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Abstract

This thesis is devoted to study delay/path-dependent stochastic differential equations
and their connection with partial differential equations in infinite dimensional spaces,
possibly path-dependent. We address mathematical problems arising in hedging a deriva-
tive product for which the volatility of the underlying assets as well as the claim may
depend on the past history of the assets themselves.

The starting point is to provide a robust framework for working with mild solutions
to path-dependent SDEs: well-posedness, continuity with respect to the data, regularity
with respect to the initial condition. This is done in Chapter 1. In Chapter 2, under
Lipschitz conditions on the data, we prove the directional regularity needed in order to
write the hedging strategy. In Chapter 3 we introduce a new notion of viscosity solution
to semilinear path-dependent PDEs in Hilbert spaces (PPDEs), we prove well-posedness
and show that the solution is given by the Fyenman-Kac formula. In Chapter 4 we
extend to Hilbert spaces the functional It6 calculus and, under smooth assumptions on
the data, we prove a path-dependent Ito’s formula, show existence of classical solutions
to PPDEs, and obtain a Clark-Ocone type formula. In Chapter 5 we introduce a new
notion of Cy-semigroup suitable to be applied to Markov transition semigroups, hence
to mild solutions to Kolmogorov PDEs, and we prove all the basic results analogous
to those available for Cy-semigroups in Banach spaces. Additional theoretical results
for stochastic analysis in Hilbert spaces, regarding stochastic convolutions, are given in
Appendix A.

Our methodology varies among different chapters. Path-dependent models can be
studied in their original path-dependent form or by representing them as non-path-
dependent models in infinite dimension. We exploit both approaches. We treat path-
dependent Kolmogorov equations in infinite dimension with two notions of solution: clas-

sical and viscosity solutions. Each approach leads to original results in each chapter.
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Introduction

The present thesis is mainly devoted to study delay/path-dependent stochastic differen-
tial equations and their connection with partial differential equations in infinite dimen-
sional spaces, possibily path-dependent (PPDEs), and with problems in mathematical

finance.

Motivation

The motivation for studying path-dependent equations comes from the classical problem
in finance of hedging a derivative product for which the volatility of the underlying assets
as well as the claim may depend on the past history of the assets themselves.

We briefly recall this problem in the case without path-dependence and outline a
standard procedure used to solve it, following e.g. [5, Ch. 8].

Consider a financial market composed of two assets: a risk free asset B (a bond price),
and a risky asset R (a stock price). We assume that B follows the deterministic dynamics

dB; =rBgds, where r is the (constant) spot interest rate, and that R follows the dynamics

{dRs =rR;ds+v(s,Rs)dW; se(,Tl, D)

R;=x,
where T > 0 is the maturity, x € R is the initial datum at time ¢ € [0,7T"), and W is a
Brownian motion on a filtered probability space (Q,F = {F}ic(0,7,P). Assume that v
satisfies the usual Lipschitz conditions and denote by R%* the unique strong solution to
the stochastic differential equation (1).
Given a function ¢: R — R, the problem of hedging the derivative (p(R%x) consists
in finding a replicating self-financing portfolio strategy for (p(Rg:x), i.e. a couple of real-

valued processes {(hlsg ,hf )sero,71 such that the value process
V,=hBB,+hERY>*  vselo,T],
of the portfolio composed by 22 shares of B and h¥ shares of R%*, satisfies

{dVS =hBdB,+hEdR>*  sel0,T) @

Vr = @RY).
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The first equation in (2) is the self-financing conditions. It means that, at every instant
t, the variation dV; of the value of the portfolio is due only to the variation of the value
of the two assets B,R. The second equation in is the replicating condition, which
states that the value Vr of the portfolio at maturity is exactly the value of the derivative

¢R (%’x). Let us introduce the function
u(t, )= e "TOR[RED| V(L) €[0,TIXR 3)
Notice that, by Markov property of R, we have

u(t,x):=e "™E [u(t +h,R§’fh)

VO<t<t+h=<T, xeR. 4)

It is well-known that, if the data v, ¢ are sufficiently smooth, e.g. C? with respect to the
variable x with bounded differentials, then u(¢,x) is Fréchet differentiable up to order 2
with respect to x, with derivatives D, u, Dazcxu which are bounded and continuous, jointly
in (¢,x) (see e.g. [23] Ch. 7]). In such a case, Ito’s formula and permit to show that u
is C12 and solves the following backward Kolmogorov equation ([23], Ch. 71):

1
ut+rxDxu+§v2D,26xu—ru =0 on (0,T] xR, 5)

u(T,x) = p(x) xeR.

By using (5) and applying Ito’s formula to u(s,X 2 ), we end up with the following repre-
sentation formula

u(s,Ry™) = u(0,x) + fo ru(¢, Ry )d( + fo Du(¢, Ry, RYF)AW,. (6)

By recalling the definition of u and considering (6), we see that the portfolio strategy
defined by

B u(s,R>*)— D u(s,RO*)RY™

; = and AP =D,u(s,RY*) Vsel0,T) (7)

solves the hedging problem. Indeed, we have
Vo =hBB, + RERY* = u(s,RY*)  Vse[0,T), (8)

hence, by continuity, Vy = u(T,ROT’x) = <p(R2,’x). Moreover, by (6) and (8), we verify the

self-financing condition
dV,=hBdB,+hBdR>*  vsel0,T).
There are three essential features that allow to implement the program above:

(F1) The Markov property of R, which makes (4) possible.
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(F2) The existence of D,u, which lets the portfolio strategy be defined by (7).

(F3) The availability of Ito’s formula and the fact that u solves (5), in order to derive (6),
hence to see that (7) is a hedging strategy.

It is relevant to notice that, if v is non-degenerate, the regularity of u can be obtained

under weaker assumptions (see e.g. [69]).

Let us now consider a more general risky asset R, in which the volatility depends
not only on the present value R; of R at time s, but also on the past values of R. The

dynamics of R has the following path-dependent form:

9)

dRs :rdeS+V(S,{Rs’}s'€[0,s])dWs se(t,T]
Ry =x(t) t' €10,¢],

where x: [0,¢] — R is a given deterministic funtion, belonging to some functional space
S, to be chosen, and expressing the past history of the stock price R up to time . We also
would like to face the case in which the claim depends itself on the history of R, i.e. it
has the form (p({R?,’x}tre[o,T]), where, for each couple (¢,x), we denote by R** the solution
to (9).

A natural question is if we can solve the hedging problem for the path-dependent case
by implementing the arguments outlined above for the case in which R was given by (I).

More precisely, if we consider the function u, now defined by
u(t,x):=e " TE (R M peor)|  V(,x)€[0,T1xS, (10)

we would like to find a stochastic representation for u(s, {R?,’X}t/e[o,s]) of the form (6), by
using the fact that u is a solution to a PDE analogous to (5), but now path-dependent,
and after showing that u is sufficiently regular in order to write the hedging strategy.
Briefly, we are concerned with the features (F[I)—(F[3) in the path-dependent case.

We immediately see that the extension of (F[I)—(FJ3) to the present case is not trivial.

The problems that we have to face are the following.

(P1) Firstly, Markov property does not hold for R**, due to the path-dependence of its

dynamics.

(P2) Secondly, even under smooth assumptions on the data, a detailed study of path-
dependent stochastic systems is required in order to show that the function u is
sufficiently regular to apply stochastic calculus and to define the hedging strategy.
More precisely, regularity of solutions to path-dependent SDEs with respect to the
starting path should be considered, together with a path-dependent (or functional)
stochastic calculus. If we wish to go beyond smooth data, it is reasonable to ask
for a set of stability results regarding continuity with respect to the data of path-

dependent dynamics and their derivatives.
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(P3) Thirdly, even if u is regular and the use of Markov property can be somehow
avoided, the derivation of the PDE cannot be done as in the non-path-dependent
case. This is related to the previous issue and it is due to the fact that a fully-

developed path-dependent stochastic calculus is not available.

(P4) Finally, since the PDE is now path-dependent, not only well-posedness, but even

the very definition of solution to such type of PDEs becomes subject of discussion.

The framework sketched above to deal with models whose dynamics depends on the
past is characterized by keeping (9) in the form as it is and facing (FI)—(P4) as they
are stated, meaning without changing the state space (R) in which the system R%*
evolves. To distinguish it from the framework that we describe below, we call it the

path-dependent setting.

There is another framework to deal with models like (9) and with the associated
mathematical tools and objects (as stochastic calculus, Kolmogorov equation, represen-
tation formula for u(s, {R?,’X}tfe[o,s]), in our case) that we call the delay setting. It consists
(roughly speaking) in describing the dynamics of R trough the dynamics of its paths in a
space Sy of functions [-T,0] — R and reading (9) as a non-path-dependent SDE evolving
in Sg. The idea is then to associate (9) with the following (informally written) SDE in S,

{dXS = (s, Xs)ds +V(s,Xs)dWs se(t,T], (1)

Xt(t,) = 1[_T,_t)(t')x(0) + 1[_t,0](t’)x(t + t/), t'e [-T,0],

where X now is an $g-valued process and 7,V are associated to r,v in such a way that
R can be obtained once having the solution X* to by the pointwise evaluation
R =X!*(0), s€[0,T].

Within the delay approach, Markov property is restored and stochastic calculus can
be used, even though it is in infinite dimensional spaces, like Hilbert or more gener-
ally Banach spaces, and it is not the standard stochastic calculus in finite dimension.

Nevertheless, there are some drawbacks coming from the reformulation R ~ X:

(P1) The rephrasing of the evolution equation in the new state space Sy entails the
appearance of a term of the form AX; in the drift 7 of (1I), where A is a linear

unbounded operator.

(P2)" Even if the Kolmogorov equation associated to (11)) is no more path-dependent, the
domain of the PDE is now an infinite dimensional space and a first-order linear

term with an unbounded linear coefficient appears.

(P3)" If the chosen functional space Sy is not Hilbert, then no well-developed PDE theory
is available on such domain, particularly if we want to deal with non-smooth data

by making use of viscosity solutions.



Introduction 5

(P4)" Even if S is Hilbert, the second order term in the PDE is highly degenerate and
the study of the regularity needed to define the hedging strategy is difficult to
obtain if the data are non-smooth, e.g. Lipschitz.

With various theoretical approaches, some of the problems listed above, arising in

the path-dependent or in the delay setting, are the subject of the present thesis.

In Chapter [I] we build a general framework for Hilbert space-valued path-dependent
SDEs, improving the theory available in the literature, particularly regarding regularity
with respect to the initial condition and continuity with respect to the data of the sys-
tem. In Chapter 2] we solve one of the problems arising in the precedure outlined above in
order to find the hedging strategy: we prove that the value function has the needed regu-
larity when the data are only Lipschitz continuous. Chapter [3|develops the recent theory
of path-dependent PDEs in the infinite dimensional case. Chapter 4| develops the func-
tional Ito calculus in infinite dimension. Chapter [5|is also indirectly related to PDEs in
Hilbert spaces associated to delay problems, since it introduces a notion of Cy-semigroup
suited to be applied to Markov transition semigroups, for which the standard theory of
Cy-semigroups in Banach spaces cannot be used. Finally, some contributions are given
in Appendix [A] where a stochastic Fubini’s theorem is proved for a generic stochastic
integration considered merely as a linear and continuous operator, and applications to

stochastic convolution are considered.

Contents of the thesis

We now describe the contents of the single chapters.

Chapter 1. We begin in Chapter[I|by studying path-dependent SDEs in Hilbert spaces.
This is the first step in order to develop any functional Ito calculus in Hilbert spaces. We
prove existence and uniqueness of mild solution (Theorem [1.2.6), Gateaux differentiabil-
ity of order n of mild solutions with respect to the starting point (Theorem [1.2.9), conti-
nuity with respect to all the data of the system of the mild solution and of its Gateaux
derivatives (Theorem and Theorem [1.2.16).

Existence and uniqueness of mild solution are well-known and obtained by standard
contraction arguments. Differently, there are no available results regarding differen-
tiability of generic order with respect to the initial condition of mild solutions to path-
dependent SDEs in Hilbert spaces. Also for the non-path-dependent case, Gateaux and
Fréchet differentiability with respect to the initial datum are always studied at most up
to order 2. (see e.g. [23] 24, 48] [62]). As far as we know, no result providing Gateaux
differentiability of order n > 2 is available in the literature for path-dependent SDEs in
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finite or infinite dimension, or for non-path-dependent SDEs in infinite dimension. The-
orem [1.2.9fills this gap. Also regarding the dependence of the mild solution on the given
data, we prove a general result providing joint continuity with respect to all the data
of the system, i.e. the coefficients (including the unbounded term), the starting time,
the starting point: in Theorem [1.2.14] we generalize to the infinite dimensional path-
dependent case the previous related results in [23] 24 48], [76]. We study also continuity
with respect to the data of Gateaux derivatives of order n with respect to the initial da-
tum of mild solutions. The stability result provided by Theorem [1.2.16|generalizes to an
arbitrary order of differentiability and to the path-dependent case the related results in
8} 231.

Our method to study path-dependent SDEs relies entirely on the properties of fixed-
point maps associated to parametric contractions in Banach spaces. Because of that, we
begin in Section by recalling some notions regarding strongly continuous Gateaux
differentiability and basic results for contractions in Banach space. Then, we provide
a result for Gateaux differentiability of order n of fixed-point maps associated to con-
tractions which are Gateaux differentiable only with respect to some subspaces (Theo-
rem and we give continuity results for the fixed-point maps and their derivatives
of any order (Proposition [1.1.15). These results, needed for applications to SDEs, were
previously available only up to order 2 ([8] 23]).

In Section |1.2| we apply the theory recalled or developed in the first section to mild
solutions to path-dependent SDEs. As said above, we focus on existence and uniqueness
of mild solutions (Theorem [1.2.6), continuity and differentiability of order n with respect
to the initial datum (Theorem [1.2.9), stability of mild solutions and their derivatives un-
der perturbations of all the data of the system (Theorem and Theorem[1.2.16). We
develop the theory in a slightly more general setting than the one usually adopted in the
literature when addressing path-dependent SDEs with the Wiener process as stochastic
integrator. Firstly, the assumptions on the diffusion coefficient is close to the minimal
required in order to obtain a continuous version of the stochastic convolution (for more
details on this point, see Appendix [A] Theorems[A.2.10]and [A.2.13) and to construct the

contraction that provides the solution. Secondly, the path-dependence is considered with

respect to a generic closed subspace S of the space By([0,T],H) of H-valued bounded
Borel functions (for example S may be the space of continuous functions, or the space
of cadlag functions) and the initial datum can be any process taking values in S. This
choice turns out to be useful when dealing with derivatives of mild solutions with respect
to step functions as initial datum, since these derivatives naturally arise in the context
of functional Ito calculus.

The contents presented in the chapter appear in the manuscript [89], submitted to

Stochastic Processes and their Applications.
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Chapter 2. In Chapter 2| we adopt the delay approach and address the regularity
needed for the hedging strategy. If X is solves (1I), with x(0) = xo and x_71 ) = x1,
we prove the partial regularity of

u(t, (x0,%1)) = E | (X 5™ Yo m)| (12)

with respect to the component x(, under Lipschitz assumptions on the coefficients of the
state dynamics and on ¢ with respect to a suitably chosen norm. The derivative D u is
interesting because it turns out to be the only one relevant to define the hedging strategy.

Such a regularity is difficult to obtain in infinite dimension. For fixed x1, we rely on
approximations of v(¢,xq) := u(¢,(xg,x1)) by a sequence of functions v, (¢,xg) that are reg-
ular with respect to xo and are viscosity solutions to finite dimensional parabolic PDEs.
Then, through parabolic regularity estimates, we obtain the C1*% partial regularity of
the limit v(¢,x0) = u(t,(xp,x1)), in the component xg, for all a € (0,1). Partial regularity
results for first order unbounded HJB equations in Hilbert spaces associated to certain
deterministic optimal control problems with delays have been obtained in [39]. The tech-
nique of is different from ours, relies on arguments using concavity of the data and
strict convexity of the Hamiltonian, and provides C! regularity on one-dimensional sec-
tions corresponding to the so-called “present” variable.

In Section we consider the mild solution X to an SDE in a Hilbert space that,
when thinking to the financial application, represents the process R in (1) together with
its past. Then we outline the relationship between the state dynamics X and the dy-
namics of a process X which evolves in a larger Hilbert space Hpg, built accordingly to
the continuity assumptions on the coefficients of the SDE driving X. In this larger state
space Hp, we approximate X with a sequence X, of processes which are differentiable
with respect to the initial datum. In Section we show that the section in the direc-
tion xo of the semigroup associated to X, provides the viscosity solution v, to a “frozen”
finite dimensional PDE, and, since v, is also an L?-viscosity solutions ([18]]), this let us
to obtain a parabolic estimate for v,,. Since v, converges to u(-,(-,x1)), we derive in this
way the partial regularity of u (Theorem [2.2.9).

The regularity result is original and has been obtained in a joint work with Andrzej
Swiech. The paper ([90]) has been accepted for publication by Journal of Differential

Equations.

Chapter 3. Chapter|3|contains the first work in the literature studying viscosity solu-
tions to path-dependent Kolmogorov equations in Hilbert spaces. We adopt a new notion
of viscosity solution, recently introduced, in the finite dimensional case, in [33], and fur-
ther developed in [35] [34, [85]], whose main idea consists in replacing the usual tangency

condition asked for test functions in classical viscosity solution theory with a tangency in
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expectation, local in probability, and we extend the definition to our infinite dimensional
framework.

In Section we introduce the process X, whose distribution determines the sup-
port on which viscosity solutions are tested. Section contains the core of the chap-
ter. Firstly, smooth and test functions are defined in terms of X and the new notion
of viscosity solution is introduced (Definition [3.2.2). Secondly, we prove the martingale
characterisation theorem (Theorem [3.2.7), that shows how a viscosity solution is associ-
ated to a certain martingale process. This characterisation is the key step to obtain the
comparison result (Corollary [3.2.14).

Our definition of viscosity solution leads to use mainly probabilistic tools and to avoid
the Crandall-Ishii lemma (see [17]]), which is needed to prove uniqueness of viscosity
solutions in the second order case and which is not available in infinite dimension. In
this way, even in the Markovian case, we can treat a larger class of problems than those
treatable with the available viscosity theory in Hilbert spaces ([37, Ch. 3]).

The chapter results from a joint work with Andrea Cosso, Salvatore Federico, Fausto
Gozzi and Nizar Touzi. The manuscript ([15]) is under second review by The Annals of
Probability.

Chapter 4. Chapter[4]is devoted to study functional It6 calculus in Hilbert spaces and
application to path-dependent PDEs.

In [31]] the main ideas for a functional Ito calculus are presented for one-dimensional
continuous semimartingales. In [12, (13| [14] these ideas are developed in a more rigorous
setting and generalized. In [12] a functional Ito’s formula is proved for a large class of
finite-dimensional cadlag processes, including semimartingales and Dirichlet processes,
and for functionals which can depend on the quadratic variation. In [14] the notion of
vertical derivative is extended to square integrable continuous martingales and showed
to coincide with the integrand appearing in the martingale representation theorem. Dif-
ferently than in [12] (13| [14] [31]], functional It6 calculus in finite dimension can be seen as
application to the space of continuous/cadlag functions of stochastic calculus in Banach
spaces ([26, 27, 28, 29| [43]). In [29] the notion of y-quadratic variation is introduced
for Banach space-valued processes (not necessarily semimartingales), the related Ito’s
formula is discussed and then applied to “windows” processes in C([—T',0],R"), letting a
Clark-Ocone type representation formula be derived by recurring to solutions to a path-
dependent Kolmogorov equation.

Our approach to functional It6 calculus does not rely on the methods used in [12] [13]
(14, 31]] nor on the stochastic calculus in Banach spaces developed in [29]. Our results ex-
tend the functional Ito calculus to Hilbert spaces, for which no literature was previously

available.
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In Section we introduce and study the notion of weak continuity for the differ-
entials of the smooth functionals that we consider for our functional Ito calculus. Then,
in Section we consider an Hilbert space valued Ito process X and we prove that
Ito’s formula holds for processes of the form u(¢,X), where u is a suitably smooth non-
anticipative functional depending on the path of X (Theorem [4.2.8). In Section 4.3 we
apply the path-dependent I1to’s formula to obtain a representation for classical solutions
to path-dependent Kolmogorov equations through strong solutions to path-dependent
SDEs (Theorem [4.3.2) and derive a Clark-Ocone type formula (Corollary [4.3.3). Finally,
in Section 4.4, we apply the developed theory to the case in which the path-dependent
SDE driving X has a constant diffusion coefficient and the drift is the composition of
a nonlinear non-path-dependent function with the convolution of the path of X with a
Radon measure. The chosen test model is truly path-dependent, in the sense that it
cannot be reduced to a non-path-dependent model by adding a finite number of SDEs
evolving in the same state state space of X (or in a space with “comparable” dimension),
as it can be done e.g. for the Hobson-Rogers model, introduced in [57] for reasons other
than making a path-dependent analysis, but that is often assumed as a test case of this
sort.

The contents presented in the chapter appear in the manuscript [87], submitted to
The Annals of Probability.

Chapter 5. The aim of Chapter [5|is to propose and study a new notion of semigroup
in locally convex spaces, based on sequential continuity, for which all the standard basic
results available for Cy-semigroups in Banach spaces can be obtained. Our purpose for
future research is to exploit the theory here developed as a starting point for studying
semilinear elliptic PDEs in infinite dimensional spaces and their application to optimal
control problems.

The main motivation that led us to consider sequential continuity is that it allows
a convenient treatment of Markov transition semigroups. The employment of Markov
transition semigroups to the study of linear and semilinear PDEs, both in finite and in-
finite dimension, is the subject of a wide mathematical literature (see e.g. [8, 24]). The
regularizing properties of such semigroups are the core of a regularity theory for sec-
ond order PDEs ([74] and [37), Ch. 4,5]). Unfortunately, the framework of Cy-semigroups
in Banach spaces is not suited to treat Markov transition semigroups, when consider-
ing Banach spaces of functions not vanishing at infinity. In this case, the Cy-property
fails already at the very basic level, such as for the one-dimensional Ornstein-Uhlenbeck
semigroup acting on the space of bounded uniformly continuous functions on the real
line, if the drift of the associated stochastic differential equation is not zero (see [[7, Ex.
6.1] and [21, Lemma 3.2])
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A strategy to overcome this difficulty consists in finding locally convex topologies on
spaces of continuous functions in order to frame Markov transition semigroups within
the theory of Cy-locally equicontinuous semigroups. To find the right topology is not an
easy task and the chosen topology is in general difficult to handle. In the case of the
Ornstein-Uhlenbeck semigroup, this approach is adopted in [49]. A different approach
is to introduce other notions of semigroup, specified according to various continuity as-
sumptions with respect to sequences, as for the weakly continuous semigroups in [7]], the
m-continuous semigroups in [84], the bi-continuous semigroups in [65]]). Basically, we
follow this second approach, but we provide a more general notion, in our opinion also
cleaner at the level of the definition, by which we can gather in a single framework the
aforementioned approaches.

In Section we introduce the notion of Cy-sequentially equicontinuous semigroup
(Definition [5.2.12), and we show that the usual relations between generator and resol-
vent still hold within this setting, when considering sequential continuity in place of
continuity. In particular, in Section we provide a generation theorem (Theorem
characterizing the linear operators generating Cj-sequentially equicontinuous
semigroups, in the same spirit of the Hille-Yosida theorem.

In Section [5.3| we apply the theory of the previous sections in spaces of Borel func-
tions, continuous functions, or uniformly continuous functions, with prescribed growth at
infinity. In these function spaces, we find and study appropriate locally convex topologies
allowing a comparison between our notion of Cy-sequentially equicontinuous semigroup
and other notions of semigroup studied in [[7, [49], [65], [84]].

Finally, in Section we apply the results of Section to transition semigroups,
in particular to semigroups associated to SDEs in Hilbert spaces.

The chapter comes from a joint work with Salvatore Federico, and the manuscript
([411) has been submitted to Proceedings of the London Mathematical Society.

Appendix A. In this thesis, the role of the appendix is to provide a precise presenta-
tion of those properties of the stochastic convolution operator that are fundamental to
Chapter Beyond that, Appendix [A] presents results which are interesting in them-
selves and extend previous results appearing in [24] 48| [83]. A stochastic Fubini’s the-
orem is presented regardless of the particular stochastic integrator considered, as long
as the stochastic integral can be considered as a continuous linear map from a space of
L? integrable processes to another L? space, containing the integrated processes (The-
orem [A.1.3). Then, in this setting, we consider stochastic convolutions with strongly
continuous functions, not necessary semigroups, and we show existence of predictable
versions (Theorem [A.2.5). A supplementary result is the characterisation of the measur-
ability required for processes by the stochastic convolution (Theorem [A.2.10). Finally, in
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case the convolution is made with a Cy-semigroup and the stochastic integral provides
continuous paths, we show that the standard factorization argument can be adapted to
our framework (Theorem[A.2.13)).

The contents of the appendix appear in the manuscript [88].

Chapters 2, 3, 4, and 5, are independent from each other. Chapters 2, 3, and 4 depend
on Chapter 1. Some tools used in Chapter 1 have been detailed in Appendix A.



Notation

We collect here the basic notation that we will use. Further notation will be introduced

in the single chapters.

If 7 is a topological space, %5 denotes the Borel o-algebra of . If ' is another
topological space, C(9,J ') denotes the space of continuous functions from J to ' and
B(9,9") denotes the space of Borel measurable functions from I to .

If E and F are topological vector spaces, L(E,F) denotes the space of linear continu-
ous functions from E to F. The topological dual of E is denoted by E*.

If E is a normed the space, then |- |g denotes its norm. If F' is another normed space,
L(E,F) is endowed with its operator norm, unless otherwise specified.

Unless otherwise specified, every normed space E is considered endowed with its
Borel o-algebra %g.

Let (E,|-|g) be a normed space. If 9 is a topological space, Cy(J ,E) and By(J ,E)
denote the subspaces of C(J ,E) and B(J ,E) containing continuous and bounded func-
tions, respectively. If 9 is a uniform space, then UC(J ,E) (resp. UCy(J ,E)) denotes
the subspace of C(J,E) (resp. Cp(J ,E)) containing the uniformly continuous functions.
Unless otherwise specified, Cy(J ,E), Bp(T ,E), UCy(T ,E), are always considered as
normed spaces endowed with the supremum norm |f|y = sup,cq |f(®)|g, [ € Bp(T ,E).
We will use the same notation |-|, for functions taking values in different normed spaces.

If f: E — F is Gateaux differentiable in x € E, we denote by df(x) the Gateaux dif-
ferential. We will need to consider Gateaux differentiability of f with respect subspaces
V cE. In such a case, the notation dy f is used (see Section for the definition).

If U,H are separable Hilbert spaces, Lo(U,H) denotes the space of Hilbert-Schmidt
operators, endowed with the scalar product {-,-)1, &) and the norm |- |, ) defined by

[e.°] [e.°]

(T, Q)r,v,m =) (Ten,Qendu \T\Lywm =) ITenl%{

n=1 n=1

for T',Q € Lo(U, H) and for any orthonormal basis {e,},en of U. The numbers (T, Q) 1, /)
and |T|,w m) are independent from the choice of the basis {e,},en. The space Lo(U, H),
endowed with (-,")r,w m), is a separable Hilbert space continuously embedded in the

subspace of L(U,H) of compact operators.

12
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For T > 0, M([0,T]) denotes the space of Radon measures on the interval [0,7T']. The
Lebesgue measure on [0,7] is denoted by m. The space M([0,T']) endowed with the total-
variation norm is a Banach space, and is canonically identified with the topological dual
of C([0,T],R).

Let (G,%,u) be a measure space and let E be a Banach space. We use the notation
Lo ((G,‘g , ,u),E) for the space of classes of equivalence of E-valued measurable functions
f:(G,9,u) — E, where f = g if and only if f(x) = g(x) p-a.e. x € G. For p €[1,00), we
denote by L? ((G,%,),E) the space of f € L° ((G,¥, u),E) for which there exists a y-null
set N such that fig\n has separable range, and

1/p
|f|Lp((G,cg,y),E) = (.[G |f|§dl~l) < 00.
If f e LP ((G,%, ), E), then the Bochner integral [ fdu € E is well-defined, and

(Lp (G, 9,w,E),|- |LP((G,@,M),E))

is a Banach space.

Let T' > 0. We use the notation Q7 :=Q x[0,T]. Let F = {Z},c0 7 be a complete right-
continuous filtration on (Q2,%,Pr). On Qp, we will often consider the o-algebra &y of
predictable sets associated to the filtration F (see for the definition). If (E,|-|g) is a
Banach space, an E-valued predictable process is any measurable function from (Q7, 22r)
to E.

We denote by Lg,jT(E) the space L°(Qr,2r,P®m),E) and, for p € [1,00), we denote
by L{;,T(E) the space L°(Qr, 2r,Pem),E).



Chapter 1

Path-dependent SDEs in Hilbert

spaces

In this chapter we deal with mild solutions to path-dependent SDEs, evolving in a sepa-
rable Hilbert space H, of the form

{dXt =(AX;+b((-,0),X)dt+0((-,5),X)dW; Vse(t,T] (1.0.1)

X:=Y; s €[0,t¢],

where t €[0,T), Y is a H-valued process, W is a cylindrical Wiener process taking values
in a separable Hilbert space U, b((w,s),X) is a H-valued random variable depending on
w € Q, on the time s, and on the path X, 0((w,s),X) is a Lo(U,H)-valued random vari-
able depending on w € (2, on the time s, and on the path X, and A is the generator of a
Co-semigroup S on H. By using methods based on implicit functions associated to con-
tractions in Banach spaces, we study continuity of the mild solution X%Y to with
respect to £,Y,A,b,0 under standard Lipschitz conditions on b,0, Gateaux differentia-
bility of generic order n = 1 of XY with respect to Y under Gateaux differentiability
assumptions on b,0, and continuity with respect to ¢,Y,A,b,o of the Gateaux differen-
tials ag;Xt’Y.

Path-dependent SDEs in finite dimensional spaces are studied in [76]. The standard
reference for SDEs in Hilbert spaces is [24]. More generally, in addition to SDEs in
Hilbert spaces, also the case of path-dependent SDEs in Hilbert spaces is considered in
[48, Ch. 3], but for the path-dependent case the study is there limited mainly to existence
and uniqueness of mild solutions. Our framework generalize the latter one by weakening
the Lipschitz conditions on the coefficients, by letting the starting process Y belong to
a generic space of paths contained in By([0,7T'],H) (EI) obeying few conditions, but not
necessarily assumed to be C([0,T'],H), and by providing results on differentiability with

respect to the initial datum and on continuity with respect to all the data.

1By ([0, T1,H) denotes the space of bounded Borel functions [0,T] — H.

14
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In the literature on mild solutions to SDEs in Hilbert spaces, differentiability with
respect to the initial datum is always proved only up to order n = 2, in the sense of
Gateaux ([23], 24]) or Frechet ([48, 62]). In [23, Theorem 7.3.6] the case n > 2 is stated
but not proved. There are no available results regarding differentiability with respect to
the initial condition of mild solutions to SDEs of the type (1.0.1). One of the contributions
of the present chapter is to fill this gap in the literature, by extending to a generic order
n, in the Gateaux sense, and to the path-dependent case the results so far available.

In case is not path-dependent, the continuity of X*¥, dyX"Y, and 02X"Y,
separately with respect to ¢,Y and A,b,o, is considered and used in [23, Ch. 7]. We
extend these previous results to the path-dependent case and to Gateaux derivatives
0y X LY of generic order n, proving joint continuity with respect to all the data ¢,Y,A,b,0.

Similarly as in the cited literature, we obtain our results for mild solutions (differ-
entiability and continuity with respect to the data) starting from analogous results for
implicit functions associated to Banach space-valued contracting maps. Because of that,
the first part of the chapter is entirely devoted to study parametric contractions in Ba-
nach spaces and regularity of the associated implicit functions. In this respect, regarding
Gateaux differentiability of implicit functions associated to parametric contractions and
continuity of the derivatives under perturbation of the data, we prove a general result,
for a generic order n of differentiability, extending the results in [8] 23] 24], that were
limited to the case n = 2.

In a unified framework, this chapter provides a collection of results for mild solutions
to path-dependent SDEs which are very general, within the standard case of Lipschitz-
type assumptions on the coefficients, a useful toolbox for starting dealing with path-
dependent stochastic analysis in Hilbert spaces. For example, the so called “vertical
derivative” in the finite dimensional functional Ito calculus ([14 [31]]) of functionals like
F(t,x) = E[p(X?"%)], where ¢ is a functional on the space D of cadlag functions and x € D,
is easily obtained starting from the partial derivative of X** with respect to a step func-
tion, which can be treated in our setting by choosing D as state space for SDE (see
Remark [1.2.11). Another field in which the tools here provided can be employed is the
study of stochastic representations of classical solutions to path dependent Kolmogorov
equations, where second order derivatives are required. Furthermore, the continuity of
the mild solution and of its derivatives with respect to all the data, including the coef-
ficients, reveals to be useful e.g. when merely continuous Lipschitz coefficients need to
be approximated by smoothed out coefficients, which is in general helpful when dealing
with Kolmogorov equations in Hilbert spaces (path- or non-path-dependent) for which
notions other than classical solutions are considered, as strong-viscosity solutions ([16])

or strong solutions ([8]).
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The contents of the chapter are organized as follows. First, in Section we recall
some notions regarding strongly continuous Gateaux differentiability and some basic
results for contractions in Banach spaces. Then we provide the first main result (The-
orem [1.1.13): the strongly continuous Géateaux differentiability up to a generic order n
of fixed-point maps associated to parametric contractions which are differentiable only
with respect to some subspaces. We conclude the section with a result regarding the
continuity of the Gateaux differentials of the implicit function with respect to the data
(Proposition [1.1.15).

In Section we consider path-dependent SDEs. After a standard existence and
uniqueness result (Theorem [1.2.6), we move to study Gateaux differentiability with re-
spect to the initial datum up to order n of mild solutions, in Theorem which is the
other main result and justifies the study made in Section We conclude with Theo-
rem which concerns the continuity of the Gateaux differentials with respect to all

the data of the system (coefficients, initial time, initial condition).

1.1 Preliminaries

In this section we recall the notions and develop the tools that we will apply to study
path-dependent SDEs in Section We focus on strongly continuous Gateaux differen-

tiability of fixed-point maps associated to parametric contractions in Banach spaces.

1.1.1 Strongly continuous Gateux differentials

We begin by recalling the basic definitions regarding Gateaux differentials, mainly fol-
lowing [44]. Then we will define the space of strongly continuously Gateaux differen-

tiable functions, that will be the reference spaces in the following sections.

If X, Y are topological vector spaces, U c X isa set, f: U — Y is a function, u € U,
x € X is such that [u —ex,u+ex]cU (EI) for some € > 0, the directional derivative of f at

u for the increment x is the limit

8, f () i= lim LX) = 1)
t—0 t

whenever it exists. Also in the case in which the directional derivative 0,f(u) is defined
for all x € X, it need not be linear.
Higher order directional derivatives are defined recursively. For n =1, u € U, the

nth-order directional derivative 9y, , f(u) at u for the increments x1,...,x, € X is the

directional derivative of a;g;lxm [ at u for the increment x, (notice that this implies, by

definition, the existence of 87, ,  f(u') for u’ in some neighborhood of u" in U M(u +Rxy))

2If x,x’ € X, the segment [x,x'] is the set {{x + (1 —{)x'|{ €[0,1]}.
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If Y is locally convex, we denote by Ly (X,Y) the space L(X,Y) endowed with the

coarsest topology wich makes continuous the linear functions of the form
LX,Y)-Y, A— Alx),

for all x € X. Then L (X,Y) is a locally convex space.

Let X be a topological vector space continuously embedded into X. If u e U, if 0, f (u)
exists for all x € Xg and Xo — Y, x — 0,f(u), belongs to L(X(,Y), then f is said to be
Gateaux differentiable at u with respect to Xy and the map Xo — Y, x — 0,f(u), is the
Gateaux differential of f at u with respect to Xy. In this case, we denote the Gateaux
differential of f at u by 0x,f(u) and its evaluation 0, f(u) by dx,f(v).x. If 0x,f(u) exists
for all u € U, then we say that f is Gdteaux differentiable with respect to Xy, or, in case
Xo =X, we just say that [ is Gdteaux differentiable and we use the notation df(u) in
place of 0x f (u).

A function f: U — Y is said to be strongly continuously Gdateaux differentiable with
respect to X if it is Gateaux differentiable with respect to Xy and

U— Ly(X0,Y), u—0x,f(u)

is continuous. If n > 1, we say that f is strongly continuously Gateaux differentiable up
to order n with respect to X if it is strongly continuously Gateaux differentiable up to
order n — 1 with respect to Xy and

n—1 times L

63‘(;1]": U—’is(Xo,Ls(Xo,"-LS(X(),YS---))

exists and is strongly continuously Gateaux differentiable with respect to Xy. In this
case, we denote 6;’(0}‘ = aXOagglf and 0"f := 39" 1f.

The following proposition shows that, if f is strongly continuously Gateaux differen-
tiable with respect to Xy and Y is a normed space, than f is continuous when restricted
to the affine subspaces of the form u + X, with u e U.

Proposition 1.1.1. Let X be a topological vector space continuously embedded into
a topological vector space X, let U c X be a non-empty open set, let Y be a normed
space. Suppose that f: U — Y is Gdteaux differentiable with respect to Xy and that
U — Ly(Xy,Y), u~ 0x,f(u), is continuous. Then, for all u € U, the restriction of f to
U N (u+Xo) is continuous, when U M (u + Xy) is endowed with the topology induced by
u+71x,, where 1x, denotes the vector topology of Xo.

Proof. Let u € U and let {u,},c.y < U M (u +X() be a net converging to u in the topology
UM (u+1x,). By the mean value theorem [44] Corollary 1.6.3], for all 1 € .# there ex-
ists u] € [u,u,] such that |f(u,) - f(w)ly < 10x,f)).(u,—w)ly. In particular, u; — u and
0x,f(w)).(u, —u) — 0, by strong continuity of dx,f. Hence f(u,) — f(w). [ |
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Let X, X, be topological vector spaces, with X continuously embedded into X, let U
be an open subset of X, and let Y be a locally convex space. We denote by ¢™(U,Y ;X() the
space of functions f: U — Y which are continuous and strongly continuously Gateaux
differentiable up to order n with respect to Xy. In case Xy = X, we use the notation
¢™(U,Y) instead of ¥™(U,Y ; X).

Let L(s")(X oY) be the vector space of n-linear functions from X into ¥ which are
continuous with respect to each variable separately, endowed with the coarsest vector

topology making continuous all the linear functions of the form
LW(XP Y)Y, A— Axq,...,%,)

for x1,...,x, € Xo. Then L?(X[,Y) is a locally convex space. Trough the canonical identi-

fication (as topological vector spaces)

n times Lg
.

Lo(Xo,Ls(Xo, - Ls(Xo,Y)-+) = LIXL,Y),

we can consider 6}0 f as taking values in L(s”)(X *.Y), whenever f € 4" (U,Y ;Xy).

If Xy, X, Y are normed spaces, U is an open subset of X, 0, f(u) exists for all u € U,
x € Xo, 0,f(u) is continuous with respect to u, for all x € X, then 0, f(u) is linear in x
(see [44] Lemma 4.1.5]).

The following proposition is a characterisation for the continuity conditions on the

directional derivatives of a function f € ¥*(U,Y ;X(), when X(,X,Y are normed spaces.

Proposition 1.1.2. Let n =1, let X(,X,Y be normed spaces, with X continuously em-
bedded into X, and let U be an open subset of X. Then f € 4™(U,Y ;Xy) if and only if
f is continuous, the directional derivatives (%’Cl,_,xjf(u) exist for all u € U, x1,...,x; € Xy,

J=1,...,n, and the functions
UXX(JQ*Y’ (u,xl,-'-,xj)H05;1...xjf(u) (1.1.1)
are separately continuous in each variable. In this case,
aégof(u).(acl,...,xj):0{;1_“%],/”(u) YueU, VYxi,...,x;€Xo, j=1,...,n. (1.1.2)

Proof. Suppose that the derivatives Oil_',xjf(u) exists for all u € U, x1,...,x; € Xo, j =
1,...,n, separately continuous in u,x1,...,x;. We want to show that f € 4"(U,Y;X)).

We proceed by induction on n. Let n = 1. Since 0, f(«) is continuous in u, for all x € X,
we have that Xg — Y, x — 0,/ (u), is linear ([44, Lemma 4.1.5]). By assumption, it is also
continuous. Hence x — 0,f(u) € L(X(,Y) for all u € U. This shows the existence of 0x,f.
The continuity of U — Ly(Xy,Y), u — 0x,f(u), comes from the separate continuity of
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(1.1.1) and from the definition of the locally convex topology on L (X(,Y). This shows
that f e ¢1(U,Y;X)).
Let now n > 1. By inductive hypothesis, we may assume that f € ¢" 1(U,Y;X,) and

O Fa).(x1,...,x) =0 o f@)  YueU, ¥j=1,..,n-1, V(x,...,x;) e Xj.
Let x,, € X¢. The limit
0% M+ tay) - 0% U (w)
e :

exists in LY P(X271,Y) if and only if A € L (X271,Y) and, for all x1,...,%,-1 € Xo,
the limit

(1.1.3)

=l fu+txg) -0 Fuw)

X1.e.Xp-1 X1 Xp—1

0
lim
t—0 t
holds in Y. By assumption, the limit (1.1.4) is equal to 0}, , . f(w), for all x1,...,x,-1.

Since, by assumption, 0y, , . f(u) is separately continuous in u,x1,...,%,-1,%n, We

have that the limit (1.1.3) exists in L(Sn V(x g_l,Y) and is given by

=A(x1,...,%5-1) (1.1.4)

0, 0% f(W)(21,...,xp 1) = Ay, 1) = O} fw)  VYai,...,x5-1€Xo.

X1...Xp—-1%n

Since u and x,, were arbitrary, we have proved that Oxndggl f(u) exists for all u, x,.

Moreover, for all xq,...,x, € X, the function
U-Y,u— axna;glf(u).(xl, s Xn—1) = 04,0, o f(u)

is continuous, by separate continuity of (1.1.1). Then 07 f(w) is linear in x,. The

X1...Xp—1%n

continuity of
Xo— LY DXGY), 2 — 0,05 f(w) (1.1.5)

comes from the continuity of 03, , ,.f(u) in each variable, separately. Hence (1.1.5)
belongs to L S(XO,LZ_l(X g_l,Y)) for all u € U. This shows that 6;‘(;1 f is Gateaux differ-
entiable with respect to Xy and that

OSL(Of(u).(xl,...,xn) =0y, f (W) YueU, Vxi,...,x, € Xo,
and shows also the continuity of
U—LPMXG,Y), u— 0y fw),

due to the continuity of the derivatives of f, separately in each direction. Then we have
proved that f € ¢™"(U,Y ;Xo) and that holds.

Now suppose that f € 4" (U,Y;Xo). By the very definition of 0x,f, 0/ (u) exists for
all x € Xo and u € U, it is separately continuous in u,x, and coincides with dx,f(u).x. By

induction, assume that 0y -l.xn-l f(u) exists and that

O W&y, 0 ) =00 Y fW)  VueU, ¥xi,...,x,-1 € Xo. (1.1.6)

X1.e.Xp-1
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Since 6%1 f(u) is Gateaux differentiable, the directional derivative Oxné}gl f(u) exists.
Hence, by (1.1.6), the derivative 9y, , . f(u) exists for all x1,...,%,-1,%, € Xo. The
;cll...xn_lxn
n

X1 Xjo

continuity of 0 f(u) with respect to u comes from the continuity of 63‘(0 f. The

continuity of 0 x, [ (W) with respect to x; comes from the fact that, for all u € U,

xj+17'-'7xn €X07
X5 =Y, (@0 = 0% @), 2,21, )
belongs to L(Sj)(Xj,Y). [ |

Remark 1.1.3. If X is Banach, X is normed, Y is locally convex, and f € 4"(X,Y;Xy),
then, by Proposition and the Banach-Steinhaus theorem, if follows that the map

UxXy—Y, (u,x1,...,%,)— 6§0f(u).(x1,...,xn)
is continuous, jointly in u,x1,...,%,.
Remark 1.1.4. Under the assumption of Proposition by Schwarz’ theorem,
¥¥ (02, F(w) = 02,(y* F)w) =02, (v Fw) = y* (05, f W), VueU, Yw,xeXo, Vy* Y™

Hence 02, f =82, f for all w,z € Xj.

Chain rule

In this subsection, we show the classical Faa di Bruno’s formula, together with a corre-
sponding stability result, for derivatives of order n = 1 of compositions of strongly contin-
uously Gateaux differentiable functions. We will use this formula in order to prove the
main results of Section (Theorem and Proposition [I.1.15).

In [11], a version of Proposition is provided for the case of “chain differentials”.
We could prove that the strongly continuously Gateaux differentiable functions that we
consider satisfy the assumptions of [11, Theorem 2]. This would provide Proposition[1.1.7
as a corollary of [11, Theorem 2]. Since the proof of Proposition is quite concise, we
prefer to report it, and avoid introducing other notions of differential. Besides, we give

the related stability results.

Lemma 1.1.5. Let k =0, let X1, X9, X3 be Banach spaces, let U be an open subset of X1,

and let X be a subspace of X1. Let f,f1,...,[r: U — X9 be functions having directional
derivatives 0.f,0xf1,...,0. [, with respect to all x € Xy and let g € 9*"1(X9,X3). Then

y:U—X3, u— aﬁl(u)...fk(u)g(f(u)) (1.1.7)

has directional derivatives 0,y with respect to all x € Xy and

k
0xY(@) =05 by a8 FN+ X0y o piwr..puw8 F@) VuelU, Vxe X, (118)
i=1
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If Xy is a Banach space continuously embedded in X1 and if f,f1,...,fr € 91 (U, X2; X)),
then y € 9Y(U,X3;X).

Proof. LetueU, x € Xy, and let [u —ex,u+ex] cU, for some € > 0. Let h € [—¢€,e]\ {0}. By
ak+1 k

1..x, 8 With respect to x1,...,x;, we can

strong continuity of g and by k-linearity of 0

write

y(u+hx)—yu)
- =

1% k
=% (afl(u+hx)f2(u+hx)...fk(u+hx)g(f(u +hx)) - af1(u+hx)f2(u+hx)...fk(u+hx)g(f(u)))
1 k
+ E Zi (afl(u)fg(u)...fi_l(u)fi(u+hx)fi+1(u+hx)...fk(u+hx)g(f(u))
1=

k
_afl(u)fz(u)...fi_l(u)fi(u)fi+1(u+hx)...fk(u+hx)g (f(u)))

1
= fo af(whz)—f(u) alﬁl(u+hx)f2(u+hx)...fk(u+hx)g (fw)+0(f(u+hx)—fux))dé

A
+Y o

5 @ fa).. fiy () D &(f

fir1(w+hx)...fr(u+hx)

By continuity of £, fi,..., % on the set (u +Rx) MU and by joint continuity of 8**!g, the
integrand function is uniformly continuous in (&,0) € ([—¢,€] \ {0}) x[0,1]. Then we can
pass to the limit 2 — 0 and obtain (1.1.8).

If £,f1,...,fr € 91 (U, X9;Xy), then the strong continuity of 0x,Yy comes from Proposi-
tion[I.1.2]and formula (1.1.8), by recalling also Remark [1.1.3] [

Lemma 1.1.6. Let n € N. Let Xy, X1, X9, X3 be Banach spaces, with X, continuously
embedded in X1, and let U c X1 be an open set. Let

foreerfn €9NU,X9;X0)

8L el (U, X9;X9) VEEN
ge9"(Xy,X3)

g® e 4N (Xy, X3) VneN,

Suppose that, for i =0,...,n,
lim £ () = £;(w)
k—oo !
lim 0, f P () = 8, fiw),
k—o0 t
uniformly for u on compact subsets of U and x on compact subsets of Xy, and that

lim 0, ., " (0) =0}, 8(0)  j=n,n+l,
k—o0
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uniformly for xo,x1,...,x; on compact subsets of Xs. Define

Y U — X3, u— O?I(u)...f w8 (fo(w))

(1.1.9)
k
y® U - X3, u— af(k)( P gPFPwy,  vkeN.
Then
Jim 0.7 P () = 0, y(w) (1.1.10)

uniformly for u on compact subsets of U and x on compact subsets of X.

Proof. Since the composition of sequences of continuous functions uniformly convergent
on compact sets is convergent to the composition of the limits, uniformly on compact sets,
it is sufficient to recall Remark(1.1.3] apply Lemma|[1.1.5] and consider (1.1.8). [ |

Let X(,X1 be Banach spaces, with X continuously embedded in X1, and let U be an
open subset of X1. Let neN, n>1, x,, := {x1,...,x,} < X2, j€{1,...,n}. Then

e PJ(x,) denotes the set of partitions of x,, in j non-empty subsets.

J If fe¥9™(U,X1;X2) and q = {y1,...,y,} © X, then o’ qf (u) denotes the derivative

y1 yjf(u)'

* |q| denotes the cardinality of q.

Proposition 1.1.7 (Faa di Bruno’s formula). Let n = 1. Let X¢,X1,X2,X3 be Banach
spaces, with X continuously embedded in X1, and let U be an open subset of X1. If
fe9™"(U,X2;Xp) and g € 4" (X9,X3), then gof € 4™ (U,X3;Xo). Moreover

. J .
Oygofw=2, 3 0 . 8. (1.1.11)

4 . |
i=1(pi,...pilePi(x,) a"’1 fw..o] ‘f( )

forallueU, j=1,...,n, Xj:{xl,...,xj}CXé.

Proof. The proof is standard and is obtained by induction on n and by making use of
Lemma [1.1.5| at each step of the inductive argument. The case n = 1 is obtained by
applying Lemma with £ = 0. Now consider the case n = 2. By inductive hypothesis,
formula holds true for j =1,...,n—1, and we need to prove that it holds for j = n.
LetueU, x1,...,x, € X0, Xp_1:={x1,...,%,_1}. Then, by (1.1.11),

0361 K- 1g°f(u): Z Z an—l i g(f(w)).

Ip; |
=1 pi.pl)ePitx, ) 0, f< ). 6‘” @)

3By Remark , there is no ambiguity due to the fact that q is not ordered.
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I’
By applying Lemma|1.1.5, with 2 =i and f; = 6;’ f,for j=1,...,i, to each member of the
j

sum over Pi(x,_1), we obtain, for all x,, € X,
n—1

n _ n
Oay.citn13,8 © (W) = Z . 2 A (6 P P}
lzl{Pll,n-,Pi}EPl(Xn—l) axnf(u)api f(u)...apl. f(w)
1 i

g(f(w))

i

+ Z 6n|pi| ipll Ipl| g(f(u)))
1=1 0} f(u)..0x,0 | f(w)..0 ] fu)
P} P; P;
n—1
= Z Z an‘pi+l| pi+ ]| g(f(w))
i=1 {piﬂ,,,_,pijﬁ}epw}(xn): 0pi1+1 f(u)...ap;:ll fw)
{xnye(pitt,...pitl) ' e
* Z an\pﬂ Ip!| g(f@w)
{pl,....pH}EP (xp): 6pi1 f(u)...ap; fw)
{n}e(pl,....p'} ! ‘
- Z A Z ‘ anlpiw B! 8(f(u).
1=l{p!,....pl}ePi(x,) 6P‘i f(u)--ﬁpi; fw)
This concludes the proof of (1.1.11). [ |

Proposition 1.1.8. Let n > 1. Let Xy,X1,X9,X3 be Banach spaces, with X continuously
embedded in X1, and let U be an open subset of X1. Let

fe¥"(U,X9;Xo)

P eg™(U,X9;X9) VEEN
g€9"(X9,X3)
g®egn(Xy,X3)  VEeN.

Suppose that
Jim FOwW) = fw)
lim o, fP@ =0, of @) forj=1...n,

uniformly for u on compact subsets of U and x1,...,x; on compact subsets of Xy, and that

lim g(k)(x) =g(x)
k—o0

im0y, . gV =0} o f@)  forj=1,....n,
uniformly for x,x1,...,x; on compact subsets of Xo. Then

lim g(k) o F®(w) = gof(u)

k—o00

lim of, g% ofPw) =0}, xgofw  forj=1...n,
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uniformly for u on compact subsets of U and x1,...,x; on compact subsets of X.
Proof. Use recursively formula (1.1.11) and Lemma[1.1.6 [ |

1.1.2 Contractions in Banach spaces: survey of basic results

In this section, we assume that X and Y are Banach spaces, and that U is an open
subset of X. We recall that, if a €[0,1) and A: U xY — Y, then A is said a parametric

a-contraction if
\h(u,y)—h(u,y)ly <aly—y'| VueU, Vy,y €Y.

By the Banach contraction principle, to any such 2 we can associate a uniquely defined
map ¢: U — Y such that A(u,p(u)) = o(u) for all u € U. We refer to ¢ as to the fixed-
point map associated to h. For future reference, we summurize some basic continuity

properties that ¢ inherites from 4.

The following lemma can be found in [55] p. 13].

Lemma 1.1.9. Let a €[0,1) and let h(u,): UxY - Y, h,(u,)):UxY =Y, for n e N,
be parametric a-contractions. Denote by ¢ (resp. ¢,) the fixed-point map associated to h

(resp. hp).
(i) If h,, — h pointwise on U xY, then ¢, — ¢ pointwise on U.

(i) If A c U is a set and if there exists an increasing concave function w on R™ such that
w(0)=0and

lh(u,y)-h@w', My <w(u-u'|x) Yu,u'€e A, VyeY, (1.1.12)

then 1
lpw) — pu)ly < l—w(lu —u|x) Yu,u' € A.
-a

(iit) If h is continuous, then ¢ is continuous.

Proof. Since h and h, are a-contractions, we have

A (u, ) —h@', o))

lpn(w)— @) < (1.1.13)
1-«
h Y= Ay /
o) — o)) < (u, p(u )i_a(” 2SR} (1.1.14)

for all u,u’ € U. Then yields (i) by taking u = u’ and letting n — oo, and
yields (iz) by using (1.1.12).

Regarding , let ' €U, up, —»u'in U, let V < U be an open set containing u’, and
let 7 € N such that u, —u'+V cU for all n = 7. Define h,: VxY =Y by h,(u,y) =
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h(u+u,—u',y) for all (u,y) € V xY. Then A, is a parametric a-contraction. Denote by
¢y, its associated fixed-point map. Then, by continuity of 2 and by (), ¢,(u) — ¢(u) for
all u € V. In particular, ¢(u,) = ¢,(u') — @u'), hence ¢ is continuous. [ |

Remark 1.1.10. If 2: U xY — Y is a parametric a-contraction (a € [0, 1)) belonging to
YL U xY,Y;{0} xY), then

0y h(u, YILy) < « VuelU, yey, (1.1.15)

where |- |r(y) denotes the operator norm on L(Y). Hence 0y A(u,y) is invertible and the
family {(I — oy h(u, y))_l}(u,y)EUxY is uniformly bounded in L(Y). For what follows, it is
important to notice that, for all ye Y,

UxY =Y, (u,y)— I -0yh(u,y) Ly (1.1.16)
is continuous, hence, because of the formula

(I —0yhu,yN y=Y (Oyh(u,y))"y
neN
and of Lebesgue’s dominated convergence theorem (for series), (I-dyh(u,y)) 1y is jointly

continuous in u,y’,y.

The following proposition shows that the fixed-point map ¢ associated to a parametric

a-contraction A inherits from A the strongly continuous Gateaux differentiability.

Proposition 1.1.11. If h € 91 (U x Y,Y) is a parametric a-contraction and if ¢ is the
fixed-point map associated to h, then @ €9 YU,Y) and

dep() = (I -0y h (uw,p@)) " (3ch (u,0w)))  YuelU,VxeX. (1.1.17)

Proof. For the proof, see [24, Lemma 2.9], or [8, Proposition C.0.3], taking into account
also [8, Remark C.0.4], Lemma , Remark[1.1.10 |

1.1.3 Gateaux differentiability of order n of fixed-point maps

In this section we provide a result for the Gateux differentiability up to a generic order n
of a fixed-point map ¢ associated to a parametric a-contraction 4, under the assumption
that & is Gateaux differentiable only with respect to some invariant subspaces of the
domain.

The main result of this section is Theorem which is suitable to be applied to
mild solutions to SDEs (Section [1.2.2). When n = 1, Theorem reduces to Propo-
sition [1.1.11} In the case n = 2, Theorem is also well-known, and a proof can be
found in [8, Proposition C.0.5]. On the other hand, when the order of differentiability



Chapter 1: Path-dependent SDEs in Hilbert spaces 26

n is generic, the fact that the parametric a-contraction is assumed to be differentiable
only with respect to certain subspaces makes non-trivial the proof of the theorem. To
our knowledge, a reference for the case n = 3 is not available in the literature. The main
issue consists in providing a precise formulation of the statement, with its assumptions,

that can be proved by induction.

For the sake of readability, we collect the assumptions of Theorem [1.1.13|in the fol-

lowing

Assumption 1.1.12.

(1) n=1and a€l0,1);

(2) X is a Banach space and U is an open subset of X.

(3) Y1oYe>...0Y, is a decreasing sequence of Banach spaces, with norms ||, ..., |*|n,

respectively.

(4) For k=1,...,nand j=1,2,...,k, the canonical embedding of Y} into Y, denoted by

ipj: Y — Y, is continuous.

(5) h1:UxY1—Y1isa function such that hi(U xYp)c Y, fork=2,...,n. Fork=2,...,n,
we denote by hyj, the induced function

hp:UxY, —Y, (u,y)— hi(u,y). (1.1.18)
(6) For k=1,...,n, hy, is continuous and satisfies
|hk(u,y)—hk(u,y')|kSaly—y'lk YueU, Vy,y €Yp. (1.1.19)

(7) Fork=1,...,n, h e §"(U x Y3, Y; X x {0}).
(8 Fork=1,....n—1, hp €e4™"(U xY,Yp; X xYr,1)

9) For k=1,...,n, j=1,...,n-1, forall ueU, zi1,...,zj€ X, y,zj41 €Y}, and for all
j+1
620(1)...2U(j+1)

permutations o of {1,...,j+ 1}, the directional derivative hy(u,y) exists,

and

U x Yy x X x Y}, = Yy, (W,y,21,...,2j,2j41) — 0 hpu,y)  (1.1.20)

2g(1)--+Ra(j)Ro(j+1)

1S continuous.

Theorem 1.1.13. Let Assumption |1.1.12|be satisfied and let ¢: U — Y7 denote the fixed-

point function associated to the parametric a-contraction hyi. Then, for j=1,...,n, we
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have @ € ng(U,Yn_jH) and, forallueU, x1,...,x; €X, 0{61__.xj(p(u) is given by the formula

0. 0w) = (I = Oy, By, () 0L, B, ()

x|

-1 :
+ ¥ y Y (I-0y ki, 9@)  IxC, plh(u, @) (112D
X€2{x1 ,,,,, x5} i=max{1,2—j+|x|} pePi(x)
X7 P=(P1,---,Pi)
where 2¥1-%i} js the power set of {x1,...,x;}, PX(X) is the set of partitions of X in i non-
. j . =% 5lx| 4
empty parts, X°¢ = {x1,...,x;} \x, and ¢’[x°,p] :=d8’.™d , (4.
Pty p 7 P O o, . 0P i)

Proof. The proof is by induction on n. The case n =1 is provided by Proposition|1.1.11
Let n = 2. Clearly, it is sufficient to prove that ¢ € ¢™(U,Y},) and that holds
true for j = n. Since we are assuming that the theorem holds true for n — 1, we can apply
it with the data
h1:UxYy—Ys, ... ,hy 1: UxY, =Y,

where hj, == b1, Ypi=Ypi1, fork=1,...,n—1. According to the claim, the fixed-point
function @ of &1 belongs to Cﬁj(U,?(n_l)_Jurl), for j=1,...,n—1, and formula holds
true for p and j=1,...,n—1. Since ¢(u) = (ig 10¢)(u), for u e U, we have ¢ € Cﬁj(U,Y'n_j) =
4/ (U,Yp—js1), for j=1,...,n—1, and

a'J]Cli(p(U,) = aalcli(;a(u) € Yvn—‘] =In—j+1, Vue U7 Vxi,... yXj € X.

Then (1.1.21) holds true for ¢ up to order j = n — 1. In particular ¢ € 9"~ 1(U,Y5), hence,

for x1,...,x, € X, € >0, we can write

.;Ll_..]..xn,l (p(u + Exn) - agcll_lxn,l (p(u)
= Oy, h1(u + exn, @(u +€x,)).00 5 @(u +£x,) — Oy, A1, @)).05 ", @(u)) 1192
+(FL(u +ex,)—F(u))
=1I+1I,
where .#(-) denotes the sum
1 X 1
F(v) = 6;;__35”_1}11(1),(,0(1))) + Z Z Z 0" [x°, plhi(v, p(v)),
xe2W 12—} i=max{l,2—-(n-1)+I|xl} pePi(x)
x70 P=P1,.--,P;)

for v e U. By recalling that ¢ € éﬁj(U,Yn_J-H), J=1,...,n—1, hence by taking into account

4Recall notation at p.



Chapter 1: Path-dependent SDEs in Hilbert spaces 28

with respect to which space the derivatives of ¢ are continuous, we write

I :66n—

Xq...X,

n_1¢(u+8xn)h1(u +&xp,0(u + €xp)) — aaﬁf.l.xn_ﬁﬂ(u)h 1(u,o(w))

X1Xp—

1
_ fo 001, sy 18+ 08K, Pl + £3,)Ed0

1
’ fo O ptusernp Ognot (e, P11, 9() +O((u + €xn) = plu)))edd (1.1.23)
+ aﬁﬁ{.{xn_l<p(u+exn)—agl‘_}xn_1(p(u)h 1(u,¢w))
=I1 + Iz + 0y, A1, (). (07, 0w +ex,) = 05 @),
with ()
e S I,
my T = 0n O, pwhile @) and i< =00, g0y, gt 9.
In a similar way,
ik n-1 n—1
1‘1_11%? = axnaxl...xn_lhl(u, (P(U)) + GBXn(p(u)axlmxn_lhl(u, (p(u))
x|
o) ) Y 05,0" x, plha(u, p(w)
xe201n-1ti=max{1,2—(n-D+Ixl} pePi(x)
X708 pP=(P1,.-,P;)
x|
xe2®12n -1} i=max{1,2—(n—1)+|x|} pEPi(p)
X7 p=(P1,...,p;)
i [x€|
" j;laxc aag)flq’(u) o aal;j.]:llllﬂ(u)aaxnagjltp(u)aagﬁlltp(u) o aﬁ‘l:i‘(p(u)hl(uﬂp(u)) .
Notice that
x| )
Y, 0.,0" X6, plha(u, o))
xe2® 1% -1} i=max{1,2—(n—1)+|x|} pHEPi(x)
x#0 pP=(P1,--,P;)
x| (1.1.25)
xe€2W1--2n} i=max{1,2-n+x[} pePi(x) 1-%n-1
X7~ 9 pP=(P1,.-,P;)

Xn€X

5The limits should be understood in the suitable spaces Yj. For instance, when computing lim,_¢ 1?1, the

object 0;‘1’135”7 ,#(u + £xp,) should be considered in the space Y3, which can be done thanks to the inductive

hypothesis.
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and
x|
> )y Y 0, pa0" X, P, @)
xe€2812n-1t i=max{1,2-(n-1+Ixl} pePi(x)
X#P P=(P1,---,P;)
x|
= ) > Y OxC,plhi(u,e@w) (1.1.26)
xe21-2n} i=max{1,2—n+|x|} pgpi(x)
YnCX p=(p1,-...p;)
x#{xn} {xn}Ep
= 00,901, a1, @)
and
x| i
> > > 2 Lp.jw
x€212p-1t i=max{1,2—(n-D+xl} pepix) J=1
X790 pP=(P1,....p;)
x| (1.1.27)
= X by Y. 0", plha(u,¢w)
xe2®1-xnt i=max{1,2—-n+|x|} pEPi(x)
Yn€X p=(p1,....p;)
x#{xn} {xn}¢p
where
c
L(pa.lau) = alfc IGIXI pj_1l Ip;j Pj+1l hl(ua(l’(u))

b, 10w Op;

By collecting (1.1.24)), (1.1.25), (1.1.26), (1.1.27), we obtain

II .

}35]6 ? Zaaxn (p(u)az;}xn_lhl(u, (p(lL)) + axlmxnhl(u, (P(U)) - aaxn (p(u)aagflxn_lw(u)h l(u, (p(u))

| .
R pw)...0 g P)...0n" p(w)

x|

+ Z Z Z 6n[xc,p]h1(uy([7(u))_axnaagl—lx _l(p(u)hl(l‘,(ﬂ(u))
xe2W1-n) i=max{1,2-n+Ixl} pePi(x) "
x};fa? ) p=(pP1,.-,P;)
:a;llxnhl(u,(p(u)) _aaan’(u)a@;‘;,l_xnfltp(u)hl(u’(P(u))
x|
x€2%1%n} i=max{1,2-n+[xl} pePi(x) n
X7 p=(pP1,.-,P;)
Hence
(L I, II x|
lim (_1 I _) - ¥ y Y 0"x,plha(u,@@)+0l, . ha(u,e@)),
e~0le & &) ot i=max(l2-n+Ixl) pePi(x)
X7£® p=(p17-'-7pi)
and, by recalling (1.1.22), (1.1.23), we obtain
or-1 (u+ex,)—om 1 (uw)
hm (I _ 6Y1h1(u,(p(u))) ) x1...xn,1(/) n x1...xn,1(p
e—0 &
x|
= ) > Y. 0'IxC,plhi(u, @) +0y, . hi(u,pw)).

xe2W1-2n} i=max{1,2-n+xl} pePi(x)
x7@ P=(p1,....p;)
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Finally, we can conclude the proof by recalling that I —dy,~1(u,¢(u)) is invertible with

strongly continuous inverse. |

Theorem [1.1.13| says that ¢ is Y,,-valued, continuous as a map from U into Y,, and,
for j=1,...,n,forallu €U, x1,...,x; € X, the directional derivative 6;1.__xj(p(u) exists, it
belongs to Y,,_;.1, the map

UxX — n—j+1, (U,xl,---’xj)'_’ailmxj(p(u)

is continuous, and (1.1.21) holds true.
Formula (1.1.21) can be useful e.g. when considering the boundedness of the deriva-

tives of ¢, or when studying convergences of derivatives under perturbations of A, as

Corollary(1.1.14]and Proposition [1.1.15|show.

Corollary 1.1.14. Let Assumption |1.1.12| be satisfied. Suppose that there exists M >0
such that

YuelU,
10yhk(u, Yk < Mlyle {

Vy,y' €Yp, k=1,...,n
. J
10%, .. k@, Ve < M [ ] 1 1x

{VuEU, Vxi,...,x€X,
=1

VyeYs, j,k=1,...,n
VuelU, Vxq,...,x;€X,

i+1 J L VyEYka Vyl"-'ayi €Yk+1a
102 - 31y PR < M [T lrlx - [T lyelesn S

=1 =1 k=1,...,n-1,
Ji=1,...,n-1,1<j+i<n-1.
(1.1.28)

Then, for k=1,...,n,

sup 105 . @oW)ln—p+1 = Cla, M),

uelU

X150, Xp €X
lx1lx=...=lxplx=1

where C(a,M) € R depends only on a, M.
Proof. Reason by induction taking into account (1.1.21) and (1.1.15). |

Proposition 1.1.15. Suppose that Assumption |1.1.12| holds true for a given hi and that
h(ll),h(12),h(13) ... Is a sequence of functions, each of which satisfies Assumption|1.1.12| uni-
formly with respect to the same n, a. Let h(km) denote the map associated to h(lm) ac-
cording to (T.1.18) and let ™ denote the fixed-point map associated to the parametric

a-contraction h(lm). Suppose that the following convergences occurs.
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(i) Fork=1,...,n, yeYy,
Tim A" (u,y) = hi(u,y) in Yy (1.1.29)
uniformly for u on compact subsets of U;
(it) fork=1,...,n,

lim 0,2 (u,y) = 0:hi(u,y) in Yy
e (1.1.30)

lim 0, (u,y") = 0yhi(u,y") in Yy

uniformly for u on compact subsets of U, x on compact subsets of X, and y,y' on

compact subsets of Yi;

(iii) forallk=1,...,n—1, uel, j,i=0,...,n, 1<j+i<n,

' . " .
im0y kW) =00 gy k() in Y (1.1.31)
uniformly for u on compact subsets of U, x1,...,x; on compact subsets of X, y on

compact subsets of Yy, y1,...,Yy; on compact subsets of Yp 1.

Then @, — @ uniformly on compact subsets of Y, and, forall j=1,...,n
Tim 0, 9™ W) =0}, o) in Yo_jir (1.1.32)
uniformly for u on compact subsets of U and x1,...,xj on compact subsets of X.

Proof. Notice that and the fact that each hgem ) is a parametric a-contraction (with
the same ) imply the uniform convergence hgem) — hj on compact subsets of Y. In
particular, the sequence hgel),h(k2),h(k3),... is uniformly equicontinuous on compact sets.
Then, by Lemma ,, (p(m) — ¢ in Y} uniformly on compact subsets of Y3, for
k=1,...,n. Moreover, by (1.1.15), that holds for all h(lm) uniformly in m, we have the
boundedness of (I — Oylh(lm))_l, uniformly in m. Convergence is then obtained
by reasoning by induction on (1.1.21), taking into account the strong continuity of (I —
dy,h1)~ L. [ ]

1.2 Path-dependent SDEs in Hilbert spaces

In this section we study mild solutions to path-dependent SDEs in Hilbert spaces. In par-
ticular, by applying the results of the previous section, we address differentiability with
respect to the initial datum and stability of the derivatives. By emulating the arguments
of [23], Ch. 7] for the Markovian case and for differentiability up to order 2, we extend the
results there provided to the following path-dependent setting and to differentiability of

generic order n.
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Let H and U be real separable Hilbert spaces, with scalar product denoted by (:,)z
and (-,-)y7, respectively. Let ¢ := {e,},c+ be an orthonormal basis of H, where A =
{1,...,N} if H has dimension N € N\ {0}, or A =N if H has infinite dimension, and
let ¢’ :={e, };ne.«« be an orthonormal basis of U, where .# ={1,...,M} if U has dimension
M e N\ {0}, or 4 =N if U has infinite dimension. If x: [0,7] — .¥ is a function taking
values in any set . and if ¢ € [0, T'], we denote by x;,. the function defined by

x:7.(8):=x(s) s€[0,¢]
X0 (8)=x(t) se(t, Tl
For elements of stochastic analysis in infinite dimension used hereafter, we refer to [24]
48]].
We begin by considering the SDE

{dXs =(AX;+b((,s),X)dt+0((-,s),X)dW, se(¢,T]
(1.2.1)

X =Y, se[0,t],
where ¢ € [0,T1], Y is a H-valued process, W is a U-valued cylindrical Wiener process,
b((w,s),X) is a H-valued random variable depending on w € (2, on the time s, and on

the path X, 0((w,s),X) is a Lo(U,H)-valued random variable depending on w € 2, on the
time s, and on the path X, and A is the generator of a Cy-semigroup S on H.

We introduce the following notation:
* S denotes a closed subspace of By ([0,T'],H) (ﬁ) such that

(@) C([0,TI,H)cS
b) x:7. €S, Vx€ S, Vte[0,T] (1.2.2)
(c)forall Te L(H) and x€ S, the map [0,T]— H, ¢t — Tx;, belongs to S.

Hereafter, unless otherwise specified, S will be always considered as Banach space

endowed with the norm |- |.

. ffg,,T(S) denotes the space of functions X : Q7 — H such that

{(a) VYw € Q, the map [0,T]— H, t— X;(w), belongs to S (12.3)

b) (Q7,221)— S, (w,t) — X:p.(w) is measurable.

Two processes X, X' € ffng(§) are equal if and only if P(|1X — X'|oc =0) = 1.
* For p €[1,00), $£)T(§) denotes the space of (classes of) functions X € E;T(S) such
that Qp — S, (w,t) — X;A.(w) has separable range and

Xy = (E [1X12])"P < oo (1.2.4)

6We recall that B ([0, T, H) is endowed with the norm |- |s.
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e For p,q € [1,00) and B € [0,1), A;Z’g 5(L(U,H)) denotes the space of functions
®: Qr — L(U,H) such that

Qu: (Qr,%?r)— H, (w,t) — ®(w)u, is measurable, Vu € U

T t a/p plq Vp
|c1>|p,q,S,ﬁ::(f0 UO (t=9)P7 (E[ISe-s@ul? 11| ds) dt) < 0.

The space ALYE (L(U,H)) is normed by ||, 4,5, (see Remark [1.2.1 below and

2r.,S.B
Appendix[A.2.2).
. K;}g:g s(L(U, H)) denotes the completion of Afg’ggzg, ﬁ(L(U,H )). We keep the notation

| 1p,q,5,p for the extended norm.

It can be seen that (ffg,T(S), || 23 (s)) 1s a Banach space (F is supposed to be complete).
T

For example, S could be C([0, T], H), the space of cadlag functions [0, T] — H, B(H) (see
Chapter [4] for the definition), or B ([0,T'], H) itself.

Remark 1.2.1. To see that |-|, ;5,5 is @ norm and not just a seminorm, suppose that

|®lp,q,5,6 = 0. In particular, for u € U,
f 10,71t — 8)(t — ) PE[IS;—sPsulglds ® dt =0,
[0,T72
which entails, for P® m-a.e. (w,s) € Qr,
Si—sPs(w)u =0 m-a.e. te(s,T]. (1.2.5)
Since S is strongly continuous, (1.2.5) gives
O, (w)u=0 P®m-a.e. (w,s) € Qr,

which provides ® =0 P® m-a.e., since U is supposed to be separable and ®4(w) € L(U,H)

for all w, s.
Remark 1.2.2. The space ng’;;;]jg, s(L(U, H)) can be naturally identified with a closed sub-

space of the space of all those measurable functions
¢: (Qr x[0,T],2r ® Br) — Lo(U,H)

such that

{(,s),t) =0, YV((w,s),t) e Qr x[0,T], s >,
1/p

€1p,q.0 = ( fo ' ( fo t (E[ 190,02 ] ds)p/q dt) < 0.
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Indeed, if we denote by L};;,Zé’%T(Lg(U,H )) such a space, then L};;Zg%T(Lg(U,H )) endowed

with |-|,,4,» 1s a Banach space and the map

2 ALSD (LU, H))—~ LESP (Lo(U, H))

defined by

(t—5)FS;_s@y(w) Y((w,s),t)eQrx[0,T, s<t,
(D) w,s,t) = 0

otherwise.
is an isometry.

The reason to introduce the space K;Z:gjﬁ(L(U ,H)) is related to the existence of a
continuous version of the stochastic convolution and to the factorization method used to

construct such a version. Let p >max{2,1/8}, t € [0,T], and @ € A;’,i’g ﬁ(L(U,H)). If we

consider the two stochastic convolutions

¢ ¢
Yy = l[t,T](t,) Sy_s®sdWs, Zy:= l[t,T](tl)f ' —S)_ﬁStr_s(DdeS, (1.2.6)
t t

then Y, is well-defined for all ¢’ € [0,T'], Z; is well-defined for m-a.e. t€[0,T], and Y., Zy
belong to LP((Q, Fy,P),H) (for details, see the discussion in Appendix [A.2.2). By using
the stochastic Fubini’s theorem and the factorization method (see [24] or Theorem[A.2.13]
and Example in Appendix |A.2.2), we can find a predictable process Z such that:

(a) for m-a.e. t€[0,T), Z, = Z, P-a.e.;

(b) for all ¢’ €[0,T1], the following formula holds

t/
Yy = cplpsm(t) ft (' - 1Z,ds  P-ae., (1.2.7)

where cg is a constant depending only on f.

By (1.2.6), (@), [22, Lemma 7.7], it follows that Z(w) € LP((0, T)), H) for P-a.e. w € Q, hence,
by [48, Lemma 3.2], the right-hand side of is continuous in #'.

This classical argument shows that there exists a pathwise continuous process S ‘fkvﬁ )
such that, for all ¢/ € [0, T, (S %; ®)y = Yy P-a.e.. In particular, S ¥, ® € £5, (C([0,T1,H)).
By (1.2.6), (1.2.7), Holder’s inequality, and [22, Lemma 7.7], we also have

T - p-1 T _
[E[IS i‘¥®|§o] Scz (fo v Plpdv) E fo IZslﬁds

where C}a Tp is a constant depending only on 8, T, p. This shows that the linear map

< c’ﬁ,T,p|cI>|;2’S’ﬁ, (1.2.8)

2, AW
AB2E (LU, H) — £, (C(0,T],H)), ®— S % ® (1.2.9)
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is well-defined and continuous. Then, we can uniquely extend (1.2.9) to a continuous

—~D,2 . .
linear map on AL (L(U,H)), that we can see as £~ (S)-valued, since, by assumption,
27,8,8 P

C([0,T],H)cS. We end up with a continuous linear map, again denoted by S ‘iVZ #,
S ¥y #: Ny (LU, H) — L5, (S). (1.2.10)
Summarizing,

(1) the map S Lfkvz # is linear, continuous, £2 (C([0,T1,H))-valued;
Pr

(2) the operator norm of S ‘iVZ # depends only on B, T, p;

(3) if ® € AB>P (Lo(U,H)), S %; @ is a continuous version of the process Y in (1.2.6).
yT’S’ﬁ

Within the approach using the factorization method, the space Ag;’,ng,ﬁ(L(U ,H)) is

then naturally introduced if we want to see the stochastic convolution as a continuous
linear operator acting on a Banach space and providing pathwise continuous processes,
and this perspective is useful when applying to SDEs the results based on parametric

a-contractions obtained in the first part of the chapter.

We make some observations that will be useful later. Let S be another Co-semigroup

on H, and let ® € A»>P (L(U,H)), ® € AP*P (L(U,H)). Then, by using the factorization
2r,S,p 2r.,S.p

formula (1.2.7) both with respect to the couples (S,®) and S ,®), and by an estimate
analogous to (1.2.8), we obtain

E |SiVZ<D—SiVZ<i>|§O]s

T t
<c (t—5)2P (E[ISt_ D, - S,  b,P ])
ﬁ7T7p O 0 s s s SLZ(U,H)

ForO<t¢i<ty<Tand e Ag’,i’g 5L, H)), we also have

2 (1.2.11)

p/2
ds) dt.

(S %1, D=8 #p, D)y = Lpy, 4,1()S %p, D)+ L3y 71(8)S sty (S #v, D)y, Vs €[0,T]. (1.2.12)
Since

sup (S 1, D)l <18 %7y (L 1y ODoo P-ae,

s€lty,tal

we obtain, by (1.2.8),

lim E

daw
lim E| sup |(S %, Dl
2—l1—

s€lty,tal

: ! p —
< lim cpr, MmO 56 =0, (1.2.13)

T to—t1—

where the latter limit can be seen by applying Lebesgue’s dominated convergence theo-

rem three times, to the three integrals defining |-|, 2 5 s. Actually, since the linear map

—p.2, ~P2
Aoy ,p LU, H)) = A g (LU, H)), @ = gz, 1,1()D
T, “6 T ’:6
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is bounded, uniformly in #1,t9, the limit (1.2.13) is uniform for ® in compact subsets of
A% (LU, H) and t1,t5 € [0,T1, t5—t; — 0*. Then, by (T.Z.12) and (L.2.13), we finally
obtain

dW dw
li D — ()] = 1.2.14
|752_175111f|1ﬁ0|‘5' gy S *4, |$;T(§) 0 ( )

uniformly for ® in compact subsets of Kgéi:g,ﬁ(L(U,H )). In particular, thanks to the
uniform boundedness of {S iv: #}ter0,1 (see (1.2.8)), the map

[0, 1 x Aby p(LU, H)) — L5, (S), (£,D)— 8 %, ® (1.2.15)

1s continuous.

1.2.1 Existence and uniqueness of mild solution

The following assumption will be standing for the remaining part of this chapter. We

recall that, if E is a Banach space, then %g denotes its Borel o-algebra.
Assumption 1.2.3.
(1) b: (Qp xS,%21 ® Bs) — (H,PBy) is measurable;

(it) 0: (Qr xS,Pr ® Bs) — L(U,H) is strongly measurable, i.e., for all u € U, the map
(Qr xS,2r 9 Bs)— H, (w,t),x) — o((w,t),X)u is measurable;

(iii) (non-anticipativity condition) for all (w,t),x) € Qr xS, b((w,t),x) = b((w,t),X:5.) and

o((w,1),x) = o((w,1),X¢1.);
(iv) there exists g € L1((0,T),R) such that
16(w,8),X)|z < g(E)(1 + [X|c0) V((w,),x) € Qr xS,
{Ib((w, £),x)-b((w,),x)g<gt)x-X'|oc Viw,t)eQr, VX,X' €S;
(v) there exist M >0, y €[0,1/2) such that

1S;0((w,8), X)L, m < Mt (1 +[X|oo) V((w,s),x) € Qr xS, Vte(0,T1],
|St((w’ 3),X) - Sta((w’ s),x/)ng(U,H) = Mt_ylx - XI|OO V((l), S) € QT7 Vte (0’ T], Vx9xl €S.

Remark 1.2.4. Assumption can be generalized to the form
1S:b((w,8),x)|g <tV g(s) + X|oo) V((w,s),x) e Qr xS, Ve (0,T]
{ 1IS:(b((w,8),%x) —b((w,8), XN <t "g(s)Ix—X'|o V(w,s)€Qr, Vte(0,T], Vx,x' €S,
with g suitably integrable, and similarly for Assumption [1.2.3|fv). The results obtained

and the methods used hereafter in this chapter could be adapted to cover these more

general assumptions.
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Definition 1.2.5 (Mild solution). Let Y € £, (S) and t €[0,T). A function X € £, (S)
is a mild solution to (1.2.1)) if, for all ' €[t,T],

' '
P( f 1S,_sbC,5,X)lrds + f |St_sa<-,s,X>|i2(U,H)ds) <oo,
t t

and

vt'e[0,t], Xy =Yy P-a.e.,
t' v

Vt'e(t,T1, Xp=Sp_Ye+ | Sp_sb((-,8),X)ds+ | Sy_s0((-,s),X)dW; P-a.e..
t t

Using a classical contraction argument, we are going to prove existence and unique-
ness of mild solution in the space $§T(§), when the initial datum Y belongs to $;T(§),
for p large enough. This will let us apply the theory developed in Section|1.1

For t€[0,T] and
2
p>pi=——, Be(l/p,1/2-7),
1-2y
we define the following maps:
id}g : Z;T(S) — $;T(§), Y — 150 4()Y + 11 ()S.—: Y}
P p,1
Fb . .ZQT(S) - L‘@T(H), X — b(('y ')yX)
J— ’2’
Fo: L5 (S)— Ny s LU, H)), X — 0((,),X)

S w#: LY H) — 25 (S), X — 1171 ft S_sXds,

and we recall the map
S ¥y #: Aoy (LU H) — L5, (S), @ — 8 %, ®.
Then id;f9 is well-defined, due to (a) and (b) in (1.2.2), because we can write
1d5(Y) = Yin + L1 ()(S.— — )Yy (1.2.17)
As regarding Fy, by Assumption [1.2.3|f),z7), and by (b) in (1.2.2), the map
Qr — H, (0,t) — b((w,1),X(w)) = b((w, 1), X;.(w))

is predictable. Moreover, by Assumption [1.2.3(v), we have

T T
fo ([E[|b("t’XtA-)|p])1/pdtSfo g(t)([E[(1+|X|oo)p])1/pdt5|g|L1((0,T),[Rz)(1+|X|$§T(§))’
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which shows that F(X) € Lg;(H ). By Assumption |1.2.3 E}), we also have that F} is
Lipschitz, with Lipschitz constant dominated by 12|11 1)) Similarly as done for F3, by
using Assumption , one can see that, for X € $§T(§), the map

Qr,2r) — LU, H), (0,t)— 0(0,1), X¢r.(w))

is strongly measurable. Moreover, by Assumption [1.2.3|{v), we have

T ¢ 9 2/p p/2 Up
Fo(Xlp,2,5,5 = fo (fo (t =) P2 (E[1S1-s0 (8, Xon ) ) ds) dt

T e, | v
<M p WY dv) dt] A+|X )
fo (fo | |z;T(§)

and the latter term is finite because f <1/2—y and X € jfg,T(S). Then F; is well-defined.
With similar computations, we have that F, is Lipschitz, with Lipschitz constant de-
pending only on M, B, v, p. Regarding S *,#,if X € L;’;(H), then X (w) € L((0,T),H) for
P-a.e. w € Q, hence it is easily checked that

t/
[0,T]— H, t— l[o,t](t/) Sy_sX(w)ds
t

is continuous, and then it belongs to S. Since F is complete, we can assume that S *; X(w)
is continuous for all w, hence it is predictable, because it is F-adapted. Since the trajec-

tories are continuous, we also have the measurability of
(Qr,27)— C(0,TLH) S, (w,t")— (S *; X)pp.(w).

Then, to show that S *; X € $§T(§), it remains to verify the integrability condition. We

[

M’ is any upper bound for sup |S¢|Lq).
t€[0,T1

have

1/p

T
1S ¢ Xl g (&)< M' ([E sM’fO (E[1X:12]) P ds = M'IX 1,
T

where

The good definition of S i“; # was discussed above (observe that p > max{2,1/8} (we refer
the reader to Appendix for further details).

We can then build the map
/8 $§T(§) X fng(g) - $§T(§), Y,X)— idtS(Y) +8S % Fp(X)+ S ‘iVZFU(X). (1.2.18)

In what follows, whenever we need to make explicit the dependence of ¥(Y,X) on the
data ¢,S,b,0, we write y(Y,X;t,S,b,0).
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We first show that, for ech Y € fﬁg,T(S), w(Y,-) has a unique fixed point X. Such a

fixed point is a mild solution to (1.2.1).

The advantage of introducing the setting above is that it permits to see 1 as a com-
position of maps that have different regularity and that can be considered individually
when studying the regularity of the mild solution X*Y with respect to Y or the depen-
dence of of X*Y with respect to a perturbation of the data Y ,¢,S,b,0.

For A > 0, we consider the following norm on $£,,T(§)

sup e_/lpt|Xt|p

1/p
VX e £2 (S).
te[0,T1 ) Zr

Xl @27 ([E

Then |-| 28 ($)A is equivalent to |- | 20 (S)
T T

We proceed to show that there exists A > 0 with respect to which v is a parametric
contraction.

For X,X'e £}, (S), >0, and ¢'€[0,T], we have

!/

, t
e P ((S %, Fy(X))y — (S %, Fy XNy lE, < (MY ( fo

< (M’)p (ft
0

—Aps 1P
<C , sup {e P X — X, | },
M o s H

b
e M 1b((,$),X) - b((',S),X')IHdS)

p
e M9 g(s)e ™| X ;. —X;A.|oods)

p

A8,

t/

where C) gy :=M' sup f e M g(¢' —v)dv. We then obtain
#/€[0,71J0

S %0 FoX) =S % FoX gy 511 = Cagar X=Xz 1 (1.2.19)

It is not difficult to see that Cj g ;7 — 0 as A — oo.

Now, if ® € AL% (LU, H)), then e @ € ADP | (L(U,H)) for all 120 and, for

P-a.e. we ),
e M (S K D)y = ((e ¥ S) %) (e M D), Vi e[0,T]. (1.2.20)

For X € $§T(§), we have

4 ,
f [E[Ie_w _S)St/_s(e_A'FU(X))sI%Z(U,H)]ds<oo vt e[t,T).
t

Then, for X,X' € ng(S), A =0, and for all ¢’ € [¢, T'], formula (1.2.7) provides

t/
(e*8) ¥t (e M FoXNy (e ¥ ¥y (e M FoX My =cp | ('~ Zds  P-ae.,
t
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where Z is an H-valued predictable process such that, for a.e. t' € [¢, T,
2y = tt’(t' —5) P Mg, (e MF(X)-e MF (X')sdW,  P-ae..
By collecting the observations above, we can write, for A >0 and for all ¢' € [¢, T,
e[S Y Fy (X0 (S %) Fo(XDl?y < P ( [ Tu“l—li"dv)p_l | "2 ds,
then, by applying [22, Lemma 7.7],

aw dw
8% FoX) =S % Fo& My (o)1 <oy

-1 _ e NP
le M FoX)~e M FoXNI , g s

where c’ﬁ T.p is a constant depending only on 8,7, p. Now, by using Assumption |1.2.3(v),

we have

T t p/2
le " Fo(X)—e " Fo(XHP . <MP f ( f u'<ﬁ+¥>2e-“dv) dt|I1X -X'1P
p,2,eVS,p 0 0

Lo (SA
We finally obtain
1S %y Fo(X)— S %y Fou(X")) <c! X - X'| (1.2.21)
tf'g tf'a L5, (A= Cp,y,T.p,M,A L5 (912 ks
where cg,%Ty pMA is a constant depending only on 8,y,T,p,M, A, and is such that

. " _
Lim cgy 7 p 1,0 =0-

By (1.2.19) and (1.2.21), we have, for all Y, X, Y’ X',
|1;U(Y7X)_ W(Y,aX,Nzé’; (S),A =
T

. ) ) ) (1.2.22)
=MW =Ylgr o+ ChgyarprpulX =Xz )0
where C;L,g,%M,’ 5T.pM is a constant depending only on A,g,y,M’,B,T,p,M, such that
. ! _
Ah_gloc/l,g,}’,M,,ﬁ,T,p,M — O. (1.2.23)

Theorem 1.2.6. Let Assumption hold and let t €[0,T], p > p*. Then there exists a
unique mild solution Xt € f;;,T(§) to SDE (1.2.1). Moreover, there exists a constant C,
depending only on g,y,M,M',T,p, such that,

Y Y’

Proof. Let us fix any f € (1/p,1/2—-v) and let ¥ be defined by (1.2.18). It is clear that
any fixed point of (Y ,-) is a mild solution to SDE (1.2.1). Then, it is sufficient to apply
Lemma to v, taking into account (1.2.22) and (1.2.23), and recalling the equivalence

Remark 1.2.1. Since, for p* < p < q, we have fng,T(S) c $§,T(§), then, if Z € EZ;,T(S), the
associated mild solution X% € fé‘T(S) is also a solution in $§T(§) and, by uniqueness,
it is the solution in that space. Hence, the solution does not depend on the specific p > p*

chosen.
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1.2.2 Gateaux differentiability with respect to the initial datum

We now study the differentiability of the mild solution X*Y with respect to the initial
datum Y.

Assumption 1.2.7. Let b,0,g,y be as in Assumption LetneN, n=1
(i) For all (w,t)€ Qr and ue U, b((w,t),") € 4 (S,H), c((w,t),)u € ¢"(S,H).

(ii) There exists M" and ¢ = {cm}me.u € 02(M) such that

sup sup Iag;l...yjb((w,s),x)lH <M"g(s), (1.2.24)
j=1,...,n wel)
X,Y1,.-,Y;€S

[¥1loo=--=l¥jloo=1

sup sup ISté‘{,l__.yj(o((w,s),x)e'm))IH <M"t7Ve,,, (1.2.25)
Jj=1,...,n weQ)
X,y1,.-,Y;€S

[¥1loo=---=l¥jloo=1
forall s€[0,T], t€(0,T], me /.

In accordance with Assumption |1.2.7ii), by writing o’ (0((w,s),x)u), we mean the
y1.--¥j

Gateaux derivative of the map x— o((w, s),X).u, for fixed u € U.

Lemma 1.2.8. Suppose that Assumption and Assumption are satisfied. Let
p>p*, BeUUp,1/2—-7). Then, for j=1,...,n,

Fy e 97(£h, (S),LE, (H); 22 (),
. J— ’2’ :
Fy € 9/(L5, (S), Ny s (LU, H); 20 (S)).

and, for X € ffg,T(§), Yy1,....Y € ff;f;(§), uelU, Pem-a.e (w,t) € Qrp,

{O{KL..YJFZ’(X)(“)’ 2 a§1(w)...Yj(w)b((w’t)’X(w)) (1.2.26)
0, v FoX)@,0u=0% ) v, 0(@,0,X(@)u).
Moreover,
. Sup Sup (|6‘]Y1YJFb(X)|LPy1 (H) + |6.]Y1YJFO'(X)|p,2,S,ﬁ S MH/?
j=1,..,n Xe,%;T(g) Pr
Y1,..Y;e 2 (S)
|Y1lxg’T(Sf'“:IYﬂzg’T(@:l

where M"" depends only on T, p,B,v,|81L1 0.1 r)»M" >l 2 s)-
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Proof. We prove the lemma by induction on n.

Casen=1. Let X,Y € féT@). First notice that the function
is measurable. Let € € R\ {0}. Since b((w,?),-) € ¢X(S, H) for all (w,¢) € Qp, we can write

Aey Fy(X)(,8) 1= e (Fy(X +eY o, t) — Fp(X)w, 1)
_ 8_1 (b((w, t),X((l)) +eY(w))— b((w, t),X(CU))) (1.2.27)

1
= f 0y ()b (w,1), X (w) + €0Y (w))d O P®m-a.e. (w,t) € Qrp.
0
By (1.2.24), we also have
10y ()b (0, 1), X () + €Y () < M"g()|Y ()| Y(w,t) e Qr, VeeR. (1.2.28)

By (1.2.27) and (1.2.28), we can apply Lebesgue’s dominated convergence theorem and
obtain

T
lim | (E[18ey FoX(, ) -y b((, ), X)15 ) P dt = 0.
This proves that F has directional derivative at X for the increment Y and that
Oy Fp(X)w,t) = 0y () b((w, 1), X (w)) Pe®m-a.e. (w,t) € Qrp. (1.2.29)

We now show that dy F(X) is continuous in (X,Y) € $§,T(§). Notice that, by (1.2.24),
the linear map $£)T(§) — L{;/;;(H ), Y — 0y Fp(X), is bounded, uniformly in X. Then it is
sufficient to verify the continuity of 0y Fp(X) in X, for fixed Y. Let X; — X in ,%gT(S).
By (1.2.24), (1.2.29), and Lebesgue’s dominated convergence theorem, we have

klim Oy Fp(Xp) =0y Fp(X) in L‘;;;(H).

This concludes the proof that Fy € ¢4 1($;T(§),L;;(H)) and that the differential is uni-

formly bounded.

Similarly, as regarding F';, we have that, for all u € U, the function

is measurable, and

Bey (Fo(Xu)w, ) = e H(Fo (X + €Y )u)(, D)~ (Fo(Xu)w, 1)
— g—l (O'(((,U, t)’X(w) + gY(a)))u — O'(((U, t),X(w))u) (1230)

1
= f Oy w)(o((w,t),X(w) +€0Y (w))u)do Pe®m-a.e. (w,t) € Qr.
0
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By (1.2.25), forall 0<s<t<T,weQ,ceR, me 4,
1S 1-50y () (0 (0, 8), X (w) + €Y (w)e), ) < M"(t — )V e Y (0)loo- (1.2.31)

By repeatedly applying Lebesgue’s dominated convergence theorem, we have that
p/2

T ¢ 2p
f f (t—s)"2P ([E ) ds| dt
0 0

goes to 0 as € — 0. This proves that F; has directional derivative at X for the increment

p/2
( Y [Sis (Aer Fo(X)(,8).el, Oy (0((-,5), X).ehy)) |§{)
mel

Y and, taking into account the separability of U, that
Oy Fo(X)(w,t) = 0y (m)(0((w, ), X (w)#) P®m-a.e. (w,t) € Qrp. (1.2.32)

By (1.2.31) and arguing similarly as done for 0y F3(X), in order to show the continuity
of 0y F,(X)in (X,Y) € ,:Zg,T(§), it is sufficient to verify the continuity of 0y F,(X) in X,
for fixed Y. Let X; — X in .ngl;T(S). By (1.2.25), (1.2.32), and Lebesgue’s dominated

convergence theorem, we have

. . b2,
lim 0y Fo(X)) =0y Fo(X) in Ng, s o(L(U, H)).

This shosws that F,; € cgl(ffp (S), A@T s,p(LWU,H))) and that the differential is uni-
formly bounded.

Casen>1. Let X € ffg)T(S) and Yq,...,Y, € 2;? (S). By inductive hypothesis, we
can assume that aﬁifynleb(X ) € L;;;(H ) exists, jointly continuous in X € $§T(§) and
Yi,....Y, 1€ £, P(H), and that

oty FeX@,0)=04 1) v (b(@,0,X(w) Peom-ae. (,t)eQr.

~1(w)

The argument goes like the case n = 1. Let € € R\ {0}. Since b((w,?),-) € ¥™(S,H) for

(w,t) € Qr, we can write, for P® m-a.e. (w,t) € Qr,

Dey, 0Ly, Fo(X)@,0) =7 (031y Fy(X +e¥,)w,0- 04 Ly, Fo(X)w,0)

=& (o5l v, l(w)b«w,w,X(w)+eYn<w))—a;;(w)myn_l(w)b«w,t>,X(w>>)
f 6Y1(w) Ynil(w)Yn(w)b((w,t),X(a))+£9Yn(w))d9.

By (1.2.24) we have

10%,(0)...¥, (0 2(@, ), X (@) + ¥ (@g < M"g®) [ IYj( @l V(0,8)€Qr, VeeR.
j=1
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Since Y, € ffnp (H), by the generalized Holder’s inequality [1}_; 1Y}l € LP((Q, F7,P),R).

Then we can apply Lebesgue’s dominated convergence theorem twice to obtain

lim ( |18ey, 352y FoOC,0 =03,y b(C,8, X1 ]) dt=0.

e—0

This proves that OY ¥, Fb has directional derivative at X for the increment Y,, and
that

% v v FoX@,0=0% ) 3 o b(@,0,X@) Pemae (eQp. (1.2.33)

The continuity of 0}  Fp(X)in X € <7 L(S), Y1,....Y, € 2;,1; (H), is proved simi-
larly as for the case n = 1, again by 1nvok1ng the generalized Ho6lder’s inequality. This
concludes the proof that Fj € (g”(&fp (S),L% g, i Z <z , (H)). The uniform boundedness of
the differentials is obtained by ([1.2.24]), (1.2.33), and the generalized Holder’s inequality.

Finally, as regarding F,, let again X € ff;;,T(§) and Yi,...,Y, € 2;? (S). By induc-
tive hypothesis, we can assume that 6’1‘,1_“1_Yn_lFU(X )€ K;;i:ls), ﬁ(L(U,H )) exists, that it is
continuous in X € $§T(§), Yi1,....Y,1€ ffng_l)p(S), and that, forall u e U,

agﬁlly . F,(X)w,t)u = OY (@)Y, )(0((a),t),X(a)))u) P®m-a.e. (w,t) € Qrp.

-1(w
For € € R\ {0}, by strongly continuous Gateaux differentiability of
-1
e a%(w)...Yn_l(w)(U(t,x)u),
we can write,
AEYHOF FolX)w, 0= (03, FolX +eY, )0, 0u 08y FolX)w,0u)
_1 (6?71(}0) Y, 1(0))(0'(((1), t),X((I)) + EYn(w))u) - aﬁl_(i))yn—l(w)(o-((w’ t),X(a)))u))

f 6 Yi(0)..Y, (w)(a((w t),X(w)+ebY,(w)u)do.

By (1.2.25) we have, forallw € Q, eeR,0<s<t<T,me .4,

n
1S-50% ()7 ()T (@, 8), X (@) + Yn(@)ehy)lir < M"(t = 8) Ve [ | 1Y(0)lco.
Jj=1

By the generalized Hélder’s inequality and by Lebesgue’s dominated convergence theo-

rem, we conclude

T t
lim f (t—s)72P ([E
e=0Jo |Jo

(Z [Se-s (Aer, 051y, FoO@,9)e),
me

2/p pi2
) ds) dt=0.

(1.2.34)
2 p/2
_a?ﬁ(w)..yn(w)(o((-,s),X )e’m)) ‘H)
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Then 6’{,1_11, _1FU has directional derivative at X for the increment Y,,, given by, for all

uelU,
Oy, 6?,1__{Yn_1FU(X)(w, Hu = 6’1’,1(w).._yn(w)(a((w, t), X (w))u) P®m-a.e. (w,t) € Qr.

The continuity of 6yn6;‘,1_“1_Yn71FU(X ) with respect to X € ZQT(S), Yi,....,Y, € x;l; (H), is
proved as for the case n = 1. Then F, € %n(ng(§),Kgi:§,ﬁ(L(U,H));fgr;i(H)). The
uniform boundedness of the differentials is obtained by (1.2.25)), (1.2.34)), and the gener-

alized Hoélder’s inequality. [ |

Due to the fact that XY is the fixed point of w(Y,-) and due to the structure of v, the

previous lemma permits to easily obtain the following

Theorem 1.2.9. Suppose that Assumption is satisfied. Let t€[0,T], p > p*, p=n.
Then the map
p" P tY
LE ()~ ZE (9), Y — X (1.2.35)

belongs to 4" ($g;(§), $§T(§)) and the Gdateaux differentials up to order n are uniformly
bounded by a constant depending only on T,p,y,g,M,M',M",|c|s2( )

Proof. Let B € (1/p,1/2—7v). We have p* > p* and e (1/p*,1/2—y) for all k = 1,...,n.
Then, for £ =1,...,n, the map

Wit L (S)x LD (S) — L5 (9), (¥, X)—idS (V) +8 5, Fy(X0) +8 ¥ Fyl(X)

k
is well-defined, where we have implicitly chosen the space L;,q"l(H ) as codomain of F},

and Kg:sp; (L(U,H)) as codomain of F;. Since the functions
xgy,’;(g) - zg,kT(S)
S i #: LD NHD) — L5 (S)
S Wt N (LU, H) — 22 (S)

are linear and continuous, with an upper bound for the operator norms depending only
on B,M',T,p, we have, by applying Lemma|1.2.8 for k,j =1,...,n,

i cpp” pk P* ey, pP” jpk
YR € gj(ng@) x L (S), L5 (S); Ly (S)x Ly (S)),

with differentials bounded by a constant depending only on g,y, M, M',M",|c|,2( 4, T, on

p" (hence on p), and on B, which depends on p,y. In particular, since np* < p**l, we
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n k
have, for the rescritions of v, to zg,T(S) x $§T(§),

BlP" ok
2L )Ly (S)

. . e GUL (S)x LP(S), L (S))
EILE(S)XLP(S) Pr Py T Py
27 27

ngcpp" p* p* <y. cop” phH
Vgl ozt o © G L5, (S 25,8, L5, (S 25, (S) x L5, (S)
for k =1,...,n, with the Gateaux differentials that are unformly bounded by a constant
depending only on g,y, M,M',M" |c|s2(4),T, on B (hence on p,y), and on p", pk, pktt
(hence on p).

By and (where p should be replaced by p*), there exists A > 0, de-
pending only on g,y,M,M',5,T, and on p* (hence on p), such that ¥y, is a parametric
1/2-contraction with respect to the second variable, uniformly in the first one, when the

k
space fé (S) is endowed with the equivalent norm |-|  « . Then we can assume that
r Zh, (S)A
the uniform bound of the Gateaux differentials of v, for £ = 1,...,n, holds with respect to
the equivalent norms | -|
T, p.

Now consider Assumption |[1.1.12] after setting:

27 )2 and is again depending only on g, y, M,M' . M" |c|s2( 4
op )

- a:=1/2;

- U=X:=(£h )] )

LP"(S),A
.@T ’

k n
— (PP — (PP —(PP" )
- Yl = ($9T(§)’|.|2£;T(§),A)’ --->Yk = (ggT,|'|$pk (S))L), -'-,Yn =(Z T,l |$£) (§),/l)’
‘@T ’ T
- hi= wuxg,’;@)xxg)T@)’ = wkwgf;(g)xxg,};(g)’ con Pn = wmxg;';(s)xxg;(g)'

The discussion above, together with the smooth dependence of i on the first variable,
shows that Assumption [1.1.12 is verified. We can then apply Theorem [1.1.13) which

provides
(@T238) =) £5, (S)— L5, (S), Y — XY e 4™(Lh (S), £5, (S).

Finally, by applying Corollary|1.1.14] we obtain the uniform boundedness of the Gateaux
differentials up to order n of (1.2.35), with a bound that depends only on T,y,g,M ,M' M",

lclp2_gpysD2- |

Remark 1.2.10. As said in the introduction to the chapter, we obtain the Gateaux dif-
ferentiability of x — X%* by studying the parametric contraction providing X»* as its
unique fixed point, similarly as done in for the non-path-dependent case. A differ-

ent approach consists in studying directly the variations limy_.¢ w, showing that



Chapter 1: Path-dependent SDEs in Hilbert spaces 47

the limit exists (under suitable smooth assumptions on the coefficients) and is continuous
with respect to v, for fixed ¢,x. This would provide the existence of the Gateaux differen-
tial 0X%*. Usually, in this way one shows also that 0X"*.v solves to an SDE. By using
this SDE, one could go further and prove that the second order derivative 82X %*.(v,w)
exists, and that it is continuous in v, w, for fixed ¢,x. This would provide the second order
Gateaux differentiability of x — X»*. In this way, it is possible also to study the con-
tinuity of the Gateaux differentials, by considering the SDEs solved by the directional
derivatives, and to obtain Fréchet differentiability (under suitable assumptions on the
coefficients, e.g. uniformly continuous Fréchet differentiability). By doing so, first- and
second-order Fréchet differentiability are proved in [62]. But if one wants to use these
methods to obtain derivatives of a generic order n = 3, then a recursive formula providing
the SDE solved by the (n —1)th-order derivatives is needed, hence we fall back to a state-
ment like Theorem One could also try to prove the Fréchet differentiability of
x— Xb* by studying directly the Fréchet differentiability of the parametric contractions
providing the mild solution X**. This is the approach followed in [48, Theorem 3.9], for
orders n = 1,2. Nevertheless, we notice that the proof of [48, Theorem 3.8], on which [48]
Theorem 3.9] relies, contains some inaccuracy: it is not clear why the term [|n(s)|g/|n| 72
is bounded by 1, uniformly in (w,s), when 7 is only supposed to be a process such that

m@@ = supyepo, 71 ELIN(s)1%,] < oo.

Let n =2 and let &1 as in the proof of Theorem [1.2.9l By continuity and linearity of
2
idf, S« # S i‘z #, and by recalling Lemma |1.2.8) we have, for Y,Y1,Ys € ££§,T(§) (the
space of the first variable of 21), X,X1,X9 € f;;T(S) (the space of the second variable of
hl)a

dy,h1(Y,X) =id} (Y1)
0x,h1(Y,X) =8 #, 0x,Fp(X)+8 ¥ 0x, Fo(X)
0y, v, (Y, X)=0% 5 h1(Y,X)=0

0% %, h1(Y,X) =S %, 0% 5 Fo(X)+8 ¥, 0%y Fo(X).
Then, by Theorem (1.1.13], we have

O, XY =id7 (Y1) +S 0, xur Fp(X"Y)+S % 0y, xtv Fo(X"Y) (1.2.36a)

0% v, X" =8 4,05 xux Fy(X)+S %105 yuxFo(X)
12 172 (1.2.36b)

2 aw 9
+ S *¢ a@let’Yaszt’YFb (X) + S *¢ aalet’Yaszt’YFU(X)

2
where the equality (1.2.36a)) holds in the space ffgp),T(S) and the equality (1.2.36b) holds in
the space .Z;;T(S). Formulae (1.2.36a) and (1.2.36b)) generalize to the present setting the
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well-known SDEs for the first- and second-order derivatives with respect to the initial
datum of mild solutions to non-path-dependent SDEs ([24, Theorem 9.8 and Theorem
9.9).

Remark 1.2.11. Suppose that S = D, where D is the space of right-continuous left-
limited functions [0,7'] — H. Notice that D satisfies all the properties required at p.
Then our setting applies and (1.2.36b)-(1.2.36b) provide equations for the first-
and second-order directional derivatives of X*¥ with respect to vectors belonging to

X;i(D). In particular, if ¢: D — R is a suitably regular functional, then the so-called
“vyertical derivatives” in the sense of Dupire of F(t,x) := E[@(X?¥)], used in the finite
dimensional Ito calculus developed by [12], 13, [14], [31]] to show that F' solves a path-
dependent Kolmogorov equation associated to X, can be classically obtained by the chain
rule starting from the Gateaux derivatives dy, X%V, 0%,1Y2X tY  where yi,y1 € H and
Y1:=170)y1, Y2 = 11, 7()ye.

1.2.3 Perturbation of path-dependent SDEs

In this section we study the stability of the mild solution X*Y and of its Gateaux deriva-
tives with respect to perturbations of the data #,Y,S,b,0.
Let us fix sequences t :={¢,}jen [0, T, {Sj}jen € L(H), {b} jen, {0} jen, satisfying the

following assumption.

Assumption 1.2.12. Let b, o, g, v, M, be as in Assumption Assume that
(i) {tj}jen is a sequence converging to tin [0,T1;
(it) forall jJeEN, b;: (Qr xS,Pr ® Bs) — (H,%Bg) is measurable;

(ii1) forall jeN, 0j: (Qr xS,Pr ® Bs) — L(U,H) is strongly measurable;

(iv) for all jeNand all (w,t),x) € Qr xS, b;(w,1),X) = bj(w,t),Xsp.) and o ;j(w,t),X) =

O'J(((,U, t),Xt/\.);
(v) forall jeN,

{ 16;(w,8),%) g < g1+ [X|c0) V((w,t),x) € Qr xS,
16((w,8),%) = b j(w,),x) g <g®)x—%X|c V(w,t)eQrp, Vx,X'€S;

(vi) forall jeN,

(S ):0 j(w,8), X)Ly, 1) < MtV (1 + [Xloo) V((w,s),x) e Qr xS, Vte(0,T1],
(S )t j(w,8),%X) = (S )0 ;(,8), X)Ly, m) < MtV X —X|og V(w,8) € Qr,Vx,X' €S,V €(0,T];
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(vit) for all t€[0,T], {(S;):}jen converges strongly to Sy, i.e.

lim (S;);x = Six VxeH,;

J =0

(viii) the following convergences hold true:

lim [b((w,t),x)— b ;((w,1),x)|g =0 V(w,t)€Qr, VXES

j—o0o

lim |S;0((w,$),x) - (S;):0j(w,8),|L,w,m) =0 VY(w,s)eQr, Vte(0,T], VXES.
j—oo

Under Assumption [1.2.12] for p > p* and g € (1/p,1/2 —y), we define idfjj, Fy,, Fo,,

S *, #, S; iz #, ¥, similarly as done for idtS, Fy, F;, S «:#, S i“; #, v, ie.
idy 1 25, (S)— L5 (S), Y — Lig,jOY + 10, (XS )1, Y,
Fy;: 25, (S)— L, (H), X = bj((-,),X)
Fy,: 25, (S)— Ko sLWU,H)), X = 4((,),X)
Sy *e, #: LY (H) — £5, (S), X — 1, m() ft ;(S D Xods

A ,27
Sj 4y, #: N5 y(LU,H)) — L5, (S), ®—(S,) %1, ®.
i .S
Y L8 (S)x LD (S)— LD, (S), (¥, X)—id, (V) + S 1, Fy (X)+8, 1, Fy (X)),

In a similar way as done for 1, we can obtain (1.2.22) for each ¢, with a constant
C;L’g,y,M,, BT p.M independent of j. In particular, there exists 1¢ large enough such that,
forallA>Apand allY,X € ffg;T(g),

YV, X) -y, Xl gp )0
’ 1 (1.2.38)
! !/ ! .

where

M’ is any upper bound for sup (S ;)L
te[0,T']
JeN

Let A; denotes the infinitesimal generator of S;. By arguing as done in the proof of

Theorem [1.2.6, we have that, for each j € N, there exists a unique mild solution X;’Y in
.ng,T(S) to

dXi)s=(A;(X)s+b;((,8),X;))dt ((,8),X ;) dW t;, T]
{ (X))s = (Aj(X))s + b (¢,8),X;))dt +0;((,9),X;) se(t; (1.2.39)

(Xj)s:Ys SE[O,tj],
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and that, due to the equivalence of the norms |- L8 (S)1 the map $§T(§) — ££§,T(§), Y —
T b

t],Y . . . . . . /i .
Xj is Lipschitz, with Lipschitz constant bounded by some Cg,% MM Tp depending only

on g,y,M,M',T,p and independent of j.
For a given set B <[0,T1], let us denote

Sp:={x€$S: Vte B, xis continuous in ¢t}.

Then Sp is a closed subspace of S and it satisfies all the three conditions required for
S at p. Moreover, if t € [0,T7] and Y € $£,,T(§B), then XY € £££;,T(§B), because XY

is continuous on [¢,T] (recall that S *; # and S (Zkv: # are ffg),T(C([O,T],H ))-valued) and

coincides with Y on [0, ].

Proposition 1.2.13. Suppose that Assumption and Assumption |1.2.12\are satisfied
and let p > p*. Then
lim X7 = x5Y (1.2.40)
j—oo J
in $§,T(§{g} ), uniformly for Y on compact subsets of $;T(S{g}).
Proof. Let W(j) be defined as above (p. . It is clear that, if Y € fé;,T(§{g}) and X €
ffg,T(S), then (Y ,X) € Z;;T(&g}), because it is continuous on [#,T'] and coincides with Y
on [0, #]. Similarly, w(j (Y, X) is continuous on [# j,T1 and coincides with Y on [0, ¢;], than
also w(j Y,X)e .%;T(S{;}). Then, if the claimed convergence occurs, it does in $§T(§{g}).
In order to prove the convergence, we consider the restrictions
A7) e () .
Ve spren © v7eN

V=Ygl (sux2h, (s

which are $£,,T(‘§{f})-valued, as noticed above. Clearly (1.2.38) still holds true with /),
¥ in place of ¥, v, respectively, and then
Y
Lh, (Sp)— L5, (Sp), Y = X
is Lipschitz in Y, uniformly in j. We then need only to prove the convergence
tj,Y

X7 - xbY i L5, (S, VY € LL, (Sp).

Thanks to Lemma , the latter convergence reduces to the pointwise convergence
,q"/(]) — 1.
LetY € $;T(§({f})). Due to the continuity of Y (w) in ¢ for P-a.e. w € Q, the strong con-

tinuity of S; and S, and the strong convergence S; — S, we have idfjj Y)— idf(Y) in
25, (Sy) for all Y € £J, (S) (this can be seen by (1.2.17)).
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We show that S; ¢, Fy (X) — S %; Fo(X), for all X € £5, (S). Write
Sj %1, Fo,~S%iFy=(Sj %, Fo,~S %, Fo)+(S %, Fy— S %; Fy).

By Lebesgue’s dominated convergence theorem and by Assumption [1.2.12] we have, for
Bel/p,1/2-17),

)2/})

T t p/2
lim | ( fo (t =) 2 (E[1(S)e-50/((,8), X)) = S50 ((,8), X2 07 ] ds) dt=0

j—o0
Then, by (which holds uniformly in #),
Sj %1, Fo)(X) =S %, Fo(X)— 0 in £} (S).
By (1.2.14), we also have
S #1, Fo(X) S ¥; Fo(X) — 0 in 25 (S).

Then, we conclude
Sj i, Fg,~S % Fy—0in £5 (S).

By arguing in a very similar way as done for S i‘g Fy;, -8 i‘z F,, one can prove that
VX e xg,T(S), Sj*i; Fy(X)—8 #; Fp(X)— 0in xg,T(g).
Then ) — 4 pointwise and the proof is complete. |

The following result provides continuity of the mild solution with respect to pertur-

bations of all the data of the system.

Theorem 1.2.14. Suppose that Assumption and Assumption|1.2.12|are satisfied, let
p>pt, Ye .Zg,T(S{g}), and let {Yj}jen < ffg,T(S) be a sequence converging to Y in .Zg,T(S).
Then

lim X7 = X8 in 8, (S).

j—oo
Proof. Write
XY x4 o (xBY x0Ty (x0T - x Y, (1.2.41)
J J J J
The term X*Y —th.j ¥ tends to 0 by Proposition |1.2.13] whereas the term X]t.j ¥ X;.j ¥
tends to 0 by uniform equicontinuity of the family
p _, P L oytiY
{2 ()~ 25, (9), Y — X, }jeN. m

We end this chapter with a result regarding stability of Gateaux differentials of mild

solutions.
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Assumption 1.2.15. Let b,0,g,y,n,c,M" be as in Assumption m and let {b;}jen,
{o}jen, S} jen, be as in Assumption|1.2.12} Assume that

(i) forall jeN, (w,t) € Qr,and ueU, b;((w,t),") € 9"(S,H) and 0 j(w,t),)u € 9" (S,H);
(it) for all s€[0,T],

sup sup 105,y 0 (@,8), %)z < M"g(s), (1.2.42)
i=1,...,n weQ) !
jEN X,y1,-~,Yj€§
Iylloo:--~:|yi|oo:1

and, for all s€[0,T], t€(0,T], and all m e M,
sup sup (S0, . (0 ((w,8), ey D < M"t Vep; (1.2.43)
i:.l,...,n weQ)

JeN X,Y15--,Yi €S
[¥1loo=--=l¥iloo=1

(iii) forall X €S,

lim 10}, 4. b(w,8),x) =0} bi((w,),%)|g =0 V(w,t) € Qr

) YweQ,
lim 8,0}, _y,(0((w,),%)e;,) = (S0, _y,(0((w,8),%)e;,)lar =0 { Vs €[0,T1,Vt € (0,T],
’ Vme X.

Theorem 1.2.16. Suppose that Assumption and Assumption |1.2.12| are satisfied,
and that, for some n €N, n = 1, Assumption and Assumption are satisfied.
Let p>p*, p=n. Then, fori=1,...,n,

i tj¥
ayl...YiX'

i agfl...YiXi’Y in $§T(S{f}), (1.2.44)

uniformly for Y ,Y1,...,Y; in compact subsets of 2;;(S{f}).

Proof. By Theorem |1.2.9, £5 (S)— 25, (S), Y — X" belongs to 9"(£5, (S),£5, (S)).
Then, since X" € 25 (S;)if Y € £5, (Syy), the map L5 (Sy) — L5, (S), ¥ — X
belongs to 9" (£5, (S), L5, (Sg)-

To prove (1.2.44), we wish to apply Proposition In the proof of Theorem
we associated the map v and the spaces :fé;];(S) to Assumption|1.1.12| In the same way,

here, we associate the restrictions

1
n
L5, (Sa)* Ll (S

(2)
n )
1L Su)* Lo, (S

3

W ...
|$§>’;(§<ﬂ)xx§T(§(f})’ ’

Wy ¥

respectively to the functions h(ll),h(f),h(lzg),... appearing in the assumption of Proposi-
tion|1.1.15} and, to each h(lm), we associate the functions h;m), for k =1,...,n, defined by

k
hgem )= v and considered as :fg;T(S)-Valued functions.

p" ok
klzgz.T(S(f))xfng(g{f})
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As argued several times above, we can choose A > 0 such that, for m = 1,2,... and

k=1,...,n, each function h(km) is a parametric 1/2-contractions with respect to the norm

|- |$P S With respect to this equivalent norm, for each h(l’n), Assumption |1.1.12| can
27

be verified in exactly the same way as it was verified for the function A1 appearing in

the proof of Theorem [1.2.9. Then, in order to apply Proposition [1.1.15} it remains to
verify hypotheses (i),(ii),(l), appearing in the statement of that proposition. Since the
norms || &

25, (A
convergences:

A = 0, are equivalent, the three hypotheses reduce to the following

(@) forallk=1,...,n, X € £J, (S{t})

y(Y,X) - w(Y,X) in (,%p (S |- 2 <§>) (1.2.45)

uniformly for Y on compact subsets of jfg;(&;p;
(i) fork=1,...,n

. k
lim oy (Y, X) =0y yp(Y,X) in (L5, (S| )

L (S)
(1.2.46)

Tim oy U(Y,X)=0xp(Y,X) in (L5, Sl (§>)

uniformly for Y,Y’ on compact subsets of ffg;(S{g}) and X, X’ on compact subsets

pk
(i) forallk=1,...,n=1,Y € £5 (S, ,i=0,...,n, 1=l +i=n,

lim 34 vy, X) =0y o (Y, X) in (Z2, Sl ) (1.247)

—00
J @T

uniformly for Y,Y1,...,Y; on compact subsets of ffp ! (S{f}), X on compact subsets of
k
xg,T(S{g}), X1,...,X; on compact subsets ofﬁf (S{t})
Taking into account the equicontinuity of the family {y/)} jen With respect to the sec-
ond variable, (i) is contained in the proof Proposition [1.2.13] As regarding and (i1,
since the linear term idfjj is easily treated in $£;T(§{f}) (as shown in the proof of Propo-
sition [1.2.13), the only comments to make are about the convergences of the derivatives
0y (S *¢; Fip J(X)
Jox S F )0 (O, 5 e F )0
aw
dy/(S; *¢; Fo NX) 0% v x,..x,05) %1, Fo )(X).

dx(S; ¥, Fy )(X)
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Due to linearity and continuity of the convolution operators, to the independence of the
first variable of Fy, and F;, and to Lemma [1.2.8] the above derivatives are respectively
equal to

0 Sjx1; O, x Fp)X) if1=0
S #¢; (0xFp NX) 0 otherwise
4 and « , (1.2.48)
0 S #t; 0%, x Fo)X) if1=0
S %¢, (0x1Fq )X) 0 otherwise.
Let us consider, for example, the difference
Sj#i; 0%, x,Fo) X)) =8 #; (O, x Fo)X) (1.2.49)

k
for some sequence {X};cn converging to X in ££§,T(S). We can decompose the above dif-
ference as done in (1.2.41), and then use the same arguments, together with expressions

(1.2.26), the bounds (1.2.42) and (1.2.42), the generalized Holder’s inequality, the point-
wise convergences in Assumption|1.2.15(z7), and Lebesgue’s dominated convergence the-

orem, to conclude
S-] *tj (63(1XLFUJ)(XJ) -S *z (aS(IXLFU)(X) -0

k k+ .
in Zg,T(§{,g}), forall X4,...,X; € .,%;T I(S{f}). By recalling the continuity of X — 63(1...XiFU(X)

(Lemma [1.2.8)), this shows the convergence

Sj *t; 0%, x,Fo)X) =8 %; (0%, x,Fo)X)—0, (1.2.50)

k k+1
uniformly for X on compact sets of :fg,T(S{g}), for fixed X1,...,X; € $£,T (Sy3). But, since
by Lemma the derivatives (1.2.48) are jointly continuous in X, X’ X1,...,X;, and
uniformly bounded, the convergence (1.2.50) occurs uniformly for X on compact sets of
k k+1
$§T(§{g}) and X1,...,X; on compact sets of $§T (S;). The arguments for the other
derivatives are similar. This shows that we can apply Proposition|1.1.15, which provides

(1.2.44). |



Chapter 2

Partial regularity of viscosity
solutions for a class of Kolmogorov
equations arising from mathematical

finance

In this chapter we study partial regularity of viscosity solutions for a class of Kolmogorov
equations associated to stochastic delay problems. They are linear second order partial
differential equations in an infinite dimensional Hilbert space with a drift term which
contains an unbounded operator and a second order term which only depends on a fi-
nite dimensional component of the Hilbert space. Such equations are typically investi-
gated using the notion of the so-called B-continuous viscosity solutions (see [37, (60, [95]]).
We impose conditions under which our Kolmogorov equations have unique B-continuous
viscosity solutions. However general Hamilton-Jacobi-Bellman equations associated to
stochastic delay optimal control problems which are rewritten as optimal control prob-
lems for stochastic differential equations (SDE) in an infinite dimensional Hilbert space
are difficult, not well studied yet, and few results are available in the literature.

We work directly with the value function here since its partial regularity is of inter-
est in the hedging problem outlined in the Introduction and it is well known that under
our assumptions the value function is the unique B-continuous viscosity solution to the
Kolmogorov equation (see e.g. [37,60]). We thus never use the theory of B-continuous vis-
cosity solutions. Instead our strategy for proving partial regularity of the value function
is the following. We consider SDEs with smoothed out coefficients and the unbounded
operator replaced by its Yosida approximations and study the corresponding value func-
tions with smoothed out payoff function. The new value functions are Gateaux differ-
entiable and converge on compact sets to the original value function. They also satisfy

their associated Kolmogorov equations. We then prove that their finite dimensional sec-

55
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tions are viscosity solutions to certain linear finite dimensional parabolic equations for
which we establish C1* estimates. Passing to the limit with the approximations, these
estimates are preserved, giving C1*¢ partial regularity for finite dimensional sections of
the original value function.

Partial regularity results for first order unbounded HJB equations in Hilbert spaces
associated to certain deterministic optimal control problems with delays have been ob-
tained in [39]. The technique of relied on arguments using concavity of the data and
strict convexity of the Hamiltonian and provided C! regularity on one-dimensional sec-
tions corresponding to the so-called “present” variable. Here the equations are of second
order, we rely on approximations and parabolic regularity estimates, and we obtain regu-
larity on m-dimensional sections. The reader can also consult [71]] for various global and
partial regularity results for bounded HJB equations in Hilbert spaces (see also [94]]).

We refer the reader to [37, [71, for the theory of viscosity solutions for bounded
second order HJB equations in Hilbert spaces and to [37, 60, for the theory of the
so-called B-continuous viscosity solutions for unbounded second order HJB equations
in Hilbert spaces. A fully nonlinear equation with a similar separated structure to our
Kolmogorov equation but with a nonlinear unbounded operator A was studied
in [63]]. For classical results about Kolmogorov equation in Hilbert spaces we refer the
reader to [23].

Let us recall the financial problem outlined in the Introduction. In a financial market
composed by a risk free asset B and a risky asset R with path-dependent dynamics, we
are concerned with the hedging of a path-dependent derivative. Let us assume that the
path-dependent dynamics of R (see (9) at page [1) separates the dependence of v on the
present from the dependence on the past and that the dependence on the path involves

the whole past history from —oco up to now, as follows:

dRS = T‘des + V(t,Rs, {RS,+S}S,€(—OO,O))dWS SE (t, T]
R;=xg (2.0.1)
Ry =x1(t) t' € (—00,0),

where xo € R and x1: (—00,0) — R is a given deterministic funtion belonging to L2(R™,R),
expressing the past of the stock price R. The claim that we aim to hedge has the form
PR AR T} e(~00,0)), Where ¢: R x L2R™,R)—R. In v = v(¢,x0,x1) and ¢ = ¢(xg,x1), the
“present” is then represented by xo and the “past” by x7.

We point out that model can also include the case in which the path-dependence
is only relative to a finite past window [—d,0]. To fit this case into (2.0.1), it is sufficient
to replace the coefficient v in by a v/ defined by

V,('S,Rs, {Rs+s’}s/€(—oo,0)) =v(s,Rg, 1[—d,0)('){Rs+s’}s’e(—oo,O))-
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In such a case, it is easily seen that R does not depend on the tail 1(_o —q)(-)x1 of the
initial datum. Hence a delay model with a finite delay window can be rewritten in the
form (2.0.1).

If R“@®o*1 golves (2.0.1), then in general it is not Markovian. Moreover, since both
the claim ¢ and the function u, corresponding to at p.|3|but now defined by

u(t,xg,x1):=e " TVE [q)(R;(’“’”‘l), {Rﬁ;(x‘)’xl’}t,e(_oo,:p,)] V(t,x0,21) €[0,T] x Rx L*(R™,R),

are path-dependent, the PDE analogous to (5) at p.[2] would now be path-dependent, and
it would be necessary to employ a stochastic calculus for path-dependent Ito processes in
order to relate u with the PDE, as in the non-path-dependent case.

A classical workaround tool to regain Markovianity and avoid the complications of
a path-dependent stochastic calculus consists in rephrasing the model in a functional
space setting. What we lose by doing so is that the dynamics will evolve in an infinite
dimensional space. We briefly recall how the rephrasing works. We refer the reader to
for the case with finite delay. The argument extends without difficulty to the case
with infinite delay.

We first introduce the Hilbert space H := R x L2(R™,R), the functions

F:[0,T1xH — H, (x9,x1)— (rxo,0)
2:[0,T1xH — H, (x9,x1) — (V(¢,%0,%1),0),

(2.0.2)

and the strongly continuous semigroup of translations on H, i.e. the family S:={S tHem+

of linear continuous operators defined by
Si: H— H, (x0,%1) — (x0,%1(t + )1 (—eo,—1) + X0 1[_s,0)-
The infinitesimal generator A of S is given by
A:D(A)— H, (x9,x1) — (0,x)),

where
D(A) = {(xo,x1) € H: x1 € W(R™) and x = x1(0)} .

Then we consider the H-valued dynamics

{df(s = (AX +F (¢,X;))ds+ 2 (t,Xs)dWs se(t,T], 2.03)

Xt = (x(),xl)?
where (xo,x1) € H. Under usual Lipschitz assumptions on v, it can be shown that (2.0.3)

has a unique mild solution X*®0*V (we refer to [24] for stochastic differential equations
in Hilbert spaces). The link between (2.0.1) and (2.0.3) is given by the following equation:

for all s € [0, T, X—;‘,(xo,m) _ (Ré,(xo,xﬂ’ {Rt,(xo,xl)}sre(_oo,o)) P-a.s., (2.0.4)

s'+s
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where R%(®0-%1) denotes the unique strong solution to (2.0.1). Observe that X is Marko-
vian and no path-dependence appears in the coefficients F', . This is the natural
rephrasing of the dynamics of R to get a Markovian setting for which the basic tools
of stochastic calculus in Hilbert spaces (such as Ito’s formula) are available.

We need an additional step to let the model studied in this chapter apply to the fi-
nancial problem we are considering. We rephrase as an SDE in the same Hilbert
space H, but with a maximal dissipative unbounded operator. To this goal, we observe
that A=A —% is a maximal dissipative operator generating the semigroup of contrac-
tions S :={S; := e_t/ZSt}t€R+. Let us define G(¢,x) = F(¢,x)+ g, (¢,x)€[0,T]x H. Denote by

Xt(0%1) the unique mild solution to the SDE
{dXs =(AXs+G(t,X)ds+2Z(t,X)dWs se(t,T] (2.0.5)

X =(x0,%1),

where (xo,x1) € H, t € [0,T). It is not difficult to see that X%@o-*D) = Xt(&0.x1)  Tndeed, if
{A;}151/2 denote the Yosida approximations of A, then the strong solution to

{dX;L,s = (A X5+ F(t,X25))ds+2(t,X16)dWs se(t,TI, 2.0.6)
X, = (x0,%1), -
coincides with the strong solution X ;’(xo’xl) to
A 1
X/l,s = ((A/l - _)Xl,s +G (t,X/l,s) ds+Z (t,X;L,s) dW, se(t,T],
2 (2.0.7)

Xt = (x0,%1),

by the very definition and by uniqueness of strong solutions. Recalling that strong and
mild solutions coincide when the linear operator appearing in the drift is boundedE],
X;,(xo,xﬂ solves in the mild sense. Now observe that A —% generates the semi-
group Sy = {Sy; = e_t/zeA”}tew. Since e

Art _, 8, strongly as 1 — +oo, we have also

S 1t — St strongly. Then the mild solution X /tl,(xo,xﬂ converges to the mild solution X ,(x0,x1)
as A — +oo (see e.g. the argument used to show Proposition ). Similarly, X ;’(xo’xl)
solves in the mild sense and then X;,(xo,m) — XH@02) g5 | — +00. We thus con-
clude that X*®ox1) = xt(#0%1) jn g suitable space of processes where the well-posedness
of the SDEs and the convergences above are considered.

It follows that equation (2.0.4) can be rewritten as:
for all s € [0, T, X5 = (R0 (RESOXY ) Pas.. (2.0.8)
Having (2.0.8), the function u can be written as

u(t,xo,%1) = e T OE [p(XF)| vt (no,00) €10, T] x H. (2.0.9)

1 This can be seen by an easy application of Ito’s formula, together with uniqueness of mild solutions.
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Thanks to the special structure of X in SDE (2.0.5), if u has sufficient regularity to per-

form the computations, it turns out that, for s € [0, T1],

S
u(s, X3 ) = u(0, (xo,%1)) +f ru(w, X3 dw
0 : (2.0.10)
+f DxOu(waXS;’(xo’xl))V(w,X?U’(xo’xl))dWw,
0

and the only derivative of u appearing in the above formula is the directional deriva-
tive D,,u with respect to the variable x(, representing the “present”, according to the
rephrasing R ~ X. Once that is available, one can verify, as it was done for the
case without delay (p.[2), that

0,(x0,x1) 0,(x0,%x1)Y v~0,(x0,%1)
u(s, X ) —Dyou(s, X )X
hB = = %*  and AR = D u(s, X250 vse[0,T),
S

solve the hedging problem in the delay case.

The goal of this chapter is to show the regularity of the function u, defined by (2.0.9),
with respect to the component xy, when all the data are assumed to be Lipschitz with

respect to a particular norm associated to the operator A.

The contents of the chapter are organized as follows. Section [2.1| contains some no-
tation and various results about the mild solution X to (2.0.5), its extension to a bigger
space with a weaker topology related to the original unbounded operator A, and various
approximation results. In Section we study viscosity solutions to the approximating
equations, investigate finite dimensional sections of viscosity solutions, prove their reg-

ularity, and obtain the partial regularity for the original value function (Theorem [2.2.9).

2.1 Preliminaries

In the present chapter, differently than in Chapter [1, we will not need to distinguish
between Gateaux differentials with respect to various subspaces, and we will deal only
with Gateaux or Fréchet differentials up to order 2. Because of that, for a function f =
f(t,x), we adopt the more standard notation f;, V.f, D.f, Dgzc f, for the partial derivative
of f in ¢, the Gateaux differential, the Fréchet differential, the second order Fréchet
differential of f with respect to the second variable x, respectively. For E, F real Banach

spaces:

J Cﬁbl(E,F) denotes the space of continuous functions f: E — F such that the Gateaux

derivative Vf(x) exists for every x € E, the function

Vf:E— L(E,F)
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is strongly continuous, and

sup|Vf ()&, F) < +oo.

xeE
When E is a Hilbert space and F' =R, we identify Vf with an element of E through
the Riesz representation E* = E.

o %l? ’1([0,T] x E,F) denotes the space of continuous functions f: [0,T]x E — F such
that the Gateaux derivative in the x variable V,f(¢,x) exists for every x € E, the
function

V.f:[0,T1xE — L(E,F)

is strongly continuous, and

sup  |Vif (¢, %)L& F) < +oo.
(t X)e[0,TIE

. Ci(E ,F') denotes the space of continuous functions f: E — F, continuously Fréchet
differentiable, and such that

sup |D f (%)|L&,F) < +oo,
x€eE
where Df denotes the Fréchet derivative of f.
e C%([0,T]1xE,F) denotes the space of continuous functions f: [0,T]x E — F, con-
tinuously Fréchet differentiable with respect to the second variable.
o Cg’l([o, T1x E,F) denotes the space of functions f € C%([0,T] x E,F) such that
sup  |Dyf(t, %)L& F) < +oo,
(¢,%)€[0,TIxE

where D, f denotes the Fréchet derivative of f with respect to x.

When F =R, we drop R and simply write 9}(E), 9, (E), Cy' ([0, T1x E), and Cy ([0, T
E).

Though the notation could appear to be misleading, observe that if f € Cg’l([O,T] X
E F)or fe Cll)(E,F), then f is not supposed to be bounded.

Let m > 0 be a positive integer, and let U be an open subset of R™. Let a,b be real
numbers such that a < b. Define @ :=[a,b) x U and 0pQ :=0U x [a,b]u{b} x U.

(i) For a €(0,1), C1**(Q) denotes the space of continuous functions f : @ — R such that
D, f(t,x) exists classically for every (¢,x) € @, and such that

lu(s,y) —u(t,x) — (D f(t,x),y — x)m]
Iflc1+a@) = floo +1Dxfloc+  sup = T T < +oo,
2 +a)/2
(£,2),(5,9)€Q (It =sl+lx—yl3)
(t,0)#(s,y)

where |- | is the supremum norm, and |-|,, and (,-),, are the Euclidean norm and

scalar product in R™ respectively.
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(i) For a € (0,1), C1*%((0,T) x R™) denotes the space of continuous functions f: (0,T) x

loc

R™ — R such that, for every point (¢,x) € (0,7T) x R™, there exists € > 0 and a,b €
(0,T), with a < b, such that f € C1*%([a,b) x B(x,¢)) @).

(iii) For p =1, WH2P(Q) denotes the usual Sobolev space of functions f € L?(Q), whose
weak partial derivatives u;, fy; and fy;x; belong to LP(Q). W12P(Q) is equipped
with the norm

1/p
— 2
Flwrangy = (1150 + felbaigy * 1D 2oy + D2 12,0

Let (Q,F :={F}te10,11, % ,P) be a complete filtered probability space. We will make use
of the notation .ngT(C([O, T1,E)) introduced in Chapter (1, Section

2.1.1 Hpg-extension of SDEs

Let m =1, and let H; be a real separable Hilbert space with scalar product (-,-)g,. Define
H :=R™ x H;. Whenever x is a point of H, we will denote by x¢ the component of x in R™

and by x; the component of x in H;. We endow H with the natural scalar product

((x0,21),(¥0,¥1)) = (%0, Y0)m + (X1, Y1) H; V(x0,%1),(0,y1) € H.

We denote by W the space C([0,T],H) of continuous functions [0,7T] — H.
Let G: [0,T]xH — H and o: [0,T] x H — L(R™). We will consider the following as-

sumptions on them.

Assumption 2.1.1. The functions G and o are continuous, and there exists M > 0 such
that

IG(t,x)— G, )| +1o(t,x) - o(t,y)IL@m) < Mlx— ylg V(t,x),(¢,y)€[0,T]x H.

We associate to o the following function:
>:[0,T1x H— L(R™,H),

defined by
2(t,x)y = (o(t,x)y,01) (2.1.1)

for (¢,x)€[0,T]1x H, y e R™, and where 01 denotes the origin in H;.
The following assumption will be standing for the remaining part of the chapter.

Assumption 2.1.2. S is a strongly continuous semigroup of contractions, with A as its

infinitesimal generator.

2B(x, ¢) denotes the open ball centered at x of radius ¢.
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We remark that Assumption implies that A is a linear densely defined maximal
dissipative operator on H. In the rest of the chapter A is an abstract operator which may
be different from the operator A = A — % introduced at p.

Let W be a standard m-dimensional Brownian motion with respect to the filtration F.
For t€[0,T) and x € H, consider the SDE

{dXS:(AXS+G(s,Xs))ds+Z(s,Xs)dWs se(t,T]
(2.1.2)

Xt=x.

It is well known (see [24], Ch. 7], or Chapter [1] in this thesis) that, under Assumption
for p > 2, there exists a unique mild solution in $§T(W) to (2.1.2), i.e. a unique
process X% € ££§,T(W) such that

x s€[0,¢]
t,x
Xs = s t,x § t,x
Se_ s+ f S Gw, X5 )dw + f SewZ(w, XE5)dW,, set,Tl.
t t

Moreover, for every ¢t € [0,T], the map
H— $§,T(W), x— X (2.1.3)

is continuous and Lipschitz.
For future reference, we state existence and uniqueness of mild solution in the fol-
lowing proposition, where we also show continuity in ¢, and we introduce tools useful for

later proofs.

Proposition 2.1.3. For any p > 2, under Assumption there exists a unique mild
solution Xt* € .;%g,T(W) to SDE (2.1.2), and the map

[0,T1] X(H,I-IH)—>££§,T(W), (t,x)— X" (2.1.4)
is continuous in (t,x), and Lipschitz in x, uniformly in t.

Proof. The proposition can be seen as a particular case of Theorem [1.2.6, which provides
existence, uniqueness, and uniform Lipschitzianity, and of Proposition|1.2.13| which pro-

vides also continuity in time. [ |

We are going to endow H with a weaker norm, and give conditions such that the
above continuity in (¢,x) of X* extends to the new norm. We will also make assumptions
which will guarantee the Gateaux differentiability of the mild solution with respect to
the initial datum x in the space with the weaker norm and the strong continuity of the

the Gateaux derivative.
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Let R: D(R) — H be a densely defined linear operator such that R: D(R) — H has
inverse R™! € L(H). Then B=(R*) 'R 'e L(H) is selfadjoint and positive. For x € H,
define

lxl2 = (Bx,x) = [R5, (2.1.5)

Such norms have been introduced in the context of the so-called B-continuous viscosity
solutions to HJB equations in [19] 20] and used in many later works on HJB equations
in infinite dimensional spaces (see [37, Ch. 3] for more on this). The space H endowed
with the norm |- |g is pre-Hilbert, since |- |g is inherited by the scalar product {x,y)p =
(BY2yx B12yy  where B2 is the unique positive self-adjoint continuous linear operator
such that B = BY2B2, Denote by Hgp the completion of the pre-Hilbert space (H,||p).
With some abuse of notation, we also denote by |-|g the extension of |-|g to Hg. We denote
by Wg the space C([0,T],Hp) of continuous functions [0,T] — Hpg.

By definition of |- |g, R: (D(R),|-|g) — (H,|-|p) is a full-range isometry. This implies
the following facts:

(1) there exists a unique extension R : H — Hpg;

(2) R and R! are isometries;

3) R71= I?jl, where R~1: H g — H is the unique continuous extension of R L.

Denote by R the operator R considered as an operator Hg > H = D(R) — Hpg. The above

facts imply that R is a densely-defined full-range closed linear operator in Hg, and that
D(R) is a core for R.

We will need the following proposition.
Proposition 2.1.4. Let R: D(R) c H — H be a densely defined linear operator such that

R~Ye L(H). Let Hg be the Hilbert space defined above as the completion of H with respect
to the norm | -|g given by (2.1.5).

(i) Suppose that
StR CRSt Vt€R+. (216)

Then, for every t € R, there exists a unique continuous extension S, of St to Hp, the

family S = {S;}ser+ is a strongly continuous semigroup of contractions on Hg, and

S,RcRS, VteR', (2.1.7)
A=RAR ' (2.1.8)

where A is the infinitesimal generator of S.
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(it) Suppose that

AR =RA, (2.1.9)
D(A)cD(R). (2.1.10)

Then @2.1.6) is satisfied and the Yosida approximations {A,},=1 of the infinitesimal
generator A of S are given by the unique continuous extensions to Hg of the Yosida

approximations {A,},>1 of A, i.e.

A,=A, Vn=1.

Proof. (i) Suppose that holds true. Observe that implies
AR cRA. (2.1.11)
Since R™1S; =S;R~1, we have
1Sexlp = IR 'Suxlg =1S: R 'xlg < IR 'xlg=lxlp  VteR",xeH.

We can then extend each S, to an operator S; € L(Hp) with the operator norm less than
or equal to 1. By density of H in Hp, it is clear that the family {§t}t€R+ is a semigroup of

contractions. Moreover, for x € H,
lim |S;x — x| = lim |[R™1(Syx - )|z = lim |S;R"*x—~R x|z = 0.
t—0+ t—0* t—0+

The above observations imply that the family {S;};cg+ is uniformly bounded and strongly
continuous on a dense subspace of Hg. Thus, by [36, Proposition 5.3], S is a strongly

continuous semigroup on Hpg.

We now prove (2.1.7). Let (x,Rx) € I'(R), where I'(R) is the graph of R. We noticed
that D(R) is a core for R. Then we can choose a sequence {(x,,Rx,)}nen € I'(R) such that
(xn,Rx,) — (x,Rx) in Hg x Hg. Hence, using (2.1.6)), we can write

§tl_%x: lim §tRxn: lim StRxn: lim RStxn: lim I_%gtxn,
n—+oo n—+o0o n—+oo n—+oo

where all the limits are considered in Hg. This means that {R S;x,}nen is convergent in
Hp. We recall that R is closed in Hp and we observe that S;x,, — S;x in Hg by continuity.
Thus we conclude that R S;x, — R S;x in Hg. This proves (2.1.7).

Now let A be the generator of the semigroup {S;: Hg — Hg};cr+. Obviously A is an
extension of A, i.e. Ax = Ax for x € D(A). We will show that D(A) = R(D(A)). Using
(2.1.7) we have for x € Hp,

S;—1I S;—1

lim x = lim
t—0+t t—0t

— _S,-I— _S,—I—-
RR 'x=(y @) = 11%11%"‘73 = limR2LR
t— +

t—0*
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The last limit exists in Hp if and only if the limit
St —-I—-1

lim R «x
t—0t ¢
exists in H. Therefore we conclude that
D@A)=R(D(A) and Ax=RAR 'x VxeDQ), (2.1.12)

which can be written as (2.1.8).

Let {A,},>1 be the Yosida approximations of A. We begin by showing that
(n-A)'RcR(n-A)"' Vn=1. (2.1.13)
By (2.1.10), it follows that
D((n-A)'R)=D(R)cH=DR(n-A)".

By (2.1.10), we have, for x € D(R),

A(n-A)x=n(n-A)'x—x<cD(A)+D[R)cD(R), (2.1.14)
hence (n —A) 'x e D(RA). Then, by using (2.1.9), we can write, for x € D(R),

(n-A)'Rx=(n-A)'Rn-A)n-A)x=(n-A) ' (n-ARn-A)'x=R(n-A) '«

This shows (2.1.13).
We now claim that
e!AnR c RetAn, (2.1.15)

where e4r is the semigroup generated by A,. By (2.1.13), we have

A,Rx=n?(n-A) 'Rx—nRx=n’R(n-A) 'x—nRx=RA,x VxeD(R),

hence
A,R cRA,. (2.1.16)
Let x € D(R). By (2.1.14) and (2.1.16),
A*Rx=RA*x  VEkeN. (2.1.17)
For t e R* and m € N, define
Ym =) EA”x'
k=0"""

By (2.1.14), y,, € D(R). Moreover, lim,_. ,c0 ¥m = e'47x and, by 2.1.17),

m 3k

t
lim Ry, = lim Y —AFRx=e""Rx.

m—+oo m—>+ook:0k!
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Since R is closed, it follows that e4nx € D(R), and Re'4nx = e*4»Rx. Since this holds for

every x € D(R), we conclude e?4"R c Ret4r.

We can now prove that (2.1.6) is satisfied. Let x € D(R). By (2.1.15),

lim Re!rx = lim e*4"Rx = S,Rx.

n—oo n—oo

Since R is closed, we have lim,_.o,e?4"x = S;x € D(R) and RS;x = S;Rx. Then (2.1.6) is
verified.
We can now conclude the proof. By (2.1.15), arguing as it was done for S, we obtain

that every S, can be uniquely extended to the semigroup etAn on H 5 generated by A,,.
Similarly to (2.1.12), we have

DA,)=R(D(A,)) and A, x=RA,R Yy VxeD(A,,). (2.1.18)

We observe that R(D(A,)) = R(H) = Hg. If x € H, by 2.1.10), (2.1.12), (2.1.13), and
(2.1.18), we have

A,x=RA,R lx =RnA(n —A)_ll_ﬁ_lx =RnA(n-A)" 'R x
=n(RAR T DRn-A) 'R Hx=n(RAR H(n-A) x=nA(n-A) 'x,

which can be written as
A_nx =nA(n-A)lx= an Vxe H,

where A, is the Yosida approximation of A. Finally, since both A, and A,, are continuous

on Hp, and since H is dense in Hg, we obtain

and then ¢4 = ¢4 where e*4" is the semigroup generated by A,,. [ |

In the remaining of this section we will assume that (2.1.9) and (2.1.10) hold true.

Assumption 2.1.5. The functions G and X are Lipschitz with respect to the norm |- |,
with respect to the second variable and uniformly in the first one, i.e. there exists M > 0
such that

|G(t,x) - G(t,y)|B +|Z(¢,x) — Z(t, ¥)|L@n HE) < M|x - ylB (2.1.19)

for all t €[0,T), x,y € H. Denote by G (resp. %) the unique extension of G (resp. 2) to a
function from [0,T]x Hpg into Hp (resp. from [0,T] x Hg into L(R™,Hp)).
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Remark 2.1.6. It is obvious that Assumptions|2.1.1]and [2.1.5| are satisfied if

|G (¢,2) -G, Y)|u +10(t,x)—0(t,y)ILwn) < Mlx - ylB. (2.1.20)

It is then easy to see that the functions Gy(¢,x) = G(¢,Rx) and o¢(¢,x) = 0(¢,Rx) defined
on [0,T] x D(R) satisfy

|Go(t,x)—Go(t,y)g +1oo(t,x)—oo(t, YLwn) < M|x—ylg (2.1.21)

for t € [0,T] and x,y € D(R), and hence they uniquely extend to functions defined on
[0,T] x H satisfying for all t €[0,T] and x,y € H. The converse is also true, i.e.
(2.1.21) implies (2.1.20). Thus is satisfied if and only if G(¢,x) = Go(¢,R 1x),
o(t,x) = oo(t,R1x), for (¢,x) €[0,T] x H, for some Gg, 0o which satisfy forall te
[0,T] and x,y € H. We notice that for o, is also necessary for Assumptions [2.1.1
and

For instance, focusing on o (which corresponds to v in the financial problem consid-
ered in the introduction to the present chapter, pp. [56H59), this condition is easily seen
to be satisfied if

o(t,%) = f(t,(x, 5, (x,5™)

for some f: [0,7T] x R* — L(R™) Lipschitz continuous in the last n variables (uniformly

for t €[0,T]) and 7,...,5" € D(R*). Indeed, in such a case we can write
a(t,x) = f(t,x, 7Y, ..., 7)) = oo(t, R x), (2.1.22)

where oo(t,x) = f(t,{x,R*51),...,(x,R*¥™)). Since later in (2.1.37) we take R =A -1, in
applications to our financial problem (pp. 59) this would mean that

F =G eRxWH®RY)  i=1,...,n.
Thus a function of the form

o(t,x)= f(t,xéyé,f

0

0
x%(s)&}(s)ds,...,xgyg,f
(e8]

x'll(s)yf(s)ds) ,
—o0
where f: [0,T] x R?" — L(R™) is continuous in the 2n + 1 variables and Lipschitz con-
tinuous in the last 2n variables, uniformly for ¢ € [0, T'], satisfies Assumptions|2.1.1|and
One can also give an equivalent condition which may be easier to check. We can only
require that G(t,x) = Go(t,Kx), o(t,x) = oo(t,Kx), for some Gg,0( satisfying for
all t €[0,T] and x,y € H, and a bounded operator K on H such that |Kx|g < C|IR x|y
for all x € H. The last requirement (see e.g. [24], p. 429, Proposition B.1]) is equivalent
to K*(H) c (R"Y)*(H) = D(R*). In particular, if K is the orthogonal projection onto a
finite dimensional subspace H of H, then we need Hy c D(R*). By assuming without
loss of generality that 7',...,7" in (2.1.22) are orthonormal, then the previous example

is readily reduced to the present if K is the orthogonal projection onto span{y?,...,7"}.
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Under Assumption we can consider the following SDE on Hp
dX,=(AX:+G(s,X))ds+2(s,X)dWs, se(t,Tl,
_ (AXs+Gls X)) (5. X )dW: (2.1.23)
Xt:xa

where x € Hg, t €[0,T). By changing the reference Hilbert space from H to Hg, we can
apply Proposition and say that SDE (2.1.23) has a unique mild solution }_(t’x in
.ffg,T(WB), and [0,T]1xHpg — ,(fg,T(WB), (t,x)— )_(t’x, is continuous and |-|g-Lipschitz with

respect to x, uniformly in ¢.

Proposition 2.1.7. For any p > 2, under Assumptions 2.1.1| and 2.1.5] there exists a
unique mild solution X" e fé’g,T(WB) to SDE (2.1.23), and the map

[0, 71 x Hp — L5, (Wp), (t,x)~ X (2.1.24)

is continuous in (t,x), and Lipschitz in x, uniformly in t. If x € H, )_(t’x € yig;T(W) and
Yt’x = Xb*, where X' € $§,T(W) is the unique mild solution to SDE (2.1.2).

Proof. The first part follows from Proposition It remains to comment on the fact
that X** =X " ifx € H. The space ‘Zg)T(W) is continuously embedded in .Efg,T(WB). Thus,
if G and X satisfy Assumptions|2.1.1]and[2.1.5] and if the initial value x belongs to H, the
mild solution X% to is also a mild solution to (2.1.23), and then, by uniqueness of
mild solutions, X** = X" in ,%;T(WB). [ |

In order to obtain an a-priori estimate giving the regularity in which we are inter-
ested, we will need to approximate mild solutions with other mild solutions to SDEs with

smoother coefficients.

Proposition 2.1.8. Let G and o satisfy Assumptions and There exist se-
quences {Gnlneny © Cy ([0, T x H,H), {Zp}nen < Cp (10, T1 x H,LR™, ), with Zn(t,x)y =
(o,(t,x)y,01) for some 0, € Cg’l([O,T] x H,L(R™)), satisfying:
(i) For every n € N, G, and X, have extensions En € Cg’l([O,T] x Hg,Hpg) and X, €
CyN(0,T1 x Hp, L(R™, Hp)).

(i) For all (¢,x),(t,y)€[0,T]1x Hp,

sup |G, (t,x)— G,(t,y)lp < Mlx—y|p (2.1.25)
neN
sup [, (%) = 2, (t, V) Lwm H1z) < Mlx - ylp. (2.1.26)
neN

(iii) For every compact set K c Hp,

lim sup |G(t,x)—G,(t,x)g=0 (2.1.27)
=0 (¢ x)e[0,T1xK
lim  sup  [Z(t,%) — Z,(t,%)|L@®m zz = 0. (2.1.28)

=0 (¢ x)e[0,T1xK
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Remark 2.1.9. We remark that, due to the fact that the range of X is finite-dimensional
(see ([2.1.1)), once the above continuity/differentiability/approximation conditions for X,
are satisfied with respect to Hg, they automatically hold for X, with respect to H.

Proof of Proposition [2.1.8] The proof uses approximations similar to those in [82]]. Let
{en}nen be an orthonormal basis of Hg contained in H. For n € N, let us define the

functions

n
I,:R*—Hp, y— Y yres
k=1

and

P,:Hg —R", x— ({(x,e1)B,...,{x,en)B).

It is clear that |1, | @ Hz) =1 and |1, P, #g) = 1. We observe also that, for every n €N,

the linear operator
n

Hpg—H, x—I,P,x=) (x,ex)pe},
k=1

is well defined and continuous. Denote c,, := |I,,Pp |1z, H)-

Let

1
e 12 ifre(-1,1)
@(r) =
0 otherwise,

and, for every n € N,
-1
Cp:= (fR w(nlyln)dy) ,

where |-|,, denotes the Euclidean norm in R”. Define
gn:[0,T1xR" - H

by standard mollification

-1

gn(t,y) = Cn (G(taln’) * <P(TL| : |n)) (y) = anl; G (ta Z Zkek)(l)(n|y—2|n)d2,
i k=0

for all (¢,y) € [0,T] x R". We observe that g, is well-defined, because G is H-valued and
continuous, and ¢ has compact support. By Lebesgue’s dominated convergence theorem,
g5 1s continuous.

Since the map R" — R, z — ¢(n|z|), is continuously differentiable and has compact
support and since G is continuous, by a standard argument we can differentiate under

the integral sign to obtain g, is differentiable with respect to y and

(y—2,U)n
|y_2|n

Dygn(t,y)v:nCnf G(t,I,2)¢ (nly—-zl,) dz.
Rn

By Lebesgue’s dominated convergence theorem, the map

[0, T]xR" xR" — H, (t,y,v)— Dyg,(t,y)v
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is continuous. Thus g, € C%1([0, T1x R, H). Define

G,:[0,T1xHg — Hp

En(t,x) =g,(t,Pyx)=C, | G(t,I,P,x—1,2)p(nlz|l,)dz V(t,x)el0,T]xHp.
Rn

Since G,([0,T]x Hg)  H, we can also define G,,: [0,T1xH — H by G,(t,x) = En(t,x)
for every (¢,x) € [0,T1x H. Then G, € C%1([0,T]x H,H) and G,, € C*1([0,T] x Hg,Hp).
Moreover, by Assumption [2.1.1}
G (t,2)—Gr(t,2)| g = |80 (¢, Ppx) — gn(t,Prx)g
<C, | |Gt 1,Prx—1,2)-G(t,],Prx'—1,2)|59(nlzl,)dz (2.1.29)
Rn
=M |Inan —Inan’|H <Mec,lx—x'|g < McnIR_llL(H)Ix —x'lm,

for every t € [0,T'] and x,x’ € H. Similarly, by Assumption [2.1.5),

G (t,%) = G(t,5)|B = |gn(t,Prx) — gn(t,Prx)lB

(2.1.30)
SM|Inan—Inan'|B SM|x—x'|B,

for every t € [0,T] and x,x' € Hp. Thus G, € Cy''(10,T1 x H,H) and G, € Cy ([0, T] x
Hp,Hp).
To prove (2.1.27) for every compact K c Hpg, we first notice that

sup|l,P,x—x|p =€, — 0asn— +oo.
xeK

Thus by (2.1.19),

lim sup |G@t,I,P,x)—G(t,x)g< lim Me, =0. (2.1.31)
n—’+00(t’x)€[0’T]XK n—+oo

Moreover, for (¢,x) € [0,T] x Hp,
(G(t, T, Po) — Gt )15 < Cy f G (8, 1Py~ In2)~ G (¢, [Pyl gnl2l,)dz
Rn
M
<MC, f L2lp@(nlzl)dz < MC, fR @izl <
Rn n

This, together with (2.1.31), gives (2.1.27).

We have thus proved that {G,},en © Cg’l([O,T] x H,H), that {En}ne,\, c Cg’l([O,T] X
Hpg,Hp), and that (2.1.25) and (2.1.27) hold true.

The other half of the proof, regarding %, is similar. We only make a few comments.
For n €N, define

(n: R*— L[R™)
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by

Cn(t,y) =C, (O'(tyln') * (p(n| : |n))(y) =C, - o (t7 Z Zrer <p(n|y —zlp)dz,

k=1
for all (¢,y) € [0,T]1xR", and 7,:[0,T]x Hg — L(R™) by 7,(t,x) := {,(¢,I1,P,x) for all
(t,y) € [0,T]xR"*, and n € N. Arguing as it was done done for g,, we have that (, €
C%1([0,T]1 x R*, L(R™)), and then 7, € C%1([0, T1x Hg, L(R™)). Moreover,

lon(t,x)—0n(t,x)p<M |x —x'

. (2.1.32)

and hence 0, € Cg’l([O,T] x Hg,L(R™)). The proof of (2.1.28) is done in the same way as
for G,,. Finally we define

Z,(t,0)y = (@n(t,5)y,01) V(t,x)€[0,T1x Hp, VyeR", YneN

and
Tat,x)y =2, x)y Y(x)e[0,T1xH, VyeR", VneN.

This concludes the proof. |

Unless otherwise specified, Assumptions |2.1.1| and [2.1.5| will be standing for the re-

maining part of the chapter, and {G,},en, {Znlnen, {@n}nel\,, {Z,,},n will denote the se-

quences introduced in Proposition [2.1.8

Let {A,},>1 be the Yosida approximation of A. We recall that for every n = 1, by
Proposition A, has a unique continuous extension A, to Hg,and A,, = A, where
{A,}nen is the Yosida approximation of the infinitesimal generator A of S. We remind
that we denote by etAn the semigroup generated by A,,. For ¢ € [0,T) and n = 1, we denote

by X5*, )_(;’x, respectively the unique mild solutions to

an,s = (Aan,s +Gp (S’Xn,s)) ds+Z, (S’Xn’s) dW; se(t,T]

(2.1.33)
Xn,t =X € H,
i}_(”’s = (AnXns+Gn(5,Xns))ds +Zn(s,Xns)dWs  se€(,T] (2.1.34)
Xn,t =X € HB.

For any p > 2, existence and uniqueness of mild solution are provided by Propositions
and |2.1.7] together with the continuity of the maps

[0,T]xH — 2;;,T(W), (t,x)—X2*  [0,T1xHg — ffg,T(wB), (t,x) — )_(f;x. (2.1.35)

Proposition 2.1.10. Let Assumptions2.1.1|and 2.1.5|hold and let p > 2. Then:

(i) For every neNand x € H, Xflx = )_(f;x (in $§,T(WB)).
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(i1) limn_,+oo)_(i’x = )_(t’x in ££§,T(WB) uniformly for (t,x) on compact sets of [0,T] x Hp.
(iii) For every n € N the map
[0, 71 x Hp — L5, (Wp), (t,x)— X" (2.1.36)
belongs to ng’l([o, T1x Hg, .Eﬁg,T(WB)).
(iv) The set {Vx)_(;’x}neN is bounded in L(HB,£££;,T(WB)), uniformly for (¢,x)€[0,T]x Hpg.

Proof. Let (¢,x) € [0,T]x H. Since A,, = Zn on H, we have e54r = eszn on H for all
s € R*. Recalling that $§T(W) is continuously embedded in $§,T(WB), we then have that
the mild solution X5* is also a mild solution to (2.1.34) in ggT(WB). By uniqueness we
conclude that X5 = X" in 25, (Wp).

This is a consequence of Theorem [1.2.14) and of the continuity of

(0,71 x Hp — £5, (W), (t,x)—X ",

provided by Proposition[2.1.7]
. . A . ST T2
+ Theorem |1.2.9| provides the Gateaux differentiability of X °, for fixed ¢, and
the boundedness of Vx)_(t’x, uniformly in (¢,x). Theorem |1.2.16|implies that

. —t+h,x
limV, X
h—0

—ti,x
y=V X"y

uniformly for (x,y) on compact subsets of Hg. The two facts implies the strong continuity
of
[0, 71 x Hp — L5, (Wp), (£,2)— V,X ]

We will make a particular choice of R and thus B. Recall that (0,+0c0) is contained in
the resolvent set of A (and hence of A*). For 1 >0,let Ay :=A-1, A} =A"-1=(A-1)".

If R = Ay, then (2.1.6), (2.1.9), and (2.1.10), are satisfied. We can then apply all of the
above arguments with

B=Ba, =(A)1AL
Notice that
By, < (1+1A= VA L) IxlB, YA, A €(0,+00), x € H,

hence the norms |- |g m and |- |p 4y are equivalent. We will thus pick A =1 and from now
on we set
B:=Bs1=(A}ATL (2.1.37)

We observe that with this choice of B we have

lxlg=1(A-I)"'x|y VxeHp,
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and
x,)p=(A-D"'x,(A-D"y) Vx,yecHp.

In particular
a,Mp=WA*-I)YA-I)"'x,y) VYxeHg, VyecH.

2.2 Viscosity solutions to Kolmogorov PDEs in Hilbert

spaces with finite-dimensional second-order term

We remind that throughout the rest of the chapter B is defined by (2.1.37). For this
B, Assumptions [2.1.1] and [2.1.5| will be standing for the remaining part of the chapter,
{Grlnen, {Zntnen, {En}neN, {Z.}.n denote the sequences introduced in Proposition
the operators A,, n = 1, are the Yosida approximations of A, and X%~ )_(;’x are respec-
tively the mild solutions to (2.1.33), (2.1.34), with B = B4 1, n = 1. We recall that, by
Proposition X = )_(t’x and Xflx = Yf{x for every (¢,x)€[0,T1xH, n = 1.

2.2.1 Existence and uniqueness of solution

The following assumption will be standing for the remaining part of the chapter.

Assumption 2.2.1. The function h: Hg — R is such that there is a constant M = 0 such
that
|h(x)—h(y)|<M|x—ylp Vx,yeH. (2.2.1)

The function A extends uniquely to h : Hg — R which also satisfies (2.2.1). Taking
the inf-sup convolutions of & in Hp (see [37, [68]) we can obtain a sequence of functions

{(hptnen © Cé(H B) (and even more regular) such that

sup |Dh,(x)| < +00 and lim sup h(x)—hp(x)| =0. (2.2.2)
n(ill\l n_'+°°x€HB
XElp

The restriction of &, to H will be denoted by A .
We define the functions

w: [0,T1x H =R, (t,2)—E [h(X")

) (2.2.3)

n: [0,T1x H — R, ()~ E | hn(X}75)

, n=1 (2.2.4)

By sublinear growth of 2 and 4,, u and u, are well defined. Each of the above func-
tions has an associated Kolmogorov equation in (0, 7] x H. However we will only need to

consider the equation satisfied by u,. We also define
110,71 x Hp — R, (1,0 —E [0 X7, nz1.

We observe that u, = wn0,71xH-
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Proposition 2.2.2. Let p > 2. Then:

(i) u, is uniformly continuous on bounded sets of [0, T1x(H,|-|g) and, for every t € [0,T],
un(t,-) is | - |g-Lipschitz continuous, with a Lipschitz constant uniform in t € [0,T]

and n=1.

(ii) For every n =1, the sequence {u,},>1 converges to u uniformly on compact sets of
[0,T]x H.

(iii) Foreveryn=1, u,€ ng’l([O,T] x H), and

sup |Veun(t,x)| g < +o00, (2.2.5)
(t,%)€[0,TIxH
n=1

sup |A;qun(t,x)|H < +00. (2.2.6)
(t,x0)el0,TIxH
n=1

Proof. (i) From and Proposition [2.1.10Jf),{27),(v), it follows that u, is continuous
and |- |g-Lipschitz continuous in x with a Lipschitz constant uniform in ¢ € [0,T'] and
n=1.

The uniform continuity of u,, on bounded sets is standard since we are dealing with
bounded evolution and can be deduced from a more general result, see e.g. [24] The-
orem 9.1], however we present a short argument. We first notice that it follows from
Proposition [2.1.10ffzz),(v) that, for any r >0 and n = 1, there exists K > 0 such that

t,X

n |$§>T(WB)SK Vtel[0,T], Vxe Hg, |x|g<r.

X

Secondly, we recall that, for t € [0,7] and x € Hg, X flx is a strong solution to (2.1.34),
because A, is bounded (see footnote [1jon p. . Thenif0<¢<¢ <Tandx€ Hp, |x|p <,
for some constants C1, Cy depending only on T', K, 1A, L(Hp)> and on the Lipschitz and

the linear-growth constants of En and X,, by standard estimates we have

s 2

SCl(t'—t)+C2f E
tl

‘—t,x —t' x

X X

nw  “nw B

dw Vselt,TI.

2
E
B

‘—t,x —t'x

X X

n,s  “*n,s

By Gronwall’s lemma, the inequality above provides

— 12
E|[Xor-X,7| | <Cre® @ - n. (2.2.7)

The uniform continuity of u,, on [0, T1x{x € H : |x|g < r} is then obtained by (2.2.2), (2.2.7),
and by the |- |p-Lipschitz continuity of )_(fl’x in x with a Lipschitz constant uniform in
tel0,T].

Part (t7) is a consequence of Proposition [2.1.10(g),([Z) and (2.2.2).
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Let n = 1. By [23] Ch. 7, Proposition 7.3.3], the map
En: L5, (Wp) — LP(Q,F1,P),Hp), Z— hy(Zr)
belongs to gg(zg,T(wB),LP((Q,PJT,P),HB)), and
(V2EAZ)Y)r =Dho(Zr)Yr  VZ,Y € £}, (Wp). (2.2.8)

By Proposition [2.1.10fiz), linearity and continuity of E on L?((Q2,%7,P),Hp), formula
(2.2.8), composition of strongly continuously Gateaux differentiable functions with bounded
differentials, we obtain u, € éél? ’1([0, T]1x Hp) and

(VTn(t,%),y)p = E [Dﬁn()_(f;f}) (vx)_(f;"y)T] V(t,x,y)€[0,T1x Hg x Hg.  (2.2.9)

By Proposition [2.1.10[fv), (2.2.2), (2.2.9),

sup Ve, (t,x)|g < +oo. (2.2.10)
(t,x)e[0,T1xHp
n=1

By continuous embedding H — Hp and by (2.2.10) we have also

uy €49, ([0,T]x H), sup  |Veun(t,x)lg < +oo, (2.2.11)
(¢,%)el0,T1xH
n=1

which shows (2.2.5). Moreover, since
Voln(t,x) = (A" = 1DHA - 1)1V, (),
we obtain from (2.2.10) that

sup  |[A*Viu,(t,x)|g < +oo. (2.2.12)
(t,2)e[0,T1xH
n=1

Therefore, recalling that S is a semigroup of contractions, we have

A Vaun @0 < In(n— A) L@ A" Veun(t,0)| g < |A*Vaun(t,0)lg

for all (¢,x) € [0,T] x H which, together with (2.2.12), shows (2.2.6). [ |

We now define forn =1
1
L,:[0,T1xHxHxS,, >R, (t,x,p,P)— (p,G,(t,x)) + ETr(an(t,x)a;:(t,x)P)

where S,, is the set of m x m symmetric matrices.

We consider the following terminal value problems

oo (2.2.13)

—v;—(Ax,D,0)—L,(t,x,Dv,D? v)=0  (t,x)€(0,T)x H
v(T,x)=h,(x) xeH.

Since the operator A, is bounded we will use the definition of viscosity solution from
[73]].
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Definition 2.2.3. A locally bounded @) upper semi-continuous function v on (0,T]x H is
a viscosity subsolution to (2.2.13) if v(T',x) < h,(x) for all x € H, and whenever v—¢ has a
local maximum at a point (£,%) € (0,T) x H, for some ¢ € C12((0,T) x H), then

—i(t,2) — (An%,Dy(t,2)) —Ln(f,&,Dx(p(f,aﬁ),D,%O(p(f,fc)) <0.

A locally bounded lower semi-continuous function v on (0,T] x H is a viscosity supersolu-
tion to (2.2.13) if v(T,x) = h,(x) for all x € H, and whenever v — ¢ has a local minimum at
a point (,%) € (0,T) x H, for some ¢ € CH2((0,T) x H), then

—pi(£,8) — (AnR, D (,8)) —Ln(f,fc,Dxtp(f,&),Dio(p(f,fc)) = 0.

A viscosity solution to (2.2.13) is a function which is both a viscosity subsolution and a
viscosity supersolution to (2.2.13).

Theorem 2.2.4. For n = 1, the function u, is the unique (within the class of, say lo-

cally uniformly continuous functions with at most polynomial growth) viscosity solution

to (2.2.13).

Proof. Since A, is a bounded operator this is a standard result, see e.g. [37, [60, [73].
Notice that Proposition guarantees that the function u, is locally uniformly con-

tinuous on [0,T'] x H and is Lipschitz continuous in x. |

Remark 2.2.5. This is not needed here however it is worth noticing that the function
u is the unique so called B4 1-continuous viscosity solution (unique within the class of
B4 1-continuous functions with at most polynomial growth which attain the terminal

condition locally uniformly), of the equation

o0 (2.2.14)

—u;—(Ax,Dyu)—L(t,x,D,u,D? _u)=0  (t,x)€(0,T)xH
u(T,x)=h(x) xeH,

where
1
L:[0,T1xHxH xS,, —»R,(t,x,p,P)— (p,G(t,x)) + QTr(a(t,x)a*(t,x)P).

For the proof of this we refer the reader to [37, Theorem 3.64].

3By “locally bounded” we mean “bounded on bounded subsets of the domain”, and by “locally uniformly

continuous” we mean “uniformly continuous on bounded subsets of the domain”.
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2.2.2 Space sections of viscosity solutions

We skip the proof of the following basic lemma (for a very similar version, see [17, Propo-
sition 3.7]).

Lemma 2.2.6. Let D be a set, and f,g: D — R be functions, with g =0. Let
Z={yeD: g(y)=0}

be the set of zeros of g. Suppose that Z # @. Let {h;: D — R};cn be a sequence of functions
converging uniformly to 0 in D as i — +oo. Let {€;}jen be a sequence of positive numbers

decreasing to 0. Define

g

1

vi(y)=f(y)— +hi(y) VieN, VyeD.

Suppose that {y;}ien <€D is a sequence such that

lim =0.

1—00

supy;(y) —v;(y;)
yeD

=0.

Then lim €27

1—oo  &;

Fix x1 € Hy. Let ¢ € C12((0,T) x R™) and let (£,%) € (0,T) x R™ be a maximum point
of u,(-,(-,x1)) — ¢@(-,-) over [0,T] x R™. Without loss of generality we can assume that
¢ € C12([0, T] x R™) and that the maximum is strict and global.

For € > 0, define the function
1 = 2
q)é‘(t’xo’xl):(p(t,x())'i' ;I(O,x]_—x1)|H, (2215)

where ¢ € (0,T), (xo,x1) € H. Observe that ®, € C12([0,T] x H), and
D;®.(t,x) = 4(t,x0)
D, ®@(t,x) = (D, p(t,x0),0) + %(o,x1 ~%1) (2.2.16)
D2 @.(t,x) = D2 ¢(t,x0).

Lemma 2.2.7. For each n =1, there exist real sequences {a;}ien, {€i}ien converging to 0,

and a sequence {p;}ien converging to the origin in H, such that the function
(0, T)xH —R, (¢,x) = u,(t,x)— O (¢, x)—(p;,x) —a;t (2.2.17)

has a strict global maximum at (t;,x;) and the sequence {(¢;,x;)};cn converges to (£,(Xg,%1)).



Chapter 2: Partial regularity of viscosity solutions for Kolmogorov equations 78

Proof. Let R > |(X9,x1)lg and By(0,R) :={x € H: |x|g < R}. Let {€;};en be a sequence
converging to 0. Applying the classical result of Ekeland and Lebourg [32] 93], there
exist sequences {a;};en € R and {p;};en € H such that |a;| < 1/i, |p;|g < 1/i, and such that
the function
[0,T]1xBg(0,R) — R, u,(t,x)— P, (¢t,x)—{p;,x) —a;t

has a strict global maximum at some point (¢;,x;) € [0,7T] x Bg(0,R). By Lemma [2.2.6]
with D =[0,T1xBg(0,R), f(t,x) = u,(t,x)—@(t,x0), g(t,x) = I(O,xl—fl)lé, hi(t,x)=—(pj,x)—
a;t, y; =(t;,x;), we obtain

lim [(0,x; 1 —x1)|g =0. (2.2.18)

1—00
To conclude the proof it is then sufficient to show that (¢;,x; 9) — (t,%0). Indeed, sup-
pose that this does not hold. Up to a subsequence, we can suppose that (¢;,x; o) — (t,%0) #
(£,%0). Since, by assumption, (£,%¢) is a strict global maximum point of u,(-,(-,x1))—¢(:,"),

there exists n > 0 such that, for i sufficiently large, we have

un(£,(%0,%1)) — @(F,%0) =0 + wn(ti,(x;0,%1)) — P(t;,%; 0)
21+ u,(t;,(xi0,x1) — D¢, (¢;,x;)
=1+ (un(ti,(xi 0,%1)) — un(ti, x;)) + un(ti, x;) — g, (ti,x;)  (2.2.19)
=10+ (wn(ti,(xi,0,%1)) — un(ti,x) + un(d,(®o,x1)) — 9, o)
+{(pi,x; — (X0, %1)) +a;(t; ).

By (2.2.18), lim (x; o,x; 1) = (X0,%1). Thus by continuity of u,, for i sufficiently large, we
1—00
have

N3

lun(t;,(x;0,%1)) —un(ti,x;)l <

and then if follows from [2.2.19that
un(t,(£0,%1)) — p(t,%0) = g +un(t,(%0,x1)) — @(F,%0) +(pi,x; — (&0,%1)) +a;(t; — ).

This produces a contradiction by letting i — +o0, recalling that p; — 0 and a; — 0. Thus

we must have lim (¢;,x; 0) = (¢,%0). [ |
1—00

For any x1 € H; and n € N, we define the following functions
vn,§1 . [07 T] X Rm - R, (t,xO) — un(t,(xo,il)), (2220)
anz [0, TIXR™ — 8y, (¢,x0) — 0,(2,(x0,%1))0,(¢,(x0,%1)) (2.2.21)
and

Brnz [0, TIxR™ — R, (¢,x0) — (A, (x0,%1) + Gr(t,(x0,%1)), Vatsn(t,(x0,%1))).  (2.2.22)
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We associate to (2.2.13) the following terminal value problem

1
—v(t,x0) — 5Tr(an,yl(t,xo)Dgov(t,xo)) —PBrnx (t,x0)=0 (£,x0)€(0,T) x RrR™ (2.2.23)

(T, x0) = hp(xg,%1) xo € R™.

We recall that it follows from Proposition that for every x; € H; the function

Br x, is continuous and for every compact set K < R™,

sup  |Bnx,(¢,%0) < +oo. (2.2.24)
(t,xo)g[%,lT]xK
In the following proposition we show that the section functions v, 3, are the viscosity
solutions to (2.2.23). For the definition of viscosity solution in finite dimensions, we refer
to [171.

Proposition 2.2.8. For every x1 € Hy and n =2 1, v, 3, is a viscosity solution to (2.2.23).

Proof. We prove that v, 3, is a subsolution. The supersolution case is similar. The conti-
nuity of u, implies the continuity of v, x,. Let ¢ € C L2((0, T) x R™) be such that Unz, — @
has a local maximum at (£,%¢) € (0,T) x R™. Without loss of generality, we can assume
that the maximum is strict and global and that ¢ € C12([0,T] x R™). By Lemma [2.2.7]
there exist real sequences {€;};en,{a;}ien converging to 0, and a sequence {p;}ien in H

converging to 0, such that the functions
[0, T]1xR™ =R, (t,x) — un(t,x) — D, (¢t,x) — (pi,x) —a;t

have local maxima at (¢;,x;) and the sequence {(¢;,x;)};en converges to (£,(%9,x1)). Since
u, is a viscosity solution to (2.2.13), we have

_th)&‘i (ti’xi)_ai - <Anxi7qu)£i(tiaxi)+pi>_Ln (tiaxi’qu)Ei(ti,xi)+p’D32(;0q)£i(ti’xi)) <0.
(2.2.25)
Since u, € ‘52’1([0,T] x H,R), we must have

vxun(ti’xi):qu)ei(ti,xi)+pi. (2226)
Thus, by recalling (2.2.16), we have
_th)&‘i (ti7xi)_ai - <Anxl)vxun(tlaxl)> _Ln (tirxi’qun(ti7xi)7D3250(p(ti;xi,0)) <0. (2227)

We now pass to the limit i — +o00 and, by (2.2.16) and the strong continuity of V,u,, we
obtain

— ¢ (£,%0) = (An(R0,%1), Viuun(t,(20,%1))) — Ly (2,(R0,%1), Vattn(Z, (9?0,51)),1)3260(/)(?,920)) <0,
which can be written, by using the definition of §, %,
R 1 N R o s a — o
—@(t,Xo) — 5 Tr ((Dio(p(t,ﬁo)) on(t, (ﬁo,xl))an(t,(xo,xl))) - ﬁn,yl(t,xo) <0.
Thus v, z, is a viscosity subsolution to (2.2.23). |
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2.2.3 Regularity with respect to the finite dimensional compo-

nent

In this last section we show that, if o is non-degenerate, then the function u defined by

(2.2.3) is differentiable with respect to xo and D,,u enjoys some Holder continuity.

Theorem 2.2.9. Suppose that, for every (t,x) € [0,T1xH and y € R™, o(t,x)y # 0. Then, for
every x1 € Hy, the function vz, defined by vy, (¢,x0) = u(t,(x0,x1)) belongs to C}:C“((O,T) X
R™), for every a €(0,1).

Proof. Let (t,x9) € (0,T) x R™. Let @ :=[c,d) x B(xg,€) be a neighborhood of (¢,x¢) in
(0,T) x R™ such that, for some M >0 and 6 >0,

8 <ax(s,y)=0(s,(y,x1))0"(s,(y,x1)) <M Y(s,y)EQ.

Since Z,(s,(y,x1))z = (0,(s,(y,%1))z,01) and {0, },en converges to o uniformly on compact
sets (Remark [2.1.9), we can suppose that 6 < a,z,(s,y) <M for all n €N and (s,y) € Q
and that the family {a, z,}nen is equi-uniformly continuous.

By Proposition for n =1, v, 3, is a viscosity solution to (2.2.23), in particular it

is a viscosity solution to the terminal boundary value problem

1
—vt(s,y) - ETr(an,El(S, y)Df,U(S, y)) - ﬁn,ﬁ(sy y) =0 (s,y) € Q (2.2.28)

v(s,y) = un(s,(y,%1)) (s,y)€0pQ

Thus, for instance by [18, Lemma 2.9, Proposition 2.10, and Theorem 9.1], v, 3, is the
unique viscosity solution (in particular also a unique L?-viscosity solution (Er])) of (2.2.28),
and

lvnz lwizr@y = C| sup lun(s,(y,x1))+ sup [Bx(s,(y,x1)) (2.2.29)
(s,y)eQ (s,y)€Q

forallm+1<p<+ooand for all Q' =[c',d") x B(x,¢'), withc<c'<d'<d and 0<é&' <¢,
and where C depends only on m, p, 6, M, @, @', and the uniform modulus of continuity of
the functions a, z,. Thus, by Proposition [2.2.2|and (2.2.24), the set {v,, 3, }»>1 is uniformly
bounded in WH2P(Q'). Therefore applying an embedding theorem, see e.g. [67, Lemma
3.3, p. 80], we obtain that for every a €(0,1)

|Un’§1 ICH“(Q’) =C,

for some constant C, independent of n. Since the sequence {v, 5, },>1 converges uniformly
on compact sets to the function vz, as n — +oo, it follows that the function vz, satisfies

the above estimate too. This completes the proof. |

4See for the definition of L?-viscosity solution.



Chapter 3

Viscosity solutions to semilinear
path-dependent PDEs in Hilbert

spaces

Given T > 0 and a real separable Hilbert space H, we recall that W denotes the Banach
space C([0,T],H) of continuous functions from [0,7] to H, endowed with the supremum

norm |X|eo = SUp;eqo, 77 1X(?)1 g, for all x € W. Let
AN:=[0,TTxW
and consider the following pseudometric on A:
doo((£,%), (", X)) =t —t'| +|xnt =X\ jloos  (,%), (F,X)) €A

This pseudo-metric allows to account for the non-anticipativity condition: each function
v: (A,dy) — E, where E is a Banach space, which is measurable with respect to the
Borel o-algebra induced by d., is such that v(¢,x) = v(¢,x.,;) for all (¢,x) € A. Let A be
the generator of a strongly continuous semigroup S on H, and let b: A - H, 0: A —
L(U,H), where U is another real separable Hilbert space (the noise space, as we will see
in Section [3.1.2). In this chapter, we study the wellposedness of the following infinite
dimensional semilinear path-dependent partial differential equation (PPDE):

—0,u — (Ax;,0xu) — (b(t,X),05u) — %Tr [o(t,x)0* (t,x)02,u] — F(t,x,u) =0, (3.0.1)

for all £ € [0,T) and x € W, where F: A xR — R and 0;u, 0xu, Oixu denote the so-called
pathwise (or functional or Dupire, see [12] (14} [31]) derivatives. The unknown is a non-
anticipative functional u: A — R. We are deliberately restricting the nonlinearity F' to
depend only on u, and not on dxu, in order to focus on our main wellposedness objective.

More general nonlinearities are left for future research.

81
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In addition to the infinite dimensional feature of equation (3.0.1), we emphasize
that its coefficients b, o, and F are path-dependent. Such a path-dependence may
be addressed through the standard PDE approach, by introducing a “second level” of
infinite-dimensionality, embedding the state space H in a larger infinite-dimensional
space like e.g. L2((-T',0),H), and converting equation (3.0.1) into a PDE on this larger
space (see e.g., in the context of delay equations and when the original space H is finite-
dimensional, [10, 23], B7], and the introduction to Chapter [2). The latter methodology
turns out to be problematic when the data, as in our case, are required to have con-
tinuity properties with respect to the supremum norm, as the PDE should be consid-
ered basically in spaces of continuous functions, which are not reflexive. However, we
should mention that some attempts have been achieved along this direction, we refer to
[29) 28, 38| 43, [46].

When the space H is finite-dimensional, PPDEs with a structure more general than
have been investigated by means of a new concept of viscosity solution recently
introduced in [33], and further developed in [34], [35] [85]. This new notion enlarges the
class of test functions, by defining the smoothness only “with respect to the dynamics”
of the underlying stochastic system and requiring the usual “tangency condition” — re-
quired locally pointwise in the standard viscosity definition — only in mean. These two
weakenings, on one hand, keep safe the existence of solutions; on the other hand, sim-
plify a lot the proof of uniqueness — as it does not require anymore the passage through
the Crandall-Ishii Lemma.

The main objective of this chapter is to extend to our infinite-dimensional path-
dependent context such new notion of viscosity solution. Before illustrating our results,
we recall that, for equation like (3.0.1I), when all coefficient are Markovian, results on
existence and uniqueness of classical solutions (that can be found e.g. in [23] Chapter 7])
are much weaker than in the finite dimensional case, due to the lack of local compact-
ness and to the absence of a reference measure like the Lebesgue one. This makes quite
relevant the notion of viscosity solution, introduced in the infinite-dimensional case by
[70] [72] [73], see also and, for a survey, [387, Chapter 3]. The infinite dimensional
extension of the usual notion of viscosity solution to these PDEs is not trivial, as the
comparison results are established only under strong continuity assumptions on the co-
efficients (needed to generate maxima and minima) and under a nuclearity condition
on the diffusion coefficient 0. The latter purely technical condition is a methodologi-
cal bound of this notion of viscosity solutions, as it is only needed in order to adapt the
Crandall-Ishii Lemma to the infinite-dimensional context.

The core results of the present chapter (contained in Section are as follows. First,
on the line of [85], we show that the infinite-dimensional definition has an equivalent

version with semijets (Proposition [3.2.5). Then, under natural assumptions on the op-



Chapter 3: Viscosity solutions to semilinear PPDEs in Hilbert spaces 83

erator A and the coefficients b,0,F, we prove sub/supermartingale characterisation of
sub/supersolutions which extends the corresponding result in [85] (Theorem [3.2.7). As
a corollary of this characterisation we get that the PPDE satisfies the desired stability
property of viscosity solutions (Proposition [3.2.12). Furthermore, still applying Theo-
rem we prove that equation satisfies the comparison principle in the class
of continuous functions with polynomial growth on A (Corollary [3.2.14). In particular,
since the Crandall-Ishii Lemma is not needed to establish comparison, we emphasize
that the nuclearity condition on o is completely by-passed in our framework. Similarly,
this happens for the strong continuity properties mentioned above. Finally, given a con-
tinuous terminal condition u(7,x) = é(x) with sublinear growth, we establish existence
of a unique solution (Theorem [3.2.16). We observe that our unique viscosity solution is
closely related to the solution of the infinite dimensional backward stochastic differential
equation (BSDE) of [47], which can be viewed as a Sobolev solution to equation (3.0.1)
(see e.g. [4]).

From what we have said, it follows that the passage from finite to infinite dimension
makes meaningful considering the new notion of viscosity solution even in the Markovian
(non-path-dependent case). Indeed, while in the finite dimensional case the theory based
on the usual definition of viscosity solutions is so well-developed to cover basically a huge
class of PDEs, in the infinite dimensional case the known theory of viscosity solutions
collides with the structural constraints described above, which can be by-passed with the
new notion.

Finally, we point out that our results may be extended to suitable nonlinearities de-
pending on the gradient dxu. In our formalism, a way to do it could be by introducing
a control process in the drift of the underlying stochastic system, which basically corre-
sponds, in the formalism [33]], to replace the expectation in the tangency condition on
test function by a nonlinear expectation operator defined as sup/inf of expectations un-
der a convenient family of probability measures. We deliberately avoid this additional
complication in order to focus on the infinite-dimensional feature of the equations, and

we leave the study of more general nonlinearities to future work.

The present chapter is organized as follows. In Section |3.1, we give the additional
notation required for our framework, then we introduce the process X from which the
definition of smooth and test functions will depend.

In Section 3.2 we introduce the notion of viscosity solution for path-dependent PDEs
in Hilbert spaces, in terms of both test functions and semijets (Section [3.2.1); we prove
a martingale characterisation of viscosity sub/supersolutions and a stability result (Sec-
tion [3.2.2); finally, we prove the comparison principle (Section and we provide an
existence and uniqueness result for the path-dependent PDE (Section [3.2.4).

In the last section, Section we consider the Markovian case, i.e. when all data
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depend only on the present, and we compare the notion of viscosity solution studied in
Section to the usual notions of viscosity solutions adopted in the literature for partial
differential equations in Hilbert spaces.

Finally, the Appendix of the chapter is devoted to a clarification on the definition of

test functions given in Section|3.2.1

3.1 Preliminaries

3.1.1 Notation

Consider a real separable Hilbert space H. Denote by (-,-)i and |- |g the scalar prod-
uct and norm on H, respectively. For 7' > 0, we recall that W is a short notation for
C([0,T],H), that the generic element of W is denoted by x, and that W is endowed with

the supremum norm |- |o,. We introduce the space
A:=[0,TTxW
and the map doo: A x A — R™ defined by
doo((2,%),(t", X)) = [t = '] + [Xpt = X, oo

Then d is a pseudometric on A. In particular, (A,dy) is a topological space with the
topology induced by the pseudometric do,. The quotient space (A/ ~), where ~ is the

equivalence relation defined by
(t,x)~(¢',x')  whenever t=¢,x;=x, Vs€[0,1],

is a complete separable metric space when endowed with the quotient metric. A becomes
a measurable space when endowed with the Borel o-algebra induced by do,. Throughout
the present chapter, the topology and o-algebra on A are those induced by d..

Let E be a Banach space. We recall the that an E-valued non-anticipative function

on Aisamap v: A — E such that
v(t,x) = v(t,X. A1), V(t,x) € A.

We denote by C(A,E) the space of continuous functions v: A — E. For p =1, C,(A,E)
denotes the space of continuous functions v: A — E satisfying the following polynomial
growth condition:

lv(t,x)|g < M(1+|x/5), V(t,x) € A,

for some constant M > 0. C,(A,E) is a Banach space when endowed with the norm

0l ~ sup lv(t,X)|E
Co(AE) = —_—.
i tx)en (1+[X[o0)P
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We denote by UC(A,E) the space of uniformly continuous functions v: A — E. When
E =R, we drop R and simply write C(A), C,(A), and UC(A).

Clearly, for all 1 < p <q, we have the inclusions
UC(AE)cCp(AE)cCy(A,E)c C(AE).

We notice that a measurable map v: A — E is automatically non-anticipative. For

this reason, we will drop the term non-anticipative when v is measurable.

Remark 3.1.1. In Chapter[d] in place of C(A, E), we will use the space CNA([0, T1xW, E),
which contains the functions of C([0,T] x W,E) which are non-anticipative, and in Re-
mark we briefly show that our analysis on A can be reduced to analysis on sub-
spaces of more customary spaces. In the present chapter we prefer to keep the functional
setting introduced first in [31]], for the finite dimensional case, where non-anticipative

functions are defined on A.

3.1.2 The reference process X

In this section we introduce the path-dependent SDE in H that determines our reference
process for the definition of viscosity solution in the following section.

Let (Q,%,F = {F}e0,11,P) denote a filtered probability space satisfying the usual
conditions. We recall that 22; denotes the o-algebra of predictable sets with respect to
Fon Qx[0,T]. From Chapter we recall that $%T(W) denotes the space of continuous
H-valued predictable processes, and that for p = 1, .ng,T(W) denotes the subspace of
Xe Zng(W) such that

Xl = (E[IX 1)) < oo,
T

where two processes X,Y are identified if | X —Y |, =0 P-a.e..
We observe that, for X € $§2T(W), since the W-valued process {X;x.}:c[0,7 is F-adapted

and continuous, hence predictable, the map
g:Qx[0,T]— A, (w,t)— (t,Xp.)

is predictable. Then, for v € C(A,H), the process v(-,X) is predictable, and, since it is
clearly continuous, it belongs to ﬁfg?,T(W). In particular, if v € C4(A,H) and X € $§T(W),
then v(, X) € LLPW).

Remark 3.1.1. In the present chapter, as it is usually done in the literature on infinite
dimensional second order PDEs (see, e.g., [22] [95]]), we distinguish between the proba-
bility space (2, %,P), whose generic element is w, and the path space W, whose generic

element is x. Instead, in [33]], the authors identify these two spaces (up to the translation
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of the initial point), taking as probability space the canonical space {x € W: xo = 0} and
calling w its generic element. Clearly everything done here can be rephrased in the set-
ting of (again up to a translation of the initial point), by taking as probability space
(W, By, PX), where By is the o-algebra of Borel subsets of W and PX is the law of the
process X that we will define in the next section as mild solution to a path-dependent
SDE. O

Let U be a real separable Hilbert space and let W be a U-valued cylindrical Wiener
process on the filtered probability space (Q2,%,F,P). For ¢t € [0,T] and Z € fﬁng(W), we
consider the following path-dependent SDE:

{dXs =AX.ds+b(s,X)ds+0(s,X)dWs, selt,Tl, E.1D)

Xin- = Zign-s
under the following
Assumption 3.1.2.

(i) The operator A: D(A) c H — H is the generator of a strongly continuous semigroup
S in the Hilbert space H.

(it) b: A — H is measurable and such that, for some constant M > 0,
|b(¢,x)— b(t,x)| < M|x — X/| o0, 16(¢,x)| < M(1+ |X|x0),
forall x,x' €W, t€[0,T].
(iti) 0: A— L(U,H) is such that o(-,-)v: A — H is measurable for each ve U and
Sso(t,x)e Lo(U,H) Vse(0,T1], (¢,x)€ A.

Moreover, there exist M > 0 and y € [0,1/2) such that, for all x,x' € W, t € [0,T1],
s€(0,T1],
le*4o(t, %) Ly m < Ms™ (1 + [Xloo), (3.1.2)

le*Aa(t,x) — eSAU(t,X')ILz(U,H) <Ms7V|x—X|oo. (3.1.3)

Regarding Assumption [3.1.2fiizi), we observe that one could do the more demanding
assumption of sublinear growth and Lipschitz continuity of o(Z,-) as function valued in
the space Lo(K,H) (see Chapter [1|in this thesis, and [48]). The assumptions we give,
which are the closely related to the minimal ones used in literature to give sense to

the stochastic integral and to ensure the continuity of the stochastic convolution (see
Appendix [Al for further clarifications), are taken from [22, Hypothesis 7.2] and [47].
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Regarding Assumption , we observe that it could be relaxed giving assump-
tions on the composition of the map b with the semigroup, as done for ¢ in part of

the same Assumption. Here, we follow [22, [47]] and we do not perform it.

We recall from Chapter [I] the definition of mild solution.

Definition 3.1.3. Let Z € Q%ng(\V\V). We call mild solution to (3.1.1) a process X € ffpg,T(\V\V)
such that X.n; = Z.p and

X, :Ss_tZt+f Ss_rb(r,X)dr+f Se_ro(r,X)dW,, Vselt,T].
t t

Existence and uniqueness of mild solution to (3.1.1) in Qg,,T(W) come from Chapter
We state the result for future reference. Let

.2

PTE gy

Theorem 3.1.4. Let Assumption hold. Then, for every p > p*, t€[0,T] and Z €
ff;;,T(W), there exists a unique mild solution X% to (8.1.1). Moreover, X*% € $;T(W),

and the map
[0,T7] $;T(W) — $§T(W), (t,Z)— X"% (3.1.4)

is Lipschitz continuous with respect to Z, uniformly in t € [0,T], and jointly continuous.

In particular, there exists K such that

t,Z p
Proof. Apply Theorem|1.2.6/and Theorem [1.2.14 [ |

We notice that uniqueness of mild solutions yields the flow property for the solution
with initial data (¢,x) € A:

xtx=xsX"  vy@¢,x)eA, Vselt,Tl. (3.1.6)

In the sequel, we will use the following generalized dominated convergence result.

Lemma 3.1.5. Let (Z,.%, i1) be a measure space. Assume that fn,8n,f,8 € LY(Z,.%, 1), R),
fn—f and g, — g p-a.e, |fnl < gn and [sgndu— [z gdp. Then [ frdu— [5fdu.

We have the following corollary of Theorem |3.1.4] that will be used in Section
Corollary 3.1.6. Let x € L>°((Q2,%#,P),C,(A)) and p > p*. Then the map
[0, T1% [0, T1x Z5, (W) —R, (s,2,2)— E |x(-)is, X")] (3.1.7)

is well-defined and continuous.
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Proof. We first comment the measurability of
Q—-R, w— x(w)s,Y), (3.1.8)

for Y € ffg),T(W). Since |Y | 25 (W) < 0o, there exists e separable subset of W such that
Y (w) e W for P-a.e. w € Q. Then we can suppose that x takes values on a separable sub-
space V of Cp(A). In particular, « is the pointwise limit, everywhere, of a sequence of V
valued simple functions [24, Lemma 1.3]. We then only need to prove the measurability
of for x simple. As previously observed, if v € C,(A), then v(-,Y) is predictable.
Hence, for B € & and s €[0,T1], the simple function

Q—Cp(N), o —v(:,)1p(w)
gives rise to a measurable map
Q-R, w—v(s,Y(w)lp(w).

This concludes the proof that is measurable.
Regarding the integrability required in the definition of (3.1.7), it comes from Theo-
rem and from the polynomial growth for x(w)(-).
Concerning continuity, again in view of Theorem it suffices to show that the
map
[0,T1x £5, (W) — R, (s,Y)— Elx(-)(s,Y)]

is continuous. Let {Y ™)}, cn be a sequence converging to Y in .ng,T(W), and let s,, — s in
[0, T]. Let {Y ™}, be a subsequence such that |Y — Y ®#)| — 0 P-a.s.. Then, using the
continuity of x(w)(:,-) we get, by applying Lemma (3.1.5 the convergence

ELK ()5, , Y )] — Elx(-)(s, V).

Since the original converging sequence {(s,,Y ™)},en Was arbitrary, we get the claim. W

The following stability result for SDE (3.1.1) will be used to prove the stability of
viscosity solutions in the next section. It is a particular case of Theorem [1.2.14} to which

we refer for the proof.

Proposition 3.1.7. Let Assumption hold and assume that it holds also, for each
n €N, for analogous objects A,, b, and 0, such that the estimates of parts (i1)-({i1) in As-
sumption hold with the constants M,M ,Y. Assume that the following convergences
hold for every (t,x) € A and every s €[0,T]:

(L) (Sn)sxs g SSXS Ln H,'
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(it) (Sp)sbn(t,x) — Ssb(¢,x)in H;
(ii1) (Sn)s0on(t,x)—Ss0(t,x) in Lo(K,H);

where S, denotes the Cy-semigroup generated by A,. Let t € [0,T] and Z € $§T(W),
with p > p*. Then, calling Xf{Z the mild solution to (3.1.1), where A,b,o are replaced by
A,,b,,0,, one has the convergence X ,tl’Z X2 n ffg,T(W) and, for fixed t, there exists
K such that

t,Z p

3.2 Path-dependent PDEs and viscosity solutions in
Hilbert spaces

In the present section, we introduce a path-dependent PDE in the space H and study it
through the concept of viscosity solutions in the spirit of the definition given in [33] [34],
[85]l. As in [85], we also provide an equivalent definition in terms of jets. The key result
is a martingale characterisation for viscosity sub/supersolution, from which a stability
result and the comparison principle follow. We finally prove the existence of a viscosity

solution through a fixed point argument.

3.2.1 Definition: test functions and semijets

We begin by introducing the set C§2(A) of smooth functions, which will be used to define
test functions. We note that the definition of the last set will depend on the process
XX solution to (3.1.1), hence on the coefficients A,b,0. The subscript X in the notation
C;(’2(A) stays there to recall that.

Definition 3.2.1. We say that u € C;Q(A) if there exists p = 1 such that u € C,(A) and
there exist a € Cp(A), pe Cp(A,U) such that

du(s,X"™) = a(s, X" )ds + (B(s,X"™),dW,),  V(t,x)€A, Vselt,T. (3.2.1)

Notice that @ and f in Definition [3.2.1 are uniquely determined, as it can be easily
shown by identifying the finite variation part and the Brownian part in (3.2.1). Given
ue€ C;(’z(A), we denote

Lu:=a.

We refer to the Appendix of the chapter for an insight on the above notation for @ and

for a link with the pathwise derivatives introduced in [31].
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One of the key ingredients of the notion of viscosity solution we are going to define
is the concept of test function introduced in Definition Notice that, the larger the
class of test functions, the easier should be the proof of the comparison principle and the
harder the proof of the existence. In order to make easier the proof of uniqueness, we
weaken the concept of test functions as much as possible — but, clearly, still keeping
“safe” the existence part. The space C;;z(A) is the result of this trade-off. It is a quite
large class of test functions: for example, as it will be shown in Lemma below, if
f €Cp(N), p =1, then ¢(t,x) = [§ f(s,%)ds is in C*(A), whereas, even if H = R” and f
is Markovian (which means f(s,x) = f(s,Xs)), it does not belong, in general, to the usual
class C12([0, T'] x R, R) of smooth functions.

We are concerned with the study the following path-dependent PDE (from now on,
PPDE):
ZLu(t,x)+F(t,x,u(t,x))=0, t,x)eAN, t<T, 3.2.2)

with terminal condition
u(T,x)=¢(x), xeW, 3.2.3)

where F: AxR—Rand ¢: W—R.

We introduce the concept of viscosity solution for the path-dependent PDE (3.2.2),
following [33], [34,, [85]]. To this end, we denote

I ={r: 1 is an [0, T]-valued F-stopping time}.
Given u € Cp(A) for some p > 1, we define the following two classes of test functions:

Au(t,x) = {(p € C;f(A): there exists He 9, H > ¢, such that

(p—u)t,x)= g;in>t[E[((p —u)(t AH, X)) }7

Au(t,x):= {(p € C;(’2(A): there exists HeE 9, H > ¢, such that

(@ -u)t,x)= max E[(p—u)TAH X)) }
1€ 1>t
Definition 3.2.2. Let p > 1, u € C,(A).

(i) We say that u is a viscosity subsolution (resp. supersolution) to the path-dependent

PDE (3.2.2) if
-ZLo(t,x)-F(t,x,u(t,x)) <0, (resp. <0)

forall (t,x)e \, t<T, and all ¢ € Ju(t,x) (resp. p € Su(t,x)).

(ii) We say that u is a viscosity solution to the path-dependent PDE (3.2.2) if it is both a

viscosity subsolution and a viscosity supersolution.
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Remark 3.2.3. As usual, in Definition [3.2.2) without loss of generality, one can consider
only the test functions ¢ € u(¢,x) (resp. </ u(t,x)) such that (p—u)t,x)=0.

Remark 3.2.4. The notion of viscosity solution that we introduced is designed for our
path-dependent PDE and it should be modified in a suitable way if we want to consider
more general nonlinearities. For example, if we take F depending also on dxu as in
[33[, this would entail a substantial change in our definition of viscosity solution. In
[33] this corresponds to take an optimal stopping problem under nonlinear expectation,
that is under a family of probability measures; in our formalism, which separates the
(fixed) probability space from the state space (see Remark [3.1.1I), this would correspond
to take a mixed control/stopping problem, with the control acting on the drift of the
SDE. In our infinite-dimensional framework, the case under study already presents some
specific difficulties and interesting features (for instance, already in the comparison with
the literature on viscosity solutions in infinite dimension in the Markovian case, see
Section [3.3).

Following [85]], we now provide an equivalent definition of viscosity solution in terms
of semijets. Given u € C,(A), for some p > 1, define the subjet and superjet of u at (£,x) € A

as
Sut,x):= {a €R: 3p € Lu(t,x) such that ¢(s,y) = as, V(s,y) € A},
Zu(t,x):={aeR: Ip € Lu(t,x) such that ¢(s,y) = as, V(s,y) € A}.
We have the following equivalence result.

Proposition 3.2.5. Suppose that Assumption holds. Then u€ Cp(A), p=1,isa
viscosity subsolution (resp. supersolution) to the path-dependent PDE (3.2.2) if and only
if

—a-F(t,x,u(t,x)) <0, (resp. =0),
forall a € Fu(t,x) (resp. a € _Fu(t,x)).

Proof. We focus on the if part, since the other implication is clear. Fix (¢,x) € A and
¢ € A u(t,x) (the supersolution part has a similar proof). From Definition we know
that there exists L¢ = a € Cp(A) and f € C,(A,H) such that holds, with ¢ in
place of u. Set

ao = ZLo(t,x)=a(t,x)

and, for every € > 0, consider ¢.(s,y) := (ag+¢)s, for all (s,y) € A. Then ¢, € C';(’z(A). Since

Z is continuous, we can find 6 > 0 such that

| Lot x")—ao| = | Lot ,x) - Lo(t,x)| <¢, if doo (', %), (£,%)) < 6.
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Let H be the stopping time associated to ¢ appearing in the definition of «/u(¢,x) and
define
He = HA{s > ¢: doo((s,X"%),(¢,%)) > 6}

Note that H, > 0. Then, for any 7 € 9 with 7 > ¢, we have

(u—@)(t,x) —E[(u — )T AHg, X55)]
= (u—)(t,%) —E[(u - )T AHe, X"5)] + E[(9c — )T AH., X50)] - (0 — 9)(¢,%) (3.2.4)
> E[(pe — )T AHg, X)) = (@ — )2, %),

where the last inequality follows from the fact that ¢ € /u(¢,x). Since ¢ and ¢, belong
1,2 .

to Cx"(A), we can write

TAH,

E[p(r AHg, X5%)] = @(t,x) +E

f&p(s,Xt’X)ds] (3.2.5)
and, clearly, we also have

TAHg
E [(Ps(-l- A HE,Xt’X)] = @e(t,x)+E f (0{0 + E)ds] . (3.2.6)
t

Plugging (3.2.5) and (3.2.6) into (3.2.4), we obtain

TAH,
(e —u)(t,x) —E[(pe — u)T AH, XP9)] <E f (Lo(s,X"™) —(ap +¢€))ds| <0,
t

where the last inequality follows by definition of H.. It follows that ¢, € &/(¢,x), hence
that ag+¢€ € _fu(t,x), therefore

—(ZLop(t,x)+¢e)-F(t,x,u(t,x)) = —(ap +¢) - F(t,x,u(t,x)) < 0.

By arbitrariness of € we conclude. [ |

3.2.2 Martingale characterisation and stability
In the sequel, we will consider the following conditions on F'.
Assumption 3.2.6.

(i) F: AxR— Ris continuous and satisfies the growth condition: there exists L > 0 such
that
|F(t,x,y)| < L1+ |Ix]|5, + |y]), V(t,x)eA, Vy€eR. (3.2.7)

(it) F is Lipschitz with respect to the third variable, uniformly in the other ones: there
exists L > 0 such that

\F(t,x,y)-F(t,x,y)|<Lly—5'|, V(EX)eA, Vy,y €R. (3.2.8)
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We now state the main result of this section, the sub(super)martingale characterisa-
tion for viscosity sub(super)solutions to PPDE (3.2.2).

Theorem 3.2.7. Let u € C,(A), p = 1, and let Assumptions and hold. The

following facts are equivalent.

(i) For every (t,x)€ A
S
u(t,x)S[E[u(s,Xt’x)+ f F(r,Xt’x,u(r,Xt’X))dr], Vselt, T, (3.2.9)
t

(resp. =).

(it) For every (t,x) € A with t <T the process

S
(u(s,Xt’x) + f F(r, X%, u(r,Xt’X))dr) (3.2.10)
t s€elt,T1]

is a (F)se[r, T1-submartingale (resp. supermartingale).
(iii) u is a viscosity subsolution (resp. supersolution) to PPDE (3.2.2).

To prove Theorem we need some technical results from the optimal stopping
theory. For this reason, we first look at them. Let u,f € C,(A) for some p > 1. Given
s €[0,T1], define Ag:={(¢,x)€ A: t€[0,s]} and consider the optimal stopping problems

Y (t,x):= sup [E

T€T 1=t

, (t,x) € As. (3.2.11)

TAS
u(r/\s,Xt’x)+f f(r, Xt )dr
t

Remark 3.2.8. We observe that we need only to consider optimal stopping problems
(3.2.11)) with deterministic finite horizon s € [0, T], rather than random finite horizon as
in [85].

Lemma 3.2.9. Let Assumption[3.1.2lhold and let u,f € Cp(A) for some p = 1. Then ¥, is

lower semicontinuous on A.

Proof. Using the fact that u,f € C,(A) for some p = 1, we see, by Corollary 3.1.6, that

the functional

(TAs)VE
As =R, (£,%)—E [u((z As)v £, X55) + f X Vdr
t

is well-defined and continuous for every 7 € . We deduce that

WYi(t,x)= sup E

1€g 1=t

TAS
u(r As, Xb%) + f Fr, X" )dr
t

(3.2.12)

=supk , (t,x) € Aq,

1€g

(TAS)VE
u((r/\s)Vt,Xt’x)+f fr, Xt )dr
t

is lower semicontinuous, as it is supremum of continuous functions. |
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Define the continuation region
65 = {(t,x) € Ag: YV (t,x) > u(t,x)}.

Due to the continuity of © and the lower semicontinuity of ¥, it follows that %; is an
open subset of A;. From the general theory of optimal stopping we have the following

result.

Theorem 3.2.10. Let Assumption hold. Let s €[0,T], (¢,x) € A; and define the
random time T} = inf{r €[¢,s]: (r, X"*) ¢ 6}, with the convention inf® =s. Then 1}, is
the first optimal stopping time for problem (3.2.11).

Proof. First of all, we notice that, since u,f € C,(A) for some p = 1, we have, for every
(t,x)eA,

T
E| sup |lu(r,X"®)|| <+oc0, E f If(r,X")|dr| < +oo. (3.2.13)
relt,T1 t
Now, given (¢,x) € A, consider the window process
[0,T1xQ — W, (r,w) — X:¥(w),
where
‘x X0, a+r<T,
X7 (w)a) = ‘x r,ael0,T].
X(X’H_T(a)), a+r=T,

Clearly this process is Markovian and we can write the optimal stopping problem in
terms of it. Then, the standard theory of optimal stopping of Markovian processes allows
to conclude. More precisely, taking into account (3.2.13), we can use [81] Corollary 2.9,
Ch. I.1] when f = 0; when f # 0, the integral part of the functional can be reduced to u
by adding one dimension to the problem in a standard way (see, e.g., [81], Ch. ITI1.6]). W

Lemma 3.2.11. Let Assumption hold. Let u,f € Cp(A) and assume that there exist
s€[0,T]and (t,x) € A, with t <s, such that

u(t,x)>E (resp. <). (3.2.14)

u(s, X"*)+ f fr,X")dr
t

Then there exists (a,y) € As such that the function ¢ defined as ¢(s,z) == — [ f(r,z)dr
belongs to L ula,y) (resp. belongs to gu(a,y)}.

Proof. We prove the claim for the “sub-part”. The proof of the “super-part” is completely
symmetric.

First, we notice that ¢ € C;(’Z(A), as it satisfies with @ = —f and =0. Let us
now focus on the maximum property. Consider the optimal stopping problem and
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let 77, be the stopping time of Theorem 3.2.10 Due to (3.2.14) we have P{r;, <s} > 0.
This implies that there exists (a,y) € A;\%6s. Hence

-u(a,y)=—-Y4(a,y)= min E

T€9 ,17=0

TAS
—f f(r,X*Ndr—u(t As,X*Y)
a

By adding — fé’ f(r,y)dr to the above equality, we get the claim (E[) |

Proof of Theorem We prove the claim for the case of the subsolution/submartingale.
The other claim can be proved in a completely symmetric way.
()= () We need to prove that, for every pair of times (s1,s2) with ¢ <s; <s9<T,

u(s1, X" <E

52
u(32,Xt’X)+f Fr, X" u(r, X" )dr 3731]. (3.2.15)
s1
< t,xX
Using (3.1.6) and the equality X°1% Y= xs1 XA , we have

E

S2
u(sg, X% + f F(r, X" u(r, X" )dr
S1

=L

s1,X5% 52 s1,X5% s1,X7%
u(se, X 51) + F(r.X st,u(r, X s1))dr
81

Note that X1¥ is independent of Fs, for each x' and X t,\}: , 18 F5,-measurable. Hence,

using [3, Lemma 3.9, p. 55],

Sl,X,t,’\X 52 sl,X,t/’\X sl,X,t,’\x
E|u(se, X 1)+ F(ir,X s1,u(r, X s1))dr
S1

! 82 ! !
=F u(sz,Xsl’x)+f F(r,X°V* u(r,X°V%)dr

S1 |x!:Xt,x

Now we conclude, as () holds.
()= (i) Let ¢ € o/(¢,x). Then, by definition of test function, there exists H e 9, with
H > ¢, such that

(- u)t,x) =E[(p-w)(t AH,X"™)], Vied, t<rt. (3.2.16)

Asgpe C)léz(A), we can write

E[p(t AH,X"®)] = @(t,x) + E

TAH
f Lo(s,X"™)ds | . (3.2.17)
t

IThe role of the localizing stopping time H in the definition of test functions is here played by s.
2The flow property of X** used here plays the role of the method based on regular conditional probabil-

ity used in [33],[34] [35].
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By combining (3.2.16)-(3.2.17), we get

_F <u(t,x)-E[u(r AH,X")]

TAH
f Lo(s,X"™)ds
t

or, equivalently,

-E

TAH
f (2¢(S,Xt’x)+F(s,Xt’X,u(s,Xt’x)))ds]
t (3.2.18)
<u(t,x)—[E

TAH
w(t AH,XEX) + f F(s, X" u(s, X" )ds| .
t

Now observe that the submartingale assumption (3.2.10) implies that the right-hand side
of is smaller than 0. Hence, we can conclude by considering in (3.2.18) stopping
times of the form 7 = ¢t + ¢, with € > 0, dividing by ¢ and letting ¢ — 0*.

(tit)= (@) Let £ > 0 and consider the function u.(r,z) := u(r,z) + er. Assume that there
exist >0, (¢,x)€ A and ¢ <s < T such that

ust,x)>kE

S
ue(s, X0%) + f Fr, X" u(r, X" )dr| . (3.2.19)
t

By applying Lemma [3.2.11] we get that ¢° defined as ¢®(r,z) := ¢(r,z) — er, where ¢ is
defined as in Lemma [3.2.11| taking f(r,:) := F(r,-,u(r,-)), belongs to </ u(a,y) for some
(a,y). By the viscosity subsolution property of u, we then obtain the contradiction € < 0.

Hence we deduce that

us(t,x)<E

S
ug(s,Xt’X))+f F(r, X" u(r,X"™)dr|. (3.2.20)
t
As ¢ is arbitrary in the argument above, we can take € | 0 in (3.2.20), getting (3.2.9). W

As a direct consequence of the martingale characterisation in Theorem(3.2.7, we have

the following stability result.

Proposition 3.2.12. Let the assumptions of Proposition hold. Let Assumption
hold and assume that it also holds, for each n € N, for analogous objects F,, with
the same constant L. Let {u,},en be a bounded subset of Cp(A), for some p =1, and let
u € Cp(A). Assume that the following convergences hold:

(i) F,(s,-,y)— F(s,-,y) uniformly on compact subsets of W for each (s,y) € [0,T] x R.
(ii) un,(s,-) — u(s,-) uniformly on compact subsets of W for each s €[0,T].

Finally, assume that, for each n € N, the function u, is a viscosity subsolution (resp.

supersolution) to PPDE (3.2.2) associated to the coefficients A,,b,,0,,F,. Then u is a
viscosity subsolution (resp. supersolution) to (3.2.2) associated to the coefficients A,b,o,F.
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Proof. For any n >0 and (¢,x) € A, it follows from Proposition that there exists a
unique mild solution X ,t,’x to SDE (3.1.1) with coefficients A,,, b,,, 0,,. By Propositionm

XXX, in L8, (W), V(%) € A (3.2.21)

Since u, is a viscosity subsolution (the supersolution case can be proved in a similar

way) to PPDE (3.2.2), from Theorem we have, for every (¢,x) e A witht < T,

u,(t,x)<E

S
un(s, X%+ f Fo(r, X u,(r,X*Ndr|,  Vselt,T. (3.2.22)
t

In view of the same theorem, to conclude the proof we just need to prove that, letting
n — oo, the same inequality holds true when u,, F,, and X ().tX gre replaced by u, F and
X%X respectively.

Clearly the left-hand side of the above inequality tends to u(¢,x) as n — oco. Let us
consider the right-hand side. From (3.2.21), up to extracting a subsequence, we have for

P-a.e. w, the convergence X ,t;x(a)) — X"*(w) in W. Fix such an w. Then

Fw)={XXw)} Uiy

ne

is a compact subset of W. Then, for each s € [¢,T1,

Un(s, X55(0)) — uls, X"(w))|

< sup lun(s,z)—u(s,z) + luls, X5 (w) — uls, XX () =0
zeF(w)

because u,(s,-) — u(s,-) on compact subsets of W, u is continuous, and X f;x(w) — X ¥(w)
in W. This shows that un(s,Xfl’x(w))ﬁu(s,Xt’x(w)) for every s € [t,T]. Arguing analo-

gously, we have for each s € [¢,T1]

n—oo

Fo(s, X55(w), un(s, X5 (w)) == F(s, X V¥ (), u(s, X ¥ (w))).

Now we can conclude by applying Lemma Indeed, assuming without loss of gener-
ality ¢t < s, the hypotheses are verified for (Z, u) = (Q x[¢,s],P®m), and

folw,r) :S—itun@,X;”‘(w» +Fo(r, X5 (), un(r, X (),

flw,r) :S—itu(s,Xt’x(w)) +F(r, X" (), u(r, X" (0))),

gn(w,r) =gn(w) = M1+ X)),
g(w,r)=g(w) = M'(1+|X"*w)5),

for a sufficiently large M’ > 0, since [; g,du— [5 gdp by (3.2.21). [ |
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3.2.3 Comparison principle

In this section we provide a comparison result for viscosity sub and supersolutions to
(3.2.2), which, through the use of a technical lemma provided here, turns out to be a

corollary of the characterisation of Theorem (3.2.7

Lemma 3.2.13. Let Z € 2 (W) and g: [0,T]1x Q xR — R be such that g(-,-,z) e L1 (R),
Pr Pr

for all z € R, and, for some constant Cg >0,
g(,,2) = Cylz|, VzeR. (3.2.23)

Assume that the process

S
(Zs + f g(r, -,Zr)dr) (3.2.24)
t s€elt,T]

is an {Fslse(r, 1-submartingale. Then Z7 <0, P-a.s., implies Z; <0, P-a.s..

Proof. Let Z7 <0 and define
¥ :=inf{s=>t¢t: Z, < 0}.

Clearly t < t* < T and, since Z has continuous trajectories,
Z+<0. (3.2.25)

Using the submartingale property, we obtain

*

T Vs
Zs<E|Z;+ys +f g(r,,Z,)dr|Z|, Vselt,TI. (3.2.26)
S

Multiplying (3.2.26) by the %, -measurable random variable 1(;<;+}, and recalling (3.2.25)),
we find

T*
Liser)Zs <E 1{351*}(ZT*+ f g(r,-,zr)dr) L%]
S

*

T
<E l{ssr*}f g(r,-,Z,)dr
s

gs] (3.2.27)

T
=E f ly<ng(r,-,Z)dr |gs] R Vselt,T].
S
Now from (3.2.23) and the definition of 7%, we have
l{rST*}g(ry',Zr) = l{rST*}Cg|Zr| = l{rSr*}Cng, Vrelt, Tl

Plugging the latter inequality into (3.2.27) and taking the conditional expectations with

respect to &;, we obtain

T
E [1{351*}Zs|fft] < Cgf [E[l{rsf*}Zrlgt]dr, Vselt,T]. (3.2.28)
s
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Now, setting h(s) = E[15<;+}Zs|F;], (3.2.28) becomes

T
h(s) < Cgf h(r)dr, Vselt,T]. (3.2.29)

Gronwall’s lemma yields A(s) <0, for all s € [¢,T]. In particular, for s = T', we obtain,
P-a.s., Zt = [E[Ztlgt] = E[l{tsr*}Zﬂgt] =h()=<0. |

Corollary 3.2.14 (Comparison principle). Let Assumptions {3.1.2| and |3.2.6| hold. Let
p=1landlet uVe Cp(A) (resp. u? e C,(A)) be a viscosity subsolution (resp. supersolu-
tion) to PPDE B.2.2). If u'™(T,) < u®(T,-) on W, then u® <u® on A.

Proof. Let (t,x)€ A. Set
g(r,w,2) = F(r, X" ),z + u®(r, X" (0))) - F(r, X"*(0),u®, X ¥(0)))
and
Z(0) = uP(r, X)) - u@ @, XX (w)).

Due to Assumption [3.2.6, the map g satisfies the assumptions of Lemma [3.2.13, More-
over, by using the inequality u(T,-)—u?(T,-) <0 and the implication : of The-
orem we see that Z satisfies the assumption of Lemma [3.2.13] Then the claim

follows as, P-a.e. w € (2,

u D, X ¥ () - u®@ @, X (w)) = uV(¢,x) - u?(t,x). [ |

3.2.4 Existence and uniqueness

In this section we provide our main result. We will consider the following assumption on

the terminal condition ¢&.

Assumption 3.2.15. ¢ € C(W,R) and, for some C¢ >0, p=1,

IE®)| < Ce(1+1xI5,), VxeW. (3.2.30)

Theorem 3.2.16. Let Assumption [3.1.2|hold and let Assumptions hold with
the same growth rate p = 1. Then PPDE (3.2.2) has a unique viscosity solution in the space
Cp(A) satisfying the terminal condition (3.2.3).

Remark 3.2.17. Uniqueness of viscosity solutions to PPDE (3.2.2) is already implied by
the comparison principle in Corollary |3.2.14] However, it will be also a by-product of the
fixed-point argument used to prove the existence (Proposition 3.2.18).
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Due to Theorem [3.2.7, the proof of the result above reduces to the study of the func-

tional equation

u(t,x)=E

S
u(s, X0%) + f Fr, X" u(r, X" )dr|, V(t,x)eA, selt,T], (3.2.31)
t
with terminal condition
w(T,-)=¢&(). (3.2.32)

Existence and uniqueness of solutions to the functional equation (3.2.31)-(3.2.32) could
be deduced from the theory of backward stochastic differential equations in Hilbert

spaces (see Remark [3.2.20| below). However, for the reader’s convenience, we provide
here a direct proof that does not rely on the theory of BSDEs.

Proposition 3.2.18. Let Assumption hold and let Assumptions hold
with the same growth rate p = 1. There exists a unique 4 € C,(A\) solution to (3.2.31) with

terminal condition (3.2.32).

Proof. Step 1. Fix a function { € C,(A), and let 0 <a <b < T. Consider the nonlinear
operator I': C,(A) — Cp(A), u—I'(u), defined by

b
T(w)(t,x) = [{(X") + 1jg 4)(t) f F(s, X"  u(s,X"*)ds|, V(,x)eA. (3.2.33)
t

First we note that actually I' is well defined and maps C,(A) into itself: it follows from

Assumption and Corollary

We now show that there exists € > 0 such that, if b —a < ¢, then I' is a contraction on
Cp(A), hence admits a unique fixed point. Let u,v € C,(A). Using Assumption |3.2.6([zz),

b
IT(u)(t,%) - T()(¢,%)| <E |1[4,51(2) f |F(s,X5%,u(s, X)) - F(s, X", v(s, X"®)| ds
t

b
<LE [l[a,b](t)f |u(39Xt’x)—U(S,Xt’x)|ds
t

b
SLIu—vICp(A)[E l[a,b](t)f (1+|Xt’xlf,’o) ds]
t

b

<Llu- Ule(A)l[a,b](t)f (1+M1+1xI))ds
t

<eL (1+M)1+IxI5) |lu—-vlc,n

which yields
IT(w) -T@)lc, ) < L1+ M)lu—vlc, ). (3.2.34)

Thus, I is a contraction whenever ¢ < (L(1+ M))~1. For such ¢, it admits a unique fixed

point :

b
a(t,x) = E [{(XP) + 114 )(8) f F(s, X"  a(s,X"*)ds|,  V(t,x)€A. (3.2.35)
t
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Step 2. We prove that, if a function @ satisfies (3.2.35) for (¢,x) € A, a <t <b, then it

also satisfies, for every (¢,x) € A and every (s,x) € A with a <t <s < b, the equality

u(t,x)=E , (3.2.36)

S
a(s, Xb%) + f Fr, X" a(r, X" )dr
t

Indeed, using (3.1.6) and [3, Lemma 3.9, p. 55]

[ b
a(s, X"™)=E ((Xs’y)—i-f F(r, XY, a(r,X*Y)dr
L S

ly=X"tx

r b
—E|cxsX™) ¢ f For, XX a0r, XX )dr
L S

r b
—E |ty + f F X% a0, X)) dr
L S

Hence b
E[a(s,X"™)] =E [{(Xt’x) + f F(r, X", 0@, X" )dr
S
and we conclude by (3.2.35).

Step 3. In this step we conclude the proof. Let a,b as in Step 1 and let us assume,

without loss of generality, that T/(b —a) = n € N. By Step 1, there exists a unique @, €
Cp(A) satisfying

T
ln(t,x):=E [{(Xt’x) + 1[7—(b—a),T1(2) f F(s, X%, ﬁn(s,Xt’x))ds] . VY(,x)€eA.
t

With a backward recursion argument, using Step 1, we can find (uniquely determined)
functions @; € C,(A), i = 1,...,n, such that

i(b-a)

4i-1(t,%)=E|2,;((b-a), X" )+ 1[(i—1)(b—a),i(b—a)](t)f F(s, X", 01;(5,X"®))ds |,
t

for all (¢,x) € A. Now define @(¢,") =Y 1<j<n 1[(i—1)(b—a),i(b—a))(t)ai(t,') + 173 (8)é(-). To con-
clude the existence, we use recursively Step 2 to prove that @ satisfies (3.2.31) with
terminal condition (3.2.32).

Uniqueness follows from local uniqueness. Indeed, let #,0 be two solutions in C(A)

to (3.2.31)-(3.2.32) and define

T" = sup{t €[0,T1]: sup|a(t,x)—0(t,x)| > O} ,
xeW

with the convention sup® = 0. By continuity of @,9, and since a(T,-) = 6(T,-), we have
u(t,")=0(t,-) forevery t € [T*,T]. If T* = 0, we have done. Assume, by contradiction, that
T* >0. As done in Step 2, one can prove that both @ and ¢ satisfy (3.2.36). In particular,
if we consider the definition (3.2.33) with {(-) = a(T*,-)=0(T"*,-),a=0v(T* —-¢), b=T",
where ¢ < (L(1+M))™1, we have

I'a)t,x)=a(t,x) and TI'(0)¢,x)=70(t,x), V(t,x)e A, Vte[T* —eT"].

Then, recalling (3.2.34), we get a contradiction and conclude. |
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Remark 3.2.19. If there exists a modulus of continuity wr such that
IF(t,x,y) - F(t',x,y)| < wp(doo((£,%),(t , X)) + LIy -y,

then I' defined in (3.2.33) maps UC(A) into itself. Hence, if { is uniformly continuous and
the condition above on F' holds, then the solution & belongs to UC(A).

Remark 3.2.20. Another way to solve the functional equation (3.2.31)) is to consider the

following backward stochastic differential equation
T T
Y, = &X 5 + f F(r, X" Y,)dr - f Z,.dW,, selt, T (3.2.37)
S S

Then, it follows from Proposition 4.3 in [47] that, under Assumptions and
(with the same growth rate p = 1), for any (¢,x) € A there exists a unique solution
(Y5, Z5serom € f;T(C([O,T],R)) X LQ(%(H*) to equation (3.2.37), which can be viewed
as a Sobolev solution to PPDE (see e.g. [4]). We also know that Ytt’X is constant,
then we may define

T
u(t,x) = Ytt’X =F [f(Xt’X)+f F(s,Xt’X,Yst’X)ds , (3.2.38)
t

for all (¢,x) € A. It can be shown, using the flow property of X** and the uniqueness of
the backward equation (3.2.37), that Y™ = 6i(s,X**) for all s € [¢, T, P-a.e.. Moreover,
using the backward equation (3.2.37), the regularity of { and F, and the flow property
of X"* with respect to (¢,X), we can prove that & € Cp(A). This implies that @ solves the
functional equation (3.2.31) with terminal condition (3.2.32), and it is the same function
of Proposition Viceversa, we can also prove an existence and uniqueness result
for the backward equation if we know that there exists a unique solution # €
C,(A) to the functional equation with terminal condition (3.2.32). In conclusion,
4 admits a nonlinear Feynman-Kac representation formula through a non-Markovian

forward-backward stochastic differential equation given by:

Xs:Ss_txt+f Ss_rb(r,X)dr+f Se_ro(r,X)dW,, set,T],
t ¢
{ X =xq, s€l0,?),
T T
YS:§(X)+f F(r,X,Yr)dr—f Z.dW,, s€l0,T].
S S

3.3 The Markovian case

In the Markovian case, i.e., when all data depend only on the present, infinite-dimensional
PDEs of type (3.2.2)-(3.2.3) have been studied from the point of view of viscosity solutions
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starting from [[70} [72] [73]]. In this section we compare the results of the literature with
the statement of our main Theorem in this Markovian framework.

Hence, let us assume that the data b, o, F, ¢ satisfy all the assumptions used in the
previous sections and, moreover, that they depend only on x = x;, instead of the whole
path x. SDE is no more path-dependent and takes the following form:

{dXs =AX.ds+b(s,Xs)ds+0(s,Xs)dWs, selt,T], 3.5.1)

thxEH.

Accordingly, (3.0.1) becomes a non path-dependent (ﬂ) second order parabolic PDE in the
Hilbert space H, which is formally written for (¢,x) € [0,T) x D(A) as (E[)

—dult,x)— %Tr [o(¢,%)0* (t,x)D?u(t,x)] - (Ax,Du(t,x))— (3.3.2)

—(b(t,x),Du(t,x)) - F(¢,x,u(t,x)) = 0.

In such Markovian framework, the results of the previous sections still hold. Indeed,
defining viscosity solutions to (3.3.2) as in Definition with x in place of x, we know
from Theorem that there exists a unique viscosity solution 4 to and that
it admits the probabilistic representation formula of Remark with x in
place of x.

On the other hand, equations like have been studied in the literature, by
means of what we call here the “standard” viscosity solution approach. This is performed,
in the spirit of the finite-dimensional case, by computing the terms of on smooth
test functions suitably defined and using the method of doubling variables to prove the
comparison. Such “standard” approach in infinite dimension has been first introduced in
[[70l, [72], and then developed in various papers (see e.g. [52], (54| 53 611, [95]]).

To compare our results with the ones obtained in the literature quoted above, we first
introduce a concept of classical solution to (3.3.2).

First of all, observe that is well defined only in [0,7) x D(A). In order to for-
mally extend this set of definition we can consider the operator A*, adjoint of A, defined
on D(A*)c H, and express the term containing Ax in by writing

(Ax,Du(t,x)) = (x,A*Du(t,x)),

which is well defined in [0,T") x H provided that Du € D(A™). Hence, to define classical

solutions to such equation, we define the operator #; as follows: the domain of definition

3In this section we drop the final condition ¢. But it is important to notice that the PDE must be

considered path-dependent even if only ¢ depends on the past, while b,0,F do not.
4Notice that the time derivative d;u(t,x) here appearing can denote equivalently the Dupire time-

derivative defined in the Appendix of the chapter or the standard partial right time-derivative, as in this

Markovian case they coincide each other on [0, 7).
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of the solution is (UCY2([0, T'1 x H) denotes the space of maps v : [0,T]x H — R which are
uniformly continuous together with their first time Fréchet derivative and their first and

second spatial Fréchet derivatives)
D(&y) = {w e UCY%([0,T1x H): the maps (¢,x) — (x, A*Dy(t,x)), A*Dyl(t,x),
%Tr [o(t,%)0*(t,x)D*y(¢,x)], belong to UC([0,T1 x H)} :
and
Lry(t,x) = 0sp(t,x) + %Tr [o(t,%)0* (t,x)D?y(t,x)] + (x, A* Dy(t,x)) + (b(t,x), Dy(t,x)).
Then we say that u is a classical solution to (3.3.2) if u € D(%;) and satisfies
—Liu(t,x)—F(t,x,u(t,x)) =0, V(t,x)e[0,T)x H. (3.3.3)

The standard definition of viscosity subsolution (supersolution) for says roughly
that, at any given (¢,x) € [0,T) x H, the equation must be satisfied with < (=), when we
substitute to the derivatives of u(¢,x) the derivatives of ¢(¢,x), where ¢ is a suitably
chosen test function.

Clearly, in this context test functions should be chosen in such a way that all terms
of have classical sense. Hence, their regularity must be substantially the one
required for classical solutions, i.e., roughly, ¢ € D(%;). This regularity is very demand-
ing, much more than the one required in the finite dimensional case: requiring that
D@ e D(A*) and the finite trace condition in the second order term strongly restricts the
set of test functions. In this way the proof of the existence has not a greater structural
difficulty with respect to the finite-dimensional case, but the uniqueness, which is based
on a delicate construction of suitable test functions, becomes much harder.

To be more explicit, let us first give a definition of “naive” viscosity solution to (3.3.2).
Definition 3.3.1.

(i) An upper semicontinuous function u:[0,T]1x H — R is called a naive viscosity sub-

solution to (3.3.2) if
_gl(p(t,x) _F(trx, u(t7x)) =< 07
for any (t,x) € [0,T) x H and any function ¢ € D(%£;) such that ¢ —u has a local

minimum at (t,x).

(it) A lower semicontinuous function u: [0,T]1x H — R is called a naive viscosity super-

solution to (3.3.2) if
~Z19(t,x)-F(t,x,u(t,x)) =0,

for any (t,x) € [0,T) x H and any function ¢ € D(%) such that ¢ —u has a local

maximum at (¢,x).
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(iii) A continuous function u: [0,T]x H — R is called a naive viscosity solution zo (3.3.2)

if it is both a viscosity subsolution and a viscosity supersolution.

If we adopt this definition, it is clear that the set of test functions used is strictly in-
cluded in the one used in our Definition[3.2.2] Hence, if a function is a viscosity solution
according to Definition it must also be a viscosity solution according to Definition
3.3.1, while the opposite is, a priori, not true. Hence, if one were able to prove a unique-
ness result for viscosity solution according to Definition [3.3.1, such a result would be
more powerful than our existence and uniqueness Theorem However, the tech-
nique used to prove uniqueness in finite dimension does not work with such a definition
and there are no general uniqueness results with this definition.

In the literature concerning “standard” viscosity solutions in infinite dimension this
problem has been overcome by introducing suitable restrictions on the family of equa-
tions and adding an ad hoc radial term g to each test function ¢. We explain more in
detail what is needed to apply such techniques to our equation (3.3.2); then we give a
result obtained with such technique and compare it with our previous results.

To start, it is useful to rewrite equation (3.3.2) as follows:
—0;u(t,x)— (x,A*Du(t,x)) — Lu(t,x)— F(t,x,u(t,x)) =0, on[0,T)xH, (3.3.4)
with, for any u € C12([0, T1 x H) in the sense of Fréchet,
Lu(t,x) = (b(t,x),Du(t,x)) + %Tr [o(t,x)0*(¢,x)D%u(t,x)].
To account for the “difficult” term (x, A*Du(t,x)) we impose the following assumption.

Assumption 3.3.2. The operator A is a maximal dissipative operator in H.

Under Assumptions[3.1.2|and [3.3.2] it follows from that there exists a symmetric,
strictly positive, and bounded operator B on H such that A*B is a bounded operator on
H and

—A*B+coB =0,
for some cqo > 0.

Definition 3.3.3 (B-convergence, B-upper/-lower semicontinuity, B-continuity). Let x €
H and let {x,}en € H be a sequence. We say that the sequence {x,},en IS B-convergent to
x, if x, — x and Bx, — Bx in H.

A function u: [0,T]x H — R is said to be B-upper semicontinuous (resp. B-lower semi-
continuous) if for any {t,}nen < [0,T] convergent to t € [0,T], and for any {x,}nen € H
B-convergent to x € H, we have

liills;}p u(ty,x,) <u(t,x) (resp. li’gglfu(tn,xn) > u(t,x)).

Finally, u is B-continuous if it is B-upper and B-lower semicontinuous.
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We consider two classes of smooth (test) functions:

(C1) (the “smooth” part) ¢ € C12([0,T]x H), D¢ is D(A*)-valued, 0,0, A*D¢, and D?¢

are uniformly continuous on [0,T'] x H, and ¢ is B-lower semicontinuous.

(C2) (the “radial” part) g € C12([0,T] x R) and, for every t € [0,T], the function g(¢,-) is

even on R and nondecreasing on [0, 00).

Definition 3.3.4.

(i) A B-upper semicontinuous function u: [0,T]1x H — R, which is bounded on bounded
sets, is called a viscosity subsolution to (3.3.4) if

—04(@ + g)(t,x) — (x,A*Do(t,x)) — L(p + g)(t,x) — F(t,x,u(t,x)) <0,

for any (t,x) € [0,T) x H and any pair of functions (¢, g) belonging, respectively, to
the classes (JI)-(C2) above and such that ¢ + g —u has a local minimum at (t,x).

(it) A B-lower semicontinuous function u: [0,T]1x H — R, which is bounded on bounded
sets, is called a viscosity supersolution to (3.3.4) if

—0(p — g)(t,x) — (x,A*D(t,x)) — L(¢p — g)(¢,x) — F(¢,x,u(t,x)) =0,

for any (t,x) € [0,T) x H and any pair of functions (¢, g) belonging, respectively, to
the classes ((JI)-(C2) above and such that ¢ — g —u has a local maximum at (t,x).

(iit) A function u:[0,T]x H — R is called a viscosity solution to (3.3.4) if it is both a

viscosity subsolution and a viscosity supersolution.

Remark 3.3.5. The radial function g belonging to the class ((2) introduced in Defini-
tion plays the role of cut-off function and is needed to produce, together with the
B-continuity property, local/global minima and maxima of ¢ + g —u and ¢ — g — u, respec-
tively. However, the introduction of the radial function forces to impose Assumption [3.3.2]
to get rid of the term (Ax,Dg(t,x)) which would come out from the gradient of g.

Radial test functions could also be included in our Definition [3.2.2 when A is a max-
imal monotone operator without compromising the existence result (but note that it
would be redundant including them in our definition, as they are not needed to prove
uniqueness in Theorem [3.2.16). In this case, our Definition [3.2.2) would be stronger than
Definition in the sense that a viscosity subsolution (supersolution) in the sense of
Definition must be necessarily also a viscosity subsolution (supersolution) accord-
ing to Definition Indeed, a test function in the sense of Definition |3.3.4| would be
also a test function in the sense of Definition O
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We can now state a comparison theorem and an existence result for equation (3.3.4).
First, we need to introduce some notations. Let H_; be the completion of H with respect
to the norm

|x|2 | := (Bx,x).

Notice that H_1 is a Hilbert space with the inner product
(x,x'y_1:= <Bl/2x,Bl/2x'>.

Let now {e1,e9,...} be an orthonormal basis in H_; made of elements of H. For N > 2 we
denote Hy = spanfeq,...,en}. Let Py: H_1 — H_1 be the orthogonal projection onto Hy
and denote PI%, =1—-Py.

Theorem 3.3.6. Let Assumptions|3.1.2} 13.2.30} 13.2.6| and 3.3.2| hold. In addition, let us

impose the following assumptions.

(i) The map y— F(t,x,y) is nonincreasing on R, for any (t,x) € [0,T] x H.
(it) There exists a positive constant Ly , and a modulus of continuity w¢ g such that

|b(t,x) = b(t, x| +|o(t,x) - 0(t,x)g < Ly olx — x| 1,

|€(x) - f(x,)l + |F(tax7y) _F(t,xlay)l = (UE’F(|.7C - xll—l)y
forall t€[0,T], x,x' € H, and y €R.
(iii) o(t,x) e Lo(H) for every (t,x) € A and the following limit holds

Jim Tr[o(t,x)o*(t,x)BPx] =0,  V(¢,x)€[0,T]xH.

Then, the following statements hold true.

(a) Let u (resp. v) be a viscosity subsolution (resp. supersolution) to (3.3.4) satisfying a
polynomial growth condition. If u(T,-) <v(T,-), then u<von [0,T] x H.

(b) Assume that F = F(t,x) does not depend on y. Then, there exists a unique viscosity
solution @ to equation (3.3.4) satisfying the terminal condition 4(T,-) = ¢(-) and it

admits the probabilistic representation (| E])

T
a(t,x) =E [5(X§:")+ f F(s,X:)ds V(t,x) € [0,T]x H.
t

b

Proof. See [95, Th. 3.21 (¥). |

5When H is finite dimensional, the probabilistic representation formula (3.2.38) provides the unique

“standard” viscosity solution to (3.3.4) also when F depends on y, see [[78].
6 Actually, under the assumption that u,v are bounded in part @, but this assumption can be relaxed

to the polynomial growth case.
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Notice that Assumption () of Theorem is actually redundant in the framework
of Assumption due to the uniform Lipschitz property of F' with respect to the last
argument required therein. Indeed, let u (resp. v) be a viscosity subsolution (resp. su-
persolution) to satisfying u(T,-) < &(-) (resp. v(T,-) = &(-)). Our aim is to prove
point (a) of Theorem that is that u < v on [0,T] x H, without imposing Assump-
tion (i) of the same theorem. To this end, set @(¢,x) = e“tu(t, x) and (¢, x) = eLtu(t, x), for
all (¢,x) € [0,T] x H, where L is the constant in Assumption . Then, by standard
arguments (see, e.g., point (i) of Remark 3.9 in [33]]), we can prove that @ (resp. 7) is a vis-
cosity subsolution (resp. supersolution) to with F(¢,x,y) = —-Ly + e]:tF(t,x,e_ﬁt y)
in place of F. The Lipschitz property of F implies that the map y — F(¢,x, y) is nonin-
creasing, therefore we can apply point (a) of Theorem [3.3.6]to @ and 7, which yields @ <o
on [0,T]x H. Then u <v on [0,T] x H follows.

Assumption in Theorem is needed to exploit the B-continuity. Indeed the
requirement of B-continuity on the sub(super)solutions is needed to generate maxima
and minima in the proof of comparison. In this way one is obliged to assume these

stronger conditions on the coefficients to ensure the existence of solutions (see [95]]).

Assumption in Theorem is needed since, to prove uniqueness, one has to
use the so-called Ishii’s lemma which allows to perform the procedure of doubling vari-
ables. Up to now Ishii’s lemma is known to hold only in finite dimension, so the proof
is performed through finite dimensional approximations: the condition ensures the

convergence of such approximations.

We can conclude that, under the assumptions of Theorem [3.3.6{{b), the two definitions
of viscosity solution select the same solution. However, adopting our Definition re-
quires weaker assumptions to prove that the function Z in (3.2.38) is the unique viscosity
solution. First, the map o does not need to satisfy assumptions (which, in the con-
stant o case, would imply that oo™ is a nuclear operator, hence reducing the applicability
of the theory) as the proof of uniqueness does not require the use of Ishii’s lemma on the
corresponding finite-dimensional approximations. Secondly, the coefficients b, o, F, and
¢ do not need to be B-continuous with respect to x, as no local compactness is needed to
produce local max/min in our sense. Finally, the operator A does not need to be maximal

monotone, as radial test functions are not needed to produce local max/min in our sense.

Roughly speaking, we can say that the definition here adopted allows to cover more
general cases since the relation with the PDE is different in the following sense: the
PDE is tested in analytical sense, but over test functions which satisfy the min/max
condition only in a probabilistic sense and only when composed with the process X*;
indeed minimum (maximum) of ¢ —u is not pointwise in a neighborhood of (¢,x), but only

in mean when composed with the process X%*.
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Appendix

Pathwise derivatives

The class of test functions used to define viscosity solutions for path-dependent PDEs has
evolved from and [34] to the recent work [85]. In Definition [3.2.1] which is inspired
by [85l, there is no more reference to the so-called pathwise (or functional, or Dupire)
derivatives (for which we refer to [31] and also to [13] (12| 14 [16]), which are instead
adopted in [33] and [34] (actually in [34]] only the pathwise time derivative is used).
This allows to go directly to the definition of viscosity solution, without pausing on the
definition of pathwise derivatives, and, more generally, on recalling tools from functional
Ito calculus. However, the class of test functions used in or [34] has the advantage to
be defined in a similar way to C12, the standard class of smooth real-valued functions. In
this case the object Zu of (3.2.1), which for us is only abstract, can be expressed in terms
of the pathwise derivatives, as in the non path-dependent case, where £ corresponds to
a parabolic operator and can be written by means of time and spatial derivatives.

For this reason, in order to better understand Definition and the notation Zu,
we now define a subset of test functions %;.’Q(A) c C)lf’z(A) which admit the pathwise
derivatives we are going to define. Here we follow [34], generalizing it to the present

infinite dimensional setting.

Definition 3.A.7. Given u € C,(A), for some p = 1, we define the pathwise time derivative
of u at (t,x) € A as follows:

h,X pg)—
atu(s,x)::hlin& u(s + ,x/}\:) u(s,x), s€[0.7),

o,u(T,x) = lir%} osu(s,x), s=T,
g

when these limits exist.
In the following definition A* is the adjoint operator of A, defined on D(A*) c H.

Definition 3.A.8. Denote by S(H) the Banach space of bounded and self-adjoint opera-
tors in the Hilbert space H endowed with the operator norm, and let D(A™) be endowed

with the graph norm, which renders it a Hilbert space. We say that u € Cp(A), for some
p =1, belongs to CK)?(A) if:

(i) there exists d;u in A in the sense of Definition [3.A.7|and it belongs to Cp(N);

(ii) there exist two maps 0xu € C,(A,D(A*)) and 02,u € C (A, S(H)) such that

Tr[oo*02u] < oo
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in A and the following functional Ito’s formula holds for all (t,x) e A and s€[t,T]:
du(s,X") = Lu(s,X"*)ds + (0" (s, X" )oxu(s, X"*),dWs), (3.A.5)
where, for (s,y) € A,

Luls,y) = 0;u(s,y) + (y:, A*0xu(s,y)) + (b(s,y),0xu(s,y))
1 , (3.A.6)
+ ETr[(T(s,y)a*(s,y)axxu(s,y)].

Given (@)-(it) above, we call Oxu a pathwise first order spatial derivative of u with respect
to X and aixu a pathwise second order spatial derivative of u with respect to X and

denote

0% u = {(0xu,0%.u) € C,(A,D(A*)) x C,(A,S(H)): dxu and 02.u as in (i) }.

Notice that, given u € %”;’2(A) and (¢,x) € A, the objects dxu and Oixu are not nec-
essarily uniquely determined, while Zu defined as in (3.A.6) and o0 *0xu are uniquely
determined. Indeed, this can be shown by identifying the finite variation part and the
Brownian part in the functional Ito’s formula (3.A.5). Moreover, (3.2.1) is satisfied with

a(t,x) = 0;u(t,x) + (x;, A*0gu(t,x)) + (b(t,x), 0xu(t, X)) + %Tr[a(t,x)a*(t,x)aixu(t,x)],

B(t,x) = o™ (t,x)0xu(t,x).

In particular, C5)§’2(A) - C;’Q(A) and the notation Zu := a introduced in Subsection m
becomes clear.



Chapter 4

Functional Ito calculus in Hilbert

spaces and application to PPDEs

The present chapter extends to infinite dimensional spaces the so called functional Ito
calculus, so far developed in finite-dimensional spaces, and some of its applications.

In [31] the first ideas for a functional Ito calculus were presented for one-dimensional
continuous semimartingales, by introducing suitable notions of time/space derivatives
which reveal to be adequate for dealing with non-anticipative functionals. In that paper,
a functional Ito’s formula is provided and then employed to represent solutions to back-
ward Kolmogorov equations with path-dependent terminal value. This allows to obtain
an explicit representation of the stochastic integrand in the martingale representation
theorem, when the martingale is closed by a functional of the process solving the SDE
associated to the Kolmogorov equation. In [12] [13] [14] these ideas are furtherly devel-
oped and generalized. In the functional Ito’s formula is proved for a large class of
finite-dimensional cadlag processes, including semimartingales and Dirichlet processes,
and for functionals which can depend on the quadratic variation. In [14] the notion
of vertical derivative is extended to square integrable continuous martingales and it is
proved that it coincides with the stochastic integrand in the martingale representation
theorem.

Functional Ito calculus in finite dimension can be also viewed as an application
to the spaces of continuous/cadlag functions of stochastic calculus in Banach spaces
(126], 27], 28], 29] [43]]). In [29] the notion of y-quadratic variation is introduced for Ba-
nach space-valued processes (not necessarily semimartingales) and the related Ito’s for-
mula is discussed. This general framework finds application to “window” processes in
C([-T,0],R"™), whose values, at each time ¢ € [0, T], is essentially the path up to time ¢ of
an R"-valued continuous process. When applied to window processes, such Ito’s formula
allows to derive a Clark-Ocone type representation formula by recurring to the solution

to a path-dependent Kolmogorov equation. In [43] finite dimensional It6 processes X
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with constant diffusion coefficient and path-dependent drift are considered. By embed-
ding the dynamics of X into a Banach space of functions [-7",0] — R", it is proved that the
Feynman-Kac formula provides a solution to the path-dependent backward Kolmogorov
equation associated to X, with a non-path-dependent terminal value.

Another approach to path-dependent functionals and path dependent stochastic sys-
tems is represented by the embedding in infinite dimensional Hilbert spaces. Indeed,
when the dependence on the history is sufficiently regular — precisely regular with re-
spect to a L? norm — a representation in the Hilbert space of the form R x L2 is possible.
This approach goes back to and was further developed in other papers ([40, 42, [511).
With this approach, the very well-developed theory of stochastic calculus in Hilbert space
([24]]) can be applied. On the other hand, it leaves out some important classes of prob-
lems, in particular all those where the dependence on the history involves pointwise
evaluations at past times.

Up to our knowledge, so far the functional Ito calculus has been developed only in
finite dimensional spaces. We generalize it to infinite dimension as follows. Consider
two real separable Hilbert spaces U,H and a U-valued cylindrical Wiener process W.
Given T > 0, denote by W the space C([0,T'], H) of continuous functions [0,7'] — H. Given
t€[0,T] and x € W, consider the process

. tvs tvs
Xs’x:xt,\.+f b,dr+f ®,.dW,  s€l0,T],
t t

where

x(s) s€el[0,¢]
Xsp.(8) = {
x(t) se(t,T],

b is a square-integrable H-valued process, and ® is a square-integrable process valued
in the space of Hilbert-Schmidt operators Lo(U,H). We develop a functional Ito calculus
for processes of the form

. YhXy.— 1,x
u(-, X% {u(s,Xs )}SE[O,T]

where u: [0,T] x W — R is a non-anticipative functional, meaning that u(s,y) = u(s,y’)
whenever y =y’ on [0, s] for a given s € [0,T]. Under suitable regularity assumptions on
u, we prove an Ito formula for u(-, X»*). Then, assuming that X** is driven by an SDE
of the form

dXs=0b(s,X)ds+D(s,X)dW; Vselt,T]
(4.0.1)

Xin =X¢p.,

where b: [0, T]1xW — H, ®: [0,T]xW — Lo(U,H) are non-anticipative coefficients satis-
fying usual Lipschitz conditions, and letting f: W — R be a function, we show that, if the

non-anticipative function ¢ defined by

ot,x)=E[fX"™)]  ¢x)el0,TIxW



Chapter 4: Functional Ito calculus in Hilbert spaces and application to PPDEs 113

is suitably regular, then ¢ solves the path-dependent backward Kolmogorov equation
associated to with terminal value f at time T'. As a corollary, we obtain a Clark-
Ocone type formula for the process ¢(-, X*X). Finally, we accomplish a complete study of
the regularity of the solution X** to SDE with respect to #,x, when ® is constant
and b contains a convolution of the path of X with a Radon measure. In particular,
the case of pointwise delay in the coefficient & will be covered. For the latter class of
dynamics, by a pathwise analysis, we show in detail that the assumptions required by
the general results previously obtained (Ito’s formula, representation of solution to the
path-dependent Kolmogorov equation, Clark-Ocone type formula) are satisfied, hence
the theory can be applied.

Our methods deviate from the ones used in the aforementioned liteature. In [12]
(13, 14} [31]] non-anticipative functionals are considered on the metric space A of couples
“(time ¢,cadlag path on [0,%])”. Due to the lack of a linear structure for A, this choice
leads to introduce non-standard notions of derivatives (vertical/horizontal) and to deal
with ad-hoc continuity assumptions. On the contrary, we do not use the space A and, in a
more standard perspective, we look at the set of continuous non-anticipative functionals
as a subvector space of the space of continuous functions on [0,7] x W. Our choice is
equivalent to take the restriction of A to couples with continuous path in the second
component as working space, but shows the advantage to allow to deal with classical
Gateaux derivatives in space. The choice of Gateaux derivatives in space reveals to
be particularly adequate when proving regularity of solutions to path-dependent SDEs
with respect to the intial value by using contraction methods in Banach spaces, as in
Section if one wishes to apply the theoretical results in practice, this is a key step
in order to show that the assumptions of the theory are satisfied. Nevertheless, also in
our setting, the introduction of an ad-hoc time derivative for non-anticipative functionals
cannot be avoided. It is remarkable that it is convenient for us to use a left-sided time
derivative, instead of the right-sided derivative introduced in [31]] and then adopted also
in [12] 13} 14]. Our choice turns out to be very natural when studying the link between
the path-dependent SDE and the associated Kolmogorov equation. Moreover, unlike
26, 27, 28] 29| 43]], we do not rephrase our path-dependent problem in a Banach space.
This allows to avoid to work with stochastic calculus in Banach spaces.

The present chapter is organized as follows. In Section after introducing some
notation, we define the locally convex space with respect to which the regularity of non-
anticipative functionals will be considered. In Section |4.2| we prove the path-dependent
It6’s formula (Theorem [4.2.8). In Section [4.3] we show that the Feynman-Kac formula for
the strong solution to a path-dependent SDE in Hilbert spaces, if it is sufficiently regular,
provides a solution to the associated Kolmogorov equation (Theorem [4.3.2). We then use
this fact to derive a Clark-Ocone type formula (Corollary [4.3.3). Finally, in Section [4.4]
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we explicitly show that the previously developed theory can be applied to a class of SDEs
with path-dependent drift and constant diffusion coefficient (Theorem |4.4.9).

4.1 Preliminaries

4.1.1 Notation

Let T > 0, let (Q,F := {F}1c10,11, % ,P) be a complete filtered probability space, and let (E, |-
|g) be a Banach space. Unless otherwise specified, every Banach space E is considered
endowed with its Borel o-algebra 2. We will make use of the notation ‘,‘f;;,T(C([O, T1,E))
introduced in Section By([0,T1,E) denotes the space of bounded Borel measurable
functions x: [0,T] — E. If x€ By([0,T'],E), then x; and x(¢) denote the evaluation at time
t € [0,T] of the function x, whereas x;,. denotes the function defined by (X;.)s := X¢as
for s €[0,T]. We denote by By, ¢([0,T],E) the subspace of By([0,T],E) of bounded Borel
functions x: [0, 7] — E with separable range. Unless otherwise specified, By, ¢([0,T'], E) is
considered with the topology of the uniform convergence. Then By, ([0, T'], E) is a Banach
space and C([0,T],E) c By ([0, T],E).

By M([0,T]) we denote the space of Radon measures on the interval [0,7T"]. For v €
M([0,T1]), |vl1 denotes the total variation of v.

Let F be another Banach space. From Section |1.1.1, we recall that ¢"(E,F) denotes
the space of functions f: E — F which are strongly Gateaux differentiable on E up to
order n (see Section for details). If f € [0,T] x E — F is such that f(¢,-) € ¢"(E,F)
for all ¢ € [0,T'], then we denote by 62 f,J=1,...,n, the Gateaux differentials of f with
respect E. Similarly, if f(¢,-) e C*(E,F), i.e. f(¢,-) is continuously Fréchet differentiable
up to order n, we denote by Dé f,Jj=1,...,n, the Fréchet differentials of f with respect
to E.

Let NA([0,T]x C([0,T],E),F) denote the subspace of FIO.TIxCUAO.TLE) whose members

are non-anticipative functions, i.e.
NA([0,T]x C([0,T1,E),F) := { f € FIO.TI<CA0.TLE),
£(t,%) = F(t,%:0.) Y(£,%) € [0, T x C([O,T],E)}.

By CNA([0,T]1xC([0,T],E),F) we denote the subspace of C([0,T]x C([0,T1,E),F) whose

members are non-anticipative functions, i.e.
CNA([0,T1xC([0,T],E),F):=C(0,T1x C([0,T1,E),F)NNA(0,T]1x C([0,T],E), F).

H and U denote two real separable Hilbert spaces, with scalar product denoted by
(-, and {(-,-)y, respectively. Let ¢ := {e,}ncs be an orthonormal basis of H, where
A ={1,...,N} if H has dimension N € N\ {0}, or A& =N if H has infinite dimension.
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Similarly, ¢’ := {e}, }me« denotes an orthonormal basis of U, where .4 ={1,...,M} if U
has dimension M € N\ {0}, or .4 = N if U has infinite dimension. We use the short
notation W for the space C([0,T], H) of continuous functions [0,T] — H.

Remark 4.1.1. It can be easily seen that the space C(A,E) used in Chapter [3|coincides
with CNA([0,T] x W, E). Let do be the pseudo-metric on A =[0,7] x W defined in Sec-

tion (p.[84). We have
do ((,%),(#, X)) < [t -t |+ (wx Awe)(E - D+ I1x-Xlo  Y(E,%), (', x)€[0,T]1x W,

where wy and wy denote the modulus of continuity of x and of x/, respectively. Then
C(A,E)cCNA(0,T]xW,E). Conversely, let f € CNA([0,T]xW,E) and let {(¢,,x™)}neny
be a sequence converging to (¢,x) with respect to the pseudometric d,. By definition of
d.., the sequence {(tn,X(tZ)A,)}neN converges to (¢,X;1.) in ([0, T1x W, || +]|-|so). Then, since

f is non-anticipative and continuous on ([0, 7] x W, || +]|-|w), We can write
lim f(t,,x™) = im f(t,,x", ) = f(t,%:n.) = f(t,%)
n—oo n—oo n

hence f € C(A,E). We conclude CNA([0,T]xW,E)=C(A,E).
Let (A,do) denote the quotient metric space associated to the psedudometric space

(A,do), and let us consider the “stopping map”
S5 ([09 T] X W’l : | + I * |oo) - (Ay aoo), (t,X) — [(t,Xt/\.)],

where [(¢,%;4.)] denotes the class of (£,x;,.) in A. Then s is onto. With arguments sim-
ilar as above, one shows that s is continuous and open. It is also clear that a function
f:10,T] xW — R is non-anticipative if and only if it can be written as a composition
fos, with f: A — R. Then there is a bijection through s of the (whatever valued) non-
anticipative Borel functions on [0,7] x W and the Borel functions on A. Finally, since
(A,do) and (A, dy,) are Borel isomorphic through the quotien map, we conclude that the
non-anticipative Borel functions on [0,7'] x W can be identified with the Borel functions
on A.

4.1.2 The space B!, (E)

In this section we introduce a topology with respect to which we will often consider the
regularity of the differentials of path-dependent functions in the remaining of the chap-
ter.

We begin by introducing on By, o([0, 7], E) the family of seminorms p® := {p3},emqo,11)
defined by

py(x):= U x(s)v(ds) Vx € By o([0,T],E), Vve M([0,T].
[0,T1]

E
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Since we are considering only bounded Borel functions x with separable range, the inte-
gral fio ;yxdp is well defined.

We denote by o° the locally convex vector topology induced on By, o([0,T],E) by p°®. If
Too denotes the topology of the uniform convergence By, o([0,T],E), it is easily seen that

0° C Teo- (4.1.1)

The inclusion ¢° c 74, is immediate, whereas the strict inclusion is due to the fact that

S

o® is contained in the weak topology of (B o([0,T],E),|-|s), and, unless E is trivial,

the weak topology is strictly weaker than the topology induced by the norm, because
By o([0,T],E) is infinite dimensional. The same holds for the restrictions to C([0,T1],E),

Le. UlsC([O,T],E) & ToolC(10,T1,E)-
Proposition 4.1.2. Convergent and Cauchy sequences in o° are characterized as follows.
(i) A sequence {Xp},en converges to x in (Bp o([0,T1,E),0®) if and only if
(a) sup|x;,le <00

neN (4.1.2)
(b) r}irgoxn(s) =x(s) Vsel0,T1].

(ii) A sequence {X,}nen is Cauchy in (Bp o([0,T],E),0°) if and only if (4.1.2)(a) holds and
the sequence {x,(s)},en is Cauchy for every s €[0,T].

Proof. We prove only (f). The proof of (iz) is similar. Suppose that {x,},en converges to x
in (Bp o([0,T1,E),0®). For s € [0,T1, if §; is the Dirac measure in s, we have

lim [x,(s) - x(s)|g = lim ps (X, -x)=0

which shows (4.1.2)(b).
To show (4.1.2)(a), consider the family of continuous linear operators

®,: M(0,T) — E, v— f %, (5)V(ds),
[0,T1]

for n € N. Since {x,},en is convergent, the orbit {®,,(v)},cn is bounded, for all v € M ([0, T']),
then, by Banach-Steinhaus theorem, we have

f x,(s)v(ds)
[0,T1]

where |D, |Lasqo,11).E) denotes the operator norm of ®,. This shows (4.1.2)(a) and con-
cludes the proof for one direction of the claim.

Conversely, if holds, then p,(x, —x) — 0 by Lebesgue’s dominated convergence
theorem, for all v e M([0,T]), hence x,, — x in o®. [ |

sup|X,leo =Sup sup
neN neN veM([0,T1)
vli=1

= sup | Dy |Lm0,1),E) < 00,
E neN
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By (4.1.1), it follows that bounded sets in 7., are bounded in ¢®. By using Banach-
Steinhaus theorem similarly as done in the proof of Proposition 4.1.2, one can see that

bounded sets in ¢° are bounded in 7,,. Then the bounded sets in ¢° and 7, are the same.

Definition 4.1.3. We define BY(E) as the vector space of all functions x: [0,T]1 — E which

are pointwise limit of a uniformly bounded sequence {X,},en < C([0, T1LE), i.e.

’}Lr{zoxn(s) =x(s) Vsel0,T]

BYE):={ xe E%T): 3 {x,},en = C([0,T),E) s..
sup [Xp oo <00
neN

We denote by [B(ITS(E) the space BY(E) endowed with the locally convex topology induced
by o®. Then a net {X,},cy converges to 0 in [EB(ITS(E) if and only if lim, p,(x,) = 0 for all
veM(0,T]).

Remark 4.1.4. By Proposition [4.1.2]fi), it follows that B'(E) is the sequential closure
[(C([0,T],E),0°%)]seq of C([0,T],E) in (Bp o([0,T],E),0°). In particular, for any Te-space I~
and any function C([0,T],E) — 9, there exists at most one sequentially continuous ex-
tension (BY(E),0°%) — T .

Remark 4.1.5. In Definition by multiplying x,, by |X|o/|X |00 if necessary, we can
assume without loss of generality that sup,cy |Xnloo < |X|oo. By Proposition 4.1.2f), we
then see that the unit ball of (C([0,T],E),|-|) is 0°-sequentially dense in the unit ball
of (BLUE), |- |co0)-

Since we have the inclusion BY(R) C B([0,T1,R) (see [96, Theorem 11.4]), through
the identification B([0,T],R) = By([0,T],Re) in Bp o([0,T],E), for some e € E, le|g =1
(E #{0}), we also have the strict inclusion BY(E) C B}, ([0, T1,E).

The space BL(E) is closed in By 0([0,T],E) (hence in By([0,T],E)) with respect to the
uniform norm. The proof of [96, Theorem 11.7], that is made for the case E = R and for
a space of Borel functions larger than our B(R), can be adapted to cover our case. Since

the completeness of B!(E) is essential to the present chapter, we prove it.
Proposition 4.1.6. (BYE),| ) is @ Banach space.

Proof. We show that every absolutely convergent sum is convergent in BLX(E). To this
end, let {X,},en © BY(E) be sequence such that ¥ ,cn|Xnleo < 00. By completeness of
By([0,TLE), ¥ ,enXy 1s convergent in By([0,T],E), say to z. We are done if we show
that z € BY(E). By definition of B'(E), for each n € N, there exists a sequence {yng)}keN c
C([0,T1],E) such that

M, =suply®|, <oco  and Jim y¥(s) =x,(s) Vs € [0, T].

keN
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By multiplying y(nk) by X, oo/ |y51k) loo if necessary, without loss of generality we can assume

that My, < |Xyleo- Define z;, == $*_ y'®, k € N. Then z; € C([0,T1,E) and
o0 k o0
sup |zjleo < sUP ) Iygl oo < Y [Xnloo < 00. (4.1.3)
keN keN n=1 n=1
Moreover, for s€[0,T],0<k <k,

0o k 0o k
12(5) -2k =1 Y. %()= Y. ¥y PS)E = Y (Xnloo + VP loo) + Y 1%n(8) ~ ¥ Ps)Ig
n=1 n=1 n==k n=1

00 k
<2 Y Xnloot Y 1%0(8) — ¥ Pl
n=~k n=1

By taking first the lim sup, recalling the pointwise convergence ygf)(s) — X,(s) as k — oo,

k—o0

and then taking the lim , we obtain z;(s) — z(s) as k£ — oco. Since s € [0,T'] was arbitrary,
k—o00

this, together with (4.1.3), proves that z € BY(E). [ |

4.1.3 V,s(E)-sequentially continuous derivatives

We introduce the following subspace of BX(E):
V(E) :=span{x+vly1;: x€ C([0,T1E), veE, te[0,T1}. (4.1.4)

A member of V(E) is the sum of a continuous function and a right-continuous step func-
tion (with finite number of jumps). We denote by V,s(E) the space V(E) endowed with
the locally convex topology induced by [EBclrs (E) and by V(F) the space V(£) endowed with

the topology induced by the supremum norm |- |.

Definition 4.1.7. We say that a function f € 4*(C([0,T1,E),F) has derivatives with

Vs (E)-sequentially continuous extensions if
af: C([O’ T]yE) X C([O, T]yE) - F, (X,V) — avf(x)

and

0*f: C([0,T1,E) x C(10,T1,E) x C([0,T],E) — F, (x,v,W) — 0%y, f (%)
admit sequentially continuous extensions, respectively,
df : C([0,T1,E) x Vys(E) = F, (%,V) — 0f (X).V
and L L
02f: C([0,T),E) x Vys(E) x Vys(E) = F, (x,V, W) — 02 (x).(V,W).
We denote by ‘ggs(C([O,T],E),F) the subspace of 4%(C([0,T1,E),F) containing the func-

tions having derivatives with V,s(E)-sequentially continuous extensions.
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If u € NA([0,T1 x C([0, T1,E),F), t € [0,T], and u(¢,-) € 9%(C([0,T],E),F), then the
notation dzu(¢,x).v, for x € C([0,T1,E) and v € V(E), stands for dgu(¢,-)(x),v. Similarly,
dgul(t,-) stands for dgu(t,-).

Remark 4.1.8. If u € NA([0,T] x C([0,T1,E),F) is such that, for some ¢ € [0,T1, u(t,-) €
42(E,F), then, by non-anticipativity,
Oru(t,x).v=0gu(t,x).v vx,v,v' € C([0,T],E) s.t. v(s) =V/(s) for s € [0, t].
If u(¢,-) € 92,(C([0,T1,E),F), then it also holds
Opu(t,x).v=0gu(t,x).v’.  VxeC(0,TLE), Vv,v € V(E) s.t. v(s) = V'(s) for s € [0, ].
In particular,
ogu(t,x).(1;; rv) = 0gu(t,x).(1 ) ¥xeC(0,TLE), YveE, VT e(t,T).

A similar remark holds for the second-order differential. Because of that, the directional
derivatives @u(t,x).(l[t,T]v),0%_u(t,x).(l[t,T]v,l[t;_p]w), x € C(0,TLE), v,w € E, express
in our framework the so-called vertical derivatives of [12] (13, [14].
Example 4.1.9. Let u e M([0,T]) and g € C([0, T1x E, F) such that g(¢,-) € 9?(E,F) for all
t€[0,T1], and let us assume that 0gg and O%g are bounded on bounded sets of [0,T] x E.
Define

f(x):= f[o m g(s,x(s))u(ds) vVxeC(0,T]E).

Then f € 4(C([0,T1,E),F), with

of (x).v= f O0rg(s,x(s)).v(s)u(ds) Vx,ve C([0,T],H)
[0,T]
’f(x).(v,w) = f[o - 6%g(s,X(s)).(v(s),w(s))u(ds) vx,v,we C(0,T],H).

It is clear that 0f(x).v and 0% f(x).(v,w) can be computed with the same expressions when
v,w € V(E). Moreover, by Proposition [4.1.2])), by Lebesgue’s dominated convergence
theorem, and by strong continuity of the Gateaux differentials of g, we have that 0f(x).v
and 0f (x).(v,w) are sequentially continuous with respect to (x,v) € C([0,T],E) x Vs(E)
and (x,v,w) € C([0,T],E) x Vys(E) x V4s(E), respectively. Then f € (535(C([0, TLE),F).

4.2 A path-dependent Ito’s formula

In this section we prove an Ito’s formula for processes of the form {u(¢,X)}c0,11, Where
X is a diffusion with values in H and u is a non-anticipative function with regular time-
space derivatives, in a sense specified below by Assumption [4.2.3]

For a non-anticipative function u, we introduce the following left-sided time deriva-

tive.
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Definition 4.2.1. For u € NA([0,T]x C([0,T],E),F) and (¢,x) € (0,T) x C([0,T],E), we
define the following left-sided derivative, if it exists:

u(t,X@—pyn) —ult —h,x)

A (4.2.1)

2, u(t,x):= lim
h—0*

Remark 4.2.2. Notice that, by the very definition, for ¢,#' € (0,T), ¢t <t,and x € C([0,T]E),

the derivative 2; u(¢’,x;,.) concides with the left-sided derivative of the map
(t,T)—F, s— u(s,x¢p.)
computed in ¢'.
We will prove the path-dependent It6’s formula under the following assumption.

Assumption 4.2.3. The function u belongs to CNA([0,T]x W,R) and has the following

properties.

(i) Forall te€(0,T), 9, u(t,x) exists for all xe W. For a.e. t €(0,T), the map
W—-R, x— 2, u(t,x)
is continuous. For all compact set K c W there exists Mg > 0 such that

sup|9; u(t,x)| < Mg fora.e. t€(0,T). 4.2.2)
xeK

(it) Forall te[0,T], u(t,-)€e éﬁgs(\\/\\/,ﬂ%) and the differentials Owu and Oﬁwu are bounded:

sup sup |Owu(t,x).v| <oo (4.2.3)

te[0,T] x,veW

[Vleo=1
sup  sup |6“2,Wu(t,x).(v,w)| < o0. (4.2.4)

te[0,T] x,v,weW
[W|VIV]|eo=<1
(iii) For a.e. t €(0,T),

hli%l+ Oowu(t +h,xip0). (1, 71()0) = Owue(t, X¢0.).(L1, 77()V), (4.2.5)

hlil%)l+ 6§wu(t + h,Xt,\‘).(l[t,T](')U, l[t,T](-)v) = 6“2,Wu(t>xt/\')-(1[t,T](')U> l[t’T](~)v), 4.2.6)

for all xe W and all ve H.

We give some simple examples for which Assumption is verified.
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Example 4.2.4. Let @ € C,;*(10,T1x H,R) and u(t,x) := 4(¢,x(¢)), (t,%) € [0,T] x W. Then
Assumption is verified, with 2; u(¢,x) = 0,4(¢,x(¢)), for ¢ € (0,T), x € W, and with
Owu(t,x).v = Di(t,x(2).v(t), 6§v7(t,x).(v.w) = Dgi(t,x(t)).(v(t),w(?)), for t €[0,T], x €
W, v,we V(H).

Example 4.2.5. Let y € C1([0, T1,R), & € Cp*([0, T x H,R). For (¢,x) € [0,T] x W, define
w(t,x) = fo ' i, x()y(t - s)ds.
A direct computation gives, for (¢,x) € [0,T] x W,
D7 u(t,x) = h(t,x(£))y(0) + fo th(s,x(s))y'(t —s)ds

t
(')Wu(t,x).v:f Dyh(s,x(s)).v(s)y(t—s)ds
0

S t
O“Z/Wu(t,x).(v,w) = fo D%Ih(s,x(s)).(v(s),w(s)))f(t —s)ds
and one can easiliy see that Assumption [4.2.3|is verified by «.

Example 4.2.6. Let u be a function verifying Assumption and let 2 € C;’2([O,T] X
R,R). For (¢,x) € [0,T'] x W, define #(¢,x) := h(t,u(t,x)). We have

9, 4(t,x) = 0:h(t,u(t,x)) + Dgu(t,u(t,x)).2; u(t,x)

and Owﬁ,dﬁwﬁ are given by the chain rule. Assumption 4.2.3|are verified.

Let B: Voo(H) x Voo(H) — R be a continuous bilinear functional and let C > 0 such
that |B(x,y)| < C|X|xo|¥lco, for all x,y € Vo(H). Let a€ V(R), |al, <1, and T € Lo(U,H).
Then aTu € V(H), for all u e U, and av € V(H), for all v € H. Clearly

UxH-R, (u,v)— B(aTu,av)

is bilinear and continuous. Let @ € L(U, H) be the unique linear and continuous operator
such that
(Qu,v)g =B(aTu,av) YueU, VveH. 4.2.7)

We claim that @ € Lo(U, H). Indeed,

2
Y IQe;nh%I: ) sup (B(aTe),,av))" < ) CzlaTe’mlgosCleliz(UyH)<oo.
me mel Ivvld—<11 mel
HS

Then Q* € Lo(H,U) and, by [24], Proposition C.4], @ *T € L(U) is a nuclear operator. In
particular, the number
Y., B(aTe,,aTe, )= ) (Qe,,Te,)u= )Y (e,,Q Te,)vy=Tr@Q"T)
mel mel meH
is well-defined, finite, and does not depend on the chosen orthonormal basis {e/,} e«

This observation leads to introduce the following well-defined notion.
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Definition 4.2.7. Let B: Vo (H) x Voo(H) — R be a continuous bilinear functional, a €
V(R), T € Lo(U,H). We define

T[B,aTl:= ¥ B(aTe,,aTe). (4.2.8)
mel

Let b € £, (W), ® € £, (C([0,T1,Ly(U,H))), and let W be a U-valued cylindrical
Wiener process. For (£,Y) € [0, T] x jfé,T(W), let XY € ££§2,T(W) be the process defined by

A

ivt tvt
Xi=Y;0, + X b.ds +[ D, dW, Vtel0,T]. (4.2.9)
t t

The first main result of this chapter is the following path-dependent Ito’s formula.

Theorem 4.2.8. Suppose that u satisfies Assumption For Y € fgl],T(W) and t €
[0,T1], let X LY pe the process defined by (4.2.9). Then

G) for all we Q, Dy u(-, X" () € LX(0, T),R);

(i) {owut, X")(Aeribo) . €L, O

te[0,T

(iii) {wu(t, X)Ly ri@0f _€L3, (U);

t€[0,T1]

(iv) {T [a§v7(t,xfy),1[mq>t]} eLl, (®.

t€[0,T1]

For telt,T),

- . t o L .

w(t, X = u@, V) + f (@[u(s,Xt’Y)ds+6Wu(s,X”"Y).(I[S,T]bs))ds

1 t ; B (4.2.10)

+3 f T[é%wu(s,Xt’Y),l[s,T]q)s] ds + f dwuls, Xo0).(1is 1 @s)dW,,  P-aee..
t t

Remark 4.2.9. Notice that, by Example[4.2.4] (4.2.10) is a generalization of the standard
Ito’s formula in the non-path-dependent case.

The proof of Theorem [4.2.8| is obtained through several partial results. We begin
by preparing a setting useful to approximate path-dependent functionals by non-path-
dependent ones, for which we can use the standard (non-path-dependent) stochastic

analysis on Hilbert spaces, as presented e.g. in [24].

For n = 1, we consider the product Hilbert space H" endowed with the scalar product
(-,-ygn defined by

n
(e, x Y =) (op, X)) H Va = (x1,...,%5), &' =(x],...,x,) e H".
k=1
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Let 1:={0=t1 <ty <...<t, =T} be a partition of the interval [0,7'] and let

6(m):= sup |tir1—1;l.
i=1,...,n-1
Define the operator
(- H' - W

as the linear interpolation on the partition 7, i.e.

nlent EAE
O, ..., 2)(E) =21 + Rl "2 eper—x)  YEE[0,TI. (4.2.11)
b tpe1— 1tk

The operator ¢, is linear and continuous, with operator norm 1. If x € W and if wx

denotes a modulus of continuity for x, then
|05 (xtz,\.(t),xts,\.(t), .. -th_lA-(t),th/\-(t),th/\~(t)) —Xin.loo < 2wx (0()). (4.2.12)

Let X be given by (4.2.9). We introduce the following H-valued processes, obtained
by stopping X at certain fixed times. For i =1,...,n—1 and ¢ € [0,T1], let Xi”’l) be the

continuous process defined by

A

. ivt vt
Xgn’l) = Xt o =Yintntin +]t: Li0,¢;,1)(8)bsds +-/t: Lio,t;,1)(8)Psd W (4.2.13)

tiviAE T

and let X;”’n) = Xf’Y, t €[0,T]. We define the H"-valued process X™ by
( ) ( 1) ( n)
=L XY) veelo, T

Notice that X Sfpi?,T (C([0,T1,H™)). The dynamics of X' is given by
t t
X7 =X"+ f bMds + f oMdw,  vtelt, T,
G i
where
X(n) _(Yt/\tza Entgo- YY) eH
and where the coefficients 5™ and ®™ are the following
by 1= (110,45)()bs, 110,4)($)bss - -
L] l[O,tn,l)(S)bS7 I[O,tn)(s)b87 l[O,tn](S)bs) Vse [07 T]

4
Oy = (110, 1)(8) sz, 1[0 1)()Ds it ...,
10, )8 Dsu, Lo ¢, )(8)Psu, 10z, 1(s)Psu) Vse[0,T], Vuel.

(4.2.14)

We can verify that 5™ e L<1@T (H™) by

1/2
[f b(n)lHn — [f |bslH 1+Zl[0t)(8)) ds

T
5n1’2tEU |bs|H]
0
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and that ®™ e L;,T (L2(U,H™)) by

<nkE

T 2
fo 15|71y

T T o
2 2
E [\/(; |CD(S7T)|L2(U,HH)] = [) |q)S|L2(U,H) (1 + Z’zl[o’ti)(s)) ds
]:

We notice that, by (4.2.12) and (4.2.13),

lim sup sup
6—0% 5. §(r)<6 t€[0,T]

LEPO)-X @] =0 voeo. (4.2.15)

Remark 4.2.10. The importance of the choice of 8™ as in (£.2.14) can be understood
when we consider the composition éﬂ(b(s”)(w)). If 6(r) — 0, then [,,(b(s”)(w)) converges

pointwise to 1;; 71(-)bs(w) everywhere on [0,T]. On the contrary, if we consider
b = (110.11)(8)b5, 1[0.1)()bs, - .-, 10,1, 1)(8)bs, 10,1, 1(5)bs)

then the pointwise limit as 6() — 0 of Zﬂ(ls(s”)(w)) is 0 on [0,s) and b, on (s,T'], but it is
not guaranteed that the limit in s exists. In our approximation framework, we deal with
sequential continuity with respect to the topology ¢° in V(H), wich implies pointwise
convergence, as clarified by Proposition . Because of that, the choice of 5™ as in
will be relevant. The same comment holds for ®™.

We will need the following measurability lemma.

Lemma 4.2.11. Let V,Y,Z be H-valued continuous F-adapted processes. Let E be a

Banach space and let
f:WxVys(H)xVys(H) — E
be a sequentially continuous function. Then the process

V= {f(Vin, 1ie Y7, l[t,T]Zt)}tE[o,T]
is F-adapted and left-continuous.

Proof. For all xe€ W, the map
[O, T] - W, t— XiA-

is continuous. Then {V;a.}iej0, 7 is @ W-valued continuous process. We now show that
{Vin}tero,r1 is F-adapted. Let t € [0,T]. Let 1={0=¢1<...<¢, =T} be a partition of
[0,T]. It is clear that (Vi a¢,..., Vi, ae) is an H"-valued &;-measurable random variable.
Then €;(Vi ats..., Vi, at) is @ W-valued F;-adapted random variable. For all xe W,

105 (Xtynts - » Xty nt)) — Xin-loo < wx (6(1)),
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where wy is a modulus of continuity for x, hence, for all w € Q,
5(li{n0€ﬂ(Vt1,\t(w), ooy Vi at(0)) = Vip(w) in W, uniformly for ¢ € [0, T1].
T)—

This shows that {Vix.}ie[0, 7 is @ W-valued F-adapted process. The same considerations
hold for {Y;.}se10,77 and for {Z;x.}sei0,71-
Now let £ €[0,T'] and let {¢,},en < C([0,T1,R) be a sequence such that

O=spp,=1 VneN
(4.2.16)

’}Lnolo(pn(s) =1;m(s) Vsel[0,T].
Since, for every n € N, the map H — W, h — ¢,h is linear and continuous, we have
that ¢,Y; and ¢,Z; are W-valued, &;-measurable random variables. It follows that
Vins 0n Y, 0nZy) is a W x W x W-valued &;-measurable random variable. The sequen-
tial continuity of f implies the continuity of the restriction of f to W x W x W, then
FVin, @Y, 00 Z;) is an E-valued %;-measurable random variable. Now, by and
Proposition [4.1.2f), we have
{ lim ¢, Y() = 1p;,71Ye(0) in Vos(H), Yo €Q,

lim ¢, Z{(w) =1, Z{(w) in Vys(H), Yo € Q.
n—00
By sequential continuity of f, we conclude
lim f(Vin.,0nY1,0nZ0) = f (Ven, it¥e, 11, 11Z1) pointwise.

This shows that ¥, is an E-valued %#;-measurable random variable, hence W is F-adapted.

Let {t,},en € [0,T] be a sequence converging to ¢ in (0,7] from the left. Then the
sequence {V; A.(w)},en converges to Via.(w) in W, for all w € Q2. Moreover, by Proposition
4.1.2() and continuity of Y, Z,

r}im 1, 7)Yy, (0) =11 71()Y;  in Vs (H)
VoeQ, "7
lim 1., 71(VZe, = g, 11() 24 in Vys(H).

Then, by sequential continuity of £, we conclude ¥; (w) — ¥;(w). This proves the left
continuity of V. [ |

The following proposition provides a version of Itd’s formula for Gateaux differen-

tiable functions that will be used later.

Proposition 4.2.12. Let b € fé,T(W), de f;T(C([O,T],Lg(U,H))), and let W be a U-
valued cylindrical Wiener process. Let to€[0,T]1and Y € $gla,T(W). Let X € 291%(\\/\\/) be the
It6 process defined by

_ tove tovt _

X; :Yt,\t0+f bsds+ft O dW, Vtel0,T]. 4.2.17)

to 0
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Let f:10,T]1x H— R be such that the derivatives 0:f(t,x), 0,f(t,x), ngf(t,x) exist for all

t€l0,T], x,v,w € H, and are jointly continuous with respect to t,x,v,w. Suppose that

10 f(t,x)]
— " <
txe0mxH 1+1x|lg

sup  [0,f(¢,x)| <oo
< (t,x)el0, TIxH (4.2.18)

veH, |v|lg<1

2
sup [0, f (¢,%)] < oo.
(¢,2)e[0,T1xH
v,weH, |vlgViw|g<l

Then
(i) {0ef (8, XDbsero,T1 € L5, (C(0, T1,R));
(i) O0mf(t,X0).bekero,r1 € Ly, (R);
(iii) Onft,X).Dero 1 €LY, (U*);
(iv) {Tr[®; 0%, X )P Dsero,r € L, R);

and, for t€[ty,T],
N ¢ . N~ 1 . L
ft,X;) :f(to,Yt0)+f (atf(s,Xs)+6Hf(s,Xs).bs + §Tr[CD:6%,(s,XS)<I>S] ds
, ‘o (4.2.19)
+ | omf(s,Xs). D, dW, P-a.e..

to

Proof. (i), (i), (i77), and are easily obtained by the assumptions on continuity and
boundedness of the differentials of f.

We show how to obtain (4.2.19). Let {H,},en be an increasing sequence of finite
dimensional subspaces of H such that U,y H,, is dense in H. Let P,: H — H,, be the
orthogonal projection of H onto H,,. Define f,(¢,x) := f(¢,Ppx) for (t,x) € [0,T]1x H, n € N.
Due to the continuity assumptions on 9;f, dif, Glzqf , the restriction fijo71xg, of f to
[0,T'] x H,, belongs to C1-2([0,T] x H,,,R), hence f, € C%([0,T]x H,R). Moreover, (4.2.18)
holds also for f,,, with bounds uniform in n. Then, by [48], p. 69, Theorem 2.10]), formula
holds for all f;,. To conclude the proof it is enough to prove the following limits

@, X)) — Ft, Xy P-a.s., Vt€[0,T] (4.2.20)

Ofn( X)) — 0f(,X) in L, (R) (4.2.21)
Orfn(,X).b. — 0uf(,X).b. in L}%(R) (4.2.22)
Tr{®*0% f, (-, X)®.] — Tr[®*6% f (-, X )D.] in L}, (R) (4.2.23)

On fn(,X).®. — 0uf(,X).D. in L%, (U). (4.2.24)



Chapter 4: Functional Ito calculus in Hilbert spaces and application to PPDEs 127

Convergence (4.2.20) is clear. Since (4.2.18) holds with f,, in place of f, with bounds
uniform in n, in order to prove (4.2.21), (4.2.22), (4.2.23), (4.2.24), it is sufficient to show
that those convergences hold pointwise. Let ¢ € Lo(U,H) and (¢,x) € [0,T] x H. Let

{untnen € U be a sequence such that |u,|y <1 for all » and u, — u. Since ¢ is compact,

pu, — @u in H, hence P, ¢pu, — @u. By continuity of 9, f(¢,x) in ¢,x,v, we then have

Since we also have oy f(¢,x).(ou,) — g f(t,x).(pu), we conclude 0y f,,(¢,x).0 — O f (¢, %).¢p
in U*. This provides (4.2.24). The other pointwise convergences can be proved with sim-

ilar arguments. u

Under the following assumption, we prove in Proposition |4.2.14]a less general version
of Theorem |4.2.8] in which the functional u is of the form u(¢,x) = f(x¢x.).

Assumption 4.2.13. The function f belongs to ‘ggs(W,IR) and its differentials 0f and 0*f
are bounded, i.e.
M= sup |0f(X).v|]<oo (4.2.25)

x,veW
[V]eo=1

My:= sup |0*f(x).(v,w)|<oo0. (4.2.26)

x,v,weW
WV |V]eo<1

By Remark 4.1.5, due to the sequential continuity of the differentials, (4.2.25) and
(4.2.26) are equivalent to

Mi=  sup W(x).v)@o, (4.2.27)
xeW
veV(H), |v]|n=<1

My = sup ‘W(x).(v, w)( < 0. (4.2.28)

v,weV(H), |[W|V|v]eo<1

Proposition 4.2.14. Suppose that [ satisfies Assumption ForY € ffgl,,T(W) and
tel0,T], let X LY e the process defined by (4.2.9). Then

(i) {W(Xf’f,’ ).(1[t,T]bt)}t€[0 €LY, R);
(i) o) M@0} €L%, U

(iii) {T [W(Xff),l[t,ﬂqy]} eLL, ()

t€[0,T1
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Moreover, for t€[t,T],

N R t(__ . 1 — ;v
FXET) = F(¥30)+ f (af(X;‘{ (s 1) + 5T 2rXLT ),1[S,T]<I>s])ds
L (4.2.29)
+ f OF (XY ). (A 11 @)dW,,  P-aee..
t

Proof. By Lemma|4.2.11] the process

{W(X:’/\l.f)-(l[t,T]bt)}te[O T]

is left-continuous and adapted, hence predictable. Similarly, the process

fora}! ).(1[,5,T]<1>tu)}~t€[O . (4.2.30)

is left-continuous and adapted, hence predictable, for all u € U.
If (w,t) € Q7 and {u,},en 1S a sequence converging to 0 in U, then

{11 1Pt tnen (4.2.31)

is a uniformly bounded sequence in V(H), converging pointwise to 0. Then, by Proposi-
tion , the sequence (4.2.31) converges to 0 in V4s(H). By Vs (H)-sequential conti-
nuity of E(X f}{(w)), we conclude

Tim 97 (XL (@).(pe 1y ®@e(@)in) = 0.

This shows that, for all (w,?) € Qr, W(Xf;f(w)).(l[t,ﬂbt(w)) € U*. Then, by separability of
U and by Pettis’s measurability theorem, we have that

oD aumen}

is a U*-valued predictable process.
We now show the integrability properties in () and (). By (4.2.27), we have

E ds

T .
fo [oF X1y i)

<M T|b| 23, (CA0,TLH))’

which concludes the proof of (). Similarly, by (4.2.28),

T A 2 T
E fo sup [af (XJ)-(Lpem®su)| ds| < MIE fo D12 g7 11y ds

uelU
luly=1

2 2
SMiTI®lys coorLowmy

This concludes the proof of ().
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To show , we first prove that the sum defining T [W(X f}f), 1;; 7P, | is convergent.

By (4.2.28), we have,

oo viY
) ‘62f(X:;\.)-(l[t,T]q)te/m,l[t,T]q)te/m)‘5M2 Y |1[t,T]thelm|go
meH meH

=My Y |De),l% (4.2.32)
meA

2
= Mal P41, 1y

Then T W(Xf’f), l[t,T]q)t] is well defined, for all ¢ € [0,T]. By Lemma |4.2.11| for every
m € ., the process

07 LY
{62f(t,Xt/\, )-(l[t,T](Dte,m’ l[t’T](Dte,m)}te[O,T] (4.2.33)
is adapted and left-continuous, hence predictable. Then {T [W(X f’/\?), l[t,T]d)t]}
predictable. It is also integrable, by (4.2.32).
We finally address formula (4.2.29). We will derive it from the standard Ito’s formula

in Hilbert spaces, by using the approximation framework introduced at pp.
Since, by Assumption [4.2.13] f € 92(W,R), by linearity of ¢, we have that

1s
te[0,T']

fa: H* =R, x— f(£7(x))
fr is strongly continuously Gateaux differentiable up to order 2 on H", with
Of n(x).v = 0f (0 1(x)).0(v), (4.2.34)
for all (x,v)e H* x H",
0% Fu(2).(0,w) = 0% F (Un(x)).(L(V), £ (w)), (4.2.35)

for all (x,v,w) € H" x H" x H". Then we can apply the standard Ito’s formula, in the
version provided by Proposition [4.2.12] to the predictable pathwise continuous process

(M) ={feE )

¢e[0,T7] te[0,T1"

For t € [£,T1, we have
¢ 1
frX) = fr(X) + ft (af,,(Xg”)).bg”>§Tr ((@gm)*azfn(Xgﬂ))q)gﬂ)))ds

t (4.2.36)
; f Af (X OPAW, P-ae..
t

Through several steps, we are going to prove that the terms appearing in (4.2.36)

converge to the corresponding terms in (4.2.29), as 6(;r) — 0.
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Let {7m,},en be a sequence of partition of [0, 7] such that lim, ., d(r,) =0.

Step 1. By and by continuity of f, we immediately have that, for ¢ € [0, T,
FXT) = FXEY ) Peae.

Step 2. We show that

lim 0fy, (X").(b3"™) = 0f (X, ).(Li4,m1b#) in L, (R). (4.2.37)

We notice that, by the very definition of b(s””) in (4.2.14) and of ¢, (see also Remark(4.2.10),
we have, for all w e Q and s €[0,T1],
bs(w) onls,T]
ln, (BT @) =4 °
0 on [0,s —26(7,,)]

and sup,,cp Iénn(b(s””)(w))loo < |bs(w)|gz. By Proposition [4.1.2([), it follows

lim Cn, BV (@)) = 11 1B s() in Vs (H), V(w,5) € Q. (4.2.38)
By (#.2.27) and (d.2.39),

sup [0fy, (X)) |+ sup 10F(XED).(11s b))
s€[0,T1] s€[0,T1]
(4.2.39)

le( sup Ifnn(b(s”"))loo+ sup Il[s,T]bsloo)=2M1IbIoo.
s€l0,T] s€[0,T]

By (@.2.15), (4.2.38), (4.2.39), sequential continuity of f, and Lebesgue’s dominated con-

vergence theorem, we obtain

lim E
n—o00

which provides (4.2.37).
Step 3. We show that

T .
| fofa, x50 - 5FGEED timib)

ds] =0,

1m 0f, (X)) = 0f (X2 ).(Lis r1 @) in L, (U™, (4.2.40)

Let {u,}nen be a sequence weakly convergent to u in the unit ball of U. Since ®4(w) is

compact, s(w)u,, — Ps(w)u strongly in H for all (w,s) € Q7. We also have, for n e N,

() {q)s(w)un on[s,T]
O (D (Wup) =

on [0,s —26(m,,)).

and
sup | £ (DT (w)up)

neN

<sup|Ds(wu,l|g < Ds(w)|Lw,m)-
0 neN
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Then, by Proposition ,

lim £ (7 (w)u,) = 1is 1 @s(@)u in Vs (H), ¥(w,s) € Q. (4.2.41)
n—oo

By (4.2.15), (4.2.34)), (4.2.41), we obtain

Tim [0, (X7 @) = 3F (X (Ags ®sw)| =0 V(w, )€ O,
By (4.2.41) and sequential continuity of df, we have
Tim [37(X50). (L ri®sun —u)| =0 V(w,5)€ Or.

Since the weakly convergent sequence {u,},ecn is arbitrary, the two limits above let us to

conclude

Tim [0, (XT™). 00 - 3F (XEV).(Ags 1 0;)

.70 VY9 (4.2.42)

Moreover, by (4.2.27) and (4.2.34), for u e U, |uly =1,

sup [0fy, (X700 ul+ sup 10 (X2Y).(Aps 1 @s)l

s€[0,T1] s€[0,T1]
<My | sup |65, (@ w)| + sup [1m®ul, (4.2.43)
s€[0,T1] % 5€[0,T1]

<2M; sup |Dslrw,m)<2M1 sup |DslL,w m)-
s€l0,T] s€[0,T]

By (4.2.42), (4.2.43), and by Lebesgue’s dominated convergence theorem, we obtain

T T Tn) N A7 v hY 2
Tim E fo ‘dfnn(Xsﬂn )@ u)—af(XS’,\,)(l[S,T](CI)su)’U* ds] 0.
This provides (4.2.40).
Step 4. We show that
Tim Tr (@) 0% f, (X)) = T [PFXL), 1@y in LY, ®.  (4.2.44)

By

0% 2, (XT).(@F el @)+ |02F (XL (L 11y, Tis riPsely)|

m

< My (162, @ e, )12, + s 1i®se |2 ) = 2M5 D), 2,

and

Y E

mel

< 00,

T T
2 2
fo |<I>se'm|HdS]:[Ef0 D5 L, mmds
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we can apply Lebesgue’s dominated convergence theorem and obtain

T _
lim E f ’Tr ((cb(;’n))*62fnn(X§”n))cD§”n)) —T[a2f(X
n—oo 0
< llm [f ‘62fﬂn(X(7Tn)) ((I)(ﬂn) ! q)(sﬂn)elm)
n—>oo
—2F(XEY). (A m®se!, 15 115! )‘ds]
T
= Y E|[ lim ‘62fnn(X§”")).(<D§”")e'm,@g””)e'm)
mel 0o "~
62f(Xs/\ )(l[s T](I) em,l[s,T]CI)se'm)‘ds]
-0

where the pointwise convergence of the latter integrand comes from the sequential con-
tinuity of 02f, from (4.2.15)), and from

lim 25, (B (@)e},) = Lo 1i®Ps(@)el, in Vos(H), Y(,5) € Qr, Ym e M

(that comes from (4.2.41) with u, = u = e/, for all n).

Step 5. We can now conclude the proof of the theorem, because (4.2.29) is obtained by
passing to the limit n — oo in (4.2.36) (with 7 replaced by 7, ), and by considering the
partial results of Step 1, Step 2, Step 3, Step 4. |

We can now prove Theorem |4.2.8

ProofofTheorem- (I) By continuity of u, for A € (0,T), both {u(¢, X(t myaeelh,T]
and {u(t - h, x* (- h) A Jeln, 1) are pathwise continuous and F-adapted, hence predictable.
In particular, 2, u(-, X" t Y) is predictable on (0,7) and then &, u( xb Y(a))) is measurable
for afll w € Q. Moreover, for w € 2, the map [0,7] — W, (w) is continuous, hence
{Xf;\l.[(w)}te[o,T] is compact in W and implies 2, u(-,Xt Y(w)) e LY((0,T),R).

+ + For n > 1, let ¢} := kT/n, for k =0,...,n. By applying Lemma to
Oow u(tz, -), for k =1,...,n, we obtain the predictability of the process

{awutty, X1 b} LL, ® Vk=1,.,n.

€
tel0,T']

By Assumption ,for all te(0,7] and all w € Q,

_ PN n - PN
awu(t, XY (w).(1g mbi(w)) = lim k;l(tg_l,tg](ﬂawu(tz,xtt{ (0)).(L1, b)),

which shows that {awu(t,Xfy).(l[t,;p]bt)}t or is predictable.
€
In the same way, by applying Lemma [4.2.11] and Pettis’s measurability theorem, we
see that the U*-valued process {OW u(t,X f’Y).(l[t,;p]CDt)}t 0.7 is predictable.
€lo,
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We now address {T [G%Mu(t,X’?’Y), l[t,T]q)t] }t 0.7 Again by Lemma4.2.11} the process
elo,

Oty X5 (A ri®re)y, 1y ri@re)y)}
{ Wu( [ t/\-)( [t,T1Pt€ > L1, T tem) £€[0,T]

is predictable, for all m € 4. Thanks to Assumption , we have, for all ¢ € (0,T]
and w € Q,

02 u(t, X;0) (A @€y, 11 1Dy,

= lim Z Lo tn](t)az u(ty, X5 )(1“ ®cel,, L m®@se)y,).

n—oo

Then {62 u(t, XY, (LremDeel,, 11 7 Pre m)} - is predictable, hence
{T [aﬁwu(t,Xf’Y), l[t’T]th] }te[O,T]

is predictable too.

Finally, the integrability properties claimed in (ti),(77),{v) are proved exactly as for
Proposition [4.2.14]f),([z),{7) by using Assumption [4.2.3([zz).

We now prove formula (4.2.10). Considering Remark [4.1.8] without loss of generality
we can assume ¢ =T. Let n =1 and let = ¢} < ... <¢} = T be a partition of [£,T], with
ty — =(T -1t)/n, for k=1,...,n. We first write

w(T, X)) —u,¥) = Z(u(tg,XfY)—u(t’,;_l,XfY))

Z( (£, X5 — (e}, X i oa )|+ Y (up,x y A) u(ty ;X7 (4245
k=1 -1 k=1
=1,

+1I,.

For k=1,...,n, due to our assumptions on u, we can apply Proposition |4.2.14] to u(¢}
then (4.2.29) gives

" R tr .
u(tZ,Xt’Y)=u(t”,Yg,\.)+f (awu(tk, BV (s rbs) + = T[a2 u(t?, ;{),1[3,71]@8])(13

tn

+ | awu(tk, s/\)(l[sT]cD YA W,
t

PN tn o
:u(tZ’Xtti}YI/\-)-i_f (awu(tk, SA- )(l[s T]b )+ T [02 u(tk, ;’,?_),I[S,T]CDS])dS
B tZ 1

tn
+f awu(tk, s/\ )(1[3 71Ps AW, P-a.e..
t

n
k-1

Then

A 1 R PPN
f Z 1 tz](s)(awu(t;;,ng, (s mibe) + 5T 2w, Xy ),1[S,T]c1>s])ds

],; Z l(tn tn](s)awu(tk, s/\ )(1[3 T](D )dWs, P-a.e..
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By Assumption ,(ii), we can apply Lebesgue’s dominated convergence theorem
(the integrands are estimated similarly as done in Steps 2—4 of the proof of Proposi-
tion 4.2.14) and obtain

llm Z l(tn t"](#) awu(tk, #/\ ) (1[# T]b#)+ T[aZ (tk’ #,\) 1[# T]CD#])

= O, X)L yba) + 5T [a@wu(#,X;’AY, ), 1[#,T]c1>#] in L}, (R)
and

lim Y 1z 0wty X0 (L ri®y) = dwee#, X ).(Lis, 1 ®y) in LE, (U).
k=1

The two limits above permit to obtain the following limit in L1(Q,R):

n—o0

: Tl— iy L Y
lim I, = f (awu(s,Xs’,\_).(l[s,T]bs)+ 5T [Owu(s,Xs’,\,),l[s,T]CDs])ds
‘ (4.2.46)

T N
+ f dwu(s, Xo0).(11s 1®s)d W

We now address the term II,,. By Assumption 4 , continuity of u, and recalling
Remark [4.2.2] we can apply [44], (1.4.4), p. 23] and conclude that (¢,T) — R, ¢ — u(s,x;s.)
is Lipschitz. We can then write

n t”

II, = Zf —u(s X Jds= ) D; uls, X Jds
n 1 — n 1
- Bt (4.2.47)

_ - iy
= ft (k;l l(t;;_l,tg](s)@t u(s’XtZﬂ\')) ds.

Fix w € Q). As noticed at the beginning of the proof, the set K :={X f}\Y.(w)}te[O,T] is compact
in W. Then, by Assumption , there exists Mg > 0 (depending on w, since our

compact set K depends on w too) such that

k_l,tz](s)@t—u(s,ngl/\'(w))’H < Mg for a.e. s€(0,T). (4.2.48)

For fixed s € (0,T), let {£,},en be the sequence such that s € (tzn_l, tzn] forallneN,n=>1.
Then XtY L) — Xf’,{(a)) in W as n — oo. Since this holds for all s € (0,7) and since

kn—l

W — R, x— 2, u(s,x), is continuous for a.e. s € (0,T) because of Assumption , We

have

n N N
lim Y 1 ()27 u(s, Xy | () =27 u(s, X () forae s€(0,T).  (4.2.49)
_’Ook:]_ - k-1

By (4.2.48) and (4.2.49), we can apply Lebesgue’s dominated convergence theorem to
(4.2.47) evaluated in w and obtain

n—.oo

lim IIn(a))—f D, u(s, X (a)))ds
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Since w € () was arbitrary, we have

T . A
lim II, = f D7 u(s, XY )ds pointwise on Q. (4.2.50)
t

n—o0

This concludes the proof, because, by passing to the limit » — oo in (4.2.45) and consid-
ering (4.2.46) and (4.2.50), we obtain (4.2.10) with ¢t =T |

4.3 Application to path-dependent PDEs

In this section we use the path-dependent Ito’s formula to relate the solution to an H-
valued path-dependent SDE with a path-dependent Kolmogorov equation, similarly as
in the classical non-path-dependent case (see e.g. [23, Ch. 7]). As a corollary, we will
derive a Clark-Ocone type formula.

The following assumption on b,® will be standing for the remaining of the present

section.

Assumption 4.3.1. be CNA(0,T]1xW,H), ® € CNA([0,T]xW,Lo(U,H)), and there ex-
ists M > 0 such that

{ 1b(¢,%) - b(t,x) g < MIx— %l { |D(2,%) — (¢, X)L, 1) < MIx—X| o
16(¢, %) g < M(1+|X|oo)

D2, %) | Lo, H) < M(1+|X|o0)
forall t€[0,T], x,x' € W.

Forp>2,Ye€ ,%;;,T(W), t€[0,T1], we consider the following path-dependent SDE

dX;=0b(s,X)ds+D(s,X)dW; Vselt, T]
(4.3.1)

Xin = Yf/v-

By Theorem [1.2.6] there exists a unique strong solution X iY to (@.3.1) in ;"f;,T(W), i.e. a
unique process X LY ¢ $§2,T(W) such that, for all £ € [0, T,

N vt . vt .
X =Y+ | b0, X )dr+ f O, X" )dW,  P-ae.
t t

Moreover, the map
[0,T1x L5, (W) — 25, (W), ¢,Y)—X"" (4.3.2)

is Lipschitz continuous with respect to Y, uniformly for ¢ € [0, T'], and jointly continuous

in (¢,Y). Uniqueness of solution yields the flow property

Xt =X in 2P (W), v(£,%)€[0,T1xW, Vselt,T. (4.3.3)



Chapter 4: Functional Ito calculus in Hilbert spaces and application to PPDEs 136

Let f: W — R be a Lipschitz function. Hereafter in this section, we denote by ¢ the
function
@: [0, T]xW—R

defined by
o(t,x)=E[f(X"®)]  V(,x)e[0,T]xW. (4.3.4)

Due to the continuity properties of the map (4.3.2), ¢(¢,x) is Lipschitz continuous with
respect to x, uniformly for ¢ € [0,7T"], and jointly continuous in (¢,x). It is clear that
@(t,x) = p(t,%¢p.). Then ¢ € CNA([0,T] x W,R). Since X** is independent of %;, we can
write, by and [3, Lemma 3.9, p. 55],

(¢, x) =E [f(X”‘"X)] ~-F [f(Xt,XfA’?‘)]
(4.3.5)

=F [[E [f(Xt?Xf’A’.Xngrt =F [cp(t,Xt”x)] vtelt, TI.

| =E[oe. x5

In what follows, we will show that, in case ¢(¢,x) is sufficiently regular with respect
to the variable x, then Proposition[4.2.14]can be used to conclude that 2; ¢ exists every-
where and that ¢ solves a path-dependent backward Kolmogorov equation associated to
SDE (4.3.1). We argue similarly as in [23, Ch. 7], where, differently than in our case,
the setting is non-path-dependent. The two main tools of the argument are and
formula (4.2.29).

In order to use formula (4.2.29), we need to make some assumptions regarding ex-
istence and regularity of the spatial derivatives of ¢. In this section, we make such
assumptions without any further investigation under which conditions they can be ob-
tained. We only guess that, at least in the Markovian case, i.e. when b and ® are not
path-dependent, and the only path-dependence is due to f, the regularity assumptions
on ¢(t,-) should come from continuity assumption on df and 4%f with respect to ¢*, and
from regularity assumptions on the coeffiecients b and ®, thanks to the results in [23]
Ch. 7]. In the following section, we will prove that the regularity assumptions on the

spatial derivatives of ¢ are satisfied for a particular class of dynamics X.

For a function v(¢,x), defined for (¢,x) € [0, T'] x BL(H), the more concise notation Og1V

stands for dg1(z7yv, and aélv stands for Gél V- For a function v such that, for all ¢ € (0,7,

v(t,-) satisfies Assumption|4.2.13| we define Zv by
S 11—
ZLu(t,x) = owv(¢,x).(1, 716(¢, %)) + §T [Oawv(t,x), l[t,T]d)(t,x)] V(t,x)e(0,T) x W.

Theorem 4.3.2. Let ¢ be defined by (4.3.4). If ¢ satisfies Assumption , then ¢
satisfies also Assumption and

D7 p(t,x)+ Lpt,x)=0  V(t,x)€(0,T)xW. (4.3.6)
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Proof. Let t',t€(0,T), t <t, xe€ W. By assumption on the spatial derivatives of ¢(¢,-), we

can apply Proposition 4.2.14|to ¢(¢,X tt:(’.‘), and obtain

7S o

t I , ,
= o(t,xp10.) + f E [awcp(t,Xg %) (15.71b(s, X" 7"))] ds
t (4.3.7)

1t S , /
tg ft E [T [aﬁw(t,X L, 1 m®@(s, X ’X)] ] ds
By non-anticipativity, ¢(¢,X t’,x) =, X :;\X) Then, by (4.3.5) and (4.3.7), we have

t . , ,
Ot xy0) — (e, %) = — f E [Gugtt, X1, (Ago rybls, X)) | ds
t/

- %f;E [T (02,0t X139, 145, mi®(s, X | ds

By continuity of (4.3.2),

lim sup IXS,\ —X:n.lg =0 on Q. (4.3.8)
=t e[t 1]

By non-anticipativity and continuity of b and ®, we then obtain, on Q,

lim sup |b(s, xtx) b(t,x)|g=0
=17 e[t/ 1]

lim sup |®(s, XU%) -, X)Ly H) = 0.
=1 se[t! 1]

Then, by Proposition , for any sequence {(¢,,s,)}nen With ¢, <s, <t and ¢}, — ¢,

we have

lim 11, 71b(sp, X%) = 1, 71b(£,X) in Vs (H)
e (4.3.9)

lim 1f,, 7@ (s, X%) = 11, 1 ®(¢,X) in Vs (Lo(U, H)).
n—oo
By assumption, dyw¢e(¢,x).v and 82 o w®(,x).(v,v) are uniformly bounded for x € W and

v e V(H), |Vl < 1, and sequentially continuous in (x,v) € W x V,s(H). Then, by (4.3.8),

(4.3.9), and Lebesgue’s dominated convergence theorem, we have

lim sup [E[‘aww(t,Xél,’\’,‘).(l[s,T]b(s,Xt/’x))—Gw(p(t,x).(l[t,T]b(t,x))‘]:O (4.3.10)
—l selt!t]

and

lim sup [EHT[(ﬁv?(t,Xg;’\’,‘),l[s,T]q)(s,th’x)]—T[G%vv(t,x),l[t,qw]q)(t,x)]H:0 (4.3.11)
=t selt/ 1]

Thanks to (4.3.10) and (4.3.11), we can finally write

lim — f (300t X7, (s 11bls, X150 ds = Tt 0.1, 1B (£,30)
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and

1
Jim — | [E[T [a o(t, X173, 115 11 ®(s, X" X)” ds _T[a o(t,%), 11 71 ®(t, %)

This proves that 9, ¢(¢,x) exists and that (4.3.6) holds true.

We now show that 9, ¢(t,x) is continuous in x and that

sup |9; ¢(t,x)| < oo,
te(0,T)
xeK

for all compact sets K < W. By (4.3.6), it is sufficient to show that
W—-R, x— ZLo(t,x)
is continuous, for all ¢ € (0,T"), and that

sup |Z¢(t,x)| < oo.
£€(0,T)
xeK

But this is straightforward from the sublinear growth and continuity assumptions in x

of b,® and from the boundedness and continuity assumption on dw(p,dz Q. |

Corollary 4.3.3. If ¢ satisfies Assumption (i), then, for all t € [£,T), we have

the following representation:
. ) t .
ot, XY )=, Y) + f (s, X"V).(1[s @AW, P-a.e.. (4.3.12)
t

Proof. By Theorem [4.3.2] the assumptions of Theorem [4.2.8 are satisfied for ¢. By ap-
plying formula (4.2.10) to ¢(¢,X LY and recalling (£.3.6), we obtain (£.3.12). [ |

4.4 The case b(t,x) = b(t,f[O,T] X(t — s)u(ds)) and additive

noise

In this section, in a case of interest, we show that Theorem [4.3.2] and Corollary[4.3.3|can
be applied.

The following assumption will be standing for the remaining of this section.
Assumption 4.4.1.

() peM(0,T]);
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(i) b:10,T]1x H — H is continuous and there exists N > 0 such that

sup |b(t,V)lg <N +|ylg) VyeH, (4.4.1)
tel0,T1]
sup |b(¢,y)=bt,Y)Ng<Nly-v'|g Vy,y € H. (4.4.2)

t€[0,T1]

(iii) for all t€[0,T), b(t, ) € Y%(H,H),

Ni:= sup |0gb(t,y).v|g < oo, (4.4.3)
(t,y)el0,T1xH
veH, |v|g<1
Ny = sup IO%{b(t,y).(v, w)|g < oo, (4.4.4)
(t,y)€l0,TIxH

v,weH, |vlgViw|g<1
and 0gb(t,y).v, Olqu(t,y).(v,w) are jointly continuous in t,y,v,w.

We define
B(t,y) =b (t,[ y(t —s)ulds) V(t,y)el[0,T]x BL(H).
[0,T1]

where
S’(I‘) = 1[_T,0)(7‘)y(0) + l[O’T](r)y(r) Vre [—T, T] (4.4.5)

Then b(¢,y) is a function of ¢ and the convolution between p and y computed taking

into account the past history of y on the time window [¢ — T, ¢].

Remark 4.4.2. The fact that b(¢,-) € 92(H, H), with differentials uniformly bounded, im-
plies that b(¢,-) € Ci(H ,H), i.e. b(t,-) is Fréchet differentiable and the Fréchet differential
Db(t,-) is continuous and bounded (with bound uniform in ¢, due to our assumptions on
b). For the proof, see [23], Proposition 7.4.1].

Let again W denote a U-valued cylindrical Wiener process and let B € Lo(U,H). Con-
sider the following SDE:

dX,=b(s,X)ds+BdW, Vseli,T]
(4.4.6)

Xin.=Yin,

for Y € $§T(W), p > 2. Notice that Assumption [4.3.1]is verified with the present coeffi-

cients b and ® = B. Our aim is to prove a certain regularity of the solution X LY to (4.4.6)

with respect to the initial datum Y € ££§,T(W), p > 2, suitable to apply Theorem [4.3.2/ and
Corollary

Remark 4.4.3. The choice u = 6, Dirac measure in 0, corresponds to the Markovian case

l;(s,y) = b(t,y(¢)). By choosing u = §,, Dirac measure centered in a € (0,7], we obtain a
drift B(t,y) = b(t,y(¢t — a)) with a pointwise delay.
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By Assumption [4.4.1, we have that b(-,y) is continuous for all y € C([0,T1,H). More-

over,
|6ty - bt y2)|y <N f[ BT 5t Dl pdr) V12 B,

Then, if {y,}pen €W and y, — y in [Bclfs(H), we have B(t,yn) — l;(t,y) for all ¢ € [0,T1].
Hence l;(-,y) € BY(H), for all y € BY(H). In particular, for all y € BY(H), the indefinite

integral

A
[0,T]1— H, {Hf b(s,y)ds
¢

is continuous.

These considerations entails the well-posedness, for any fixed w € €2, of the map

w: [0, T x BY(H) x BY(H) — BY(H) (4.4.7)

defined by

tv-.

Ww(t,X,y) = Xin. + t b(s,y)ds +(WE (w)-WB(w)) V(t,x,y)el0,T]1xBH) x B (H),
where W is a short notation for a fixed representant of [, BdWs;.

In the following propositions, we prove existence and uniqueness of a fixed point for
w(t,x,-) and study how the fixed point depends on ¢,x. The arguments are very close to
those used in the more general setting developed in Chapter |1, with the difference that
the SDE is here considered pathwise, in order to have better insight about the regularity
of the paths X**(w) with respect to x.

Remark 4.4.4. In the notation v, the dependence on w is not explicit. Nevertheless, we
stress the very important fact that all the bounds for the Lipschitz constants and the
differentials, which appear in the following propositions, are independent of w. More
precisely, the terms A,a appearing in Proposition [4.4.5(), the bounds for and
(4.4.10), the bounds for dg1 A> and OélAt" in Proposition can be — and we assume
that they are — chosen independently of w.

For A > 0, we introduce on BL(H) the norm

|X|4 := sup e‘“lx(t)IH, vx € BL(H).
t€[0,T1]

Then ||, is equivalent to | - |.
Hereafter, we denote by B! (H) the Banach space (B!(H),|-|».) and by [EB}L(H ) the equiv-
alent Banach space ([EBl(H),I -12).

Proposition 4.4.5.
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(i) There exists A >0 and a €(0,1) such that

sup lw(t,x,y)—w(t,x,y)r<aly-y'la Vy,y € BL(H). (4.4.8)
(t,%)e[0, T1xBL(H)

(i) The restriction of y to [0,T1x W x BL (H) is W-valued and continuous.
(iti) For all t €[0,T], the section
wt,,"): BL(H) x BLH) — BL(H), (x,y) — ¢(t,X,y)
is strongly continuously Gdateaux differentiable up to order 2, i.e.

w(t,-,) € 92 BL(H) x BL (H),BL (H)).

Moreover,
sup |02w(¢,X,y).V]oo + sup |03w(¢,X,y).V|eo < 00 4.4.9)
t€[0,T1, x,yeBL (H) t€[0,T1, x,yeBL (H)
VEBL (H), |Vlw=1 VeBL (H), [Vlw=<1
sup |c3§1//(t,x,y).(v,w)|oo < 00, (4.4.10)

te[0,T1, x,yeBl (H)
V,WeBL (H), [Vl VIWleo=1

where 0;y and 6?1# denote the first- and second-order Gateaux differential of v with

respect to the i-th variable.

(iv) Ift, — tin [0,T], x, — x in BL(H), y, —y in BL.(H), v, — vin BL.(H), w, > wWin
[EB(ITS(H ), then

03 (tn,Xn,¥n)-Vn — O3w(t,X,y).v in BL (H) (4.4.11)
ng(tn,xn,yn).(vn,wn) — ng(t,x,y).(v,w) in [Bio(H). (4.4.12)

Proof. For ¢ € [0,T] and x € BY(H), by standard computations, we have

e M1yt %, 9)(8) - (%, 3 ) < e fo b(r,y) = b(r,y) g dr

S
Sfo e Mo A B(r,y) = b(r,y)gdr
1-eM . 2
< le(’y)_b(’y,)l/l
1-e A

<—N -y
2 lelily —y'l2,

for all y,y’' € BI(H) and all s € [0, T']. Then, for all ,x,y,y,

-AT

1-—
Wt x,y) - vt x,y)h < ——

1 Nlphly-y'la (4.4.13)
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1 e—/lT

By defining « := ==5—N/|ul1, for A sufficiently large we obtain .

Due to (), it is sufficient to prove that y(.,-,y) is W-valued and continuous on
[0, T x W, for all y € B(H). But this comes from the continuity of the maps

[0,T]x W — W, (¢,x)— X;n. [0,T]— H, s»—»f 5(r,y)dr+W£(w).
0

(1) +(tv) We begin by showing that, for all ¢ € [0, T'],
tv-
v, BL(H) - BLH), y— b(r,y)dr (4.4.14)
t
is strongly continuously Gateaux differentiable up to order 2, with bounded differentials
(bound uniform in ¢). By standard computations, due to Assumption 4.4.1{}z:z), we have

Y Y (y + hv) - P i(y))

tv- 1
:f (f (Vgb (r,f y(r—s)u(ds)+06h fr(r—s)u(ds)) ,f V(r—s)u(ds))gdo|dr,
t 0 [0,T] [0,T1] [0,T]

where Vb represents 0gb in H. Due to the assumptions on dib, we can pass to the
limit A=Y (W4 (y + Av) — W,(y)) in BL (H) as A — 0 and obtain

V-
0¥ (y).v= f (Vgb (r,f y(r— s)u(ds)) ,f v(r—s)u(ds)ygdr. (4.4.15)
t [0,T1] [0,T1]
Notice that, ify, — y and v, — vin [Bllfs (H), then , by Proposition ,

f S’n(r_s)ﬂ(ds)_’f y(r—u)u(du) VYrel0,T]
[0,T1] [0,T1

and the family

Y - d
{ f[ o) Yn(r—u)u( u)}re[o,ﬂ
neN

is bounded in H. The same holds with respect to v,, and v. If ¢,, — ¢ in [0, T], by strong
continuity of 0gb and using (4.4.15), we conclude that

0¥ (y).v—0¥¢,(yn).Valoo — 0. (4.4.16)

This proves (@.4.11)), because d3y(t,x,y) = 0¥, (y) for all (¢,x,y) € [0, T x BL(H) x BL(H). In
particular, the limit holds when ¢, = ¢, for all n € N, and the convergences y,, —y
and v, — v take place in BL (H). This shows that ¥; € 41(B. (H),B. (H)), and, by
and (4.4.15), that the first order differentials are bounded, with bound uniform in ¢. By
observing that do(t,x,y).v = v;. for all t € [0,T], x,y,v € BL(H), we have then proved
that w(t,-,-) € 9 (BL(H) x BL (H),BL (H)) and that holds true.
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Regarding the second order derivative, by using similar arguments as above, we ob-

tain
PV (x).(v,w) =

tv- (4.4.17)
= alqu (r,f y(r—s)u(ds)) . (f \"I(r—s)u(ds),f w(r—s)u(ds)|dr
t [0,T1 [0,T1] [0,T1]

and the continuity of
[0, T1x BL(H) x BL(H) x BL(H) — BL(H), (¢,y,v,w)— 0¥ (y).(v,w).

Then, since 05y(¢,x,y) = 0 and 02y(¢,X,y) = 02 W, (y), (¢, -, ) € GA(BL (H) xBL (H), B (H)).
By (4.4.4), also the second order differentials 651//,6%1// are bounded, with bound uniform
in £. u

In the following proposition we see how the regularity properties of ¥ are inherited

by the associated fixed-point map.
Proposition 4.4.6.
(i) For all (t,x)€[0,T]x BY(H), there exists a unique A** € BY(H) such that

APE = y(t,x, AVX).

(it) The map
A:[0,T]x BL(H) — BL(H), (t,x)— A"X

is Lipschitz in x, with a bound for the Lipschitz constant independent of t.
(iti) The restriction of A to [0,T] x W is continuous and W-valued.

(iv) Forall te[0,T], A> € 92(BL (H),BL (H)) and dg1 A", aélAt" are uniformly bounded,

uniformly in t.
(v) Forall t€[0,T] and x € BY(H), I — d3y(t,x, Ab®) € L(BL(H)) is invertible and
B (H) — LB (H)), x — (I - d3y(t,x, AP¥))~! (4.4.18)
is strongly continuous.
(vi) Forall t€[0,T], x,v,w € BY{(H), we have

gt A v = (I - dgy(t,x, AY) " (dau (£, x, AV®).v)

02, AP (v, w) = (I - dsy(t,x, A (022, x, AYX). (01 AY*.v), (0 A w))
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Proof. By Proposition [4.4.5[fi), we can choose A >0 such that y(¢,%,-) is an a-contraction
on B} (H), with a € (0,1), uniformly in (¢,x) € [0, T x B'(H).

Apply Banach’s contraction principle to y(t,x,-) on B} (H).

For every ¢t €[0,T], we have

|W(t,X,y)_'//(t,X/,y)|7L = |X—X/|/’[ Vx’xl EIEBI(H)

The conclusion follows by Lemma .
Since y maps [0,7] x W x W into W by Proposition , we also have that A
maps [0,7] x W into W. Let us denote by Ay the map

Aw: [0, TTx W — W, (¢,x)— AYX.

By (i), to prove the continuity of Ay, it is sufficient to show the continuity of A", for
fixed x € W. Let ¢;, — ¢t in [0, T']. We have

w(t,,x,y) — y(t,x,y)in W, Vx,y e W.

Then the conclusion follows by Lemma [1.1.9([z).

(v)+(@)+(i) Thanks to Proposition [4.4.5iz), we can apply [23, Theorems 7.1.2 and
7.1.3] to all maps w(t,-,-), for all ¢ € [0,T']. This shows and (7).

It remains only to comment the strong continuity of (which is indeed con-
tained in the proof of [23], Theorems 7.1.2 and 7.1.3]). This comes from the fact that, for

all t€[0,T1, by (¢7) and Proposition , the map
B) (H) — L(B;(H)), x — 03y/(t,x, A"
is strongly continuous and |d3y(¢,x, AY¥)| L) = @ for all x € BY(H). By writing

(I - 03w(t,x, A") v =Y (B3y(t,x, A"™)'v  VveB'(H) (4.4.19)

neN

and by Lebesgue’s dominated convergence theorem (for series), we see the strong conti-

nuity of
B} (H) — L(B;(H)), x — (I - 03y(t,x, A"*)) ™1, |

The following proposition provides the good continuity of the differentials of A with
respect to x, that we will later need in order to apply Theorem and Corollary
when the process X has the dynamics (4.4.6).

Proposition 4.4.7. Let t €[0,T].
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(i) If x, — x in BL(H), v, — v in BL.(H), and w, — w in B, (H), then

O A" v, — Ot A* v in B, (H) (4.4.20)
0% AP (Vi W) — 02, APV, W) in BL(H). (4.4.21)

(i) If t, — t* in[0,T], xe W, v,w € BL(H), then

Opt A'* v — 0g1 A v in B, (H) (4.4.22)
02 A"E (v, W) — 02, AP (v, w) in W, (4.4.23)

Proof. Let t €[0,T], x, — x in [BéO(H), vV, — VvV in [B(ITS(H). By Proposition ,
{Vn}nen is bounded in B (H). By Proposition , {0 A"*n v, } nenzefo.77 18 bounded
in BL(H). In particular, {051 A"*".v,} . is bounded in the Hilbert space L%([0,T1,H),
which is separable. Then we can find subsequences {x,, }ren and {v,, }zen such that

lim 0g1 AV v, = Z weakly in L2([0, T, H),

k—o0

for some Z € L%([0,T], H). We recall that dsy(¢,x',y") = 0¥ (y’) for all x',y’ € BL(H), where
YV, was defined in the proof of Proposition by #.4.14). By @.4.15), for y',v' € BL(H),

we have

tvé
OY(y).V)©E) = f (Vyb (r,f ¥ (r— u)u(du)) ,f V(r— u)u(du))Hdr
t [0,T1 [0,T1]

tvé
:f (f (Vyb (”,f y'(r- u)u(du)) V(r —8)>Hu(ds)) dr
¢ [0,T] [0,T1]

tvé
:f (f (Vyb (",f y'(r— u)u(du)) WV (r —8)>Hdr) u(ds).
[0,T1\J¢t [0,T]

By replacing x' by x,,,, y' by A“**, and v’ by dg1 A"*".v,,,, we obtain (E|)
(039(t, %, , AV*). (O A%k vy, ) () (4.4.24)

tvé
- f (f ‘ (Vyb (’”>f (A" )~ (r — u),u(du)) , (O A vy, ) (r — s)>Hdr) (ds).
[0,71\J¢ [0,T]

Due to the fact that {0p: AVXn .Vn,}zen 1s uniformly bounded in [EBéo(H ), passing to another
subsequence if necessary, we can assume that (9g1 A“* .V, )(0) is weakly convergent in
H to some zg € H. Then

klim (6[31 At’xnk .Vnk)N = 1[—T,0)(')ZO + I[O’T]Z Weakly in LZ([—T, T],H) (4.4.25)
By Proposition 4.4.6[iz), we have

AP — AP in Bl (H),

If the argument y of the notation § is long, we write (y)~.
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then, since b(r,-) € Ci(H,H) (see Remark ,

lim
k—oo

Vb (r, f (AS%18)™(r u),u(du)) Vb (r, f (AY%)(r - u)p(du))‘ _o,
[0,T] [0,T] e

for all » €[0,T']. In particular, by Lebesgue’s dominated convergence theorem,

V,b ( f (AB%n)™ (- — u),u(du)) —V,b ( f (AP~ (- — u)u(du)) (4.4.26)
[0,T] [0,T1]

strongly in L2([0,T1,H). By (4.4.25) and (4.4.26), we have, for all s, €[0,T1],

tve
lim (Vyb (r,f (AVE)~(r — u)u(du)) ,(Opt A(t,Xp,).vy,) (r— s))Hdr =
t [0,T1

k—oo

tvEé
= f <Vyb (7‘,‘[[0 T](At’x)N(r - u),u(du)) , 1[_T,())(r —8)zo+ l[Q,T](r - s)Z)Hdr.
t ’
Since the latter limit holds for all { and s, by (4.4.24) we have that the limit
Jim (03w(t, %y, , A*). (O AV vy, )) (€)

exists for all £ € [0,T]. By Proposition [4.1.2(z), since the sequence is uniformly bounded,

we can finally conclude that
{631//(t,xnk ) APFe), (a[ﬂél AP 'Vnk)}kel\l
converges in [B}ys (H). Now we are almost done. By Proposition 4.4.6(jvi), we have

Ot A"y, = O39(t, Xy, AV57). (Ot A0 0y, ) + 0oy (E, Xy, A7)V, (4.4.97)
= 03Y(t, X, , APX). (B APS0 vy, ) + (Vi in.. a

By considering what proved above and the assumptions on {v,},cn, there exists y € BL(H)
such that
O3y (t,Xp, , A*). (01 A7 vy, ) + (W, )en. — v in BLs (). (4.4.28)

Then, (4.4.27), (4.4.28), and Proposition , we have

O3y (t, Xy, , A2, (Og1 A e v, ) — Ogw(t,x, A™X).y in BL (H), hence in B}, (H).
By taking the limit in [EB(lrS (H) in (4.4.27), we have
y =03y (t,x, AV¥).y + vin.,
which entails y = dg1 A**.v, by Proposition . This shows that

Ot A7 vy, — O A*.v in BL.(H).

Since the original sequences {X},cn, {Vilnen Were arbitrary, (4.4.20) is proved.
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To prove (4.4.21), we use Proposition . But now most of the work is done. By
(4.4.20), we have

O A" v, — Ot A*.v in B, (H)

Ot A% . w,, — Og1 AP .w in B, (H).
By Proposition , we have

Jim 02y (t, %, A7), (O A" .v,,), (O AP W) =

= 02w(t,x, A"™). (O AV*.v), (Og1 A" W)

where the limit is taken in B. (H). We can now conclude by using the strong continuity
claimed in Proposition 4.4.6{v) and the formula for the second order derivative provided
by Proposition .

Let ¢, — ¢" in [0,T], x € W, v € BY{(H). By Proposition and by taking into
account formula (4.4.19), we can write

O A * v = (I - d3y(t,x, ") ! (A2 (£, x, AT¥).v)

=Y @sy(tn,x, A ) evy = v+ Y (O3t x, Al X))y, .
keN k=1

The fact that ¢, — ¢ from the right assures that v; . — vss. in IB}TS(H ). Moreover,

by Proposition , At»* — A% in W. Then, by Proposition ,, and

Lebesgue’s dominated convergence theorem for series, we have

Z (03W(tn,X, Atn,x))kvtn/\- - Z (63W(t’x’ At,x))kvt/\- ln [Bio(H)
k=1 k=1
Then 91 A'*.v — 0 A*.v in Bl (H) and (£.4.22) is proved.
Regarding (4.4.23), the argument is similar, by using the expression for aélAt"’x.(v, w)

provided by Proposition , the convergence (4.4.22) just proved, and (4.4.12) in
Proposition {4.4.5 |

We defined v for a given, fixed, w € Q (p. [140). For every such v, Propositions [4.4.5|
4.4.6] apply. We can then define the map

Q x[0,T] x BYH) — BYH), (0,t,x) — X" (w) (4.4.29)

where X"*(w) is the function A»* provided by Proposition [4.4.6, when v is associated to
w. It should be clear that X% is the unique strong solution to SDE (4.4.6) in fg,T(W).

Let f: BY(H) — R be a function. Hereafter, we assume that f satisfies the following

assumption.
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Assumption 4.4.8.
(@) feGBLH),R);
(ii) the differentials 0f and 0*f are bounded;
(iii) [EB({O(H ) X [B(lfs (H)— R, (x,v) — 0f(x).v is sequentially continuous;
(iv) [EB%O(H ) x IHB}TS (H) % [Bcl,s (H) — R, (x,v,w)— 02f(x).(v,w) is sequentially continuous.

The following theorem shows that the main results of Section [4.3| can be applied in

the present framework.

Theorem 4.4.9. Let X be the unique strong solution to and let
@: [0, T1xW — R, (¢,x)— E[f(X*¥)].
Then ¢ verifies Assumption Moreover, for all t € (0,T) and all xe W,
D} pt,x,0.) + Ot x).(L1e 71b(£, %)) + %T [a@vﬁ(t,x),B] -0 (4.4.30)

and forall t€[0,T], ' €[t,T], Y € $§T(W), p>2,

A
o, XY )= p(t,Y)+ f (s, X"V). (A (s, XV )NdW,  P-ae.. (4.4.31)
t

Proof. 1t is sufficient to show that ¢ verifies Assumption ,(¢i7), since the remain-
ing part of the theorem comes from Theorem [4.3.2] and Corollary

We begin by verifying Assumption 4.2.3|fiz). By Propositin [4.4.6{fv), for all (w,?) € Q x
[0,T1, the map x — X**(w) belongs to ¢%(B (H),B. (H)) and has differentials 9z X* (w)
and G;IX t(w) bounded, with bound uniform in w,t (recall Remark |4.4.4). Then, since
fe %Z(Béo(H ),R) and df and 6%f are uniformly bounded, the composition x — f(X**(w))
belongs to ¥2(BL (H),R) and has differentials dp: (X% (w)) and aél (X% (w)) bounded,
with bound uniform in w,¢. We have

Op1 f (XX (w)).v = 0f (X" ()).(0g1 X " (w).v) (4.4.32)
for all te[0,T], we Q, x,v e BI(H), and

021 f (X" (w)).(v, W) = (4.4.33)
= 0% f (X" ()).(0g1 X ™(0).v).(0g X (). W) + Of (XX ()).(02, X ™ (w).(v, W)

for all ¢ €[0,T], € Q, x,v,w € B'(H). Since dg:1 /(X "*(w)) and 8%, f (X**(w)) are bounded,

with bound uniform in w, ¢,x, we can easily see that

Op1 (t,%).v = [0 f(X“¥).v] (4.4.34)
02,p(t,%).(v, W) = E[02, F(X"™).(v, )], (4.4.35)
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for all t € [0, T, x,v,w € BL(H). Finally, by (4.4.34), (4.4.35), boundedness of g1 f (X% )w)
and aélf(Xt"(a))), strong continuity of dg: (X’ )(w) and aélf(Xt"(a))), we obtain that
¢(t,") belongs to 9%(BL (H),R) and has bounded first and second order differentials. To
conclude the verification of Assumption [4.2.37), it is sufficient to show that, for all
t€[0,T1], the maps

W x BL.(H) — R, (x,V)— Og1(t,%).v
W x By (H) x Byo(H) = R, (X, v, W) — 0, (£,%).(v, W)

are sequentially continuous. This comes immediately by combining (4.4.32), (4.4.33),
(4.4.34), (4.4.35), Proposition [4.4.6|ti), Proposition [4.4.7|{), Assumption [4.4.8(zz), (), the
uniform boundedness of the differentials involved (we recall again Remark and of
the convergent sequences in [B(lfs (H).

Similarly, we can see that Assumption is verified by taking into account
(4.4.32), (4.4.33), (4.4.34), (4.4.35), Proposition [4.4.6(iz), Proposition [4.4.7(fz), Assump-
tion [4.4.8[fiz7),(tv), the uniform boundedness of the differentials involved and of the con-

vergent sequences in [B(lfS (H). |

Remark 4.4.10. Let g: [0,T] x H — H be a continuous function, with g(z,-) € Cg(H,H)
and with differentials Dy g,D %{g uniformly continuous. Let us introduce the function 58
defined by

l;g(t,y) = b(t,f gt —s,y(t—s)ulds) V(t,y)€l[0,T]x [EBI(H),
[0,T1]
where g(r,x) = g(0,x) if r < 0. Consider the function

G: BYH) — BYH), y — {g(t,y())sero.1-

Then G is well-defined, G belongs to C%([Béo(H ), BL(H)), and b8(t,y) = b(t,G(y)). By using
these observations and the explicit expressions of DG,D?G in terms of Dy g, D?{g, it is

not difficult to show that the results proved in this section can be extended to the case in
which the drift b in SDE (#.4.6) is replaced by the more general drift b8.



Chapter 5

Cy-sequentially equicontinuous

semigroups

The aim of this chapter is to present and apply a notion of one parameter strongly con-
tinuous (Cj) semigroups of linear operators in locally convex spaces based on the notion
of sequential equicontinuity and following the spirit and the methods of the classical
theory in Banach spaces.

The theory of Cy-semigroups was first stated in Banach spaces (a widespread presen-
tation can be found in several monographs, e.g. [36, 56, [80]). The theory was extended
to locally convex spaces by introducing the notions of Cy-equicontinuous semigroup ([98,
Ch. IX]), Cy-quasi-equicontinuous semigroup ([9]), Cy-locally equicontinuous semigroup
(125} 641), weakly integrable semigroup ([58, 59]). A mixed approach is the one followed
by [65], which introduces the notion of bi-continuous semigroup: in a framework of Ba-
nach spaces, semigroups that are strongly continuous with respect to a weaker locally
convex topology are considered.

Here, we deal with semigroups of linear operators in locally convex spaces that are
only sequentially continuous. The idea is due to the following key observation: the the-
ory of Cy-(locally) equicontinuous semigroups can be developed, with appropriate adjust-
ments, to semigroups of operators which are only Cy-(locally) sequentially equicontinu-
ous (in the sense specified by Definition [5.2.1I). On the other hand, as we will show by
examples, the passage from equicontinuity to sequential equicontinuity is motivated and
fruitful: as discussed in Remark[5.2.13|and shown by Example[5.4.5] in concrete applica-
tions, replacing equicontinuity with sequential equicontinuity is convenient or even, in
some cases, necessary.

The main motivation that led us to consider sequential continuity is that it allows
a convenient treatment of Markov transition semigroups. The employment of Markov
transition semigroups to the study of partial differential equations through the use of

stochastic representation formulas is the subject of a wide mathematical literature (here

150



Chapter 5: Cy-sequentially equicontinuous semigroups 151

we only refer to [8] in finite and infinite dimension and to in infinite dimension).
Also, the regularizing properties of such semigroups is the core of a regularity theory
for second order PDEs (see, e.g., [74]]). Unfortunately, the framework of Cy-semigroup
in Banach spaces is not always appropriate to treat such semigroups. Indeed, on Ba-
nach spaces of functions not vanishing at infinity, the Cy-property fails already in basic
cases, such as the Ornstein-Uhlenbeck semigroup, when considering it in the space of
bounded uniformly continuous real-valued functions (UCp(R),| - |s) (see, e.g., [7, Ex. 6.1]
for a counterexample, or [21, Lemma 3.2], which implies this semigroup is strongly con-
tinuous in (UCy(R), |- |s) if and only if the drift of the associated stochastic differential
equation vanishes). On the other hand, finding a locally convex topology on these spaces
to frame Markov transition semigroups within the theory of Cy-locally equicontinuous
semigroups is not an easy task (see also the considerations of Remark [5.2.13). In the
case of the Ornstein-Uhlenbeck semigroup, such approach is adopted by [49]. Some au-
thors have bypassed these difficulties by introducing some (more or less ad hoc) notions,
relying on some sequential continuity properties, to treat such semigroups (weakly con-
tinuous semigroups [7], 7-continuous semigroups [84], bi-continuous semigroups [65]).
The theory developed in this chapter allows to gather all the aforementioned notions

under a unified framework.

We end this introductory part by describing in detail the contents of the forthcoming
sections.

Section |5.1| contains some notation that will hold throughout the chapter, in addition
to the notation given at p.

In Section[5.2 we first provide and study the notions of sequential continuity of linear
operators and sequential equicontinuity of families of linear operators on locally convex
spaces. Then, we give the definition of Cy-sequentially (locally) equicontinuous semi-
group in locally convex spaces. Next, we define the generator of the semigroup and the
resolvent of the generator. In order to guarantee the existence of the resolvent, the theory
is developed under Assumption requiring the existence of the Laplace transform
(5.2.10) as Riemann integral (see Remark [5.2.17). This assumption is immediately veri-
fied if the underlying space X is sequentially complete. Otherwise, the Laplace transform
always exists in the (sequential) completion of X and then one should check that it lies
in X, as we do in Proposition|5.3.19] The properties of generator and resolvent are stated
through a series of results: their synthesis is represented by Theorem [5.2.25| stating that
the semigroup is uniquely identified by its generator, and by Theorem[5.2.27| stating that
the resolvent coincides with the Laplace transform. Then we provide a generation theo-
rem (Theorem [5.2.37), characterizing, in the same spirit of the Hille-Yosida theorem, the
linear operators generating Cj-sequentially equicontinuous semigroups. Afterwards, we

show that the notion of bi-continuous semigroups can be seen as a specification of ours
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(Proposition [5.2.42). Finally, we provide some examples which illustrate our notion in
relation to the others.

Section[5.3|implements the theory of Section[5.2]in spaces of bounded Borel functions,
continuous and bounded functions, or uniformly continuous and bounded functions de-
fined on a metric space. The main aim of this section is to find and study appropriate
locally convex topologies in these functional spaces allowing a comparison between our
notion with the aforementioned other ones. We identify them in two topologies belonging
to a class of locally convex topologies defined through the family of seminorms (5.3.1). We
study the relation between them and the topology induced by the uniform norm (Propo-
sition [5.3.6). Then, we study these topological spaces through a series of results ending
with Proposition and we characterize their topological dual in Proposition|[5.3.16)
We end the section with the desired comparison: in Subsections [5.3.2] [5.3.3] and [5.3.4]
we show that the notions developed in [7], [84], and to treat Markov transition semi-

groups can be reintepreted in our framework.

Section [5.4] applies the results of Section[5.3|to transition semigroups. This is done, in
Subsection [5.4.1] in the space of bounded continuous functions endowed with the topol-
ogy 7. defined in (5.3.7). Then, in Subsection[5.4.3] we provide an extension to weighted
spaces of continuous functions, not necessarily bounded. Finally, in Subsection [5.4.3, we
treat the case of Markov transition semigroups associated to stochastic differential equa-
tions in Hilbert spaces. Our purpose for future research is to exploit these latter results
as a starting point for studying semilinear elliptic partial differential equations in infi-

nite dimensional spaces and their application to optimal control problems.

5.1 Notation

In this chapter, we adopt the following notation.

* X,Y denote Hausdorff topological vector spaces. Starting from Subsection
Assumption will hold and X,Y will be Hausdorff locally convex topological
vector spaces.

* The topological dual of a topological vector space X is denoted by X *.

e If X is a vector space and I' is a vector space of linear functionals on X separating
points in X, we denote by o(X,I') the weakest locally convex topology on X making
continuous the elements of T'.

* The weak topology on the topological vector space X is denoted by 7,, that is
T =0(X,X™).

e If X and Y are topological vector spaces, the space of continuous operators from X

into Y is denoted by L(X,Y), and the space of sequentially continuous operators
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from X into Y (see Definition[5.2.1) is denoted by £y(X,Y). We also denote L(X) :=
L(X,X) and %y(X) = Ly (X,X).

* Given a locally convex topological vector space X, the symbol £2x denotes a family
of seminorm on X inducing the locally convex topology.

* E denotes a metric space; & := ZB(E) denotes the Borel o-algebra of subsets of E .

* Given the metric space E, ba(EF) denotes the space of finitely additive signed mea-
sures with bounded total variation on &, ca(E) denotes the subspace of ba(E) of
countably additive finite measure, and ca™(E) denotes the subspace of ca(E) of
positive countably additive finite measures.

¢ Given the metric space E, we denote by B(x,r) the open ball centered at x € E and
with radius r and by B(x,r] the closed ball centered at x and with radius r.

* The common symbol #(E) denotes indifferently one of the spaces By(E), Cp(E),
UCy(E), that is, respectively, the space of real-valued bounded Borel / continuous
and bounded / uniformly continuous and bounded functions defined on E.

* On #(E), we consider the sup-norm |f | := sup,cg |f(x)|, which makes it a Banach
space. The topology on .#(E) induced by such norm is denoted by 7.

* On #(E), the symbol 7 denotes the topology of the uniform convergence on com-
pact sets.

* By #(E);, we denote the topological dual of (#(E), |-|c) and by || #(&)z, the operator

norm in #(E),.

5.2 C(y-sequentially equicontinuous semigroups

In this section, we introduce and investigate the notion of Cj-sequentially equicontinu-

ous semigroups on locally convex topological vector spaces.

5.2.1 Sequential continuity and equicontinuity

We recall the notion of sequential continuity for functions and define the notion of se-

quential equicontinuity for families of functions on topological spaces.
Definition 5.2.1. Let X, Y be Hausdorff topological spaces.

(i) A function f: X — Y is said to be sequentially continuous if, for every sequence

{xn}nen converging to x in X, we have f(x,)— f(x)inY.

(it) If Y is a vector space, a family of functions & = {f,: X — Y},cs is said to be se-
quentially equicontinuous if for every x € X, for every sequence {x,}nen converging
to x in X and for every neighborhood U of 0 in Y, there exists n € N such that
filxn) e f(x)+ U forevery 1€ .% and n=n.
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Remark 5.2.2. Let E be a metric space. If g: X — Y is sequentially continuous and
f :E — X is continuous, then gof : E — Y is continuous. It is sufficient to recall that

continuity for a function defined on a metric space is equivalent to sequential continuity.

If Y is a locally convex topological vector space, then Definition [5.2.1{iiz) is equivalent
to

{xpthhenc X, x, —xin X = lim supq(fi(x,)—f(x)=0, VqePy, (5.2.1)
n—+oo lEj

where Py is a set of seminorms inducing the topology on Y. The characterisation of
sequential continuity (5.2.1) will be very often used hereafter.

5.2.2 The space of sequentially continuous linear operators

Starting from this subsection, we make the following

Assumption 5.2.3. X and Y are Hausdorff locally convex topological vector spaces, and

Px, Py denote families of seminorms inducing the topology on X, Y, respectively.

Remark 5.2.4. We recall that a subset B ¢ X is bounded if and only if sup,.gp(x) <
+o0o for every p € Zx and that Cauchy (and, therefore, also convergent) sequences are
bounded in X.

We define the vector space
Lo(X,Y):={F: X —Y s.t. F is linear and sequentially continuous}.
We will use £y(X) to denote the space £y (X,X). Clearly, we have the inclusion
L(X,Y)c % (X,Y). (5.2.2)

We recall that a linear operator F': X — Y is a called bounded if F'(B) is bounded in
Y for each bounded subset B c X. As well known (see [91], Th. 1.32, p. 24])

FeL(X,Y) = F is bounded. (5.2.3)

On the other hand, if X is bornological (see [77), p. 95, Definition 4.1]), then, by [77, Ch.
4, Prop. 4.12], also the converse holds true:

X bornological, F: X — Y linear and bounded — F e L(X,Y). (5.2.4)

Proposition 5.2.5. Let F € 4y(X,Y). Then

(i) F is a bounded operator;
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(it) F maps Cauchy sequences into Cauchy sequences.

Proof. (i) See [77, Ch. 4, Prop. 4.12].

Let {x,},en be a Cauchy sequence in X. In order to prove that {Fx,},cn is a
Cauchy sequence in Y, we need to prove that, for every q € #y and € > 0, there exists n
such that n,m =n implies q(F(x,, —x,)) < €. Fix g € Py and € > 0. As, by Remark 5.2.4,
{xn}nen 1s bounded in X, by (7)) the sequence {Fx,},en is bounded in Y. Then, for every
n €N, we can choose k, € N, with %, = n, such that

q(F(xp, —x,))+27" = supq(F(xp, — xp)). (5.2.5)
k=n
Define z, := x3,, —x,, for n € N. As {x,},en is a Cauchy sequence in X, we have z, — 0
as n — +oo. By sequential continuity of F', also F'z, — 0. Then (5.2.5) entails, for every
neN and every n,m=n,

qF(p — 2)) < q(F (2, — 7)) + g(F (2, — x7)) < 2sup ¢(F(xp, — x7)) < 217" + 2q(F 7).

k=n

Passing to the limit 77 — +o0o, we conclude that {Fx,},en is a Cauchy sequenceinY. W

Remark 5.2.6. We notice that the fact that F' is a bounded linear operator from X into
Y does not guarantee, in general, that it belongs to the space %y(X,Y). Indeed, the
bounded sets in the weak topology 7,, of any Banach space X are exactly the originally
bounded sets (see Lemma [5.2.40; actually this is true for locally convex spaces: see [91], p.
70, Theorem 3.18]). Then, if 7 denotes the norm-topology in X, the identity id: (X,7,,) —
(X,7) is bounded. Nevertheless, this identity is in general not sequentially continuous

(any infinite dimensional Hilbert space provides an immediate counterexample).

Corollary 5.2.7. If X is bornological, then
“(X,Y)=%y(X,,Y,)=L(X,Y)=L(X,,Y,),

where X,,,Y,, denote, respectively, the spaces X,Y endowed with their weak topologies.

Proof. Since X (resp. Y) is locally convex, by [91, p. 70, Theorem 3.18], the weakly
bounded sets of X (resp. Y) are exactly the originally bounded sets in X (resp. in Y).
Hence, and yield L(X,,Y,) € L(X,Y). On the other hand, the opposite
inclusion holds true for every X,Y vector topological spaces. So, we have proved that
L(X,,Y,)=L(X,Y).

Now, by Proposition and by (5.2.4), we have %,(X,Y)c L(X,Y). The opposite
inclusion is obvious. So, Zy(X,Y)=L(X,Y).

Finally, considering that 4y(X,,,Y,) 2 L(X,,Yy), in order to conclude we need to
show that £y(X,,,Y,) c L(X,Y). Recalling that the weakly bounded sets of X (resp. Y)
are exactly the originally bounded sets in X (resp. in Y), the latter follows from
and Proposition [5.2.5[fz), as X is bornological. |
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Let B be the set of all bounded subsets of X. We introduce on £y(X,Y) a locally
convex topology as follows. By Proposition [5.2.5

Pq.D(F) = sul[))q (Fx) (5.2.6)

is finite for all F € %y(X,Y), D € B, and g € #y. Given D € B and q € %y, de-
fines a seminorm in the space Zy(X,Y). We denote by £, ,(X,Y) the space Z£y(X,Y)
endowed with the locally convex vector topology 75 induced by the family of seminorms
{pg,plqemy, DeB. We notice that 7, does not depend on the choice of family 2%y induc-
ing the topology of Y. Since B contains all singletons {x},cx and Y is Hausdorff, also
Zop(X,Y) is Hausdorff.

Proposition 5.2.8. The map
ZLo,6(X) x Lo p(X) = Lo p(X), F,G)—FG,

is sequentially continuous.

Proof. Let (F,G) € £y(X) x Zy(X), and let D < X be bounded. Let {(F,,G,)},en be a
sequence converging to (F,G) in £ »(X) x £y (X) . Consider the set D' := U,enG R D.
We have

supsup q(G,x) <supsupq((G, —G)x)+supq(Gx) VqePx.
neN xeD neN xeD xeD

On the other hand, G,, — G yields

supsupq((G, —G)x) =suppy p(G, —G) < +oco0, VqePx.

neN xeD neN

Then, combining with Proposition , we conclude that D’ is bounded.
Now fix g € Zx. For every n € N, we can write

pq,D((FG -F,Gp) < pq,D(F(G _Gn))+pq,D((F -F,)G,) < pq,D(F(G -Gp))+ pq,D’(F_Fn)-

Now limy, .10 pg,p/(F—F,) = 0, because D'eBandF, — F in ¥4, ,(X). Hence we conclude
if we show lim,, . 1, 04,0 (F(G —G,)) = 0. Assume, by contradiction, that there exist € >0,
{xr}tren €D, and a subsequence {G,}zen, such that

qF(G-Gpxp) =€ VEk €N. (5.2.7)

Since
nEIElooq/((G - Gnk )JCk) = n1—i>I—Poopql’D(G - Gnk) =0 Vq/ € @X,

then {2z} := (G — G, x)}ren is a sequence converging to 0 in X. By sequential continuity
of F', we have limj,_. .o, q(F'z;) = 0, contradicting (5.2.7) and concluding the proof. |
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Proposition 5.2.9. (i) IfY is complete, then £ (X ,Y) is complete.

(it) If Y is sequentially complete, then £y (X ,Y) is sequentially complete.

Proof. Let {F},c.s be a Cauchy net in % ;(X,Y). Then , by definition of 75, the net
{F,(x)},c.# is Cauchy in Y, for every x € X. Since Y is complete, for every x € X, the limit
F(x) :=lim, F(x) exists in Y. Clearly, F' is linear. Now we show that it is sequentially
continuous. Let g € Zy and denote by D the bounded set D := {x,},eny € X, where x, — 0
in X. Then, forall1e ., neN,

q(Fx,)= li}nq(Fan) < lilmq((FL —F)x,)+qFixy)

1=t 1=t

<suppgp (F,—F;)+qFix,).

=1
Taking the limsup,,_, ,, in the inequality above and taking into account that {F}},c.s is a

Cauchy net in £ (X ,Y) yield the sequential continuity of F'.
We now show that lim, F, = F in %, ,(X,Y). Let D € B and let g € #y. We have

q((F —-Fpx)= li{nq((Fl —F)x) <suppgyp (F,—F;) Vie ¥, VxeD,

o
1= Lzt

and the conclusion follows as {F},c # is a Cauchy net in £ ,(X,Y).
It follows by similar arguments as those above, taking now Y sequentially com-

plete and replacing .# by N. |

5.2.3 Families of sequentially equicontinuous functions

Proposition 5.2.10. For neNand i =1,...,n, let F© = {Ffi) : X — X}y, be families of

sequentially equicontinuous linear operators. Then the following hold.
(i) The family & = {Fl(ll)Fl(f) .. .F[(:): X — Xheq,. 1,e9, 1S sequentially equicontinuous.

(it) The family F = {Ffll) +Ff22) +... +Ff:): X —Y}eq,. 1,e9, IS sequentially equicontin-

uous.

(iii) The family & is equibounded, i.e., if D is a bounded subset of X, then {F[(ii)x} LT,
i=1,...,
. . L xeD "
is bounded in X.
Proof. (i) It suffices to prove the statement for n = 2. By contradiction, assume that there
exist a sequence {xz}zcn converging to 0 in X, sequences {L(lk) }en 1IN #1 and {L(zk)}keN in %,

p € Px, and € >0, such that
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Since F®@ is sequentially equicontinuous, we have

limsupgq (Fl((?xk) < lim supgq (Ffzz)xk) =0, VqePx.
2

k—+o0 1+ e g

This means that the sequence {y; := F((%xk } reny converges to 0 in X. Then, in the same
b

way, since U is sequentially equicontinuous,

limsup p F(}Q)F(i) xr | =limsupp F(t)yk <limsup sup p (Ffl)yk) =0,
k—+00 ‘(1 ) ‘(2 ) k—+00 ‘(1 : k—+00 11€9] !
and the contradiction arises.
The proof follows by the triangular inequality.
Assume, by contradiction, that there exist a bounded set D and p € #x such that
sup p (Ff’)x) = +o0.
€Y !

i=1,...,n,
xeD

Then there exist 7€ {1,...,n} and sequences {xz}ren €D, {ip}ren € 5, such that
p(FQx)=k,  VEeN. (5.2.8)

On the other hand, since D is bounded, the sequence {3}, . | (o) converges to 0, and then,

since the family {F{"} «c.s, is sequentially equicontinuous, we have

which contradicts (5.2.8), concluding the proof. [ ]

The following proposition clarifies when the notion of sequential equicontinuity for a

family of linear operators is equivalent to the notion of equicontinuity.

Proposition 5.2.11. Let & :=1{F,: X — X},c.¢# be a family of linear operators. If & < L(X)
is equicontinuous, then & < Ly(X) and & is sequentially equicontinuous.
Conversely, if X is metrizable and F c £y(X) is sequentially equicontinuous, then

F c L(X) and & is equicontinuous.

Proof. The first statement being obvious, we will only show the second one.

Assume that & is sequentially equicontinuous and that X is metrizable. Since X is
metrizable, we have £)(X) = L(X). Assume, by contradiction, that & is not equicontinu-
ous. Since the topology of X is induced by a countable family of seminorms {p,},en (see
[77, Th. 3.35, p. 77]), it then follows that there exist a continuous seminorm g on X and

sequences {x,}nen € X, {tnlnen € £ such that

1
sup prlxp)<—, qF,x,)>1, Vn eN.
k=1,....,n n
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But then

lim x,=0 and liminf(sup q(len)) = lim}nfq(Flnxn) =1,
n—+oo

n—+oo n—+oo =R

which implies that & is not sequentially equicontinuous, getting a contradiction and
concluding the proof. [ |

5.2.4 (y-sequentially equicontinuous semigroups
We now introduce the notion of Cy-sequentially (locally) equicontinuous semigroups.

Definition 5.2.12 (Cy-sequentially (locally) equicontinuous semigroup). A family of lin-

ear operators (not necessarily continuous)
T:={T;: X - X}iep+

is called a Cy-sequentially equicontinuous semigroup on X if the following properties
hold.

(i) (Semigroup property) To=1 and T;+s =TT for all t,s =0.
(it) (Cy- or strong continuity property) lim;_.o+ Tyx = x, for every x € X.
(iii) (Sequential equicontinuity) T is a sequentially equicontinuous family.

The family T is said to be a Cy-sequentially locally equicontinuous semigroup if is
replaced by

(iii)" (Sequential local equicontinuity) {Tt}icio0 r] IS sequentially locally equicontinuous for
every R > 0.

Remark 5.2.13. The notion of Cy-sequentially (locally) equicontinuous semigroup that
we introduced is clearly a generalization of the notion of Cy-(locally) equicontinuous
semigroup considered, e.g., in [98] Ch. IX], [64]]. By Proposition the two notions
coincide if X is metrizable. In order to motivate the introduction of Cy-sequentially

equicontinuous semigroups, we stress two facts.

(1) Even if a semigroup on a sequentially complete space is Cy-(locally) equicontinuous,
proving this property might be harder than proving that it is only Cy-sequentially
equicontinuous. For instance, in locally convex functional spaces with topologies
defined by seminorms involving integrals, one can use integral convergence theorems

for sequence of functions which do not hold for nets of functions.

(2) The notion of Cy-sequentially equicontinuous semigroup is a genuine generalization

of the notion of Cy-equicontinuous semigroup of [98], as shown by Example[5.2.47
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As for Cy-semigroups in Banach spaces, given a Cy-sequentially locally equicontinu-

ous semigroup 7', we define

T _
D(A)::{xexza lim % xeX}.
r—0t h

Clearly, D(A) is a linear subspace of X. Then, we define the linear operator A: D(A) - X
as

Ax = lim = ® xeD(A),
and call it the infinitesimal generator of T'.

Proposition 5.2.14. Let T :={T;: X — X};ep+ be a Co-sequentially locally equicontinuous

semigroup.
(i) For every x € X, the function Tx :R* — X, t — T;x, is continuous.

(ii) If T is sequentially equicontinuous, then, for every x € X, the function Tx : R* —
X, t— Tix, is bounded.

Proof. Let {t,}nen ©€ RY be a sequence converging from the right (resp., from the left)
to t € R. By Definition |5.2.12(i), we have, for every p € Zx and x € X,

p(Ts,x—Tix) = p(Ty(T;,—tx—x)) (resp., p(Tt, x—Tix) = p(Ty, (Ti—s,x —x))).

By Definition 5.2.12(i), {T;, - ix—x}nen (resp. {Ts—¢, x—x},en) converges to 0. Now conclude
by using local sequential equicontinuity and (5.2.1).

This is provided by Proposition [5.2.10|{z). [ |

As well known, unlike the Banach space case, in locally convex spaces the passage
from Cg-locally equicontinuous semigroups to Cy-equicontinuous semigroups through a
renormalization with an exponential function is not obtainable in general (see Examples
[5.2.44)and [5.2.45)in Subsection[5.2.9). Nevertheless, we have the following partial result.

Proposition 5.2.15. Let 1 denote the locally convex topology on X and let |-|x be a norm
on X. Assume that a set is t-bounded if and only if it is |- |x-bounded. Let T be a C-

sequentially locally equicontinuous semigroup on (X, 7).
(i) If there exist « € R and M =1 such that

1T x5y < Me®™, VteR*, (5.2.9)

then, for every A > a, the family {e MT, : (X,1) — (X,7)}er+ is a Co-sequentially

equicontinuous semigroup.

(ii) If (X,|-|x) is Banach, then there exist a € R and M =1 such that (5.2.9) holds.
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Proof. Let 1 > a and let {x,},en be a sequence converging to 0 in (X, 7). Then {x,},en
is bounded in (X, 1), thus, by assumption, also in (X, |- [x). Set N :=sup,,¢n %, |x and let
JAAS QZ(X’T). Then

supp(e'“Ttxn) < sup p(e'“Ttxn) + supp(e"”Ttxn)

teR* O<t<s t>s
—At (a—A)s
< sup p(e "'Tix,)+Lye MN,
0<ts<s

where L) := sup,cx\ 0 P(x)/|x|x is finite, because |-|x-bounded sets are 7-bounded. Now
we can conclude by applying to the right hand side of the inequality above first the
limsup,,_,,., and considering that 7' is a Cy-sequentially locally equicontinuous semi-
group on (X, 1), then the lim,_.,, and taking into account that 1 > a.

By assumption, the bounded sets of (X,|:|x) coincide with the bounded sets of
(X,7). By Proposition [5.2.5|f), we then have % ((X,7)) c L((X,|-|x)). In particular
T; € L(X,| - |x)), for all t € R*. Now, by Proposition [5.2.14{i), the set {T;x}sc[0,,] is
compact in (X, 1) for every x € X and ¢y > 0, hence bounded. We can then apply the
Banach-Steinhaus Theorem in (X, |- |x) and conclude that there exists M = 0 such that
IT¢L«x )-1x) <M for all £ €[0,¢0]. The conclusion now follows in a standard way from the

semigroup property. |

From here on in this subsection and in Subsections [5.2.515.2.6, unless differently
specified, we will deal with Cy-sequentially equicontinuous semigroups and, to simplify

the exposition, we will adopt a standing notation for them and their generator, i.e.

o T ={T;};cr+ denotes a Cy-sequentially equicontinuous semigroup;

* A denotes the infinitesimal generator of T'.

Also, unless differently specified, from here on in this subsection and in Subsections
5.2.515.2.6, we will assume the following

Assumption 5.2.16. For every x € X and A > 0, there exists the generalized Riemann

integral in X (E)
RA)x = f
0

Remark 5.2.17. By Proposition[5.2.14} the generalized Riemann integral (5.2.10) always
exists in the sequential completion of X. In particular, Assumption [5.2.16|is satisfied if

X is sequentially complete.

+

o0
e MT,xdt. (5.2.10)

IFor every a = 0, the Riemann integral fé’e‘“Ttxdt exists in X, together with the limit
f0+°°e_’”Ttxdt =limg— o0 fo e MT,xdt.
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For every p € Zx, and every A, A € (0, +00), we have the following inequalities, whose

proof is straightforward, by triangular inequality and definition of Riemann integral,
and by recalling Proposition [5.2.14

+00
p(R(A)x—y)S[ e_’”p(Ttx—Ay)dt, Vx,yeX (5.2.11)
0
R +00 N
p(R(A)x —R(A)x) < f le M — e M| p(T,x)dt, VxeX. (5.2.12)
0

Proposition 5.2.18. If L € 4y(X,Y), then R* - Y ,x— LT;x is continuous and bounded.

Moreover, for every x € X, every a =0, and every A >0,

+00

a a +00
L f e MTyxdt = f e MLTxdt and L f e MTxdt = f e MLT.dt, (5.2.13)
0 0 0 0

where the Riemann integrals on the right-hand side of the equalities exist in Y.

Proof. Continuity of the map R — X, ¢ — LT;x, follows from Remark from se-
quential continuity of L and from Proposition [5.2.14]). By Proposition [5.2.14{i7), we
have that {T;x};eg+ is bounded, for all x € X. From Proposition [5.2.5(f), it then follows
that {LT;x};cgr+ is bounded.
Let {7*},cn be a sequence of partitions of [0,a] € Rt of the form 7% == {0 = tk < tk
.. < thk = a}, with |7%| — 0 as £ — 400, where |7*| := supflt;+1—til: i = O,...,nk 1}. Then,
by recalling Assumption and by continuity of R* — X, ¢t— T;x, we have in Y

np—1

f “Txdt—khm Ze “thkx(tHl t%).
0

—+00 -

By sequential continuity of L we then have

L f “MTuxdt = lim nkzle MLLTth(tHl t%). (5.2.14)
0 k—+oo 2
Since R* — X, ¢t — LT;x is continuous, equality entails that Rt — X, ¢ — e MLT,x
is Riemann integrable and that the first equality of holds true.
The second equality of follows from the first one and from sequential conti-
nuity of L, by letting a — +oo . |

Proposition 5.2.19. (i) For every A > 0, the operator R(1) : X — X is linear and se-

quentially continuous.

(it) For every x € X, the function (0,+00) — X, A — R(A)x, is continuous.
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Proof. The linearity of R(A) is clear. It remains to show its sequential continuity. Let
{x,}nen ©€ X be a sequence convergent to 0. Then, for all p € 2y,

+00
lim p(R(V)x,)< lim f e Mp(Tixp)dt=A"1 lim sup p(Tyx,) =0
n——+0oo —+00 0

n—+oo teR*

where the last limit is obtained by sequential equicontinuity and by recalling (5.2.1).
For pe Px,xe X, A, A €(0,+00), by (5.2.12),

+00 ~ +00 ~
p(RWx—R(A)x) < f le™ A — e~ M| p(Tyx)dt < sup p(T,x) f le™ M — e M|d.
0 reR* 0

The last integral converges to 0 as A — A, and we conclude as sup,ep+ p(Trx) < +oo by
Proposition [5.2.14fjiz). |

The following proposition will be used in Subsection to fit the theory of weakly

continuous semigroups of [7, [8].

Proposition 5.2.20. Let C c X be sequentially closed, convex, and containing the origin,
let >0, and let x€ X. If Tyx € C for all t €[0,%], then

t 1
f e MTxdte XC’ VA >0. (5.2.15)
0

If Tyx € C for all t e R* then,
1
R(A)x e EC’ VA>0. (5.2.16)

Proof. We prove the first claim, as the second one is a straightforward consequence of it
because of the sequential completeness of C.
Let £ > 0. The Riemann integral in (5.2.15) is the limit of a sequence of Riemann sums

{0} e of the form

mp k

o(n®) = Y e M (t];’ - t?_l)Tt;_ex,

i=1 ’
with 7% := {0 = tlg < t’f <...< t’,"’nk =1} and |7*| — 0 as & — +00, where |*| = supf|t; —
ti—1l: 1 =1,...,mz}. Then, by sequential closedness of C, we are reduced to show that
o(n*)e %C for every k € N. Denote

S
ap=) e Mi(ti -t ), VkeN.
i=1

Then
+00
0<ap <[ e Mdt=2"1, VEkeN.
0

As o(n*)/a;, is a convex combination of the elements {Tkx}i=1,..,m,, which belong to C
by assumption, recalling that C is convex and contains the origin, we conclude o(*) e
apCc %C , for every £ € N, and the proof is complete. |
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5.2.5 Generators of Cj-sequentially equicontinuous semigroups

In this subsection we study the generator A of the Cy-sequentially equicontinuous semi-
group T'.

Recall that a subset U of a topological space Z is said to be sequentially dense in Z if,
for every z € Z, there exists a sequence {u,},en € U converging to z in Z. In such a case,

it is clear that U is also dense in Z.
Proposition 5.2.21. D(A) is sequentially dense in X.

Proof. Let A >0 and set v, := AR(A) € X. By (5.2.13),
+00
TrR(A)x :f e_’ltTthdt € X, VxeX.
0

Then, following the proof of [98, p. 237, Theorem 1](@), we have

T B A _ 1 h A (R
RYAXZYax _ e (‘V;Lx - ﬂf e_’“Ttxdt) - Ef e MTyxdt € X, VxeX.
0 0

h h
Passing to the limit for 2 — 0", we obtain
T _
limwzﬂt(tmx—x) € X, VxeX.
h—0* h
Then y)x € D(A) and
Avyx=My—Dx € X, VxeX. (5.2.17)

For future reference, we notice that this shows, in particular, that
Im(R(1)) = D(A). (5.2.18)

Now we prove that
lim yx=x VxeX, (5.2.19)

A—+o00

which concludes the proof. By (5.2.11), we have
+00
pyx—x) = Ap(R(A)x — A~ 1x) < f Ae Mp(Tyx—x)dt VYxeX, Vpe Px.
0

By Proposition [5.2.14(iiz), we can apply the dominated convergence theorem to the last

integral above when A — +o0o. Then we have
p(W/lx_x)_)(), Vx€X7 Vp€@X7

and we obtain (5.2.19) by arbitrariness of p € 2. |

2In the cited result, X is assumed sequentially complete. However, the completeness of X is used in
the proof only to define the integrals. In our case, existence for the integrals involved in the proof holds by

assumption.
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Remark 5.2.22. We notice that, if X is sequentially complete, then Proposition
can be refined. Indeed, as for Cy-semigroups in Banach spaces, we can define D, =
Q;ZD(A”). If X is sequentially complete, then, for every ¢ € C2°((0,+00)) and every
x € X, we can define the integral

+00
QpTX = f ()T xdt.
0

Then one can show that @7x € Do, A%prx = (—=1)*(¢'")rx, for all n = 1, and the set
{prx: @ € CT((0,+00)), x € X} is sequentially dense in X.

Proposition 5.2.23. Let x € D(A). Then
(i) T;xeD(A) for all te R*;
(i1) the map Tx: R* — X, t — Tx is differentiable;

(iti) the following identity holds

d
ETtx = ATtx = TtAx, Vte R+. (5.2.20)

Proof. Let x € D(A). Consider the function A :R* — X defined by

T, -1
b x,  ifh#0
A(h) = h
A(0) = Ax.

This function is continuous by definition of A. Then, by Remark [5.2.2]
T, Tix—T
T,Ax =T, lim A(h)= lim T,A(h) = lim —2=" 2% yiem®
h—0* h—0+ h—0+ h
which shows that () holds and that
TtAx:ATtx, VteR".
The rest of the proof follows exactly as in [98], p. 239, Theorem 2]. |

We are going to show that the infinitesimal generator identifies uniquely the semi-

group 7. For that, we need the following lemma, which will be also used afterwards.

Lemma 5.2.24. Let 0<a<b, f,g: (a,b) » LX), to€(a,b), and x € X. Assume that
(i) the family {f (t)}ie1a’ b1 is Sequentially equicontinuous, for every a <a' <b’' <b;
(ii) g()x: (a,b) — X is differentiable at tg;

(iii) f(-)g(to)x: (a,b) — X is differentiable at t.
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Then there exists the derivative of f(-)g()x: (a,b) — X at t =ty and

d d d
77 [F®)g®)x)]li=¢ = 1z [F(®)g(to)x]ls=¢, + f(to)a[g(t)x“t:to-
Proof. For h € R\ {0} such that [to— |h|,to + |k|] < (a,b), write
d
f(to+h)g(to+h)x—f(to)g(to)x =f(to+h)|g(to+h)—g(to)— ha[g(t)x“t:to
d
+hf(to+ h)a[g(t)x]lt:to +(f(to+h)—f(t0)) g(to)x
=:I1(h)+ I3(h)+I3(h).

Letting A — 0, we have A~ I5(h) — f(t0) L[ g(t)x]l;=¢yx and h1I3(h) — LIf (D)g(to)x]le=t,-

Moreover,

(to+h)—g(to) d
8lilo h 124840 _E[g(t)x]h:to)x), Vp e Px,

p(h_lfl(h)) < sup p(f(s)(

s€lto—lhlto+hl]

and the member at the right-hand side of the inequality above tends to 0 as A — 0,
because of sequential local equicontinuity of the family {f(s)}scn ) (Part (i) of the as-
sumptions) and because of differentiability of g(-)x in ¢. |

Theorem 5.2.25. Let S be a Cy-sequentially equicontinuous semigroup on X with in-

finitesimal generator Ag =A. Then S =T.

Proof. For t>0 and x € D(A), consider the function f: [0,t] - X, s— T;_sSsx. By Propo-
sition [5.2.23|and Lemma |5.2.24}, f'(s) = 0 for all s € [0, ¢], and then T;x = f(0) = f(¢) = S;x.

Since D(A) is sequentially dense in X and the operators T, S; are sequentially continu-

ous, we have T;x = S;x for all x € X, and we conclude by arbitrariness of ¢ > 0. |

Definition 5.2.26. Let D(C) c X be a linear subspace. For a linear operator C: D(C) — X,
we define the spectrum oy(C) as the set of A € R such that one of the following holds:

(i) A—C is not one-to-one;
(1)) Im(A-C)#X;
(iii) there exists (A—C)~1, but it is not sequentially continuous.

We denote po(C) =R\ 0o(C), and call it resolvent set of C. If A € po(C), we denote by
R(A,C) the sequentially continuous inverse (A—C)™ 1 of A-C.

Theorem 5.2.27. If 1 >0, then A€ po(A) and R(1,A) = R(A).



Chapter 5: Cy-sequentially equicontinuous semigroups 167

Proof. Step 1. Here we show that A — A is one-to-one for every 1 > 0. Let x € D(A). By
Proposition for any f € X*, the function F: Rt - R, ¢ — f(e MTx) is differen-
tiable, and F'(¢) = f(e MTy(A — A)x). If (A —A)x = 0, then F is constant. By Proposition
[6.2.14fi), F(¢) — 0 as ¢ — +oo, hence it must be F = 0. Then f(x) = F(0)=0. As f is
arbitrary, we conclude that x = 0 and, therefore, that 1 — A is one-to-one.

Step 2. Here we show that A — A is invertible and R(A,A) = R(A), for every A > 0. By
(5.2.18) and (5.2.17),

(A-ARQA)=1 (5.2.21)

which shows that A — A is onto, and then invertible (by recalling also Step 1), and that
(A-A)1=RQ).
Step 3. The fact (A — A)~! € ZLy(X) follows from Step 2 and Proposition [5.2.19(). M

Corollary 5.2.28. The operator A is sequentially closed, i.e., its graph Gr(A) is sequen-
tially closed in X x X.

Proof. Observe that (x,y) € Gr(A) if and only if (x,x — y) € Gr(I — A), and hence if and
only if (x — y,x) € Gr(R(1,A)). As R(1,A) € %y(X), then its graph is sequentially closed in
X x X, and we conclude. |

Corollary 5.2.29. We have the following.
(i) AR(A,A)x=AR(A,A)x—x, for all A >0 and x € X.
(it) R(A,A)Ax=AR(A,A)x, for all A >0 and x € D(A).
(iii) (Resolvent equation) For every A >0 and >0,

R(A,A)-R(u,A)=(u—-AR(A,A)R(u,A). (5.2.22)

(iv) For every x€ X, limy_ ., AR(1,A)x = x.

Proof. (@) It follows from (5.2.21).
By (i) and considering that x € D(A), we can write

AR, A)x =AR(A,A)x—x=AR(1,A)x —R(A,A)(A-A)x =R(1,A)Ax.

It follows from (i) by standard algebraic computations.
This follows from (5.2.19) and from Theorem [5.2.27 [ |

Remark 5.2.30. The computations involved in the proof of Corollary [5.2.29(11i) require
only that A: D(A) c X — X is a linear operator and A,y € po(A).

Proposition 5.2.31. The family of operators {A"R(1,A)": X — X})50 nen IS sequentially

equicontinuous.
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Proof. Arguing as in the proof of [98, p. 241, Theorem 2] (EI), we obtain the inequality

supp (A""TR(A, A)**1x) < sup p(T), Vp e Py,
=

which provides the sequential equicontinuity due to sequential equicontinuity of 7. W

Proposition 5.2.32. Let A1,...,A; be strictly positive real numbers. Then

<supp(Tix), VpePx, VxeX.
teR*

J
p ((H /%'R(/L',A))x

i=1

Proof. By Theorem [5.2.27|and by Proposition [5.2.18], for every x € X we have
J +00 +00 +00
[TR(:,A)|x :f e—htlf e Matz f e—MTZj ,xdtj...dtadty
i=1 0 0 0 i=1bi
and then

J +00 +00 +00
p ((H R(/L-,A)) x) < (f e_’lltlf e‘AQtQ...f e_lftfdtj...dtgdtl sup p (T;x)
; 0 0 0

=1 teR*

J
= (H )Li_l) sup p (Tx).
=1

teR*

This concludes the proof, because T is sequentially equicontinuous. |

5.2.6 Generation of C)-sequentially equicontinuous semigroups

The aim of this subsection is to state a generation theorem for Cj-sequentially equicon-
tinuous semigroups in the spirit of the Hille-Yosida theorem stated for Cj-semigroups
in Banach spaces. In order to implement the classical arguments (with slight variations
due to our “sequential continuity” setting), and, more precisely, in order to define the

Yosida approximation, we need the sequential completeness of the space X.

Proposition 5.2.33. Let X be sequentially complete and let B € £y(X). Assume that
the family {B": X — X},en is sequentially equicontinuous. Let f: R — R be an analytic
function of the form f(t) =Y. %} a,t", with ¢t € R. Then the following hold.

(i) The series
+00
fB():=)_ a,t"B" (5.2.23)
n=0

converges in £ p(X) uniformly for t on compact sets of R.

3Also here, we remark that the sequential completeness of the space is not necessary, once that As-

sumption |5.2.16|is standing.
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(it) The function fp: R — £y 4(X), t— fB(t) is continuous.
(iti) The family {fg(t)}tc(-r r) is sequentially equicontinuous for every r > 0.

Proof. ForO<sn<m,pe2x,D cX bounded, r>0,x€D, te[-r,r], we write

p(iakthkx < Y laxlitf p (Bhx) < (Z|ak|r )supp(B x)

k=n k=n k=n 1eN

+00
< (Z Iaklrk) sup  p(y).
k=n

y€UienB'D

(5.2.24)

Observe that, by Proposition [5.2.10|:z), the supremum appearing in the last term of
(5.2.24) is finite. Then

+00
sup pPp.n (Z akthk) (Z Iaklrk) sup p(y) vneN (5.2.25)
te[-r,r] k=n = y€Ui20BiD

shows that the sequence of the partials sums of is Cauchy in % »(X), uniformly
for ¢ € [-r,r], and then, by Proposition [5.2.9|fi), the sum is convergent, uniformly for
te[-r,rl

This follows from convergence of the partial sums in the space C([-r,r], £ (X))
endowed with the compact-open topology, as shown above.

By continuity of p, estimate (5.2.24) shows that

+00 .

sup p(fs(t)x)= sup hm 1 p Z apt?Bkx Z lag|r® sup p (B‘x) VxeX,
te[—r,r] te[— rr] k=0 1eN

which provides the sequential equicontinuity of {fB(¢)}¢[—, ,- |

Lemma 5.2.34. Let X be sequentially complete. Let B,C € £Ly(X) be such that {B"},en

and {C"},en are sequentially equicontinous. Let f(t) = Y. X ant”, g(t) = X1 bpt" be
analytic functions defined on R. Then, for all p e Px, x€ X, t,s€R,

n=0 aJEN

+00
p(fB(D)gc(s)x) = (Z |an||t|n)
n=0

Y b, ||s|”) sup p (B'C'x), (5.2.26)

and the family {fg(¢t)gc(s)}: se[-r 1 IS Sequentially equicontinuous for every r > 0.

Proof. By Proposition [5.2.33| and by recalling that every partial sum Z;‘:OaitiBi is se-
quentially continuous, we can write

n
Y . Lipi
p(fp(t)gc(s)x) = lim lim p((ié a;t'B

m . .
ijsJCJ)x) VpePx,VxeX, Vt,seR.
=0

Then, we obtain (5.2.26) by the properties of the seminorms. The sequential equiconti-
nuity of the family {fg(¢)gc(s)}: se[-r 1 comes from (5.2.26) and Proposition|5.2.10(z). W
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Proposition 5.2.35. Let X be sequentially complete. Let B, C, f, g, as in Lemma [5.2.34
We have the following:

(i) (f +g)B=fp+gpand (fg)p=[BEB;

(ii) if BC = CB, then fp(t)gc(s) = gc(s)fB(t), for every t,s €R, and {fB(t)gc ()}t se[—r 1 IS
sequentially equicontinuous for every r > 0.

Proof. The proof follows by algebraic computations on the partial sums and then passing
to the limit. [ |

Notation. We denote e’B := f5(¢t) when f(¢) = e’.
Proposition 5.2.36. Let X be sequentially complete.

(i) Let B,C € £y(X) be such that BC = CB, and assume that the families {B"},cn and

{C"},en are sequentially equicontinous. Then, for every t,s € R,

tB+sC . Z+oo M

(a) the sum e converges in Lo p(X);

() etB+sC — etBesC sCetB’.
(c) the family {e'B+C}, se[_r.r] 18 sequentially equicontinuous for every r > 0.

(it) Let B € £y(X) be such that the family {B"},en is sequentially equicontinous. Then
{eB},cr+ is a Co-sequentially locally equicontinuous semigroup on X with infinitesi-
mal generator B.

Proof. (i) Let r>0 and ¢ €[—r,r]. By standard computations, we have
n Bi

thl

i=0

(B +C)l

L

Let D c X be a bounded set. For x € D and p € #x, we have

Z By Zﬁfi

i=0 i=0

Cl n Bi
t

n Ck
Y —'tk) : (5.2.27)
1 k!

k=n—-i+

n Bi )
2t

=0

p

n Ck n n 1
— ¢ —r l+k B Ck
k:n;Hl k! )) Z —Z—'+1 ilk! ( )

sup pen (B'CF).

By Proposition , the family {BiCk}i reN 18 sequentially equicontinuous. Hence,

by Proposition|5.2.10 . we have sup; pen 0p,D (B Ck) < +o00. Moreover, Lebesgue’s dom-
inated convergence theorem applied in discrete spaces yields

lim Z Z l—i!r”k:O.

n—>+ool 0k=n—-i+1
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So, we conclude

£2
iz i
On the other hand, by Proposition [5.2.8|,

lim
n—+oo Pp D

n k
3 C—tk)) =0. (5.2.28)

noCi o . B n C
il — 13 i . 1| _ tB _tC
E _i!t)_ lim (i_zo_"t) lim (i_z —"t)—e e, (5.2.29)

where the limits are taken in the space £y ;(X). By (5.2.27), (5.2.28) and (5.2.29), we
obtain

" (B+C)
lim 3 B i B, (5.2.30)
n—+o0 =4 Al
with the limit taken in £ ,(X).
Now, let ¢ # 0 and |s| < Itl(ﬁ). Then {[%C)n}

replacing C by 3C in (5.2.30), we have

1en 1S sequentially equicontinuous. By

" (tB+sC) ;
lim ) UBHSCY _ B o(GO) - ofBsC, (5.2.31)
n—>+ooi=0 1!

where the limits are in £ ;(X). So we have proved (a). Properties (b) and (c) now follow
from and from Proposition [5.2.35(fz).

First we notice that ¢ = I by definition. The semigroup property for {e?B},cg+ is
given by (f), which also provides the sequential local equicontinuity. Proposition
provides the continuity of the map R* — X, t — e’Bx, for every x € X. Hence, we have
proved that {e*B},cg+ is a Co-sequentially locally equicontinuous semigroup. It remains
to show that the infinitesimal generator is B. For & > 0, define f(¢;h) := e —1—ht. By
applying to the map R — R, ¢ — f(¢;h), with B in place of B, and with C = I and

g =1, we obtain

ehB_ |
p( - x—Bx):h'lp(fB(l;h))sh_lf(l;h)sull\cj)p(an)

and the last term converges to 0 as A — 0%, because of sequential equicontinuity of
{B"},en. This shows that the domain of the generator is the whole space X and that
the generator is B. [ |

We can now state the equivalent of the Hille-Yosida generation theorem in our frame-

work of Cy-sequentially equicontinuous semigroups.

Theorem 5.2.37. Let A: D(A)c X — X be a linear operator. Consider the following two

statements.

41f |¢| < |s|, we can exchange the role of B and C, by simmetry of the sums appearing in (5.2.31).
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(i) A is the infinitesimal generator of a Co-sequentially equicontinuous semigroup T on

X.

(ii) Aisa sequentially closed linear operator, D(A)is sequentially dense in X, and there
exists a sequence {Ap}en © pO(A), with A, — +oo, such that the family
~\m
{(AnR(An’A)) }n,m(—:l\l

is sequentially equicontinuous.
Then (@)= @1). If X is sequentially complete, then ()= ().

Proof. :. The fact that A is a sequentially closed linear operator was proved in
Corollary The fact that D(A) is sequentially dense in X was proved in Proposition
5.2.21] The remaining facts follow by Proposition [5.2.32|and Theorem [5.2.27

())=(). We split this part of the proof in several steps.

Step 1. Let {1,},en € po(A) be a sequence as in . For n €N, define J,  := A R(A,,, A).
Observe that, for all x € D(A), it is (J), —I)x = R(1,,A)Ax. By assumption, the family

{J1,}nen is sequentially equicontinuous, and then, for every x € D(A) and p € Px,

lim p(Jy,x-x)= lim p(R(A,,A)Ax)< lim At (supp(JkAx)):o. (5.2.32)

n—+oo n—+oo kEN
Now let x € X. By assumption, there exists a sequence {xz}zen In D(A) converging to x in
X. We have
p (J,lnx—x) =plx—xp)+p (J,lnxk —xk) +p (J,ln(x—xk)), VEeN, VneN, Vp e Px.

By taking first the limsup in n and then the limit as 2 — +oco in the inequality above,
and recalling (5.2.32) and the sequential equicontinuity of {J} },en, We conclude

lim J) x=x, VxeX. (5.2.33)

n—+oo

Step 2. Here we show that, for t € R* and n € N, T;n) = etAJﬂn is well-defined as

a convergent series in % ;(X), and that {Tin)}tew

is sequentially equicontinuous.
tAJAn —

,neN

Taking into account that AdJ) = A,(Jy, —I), we have (as formal sums) Tin) —e
et 1D Since {J ;’fn}keN is assumed to be sequentially equicontinuous, by Proposition
5.2.36(il, Tgn) is well-defined as a convergent series in £y 5(X), and

T = g=thnl gthnTis, (5.2.34)

Hence, using Proposition[5.2.36(i), the family {Tf‘" )}t€R+ is a Cy-sequentially locally equicon-
tinuous semigroup for each fixed n € N. On the other hand, by (5.2.34) and by Lemma
5.2.34] we have

supp (T;n)x) = sup (e_mnp (eM"J’ln x)) < sup p(J/]f x), VpePx, VxeX.
neN neN n,keN "
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As, by assumption, {J ’/{n}n,keN is sequentially equicontinuous, this shows that {Tin)} teR* neN
is sequentially equicontinuous.

Step 3. Here we show that the sequence {T\"x} _ is Cauchy for every t € R* and
x € D(A). First note that, since the family {R(An,A)}neN is a commutative set (see
and Remark [5.2.30), also the family {J},}nen is @ commutative set. Then A, (Jy,, —I)
commutes with every JJ, . Since the sum defining T;m ) is convergent in % ;(X), we have
Ty, = ), T™ and TSV T = TWTM™ for every m,n €N, t,s € R*. By Lemma
and by the commutativity just noticed, if x € X and ¢ € R*, the map F:[0,t] - X, s —
T;’?s Ty, is differentiable and

t—s— S

t t
Ty Ty = f F'(s)ds = f TMTMA (), —J),) xds,
0 0

where the integral is well-defined by sequential completeness of X. We notice that
J1, A =AdJ), on D(A). Then, from the equality above we deduce

t
p (Ti’”)x - T,E”)x) = fo p (T(n) T (2, — J/ln)Ax) ds, VxeD(A), Vp € Py,

t—s— S8
and then, for all >0, x € D(A), p € Px,

sup p (T;m)x — Tl(f")x) <% sup p (Ti’”Tg’"’ (2, — Jgn)Ax) : (5.2.35)
tel0,£] t,s€l0,f]

Now observe that, by Proposition [5.2.10(f) and Step 2, the family {Tim)Tgn)}t,sew is se-
m,neN

quentially equicontinuous, and then the term on the right-hand side of goes to
0 as n,m — +oo, because of (5.2.33). Hence, the sequence {T;n)x}neN is Cauchy for every
teR and x € D(A).

Step 4. By Step 3 and by sequential completeness of X, we conclude that there exists
in X

Tyx:= lim T{Vx,  VieR', vxeD(A). (5.2.36)
n—+oo

Moreover, by (5.2.35), the limit (5.2.36)) is uniform in ¢ € [0, £], for every £ > 0.
Step 5. We extend the result of Step 4, stated for x € D(A), to all x € X. Let £ >0 and

let {xz}reny € D(A) be a sequence converging to x in X. We can write

Ty =TV = (T =T ) =) + (T = T(P)ap, Ve €[0,i], ¥m,n,keN.
Then, using Step 4, we have, uniformly for ¢ € [0, 7],
: (m),. _ m(n) . (m) _ m(n) _
limsup sup p |7, x—T, x| < limsup sup p||T} T, | (x—xp)
n,m—>+oot€[0’f] n,m—+oo te[O,f]
< sup p((Tim)—Tgn))(x—xk)), VkeN, Vp e Px.

n,meN
tel0,t]
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The last term goes to 0 as £ — +00, because of sequential equicontinuity of the family

{Tin)}neN,teR’f (Step 2). R
Hence, recalling that D(A) is sequentially dense in X, we have proved that that there

exists in X, uniformly for ¢ € [0, 7],
Tx:= lim Tg”)x, VxeX. (5.2.37)
n—+oo

Step 6. We show that the family T = (T)}ser+ is a Co-sequentially equicontinuous
semigroup on X. First we notice that, as by Step 5 the limit in (5.2.37) defining T'x

is uniform for ¢ € [0, ], for every £ > 0, then the function Rt — X, ¢ — T,x, is continuous.

In particular, Tyx — Tox as t — 0% for every x € X. Moreover, To=1I as Tgl) = I for each
n € N. The linearity of 7, and the semigroup property come from the same properties
holding for every Tg"). It remains to show that the family 7' is sequentially equicontinu-

ous. This comes from sequential equicontinuity of the family {Tin )} g+ (Step 2), and

neN,te
from the estimate

p(Tw)<p (’f’tx - Tf‘n)x) +p (Tin)x) <p (’f’tx - Tin)x) + felulqagp (Tf‘n)x) VteR', VneN,
ne

by taking first the limit as n — +o0o0 and then the supremum over ¢.
Step 7. To conclude the proof, we only need to show that the infinitesimal generator
of T'is A. Let p € Zx and x € D(A). By applying Proposition [5.2.23|to 70", we can write

t
Tx—x= lim (T"x-x)= lim f T™WAJ) xds,
n—+oo n—+oo 0

where the integral on the right-hand side exists because of sequential completeness of X
and of continuity of the integrand function, and where the latter equality is obtained, as
usual, by pairing the two members of the equality with funtionals A € X* and by using
(5.2.13).

Now we wish to exchange the limit with the integral. This is possible, as, by Step 2,

Step 5, and and (5.2.33), we have

lirp T,E”)J ;LnAx =T,Ax uniformly for ¢ over compact sets.
n—+oo

Then ; ;
Tix—x= lim Tén)AJ/lnxds = f T Ax.
0

0 n—+oo
Dividing by ¢ and letting ¢t — 0%, we conclude that x € D(A), where A is the infinitesimal
generator of T', and that A = A on D(A). But, by assumption, for some A, > 0, the
operator A, — A is one-to-one and full-range. By Theorem the same thing holds
true for 1,, — A. Then we conclude D(A) = D(A)and A = A. [ |



Chapter 5: Cy-sequentially equicontinuous semigroups 175

Remark 5.2.38. Let X be a Banach space with norm |-|x and let 7 be a sequentially
complete locally convex topology on X such that the 7-bounded sets are exactly the |- |x-
bounded sets. Then, by Proposition , we have %y((X,7)) « L(X,]-|x)). Let T
be a Cy-sequentially equicontinuous semigroup on (X,7) with infinitesimal generator
A. By referring to the notation of the proof of Theorem we make the following

observations.

(1) Since R(A,,A) € %y((X,71)) < L((X, |- |x)), then the Yosida approximations {T"},en,
approximating T' according to (5.2.37), are uniformly continuous semigroups on the
Banach space (X, |- |x).

(2) The fact that {(AnR(ln,A))m}n meN
a family is uniformly bounded in L((X,|-|x)). Indeed, as the unit ball B in (X,|-|x)

is bounded in (X,7), by Proposition 5.2.10 the set {(A, R\, A)"x} o is
bounded in (X, 7). Hence, it is also bounded in (X, |- |x), as we are assuming that the

is sequentially equicontinuous implies that such

bounded sets are the same in both the topologies. As a consequence, by recalling the
Hille-Yosida theorem for Cy-semigroups in Banach spaces, we have that 7' is also a

Co-semigroup in the Banach space (X, |- |x) if and only if D(A) is norm dense in X.

5.2.7 Relationship with bi-continuous semigroups

In this subsection we establish a comparison of our notion of Cy-sequentially equicontin-
uous semigroup with the notion of bi-continuous semigroup developed in [65] [66]. The

latter requires to deal with Banach spaces as underlying spaces.

Definition 5.2.39. Let (X,|-|x) be a Banach space and let X* be its topological dual.
A linear subspace I « X* is called norming for (X,|-|x) if |x|x = supyer, |y|5. <1 1Y), for

every x € X.

Lemma 5.2.40. Let (X,|-|x) be a Banach space and let I «¢ X* be norming for (X,|-|x)
and closed with respect to the operator norm |-|x+. Then B c X is 0(X,I')-bounded if and
only if it is | - | x-bounded.

Proof. As o(X,I') is weaker than the |-|x-topology, clearly |:|x-bounded sets are also
o(X,T')-bounded. Conversely, let B c X be 0(X,I')-bounded and consider the family of
continuous functionals

{Ap: T —=R, y— y(blpen,

By assumption, supyg|y(d)| < +oo for every y € I. The Banach-Steinhaus theorem ap-
plied in the Banach space (I, |- |x+) yields

M:=sup sup |y(b)|<+oo.
beB yel, |ylx*=<1
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Then, since I is norming for (X, |- |x), we have

blx= sup |y(b)I=M <+o0 Vb€ B,
vel, lylxx<1

and then B is |- |x-bounded. [ |

We recall the definition of bi-continuous semigroup as given in [66, Def. 3] and [65],
Def. 1.3].

Definition 5.2.41. Let (X,|-|x) be a Banach space with topological dual X*. Let T be a
Hausdorff locally convex topology on X with the following properties.

(i) The space (X,1) is sequentially complete on |- |x-bounded sets.
(it) T is weaker than the topology induced by the norm |- |x.
(iii) The topological dual of (X,1) is norming for (X,|-|x).

A family of linear operators T ={T;: X — X};ep+ < L((X, | - |x)) is called a bi-continuous
semigroup with respect to 7 and of type a € R if the following conditions hold:

(iv) To=1Iand T;Ts =T, for every t,s € R*;
(v) for some M =0, |T¢|L«x 1) < Me®™, for every t e R*;

(vi) T is strongly t-continuous, i.e. the map R* — (X, 1), t — T;x is continuous for every
xeX;

(vii) T islocally bi-continuous, i.e., for every |-|x-bounded sequence {x,},en <€ X T-convergent
to x € X and every t >0, we have
liIP Tix, =Tx in (X,7), uniformly in t €[0, f].
n—+oo

The following proposition shows that the notion of bi-continuous semigroup is a speci-
fication of our notion of Cy-sequentially locally equicontinuous semigroup in sequentially
complete spaces. Indeed, given a bi-continuous semigroup on a Banach space (X,|-|x)
with respect to a topology 7, one can define a locally convex sequentially complete topol-
ogy 7' © 7 and see the bi-continuous semigroup as a Cy-sequentially locally equicontinu-

ous semigroup on (X, 7).

Proposition 5.2.42. Let {T;};cp+ be a bi-continuous semigroup on X with respect to T

and of type a. Then there exists a locally convex topology 1’ with the following properties:

(1) T <1’ and 1’ is weaker than the |- |x-topology;
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(i1) a sequence converges in 1’ if and only if it is | -|x-bounded and convergent in T;
(iii) (X,7') is sequentially complete;

(iv) T is a Cy-sequentially locally equicontinuous semigroup in (X,t'); moreover, for ev-
ery 1> a, {e T, }er+ is a Co-sequentially equicontinuous semigroup on (X,1') sat-

isfying Assumption

Proof. Denote by X* the topological dual of (X,|-|x), and let 22x be a set of seminorms
on X inducing 7. Denote by I" the dual of (X,7). On X, define the seminorms

ap (@) =pE)+Iy(@)|, pePx, yvel,

where T is the closure of I with respect to the norm |-|x+«. Let 7’ be the locally convex
topology induced by the family of seminorms {q, y} pePy yeT

Clearly 7 = 7’ and 7’ is weaker than the |- |x-topology.

As 7 c 7/, the 7'-convergent sequences are 7-convergent. Moreover, as I" is norm-
ing, I is norming too. Then, by Lemma every o(X,T)-bounded set is |-|x-bounded.
In particular, every convergent sequence in 7’ is | - |x-bounded.

Conversely, consider a sequence {x,},en € X which is T-convergent to 0 in X and |-|x-
bounded by a constant M > 0. To show that x, . 0, we only need to show that y(x,) — 0
for every y € I'. For that, notice first that the convergence to 0 with respect to 7 implies
the convergence y(x,) — 0 for every y € I. Take now y € I and a sequence {yz}seny € T

converging to y with respect to |- [x+. Then the estimate
ly(xn =) < My —velx+ +Iyr(x)l  VnR,REN,

yields
limsup |y(x,) < M|y —yilx* Vk eN.

n—+oo
Since y; — v with respect to |- |x+ when £ — +00, we now conclude that sequence {x,},en
converges to 0 also with respect to 7’.

A Cauchy sequence {x,},en in (X,7') is 7-bounded. By Lemma [5.2.40)} it is |- |x-
bounded. Clearly, {x,},en is also 7-Cauchy. Then, by Definition [5.2.41Ji), {x,}nen con-
verges to some x in (X,7). Since the sequence is |-|x-bounded, by the convergence
takes place also in 7’. This proves that (X,1’) is sequentially complete.

We begin by proving that {T;};cr+ is a sequentially locally equicontinuous family
of operators in the space (X,7’). Let {x,},en be a sequence 7’'-convergent to 0. By ,
{xn}nen is |- |x-bounded and 7-convergent to 0. By Definition

lim sup p(Tix,)=0, VpePx, Vi>0. (5.2.38)

n—=+04er0,4]
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Assume now, by contradiction, that there exist R >0, pe Px, y€ T, and € > 0, such that

limsup sup g, (Tix,)=e¢.
n—+oo ¢e[0,R]

Then, due to (5.2.38), there exist a sequence {t,},en < [0,R] convergent to some ¢ € [0,R]

and a subsequence of {x,},en, still denoted by {x,},en, such that
Iy (T;,xn)l = € VneN. (5.2.39)

By Definition [5.2.41ffv), the family {T'};e[0 g is uniformly bounded in the operator norm.
Then, by recalling that {x,},en is |- |x-bounded, we have

M :=sup|T;, x,|x < +oo.
neN

Let 7 € T be such that |7 —y|x+ < e/(2M). Then

limsup [y(T;,x,)| < §+limsup IY(T, x0)| = g, (5.2.40)

n—+oo n—-+oo

where the last equality is due (5.2.38) and to the fact that y € I' = (X, 7)*. But (5.2.40)
contradicts (6.2.39). The fact that T is strongly continuous with respect to 7’ follows from
and from Definition [5.2.41}{v)-(vi).

Finally, by Definition [5.2.41{jv) we can apply Proposition [5.2.15[f) and conclude that
{e M T} e+ is a Cy-sequentially equicontinuous semigroup on (X, 7’) for every A > a. Due

to part (fiz), such a semigroup satisfies Assumption [5.2.16|(recall Remark [5.2.17). [ |

5.2.8 A note on a weaker definition

In this subsection we point out how, under weaker requirements in Definition
some of the results appearing in the previous sections still hold. The definition that we
are going to introduce below will not be used in the sequel, except in Subsection [5.3.3]
where we briefly clarify the relationship between the notion of 7-semigroup, introduced

in [84]], and our notion of Cy-sequentially locally equicontinuos semigroup.

Definition 5.2.43. Let X be a Hausdorff locally convex space. Let T := {T's};ep+ < Lo(X)
be a family of sequentially continuous linear operators. We say that T is a bounded Cy-

sequentially continuous semigroup if
(i) To=1and Tiys=T:T for all t,s e R*;

(i1) for each x € X, the map R* — X, t — Tyx, is continuous and bounded.
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By recalling Proposition [5.2.14] we see that Definition [5.2.12|is stronger than Defini-
tion
Let T be a bounded Cy-sequentially continuous semigroup on X and let us assume

that, for every x € X, the Riemann integral

RM)x = f
0

(which exists in the completion of X, by Definition [5.2.43|z)) belongs to X (this happens,

for example, if X is sequentially complete).

+

o0
e MT,xdt, (5.2.41)

Then, a straightforward inspection of the proofs shows that the following results still
hold: Proposition [5.2.15]fz); Proposition Proposition [5.2.19(fi7); Proposition [5.2.21}
Proposition[5.2.23} Theorem [5.2.27, except for the conclusion (A-A)~! € £y(X); Corollary
5.2.29

To summarize, if the Laplace transform of a bounded Cy-sequentially contin-
uous semigroup is well-defined, then the domain D(A) of the generator A is sequentially
dense in X and A — A is one-one and onto for every A > 0.

We outline that, without the sequential local equicontinuity of T', the proof of Lemma
does not work, and consequently the proof of Theorem does not work.

5.2.9 Examples and counterexamples

In this subsection we provide some examples to clarify some features of the notion of
Co-sequentially (locally) equicontinuous semigroup.

First, with respect to the case of Cy-semigroups on Banach spaces, we notice two
relevant basic implications that we loose when dealing with strong continuity and (se-
quential) local equicontinuity in locally convex spaces. The first one is related to the
growth rate of the orbits of the semigroup, and consequently to the possibility to de-
fine the Laplace transform. The fact that T is a C-locally (sequentially) equicontinuous
semigroup does not imply, in general, the existence of @ > 0 such that {e”*T};cg+ is a

Cy-(sequentially) locally equicontinuous semigroup. We give two examples.

Example 5.2.44. Consider the vector space X := C(R), endowed with the topology of the
uniform convergence on compact sets, which makes X a Fréchet space. Define T;: X — X
by

Tip(s):=e'p(s) VseR, VteR' VpeX.

One verifies that T' = {T;},cr+ is a Cy-sequentially locally equicontinuous semigroup on X
(actually, locally equicontinuous, by Proposition [5.2.11). On the other hand, for whatever
a > 0, the family {e”*'T;};cg+ is not sequentially equicontinuous. Indeed, one has that

{e™ T, f}ier+ is unbounded in X for every f not identically zero on (a, +00).
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Example 5.2.45. Another classical example is given in [64]. Let X be as in Example
5.2.44) with the same topology. For t € R*, we define T := {T};ep+ by

T;: X =X, o— @(t+-).

Then T is a Cy-sequentially locally equicontinuous semigroup on X (equivalently, T is a
Co-locally equicontinuous semigroup, by Proposition[5.2.11), but there does not exist any

a > 0 such that {e"*'T,};cg+ is equicontinuous.

The second relevant difference with respect to Cy-semigroups in Banach spaces is
that the strong continuity does not imply, in general, the sequential local equicontinuity.
The following example shows that Definition [5.2.12(iii{) in general cannot be derived

by Definition [5.2.12|fi)-(zz), even if Definition [5.2.12ffi) is strengthened by requiring the
continuity of R* - X, t— Tix, x € X.

Example 5.2.46. Let X := C(R) be endowed with the topology of the pointwise conver-
gence. Define the semigroup T :={T};cgp+ by

T;: X=X, o— @(t+:).

Then T; € £y(X) for all ¢ € R*. It is clear that, for every ¢ € C(R), the map R* — X, t —
T, is continuous. Nevertheless, for each > 0 we can find a sequence {¢,},en © C(R) of
functions converging pointwise to 0 and such that

liminf sup [(T:,)(0)| = hmmf sup lgp,(t)] > 0.

n=F0 4el0,4] +0 te10,7]
Hence, T is not a Cy-sequentially locally equicontinuous semigroup. We observe that the

same conclusion holds true if we restrict the action of 7' to the space Cp(R).
Referring to Remark |5.2.13/(2), we provide the following example@).

Example 5.2.47. Consider the Banach space ¢!, with its usual norm |x|; = Z olxkl,
where x := {x3}1en € €1, and denote by 71 and 7, the |- |1-topology and the weak topology
respectively. Define Z := ¢! x ¢! and endow it with the product topology 7, ® 7. Let

B:Z—Z, (x1,x2)— (x1,%1).

We recall that ¢! enjoys Schur’s property (weak convergent sequences are strong conver-
gent; see [30, p. 85]). As a consequence, we have that Z is sequentially complete and
B e %y(Z). On the other hand, as 7., is strictly weaker than 71, we have B ¢ L(Z). By
induction, we see that (I —B)" = (I —B) for each n = 1, and then {(I —B)"},,en is a family of
sequentially equicontinuous operators. By Proposition if we define T := !B~ for
t € R, then T := {T};er+ is a Cy-sequentially equicontinuous semigroup on Z. Actually,
we have e!B~D = ¢~t( — B) + B. However, if ¢ > 0, the operators e/!B=0 = e I +(1-e~*)B
are not continuous on Z.

5Example [5.2.47| could seem a bit artificious and ad hoc. In the next section we will provide another
more meaningful example by a very simple Markov transition semigroup (Example .
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5.3 Developments in functional spaces

The aim of this section is to develop the theory of the previous section in some specific
functional spaces. Throughout the rest of the chapter, E will denote a metric space, & will
denote the associated Borel o-algebra, and .#(E) will denote one of the spaces UCy(E),
Cy(E), Bp(E). We recall that (#(E),| - |s), Where |- | is the usual sup-norm, is a Banach
space. For simplicity of notation, we denote by .#(E);, the dual of (¥(E),|-|~) and by
|1 #&)z, the operator norm in .#(E)%,.

We are going to define on .#(E) two particular locally convex topologies. The motiva-
tion for introducing such topologies is that they allow to frame under a general unified
viewpoint some of the approaches used in the literature of Markov transition semigroups.

In particular, we are able to cover the following types of semigroups.

1. Weakly continuous semigroups, introduced in [7] for the space UCy(E) with E sep-
arable Hilbert space (an overview can also be found in [8, Appendix B], with E

separable Banach space).

2. m-semigroups, introduced in for the space UC(E), with E separable metric

space.

3. Cp-locally equicontinuous semigroups with respect to the so called mixed topology
in the space Cy(E), considered by [49], with E separable Hilbert space.

5.3.1 A family of locally convex topologies on .#(FE)

Let P be a set of non-empty parts of E such that E =Jpcp P. For every P € P and every

fEfdu

[f1p :=suplf(x)l.

xeP
Denote by 7p the locally convex topology on .#(E) induced by the family of seminorms

e ca(k), let us introduce the seminorm

ppu(f)=Iflp+ , VfeSE), (5.3.1)

where

{ppu: PeP, peca(E)}

Since E =UUpep P, Tp is Hausdorff.

In the following, by ba(E) we denote the space of finitely additive signed measures on
(E,&) with bounded total variation. The space ba(E) is Banach when endowed with the
norm |-|; given by the total variation and is canonically identified with (By(E)S,, ||, &)z:)
(see [[1, Theorem 14.4]) through the isometry

©: (ba(E),|- 1) — (Bo(E)S,, |- IBy@))s 1= Py, (5.3.2)
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where

D, (f) ::fEfdu Vf € By(E), (5.3.3)

with [ #d u interpreted in the Darboux sense (see [1], Sec. 11.2]).

We denote by ca(E) the space of elements of ba(E) that are countably additive. The
space (ca(E),|-|1) is Banach as well. If u € ca(E), then the Darboux integral in
coincides with the Lebesgue integral.

For future reference, we recall the following result (see [79, Th. 5.9, p. 39]).
Lemma 5.3.1. Let v € ca(E) be such that [ fdv =0 for all f e UCy(E). Then v=0.

Proposition 5.3.2. The space (ca(E), ||1) is isometrically embedded into (F(E)%,, || #&)z,)

by
®: ca(E) — F(E)%, u— D, (5.3.4)

where

@,(f) ::fEfdu, Vf e FLE). (5.3.5)

Proof. 1t is clear that @ is linear.

Let p € ca(E). As |D,(f)] < |f|olul1 for every f € #(E), then ©, € L(E)* and | D] gy <
|uli. To show that @ is an isometry it remains to show that |®,|sE) = |ul;. Let
= put—u be the Jordan decomposition of y, and let C* := supp(u*), C~ :=supp(u~). Let
€>0. Then we can find a closed set C} c C* such that uy*(C*\C})<e¢,and d(C},C7)> 0.

Let f be defined by
d(x7 C_) - d(x) C:)

d(x,C7)+d(x,Cf)
Then f eUCH(E), f=1onC/, f=-1onC™, and |f|e = 1. Therefore,

f(x):= VxeE.

ffd,u:f fd,u++f fd,u+—f fdu  =u (CH—e+u (C7)=|uly —2e.
E foss CH\C; c-
Then |®,| o), = |ul1 —2¢. We conclude by arbitrariness of ¢. [ ]

Let us denote by 7., the topology induced by the norm |:|,, on #(E). Since the
functional @, defined in (5.3.5) is Tp-continuous for every u € ca(E), and since pp , is

To-continuous for every P € P and every u € ca(E), we have the inclusions
o(FL(E),ca(E)) CTp C Too. (5.3.6)

Observe that, when P contains only finite parts of E, then 7p = 0(#(E), ca(E)), because

ca(FE) contains all Dirac measures. The opposite case is when E € P, and then 7p = 7.
Proposition 5.3.3. Let B c #(E). The following are equivalent.

(i) Bis o(F(E),ca(E))-bounded.
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(i) B is tp-bounded.
(iii) B is Too-bounded.

Proof. By (56.3.6), it is sufficient to prove that ()= (zi). Let B be o(#(E),ca(E))-bounded.
By Proposition|5.3.2] ca(E) is closed in #(E),. Moreover, since ca(E) contains the Dirac
measures, it is norming. Then we conclude by applying Lemma [5.2.40 |

Corollary 5.3.4. Zy((L(E),tp)) c L(FL(E),]| " |oo))-

Proof. By Proposition [5.3.3, the bounded sets of 7p are exactly the bounded sets of 7.
Then, we conclude by applying Proposition . |

Corollary 5.3.5. Let T be a Cy-sequentially locally equicontinuous semigroup on (< (E),Tp).
Then there exists M =1 and a > 0 such that |Tt|L(@®),1) < Me® for all t e R*.

Proof. Due to Proposition |5.3.3, we can conclude by applying Proposition 5.2.15[z). W

We now focus on the following two cases:
(a) P is the set of all finite subsets of £, and then tp = 0(F(F),ca(E));

(b) P is the set of all non-empty compact subsets of E; in this case, we denote 7p by 7 7,

i.e.
7% = l.c. topology on .#(E) generated by {pk ; : K c E compact, p€ ca(E)}. (5.3.7)

Proposition 5.3.6. We have the following characterisations.
(1) Tx =T if and only if E is compact.
(it) o(F(E),ca(F)) =1 if and only if E is finite.

Proof. First, note that the inclusions o(#(E),ca(E)) c T and T_» < T have been al-
ready observed in (5.3.6).

If E is compact, we have || = pg,, hence 7 7 = 7. Conversely, assume that
Ty =Too on F(E). Then there exist a non-empty compact set K c E, measures p1,...,U, €

ca(F), and L > 0, such that
| fan
E

For £ >0, define A, :={x € E: B(x,e) c K}, and define, with the convention d(-,®) = +oo,

the function r.(x) = %. ThenO<r.,<1,r.=0on K, r.=1on A, r. { 1gc

Ifloo <L

[Flg+Y
=1

), Vf e L (E). (5.3.8)

pointwise as € | 0, and r, is uniformly continuous (the latter is due to the fact that
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d(A;,K) = €). Hence, for every f € #(E), the function fr. belongs to #(E) and |fr.| ]
|f1k<| pointwise as € | 0, which entails |f7¢|o 1 |/ 1k¢|oo as € | 0. We can then apply (5.3.8)
to every fr. and pass to the limit for £ | 0 to obtain

, VfeF(E),

Flgleo<LY fE Fd(ui 1K)
=1

where u;| K¢ denotes the restriction of y; to K¢. Let v € ca(E) be such that |v|(K) = 0.
Then

‘Lfdv :'fEfchdv

Then, by [91, Lemma 3.9, p. 63] and by Proposition [5.3.2] there exist ay,...,a, € R such
that v = Z;’zl a;(u; | K°). By arbitrariness of v this implies that £ \ K is finite, and then E
is compact.

If E is finite, clearly o(#(E),ca(E)) = 7. Conversely, assume that o(#(E),ca(E)) =
Too- Then there exist K € E compact, y,...,U, € ca(E), and L > 0 such that

| fau,

By arguing as for concluding the proof of (z), we obtain

, Vf e L (E).

< Whiflgeloo < WLL Y. fE £ (s K°)
i=1

floo<L), ,  VfeSE).
i=1

ca(E) = span{y1,...,lin},
and then £ must be finite. [ |

We recall the following definition.

Definition 5.3.7. A locally convex topological vector space is said to be infrabarreled if

every closed, convex, balanced set, absorbing every bounded set, is a neighborhood of 0.
Corollary 5.3.8. We have the following characterisations.

(1) (L(E),0(F(E),ca(E))) is infrabarrelled if and only if E is finite.

(it) (L(E),T x) is infrabarrelled if and only if E is compact.

Proof. If E is finite (resp. E is compact), then, by Proposition|5.3.6, o (¥ (E),ca(E)) (resp.
T %) coincides with the topology 7., of the Banach space (¥(E),||s), and then it is in-
frabarreled, because every Banach space is so (see [77, Theorem 4.5, p. 97]).

Conversely, let E be not finite (resp. not compact) and consider the |- |,-closed ball

Boo(0,11:={f € Z(E): |flo = 1}.
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The set Bo,(0,1] is convex, balanced, absorbent. Moreover,

B(0,11= [ {fey(E): ‘ f fdob,
E

xeE

51},

where 0, € ca(F) is the Dirac measure centered in x. Hence B,,(0,1] is o(&(E), ca(E))-
closed (and then 7 _z-closed). So B,,(0,1] is a barrel for the topology o(¥(E),ca(E))
(resp. 7% ). Moreover, by Proposition [5.3.3] it absorbs every o(#(F),ca(E))- (resp. 7_y-)
bounded set. Assuming now, by contradiction, that (¥#(E),o(¥(E),ca(E))) (resp. (¥ (E), T x))
is infrabarreled, we would have that B,,(0,1] is a o(&#(F),ca(E))-neighborhood (resp.
T_x-neighborhood) of the origin. This would contradict Proposition[5.3.6 |

Remark 5.3.9. Corollary has an important consequence. If E is not finite (resp.
not compact), then o(#(E),ca(E)) (resp. (¥(E),T %)) is not infrabarreled, so the Banach-
Steinhaus theorem cannot be invoked to deduce that strongly continuous semigroups in
(FL(E),0(FL(E),ca(E))) (resp. (¥(E),T_»)) are necessarily locally equicontinuous — as it
is usually done for Cy-semigroups in Banach spaces (cf. also Example [5.2.46).

We now investigate the relationship between 7_5 and 74, where 74 denotes the topol-
ogy on .#(F) defined by the uniform convergence on compact sets of E, induced by the

family of seminorms
{pk =[-1lx: K non-empty compact subset of E}.

Clearly 7 < 7. In order to understand when the equality 7¢ = 7.5 is possible, we

proceed with two preparatory lemmas.

Lemma 5.3.10. UCy(E) # Cy(E) if and only if there exists a sequence {(x,, yn)nen CE xE
having the following properties.

(1) {d(xpn,yn)inen is a strictly positive sequence, converging to 0;

(it) the sequence {d,},en defined by dy = d({xn, yn},Upsnixz, y21), for n € N, is strictly
positive;

(iii) the sequence {x,},en does not have any convergent subsequence.

Proof. We first prove that, if UC,(E) # Cp(E), then there exists a sequence satisfying
@,@),@i). Let f € CL(E)\UC(E). Then there exist € >0 and a sequence {(x,, yn)}nen €
E xE such that lim,,_. ;o d(x,,y,) = 0 and inf,cn | f(x,) — F(v,)] = €. Then (i) is satisfied by
{(xn, Yn)tnen. Now we show that holds. Assume, by contradiction, that d; = 0 for some
7 eN. Then d(z,Ur>p{xr,y2}) = 0 for z = x; or z = y;. Therefore z is an accumulation

point for Up>x{xz, yz}. Hence, as d(x,,y,) — 0, there exists a subsequence {(x,,, yn,)}zen
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such that x,, — z and y,, — 2 as £k — +oo. Now, as f is continuous, we have the contra-
diction f(2) - f(2) =limp_ o0 |f(x,) — f(yn,)| = €. Finally, property can be proved by
using the same argument as for proving (Z).
Conversely, take a sequence {(x,,y,)}nen © E x E satisfying (@),(),{zi). Consider the
balls
B, ={x:d(x,,x)<¢€,}, neN, (5.3.9)

where {€,},en 18 recursively defined by

__doAd(x9,¥0)
T

. dn A d(xn;yn) NEp-1
Ep = 5

By the properties (),([), the balls {B,},cn are pairwise disjoint and limy,—. o0&, = 0. It
is also clear that y, ¢ B, for n € N. For every n € N, we can construct a uniformly
continuous function p, such that 0 < p, <1, p,(x,) =1, and p, =0 on B{. For n €N, the
function f;, := Z?:o pi is uniformly continuous. Let f := Z;“:Og pi.- By and since ¢, — 0,
one can show that every converging sequence in E can intersect only a finite number of
the pairwise disjoint balls {B,},cn. Hence, any compact set K < E intersects only a finite
number of balls {B,},en. Then f restricted to any compact set K c E is actually a finite
sum of the form Z?fl pi, hence it coincides with f,,,, for some ng € N depending on K. In
particular, f € Cy(E). On the other hand, f(x,)—f(y,)=1 and d(x,,y,) — 0 as n — +oo,

so fZUCy(E). [ |

Lemma 5.3.11. If E is not complete, then UCy(E) # Cp(E).

Proof. Let {x,}n,en be a non-convergent Cauchy sequence in E and define y, := xg,, for
n € N. We now show that, up to extract a subsequence, the sequence {(x,, y,)}»en satisfies
@, @7) of Lemma[5.3.10

We prove property (i). As {x,},en is Cauchy and non-convergent, up to extract a
subsequence, we can assume that x, # xz, if n # k, hence d(x,,y,) > 0. On the other
hand, since {x,},en 1s Cauchy, we have lim,,_ ;oo d(x,, y,) = 0.

We prove property (iz). Let {d,}nen be defined as in Lemma [5.3.10[f7). Assume, by
contradiction, that d; = 0 for some 7 € N. Then z = x5 or z = y;; should be an accumulation
point for the sequence {x,},cn or for the sequence {y,, = x2,},en, Which cannot be true by
assumption on {x,},eN-

Finally, property is clear from the fact that {x,},cn is Cauchy but is not conver-
gent. |

Proposition 5.3.12. 75 =14 on F(E) if and only if E is compact.
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Proof. If E is compact, it is clear that 7 5 = 7¢. Suppose now that E is not compact. We
recall that E is not compact if and only if E is not complete or E is not totally bounded.
In both cases, we will show that there exists a sequence {¢p,},en € UCp(E) convergent to
0 in 7, but unbounded in 7 .

Case E non-complete. By Lemma there exists a sequence {(x,, Yy, )lnen € E x E
satisfying (@), (i) of Lemma Let {B,}nen and {pp}nen be as in the second part
of the proof of Lemma Define ¢, = 22" pn for every n € N. As proved in that

lemma, any compact set K c E intersects only a finite numbers of balls {B,},en, therefore

lim, 100 0n =01in (UCyH(E), T¢).
Now, let € ca(E) be defined by p:=3 ,en27"0,,. We have

sup

neN neN neN

f (pndu‘ =sup2 "@,(x,) =sup2” = +oo,
E

which shows that {¢,},en 1S T2 -unbounded.
Case E not totally bounded. Let € > 0 be such that E cannot be covered by a finite

number of balls of radius €. By induction, we can construct a sequence {x,},cn € E such
that, for every n € N, x,41 Q’U;.LZOB(xj,e). For every n e N, let ¢, € UCy(E) be such that
Pnlxn) = 227, @u(x) = 0 if d(x,x,) = €/2, lpnloo = 92n (ﬁ) Then we conclude as in the

previous case. |

Propositions |5.3.6|and [5.3.12 yield the following inclusions of topologies in the space
S ()

Te¢e Ty C To
and state that such inclusions are equalities if and only if E is compact. The following
proposition makes clearer the connection between 7 5 and 74 when E is not compact.
Proposition 5.3.13. The following statements hold.

(i) If a net {f,},c.s is bounded and convergent to f in (¥ (E),T y), then

sup|filoo <too and limf,=fin (L (E),7%).
182

If either % =N or E is homeomorphic to a Borel subset of a Polish space, then also

the converse holds true.
(it) If a net {f.},c.s is bounded and Cauchy in (#(E),T 3 ), then

suplfiloo <+oo and {f.}, is Cauchy in (¥ (E),t¢).
184

If either % =N or E is homeomorphic to a Borel subset of a Polish space, then also

the converse holds true.

d(x,B(xp,/2)°)

6 . 02
For instance, ¢, (x) :=2*" TGx ) d B e
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Proof. Let {f,},c.# be a T_z-bounded net converging to f in (¥(E),t % ). By Proposition
we have sup,c ¢ |fileo < +00, and, since 74 < 7%, the net converges to f also with
respect to 7¢.

Conversely, let {f},cy < L (E) be such that sup,|flcc = M < +00 and lim,f, = f in
(L (K),t¢). Then {f,},c.s is T z-bounded, because 7 5 < 7. We want to prove that {f,},c.s
is T_g-convergent to f if .# =N or if E homeomorphic to a Borel subset of a Polish space.
Assume without loss of generality f = 0. We already know that [f,]x converges to O for
every compact set K c E, then it remains to show that [ f,du converges to 0 for every
ueca(E). If # =N, this follows by dominated convergence theorem, because sup, |f,loo <
+00. If E is homeomorphic to a Borel subset of a Polish space, then |u| is tight (see [79, p.
29, Theorem 3.2]), so, given € > 0, there exists K, c E compact such that |u|(K?) <e. Let
1€ ¥ be such that ( > 1 implies sup,;[f/]x, < € (this is possible by uniform convergence of

{f.}.c.s to 0 on compact sets). Then

‘ fE fidp

sf |fL|d|u|s[fJK£|u|1+f Fld 1l
E K¢

< |plisuplfilx, +filool pl(Kg) < (puly + M)e, Vix=1,

1>=1

and we conclude by arbitrariness of ¢.
The proof is analogous to that of (g). [ |

We have a similar proposition relating o(#(E),ca(F)) and the pointwise convergence
in #(E). Actually, a part of this proposition is implicitly provided by [84, Theorem 2.2],
where the separability of E and the choice .#(E) = UC}(E) play no role.

Proposition 5.3.14. The following statements hold.

(i) If a net {f,},c.s is bounded and convergent to f in (¥ (E),0(F(E),ca(E))), then

sup|fileo <+oo and limf,=f pointwise.
ey L

If ¢ =N then also the converse holds true.

(it) If a net {f},c.s is bounded and Cauchy in (¥ (E),c(F(E),ca(k))), then

suplfiloo <+0o and {f/(x)}, is Cauchy for every xc€ E.
184

If ¢ =N then also the converse holds true.

Proof. Let {f},cs be a bounded net in (¥#(E),0(¥(E),ca(E))), converging to f in
this space. By Proposition we have sup,c s |fleo < 400, and, since ca(¥) contains
the Dirac measures, the net converges to f also pointwise. Conversely, let {f,},en ©

& (E) be such that sup,cn|fnloo = M < 400 and lim, ., [, = f pointwise. Then an
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application of Lebesgue’s dominated convergence theorem provides lim,_ o f, = f in
(F(E),0(F(E),ca(E))).
The proof is analogous to that of (z). [ |

Proposition 5.3.15. The following statements hold.
(i) (Bp(E),0(Bp(E),ca(E))) and (By(E),T_x) are sequentially complete.
(ii) Cp(E)is 1.z -closed in By(E) (hence, by (i), (Cy(E), T %) is sequentially complete).

(iii) If E is homeomorphic to a Borel subset of a Polish space, then UCy(E) is dense in
(CpE), T.2)

(iv) (UCyH(E),T ) is sequentially complete if and only if UCy(E) = Cp(E).
(v) (FL(E),T %) is metrizable if and only if E is compact.

Proof. Let {f,}nen be 7z -Cauchy in By (E). Then, as every Cauchy sequence is bounded,
by Proposition [5.3.13|fi7), the sequence is To-bounded. Then its pointwise limit / (that
clearly exists) belongs to By(E). By Proposition [5.3.13|fii), the convergence is uniform
on every compact subset of E. Then Proposition implies that {f,}ren 1S T2 -
convergent to f. This shows that (By(E),7 ») is sequentially complete.

By using Proposition[5.3.14] a similar argument shows that also (B,(E),0(Bp(E),ca(E)))
is sequentially complete.

Let {f.},c.s <€ Cp(E) be a net 7 5 -converging to f in By(E). In particular, the con-
vergence is uniform on compact sets, hence f € Cy(E).

Let f € Cyp(E), let K be a compact subset of E, let y1,...,u, € ca(E), and let € > 0.
We show that there exists g € UCy(E) such that max;-1__,pk,,(f —g) <e&. This will
prove the density of UCy(E) in Cy(E) with respect to 75 . Since E is homeomorphic to a
Borel subset of a Polish space, the finite family |u1l,...,|u,| is tight (see [79, Theorem 3.2,

.....

.....

g €UCy(E) be a uniformly continuous extension of f|xux, such that |gle < |flco. Then

max P u(f —8) < [f —glg + max fElf_gldly’ilS2|f|oo max |wil(KS) < e.

i=1,..., =l,..nJg  i=1,., n

IfUCu(E) = Cp(E), then the sequential completeness of (UCy(E), Tz ) follows from
of the present proposition.

Suppose that UC,(E) # Cp(E). Let {B,}nen, (fntnen CUCH(E), and f € Cp(E)\UCy(E)
be as in the second part of the proof of Lemma [5.3.10, To show that UCy(E) is not
sequentially complete, we will show that lim, ., f» = f in (Cp(E), 7 ). Let K c E be
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compact and u € ca(E). As observed in the proof of Lemma |5.3.10, f = Z'.IKI pi on K, for

1=
some ng € N depending on K, and then [f — f,,]1x = 0 for every n = ng. Then

fE(i;iilPi)dﬂ

+00 oo
lim Z pid"ulSnLiIPm Z |1l(B;)

n—+oo n—+oo i=n+1 n—+oo

+00
limsuppK,,l(f—fn):limsuppK,ﬂ( Z pi) = limsup

<
notoo, i1 JE i=n+1
=Egllu| U Bi|=1lul| U Bil-
n o0 i=n+1 n=zli=n+1

As the balls {B,},en are pairwise disjoint, we have (,>1 U;>, B; = @. Hence, the last term
in the inequality above is 0 and we conclude.

If E is compact, then Proposition [5.3.6]yields 7.z = 7, hence (#(E), 1 %) is metriz-
able.

If E is not compact, in order to prove that (&#(E), T ») is not metrizable, it will be
sufficient to prove that every 7 _z-neighborhood of 0 contains a non-degenerate vector
space. Indeed, in such a case, if d was a metric inducing 7z, there would exist a se-
quence {x,}en, such that limn_,+oocAi(xn,0) =0 and lim,, .o %o = +00. But then {x,},en
would converge to 0 in 7_z, and then the sequence would be |-|,-bounded, by Proposition
[5.3.13(), providing the contradiction.

To show that every neighborhood of 0 in 7 4 contains a non-degenerate vector space,
let K c E be compact, pui,...,Un € ca(E), e >0, and consider the neighborhood

I ={f e LE): pryu(f)<e, Vi=1,...,m).

Since E is not compact, by Lemma [5.3.11, UCy(E) # Cp(E). Hence, we can construct the
sequence {p,}nen € UCH(E) < F(E) as in the second part of the proof of Lemma [5.3.10
This is a sequence of linearly independent functions. Setting

Zg ={feUCyE): f(x)=0, Vxe K},

we have p, € Zg for every n = ng (where ng is as in the proof of Lemma [5.3.10). This
shows that the subspace Zg < #(F) is infinite dimensional. For i =1,...,m, define the

functionals
N Zg — R, (P'—’fE(Pd#i-
Since Zg is infinite dimensional, 4" := 7 ker A; is infinite dimensional too. On the

other hand, by construction, A4 < .#. This concludes the proof. |

Characterisation of (¥#(E),T 7 )*

The aim of this subsection is to provide a characterizion of (#(E),7 4 )*, for the cases
F(E)=By(E) and L (E) = Cp(E). Denote by bas(E) the subspace of ba(E) defined by

bay(E):={ueba(E): 3K c E compact: |u|(K°) = 0}.
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If E is compact, we clearly have ba¢(E) = ba(E). Conversely, if E is not compact, then
ba¢(E) is a non-closed subspace of ba(E). Indeed, if the sequence {x,},en in E does not

admit any convergent subsequence, then

n +00
Hn= Y 278y, ebag(E), VneN, and lim p, =) 27%6,, € ca(E) \bay(E).
k=1 e k=1

Denote by Cp(E)* the annihilator of C3(E) in (Bp(E), |loo)* = (ba(E), |-|1) (see (5.3.2),(.3.3)),
i.e.

Cp(E)* = {u eba(E): f fdu=0, Vfe C,,(E)}.
E
By Lemma [5.3.1, we have Cy(E)*-\{0} c ba(E)\ ca(E).
Proposition 5.3.16. The following statements hold.

(i) Bp(E), )" = (bacg(E) N Cb(E)l)EBca(E). More explicitly, for each A € (By(E),T.%)*
there exist unique p1 € bag(E) M Cp(E)*" and v € ca(E) such that

A(f):fEfd(u+v) Vf € Byp(E),
where the integral is in the Darboux sense.

(ii) (Cp(E), T )" = ca(E). More explicitly, for each A € (Cyp(E),T 3 )" there exists a unique
v e ca(E) such that
A= [ fav vFeCy®)

Proof. Let A € (Bp(E), 7 %)*. Then there exist L > 0, a compact set K c E, a natural
number N, and measures pj,...,uy € ca(¥), such that

N
API<L ([f]K+ Y| | rdun ) Vf € By(E).
n=1
Define Agc(f)= A(f1ke), for f € By(E). Then
N
Age(DI<LY fE Fd(u|K9)|,  VfeBy@®), (5.3.10)
n=1

where (1, | K¢ denotes the restriction of u, to K¢. Hence Agc € (Bp(E), 7 %)*. Moreover, by
[91 Lemma 3.9, p. 63], (6.3.10) implies that there exists v € span{y; | K¢: i =1,...,N} c
ca(E) such that

AKc(f):fEfdv Vf € By(E).

Define Ag(f) := A(f1g), for f € By(E). Since Agx = A— Age, Ag € (Bp(E),T.%)". By the
identification (By(E),|-|s0)* = (ba(E),|-|1) (see (6.3.2)—(5.3.3)), there exists a unique u €
ba(E) such that

Ak(f) = fE fdu  VfeBy(E),
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where the integral above is defined in the Darboux sense. We notice that u(A) =0 for
every Borel set A < K¢. Hence u € ba¢(E), and the existence part of the claim is proved.

As regarding uniqueness, let y; +v; and pg + ve be two decompositions as in the
statement. Then v — vy € ca(E) M Cp(E)*. Therefore, by Lemma v1i—ve =0, and
then p; = uo.

Let A € (Cp(E),T%)*. Since 7_x is locally convex, by the Hahn-Banach Theorem
we can extend A to some A € (Bp(E),7.x)*. Let 1+ v be the decomposition of A provided
by , with pebag(E) N Cy(E)* and v € ca(E). Then

A(f):K(f):fEfd(,u+v):fEfdv Vf eCyE).

Uniqueness is provided by Lemma [5.3.1 |

Remark 5.3.17. In general, the dual of (Cy(E), 7o) cannot be identified with ca(F)
through the integral, that is the isometric embedding is not onto(ﬂ). An ex-
ample where (Cp(E),7)" # ca(E) is provided by the case E = N. Then Cp(N) = ¢
and (Cp(N),750)* = (€°)* 2 ¢ = ca(N) (where the symbol “=” is consistent with the
action of ¢! and of ca(N) on ¢®). In view of this observation, Proposition
cannot be seen, in its generality, as a straightforward consequence of the inclusions
o(Cp(E),ca(E) CT  C To.

5.3.2 Relationship with weakly continuous semigroups

In this subsection we first recall the notions of £ -convergence and of weakly continuous
semigroup in the space UC(F), introduced and studied first in [7, [8] in the case of E
separable Banach space @) So, throughout this subsection E is assumed to be a Banach
space. We will show that every weakly continuous semigroup is a Cy-sequentially locally
equicontinuous semigroup and, up to a renormalization, a Cy-sequentially equicontinu-
ous semigroup on (UC(E), 7 %) (Proposition [5.3.19).

The notion of £ -convergence was introduced in [7, 8] for sequences. We recall it in
its natural extension to nets. A net of functions {f,},c » c UC,(E) is said £ -convergent to
feUCy(E) if it is |- |-bounded and if {f},c.# converges to f uniformly on compact sets
of E,i.e.

SLIp|f[|oo<+OO

g (5.3.11)
li¥n[ fi—flk =0 for every non-empty compact K c E.

"For a characterisation of (C(E), 7o0)*, see [1 Sec. 14.2].

8In order to avoid misunderstanding, we stress that [8] uses the notation C3(E) to denote the space of
uniformly continuous bounded functions on E, i.e. our space UC(E). Also we notice that the separability
of E is not needed here for our discussion.
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In such a case, we write f, £, f. If E is separable, in view of Proposition , the
convergence is equivalent to the convergence with respect to the locally convex
topology 7 . In this sense, 7_z is the natural vector topology to treat weakly continuous
semigroups (whose definition is recalled below) within the framework of Cy-sequentially

locally equicontinuous semigroups.

Definition 5.3.18. A weakly continuous semigroup on UCy(E) is a family T = {T}iep+
of bounded linear operators on (UCy(E),|-|xo) satisfying the following conditions.

(P1) To=1and T;Ts =Ty, for t,s€R™.

(P2) There exist M =1 and a € R such that |Tifleo < Me®*|f|s for every t € RT, f €
UCy(E).

(P3) For every f € UCy(E) and every t > 0, the family of functions {T;f: E — R}ero.47 18
equi-uniformly continuous, i.e., there exists a modulus of continuity w (depending
on t) such that

sup [T:f )= Tif ) =w(§-¢'B), VY €E. (5.3.12)
tel0,f]

(P4) For every f e UCy(E), we have T:f 2z, fast— 0% in view of (P@ the latter conver-

gence is equivalent to

lirgl [T:f — flk =0 for every non-empty compact K c E. (5.3.13)
t— +

(P5) If f, £, f, then T:f, -~ T:f uniformly in t € [0,t] for every t > 0; in view of(PEl), the

latter convergence is equivalent to

lim sup [T;f, —T:f 1k = 0 for every non-empty compact K< E, VicR*. (5.3.14)

n=+004e10,7]

Proposition 5.3.19. Let T = {T;};cp+ be a weakly continuous semigroup on UCy(E).
Then T is a Cy-sequentially locally equicontinuous semigroup on (UCy(E),T. %) and, for
every A > a (where a is as in (I@)), {e MT }er+ is a Co-sequentially equicontinuous semi-
group on (UCy(E),T_y) satisfying Assumption

Conversely, if T is a Cy-sequentially locally equicontinuous semigroup on (UCy(E), T )
satisfying (B3), then T is a weakly continuous semigroup on UCy(E).

Proof. Let f € UCy(E). By (F4) and by Proposition [5.3.13F), T:f — f in (UCx(E),7.x)
when t — 0%, This shows the strong continuity of T in (UCy(E), T % ).

Now let {f,}nen be a sequence converging to 0 in (UCy(E),7 ) and let £ € R*. By
Proposition , it follows that f, -~ 0. By ( we then have T;f, -~ 0 uniformly



Chapter 5: Cy-sequentially equicontinuous semigroups 194

in t € [0,%]. Using again Proposition [5.3.13[(i), we conclude that T is locally sequentially
equicontinuous in (UCy(E), T ).

By (B2) and by Proposition we can apply Proposition [5.2.15(F) to T' conclude
that {e MT,},p+ is a Co-sequentially equicontinuous semigroup on (UCy(E),T 7).

We finally show that, for A > a, {e MT,};cp+ satisfies Assumption [5.2.16] Let a <
A <A and f € UCy(E). By Proposition [5.3.15, (Cp(E),T 7 ) is sequentially complete. By
Proposition |5.2.14] the map

R* — (UCH(E),T.z), t— e MT,f,

is continuous and bounded. It then follows that the Riemann integral R(A)f exists
in Cp(E). We show that R(A)f € UCy(E). Since the Dirac measures are contained in
(Cp(E),T%)*, by Proposition [5.2.18 we have

+00
ROF©O= [ e MTif©dr vieE.
On the other hand, by (P2), for every ¢ > 0 there exists £ € R* such that

+00
sup f e MT,F(E)dt<e.
(eE Ji

Hence, to prove that R(1)f € UC(E), it suffices to show that, for every { € R*,

t
f e MT,fdt e UCH(E). (5.3.15)
0

Let us define the set

C:= {g € Cp(E): su%lg(f)—g(f’)l < w(If—f'lE)},
¢’

where w is as in (5.3.12). Clearly C is a subset of UCy(E), it is convex, it contains the
origin, and is closed in (Cy(E), T % ). By (5.3.12)), {e‘A’tth}te[O’f] c C. Hence, we conclude
by Proposition [5.2.20|that

fto M. fdte L ¢ vasu
e
0 t FIY, )

which shows (5.3.15), concluding the proof of the first part of the proposition.

Now let T be a Cg-sequentially locally equicontinuous on (UCy(E),T 5 ) satisfying
(P3). We only need to show that T verifies (P2), (P4), and (P5). Now, (B2) follows from
Proposition and Proposition [5.2.15] whereas (P4) comes once again by Proposition

5.3.13]ff). Finally, (P5) is due to Proposition[5.3.13|ff) and to sequential local equicontinu-
ity of T'. [ |
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5.3.3 Relationship with 7-semigroups

In this subsection we provide a connection between the notion of 7-semigroups in UCy(E)
introduced in [84] and bounded Cy-sequentially continuous semigroups (see Definition
in the space (UC(E),c(UCy(E),ca(E))) (). We recall that the assumption E Ba-
nach space was standing only in the latter subsection, and that in the present subsection
we restore the assumption that E is a generic metric space. We begin by recalling the

definition of m-semigroup in UCy(E).

Definition 5.3.20. A n-semigroup on UCy(E) is a family T = {T};er+ of bounded linear
operators on (UCy(E),| - |so) satisfying the following conditions.

(P1) To=1and T;Ts=T;.s for t,s€R™.
(P2) There exist M =1, a € R such that |T:f oo < Me®%|f|s for every t e R, f e UCy(E).
(P3) Foreach ¢ € E and f € UC(E), the map R* — R, t— T;f(£) is continuous.

(P4) If a sequence {fnlnen € UCy(E) is such that

sup | fnleo < +00 and lim f,=7f pointwise,
neN n—+oo

then, for every t € R*,

lim T:f,=T:f pointwise.
n—+oo

Proposition 5.3.21. T is a n-semigroup in UCy(E) if and only if {e~*' T };cr+ is a bounded
Co-sequentially continuous semigroup in (UCy(E),oc(UCy(E),ca(E))) (see Definition .

Proof. Let us denote 0 := o(UCp(E),ca(E)). Let T be a n-semigroup in UCy(E). By Def-
inition [5.3.20/A2),(A4) and Proposition [5.3.14fi), we have {e~*T;};cp+ < Lo(UCH(E),0)).
By Definition [5.3.20(P2),(F3) and by Proposition[5.3.14f(i), the map R* — (UC,(E),0), t —
e “T.f is continuous for every f € UCy(E). Moreover, by Definition @ and by
Proposition [5.3.3] it is also bounded. This shows that {e *T;};cr+ is a bounded Cy-
sequentially continuous semigroup in (UCy(E), o).

Conversely, let {e"*'T;};cr+ be a bounded Cj-sequentially continuous semigroup in
(UCy(E),0). By Proposition for every f € UC(E) the family {e~*' T f};cgr+ is bounded
in (UCy(E),| o). By the Banach-Steinhaus theorem we conclude that there exists M >0
such that

e Tilwe,@ ey =M VEERT,

9Also in this case, in order to avoid misunderstanding, we stress that [84] uses the notation Cp(E) to
denote the space of uniformly continuous bounded functions on E, i.e. our space UCy(E). We also notice

that in [84] the metric space E is assumed to be separable, but, for our discussion, this is not needed.
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which provides T' c L(UCp(E),| - o)) and (P2). Then, (A3) is implied by the fact that
the map R* — (UC(E),0), t — e *T,f, is continuous and that Dirac measures are con-
tained in o. Finally, (P@) is due to the assumption {e”¥T\},cg+ < Lo(UCH(E), o)) and to

Proposition [5.3.14{f). |

As observed in Subsection [5.2.8| if the Laplace transform of a bounded Cy-
sequentially continuous semigroup in (UCy(E),o(UCy(E),ca(E))) is well-defined, several
results that we stated for Cy-sequentially equicontinuous semigroups still hold. Nev-
ertheless, some other important results, as the generation theorem, or the fact that
two semigroups with the same generator are equal, cannot be proved for bounded Cy-
sequentially continuous semigroups within the approach of the previous sections. Due
to Proposition [5.3.21] this is reflected in the fact that, as far as we know, such results are
not available in the literature for m-semigroups.

5.3.4 Relationship with locally equicontinuous semigroups with

respect to the mixed topology

When E is a separable Hilbert space, in the so called mixed topology (introduced in
[97]) is employed in the space Cy(E) to frame a class of Markov transition semigroups
within the theory of Cy-locally equicontinuous semigroups. The same topology, but in
the more general case of E separable Banach space, is used in to deal with Markov
transition semigroups associated to the Ornstein-Uhlenbeck processe in Banach spaces.

In this subsection, we assume that E is a separable Banach space and we briefly
precise what is the relation between the mixed topology and 7 _5 in the space Cy(E), and
between Cy-locally equicontinuous semigroups with respect to the mixed topology and
Co-sequentially locally equicontinuous semigroups with respect to 7 _z.

The mixed topology on Cy(E), denoted by 7_y, can be defined by seminorms as follows.
Let K:={K,},cn be a sequence of compact subsets of E, and let a := {a,},en be a sequence

of strictly positive real numbers such that a, — 0. Define
PKa(f) =supla,lflx,} Vf eCy(E). (5.3.16)
neN

Then pxk 4 is a seminorm, and 7_4 is the locally convex topology induced by the family of
seminorms pKg a, When K ranges on the set of countable families of compact subsets of E,
and a ranges on the set of sequences of strictly positive real numbers converging to 0.

It can be proved (see [92], Theorem 2.4]), that 7_s is the finest locally convex topology
on Cp(E) such that a net {f},c.# is bounded in the uniform norm and converges to f in
7_y if and only if it is A -convergent, hence if and only if is verified.

To establish the relation between 7_, and 7., we begin with a lemma.
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Lemma 5.3.22. Let S c E be a Borel set and assume that S is a retract of E, i.e., there
exists a continuous map r: E — S such that r(s) = s for every s € S. We denote by TSZ the

topology T _x when considered in the spaces Cy(S). Then
V: Cp(E)— Cp(S), f—fis (5.3.17)
is continuous and open as a map from (Cp(E),T 3) onto (Cb(S),TSJL,).

Proof. First we show that ¥ is continuous. Let {f,},c.s < Cp(E) be a net converging to
0 in 7.4, let K ¢ S be compact, and let u € ca(S). Since K is also compact in E, we
immediately have [f,s]x — 0. Moreover, since S is Borel, the set function y° defined by
pS(A) = (AN S), A € &, belongs to ca(E). Then we also have [g fysdu = [gf.duS — 0.
So V¥ is continuous.

Let us prove that ¥ is open. Let K c E be compact, ui,...,u, € ca(E), € > 0. Define
the neighborhood of 0 in (Cb(E),TEI)

[ rau

and define the the neighborhood of 0 in (Cy(S), ‘L'SJL,)

U::{fECb(E): [flk <€,

<E, izl,...,n}

V= {g € Cp(S): [glrk) <6,

fgd(r#ui) <Eg, izl,...,n}
E

where ryu; is the pushforward measure of y; through r. Then g € V if and only if f =
goreU. As g=(gor)s for every g € Cp(S), we see that V < Y(U). Hence, we conclude
that ¥ is open. |

Proposition 5.3.23. If dimE = 1, then 1. C 7.4 on Cp(E).

Proof. We already observed that 7 s is the finest locally convex topology 7_4 such that
{f.}.c.#7 is bounded in the uniform norm and converges to f in 7_4 if and only if it is A -
convergent. Then, by Proposition ,we have 1., c1 4.
Now we show that 7_y £ 75 if dim(E) = 1. Let S be a one dimensional subspace of E
and let
V: Cyp(E)— Cp(S), f— fis.

By using the seminorms defined in (5.3.16), one checks that ¥, defined in (5.3.17), is
continuous from (Cy(E),7_4) onto (Cp(S ),‘L’fﬂ), where Tfﬂ denotes the topology 7_s in the
space Cp(S). Clearly S is a retract of E. Then, by Lemma [5.3.22] to show that 7, ¢ 7.
on Cy(E), it is sufficient to show that Tfh, ¢ T% on Cy(S). Let us identify S with R. Let W
be a Wiener process in R on some probability space (2, %,P). By [49, Theorem 4.1], the

transition semigroup 7 := {T}};cp+ defined by

T:: Cp(R) — Cp(®), f—ELf(-+ Wy,
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is a Cyp-locally equicontinuous semigroup in (Cp(R), 75{). But Example below shows
that T is not locally equicontinuous in (Cb(R),Tg,). Then Tﬁl ¢ 15,. Since we already

know that 7%, < 7% , we deduce that 7%, # 7%, and conclude. [ ]

By Proposition|5.3.13|[z), every sequence convergent in 7_z is bounded and convergent
uniformly on compact sets, and then it is convergent in 7_. Since we also know 7 c 7 _y,

we immediately obtain the following

Proposition 5.3.24. A semigroup T is Cy-sequentially (locally) equicontinuousin (Cy(E),T_y)
if and only if it is Cy-sequentially (locally) equicontinuous in (Cp(E), T 3 ).
5.4 Application to transition semigroups

In this section we apply the results of Section to transition semigroups in spaces of
(not necessarily bounded) continuous functions.

5.4.1 Transition semigroups in (Cy(E), T %)

Let p = {u(&,)},cp+ be a subset of ca™(E) and consider the following assumptions.

(eE
Assumption 5.4.1. The family p = {u(&, )} ep+ < ca*(E) has the following properties.
¢eE
(i) The family p is bounded in ca*(E) and po(,T') = 11(¢) for every & € E and every

reé.
(ii) For every f € Cy(E) and t € R™, the map
E— ¢~ [ f@u.de) (5.4.1)
1S continuous.

(iii) For every f € Cy(E), every t,s € R*, and every ¢ €E,
[ r@meaer=[ ([ renme.aen)u.d
E E\JE

(iv) For every t >0 and every compact K c E, the family {u:;(&,-): t €10,%], ¢ € K} is tight,

i.e., for every € > 0, there exists a compact set Kgc E such that

1§, Ko) > p(,E)—¢€ vtel0,7], VéeK.

(v) For every r >0 and every non-empty compact K c E,

lim sup |u(&,B(,r))—1]=0, (56.4.2)
t=07" teK

where B(¢,r) denotes the open ball B(é,r):={¢'€e E: d(&,&') <}
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We observe that in Assumption it is not required that p;({,E) = 1 for every
teR*, ¢ € E, hence the family u is not necessarily a probability kernel in (E,&). Assump-

tions () can be rephrased by saying that
Ti: Col) — ColB), £~ [ O, o

is well defined for all £ € R™ and T := {T;};cr+ is a transition semigroup in Cp(E). If pis a

probability kernel, then T is a Markov transition semigroup.

Proposition 5.4.2. Let Assumption holds and let T = {T};er+ be defined as in
(5.4.1). Then T is a Cy-sequentially locally equicontinuous semigroup on (Cy(E),T 5 ).
Moreover, for every a > 0, the normalized semigroup {e”“T;};cp+ is a Co-sequentially

equicontinuous semigroup on (Cp(E),T 3 ) satisfying Assumption

Proof. Assumptions (1), (Ez7) imply that T' maps C(E) into itself and that it is a
semigroup. We show that the Cy-property holds, i.e. lim; .o+ T;f = f in (Cp(E), T 4 ) for

every [ € Cp(E). Let M = sup,cg+ |1:(&,E)|. By Assumption [5.4.1 ﬂ), M < +o00 and
éeE

ITtfloo < M|f oo VfeCy(E), VteR". (5.4.3)

Let f € Cp(E). By (5.4.3) and by Proposition [5.3.13[i), in order to show that lim;_.o+ T;f =
f in (Cp(E),T %), it is sufficient to show that lim;_.o+[T:f — f1x =0, for every K c E non-
empty compact. Let K c E be such a set. We claim that

lim sup |u(¢,E)—-1|=0. (5.4.4)
t=07 ¢eK

Indeed, let € and K as in Assumption ,when ¢ =1, and let r := sup ¢nex <k, d(&, &)+
1. Then Ko c B(,r) for every { € K. For t €[0,1] and ¢ € K, we have

|ut({7E)_ 1| = |Ht(E,E\B({,r)| + |l,lt(£,B({,r))— ]-l
< |pe(&, ENKo)l + (S, B(E,r)) — 1
< e+|p(s,B(S,r) — 1.

By taking the supremum over x € K, by passing to the limit as ¢ — 0", by using (5.4.2),
and by arbitrariness of €, we obtain (5.4.4). In particular, (5.4.4) implies

lim sup [f(&) — p(S, E)f (9] =0, (5.4.5)
t—0% ek

and then T;f — f in 7% as t — 0" if and only if

lim sup|T:f($) — ue(&, E)f(§) =0. (5.4.6)
t—0% ceK
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Again, let £ > 0 and K be as in Assumption [5.4.1{iv), when # = 1. Let w be a modulus of
continuity for fg,. For 6 >0, ¢t €[0,1], and ¢ € K, we write

1T f (&) — (&, E)F(E)] < fE IF &)= F©Olu&,dE) = f ) I (&)= F(Ope&,dEN

oNB(¢,

+f If(f')—f(&)lut(f,df'ﬂf IF (&)= F©Olp&,dEN
KonB(&,0)° K¢
<w(8) + 2| floo (&, B(E,6)°) +£) .

We then obtain

s(ngIth(f)—ut(f,E)f(g‘N <w(6)+2|f oo (iu}{)ut(f,B(é,é)C)+6) V6 >0, Vte[0,1], VEe K.
GE €

By passing to the limit as t — 0", by (5.4.2)), by (5.4.4), and by arbitrariness of § and ¢,
we obtain (5.4.6).

We now show that {T'},¢[o ;) is sequentially equicontinuous for every t>0. Let {f,}nen
be a sequence converging to 0 in (Cp(E),7%) and let £ > 0. By Proposition [5.3.13[f),
{I/fnlootnen is bounded by some b > 0. Then, by (5.4.3), {T:fn}ter* nen is bounded. To show
that T;f,, — 0 in (Cp(E), T %), uniformly for ¢ € [0,], it is then sufficient to show that

lim sup [T:f»]lxk =0 VK c E non-empty compact.
n=H04el0,7]
Let € > 0 and Ky be as in Assumption ,when =1. Then, for t €[0,], (€K, n €N,

we have
ITAGIE fK Fal&le(E, dE)+ fK @€, dE < Mify Ik, + be.
0 0

Since [f,]k, — 0 as n — +oo, by arbitrariness of ¢ we conclude supco 5[T:fnlx — 0 as
n — +o0o. This concludes the proof that 7' is a Cy-sequentially locally equicontinuous
semigroup on (Cy(E), T 7).

Next, by Proposition[5.3.3| and by (5.4.3), we can apply Proposition [5.2.15| and obtain
that, for every a > 0, {e"“T};cp+ is Co-sequentially locally equicontinuous semigroup
on (Cy(E), 7). Finally, by Remark and Proposition [5.3.15|fi7), we conclude that
Assumption holds true for {e"*T};ep+. [ ]

5.4.2 Extension to weighted spaces of continuous functions

In this subsection, we briefly discuss how to deal with transition semigroups in weighted
spaces of continuous functions. Let y € C(E) such that y > 0. We introduce the following

y-weighted space of continuous functions

C,(E):={f € C(E): fy e Cp(E)}.
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A typical case is when E is an unbounded subset of a Banach space and y(x) = (1+ leg)_l,
for some p € N. Then C,(E) is the space of continuous functions on E having at most

polynomial growth of order p. By the very definition of C,(E), the multiplication by y
¢y Cy(B) — Co(E), f— fr,

defines an algebraic isomorphism. Hence, by endowing C,(E) with the topology T?}( =
y_l(r ), this space becomes a locally convex Hausdorff topological vector space. A family

. . . ’}/ . .
of seminorms inducing 7’ is given by

Pk, =yl +

fE deu’ VfeCyE),

when K ranges on the set of non-empty compact subsets of E and u ranges on ca(F).
Clearly, (CY(E ), T?,]L,) and (Cy(E), T %) enjoy the same topological properties and vy is an iso-
morphism of topological vector spaces. This basic observation will be used now to frame
Co-sequentially locally equicontinuous semigroups on (Cy(E ),TYJL,) induced by transition
functions.
Let p = {:(¢, Niert ceg < ca™ (E) and let t € R*. Define the family p? := {,u;y(.f, ViRt teE
by
u’t/(é,l“) = y(g‘)fr)f—l(f’)pt({,dé') VI e&, VEEE, (56.4.7)

and

Tif (€)= L FEuE,dE)  VECE, Vf € CyE). (5.4.8)
Given f € Cy(E), ¢ € E, the latter is well defined and finite if and only if and only if

[ ot der = [ reu.as)
E E

is well defined and finite. Then, T;f(¢) is well defined and finite if and only if, setting
g=fv,

TV g(&) = fE 2@l (&, dE)
is well defined and finite. At the end, we get that T;f(¢) is well defined and finite for

every ¢ € E and every f € C\(E) if and only if TZ/ g(f) is well defined and finite for every
¢ € E and every g € Cp(E). In such a case

((p;l oT op)f=Tif VfeCuE), (5.4.9)

hence the diagram

Cy(E) )

Cy(E) ——— Cu(E)

Py
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is commutative. Due to this fact, Proposition [5.4.2] can be immediately stated in the

following equivalent form.

Proposition 5.4.3. Let p:= {1, her+ cer < ca™(E) and let p¥ == {u] (&, )}tew be defined

starting from p through (5.4.7). Assume that p' satisfies Assumption [5.4.1] “ (when u is
replaced by pY). Then T :={T};cr+ defined in (5.4.8) is a Cy-sequentially locally equicon-
tinuous semigroup on (C,(E ),TYJ/). Moreover, for every a > 0, the normalized semigroup

{e ¥ T}er+ is a Co-sequentially equicontinuous semigroup on (CY(E),TYZ) satisfying As-

sumption [5.2.16

5.4.3 Markov transition semigroups associated to stochastic dif-

ferential equations

Propositions [5.4.2] and [5.4.3| have a straightforward application to transition functions

associated to mild solutions to stochastic differential equations in Hilbert spaces. Let
W, lv), (H,|-1g) be separable Hilbert spaces, let (2, F,{F};ecr+,P) be a complete filtered
probability space, let @ be a positive self-adjoint operator, and let W€ be a U-valued
Q-Wiener process defined on (Q, % ,{Z;}icp+,P) (see [24, Ch. 4]). Denote by Lo(Uy, H) the
space of Hilbert-Schmidt operators from Uy := @ V2(U) into H, let A be the generator
of a strongly continuous semigroup {S(t)};cp+ in (H,|-|g), and let F: H - H, B: H —
Lo(Uy,H). Then, under suitable assumptions on the coefficients F and B (e.g., [24] p.
187, Hypotehsis 7.1]), for every ¢ € H, the SDE in the space H

{dX(t) = AX@®)+F(X@®)dt+BX@E)dWUt) te(0,T]
(5.4.10)

X(0)=¢,

admits a unique (up to undistinguishability) mild solution X (-,¢) with continuous trajec-
tories (see [24], p. 188, Theorem 7.2]), i.e., there exists a unique H-valued process X(-,¢)

with continuous trajectories satisfying the integral equation
t t
X(2,6)=Sa@)S +f Sa(t-s)F(X(s,&))ds +f Sa(t-$)BX(s,6)dWs)  VteR'.
0 0

By standard estimates (see, e.g., [24], p. 188, Theorem 7.2] (E-[)), for every p =2 we have,
for some K, >0 and &, € R,

E[1X(t,OI5] sKpe®™ (1+E5) V(&) eR" xH. (5.4.11)
Moreover, by [24] p. 235, Theorem 9.1],

(t,&) — X(t,¢) is stochastically continuous. (5.4.12)

0The scalar product on Uy is defined by (u,v)y, = Q@ V2u,Q V2uyy.
HThe constant in that estimate can be taken exponential in time, because the SDE is autonomous.
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Proposition 5.4.4. Let [24, Hypothesis 7.1] hold and let X(-,&) be the mild solution to
(5.4.10).

(i) Define
T:f (&) :=E[f(X(,)] VfeCy(H)VEEeH, VEeER". (5.4.13)

Then T :={T};ep+ is a Cy-sequentially locally equicontinuous semigroup in (Cp(H),T ).
Moreover, {e”*' T;}er+ is a Co-sequentially equicontinuous semigroup in (Cy(H),T z)
for every a > 0.

(ii) Let p =2 and set y(&) :=(1+ |ff|§l)_1 for £ € H. Define
T:f(&):=E[f(X ()] VfeCy(H), V¢eH, VteR*. (5.4.14)

Then T := {T'}ter+ is a Co-sequentially locally equicontinuous semigroup in (Cy(H), TYI).
Moreover, {e~ " T}er+ is a Co-sequentially equicontinuous semigroup in (Cy(H), TYI)

for every a > @p, where & is the constant appearing in (5.4.11).

Proof. (i) Define

we (&, 1) =P(X(t,$)el) VteRY, V¢ée H, VT € %(H). (5.4.15)

We show that we can apply Proposition [5.4.2| with the family p = {:(¢, )} ep+ given by

(5.4.15). The condition of Assumption [5.4.1fz) is clearly verified. The conﬁiIZion of As-
sumption is consequence of (5.4.12). The condition of Assumption is
verified by [24] p. 249, Corollaries 9.15 and 9.16].

Now we verify the condition of Assumption[5.4.1}fjv). Let £ > 0 and let K < E compact.
By the map

R* x H — (ca(H),o (ca(H),Cy(H))), (¢,&)— u(,)

is continuous. Then the family of probability measures {u:(¢, )} ¢)efo i1xmr 18 0 (ca(H), Cp(H))-
compact. Hence, by [1, p. 519, Theorem 15.22], it is tight.

We finally verify the condition of Assumption [5.4.1jv). Let r > 0, let {¢,},en <R be a
sequence converging to 0, and let {{,,},,en be sequence converging to ¢ in H. By
and recalling that X(0,¢) = ¢, we get

nl—iEloo'ut” ($n,B(&pn,1r)) = nklzlmp(lfn =X (tn,$)lg <r)=0.

By arbitrariness of the sequences {¢,},en, {€nlnen and of €, this implies the condition of

Assumption .
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First, we notice that T:f in (5.4.14) is well defined due to (5.4.11). Consider
now the family p := {u/(¢, )};cp+ defined in (5.4.15) and the renormalized family v :=

¢eH .
(vi(&, Ver+ defined by v4(é,-) := e %! ;. Then, consider the weighted family
éeH
v = (v, D ent
¢eH
defined by
V@D o [A+EPvde) v esa, veed.
We have

th(f)=edptfo(€’)vt(€,d¢") VfeCyH), VéeH, VteR".

Hence, by Proposition [5.4.3, the proof reduces to show that Assumption [5.4.1]is verified
by v'. The latter follows straightly from its definition by taking into account the proper-
ties already proved for p in part (i) of the proof and (5.4.11). [ |

Example 5.4.5. Let H be a non-trivial separable Hilbert space with inner product (,).
Let @ € L(H) be a positive self-adjoint trace-class operator and let W€ be a @-Wiener
process in H on some filtered probability space (Q, % ,{%}ier+,P) (see [24], Ch. 4]). Let
T = {Tt};ep+ be defined by

Tof (&) = ELf(E + W) = fH FEEdE)  YfeCyEH), VEeH, VteR®,

where p;(¢,-) denotes the law of ¢ +WtQ . Then, by Proposition T is a Cy-sequentially
locally equicontinuous semigroup in (Cy(H), T 7). We claim that T is not locally equicon-
tinuous. Indeed, if T was locally equicontinuous, for any fixed ¢ > 0, there should exist
L >0, a compact set K < H, and 711,...,1n, € ca(H) such that

sup |T:f(0)| <L(
tel0,7]

) VfeCy(H). (5.4.16)

Let v e H\{0} and let a := maxycx |{v,h)|. Then, denoting by A; the pushforward measure
of us(0,-) through the application (v,-) (i.e. the law of the real-valued random variable
(v,WtQ )), and by v;, i =1,...,n, the pushforward measure of 7; through the same applica-
tion, inequality provides, in particular,

+00 n
f gd; SLZ
i=

+00
f gdvi
11Ja
where Cg ([a, +00)) is the space of bounded continuous functions f on [a,+00) such that
f(a)=0. Then, by [91] p. 63, Lemma 3.9], every A; restricted to (a,+o0o) must be a linear

sup
tel0,7]

; Vg e Cop(la,+00)), (5.4.17)
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combination of the measures v;...,v, restricted to (a,+00). In particular, choosing any
sequence 0 < t1 <...<t, <tp.1 <£,the family {1, l(a, +oo)}i=1,....n+1 18 linearly dependent.
This is not possible, as they are restrictions of nondegenerate Gaussian laws having all

different variances.

Remark 5.4.6. In this subsection we have considered a Hilbert space setting, as the the-
ory of SDEs in Hilbert spaces is very well developed and the properties of their solutions
allow to state our results for a large class of SDEs. Nevertheless, the same kind of results

hold for suitable classes of SDEs in Banach spaces (see e.g. [50]).



Appendix A

Stochastic Fubini’s theorem and

stochastic convolution

In this appendix we prove a stochastic Fubini’s theorem and apply it to obtain exis-
tence of predictable/continuous versions of stochastic convolutions.

We do not choose any particular stochastic integrator. We look at the stochastic inte-
gration simply as a linear and continuous operator £ from an L? space of Banach space-
valued processes, the stochastically integrable processes, to another L? space, containing
functions whose values are the paths of the stochastic integrals. The paths do not need
to be continuous. Within this setting, the continuity assumption on £ plays the role of
Ito’s isometry or of the Burkholder-Davis-Gundy inequality in the standard construction
of stochastic integrals with respect to square integrable continuous martingales.

For such an operator £, we prove the stochastic Fubini’s theorem (Theorem [A.1.3).
The result can be applied e.g. to stochastic integration in infinite dimensional spaces with
respect to LP-integrable martingales ([83, Ch. 8]) or more general martingale-valued
measures (for the finite dimensional case, see e.g. [2, Ch. 4]), generalizing standard re-
sults as [24) Theorem 4.33], [48, Theorem 2.8], [83], Theorem 8.14].

Secondly, we particularize the study to the case in which £ is defined on a space
of Lo(U,H)-valued processes, where U,H are separable Hilbert spaces and Lo(U,H) is
the vector space of Hilbert-Schmidt operators from U into H. Denote £ by J, in this
particular case. For a strongly continuous map R: (0,7] — L(H) and for a process ®: Q x
[0,T]1— L(U,H) such that the composition 1(g ;j(-)R (¢ —-)® belongs to the domain of J, we
consider the convolution process

O pR(E—-)D)):  tel0,T]. (A.0.1)

By using the stochastic Fubini’s theorem, we show that (A.0.1) admits a jointly measur-
able version (Theorem [A.2.5). The joint measurability of the stochastic convolution is of

interest e.g. when its paths must be integrated, as it happens in the factorization formula

206
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([24], Theorem 5.10]). We also provide a characterisation of the measurability needed by
functions ®: QO x[0,T]— L(U,H) in order that 1 ;j(-)R(¢ —-)® has the necessary measur-
ability required by the operator J (Theorem[A.2.10). This measurability result turns out
to be useful e.g. in order to understand what are the most general measurability condi-
tions for coefficients of stochastic differential equations in Hilbert spaces for which mild
solutions are considered.

Finally, in case J takes values in a space of processes with continuous paths and
R =S is a Cy-semigroups, by adapting the factorization method to the present setting,
we show that admits a continuous version (Theorem [A.2.13).

A.1 Stochastic Fubini’s theorem

Throughout this section, (G,%,u) and (Dg,%2,v2) are positive finite measure spaces,

(D1,91) is a measurable space, and v1 is a kernel from Dy to D1, i.e.
vi: D1 xDg —R"
is such that

1) vi1(4,-) is D9-measurable, for all A € P5;
(i1) vi1(-,x) is a positive measure, for all x € Ds.

We assume that
C Z:f V1(D1,x)V2(dx) < 0.
Dy

Let D :=Dq1 xDs. On (D,%1 ® 92), we define the meaure v by
v(A) = f (f 1A(x1,x2)v1(dx1,x2)) va(dxz), VA €D189Ds.
Dy \JD;

Notice that v(D) = C is finite.

Let 2 be a given sub-o-algebra of 2; ® 92. When we consider measurability or inte-
grability with respect to G (resp. D1, Do, D1 x D9, D), we always mean it with respect to
the space (G,%, u) (resp. (D1,91,Vv1), (D2,92,v2), (D,2,v)). According to that, if we write,
for example L1(D,V), for some Banach space V, we mean L1((D,2,v),V), and similarly
for other spaces of integrable functions on G, D1, Do, D.

Let E be a given Banach space. For p,q € [1,00), we denote by L;’q(E) the space of
measurable functions f: (D,%2) — E such that

(1) there exists N € 2 such that v(IN) =0 and f(G \ N) is separable;

(i1) the following integrability condition holds:

q/p Vg
Iflp,g = (f (f If(x,y)lgdvl(dx,y)) Vz(dy)) < 00.
Do \JD1q
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It is not difficult to see that (Lg’q(E),l - qu(E)) is a Banach space, with the usual
identification f = g if and only if f = g v-a.e.. Indeed, if {fy}nen is Cauchy in LDY(E),
then it is Cauchy also in LY((D,2,v),E). Passing to a subsequence if necessary, we may
assume that f, — f v-a.e., for some f € L1(D,2,v),E). Now Fatou’s lemma gives f €
L;’q(E) and f, — f in L;’q(E).

Finally, we use the short notation LY(D x G,E) for the space

LY (D *xG,29%,vepu),E).

We will prove the stochastic Fubini’s theorem first for simple functions and then for

the general case through approximation. We need the following preparatory lemma.

Lemma A.1.1. Let p,q €[1,00) and f ELI(G,L;’Q(E)). If ¢ > 1, assume that

q-1
(p-1) T
C(p,q) = ( (vi(D1,0)7 D va(da) | © <oo. (A.11)
Dy
If g =1and p > 1, assume that
-1
C(p,1):= sup (vi(D1,x) 7 <oo. (A.1.2)
xEDz
Define C(1,1) := 1. Then there exist measurable functions
f:(DxG, 299 —E (A.1.3)
fn: (DxG,294)—E, neN (A.1.4)
such that
fC.»eLb9(E), Vyeg, (A.1.5)
G— L;’q(E), y— f(-,y) is measurable (A.1.6)
fe,»=Ff@in LDYE) pae yeq, (A.1.7)
fal,y) e LLYUE), Yy €@, VneN, (A.1.8)
G— L;’q(E), y— fn(-,¥) is a simple function, VYn €N, (A.1.9)

_ _ q/p 1/(]
lim G(fD (fD |fn((x1,x2>,y)—f«xl,x2>,y>|§vl<dx1,x2>) vQ(dxz)) wdy)=0 (A.1.10)
2 1

n—oo

f(x,)e L\G,E), Vx€eD, (A.1.11)
D — LYG,E), x— f(x,-), belongs to L>(D,L'(G,E)) (A.1.12)
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fulx,) e LNG,E), Yxe€D, YneN, (A.1.13)

D — LXG,E), x — fu(x,), belongs to L?? (D,L*(G,E)) (A.1.14)

q/p
il(G,E)Vl(dxl’xZ) va(dxg) = 0. (A.1.15)

lim ( || 1m0 Fia .
D,

n—oo D2

Proof. Since f is Bochner integrable, without loss of generality we can assume that f(G)
is separable. Then there exists a sequence {f,},en of Lg’q(E)-valued simple functions
such that

lim f,(y)=f(y) in LYYUE), Vye@, (A.1.16)

Each f,, can be written in the form

M(n)
fn@) =3 1arWpni  YyEG, (A.1.18)
i=1

where M(n) €N, A? € ¢4, and ¢, ; is a fixed representant of its equivalence class in
LY%(E). For n €N, define

fo: (DxG,29%9)—E, (x,7)— fn(y)x).

By using (A.1.18), we have the measurability of (A.1.4), and (A.1.8), (A.1.9), (A.1.13),
(A.1.14), are immediately verified.
We claim that the sequence {fn}nen is Cauchy in L1 (D x G,E). Indeed, since Pn,i €

LYY(E), we have f,, € LY(D x G,E), for every n € N. Moreover, by Holder’s inequality,

f |fn_fm|Ed(V®ﬂ):
DxG

:fGUD (D |f~n((x1,x2),y)_fm((DC1,x2),y)|E’V1(dx1,DCZ))V2(dx2))'u(dy)

_ _ q/p 1/q
sC(p,Q)f (f (f |fn((x1,x2),y)—fm((xl,xz),y)|§\/1(dx1,x2)) V2(dx2)) u(dy)
6 \Jp, \Up,

=C(p,lfn— fmlLl(G,L’é’q(E)]’

and the last member tends to 0 as n and m tend to oo, by (A.1.17). Then there exists
f e LYD x G,E) such that, after replacing {f,}ren by a subsequence if necessary,

lim FnCe,y)=f(x,y) V(x,y) (D xG)\N (A.1.19)
lim fa=F in LYD xG,E), (A.1.20)

where N is a v ® y-null set. We redefine f on N by f(x,y):= 0 for (x,y) € N. After such a

redefinition, the partial results of the theorem till now proved still hold true.
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By (A.1.19), since we can assume that each ¢, ; has separable range, we see that the
range of f is separable. By measurability of sections of real-valued measurable functions
and by Pettis’s measurability theorem (use the fact that the range of 7 is separable and
then use Hahn-Banach theorem to extend continuous linear functionals on the space
generated by the range of f to the whole space E), we have that

(D,2)—E, x— f(x,y) and (G,9)—E, y— f&',y)

are measurable, for all y' € G and all x’ € D. Since
f liminf|f(-,y) - fm(-,y)|p q wdy)
G m—0o0 »

_ B q/p 1/(]
< lim ( f U |f((x1,x2),y>—fm«xl,xz),y)!gvl(dxl,xz)) V2(dxz)) u(dy)
G \JD9 \UD

< lim hmgolflfn - fmlLl(G,L%’q(E)) = 0, (A121)

m—-00 n—

we have
%@gﬂﬂyw—ﬁﬁywugzo p-a.e. y€G. (A.1.22)

By recalling that f,(-,y) € LD Y(E) for all y € G, (A.1.22) shows that the map
D—E, x— f(x,y)

belongs to L;’q(E) for all y € G\ N’, where N’ is a p-null set. We redefine f on N’ by
f(x,y):=0 for (x,y) € D x N'. Again, we notice that the partial results of the theorem till
now proved still hold true after the redefinition on D x N;. In addition,

VyeG, themap D — E, x— f(x,y), belongs to Lg’q(E).

This provides (A.1.5). Moreover, since N’ can be chosen such that holds for all
y € G\ N' and since G — L;’q(E), y — fu(,¥) = fn(y), is measurable, for all n € N, also
(A.1.6) is proved. From the last inequality of (A.1.21), (A.1.10) follows. From (A.1.16)
and (A.1.22), (A.1.7) follows as well.

By Hoélder’s inequality, we have |f|L1(DX(;,E) < C(p,q)|f|L1(G,qu(E)) < 0o. Then, after
redefining f on a set N” x G, where N" is a v-null set, by f(x,y):= 0 for (x,y) e N" x G,

we have

Vx €D, the map G — E, y— f(x,y), belongs to LYG,E).

This provides (A.1.11). By applying Minkowski’s inequality for integrals twice (see [45),
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p- 194, 6.19]), we have

n—oo

B . P q/p lq
lim ( f ( f ( f If((x1,x2),y)—fn((xl,x2),y)|EH(dy)) n(dxl,xz)) Vz(dxz))
Do \JD G
1/q

n—oo

_ _ 1/p q
< lim (f (f (f |f<(x1,x2),y)—fn((xl,xz),y)@vl(dxl,xz)) u(dy)) V2(dxz))
Dy \JG \UD,

n—oo

_ _ q/p l/q
< lim (f ([ If((x1,xz),y)—fn((x1,xz),y)lgvl(dxbxz)) Vz(dxg)) wdy).
¢ \Jp, \Up,

Since the latter member tends to 0 because of the second inequality in (A.1.21), the
estimate above provides (A.1.12) and (A.1.15), after redefining f on a set N"’ x G, where
N'"" is a suitably chosen v-null set, by 7(x,y):= 0 for (x,y) e N"' x G. [ |

Let T > 0 and let 97 be a short notation for the Borel o-algebra %o on [0,T].
We recall that, if 9 is a topological space, then %85 denotes the Borel o-algebra of I
(E[). Let (Q,Pf JF = {L%}te[o,T],IP) be a complete filtered probability space. We endow the
product space Qr := Qx[0,T] with the o-algebra &7 of predictables sets associated to the
filtration F and the measurable space ({27, %?r) with the product measure P ® m, where

m denotes the Lebesgue’s measure. We need to introduce some further notation.
e Fis a Banach space;

* TcByp([0,T],F) is a closed subspace (with respect to the norm |- |,,) such that
Tx[0,T]—F, (x,t)— x(); (A.1.23)

is Borel measurable, when T x [0, 7] is endowed with the product o-algebra %t ®

PBo0,11 (and not just with the Borel o-algebra of the product topology!).

e &' is a given sub-o-algebra of Z7 ® % such that, for all A € Fp with P(A) =0,
A x[0,T]e 2.

J 2&,(?) is the vector space of measurable functions
X:(Qr,?)—F
such that, for P-a.e. w € Q, the path
X(w):[0,T1-F, t— Xi(w)
belongs to T, and the P-a.e. defined map
Q,Zr)—T, w—X(w) (A.1.24)

is measurable, when T is endowed with the Borel o-algebra induced by the norm

No topological space will be denoted by T, hence there will not be any confusion with %ry.
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e Forrell,o0), ffgrz,(T) denotes the space of (equivalence classes of) X € ,%gz,(T) such
that (A.1.24) has separable range and

Xlzr = (E (1X15,]) " < o0
Then (292,,(?),| . Ig;),(q)) is a Banach space.

Remark A.1.2. The space T can be e.g. C,([0,T],F), because in such a case is
continuous, hence measurable. This permits also to consider T as the space of left-limited
right-continuous functions, because, if ¢ is real valued and continuous with support [0, 1]
and if ¢.(¢) = e 1p(e1t), then ¢, * x converges pointwise to x everywhere on [0,7] as
€ — 07, after extending x by continuity beyond 7'. We observe also that is mea-
surable whenever T is separable. To see it, let % < F be an open set, and let {X;};cn be a

dense subset of T. If we define
U, ={x€F:Bp(x,27")cF},
where Br(x,27") is the open ball in F' centered in x with radius 27", then

{(x,0))e Tx[0,T]: x(¢) e U} = U U {(x,t)eTx[O,T]: X —X;loo <277, xi(t)e%n}

neNieN

= U UBrxi,27™ x (x; {(%,)) € Br © Br,
neNieN

where By(x;,27") is the open ball in T centered in x; with radius 27".
We now provide the main result of this section.
Theorem A.1.3 (Stochastic Fubini’s theorem). Let p,q,r €[1,00), g € Ll(G,L;’q(E ). Let
£: L;’q (E) — £5,/(T)
be a linear and continuous operator. Then there exist measurable functions

X1:DxG,20¥%)—E
Xo: (Qp XG,(?%TT@@T)@%)#F

such that
X1(x,") € LXG,E), Vx €D, and Xs(w,?),-) € LXG,F), Y(w,t) € Qr
D —LYG,E), x— Xi(x,"), e LoULN(G,E))
Qr,2r)— LYG,F), (0,t) — Xo((w,t),), is measurable
X1(,y) e LDUE), VyeG
G — LEA(E), y — X1(,y), e L'G,LYY(E))
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X1(,y) =g in LYYE) for p-a.e. yeG
Xo(,y) € £5,/(T), VyeG
Xo(,y) = £g(y) in Z5/(T), p-a.e. yeG (A.1.25a)
and such that
for P-a.e. w€ Q, (£Y ) w,t) :f Xo((w,t),y)u(dy), Vtel0,T], (A.1.26)
G

where
Y(x) = fG X1(x,y)udy), Vx€D.

Proof. By Lemma , there exist measurable functions

f:(DxG,20%9) —E,
fo: (DxG,209)—~E, neN

satisfying (A.1.11)-(A.1.15). For n €N, f, has the form

B M(n)
fa@,y)= 3 1an(pnilx)  VxeD, VyeG,
=1

14

where ¢, ; is a fixed representant of its class in qu(E). For all n € N, the function f,,

defined by
) 3 M@®)
W. D gy fG e, Ay = Y. pni(OAD)
=1

belongs to LY Y(E). Then, if we define

f(/J): D _,E, xHLf(x,y)ﬂ(dy)a

due to (A.1.15), we have
lim £y = F® in L2Y(E).

n—00
By linearity of £, we have
M(n)

SFP =Y AN L in L5, (T).
i=1

By continuity of £, (A.1.27) and (A.1.28) give

M) N
lim Z AN Lpn,; = £F® in Lip(T).

n i=1

For n € N, we now consider the measurable function

M(n)

£2: (Qr G2 04) = F, (0,0, Y 141 (£pns) (@, 1)
=1

12

7()

(A.1.27)

(A.1.28)

(A.1.29)
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where here Lo, ; is a fixed representant of its class in £7,,(T). For all y € G, f,(f:)(-, y)isa

representant of the class of £(f,(-,»)) in £2,(T). Moreover,

) M)
fG FOUw, ), udy) = Y WAY (o) (@,8)  Y(w,8)€Qp, YneN.
=1

1

By (A.1.28), we obtain

for P-a.e. w € Q, f FO«w, 1), Muldy) = (EFF)w, ) VEe[0,T]. (A.1.30)
G

We now show that we can pass to the limit in (A.1.30). By (A.1.10),

hence, by continuity of £,

limfG|£(f~n(’,y))_g(f(’,y)”gélq)ﬂ(dy):0- (A.1.31)

n—oo

Since ffé,,(ﬁ) is a closed subspace of

L'(Q,T)=L"(Q,Fr,P),(T,] 1)),

the map
(G,9)— L"(Q,T), y— £(F¢, ) (A.1.32)
is measurable and integrable (the range of (A.1.32) is separable). By applying Lemma
A.1.1jagain, now to (A.1.32), we have that there exists a measurable function
g OUxG,Fre¥)—T (A.1.33)

such that, for some A € ¢4 with u(A€) =0,
g,y =L(f(,y) in L"(Q,T), VyeA. (A.1.34)

Define

(,y)(t) Y((w,t),y)eQrxA
Xo(@,8),y) = {i Y y)€8r

otherwise.

Notice that, since £(f(-,y)) is 2'-measurable for all y € G (by definition of £) and since
2’ contains the sets N x [0,T] when N € %7 and P(N) = 0, we have, by (A.1.34), that
Xo(-,y) is &?'-measurable for all y € G. Moreover, since the evaluation map is
assumed to be measurable, by measurability of and by definition of X9 we have
that

Xo: (QrxG,(Fr0Br)®94)—F
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is measurable. By (A.1.31), we can write

lim ( f sup |F{((@,8),) - Xa((,1),9)| ﬂ(dy))ﬂﬂ’(dw)
n=0JQ \JG tel0,T1] F

Ur
< lim G(fg sup (ff)((w,t),y)—Xz((w,t),y)(;nm(dw)) udy) (4139

n—oo te[0,T1]
= r}iggofG | (Fa, ) = £(FC9) | gor y (d) = 0,

where the measurability of If,(LE)((w,-),y) - Xo((w,+),¥)loo, jointly in (w,y), is due to the
measurability of (A.1.33), to the definition of Xy, and to the definition of f,(LQ). By (A.1.35),

by considering a subsequence if necessary, it follows that

lim sup
n=00¢e[0,T]

fG F 9w, 1), y)u(dy) - fG Xo((w,t),Vu(dy)| =0 P-ae. weQ. (A.1.36)
F

By (A.1.28), (A.1.29), (A.1.30), and (A.1.36), we conclude that, for P-a.e. w € Q,

(SF 9w, 1) = fG Xo((w,8), Yu(dy), Ve [0,T,

which provides (A.1.26), after defining X; :=f. [ |

A.2 Stochastic convolution

One of the contents of Theorem is the existence of the jointly measurable function
X9, whose sections Xo(:,y) coincide with the “stochastic integral” £g(y), for a.e. y. This
fact permits to obtain a jointly measurable version of a stochastic convolution, as we will

explain in the present section.

Let us recall/introduce the following notation. We consider separable Hilbert spaces

H and U, with scalar product {:,-)z7 and (-, )7, respectively.
* Lo(U,H) denotes the space of Hilbert-Schmidt linear operators from U into H.
Let E be a Banach space.

e If E is a Banach space, L;T(E) denotes the space of E-valued 22r/%Bg-measurable
processes ®: Q7 — E, for which there exists N € 22y with P ® m(N) = 0 such that
X(Q7r\N) is separable. Two processes are equal in ng,T (E) if they coincides P ® m-
a.e.. The space ngT(E) is a complete metrizable space when endowed with the

topology induced by the convergence in measure (see [75], Sec. 5.2]).
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o Lg/,T ®%T(E) denotes the space of (equivalence classes of) E-valued 21 ® Br/Bg-

measurable processes (: Q7 x[0,T] — E, with separable range, up to a modification
on a (P®m)®m-null set if necessary. Two processes are equal in Lg% ® %T(E) if they

coincides (P ® m) ® m-a.e.. LO@T ®9BT(E) is endowed with the metrizable complete

vector topology induced by the convergence in measure.

* For p,qe[1,00), Lg;g(E ) denotes the subspace of Log,,T (E) whose members X satisfy

T y 1/q
1X|pq = (fo (E[IX:5])*Pdt]  <oo.

(L};;,Z(E)J *|p,q) is a Banach space. The space L;Z oy E) 18 defined similarly to
Lf;z(E ), after replacing Zr by Fr ® B7r. We use the notation LZ?’T (E), L” (E),

FTBT
for L‘g’z’,;’ (E), L2 . (E), respectively.

F1®BT
e For p,q,r €[1,00). L‘;’,gg%T(E) denotes the space containing those { € Lgy,T&%T(E)
such that
T (T o\ Ur
Clp.gr = ( fo ( fo (E[I¢(w,s),)5])7 "ds) dt) <oo. (A.2.1)

3 ,r >
(L‘;,Z@%T(E),I ‘|p,q,r) s @ Banach space.

A.2.1 Jointly measurable version

In this section we employ Theorem[A.1.3|to obtain jointly measurable versions of stochas-
tic integrals (represented, as in the previous section, by a generic continuous linear op-
erator J) depending on parameter.

We will often need to consider sections of measurable functions and their measura-

bility with respect to some codomains. We begin with the following lemma.

Lemma A.2.1. Let (¢ LY, ., (Ly(U,H)). Then

fi:10,T1— LYy, (Lo(U,H)), t—{(-,t) (A.2.2)
is measurable.

Proof. Let us first suppose that U = H =R, hence Lo(U,H) = R. Define
€ :={A € Pr® Br s.t. f1, is measurable}.

It is clear that the rectangles of the form B x C, with B € 22y and C € %7, belong to €,
because f1,, ., assumes only the two values 0 ans 1z on 7\ C and on B, respectively.
If Ae€¢,Be€6, BcA, then f1,, = f1, — f13 is measurable, and then A\B € €. If

{A,}en © € is an increasing sequence, then flUnENAn ) =lim, . flAn (¢) in LgJT(IR) for all
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t €[0,T1], hence U,enAr € €. This shows that € is a A-class containing the rectangles
B x C, with B € &2 and C € A7, hence Pr ® Br < €. By linearity and by monotone
convergence, we have that f; is measurable for all { € ngT ® %T(R).

Now let U, H, be generic separable Hilbert spaces and let {¢,},en be an orthonormal
basis for Lo(U,H) (we consider the case dimLy(U,H) = oo; the case < oo is similar). If

¢ EL(}/’MQBT(LZ(U’H))’ then, for all ¢ € [0, T,

Fre@®)(,8)= Y {@n, (@, 8), DLy, HYPn = ) F @m0y menO@,8)  V(w,s)eQr.

neN neN

From the first part of the proof, f(,, is measurable, after the identification

Lo, H)Pn
ng,T([R) = L()@T(R(pn) and the continuous, hence measurable, embedding

LY, Rp,)c LY, (Lo(U,H)).

We conclude that f; is measurable, because it is the pointwise limit of the sequence

N
{ 2 f @O ¥Pn 10, T1— LO%(Lz(U ,H ))} . [ |
n=0 NeN

Remark A.2.2. If p,q €[1,00), the map
|“Ip.q: LY, (Lo(U,H)) — [0,00], ¢ — €l

is lower-semicontinuous (Fatou’s Lemma). By Lemma if ( € Lg,T ®@T(L2(U,H ),
then

fi:10,T1— Ly, (Lo, H), t—{(,2) (A.2.3)

is measurable. By combining f; with |-|, 4, we have that the set
By :={te[0,T): {(-,t) e LY (Ly(U, H))| (A2.4)

is a Borel set.

Clearly the set B; defined in Remark[A.2.2]depends on the representant of { chosen in
L%,T o (L2(U,H). Hereafter, whenever a notion associated to some function f belonging
to some quotient space of mesurable functions is pointwise dependent, we mean that the

notion is actually associated to a chosen representant f.

Notation. In what follows, we will always use the notation B; for the set defined by
(A.2.4), when ( € L%,T ® %T(L2(U ,H)). In the notation, we omit the dependence of B; on

p,q, as it will be always clear from the context.

The next result is a variant of Lemma for L’;’,Zg@T(Lg(U,H ). It will be used to

derive jointly measurable versions of stochastic convolutions.
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Lemma A.2.3. Let p,q,r €[1,00) and let { € L;;zg%T(Lg(U,H)). Let B; be the Borel set

defined by (A.2.4). Then m([0,T1\B;) =0 and
f: By — LEI(LaU, H)), t— (1)
is Borel measurable.

Proof. 1t is clear that m([0,T1\ B;) = 0, because { € L;Zg@T(LZ(U,H)) and then ((,%) €
Ll;/-’,g(Lg(U,H)) for m-a.e. t € [0,T]. By redefining {((w,s),t) := 0 for (w,s),t) € Q7 x [0,T1,
t €[0,T1\ By, we can assume that B; =[0,T]. In such a case, to show that f; is Borel
measurable, we argue as in the proof of Lemma after replacing LO(@T oy PY LZ;,%%T
and LY, by LD, |

For p,q,r €[1,00), let
3: LGHLoU, H) —~ L3,.05,(T) (A.2.5)

be a linear and continuous operator, where ££;T®%T('[I') is defined as in Section
(p. , with &' = ¥ ® Br.

Let( e Log,,T o By (L2(U,H)) be a given representant of its class. Our aim is to show that

there exists a (w, t)-jointly measurable version of the family of random variables
3¢ = (3CC, Oeen,» (A.2.6)

where By is defined by (A.2.4).

Remark A.2.4. Definition depends on the chosen representant {. If { = (' in
ng,T&%T(Lg(U,H)), then m(B;ABy) =0, and, due to the fact that J has values in f;T®@T(T),

we have TJg = 35/ P-a.e., for all ¢ € B; M By

Theorem A.2.5. Let p,q,r €[1,00), let { € Lz,jgg%T(Lz(U,H)), and let B be the set defined
by (A.2.4). Then there exists a process

el o (F) (A.2.7)
such that
for m-a.e. t € By, Zf(w) =T, D)Ni(w) P-a.e. we Q. (A.2.8)
Moreover, the map
J: L;’,zg%T(Lg(U,H)) — L’:%®@T(F), (— >¢ (A.2.9)

is linear, continuous, uniquely determined by (A.2.7), (A.2.8). The operator norm of J is
bounded by the operator norm of J.
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Proof. We apply Theorem with the following data:

* G=[0,T1,9=%Br, u=m;
D1=Q,Dy=[0,T],D=Qrp, 2 =%Pp, vi =P, vo =m;
E=LyU,H)

e £=7;

g:10,T]— Lg;,;’(Lz(U,H)) defined by

{(,t) ifteBy
g(t) = )
0 if £ € [0, T1\ B;.

By Lemma g is well-defined and measurable. Moreover, { € Lgy’;g%T (Lo(U,H))
implies g € LX([0, T, L% (Lo(U, H)).

Let X9 be the process provided by application of the theorem. Then
Xo(-,t) =T3((-,1)) in $§T®%T(1T), P-a.e. t € By. (A.2.10)

Define
)= Xo((w,8,),8)  Y(w,0)€Qr, t€[0,TI.

Then X¢ is jointly measurable in (, ), and, by (A.2.10), for m-a.e. t € B¢,
Zﬁ(w) = Xo((w,1),2) = (I(g()))(w) = (T(-, 1)) (w) P-a.e. w € Q.

Moreover,

T ¢ T
E|1Z3]% dt:f E[1Xo(C,8), )% dt
[ e ae= [ el o.0)
sup |X2((-,8),0)|5 | dt

T
[T
0 €[0T

T
= 1Xo(, )l dt (A.2.11)
fo 2 2.771@%71(-“—)

T
~ by BZI0) = [ 1CCO,
0 FrB

T
<C 0 dt=C|" pqr .
fo ¢ |L§;<L2<U,H>> lglL%Ip@@T(LZ(U»H))
This shows (A.2.7).
Now, if 21 and X, satisfy (A.2.7) and (A.2.8), with respect to the same (, then they

belong to the same class in L’9T®%T(F), because m([0,T]\ B;) = 0. Similarly, if {; =2 in

Lg;,gg@T(Lg(U,H)), then, as noticed in Remark |A.2.4] for m-a.e. t €[0,T], jfl(w) = 352((1))

P-a.e. w € Q. Then (A.2.8) entails ¢! = X% for P ® m-a.e. (w,t) € Qp. This shows that
(A.2.9) is well-defined. Linearity is clear. Continuity comes from (A.2.11). [ |
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In general, we cannot hope to have versions of J¢ with a better measurability than
the one provided by Theorem without further assumptions on J (observe that
our assumptions on J do not take in consideration any progressive measurability of the

values of J).

We now address the case when { € Lg;gg@T (L2(U,H)) has the form

((w,s),t) =R(t —s5)Ds(w) = Pr((w, s),t) V(w,s) e Qr, te(s,Tl,

where R: (0,T1— L(H) is strongly continuous and ® € L(U, H)® is a function.

Under a technical assumption on R, we characterize those functions ® € L(U,H)%"
for which ®z belongs to Lg},T ®%T(L2(U,H )). This fact is of interest because it is the
minimal requirement in order to define the family J®& = {j;DR}tegq,R by (A.2.6) (with { =

®r), and to obtain the joint measurability of J®& through Theorem

Assumption A.2.6. The function R: (0,T]1— L(H) is strongly continuous and there exists
a sequence {tylnen < (0,T] converging to 0 such that, if C < H is closed, convex, and
bounded, then u € C if and only if im e N: R(t,)u € R(¢,)C Vn =m.

Remark A.2.7. Due to the fact that the closed convex sets in H are the same in the weak
and in the strong topology, then, if the following implication holds for some {¢,},cn < (0, T']

converging to O:
{xn}nen € H bounded such that {R(¢,)x,}nen is definitely null = x, —0, (A.2.12)

Assumption holds true. To see it, let ut suppose that there exists m € N such that
R(t,)u € R(t,)C for n = m. This means that R(¢,)(u —c,) =0 for n = m. By (A.2.12),
¢p — u, hence u belongs to C.

In particular, we notice that is satisfied whenever R: R* — L(H) is a Cy-
semigroup on H. In such a case, R* is a Cy-semigroup (see [36], pp. 43—44, Section 5.14],
and then we can write, if {¢,},cn 1s any bounded sequence converging to 0 and if {x,},en
is such that {R(¢,)x,},en is definitely null,

Lim (xp,y) = lim (xp, R*(n)y) = lim (R(t,)xn,y) =0 Vy€eH.

In what follows, we denote by & the completion of 2r with respect to Pe m. If
® e L(U,H)*", we denote by @ the map defined by

Or: Qr x[0,T] = LU, H), (w,8),t)— 1j0,1(s)R({ — $)Ps(w). (A.2.13)
By saying that ® € L(U,H)*" is strongly measurable, we mean that
(QT7‘@T) - H7 (0), t) — (Dt((l))u

is measurable, for all u € U. Similarly, if ® € L(U,H)*T, then ®p, is strongly measurable
if ®p(u is P @ Br/PBr-measurable, for all u e U.
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Proposition A.2.8. Let R: (0,T1— L(H) be strongly continuous and let ® € L(U,H).

(i) If © is strongly measurable, then ®p is strongly measurable.

(it) Suppose that R satisfies Assumption If ®p is strongly measurable, then there
exists ® € LWU,H)*" and a P ® m-null set A € Pp such that ® =® on Qp\ A and ®

is strongly measurable.

Proof. Let ® € L(U, H)" be strongly measurable. Let
p={0=tpg<...<tp=T}c[0,T].

Denote 6(p) :=sup;_g__ z_1ilti+1 —¢;l}. Define the function

.....

®prp: (Qr x[0,T1,227 ® %B71) — L(U,H)

by

k-1

Op p(w,9),t) = i 1t 4,010 1) ()R (t; — 8)Ds(w) + Li1y() 110, 1)(S)R(T — )P (w).
i=0

For all t€[0,T] and h € H, the map
(Qr,2r)— H, (0,8) — 110 ()R (¢ —s$)h

is measurable, by strong continuity of R and Pettis’s measurability theorem. Moreover,
foruelU,
(Qr,2r)— H, (0,s) — Dg(w)u

is measurable by assumption, we conclude that, for u € U and ¢ € [0, T,
(Qr,2r) =R, (w,8) — (Lj0,»(s)R(t —8)Ps(w)u,h) g
is measurable. Then, again by Pettis’s measurablity theorem,
(Qr,2r)— H, (0,8) — 1[0, (s)R(f - s)Ps(w)u

is measurable, for every u € U and ¢ € [0,T]. Hence ®g , is strongly measurable. By

strong continuity of R, we have
6(li§nO<I>R,p((w,s), Hu =Pr((w,s),hu  V(w,s),t) € Qr x[0,T],
p e

for every u € U. This shows that ®p is strongly measurable.
Suppose that ®r is strongly measurable. Let u € U and let C < H be closed,
convex, and bounded. Let {¢,},en be as in Assumption[A.2.6] For n € N, define

A, ={(w,s),) e Qr x[0,T]: t—s=1t,}
B, ={(w,s),t) € Qr x[0,T]: Pr((w,s),t)u € R(¢,)C}
F, ={w,8) e Qr: R(t,)Ps(w)u € R(¢t,)C}.
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It is clear that A, € 2y ® Br. By weak compactness of C, R(¢,)C is closed. Then, by
strong measurability of ®g, B, € P ® %7, hence B, 1A, € Pr ® Br.
Let mq,: Qr x[0,T]— Qr be the projection defined by

na,(w,s),t) = (w,s).

By the projection theorem (see [6, p. 75, Theorem III-23]), mq,(B, M A,) € Pp. Notice
that

1o, (BnMAL) ={(w,8) € Qr: s+t, <T and R(¢,)Ds(w)u € R(¢,)C}
=F,NQx[0,T-t,)).

(A.2.14)

By Assumption and by recalling that {¢,},en < (0, T converges to 0, we have

{(,8)€Qr: OwueC, s<Tt= |J () FnN(Qx[0,T~t,]). (A.2.15)
meNnzm

By (A.2.14) and (A.2.15), we conclude {(w,s) € Qr: D(wlu e C, s< T} e p. The slice
{(w, T)e Qp: Dr(w)u € C}is a P ® m-null set. Then

{(w,8) € Qp: Oy(w)u € C} € Py

Since this holds for every closed, convex, bounded set C, hence for balls, and since H is
separable, we have that ®u is Pr/PBr-measurable, for every u e U.

Now let {u,}nen be a dense subset of U. Since Py is the completion of &y with
respect to P ® m, and since H is separable, for every n € N there exists A, € £r such
that Pem(A,) =0 and 14, Du, is Pr/PBp-measurable. Let A := U enA,. Then A € P,
Pem(A)=0, and 1,Pu, is Pp/%B-measurable for every n € N. Since O4(w) € L(U,H)
for every (w,s) € Qp, by density of {u,},en We conclude that 14 ®u is Pp/Br-measurable
for every u € U. This concludes the proof of (iz) and of the proposition. |

We will make use of the following lemma, whose proof can be found in [37, Ch. 1].

Lemma A.2.9. Let (G,%) be a measurable space. Let f: (G,%4) — Lo(U,H). Then f()u is
9G/Br-measurable, for all u e U, if and only if f is 4/PBL,w m)-measurable.

Under Assumption the following theorem characterizes those functions ® €

L(U,H)?" for which @ belongs to LY, ., (La(U,H)).

Theorem A.2.10. Let R: (0,71 — L(H) be strongly continuous and let ® € L(U,H).

(i) If @ is strongly measurable and if 1jo +)(s)R(t — s)@s(w) € Lo(U,H) for all (w,s),t) €
Qrx[0,T], then ®p is measurable as an Lo(U,H)-valued map (that is when Lo(U,H)

is endowed with its Borel o-algebra).
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(it) Suppose that R satisfies Assumption If ®r has values in Lo(U,H) and if it
is measurable as an Lo(U,H)-valued map, then there exists ® € L(U,H)*" and a
P ® m-null set A € Pr such that ® = ® on Qp\ A, ® is strongly measurable, and
110.4(8)R(t — 5)®s(w) € Lo(U, H) for all (w,s),t) € Q7 x[0,T1.

Proof. Apply Proposition and Lemma [

Example A.2.11. Let @ be a positive self-adjoint operator of trace class in H and let
W be a U-valued @-Wiener process with respect to (2, %,F,P). Let Uy := Ql/z(U) be the
Hilbert space isometric to U through @ V2: Uy — U. By [24, p. 114, Theorem 4.37], for

p =2, the stochastic integral is a linear and continuous map
Tw: Lgf(Lz(Uo,H)) — 35, (C(0,T1,H)), Y —-V¥Y-W ::f V. dWs.
T T 0

Let R be as in Assumption Let ® € L(Up, H)?*T be strongly measurable and such
that R(t — s)®4(w) € Lo(Ugy, H) for (w,s) € Qrp, t € (s,T]. Then, by Theorem |[A.2.10(), Or €
L0@T®%T(L2(U(),H)). If |®glp2,p < 0o, then we can apply Theorem according to

which the process
¢
{f R(t—s)@des} ,
0 t

which is well-defined for a.e. ¢ € [0, T'], has an 7 ® Br-jointly measurable version.

A.2.2 Continuous version

In this section we review the factorization method used to show existence of continuous

version of stochastic convolutions made with respect to a Cy-semigroup.
Notation. Throughout this section

* S denotes a strongly continuous semigroup on H and M := sup,¢jo 111S¢|L);
* W:=C(0,T1,H);

-1
e for f€(0,1), cg denotes the number cg := (fol(l - w)ﬁ‘lw'ﬁdw) .

As noticed in Remark S verifies Assumption

The factorization method relies on the semigroup property of S and on the fact that
continuous linear operator commutes with stochastic integral. We rephrase this commu-

tativity assumption in our setting through the following

Assumption A.2.12. Let p,q,r €[1,00), and let

3. LZ;,Z (Lo(U,H))— gf@T@@T(W)
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be a linear and continuous operator such that

Q (ID) = IQD) in L},

T

o, W) @) VQeLE. (A.2.16)

For p,q,r €[1,00) and f€[0,1), A‘;ﬁ’g 5(L(U,H)) denotes the vector space of equivalence

classes of strongly measurable functions ® € L(U, H)?? such that

T t g » a/p rlq Ur
(fo UO (t-5)P1 (E[1S¢- 9042 1 1 ]) ds) dt) <. (A.2.17)

Two functions @1, @9, are in the same class if the quantity (A.2.17) is 0 for ® = ®; — Ds.
This implies, for all u € U, for P® m-a.e. (w,s) € Qr,

110, (8)S(t = s)(P1)su = Lo )(s)S(t — s)(D2)su m-a.e. t€[0,T1,
hence, by strong continuity of S, for all u € U,
(D1)su = (Dg)su P®m-a.e. (w,s) € Qrp.

By separability of U we conclude that ®; = @3 in A’;;g’g 5(L(U, ) if and only if (P1)s(w) =
(®9)g(w) in LU, H) P®m-a.e. (w,s) € Q.

For ® ¢ Agy;z’g ﬁ(L(U,H)), we define, for all (w,s) € Qr and ¢ €[0, T,

Dg p((w,8),8) = 110 n(s)(t — ) PS(t - 5)Dy(w)

Ds((w,s),2) = 1j0,1)(s)S(t — 5)Ds(w),

By Theorem , Ps g€ L(&T®%T(L2(U,H)), and (A.2.17) can be written as
|Ds 5l p,q,r <00. (A.2.18)
Then, through the well-defined map

A;g:;,ﬁ(L(U’H)) - Lg’izgggT(L2(U,H)), D — CDS,[;,

A(’;}Z:;,ﬁ(L(U,H )) is identified with a subspace of ngg%T(Lz(U,H )). In particular, the
map

AB o (LU H) — R, [ 0g glyg.r

is a norm. In what follows we always consider Ag,;;’ S ﬁ(L(U ,H)) endowed with the norm

|#Saﬁ |p7q’r'

2Q applied to a process ® means the pointwise composition Q(®(w)), for (w,?) € Q.
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Again by Theorem , g € L(()@T®%T(L2(U’H)). Moreover, for all ¢' € [0,T], we
have, by applying Minkowski’s inequality for integrals (see [45] p. 194, 6.19]),

t' ' 1/ 7
|q>s(-,t)|p,q=cﬁ( fo ( f (t'—t)ﬁ_l(t—s)_ﬁ([E[IS(t’—s)d)sIzz(U,H)]) pdt) ds)

¢ t / g
I _ pn\pB-1 B 1 D q/p
5cﬁfo (t' - 1) (fo (t-9)P7 (E[IS¢ - )0512 0, 1) ds) dt.

Now, if we take r > 1 and g € (1/r,1), by applying Holder’s inequality to the last term and
writing S(¢' —s) =S —t)S(t —s),

1/q

/ T (1 (r=1/r
|Ps(-, )| p,qg <cpM (fo w1 dw) |Dg glp,qg,r <o0. (A.2.19)

This shows that
dg(-,t) eL;;,g(Lg(U,H)), vt €[0,T]. (A.2.20)

Theorem A.2.13. Let p,q €[1,00), r € (1,00), € (1/r,1). Let J be as in Assumption

Then there exists a unique linear and continuous function

C: MGG yLWU,H) — Ly o0 (W) (A.2.21)

such that, for all ® € Aé;’,g’g ﬁ(L(U,H)), for all t€[0,T1],

(j (l[o,t)(')S(t - -)CD))t = (C(D)); P-a.e.. (A.2.22)

The operator norm of C is bounded by a constant depending only on B, r, T, M, and on

the operator norm of J.

Proof. Let @€ AZ?;;’; 5(L(U,H)). First notice that the left-hand side of (A.2.22) is mean-

ingful because of (A.2.20). We now construct C(®). Fix ¢ €[0,T'], and define

q’g:}s((w,s), £) = cplio Nt — P M n(s)t —5) PSS —8)Ds(w)  (w,5)€ Qr, t€[0,T].

By Theorem/A.2.10f), ), € LY, ., (Lo(U,H)). Moreover,

YT LRV Y LR, (E[1S¢ - 900,82 4 1])"" i
8,p!Pa:1 =P | 0 8 855\, H) s
T G-Dr (r—1)/r
<cgM (f w1 dw) [P glp,qg,r <00.
0

Then ®f ) e LEI (Ly(U, H)). By Lemma|A.2.3) the map

g: Bo— LU (Lo(U, H)), t— 0 (1), (A.2.23)

where By is the set of ¢ such that IQg’)ﬁ(-,t)l p,g <00, is Borel measurable. Let us define

g=00on[0,T1\Bo. By ®}} e LI (Ly(U,H)) and by measurability of (A2.23), we

have g € Ll([O,T],Lg;fTI(Lz(U,H )). We can then apply Theorem with the following
data:
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G=[0,T1,9 =%Br, u=m;
D1=Q,Dy=[0,T],D=Qp, 2 =%Pp,vi =P, vo =m;
E =Ly(U,H)

F=H,

o £=7;

* g as above.

The theorem provides measurable functions
X1:(Qr x[0,T],PreBr)— Lo(U,H)  Xo: (Qr x[0,T],(Fr e Br)e Br)— H

such that, for m-a.e. t €[0,T1],

X1(,t)=g@)in Llé;q(Lz(U,H))
’ (A.2.24)
Xo(-,t)=T(g(?)) in $;T®@T(W),
and r
for P-a.e. w € Q, (JY )y(w) :f Xo((w,t),s)ds Vte[0,T], (A.2.25)
0
where r
Y (w)= f X1(w,?),8)ds, Y(w,t) € Q. (A.2.26)
0
By (A.2.24)), by definition of g, and by joint measurability of X; and (D(bfl)ﬁ, we have
X1(@,9),0 =0 (@,5),)  Pem)em-ae (@.9,0eQrx[0,T.  (A227)

Then becomes
Yi(w) = fo ' @‘St:;((w, t),s)ds = 1 1St — )Pw)  Pem-ae. (w,t)eQr, (A.2.28)
hence, in particular,
(IY)p(w) =T (10, SE = )P),, (w) P-a.e. w € Q. (A.2.29)
On the other hand, for m-a.e. t €[0,T1],
2(8) = cplip @)t =P 1S - g 5(-,1) in L (Lo(U, H)).
Then, by assumption on J, we have, for m-a.e. t €[0,T1],
Ig®) = cplio ()t = )P IS(H = )T (g (-, 1)) in LG g (W), (A.2.30)
hence, in particular, for m-a.e. t € [0,T1],

(F(g@ON(w) = cplip @)t — )P IS - 1) (T (Ps 6, 0)),(0) P-ae.weQ.  (A2.31)
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Now our aim is to replace the last factor in (A.2.31) with a process jointly measurable
in (w,t). We noticed in (A:2.18) that ®g g € L;’,ZgggT(Lg(U ,H)). We can then apply Theo-
rem Let

2056 1= J(Dg,p) € LTy o5, (H) (A.2.32)

be the process obtained by applying the map (A.2.9) to @5 5. We know that Zj}s’ﬁ (w) is
Fr ® Br-measurable in (w,t) € Qr and that, for m-a.e. t € [0,T],

(3(Dg 5, 1)), (@) =2, (@) P-ae. weQ. (A.2.33)
By and (A.2.33), we can write, for m-a.e. t €[0,T1,
N, (@) = cplio @ — P 1S -5 (@)  P-ae weQ. (A.2.34)
Then, by and taking into account the joint measurability of Xs and X®s#,

Xo((w,),8) = cpliom@)t — )P 1S - t)Z;DS’ﬁ(w) Pem-ae. (w,t)eQr. (A.2.35)

By (A.2.25), (A.2.35), (A.2.29), we finally obtain, for P-a.e. w € Q0,

T
3 (110yS(E = 90), @) = OV = [ Xaltw, ), 5)ds
y 0 (A.2.36)
=cp | (' —0FISW - 1E P (wdt.
0

Now define the process C(®) by

t
cp f (t-)P 1St —8)Zs P (w)ds  if Z5(w) e L([0,T1, H)
0

(C(D))s(w) = (A.2.37)

0 otherwise

for all (w,t) € Qr. By [24], p. 129, Proposition 5.9], C(®) is well-defined and pathwise
continuous. By Holder’s inequality,

IC(D)W)loo < Cprrm|ZPP () rqo,ry Yo EQ, (A.2.38)
where Cp, 7 » depends only on §,r,T, M. Hence, by recalling (A.2.32),
|C((D)|°<£3;’T®@T(W) =< Cﬁ,r,T,M|Z(DS’/3 lLr?T&@T(H) =< Cﬁ,r’T’M,|j| |(DS,ﬁ|p,q,r- (A.2.39)

where Cg . 7 3,5 depends only on §,r,T,M, and on the operator norm |J| of J. Moreover,
since ¢’ € [0, T] was arbitrary chosen, and since the choice of %S does not depend on ¢,

(A.2.36) gives, for all ' €[0,T1,

J (I[O,t/)S(tl - -)(D)t, = (C(D))y P-a.e.. (A.2.40)
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It is clear that the process C(®) is uniquely identified by in £ o0, (W), be-
cause it is continuous. Moreover, if ® = @' in Ag;,g:g’ﬁ(L(U,H )), then C(®) = C(®’) in
‘EQ;T ®%T(W). Linearity of C is clear as well. This concludes the proof that the map
(A-2.27) is well-defined on A;’,g:;’ 5(L(U,H), linear, and that is satisfied. Finally,
continuity, with operator norm bounded by a constant depending only on g, r, T', M, |7,

is due to (A.2.39). [ |

We remark that the joint measurability of X1, X9, 254, provided by Theorem
and Theorem play a central role in order to obtain the factorization formula
(A.2.37).

Example A.2.14. We can apply Theorem |A.2.13|within the framework of Example|A.2.11]
when R = S is a Cyp-semigroup. If p=r=q =2, pe(1/p,1), ®e Ag;i’g 5(L(U,H)), then
there exists C(®) e 2; (W) such that, for all £ € [0, T1],

TR®RBT

t
(C(q)))t=f S(t—s)D,dW, P-a.e.. (A.2.41)
0
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