((m(x))1(t), where w(z) = y € Y and ¢ € C}(R), and disintegrating all the three
terms of (4.2.2) with respect to w7y we get, since Je,((x) = ((y)¢'(1),

/c [0/ (0u, 1) 3, (0 d ) /c /m (y + te;)(t) dy (1) dre ()
/< / YO(E) £, () dy () d 2 (),

so that, for myvy-a.e. y € Y, we have

/w Juy () dry (8) /w/yw%<wmw+4%@wwwwmm

which proves the second claim invoking the same density argument. Having proved the
claims, the conclusion of the proof is standard: first the statement is proved for u,, 7,, and
then using the disintegration of ~, it is extended to u, 7.

So, it remains to prove the chain rule formula in the case when X = R, v = hL!, with
h' = hg € L*(R). In this case we shall use use the fact that this property holds for the
classical distributional derivative (see for instance [33, Chapter 4]), or [3, Theorem 3.99]
for a more general result); we can read the integration by parts formula

uhC'dt = | ughCdt — | d'uh( dt (4.2.5)
Jouncrar= [[warcan— |

by saying that v = uh € WH(R) and hdu = v’ —uh’. Since h is continuous it follows that
u=v/h € W-({h > 0}) and the classical product rule in Sobolev spaces glves Nu =
in {h > 0}. Conversely, if a bounded function w belongs to W,>! ({h > 0}) and w’ € L'(7),
then w € WHH(R,~) and 97w = w': indeed, under these assumptions (4.2.5) with u = w
holds when ¢ has support contained in {h > 0}, and by approximation it holds for all ¢ of

the form Ch/v/h? + 2 with ( € C1(R). Letting ¢ — 0 easily gives

/ wh(' dt = / wghC dt — / Owh( dt
R R R

h !
/Rwh( (7—% n 52) dt

coming from the differentiation of h/v/h? + 2, can be estimated, up to the multiplicative
constant sup |w(|, by

because the extra term

eh|h/| 2N ,
7S e =M
N/l LR

and tends to 0 pointwise.
Obviously w = f(u) is locally Sobolev on {h > 0} and w’ = f'(u)u’ on {h > 0}\u" (),
and equal to 0 on u~!(X). See Proposition 3.92 and Theorem 3.99 in [3]. O
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Theorem 4.2.4 (Partial derivatives) Let f : X — R be Lipschitz and assume that

0,y < . Then
L S+ 1) = f(@)
t10 t

for y-a.e. x. (4.2.6)

Proof. The disintegration arguments of the previous proof can be repeated, so one can
see that the conditional measures 7, induced by the map =z — z — (z,v)v, indexed by
y € {v}*t, are absolutely continuous with respect to £' for wyy-a.e. y € {v}*, where
7 is the orthogonal projection on {v}+ (clearly here v plays the role of e;, so that {v}+
corresponds to Y, in the notation of the proof of Theorem 4.2.3). Then, the existence
L'-a.e. of the derivative of t — f(y + tv) yields existence of the derivative v,-a.e. in X.
We conclude that the limit (4.2.6) exists y-a.e. in X. O

Definition 4.2.2 makes sense for L*>°(X, ) functions. In order to treat the unbounded
case, we will need a generalized definition of Sobolev spaces, based on truncation. For
u: X — R and a > 0, define the a-truncate of u by

To(u) = —aVuAa. (4.2.7)

Suppose that T,,(u) € WH (X, ~) for every integer n. Thanks to Theorem 4.2.3, there
holds VT, u = 0 v-a.e. on {|u| > n}. Moreover,

VT,u=VT,u  ~v-ae. on {|ul <n} (4.2.8)

for n < m, since the two functions are equal on {|u| < n}. Hence we can define
0, u = 03 Tn(u) v-a.e. on {|u] < n}, (4.2.9)
Vu :=VT,(u) v-a.e. on {|u| <n} (4.2.10)

and this is a good definition, up to v-negligible sets, because of (4.2.8) (and because we
used only a countable set of truncation levels).

Definition 4.2.5 (Generalized Sobolev spaces) Moreover, we say that a Borel map
u: X — R belongs to GW' (X, ~) if T,(u) € WHP(X,~) for all « > 0. The partial
derivatives and the gradient of u are defined as in (4.2.9) and (4.2.10).

Remark 4.2.6 Notice that we might equivalently require only T,,(u) € WP(X,~) for all
integers n: this follows by applying the chain rule with f = T, to the identity T, = T, 0T,
for n > «a. Similarly one can prove that any unbounded sequence of truncation levels would
provide an equivalent definition.

4.3 Existence of optimal transport maps

We keep working under Assumption 3.1.6. As a matter of fact, existence of optimal maps
simplifies considerably some proofs and constructions, although almost all arguments can
be reproduced working with transport plans. The assumption will be satisfied (even if
we don’t ask that measures in D(|0¢|) vanish on Gaussian null sets) if ¢(u) finite implies
1 << v and Assumption 4.2.1 holds. In fact, we have the following
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Theorem 4.3.1 (Existence of optimal maps) Assume that O,y < 7y for all j > 1,
W, v € Po(X) and pu < ~y. Then there exists a unique optimal transport plan from p to v,
and this plan is induced by a map.

Proof.  The proof is very similar to the one of Theorem 2.1.7: one reduces to the case
when v has a bounded support and finds an optimal plan # and a maximizing pair (p, 1)
of Kantorovich potentials, so that ¢(z) + ¥ (y) < |z — y|* and equality holds on suppp;
since

p(r) = inf |z—y]*—(y)

yESupp v
we have that ¢ is Lipschitz on bounded sets. Then, by applying a local version of Theo-
rem 4.2.4, we find a y-negligible set N C X such that J,¢ exists at all points of X \ IV
for all j > 1. Since |2’ — y|* — p(z') attains its minimum at 2’ = z (equal to —1(y)) for
points (x,y) € suppf, if © ¢ N partial differentiation gives

20—y, €;) = De;p(x),  Vj=1

Since B(N x X) = u(N) = 0, this proves that y is uniquely determined by = -a.e., hence
[ is concentrated on a graph. This provides the optimal transport map. Since any optimal
plan 3 is concentrated on the graph of a map, the optimal map is unique (otherwise a
combination of two optimal maps would produce an optimal plan not concentrated on a
graph) and, as a consequence, [3 is unique as well. Il

Lemma 4.3.2 (Stability of optimal maps) Let u,v € Po(X) be such that T'o(p,v)
contains a unique optimal plan induced by a map v € L*(X,u; X). Let v, — v and let
r, € L*(X, u; X) be optimal transport maps from u to v,. Then v, — v in L*(X, u; X).
Proof. Let ¢ : X x X — R be a continuous function with 2-growth. Then, by means of
Proposition 1.1.4, we find

lim Xs@(ﬂf,rn(x))du(fv):T}EgO ; X@(x,y)d((larn)#u)(w,y)Z/)(w(ffar(x))du(w),

since (I,r,) 4/ are optimal plans converging (thanks to Lemma 2.2.6) to the unique element
of To(p, v), namely (I,r)up. If o(z,y) = |y|* we see that |r,|r2(xux) — [t|22(xux), and
then let T be a weak L*(X, p; X) limit of r,,. Choose now ¢(z1,z2) = ((x1)(z, z2), with ¢
continuous and bounded and z € X, getting

lim [ C(a)(zra(2)) dp = /X C(a) (2, x(2)) dp (o).

n—oo X

On the other hand, by weak convergence of r, to r we have

tim [ C(x)(z v (2)) dp = /X (@) (2, F()) ds.

n—oo X

Hence (z,r(z)) = (z,r(z)) for p-a.e. x € X, for all z € X, yielding r =1 p-a.e. in X.
Weak convergence and convergence of norms in L? give strong convergence. U
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The gradient flow u; of functional ¢ is the limit of the implicit Euler discrete scheme:
given 1 € D(¢), one constructs a sequence (u¥) C Py(X), with u = u°, whose k-th
element is found minimizing the functional (3.2.1). For ¢ > 0 and k& > 0, we can define a
discrete gradient flow fi(t) by (3.2.4). In fact, by the theory of Chapter 3, we know that,
fr(t) — py for all ¢ > 0, where p, is the gradient flow. Let us focus the attention on the
discrete problem. The following approximation result of the minimal selection in terms
of vectors taking the form of (3.4.1) will be useful in the sequel. It extends the result of
Lemma 3.2.3.

Lemma 4.3.3 Let ¢ : P5(X) — (—o0,+00| be a convex functional along geodesics and
let i € D(|09]). If p, is a minimizer of ®,(-,u°) and w, is the vector introduced by
(3.4.1), then there exist 7, | 0 such that, as n — oo, pi., — u°, () — ¢(u°) and, more
precisely,

. ¢ 0 _Cb Tn .
96(u0)? = lim D) = 0tm) _ iy oo o iy (43.1)

n—oo 7'7% n—00 Tn n—oo

Moreover, w,, € L*(X, i, ; X) converge, strongly in the sense of Definition 1.5.3, to the
unique vector °¢(u®) with minimal norm in ¢ (u°).

Proof. The first three equalities of (4.3.1) follow from Lemma 3.2.3. Moreover, notice that
w.. , being defined as (tﬁin —1I)/7, is a subdifferential by Theorem 3.5.1, and, as remarked

in the proof the same theorem, since t/‘in is the optimal transport map between p,, and
10, satisfies

_ W3 (e, 1)

2 )
T’I’L

2
wn P ) = /X wr, (@) dp, ()

so that (4.3.1) holds. The strong convergence in the sense of Definition 1.5.3 is itself a
consequence of Theorem 3.5.1. [l

4.4 Internal energy functional

Given a Borel probability measure v on R, we define the finite-dimensional internal energy
functional relative to v as follows:

dp
Fl—|dy if pu <,
Faluly) = / (m) TR
+00 otherwise .

The definition can be extended easily to the case of a Borel probability measure v in an
infinite-dimensional Hilbert space X:

dp
F—/—|dvy if
F(uly) = /X (dv) TS
+00 otherwise .
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Assumption 4.4.1 We consider the following assumptions on the integrand F' : [0, +00) —
(—o00, +00]:
i) F is strictly convex;
i) the map s — e*F(e™*®) is conver and nonincreasing in R;
iii) F(0) = 0;
i) F has a superlinear growth at infinity.

Condition i) is needed for the geodesical convexity of .%, and in fact it has been introduced
in [4] as a dimension-free extension of the one introduced by McCann (see [52]) for the
d-dimensional case, namely

z+— x?F(27%) is convex and nonincreasing in (0, +00). (4.4.1)

Indeed, it can be shown that i) implies (4.4.1). It is convenient to introduce the continuous
function

Lp(z) :=xF" (z) — F(x), (4.4.2)

where F' denotes the right derivative. In fact, we will write the velocity vector field of
the gradient flow of .%#; and .# in terms of Lp, which will indeed be the same function
L of equation (4.1.3). Notice also that the monotonicity condition in (7i) is equivalent to
xL'y(z) — Lp(x) > 0, while the convexity condition yields

e*F(e™®) — F'(e™®)+ e *F"(e™*) > 0,

which implies convexity of F.
Let us introduce (see [4, Lemma 9.4.4]) the following dual representation of .7:

F(uly) = sup {/X g(x)du(z) —/){F*(g(fv))dv(w) g€ CI?(X)} : (4.4.3)

where F* denotes the Fenchel conjugate of F'. We notice from (4.4.3) that .% is sequentially
l.s.c. with respect to the weak convergence. For p, v € Z25(X), we also introduce the
notation

~ 1
O (v, p) = F (V) + =Wy (v, p). (4.4.4)

The typical example of function F' one can consider is the n-th power:

F(s) = n>1, (4.4.5)

with Lp(z) = 2”. Another important example is F'(z) = xlogz, corresponding to the
relative entropy functional (see Remark 4.5.2 below), whose gradient flow is a linear Fokker-
Planck equation (see [42] and the infinite-dimensional theory in [8]).
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Geodesical convexity of .7

In this subsection we recall some results on the convexity properties of ..

Definition 4.4.2 (Log-concavity) A probability measure on X is said to be log-concave
if, for any couple of open sets A, B in X, there holds

logv((1 —=t)A+tB) > (1 —t)logv(A) + tlogv(B). (4.4.6)

If X = R? and ~ is non-degenerate (i.e. it is not supported in a proper subspace of
X), then Borell proved (see also [4, Theorem 9.4.10]) that v is log-concave if and only if
v = e~V L% for some lower semicontinuous and convex function V : R — (—o0, +-00] whose
domain has nonempty interior.

For the internal energy functional relative to v, convexity along geodesics is strictly
related to the log-concavity of 7, as shown by the following result (see [4, Theorem 9.4.12]).

Theorem 4.4.3 Let F' be satisfying Assumption 4.4.1 ii)-iii)-iv), and suppose that ~y is
log-concave. Then F (-|y) is strongly convezr in Po(X).

Remark 4.4.4 Let v € Z(X) be log-concave, let u € P5(X) and consider the con-
strained minimization problem

Inin 7 (v, ).

Then this problem admits a unique minimizer, as the unconstrained one. In fact, the

functional
M /FM <d—“) dy if <y
T () =4 Jx dy ’ (4.4.7)
+00 otherwise,
where
FM(2) e +00 ifz>M,
F(z) otherwise,

trivially satisfies the hypotheses of Theorem 4.4.3, so it is strongly convex and we can
apply Proposition 3.5.6 with ¢ = .FM.

Discrete minimizers of .% in the bounded case

The following result extends the one of [1, §2.1] to the infinite dimensional case, basically
with the same proof.

Lemma 4.4.5 Let F satisfy Assumption 4.4.1 and suppose that ~ is log-concave. Let
w=py € PoX), with p < M ~-a.e. in X. Then there exists a unique minimizer i, of
(I)‘ry(nu)f and p, < M.
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Proof.  We assume without loss of generality that M is a point of differentiability for
F. As a first step, we consider the problem of minimizing ®7 (-, z) under the constraint
v < M'~y, where M’ > M . In view of Remark 4.4.4, we know that in this case there exists
a unique minimizer . = p.y < M'y.

Let 3 denote the optimal transport plan between p and 7. Suppose by contradiction
that p, > M on some Borel set 2 C X with v(Q) > 0 and let Q¢ be the complement of €2
in X.

Now let fo = Xaexaf. It is clear that 7o < p and 7300 < 7i,. Then, letting p and
p- be the densities with respect to v of the first and second marginal of (g, we have

p<p and p, <p,. (4.4.8)
Moreover, the following properties are easily seen to hold ~-a.e.:
p<M, p=0 on §, p- =0 on Q°. (4.4.9)
Let us introduce the competitor of u, as
p7y = (P +e(p—pr))7- (4.4.10)
By the definition of p and g, it is immediate to check that [, pdy = [ pr dy = B(Q2°x Q).
As a consequence piy € P5(X). Moreover, since p, > M v-a.e. in €2, making use of
(4.4.8) and (4.4.9) we obtain, for small enough ¢,
pr=p.—¢cpr >0 v-a.e. on ). (4.4.11)

Then, denoting by F” and F, respectively the left and right derivative of F’, thanks to the
convexity of F' we have, for small enough ¢,

(F(p, +25) — F(pr)) dy + / (F(p, — <pr) - F(5,)) dy

INGEEATEN

<c [ Flp+eppdy—c [ F(p. — )iy
e Q

IA

[ RO ey = [ RO
c Q

e [ IPOL+pla)) ~ FL O = 200(0)] dBaley)
XxX
= 6/ o(1) dBa(x,y).
XxX
Since p and p, are bounded above v-a.e. by M’ we conclude that

| (P = F @) v < ofe) (4.4.12)
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On the other hand, let t : X x X — X x X be defined by t(x,y) = (x,z), and let

B = [ —efa + etyfa.

By the composition rule of the push forward we have 75ty fGo = (7% 0 t)4 00 = 7400, s0
that the second marginal of t 3 is equal to the first marginal of 3q, namely p; analogously
the first marginal of t4f3q coincides with the first marginal of Sq. Hence it is clear that
G- € I'(i, pSy). So we can estimate

W2 1) — Wepry, 1) < / 2 = y[2d(B. — B)(x,y) = < / & — y? d(x,y).

XxX QexQ
(4.4.13)
Together with (4.4.12), this gives
P 7 £

27 Jaexa

But consider that
B0 ) < 00 x X) = [ xa@)dh)e) = [ pla)dr(e) < 2. (4413
X Q
This forces G(€2° x Q) to be strictly positive, otherwise

B0 x ) = B(X x ) = i) = [ 7,(0)daa) > Mr(@)

against (4.4.15). Back to (4.4.14), if € is chosen small enough, we contradict the minimality
of i, = p.v. We have proved that p,. < M, independently of the initial choice of M’.
Since these properties hold for all M’ > M, it turns out that the minimizer is indepen-
dent of M’, hence fi, is a minimizer under the constraint v = py with p € L>(). Then, a
simple truncation argument provides the minimality of 7. in the unconstrained problem.

U

4.5 The finite-dimensional case

A key ingredient of our analysis will be the finite-dimensional framework, which has been
studied in detail in [4, Chapter 10]. We now recall the main result therein (see [4, Theorem
10.4.9]). We will make use, in the rest of the chapter, of the notation |0.% |(u|7y) to indicate,
for fixed v, the slope of #(-|y) at the point u, and similarly for .%,; and for the respective
subdifferentials.
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Theorem 4.5.1 Let v = e~V LY be a non-degenerate log-concave probability measure on
R?, let Q be the nonempty interior of D(V') and consider the functional F4(-|y) and p =
py € D(Z#,). Then p € D(|0%,|) if and only if

V(L o p)

LpopeWh(Q) and ;

€ L*(R%, p). (4.5.1)

If these conditions hold, W realizes the minimal selection in |0.%,| at the point u, so
that

V(Lo p)
P

V(Lpop)

’ — 0Zd(uly).  (45.2)

_ P Fuuy)  and H
L2(R4, p)

Remark 4.5.2 In the case X = R? let v = 7V L%, where V is a convex l.s.c. potential,
and p; = w,L£?. As a consequence we have p, = u,e" and (4.1.3) becomes

atut - V- (V(LF ] Ut) + UtVV) =0. (453)

In (4.5.3) we recognize different PDEs. In particular, if V' =0 and Lp(z) = 2™, m > 1
(which corresponds to F = (m — 1)7'2™) we obtain the porous media equations. If
F(x) = xlogx, then %, is the well known entropy functional

dpu d,u> ,
— Jlog [ — | dvy if p <,
Ha(ply) = /X(dv) g(clv RS

+00 otherwise .

In this case Lg(z) = x and (4.5.3) becomes the linear Fokker Planck equation with potential
V:

See [8] for a detailed comparison between the different approaches to (4.5.4) in infinite
dimensions.

4.6 ['-convergence results

For the characterization of the subdifferential of .%, we will perform finite dimensional
approximations, and we need a ['-convergence result. First of all, if ¢, is a sequence of
functionals, we introduce the notation

1
DL(-, 1) = nl’) + ZWQg("“)' (4.6.1)
Next we define the I'-convergence.

Definition 4.6.1 (I-convergence) We say that ¢, : Po(X) — [—00, +00] ['(P2(X))-
converge to ¢ if
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i) for any sequence (u,) C P2(X) weakly convergent to , there holds

o(p) < lirriinf On(fin); (4.6.2)

i) for any pu € Po(X) there exists (p,) C Pa2(X) converging to u in Po(X) such that

Tim @ (pn) = o (p). (4.6.3)

['-convergence guarantees the convergence of minimizers to minimizers, as in the next
lemma.

Lemma 4.6.2 Let ¢p, : Po(X) — (—o00,+00]| be geodesically convex functionals satisfy-
ing Assumption 3.1.1 and I'(P2(X))-convergent to ¢, still satisfying Assumption 3.1.1.
Assume also that for all M > 0 the set

U e 22(X): dnlp) < M} (4.6.4)

is relatively compact in the weak topology of P(X). Let u" — u. Let (u*) denote, for
T fived, a family of minimizers of functionals ®"(-, u"), defined by (4.6.1). Then u" have
limit points in Po(X) and wh € 0@y (u"), constructed in Lemma 3.4.1, have strong limit
points in the sense of Definition 1.5.3. If (hy,) is any subsequence along which we have
convergence, and ji.,w, are the limits, then p, is a minimizer of ®,(-, 1) and w, belongs
to 0p(p.). Moreover

Bn, () = Hpar)-

Proof. Let 7 > 0 be fixed during all the proof. Let v € % (X), and let " — v be such
that ¢, (v") — ¢(v). We can find such a sequence thanks to (4.6.3). Since p” minimizes
" (-, u"), we have immediately

1 1
dn (1) + EWZ?(M}TL,Mh) < on(V") + ZW22(Vh,Mh)- (4.6.5)

Consider the second member, as h — oo: the first term goes to ¢(v). The second converges
to W3(v, 1)/(27), by the continuity properties of the Wasserstein distance with respect to
the convergence with moments (indeed, the liminf inequality follows from Lemma 2.2.6,
while the limsup one follows from Lemma 2.2.7 and from the triangle inequality which
entails Wo(v", u) < Wo(t", v)+Wa (v, u)+Wa(u, p)). Hence, ¢ (pl) is uniformly bounded
in h for 7 fixed, so that u” belongs to the set in (4.6.4) for some positive M, yielding the
compactness of the family (1) in £(X). Now let (h,) be a sequence along which we have
convergence and let y, be the corresponding limit, so that u» — u, as n — oo. We have
from (4.6.5), and taking advantage again of the semicontinuity of the Wasserstein distance
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given by Lemma 2.2.6, and of (4.6.2), we get

1 , 1
O(ptz) + 5= W3 (jir, 1) < lim sup (¢hn (k) + =W (s u“))
1

n—oo

W)
1
= 6(0) + 3 WE i),

which shows, by the arbitrariness of v, that . is a minimizer for @ (-, ). These inequalities
are of course equalities if we choose v = ., then

X W2 frln’ hn W2 -
lim (%(ugn) N M) _ () + Velbm ).
n—o0 T T
The two terms are separately l.s.c., hence, as n — oo,

Ona (157) = G(ur) and - W, ) — Walpur, ). (4.6.6)

Notice that, by (4.6.6), and since p» — p, we have

limsup/ |22 | dpl (x) < 2limsup/ \t”:: (z) — 2> dul + 2limsup/ \t”:: ()| dpln
X x M7 x M

n—oo n—oo n—oo

= 2limsup/ |t“Z: (z) — z|* dp + 2limsup/ || dp
x K b's

= 2W3 (e ) + 2 | Jof dulz).
X

This shows that the sequence (p”) has uniformly integrable 2-moments, and then, by
Proposition 1.1.4, we have in fact ' — p, in P5(X). Now let wh € d¢y,, (u) be

constructed as in Lemma 3.4.1, that is, wi» = (tZZ: —1I)/7. Thanks to (4.6.6), we have

T

W3 (s g™ W3 (pr, 1)

hp |2
| TZ =

T

lim | |w (4.6.7)

dp;m = lim
But i, is a minimizer of ®,(-, ), so that thanks to Lemma 3.4.1 it belongs to D(|0¢]).
Then, since we are working under Assumption 3.1.6, there exists a unique optimal transport
map th_ between p, and p. Invoking Lemma 3.4.1 again, we see that w, = (tf —1I)/7

belongs to (). Since W3 (-, 1) /7% = [y |w-|* dpir, from (4.6.7) we conclude

i [ Joob Pt = [ o dr
X

n—oo X

that is, the sequence of subdifferentials (w”) converges strongly, in the sense of Definition
1.5.3, to w, € 0¢(ur).

g
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It is clear from Lemma 4.3.3 that there exist p,, , minimizers of ®. (-, 1), such that the
respective subdifferentials converge to 9% (u). With the next result we want to show that
the approximating w,, can also be chosen to be subdifferentials of functionals ¢,,, if ¢, is
['-convergent to ¢.

Theorem 4.6.3 Let ¢,, ¢ : Po(X) — (—00,+00] be as in Lemma 4.6.2. Then, for
every p1 € D(|0¢|) there exist a subsequence n(m), pinm) converging to p in Po(X) and
subdifferentials Wy(my € On(m) (Hn(m)) such that

Whm) — 0°p(u) € L*(X, pu; X)  strongly in L* as in Definition 1.5.3 (4.6.8)
and
i1 G (o) = 9(0) (16.9)
In particular, since |0¢|(u) is the L*(X, u; X) norm of the minimal selection in O¢ (i), this
means that
imsup | oo Pl < 900 (4.6.10)
m—o00 X

Proof.  We construct the approximating sequence in the following way. Let p" — pu
in Py(X) with ¢p(u") — ¢(u) (such a sequence exists by I'-convergence). Let i be a
minimizer of

(-, u") = () + %Wf(»uh).

Let moreover w’ be constructed as in (3.4.1). We will show that there is a subsequence
of the family {w” : h € N,7 > 0} such that (4.6.8) holds. First, for fixed 7, we know
from Lemma 4.6.2 that there is a subsequence p”" converging in %, (X) to p,, where y,
minimizes @, (-, u). Moreover, the corresponding sequence w” converge to w, € d¢(ju,) in
the sense of Definition 1.5.3. Hence, given ¢ > 0, for n large enough we have

/ w2 dyee —/ w, 2 dp| < <. (4.6.11)
X X 2
and (taking Lemma 4.6.2 into account)
han €
|, (127) = D(par)| < 7 (4.6.12)

On the other hand, we know from Lemma 4.3.3 that there exists an infinitesimal sequence
(Tm) such that

lim

m—00

/|w7m|2duTm—/ \w|2du’ — 0 (4.6.13)
X X

and
T |6 (s,) — $()] = 0. (4.6.14)

Now, with 7 = 7, and € = 1/m we can suitably choose h,, = h,,(m) in (4.6.11) and (4.6.12)
to conclude with a diagonal argument. U
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Now we state the particular I'-convergence result for our functionals.

Theorem 4.6.4 If ~,, converge weakly to vy, then F (:|v,) I'(P2(X))-converge to F (-|7)
and satisfy the equi-tightness condition (4.6.4). Moreover, if 1 € Po(X) and v, = 77, a
sequence satisfying condition (4.6.3) is wju, so that

Tim F (g plyn) = F (1)

Proof.  We first prove the equi-tightness condition (4.6.4). Fix ¢ > 0 and two constants

M', M" large enough such that M/M’" < £/2 and F(z) > M’z for x > M" (this is possible

in view of the superlinear growth of F' at infinity). Let moreover K. be a compact subset
[S)

of X such that v, (K.) > 1 — 57 for every n (the sequence (,) is tight, since it is weakly

convergent). If y € P25(X) satisfies .7 (u|v,) < M for some n, we have

1 1 F(p)
X\K,)=— M dy < — ——d M" dr,,
HXA ) M’ X\K- : M /(X\Ke)ﬂ{p>M”} P . /(X\Ks)ﬁ{pSM”} !
M
S M—FM”’Y“(X\KS) < €.

This shows that the set introduced in (4.6.4) is tight, hence relatively compact.
In order to prove I'—convergence, let g, — pu. For any g € CP(X) there holds

[ s@int)~ | Fla@nar) = tm ( [ o@an - [ F*(g(x))d%> o)

< lim inf Z (| 1n),

Taking into account the duality formula (4.4.3), the liminf inequality 7) of the definition of
[-convergence follows. The limsup inequality i) and the last statement are proven exactly
as in [8, Lemma 6.2]. O

Now consider finite dimensional approximations of the measure v: letting v, = 77,
from Theorem 4.6.4 we know that .Z(-|y,) I'-converge to .#(:|y). From the next result
it will follow that, if the role of I'-converging functionals of Theorem 4.6.3 is played by
Z (*|7,) and we choose a limit point p € L>(X,), then the approximating p, can be
chosen so that their densities have uniformly bounded L*(X,~,) norms.

Corollary 4.6.5 For all p with u < M~ and |0.F |(uly) finite, there exist p, with p, <
My, pn, — pin Po(X), F(tn|vn) — F(uly). In addition, there exist w,, € OF (ln|Vn)
such that

w, — " F(uly) € L*(X,u; X)  strongly in the sense of Definition 1.5.3. (4.6.16)
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Proof. It suffices to revisit in this particular case the proof of Theorem 4.6.3: first, let
p" — pbe such that .7 (u"|y") — F(uly), and by Theorem 4.6.4 we can choose p" = I1% 1,
but the density of H%u with respect to 7" is the cylindrical projection, which does not
increase the L™ norm, so " < M~". Second, the minimizers p” of

1
v Fh") + W (v, 1)

satisfy u < M~" by Lemma 4.4.5. O

4.7 Wasserstein subdifferential of %

We will now characterize the subdifferential of .%. In this section we make Assumption 4.2.1
on v, besides the log-concavity.

In the sequel we are using the stability of generalized Sobolev spaces under composition
with Ly, namely p € GWH (X, ~) implies Ly o p € GWH (X, g). Indeed, since Lp(z) —
+00 as z — 400 and Ly is strictly increasing, we have

To(Lrop) = Lr o Ty (p), (4.7.1)

(here T, is the truncation operator) and since Ts(p) € W (X, 5) for any g > 0 we
conclude that Lr o p € GW(X,v) thanks to the chain rule.
We begin giving the following:

Definition 4.7.1 (Generalized Fisher information) Let p € L>(X,v) and let p €
WX, v). Assume that

e, (L 2
w‘ dp(z) < +oo. (4.7.2)

We define the generalized Fisher information functional as follows:

LFOp) 2

Yl = [T

L2(X X))

In the general case p € LY(X,7), p € GWYY(X, ), the generalized Fisher information is
defined by the same formula, using the fact that L o p € GWVY(X,v), so its gradient is
still well defined.

Lemma 4.7.2 (Lower semicontinuity of &) Let (p,) C Wh'(X,~), with p, — p 7-
a.e. and with 4 (pny|y) uniformly bounded. Then p € GWH (X, ~) and

G (pyly) < liminf & (pny]y).
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Proof.  We set pp := Ti(pn). By dominated convergence, it is clear that p, , — Ti(p) in
L*(X,~) and that
Lropnr — LroTi(p) in L*(X,7). (4.7.3)

By the chain rule proven in Theorem 4.2.3, V(Lg o p,, 1) is equal to Lu(pnx)Vpnk, so it
vanishes where p, > k and coincides with V(Lp o p,) where p, < k. As a consequence,

there holds V(L 2 V(L 2
/n rop)l’ ) /n (Lropnl” ;. (4.7.4)
P,k

where the second term is uniformly bounded by hypothesis. In particular, Lg o p, is
bounded in W?(X,~v) and therefore Lr o T}, (p) € W'?(X,v). Since k is arbitrary, we can
use Lz (k) as truncation levels to prove that Lrop € GW2(X, 7); in addition, V(Lropy)
weakly converge in L*(X,v; X) to V(Lp o Tx(p)).

We can take advantage of Ioffe’s lower semicontinuity Theorem under strong-weak
convergence (see for instance [3, Theorem 5.8]) to obtain

T(p))|? ’
/Hv Fo k )l dwghmmf/ﬂv Lropurll” (4.7.5)

n

This, in combination with (4 7 4), gives

2 2
[ITEE T /HV(LFopn)H "
Pn

n—o0

To conclude, it suffices to show that the left hand side converges to ¢(pvy|y) as k — oc.
To this aim, it suffices to remind that V(Lg o Ti(p)) vanishes where p > k and coincides
with V(L o p) where p < k. O

We are ready for the result which identifies the Wasserstein subdifferential of .#
Theorem 4.7.3 Let u = py € Po(X), and assume that F satisfies Assumption 4.4.1.
Then the metric slope of F (-|y) at w is finite if and only if
IV(Lr o p)|?

Lpope GW"(X,y) and
p

c L'(X,7). (4.7.6)

Moreover, in this case
V(Lrop
YLD 3 u) and Fib) = 107 ).

Proof. ~ Step 1. We prove that finiteness of slope at u = pvy implies the regularity

properties (4.7.6). First, assume p < M, set ¢(v) = F(v]y), v¢ = %y and ¢q4(v) =

Z (v|y?) and recall that 44 — ~ (see Proposition 1.2.3). Thanks to Theorem 4.6.4, ¢4

['(P5(X))-converge to ¢ as d — oo. By Theorem 4.6.3 we can find sequences

pa = p 0 Pa(X),  da(pa) — o(n)
wq € Odg(q) such that wy — w = °¢(u) strongly in L? as in Definition 1.5.3,

(4.7.7)
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and thanks to (4.6.10) we have also that |0¢4|(iq) is finite and uniformly bounded in d. We
can also choose 114 so that the additional property pug < M~4 holds, by Corollary 4.6.5. We
stress that here ji4 is not, in general, the projection I1¢ %1 Let pg be the density of yg with
respect to v%, and since 7d — vy and pg — pin P5(X), we have that p; — p in the sense of
Definition 1.5.3, in its scalar version. Together with (4.7.7), which guarantees convergence
of the energies, this also implies, thanks to Lemma 2.2.9 and the strict convexity of F', that

/X o(2) L © pal)dy(z) — / D)lrop@)dyz) VeeL'(X,y).  (47.8)

Indeed, (4.7.8) holds independently of the growth of Ly for all ¢ € CP(X), as p and p, are
essentially bounded, uniformly with respect to d, and the same uniform bound allows to
extend the validity of the formula to all ¢ € L'(X, ).

The theorem holds if X is finite-dimensional, and since ¢ is supported in I1¢(X) we
can use the implication in finite dimension (Theorem 4.5.1) to obtain, for { € Cyl(X),
j < d and d large enough (depending on ( only),

[ 2ugt@)Leo pute) iy (@) = = [ 3o, (Lr o pi)(@)(a) 1)
+ /X Lro pa(n)C(@)gl(x) dv'(z),  (4.7.9)

where we used also the fact that Je,v = ¢’~ implies Geﬂd = g] , gj being the cylindrical
projection of ¢/ (see Definition 1.4.2 and Lemma 1.4.1). The finite dimensional result also

tells us that 8 ( )
e]- LFOpd .
w?::T€L2(X,ud), j=1,...,d,

so we can rewrite (4.7.9) as

/X@ejC(x)LF o pa(x) dyi(z) = — / wi(x)¢ () dpa() (4.7.10)

X

o [ Lo ntactentto) i)

Now we pass to the limit in (4.7.10) as d — oo. The first term converges to the
analogous term involving v and p by (4.7.8), the second one converges too, thanks to
(4.7.7). Adding and subtracting g; in the last term and using (4.7.8) with ¢ = g; we have
also convergence of that term. Hence, we find (letting w; = (w, e;))

[ 2utta)Leo pla) @) == [ wy(e)cto) duto (47.11)
" /X Lr o p(x)¢(x)g(z) dy(z) Vj €N,
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that is, de,(Lr 0 p) = pw; € L'(X,~). Finally, since w € L*(X, yi; X), we obtain Lo p €
WX, ~) and
L
w = M7 (4.7.12)
p

and since w is the minimal selection we have also

G (uly) = 10.F(ulv).

We have proven the implication for the bounded case. Now we shall pass to the general
one. Let n € N and consider functionals .#"(-|v), defined in (4.4.7). These functionals
are strongly convex, as noticed in Remark 4.4.4, and I'(Z5(X))-converge to .7 (-|v) as
n — oo (indeed, condition (4.6.2) is trivial, whereas (4.6.3) can be achieved by a truncation
argument). Moreover, since #" > 7 it is easy to show tightness for the sets corresponding
to the ones in (4.6.4). Then, by means of Theorem 4.6.3 again, we find subsequences (that
we don’t relabel) u,, — pin P5(X) and w,, € 0.7"(u,|y) such that F"(u,|y) — F(uly)
and

w, — w = "F(u|y) strongly in L? as in Definition 1.5.3. (4.7.13)

We have p,, < n, since F"(u,|y) is finite. So, the already obtained result for the bounded
case entails Lp o p, € Wh(X,v) and ensures that the square of the metric slope at p, is

characterized as )
VLF O Pn
Y (pnly) = / IVLr o pull dy.
X Pn

Notice that the weak convergence of p,y to py and the convergence of Z(p,v|y) =
F™(pny|y) to F(py|y) imply, thanks to the strict convexity of F, that p,, — p in y-measure
(see [73, Theorem 3| or [16]); in particular a subsequence of (p,,) converges to p y-a.e. Hence,
we can apply Lemma 4.7.2 to that subsequence to conclude that Lp o p € GWH(X, )
and that

2
/ Mdv < |0.Z*(ul7). (4.7.14)
X

Step 2. Now we prove that Sobolev regularity of Ly op and integrability of |V (Lrop)|*/p
imply the opposite inequality in (4.7.14), hence finiteness of slope. First, assume that p is
bounded and distant from zero. Since p~! is bounded we have ||V(Lr o p)|| € L*(X,~),
and since Ly has a locally Lipschitz inverse by strict convexity of F', Theorem 4.2.3 yields
p € WH(X,5). Let p? be the d-dimensional cylindrical projection of p. By (4.2.3),
p? € WH2(X,v) and again Theorem 4.2.3 gives

Lpop’e W (X, ). (4.7.15)
Moreover, by the chain rule (4.2.4) we have

V(Lrpop)=Lyw(p)Vp and V(Lpop?) = Ly(p)Vp?, (4.7.16)
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and these gradients are respectively 0 v-a.e. on the set of all z such that Lg is not
differentiable at p(z), p?(z). Since p? and p are distant from zero, by (1.4.2) there holds

LIV Lr@)IVell* LX)
p* p o

In fact
IV(p") = Vo> < [[(Vp)" = Vp|* + Z |0e, p|”
j=d+1

converges to 0 in L'(X,v) (we use (4.2.3) and the fact that the convergence (1.4.2) of
cylindrical projections holds for maps with values in X, like Vp with its projection (Vp)4).

On the other hand, (L% (pg))?/p? converge to (L'x(p))?/p in L*(X,~) and are essentially
bounded uniformly in d. Then

L d\ |2 L 2
X

d—o0

In view of (4.7.15), we can apply Theorem 4.5.1 and obtain the finiteness of [0.% (u?|y?)|,
where p? = p?y? (so p = 4 p), and also [0.7[*(u?|y?) = 4 (u?|y?). Now we make use of
the lower semicontinuity of the metric slope and of (4.7.17) to infer the finiteness of the
slope:

2
0.7 (uly) < limint [0.7 P (u'7") < / M i

Now consider the case in which p is bounded but not necessarily distant from 0. Let
pn = max{p, 1}, so that p, is distant from zero, and p, = p,7.

Notice that p,, are not probability measures, but the results we apply are obviously still
valid if, instead of working in &75(.X), one works in the space 2% (X) with z > 0 (this can
also be seen considering the map F,(s) = F(zs), to come back to probability measures,
as we do in Step 3). Since Lp is nondecreasing, Ly o p, = max{Lp o p, Lp(+)}, and by
Theorem 4.2.3 we can infer that Lr o p, € W11(X,v). The chain rule also gives

L 2 L ’
/ V(L o p,)| d%/ IV(Lropl” ) (4.7.18)
X Pn X P

since p, > p and V(Lg o p,) = 0 y-a.e. on {p < 1/n}. Since we have proven the theorem
for the case of a density distant from zero, we have by (4.7.18) that

L 2
0Pl < [ 2O g,
X

Using the lower semicontinuity of the slope we conclude.
Finally, in the general unbounded case, we take advantage of the just achieved charac-
terization of the slope at T, (p)y. The slope is lower semicontinuous, and reasoning as we
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did to obtain (4.7.4), we get

07 2(uly) <l nf |97 (T, (o)1) = lim it / I LF"(T)< oI g,

2

Step 3. Suppose now that either the metric slope at pu is finite or that (4.7.6) hold. Joining
together (4.7.14) and (4.7.19) we get the desired equality |0.7 |*(u]y) = 4 (u|y). Then, in
order to characterize the minimal selection 0°.% (u|v), we have to show that V(Lz o p)/p
belongs to 0.7 (u|y). We know from (4.7.12) that this is true if p is bounded. In the general
case we check the subdifferential relation (3.1.7) with A =0, ¢ = % and £ =V (Lpop)/p
by approximation; thanks to Lemma 4.3.2, it suffices to check the property for all v = f~
with f bounded. Now we approximate p by p, := z, '(pAn), where 2, T 1 is a normalizing
constant, and we write the subdifferential relation for p,, F,,(s) = F(z,s), to obtain:

[ etz [ Fo@mn o [ (TR ) o) g irto),

where t,, are the optimal maps from p,y to v. Since Lg (s) = Lp(z,5), Lg, © pp =
Lr o (pAn), and using the chain rule this immediately gives

lim
n—oo X

pndy = 0.

V(Lp, 0pn) V(Lpop) H2
Pn

Hence, we need only to check that

i [(FE2OE ) o) pyarte) = [ (FEE2OD 40 o) ooy o).

By a density argument, it suffices to check that

lim X<g(x),tn($)—x> pn(x) dy(z) = /X (9(2), t(z) — z)p(x) dy(x)

for all g € Cy(X; X). Writing the integrals above in terms of optimal plans, the formula
reduces to

lim [ (g(x),y —z) dBu(z,y) = /){(g(x), y — ) dp(x,y).

n—oo X

The latter is a direct consequence of the tightness of (3,,) (because the marginals are tight),
of the fact that any limit point is an optimal plan from py to v (see Lemma 2.2.6) and of
the uniqueness of 3 proved in Theorem 4.3.1. O

After Theorem 4.7.3, we can give a straightforward proof of the main result of this
chapter.
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Theorem 4.7.4 Assume that L = Lp, with F' satisfying Assumption 4.4.1, and that
satisfies Assumption 4.2.1. Then, for all u° € Py(X) there ewists a distributional solution
we = pyy to (4.1.3), satisfying Ly o pr € GWVY( X, ~) for a.e. t >0 and:

HV(LF ° pt)

; € L} (0, 400). (4.7.20)
t

loc
L2(X, ;X))

In the class of solutions p, satisfying (4.7.20) this solution is unique. Furthermore, if
i < Cv, then py < C ~y-a.e. for allt > 0 and therefore Ly op, € WYY (X, ) for a.e. t > 0.

Proof. Notice that the domain D(.Z(+|7)) is dense in P(X) and, under Assumption 4.4.1,
Z(-]7) is strongly convex. Hence we can apply Theorem 3.5.8 to obtain, for any u° €
P5(X), existence and uniqueness of the gradient flow p; of 7 (+|) starting from 1°. Notice
that, by the regularizing effect of the semigroup, u; < ~ for any ¢t > 0 even if u° does
not have a density with respect to 7. The curve u; satisfy (3.3.3) and (3.3.2), and with
Theorem 4.7.3 we have characterized, under Assumption 4.2.1, the minimal selection in
the Wasserstein subdifferential of .% (-|y) at u; = pyy as V(Lree) \We deduce that pi; = pyy
is a solution to (4.1.3). This solution is unique and satisfies all the additional properties
of Theorem 3.5.8.

Finally, if 4° < M+, we know by Lemma 4.4.5 that such a bound is preserved by the
discrete minimizer of functional ®7 (-, u°) defined in (4.4.4) (independently of the value of
7). Since p; is the limit of discrete minimizers, we conclude that p; < M ~-a.e. for all
t>0. O



Chapter 5

Mean-field evolution model in
superconductivity

This chapter is devoted to the application of the gradient flow theory to another evolution
problem. The corresponding energy functional arises in the Ginzburg-Landau theory for
superconductivity. In this case we won’t have the A-geodesical convexity property, which
characterized the analysis of Chapter 4, but we will se how, applying the abstract theory
of Section 3.4, we can still obtain a satisfactory description. We start with a brief review
of the physical framework (for the general theory see for instance [69]).

5.1 The physical context

The well known Ginzburg-Landau energy functional is

1 1
T, A) = 5 /Q IV a? -~ heel? + 55 (1~ [uf?)?, (5.1.1)

where 2 C R? is the section of the superconductor, h., represents the intensity of an
external magnetic field, constant and orthogonal to the section, A is the potential vector
of the magnetic field ~ induced in the material (h = V x A and V4 = V —iA), and ¢
is a parameter depending on the material and on the temperature. The function u takes
complex values and its modulus (Ju| < 1) accounts for the density of superconducting elec-
tron pairs, so that a value close to 1 indicates a significant presence of the superconducting
phenomenon (the superconducting phase). The case |u| ~ 0 is called the normal phase.
This functional is associated to the Ginzburg-Landau equations

1
Vi = (1~ Juf?),
V x h = (iu, V qu).
The boundary conditions are h = h,, and (V 4u,n) = 0.

86
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Different behaviors are observed for different values of the applied magnetic field in-
tensity h., with respect to the parameter e. At low temperatures (small ¢), if the applied
magnetic field intensity is itself sufficiently low, the material is superconductive. This
means that the magnetic field has no relevant effect (it is said to be ‘expelled’) and in this
case there holds approximately

—Vh+h=0 in Q,
h = hey on 0f).

Increasing h,,, an opposition to the superconductive phenomenon appears, so that |ul
tends to decrease and to reach the value 0 of the normal phase. For intermediate values
of hes, the so-called mized phase is observed. That is, the normal phase gets concentrated
in small regions, the Ginzburg-Landau vortices, at the center of which |u| = 0. If C' is a
small circle around one of these zeros, the degree of the vortex is defined as the topological
degree of the map u/|u| : C — S*. Vortices with same degree tend to repel each other.
In particular, the mixed phase starts when he, reaches the order of |loge|. To be more
precise, let, as in [63],
N
0 heale)
When A is finite and positive or zero (in the latter case with a not too large magnetic field,
that is h., < €72), we are in the mixed phase, with the vortex structure. It is shown in
[63] (see also [64]) that the functional

(5.1.2)

Py(1) = ym /WVhF+VL—1P A >0, (5.1.3)

where A is given by (5.1.2), is the limit as ¢ — 0, in a suitable sense, of the Ginzburg-
Landau functional defined by (5.1.1). The measure p represents the density of vortices,
whereas h,, is the induced magnetic field.

In [27], the authors proposed an evolution model for the vortex density, which reads

d
) - dw(vm(mm )=
5.14
—Ahuy + huey = p(t) in Q, ( )
h ut) = 1 on 0.
Here | - | denotes the total variation. This model and similar ones have been investigated

for instance in [7, 47, 49, 51]. In particular, in [47, 51] the authors are concerned also with
different couplings between p and h,,, like Ah, = p, giving rise to the equation

d

pri p(t) +div (VA u(t)|p(t)]). (5.1.5)

For positive measures, this is reminiscent of incompressible Euler equations, where V+
appears instead of V. This rotation makes (5.1.5) dissipative.
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Aim of this chapter is to address (5.1.4) as the gradient flow of functional (5.1.3). In
the first part we will assume that p is a positive measure. Let us begin with a rigorous
formulation.

5.2 Formulation of the problem

Let © be a bounded open connected region in R?, with smooth boundary, representing the
section of the superconductor. Denote with 2(Q) the space of probability measures over
Q (we omit the notation & (€2), since in this case the spaces and the topologies coincide).
We are concerned with the following evolution problem:

%u(t) — div(xoVhumut)) =0 in D'((0,400) x R?) (5.2.1)

with the initial datum p(0) = po € Z(Q)NH(Q). We look for a solution ju(t) (the vortex
density) which is a measure in 2(Q)N H~1(2). For every ¢ the velocity field —xqVh,, and
w1 are coupled by

{ —Ah,+h,=p inQ (5.2.2)

h, =1 on 09Q.

Clearly, H'(2) is the natural ambient space for the problem, so we are working with
measures on §) in order to treat masses in € which vary during the evolution. In fact,
concentration of p on 992 will model the ‘expulsion” phenomenon of the vortices. Masses
on € are also normalized to 1 without loss of generality.

Let M () be the space of nonnegative measures on 2. The weak (or narrow) topology
here is again defined by the convergence in duality with continuous and bounded functions.
Until Section 5.6, we will work with positive measures only, so that we can write (5.1.3) as

A 1 9 9
Oy () = §H(Q) + 2 /Q \Vh,|”+ |h, =17, A >0. (5.2.3)
For measures z on Q we will write u = [i + i, where Ji = xou and i = Yaqu. Functional
(5.2.3), which is defined in M (©2), will be understood to be defined as ®,(1i) for u € 2(Q).
So, it depends only on the internal part of the measure.

It is shown in [7] that equation (5.2.1), with the coupling described by (5.2.2), can
be viewed as a gradient flow of functionals (5.2.3) with respect to the structure induced
on Z(Q) by the 2-Wasserstein distance W,. Therefore, in [7] the problem is studied
exploiting the techniques of gradient flows in metric spaces developed in Chapter 3, and
a global existence result is proved therein. The method is the classical one: a family of
minimizers of the discrete, minimizing movements scheme (see Section 3.2) is found, then
the family of measures p(t) is built as the limit of subsequences of interpolations, given by
(3.2.4). This limit satisfies a continuity equation with a suitable velocity field (see Section
2.3). In this case we no more analyze directly the Wasserstein subdifferential of the energy
functional. Rather, the velocity field is shown to be the same of the evolutionary problem
under investigation, thanks to suitable Euler-Lagrange equations associated to (3.2.2).
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In [7], with the introduction of some ‘entropies’ which are shown to decrease along
the flow, a regularity result is also obtained, that is, if the initial datum pg is such that
Ho € LP(S2), p > 4/3, then there exist a global solution p(t) such that ||z(¢)]], is uniformly
controlled by the L? norm of fi.

Finally, in the case p = o0, a short time uniqueness theorem is established in [7,
Theorem 3.6]. Here we are going to discuss also a global time uniqueness result, following
[49], based on the introduction of a one-sided condition on the velocity vector field at the
boundary. The condition is the following: for ¢ € (0, T,

(Vhyuw(x),y —x) >0 for all (z,y) € supp(n(t)) x Q. (5.2.4)

We stress that we allow u(t) to have a nonzero boundary part. Concerning this new
condition (5.2.4), we will show later in Section 3 that it is a byproduct of our Wasserstein
variational approach. In Theorem 5.4.4 we will indeed prove the analogous property for
discrete minimizers of ®y(u) + 5=W3(u, u°), in the case A = 0.

Notice that, since the domain is supposed to be convex, (5.2.4) can be interpreted
as follows: the gradient of h,) on the boundary (whenever some mass is there present)
points towards the interior of the domain. This is in fact reminiscent of the nondecreasing
boundary mass condition appearing in [7, Definition 3.1], which is meaningful since a
gradient flow of ®,, at least for A > 0, is expected to enjoy such a behavior (see the energy
comparison argument in [7, Section 3]. See also Lemma 5.3.2 below).

Inequalities about the functional

Now we introduce some basic results that will often be useful in the sequel. For the first
we refer to [7, Lemma 2.1].

Proposition 5.2.1 &, is lower semicontinuous with respect to the weak topology of M (£2).

Proposition 5.2.2 (Representation formula) There holds

By(n) = 0w + 9+ sup {QM4mw§AWW+wﬂ, (5.2.5)

h—1€H} ()
and the supremum is attained for h = h,,.

Proof.  The direct method gives existence and uniqueness of a maximizer h for (5.2.5),
while taking the first variation we have

/gpd,u—/Vh-Vgp—i—hcp:O Vo € C°(Q),
Q Q

and therefore i = h,. Finally, we can use the identity

=1 di = [ (= DB ) = [ = 4 [T
Q Q Q

to obtain (5.2.5). O
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Lemma 5.2.3 For all p,v € M () there hold

Ba(1) = 50(@) 2 02() = 50 + [ (b = V(=) (5.2.6)
and \ .
Ba(1) — Br(v) = (5 - 1) W@ =)+ 5 [+ hydu—)  (527)

Proof.  For the first relation, apply (5.2.5) to the difference ®,(u) — ®(v), taking into
account that the supremum therein is attained at h, when the argument is v. The second
one is obtained computing

Bolp) = Bulv) = 5 [ (= 2Bk = Ak + 5 [ (= 1P = (1~ 1)

— %/Q(h“+h”_2)(u_y_hﬂ+hv)+%/Q(hu—1)2—(h,,—1)2

= ) =@+ [ (R =)

= 5 [0t h)w=n),

where we started integrating by parts the quantity |Vh,|* — |Vh,|?, which can be written
as V(h, + h, —2)-V(h, — h,). O

Moreover, we have

Lemma 5.2.4 For all pu,v € P(Q) there hold

Ba(r) = @) 2 5O~ Q) + [ bl 1) (5.28)
and
D) — B (v) = (g - 1) @) - 7@) + 5 [t b)GE-7)  (529)

Proof. 'These are straightforward consequences of Lemma 5.2.3, taking into account that
h,|aq = 1 and that, since the solution of problem (5.2.2) does not depend on the boundary
part of p, we have hy = hy,. O

Formal gradient flow

Here we briefly see how functionals (5.2.3) are related to the Chapman Rubinstein Schatz-
man model. We can show that the latter is (at least formally for now) the gradient flow of
®, with respect to the Wasserstein structure, that is, Vi, is the gradient of ®, at p along
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transport maps. The Wasserstein (sub)gradient is a vector ¢ € L?(u; R?) defined by the
subdifferential relation (3.1.6). Now consider functional (5.2.3). By (5.2.6) we are led to

Balopn) = 0a() 2 5 ()~ (@) + [ (= Dilspre 1)
= 5 oal®) = (@) + [ (hyls(a)) = (o) e

Since

/_ (o (5(2)) — hy(2)) dp ~ /_ Vh(x) - (s(2) — ) dp

Q

as ||[s — I|[z2(ny — 0, if A = 0, the formal Wasserstein gradient of ®y at p (if p = 1)
is xaVh,. The argument works also with A > 0 if we consider transports which do not
increase the mass on 0.

5.3 Global existence and regularity

The results of this section have been obtained in [7]. Here we reproduce them, since they
will be important for the subsequent analysis.
Given 7 > 0 and p € (), we denote as usual by p, a minimizer of

1
min v — ®\(v) + —W3 (v, ). (5.3.1)
ve2(9) 2T

Since #2(Q) is compact for the weak convergence, existence is an easy consequence of the
lower semicontinuity of ® in Z2(Q), given by Proposition 5.2.1, and of the continuity of
W2(-, 1t). Uniqueness of minimizers, on the other hand, is not completely clear, however,
the next result suffices to prove that 1z, is unique.

Variational arguments

We first prove some simple property of all minimizers u, that can be achieved by non-
differential variations: no mass is moved within 0€2, and if some mass in €2 is moved to 0f2,
in passing from p to p., it has to be moved along a shortest connection to 0€2. Furthermore,
if A > 0, for 7 sufficiently small no mass moved on 02 returns to €2, i.e. no new mass enters
Q). The corresponding result for A = 0 will be object of Section 5.4.

Lemma 5.3.1 For any minimizer u, of (5.3.1) and any 5 € Uo(p, ptr) we have
ly — | = dist(x, 00) for B-a.e. (z,y) € Q x O, (5.3.2)

In addition, if A > 0 and 7 > 0 is sufficiently small (depending only on Q and \), we have
that 5(0€2 x §2) = 0.
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Proof.  Let x be the characteristic function of {(z,y) € (Q,00) : |y — x| > dist(z,0Q)}.
Let us choose (in a Borel way) for any « € Q a point s(z) € 92 with shortest distance, set
o0 :=(1—-x)B and let v and 9 be respectively its first and second marginals; notice that

v < p and that ¥ = [i,, because x(z,y) can be nonzero only when y € 9. Defining

Bli=0+ (1 s)p(n—v)

and p! as the second marginal of 3', we have that (' still has p as first marginal, and
therefore 3" € T'(p, 11”.). Taking into account that pu — v is the first marginal of y/3, we also
have

Wini) < [ fe—yP=xdi+ [ Is) = aPdgu—o

C W2(u ) + / (Is(z) — 2> = |y — 2P)x B

Qxo0
< W3 (s pir),

with strict inequality whenever f x dfB > 0. On the other hand, since the second marginal of
(I,5)x(pn—r) is concentrated on 02 we have jil. = ¥ = Ji., and therefore ®,(7i.) = P, (7).
The minimality of p, then gives that (5.3.2) holds.

Let us prove that 5(0Q x ) = 0, for 7 sufficiently small. Let » > 0. By contradiction,
suppose that Wi(XagXQﬁ) > 0. Suppose first that supp(wi()(agxgﬂ)) is contained in the
set {z € 2 :dist (x0Q) < r}. Hence the mass that comes from the boundary remains at
a distance smaller than r from the boundary itself. Let v = p, minimize (5.3.1), starting
from pu. Let vy be a competitor, obtained starting from v by 7y = v — Wi(x(mxgﬁ) and
v =VU+ W#(Xagxgﬁ). That is, we bring back the mass coming from p through 5. Choose
r small enough such that hg — 1 + A/2 > A/4 for any x with dist (z,092) < r. This is
possible since hg is continuous till the boundary (by elliptic regularity), where its value is
1. Next, notice that for any positive measure p, h, = ho + w,,, where w,, solves

Aw, +w, = in €,
w, =0 on 0f).

By the maximum principle, w, > 0, then h, > hy. We apply this inequality to 1y,
obtaining, as ¥ — Ty = 7% (xaaxaf),

%I/(Q) — gVQ(Q) + /Q(hl,o —Ddv—w) > %I/(Q) — gVo(Q) — 2/9 d(ﬂi(XanQﬁ))
= %W;é(Xangﬁ)(Q)-

By (5.2.6) we immediately conclude that ®,(v) > ®y(v) + %Wi(XaQXQﬁ)(Q). Hence there
is a gain of at least 7% (xaoxaB)(Q)A/4 in the @y term, when passing from v to 1. On the
other hand, if r is chosen small enough it is readily seen that the TW?/(27) term cannot
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compensate such loss. This is a contradiction, since v is a minimizer. This shows that,
for any 7 > 0, if an amount « of mass in 02 is sent by [ inside €2, it has to be sent
at a distance larger than r On the other hand, suppose that the competitor vy has some
mass transported from the boundary in the interior of the domain, but at greater distance.
Then, let us compare the energy of v with the energy of a new competitor 1, obtained by
transporting back to pu the mass coming from the boundary, but being at distance grater
than 7 from it. The term W3 (v, 1) decreases at least by ar?, while (still by Lemma 5.2.3),
the term @, (v) increases at most by Car, with C' = sup (hg — 1+ A/2)~. By the inequality
ar?/(27) < Ca it follows that a = 0 if 7 < r?/(2C). So that for 7 small enough we have
again a contradiction. We conclude that G(0€2 x Q) = 0. g

In order to derive the Euler-Lagrange equation associated to (5.3.1), we will need a
family of approximating variational problems in &(£2).

Lemma 5.3.2 Let § > 0, let ® : 2(Q) — [0, +0oc] be defined by

o (1) :@A(y)ﬂs/a‘* if D< L2,

Q (5.3.3)
~+00 otherwise.
Let us consider the minimization problem
1
min O (v) + —W2(u,v). (5.3.4)
ve?(Q) 2T

Then this problem has a solution pl, the family 8 has limit points both for the strong H™*
topology and the 22 (X)) narrow topology, (5fQ(/lf)4 — 0 as & — 0, and any limit point p,
as § — 0 solves (5.3.1).

Proof. The existence of ;i is given by the direct method, as for the existence of i,. Let
M; be the minimum in (5.3.4) and let M be the minimum of the functional in (5.3.1). It
is clear that Ms > M; on the other hand, ®, — ®, at any point v such that 7 € L*(Q).
Then ]
limsup Ms < ®y(v) + —Ws (v, p)
510 2T
for all v in the subspace {v € 2(Q) : v € L*(Q)}. By density we obtain limsups Ms < M,
therefore Ms — M as 6 — 0.
If u, is a weak limit point in Z(2) of u along some sequence §; — 0, the lower
semicontinuity of ®, gives, since Cb‘jf > &, for any i,

1 1
5 W3 (ttr, 1) < Timinf @, () + W5 (', p) < liminf My, = M,
T 100 T 1—00

(I))\<IUT) +
therefore i, is a solution of (5.3.1). As a consequence
1
2T

1

o W3 (b, ).

L S WE () = @) +

tim (i) +5, | (7
11— 00 Q
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This gives, taking into account the continuity of v — WZ(v, i), proved in Lemma 2.2.7,

limsup ©(72) + 5, [ (7)* < ().
Q

1—00

By the lower semicontinuity of @ it follows that ®(ul) — ®(u,) and §; [, (72)* — 0.
Now, since @, (v) is the sum of two lower semicontinuous terms, namely ®y(v) and Av(£2)/2,
we obtain

lim A2 () = A\ (Q) and  lim \thai > + (h#ai —1)* = / Vh >+ (h,, —1)%
Q T " 0

(5.3.5)
In particular 7% — i, strongly in H1(€). O
The next proposition provides a Euler-Lagrange equation for (5.3.4).
Proposition 5.3.3 Any minimizer i’ of (5.3.4) satisfies
54 s 1 N (T2
=30V((2)") = Vhyuspiz = —my (xa(@)(z —y)y) i D'(RY), (5.3.6)

where y € To(ud, ).

We omit the proof, since it is a particular case of Lemma 5.7.2, that we shall prove later.

Entropy and regularity

The next results shows that fQ ©(11) decreases along the discrete flow, for a suitable family
of entropies ¢. Let ¢ be a C! function from [0, +00) to R. We say that ¢ is an entropy if:

(a) ¢ is convex nondecreasing, C', and z¢'(x) = p(x) for all z € [0, 1];
(b) 2z¢"(z) > x¢'(x) — p(z) (displacement convexity).

Proposition 5.3.4 Let ¢ be an entropy and let p € P(Q) be such that [, (1) < oo.
Then, for any minimizer ul of (5.5.4), we have

| e < [ ol

Proposition 5.3.5 Let p € (1,00], p € Z(Q) with p € LP(Y). Then there exists a
minimizer [, of (5.58.1) satisfying Proposition 5.3.6 and

i) If p < oo, there exists a p-growing entropy ¢
such that / o) < / (i) < 0o, hence ji, € LP(Q).
Q Q

i) If p =00 and M = max {1, ||ji||o}, we have ||i;||cc < M, 0 < h, < M.
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For the proof of the last two propositions we refer to the more general results of Section
5.8.
Now we pass to the limit as § — 0 in (5.3.6). We are led to the actual Euler equation.

Proposition 5.3.6 There exist a minimizer p, of (5.3.1) and v € To(ur, 1) satisfying

Vi iz = Sy (xa(n) (@~ y)) i D(RY). (5.

Proof.  We consider a narrow (in Z(Q)) limit point g, = lim; u¥ as in Lemma 5.3.2,
and consider plans v; € Do(p2, ). Moreover, Lemma 5.3.2 gives &; [,,(a%)* — 0 and
1%(2) — 1,.(Q). Let n be a smooth vector field. By (5.3.6) we have

1/Q ﬁ(rv—y) () dwi(x,y)+/gzv11i(:c)-n(x) dpidi —35i/9(ﬁ‘}')4div§ =0, (5.3.8)

T

where h; = hufi' Next, we pass to the limit in (5.3.8) as i — oo, possibly along a
subsequence: we have that &; [;,(72)*divé — 0. By Lemma 2.2.6, 7; weakly converges in
P(Q x Q) to some v € To(pr, 1), and the fact that udi(Q) converges to p, () tells us that
there is no concentration of mass near J€2; using this fact we easily obtain that yo(z)v;
still weakly converges to xq(x)7, so that also the first term in the left-hand side goes to the
limit. Finally, by Proposition 5.3.4 7% is bounded in L*(£2), hence we find a subsequence
(that we don’t relabel) weakly converging to u, in L*(2). By elliptic regularity, this gives
strong W24(Q) convergence (and then C1(€) convergence by Sobolev immersion, as the
boundary is smooth) of h; to h, . This readily entails convergence for the second term in

(5.3.8). O

Making use of Theorem 3.4.4, one obtains the following result about existence of solu-
tion and regularity of its internal part (see Theorem 1.1 in [7]). The only difference is that
here the discrete velocity is written in terms of transport plans, as in the right hand side of
(5.3.7). In fact, a limit curve exists by the construction of Theorem 3.4.4. It satisfies the
continuity equation, coupled with the limiting velocity v;, which is the limit of the discrete
velocities. But (5.3.7) allows to characterize such limit as xoVh, ). Such velocity satisfies
also the relaxed gradient flow relation (3.4.5). In the end, we get the following

Theorem 5.3.7 Assume that i° € LP for some p > 4/3 and A > 0. Then there exists an

absolutely continuous curve t — py € P()) such that:
i) ||, < C, with C depending only on 11°;
i) po = pu° and the PDE
Oty — div (xoVh,, ) =0 in D'((0, +00) x R?) (5.3.9)

holds.
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5.4 New variation

Consider problem (5.3.1). In this section we are going to prove the analogous of (5.2.4) at
the discrete level. For, we will consider a boundary variation for the minimization problem,

that is, the competitor of v € () will be of the form
Vo =V +aTlyo+ (1 —a)v.

So, we are leaving steady the interior part, while we are transporting a fraction « of v to
some diffused measure o over {2 through a map 7. We will be able to derive information
on the orientation of Vh, at the boundary.

We need a measure theoretic lemma before proceeding with the main proof. We recall
also that, given two measures p and v in M (R?) with same mass, if p is absolutely
continuous with respect to the Lebesgue measure £2, then there exists a unique optimal
transport plan between p and v (for which the infimum in (5.3.1) is achieved), and such
plan is induced by a transport map (see Theorem 2.1.7 in Chapter 2).

Lemma 5.4.1 Let p,v € 2(Q), 0 < L2Q, with o(Q) = v(0), and let T be the optimal
transport map between o and v.

Then there exist v € To(v, 1), vr € I'(0, 1), where pq is the second marginal of X yq a7V
such that

Wlws,n) = W) < [ [ly=S@P = ly = T@P] drr(ay)

QxQ
for all S : Q+— Q, where vg =V + Syo.

Proof. Let us introduce a sequence of auxiliary measures v, with equicompact supports
contained in R*\(2, such that 7,(R?\Q) = ¢(Q), 1, < £? and 7, — U as n — oc. Let T;, be
the optimal transport maps between o and v,,. Moreover, let 7, be optimal transport plans
between v,, and p, where v, = U + 1,. As an optimal transport map between absolutely
continuous measures, T), is essentially invertible for every n (i.e. its restriction to the
complement of a o-negligible set in (2 is injective, see Lemma 2.1.9). So we can define

Tn = (S ° T7;17 [)#X(RQ\Q)XQP)% + Xaoxa¥n
V., = (Tgl D#X(W\Q)xﬁ%-

Clearly, 7,, € I'(vs, u) and vz, € I'(o, py,) for every n, where we introduced p,, as the second

marginal of X g2\ o). q¥n- S0 with the change of variables 2 = T, !(z), for every n we have

W2(vs, ) < / - Py,
QOxN

= [ —aPd(So T Dew) + [ ly— s,
(R2\Q)xQ QxQ

- / = S()Pdyn (=) + / 'y — ePdy,
Q Q

X xQ
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and
W3 (Vn, 1) = / Ny = xPdy, + / |y — xPdy,
(R2\Q)xQ Ox0
= / Ny = Tu(2) P, (2,9) + / Ny — zdy,. (5.4.1)
QAxQ QAxQ

We get, for every n,

W(rs.n) = W) < [ [ly=S@F =y~ T@P] dim o). (5:42)

QxQ

Now we have to pass to the limit as n — oo. As v, — v, for the stability property of
optimal transport maps, we have that 7,, — T strongly in LP(Q2,0), 1 < p < oo, where
T'is the optimal transport map between o and v. Moreover, 7, has a weak limit point in
P (R? x Q) which is an optimal plan v € Ty(v, 1) (see Lemma 2.2.6). We will not relabel
the sequence for simplicity.
We can also show that

Xaxatn — Xaxa7- (543)

In fact, let n(x) be a smooth cutoff function approximating yq, with n(z) = 0 on R?\Q
and

/ In(z) — 1]d7 < <.
Q

Let f € CO(R? x Q), with M = ||f||« finite. Then

/R T )Xo )i~ 7))
- / J9) [ae) = () + ()] 3 =) (e.v)

< /Rz . [z, y)n(z)d(vn —v)(z,y) + M . Ixa(z) —n(z)|d(y +7)(z,y)

- / F s yn(@)d(e — ) (ary) + 2M / 11— )|
R2xQ Q

< / F (e (@) — 7) (@, y) + 2Me.
R2xQ

Now the first integral tends to zero, since fn is continuous, and by arbitrariness of ¢ we
get the convergence. Here we used the fact that the measures xq, g7, and xq.q7 have v
as first marginal. In the same way one can prove that x gz g)xg¥n — X®2o)xa?- This
implies that, letting p,, = Wi(X(Rz\Q)Xﬁ’Yn) be the second marginal of X g2\ g)xq7n. there
holds e, — 1. p, is also the second marginal of v, which by tightness has a limit point
vr (again we avoid relabeling the sequence). The first marginal of vz, is o for every n, and
as a consequence yr € I'(o, u1).
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Now consider the first integral in the second member of (5.4.2). We have the weak
convergence of 7, to ypr, and we can pass to the limit even though the integrand is not
continuous. Indeed, reasoning exactly as in the proof of (5.4.3), we can approximate it
with continuous functions (in the Lusin sense) and use the fact that both the first marginal
of vr and of yp are equal to the absolutely continuous measure o.

Finally, consider the last term in (5.4.2). We have

/ Cly - To|*dyr, = / B [|y TP+ ly—T,*— |y — T|2] dvyr,
QxQ QxQ

< / Wy -TPdy + K [ Tu() - T@)ldv,
QxN QxN

< [y TP+ K [ (L) - T,
QxQ Q

with K being a suitable positive constant depending on 2. Now the second term goes to
zero for the strong convergence of T;,, and the first one can be treated as before and shown
to converge to
| v T@Pdute).
QxQ
We have all what is needed to pass to the limit in (5.4.1) and (5.4.2) and obtain

W3 (vs, p) — W3 (v, 1) < /Q . [ly = S@)]° = |y — T(x)"] dyr(z,y) (5.4.4)

as desired. 0
We also state a slight generalization of the previous lemma.
Lemma 5.4.2 Let p,v,0 and T be as in Lemma 5.4.1. Let S : Q+— ), 6 € [0,1] and
vg =vU+0Sg0+ (1 —-0)v.

Then there exist v € To(v, ), yr € (o, p1), p1 being the second marginal of X poxa7, Such
that

W2 (vs, 1) — Wi(v, 1) < 0 / = S@F =y = TP dyre.),

Proof. The case 6 = 0 is trivial. Otherwise, define v, v,, T, v, and 77, as in the proof
of Lemma 5.4.1. Moreover, let v§ = U+ Sg(0o) + (1 — 0)v, and introduce transport plans
o € T(VE, 1) as follows:

Y, =0(SoT,", DaX ®2\q)x@¥n T Xaxa¥n T (1 — )X ®2\0) xaVn-
Then, with the change of variables z = T, ' (x), we have

W20 ) < / y—aPdT, =0 [ _ly=SE)Pdm, () + / =P,
X X X

(-0 /( g aPdr.

R2\Q)xQ
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We can rewrite (5.4.1) as

W20 1) = 0 - o2y + / ly— 2Py + (1—6) / 'y - odr,
(R2\Q)xQ QxQ (R2\Q)xQ

2 Q

X x€)

(-0 / ly — 2Py
(R2\Q)xQ

This way, it is clear that
W3 Vg, 1) = W3 (va, 1) < «9/Q 5 [ly = S@)|* = ly = Tu(x) "] dyr, (2, ).
X

Here we can pass to the limit in n exactly as done for (5.4.2), so we refer to the proof of
Lemma 5.4.1 for the conclusion. The only element to add is the lower semicontinuity of
Wy for treating the first term, so that

Wa(vs, 1) < liminf Wa(vg, p)

as vg — vg. U

Remark 5.4.3 With minor modifications one can also obtain the same result for the case
vs = U+ 0540 + (1 — 0)xal + Xoo\a?,

where A is an arc contained in 92. In this case we have v € T'g(v, 1), 0 < L2, 0(Q) =
U(A), (I,T)y0 € To(o, xaV). py will be a suitable measure such that py < 7% (xp0.g7)-

Taking into account also Proposition 5.3.5, we are ready to state and prove the main
result about discrete minimizers.

Theorem 5.4.4 Let v = p, be a minimizer of (5.3.1), with A\ = 0, such that v € L*().
Let €2 be convex. Then

(Vh,(z),y —x) >0 V(z,y) € supp(v) x €L (5.4.5)

Proof.
Let 0 < L2, have a bounded density, and let o(Q2) = 7(Q). Let moreover T' be the
optimal transport map between o and v, and

T.=(1—¢e)l+cT, e€]0,1].
We introduce the following perturbed measure

ve =0+ a*T. 0+ (1 —a?)p,
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where a = (1 —¢)2.

Now we apply Lemma 5.4.1, with 7. in the role of S: there exist a transport plan v €
Lo(v, 1) and a transport plan vy € I'(o, 1), where g is the second marginal of xyq.q7,
such that

W3 (v, 1) = W3 (v, p) < a2/ Ny = Te(@)P — ly = T(2)]*] dyr(z.y). (5.4.6)

Qx0N

Next, we apply (5.2.9) to v. and v, and we find

Bo(r.) = Ba(v) = ~(:2) = () + 5 [ (b +h)d(P =)
so that .
Do) — Bo(v) = ~a?H(02) + 10’ /Q (ho, + hy)d(T. 4o). (5.4.7)

Since v is a minimizer, there holds
1
o (ve) = Do(v) + 5 (W3 (ve, 1) = W3 (v, 1)) = 0,

for all u € 22(Q). Substituting (5.4.6) e (5.4.7) in this inequality, we obtain:

062

o7 | 8= T@F —ly = T(@)P] dyr — o*5(09) + %oﬁ /Q(h,,e + hy)d(Tey0) > 0.
(5.4.8)

Since T, = T+ (1—¢)(I —T'), we obtain the following expansion (of the first order centered
ine=1)

ly— To(@)? = ly — T(@) > + 2(¢ — D)y — T(x),x — T(x)) + ofc — 1).

Of course the remainder is uniformly bounded with respect to € Q. For treating the
second integral in (5.4.8), notice that, as v € L*Q), h, € W>*(Q), and by Sobolev
embedding h, € C'(Q) (since Q has smooth boundary). So we can perform the expansion

hyoT.=h,0oT+ (e¢—1)(Vh,oT, T —I)+ (¢ — 1){(Vh, 0Ty —Vh,oT), T —1),
(5.4.9)

for a suitable 6§ € (e,1). If K = sup,.q|T(x) — |, the last term is bounded by K (e —
1) w(|[Ty(z) — T(z)]), w(d) being the modulus of continuity of Vh,, which, as 6 — 0, goes
to zero uniformly with respect to z € Q, since Vh, € C°(Q2). So there holds

hyoT.=h,0T+ (¢ —=1)(Vh,oT, T —1I)+o(c — 1), (5.4.10)

and the remainder is uniform in z.
Finally, since
hy,. oT.=h,oT.+ (h, —hy,)oT, (5.4.11)
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we have to estimate h,_ — h,. This quantity is solution of the problem

—Au+u= QQTE#U in
u=0 on Jf).

Hence we can write
sup |hy, (v) — hy(2)] = o? sup ||, (5.4.12)

e €

where . satisfies
—Ap. + . =T, 40 in()
we =0 on 0N.

But since for € € (0, 1) there holds |det(JT.)| > (1 —¢)? (see [4, §5.5], also for the push-
forward change of variables formula), we have

/Q|04T5#U\4:oz4/9 (W) | det(JTL)| /|a|4 /|0|4

Therefore oT. 4 (o) converges to 0 in L*(Q), This implies the W?*(Q2) convergence and
the C*'(Q) convergence of ap. as e — 1. So there exists a constant C' which bounds ap,
uniformly in z and ¢, and from (5.4.12) we get

sup |hy, (x) — h,(2)| < Ca = C(1 —¢)*. (5.4.13)

r€Q
Making use of (5.4.10) and (5.4.13), from (5.4.11) we find
hy,oT.=h,oT + (¢ —1)(Vh, o T,T — I) + o(c — 1), (5.4.14)

where the remainder is again uniformly bounded in z.
Now, dividing by o?, we expand to the first order in (5.4.8) with respect to ¢ — 1, and
with 7 fixed, to find

1—¢

T

+(1—e) /Q(Vhl,(T(x)),x — T(x))do + o(1 — €) > 0.

/ Ly — T(@), T(x) — )dyr — 5(00) + / o (T(2))do
QOxQ Q

As a consequence, since () = v(0€2) and h, = 1 on 02, upon dividing by (1 —¢) we get

[ o=@ @) = e+ [[(Fh(T@) — (@) 2 0

As T'(x) € supp(v), in the first integral the scalar product is nonpositive for geometric
reasons (we are working with a convex domain). It follows that

/ (Vho(T(@)), 2 — T(2))do > 0. (5.4.15)
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Let A C 09 be an arc such that 7(A) > 0. We point out that, redefining v. as v +
?T.y0 + (1 — a?)xal + xoo\al, with T, = (1 —e)I + €T and T now being the optimal
transport map between an absolutely continuous o and x 47, this proof works in the same
way. Indeed, in view of Remark 5.4.3, inequality (5.4.6) still holds for some 7 € I'(a, 1),
where y1; < 7% (Xpaxa?y). So we obtain (5.4.15) with T'(x) taking values in supp(v) N A.
Now, suppose by contradiction that

(Vh,(2),y—Zz) <0

for some (2, %) € supp(7) x Q. Then, recalling that Vh, € C°(Q), there exist an arc I C 99
containing z and a neighborhood ) of y such that the same inequality holds whenever
(z,y) € I x Q. Because of the arbitrariness of A and o, we can choose ¢ supported in
QNQ and A C I. Since T transports o to xav, this implies (Vh,(T(z)),x — T(z)) < 0
for all x € supp(o), against (5.4.15). O

5.5 Uniqueness of the regular gradient flow

We now consider the problem of uniqueness of solutions for (5.2.1)-(5.2.2) in the case of
measures with L> internal part. Taking into account the result of Theorem 5.4.4, we focus
on the following class of solutions.

Definition 5.5.1 (Regular gradient flow) Let T > 0. A solution of problem (5.2.1)-
(5.2.2) is a regular gradient flow if

i) |5l € L=(0,T),

i) (Vhya(z),y —x) >0 for all (z,y) € supp(i(t)) x Q and t € (0, 7).

Remark 5.5.2 Condition i) is related, as previously noticed, to the one appearing in [7,
Definition 3.1], that is, ¢ — () is nondecreasing as a measure valued map. In fact, if the
negative gradient at the boundary (that is the limit of velocities in ) is directed towards
the exterior of the domain, we expect that no mass can move from 0f) to € during the
evolution. Such a behavior was argued in [7] in the case A > 0 by means of direct energy
arguments (see Lemma 5.3.1), which do not extend for A = 0. Actually, condition i),
obtained in Theorem 5.4.4 only for A = 0, will allow us to obtain a stronger uniqueness
result.

Theorem 5.5.3 (Construction of a regular gradient flow) Let 2 be conver. Let jg €
P(Q), with fy € L>(2). Then there exists a solution to problem (5.2.1)-(5.2.2) which is
a reqular gradient flow.

Proof. The construction follows the one of Theorem 3.4.4. Let 10 := pg. We find p*+?

solving (5.7.4) with A = 0 recursively. We then define fi,(¢) in the usual way, as in (3.2.4).
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For 7 | 0, by Theorem 3.4.4 we can find limit points, that is, we can find sequences 7,, | 0
such that weakly in the sense of measures

nh_)rglo fr, (t) = pu(t) vt > 0. (5.5.1)
Thanks to Lemma 5.3.5, the interior parts of all the discrete minimizers will belong to
L>. Letting 7' > 0, and passing to the limit in 7, we will have (t) € L>((0,7"); L>(2)).
Moreover, after Theorem 5.4.4, the discrete minimizers can also be chosen to satisfy (5.4.5),
which, passing again to the limit in 7, becomes condition i) of Definition 5.5.1. In fact,
as a consequence of (5.5.1), with the regularity of the interior parts of p,, , by elliptic
regularity hj () — hye) in C L(Q) for every t € [0, T]. In conclusion, there exists a regular
gradient flow as in such definition. O

The next inequality prepares the proof of the uniqueness theorem.

Lemma 5.5.4 Let y,v € P2 (Q), with i,v € L*(Q) and Wi(u,v) < e=®. Then there
holds

DO | >

Oy(v) = ®a(p) = 5 (@(Q) — u(®))

+

/_ _ (Vh,(2),y — x)dy(z,y) — w(WE(,v)), (5.5.2)
(2xQ)\(02%x09Q)

where w(t) = l~(t|logt|, K being a suitable nonnegative constant depending only on 2,
[Vlloe and |7l

Proof.  We shall estimate the last term of inequality (5.2.8). For all v € I'g(u, ) we have

/_ hd(v — 1) — /_ ) (hl) — M)y (2, y)
Q (2xQ)\ (02%x90Q)

and a Taylor expansion (with remainder in integral form) yields

/_ hd(v — 1) = /_ ) (Vh(2),y — 2)dy(z,y)
Q (2xQ)\(002x00Q)

1 1
syl = 0 )y = )y — (o),
0 (2xQ)\(092%x00)
(5.5.3)

In order to treat the remainder, we split it in two terms:

1/t )
2 /0 /@Xﬁ)\(amam [(V2hu((1 = )z + 0y)(y — x),y — x)|dy(z, y)db
<5 [ [ U =000+ )y ).y = @)t

+3 / /— (VP hu(1 = 0)z + 0y)(y — 7).y — 2)|dy(, y)db.
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First term:
the measure xq.q7 is a transport plan between g and o, for a suitable o7 < v, then it is

induced by a transport map 7. Let
Tg = (1 — 9)[ + GT, Mo = Tg#ﬁ

It follows that

/0 / Vh(1 = O)a -+ 0y = ).y ~ )l )9

_/0 02/\V2 2)||z — Ty () P dpe(x)do

_/0 - (/|v2 )P dpe(x > (/ & — Ty ()2 dpag ))Wde, (5.5.4)

where p > 1 and p’ are conjugate exponents. Let o and gy be the densities of 1z and g
respectively. The change of variables formula gives

[l = [ 1920 dc?
Q Q

1/2 1/2

< (fivneae)” ([ e
Q Q

1/2 0 2 1/2
< V2h 2Pd£2> / <—> det(JTy)|dL?
—(/Q' 2 o ety ) et To)

1/2 d£2 1/2

car([romra)” ([ 28)"
: (/' 2 o Taen ()

But for 6 € (0,1), there holds |det(J((1 — )] + 60T))| > (1 — 6)?, yielding

1/2 9 1/2
dr

/ V2o §M< / |v2hu|2pdc2) ( / —)

o o 0 (1—0)

< MIV2hy By |21 = 0)7".
On the other hand
SN =T P = [ 1= T P = 3P < (im0 [ - 7 P
Q Q Q

— (diam®)2 D2 /Q T — IPdfi = 62(diam®Q)27 VW2, v).
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Substituting in (5.5.4), we get

[ 00 =002 4 000 20— s )

1
. /_ / 2/p' 1 _ ’
<MYPIQM @) (diamQ)2 P D T2 | o) Wy (1, v) / (1= 0)71/76%" dp.
Now, for p sufficiently large (for example p > 3), the integral in the last term is finite and

uniformly bounded in p. Moreover by elliptic regularity we have |[V2hy,||r200) < ¢ pll /oo,
so that

/0/QQ|<V2hu((1—9)I+9y)(y—x),y—x>|dv(x7y)d9Sprf/”'(u,u).

As done by Yudovich in the study of Euler equations in two dimensions (see [74, 75]), we
minimize in p and, since W3 (u,v) < e 3, we find

min pWs'" (11, v) = eW2(u, v)| log (W2 (1, )|

p>3

This is the desired logarithmic bound.

Second term:

it can be treated in the same way: for example we can consider xq. o7 € I'(02,7), where oy
is a suitable measure with oy < p. Now there exists a transport map s such that sxv = o9.
Letting sg = (1 — 0)s + 61, we get

[ [ 1l 002+ )y = ). = o)l o)
b

< /0 ooy /Q V2R, |55 — 1] d(s9.47)do.

The calculation is now analogous, taking into account that |det(Jsg)| > 62 and that

Jo I = s?dv < W3 (p,v).

Thanks to the logarithmic bound on the remainder of (5.5.3), from (5.2.8) we obtain (5.5.2).
U

Eventually, we are going to state and prove our main result. The procedure is analogous
to the one of [7, Theorem 3.2|, but here we can show that uniqueness holds also if some
mass is present on the boundary of €2 during the evolution. Even if the initial datum is
not supported in 2, this guarantees a global uniqueness result.

Theorem 5.5.5 (Uniqueness of the regular gradient flow) Let Q) be convex. Let pi',
u? be solutions of (5.2.1)-(5.2.2) satisfying the conditions of Definition 5.5.1. Then u'(0) =
w?(0) implies u*(t) = p2(t) for all t € [0,T).
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Proof.  Let p(t) be a regular gradient flow as in Definition 5.5.1 (it is coupled with the
velocity field —Vh,uxa), % € Do(u(t),v) and v € 2(Q). Applying (5.5.2) we find

Dy(v) — Ba(u(1)) = () ~ (D)
+ /_ _ (Vhuw (), y — x)dy(z, y) — w(W5 (u(t),v))
(2xQ)\(092x00N)

whenever W2(u(t),v) < e 3. Since u(t) satisfies the continuity equation, for almost every
t there holds (see Lemma 2.3.5).

5%%2(#(75), v) = /§X§<XQ($)th(t)(x)ay — x)dy(z,y).

Substituting in the previous relation we get (for W(u(t),v) < e™3)
W3 (1), v) < @a(v) — a(ult) — 5 (D(Q) — A1) ()

+ w(WQZ(,u(t), V) — /mxﬂ<v}lu(t)($), y — x)dy (2, y).

2dt

On supp(fi(t)), Vhy,w points towards the interior of the convex domain, then the last term
is non positive, and so, for WZ(u(t),v) < e 3,

1d A —~

57 Ve (1), v) < @a(v) = Ba(u(t)) — 5 (@(Q) = AO)(Q) + (W5 (u(t), v)).  (5.5.5)
Applying (5.5.5) first to pu = pu!(t), with v = p%(s), and then reversing the roles of u! and
1%, we get, by Lemma 3.3.3,

Ly2000 (1), 12(8)) < Aw(W2((0), 12(2)))

dt
for almost every t such that W(u'(t), u?(t)) < e=3. Now we make use of the logarithmic
bound, that yields [ 1/w(s)ds = oo. So Gronwall’s lemma entails u'(t) = p(t) for all
te0,7]. 0

5.6 The signed case

The actual model of Chapman Rubinstein and Schatzman (see [27]) involves signed mea-
sures. In fact, in Section 5.1 we have mentioned that Ginzburg-Landau vortices posses
a degree and are subject to Coulombian interactions. In this last part of the chapter we
would like to study the flow of the full functional (5.1.3), and possibly to relate it with the
evolution model (5.1.4).



5.6. THE SIGNED CASE 107

The generalized W, functional

A first difficulty arises at the theoretical point of view. The techniques of Chapter 3 are
concerned with probability measures only, it is not clear how they could be generalized
to signed measures. Moreover, we do not know how to rephrase the characterization of
absolutely continuous curves by means of continuity equations given in Section 2.3.

On the other hand, the most flexible part of the theory is the minimizing movements
approach. Indeed, the minimization problem

. 1 2
min o(v) + 7 d*(v,p), pex (5.6.1)
makes sense in any metric space X, d being the corresponding distance, where ¢ : X — R.
On top of that, it is not strictly needed for functional d appearing in (5.6.1) to be a distance.
In fact, often the important thing is its behavior on small scale. We are going to make use
of a functional which is bounded below by a distance.
Let M(Q) denote the set of real measures over Q. Let us define the following measure

subset of M ().
M (@) = {p € M(Q) : p(Q) = £, || () < M}, (5.6.2)

where k € R, M > 0. Let p,v € M, ().

First cost

We define the following generalization of the 2-Wasserstein distance:
Wo(p,v) = Wa(put +v v +pu7), (5.6.3)

It is immediate to check that, if ;4 and v are nonnegative, then Wy reduces to the Wasser-
stein distance between positive measures of given mass x on Q (here W, is naturally
extended from probability measures to measures with a fixed total mass different from 1).
Functional Wy accounts for the cost of transporting signed measures, and some heuristics
on its behavior are worthy. We notice that, when transporting a signed measure pu, its
positive and negative mass may change (only [ u is fixed, as in (5.6.2)). So, in order to
connect p to v, it can be convenient that some part of u* is transported on p~, and this
correspond to auto-annihilation of mass. On the other hand, if the total variation of v is
larger than the one of u, one expects that, in the transport given by Wy, a consistent part
will come from moving some part of v~ to v*. From the dynamic point of view, this is
explained thinking of some fake mass which is created and then transported with a certain
cost.

Remark 5.6.1 The framework given by Wy seems to fit the physical problem we are
investigating, since we expect that vortices with opposite degrees can interact like dipoles
and cancel themselves.
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Although it is immediate to verify that W, is symmetric and vanishes if and only
it p = v, Wy is not a distance. Indeed, the following example shows that the triangle
inequality fails. On the real line, let © = 6o, v = 9, and n = d; — 3 + d3. Clearly
Wo(u, v) = Wa(p,v) = 4. But a transport plan between p* + 7~ and n~ + p* is given by
dg X 01 + 02 X d3, so that

Wa(u,) < \/ / & — y[2d(8y % 1) + / & — y[2d(6 x 63) = V2.

Symmetrically, Wy (v, n) < v/2, so that

Wa(p,v) > Wa(u,n) + Wa (v, n).
On the other hand, we notice that, if v € To(ut + v, v + pu7), by Holder inequality

(/gg ==yl dV) \/7/QQ |z =yl dv, (5.6.4)

Wy (u,v) = inf / |z —y|dy (5.6.5)
vitnT) Jaxa

yel (pt+v—,

but

is indeed a distance between signed measures. The standard W, distance between proba-
bility measures is in fact characterized by the following duality (see for example [71])

Wi(pu,v) = sup /ngd(,u—l/), (5.6.6)

pELip()
which of course can be extended to signed measures, still remaining a distance. Notice in

fact that it is not sensible to the addition of equal masses in the source and in the target
of the transport. Such feature is typical of the 1-distance only, since (5.6.6) readily gives

Wi (u,v) = Wi(p+o,v+0), Voe M(R?). (5.6.7)

It is worth to analyze some other features of Wy. In the sequel we will often make use
of the Hahn decomposition for a real measure p, identifying its positive and negative parts,
so that u = p* — p~, where ™ and p~ are two positive measures. This decomposition
is minimal in the sense that, for any other couple of positive measures o', 02 such that
o' — 0% = pu, there holds pu* < ¢! and p~ < o2, In the next proposition we see that W,

‘metrizes’ the weak topology of M, 1(9).
Proposition 5.6.2 Let yu,,, j1 belong to M 31 (). Then i, — p if and only if Wo(ji, 1) —

0.
Proof.  Assume that p, — p. Since pf(Q) < M and p;, (Q) < M, by tightness there
exists a subsequence (ng) such that ! — o and p, — o7, with 0" — 0~ = p. By

continuity of the Wasserstein distance, for each limit point we have Wa (uh+p=, pt+p, ) —
Wolot +pu~,p"+07)=0.

Assume that Wy (p,, ) — 0, that is, Wo(u! + =, u™ + ) — 0. But Wy metrizes
the weak convergence, so there exists a positive measure ¢ such that pf + = — ¢ and
[y, + pt =0, hence p — py = pt = pT = p O
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We have seen that W, is not a distance. With a similar simple construction, it is
possible to see that the map v +— Wy (v, ) is not weakly ls.c. in M, p(€2). The point is
that if p, — pin M, pr, then pf and g, are tight, but the limits are not in general ;1 and
1~ . In order to overcome this problem, we consider the sequentially lower semicontinuous
envelope of W, that is

Wy (v, p) == inf {lim inf Wy (v, 1) : (vn) C My (Q), 1, — I/} ) (5.6.8)
vi@s<pt@ | n—oo
vy ()<= (9)
As v, — v in M, (Q), we have that v — o' and v, — o2, with ¢'(Q) < M and
02(Q)) < M and o' — 0 = v. Here 0! and o2 are not the positive and negative parts of
v, but simply two measures such that ¢! — ¢? = v (a non minimal decomposition). Hence
we can write the L.s.c. envelope as

inf {Wa(c' + p~,u"+0%): ' (Q) <M, 0*(Q) <M, o' =0 =v}. (5.6.9)

Notice that the boundedness of total variations prevents the envelope from being identically
zero, and by continuity of W, the infimum above is attained. We denote by 6%, 6% the
corresponding optimal couple. By construction, the map

v Wo(0' + p, pnt + 6%)

is L.s.c. on M, 1(Q), and of course Wy (0! + p=, ut + 62) < Way(v, ).
In order to deal with optimal transport plans between signed measures, consider parti-

tions of the positive and negative parts of v and u of the form
pg +pf =t gy +py =, (5.6.10)
vi v =vt oy by =, o

where all the terms are positive measures. Some compatibility conditions have to be taken
into account, and precisely

vo () =pg (), 1 () =15 (), w(@Q=p{(Q), Q)= (). (5611
Of course there are many partitions of this kind. Moreover, we have the following

Lemma 5.6.3 (Splitting of the optimal plan) Let v € To(v" + p~,ut +v7). Then
there exists a partition of the form (5.6.10)-(5.6.11) such that ~ can be written as the sum
of four plans vI, v=, v, vi satisfying

f}/j—GF0<V[J)r7/L(JJr)7 ’V: EFO(M[;?V(;)a

3 - . (5.6.12)
vt e Tolpr,pmy), 5 € Tolvi,vy).



110 CHAPTER 5. MEAN-FIELD EVOLUTION MODEL IN SUPERCONDUCTIVITY

Proof. Let ¥y = vt +pu~ and ¥y = pt +v~. It is clear that v and u~ are both absolutely
continuous with respect to ¥;. Let fi,g; € L'(R? 1) denote the respective densities.
Similarly, let fy, go be the densities of v~ and u™ with respect to ¥, so that

V+ :flﬁla lu_ :glﬁh H’+ :.921927 v :f2ﬁ2-
Clearly f1 + g1 = fa + g2 = 1, so that we can write

v=(fiom")(gaom®)y+ (from ) (fzom)y+ (grom)(g20m)y+ (gro7!)(faom?)y. (5.6.13)

Notice that

Moreover,

Tu((from)(gzom®)y) +my((from)(faom®)y) = fimy((g20m” + faom?)y) = frmyy = v

With the analogous computations for the other terms in the right hand side of (5.6.13), we
see that the marginals of the four plans therein are submeasures of v+, u=, u+, v~ satisfying
(5.6.10)-(5.6.11). Hence, in (5.6.13) ~ is written as the sum of four plans on a partition of
the desired form. Moreover, each of these plans is optimal, since their sum is. [l

Second cost

For dealing with a sequence of measures with decreasing total mass, we introduce the
following simplified version. Let p,v € M, a(£2). Let [v|(€2) < |p|(€2). Define

Wilv,p) = inf {hgglf(Wf(Vi,u*)+W22(V;,u’))}, (5.6.14)
um%:wm

v ()=p~ (Q)

By its very definition, we see that the map v — W3 (v, ) is lower semicontinuous. More-
over, since any weak limit point of v, v, is a couple ot, 0~ satisfying ot — 0~ = v,
W3 (v, 1) can be also written as

inf (W3 1ty + Wio—, 1)} (5.6.15)
+ - _
ot —o0 =v
ot @=ut (@)
o= (@)=~ (@)
Tightness and semicontinuity of the standard Wasserstein distance show that there exists
an optimal couple 97,9~ such that

Wi (v, ) = W30+, u™) + W5 (07, 1), (5.6.16)
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where 97 — 9~ = v.

Notice that W, is non symmetric. But symmetry is not a key point, since we are going
to compute the costs corresponding to subsequent time steps: an evolution problem has
a natural time direction. About the relation with the other objects we have defined, it is
not difficult to show the following

Proposition 5.6.4 Let ju,v € M, 1(Q) and [v|(Q) < |u|(Q). Then

Wh(v, 1) > W5 (v, 1) \/ W1 (p, v (5.6.17)

Proof. Let 9%, 9% be the optimal couple for W5, so that the infimum in (5.6.15) is attained.
Let v' € To(u*,9%), 42 € To(u™,97). Then (v*)™1 € To(¥~,p7) and v' + (v?)7" €
C(p™ +9,9" + p). Hence

W2, v) = W2+, 9%) + W2 97) = / o= yP A + 7))
— [ o=yl + 63 D)
QAxQ
> W5 (" + 07,97 + 1) = Wy (v, ).

Exploiting (5.6.4) we get the thesis. O

Notation 5.6.5 We let ¥; denote the common part of 9" and ¥, so that 97 = v + 9,
and ¥~ = v~ + ;. Moreover, we let v© € To(dF,u") and v~ € To(9, u~) be the two
optimal transport plans corresponding to W,. Thanks to (a simplified version of) Lemma
5.6.3, we can write these plans as

T =7 t7 and v =7+
Each plan in the splitting is optimal:
Y €0 ug), W €To(W, ), v €TV pg), m €To(Wh,py),  (5.6.18)

where pg + py = pt and pg +py = pe

5.7 Fine characterization of discrete minimizers

The functional we are going to analyze is (5.1.3), defined on real measures. Notice that
the ®, part is the same as the positive measures case. As a consequence, the full ®, is still
lower semicontinuous, since p — |u|(£2) is. Moreover, Proposition 5.2.2 works in the same
way, giving the representation formula

Da() = S O(@) +10]) +  sup ){/ (h—1)du— / |Vh|2+|h|2}, (5.7.1)

h—1eH} (D



112 CHAPTER 5. MEAN-FIELD EVOLUTION MODEL IN SUPERCONDUCTIVITY

the supremum being attained at h = h,. By means of (5.7.1), the analogous of (5.2.6) is
easily obtained: for any couple of real measures pu, v there holds

A A
D3(11) — Br() > S1ul(@) — SII(2) + / (hy — 1) d(ju = v). (5.72)
On the other hand, (5.2.7) has its counterpart too, and in particular
1
B () — Bo(v) = V() — p(0) + 3 / (hye+ ) = ). (5.7.3)

We are concerned with the discrete minimization problem: given € M, (), solve
1

min  O\(v) + —Wi(v, p). (5.7.4)
vEMp, 1t (@, W@ <I1l () 27

Again, we need a perturbed, regularized functional. Let
P(v) = D)D) + 5/ 1D]* (5.7.5)
Q

if 1 < £? and +oo otherwise. We have the following result (analogous of Lemma 5.3.2).

Lemma 5.7.1 The perturbed minimization problem

1
min _ ®(v) + —Wi(v,p) (5.7.6)
veMu, ar (), V(@< ul(@) 27
has a solution 1S, the family p° has limit points both for the strong H=* topology and the
M(Q) topology, & [,(A2)* — 0 as & — 0, and any limit point ji, as § — 0 solves (5.7.4).
Proof. The existence of u is given by the direct method, as for the existence of y,. Let
Mjs be the minimum in (5.7.6) and let M be the minimum of the functional in (5.7.4). It
is clear that M; > M; on the other hand, ® — ®, at any admissible point v such that
v e L*Q). Then
1
limsup Ms < @, (v) + —W3(v, p)
510 2T
for all v in M, (Q) such that [|(Q) < |u[(R2) and 7 € L*(Q). By density we obtain
lim sups Ms < M, therefore My — M as 6 — 0.
If 11, is a weak limit point of ;° along some sequence &; — 0, the lower semicontinuity
of ®, gives, since CI>5/( > &, for any 1,

1 1
Pa(pr) + 2_W22(/J’Ta p) < liminf &y (u) + 2—W§(uﬁi,u) < liminf My, = M,
T 1—00 T 1—00
therefore i, is a solution of (5.7.4). As a consequence

1 1
4 27 0; 2

— ) = Oa(ue) + W3 (e, ).

o Walur' 1) = @alpr) + - Wa (e, 1)

lim @, (%) + 5, / A%
1— 00 Q
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By the lower semicontinuity of ®, and v — W2(v, i) it follows that ®y(1%) — ®y(u,),
W3 (pd, 1) — Wi(pr, ) and & [, (a2)* — 0. Now, since ®,(v) is itself the sum of two
lower semicontinuous terms, namely ®(v) and Av(£2)/2, we obtain

lim Apdi(Q) = A\t (Q) and  lim (huéi —1)? = / Vh >+ (h,, —1)%
" Q

1—00 1—00

In particular g% — Ji, strongly in H‘l(Q). O
Next we derive an Euler equation for problem (5.7.6), which will give a characteri-
zation of the discrete velocity of the scheme. It is useful to begin with the analysis of

the corresponding minimization problem on the whole plane. This way, we can deal with
competitors of the form t,v, which can have some mass outside (2.

Lemma 5.7.2 Any minimizer v of

1
min {CIDf\(V) + EW%(V, p) v € M, y(R?), [v|(R?) < |u|(Q / lz)? dv < —l—oo}
(5.7.7)
satisfies

~HV(0)) -5 VAP = Zrh (xale)e -~y + - h(xa(@) (@ —y)) in D), (578)

where 4 and vy are the optimal transport plans given by splitting, with the notation of
(5.6.18): vy € To(v, ud) and vy € To(v™, g ), where ug and py are suitable submeasures
of wt and p~ respectively.

Proof.

We perform a variation of the internal part of the optimal measure v along a smooth
vector field £ : R? — R2.

Let ¥, 9~ be the optimal couple for Wy, such that (5.6.16) holds. If v© € To(¢, u™)
and v~ € T'o(¥~, u~), we can consider a splitting as (5.6.18). Accordingly, ¥; denotes the
common part of 97 and ¥~ and

Wi (v, 1) = /ﬁ . |z —ylPd(vg +v0 +97 + ) (). (5.7.9)

Let
ve=v+ (I+e&)yv (5.7.10)

and
Q. ={reQ:x+e€(x) € Q}. (5.7.11)

For small ¢, T + £ is injective, and it is clear that v.(R?) = v(R?) and |v.|(R?) = |v|(R?).
Let moreover N N N N
7. = I +e& DuXaxa ) + XoaxaYo TN
-

3 b (5.7.12)
- =T+ DuXaxaY ) + Xoaxalo + 71 -
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We have

W3 (ve, 1) < WEWT + 01+ (T+2€) D", 1t) + WO~ + 01 + (T+ €40, 1),
but it is clear from (5.7.12) that

N EeTW +0 + T +c€)uvt,ut) and 47 € D0 4+ 0y + (I+e€)ud, 1),

hence

W%(VE,M)S/ |z — y[Pd(vF + 7).
aOxQ

We write the last integral as

/Ix—yl2d(%++v§):/ !I+6£(fv)—y|2d%++/ Nz —ylPdyg
QxQ QxQ OOxQ

s [ feree —yPag+ [ e-yPag
QxQ [5195°49)
+/!w—y!2d(vf+%)
QxQ
— [ e-sPag e[ g@)@-pi
OxQ Qx0
[ eyl e [ 6@ (o= + ol
OxQ QxQ
+/__|x—y|2d(%++vf)~
QxQ

Then, recalling also (5.7.9),

Wi (ve, )= Wi(v,p) < 26 | &(x)-(x—y) d%“r%/ &(x)-(x—y) dyg +o(e). (5.7.13)
QxQ QOx0

So we obtain

2 2
lim sup Wy (ve, 1) = Wo (v, 1)) /5

e—0 2e

[y (xa(@)(z —v) (06 (2, 9) + 7 (x,)))](2).
(5.7.14)

Now for the derivative of ®5(r.), we take advantage of the L*(2) convergence of 7. to U
as £ — 0, which gives the W24(Q) convergence of h,_ to h, and, by smoothness of 99, the
C1(Q) convergence as well. We begin making use of the standard equality (5.7.3) about
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the functional ®:

q)()(VE) — q)o(l/)

() = @)+ 5 [ (4 )z =

(@)~ @) + / (hy, o (14 2€) + hy o (I + <€) dv — / (hy, + hy) du

€

(@) - 1.(0) + & / (h, o (T+2€) — hy, + hy o (I+ <€) — hy) dD
Q

1

-3 /Q\Qe(h,,s o (I+¢e€) +hyo(I+c§))dv.

But the C1(Q) regularity, using the fact that h, = 1 on 95, yields
/ (hy.o(I+€&)+h,o(I+¢e€))dv =202\ Q) +0@E)V(Q\ Q) =202\ Q)+ o(e).
Q\Q.

As a consequence
(I)(](VE) — q)()(V) = %/ Vh,/ . édV + 0(5),
Q

Since |v.|(R2) < |v](Q2) we have also

Dy (r.) — Py(v) < %/QWL” -€dv +o(e). (5.7.15)

For the regularizing term, we make use of the change of variables formula for the push
forward (see for instance [4, Section 5.5]). Since det(J(I+¢e€)) =1+¢eV - &€+ o(e), we get

(- L) -21] ey L

< —35/ PV € +o(1). (5.7.16)
Q

As in the proof of [7, Proposition 5.1], we join together (5.7.14), (5.7.15) and (5.7.16). By
the minimality of v, and considering that we can change sign to the arbitrary vector &, we
find the equality

=35 [ 79 +5 [ Th v~ [ € afm (al)o =) () + 55 ()] =0
for any € € C°(R?*; R?). O

Corollary 5.7.3 Let v € My () be a minimizer of (5.7.6). Then (5.7.8) holds.
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Proof. Let vp be the minimizer of (5.7.7). Since any element of M, /(Q) is admissible
for such problem, there holds

S (vp) + %Wg(up,u) < O3 (o) + %(a, p) Vo e M, (). (5.7.17)
Let ¥} and 95 be the optimal couple corresponding to vp, such that the infimum in the
definition of W is attained and W3(vp, ) = W05, u") + WZ(9p, u~). Denote by v}
and v, the corresponding optimal transport plans. Consider the map V(z,y) = (z,v'),
where 3/ is equal to y if y € Q, and is equal to the first point on the segment from x to y
hitting 9Q otherwise; let 67 and 6~ be the first marginals of ¥4~} and W4vp respectively,

and let v = 07 — 0~. It is clear that v € M, (). We claim that v is the minimum for
(5.7.6). For the proof, notice that 7 = vp (so that ®(vp) = ®5(v)). Moreover

W2(0F, i) < W20, 1%) and W20~ 1™) < W2 (05, 1),
since y is supported in Q and the projection decreases distances. As 6% — 0~ = v, we get
Wi (v, 1) < Ws(vp, ).

Combining these facts with (5.7.17), the claim is readily seen to follow. In order to conclude,
it is sufficient to notice that (5.7.8) does depend only on the interior part of the minimizer.

U

5.8 The entropy argument

In this section we are going to prove a key fact: the regularity of the initial datum is kept
by the discrete minimizers. That is, the analogous result for positive measures (in [7])
actually extends to the general real measure framework. For, we need regularity for the
reference measure p in (5.7.6).

From now on, we will say that ¢ is an entropy function if it is nondecreasing, odd and
C! and there hold

r@'(x) = () in0,1],

0.8.1
2020" () > wy'(x) — p(x) (displacement convexity). ( )

Given an entropy ¢, we will also consider an even convex function ¢ on R such that

P(x) = zp'(x) = p(2),

Lemma 5.8.1 Let ¢ be an entropy and let p € M, 1 (Q) be such that p =i € L*(Q) and
Jo o) < co. Then, for any minimizer pd of (5.7.6), we have

[ﬁmﬁséw@.
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Proof.  We know that 7 := 2 has L*(Q) regularity. But in view of the Euler equation
(5.7.8) we can find even more regularity. In fact, since 7 < £?, we know that xq. g7, and
Xaxa7Yo are plans induced by optimal transport maps r; and 7. These maps correspond
to the gradients of two convex Lipschitz functions (defined on R?). Therefore we have
1,79 € BVioe(R?) N L>®(R?) and

T (xo(z)(@ —y)) = (I —m)v*
Ty (xa(@) (@ —y)y ) = T —ra)v .
This way (5.7.8) becomes
—30V((D)*) — %thgl/) = %(I — )T+ %(I — 7o)~ in D'(R?), (5.8.2)

As r,my € L>®(Q), the right hand side is in L*(Q2). But since Vh, € C°(Q), we have
Vh, v € L*(Q), so that by comparison in (5.8.2) we find 7* € W"*(Q), and by Sobolev
embedding 7 € C°(2). Let us now define

T = T1X{p>0} T T2X{p<0}-

Let us divide (5.8.2) by |V, obtaining v-a.e. in {2

V(D) 1 1 1
35sgn(u)¥ + EthSgn(V)V = ;(7"1 - [)X{ﬁ>o} + ;(7“2 - I)X{a<0},

which, by definition of r, corresponds to

V(@)Y 1 1
3dsgn(v) ((AV) ) + §Vh,,sgn(y)u =—(r—1) (5.8.3)
v T
Mind that 7; transports 7" to a submeasure of u™ = ut € L*(Q) (and similarly for ry),

so r4VT < ptoand rouv- < 1. Since ¢ is not decreasing on (0,+00), and since the
relations (5.8.1) hold, we have (see [4, Lemma 10.4.4])

L@ =02 [ oo =06 2 = [ @) (V- 1)
and
L@ =¢0) 2 [ elragi) = 007) 2 = [ 00 (Vi1
We sum up the last two inequalities using the fact that ¢(0) = 0, so that
[t = o) = = [ vo Ve -0) - [ v@)a(Ve-1). 634

But 7 and 7y are gradients of convex functions, so that we have tr(V(ry — I)) <
div (ry — I) and tr(V(ry — I)) < div (r, — I), being the divergences in the distributional
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sense (they are measures, as r1, ry are BV'). Now consider the quantity div ((r1 —1)x0})-
Formally by the Volpert formula for BV functions (see [3]) we have

div ((r1 — I)xg>0y) = div (r1 = I) x>0y + (11 — I, ngp=0}) dHll_({/V\ =0}), (5.8.5)

where n denotes the normal. The computation is formal because the level set {v = 0} need
not be Hl-rectifiable. But for almost any € > 0 the boundaries of the sublevels {|7| < &}
are, by the BV regularity of 7. Since we are dealing with integrals of the form

/ V(D) dH' =0,
o{|7|<e}

where v’ vanishes in a whole interval containing 0, we can take € small enough and use the
formula above. As a consequence,

[ @) (= Do) = [ 0/0)div (1 = Do

The same for 7~ on {v < 0}. This way, from (5.8.4) we deduce
/R2 PlED) =) = = | V@) (Vi —1)) - . @) r(V(ry = 1))

> — /{M} ([P div (1 — 1) — /{M} S ([9)div (s — 1)

==/, ' (19])div ((r1 = I)xgo>0y) — /R2 Y'(|P])div ((r2 — I)X{p<0})

=~ | ¢(whdiv(r—1)
/@b \v])div (r — 1)

We make use of (5.8.3) to estimate the last integral, that is, by means of (5.8.3), from the
latter inequality we have

et = ol = = [ /oty [gasgn@v )’

As 1’ is odd and 7 vanishes on R?\Q) we find

/ H(P))div (sgn(?)Vhy) = / (9) A
Q Q

Moreover, by convexity of 1 we obtain

/w 19))div (sen(?)Vh) /w \(hy — D) /w (5.8.7)

1
) + 5@ Vhys| . (5.86)
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Now consider the equation —Ah,, + h,, = v in Q. Multiplying by v¢’(h,) and integrating by
parts yields

Aw%mwvmﬁ+wm»wf4»=u

so, with the convexity of ¢ on R, we obtain

Awwmwmﬁséw@—

Inserting this inequality in (5.8.7) we get

/¢ (|7])div (sgn(v)Vh,) /M )| Vh,|?. (5.8.8)

On the other hand, the oddness of ¢’ also gives

from () - Lo (2)-

where g(x) = ¢/(2'/*), and so

/ ' (|P])div (sgn( )W4> <0 (5.8.9)

Inserting (5.8.8) and (5.8.9) in (5.8.6), we find

/QSO(W) —o(Wl) = T/Qlﬁ”(hu)WhVIQ- (5.8.10)

Since ¢” > 0 (by convexity of ¢) we conclude. O

Corollary 5.8.2 Let p=p € L*(Q) and K = max{1, ||[i]l«}. There exists a minimizer
iy of (5.7.4) such that
Fr [l < K, Ry, | < K. (5.8.11)

Proof. Since K > 1 we can construct a sequence ¢,, of entropies converging monotonically
to
—0 forx < —K
olx) =< for —-K <z <K
+oo for x > K.
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Let also v, be such that ¢/ (x) = x¢!(x), with 1/ converging monotonically to oo if
|z| > K. By (5.8.10) we have

/Q el +7 / () Vs |? < / eal[7):

Now we apply Lemma 5.7.1 to obtain a limit point p, of po, as § — 0, such that p, is a
minimizer of (5.7.4). Then, the weak lower semicontinuity of |u| — [, ¢(|p|) in L? yields

/Q eullir]) + 7 / )|V, [ < / eallill) < / (7).

From the convergence properties of ¢, and v, we get |ji,| < K a.e. in Q and |h,, | < K.
U

Corollary 5.8.3 Let = p € LP(QQ), p > 4. Then there exists a minimizer ji. of (5.7.4)
with fi; belonging to LP(Q)) and such that

172l < [ 12ll-
Proof. Let us make the following choice for the entropy.

()_ T fOI‘OSl’Sl,
L) = 2+ (p—1)(1—=x) forxz>1,

extended by oddness to negative numbers. By Lemma 5.8.1, we have

/Q<p(|ﬁi|) < /Qso(lﬂl)-

On the other hand, by Lemma 5.7.1 we know we have a limit point p, of pl, as § — 0,
which minimizes (5.7.4). But the above inequality gives weak compactness in LP(Q2) for
the sequence (f2). The weak lower semicontinuity in LP(Q) of v — [, ¢(|v|) allows to
conclude. U

Now we pass to the limit as 6 — 0 in (5.7.8), taking advantage of the regularity result.
We are lead to
Lemma 5.8.4 Let p > 4 and p = jp € LP(Q). There exists a minimizer u, of (5.7.4)
satisfying
1 1 L
~Vhy fir = i (xa(@)(z = y)1f) + ~ i (xa(@)(z —y)p) i D'(R?),  (5.8.12)
where ¢ € Do(ul, ud) and vy € Doy, g ), with respect to Notation 5.6.5.

Proof. By the previous corollaries we know that (5.7.4) possesses a minimizer with L*(Q)
interior part. Then, we can perform the same variational argument in Lemma 5.7.2 and
Corollary 5.7.3 to deduce (5.8.12). O
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5.9 Back to the continuous model

Let us fix the initial datum p° € M, 3(Q), let p2 = 1% We define a sequence of discrete
solutions uT At each step, we minimize starting from the interior part of the previous point,
and then we simply add its boundary part. This way, more and more mass is cumulated
on the boundary at each step, and never goes back in the interior of the domain. This
is reminiscent of the analysis of [7], in the framework of probability measures. Indeed, in
such context it is proven that no mass enters from the boundary, by means of energetic
comparison. So, the recursive scheme will be the following. Given a time step 7 > 0 and
pk e M, 1(Q), define vF+! as a minimizer of the discrete problem

1 N
min _ O\(v) + —Wi(v,i¥), k€N, (5.9.1)
veM, 1 (), | () <|7k|(2) 2T

where k' = [i%(Q2). Since we minimize starting from the internal part of u*, we can choose
V1 satisfying the regularity properties obtained by virtue of the entropy argument in the
previous section. Then we let

Mn(Q) 2 bt =vE 4 3 keN (5.9.2)

Also, we define the piecewise constant interpolation i, (t) := MT/ " for any t > 0. The
following result shows that a minimizing movement does exist, as pointwise limit of ().

Proposition 5.9.1 (Existence of a limit c_urve) There exists a vanishing sequence T,
such that Ti, (t) converges to u(t) € M, v (S2) weakly in the sense of measures, for any
t>0.

Proof. Since v*! is a minimizer starting from fi*, we have as usual, for any k,
WEWEL ) < 27, (%) — 270, (15),

Since ¥t = P**1 and since ®, depends only on the interior part of measures, we find
Wi (v ) < 2r@a (i) — 27 @A (). (5.9.3)

Let us insert (5.6.17) and take (5.6.7) into account, so

W ) = WAWAT ) < AMr®y () — AMr®y(BET). (5.94)

T

Of course this also implies
Oy (pk) < @A(1°), Yk >0. (5.9.5)

We introduce interpolation of minimizers [, (t) = T Let t € (k17, (k1 + 1)7] and
s € (kor, (k2 4+ 1)7], for some ky, ko > 0, with ky > k;. Summing up in (5.9.4) and making
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use of the triangle inequality (mind that W; is a distance), along with (5.9.5) and the
positiveness of ®,, we have

W3 (fir (1), fi-(5)) = Wi (p ’““71152“)

< (k2 — ) Z W (s 1Y)
k=ki1+1
ko

< 27(ky — k1) Z (@a(p ™) — PA(pf2Hh))

k=k1+1

S 27’(/{32 - l{:l)(I),\(,uO)

Hence

Wi (fir (), fir(5)) < V/2PA(O)\/|t — s| + 7 Vs,t € [0, +00).

The discrete C%1/? estimate allows to perform the usual argument of the proof of Theorem
3.4.4 and find a subsequence 7,, — 0 such that in the sense of measures

lim fi,, (t) = pu(t) vt > 0. (5.9.6)

n—oo

This concludes the proof. Il

Notation 5.9.2 The tranportation is described by the cost Wy (vF 1, 1i¥), described through

an optimal couple of measures (97)*1 (97)k*1 asin (5.6.16). That is,

Wi (vt ) = W3 ((07)7 ) (0)7) + W3 ((07)7 (0)7). (5.9.7)
With reference to Notation 5.6.5, we let (;)%"! be the common part of (J9+)¥! and
(97)5*L. The two terms in the right hand side of (5.9.7) correspond to optimal plans
(y)¥ ! and (y7)5! and can be split as

T

O =D + (DO and (7)) = ()5 + () (5.9.8)

Here
(v)E e To((Wh)X, (ag)) and - (v1)5™ € To((0h)5, (m)5),

where (7if)* and (7i])* are suitable positive submeasures of (f+)*, which is their sum.
Similarly for the negative parts.

The discrete velocity of the scheme (5.7.4) (neglecting the common parts) could be defined
by (z —y)/7 with (z,y) € (supp(yg)Et) U (supp(vo )¥1). The characterization of the
discrete velocity is crucial to interpret our recursive scheme as the discrete version of a
differential equation. But we can no more invoke Theorem 3.4.4, since we do not have
a standard continuity equation for the signed case. Instead, we will see how to obtain a
partial result constructing ‘by hand’ the limiting differential equation.
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In [51], the authors are able to produce solutions to the related model (5.1.5) by means
of a discrete scheme. They take advantage of strong regularity hypotheses on the initial da-
tum, which are preserved during the evolution, guaranteeing good compactness properties.
Here we would like to address the case of mere L™ initial data.

We start by introducing a basic estimate. With the notation above, we have shown
that

Wi (vt k) = / o =y d () + () + (D) + (0)F) (2,y). (5:9.9)
axQ

From (5.9.3), summing the telescopic series, we immediately see that

> OWIWET E) < 27, (u°). (5.9.10)
k=0

Hence, each of the four terms in the right hand side of (5.9.9) satisfies the same bound.

The next proposition shows that there is no contribution from the transport plans
v and 7, , which can be thought as accounting for auto-annihilation of mass, in the
subsequent limit process.

Proposition 5.9.3 Let ¢ € C}(Q). Then

S [ (00) ~ o) di ) =0,

T—0

k=0

400
> [ (0) - 6(o) do ) ) =0 (59.11)
i axQ

Proof. By definition of W, and taking into account the constraint in the discrete min-
imization problem |vF+1(Q2) < [1¥](Q), we see that for any k there holds (97)*1(Q) +
(97)EL(Q) = |k |(Q). Then, recalling that (9;)* is the common part of (9+)* and (97)*,
it is clear that 77 (91)% < |u°|(Q) < M, hence

i(V EHQx Q)+ ()T (@ x Q) < M. (5.9.12)
Now we compute
S [ 0l) = o) doi )t ) < L1p¢Z / o= yld0iE o),

With the Cauchy-Schwarz inequality we see that the last term is controlled by

12 / « 1/2
(Llp ¢Z/ﬂmlx—yl2 )k“(%y)) (; /ng d(yf)r (@ 4/)) :
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But making use of (5.9.10) we see that the first factor is bounded by Lipg+/27®,(u0),
while by (5.9.12) the second is less than or equal to v/ M. Hence

+o00
tmsup >~ [ (0(0) — 6e)) doT)5 0.0 < lisy MLipo/ 2705 =
k=0 7%

T7—0

Similarly one shows that (5.9.11) holds. g

We will also need the following similar result.

Proposition 5.9.4 Let ¢ € C}(Q). There holds

7—0

. <= k
> / (0la) = o) A6 ) =0,

and the same for the analogous sum involving (vy )*.

Proof. Reasoning as in the previous proposition, one estimates the sum above by

12 12
(Llp%Z /69 . |z — y|*d( +)k+1(:c,y)) (Z(f%{)f“(aﬂ X ﬁ)) . (5.9.13)

k=0

Since no mass on the boundary goes back in the interior of the domain during the discrete
steps, we have

D400 x ) = 304" (00) < 3 1v4109) < 1@ <

This shows that the second factor in (5.9.13) is uniformly bounded. The first one is
controlled again by Lipgy/27P,(u°), as a consequence of (5.9.9) and (5.9.10). The same
argument gives the thesis if (77 )F are replaced by (v )k O

Lemma 5.9.5 (Convergence of the total variation) Let (7,) be a vanishing sequence.

Then there exist positive measures ot (t), 0~ (t) such that, possibly on a subsequence, there
holds

i () =o' (t), B, () =o (1), |, @)= () +o (1) (5.9.14)
Proof. ~ We prove the convergence of positive parts. Then one reasons analogously for

negative parts. Let ¢ be a bounded Lipschitz function over Q. Possibly adding a constant,
we can assume that ¢ is nonnegative. Let

dy :Z/sod(v+)’i+1—/sod(ﬁ3)'i,
Q Q

. / o d(i)".
0

-
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We have, by (5.9.9),
ot = / (60) = pla)) ) ()

<tipte) ([ dci) N ([ _te=s o)) -

< Lip(p) VM Wy (v i),

which gives, making use of (5.9.10),

Sl < iy WZWQ (4571, 125) < 2Lin(i) VAL B5(1).

k=0
This implies, as 7 — 0, the convergence in measure (on a suitable sequence)

o0

A= afdpey — fL,

k=0

where f € L*(0,+00). Hence, on the suitable sequence, for any ¢ there holds

iy 3ot (0:1) | i

Next, notice that, by (5.9.2),

d o0
gt J- om0 =D (aF = ¥)ogn.
k=0

& ([eant) - a0.0) <0

We have a family of monotone functions. We can apply Helly pointwise compactness
theorem (see for instance [4, Lemma 3.3.3]), finding a vanishing sequence 7,, such that a
pointwise, nonincreasing limit exists. We shall denote such limit (the part relative to the
first term) by L, (t), that is,

As bF <0, we see that

[ edni @)= L, vezo
Q

The convergence holds for any fixed Lipschitz function ¢. By a diagonal argument we can
find a vanishing sequence, that we still denote by 7,, such that

/ edut(t) — Ly(t), Vt>0and €D,
Q
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where D is a countable dense subset of Cf(Q). Then, for any fixed ¢, L,(t) can be extended
uniquely to a weakly continuous linear functional on CP(9)). By the Riesz representation
theorem we conclude that L.,( fQ o do™(t), for some ot € M*(Q), and for any ¢ there
holds 72" (t) — o™ (t).

Letting o~ (¢) be the pointwise weak limit of 7z (¢), we also infer the convergence of the
total variation:

7 ()] = olt) Vi =0,
where o(t) = o™ (t) + 0 (¢). O
Eventually, we are able to produce a limiting equation.

Theorem 5.9.6 (Equation in the limit) The minimizing movement pu(t) given by Pro-
position 5.9.1 satisfies
d

%u(t) — div (xoVhumo(t)) =0 in D'((0, +o0) x R?), (5.9.15)

where o(t) is a suitable positive measure satisfying o(t) > |f(t)]|.

Proof. Let ¢ € C*(Q). Let us compute the derivative of the step measure ji,(t) (this is
similar to the proof of Theorem 3.5.8). We have, in the sense of distributions,

G Lo - 5 ( Lot~ [ ¢du'i) S
Lo = [ oad= [ oan— [ oait = | (0la) o)

where, using the notation introduced in (5.9.8),

Wf“ : (70 )Hl (’Yo )k+1 + (’71 )k+1 (71_)];“-

But

So we can write

& [ o =3 o | 0@ - o) ¢y

(5.9.16)
= Z Ofkr} ( / Vo(x), x—y)dyyt (z,y) + Rﬁ)
Let us estimate the remainder R by writing it in integral form. We have
/ [ VP61 = 0)2 4+ 6y~ ).y~ a)ldrF (. 5)a9
QxQ
1
<oswp V| [ fr—yfdyr (e, y) (5.9.17)

axQ

1 _
< S sup|VESW (VT )
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By (5.9.10) we see that
. ko
lTlﬁ]l kgo R:=0.

Together with Proposition 5.9.3 and Proposition 5.9.4 this shows that (5.9.16) can be
written as

& [odnato }j@h}(LM2 Vo(a), — v)xal) d () — () e w)+dﬂ-
(5.9.18)

The Euler equation for discrete minimizers v of (5.7.4), since U* = i, reads (see Lemma

5.8.4)

1

—Vh ()" = (1)) = = (mp(xa(@) (@ — y) (3)F) + 7 (xale) (@ — y)(6)F) |

Rl

but notice that the first term in the right hand side can be different from zero only on
supp(z®)*. Similarly for the second term. Hence we can split the equation in

V() = Seha() @~ n) (i)
V(1) = Tk (ealo)(w — 5)(35)8)

Substituting in (5.9.18), we find

it Joo 0 == 3o [ (F0(0), T (a) i) +ofr).

Passing to the limit as 7 goes to zero, along a suitable sequence 7,,, we get (by the interior
regularity of ¥, following from the entropy argument)

/mm /ww ) dolt) = 0,

where p(t) is some positive measure, pointwise limit of the total variation of uw 7l (see
Lemma 5.9.5), hence satisfying o(t) > |7i(t)| and o(¢)(Q) < |u°|(Q). O



Chapter 6

Stationary configurations for the
average distance functional

6.1 Introduction

In this chapter we consider functionals F(X) defined on the class of all closed connected
subsets of R™ and the corresponding minimization problems

min {F(X) : X closed connected subset of R"}. (6.1.1)

Due to the fact that the class of closed connected sets has good compactness properties with
respect to the Hausdorff convergence, mild coercivity assumptions on F give the existence
of minimizers for problem (6.1.1). We are interested in finding “first order” necessary
optimality conditions satisfied by the minimizers ¥ of (6.1.1).

The case we consider is the average distance functional

F(E) = / dist (,5) dp(z) + NH'(5), (6.1.2)

where p is a given finite nonnegative Borel measure over R"™ with compact support, and
the penalization term AH!(X) with A > 0 is added to give a suitable coercivity to F
and to prevent minimizing sequences to spread over all the space. A simple and standard
argument involving Blaschke and Golab theorems gives the existence of minimizers of F.
Of particular interest for us will be situations when p is a uniform measure over some open
set Q C R™ ie. pu= L")

The average distance term in (6.1.2) comes from mass transport theory and describes for
instance the total transportation cost to move a mass u of residents to a public transport
network . This last is the unknown of the problem and has to be designed in order
to minimize F also taking into account the construction costs which here are taken as
proportional to H*(X). The minimization problem (6.1.1), as well as some qualitative
properties of its minimizers, have been studied in several recent papers (see e.g. [19, 21, 22
23, 46, 60, 65, 67]) to which we refer the interested reader. Our goal is to find “first order”
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conditions of differential character satisfied by the minimizers of (6.1.2). Such conditions
will open the way to define a natural notion of stationary (or critical) points of (6.1.2). The
main difficulty, which is quite common in shape optimization problems, is that the domain
of definition of this functional (i.e. the class of closed connected subsets of R™) does not
possess any natural differentiable structure, and the usual “first variation” argument has
to be intended in a suitable way.

In the last section we consider a similar case arising from the theory of elliptic equations:

F(E) = /Q us(2) f(2) dz + NH(S), (6.1.3)

where 2 C R? is a given bounded open subset, f is a given L?(2) function, and us, is the
unique solution of the PDE

—Au =f inQ\%,
v =0 onodQQUX.

One has to remark that while a lot of properties are known for minimizers of the average
distance functional (see [19, 22, 60, 67]), like partial regularity, absence of loops, topological
properties (finite number of branching points, each of which is a regular tripod), no such
property has been studied for minimizers of (6.1.3).

6.2 Euler equation for the average distance functional

For a compact set ¥ C R™ we denote by 7> the projection map to ¥ (i.e. such that
7(z) € ¥ is one of the nearest point in ¥ to x € R™). This map is uniquely defined
everywhere except the ridge set Ry, which is defined as the set of all x € R” for which
the minimum distance to X is attained at more than one point. It is well known that Ry,
is the set of non differentiability points of the distance function to ¥ (that is, of the map
r € R" — dist (z,)), and since the latter map is semiconcave, this set is an (H" 1, n—1)-
rectifiable Borel set [50, proposition 3.7].

We will denote by B,(z) C R"™ the open ball with radius > 0 and center z € R,
The line segment with endpoints A and B will be denoted by AB, the arc of a curve with
the same endpoints will be denoted by AB (usually in this paper we will deal with arcs of
circle).

To be begin with, we estimate the ascending local slope of (6.1.2), defined by

, : (FE) - F(E)"
F'[(2) ;= limsu ,
F1E) dH(E/,E)EO dp(¥X, %)

where dy stands for Hausdorff distance between sets. The following simple assertion is
valid.

Proposition 6.2.1 If u(Ry) =0, one has |F'|(X) > .
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Proof. Let z € ¥ be such that u((7*)~'({z})) = 0 (all but a countable number of points
of ¥ have this property). Let then Y. := ¥ U I, where I, stands for the line segment of
length & > 0, with one of the endpoints z and such that 7%(I.) = . Then dg(X., %) = ¢
and H1(X.) = HY(X) +&. On the other hand, denoting

G.:={z € R" : dist (2, %) > dist (2, )},

we have that

/ dist (1, %) du(x) > / dist (1, 5.) dp(z) > / dist (z, %) dps(x) — ep(GL).

n

Thus
_ + o +
() > limsup (F(2) = F(X)) > tim € en(G.)) |
dH(2572)—>0 dH<E€7 2) e—0* g
and to conclude the proof it suffices to mind that u(G.) = o(1), because G. \, {z} as
e—0F. m

The above proposition in fact means that for the functional (6.1.2) no set ¥ is stationary
in the strong sense, i.e. is such that

F(X) = F(X) + oldu(X, X))

as Y’ — Y in Hausdorff distance. In other words there is no differentiability with respect
to dy. Therefore, in search for the natural notion of stationary points of F we have to
restrict the set of admissible variations of . For this purpose let ¢.: R" — R"™ be a one
parameter group of diffeomorphisms satisfying

d-(x) =x +eX(x) + o(e), (6.2.1)

as € — 0, where X € C3°(R™; R"™). We will write Euler equation for the functional (6.1.2)
by considering admissible variations of the type . := ¢.(%).

We recall the notion of a generalized mean curvature from [17]. The generalized mean
curvature Hy, of a (H*, k)-rectifiable set ¥ C R" (or, in terms of [17], of the measure H*.Y)
is the vector-valued distribution defined by the relationship

(X, Hy) := —/divEXde
¥

for all X € C$°(R",R"), where div> stands for the tangential divergence operator (i.e.
projection of the divergence to the approximate tangent space of 3 at H*-a.e. point of X).
We have then the following result.

Theorem 6.2.2 Let pu be a Borel measure such that p(E) = 0 whenever H" ' (E) < +o0.
Then for all X € C°(R™;R™) one has

D) - / <X<7r2(x)), ;z((iﬁ> dji — A(Hs, X)

_f<26)
_ / (X(7%(x)), Vdist (z, 5)) dy — M H, X).

o (6.2.2)
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In particular, if ¥ is a minimizer of F, then

/n <X(7r2($)), 7TZ(Q:.¢> du = MNHys, X) VX € CR"R"). (6.2.3)

|7 () —
Proof. First of all, we perform the variation for the first term. We adopt the method of

calculation of the derivative of the distance function with respect to the variation of the
set, used in [6, lemma 4.5]. Clearly, for z := ¢.(7>(z)) one has

dist (z,%) = |7%(z) — 2|,
dist (z,%.) < |z — z|.

From (6.2.1) we get, for ¢ — 0,

|Z—$|2:<7TE()—$—{—6X( *(z)), 7> (x) — 2 + X (7% () >—|—0
= |75 (x) — x* + 2 (77 (2) — 2z, e X (7 ())> o(e)

=1t (142 X ) o0

dist (z,8.) — dist (2, %) < |z — 2| — |75 (2) — 2

:g<§;%{§TXm2u»>+d@,

Then

and we deduce

lim sup 8(dlst (x,%.) —dist (2, %)) < <%,X@rz(z))>. (6.2.4)

e—0

On the other hand, consider a sequence ¢, — 07 for v — oco. The set of points z € R™ for
which both 7*(z) and ¥ () are singletons for any v € N is of full measure ; in R™ (the
complement is a countable union of p-negligible sets). For all such x, since ¢. is invertible
for all sufficiently small e, let ¢ := ¢_' (7> (z)), so that

dist (7,%,,) = |¢, () — 2|,
dist (z,%) < |¢ — .

Again we have

W&@%<M—K—mhﬂc—ﬂ(vﬁ+2<éf§@@X@»+w@»—l>

— e (E22X(0) + ol
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Therefore,

dist (z, %) — dist (2, %) > &, <|§%§\ X(<)> +ole,).

Passing to the limit as v — oo, we get

<L<x> — X(Wz(x))> < lim inf - (dist (z, 5., ) — dist (z, %). (6.2.5)

|7=(x) — x|’ v—o0 €

14

Combining (6.2.4) with (6.2.5), we get for p-a.e. z € R™,

lim - (dist (, 5., ) — dist (z, %)) = <m X(Wz(x))>,

v=00 €y |7 () — |

so that, by the dominated convergence theorem,

1 m(z) —x
lim —/ dist (z, 2, ) — dist (x, 2 d,u—/ <7,X > (z >d,u.
tim = [ (dist 2, 5,) - dist (2, D) dp = [ (T X ()
Since the sequence ¢, is arbitrary, one has
lim & { (dist (2, 5.) — dist (z,5)) d —/ ) - X7 (x)) ) d
0t £ Jg y e ) H = 0 ’72($)—$|7 7T M.

Finally, we observe that according to Theorem 1.6.6 one has

d k
d_SH (Ea>

:/divEXdH"" = —(Hy, X),
e=0 N

which concludes the proof. (I

We are in a position to give the following definition.

Definition 6.2.3 A closed connected set ¥ C R™ will be called stationary for the functional
F, if (6.2.3) holds.

Clearly, every stationary point depends on the problem data, which in this case is the
measure p. To emphasize this dependence, we will further sometimes say for stationary
points for the functional F that they are stationary with respect to . In the most impor-
tant particular case we will be interested in p is a uniform measure over some open €2 C R”
(ie. p= L") with ¥ C Q. In such a situation we will be speaking of stationary points
with respect to the set €.
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6.3 Examples of regular stationary points

We will first show that, in sharp contrast with minimizers, stationary points may contain
closed loops (i.e. homeomorphic images of S!).

Proposition 6.3.1 Let pu := L?.B;(0). There exist r < 1 such that the circumference
0B,(0) is a stationary point for functional (6.1.2) if and only if X < 5. Nevertheless, no
circumference is a minimizer of (6.1.2), since minimizers cannot contain closed loops.

Proof. We set ¥ := 0B,(0) and impose (6.2.3). We choose X to be normal to ¥ without
loss of generality, since the normal part only plays a role in (6.2.3). If we write the integral
term in polar coordinates, the integrand depends only on the angle. Setting A = B,.(0)
and B = B;(0)\B,(0), and letting v(z) be the outward unit normal to 0B,(0), we get

/51<X(7T2(x))’ ﬁzg#> dx = /A<X(7TE($)),V(7TE(x)))dx

and we can compute
J X @@y de= [ [T 1X@)pdpas
1 ) 2

=5 [ X,

and similarly for the integral over B. Moreover,

(X, Hy) = — / o V@I, )t () = = / "X (0)|rdb.

r

So the Euler equation reads

(r2 - % + A) /027r |X(0)]df = 0. (6.3.1)

This equation is identically satisfied, if and only if A < 1/2, for r = {/1/2 — X (of course,
A = 1/2 would also suite for (6.3.1), but it corresponds to a degenerate case when the
circumference reduces to a point).

To show that minimizers of (6.1.2) cannot contain closed loops, and hence the above
stationary points are not minimizers, we may act as in the proof of absence of loops in
minimizers of average distance functionals with length constraint (see e.g. [60] or [19, 22]).
In fact, suppose that X is a minimizer containing a closed loop. Then there is a set of
positive length C' C ¥ such that for every x € C' and for every € > 0 there is a closed
connected subset D, C ¥ such that x € D,, diam D, = ¢ (hence H!(D,) > ¢) and X, :=
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¥\ D. is connected. We may suppose without loss of generality that u((7*)~'({z})) =0
for all € C (since the set of atoms of the latter measure is clearly at most countable).
One has then by triangle inequality

/ dist (z, X.) du(x) < / dist (z, %) du(z) + ep((7%)"H(D.)),
and hence
F(E) < FE) +ep((m®) (D)) — Ae.
Minding that D, \, {2} as e — 0T, we get

p(72)7H(D:)) — ()~ ({2 })) =0,
and thus
F(E:) <F(EZE)+o(e) = Ae
as ¢ — 07, which means that F(3.) < F(X) for small € > 0 concluding the proof. O

Let us now consider another example of a stationary point for (6.1.2) given by Figure
6.1, where the radii of the semicircles are equal to v/A. Here, as well as in all the other
figures, the arrows starting at the endpoints of ¥ indicate the directions of —Hy in these
points.

Proposition 6.3.2 There exists a line segment which is stationary for the region 2 shown
on Figure 6.1.

Proof. In the example of Figure 6.1, points belonging to regions A and B are projected
to the line segment ¥ along the perpendicular, and it is clear that the symmetry of the
domain yields

/A<X(Wz($))’ %> dx + /B <X(7TZ(:L“)), %> dr =0
for any vector field X € C5°(R™; R").

Set X, := (X, e;) and X, := (X, ey), where e;, e, stand for the basis vectors in R2.
Let us compute the contribution of the right unit semicircle:

/D<X(7r2(x)), %> dx = —/Oﬁ " X, (F) cos Opdpdf

—7/2
VA
=—2X1(F)/ pdp
0
— _AXL(F).

In the same way, the contribution of semicircle C' is given by

[ (xen, LY ae < axm)
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Figure 6.1: Construction of the proof of Proposition 6.3.2

Therefore,

/Q<X(7r2(x)) m> dr = —AX,(F) + X, (E).

P (x) —
On the other hand, at the endpoints £ and F' of the segment, the distributional curvature
is given by dge;, —dpe; where J, stands for the Dirac mass concentrated at the point x
(see [17, 37]), while at all the other points of the segment the curvature is zero. Thus the
curvature term of the Euler equation reduces to A(X;(F) — X;(F)), and hence (6.2.3) is
satisfied. O

We now show an example of a set which is never stationary (i.e. it is not stationary for
any ambient set ).

Proposition 6.3.3 The line ¥ made of two segments (not reduced to a single segment),
is not stationary for any open set Q C R2.

Proof. Let P be the common vertex of the two segments (with the aperture 2¢ < 7), R
be a point on one of the two edges, with z := |P — R|. Let moreover S be a point on the
normal to the same segment passing through R, with y := |S — R| located in the region
B in Figure 6.2. Since the whole polygonal line ¥, and hence P, is in the interior of €2,
it is clear that the rectangle B := PRST (with sidelengths z and y), is all contained in
Q) for all sufficiently small y and z. Let finally ) be a point of the intersection of the line
passing through S and R, with the bisector of the angle formed by the two segments of
Y. (see Figure 6.2). Choose now a regular vector field X compactly supported in the open
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Figure 6.2: Construction of the proof of Proposition 6.3.3

segment PR, and normal to it, pointing towards the region B in Figure 6.2. It is clear that
there is no contribution from the curvature term in the Euler equation, since the curvature
of the line segment is zero outside its endpoints. So it remains to check the integral term.
Since |@ — R| = ztan ¢, an easy computation in the suitable coordinate system yields

/< (7)) |7TEE ;—x|>d$_ /'X |d$——y/ [ X(O)ld¢
/A<X(7r2(9:)) \WEE x\> d:z:—/|X |dx—ztangp/ X (0)|dc.

Notice that z can be chosen small enough such that the sum of the above terms is strictly
negative, while

J e on ey e [ (o gy )
o[ (xS

that is, for sufficiently small z the equation (6.2.3) is not satisfied. U

and

ﬂ

It is worth emphasizing that it is still quite easy to find a measure p such that the given
polygonal line is stationary with respect to pu.
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6.4 Examples of irregular stationary points

In this section we will show that there exist 2 and ¥ stationary in €2 such that ¥ has
angular points.

From now on, we will consider sets ¥ made of two arcs of circumference with a common
end point O. We will refer to such sets simply as curved corners. We will say that a curved
corner is convex, if it is a convex curve (i.e. it intersects every line in at most two points).

Proposition 6.4.1 There exists a convex curved corner Y stationary with respect to some
open ) C R?.

Proof.  Let A > 0 be fixed. Our construction is that shown on Figure 6.3. Namely, the
set 2 is made by two arcs QO and PO of circumferences with the same radius R and with
centers (' and Cy respectively. The points P and () are chosen in such a way that both
belong to the line v containing the centers of the circumferences. We denote by 2¢ € [0, 7]
the angle between the normals in O to the respective arcs, pointing away from v. Then
a = 7/2 — ¢ is the angle between v and the ray C;0 (and also, by symmetry, between v
and the ray C20). We also assume the unit coordinate vectors e; and e to be directed as
in Figure 6.3.
Now let

b:=vR?+ 2\ —

2
£(0) = \/2R2—|—2)\— (ii";‘) . 0e0,al,
ri= V2

Notice that r > b. Moreover, fix a k € (0, R(1 — cos«)) and an h > 0 such that

- /i (/iy(zQ + y2)_1/2dy) dz =\ (6.4.1)

Consider now the region bounded by ¥ and the segment PQ. It is divided symmetrically
in two regions A and B by the line u passing through O perpendicular to v. Let C' indicate
the region identified by the arc QO, the ray C;0, the ray C1@ and the curve defined
by the equation p = f(f) in polar coordinates with center C; and the angle 6 counted
counterclockwise increasing from 0 to a. Define D to be the region symmetric to C' with
respect to u. Let E and G be equal rectangles with an edge on v of length k., centered
in P and () respectively, with another edge of length h, and belonging to the half space
bounded by v and not containing O. Finally, let I stand for the circular sector with center
O and with the radius » bounded by the normals to QO and PO as in Figure 6.3.

Define now Q := AUBUCUDUFEUF UG. We will show that 3 is optimal with
respect to such ). Let v be the outward normal to QO. Points in B and C' are projected
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on ¥ to the arc QO, and since f(o) = R+ b and f(0) > R+ b for 6 € [0, ), we have

/C<X(7T2(x))y ;zg%> do = — /Oa /Rf(e)(X(H),u(e»pdpdg

£(0)
| X ®).v(0)pdpds-
R+b
[ X@).v10)pdpio,
but, by the definition of b and f,
o R+b 1 ) 1 ) o
/O /R (X (6), v(60)) pdpdf = (§(R+b )~ 5R )/0 (X(6), v(6))d6
=[x,
1

1(9)
[ vo =gt 007 ~ e vr = 5 - 4 (

R+b 2 2

Rcosa '\’
cos ’

For the computation of the integral in the region B, it is easily seen that

<p< R} : (6.4.2)

Hence one obtains
/Buc <X (@) %ﬁiw de = =X / (X (0),v(0)a0. (6.4.3)

Now consider the curvature term of the Euler equation. Let Hg(@\é) indicate the

nonatomic part of the curvature of the arc @\6, i.e. the part not involving the contribution
of endpoints. The term (Hx(QO), X) is clearly equal to

- /0 " X(0), v(60))do.
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We end up with

Sy, @ =T\ G0 X —
/Buc <X(7T (=) 7> () —:1:|> dz — MHx(Q0), X) =0 (6.4.4)

By symmetry, the integral over region A U D can be computed in polar coordinates
with respect to Cy and v, with angle 6’ counted clockwise increasing from 0 to «, and has

exactly the same form. Reasoning in the same way, one sees the analogy between the terms
(Hx(PO), X) and (Hx(QO), X). It follows that

/AUD <X(7TE(I)), %> dz — \(Hs(PO), X) = 0. (6.4.5)

Let us now compute the integrals over £ and G. These two regions are disjoint thanks
to the choice of k. By (6.4.1) we get

/E<X(WZ($ |7rZ —a;y>d°"”
—_Xy(P /i(/ (2 1 ) 1/2dy>d (6.4.6)

Analogously the integral over G is given by

/G <X (m*()), %> dr = \X5(Q). (6.4.7)

For the integral over F', we consider polar coordinates referred to the center O with the
angle 6 measured counterclockwise starting from the direction parallel to the ray CQ), so

that
m(z) —x

7o @) —af

Then, since in F' the minimum distance from ¥ is always attained in the point O, we get

/F<X(7r2(x)) %ﬁx
/ o / , (cos 8, sin §)) pdpdd

=—-X3(0 / / sin 6 pdpdf

= —X5(0)r?sing = —2AX5(0) sin p

—(cosf,sinf), z € F.

(6.4.8)

Finally consider the curvature terms at the endpoints P and (). We have respectively

(Hs(P), X) = X5(P), (Hx(Q),X) = X2(Q). (6.4.9)
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) {

Figure 6.3: Construction of the proof of Proposition 6.4.1

For the point O, we have
Hyx(0O) = —2cosadpes,

yielding
(Hx(0), X) = —2sin pX5(0). (6.4.10)

Since 2 =AUBUCUDUFEUFUG and
(Hy, X) = (H5(QO), X) + (Hx(PO), X) + (Hx(P), X) + (Hx(0), X) + (Hx(Q), X),

combining (6.4.4), (6.4.5), (6.4.6), (6.4.7), (6.4.8), (6.4.9) and (6.4.10) we see that the Euler
equation (6.2.3) is identically satisfied. O

Next we will show that, for a convex domain €2, if the amplitude of the corner is not
too large, then a set composed of two arcs of circle is not stationary.

We first introduce the notation similar to that used in the proof of Proposition 6.4.1,
but for a generic curved corner ¥ made by two arcs QO and PO of circumferences with
different radii Ry and Ry and with centers C; and Cy respectively. Again 2¢ € [0, 7] is the
angle between the normals in O which bound the set of points (we will call the bisector ray
of the latter angle u) in R? having O as the unique point of minimum distance to 3. Let v/
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be a ray starting at C forming the angle a < 7/2 — ¢ with the ray C;0. We assume that
a is sufficiently small so that v" meets @\6 in some point M. In this way the rays v, C1;0
and the arc QO form a sector of area aR?/2. We also assume the unit coordinate vectors
e; and ey to be directed as in Figures 6.4 and 6.5.

Fix « small enough such that v meets the continuation of u. Consider the ridge set
Ry of X (i.e. the set of points of equal distance from the two arcs). Note that there exists
a segment OZ with Z € v’ which intersects Ry, only in O (this assertion is implied by
the fact that Ry is a regular curve tangent in O to w). Denote by W the curvilinear
triangle bounded by @» Z0 and ZM. Clearly it contains the set of points T" having the
projection to ¥ on MO. Moreover, they are all projected to MO from the same side (i.e.
either from outside of the circle Bg,(C}) as in Figure 6.4, or from the inner part of the
circle Bg,(C}) as in Figure 6.5). It is important to observe that there are no points with
such a property outside of W. We denote by C' the set of points having the projection to
> on MO but from the different side with respect to T

In this section we will consider a vector field X supported in a small neighborhood of a
subset of MO (in polar coordinates with respect to C; and v/, the points of the support are
contained in the set with angular coordinate 6 € [0y, a]). We assume that X be vanishing
in O and have restriction to MO directed towards the outward normal v to the circle
Bp,(C1). Thus in the first member of (6.2.3) the only nonzero terms are the integrals in

the regions T" and C' and the curvature term restricted to MO.

Proposition 6.4.2 A non convex curved corner is not stationary, for any € C R2.

Proof. Let % be a non convex curved corner. In this case one of the centers belongs to
one of the rays bounding the cone of points for which the projection to ¥ coincides with O
(let it be C}). So the region C is inside the sector bounded by the arc QO (see Figure 6.4).
If 3 is the angle formed by OZ and OC], it is easily seen that one can choose the point Z
so that § € (7/2,7). In polar coordinates with respect to C; and v’ for small « one has

then
Ry sin 3
sin(6+ o —0)

(observe that sin 3/sin(8+ o —6) > 1 since g € (7/2,7), and o — 6 > 0 is small enough).
We obtain also

W:{(p,e):0<9<a,R1<p< (6.4.11)

“MHs, X) = A/Q<X(9), v(0))do = [ x(0)|a0.

090 ‘90

Moreover, thanks to (6.4.11), we have

f{xeen =) «

< L (e =) o

“ R?sin? 3 9
/90 X(9) (Siﬁwﬂ_@) —Rl) .

N | —
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But for 0 — a, with § fixed, we get

R?sin® 3
sin?(8 + a — 0)

Jxeen gag=5) o

Therefore it is clear that, for 6, close enough to «, the Euler equation (6.2.3) is never
satisfied for X. In fact, since

/C<X(7r2(x)), ;zgﬁ> >0,
we have that

[ (xS x> [ (X, S0
— A Hs, X).

- R% - 0(1)7

implying that

<o ( X 0)] de) .

o

Hence, for 85 — « one has

/Q<X(7r2(9:)), %> — MHg, X) >\ ’ X (0)| do

0o

_p ( 9: 1X(0)| d@) ,

that is, the right hand side of the above inequality is always strictly positive once 6y is
sufficiently close to a. O

Finally, we show that the condition for a curved corner to be stationary with respect
to a conver () is even more restrictive.

Proposition 6.4.3 Let 2 be convex. A curved corner is not stationary with respect to )
of
4N

——>h 6.4.12

where b; :== \/R? + 2\ — R;, i = 1,2,
1 s -0
h(y) == / cos(e = 9) 4
0

sin ¢ cos? 0

In particular, there are no curved corners of amplitude less than or equal to 2v, where
v € (0,7/2) is the angle that satisfies

T cos(y —0) _
O —7) g =
/0 cos? S

s0 v ~ 54°.
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Figure 6.4: Construction of the proof of Proposition 6.4.2

Proof.  1f the curved corner is not convex, we refer to the previous Proposition 6.4.2.
Otherwise, let 3 be the angle between OZ and OC;. This time 3 < ¢, so that once « is
sufficiently small, one has 5+ a < w/2 (see Figure 6.5). In polar coordinates with respect
to C7 and v’, we have

Rysin 8
sin(f 4+ a — 0)

Notice that & — @ > 0 is small and the bound on [ gives sin 3/sin(8 + o — ) < 1. The
curvature term in the Euler equation (6.2.3) is given by

W:{(p,ﬁ):0<6’<a, <p<R1}. (6.4.13)

“A\Hy, X) = A/Q<X(0), vondo = [ 1X(0) do. (6.4.14)

90 00

Using (6.4.13), we get

[ (e i =) aes [ (v I =) @

“1X(0)] R?sin? 3
/90 ( L gin? (ﬁ—i—a—@))da,

and again for § — «, with 3 fixed, we have

2 R?sin® 3
sin?(8 + a — 0)

= o(1),
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and hence

/T<X(7rz(a:)), %> dr <o ( 9: |X(0)|d0) : (6.4.15)

Notice that C' contains a region formed by @', the ray 10, the arc MO and some arc
concentric to MO but of bigger radius. We express the subset of the boundary of
bounding C' in polar coordinates (p, ) with respect to C and v' by the equation p =
by + Ry + ¢1(0), where g;(0) — 0 as § — «, and by is the distance between O and the
intersection between 0f) and the ray C10, which we denote by S. Then

[ (xS = ;_w, yaom [ 0

= 2 [ IXO) @Ribr 5+ 010 + 2(B) + b (0)) do
6o (6.4.16)

1 (63
= —5(231591 +62) |X( )|d6

——/ X(0)] (9:(6)° + 2(Ry + b1)gu (6)) do.

Suppose now that the Euler equation (6.2.3) holds, that is,

A <X(”E<‘””’ %> we | <X(”Z(‘”))’ %> T (641
— {Hs, X).

Combining (6.4.14), (6.4.15) and (6.4. 16) in the above relationship, by comparison of the
first order terms with respect to fe | X (0)] df as 0y — «, we obtain that

by = \/R? + 2\ — Ry. (6.4.18)

Moreover, by this choice of b; we have

1 o
—S@Rib +8) [ [X(6)]d0 = AHs, X).

fo
From (6.4.17) and (6.4.16), we conclude that

Jlxeen m=5) «

- % : 1X(0)] (91(6)* +2(R1 + b1)g1(8)) df = 0

/T<X(7TZ(:L')), %> dz > 0,

but since
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it follows N
0o
Minding that X has an arbitrary support in [0y, ], this means that

91(6)2 + 2(R1 + bl)gl(Q) >0

and implies ¢;(f#) > 0 for all § € [fy,a] whenever « is small enough (since otherwise
g1(0) < —R; — by which contradicts the fact that g should be vanishing as § — «). Hence,
the part of J€ corresponding to the angular coordinate 6 € [fy, a] is, for small «, more
distant from C than the arc o of the circumference with center C; passing through S, thus
satisfying the equation p(6) = Ry +0b;. Thanks to convexity of Q2 we have then that any ray
starting in S, directed inside the cone of points with projection to ¥ in O, and belonging
to a support line to OS2 in S, forms an angle not greater than m/2 with the segment SO
(mind that the angle of 7/2 corresponds to the case when the ray is tangent to o). As a
consequence, the part of {2 which lies in the angle (of value ¢) bounded by w and the ray
OS, is contained in the triangle V;, formed by u, OS and the tangent in S to o.

Now fix a new vector field X, compactly supported in a small neighborhood of O and
such that X(0) is directed along u. One has

Hyx(0) = do(1q + 7p),

where 7o and 7p are the unit vectors tangent in O to the arcs PO and 6/2\6 respectively
and directed towards P and @) respectively. Since

(X,00mq) = (X, 007p) = —|X(O)|sinp,

we get R A
—MX, H(0)) = 2A| X (0)] sin ¢. (6.4.19)

Now compute the contribution given by triangle Vi to the first term of the Euler equa-
tion (6.2.3). For this purpose we use polar coordinates with respect to O and the ray OS,
with 6 € [0, . It is clear that

V:{(p,9)10§9§g0,0<,0§ } (6.4.20)

cos 0
Therefore,
. b)) _ c059
X(n*(z ,M>dx——X /cosgo 0/ pdpdf
[ (o = o) )
:__b2|X |/ cos 902 9, (6.4.21)
cos? 6

_ _—bQ\X( )| (p) sin .
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Reasoning in the same way with arc PO instead of the arc P\CJQ, we obtain the analogous
triangle V5 with

/V <X(w2($)>, lzzg—;:;> do = —%b§|f((0)|h(gp) sin g, (6.4.22)

with by := \/R3 + 2\ — R,. But since  is convex, and one of the sides of V; (resp. V3) is
in the support line to €2, we have

() HO)NQ C ViU V. (6.4.23)

Let us write the Euler equation (6.2.3) with respect to the vector field X. Letting T :=
(X\{O}) Nnsupp X, thanks to (6.4.19) we get

/ <X( =(2)) (@) — @ > dz + 2\ X (0)|sing + er = 0 (6.4.24)
@ ST — r =0, 4.
(x)71(0) |7 (@) — x|

where by cr we denoted the sum of all the terms in the Euler equation which involve
integrals over I'. Minding the strict inclusion (6.4.23), and using (6.4.21) and (6.4.22), we
obtain

1 . .
—E(bf + 13)| X (0)|h(p) sin @ + 2A| X (O)] sin ¢ + cr < 0. (6.4.25)

Since cr contains only integral terms, we have that cr can be made arbitrarily small by
choosing a sufficiently small support of X, and hence (6.4.25) may be satisfied, only if

4\
— <h 6.4.26

or, in other words, when h(y) is as in the statement being proven, then the Euler equation is
not satisfied. Finally, to prove the second claim, it remains to observe that 4\ /(b +b2) > 1,
and hence with h(p) < 1 the respective curved corner is not stationary. U

6.5 Examples of C'! minimizers

In this section we mention an interesting result obtained in [68]: explicit examples of mini-
mizers of the average distance functional are exhibited therein, for the related constrained
problem (that is, with length constraint, rather than a penalization term).

Let ¥ be a C'! simple curve (homeomorphic image of [0,1]), and let 2. be its -
neighborhood. For & small enough it is proven in [68] that, under suitable bounds on
the curvature and the length of ¥ (see Theorem 1.1 therein), the area of (). is given by
2eHY(Z) + me2. Making use of this fact one can prove the following.

Theorem 6.5.1 Let 3 and Q. be chosen as above. Let H'(X) = (. If € is small enough,
then ¥ is a minimizer for

/ dist (z, %) dL*(x)
Qe

among all closed connected subsets of Q. with H' measure equal to (.
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Figure 6.5: Construction of the proof of Proposition 6.4.3
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We give a brief sketch of the proof. It is shown in [55] that for any 2 C R? and any
compact connected I' C R? with H!(T") = ¢ there holds

L2{x € Q:dist (2,T) < s}) < min{L£*(Q),2sf + 75°} Vs > 0. (6.5.1)

Let © and I' be as above, with I' C ). By the slicing formula we have

/ dist (2. T)d2(x) = [ C2({x € O dist (x.T) > s}) ds
“ . (6.5.2)
_ /0 (£2(Q) - £2({z € Q : dist (2,T) < s})) ds.

Now let ¢ > 0. Choosing 2 = Q). and applying (6.5.1) we get
+00
/ dist (z, T) dC2(x) > / (£2(0.) — min{L2(Q.), 25 + 75} (6.5.3)
Q. 0

for any compact connected subset I' of . satisfying H'(I") = ¢. The crucial point here is
that, as previously remarked, (6.5.1) is an equality, for any s < ¢, if € is the e-neighborhood
of I' (for small enough ¢). Hence the set X realizes equality in (6.5.3) and the thesis follows.

6.6 Euler equation for the compliance functional

In this final section we derive another first order equation, for a related problem. We
consider the case of a functional arising from the theory of elliptic equations:

F(X) ::/Quz(x)f(x)da:+)\7'(1(2).

Here 2 C R? is a given bounded open subset, f is a given function, and us, is the unique

solution of the PDE
—Au=f inQ\X,
u=0 on 02U Y.

An integration by parts in the PDE above gives that the compliance term fQ us. f dx ap-
pearing in the functional F can be expressed in an equivalent way:

/QuE(ac)f(x)dx:maX{/Q(2f(x)u—|Vu|2) dr uEWOLZ(Q\E)}.

For simplicity we assume that 2 has a Lipschitz boundary and that f € W12(R?). In fact,
we could also consider the case of a p-Laplace operator, and the similarity with the average
distance functional consists in the fact (shown in [21]) that as p — 400 the p-compliance
problem converges to the one with the average distance functional. Here we limit ourselves
to the case p = 2. Also for simplicity we have taken the Dirichlet condition u = 0 on 0€2;

all the arguments can be repeated for the Neumann case % =0 on 0N.
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The existence of a solution to the minimum problem
min {F(X) : ¥ closed connected subset of Q}

follows by an application of the Sverdk compactness theorem (see [21]). Here we are
interested, as before, in the first order necessary conditions of optimality.

Following [41, theorem 5.3.2], if ¢. is a one parameter group of diffeomorphisms satis-
fying (6.2.1), setting X, := ¢.(X), u := ux and u. = ux,, we have as ¢ — 0 that “—* — o’
in L*(Q2), where « satisfies the PDE

—Au' =01in Q\ X%,
u'=0o0n 90, v'=—-Vu-X on X.

Note that the boundary conditions in the above equation are understood in the weak sense,
ie. v+Vu-X € VVO1 2(R?). Therefore, the first variation argument applied to the functional

F gives
0
— ! — MHs, X).
S| /Qufd:v Ay, X)

Suppose now that Q@ = QT U Q™ with ¥ € 90T N 9Q~. Then, if X, 9Q and f provide
sufficient regularity for u and v’ so that the Green formula can be applied, we have

/ u’fdx:—/ u’Audx:/ Vu'Vud:E—/ u’@dHl
Qt o+ o+ oot On

:/ vu’vuda;+/vu Xa—cm1
O+

) an

- / o’ u dH",
o0+\ (80Ux) on

where n stands for the external normal to Q1. But

(%)

/ Vu’Vud:v:—/ uAu’dx+/ u’@dH1
Q+ Q+ oo+ On

- / vy
o0+\ (90UY) on

Jr
/ u' fdr = / Vut - XaL dH' — / (ua—u +u 8u) dH?, (6.6.1)
Q+ b on o0+\ (8QUY) on on

where Vu™ stands for the trace on X of the gradient of u restricted to %, and % stands
for the trace of the respective normal derivative. Analogously, minding that the external
normal to Q= over QT N IN~ is given by —n, we get

ou ,0u
' fde = / Vu~ X— dH' + / (u— +u ) dH?, 6.6.2
/ - on go+\(aux) \ On on ( )

Thus,
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where Vu™ stands for the trace on X of the gradient of u restricted to 27, and 8;;‘—1; stands
for the trace of the respective normal derivative. From (6.6.1) and (6.6.2) we obtain

+ —
/u’fdx:/Vu+-X8LdH1—/Vu‘-XaLdHl.
QO b @n N 871

Recalling that

on

since the tangential derivatives of u® over ¥ vanish (because u* = u =0 on X), we get

/Qu'fdxz/z<(%)2— (aain_)jx.nd?{l.
) (@%) ) (%)) X ndH’ = XHs, X).

Since this holds for every vector field X, we deduce the Euler equation that must hold for
every minimizer of F:
out\? ou=\>
— ) — | = =\H .
( on ) ( on ) (H;n)

Remark 6.6.1 In the 1-dimensional case, with 2 = [0, 1] and ¥ made by a finite number
of points (so Hy, = 0) in the interior of the interval, the Euler equation says that uy has
symmetric left and right tangents at each element of the minimal X.

Hence,

0
—F (2
857:( )
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